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Abstract

In this paper we slightly improve the regularity theory for the so-called optimal design
problem. We first establish the uniform rectifiability of the boundary of the optimal set, for a
larger class of minimizers, in any dimension. As an application, we improve the bound obtained
by Larsen in dimension 2 about the mutual distance between two connected components. Finally
we also prove that the full regularity in dimension 2 holds true provided that the ratio between
the two constants in front of the Dirichlet energy is not larger than 4, which partially answers
to a question raised by Larsen.
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1 Introduction

Let © < RY be a bounded connected open set and 0 < a < 3 be two constants. We define
op = alp+Blg k. The so-called optimal design problem consists of minimizing among couples
(u, F) the following problem

min f op|Vu|? dz + P(E;Q), (1)
(u,E)eA Jo

where

A:={(u,E) st. |[E| = Vyand ue H'(Q),u = ug on 0Q}.

Here V, € (0,]Q|) is a given volume and ug € H'(Q2) is a boundary datum in the sense that
u = up on d§) means u — ug € HX(Q).

This problem has been widely studied by many famous authors from the 90’s up to nowadays
(see for instance [1, 16, 19, 20, 23, 25, 26, 28]), and a lot is known about the regularity of
minimizers. This kind of energies appear as well in other context, such as modelling charged
droplets (see [17, 30, 31]).

To provide some historical context, in 1993 Ambrosio and Buttazzo [1] established the exis-
tence of solutions together with the higher integrability of the gradient of the deformation u. In
the same year, Lin [28] proved that for a minimizer (u, F), the function u must be globally C'%1/2-
regular in Q and the boundary of F inside 2 is C*® outside a singular set of zero H~ ~!-measure.
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This was again proved with different techniques by Fusco and Julin [23] in 2015, and improved
in the sense that the singular set must have Hausdorff dimension strictly less than N —1. In the
same year, De Philippis and Figalli [16] independently obtained the estimate about the Haus-
dorff dimension of the singular set, by employing porosity techniques. Later, some variants of
the problems with more general densities with quadratic growth and p-growth, with higher-order
operators or in a vectorial context have been studied in [3, 6, 7, 8, 9, 18, 21, 22, 24, 27].

However, in the specific dimension N = 2, the full regularity of E is still a challenging open
problem, raised by Larsen. Indeed, Larsen [26] proved that any connected component of FE
has a C' boundary. This does not prevent that a countable number of connected components
accumulate in a way that ¢ F may not be globally smooth, but Larsen conjectures (in [25] and
again in [26]) that it might not be the case.

The first result of this paper is a positive answer to Larsen’s conjecture in the case when
B < 4a. Here is our first result.

Theorem 1.1. Let N = 2 and let (u, E) be a minimizer for the optimal design problem (1).
Assume moreover that 3 < 4a. Then OF is a smooth CY*-surface in €.

The proof of Theorem 1.1 is very short and is given in Section 5.1. It relies on a monotonicity
formula, similar to that of Bonnet [5], which directly establishes that E is an almost minimizer
of the perimeter in the regime f < 4a, allowing us to apply the standard regularity theory. In
the same section, we investigate some further monotonicity properties that imply, for instance,
that, without any restriction on «, 8, if 0F intersects dBs(z) by only two points for all s € (0,7),
then 0E N B (x) must be smooth.

Theorem 1.1 also partially improves an earlier result of Esposito and Fusco [19], in which they
prove that 0F is a smooth surface when 8 < -y, where ~yy is an explicit constant depending
on dimension. In particular, for N = 2, they obtain the constant v, = 5/3. Since this value is
strictly less than 4, Theorem 1.1 is an improvement of [19, Theorem 2], in the special case of
N =2.

Notice that a possible way to solve Larsen’s conjecture would be to prove that E admits a
finite number of connected components. Subsequently, any qualitative information about the
connected components of E would be of great interest. Toward this direction Larsen was able
to prove in [25] that for two given connected components Ey, F5 of E, it holds that

diSt(El,EQ) > 0, (2)

which actually stands for the main result of [25].
Our second main result is a quantitative improvement of Larsen’s estimate (2). In the
following statements, there is no more restrictions on the values of o and .

Theorem 1.2. Let N = 2 and let (u, E) be a minimizer for the optimal design problem (1).
Then for every open set U cc § there exist two constants Cy > 0 and €9 > 0 such that for any
two components Ey, Eoc U of E it holds that

either  dist(E1, Ey) =9 or dist(Fy, Es)? = Comin{|E|, |Ea|}.

The proof of Theorem 1.2 is given in Section 5.3, and uses the uniform rectifiability of 0F.
This fact is established first in Section 3, in a much more general context, and it is interesting
for its own.

Indeed, a wide portion of the present paper is to prove the uniform rectifiability of 0F which
is actually valid in any dimension, and applies to the more general class of quasi-minimizers in
the sense of David and Semmes. We also relax the volume constraint by working with a penalized
version of the functional. As it was shown by Esposito and Fusco [19], the minimization problem
with this penalized functional is equivalent to the original problem (in the language of [19], we
work with a generalization of A-minimizers). More precisely, we introduce

A i={(u,E) s.t. Ec Qand ue H'(Q),u = ug on 0Q},

and then consider the following problem:

in F(u, B 3
(o uin (u, E), (3)
with
F(u, E) ::f op|Vu|?>dz + U g(Q) + A||E| — V. (4)
Q
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Here A > 0 is a constant, and Vg is a scalar Radon measure that we assume to be comparable
to the perimeter, that is
K 'P(E;G) < Vp(G) < KP(E;G), (5)

éfor any set G < RY and for some constant K > 0. In the case when K = 1, we recover the
so-called A-minimizers of the classical optimal design problem. It was furthermore proved in
[19, Theorem 1] that minimizers of the constrained Problem (1) are also A-minimizers for a
suitable choice of A > 0 (see also Theorem 2.7).

Here is the regularity result that we obtain with regards to A-quasi-minimizers (that in the
sequel will be sometimes simply called quasi minimizers).

Theorem 1.3. Let (u, E) be a A-quasi minimizer for the optimal design problem, i.e. a mini-
mizer of Problem (3). Then E satisfies the local condition-B (see Definition 2.5). In particular,
O0F n U is contained in a uniformly rectifiable set for any open set U cc €.

The notion of uniform rectifiability is a sort of quantitative notion of rectifiability that was
introduced and intensively studied by David and Semmes (see for instance [13]). In particular, it
provides some nice uniform control in all scales, such as big pieces of Lipschitz graphs, smallness
of the flatness in many balls in a uniform way, etc. This notion is more global and quantitative
on the whole set 0F compared to the usual standard local regularity results such as e-regularity
type ones. The combination of uniform rectifiability and local regularity gives rise to new
interesting statements.

As already pointed out, Theorem 1.2 is an example of those statements that use the uniform
rectifiability of 0F. In addition, we get several other consequences of uniform rectifiability, such
as a new way to improve the Hausdorff dimension of the singular set (see Corollary 4.5) different
from [16] and [23]. A last example is Proposition 3.10 that gives an estimate already obtained
before by Larsen in [26], for which we provide here a completely different proof relying on the
uniform rectifiability of 0F.

Let us mention that for minimizers, or more generally A-minimizers, the uniform rectifiability
of OF was already established by De Filippis and Figalli since it directly follows from the main
result in [16] which implies the so called big pieces of Lipschitz graphs property. However, the
technique in [16] relies on the e-regularity theorem and C* estimates, which cannot by true for
our larger class of A-quasi minimizers (i.e. with a measure Ug satisfying merely (5)). This is
why we have to adopt a different strategy, more in the spirit of David and Semmes [13].

To prove Theorem 1.3 we first show that quasi-minimizers are Ahlfors-regular, adapting the
standard proof already known for optimal design minimizers. Then we prove that E satisfies the
so-called “condition-B” (see Definition 2.5). For that purpose we use a control of the normalized
energy of u by Carleson measure estimates. The uniform rectifiability follows immediately, as
it is known from David and Semmes [13] that it is a consequence of Ahlfors-regularity and
condition-B.

Once the uniform rectifiability is established, we use it in dimension N = 2 to prove The-
orem 1.2. The general strategy follows the original one of Larsen [25] in his proof of (2), but
incorporating the uniform rectifiability to make it quantitative. Also, we take benefit from this
paper to entirely rewrite the original arguments of Larsen, especially the key Lemma 5.5 for
which we used some of his ideas, but written here with completely different arguments that we
believe are more detailed than what can be found in [25].

Acknowledgement. This paper was partially financed by the junior IUF grant of A.
Lemenant and by the ANR project “STOIQUES”. Lorenzo Lamberti is a member of the Gruppo
Nazionale per 1’Analisi Matematica, la Probabilita e le loro Applicazioni (GNAMPA) of the
Istituto Nazionale di Alta Matematica (INdAM).

2 Notation and preliminary definitions

Let © be a bounded connected open subset of RY, with N > 2. We denote by B,.(z) :=
{y e RN : |y — 2| < r} the open ball centered at x € RY of radius r > 0 and as usual wy stands
for the Lebesgue measure of the unit ball in RY. If 2y = 0 we simply write B,. We denote by
#E the cardinality of the set £ and by C a generic constant that may vary from line to line.
We write (¢,n) for the inner product of vectors &,7 € RY, and consequently |¢] := (£, &)z will
be the corresponding Euclidean norm. In the following, we denote

C,(z0) =20 + {y e RY : |yn| <7, |y — ynen| <7},



the cylinder centered in o € R with radius 7 > 0 oriented in the direction of the N-th versor
en. For i€ {1,..., N}, we call by 7; the projection on the i-th coordinate, i.e. m;(x) = x;, for
= (z1,...,2N5) € RV,

Let G = RY. We define the set of points of density t € [0, 1] as follows:

) _ N g G0 8@
G {xeR .Tl_1>r(r)1Jr B0 ty.

Let U be an open subset of RY. A Lebesgue measurable set E — RY is said to be a set of
locally finite perimeter in U if there exists a R¥-valued Radon measure g on U (called the
Gauss-Green measure of E) such that

fv(;sdx:f ddup, Yoe CHU).
E U

Moreover, we denote the perimeter of F relative to G < U by P(F;G) = |ug|(G).
It is well known that the support of ug can be characterized by

sptpug = {z €U :0 < |En B.(z)] <wnr™,Vr >0} c U n0E,

(see [29, Proposition 12.19]). If E is of finite perimeter in U, the reduced boundary 0*E < U of
F is the set of those points x € U such that

L (B ()

vp(e) = lim \ug|(B,(x))

exists and belongs to SV~!. We address the reader to [29] for a complete dissertation about
sets of finite perimeter.
For u € H*(B,(z0)) and p € [1,2] we denote

2N

wp(zo,m) =17 % <J [VulP da:) " (6)
BT(IQ)

We simply write w(zg,r) := wa(zo,r). In the subsequent sections, we need the definition of
Ahlfors-regular sets.

Definition 2.1 (Ahlfors-regularity). Let G < RN be a closed set. We say that G is (N —1)-
Abhlfors-reqular (or, shortly, Ahlfors-regular) if there exists a constant C4 > 0 and rog € Rt U
{+o0}, such that

CtrV =P < HYNHG A Bo(wo)) < Car™ ™1, Vag e G, Vre (0,1).

In what follows, the definition of uniformly rectifiable set will be needed. It is a stronger and
more quantitative notion of rectifiability. There are many equivalent (and not simple) definitions
of uniform rectifiability. For instance, here is one of them.

Definition 2.2 (Uniform rectifiability). Let G < RY be an Ahlfors-regular set (with ro = +o0).
We say that G is uniformly rectifiable if there exist two positive constants 6 and C such that,

for each ball B centered in G, we can find a compact set A < RN~! and a bi-Lipschitz map
p: A — RN such that

Cz —yl <lp(x) — p(y)| < Clz —y|, Va,ye A,

and
HN"YG n p(A) n B) = 0HNY(G ~ B).

Uniformly rectifiable sets have been extensively studied in the monograph [13]. For example,
they provide a connection between geometric measure theory and harmonic analysis. In this
paper, we shall make use of a geometric characterization of uniform rectifiability. We first need
the following definition.

Definition 2.3 (Carleson sets). Let G = RN be Ahlfors-reqular (with ro = +o0). We say that
a measurable set A — G x Ry is a Carleson set if 1 adHN ! I_G% is a Carleson measure on
G x Ry, i.e. there exists a positive constant C' such that

" dt
J f Ta(z,t)dHN 1= < Cr¥™1) Vze G, r>0.
0 JanB,(2) t



This is an invariant way of saying that the set A is enough small and that it behaves as it
was (N — 1)-dimensional from the perspective of G x {0}.

Here it follows a useful characterization of uniform rectifiability that can be found in [13,
Theorem 2.4].

Proposition 2.4. Let G < RY be an Ahlfors-reqular set (with ro = +00). Then, G is uniformly
rectifiable if and only if G satisfies the bilateral weak geometric lemma (BWGL), i.e., for every
>0,

{(z,t) e G xRy : B(z,t) > &}

is a Carleson set. Here, the quantity

Blx,t) := inf { sup ¢ 'dist(y, P) + sup t_ldist(z,G)}
PcRY yeGN B¢ (x) zEPNB(x)
Paffine hyperplane

denotes the bilateral flatness at the point x € G at scale t € R, .

This equivalence allows us to have a quantitative control of the flatness. In other words, the
sets of points where the flatness of the set F is arbitrarily small is big in terms of measure. This
ensures the existence of many balls centered in the boundary of the optimal shape where the
well-known result of e-regularity holds.

In practice, it is not so easy to prove uniform rectifiability from Definition 2.2 or Proposi-
tion 2.4. For the particular case of boundaries of sets, there exists a nice criterion using the
so-called condition-B, which we present in the next definition.

Definition 2.5 (local condition-B). We say that E satisfies the local condition-B in Q if E is
open, and for any open set U < Q of Q, 0E U is Ahlfors-regular and there exist two constants
Co > 1 and ry € (0,dist(E, 0Q)) such that for any xg € 0OE nU and r € (0,7¢), we can find two
balls By < B,(z0) n E and By < B,.(x0)\E with radius greater than Cy'r.

The next proposition follows from the theory of uniformly rectifiable sets. We provide a
proof in the appendix, adapting the standard approach to our local version of condition-B.

Proposition 2.6. Let E < € be an open satisfying the local condition-B. Then, for every open
set U cc Q, OE n U is contained in a uniformly rectifiable set.

To conclude the section, we cite the following theorem, whose proof is contained in [22].

Theorem 2.7 ([22]). There exists a constant Ag > 0 such that if (u, E) is a minimizer of the
functional

J op|Vwl*dz + Vp(Q) + A||F| — Vo, (7)
Q

for some A = Ay among all the configurations (F,w) such that w = ug on 09, then |E| = Vp
and (u, E) is a minimizer of Problem (3). Conversely, if (u, E) is a minimizer of Problem (3),
then it is a minimizer of (7), for any A > 0.

3 Uniform rectifiability for quasi-minimizers in dimension N

This section is devoted to prove that the boundary of optimal sets is uniformly rectifiable. In
view of this aim, we first show that it is Ahlfors-regular. Afterwards, it suffices to prove that it
satisfies the local condition-B (see Proposition 2.6). We show the validity of the latter property
in Proposition 3.9.

Throughout the entire section we assume that F is a Borel set with

OF = spt(ug) = {z e RN : 0 < |E n B,(z)| < |B.(x)], ¥r > 0}. (8)

Let us emphasize that, according to [29, Proposition 12.19], for any open set of finite perime-
ter, one can always find an equivalent Borel set with this property. Furthermore, it is easy to
show that E() is a valid choice. At the end of this section, we prove that for a quasi-minimizer,
one can actually choose this Borel set to be an open set (see Lemma 3.9).

The subsequent lemma shows that optimal deformations satisfy a reverse Holder inequality.
Its proof is rather standard and it relies on the application of the Sobolev-Poincaré inequality.



Lemma 3.1. Let (u, E) be a minimizer of (3). There exists a positive constant Cy = Co(N, g)

such that it holds
J,,

where p = ]\2,752 €[1,2).

. |Vu|? dz < Cy (J[B . |Vul? d:r) ”7 VB, (zo) < Q, (9)

Proof. Let B,.(x) < . Without loss of generality we may assume that o = 0. Let £ € C1(B,)
be a cut-off function such that { = 1 on Bz and V¢l < % By the Euler-Lagrange equation
associated to u, taking as test function (u — up, )&? we get

J op|Vul?¢* de = —2[ og&(u—up, ){Vu, V&) dr.
B

T

Applying Holder’s and Young’s inequalities, we obtain

1
f op|Vul|?¢* dx < 3 J op|Vul|?¢* dx + 2f oplu—up,|?|VEP? du.
: B,

B7

B,

Absorbing the first term in the right-hand side to the left-hand side and using that o < op < £,
it holds that

).

We get the thesis by applying the Sobolev-Poincaré inequality. O

1 4 16
|Vul? de < af op|Vu|?e? dx < EJ oplu—upg, |*|VEP dx < T—Qg lu —up, |*du.
B. B

r
r T s
2

In the following theorem, we prove that the perimeter of a minimal set is bounded from above
and below. The scheme of proof is rather standard: it follows the original proof for the optimal
design problem that we adapt for quasi-minimizers instead of minimizers (see for example [28,
Section 2] or [16, Subsection 2.3]). We rewrite the proof for the convenience of the reader.

Theorem 3.2 (Density bounds). Let (u, E) be a minimizer of (3) and U cc Q be an open
set. Then there exist two positive constants Ca and rog depending on N, «a, B, A, K,uy and on
dist(U, 090), such that for every xo € OE nU and r € (0,rg), it holds that

Oyl < P(E; B, (z0)) < Car¥ L. (10)
Furthermore, HN~Y((0E\0*E) n Q) = 0.

Proof. The proof is divided in four steps.

Step 1: Upper bound on the energy. We show that for every open set U cc 2 there exists a
constant C' = C'(N, «, 8, A, K, up,U) > 0 such that for every g € 0ENU and r € (0, dist(U, 092))
it holds

F(u, B; By (x0)) < OrN 71, (11)

where
Flu, B: A) = J o Vul2de + Up(A) + A|[E] - V.
A

Let B,(z¢) < U. In order to prove the upper bound (11), using the A-minimality of (u, E)
with respect to (u, B U B;(x)) (see Theorem 2.7) and the comparability condition (5), one can
obtain

1
(B — a)f |Vu|?dz + —P(E; B.(z0)) < Cor™ 1, (12)
B, (z0)\E K

where Cy = Cy(N, K, A). We start to prove that setting 7 = % there exists a constant hg € N,

depending on N, g and K, such that, for any B, (zq) < U, we have

J |Vul|?> < hor™™! or J \Vul?de < 7V—3 f |Vu|? da, (13)
By (z0) By (xo) B, (zo)

(see also [28, Theorem 2]). We assume by contradiction that there exists a sequence of balls
{B,(2n)}nen such that B,.(xp) c U,

f |Vu|>de = bV~ and J \Vul?dz > V3 f |Vul|? da, (14)
By, (zn) By, (zn) By, (zn)
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for any h € N. Combining the first inequality for w in B, (z) and (12), we get

C
J |Vu|* de < 70-[ |Vu|? da. (15)
By, (zn)\E (B=a)h Jp, (o)

For y € By, we define
u(wy +rpy) —ap
ShTh

un(y) =

where we have denoted

ap = J[ udr and ¢f := J: |Vu|? dz.
Brh(l'h) Brh (zn)

Furthermore we set
E— Th

Th

E;’: = Bl\

We point out that
Jf |V dy = 1. (16)
B,

Since {Vvp}nen is bounded in L?(Bj), there exist a (not relabeled) subsequence of v;, and
v € HY(By) such that v, — v in H'(B;) and v, — v in L?(B;). Furthermore, using the
upper bound on the perimeters of £ in By given by (12), up to a not relabeled subsequence,
Igsx — lgx in LY(B,), for some set E* < B of locally finite perimeter.

We remark that vj, satisfies the following Euler-Lagrange equation:

JB O—Bl\E;f<v/Uh7 v/(/)> dy = 07 V’(/} € H&(Bl)

Let t € (0,1). Reasoning as in Lemma 3.1, we obtain a reverse Holder inequality for Vuy,.
Applying Gehring’s Lemma in a standard way and a covering argument, we get the higher
integrability of Vuy, i.e. there exist r = T(N, g) > 2 such that

z
f |Vvh|rdl‘<c<f |Vvh|2d;p> < C,
B B,

B¢

where C' = C(N, =, ) > 0. From this, we easily deduce that {|Vvh|2}heN is locally equi-
integrable in B (see for example [1, Theorem 4.2]). We show that Vv, — Vv in L'(B).
From the minimality of u, we obtain the following minimality relation for vj:
_ 2
f o\ | Von|* da < f opp | Von + 6 VY dy, Yy e HY(B)).
B1 v B1 v
Choosing ¥y, = sun(v — v3,), where n € CL(By), with 0 <71 < 1, we get
f O'BI\E,L|V’U}L|2 dy < J Op\E} NV + (1 —n)Vor|? dy
B; B,
+ J op\gx (U — vr)? V| dy + 2J (v =o)XV, Vv + (1 = n)Vuy) dy
B1 Bl
< [ opepnlVePdy+ | op =V dy o),
Bl Bl
where we have used the convergence of v, and the boundedness of {Vvp,}nen. Thus, we obtain

| oVl du < [ opgenl ol dy+ o), (17)
1 1

Furthermore, by lower semicontinuity, (15) and the local equi-integrability of {|Vuvp|*}, , we
deduce that

f n|Vo|* dy < limJ- n|Von|? dy (18)
E* h—+0 Jpx

< lim inf <f 0|V |* dy + f n|Vup|? dy) = 0.
h—+0o0 E:: E*\E;f

7



We remark that, by the arbitrariness of 7, the previous chain of inequalities implies that Vv = 0
almost everywhere in E*. Thus, we may rewrite (17) as follows:

J- n|Vun|? dy < J n|Vol? dy + o(1).
B1\EF B1\E}

Letting n — 1, passing to the upper limit as h — 40, using the lower semicontinuity and (15),
we get

h—+o0

limsupj |Von|? dy = f Vo2 dy = f |Vo? dr < liminfj |Von|? dy
Bi\E¥ Bi\E* B h—+o© Jp,

= liminf |Von|? dy,
h—+4o0 Bl\E;f

which means that

lim |Vop|? dy = J |Vo|? dy.
*

h—+o0 Jp\E# BI\E

Using also the second equality in (18), we infer that Vv, — Vv in L?(B;) and therefore v, — v
in H*(B;). Letting h — 400 in the Euler-Lagrange equation satisfied by v;, and using that
Vv = 0 almost everywhere in E*, we get

0= lim ogx{Vvp, Vo)dz = 3 (Vu,Vo)dz.
h—+o0 B: h Bl\E*

This implies that v is harmonic in B; as it holds that

(Yo, V) dz — JE*WU, Vo) ds + J

B)\E

(Vo,Vé)dz = 0,
By *
which in turn entails that |Vov,|? is subharmonic in By. Thus the function p — §B,, |Vo|? dy
is non-decreasing and by (16) it holds that

][ |Vo|? dy < J[ |Vol2dy = lim |Vop|? de = 1.
B. B h—+0o0 B

In conclusion, by (14) we get

f VolPdy<1<717% < f Vol dy,

T T

which is a contradiction.
Now we are able to derive (11). Let kg = > 1, or kg € Ny such that

w € (rho+l rho] if w < 1. By this choice, B k,+1 < 2. We prove that

.o dist(U,00
0, if %

J Vu?de < Cor* V=Y Yk >k +1, (19)
B_k

where Cy = Cy (n,a,B,K, Uug, U) is a positive constant. Let us assume by contradiction that
there exists k = kg + 1 such that

J |Vu|? de > Cor* V=1,
Bk
for some positive constant
Cy = max {hoTlN,Tko(lN) j | Vg |? dx}.
Q
Since Cy = hor' ™, we infer that

J [Vul? dz > J |Vu|? dz > Cor* V=1 > pork—DIN=1)
B k-1 B_k



and thus by (13) we deduce that

f |Vu|? de > T%_NJ |Vu|? de > Cor*F=DW =173 5 Cprh=DIN-1)
B k-1 B_k

Repeating the same argument until k = ko + 1 and using the minimality of (u, F') with respect
to (ug, ), we get
)

which is clearly a contradiction. Since we have proved (19), it is easy to prove that

|Vul? de > CorFoV=1 > J |Vug|* de = J \Vu|? dz,
Q Q

ko

f |Vu|?dz < CrN 1,
for some positive constant C' = C(n, «, 8, K, ug, U), which together with (12) implies the upper
bound (11).

Step 2: Decay of the energy in the balls where the perimeter of E is small. We want
to show that for every 7 € (0,1) there exists ¢g = £¢(7) > 0 such that, if B.(x¢) < Q and
P(E; B,(70)) < gor™¥~1, then

F(u, E; Brp(x0)) < CTV (F(u, E; By (w0)) + rN), (20)

for some positive constant C' = C(N, a, 8, A, K, ug) > 0 independent of 7 and r. First of all, we
remark that under the assumption (5), ¥z is absolutely continuous with respect to HV 1L 0*E.
Therefore, by the Radon-Nikodym Theorem there exists a function 8: {2 — R such that

Up(G) = J*E . OdHN 1,

for all N1 _ 0* E-measurable sets G < Q. Let 7 € (0,1) and B,(z9) < Q. Without loss
of generality, we may assume that 7 < % We rescale (u, E) in By by setting E, = @
and u,(y) = 7~ 2u(z + ry), for y € B;. We observe that (u,, E,) satisfies the following Ar-
minimality relation:

F(uy, E,) := J op |Vu,|?dy + Vg (B) < f op, Vo> dy + Up(B)) + Ar|E.AF|, (21)
B1 By

for any (v, F') be such that v — u € Hi(B;) and E.AF cc B;. Here, we have denoted
U (G) = J O(zo + ry) dHY ™", VG < Q.
0*¥FnG

We have to prove that there exists €9 = o(7) such that, if P(E,; By) < €g, then
F(ur, Ey; By) < C(VNF(u, E; By) + V7).

For the rest of the proof, with a slight abuse of notation, we call E,. by E and u, by u. We
note that, since P(E;B;) < &1, by the relative isoperimetric inequality, either |B; n E| or
|B1\E| is small. Without loss of generality, We may assume that |B;\E| < |B; n E|. By the
coarea formula, Chebyshev’s inequality and the relative isoperimetric inequality, we may choose
p € (7,27) such that H" "' (0*E n dB,) = 0 and it holds

1

N—-1
P(B; By ¥ < C50

H" Y OB,\E) < P(E;By), (22)

AQ

T

where C' = C(N). Now we test the minimality of (u, E) with (u, E U B,). We remark that,
being H"~1(0* E n0B,) = 0, we can apply [22, Proposition 2.2] with U = F = B; and G = B,,
thus obtaining R ~ ~

Upop,(B1) = Up(Bi\B,) + Up,(B\EW). (23)
Using the A-minimality relation (21) with respect to the couple (u, E U B,), the equality (23)
to get rid of the common perimeter terms and recalling that E = E(), we deduce

J O’E|Vu‘2d1: + \i/E(Bp) < J CTEUB,,|VU|2 dr + \iJBp(Bl\E(l)) + AT|B,,|.
Bl Bl



Taking into account the comparability to the perimeter (5) and (22), recalling that p € (7, 27)
and getting rid of the common Dirichlet terms, we deduce:

f op|Vul*dr + K~'P(F;B,;) < j8 \Vu?dz + KHN"H(0B,\E) + C(N, A)rr™
B~ Bz

NK
C) e ""P(E;By) + C(N,A)rrV.

<p |Vu|? dz +
Bar

Finally, we choose €; such that

N

1
C(N)Ke ' <Vt and  C(N)ef ' <e1(27)|By),

where €1 corresponds to the gy from [23, Proposition 2.4], thus getting

J- |Vul|? dz < QnCQTHJ |Vul|? dz.
Ba, By
From this estimates (20) easily follows applying again the comparability to the perimeter (5).

Step 3: Achieving the lower estimate on the perimeter of E. The proof matches exactly that
of [23, Proposition 4.4], given the comparability to the perimeter. We give only a sketch of the
proof. We start by assuming that xg € 0* EnU. Without loss of generality, we may also assume
that o = 0. We denote by C; the constant C appearing in (11), by Cs the constant C appearing
in (20). We recall that ¢ is the constant appearing in Step 2. Arguing by contradiction, for
7€ (0,(2C1)7%) and o € (0,e0(7)(2C1C2)™ ") there exists 7 € (0, min{dist(U, ), e0(7), Ca}),
such that

P(E; By) < go(T).

By using (11) and (20), we can easily prove by induction (see for example [20, Theorem 4] for
the details) that

[Nl

F(u, E; Byrny) < eo(1)72 (0r"r)N=1 VheN.
From this estimate, we deduce that

P(E: B P(E:B__n
lim P(B; B,) = lim P(E; Borir) < lim €0<T)7'%

=0
p—0+t pN—1 h—to (orhr)N=1 = hostoo ’

which implies that z¢ ¢ 0*F, that is a contradiction. If 2¢ € 0F, we get the same estimate by
recalling that we chose the representative of 0F such that 0E = 0*E.

Step 4: Proof of the equivalence of the two boundaries. The proof of the final part of the
statement follows as an application of the lower Ahlfors-regularity. Indeed, we have that

N—1( 7% .
lim sup i (O"E A Br(x)) = limsup M >0, VYredEnQ.
r—0+ rN=1 r—0+ rN=1
Thus, by [2, (2.42)], we get HN"L((0E\d*E) n Q) = 0. O

As a direct consequence of Theorem 3.2 we get the following corollary.

Corollary 3.3 (Ahlfors-regularity). Let (u, E) be a minimizer of (3) and U =< Q be a smooth
open subset. Then OE n U is Abhlfors-reqular (with constants depending, in particular, on
N7a,ﬁ,A,K,u0,U).

Remark 3.4. Corollary 3.3 will be used only in the proof of Proposition 2.6 that is given in the
appendiz. In all the paper we will rather use the better density bound (10) that does not require
the set U to be smooth.

The subsequent results provide the main ingredients for the proof of Proposition 3.9, which
in turn relies on the same strategy adopted in [33, Lemma 3.6]. In particular, the following
result establishes that it is possible to find a ball centered in a lower Ahlfors-regular curve
where the rescaled Dirichlet energy is arbitrary small. Its proof relies on the strategy adopted
in [11, Corollary 38 in Section 23].

Lemma 3.5. Let (u, E) be a minimizer of (3), U cc Q be an open set and I' < OE a subset
which satisfies a lower Ahlfors-regqularity property with constant Cr. For every e > 0 there exists
a constant a = a(N, K, A, Cr,¢) € (0,1) such that for every B,(zo) < U, with xo € " there exist
yel'n Bz (x0) and t € (ar, g) such that

J |Vu|? dz < etV 1
Bi(y)

10



Proof. Let € > 0 and B, (x¢) < U, with 29 € 0E. Let p be the exponent in the reverse Holder
inequality given by Lemma (3.1). Recalling the definition of w, in (6), we show that

5 deNfl
f f wp(y, t) —L—dt < OrN 71 (24)
By (x0) JO t
for some positive constant C' = C(N, K, A, Cr). Indeed, letting o € [2, +0) be such that

we choose b € (O l). By Holder’s inequality, we have that

wp(y,t) = t”éVUBt(y) [Wu( (dlst 2,T) );f’r(dlst . r)) dzf

[ (D)l [ (D))

<tTw
We can partition By(y) into subsets By, defined as

By :={z€ By(y) : 27" 1t < dist(2,T') < 27%}, Vke Ny,
and, since T' is Ahlfors-regular, we apply [11, Lemma 25] to get

th( ) <di8t(:7r)>bg o (26)

dz < ) 2"7|{z € By(y) : dist(z,T') < 27%t}| < CtV,
k=0

with C' = C(N,p,Cr). We remark that if y € I' n Bz (z0), t € (0, %), z € By(y), then

ZGB%T(IE()), ye ' n By(z), dist(z,T) € (0,¢t].

Therefore, combining (26) and (25) and applying Fubini’s theorem, the Ahlfors-regularity of T’
and the upper bound on the energy (see (11)), we get

dHN_l
J f wp(y,t) %dt
FmBg(wo) 0

@l

2b
dist(z,T)\ »
<C f #1- iﬁthfi—lf IVu(z)[? (15 (= )>p dz dHN~dt
TABy (20) JO By (y) t

2b
3 dist(z,T)\ »
<C J. tNHNTHT A Bi(2))|Vu(2))? (15(,2,)) " dedt
By, (a0) Jdist (=) t

26
dist(z,T')\ 7 1
<CJ |Vu(z)2[f3 (18(2’)) d]dzéC’rN17
B%T(wo) dist(z,I") t t

where C' = C(N, K, A, Cr), thus proving (24)

We assume by contradiction that, for some ¢ > 0 and for a € (0,1) to be chosen, for any
yel'nBz(zg) and t € (ar, %), it holds that

wp(yv t) 2 €

Thus, denoting

r
A:=Tn Bg(xo)) X [ar, 3],
by (24), (27) and the Ahlfors-regularity of I, we obtain

e Cﬂwp@,t)
A

(27)

dt = CeHN YT n B (z0)) J-3 dt

ar

11



> CerVllog (g) ,

which is a contradiction if we choose a = a(N, K, A, Cr,¢) > 0 sufficiently big. Therefore, there
exist y € 'n Bz (7o) and t € (ar, %), where a = a(N, K, A, Cr, €) is a positive constant, such that
wp(y,t) < Cte, where C is the constant Cyy appearing in (9). By the reverse Hélder inequality
(9), we conclude that

f |Vul? dr < Cthév<f |Vu|pdx>p = OtN ", (y,t) < etV
By (y) B:(y)
whereC:C(N,%). O

The following lemma establishes that if the rescaled Dirichlet integral is sufficiently small

in some ball, then E covers a large part of the ball. Combining this result with the previous
lemma, we get a density estimate for F, which is given in Corollary 3.7.

Lemma 3.6. Let (u, E) be a minimizer of (3) and U cc Q be an open set. There exists eg =
eo(a, B,C4) > 0 such that for every € € (0,eq) there exist two positive constants Cy = Co(C4)
and ro = ro(N,A,C4) such that if for B,.(xg) < U, with r € (0,r9) and xo € OF, it holds

J |Vau|? de < erV 71, (28)
BT»(ZE())
then

|B,(z0) n E| = Cor™. (29)
Proof. Let B,(xg) < U be such that

f |Vul?dr < erV 1, (30)

BT(IO)

where € > 0. We divide the proof in two steps.

Step 1: We show that there exists a positive constant ro = 7o(N, A, C4) such that

HY (0B, (n0) 0 B) = S

for all r € (0,79).
Applying the A-minimality of (u, E) with respect to (u, E\B,(x0)), we get

f og|Vul|? dx + P(E;Q) < J OB\B, (20) [ VUl® dz + P(E\B,(20); Q) + A|B,(0) N El.
Q Q
Simplifying the previous inequality and estimating | B,(x) N E| < wnr?, it follows that
(B a)f IVl dz + P(E: By(x0)) < HYL(0B, (z0) ~ E) + Awnr.
B, (zo)nE

Thanks to (30) and Theorem 3.2, we get

{—(B—a)e + Ca — Awnr}yrV = < HYN=YOB,(20) N E).

Choosing rg = 42:]\7 and gp < %, we obtain (31).

Step 2: We prove (29). Let us assume by contradiction that choosing ¢ < %‘ and B,.(zg) <
U, with r < rg, (28) holds and

|B-(z9) N E| < or™N.
By Chebyshev inequality and Fubini’s theorem, we get
H! ({p € (;,7’> : HY"Y0B,(z0) N E) =

<"
4|B,(x0) N E|

4IB, (w) 0 B })

r

<

A~ =3
N3

f HN"Y(OB,(x0) N E) dp <

This implies that there exists p € (%, r) such that

4|B,(z9) n E|
T

HN=YOB,(v0) N E) < < 46PN

Ca

&, we get a contradiction, (31) being in force. O

Since § <

12



Corollary 3.7. Let (u, E) be a minimizer of (3) and U cc § be an open set. There exists a
positive constant Cy = Co(N, «, 8, K, A, C4) such that for every B,(xo) < U, with xg € OF, it
holds

|B,(z0) N E| = Cor™.

Proof. We fix B,.(x¢) c U, with 29 € dE. Let gy and ro be the constants appearing in Lemma

3.6. By Lemma 3.5 there exist a positive constant a = a(N, K, A, Ca,¢) and y € 0F n Bz (o)
and t € (ar, g) such that

J |Vu? dz < etV 1,
B:(y)

where € € (0,£9) and r € (0,79). Applying Lemma 3.6, we get that
|B,(z0) N E| = |By(z0) n E| = Ct¥ = CrV,
for some positive constant C = C(N, a, 8, K, A, C4), which is the thesis. O

For what follows, it is useful to define the following function:
h(x,r) = N min{|E n B.(x)],|B.(x)\E|}, VB.(z)c Q.

In the following result, the boundary of an optimal shape F is locally characterized in terms of
the function h. It is the sets of points where the density of E or Q\F is not too small.

Proposition 3.8. Let (u, E) be a minimizer of (3), U cc Q be an open set. There exist two
positive constants Cy = Co(N,a, B, K, A, C4) and rg = ro(N, K, A) such that it holds

OEnU ={zeU : h(z,r) = Cy, Vr € (0, min{ry, dist(x, 0U)})}.

Proof. Let 29 € 0E n U and r € (0, min {To,dist(xo, (3U)}), with 7o to be chosen. If h(zg,r) =
r~N|B,(z9) n E|, by Corollary 3.7, there exists a positive constant C; = C1(N, , 3, K, A, C4)
such that

|B(z0) N E| = CyrV,

that is h(zg,r) = Ci. If h(zg,r) = 7 V|B.(29)\E|, we may assume that HYN"1(0*E n
0B, (70)) = 0. We fix s € (r, min{rg, dist(zg, 0U)}). Let F = RY be such that EAF cc Bg(zo).
By the isoperimetric inequality we infer that

|EAF| = |[EAF|"~ |EAF|™ < @g = %P(EAF; B, (o))
S
< N[P(E;Bs(xo)) + P(F; Bs(z0))]-

Thus, taking (5) into account, we get

(B—a) JBS(%)\E |Vul|? dz + (K—1 — 1;\;9)13(15; B (o)) < (K + 1]\\?>P(F; By (xp)).

Testing the previous relation with the set E U B,(z¢) and letting s — r*, we get

(8- a) JBMO)\E Vul e+ (K = 80) P8 B < (14 5 )MV 0B, 10\ )

Thus, adding (K‘1 - %)’HN_l(&’BT(:UO)\E) to both sides of the previous inequality, we get

(K‘l - %) P(Br(w0)\B) < (K + K™)UY (0B, (20)\E).

Choosing 7 such that K~ — % > KTA, the isoperimetric inequality in the left hand-side yields

B, (zo)\E| '™ < c(K)YHN (0B, (20)\E).
Setting m(r) := |B,(xo)\E|, the previous inequality can be rephrased as
m(r)¥ < o(K)m/(r), for a.e. r € (0, min{rg, dist(xq, 0U)}).
Integrating the previous inequality in (0,7), we get
m(r) = ¢(N,K)r’N,  ¥re (0,min{ro, dist(zq, oU)}),
which implies that h(zo,r) = ¢(N, K). O
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The main result of this section follows.

Proposition 3.9. Let (u, E) be a minimizer of (3) the the open sets
Ey={xeQ:3r>0st |B(x)\E| =0},

Ey={zeQ:3r>0st |B(x)nE|=0}

satisfy the local condition-B, and Ey is equivalent to E. Moreover, it holds that By = Q\Ey and
0EgnQ = 0E1nQ = 0ENSL.

Proof. 'To prove this result, we reason as in [34, Lemma 3.6]. Let U cc 2 be an open set. It is
easy to see that &/ < Ep and Q\E < Ey. Since {Ep, 1, 0E n Q} and {E, Q\E, 0E n Q} are two
partitions of Q, we have that Ey = E and E; = Q\E. Now we prove that

10E A Q| = 0. (32)

Let us assume by contradiction that |0E n | > 0. By the regularity of the Borel measure,
there exists a compact set K < 2 such that |0E n K| > 0. Let U be an open set such that
K cc U cc Q and let Cy and 7o be the constants of Theorem 3.2. Since K is compact, we can
find m € Ny and a finite covering {B,(;)}ieq1,...,my of K with r € (0,79) and 2 € E n K. By
Theorem 3.2 we have

m
HN N OE A K) < ). HNTHOE By (2)) < mCar™ ™' < +oo,
=1

which contradicts the fact that [JEn K| > 0. Thus (32) holds and it implies that | EgAE| = 0 and
|E1A(Q\E)| = 0. Thus, taking (8) into account, we easily get that 0OENQ = 0EynQ = 0B n Q.
It follows that E; = Q\Fj.

We need to prove that Eg n U and E; n U satisfy the condition-B, with some constants
that may depend on U. Setting r := %min {ro,dist(U, (39)}, where 7y comes from Propo-
sition 3.8, let 9 € dF and r € (0,r1). By Proposition 3.8, there exists a positive constant
Cy = C1(N,a, B8, K, A, ug,U) such that h(gco7 %) > C1. Thus

|Eo n Bz (20)| =27 VCir™ and  |Ey 0 By (xo)| = 27N Cir?. (33)

Since, by Theorem 3.2, it follows that
4
Hy € Bz(zo) : dist(y,0F) < ;}’ <CtrN, Vte (0,1),

where C = C(N,«, 8, K, A, K,ug,U) > 0 (see [34, Lemma 3.6] or [11, Lemma 25 in Chapter
23]). Up to enlarging C, we can choose t € (07 QNCfllC) and by (33) we get that

tr

Hy € Bz (z0) : dist(y,0F) < 2}‘ < min{|Ey n Bz (20)], |E1 0 Bz (w0)l}-

As a consequence, there exist yo € Ey n Bz (z0) and y1 € E1 N B (x0) such that
dist(yo, 0E) > %T and dist(y;, 0F) > %r’
which is our aim. O
As an application of condition-B, we can give an alternative proof of an estimate that was

previously obtained by Larsen, stated in [26, Theorem 4.1] and proved with completely different
arguments.

Proposition 3.10. Let (u, E) be a minimizer of F defined in (3) and let A < U be a connected
component of E, where U cc € is an open set. Then there exists two positive constants
Cy =Ci(N,a, 8, K, A, up,U) and Cy = Co(N, 0, 8, K, A, ug, U) such that if |A| < C1, then

Hx e E\A : dist(z, A) < 02|A|%}‘ > |4,
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Proof. Let xg € 0A. Since, by Proposition 3.9, E satisfies condition-B with some constants Cj
1

2|A|
wN

and rq, setting r := ( )ﬁ < Cyro, there exists y € E such that
B, (y) € B(xg,Cor) n E. (34)
By the choice of r, we get that |B,.(y)| > |A|. Thus, it holds necessarily that
B.(y) < B\A.

Furthermore, since xg € 0A and (34) holds, for any z € B,.(y), we have that

1 2 \V
dist(z, A) < S () |A|™

C() CO WN
Accordingly,
1
. 1 2\V,
{z € E\A : dist(z, A) < <> |AN} > |B,(y)| > |4],
CO wN
which is the thesis. O

4 Control of the flatness in a quantitative way

Lemma 4.2 below is a variant of the well-known classical fact that for a uniformly rectifiable set,
one can find many balls in which the bilateral flatness is small. In other words, the set of points
where the flatness is larger than any threshold € > 0, is a porous set. The following variant says
that one can even choose the center of the ball, where the set is flat, in a given subset I' ¢ 0F
provided that I' satisfies itself a lower Ahlfors-regularity estimate.

Definition 4.1. We say that T' = RY satisfies a lower Ahlfors-reqularity estimate if there exists
r0, Cr > 0 such that for all r € (0,79) and x € T, it holds

HY YT A B, (z)) = Cpr¥ 7L,

Here below is the lemma that will be needed to control the flatness in many balls.

Lemma 4.2. Let (u, E) be a minimizer of F defined in (4), let U cc Q be an open set and
let T'c OE N U satisfy a lower Ahlfors-reqularity estimate with constants ro, Cr (see Definition
4.1). Then, for every e > 0 there exists a > 0 such that the following holds: for all x € T’ and
r € (0,79/2), there exist y e I' n B.(x) and t € (ar,r) such that

Bly,t) <e.

Proof. By Proposition 3.9 and Proposition 2.6, we know that 0E nU is contained in a uniformly
rectifiable set. Then by Proposition 2.4 we know that 0E n U satisfies the bilateral weak
geometric lemma, i.e. for every € > 0, the set

A:={(z,t) € 0E x Ry : B(x,t) > &}

is a Carleson set. More precisely there exists C' > 0 and such that

T dt
f f 14(y, )M ()L < oV, (35)
0 JOEAB, (x) t

for all r € (0,79).
Now, fix some z € ' and 0 < r < 1¢/2. Assume by contradiction that for all ¢ € (ar,r) and
for all y e T’ n B,(z) it holds

Bly,t) > e. (36)

Defining
Ar = {(z,t) e T x Ry : B(x,t) > €},

using moreover that (36) holds for all ¢ € (ar,r), we get

" dt " dt
f J La(y ) dH ) D > f j Ly (9. 1) dHY " (1) %
0 JOEAB, () t 0 JOEAB, (x) t
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" _ dt
> [ e e T
ar JOEN B, (x)

> f HNUT A By (x)) %,

> Crr¥lIn(1/a),
which contradicts (35) for a small enough, and the lemma follows. O

Lemma 4.3. For alleg > 0 there exists g > 0 such that the following holds: for any minimizer
(u, E) of the functional F defined in (4) in B.(x) satisfying

B(m,r) < 7o,

we have
e(x,1/2) < &p.

Proof. Let us assume by contradiction that there exists 9 > 0, a sequence of balls B, (xp) and
a sequence of A-minimizers (up, Ey) of F in By, (z),) such that

,Bh(l'h, Th) - 07

as h — +o0, and
eh(xh,rh/Q) > €o, VYh e N.

Setting (u},, E},) = (r;l(Eh - xh),r;%uh(wh + rh~)), it holds that (u},, E},) is a Arp-minimizer
of F in B;. Furthermore, by scaling, it follows that
Bh(ov 1) - 07 (37)

as h — +o0, and
en(0,1/2) > ¢y, VheN. (38)

By Theorem 3.2, we know that
P(Eh;B%) < Ca, VheN,

where C'4 is a constant independent of h. This allows to extract a further subsequence such
that Ej, — E in LI(B%) and, from (37), we infer that, up to a rotation, £ = Bz n {zn > 0}.
Let C := C(0,1/2,en) be a cylinder satisfying By = C' < Bs. Then by [29, Proposition 22.6]
we know that

en(0,1/2) — 0,

as h — 400, which contradicts (38) and concludes the proof. O

Lemma 4.4. Let (u, E) be a minimizer of F defined in (4) and let U << Q be an open set.
Then there exists g > 0 such that for any € € (0,e9) there exists a > 0 and ro > 0 such that the
following holds. Let T' € 0E nU be a subset which satisfies a lower Ahlfors-regularity property
with constant Cr. Then, for any xo € T and r € (0,1¢) there exists y € T n B,(xg) such that

e(y, ar) + w(y, ar) + Aar < &g.

Proof. Let € > 0. By Lemma 3.5, there exists b > 0 such that for any ¢ € I and B,(z¢) € U
there exist 2 € Bs (20) and s € (bp, &) such that

w(z,s) < % (39)
Furthermore, by Lemma 4.3, there exists 1o > 0 such that if, for any B,(z¢) < Q such that

B(xo,7) < 19, We have
€| Zo, E < bNilE
2 3

Finally, by Lemma 4.2, there exists a > 0 such that for any zg € I' and r € (0, %) there exist
y €' n B.(z) and t € (ar,r) such that
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Thus, we get that

r £
. ng—li.
e<y72) 3

We choose p = % By the previous inequality, it follows that

e < (L) efnl) <
=90S |\ 9 Y9 s

If we choose ry < %, then, by the previous chain of inequalities and (39), we get

Wl m

e(z,8) tw(z,s) +As <e,
which is the thesis. O
Corollary 4.5. 0Egng has Hausdorff dimension strictly less than N — 1.

Proof. By the previous lemma, 0E,;,4 is a porous set in 0E. Then it is standard to show that
the Hausdorff dimension is strictly less than N — 1 (see for instance [33, Remark 3.29]). O

5 Regularity in dimension N = 2

Throughout the section, we derive some properties of solutions of the optimal design problem
(1) in the case N = 2. In Subsection 5.1, we employ an argument due to Bonnet [5] to show the
validity of a monotonicity formula concerning Vu (see Proposition 5.2), provided that the ratio
between the coefficients o and S is smaller than 4. The smoothness of the free boundary, which
is the statement in Theorem 1.1, follows as a consequence. In Subsection 5.2, we study the
spectral problem associated to the optimal design when the set E meets a circle exactly in two
points (see Proposition (5.3)). We use the estimate on the first eigenvalue to derive a partial
regularity result concerning the free boundary, which is contained in Corollary 5.4. Finally,
in Subsection 5.3, we prove a quantitative estimate of the mutual distance between connected
components of the optimal set.

5.1 Full regularity in the case [ < 4o from a monotonicity formula

We will need in the sequel the following lemma which is the justification of an integration by
parts formula.

Lemma 5.1 (Integration by parts). Let a < 3 and let o: Q@ — RT be any given measurable
function such that o < o < 8. Let u be a local minimizer for the energy

f o|Vul? dz.
Q

Then, for all xg € Q and almost every r € (0,dist(zg, 0)), we have

J o|Vul* dr = f J’LL% dz,
B, (w0) 0B, (z0) OV

and 5
f J—u dz = 0.
0B, (z0) v

Proof. Without loss of generality, we may assume that zog = 0. We know from the local mini-
mality of u that it holds

f o(Vu,Voydr =0, Yeoe Hy(Q). (40)
Q

For € > 0, let us choose ¢ = p.u with p.(x) := g-(|z|), where g.: [0, +00) — R is the continuous
function defined as follows: g.(t) = 1 for any t € [0, (1 —¢)r], g-(t) = 0 for any ¢ € [(1+¢)r, +0[
and it is linear on [(1 — ¢)r, (1 + €)r]. Applying (40), we get

J o(Vu,uNVo.)dr + f o(Vu, . Vuydz = 0.
o Q
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It is clear that . converges strongly in L? to 15, which implies

lim | o(Vu,p.Vuydz =f o|Vul|? dz.
e—0 Jo X

T

On the other hand ¢, is Lipschitz continuous and V. (z) = ﬁmlBuﬁ)r\Buﬂ)r(x) for almost
every x € §2, so that
1 T
o(Vu,uVyp.ydr = — ol Vu, —
Q

5 Ydx
er B(1+5)7‘\B(1—s)7‘

||

which converges to SaBlau<Vu,u> dH! for almost every r by the Lebesgue’s differentiation
theorem. Therefore, passing to the limit as € — 0, we obtain

J 0|Vu\2dxzf Jua—udx,
B oB, OV

r

which proves the first half of the statement. For the second assertion, we take ¢ = . itself as
a test function in (40). This gives

J o(Vu,Vyeydx =0,
Q

which actually yields
1 x
o{Vu, —

Bayeyr\B1—e)r

Ydx = 0.

The lemma follows from passing to the limit as € — 0. O

We are now able to prove the monotonicity formula.

Proposition 5.2. Let o: Q@ — R* be a given measurable function such that
a<o<p.

Let u be a local minimizer of the energy
J o|Vul® dz.
Q

Then, for all xo €  and r € (0,dist(zg, 0)), the function
1 2
T — o|Vu|® dx
™ JB, (@)

is mondecreasing with v = 2\/%.

Proof. Without loss of generality, we may assume that o = 0. We define
E(r):= J o|Vul® dz.
B,
Notice that E(r) can be rewritten in the form
E(r) = J J o|Vul? dH!dt,
o JoB,

which directly shows that F is absolutely continuous and, in particular, differentiable almost
everywhere, with

E'(r)= J o|Vu|* dH.
0B,

We recall the following classical Wirtinger inequality, valid for any function u € W12(0B,.),

ou\ 2
_ 2 < 2 -
LBT(U my ) dx <r LBT (67’) dz,
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where m,. is the average of u, namely, m, := ﬁ Sa B wdH!. From the minimizing property of
u we may apply Lemma 5.1 which yields

0
J o|Vul* dz = J ouss dz, fora.e. r>0,
0B, (91/

ou
oc—dx = 0.
LBT (}I/

Using the equations above, Holder’s and Young’s inequalities, we can write

and

ou

E(r) = f o|Vul|* dx J o(u—m,)=—dz
B, 0B, ov

I
D L4
s}
Iy
Q
<
Ny
NEESS
U
8
Il

oun\? "
< ([ o3 )
< % LB,,, o(u—m,)*dr + 216 LB,,, U(ZZ) : dx
< gﬂ e m)? d + 21? LBT U(ZZ)Q dz
< 267‘2 . <§:j)2 dr + ;ELBTU(ZZ de

2 2
1
< EETZ o @ dw—l——f o a—u dx,
2a Jop, oT 2e Jop, v

where € > 0. Finally, by choosing ¢ = %\/% we find that

This implies that the function

1
T —f o|Vul? dx
7 JB,(2)

is nondecreasing with v = 2\/% . O

As a consequence, we obtain the result already announced in the introduction as Theorem 1.1.

Proof of Theorem 1.1. Let (u, E) be a minimizer of Problem (1) with 5 < 4. Then by [19,
Theorem 1], we know that (u, E) is a A-minimizer, i.e. (u, F) is a minimizer of the functional

J ouVul2de + P(E;Q) + A||E| — Vol.
Q
In particular, the set E being fixed, we infer that u must be a minimizer of the energy

SQ or|Vul? dz, and according to Proposition 5.2, we know that there exists 7o > 0 such that for
all xg € OF and r € (0,7r9) we have

f op|Vul? dz < Cor'*e,
BT(.’E())

with € = 24/a/8 —1> 0 and Cy = raz Velp §5 (o) op|Vul? dz.
o

Now let F' = RY be any set of finite perimeter such that EAF < B,(xg). Then, testing the
minimality of (u, E) with the competitor (u, F'), we get

J op|Vu|? dr + P(E;Q) < ‘[ op|Vul?dx + P(F;Q) + A||F| — Vi,
Q Q
which implies, since EAF < B,.(z),

P(FE; B.(xg)) < P(F; B.(z9)) + C’J JE\Vu|2 dz + C|B;(z0)|,
Br,»(wo)
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< P(F; B(xg)) + Cr'*e,

This means that E falls into the theory of almost minimizers of the perimeter, and then by
the classical result of Tamanini [35] we deduce that the singular set is regular up to a singular
set of dimension N — 8. Since here N = 2, the singular set is actually empty. O

5.2 Monotonicity formula for a boundary intersecting by only two
points

In the previous subsection, we have obtained a monotonicity behavior of the energy by using
the classical Wirtinger inequality in order to estimate the derivative of the energy with respect
to the radius of the ball. This strategy is necessarily non-optimal, due to the coefficients ¢ in
front of the energy.

In this section, we try to improve the monotonicity behavior of the energy by analysing
precisely the Wirtinger constant taking into account the weight o in the inequality. In other
words, we arrive to a new spectral problem on the circle with weight o.

In the case when the two regions {0 = a} and {0 = [} are both connected on the circle,
we obtain a good decay behavior of the energy of the type o(r) leading to C'-regularity (see
Corollary 5.4). It was surprising to the authors that even in such “easy” case, the associated
1D-spectral problem on the circle was not so simple to compute (see Proposition 5.3).

Moreover when those regions are not connected, the computations become really involved
and some numerical evidences shows that one cannot hope to obtain a good behavior of the
energy in full generality. In other words, using this strategy it seems difficult to prove a full
regularity result without any restriction on «, 8 or the regions {o = a} and {o = 5}.

Proposition 5.3. Let 0 = al (g q) + B1l(q,2x), where a € (0,27) and 0 < a < B < 0. Let

™ ol 12 dt 2
Y1 = min % cue HY((0,2m)), u(0) = u(27), J udt =0p.
o ou?dt 0

Then there exists v = fy(g) > % independent of the parameter a, such that vy > 7.

Proof. The derivative of the functional that defines v; vanishes if and only if

27 27
J ou'v' dt =1y f ouvdt, Yve Hy((0,2m)).
0 0

We deduce that any optimal u is a solution of the following system:

—u" =1u in (0,a),
—u" =1u in (a,2m),
u(0) = u(2m)

/

’()— u'(0),
av/(a) = fu'(a),

u continuous on (0, 27).

From the two equations we derive that

u(t) = Aj cos(wt) + Agsin(wt), Vte (0,a),
u(t) = By cos(wt) + Bysin(wt), Vte (a,27),

where we have set w = /v; and A;, B; are real constants to be determined. Imposing the
continuity conditions in a and 27, and the transmission conditions in the same points, we get
the following system:

Ay — cos(2mw) By — sin(2nw)By = 0

cos(aw)A; + sin(aw)As — cos(aw)B; — sin(aw) Bz = 0

aAs + Bsin(2mw)B; — B cos(2nw)By =0

—asin(aw)A; + acos(aw)As + Bsin(aw)By — 8 cos(aw)Bs = 0.
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Denoting by A the matrix of the coefficients of the previous system, doing some elementary
calculations and applying trigonometric identities, we compute

det(A) = %(a — B)?[~ cos(2(a — m)w) + (C + 1) cos(2nw) — C1,

where
B 45
c-c(2)-—2>0
(-9

«

In order to study vy, we need to estimate the first value of w that nullifies the following function:
flw,C) = —cos(2(a — m)w) + (C + 1) cos(2nw) — C, Vw > 0.
We start by finding the zeros of the function
g(w) = f(w,0) = —2sin((27 — a)w) sin(aw),

which are
_ km . km
W = — Oor wg = 5
a 2r —a

Let us assume that a € [m,27) so that W; < @;. It holds that ¢ < 0 in (O,g). Since
flw,C)—gw) = f(w,C) — f(w,0) = C(cos(2mw) — 1) < 0, it holds that

Vk e N.

fw,C) <gw)<0, Vwe (O,Z).

Thus, since f(1,C) > 0, by continuity f must vanish after the first zero of g, in other words

. . ™
V1 = min w = min W= —.
w>0, f(w,C)=0 w>0, g(w)=0 a

If a € (0,7), then &y <w; and g < 0 in (O, ﬁ) With the same argument we get that

™

VU = min w = min w = .
w>0, f(w,C)=0 w>0, g(w)=0 2r —a

At this point we have proved that

m = min{<z>2, (2;_ a>2} > i. (42)

Let us remark that w; € (0,1]. Indeed, assume first that cos(2(a — m)) # 1. We notice that
f(1,C) =1—cos(2(a—m)) > 0 and on the other hand f(1/2,C) = —cos(2(a—7))—1—-2C <0
which proves that wy € (0,1). Now if cos(2(a — 7)) = 1, then

flw,C) = =14 (C +1)cos(2mw) — C,

which vanishes for w € N thus wy = 1 in this case. In any case we have proved that wy € (0, 1].

In other words, we have proved that wi(a) stays in a compact subset of R. Notice that
thanks to the bound in (42), we already know that wq(a) > 1/2 away from the particular values
a = 27 and a = 0. However, up to subsequences, if a — 0%, we know by compactness that
wy — 7, for some 7 € [0,1]. Passing to the limit as @ — 0% in the eigenvalue equation, we get
that

cos(2mn) = 1,

implying that n € {0,1}. Since n = lim,_,o+ w1 = %, it follows that n = 1. The same argument
can be applied if we let a — 27~. Therefore, there exists § = 5(%) > ( such that

3
wi >, Va € (0,0) or Ya € (27 — 0, 27).

If a € [§,2m — §], then by (42) it holds

N m

wp = min< —, = .

! §2m—6f 2m—6

Thus, choosing § < %7‘(, we prove the thesis with v =, /5. O
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Corollary 5.4. Let (u, E) be a minimizer of the optimal design problem (1) and B (xq) < Q.
If there exists ro > 0 such that §(0E n 0B, (y)) < 2 for any r < 19 and any y € 0E n By, (x0)
then OE is smooth in Bro (xo).

Proof. Arguing as in Proposition 5.2, Proposition 5.3 implies that for all y € 0E n B, (z) and
r € (0,79) we have

J op|Vul? dz < Cor'™e,
B.(x)

for some ¢ > 0, and we conclude by applying the theory of almost minimizers of the perime-
ter [35]. O

5.3 The components of A have mutually quantitative positive distance

In [25] Larsen proved that if (u, E) is a minimizer of the functional (4), then for any two
components F1, Fs of E one has
diSt(El,EQ) > 0.

In this section, we use the uniform rectifiability of 0F established in Section 3 to improve
Larsen’s result [25]. More precisely, we show the validity of Theorem 1.2, whose proof relies on
the following lemma. It is a quantitative adaptation of [25, Lemma 3.1], which we derived using
the uniform rectifiability of dF. Actually, the following Lemma contains [25, Lemma 3.1] with
a slightly different proof, which is more detailed.

Lemma 5.5. Let (u, E) be be a minimizer of the functional (4) and let U cc Q be an open set.
Let B, E5 < U be two connected components such that

dist(Ey, F)? < 6 min {|E1|, | E2|},

where § € (0,1). Then for any R < ﬁdist(El,Eg) there exist a ball Br(c) and two connected

components B} and EY of E1 n Br(c) and Es n Bg(c) respectively such that they are contained
in a rectangle. More precisely, up to a rotation, it holds that

Ey v By < {(zy) [y — yel < h},

with h := Co(67R + R?), where the constant Cy > 0 depends on the constant in Theorem
3.2. Moreover, for i = 1,2, each E! contains a point a; satisfying |a;—c| < dist(E}, F), and
E! ndBgr(c) # &.

Proof. Let a1 € E; and as € E3 be such that |ag — a1 < 2dist(Fy, Ez). Without loss of
generality, we may assume that %59 = (. Let

1
R:= —dist(E,, ).
246 is(Ey, E)

By the choice of R, it holds that
E\Br # @&, Vie{l,2}, (43)

because |Bg| = m5dist(E1, E2)* < T min{|E1], |Ea|} < |Ey, for i = 1,2.

Since E; is connected and contains a point outside Br(0), this point must be connected to
a; € E;. For the rest of the proof we will still denote by F; and Es the connected components
of E1 n Br(0) and E3 n Br(0) containing respectively a1 and as (these components will be the
E} and F) of the statement). Note that from (43) we deduce that

aBRﬁEi #@,

which is the claim at the end of the statement.

Let z; € E;. Since E; and F, are two different connected components, it is true that 0F;
and 0F5 separate z; and z3. Thus, by [32, Theorem 14.3, p.123], for any ¢ € {1, 2} there exists
a connected subset I'; of 0F; such that I'; separates z; and 2z and H*(I';) < +00. Furthermore,
I'; is arcwise connected.

Let ¢ := [#1, z2] and let D be the diameter of Bg parallel to £. We set

n := dist(¢, D).
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Figure 1: The domain noted by I used as a competitor in the proof of Lemma 5.5, following
the idea of Larsen [26]: if the two connected components E1 and E2 were not flat enough in
Bpg, then we could win a lot of perimeter by adding the domain denoted by I in the picture.

Let us denote by d := dist(F1, E2). In view of applying Lemma 5.6, we can assume that n > 2d.
Since £ n I'; # F, the following two points exist:

yp :=sup{t € [0,1] : tz1 + (1 —t)z2 € E1} and yo :=inf{t€[0,1] : tz1 + (1 — )22 € Ea}.

Since n > 2d, Bog n{ = J, and 0Bog N 0F; # &, for i = 1,2. Thus there exist three curves
Y1 € 0F4, Y9 € 0F5 and X3 € 0By such that the set ¥ := 31 U Yo U X3 is a curve that goes
from y; to y2. By Lemma 5.7 below, we know that this curve may possibly have self-intersection
points but only by a zero H!-measure set.

The height bound (Lemma 6.1) gives

H(X)HU(E) — |y2 — w])

5 , Vxel.

dist(z, [y1,92]) < \/

Thus, by the triangle inequality and the previous one, we get

n = dist([y1,y2], D) < sup dist(z, [y1, y2]) + sup dist(z, D) < supdist(z, [y1,y2]) + 2d

ZEX3 ZEX3 ZEX

; \/Hl(z)(Hl(ZQ) —ly2—wml oy (44)

At this point we use the A-minimality relation to estimate the right-hand side of (44). We
denote by I the interior of the Jordan curve ¥ U [y1,y2]. By the A-minimality of (u, E) with
respect to (u, B U I U Bag), we get

f op|Vul*dr + P(F;Q) < J OBOIUBy |Vul?de + P(E U T U Byg; Q) + ATR?.
Q Q

The inequality can be simplified as
HY(S1 U o) < H' ([y1,y2]) + dmd + AT R
By adding H!(23) to both sides of the previous inequality, we infer that
HY(E) — H ([y1, y2]) < 8md + AnR2.

Combining (44) with the previous inequality and using Theorem 3.2, we obtain

n < \/Hl(Z)(47rd + ger2> +2d
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< C’\/R<47rd + [;TFR2> + 2d
< CA/V6R? + R? + CVSR.

< C(§TR + R?).
The conclusion of the lemma follows by applying Lemma 5.6 below. O

Lemma 5.6. Let A c B := B1(0) a given set such that AndB # & and satisfying the following
property: there exists n < 1/2 such that for all zy,20 € A,

dist([21, 22], D) < 7,
where D is the diameter of B parallel to [z1,z2]. Then, up to a rotation,

Ac{(z,y)|lyl < 3n}.

Proof. Let zg € A n 0B. For any point z € A we denote by D, the the diameter of B parallel
to [20, z]. From our assumption on A we know that for all z € A it holds,

dist([z0, 2], D) < 1.

In particular, d(zg, D,) < 7 and since zg € 0B, this implies that the angle between 2o and the
direction of D, is small. More precisely, if e, is a unit vector in the direction of D,, then

|ZO - <Zanz>ez‘ <1

and, accordingly,
|ZO - <ZOa ez>ez|2 =1- <ZOa ez>2 < 772- (45)

Let 6 be the angle between the vectors zp and e, in such a way that |[(zo,e.)| = cos(f). Then
we deduce from (45) that
|sin(0)] < 7.

In other words, all the diameters D,, for z € A, must be contained in an angular sector of
aperture at most 2arcsin(n) around zp. By assuming that zp = (1,0), the first vector of the
canonical basis of R?, we conclude that, for all z € A, D, < {(z,y)||y| < arcsin(n)} and finally,
for all z € A, z € {(z,y)||y| < n + arcsin(n)}. The proposition follows from the elementary
inequality, arcsin(n) < 27, which valid for all n < 1/2. O

We are now ready to proof the main result of this section and of the paper.

Proof of Theorem 1.2. Let U cc € be an open set and let d := inf ¢y dist(z, 0Q). Then there
exists another open set U’ such that U < U’ < €2 such that inf ey dist(z, (U')°) = d/2.

We may assume by contradiction that for every é € (0,1) and € > 0 there exist two connected
components E1, F; < U of F such that

min{|E,|,|Ez|} <& and dist(FE;, E2)? < §min(|Ey|, |Esl).

Let R := Tbgdist(El, E;). By Lemma 5.5, there exist a ball Br(c) and two connected compo-

nents F and F) of Ey n Bg(c) and F> n Br(c) such that they are contained in a rectangle.
More precisely, up to a rotation,

Ei Y Eé < {(x7y) | |y_y0| < h}7

with A := C(67R + R?), with C > 0 depending on the density bound’s constant in U’ of
Theorem 3.2. Without loss of generality, we may assume that ¢ = 0.

As we will see later, we will choose § and ¢ in such a way that %\/55 < d/10. In this way,
R < 14/6e < d/10 and it follows that Bg(c) = U’. .

Next, we want to find a curve I' € dE] n Bgr(c) which is lower Ahlfors-regular. The easiest
way to do so is to find a connected subset of 0E] whose diameter is comparable to the diameter of
Ej. For that purpose, we use the following general topological result, which follows directly from
the main theorem of [10] (see also [32, Theorem 14.2, p. 123]): if V < R¥ is an open set such that
RM\V is connected, then 0V is connected. To simplify the notation, we denote for a moment by
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E the connected component E{ . In particular we know that En Bg(0) < {(x,y) | |x2| < h}. Let
V be the connected component of R?\ E containing the point (0,2h). Then R*\V = Eu (U F),
where {F;};cs is the collection of all the other connected components of R?\E different from V.
In particular, F; is a closed set, for any i € I. Applying Lemma 6.2 we deduce that R?\V is
connected. Therefore, from [10] we know that 0V is connected. Furthermore, it is easy to see
that 0V < 0E. Let us further show that

diam(dV') = R/4. (46)

Indeed, from Lemma 5.5 we know that E contains a point a satisfying |a| < dist(E], EY)) =

2v0R, and E n dBr # . Since E is open and connected, it is pathwise connected. Thus

there exists a curve inside E from the point @ to a point on dBg. This curves stays inside the

rectangle {(x,y)||x2| < h}. By consequence, for ¢ < é each vertical line L; := te; + Rey must

intersect U for all t € (2v/6R, R/2), and (46) follows. We then define T' = 0U (see Figure 2.).
Since T is connected, it satisfies the following the lower Ahlfors-regularity property:

H' (T A B.(2))=r, VYeel, Vre (0, f)

Then by Lemma 4.4 there exist two constants a € (0,1), 9 > 0 and a ball B,r(y) < Br(0) such
that
e(y,aR) + w(y,aR) + aRk < &,

for R sufficiently small. By e-regularity we have that 0E] n B an (y) is a Ct7-hypersurface. We

can choose § < min {(%){d} and € < min{(%)ll, @} so that %\féa < d/10 as claimed in the
beginning of the proof, and also the radius of the ball B af (y) is greater than the height h of

the rectangle, that is C’(ﬁR + R%) < 28 Indeed,
aR _ (min{|E|,|E|})3R _aR CeiR  aR

C(strR+RY) <%0 % R S

which concludes the proof. Indeed, this is clearly a contradiction with the fact that Ej n Bg
was supposed to be totally contained in the rectangle. O

The following lemma has been used in the proof of Lemma 5.5 and it holds when N = 2. It
states that, under some mild regularity assumptions on a set 2 of finite perimeter, the boundaries
of connected components cannot touch by a positive H'-measure set.

Lemma 5.7. Let Q < R? be a set of finite perimeter satisfying a lower Ahlfors-reqularity
inequality and such that
HL(0Q\0*Q) = 0. (47)

Let A and A’ be two connected components of Q and let xg € AN 0A’. Then xy does not belong
to 0*Q. As a consequence,

HY(OA N A" = 0.

Proof. Assume by contradiction that zg € 0*Q n 0A n 0A’. We know that 0*Q admits an
approximative tangent plane Py at point zo. From (47) we deduce that P, is actually an
approximative tangent plane for 02 as well. Then since 02 satisfies a lower Ahlfors-regularity
inequality, it is classical to see that this approximative tangent plane is actually a true tangent
plane. Let us write more details about this last fact.

We assume without loss of generality that xo = 0 and Py = {23 = 0} and let £ > 0 be fixed.
Since P, is an approximative tangent plane we know that

PE%) %Hl(éQ N By N {|za| = re}) — 0. (48)
Now we claim that there exists rg > 0 such that, for all r < rg,
00 N By n{|ze] > re} = .
Otherwise, if z € 0Q N B, n {|za| > re}, since 0 is lower Ahlfors-regular then

HY(09 A B, (2)) = Caer,
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Which would easily contradict (48) for » small enough.
We may assume that for € > 0 we can find ro > 0 such that for any r € (0,79) we have

00N B, cT.(e) :={x € B, :|ra| <e|ry|}

We distinguish two cases.
Case 1: there exists r € (0,rg) such that

(B\T,(e))nA# & and (B \T.(c))n A # &.
Let z € (B, \T(¢)) n A and 2’ € (B,\T(¢)) n A’. Let us define
B\, (e) = (B\T7.(e) n {x2 > 0}) U (B\T;(e) n{wo < 0}) == T+ LT .

Notice that if z € T, then necessarily TT < A. Indeed, if y € T is any other point, then
the segment 7z is contained in T because T is convex. Since z belongs to the connected
component A, it holds that y € A, thus proving that T+ < A. The same assertion holds for A’
so that the following two alternatives must hold:

1. Tt < (B,\Tr(e)) nAand T~ < (B,\T,(e)) n A.

2. TT < (B\T(e)) n A" and T~ < (B,\T,()) n A.

In both cases, it follows that there exists a positive constant C such that
|Q " B,| = 7r? — Cer?,

which is a contradiction if ¢ < 57, being zo = 0 € 0*Q.

Case 2: for any r € (0,r) it holds
(BT (e))nA=g or (B\T,(e))n A" = .

We assume without loss of generality that (B, \T,(¢)) n A = J. We take a point z € T).(¢) n A.
Without loss of generality, we can assume that sg := m;(z) > 0. Since A is connected, and
z,0 € A, we deduce that dB; n A # ¢, for all s € (0,sp). Let z; be a point in 0Bs n A. Since
(B:\T(g)) n A = J, we know that z; € T,.(e).

Since 0 € 0A, for all s < so there exists a point 2, € A N Beg(x) such that m1(2]) < m1(2s).
Let v be a curve connecting z; and 2. in A, which exists because A is a connected open set,
thus arc-wise connected.

We define the vertical line

Ly :={(t,y) : ye R}, forteR.

Since 0A N Bgs(zg) < Q0 n Br(xo) < Tr(e) and L; meets interior points of A for ¢ €
[m1(2%), m1(25)], we have that

B(OA N L) =2, Vte[m(zh),m(2s)]

Accordingly, by the coarea formula we get

HY(OA A By(z0)) = f V1 —=va,en)? dH?

0ANB;(z0)
s/v/1+¢€2
> ;I\

1
HO(0A N {my = t})dt = 25(\/14_762 - 5)

se

> 2s(1 — 2¢),
for any s € (0,s0). Moreover we know that for all s € (0, sg),
O N 0Bs(x0) N {m(x) < 0} # I,
so that, all together,
HY(OQ A By(x0)) = s + 25(1 — 2¢) = 5(3 — 4e),

which implies the following contradiction:
HY(0Q N By(xg)) _ 3

1 *
Jiminf 20 Bs(@0)) g >2 9>,
s—0 2s s—0 2s

[\)

1
for e < 1
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Remark 5.8. The Lemma is false in higher dimensions: consider the 1D-curve I' = RY defined
by

Fi={zy=a29=-=xny_2=0and azy =x?v_1}.
Then consider G as being a very small open neighborhood of T, with the property that G <
{zy > 0} and

r—0+ T

Then we define Q := PT U G, where PT = {xy < 0}. The two connected components of 2 are
P* and G, for which their boundaries meet at the origin, which is a point that belongs to 0*€.
However, we do not know if the assertion HN"1(0A n 0A") = 0 still holds in higher dimensions
for two connected components of a set of finite perimeter  satisfying HN 1 (0Q\0*Q) = 0, and
such that 0S) satisfies a lower Ahlfors-reqularity inequality.

6 Appendix

The following lemma is a standard height bound which is taken from [4, Lemma 6.3] for the
case of injective curves. Here we adapted the argument straightforwardly for a curve which is
possibly non-injective anymore, but for which the set of self-intersection points has zero measure.

Lemma 6.1. Let v : [0,1] — R? be a curve with endpoints z = (0) and 2z’ = v(1), with image
T:=~([0,1]). We assume that «y is almost injective in the sense that, defining
Z:={tel0,1] : It #t s.t. v(t)=~({)},

it holds that H'(y(Z)) = 0. It follows that
HI(T)(HA(T) — |2/ — )

2 )
Proof. Let § be a maximizer of the function y € I' — dist(y, [z, 2']), i.e., § is the most distant
point in T' from the segment [z, z'], and define d =: dist(y, [z, 2']). Let us consider the point

y' € R? making (z,2',%') an isosceles triangle with height d. Denoting by a := |z — 2’|/2 and
L := |y’ — z|, according to Pythagoras Theorem, we have

d2=L2—a2=(L—a)(L+a).

dist(y, [z, 2'])* <

Vyel. (49)

And since by assumption + is almost injective (i.e. H1(Z) = 0), then H1(T') > |2 — | + |y —
2| = 2L and HY(T) = |z — 2’| so that

@< (M)~ e =) (D) + |z - 2]) < ”1@)(%1(2) —le—2)
which proves (49). )

Lemma 6.2. Let A < RN be an open and connected set, and let {F;}icr be a family of closed
connected sets such that F; n 0A # & for all i€ I. Then the set

AUUFZ

el
is connected.
Proof. Let us denote by
E:=Avu U F;,
el
and assume that
E c U1 ) UQ,

where U; and U, are two disjoint open and connected subsets of RY. To prove that E is
connected, it is enough to prove that F < U; or E < Us. Let i € I be fixed. Then by
assumption F; < Uy u Us. Since F; is connected, we deduce that F; < Uy or F; < Us. Let us
assume that F; ¢ Uy. Let zg € F; n 0A, which is assumed to be non empty. Since U; is open
and xg € 0A, we actually infer that U; n A # ¢J. Furthermore, being A < U; u Uy, the fact that
A is connected yields that A < U;. In other words we have proved that A U F; < U;. For any
other j € I, arguing similarly we deduce that A U F} is also contained in one of the two open
sets, that actually must be the same U; because A is already known to be contained in U;. All
in all we have proved that E < U; as desired, and this achieves the proof. O
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We finally give a proof of Proposition 2.6.

Proof of Proposition 2.6. It is already well-known that condition-B implies uniform rectifiabil-
ity. The only concern is that the theory of uniform rectifiability is generally developed in a
global manner, i.e. for a closed set G = RY with global estimates on balls B(x,r) with r > 0,
whereas here we have only a local control r < rg. This is why we have to artificially consider
the union of our set with a hyperplane, exactly as in [15, Theorem 5.48], in order to obtain a
new set on which the general theory of uniform rectifiability applies.

Let us give more details. We follow here the proof of [14], in which it is proven that (global)
condition-B implies uniform rectifiability, that can be straightforwardly adapted to our local
condition-B. Indeed, let E be an open set satisfying the local condition-B in © < RY, as
described in Definition 2.5. Let U <  be any given open set and let U’ be a smooth open set
such that U < U’ < Q. By smooth, we mean that for a chosen hyperplane P we know that
oU" U (P\U’) is Ahlfors-regular in R"V and satisfies the big pieces of Lipschitz graphs property
(BPLG) [14, Definition 1.5].

We know that E n U’ satisfies condition-B and let us consider the closed set G := 0E n U’.
Then G is N — 1 regular as in [14, Definition 1.3], with the difference that we take 0 < r < rg
instead of » > 0. This difference is not so important in applying the results of [14], all the
statements being adapted straightforwardly with this bound ry. Then arguing exactly as in
the proof of [14, Theorem 1.20], in particular, following verbatim the argument given in the
third paragraph of page 880 of [14], we obtain that G satisfies the local symmetry condition
(LS), as defined in [14, page 859], again with the restriction that r < rg, and this proves (see
[14, Theorem 1.14 and Proposition 1.18]) that G satisfies the big pieces of Lipschitz graphs
property (BPLG) [14, Definition 1.5], again with the restriction that r < r9. Now we observe
that K := G u oU’ u P satisfies (BPLG) globally for all # > 0. This would be enough to
conclude because (BPLG) implies uniform rectifiability (from the main result of [12]), thus K
is uniformly rectifiable and 0E nU < K.

So we verify this last claim following the same reasoning as [15, Remark 5.49]. First we notice
that the (BPLG) property for G valid with r < ry can be made also valid with r < 10diam(€).
Indeed, if diam(€2) < 7o then it is obvious, otherwise for ro < r < 10diam(f2) we obtain
the BPLG in B(x,r) by applying it B(x,r9) and then by changing all constants by a factor
ro/diam(Q).

Now we prove (BPLG) for K. For that purpose we take € K and r > 0, and we consider
two cases. If x € G and r < 10dist(z,0U’) then we know that B(x,r) contains a big piece of
Lipschitz graph. In the remaning case we can find y € B(z,r) n (K\G) and we can apply the
assumption that oU’ u (P\U’) satisfies (BPLG) at the point y. This achieves the proof. O
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