STOCHASTIC EULER SCHEMES AND DISSIPATIVE EVOLUTIONS IN THE
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ABSTRACT. We study the convergence of stochastic time-discretization schemes for evolution
equations driven by random velocity fields, including examples like stochastic gradient descent
and interacting particle systems. Using a unified framework based on Multivalued Probability
Vector Fields, we analyze these dynamics at the level of probability measures in the Wasserstein
space. Under suitable dissipativity and boundedness conditions, we prove that the laws of the
interpolated trajectories converge to those of a limiting evolution governed by a maximal dissi-
pative extension of the associated barycentric field. This provides a general measure-theoretic
study for the convergence of stochastic schemes in continuous time.
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1. INTRODUCTION

The aim of this paper is to introduce and develop a general framework for studying the con-
vergence of trajectories generated by a suitable stochastic version of the explicit Euler method,
which we use to approximate the evolution of interacting particle systems governed by dissipative
fields in Hilbert spaces.

Superposition of autonomous vector fields. In order to keep the exposition simple, we first explain
the main ideas of our approach in the case of a simple system of ordinary differential equations in
R? driven by a continuous vector field b : R — R?,

i(t) = b(x(t)), tel0,T), z(0)=z¢cR? (1.1)
satisfying, for some \ € R, a one-sided Lipschitz condition
(b(zo) — bz1), w0 — 1) < AMxg —21]>  for every xg, z; € R (1.2)
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We suppose that b arises as a stochastic superposition of a family of vector fields ¢ : R? x U — R¢
depending on a random parameter u € U in a probability space U endowed with a probability
measure U:

b(x) = /Ug(x,u) dU(u) = Ey[g(z,-)] for every z € R?,
with
| o) aute) = Bolo(e. )F] < 20+ o)

We can perform a natural time discretization of (1.1) by selecting a sequence of uniform step sizes
7=T/N, N € N, and a sequence (V"),, of independent, U-valued random variables with law U,
defined in some probability space (£2,P). A stochastic approximation X of x(n7) is a family of
R%valued random variables defined on €2, which can then be obtained by the following version of
the explicit Euler method

X = X" 4 rg(X™, V™), n=0,1,---,N; X°:=z. (1.3)

A special case of the above framework occurs when

1 K
b=-Vh, h(z)=1 > Hy() (1.4)

is the sum of gradients of functions H, : R? — R. In this case, a deterministic approach to approx-
imate (1.1) may be difficult to implement numerically when K is large. For this reason, stochastic
approximation techniques have been developed, inspired by the seminal works of Robbins and
Monro [20] and of Kiefer and Wolfowitz [14], and they have witnessed a renewed interest, largely
motivated by their growing relevance in machine learning contexts (cf. e.g. [21, 7, 16]). In this
regard, the simplest stochastic formulation takes U = {1,..., K}, U to be the uniform distribution
on U, and g(x,u) := —VH,(z); the scheme above in (1.3) with 7 fixed coincides then with the
classical Stochastic Gradient Descent (SGD) method and one aims to pass to the limit as n — oo
in order to find a minimum (or a stationary point) of h. The effectiveness of this approach relies
on the reduction of the computational cost at each iteration.

Instead of the asymptotic limit as n — oo, we want to study the uniform approximation in
[0,T] of the deterministic trajectory of (1.1) as 7 = T'/N vanishes.

Interacting particle systems. In our analysis, we can include much more general evolution pro-
cesses, as the ones involving interactions. In the simplest case, we may consider a system of M
particles {2} | and an interaction field f : R x R? — R¢ determining the velocity of each
particle based on the positions of all particles in the system according to

(1) = % S P, (), 24(0) =3¢ w=1,,M, tel0,T).  (15)

More generally, we can assume that the initial configuration of the particles is described by the
law of a random variable X: in this case, we can formulate the evolution of the system described
by the random variables X (¢, -) as

X(t,w) = / f(X(tw), X(t,w)) dP(w'), X(0,w)=X(w) forevery w € Q. (1.6)
Q

We can then consider the approximation scheme

Xf_‘—l :X:'L—’—Tf(X;L)YTn)? T'L:O,l,"' N7 (17)

where Y is an independent copy of X and it also independent of Y*, k=0,--- ,n — 1.

)

For both schemes (1.3) and (1.7), we can construct a piecewise linear (random) curve X, on
the interval [0, 7] by linearly interpolating the values (X),, at the nodes nT. A natural question
arises regarding the convergence of X, as 7 | 0 to the deterministic solution of (1.1) (cf. [4, 15])
and to that of (1.5), (1.6).

Of course, many variations of the two examples above can be considered—for example, allowing
the field g to depend on the law of X or assuming that also the field f in the second case arises as
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a superposition. In fact, we interpret these evolutions as particular cases of a broader framework,
which we use to analyze the behavior of X as 7 | 0.

The general idea, developed in this paper, is to regard these evolutions as occurring in the
Wasserstein space of probability measures Py (R?), focusing on the law of X rather than on the
random variable itself. We lift the vector fields b, g, and f to corresponding Probability Vector
Fields (PVF), a notion of distributed velocity field acting on probability measures, introduced in
[18, 17, 10] and studied in our previous works [11, 12], also considering the multivalued case. For
a comprehensive review of the literature on the study of evolution equations in the Wasserstein
space of probability measures, particularly in relation to optimal control problems, we refer the
reader to [19].

Evolution of probability measures driven by probability vector fields. To illustrate this approach, let
us consider the general case of the evolution of probability measures with bounded support driven
by a continuous nonlocal vector field b : X x P,(X) — X: here X = R? for simplicity, (though we
can also handle the case of an infinite-dimensional separable Hilbert space) and P, (X) denotes the
space of probability measures with bounded support.

We assume that b is A-dissipative [11], i.e.

/<b(:v1,u1) — b(x0, o), 1 — o) dpa(o, 1) < AW (o, 1) (1.8)

for every po,p1 € Pp(X) and for some optimal coupling g € T'y(po, 1) for the L?-Wasserstein
distance W5, a condition which is a natural metric-generalization to probability measures of the
classical dissipativity (or anti-monotonicity) for operators in Hilbert spaces [8]. By [12, Theorem
4.2] for every initial datum g € Py(X) we can find a unique solution p € C([0, T]; Py(X)) satisfying
the continuity equation

Oupr +V - (b)) =0 in (0,T) x X, pry—o = [i- (1.9)

Selecting an initial random variable X on a probability space (£2,P) such that XuIP’ = i (here f is
the push-forward operator), the measures g, t € [0,7], can be equivalently characterized as the
laws of the random variables X (t,-) satisfying the systems of nonlocal ODEs

X(tw) =b(X(t,w), Xt )pP), X(0,w)=X(w). (1.10)
We can then consider the characteristic map X : Q — C([0,T7]; X): for (almost) every w € Q, X(w)
is the curve ¢ — X (t,w) i.e. a characteristic of the PDE (1.9). The law n := XyP is therefore a
probability measure in P(C([0,T]; X)) concentrated on the characteristics of (1.9).

In order to describe the stochastic approximation of (1.10), we suppose that b can be represented
as the barycenter of a Probability Vector Field (PVF) F, which in this particular case is a map
from Pp(X) to Pp(X x X) = Pp(TX) (here TX = X x X denotes the flat tangent bundle to X, which
can be interpreted as the natural space for the space-velocity pairs (z,v)), satisfying the structural
condition

W?F[u} =p for every p € Py(X), (1.11)
where 7 (z,v) = z is the projection on X. The disintegration F[u] = [ @, du(z) of Flu] with
respect to its first marginal p yields a Borel family (®,),cx of probability distributions on velocities
D, € Py(X) at p-a.e. x, whose mean value is precisely b(x, ) :

b(z,p) = /vd@w(v) for p-a.e. z € X. (1.12)

In the simple case (1.1) we have

b, u) = b(z), Flu] = (%, g)s(n@U), e Py(X). (113)

In the case of the interacting particle system (1.5), we have

ble, 1) = / Fy) duly), Tl = (s Naln® p),
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being ix is the identity on X. Assuming that there exists a constant a > 0 such that
(v,2) < a(l +|z|?) for Flu]-a.e. (z,v) € TX, (1.14)

and for every R > 0 the support of F[u] is uniformly bounded whenever supp(n) C Br(0), the
theory developed in [11] well applies to the evolution driven by the PVF F. The latter can
be approximated by a measure-theoretic version of the Explicit Euler scheme: given a step size
7 =T/N and an approximation fi, € P,(X) of fi, we iteratively define

MY = jir, M!M'=exp] F[M}], n=0,1,--- ,N—1, (1.15)

where exp” : TX — X sends (z,v) to  + 7v. This scheme corresponds to the scheme (1.3)
(resp. (1.7)) at the level of laws, indeed for each n, 7 we have that M is the law of the random
variable X in (1.3) (resp. (1.7)).

In our earlier work [11], we studied the properties of the scheme (1.15) and the uniform conver-
gence of the corresponding piecewise-constant interpolants ¢ — M, (t) in the space of measures.
In particular, we are also able to characterize the limit curve p € C([0,T]; P2(X)) in terms of an
Evolution Variational Inequality associated with F.

Comparing this result with the theory in [12, Theorems 4.2, 4.4] (cf. Theorem 5.4), this imme-
diately gives that p coincides with the (unique) solution of (1.9) generated by the barycenter b of
F.

It is then natural to lift also the Explicit Euler scheme for F, in the form of its linear inter-
polation M. (+), to a probability measure on curves, that we call . € P(C([0,T]; X)), such that
its evaluation at times n7 matches M (see Definition 3.4 for details). The measure 7, can be
interpreted as the law of the piecewise linear interpolation X, of a sequence (X),, of random
variables satisfying the following properties:

e the law of X" is M": (X?),P=M" n=0,---,N, and X? — XinL?as7l0,

e (X), is a Markov chain,

e denoting by V" the “forward” discrete velocity 7= (X7 —X™), the joint law of (X, V")

is precisely F[M"].

We are therefore led to study the convergence of i, which corresponds to the convergence of the
process X,. Our main result is that 1, converges to i in the strong L?-Wasserstein topology on
P2(C([0,T]; X)) (notice that, in this case, the convergence would not just be limited to the time
evaluations, as already shown).

While compactness of the family (n,), in the weak topology of probability measures follows
from [11] with the dissipativity and boundedness conditions, characterizing the limit is one main
contribution of this paper; see in particular Theorem 5.9. In this result we show that the conver-
gence takes place actually in the strong L2-Wasserstein topology on Pa(C([0,T7]; X)) and that the
limit n is concentrated precisely on the solutions to (1.10). The tools we employ to characterize
7 are largely based on our second work [12] where we study, among other things, the properties
of (multivalued) PVFs enjoying a total dissipativity condition.

As a byproduct, we obtain the convergence in L?(Q,P; C([0, T]; X)) of X, to the unique solution
of the deterministic ODE in (1.10) driven by b (Theorem 5.10). We will further extend the result
described above in a much greater generality so to treat simultaneously also the case of multivalued
and possibly discontinuous probability vector fields. These results fully clarify the links between
the explicit Stochastic Euler Method (1.15) induced by a metrically dissipative (multivalued) PVF
F and the contraction semigroup generated by its totally dissipative barycentric projection, which
in turn can be studied by the implicit Euler Scheme.

Plan of the paper. The paper is organized as follows. Section 2 contains the preliminaries
on Wasserstein spaces, the main notations adopted, a recall of the definition of multivalued PVF
(MPVF) and notions of dissipativity taken from [11, 12]. In Section 3, we recall the Explicit
Euler scheme for dissipative MPVFs and construct a probabilistic representation of its affine
interpolants. We then study its convergence as the step-size vanish. In Section 4, we study the
stability of the probabilistic representation of the Implicit Euler scheme for a maximal totally
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dissipative MPVF with respect to the initial data. Finally, our main results are contained in
Section 5, while illustrative examples appear in Section 6. Appendices A and B close the work.

Acknowledgments. G.C. acknowledges the partial support of INDAM-GNAMPA project 2024
Controllo ottimo infinito dimensionale: aspetti teorici ed applicazioni (CUP_E53C23001670001).

2. PRELIMINARIES

We introduce here the main notations used throughout the paper.

Given X € R, we write A\, := max{0, A} and denote by || the floor function. Given a set X,
we denote by 2x : X — X the identity map on X. Given M € N and sets X, ..., Xys, we define
the i-th projection map by

7TZ:X0><X1><~-~><XM—>XZ', Wi(xo,...,J,‘M):J?i,

with i =0, ..., M; note that we start counting from the index 0, this is done to be coherent with
the time evaluations of curves defined in some interval of the form [0, T]. Similarly, we define

7Ti’jIX0 X X1 X x Xy — X; ><)(j7 Wi’j(ajo,...,l‘M):(l‘i,l‘j),
fori,j=0,..., M.

To ensure generality, we introduce the basic notions of measure theory considering X and Y
to be Lusin completely regular topological spaces. Recall that a topological space X is completely
reqular if it is Hausdorff and, for every closed set C' and point x € X \ C, there exists a continuous
function f: X — [0,1] such that f(C) = {1} and f(x) = 0. This framework is well-suited to our
analysis of Borel probability measures on (subsets of) a separable Hilbert space X, which may
carry either the strong or weak topology.

With P(X) we denote the set of Borel probability measures on X endowed with the weak/narrow
topology, induced by the duality with C,(X), the space of bounded continuous real-valued func-
tions defined on X.

Given p € P(X) and a Borel map r : X — Y, we define the push-forward measure rypu € P(Y)
by

/ () d(rep) () = / o (r(2)) du(z),
Y X

for any ¢ : Y — R bounded Borel map.
For later use, we recall the disintegration theorem (c.f. [2, Theorem 5.3.1]).

Theorem 2.1. Let X, X be Lusin completely regular topological spaces, p € P(X), r : X - X
be a Borel map. Then, there exists a (ryp)-a.e. uniquely determined Borel family of probability
measures {p, tzex C P(X) such that p,(X\ r~1(x)) =0 for (rgp)-a.e. x € X, and

| #(@) dute) = [ ( [ dum)) Alryp0) ()

for every bounded Borel map ¢ : X — R.

Remark 2.2. When X = Xy x X; and r is the projection 7 on the first component, we can
identify the disintegration {g, }zex, C P(X) of u € P(Xo x X;) w.r.t. the map 7° with a family

of probability measures {tz, tzoex, C P(X1). We write p = fa AT 1) (o).

Xo
The set of admissible couplings (transport plans) between two probability measures u € P(X),
v e P(Y) is given by
C(p,v)={yePX xY)|[nyy=p, n'yy=v}.

If v € P(X x Y), we say that the measures 74y and 7'y, are the first and second marginals of
v, respectively.
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If (X,]-]) is a separable normed space, given pu € P(X) we define its 2-moment by

ma) = (| |$I2du(w)>1/2,

and denote by Pa(X) the set of all measures in P(X) with finite 2-moment.

If (X,]|-]) is a complete and separable normed space, we denote by Wy the Wasserstein distance
over Po(X), defined by

W2 (i) = inf { | lemvParten) ve r(u,m} , (2.1)

and refer to [2, §7] for the main properties of the complete and separable metric space (Pao(X), Wa).
We denote by I',(u, ') the subset of couplings in I'(u, 4') realizing the infimum in (2.1).

In the sequel, X denotes a separable Hilbert space with norm |- | and scalar product (-,-). In
case X = C(Z;X) is endowed with the uniform norm || - ||oc and Z C R is a compact interval, we
use the notation Ws o to denote the Wasserstein distance over Pa(X).

We denote by TX the tangent bundle to X, identified with the cartesian product X x X with

the induced norm |(z,v)| := (|z* + |U\2)1/2 and the strong-weak topology, i.e. the product of the
strong topology on the first component and the weak topology on the second one. The set P(TX)
is defined thanks to the identification of TX with X x X and it is endowed with the narrow topology
induced by the strong-weak topology in TX. Given ® € P(TX), we define the partial 2-moment of

P as
1/2
By = (/ |v|2d<1>(33,v)) .
X

Following the characterization result provided in [12, Section 2.1], we give the following defini-
tion of convergence in P3* (TX).

Definition 2.3. Given (®,)nen C P2(TX), @ € Po(TX), we say that &, — ® in P5(TX) as
n — oo if all the following are satisfied

(1) ®, — ® in P(TX) = P(X® x X¥), where X* is endowed with the strong topology, while X*
with the weak,

(2) lirf /|x|2d<I>n(x,v):/\x|2d¢>(x,v),
n—-—+0o0
(3) sup | P, |2 < co.

In TX we will use the following notation for projection maps: we set
x: X=X, x(z,v) = z; v: X=X, v(z,v) =v;
X TX X TX = X, X (z0,v0, 21,01) 1= 2y v TX x TX = X, vi(z0,v0, 21,01) = v5;
for i =0,1. Given Z C R an interval of R and t € Z, we define the exponential map exp? : TX — X,
exp’(x,v) = x + tv,

and the evaluation map e; : C(Z;X) — X as

2.1. Dissipative Probability Vector Fields and EVI solutions. From now on, X denotes a
separable Hilbert space. We recall here the definition of MPVF and different notions of dissipa-
tivity: the metric dissipativity introduced in [11], where we provide well-posedness results of the
associated evolution equation in the Wasserstein space, using a measure-theoretic Explicit Euler
scheme; the total dissipativity, employed in [12] to deal with an Implicit Euler scheme.
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Definition 2.4 (Multivalued Probability Vector Field - MPVF). A multivalued probability vector
field F is a nonempty subset of P2(TX) with domain D(F) := x4(F) = {x4® : ® € F}. Given
1 € Pa(X), we define the section Flu] of F as

Flu :={® € F |x® =p}.
Given ® € P2(TX), the barycenter of ® is the function by € L*(X, x;®; X) defined by

bo(x) := /Ud@(xm) = /vd@x(v), (2.2)
where {®;},ex C P2(X) is the disintegration of & w.r.t. x;®.
Definition 2.5. Let F C P2(TX) be « MPVFE. We define the MPVF bar (F) by
bar (F) [1] = {bar (®) := (ix, bo)su: ® € Flu]}, p € D(F). (2.3)

Before we recall the metric and total notions of dissipativity for a MPVF F, we briefly recall
the definition of duality pairings between measures in Py (TX).

Definition 2.6 (Metric-duality pairings). For every ®g, ®1 € Po(TX), u1 € P2(X), we set
A((DOa/-l/l) = {U € F((I)(%Ml) | (X07X1)ﬁ0- S FO(XIi@OaMl)} 5
A(@g, 1) == {© € I(®g, 1) | (x°,x");® € I',(xzPo, x;P1) }

where, with a slight abuse of notation, we used x' to be also the projection map x* (xq, vo, 1) = 71
acting on TX x X. We set

[®o, p11], := min {/ (xg —x1,v0)do | 0 € A(@o,ul)} ,
TXxX

[(I)(),(I)l}r := min {/ <$0 — X1,V9 — ’l)1> de ‘ O c A(@O,(Pl)} .
TXXTX

Definition 2.7 (Metric A-dissipativity). A MPVF F C Py(TX) is (metrically) A-dissipative,
AER, if
[, @1], < AWS (x4@o,x;®1)  for every ®g,®; € F. (2.4)

In case A =0, we say that F is dissipative.

Definition 2.8 (Total A-dissipativity). We say that a MPVF F C Py(TX) is totally A-dissipative,
A €R, if for every g, 1 € F and every 9 € T'(Dg, P1) we have

/<’U1 — Vo, T1 — 1’0> dﬂ(.’bo,’l]o,xl,vl) < )\/ ‘(El - "E0‘2d’l9(1'0,11071'1,’l]1). (25)

We say that F is maximal totally A-dissipative if it is maximal in the class of totally A-dissipative
MPVFs: if F' D F and F’ is totally \-dissipative, then F' = F.

We recall the definition of A-EVI solution for a MPVF. Here, Z denotes an arbitrary (bounded
or unbounded) interval of R.

Definition 2.9 (A\-Evolution Variational Inequality). Let F be a MPVF and let A € R. We say
that a continuous curve pn: T — D(F) is a A-EVI solution (in Z) for the MPVF F if
1d
2dt
where when we write 2’ (int (7)) it means that the expression holds in the distributional sense in
int (Z). Equivalently, (2.6) can be rephrased as
1d*

@ W3 (1, x5 ®) < AW (g, x:®@) — [®, 14],. for every t € int () for every ® € F,

W3 (11, x4 @) < AW3 (g, x4 @) — [@, 1], in 2’ (int () for every ® € F, (2.6)

where %Jr denotes the right upper Dini derivative.
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3. EXpPLICIT EULER SCHEME AND LIFTING TO CURVES

We recall here below the definition of Explicit Euler scheme for a MPVFE F C P2(TX) coming
from [11] and provide a construction of a probabilistic representation of it with a probability
measure on continuous paths valued in X.

Definition 3.1 (Explicit Euler Scheme). Let F C P3(TX) be @« MPVF and suppose we are given
a step size 7 > 0, an initial datum f € D(F), a bounded interval [0,T), corresponding to the final
step N(T,7) := [T/7], and a stability bound L > 0. A sequence (M}, ®")o<n<n(r,r) C D(F) x F
is a L-stable solution to the Explicit Euler Scheme in [0, T starting from i if

M) = f,
O e F[M!], |92 <L 0<n<N(T,7), (EE)
M = (exp” )y @7 ! 1<n<N(T, 7).

Definition 3.2 (Single-step and multi-step plans). Let 7 > 0.

e Given ® € P(TX), we define the single-step plan associated with ® as

T, = T, (®) := (x,exp” )y @ € P(X?),

so that (7°)y T, = x4®. By disintegration theorem, there exists a [xy®]-a.e. uniquely deter-
mined Borel family of probability measures {Tr 3 }zex C P(X) such that

T - /X (00 @ Tr.p) d [,®] ().

o Giwen N € N and a family (2™ )o<n<n C P(TX), we denote the single-step plans associated
with each ®" by T :=T,.(®"), n € {0,...,N — 1}, and define by recursion

al =10
a‘er = /<6(10,9€1 ,,,,, Tp—1) ® TQ;’L{I) daf_l@;‘o, L1, --- 75671*1) € P(Xn+1)7

for2 <n < N. The multi-step plan associated with (®™)o<n<n s defined by

o, = a, ((d),) = al e P(XNTh,

Lemma 3.3. Given N,n € N, n < N, we define the restriction map R, : XN+1 — X"+ g

Rn(zo,...,zNn) = (Zo,y ..., Tn).

Let 7 > 0 and (®")o<n<n C P(TX). With the notations of Definition 3.2, we have

(1) (Ry)ser, = al;
(2) (x");0 = x,0",

for any n € {1,...,N}, where we recall that = : X"*1 — X is the projection map defined as
T(Loy v oy Ty) = Ty

Proof. Ttem (1) is immediate by definition. To prove item (2), we notice that

(m1)y T = x3®" 1, for any n € {0,...,N — 1},
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and that (7!)yal = (71)yT? = x3®!. By induction, assume that item (2) holds for n € {1,..., N—
1} and let us prove it for n + 1. For any bounded Borel function f : X — R, we have

[ @ (@) @) = [ o) dar o)
= [ Fni) AT, (i) da o, )
— [ Hena) AT, (i) (" )s0) ()
— [ £ni) T2, (i) d ) )
— [ f@n) AT @)
= [ £ d @] (),

thus proving item (2). O

Definition 3.4 (Interpolations of (EE)). Let F C Py(TX) be a MPVF, i € D(F) and 7,7, L > 0.
Let (M?,®")o<n<n(r.r) C D(F) x F be as in Definition 3.1 and o, € P(XNTDFLY) be the multi-
step plan associated with (®7) ~as in Definition 3.2. We define the following interpolations of the
sequence (M, ®M),,:

M, (t) := (exp"™ ")y @ € Po(X) ift € [n,(n+1)7] for somen €N, 0 <n <N(T,7), (3.1)

F.(t) := oW/ e Py(TX), te]0,T]. (3.2)

n

Denote by G : XN+ 5 C([0,T); X) the map sending points (xg,z1,. .. ,TN(T,7)) to their
affine interpolation, i.e. to the curve 7y given by

(t) = % (4 1)7 —t) 2 + %(t Ep—

iftenr,(n+1)7]N[0,T], 0 <n < N(T,7). We define the selected probabilistic representation
of the affine interpolation of (M, ®7),, as
n, = Gyarr € P(C(0, T X)). (3:3)

We define the following (possibly empty) sets

M (p, T, T, L) = {MT | M, is the curve given by (3.1)},
Z(p,7,T,L) = {777 | . is the measure given by (3.3)},

&(p,7,T,L) := {(MT,FT) | M, F, are the curves given by (3.1),(3.2) respectively}, (4
T(p,7,T,L) = {(MT,FT,nT) | M;, F.,m,. are given by (3.1),(3.2),(3.3) respeetively}.

In the following, a frequently requested assumption is the solvability of the Explicit Euler scheme
at a given i € D(F). Meaning that, for some g € D(F), T, L > 0 and a vanishing sequence of
step sizes 7(h) | 0, we require the sets & (i, 7(h), T, L) to be not empty for every h € N. Sufficient
conditions ensuring this property are given e.g. in [11, Proposition 5.20].

We recall that the solvability of the Explicit Euler Scheme (EE), together with the A-dissipativity
of F, provides existence and uniqueness of \-EVI solutions (cf. [11, Theorem 5.9(3)-(4)]).

Theorem 3.5. Let F be a \-dissipative MPVF according to (2.4). If T, L >0, N> h — 7(h) € R}
is a vanishing sequence of time steps, i € D(F) and My, € 4 (i, 7(h),T, L), then My, is uniformly
converging to a Lipschitz continuous limit curve u : [0,T] — D(F) which is the unique A\-EVI
solution in [0, T] for F starting from fi.
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The link between &(g,7,T,L) and Z(f,7,T, L), which justifies the definition of the set of
triples (@, 7, T, L), is made explicit by the following result.

Proposition 3.6. Let F C Py(TX) be a MPVF and let i € D(F) and 7,T,L > 0. Let (M,,F.,n,) €
I (@, 7,T,L), then

(1) m. is concentrated on curves starting from supp(fi) which are affine in every interval
[n7, (n+1)7)N[0,T], n=0,...,N(T, 7);
(2) we have

€(n T~ €nr
(em, (H)) n, =F.(rn) for everyn=0,...,N(T,7) —
#

-
In particular, (e4)yn, = M, (t) for every t € [0,T].

Proof. Tt is clear by construction that n, satisfies (1). Let n € {0,...,N(T,7) — 2} and observe
that, for every bounded Borel function f: TX — R, we have

/f( v)d [(enf,e(”“);_”)ﬁm] (,)

anrl T
( 77_ ) dCl(T({E(), e 7xN(T,T))
N(T,7)+1

/ ( ot = B )dan+1(x0w“7xn+l)
n+42

T

/ ( Tntl — ) ary o, (Tny1) ded (2o, . .., 2p)
n+2

T

= / f <xn$"+1_"> AT, (Tns1) M (z,)
X2 T

—/ f(mn,xnﬂ> dT7 (zp, Tnt1)
/fxvd(b"xv /fa:v F. ()] (2, v),

where we used the definitions of 1., &”, T in Definitions 3.4,3.2 and Lemma 3.3.
This proves (2). O

In the following, we give a counterpart of Theorem 3.5 for probabilistic representations of the
Explicit Euler Scheme.

Proposition 3.7. Let F be a A-dissipative MPVF according to (2.4). Let T,L > 0, N> h —
7(h) € Ry be a vanishing sequence of time steps, i € D(F). Let (Mp,Fy) € &(f, 7(h),T,L) and
let m;, € P(C([0,T]; X)) satisfying (1),(2) of Proposition 3.6 for (My,Fp)n. Then the following
hold:

(1) the family (n,)n is tight in P(C([0, T); X)); in particular it weakly converges, up to subse-

quences, to a measure 1 € P2(C([0,T); X));

(2) p = (er)ym, t € [0, T, is the unique \-EVI solution in [0,T] for F starting from f.
Moreover, if supp(j1) is bounded, then (n,)n is relatively compact in Po(C([0,T]; X)), so that it
converges to 1 also in Ws o, up to subsequences.

Proof. Let Ay : C([0,T]; X) — [0, +00] be the 2-action functional defined in (A.5). By Proposition
3.6, Mp(t) = (e)ymy,, t € [0,T], and M}, is uniformly converging to (fi¢)+ecfo,r) C Lip([0, T; X) by
Theorem 3.5. Thus, in order to prove tightness of (7;,)s it is enough (see e.g. [1, Theorem 10.4])
to prove that

sup/.A2 dn,, < +oc. (3.5)
h
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By Proposition 3.6(1),(2), we have
N(T,7(h))—1

/ Asdn, =3 / Wl d [P (B7()] (2,0) < 7(R)IEN(T, 7(h)) < LA(T + 7(h)),

which yields (3.5).
As a consequence, fiy = (e;)yn =: p; for any ¢ € [0,T] (cf. [2, Lemma 5.2.1]), so that item (2)
follows by Theorem 3.5.
The last assertion is an immediate application of Proposition A.4.
O

4. TOTAL DISSIPATIVITY AND LIFTING TO CURVES

Let (Q,B) be a standard Borel space endowed with a non atomic probability measure P.
We recall that (cf. [12]) every maximal totally A-dissipative MPVF F C P3(TX) is in one-to-
one correspondence with a maximal A-dissipative (multivalued) operator B C L?(£, B,P;X) x
L?(Q, B,P; X), called Lagrangian representation of F. This fact revealed to be of particular im-
portance in the context of (totally) dissipative MPVFs in [12], due the well-developed theory on
monotone/dissipative operators in Hilbert spaces (cf. [3, 8]), as it is B.

Recall that there exists (cf [12, Theorems A.5, A.6]) a semigroup of e*-Lipschitz transforma-
tions (S;)s>0 with S; : D(B) — D(B) s.t. for every X € D(B) the curve t — S; X is included in
D(B) and it is the unique locally Lipschitz continuous solution of the differential inclusion

{Xt € BX; ae.t>0,
X\t:o =X.
Given D C Pa(X), we set

S(X,D) :={(z,pu) e Xx D |x €supp(p)}. (4.1)
By [12, Theorem 3.4] or [13, Theorem 4.12]), for every ¢ > 0, there exists a uniquely defined
continuous map s; : S (X, D(F)) — X such that for every p € D(F), the map s;(-, u) : supp(p) —

X is e*-Lipschitz continuous and
for every X € D(B), §;X(w) = 8:(X (w), XyP) for P-a.e. w € Q.

The map s; is also associated to the semigroup of e*-Lipschitz transformations Sy of F in Py (TX)
via the formula Sy(t) := s¢(-, )4t (cf. [12, Definition 4.1]), see the next Theorem 4.1. Reasoning
as in [12, Eq. (4.14)], if i € D(F), we can associate to (8;);>0 a fi-measurable map

i X — HY0,T;X),  splx](t) := s¢(z, i) (4.2)
Notice also that, by definition of semigroup, whenever X € L2(€2, B,P; X) is such that (X);P = f,
then
eoosﬂoX:X. (4.3)
The following result comes from [12, Theorems 4.2, 4.4, 4.8].

Theorem 4.1. Let F C P2(TX) be a maximal totally A-dissipative MPVF. Then, for every i €
D(F), the curve p : [0,400) = P2(X), p := Si(@), is the unique A-EVI solution in [0, +00) for F
starting from fi. Moreover S; is a semigroup of e-Lipschitz transformations satisfying

Wa(Se(i'), Se(i")) < MWa(@', i) for every ', i’ € D(F), t > 0.

If T > 0 and, in addition, i € D(F), then n := (sp)git € P(C([0,T]; X)) is the unique element of
P(C([0,T]; X)) concentrated on absolutely continuous curves satisfying
(1) (e0)em = u for every t € [0,T];
(2) m-a.e. v is an integral solution of the differential equation +(t) = b7 (v(t)) a.e. in [0,T],
where b° is the map associated with the unique element of minimal norm of B as in [12,
Theorem 3.4].
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Finally, if p € D(F) with #(supp(ix)) finite, then
#(supp(u)) is finite and non-increasing w.r.t. t > 0.
We also recall the following result taken from [12, Theorem 3.20].

Theorem 4.2 (The minimal selection). Let F C Pa(TX) be a mazimal totally A-dissipative MPVF.
The following hold.

(1) For every u € D(F) there exists a unique vector field f°[u] € L?(X, u; X) such that
(i, £l € Bluls [ 17°0P du< [ a@ for cvery ® € Bl (4.4)

We denote the minimal selection of F at p by
Flu] := (ix, £°[ul)sp.
(2) If B is the Lagrangian representation of F, then for every u € D(F), we have
ol =0 p-ae.,
where b° as in [12, Theorem 3.4].
(3) The map |F|a : P2(X) = [0, 400] defined by
o= L1 WP e D),
+00 if 1 & D(F)

Fl2 (4.5)

is lower semicontinuous.
The following stability result is a simple consequence of [12, Theorem 4.9].

Proposition 4.3. Let F C P2(TX) be a mazimal totally A-dissipative MPVF and let iy, i € D(F),
h € N, be such that

(1) (fin)n converges to fi in P2(X), as h — oo;

(2) S :=sup,, |F|2(in) < 0.
If T >0 and n;,,n € P(C([0,T); X)) are as in Theorem 4.1 for fi, and i respectively, then there
exists C > 0 depending only on T, A\, S,n such that

Wa,oo(msm) < C/Waljin i) for every h € N.

Proof. Applying [13, Proposition 3.18], we can find random variables X, X}, € L2(€, B,P; X) such
that (X,)sP = fin, X4P = fi, and | X}, — X|r2(0:x) < 2Wa(fin, fi). We now consider the family of
P-measurable maps X, : @ — H'(0,7;X) C C([0,T]; X) defined as X, := sp, o X, and X :=s;0X
(cf. (4.2)). By the proof of [12, Theorem 4.9], we have

X — X||2L2(Q;L2(0,T;x)) < T T|X), - X@?(Q;X)v
X0 = X Z20sc0m100) < D (8" + 1Kl L2 0.0:%0)) 1Xn = Xl 22522 (0.7:%))

for constants D, S’ > 0 depending only on T, A\, S. The sought order of convergence immediately
follows observing that

W2 0o (Mp:m) < X — Xl 22 (:0(0,77:)) -

5. MPVFS WITH TOTALLY DISSIPATIVE BARYCENTER
We first introduce another intermediate notion of dissipativity, that will play a crucial role.

Definition 5.1 (Unconditional M-dissipativity). We say that a MPVF F C Py(TX) is uncondi-
tionally A-dissipative, A € R, if for every v € P2(X x X) and every ®; € Fln'yy], i = 0,1, there
exists O € I'(®g, ®1) such that (x°,x')y9 =~ and

/(vl — v, 1 — o) Az, vo, x1,v1) < )\/ |z — ;UO\Qd'y(xo,scl).
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It is easy to check that total A-dissipativity implies unconditional A-dissipativity, which implies
(metric) A-dissipativity. It is remarkable that a totally dissipative barycenter is enough to get
unconditional dissipativity.

Proposition 5.2. Let F C P2(TX) be a MPVF whose barycenter bar (F) is totally A-dissipative.
Given ®,¥ € F and v € T'(x4®,x; V), define

o= [ 90,) 06,0 8,) dy(eg) € POXx TX),
where { @, }zex and {Uy}yex are the disintegrations of ® and U w.r.t. their spatial marginals i.e.
# = [ 600 )d)@). ¥ = [ 6,08, dD0)
Then o € T(®,¥), (x°,x')y0 ==, and

/ (x —y,v —w)do(z,v,y,w) < /\/ |z —y[? dy(x,y). (5.1)
X X2

In particular, F is unconditionally \-dissipative.

Proof. 1t is clear that o € I(®, ¥) and that (x,x')yo = . Let us show (5.1):
/ <x—y,v—w> dO'(.’E,'U,y,U.)) = / / /(:v—y,v—w> d(I)m(v) d\IIy(w) d7($7y)
™ x2 Jx Jx
= [ o= 0:bo@) = baw) dxtay) (52
<2 [ o= sl dr(a)
X2

by total A-dissipativity of the barycenter. U

Remark 5.3. For later use, we rewrite the expression (5.1) of Proposition 5.2, which involves the
plan o € P(TX x TX), with a correspondent expression involving a plan in P(X*). Let 7 > 0,
po=x3®, v =0, and set T, = T,.(®) € P(X?) and T, = T, (¥) € P(X?) the single-step plans
associated with ® and W, respectively, as in Definition 3.2. Define the plan

9= / (0zy @ Tr 2y) ® (6y0 ® TWO) dy(zo,y0) € P(X4).
X2

Then, under the assumptions of Proposition 5.2, we get

1 — Zo Y1 — Yo
/ (o — Yo, - ) dY(zo, 21,90, y1) < >\/ w0 — yol® dv(zo, yo)-
X4 T T X2

Indeed, we can prove it by disintegration arguments: denote by {7, }zoex and {7, }y,ex the
disintegrations of v w.r.t. the first and second marginals, respectively, i.e.

= /X (Bay © 7sy) dpi(zo), = /X By ® 1y,) dv(30).
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Then
xr1 — T —

/ {(zo — yo, : o_a y0>d19($0,l‘1,y0,y1)
X4 T T

r1 — & — ~
= / o = yo, T = IR AT (1) AT (1) dy (20, 0)

r1 — T — ~
= [ oo =0, T I AT () 0) AT )
= L0y 4T, d 4
= 1xXx2<x0 — Yo, Vo — ) AT o (y1) A4, (o) dP(20, v0)

Yi— Y0,

= [ oo =00 = ) 4 (31 v (90) A (0) i)
= /x4 (2o — 0,00 — 2 ; D) ATy 4, (51) Ay, (v0) dy(o, o)
= /x4 (zo — Yo, v0 — @> AP, (v0) dyy, (w0) AT (yo, y1)

(To = Yo, v0 — wo) APy, (vo) Ay, (v0) AW (yo, wo)

I
;\
X

(wo — Yo,V0 — w0> d®,, (UU) d‘I’yo (wo) d’Y(iUm y0)7

4

I
NI

and conclude as in (5.2). Otherwise, one can analogously prove that

9= (xo,expT o(x,v0),x!, exp” 0(x1,v1)) o.

#

In the following, we show that the A-EVI solution generated by any maximal extension of the
barycenter of a MPVF F is a A-EVI solution for the starting MPVF F. For the interested reader,
we refer to [12, Theorem 3.14] for conditions granting uniqueness of maximal extensions for a
MPVEF.

Proposition 5.4. Let F C P2(TX) be a MPVF whose barycenter bar (F) is totally A-dissipative.
If o € D(F) and py := Se(R), t > 0, is as in Theorem 4.1 for any mazimal totally \-dissipative
extension of bar (F), then it is also a A-EVI solution for F.

Proof. Let G be any maximal totally A-dissipative extension of bar (F'). Notice that, since D(F) =
D(bar (F)), then D(F) C D(G). By Theorem 4.1, the curve p is the unique A»-EVT solution for G
starting from fi. Thus, by Definition 2.9, p is also a A-EVI solution for bar (F). Let ¢t € (0, +00)
and ® € F. Recalling that bar (®) is concentrated on the map bg (cf. Definition 2.5), we have

1d*
Sdr Wg(ﬂtvxﬁq)) < AWQZ(HuXﬁ‘I)) — [bar (@), 1],

= AW (pg, x3 @) — / (ba(z0), 0 — x1) d¥ (20, 21),
TXxX

where

4 = argmin / (bo(x0), xo — 1) dy(zg, 21).
YET o (xg Pypue) JTXXX

In order to prove that p is a A-EVI for F, it is then sufficient to show that

(@, pel, < /TXXx<b<I>(9€0)7930 — 1) dy(zo, 21).
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Let {®,}rex C Po(X) be the disintegration of ® w.r.t. the projection map x and ¥ € A(D, )
defined by ¥ := [ ®,,(vo) d¥(zo,z1). We have

[@,ut]r S/ <U0,.’L‘0—$1>d’l9($0,110,$1)
TXXxX
=/ (vo, xo) dP(x0,v0) / (vo, r1) d¥(x0,v0, 71)
™ TXXX

:/X<b¢>(xo) o) d[xy (o) — (ba(20), 71) d¥ (20, 1)

XxX
:/ (ba (o), vo — x1) dy (0, 21).
XxX
O

We state the first convergence result of a sequence of probabilistic representations of the Explicit
Euler scheme (corresponding to vanishing step sizes) for a metrically dissipative MPVF F towards
the probabilistic representation of the Implicit Euler scheme for a maximal totally dissipative
extension of the barycenter of F. This result, stated in Theorem 5.6, is proved here assuming
that the starting point p is finitely supported; we will extend it to a general i in Theorem 5.9.
To prove Theorem 5.6, we apply the following Theorem 5.5, stated here in a simplified form and
whose proof is postponed to Appendix B.

Theorem 5.5 (Sticky particles representation). Let p : [0, +00) — Pa(X) be such that
#(supp(y)) is finite and non-increasing w.r.t. t > 0.
Then there exists at most one i € P(C([0,4+00); X)) such that (e;)ym = p for every t > 0.

Theorem 5.6. Let F C Po(TX) be a MPVF whose barycenter bar (F) is totally A-dissipative. Let
i € D(F) be a measure with finite support. Let N 3 h — 7(h) € Ry be a vanishing sequence of
time steps, and let (My,,Fy) € &(n,7(h),T,L), T,L > 0, be interpolation of the Explicit Euler
scheme for ¥, for any h € N. Let

(1) m,, be satisfying (1),(2) of Proposition 3.6 for (Mp,Fp);

(2) m be as in Theorem 4.1 for any maximal totally A-dissipative extension of bar (F).
Then Wa oo (M, n) = 0 as h — 400.

Proof. By Proposition 3.7, we know that, up to a subsequence, 1, converges as h — 400 in Ws o
to a measure 1 € Po(C([0,T]; X) such that (e;)yn = pu for every t € [0, T], where y is the unique -
EVI solution in [0, T for F starting from f. By Proposition 5.4, we deduce that (e;)3n = (e;)yn for
every t € [0,T]. Moreover, by Theorem 4.1, we have that #(supp(u;)) is finite and non-increasing,
so that we conclude by Theorem 5.5 that 7 = n. This also gives the convergence without passing
to subsequences. O

Theorem 5.7. Let F C P2(TX) be a MPVF whose barycenter bar (F) is totally A-dissipative. Let
7,T,L >0 be such that \y7 <2 and 7 < 1. Let

(l) TS D(F) with W2(ﬂ7ﬂ) <1 .
(i) (M, ¥;,n,) € 7 (g,7,T,L) and (M, ¥.,1.) € T(g,7,T,L).
Then there exists a constant C' (depending only on L,T,\) such that

Wa.00(7,7,) < C (W2 (2, )+T4>

Proof. We set N := N(T,7) and, for k=0,...,N — 1, we set ok =F (Tk:) Ok := F,(k); while
for k =0,...,N, we set u* := M,(7k), and i* := M, (7k); we also fix p® € T (ﬁ it). Following
Definition 3.2, we define the single-step plans TF := T, (®*), TF := T,(®*) and the multi-step
plans o, == o, ((P¥)o<p<n—1) € PXNTY), &r = a, ((i)k)ogkgzv_l) € P(XNF1). Recall that,
by Definition 3.4, n, = Gya,, N, = Gya.
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For every n € {1,..., N}, define pr?, prl : X7+ x X7+l 5 X"n+1 a5 the projection maps

prg(x()w s Ty Yoy e 7yn) = (-rOw .. ,l‘n), pri(x()?' ey Tny Yo, - - ay’n) = (y07' .. 7yn)

and the restriction maps R,, : XN+t — X"*1 R, (zg,...,2x) := (20,...,7,). We start with the
following claim.

Claim 1: for every n € {1,..., N}, there exists 9" € P(X"! x X"*1) such that

(pry)s¥" = (Rn)gorr,  (pry,)s®" = (Rp)yér,  (pry, pro)sd" = py,

and

/(xk—yk, Thit 7 Tk Ykl © yk)dﬂ" < )\/ lzp —yi|? d9™  for every k=0,...,n—1. (5.3)
X2

T T

Proof of claim 1: we prove it by induction, starting from n = 1. In this case it is sufficient to
define

7‘91 = / (5$0 ® T‘?,fbo) ® (6y0 ® T‘?,yo) dpo(anyO) € P(XQ X X2)

and use Remark 5.3. Notice that (pr);9' = T° = (Ry)ye, and (pr})y9' = T2 = (Ry1)sé,, by
Lemma 3.3. Assume the statement to be true for some n € {1..., N — 1} and define

9 / (o @T20) @ (e © T2, ) 48" (@0, oo ) € POX2 5 XH2)

By construction, recalling Definition 3.2 of - and & and Lemma 3.3, we have that (pr%_‘_l)u’ﬂn—H =
™ = (Ry1)rer and (pri, )" = &l = (Rys1)iér. If k € {0,...,n — 1}, the validity of

(5.3) for 9"*! and the fact that (prd, pr);9™+" = p® follow by the induction step and the fact

that the restriction from X2 x X"+2 to X"+1 x X"*+1 of 9" 1! ie. (R, x R,);9" ", is equal to

9", If k = n, then

x 1— T Y. 1Y
/<xn_yna n+7_ = — n+7_ n>d19n+1(3707-~-’$n+17yo7-~-,yn+1)

Tn+1 — T Yn+1 — Y ~
= /<xn — Yn, nt T = — ot T = > dT:;.Ln (xn—',-l) de,yn (y7l+1) dpn(x’fw yn)a

being p™ the marginal of 9" in the variables (x,,y,). Hence, (5.3) follows again by applying
Remark 5.3. This concludes the induction step and the proof of the claim.

We consider the map J : XNV+1 x XN+1 — ([0, T); X) x C([0, T]; X) defined as
J(J?(), s Ty Yoy e 7yn) = (G(Z‘O, e ,$n), G(yOa cee 7yn))7

being G defined as in Definition 3.4. Let us set A := JﬁﬁN; using Claim 1, it is immediate to
check that A € T'(n,,7,) and

ettr(7) —ekr (V) ein)r () — ekr(7)>

/<ek7— (’Y) — €kr (ﬁ/)? T T

<A / lekr (7) — ekr (3)[2 dA(7.9)

dA(7,9)

(5.4)

for every K =0,...,N — 1. Let us set

o*(t) = / lee() — ec(7)PdA(y, ) = llero7® —es o3, € [0,T],
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where, in this context, 7° and 7! are defined on C([0, T]; X) x C([0, T]; X) and are the projection

maps on the first and second component, respectively. We then get, for any k =0,..., N — 1,
d , o1 . o _
malll oy / (lekr+n(7) = ekrsn(IN* = lenr () — enr (NIF) dA(7,9)

. () —er(7)  ern)r () —err ()
=2 [fetr(7) — eus (), 2422 - S ) dA(y,7)
T T
- N2
+ lim h/’ k+1)r (V) —err (V) e () — ekr (3) dA(7.5)
h—0t T
<2 [ lewr () = e (PAAGL)
= 2)\o(kT),

where we have used (5.4) and the fact that A is concentrated on pair of curves which are affine in
every interval [k7, (k+ 1)7]N[0,T], k=0,...,N — 1.

Arguing as in [11, Proposition 3.4(2)], we notice that in every interval [k7, (k4 1)7] N[0, T] the
function ¢ — o2(t) — 4L2(t — k7)? is concave. We then obtain

d
502(75) < 2X\o?(kT) 4 8L, (5.5)

for every t € [0,T], with possible countable exceptions. We now proceed as in [11, proof of
Proposition 6.3], noting that, whenever ¢t € [k7, (k + 1)7) N [0,T] for some k = 0,...,N — 1, we
have

o(t) — o(kT)|
= |||et07r0—et07r1||A— HekTowO—ekTowlﬂA{
0

= |lleron® —e;omt||a — [les o' —epr o 70|a + [lep o T — epr 0 0|4 — llegr 0 T — epr 0 | A]

<lle;om® —epromfa + legom —eprom|a

~ ([ - kﬂ‘dnf) +([fno- kﬂdm())é

< 2LT.
Hence, by applying the general identity
a? —b* =2b(a—b) +]a—b* a,beER,

in the relation obtained in (5.5), with a := o(k7), b := o(t), and using the assumption A7 < 2
we get

aUQ(t) <2002 (t) + 8|\|LTo(t) + 24L%T,

for every t € [0,7] with at most countable exceptions. Applying the Gronwall estimate in [11,
Lemma B.1 and equation (6.8)], we get

o(t) < a(O)eM + 8LVtr (1 + |)\|\/§) Mt for any t € [0,T7.
In particular,

sup o(t) < o(0)eMT + 8LVTT (1 + |)\|\/TT) T = K, (5.6)

t€[0,T]

We recall that, by construction of A, o(0) = Wa(ji, i), indeed we chose p° € T',(fi, fi)-
Using the interpolation inequality (cf. [9, p.233 (iii)])

HYH2 < OHYHLQ(O,T;X)||Y||H1(O’T;X) for every Y € Hl(O,T;X)7 for some C > 0,
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we have that there exists C' > 0 such that
2 - <112 ~
Whacln,iin) < [ = 31dAC )

<C [ 1= Allzors 7 = Tlmorxda ) 6.7

<c ( [in- a||i2(o,T;X)dA<w>) - ( [in- an%p(o,mdAw,a)) ,

indeed A € T'(n,, 7, ).
It remains to estimate the two terms at the right-hand side. Concerning the first term, notice
that

1 i= [ 1= orodAtn)
-/ < / bt - 50 >2dt> dA(7,9)
/ (/ [y(t) — 3(t) PdA(y, 7)) dt

<T sup o*(t)
te[0,T]

< TK?

Regarding the second term in (5.7), we get

12 = / Iy = 3121107, A (1 7)

<2 <11 / ( / b -7 >2dt> dAM))
—2( /(/w |dA<w>)dt)

2(I7 +4TL?).
In conclusion,
W3 oo(n,,7,) < V2CT? K, \/TKZ + 4TL?
<O (o0 +20) 475 47472),

for some C' > 0 depending on L, T, \. In particular, if 7 < 1 and o(0) < 1, we get
Wae(n,.17,) < C (W3 (1) + 7).
for some C' > 0 depending on L, T \. O

In order to state our main result, we introduce a technical property.

Definition 5.8. Let F be a MPVF, T > 0 and 1 € D(F). We say that the Explicit Euler scheme
is approximately solvable at i up to time T if there exist 7, L > 0 and a sequence (ji’)jen C D(F)
such that
(i) Wa(it?, 1) — 0 as j — +oo;
(ii) supp(ii?) is finite for every j € N;
(iii) the sets &(ii/, 7, T, L) are not empty for every 0 < 7 < 7, for every j € N.

We conclude with the main result of the paper.
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Theorem 5.9. Let F C Py(TX) be a MPVF whose barycenter bar (F) is totally A-dissipative. Let
i € D(F) and (fn)n C D(F) be such that Wa(fin, i) — 0 as h — +o0, and let N> h— 7(h) € Ry
be a vanishing sequence of time steps. Let T, L > 0 and

(1) (My,¥pn,m,) € 7 (n, 7(h), T,L) be as in Definition 3.4 for the MPVF F;
(2) n € Pa(C([0,T]; X)) be the probability measure given by Theorem 4.1 for any maximal
totally A-dissipative extension F of bar (F), starting from [i.

Assume in addition that the Explicit Euler scheme for ¥ is approximately solvable at i up to time
T, according to Definition 5.8. Then Wa oo(1,my) — 0 as h — +o0.

Proof. Let (ii/); C D( ) be as in Definition 5.8 for i. By assumption, there exists L > 0 such
that &(i?,7(h), T, L) # 0 for h sufficiently large. Without loss of generality, we can assume that
L = L. By this condition, for any j € N there exists ® € F[/] such that |®7], < L.

Also, we can assume w.l.o.g. that Wa(i/, i) < 1 and 7(h) < min{%, 1} for every j,h € N.

Let (M}, F}.n)) € T (@, 7(h),T, L). By Theorem 5.7, there exists C' > 0 such that
Wa oo (msm}) < € (VWaliin ) + 7)) for every j,h € N,

Let 7 € P(C([0,T];X)) be as in Theorem 4.1 for F and the starting point 7. By assumption,
we have

sup [F|2(57) < oo,
J

indeed, for any j € N, denoting by }'O the minimal selection of F as in Theorem 4.2, we have

JF @] i@ < [P b, (5:5)

for any ® € F[7]. In particular, (5.8) holds for any & € bar (F)[z/], and thus for bar (®7), so

that ,
J1FwI@] d@ < [ b @P i@ < [P a0 <
We can thus apply Proposition 4.3 for F and get the existence of C' > 0 such that

Wa oo (n?,m) < C/Wa(fi, i) for every j € N.
Thus, by triangle inequality we can write, for every n, N € N, that

Wa,oo (1) < Woroe (04, 1],) + Wo,oo (7, 17) + Wo oo (07, 1)
< C (VWaliin, i) + (1)} ) + Waao (i, ) + C /Wi, 1),

The thesis follows by passing first to the limit as h — 400 and applying Theorem 5.6 to rﬂl and
17, and then passing to the limit as j — 4oo0. O

Theorem 5.10. In the same hypotheses of Theorem 5.9, let (2, B) be a standard Borel space
endowed with a non atomic probability measure P. Let X, X}, € L?(Q, B,P; X) be random variables
such that (X)yP = i, (Xp)4PP = fin for every h € N, and let Zy, € L*(Q, B,P; C([0,T]; X)) be such
that (Zp)yP = ny, for every h € N. If Xj, — X P-a.s. and ey o Zy, = X}, for every h € N, then

Zn —spo X in L*(Q,B,P;C([0,T); X)) as h — +oo,
where sy is as in (4.2).
Proof. We set 9, := (iq, Xp, Zp)sP and ¥ := (iq, X, Sp © X')uIP’; we claim that
Y9, — 9 as h — +oo. (5.9)

First of all, notice that (9p)p is tight, since its marginals are tight: the first one is the constant
P, the second one is i, which is converging to fi, and the third one is 7, which is converging
to m by Theorem 5.9. Up to a (unrelabeled) subsequence, we thus get that 9, — 9 for some
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9 € P(Q x X x C([0,T]; X)). Observe that (7%1)49), = (iq, X5):P — (iq, X )P = (7%1);9 by the
Dominated Convergence Theorem; we also have that

(m"2)30h = (Xn, Zn)sP = (e0,ic)smy, — (e0,ic)sm = (X, 55 0 X)yP = (71?)40,

where we have denoted by i¢ the identity map in C([0,77]; X) and we have used that egoszo X = X
(cf. (4.3)), together with the fact that n = (s;)3i coming from Theorem 4.1. Since (7%2);9 is
concentrated on a map, we deduce by [2, Lemma 5.3.2] that it must be 9 = 19; this proves (5.9).
An application of [2, Lemma 5.4.1] gives that (Xp,Zs) — ()_(,sﬁ o X) in probability, so that, in
particular, Z, — sz o X in probability. However, since the measures (Zy)4P = m,, are converging
to n in Ws oo by Theorem 5.9, the random variables (Z); have uniformly integrable 2-moments,
and therefore they converge to sz in L*(Q, B,P; C([0,T7]; X)).

O

6. EXAMPLES

We present examples illustrating the application of the theory developed in this paper. In
particular, we examine how the results established in Theorem 5.9 and Theorem 5.10 can be
used in the setting of Stochastic Gradient-type evolutions—more broadly, within the framework
of Stochastic Dissipative Flow theory—as well as in the context of dissipative evolutions governed
by interaction fields.

6.1. Stochastic Dissipative Flow. Given a vector field b : X — X and an initial datum = € X,
we consider the following deterministic Cauchy problem
z(t) = b(z(t)), tel[0,T], z(0)==z. (6.1)
We assume b to be continuous and A-dissipative for some A € R, i.e.
(x1 — 20,b(21) — b(20)) < My —x0|?, for any zg, 1 € X, (6.2)

so that (6.1) is well-posed.
We assume that b arises as a stochastic average of a family of Borel vector fields g : X x U — X,
where (U, U) is a probability space endowed with a non-atomic probability measure, i.e.

b(x) :/g(aﬁ,u) dU(u), zeX.
U
We require that there exists L > 0 such that
/ lg(z,u)|> dU(u) < L(1 + |z|?)  for every z € X. (6.3)
U

Similarly to what is done for the stochastic gradient descent, we consider the following stochastic
scheme.

We adopt the same notation of Definition 3.4 for the interpolation map G : XN(T+1
C([0,T]; X) sending points (xo,21,...,2N(r,7)) to their affine interpolation, i.e. to the curve v
given by

1) 1= = (0 D7 = 8) 2+~ nr)ons, (6.4)
iftenr,(n+1)7]NI[0,T], 0 <n < N(T,7).
Definition 6.1 (SDF). Let (Q,B,P) be a standard Borel probability space and T > 0. Define
J = {% : NeN\{O}}. We say that a family of maps X, : @ — C([0,T];X), 7 € J, is a
Stochastic Dissipative Flow (SDF) for g if there exist random variables (X™)o<n<n,res C L?(£2;X)
and V¥ : Q — U, k € N such that
o (X9).cs and (V*); are independent,
o (VE),P =T for every k € N,
o Xl = X" 4 7g(X2, V") for every0<n<N-—1,7€J,
and
X, =Gy (XS,)Q7 LX) for every T € . (6.5)
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We point out that in Definition 6.1 we assumed J C R to be countable in order to ensure the

existence of a SDF which can be proven via the Kolmogorov existence theorem (cf. [5, Theorem
36.1]).
We have the following result.

Corollary 6.2. In the setting of Definition 6.1, assume that (X9),cs converges P-a.s. to some
X € L?(2, B,P; X) and that W2 ((X2)sP, (X)sP) — 0 as 7 1 0. Then X, converges in L*(Q, B,P; C([0, T]; X))
as 7§ 0 to the unique solution of the deterministic ODE

X, =b(X,), te0,T], Xpo=2X.

The result can be proved using the machinery developed in this paper as follows. We define
the PVF F C P3(TX) by

Flu] := (1% g)y(n @ U), p € Pa(X). (6.6)

Notice that, for any p € D(F) = P2(X), the Borel family of probability measures {F,[u]} .x C
P2(X), obtained by disintegrating F[u] w.r.t. x4F = p, is given by

F.[u] = g(x,-)4U, for p-a.e. z € X.
In particular, for any p € Pa(X), the barycenter of F[u] defined in (2.2) is given by

/UdFl [#](v) = b(x), for p-a.e. x € X.
X
Thus, according to Definition 2.5, the PVF bar (F) is given by

bar (F) [4] = (ix, D)o, 11 € Pa(X). (6.7)
We now show that bar (F) is totally A-dissipative, so that, thanks to Proposition 5.2, F is uncon-
ditionally A-dissipative.

Proposition 6.3. The PVF bar (F) defined in (6.7) is totally A-dissipative.

Proof. Take p,v € Pa(X) and 9 € I'(bar (F) [u], bar (F)[v]). Since bar (F) [u], bar (F) [v] are
concentrated on maps, there exists v € I'(u, v) such that

Y= (7707b07r0,7r1,b07r1)ﬁ'y.

By assumption (6.2), we conclude that

/ 2(”1 — o, 1 — xo) d¥ (0, vo, 21,01) = /2<b($1) — b(xg), 1 — x0) dy(z0,21)
17( X

< )\/ |z — x0|2d'y(x07m1).
X2

Thanks to [12, Theorem 3.24], since b is continuous then bar (F) is maximal and

b=Fflul=b"[u pae. (6.8)

(cf. also Theorem 4.2), with F° being the element of minimal norm of bar (F) and b of its
Lagrangian representation. By assumption (6.3) and [11, Lemma 5.13], the Explicit Euler scheme
is solvable for F.

In the following Proposition 6.4, we prove the equivalence between the measure 7 constructed
as in Definition 3.4 for F and the measure on paths defined as the law of a Stochastic Dissipative
Flow for g.

Proposition 6.4. In the setting of Definition 6.1, let pg, := (X2)4P and let F be as in (6.6).
Let n, € P(C([0,T7; X)) be as in Definition 3.4 for the PVF F and the initial measure po . Then
N, = (X:)4P.
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Proof. Let (M}, ®})o<pn<n(r,ry C D(F) x F be as in Definition 3.1 for the PVF F. In particular,
" = F[M"]. Let o, € P(XNT7)F1) be the multi-step plan associated with (F[MD]), as in

Definition 3.2. Thus, 1, = Gyo; € P(C([0,T7]; X)). By (6.5), the result follows if we show that
a, = (X0, xL ... XNTOyp,
Claim 1: M = (X2)4P for any 0 < n < N(T, 7).
Proof of claim 1: We prove this by induction on n. For n = 1, noting that (uo ,®U) = (X2, V)P
by independence of the random variables, we have
My = (exp”)iFluo,r] = (exp7)s(n%, 9)g(ho,r @ U) = (n° + 7g(n°, 71)): (X2, V)P = X7, P. (6.9)
Assume now that the claim is true for n > 1; we need to prove it holds for n + 1. This proof is
analogous, noting that M ® U = (X7, V")4P again by independence.
Claim 2: Denote by T := (x,exp”)yF[M"] as in Definition 3.2. Then, its disintegration
{Tf’x}xex C P(X) with respect to the projection map 7 is given by
17, = (x+7g(x,-))sU
for 70471 = M-a.e. z € X and for any 0 < n < N(T, 7).
Proof of claim 2: This proof, being straightforward, is omitted.
Claim 3: Let of be the plans defined in Definition 3.2 associated with (F[M]), , i.e.

1._ 70
o =T,

o = / Goiornien ) @ Trt ) dal (20,21, s1) € PXH), 2 < < N(T, 7).

.....

Then, a? = (XY, X1,..., X")P, for any 1 <n < N(T, 7).

Proof of claim 3: We prove the claim by induction argument. First, we have ol = (XS,Xi)ﬂIP’
and its proof is similar to what is done in (6.9). Assume now the claim holds for n > 1 and let us
prove it holds for n + 1. Given any Borel test function ¢ : X»*2 — R, we have

/gb(:z:o,...,xnﬂ)dafﬂ :/d)(xo,...,a:n,xn_H)dTT’fxn(a:nH)daZ(:co,...,Jcn)
:/gb(xo,...,xn,xn+Tg(a:n,u))dU(u)da:‘(:co,...,xn)
= /¢(x0,...7:ﬂn,mn—|—Tg(xn,u))d [(X&...,Xf,V”)ﬁ]P] (o, .-y Ty, )

= [BOX0) - XD (), X2 () P,

where we used Claim 2 and the independence of XY, ..., X" V™. This concludes the proof of the

claim and thus the whole proof, since ., = aIT\I(T’T). O

Proof of Corollary ¢.2. Thanks to Proposition 6.4, we can apply Theorem 5.10 and get that X,
converges to sg,po X in L3(Q, B,P; C([0,T); X)), as 7 | 0, where Sx,p is as in (4.2) for the maximal
totally dissipative PVF bar (F). The conclusion follows recalling (6.8), see also [12, Theorem
3.4]. O

6.2. Interaction field. Let f : X x X — X be a continuous map and let by : X x P(X) — X be
the barycenter of f, defined by

by () = / ) dp(y), () € X x Pa(X). (6.10)

Given a standard Borel probability space (2, B,P) and X € L%(Q, B,P;X), we consider the
deterministic ODE

X =bp(Xe, XpyP), t€[0,T], Ximo=X. (6.11)
We assume that there exists L > 0 such that
F@ )2 < DO+ ol +|yf2)  for every 2,y € X, (6.12)
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and that the vector field f : X x X — X x X defined by f(:c, y) = (f(z,y), f(y,z)) is M-dissipative
in X x X for some A € R, i.e.

(f@1,91) = F@o,90), (z1,91) = (20, 90)) < A (|21 — 2ol + |y1 = yol*) - (6.13)
Remark 6.5. A particular case in which (6.13) holds occurs when f(z,y) = h(z—y) and b : X - X
is A-dissipative and odd.

Similarly as for the example in Section 6.1, we consider the following stochastic scheme driven
by the interaction field f.

Definition 6.6 (IDF). Let (2, B,P) be a standard Borel probability space and T > 0. Define J :=
{L : N eN\{0}}. We say that a family of maps X, : @ — C([0,T];X), 7 € J, is an Interaction
Dissipative Flow (IDF) for f if there exist random variables (XI)o<n<nreg, (Y )o<n<nres C
L2(; X) such that
o Y X% and (Y")m<n are independent for every 0 <n < N, 7 € J,
o (XI2)P= (Y)P for every0 <n < N, 7€ J,
o Xl = X" 7 f(XPYV™) for every 0 <n < N-—1,7€J,
and
X, =Gy (XE,XTl,...,Xiv) for every T € J. (6.14)
Remark 6.7. Notice that, by construction, for any 7 € J and n = 0,..., N, we have that Y is
independent also of X
We have the following result.
Corollary 6.8. In the setting of Definition 6.6, assume thal (X9),cs converges P-a.s. to some
X € L?(2, B,P; X) and that W2 ((X2)¢P, (X)sP) — 0 as 7 | 0. Then X, converges in L*(Q, B,P; C([0,T7]; X))
as T} 0 to the unique solution of the deterministic ODE
Xi = bp( Xy, Xp3P), t€[0,T], Xm0 =X.
The result can be proven similarly as done in Section 6.1 by introducing the following PVF
FcP, (TX),
Flu] i= (% Ns(n@ ), 1€ Pa(X). (6.15)
Note that assumption (6.12) and [11, Lemma 5.13] give the solvability of the Explicit Euler scheme
for F. For p-a.e. x € X, its disintegration w.r.t. x;F = 1 is given by

Faolu] = f(z, )sn
and so, for any u € P2(X), the PVF bar (F) is given by

bar (F) [u] = (x, by (-, )y 1, 1t € P2(X).

The dissipativity condition on f in (6.13) gives that by is A-dissipative, i.e. for any o, g1 € P2(X)
and any 7 € I'(po, p11),

/ (b (21, 1) — by (o, o), @1 — o) dy(ao, 1) < A/ 1 — zo[? dy(zo, 1) (6.16)
X2

Therefore, bar (F) is totally A-dissipative, thus F is unconditionally A-dissipative. Moreover, the
continuity and growth conditions of f imply that by satisfies a continuity condition as in the
following result.

Lemma 6.9. Let f: X x X = X be a continuous function satisfying (6.12). Then
fin = poin Po(X) = (by(s pa))gpn = (by (-, 1))gpe weakly in P(X). (6.17)

Proof. Since p,, converges to u in Py(X), we can find a probability space (€', B, ') and random
variables X,,, X in L?(Q,B',P’; X) such that (X,)P" = p,,, Xy’ = p and X,, = X P'-a.e. and
in L2(QY,B',P';X) as n — +oo (see e.g. [12, Theorem B.5] or [13, Proposition 3.23]). Thus, for
every ¢ € Cp(X), we may write

Joatstamun) = [ o ([ 50000 P @) ) apw).
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Observe that for P'-a.e. w € ' and P-a.e. w’ € ' we have
F(Xn (@), Xn(@)) = FIX(@), X (@) as 0 — +oc,
since f is continuous. On the other hand condition (6.12) gives that
P (), Xn@))? < L1+ X0 (@) + [ Xn(@)]?)  for every w,o’ € 9.
Since X, (w) — X (w) for P-a.e. w € Q and

/ L1+ X0 (@) + [ X (@)) AP/ () — / L(1+ X (@) + X)) dP ().
Q Q

By a variant of the dominated convergence theorem (see e.g. [6, Theorem 2.8.8, Proposition
4.7.30]), we deduce that

/ F(Xn (W), X, (w))dP' (w) — / (X (W), X (w))dP'(w) for P-a.e. w’ € Q as n — +oo.

A further application of the dominated converge theorem (recall that ¢ is bounded) gives that

Lo ([ @) xu@nar @) @) - [ o [ fxw)xw@)aw) aw)

In other words
[ #assmntan) = [ oalesCnm.
By arbitrareity of ¢ this concludes the proof. O

The continuity in (6.17) is used as in Section 6.1 to ensure the maximality of bar (F) so that
the analogue of (6.8) follows.

We can then prove an analogous of Proposition 6.4 with F as in (6.15) and X as in Definition
6.6. The proof of Corollary 6.8 is then exactly the same of Corollary 6.2.

6.3. Nonlocal Stochastic Dissipative Flow. Assume that dim(X) > 2 and let P,(X) be the
space of probability measures with bounded support. We take a nonlocal vector field b : X x
Pp(X) — X and, given a standard Borel probability space (Q,B,P) and X € L?(Q, B,P; X), we
consider the deterministic ODE

X; =b(Xp, XeyP), t€[0,T], Ximo=X. (6.18)

Ezxample 6.10. The vector field b could be for example a cylinder vector field of the form

) = i_v:d’i (/ % dm---,/wﬁvi du) ki(z), (z,p) € X X P2(X),

where <p§- :X = R, ¢ : RYe = R, and k; : X — X are smooth and bounded functions.

We assume that b is A-dissipative, for some A € R, i.e. for any po, 1 € Pp(X) there exists
~ € Ty (10, 1) such that

/2<b(1’17,u1) — b(zo, po), x1 — x0) dy(zo, 21) < )\/ |21 — 20| dy (0, 21) = AW (110, p11). (6.19)
X

In addition, we assume that b satisfies the following continuity condition:

(C1) whenever (z,, ), (z, 1) € X x Py(X) are such that z, € supp(u,) for every n € N,
the supports of pu, are equi-bounded, and |z — xz,| + Wa(un, ) — 0 as n — +oo, then
b(Zns pn) = bz, ).

Furthermore, we assume that b is the barycenter of some PVF F C Py(TX); recall that this means
that for every pu € Py(X), if we consider the disintegration F[u] = [ @, du(z), then

b(x, n) = /vd@x(v) for pra.e. x € X, p € Pp(X). (6.20)
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Remark 6.11. Condition (6.20) is satisfied for example when b can be represented as a stochastic
average of a family of Borel vector fields g : X x Py(X) x U — X, where (U, U) is a probability
space endowed with a non-atomic probability measure, i.e.

b, 1) = /Ug<x,u,u> dU), Flu] = (1, 9o, Ns (@ V), (w,0) € X x Po(X).  (6.21)
In the general case, we require the following growth and local boundedness conditions on the
chosen PVF F satisfying (6.20):
(F1) there exists a constant a > 0 such that
(v,2) < a(l +|z|?) for Flul-a.e. (x,v) € TX, u€ Py(X), (6.22)
(F2) for every R > 0 there exists pg > 0 such that

supp() C Br(0) = supp(F[u]) C B,(0).

We show that the above conditions (F1) and (F2) imply the solvability of the Explicit Euler scheme
for F.

Lemma 6.12. Let F C Py(TX) be satisfying (F1) and (F2), and let i € Pp(X), T > 0. Then, the
Explicit Euler scheme for F is approximately solvable at i up to time T', according to Definition
5.8.

Proof. For every R > 0, set
R =eT(R*+T(1+2a)/?*+1, L:i=pp, 7:=L 2 AT

In order to prove the lemma it is enough to show the following: for every u € Pp(X) with supp(p) C
Br(0), for every 0 < 7 < 7 and every K = 1,..., [T/7], there exist (M™)K_; and (R, )%, such
that

ME =u, Ror=R,

|[F[M!]]2 < L n=0,...,K,
M+ = exp (F[M?]), n=0,... K1, (6.23)
supp(M?) C Bg, ,(0) C Br(0), n=0,..., K,

R?H_LT:Ri7r(1+2a7)+72L2+2a7’, n=0,...,K —1.

To prove it, we fix u € Py(X) with supp(p) C Br(0) and 0 < 7 < 7 and we proceed by induction
on K. When K = 1, we simply define M2, M} and Ro ,, R; . as in (6.23) and we only have to
check that

|F[M"]| <L, supp(M)C Bg, (0) C Br(0), n=0,1.

We observe that supp(M?) = supp(u) = Br(0) C Bgr,.-(0) C Br/(0) by construction. We also
have supp(M}) C exp” (supp(F[M?])) and, if (x,v) € supp(F[M?]), it holds

|z 4 7v)? < |z)? + 72|v)* 4 2a7(1 + |2]?) < RaT(l + 2a7) + 72L* 4 2aT = RiT,
where we have used (F1) and the fact that supp(F[M?]) C B, (0) by (F2). We deduce that

supp(M}) C Bpg, .(0) and the inequality Ry, < R’ is trivial using that (1 + 2a7) < €T and
7 < L2 AT. Finally [F[M"]| < L by (F2), for n =0, 1.

The induction step K — 1 = K can be done exactly in the same way, apart from the inequality
Rk < R'. This inequality follows by applying [11, Lemma B.2] with z,, :== R} ., y := 7L* 4 2a,
« :=2a, N := K — 1, so that one gets

R} < (R®+7n(TL? + 2a))e*"” < (R')*> for every 0 < n < K,
where we used 7 < L2 and 7n < T. O

The solvability of the Explicit Euler scheme for F produces a family of measures (M”),, as in
(EE), for every 7 € (0,1). We can define a general non-local SDF for F as done in Definition 6.1.
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Definition 6.13 (Nonlocal SDF). Let (Q,B,P) be a standard Borel probability space, T > 0,
F C Pp(TX) and let b : X x Pp(X) — X be a non-local vector field satisfying the continuity
condition (C1), (6.20), (6.19), and (F1),(F2). Define J := {L : N e N\ {0}}. We say that a
family of maps X, : Q@ — C([0,T];X), 7 € J, is a Nonlocal Stochastic Dissipative Flow for F if
there exist random variables (X™)o<n<n,res C L*(£;X) such that

o (XM), is a Markov chain,

e the joint law of (X7, 71 (X2 — X)) is F[M"],
and

X, =Gy (XTO,X}_, e ,XN) for every T € J. (6.24)

T

Remark 6.14. In the particular case of F as in (6.21), then a sequence (X'),, as in Definition 6.13
can be obtained as follows: there exist V¥ : Q — U, k € N, such that

o (X9),cs and (V*), are independent,

o (VELP =T for every k € N,

o Xl = X" 4 7g(X? (X")P, V") forevery 0 <n<N-—1,7€J.

We have the following result.

Corollary 6.15. In the setting of Definition 6.13, with dim(X) > 2, assume that (X%),c; con-
verges P-a.s. to some X € L?(2, B,P; X) such that i := XyPP € Py(X) and that Wo((X9);P, i) — 0
as 7 1 0. Then X, converges in L?(2,B,P;C([0,T];X)) as 7 | 0 to the unique solution of the
deterministic ODE

X; = b(Xs, XeyP), t€[0,T], Xi—o=X. (6.25)
Proof. Define
bar (F) [u] = (ix, b(, 1))y 1, 1t € Po(X),
and notice that bar (F) is A-dissipative by (6.19). Consider the set C := U Pyn(X), where
NEN
Pyn (X) :={p € P(X) : #supp(p) = N}.
Notice that C C Pa(X) is dense and it is a core in the sense of [12, Definition 8.1], with Cy :=
Pyun(X). We define the PVF G as the restriction of bar (F) to C.
Claim 1: for any N € N, GG is demicontinuous over Cy in the following sense:
tns it € Cny iy = pin P2(X) = Glpn] — Gp] in P53 (TX). (6.26)

Proof of claim 1: since u,, i are all concentrated on N distinct points, we have that the supports
of i, and p are all contained in Br(0), for some R > 0. The local boundedness assumption (F2)
on F, gives in particular that the supports of G[u,] = bar (F) [u,] are all contained in B,(0) for
some o > 0. This implies that

S?Lp/|v\2dG[un}(v) < +o00.

To show that G[u,] — Gu] in PS5 (TX) it remains only to observe that G[u,] — G[u] in P(X* x
X™). We proceed as in the proof of Lemma 6.9. Let ¢ € Cp(X® x X*) and (',P’) be a standard
Borel probability space. Let X,,, X € L*(,P’) be such that (X,);P" = p,, X3P = u and
X, - X P-a.e. in Q. Then

[ edGlun) = [ o b pa) ¥ = [ XX )2 = [ Gl
X2 ' o X2

where we have used the dominated convergence theorem and that b(X,,, p,) — b(X, p) P'-a.e. in
Q' in the topology of X* (hence also in X*) due to (C1).

Claim 2: G is totally A-dissipative; there exists a unique maximal totally A-dissipative extension
~ ~ O ~
F of G; denoted by F the minimal selection of F (cf. Theorem 4.2), we have

F'lc = G = bar (F) |c.
Proof of claim 2: This follows by [12, Theorem 8.5].



STOCHASTIC EULER SCHEMES AND DISSIPATIVE EVOLUTIONS IN P 27

Claim 3: bar (F) C F. In particular, bar (F) is totally A-dissipative and it has a unique maximal
totally A-dissipative extension given by F.

Proof of claim 3: let pu € Py(X); then we can find (uy,), C C such that the supports of p, are
uniformly bounded and Wa(py,, u) — 0 as n — 4+00. We can then proceed as in the proof of claim
1 to show that bar (F) [u,] — bar (F) [u] in P35 (TX). Since F is closed w.r.t. this convergence by
[12, Proposition 3.16], then bar (F) [u] € F[u]. By arbitrariness of i € Py(X), we conclude.

el

Claim 4: Let f* € L2(X, u; X) be as in Theorem 4.2 for the PVF F, so that Fo[u] = (ix, f [p])sse,
for every € D(F). Then, }'O[u] = b(-, p) for every p € Pp(X).

Proof of claim 4: let g : X — X be a continuous and bounded function, p € Pp(X) and e €
(0,1). Define the measure v. := (ix + eg)sp € Py(X) and notice that the supports of v. are

uniformly bounded w.r.t. ¢ and that Wa(v., u) — 0 as € | 0. Since both (ix, }'O[M])W =¥ [p] and

(ix, b(-, 11) )3t = bar (F) [u] belong to F, we can apply the total \-dissipativity of F' (cf. Definition
2.8) along the plan «y := (ix, ix + €g)sp € I'(p, V) to get

- /)((fo[u](ﬂc) —b(x +eg(x),ve), g(x)) dp(z) < 5)\/ lg(@)[? dp.

Using the continuity assumption (C1) on b and the local boundedness (F2) of F, we can pass to
the limit as € | 0 and get

/X (F°lul(@) — bz, 1), g(x)) dpu(z) > 0.

Being ¢ arbitrary, we must have }o[,u] = b(-, p), as wanted.

Claim 5: we have X, 4P = n_, where 1, is defined as in Definition 3.4 with (M}*), generated by
the Explicit Euler scheme for F.

Proof of claim 5: we argue precisely as in the proof of Proposition 6.4. Indeed, by construction we
have that (X7, X?T1),P = T and (X7)yP = M for every T and every n, thus showing the first
claim in the proof of Proposition 6.4. The third claim in the same proof can be achieved again by
induction. Indeed, we observe that the base case al = T? = (X2, X!);P has been proven above;
while, the induction step can be performed noting that the Markov property of (X),, implies that
the law of X1 given (X?,.--  X™) coincides with the law of X" "1 given X". Equivalently, we
can write

(X2, XT),P = /Tﬁznd[(XS,...,Xf)ﬁ]I”](xm...,mn) = /ijmn da”(zg,. .., T,) = a1,

where we have used the induction hypothesis (X2, ..., X");P = a” and the definition of a?*!.
Claim 6: X, converges in L*(Q, B,P; C([0,T]; X)) as 7 | 0 to the unique solution of the determin-
istic ODE in (6.25).
Proof of claim 6: by the previous claims and Lemma 6.12, we can apply Theorem 5.10 and obtain
that X, converges in L2(Q, B,P; C([0,T]; X)) as 7 | 0 to Z := s; 0 X, where s; is as in (4.2) for the
maximal totally A-dissipative extension F of bar (F). This means that Z is the unique solution of
Xt = }. (Xt7 (Xt)ﬁP)7 Xt=0 = Xv (627)
where ¥ is as in Theorem 4.2 for F. However, by [12, Theorem 4.2(3)] the support of (Z;);P
stays bounded, so that in (6.27) we can replace }'O with b, since, by claim 4, we proved that

F7[ul = b(-, ) for every pu € Py(X). O

6.4. Fully stochastic interaction field. We make a variation to the example in Section 6.2 by
introducing stochasticity in the interaction field. Let f : X x X — X be a continuous map satisfying
the dissipativity condition in (6.13) and consider again the ODE driven by its induced interaction
field by as in (6.10): given a standard Borel probability space (2, B,P) and X € L?(, B,P; X), we
consider the deterministic ODE

X; = bp( Xy, XpyP), t€[0,T], Ximo=X. (6.28)
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We consider a particular case of the vector field in Section 6.2, assuming that f arises as a
stochastic superposition, that is, there exists a Borel vector field h : X x X x U — X, where (U, U)
is a probability space endowed with a non-atomic probability measure, such that

faw) = [ Moy a0, ey X
u
We require that there exists L > 0 such that
/ |h(z,y,u)|* dU(u) < L(1 + |z* + |y|?) for every z,y € X. (6.29)
U
We state the analogue of Definition 6.6 taking into account the dependence of h on wu.
Definition 6.16 (Stochastic IDF). Let (Q, B,P) be a standard Borel probability space and T > 0.
Define J := {% : N € N\{O}} We say that a family of maps X, : Q — C([0,T];X), 7 € J, is
a Fully Stochastic Interaction Dissipative Flow (fully stochastic IDF) for h if there exist random
variables (X:'L)OS’I’LSN,TEJa (YTH)OSHSN,TEJ C L2(Q; X), and VF . Q — U, k£ € N such that
Y7, X0 (Y™ m<n, and (VF)y, are independent for every 0 <n < N, 7 € J,
(X2)sP = (Y1) for every0 <n < N, 1€ J,

(VE)P =U for every k € N,
Xntl = X 4 7 h(X2, Y, V") for every 0 <n < N —1, 7€ J,

and
X, =Gy (X(T), X ,)  for every T € J. (6.30)

We have the following result.

Corollary 6.17. In the setting of Definition 6.16, assume that (X9),cs converges P-a.s. to
some X € L*(Q,B,P;X) and that Wa((X9)4P, (X)sP) — 0 as 7 | 0. Then X, converges in
L?(Q,B,P; C([0,T]; X)) as 7 | 0 to the unique solution of the deterministic ODE

Xt = bf(XtaXtﬁP)v te [O,T], Xt=0 = X

As for the other examples of Section 6, the proof of the above result is based on the following
construction.
We define the PVF F C P(TX) by

Flul = (7% h)y(p@pueU), pePAX), (6.31)
whose barycenter is given by
bar (F) 1] = (ix, by (-, ), 1.
Condition (6.13) ensures the total A-dissipativity of bar (F), while (6.29) gives the solvability
of the Explicit Euler scheme for F.

We obtain the same result as in Proposition 6.4 for the PVF F defined in (6.31) and with X,
defined as in Definition 6.16, hence Corollary 6.17.

APPENDIX A. TECHNICAL RESULTS

The following Propositions, of independent interest, are used to prove the strong convergence
result in Proposition 3.7. This is determinant to get the main result of the paper in Theorem 5.9.

Definition A.1. Let (X,d) be a metric space and K C Pp(X), p € [1,+00). We say that K has
uniformly integrable p-moments if

lim sup/ dP(z,xz0) du(z) =0  for some (hence for any) xo € X. (A1)
k=00 uek J{x: d(z,x0)>k}
Proposition A.2. Let (X,d) be a metric space and let K C P,(X), p € [1,+00). Assume that
there exist xo € X and a Borel measurable function ¢ : [0, +00) — [0, +00) such that
p(r)

li — = dP d .
im Ao %%Aﬂ (2, 70)) du() < +o0

Then KC has uniformly integrable p-moments.
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Proof. Let € > 0 and take R. > 0 such that e () > r for every r > R.. Whenever k > R;/p,
then for any p € K we have

/ &P (2, z0) du(z) < e / o (&, 7)) du(z) < € sup / o(d(,20)) dpu(z).
{z:d(z,z0)>k} X

{z:d(z,x0)>k} per

Passing to the sup among p € K, to the limit as & — 400 and finally to the limit as € | 0 proves
the sought uniform integrability of the p-moments. O

Proposition A.3. Let (X, d) be a metric space and let I C Pp(X), p € [1,400). Assume that K
has uniformly integrable p-moments. Then, for any xg € X, there exists p € C*([0,400); [0, +00))
increasing and convexr such that
_ . oe(r) »
©(0)=0, lim =400, sup [ @(dP(z,x0))dp(z) < +oo. (A.2)
X

r—4+oco r HEK

Proof. The proof is a simple adaptation of the analogous statement for the uniform integrability
of a family of functions in L!, see for example [6, Theorem 4.5.9], combined with a regularization
argument.

Fix z¢p € X, by uniform integrability of the p-moments, we can find an increasing sequence of
natural numbers C,, T +oo such that

/ dP(x,z)du(x) <27" forevery n € N, p € K. (A.3)
{z: d(z,xg)ZC%/p}

Let us define, for any £ € N and p € K the real numbers
= p{z e X dP(z,m0) > k}).

We set
an:=0ifn<Cyand a, :=max{k e N : k< C,}ifn>Cy.

We finally define

r +o0
P0) = [ 9e)ds, 9= 3 anXunsn(®), 720
n=0

Clearly ¢ is non-negative, increasing, convex and satisfies lim, o, ¢(r)/r = 400. Notice also
that @(r) = 0 for any r € [0,1]. We show that ¢ also satisfies the last condition in (A.2). First of
all we observe that, for any n > 1 and any u € K, we have

d”(z, xo) dpu(x) = d”(z, xo) dp(x)

Az:dp(z,zg)>cn}
+oo
> ju{reX :j<d(z,m)<j+1})

j=Chn

—+o0
>N (G -CotDp({zeX 1 j<d(z,a) <j+1})
j=Chn

“+o0
= E W
k=C,p,

/{x : d(a:,:vo)ZC}L/p}

We deduce by (A.3)

+oo +oo

Z Z ue <1 for every p € K. (A.4)
n=1k=C,
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dP (z,x0)
L[ s asdu
X JO
“+oo

Moreover

Q/ﬂﬂ@mDM@)
X

d? (z,x0)
- [ s asdu
n—o Y {z:n<dP(z,x9)<n+1} JO
+oo
= Zanu({x €X :n<dPl(z,x0) <n+1})
n=0
+oo
= Zanu({x €eX :n<dl(z,x0) <n+1})
n=1
—+o0 +oo +oo
n=1 n=1k=C,

Finally, we define p € C2°(R) as

0 if 220 — 1] > 1,

where ¢g > 0 is the positive constant such that [, o(z)dz = 1. Observe that supp(g) = [0,1],
0o(1 —1t) = o(t) for every t € R and p is increasing in [0,1/2]. We define ¢ := ¢ * ¢, where we have
extended ¢ to R by continuity. Clearly (the restriction to [0,400) of ) ¢ is smooth, convex (since
@ is convex) and satisfies

@(0) =0, @(t—1)<ep(t)<p(t) foreveryteR

so that (A.2) holds for ¢. It remains to show that ¢ is increasing: we compute

¢m=@w@@=/

1/2

1 1/2
gwmu—mw—A (- )3t —r)dr

_ /1/2 0'(5) (Bt — ) — @t — 1+ 5)) ds > 0,

where the last inequality follows by the fact that ¢ is increasing and that p is decreasing in
[1/2,1]. O

Applying Propositions A.2, A.3, we provide sufficient conditions to have strong compactness of
a set of probability measures over continuous paths.

Proposition A.4. Let (X, d) be a complete and separable metric space, p € (1,400), T > 0, and
A, C([0,T7; (X, d)) — [0, +00] be the p-action functional defined as
T
el B dt ; ACP([0,T); (X,d
Ap(y) = /0 [ila ifye (0,75 (X, )), (A.5)
400 else,

where |¥¢|q is the metric derivative of v at time t. Let K C Pp(C([0,T]; (X, d)) be such that

(1) A:= sup/Apdn < 4o00;
nex

(2) B := sup{d(z,xo) : x € supp((e0)sn)} < +00 for some (hence for any) xo € X;
nex
(3) {((et)ﬁn)t€[0>T1}neK is relatively compact in C([0,T]; Pp(X)).
Then K is relatively compact in P,(C([0,T); (X, d))).

Proof. Conditions (1),(3) stated above imply (see e.g. [1, Theorem 10.4]) that K is uniformly tight
in P(C([0,T]; (X,d))) so that it is enough ([2, Proposition 7.1.5]) to show that IC has uniformly
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integrable p-moments. Since {((e:)sm)¢cjo, 1] nek is relatively compact in C([0,T7;P,(X)), we
deduce that

Ko :={(et)ym : t € [0,T], n € K} C Pp(X)

is relatively compact in P,(X). By Proposition A.3, we deduce that there exists an increasing,
convex function ¢ € C*([0, +00); [0, 4+00)), such that

©(0) =0, lim (r) =400, C:= sup / o(dP(z,x0)) du(x) < +oo.

r—+400 r weko J X

Denoting by ¢ the conjugate exponent of p, we define 4 : [0, +00) — [0, +00) as

vl | T (”j))l/q ds, 120,

where we extended by continuity ¢(s)/s to ¢’(0) at s = 0. We note that 1 is increasing, ¢ €
CYH([0, 4+00)) and lim, o ¥ (r)/r = +o0o. If we prove that

sup / P(d2(7,7)) dn(y) < +o0, (A.6)
nex

we can conclude the proof by applying Proposition A.2, where 4 = x(. Let us show (A.6); since
1 is locally Lipschitz continuous, if we take v € ACP([0,T]; X) then the composition [0,7] > ¢ —
P(dB,(vt,7)) is absolutely continuous. Thus we have

/ B, (1,7)) dn(y) = / sup (d (70, 20)) dn(7)

t€[0,T]

</<¢(dp(707960 +p/ V' (dP (e, 20))dP™ (%7960)|"Yt|ddt> dn(v)
/ B(dP (2, 20)) d((e0)sm) ()

+p(/ / Felf dt dn( ) (/ / P, Io)))qdp(%@o)dtdn(’ﬂ>1/q

< / B (5, 70)) d((e0)gm) (2)+
X

o (/ A d") : </T | el a0y aem @) dt)

< (B?) + pAYP(TC)1,

1/q

since v is increasing. O

APPENDIX B. STICKY PARTICLES REPRESENTATION

We state and prove the following result providing conditions to ensure uniqueness and sticky
behavior of the probabilistic representation associated to a curve of probability measures. This
result, despite being interesting by itself, is used to prove Theorem 5.6 and has been stated, in a
simplified form, in Theorem 5.5

Theorem B.1. Let N > 1, a; > 0 with Zf\il a; =1, x; € X such that x; # x; fori # j and set

N
[_L = Z CLi(Sri .
i=1

Let p 2 [0,400) = Pa(X), with p1(0) = i, be such that
#(supp(pr)) s finite and non-increasing w.r.t. t > 0. (B.1)
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Assume that n € P(C([0,4+00); X)) is such that (e;)ym = pu for every t > 0. Then

N
n= Z ai(s’yia
=1

for curves v; € C([0,+00); X) satisfying

(P1) i # 5, 1 # s

(P2) v;(0)=x; andi=1,...,N;

(P3) if there exists s > 0, 4,5 € {1,..., N} withi # j, such that v;(s) = 7;(s), then v;(t) = v;(t)
for every t > s.

In particular, if n1,my € P(C(]0,4+00); X)) are such that (e;)ym; = (er)yny = pt for every t > 0,
then n; = n,.

Proof. We divide the proof into five claims.
Claim 1: we have e;(supp(n)) = supp(p).
Proof of claim 1: by e.g.[2, Formula (5.2.6)], we have that

e(supp(n)) € supp(ue) S e (supp(n)).
In particular, by (B.1) we get that e;(supp(n)) is finite, so that it is closed and the conclusion

follows.

Claim 2: if 4,72 € supp(n) and 5 > 0 are such that v1(5) = ~%(3), then v!(t) = +*(¢) for
every t > 5.
Proof of claim 2: suppose by contradiction this is not the case and set

t:= maX{S >5:79'(r) =~%(r) forevery 5 <r< s} € [, +00).

Then, by continuity of v1,~2, for every § > 0 we can find t5 € (£, + ) such that v1(t5) # 72(ts).
Let K := #(supp(pz)) € {1,...,N}. If K =1, noticing that

{’yl (tl)ﬂ 72 (tl)} C Supp(/‘Ltl )7

then #(supp(ut,)) > 2 > 1 and we get a contradiction with (B.1). If K > 1, then we can find

Y1, Yx—1 € supp(n) such that 3;(f) # 7, (t) # v (£) = v*(f) for every i # j. By continuity we
can find €, > 0, kK = 1,2, such that

Fi(t) # A5 (t) #~*(t) for every i # j, k=1,2, t € [t,t +c).
Thus, if we set € := &1 A €2, we have that
{A(t), - Ar—1(te), v (t), 72 (ko) } € supp(pe. ),
hence #(supp(p:.)) > K +1 > K, a contradiction with (B.1).

Claim 3: we have #(supp(n)) = N.
Proof of claim 3: from Claim 1 applied with ¢ = 0, it follows

supp(n) = U {v € supp(n) : v(0) = x;} := U A;. (B.2)

i=1 i=1

However, Claim 2 applied with § = 0 yields that each A; is a singleton. This concludes the proof
of the claim.

Claim 4: we have

N
n= Z ai(s'ym
i=1
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for curves 7; € C([0, +00); X) satisfying properties (P1),(P2),(P3).
Proof of claim 4: by Claim 3, there exist v; € C([0,4+00);X), i = 1,..., N, satisfying (P1) and
a; > 0, with ZZV:1 a; = 1, such that

N
i=1

From Claim 1 (cf. also (B.2)), we get (P2), i.e. 7;(0) = a; for any ¢ = 1,..., N; while (P3) comes
from Claim 2. In particular, since

N N
D aidy,0) = (o) ==Y aida,,
=1 i=1

we deduce that a; = a; forany i =1,... N.

Claim 5: if ny,mn, € P(C([0,+00); X)) are such that (e;)ym; = (e;)smy = e for every t > 0,

then n; = n,.
Proof of claim 5: by Claim 4, we have

N N
T’l = § aiafyil7 772 = § aié'yizv
i=1 i=1

with 7}, 72 € C([0, +00); X) satisfying properties (P1),(P2),(P3). Let n := %(n; +n,) and notice
that 7 € P(C([0,+00); X)) and (e;)yn = p for every ¢t > 0. By construction we have

{7} 77}, C supp(n);

however by Claim 3 we have #(supp(n)) = N, so that it must be that v} = 42 for every i =

1

1]
2]

3]
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