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ABsTrACT. This paper deals with the dynamics - driven by the gradient flow of negative
fractional seminorms - of empirical measures towards equi-spaced ground states.

Specifically, we consider periodic empirical measures p on the real line that are
screened by the Lebesgue measure, i.e., with @ — dz having zero average. To each
of these measures u we associate a (periodic) function u satisfying v’ = dx — pu. For
s € (0, é) we introduce energy functionals &°(u) that can be understood as the density
of the s-Gagliardo seminorm of u per unit length. Since for s > %, the s-Gagliardo semi-
norms are infinite on functions with jumps, some regularization procedure is needed:
For s € [%, 1) we define &7 (u) := &°(ue), where p. is obtained by mollifying p on scale
€.

We prove that the minimizers of &° and &7 are the equi-spaced configurations of
particles with lattice spacing equal to one. Then, we prove the exponential convergence
of the corresponding gradient flows to the equi-spaced steady states. Finally, although
for s € [%, 1) the energy functionals &7 blow up as € — 0, their gradients are uniformly
bounded (with respect to €), so that the corresponding trajectories converge, as £ — 0,
to the gradient flow solution of a suitable renormalized energy.
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INTRODUCTION

Periodic configurations are ubiquitous in nature, crystallization being a paradigmatic example
in the physics of solids [I]. Here we are interested in studying the dynamics - driven by negative
fractional semi-norms - towards the equi-spaced ground states for an infinite number of repelling
particles on the whole real line, mimicking charged particles screened by a uniform field of opposite
charges.

In our analysis, we bypass any compactness issue or boundary effect by working in a periodic
setting; specifically, given A € N, we consider A-periodic empirical measures p on the real line
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that are screened by the Lebesgue measure, so that u([0,A)) = A. To each p we may associate
the potential u defined (up to additive constants) by ' = dx — p; notice that, since the particles
are screened, u is A-periodic.

Given s € (0, 1) we focus on the energy functionals

A u(z) — u(y)|?
o o [ [,

Notice that the first integral is computed on the periodicity interval (0, A), so that the functional
can be understood as (A times) the density of the squared s-Gagliardo seminorm of u per unit
length. We stress that for s € [%, 1) the energy in is infinite for any empirical measure p. In
order to overcome this issue, we adopt a regularization procedure by considering, for every ¢ > 0,
the energy functional

(0.2) EX(p) = E (s po):
here pe(-) := Lp(<) where p is a standard positive mollifier with support in (—1,1).

The first result of the paper is that the global minimizers of the functionals &°(u) and &7 (u) are
given by the equi-spaced configurations with lattice spacing equal to one. This is a consequence
of the fact that the energy functionals are convex with respect to the mutual distances between
the particles. More precisely, for s € (0, %) the energy functionals are smooth in the space of all
configurations without collisions, i.e., u contains only Diracs of multiplicity one. For such config-
urations, which we call regular, the second variation of the energy functionals, with respect to the
particle positions, is strictly positive on all directions which are orthogonal to global translations.
Notice that for this sub-critical range of the parameter s, the energy is finite (and continuous) on
all configurations of particles, but we prove that splitting any cluster of multiple particles decreases
the energy, so that the global minimizer is a regular configuration. By convexity such a global
minimizer is the unique - up to translations - critical point of the energy. By symmetry arguments
the equi-spaced configuration is a critical point, so that it is the only critical point and it coincides
with the ground state of the energy. The situation for the super-critical cases s € [%, 1) is very
similar, up to the fact that the regularized energy functionals are regular everywhere, and that
we are able to prove the positiveness of the second variation only for configurations in which the
mutual distances between the particles is at least of order e. As a consequence, we still have that
the equi-spaced lattice is the only ground state, but we cannot exclude the presence of high energy
stable configurations of closed packets of particles.

Then, we focus on the dynamics driven by the gradient flow of the energy towards the equi-
spaced ground states. Such an analysis consists in proving that the trajectories of the particles
avoid collisions. Let us discuss first the sub-critical case s € (0,4). At a first glance, one could
think that collisions are local maximum points of the energy, so that they are excluded by the
simple fact that the energy decreases in time. Reality is a little more subtle: Since moving a cluster
of particles could decrease the energy, there are trajectories where some of the particles collapse
and translate remaining stack on each other, and such that the total energy decreases in time; in
order to exclude that these trajectories are solutions of the gradient flow, we have to show that,
before the collision, splitting the particles provides a direction of steeper descent for the energy, so
that the steepest descent directions of the energy landscape never lead to collisions. The situation
is somehow easier in the supercritical case, where collisions cost an amount of energy that blows
up as € — 0. More precisely, Proposition provides the leading term o°(¢) (defined in ) of
the blowing up energy &7 induced by a single particle as ¢ — 0. On the other hand, the energy
cost of a singularity with multiplicity m behaves as m20*(¢), so that configurations with multiple
singularities are clearly less favorable than regular ones. As a consequence, we have that, for any
regular initial condition, for € small enough the trajectories avoid collisions and then converge to
a ground state. Again, for initial data with closed packets of particles, we cannot exclude the
presence of high energy stationary configurations.

Finally, we show that in all cases the convergence to the equilibrium is exponentially fast. To
this end, we stress that the energy functionals are invariant with respect to global translations
so that the “periodic barycenter” (in the sense of definition ) of the evolving configuration
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remains constant along the motion. Therefore, the convergence rate is determined by the first
eigenvalue of the Hessian of the energy restricted to the space orthogonal to global translations.

In Propositions (for s € (0, 3]) and (for s € [3,1)) we prove that such an eigenvalue is
bounded from above by I'(s)A~2¢ for some positive constant I'(s), for the equi-spaced configura-
tions, and, for generic configurations, from below by ~(s)A~2* for some constant (s) < I'(s). As
a consequence, the - optimal in A - convergence rate is proportional to A=2%.

A natural question is what happens (for s > %) to the energy functionals &7 and to the
corresponding gradient flows as € — 0. First, the energies #° := &2 — Ao®(e) converge locally
uniformly in the space of regular configurations to a renormalized energy #{° (as e — 0). Moreover,
while the energies & (for s € [£,1)) blow up as &€ — 0, their gradients (namely the slopes) stay
locally uniformly bounded with respect to e. As a consequence, the gradient flows of &° (or
equivalently of #.°) converge, as ¢ — 0, to the solution of the gradient flow of the renormalized
energy Wy’ .

The case s = % is of particular interest in the literature, since it corresponds to a Dirichlet-like
bulk energy induced by a A-periodic distribution of topological singularities lying on a straight
line in the two dimensional plane. In this respect, the energy functional #;’ corresponds to the
renormalized energy computed in the context of the Ginzburg-Landau vortices; as shown in [2],
such a renormalized energy is given, up to additive and multiplicative constants depending only on
A, by = > 5 logsin(m(zx —x))|, and, in view of the convexity of the interaction potentials, its
minimizers are the equi-spaced configurations. The renormalized energy has been introduced in
several contexts also for infinite non-periodic configurations and it has been shown that the equi-
spaced configuration, as well as any compact perturbation of it, is a ground state [2, [7, 12, [13].
In particular, in [I3] the renormalized energy represents the energy per unit length induced by
a system of screened charged particles lying on a straight line in the plane, once the infinite self
energy of each particle is removed.

For the critical case s = % the energy functional in can be seen as a “positive €” version of
the renormalized energy considered in [13] for a periodic distribution of screened charges. Precisely,
the potential u is the trace of the harmonic conjugate of the potential generated by dx — i, so that

the functional &2 (1) represents the infinite energy density induced by the electric field generated

by the screened particles, while éaj () is its finite counterpart when the particles are diffused on
the scale €. More generally, for s € (0,1), our functionals are closely related to (one-dimensional)
Riesz gases which have received considerable attention in the past few years, see [8,[14]. In such a
generality, we show that the minimizers are still the equi-spaced configurations also for € > 0 (see
[12] for the case € = 0) and that such ground states are attractors for the dynamics.

The emergence of periodic structures as a result of minimization of convex functionals has been
much investigated in the last decades. In [9] the minimization of the square of the L? norm has
been considered, among functions having two opposite slopes. Such a result has been generalized
in [II] to the case of two, possibly different, slopes. The case of fractional %—Gagliardo seminorm
has been considered in [0], again for functions with equal opposite slope; their approach relies on
a technique referred to as refiection positivity for which such a symmetry assumption is somehow
required. In the aforementioned results, the functionals under minimization contains also a term
penalizing the jumps of the slopes, which is multiplied by a certain (small) parameter. It is such a
parameter, say §, that dictates the periodicity scale, that is proportional to § 3 in the “local” case
of the L2 norm and to §2 for the %—Gagliardo seminorm. We stress that, for the “local” L?-energy,
the periodicity of minimizers (with the same scale) is proven also when the sharp penalization on
the slope-jump is replaced by a Modica-Mortola functional.

In this paper we have adopted a more rigid approach: the slopes of the order parameter u are
either 1 or —oo and, instead of a term penalizing the jumps of the slope, we have assumed that the
region where the slope is —oo is quantized (the Dirac delta’s have positive integer weights). This is
strongly related to the framework considered in [3], where a model for misfit dislocations at semi-
coherent interfaces has been introduced and the optimality of equi-spaced dislocations has been
proved. Since that model was one of the motivations for the present analysis, it is convenient to
briefly describe the formalism in [3]. In turn, the model studied there is motivated by the modeling
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of misfit dislocations by van der Merwe in [I5]. He considered semi-coherent straight interfaces
between two parallel square lattices with different spacing. In his analysis it is tacitly assumed,
as a well understood and unanimously accepted truth (as in the celebrated Read-Shockley paper
[10] for small angle grain boundaries), that dislocations are periodically distributed along the
interface; the optimal profile of the displacement corresponding to the periodic distribution of
dislocations is provided and the corresponding interfacial energy is computed. Since the precise
shape of the optimal profile only gives lower order corrections in the asymptotics of the energy
density as the regularizing parameter ¢ — 0, in [3] a simplified model is introduced, where the
transition is prescribed in a simple, non optimal way; namely, considering functions with two
given slopes: A “small” positive slope of order 1, accommodating elastically the lattice misfits,
and a “big” negative slope of order —1/e, providing the transition at the core length scale of
the dislocation. Then, the elastic energy density induced by the resulting trace is given, up to
pre-factors, by the (square of the) %—fractional seminorm, and the minimality of the equi-spaced
configuration of dislocations is proved. A related model for semi-coherent interfaces has previously
been introduced and analyzed by I'-convergence in [4]; there, only the asymptotic (in the semi-
coherent limit) uniform distribution of dislocations is proved, together with the periodicity for
minimizers of a suitable renormalized energy, corresponding to € = 0.

The main novelty of our analysis with respect to the results in [3] is that we also consider here
the dynamics of misfit dislocations driven by the gradient flow of the induced elastic energy. To
this end, it is convenient to replace the large negative slopes with concentrated negative slopes
represented by the empirical measure u. On the one hand, this formalism yields after mollification
merely a different (still non-optimal) profile; on the other hand, it fits naturally within a canonical
framework based on the formalism of empirical measures, which is well-suited for studying the
dynamics.
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1. SETTING OF THE PROBLEM

In this section we introduce the fractional seminorm energies and the class of admissible func-
tions we will deal with.

1.1. Function spaces. Let A € N be fixed. We set

XA =0, AN,
Notice that the entries of a generic configuration X € X are not required to be distinct. For every
X = (21,...,25) € XN we will denote by X' = (24, ... 23'%) the non-decreasing reordering of

X, namely the vector in X obtained permuting the entries of X is such a way that x‘;\rd < :c‘j\rfl
for every A=1,...,A —1.

Let X € X" We define S(X) := {¢ € [0,A) : 2 = { forsome A = 1,...,A}. To every
¢ € S(X) we associate the set Z(&) of the indices A € {1,..., A} such that z) = £ and we define
the multiplicity m(€) of & as m(&) := §Z(£). Notice that if m(£) = 1, then Z(&) is made of one
element, that will be denoted by A(€¢). Moreover, if X = X' to any ¢ € S(X) we can associate
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the first index ¢(€) for which £ is an entry of X, ie., ¢(§) :=min{A =1,..., A : x)\ = £}; notice
that, in such a case, m(§) = max{m =1,...,A : Tye)rm-1 = £}
We define the set of regular configurations R as

M= {X e X m(€) =1 for every £ € S(X)}.

Notice that X € R" if and only if §S(X) = A.

For every X = (x1,...,25) € X we denote by X its A-periodic extension, namely the A-
periodic sequence X := {x,},ez with x, =z, for z =1,...,A.

We denote by {ex}r=1,..a the canonical basis of R* and we set e := A3 Zi\:l ex.

Moreover, for all 7 € R we denote by X + 7 the element of X* whose A-periodic extension is
X+ 7.

We denote by u* := > .cz Ox, the empirical measure associated to the configuration X; notice
that u~ = D ees(x) ué, where, for every ¢ € S(X), we have set

(1.1) 1= m(€) S deras
z€EZ

Finally, for every X € X, we introduce the family AS(X) of functions compatible with X as
AS(X) := {u € BVioc(R) : v/ = dx — i},

where v’ denotes the distributional derivative of u and dz is the standard Lebesgue measure.
By construction, the set AS(X) contains functions differing just by additive constants. Since the
energy functionals we consider are insensitive to (horizontal and) vertical translations, with a little
abuse of notation, we will denote by u™ the “unique up to additive constants” element of AS(X).
Trivially, u® = u™ o

1.2. The energy functionals. We introduce here the energy functionals that will be used
throughout the paper.

The subcritical case 0 < s < l. For every X € X, we set

(1.2) £5(X) = / /Iu 2 |1+2(5y)|2d

Notice that the energy & is insensitive to global translations, i.e., for every 7 € R,

(1.3) E°(X +1)=8E%(X);

therefore, whenever it will be convenient, we will assume without loss of generality that xx > 0
for every A=1,...,A.
XN+ X\—
For every z € R we set X (z) := &) (‘r);(u ) (#) where (uX)%(z) denote the traces of the
function uX at x, so that @X coincides with u* on each of its continuity point. Then, we define
aX () — u¥(y)

(1.4) (—A)*uX(z) := Q/H{Wdy,

where the integral is intended in the sense of principal value if z is a jump point for u*X.

The critical and supercritical case % < s < 1. Let p be a standard mollifier supported in
(=1,1) and, for any € > 0, let p.(-) := ép(g) For every Radon measure v on R we set v, := p. * V.
The notation v.. stands for p. * v. = p. * (p. ). For every X € X we define

(15) 0= [ an [ MR W,

We notice that for all X € X2 the function u is smooth and bounded, so that its s-fractional
Laplacian (—A)*uX (z) := 2/ @Lﬁgy)
R T -yt

dy is well defined in the sense of principal value.
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Remark 1.1. Notice that for every X € X the operator in (1.4)) is well defined, in the sense of
principal value, also for % < s < 1. Moreover, we have that

(1.6) lim(—A)*uX (2) = (—A)*u™ (x) for every z € R.

e—0

Finally, for any open set U CC R”™ (so that the minimal distance between two particles is uniformly
bounded from below) we have that the convergence in (1.6) at any x € S(X) is uniform in U.

2. FIRST AND SECOND VARIATIONS

In this section we compute first and second variations of the energy functionals defined in
and (L.5). For every r > 0 and = € R we denote by B, (z) = (z—r,z+7) the open interval centered
at  and having radius r; moreover, we set B, := B,(0). Furthermore, for every 0 < r < R and
z € R we set A, gr(z) := Br(z) \ B,(z) and A, r := A, r(0).

2.1. The subcritical case 0 < s < % We start by computing the first and second variations of
the energy &* on regular configurations.

Proposition 2.1. Let 0 < s < 3 and let X € R*. Let £,n € S(X) with &,n >0 and & #n. Then

(2.1) 0u 0 6°(X) = (=A) ™ (9),
2
2 s
(2.2) 8762;(5)5’ X = Z Z [Az + & — g2
z€L ¢ eS(X)\{¢}
2
2 s - _
(23) aw,\(g) ﬂix(n)g (X) B B % |AZ + 5 - 77|1+2S .
ze

Proof. We first prove . Let h # 0 and let I, be the (for instance open) interval with extreme
points £ and £+ h. We set A, := I}, + AZ. By construction, for |h| small enough, X +heyg) € X*
and uXthex©) = 4X +-sgn(h)ya,. To simplify notation we consider only the case h > 0. By direct
computations

E°(X + hexe)) — £°(X)

RYe (Xan () = x4, ) ((2uX (2) + x4, (@) — (20 (y) + x4, ([¥)))
_2/0 dx/ﬂa |z — y[ 12

dy

) /A o / Xa, () (2uX () + x4, () — 2uX (1) + x4, (1)) dy
0 R

(2.4) |z —y[t+2

3 (u¥(x) + 3) = (W™ (y) + 3x4,(v))
Q/Ih dx/R 2| 2 dy

T — y|1+28

- (u¥ () + 3) — (WX (y) + 3x4, (1))
_Q/Ih dx/R\zh |z — y[1+2s -

The first equality is nothing but computing the difference of squares. The second equality is a
consequence of periodicity, using the change of variable x — = — Az, y — y — Az, together with



DYNAMICS OF SCREENED PARTICLES TOWARDS EQUI-SPACED GROUND STATES 7

Fubini Theorem as follows

1/A dx/ —xa, (1) ((2u™ () + x4, (7)) — (20% (y) + x4, (1))

oyt v
:1/A dx/ XAh(y)((2uX(y)+>|<;i(z;)|)l+—28(2uX(:c)+><Ah(fﬂ>>) dy

-yl / /A(Z“) xa, () (20 (y) + x4, (v) — 2u™(z) + x4, (2))) d
o —y[TF !

ZEZ

B A=) A xan @) (e (y) + xa, () — u™ (2) + xa, (2)))
Z dz 1425 dy
zEZ - 0 |(L’ - y|

B Xa, @) ((2u™ (y) + xa, () — 2u¥(2) + x4, (x)))

=— dy dzx .
2 Jo R |z — y[t+2s

Finally, the third equality in (2.4) is immediate, while the last one follows from the fact that
(X 1
[af @ ) + o),
In I |$ —y[ttes

(2.5)
dx/ dy = 0.
\/Ih /I;, |.’I: - |1+2S /Ih Iy ‘x - |1—"_2'S

We set £ = ¢ + %, so that I, = By (§M). Let 0 < 0 < mingres(x)\ e} |€ — €| and notice that, for
h small enough

uX () —u¥(y) = T—yY ifxe]h,ye<§h+ ,§h+0>
wN(z)—uX(y)= z-y-—1 ifxe]h,ye@h_g’gh_g).

Whence we deduce

|z — y[iT2s

uX(x + L X
S @ +h-u¥)
By BBy ey T

Therefore, in view of (2.4) and (2.6)), we deduce

[wf GO cwrhnw,
I, Bo (EM)\In
(2.6)

gm(X + h@)\(g)) — gs(X)

_9 / d / WX (@) + 1) = WX () + txa, @) 0
B (&") R\B, (¢" |z — y|t+2s

:2/ dx/ GAICIRS Sl ) S
Byen  ImBoeny vyl ’

where (for h small enough)

X4, (¥)
r(h) = / da:/ ——h—dy
By(en  JRB.(en lo— YT

1 9\ 142s
= dx / — dy < h? E ( ) :
/Bg(gh) By (6")+Az |z — y|1t2s Alz|

2.7)

(2.8)

2€Z\{0} 2€Z\{0}
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Let us now consider the change of variable z’ = % so that = = ¢" + ha'!. By (2.7) and (2.8),
using the Dominated Convergence Theorem, we get

E5(X + he,\ ) — E5(X)

lim
h—0
. uX (€ +ha') + 5 —u¥(y) r(h)
=1 d d
(29) ns0 / ; /]R\B (sh) & + ha! — y| 42 YT }

1_.X
_2/ / + 2 1+;L (y) dy,
-1 R\B. (€) |§ y[tt2s

which, by the arbltrarlness of o, and by the very definition in ([L.4]), implies (2.1]).
Now we prove (2.2)). By (2.1)), using the invariance by global translations, we have

82 (a@s(X) — lim (—A)3uX+heA(£) (€ + h) _ (_A>SUX(€)

210 NG h—0 ) h
210 o (AP0 (€) - (<A)uN (g
h—0 h ’

where €, (¢) denotes the vector with the A(£)-th entry equal to 0 and all the remaining ones equal
to 1. To simplify notation we consider only the case h > 0 and we set [, := Ug/eS(X)\{g} (& —h,¢)
and Ay, := I, + AZ. Then, for h small enough, uX "o = X — X, By the very definition of
fractional Laplacian in and by the Fundamental Theorem of Calculus, we get
A0 A 2 [

A, 1€ =yt

2
"L Eere-ere

z€Z ¢'eS(X)\{¢}

I
hl—rﬂ) h h—0 h

dy

which, together with (2.10)), yields (2.2).
We finally turn to (2.3)). By (2.1), we have

—A)syXthex(n) (= A)SuX
(2.11) 8-72%(5) mx(”)gS(X) _ %g%( ) u (hf) (—A)°u (5)

To simplify notation we focus on the case h > 0; for h small enough,
(7A)sux+he,\(77) — (fA)qu + (7A)SXE;”
where we have set Ej, := U,ez(n + Az,n + Az + h). Therefore, by (2.11)), we obtain

p COO _ gy, L]

2
2 s
X)=1 L y=-S
2xo oam & (X) 5, 16 — Y|+ Yy ;Mz—i—f—nll“s

h—0 h h—0 h

This concludes the proof of (2.3]). O

In the next proposition, we prove that the Hessian V2&* is positive definite on R*, providing
a lower bound on its first eigenvalue.
We define the class C* of equispaced configurations as

(2.12) Cr={XeR : SX)={r1+7,...,A—1+7}, T7€[0,1)}

Proposition 2.2. Let 0 < s < £ and A € N. Then, for every X € R™ with S(X) C (0,A) and
for every h € RA

(2.13) (V2E (X)hhy = > a(&n)(hag) — ham)*s
EneES(X)
E#£n

where

1
(2.14) a*(&,n) = 22 0T A for every &,m € S(X) with £ # n.
z€EZL
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As a consequence, if h-e = Zi\le hy =0, then
(2.15) (V26%(X)h, ) = ()M [h[2,

for some positive constant y(s) depending only on s.
Moreover, for every X € CM, there exists h € R with h #0, h-e =0 and

(2.16) (V265 (X)h, h) < T(s)A™*|h?,
for some positive constant I'(s) depending only on s.

Proof. Identity (2.13) is an immediate consequence of Proposition Now we prove (2.15). By
definition, for every £, 7 € S(X) with £ # n we have

(2.17) a*(&,m) = (s) AT
Now, since

A
Z (hA—hA/)Q:(A—l)Zhi—Q Z NN
A=1

AN €e{1,.. A} M E{L,... A}
AN AFEN

and

A A
(ZhA)2:Zh§+2 S hah,
A=1 A=1

AN E{L,..., A}
AN
we find that for every h € R* with h-e =0,
A
(2.18) S (a—ha)? =AY R
AN E{L,...,A} A=1

AEN

Thus, by (2.17) and (2.18)), we have

(2.19) S @t Emhae — ) =AY (hy = ha)? = (s)AF R,
&NES(X) AN €e{l,..., A}
£#n AEN

whence the claim follows by (2.13)).
Now we prove the upper bound. To this end let

2.2 . = min|-+A
(2.20) | |per Iznel%ll +Az|

denote the (A-)periodic norm on R. We define the vector h € R* by setting

1 A—1
hi 1= [Mper = > N lper-
A'=0

By construction & - e = 0. On the one hand we have

|h|? > CA®.
On the other hand, since
s / 1
a’(A\ ) < P(S)W7
we have / 2
e omm <ty e e
AN e{0,1,...,A—1} A= Nlper

A£N

<T(s) > A= N|pe
A\ e{o,1,...,A—1}
A#N

< T(s)A3725,



10 L. DE LUCA, M. GOLDMAN, AND M. PONSIGLIONE

Combining both estimates together yields (2.16)).
O

Remark 2.3. Let us point out that in order to prove , being 0 < s < 1/2, it would have
been enough to consider the interpolating function h to be piecewise constant instead of piecewise
affine. The advantage of introducing piecewise affine functions is that they belong to H?® also for
s > 1/2, covering the whole range of exponents 0 < s < 1. In fact, following along the lines of the
proof of Proposition we have immediately that, also for % <s<1

221) Y a*(&m)(hae) — haey)” > 7(s)A~2|h)? for every X € RY, h € R* with h-e =0

EnES(X)
E#n

and
(2.22)

Z a®(&,n) (hk(g)—hA(n))Q < T(s)A=2%|h|? for every X € C*, for some h € R* with h-e =0,

§neS(X)
§#n

where the coefficients a®(€,n) are defined in (2.14).

Arguing verbatim as in the proof of (2.1)) in Proposition we get its extension to the case
of multiple singularities (we recall that Z(€) is the set of indices of the particles at position & and
m(§) is its cardinality).

Lemma 2.4. Let 0 < s < % and let X € X2; then, given {he}eesx) C R, we have
&° (X + 3 he Y em> = 3 hem(&)(-A) ¥ (€) +o( 3 |h£\) .
€€S(X)  meL(e) £eS(X) £eS(X)

The next lemma shows that splitting multiple particles gives a direction with infinite slope for
the energy.

Lemma 2.5. Let 0 < s < 3 and let X € X* \ R, Let £ € S(X) be such that m(§) > 2. Then,
for every m € Z(£), we have

Of £5(X) = Foo.

Proof. Fix m € Z(¢). By construction, for |h| small enough, uX*+hem = 4X 4 sgn(h)x;, , where I,
is the (for instance open) interval with extreme points & and & + h. We set Ay, := I, + AZ. To
simplify notation we consider only the case h > 0. By arguing verbatim as in (2.4)) we have

X 1 (X 1
(2.23) EX(X + hew) — E°(X) =2 / dz / LOh bl C W) + x4 ®) .
In R\T), |z — y[tH2s

We set £ := ¢ + %, so that I, = B% ("), Let 0 < o < ming es(x)\{¢} [§ — &'[; we notice that, for
h small enough

u® (z) —u™(y) = r—vy if$61h7y€(§h+gyfh+0),
() —uX(y) = @ —y—m() ifxefmye(fh—mfh—g),
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whence we deduce

/ dx/ (@) +3) = (WX W) + 5xa W)
By(e)  JBa(e\By (e o —y[tree

X 1 X
+77
:/ dx/ u” (z) v W) 4y
By BBy ey Tl

);:h_ h

2 1
=(1—m(¢ dx/ — _dy
Ll A A

=(1- fﬁ(f))ﬁ(}bl_gs _ (U n g>1*2s N (U B 2)1725)

h1—28

=(1- ﬁl(f))m + O(h).

[N

(2.24)

Finally, since the numerator in the integral below is in L°(R?), one can easily prove that

X 1y (X 1
[ D@0 b, o
Bi(eh)  JR\B, (") & =yt
which, together with (2.23)) and (2.24]), yields
s s R h1—23
EXNX + hepn,) — E%(X) = (1 - m(f))m + O(h),
whence the claim follows, since m(§) > 2. O

Now, according with Lemma we prove that separating at least one singularity from a close
packed cluster of singularities decreases the energy. For every pair of sets A, B C R, we set

S “— 1 —
(2.25) J°(A,B) := /A dz/B Py dy.

Proposition 2.6. Let 0 < s < 1, 0 >0 and let X € RN Let Q := {&,..., &k} C S(X) with
K>2and 0 <&, <& (forallk=1,...,K —1) be such that
min  {|€—&l, [ =& — AL [ - & +A[} >0

EES(X)\Q
k=1,. K

Then, setting 6 := g — &1, we have
1_

K o
_og A
55 =+ C(A,s,0),

VCS)Q(X) . 6)\(5K) S

for some constant C(A, s,0) (independent of ¢ ).

Proof. Let h > 0. We set Iy, := (£, &k + h) and A, := I, + AZ. By (2.4)), for h small enough we
have

uX(x) + 1) — (u¥ 1
(2.26) (?S(XJrhe,\(gK))fé’s(X):Q/I dx/R\l (™ >+z)m_<y|1(+l/2>s+ X)) 4

and
X 1 X 1
3) — 3 1
(2.27) / dx/ @) te) = W) g comop T L
o JR\G-ogxtol |z —y[tF2 seooy P

Therefore, setting

ot [ (¥ @)+ 5 = (X () + bxan ()
Balrl = /Ih ¢ /(51—0,5K+a)\1h W

o =y
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in order to prove the claim, it is enough to show that

Efh] 1-K
(2.28) lim sup i <0624 0(s,0).
h—0+ 2s

We first write (for h small enough) Ej[h] := E} | [h] + Ej 5[], where
£Ku Jr,, Ex+6 uX ( Jr,qu(y)
E3 / dx/ d —l—/ dx/ dy,
calf I ) |~”€ - I”QS I Jewsn |l’ — oyl

)+3—u St uX (2) + 5 —u¥(y)
2 Ih &1— |x_y|1+26 Iy K+6 |x_y‘1+28

Now we observe that

(229) uwX(z)—u¥(y)= -K+z—y whenever x € I,y € (& — 0,&1),
(230)  uwX(z)—u¥(y) < —-14+z—y whenever x € I,y € (&1,€Kk)
(2.31)  uwX(z)—ut(y) = T—y whenever x € I,y € ({x + h,Ex +0).

Hence, by (2.30) and ([2.31)), recalling the definition of .#* in ([2.25) and using Taylor expansion,
we get

Bialh) < = 3.5 (T, (6, 66)) + 5.7 (I (6 + € +))

EK §K+5
+/ dx/ x—y) 2 dy — / dx/ )2 dy
Iy 1 In Ex+h

_ 17 1-2s 1-2s 1 2s
= 225(1_2)(h +4 (h46)%)
PR
22s(1 — 2s)

(2.32) n = 28)1(2 5 (- 225 62725 4 (p 4 5)2—25)

(hl—Qs + (6 _ h)l—Zs _ 61—25)

1

— (1 — 28)(2 — 28) ( _ h2725 _ (5 _ h)2725 + 52725)

1 1 1-2s 1—2s s
:§M((5+h) +((5—h> —95 )

* Wl(Z—Zs) ((h + 5)2728 + (5 — h)2*25 _ 252725)
=0(n?),

where |O(h?)| < C(s,8)h?. Analogously, by (2.29) and we have

Eg,Z[h} = (5 - K) js<lh’ (51 -0, 61)) + 7]S(Iha (SK + 6) fK + U))

1 §K+<T
+/ dx/ (x—y) 2 dy — / dz/ )72 dy
In 51* In Ex+6

= (% - K) m( —(h+0+0)"+ (0 +0) 72 =572 4 (5+h)' )

(2.33) 0
- - _p\1—-2s _ _1-2s 1-2s _ _ py\1-2s
ATl Gl o +0 (6—h)">)
; _ 2—2s 2—2s 2—2s 2—2s
T (TR (04 0) T 0 (6 + 0)272%)
1

_ m( — (o= h)2—2s +(6— h)2—2s 422 52—25).
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By Taylor expansion we have
—(h+8+0) "2+ (5 +0) 72 =572 4 (6 + h)P2
= —(1-28)(6+0)*h+ (1—25)6 2°h + O(h?);
(0 — h)1=25 — g172s 4 §1=2s _ (5 _ p)i=2s
—(1—28)0"2h+ (1 —25)0"2h + O(h?);
B R)EE L (h+ 6+ o) 157 (54 0)2 2
—(2 —25)6" % h + (2 — 25)(0 + o) T2 h 4+ O(h?);
(0 — h)272 (5 — h)22 g g2 g2
= (2—25)0'"%h — (2 —25)0 "2 h + O(h?).
Plugging this in yields
1

E3olh) = (5 - K) (07 = (G4 0)7) + %2—’;(5*25 — o)
2 (64 0)172 — 61729) 4 O(h?)
(2:34) 25 4 h o h 1-2s 2
<(1- ) (5 (K—l)ga +1725(A+0) + O(h?)
<(1- K)—é*QS + C(A, s,0)h.
By (2.32)) and we get (2.28] - thus concluding the proof of the proposition. O

Remark 2.7. Clearly, under the same assumptions of Proposition [2.6] and by arguing verbatim
as in its proof, one also has

1-K
—V(o@s(X)eA(El) S 6_23+C(A,S7U).

2.2. The supercritical case % < s < 1. Here we compute the first and second variations of the
functional &* defined in (I.5). For every X € R® and for every ¢ € S(X), we recall that the
measure p¢ is defined in (1.1)) and we set pé := pX — pus.

Proposition 2.8. Let % <s<1,0<e<Aandlet X € RN Let &, € S(X) with &,m > 0 and
E#mn. Then

(2.35) a6 62 (X) = (= L) u (6).
Moreover,

(2.36) R EN(X) = (AP HE(E).
and

(2.37) 2, o E2(X) = (AU (S).

Proof. We proceed as in the proof of Proposition Let h # 0 and let I;, be the (for instance
open) interval with extreme points £ and £ + h. We set A, := I, + AZ. By construction, for
|h| small enough, X + heye) € X and u* "o = u™ + sgn(h)xa,. To simplify notation we
consider only the case h > 0. Moreover, we set X, .c := X4, * pe. Then,

E2(X + heye) — &7(X)
1 / " o / (X e (1) = X, e ) (20X (2) + X,.2(2)) = (20X (1) + X1,.2(9)

|CC— |1+23

(2.38) A uX (x) — XA — Xan.e(®))?
:2 . hy€ h>€
/0 XA (x)/R Iw—yll”s d T3 / / Ifc—yl”zs W

A
_ A X d = d XAh,,E _XAh,,E(y)) d
[ neecara@ar ) [ ar [ Qanetd a0,

dy
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where the last equality follows by the very definition of fractional laplacian in (1.4)), noticing that
the function u is C°.
On the one hand, notice that x4, . coincides with the A-periodic extension of the function

X1, * pe and that +x7, X\ 8¢ as h — 0, so that

A A
@39 Jim & [ @A @) ds = [ e p))(-A) 0 @) do = (~A)uX(©)

IN

On the other hand, the function x 4, - is Lipschitz continuous with Lipschitz constant ||x a,, ||w1.e
C %, whence we deduce that

(2:40)
1 A dz (XAh,E(x) _XAh,,E(y))z dy
2Jo R |z —y|+2
:1/A dm/A (XA (@) = xa,)? dy+ Y l/A dx/(ZH)A (Xan,e(2) = XA, (1)) dy
2 Jo 0 |z —y|+2s = 2J)o A @ — y[F2s
z#0
G h? Ao 1 h?
<C— d —y|t72d C— / d / ———dy < C—.
= 52/0 x/o |z =y y+ 52; o z o |z —y+ Azt y=%2
z#0

By combining ‘2.38‘ with (2.39)) and (2.40]), we get (2.35)).

We now turn to (2.36). The proof is similar to (2.2]). As before let €, denotes the vector with
the A(§)-th entry equal to 0 and all the remaining ones equal to 1. Again, we consider only the
case h > 0 (small enough) and we set I), := U, cs(x)\ (¢} (1 —h.n) and Ay, := I, + AZ. Then, for h

small enough, use "M = uX — (X4, )ee- By (2.35), using the invariance by global translations,
we thus find

5 () — i AU PO D) — (CA) U

They © h—0 h
s X+héy s “AVS(v -
gy A u O — (A L (FA) 00, )= (€)
R0 h h—0 h
1 () = xq )W) e () — 1. (y) o £
-2 [ TATE R = e [ M - oy

We finally prove (2.37). Let again h > 0 and set A}, := (1,1 + h) + AZ; then, for i small enough,
ugeTheatm — X 4 (Xar )ee- Then, by (2.35) we obtain

—A)S §+hek(n) _(—A) ¥
Darier o€ (X) = Iliir%)( - (}f) (=4)"uz(§)
— i: S , ce
N ,lllmo ( ) (>;LA}L) (6) - (_A)Sluge(f)~

O

Remark 2.9. Let us notice that sending ¢ — 0, formulas (2.35)), (2.36)) and (2.37)) converge to
E1), @2 and (23).

To any configuration X € X we associate the minimal distance between its entries

2.41 0(X) = min Tx — Ty |pers
(2.41) (X) i |z — 2xlp
A£N
where the norm | - |per is defined in (2.20). We notice that 6(X) = min;»; |x; — x;| and that
supxcxya 0(X) = 1.
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Proposition 2.10. Let % <s<1,AeNande > 0. Then, for every X € R and for every
h € R we have

(2.42) (V2EX(X)hhy = > a2(&n)(hage) — hawm)®s
ENES(X)
E#n
where

n (y) — u"
a(&,m) = Q/R Wdy for every &, € S(X) with £ #n.

Assume now §(X) > 4e; then the following facts hold true.
If h-e=0, then

(2.43) (V2ES(X)h, h) > T'(s)A~**|h|?,

for some positive constant I'(s) depending only on s.
Moreover, for every X € CM, then

(2.44) (V2ES(X)h, h) < y(s)A2%|h|? for every h € R with h - e =0,
for some positive constant y(s) depending only on s.

Proof. Identity (2.42)) is an immediate consequence of Proposition Now, since 6(X) > 4e, we
have that p_(£) = 0 for every &, € S(X) with £ # 7 so that

7 p6*6 ) ( )
(245) a6 _2/| & |1+28dy QZ/B |y 5+Az|1)+29 -

ZEZL

Let &,7 € §(X) with £ # n and note that for every y € Ba.(7)
271725 1 21+2s

< <
N — E+ A2 7 |y — £+ A2 7 [ — &+ Azt 2

so that, by (2.45),
(2.46) 271720 (€,m) < ai(f,n) < 21%at (g, m),
where the coefficients a (5 N ) are defined in As a consequence, in view of Remark E and

of (2.46)), the estimates ( and - yleld l 2.43)) and ( -, respectively. This concludes the
proof. O

3. MINIMAL CONFIGURATIONS

By symmetry arguments it is straightforward to check that the configurations in C* (see (2.12))
are critical points of the energy functionals; more precisely, for all X € CA
(3.1) (=A) X (&) =0, (—A)PaX(&) =0 for any ¢ € S(X).

The next theorem establishes that for s < %, the ground states of &° coincide with C*.

Theorem 3.1. Let 0 < s < % and A € N. Then, the set of critical points of the energy &° in

RA is given by C*. Moreover, C coincides with the set of all local and global minimizers of &°
in XN,

Proof. Let X be a local minimizer of &° in X; by Lemmawe have immediately that X € RA,
so that it is a critical point of the energy. Since, in view of , the second variation of &°
is strictly positive modulo rigid translations, there is at most one - up to rigid translations -
critical point of the energy &*. This fact, together with and implies that the set of
critical points coincides with C*. In turn X € C* and, since &* is constant on C*, X is a global
minimizer. O

In the next theorem we consider the critical cases s >

N|—=

Theorem 3.2. Let % <s<1and A € N. There exists £ > 0 such that for every 0 < € < € the
set of global minimizers of &° is given by ch.
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Before proving Theorem we state and prove the following result, providing an asymptotic
“expansion” of the minimal energy &7 as ¢ — 0. To this end, we recall the definition of §(X) in
(2.41) and, for every % <s<1,06>0, we set

| log 0] if s=1

(3.2) o®(9) = o

Coe 1
gm0 2 ifg<s<L

Proposition 3.3. Let % <s<1and A € N. Then, for § small enough (depending on A and s),

) . . . s _ s > S
(3.3) llgélf (XGX[{%f(X)Sé EX(X)— Ao (6)) > C(s)o®(0),

for some positive constant C(s) depending only on s.

Proof. Let X € X" and let S(X) := {&1,...,¢éx} with 1 < K < A and &, < &y for k =
1,...,K — 1. Since the maximal distance between two consecutive particles is larger than (or
equal to) 1, we can assume without loss of generality that & > % and £ < A — %; let

1 . .
I<e<r< §mm{1’k:1r,?.l,r}<71 |€k4r1 — §k|}'

Moreover, we can assume without loss of generality that X = X°rd,

Then
(xs Ly [u (2) —u (y)?
&2(X) = 5 Z dz s~
1 Acn (&) Accen) 1Tyl
34 L i [uX (2) — uX (9)
2JOMUIL Bre)  JRUL, Baey T -yl
= I;,r,sr + Is,r,lr'

Now we estimate I, i and I7 .

To this end, we preliminarily notice that for z,y € R\ UkK:1 B:(&) it holds
(3.5) ul (2) —uZ (y) = u™ (z) —u™ (y) =z —y + 1™ (2, 9)),

As a consequence

X (1
];,r,sr = (/ d.’L‘/ |£U - y|1_23 dy
k=1 2 As,T(fk) As,r(gk)
R Er—e Er+r .
o) [ de [ ) ay
Ek—r Exte
. k—e Ep+r -
(3. vt [ de [ ey
Ek—r Erte
K N Ek—e En+r
> Z — 2m(§k)/ dm/ (y — x)_zs dy
k=1 k=T Erte
Er—e Ertr
+ﬁ12(§k)/ dx/ (y—x)" 172 dy |.
Ek—r Erte

We first discuss the case s > %
By straightforward computations, we have that

—€ T 2 _ 22—23
(3.7) lim dx/ (y —x) > dy =

e—=0 J_

(25— 1)(2— 2s)r2_28 < C(s),
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and, by Taylor expansion,

/: dz /Er(y —a) Ty = ﬁ ((2e)' 72 4 (2r) 725 = 2(e + 7))
21—25 -2
=0%(e) + m

where O, : Rt = R satisﬁeb for fixed r > 0, limsup,_,g OTT(E) =: C) < +oo. By (3.4)), (3.6), (3.7)
and . using also that I is non-negative, for € small enough, we get

(3.8)
724 0,(e),

e,rIr
X2 Y e (o) + P 0A0) ~2AC()
(3.9) k=1
>Ao’(e) + Aﬁrl_% + 0,(g) — 2AC(s),

where the last inequality follows using that 1 — 2s < 0 and that

K
(3.10) Zm2(§k) > A
k=1

If 6(X) = 0, then the inequality (3.10) is strict, whence (3.3]) immediately follows.
Assume now that 6(X) > 0; since r < §(X), taking the liminf as € — 0 in (3.9), we have

liminf( inf é”;(X)—Aﬁ(;;)) > Ay !

172 _9AC(s).
=0 \ Xexr:5(X)<s (2s — l)r ()

This concludes the proof of (3.3) for s > 3.
Now, we discuss the case s = %
To this end, we preliminarily observe that for every 0 < v < % it holds

/ da:/ — ) ?dy = 2log(y + 7) — log(2y) — log(27) = log 7 —; i} + log % —2log?2,
thus yielding
- 7 2 gl
3.11 li d —x) *dy —log — ) = —2log 2.
(3.11) lim, (/_7 xL (y—x)""dy —log 7) og
Analogously, one can check that
@12 [ / — 1) dy = 29(1 + log(21)) — 23(1 — log(27)) — 2(3 +7) log(5 + 7).

Therefore, by combining (3.6) together with (3.11]), (3.12) (applied with v = ¢ and 4 = r) and
with (3.10]), for r fixed and ¢ small enough we deduce that

K
1
(3.13) e > Y @2 (&) log - — Cy(e) = Alog = — Cy(e),
Pt € €
where C,.(¢) satisfies limsup,_,, Cr(¢) =: C, < +00. We recall that the inequality in (3.10)) is an
equality if and only if M (&) = 1 for every k = 1,..., K, namely, if X € R*. Therefore, since

I’

e,r,lr

We focus now on the case X € RA Notlce that, in view of ., the term I z

e,rlIr

depend on ¢, so that we can write I e = 17, and by (3.4) and (8.13), we get that for  small
enough,

is non-negative, we have that the claim is tr1v1a11y satisfied if X € A\ RA.

does not

(3.14) cg’gl( X) — Alloge| > I?) + Alogr — Cy.(e) for every X € R® with 6(X) > 2r.

We can assume without loss of generality that §(X) < 1. In order to prove the claim it is enough
to study the behavior of I2 as r — 0. Let 4, : (0,1) = N be the function that at any p € (0,1)

Ir
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associates the number ~,(p) of connected components of the set U§=1 Byr(zx) U Bre(z1 + A).
Trivially, the function +, is piecewise constant; we denote by 0 < p; < ... < pr < 1 the jump
points of v, and we set pg :=0and ppy1 :=1. Let 0 <n < %mianlw,L,l(le —pi). Then there
exists J! “annuli” Appi—n a0 (G5), with j=1,... JL, that are pairwise disjoint for every j and

s s
l and satisfy
A

U Br@n) €| B (¢))-
A=1 j

We highlight that, p*((2,y)) = u* (B,sv-1(¢;)) =: [p;] whenever ¢; — rPt-177 < o < (j — rP1 7"
and (; + P71 < y < (; + rP-171. Moreover, by construction, for every ! there exists (at least
one) j = 1,...,Jﬁ such that [[¢1;]] > 2 and hence |[u;]|? > |[u;]| + 3. Therefore, by (3.5), using
and , arguing as in , for 7 small enough we have that

L+1 J} X 2
dx/ I (w,ygl dy— C
=1 j=1 A PPL=N o PL—1FN (¢) Arplfn,rl’lfl‘*'ﬁ (€ |1‘ N y|

L+1 J} ¢j—rPETN CjtrPh—1tn 1
>3l Ay =
K+1  o¢j—rpt—m Cj_i_rl’zfl“l 1
—1-32/ ’ ’d:v/ T3 sdy —C
el I o I ]
K+1
>(A+3) 3 (- pior — 20)[logr| — C = (A+3)(1 - 2(K + 1)) logr| -
=1

where in the last inequality we have used that Z;-Jfl[,uj] =X ([0,A)) = A.
By the arbitrariness of 77 we have that 121r > (A +3)|logr| — C, which, in view of (3.14), for r
small enough, implies
é’j (X) — Alloge| > 3|logr| —
whence follows also in this case. This concludes the proof of the whole result. O
Proof of Theorem[3.3. By straightforward computations, for every configuration X € C* we have
(3.15) EHX) < Ao®(e) + O(s).
Let w*(-) == C( )o*(-) be the quantity in the right-hand side of (3.3 and let &
£(0

that <) 5 ( ) for every 0 < § < §. By Proposition there ex1sts E=¢
every O it holds

= 4(s) > 0 be such
5) > 0 such that for

(3.16) Xex}gf(x)<gg;(x) > Aos(e) + 2 2(5>.

Let

(3.17) 0 < £ < min {s—,g}.

By and (3.16), we have that every minimizer X of & in X' satisfies
(3.18) 5(X) >4,

and hence, in particular,

(3.19) 5(X) > 4e.

Let Rg‘ denote the class of configurations satisfying (3.18)); notice that such a set is convex if the
configurations are described in terms of the distances between nearest neighboring particles. By
(3-19), we can use (2.43)) to deduce that V2&? is strictly positive modulo rigid translations on Rg\,
whence we have immediately that there is at most one - up to rigid translations - critical point
of the energy &° in Rg\. This fact, together with (2.35) and (3.1]), yields that the set of critical



DYNAMICS OF SCREENED PARTICLES TOWARDS EQUI-SPACED GROUND STATES 19

points of &° in Ré\ coincides with C*. Now, since &7 is constant on C*, we get that C* is the set
of global minimizers of &7.
O

4. DYNAMICS

In this section we study the gradient flows of the energy functionals &° and &7.

4.1. The subcritical case 0 < s < % Here we analyze the gradient flow system of &° starting
from a regular datum X° € R*. With a little abuse of notation we say that the map t — X (t) €
RA is absolutely continuous on some interval I, and we write X € AC(I), if the maps t + x,(t)
are absolutely continuous in I (for all z € Z). Notice that, if X € AC(I), the quantities X (¢) and
V&4(X (t)) are well defined (in the obvious way) for almost all ¢ € I. In this sense we understand
the Cauchy problem we aim at studying

X(t) = -V (X(1)
(4.1) { X(0) = XO.
Notice that if we denote by V&*(X) the sequence obtained by setting 9,,, , &°(X) := 0,,8°(X)
for every A =1,..., A and for every z € Z, then the Cauchy problem above is equivalent to
X(t) = V&S (X(t))
(42) { X(0) = X°.

In view of Proposition we have that there exists 7' > 0 such that the problem admits a
unique C! (actually, smooth) solution in [0, 7).

We start by proving that the problem has (unique and C*) solution in [0, +oc) and that
the configuration X (t) is regular for every ¢ > 0.

Proposition 4.1. Let 0 < s < % Let X € RA and let Timax be the mazimal existence time for
the Cauchy problem (4.1)). Then Tyax = +00.

In order to prove Proposition we need an auxiliary result and some further notation. For
every X, Y € X? we set

N

(4.3) dist(X,Y) (Z |2grd — ygrd f)er)

Let {X"}n,en € R and X € X2, be such that
(4.4) dist(X", X) — 0 (as n — +00).

Assume that X" = (X™)'Y, X = X° and S(X) c (0,A). For every ¢ € S(X), we recall that
Tg(e) 1s the first entry of X which is equal to &, so that mg(g), ey xg(£)+m(£)_1 converge to & as
n — 4o0; for every n € N we define

§" = argmax{[t — & : t € {xf ), The)1m(e) -1}
For every n € N we define the configuration X" € XM such that

(4.5) Fy=&" if p(€) <A < (&) +m(€) — 1 for some £ € S(X).
We have, xd)(f) =& = Te) whenever m(£) = 1. It is easy to check that

1 = ~
4.6 —dist(X™, X) < dist(X™, X) < dist(X", X).
(4.6) i ( ) ( ) ( )
Furthermore, we define
(4.7) Ax(X") = Y @k -2 = Y @herme-1~ Tie)-
/\:x>\=:c>\+1 EGS(X)

Finally, for general X™ and X (not necessarily coinciding with (X™)°™d and X°', respectively),
we set Ax (X™) i= Axora((X™)0rd).
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Lemma 4.2. Let {X"},eny C RM and X € X2\ RA, be such that
(4.8) dist(X", X) =0 (as n — +00).
Then,

&5 )?n _&s(Xn
(4.9) lim (X*") (X")

Jm A (X7) = +00.

Proof. We can assume without loss of generality that X = X°™d and that X" = (X")°*¢ for every
n € N. Moreover, in virtue of the translational invariance, we can assume that x; > 0 and that
27 > 0 for every n € N.

Let M(X) :={¢ € S(X) : m(§) > 2} ={&,...,&} with & < &41. We will assume, just to
fix the notation, that £ = xZ(Eme(gj)fl for every j =1,...,J and for every n € N.

Let K := Z}]:l(fﬁ(fj) —1). Forevery k =0,1,..., K—1 there are uniquely determined integers
1<j<Jand0<!<m(&) — 2 such that

7—1
(4.10) k=Y (m(&)—1)+1,
j=1
where, for 7 = 1 the sum above is understood to be equal to zero. We define X" [k] = (27[k], ..., 2} [k]),

where

xg(gj).,_m(gj)_l if 9(&) S A< () +m(E) -1, for 1<j<j—1,
2k = At if 6(6) <A < BlE) +1— 1,
y elsewhere.

By definition, X™[0] = X™. Furthermore, we define X"[K] as
x;\L[K] — { xg(gj)+ﬁ(5j)_1 if ¢(§]) <A< ¢(£J) +m(§j) —1,for1 <5<,

xy elsewhere,
so that X"[K] = X".
We claim that, for &k as in (4.10) with [ > 1,
(4.11) &°(X"[k]) — &°(X"[k —1])
1 n n 1—2s n n
= 25(]_ _ 23) (x‘b(fi)""l - x¢(5j)+l—1) - C(Sv A)(‘xqﬁ'(g]—).H - x¢(€j)+l_1)7

and that, if k = Zg;ll(ﬁz(ﬁj) —1) for some 7=1,...,J + 1 (i.e., in the case [ = 0 in (4.10) and
k= K), then
(412) E5(X"[H]) — & (X" [k —1]) >
1 1-2;

55(1 = 25) Tole)+mEe)-1 T Tag)rmen-2) Ol M @iemien-1 T Tag)+me-2)-

We will prove only (4.11)), being the proof of (4.12)) the same up to notational changes.
For every n € N we set
I = (@56 11 To e 1), Al = I+ AZ.
= uX"[¥ and we notice that
u"[k] = u" [k — 1] + Ixap.
By arguing as in (2.4)), one can check that
& (X"[k]) — (X" [k — 1))

(413) Yy L SCES U VAR B0)
r R

For every k, we set u"[k]

|$ _ y|1+2s dy
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By arguing as in (2.5)), we get
)+ L — (u'k - 1)(y) + Lxap

|3j — y|i+2s

Let now p > 0 be such that the intervals B, (&), with £ € S(X) are pairwise disjoint and contained
n (0,A).

By construction, for every z,y € R

W= 1))+ 5~ ("~ 1)) + g xar ()] < 20

(4.15) 5

moreover, for n large enough, we have that
1
(4.16) |z —y| > 5\55 -y whenever z € I]", y € R\ B,(&).
By (4.15) and (4.16]), we deduce
uk —1](z) + L — (u"[k — 1 + Lyan
[ SRR NGRS S
s R\B, (&5

o=y

(4.17)
SCAP (The) 41 — Ties)i-1):

Now we compute

—1)(z) + & —u"[k — 1](y)
/n dx/B SENTT @~ y|1+23 dy
Toep+i-r un[k — 1)(z) + £ — u[k — 1](y)
(4.18) /n / z — |1+29 dy
£7+p unlk — 1](z) + £ — un[k — 1)(y)
/ o /<f>(§ 7+ |z — y|t T2 -

Since

ulk—1)(z) —u"k—1](y) =—-l+z—y whenever z € It", y € (§ = p, Ty 41-1);

we get
$$(§j)+l—1 ek —1 L_yn k—1
[ w1+ i - w6
. ., |z —y|t*2e
4.19 _ l s/ n n 12(5j>+l71 ]
(4.19) = =5 (I (& = p e h-1) +/ dx/ Gy
L" =P z y)

L
> =3I = P )

Moreover, we observe that
ulk—1)(z) —u"k—1](y) > 1+z—y whenever z € I/*, xg ) Sy < &G+ p.
Whence, by arguing as in (4.21)), we deduce
&tp n -1 L_ynlk =1
/ w7 )+ =l =100 |

— o 1it2:
(4.20) T (ep+ [z =gl
l S n n n n
> (5 1) (1 @y 00& + ) = C8) @hieyy a0 — Tieyy 1)

where in the last inequality we have used that

{JJFP T —
(4.21) / dz / — y|1+23 dy < =C(s)(@g(¢,)+1 — To(ey+1-1)-

45(& )+l
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Finally, by straightforward computations, we obtain

S n n 1 n n
T (& = P e 1)) < (1 = 25) (e + T To(ey)+i-1)

+C T -z
(122) () (@e,)+1 — Toie)+1-1)>

1 n n
I (@) 1158+ P)) 2 3o = 25) (Phle)+ ~ Toey+i-1)

= O() (5611 = L) +1-1)-

By (4.13), (4.14)), (4.17), (4.18), (4.19), (4.20), (4.22)), we obtain (4.11).

Let j € {1,...,J}, ¢ € {1,...,m(&)} be such that &}, ), » x(’;(g])ﬂ = > +Ax(X™); moreover,

let k be given by: k = Y_{(M(&) — 1) if ¢ = M(&) and let k = Y7 1 (M(&) — 1) + 4 — 1 if
1<g<m(§) -1

By (4.11)) and (4.12]), we have that

E5(X™) — &5(X™)

~ (XM k) — £*(X7 [k — 1))

lim inf = liminf
n—-+oo AX(X ) n—-+oo =1 AX(X )
(g)s Xn (g)s Xn
o L SO =6 Q1) gy
" T +m ~ Toe)+m—1
whence we deduce the claim. O

With Lemma .2 in hand, we are now able to prove Proposition

Proof of Proposition[{.1 Assume by contradiction ‘that the maximal existence time 7' for the
Cauchy problem (4.1)) is finite. Notice that, given ¢ > 0 there exists 7 = 7(d) > 0 such that, if
5(X(t)) > 6 for some ¢ > 0, then T' >t + 7. By definition of maximal time, this implies that

lim 6(X(t)) =0,

t—T—

which, by Proposition yields

(4.23) lim |[V&*(X(t))] = +oo.

t—=T—

Since X solves the Cauchy problem (4.1) and & is bounded from below, we have that X is an
absolutely continuous function in [0, 7] and that for all ¢ € (0,T")

EXT) —&XW) [, £ (X (0)]do
dist(X (1), X(T)) dist(X(¢), X(T))
LT 1X @)V (X (0)|do

dist(X (), X (T)) = *ae(t )

V& (X ()]

By we get
&*(X(T)) — £°(X (1))

(424) S dst(X (), X(T) o

Let now {t"},en be a sequence of non-decreasing times such that " — T~ (as n — 4o00). For
every n € N we set X™ := X (¢"). Recalling the definition of X" in (4.5)), by Lemma we have

(4.25) lim £°(X(T) - &°(X)

= =C eR.
n—too  dist(X", X (7))
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Moreover, by Lemma &5(X™) — &5(X™) > 0 for n large enough. Therefore, in view of (4.24)
and (4.6]), we have
s _ s n
ol ST -
n—too  dist(X", X (7))
E5(X(T)) — &5(X™) dist(X™, X(T))

(4.26) E3(X") — £5(X™)

> liminf ~ lim inf
=B T gt X () Gst(X7, X(T)) | noie dist(X7, X (1))

thus getting a contradiction. Therefore T' = 400 and §(X(t)) > 0 for every ¢ > 0.

For any given X € X we set
(4.27) bar(X) := (X -e)/Z.
The next result provides the convergence of the gradient flow solution to a global minimizer, with

(optimal in A) exponential decay.

Proposition 4.3. Let X € R® and let X be the unique (up to permutations of the indices)
configuration in C* having the same barycenter as X°. Then, denoting by X = X (t) the unique

solution to the Cauchy problem ({4.1)) we have
dist(X (£), X*°) < dist(X0, X°)e VA1
where y(s) is the constant in (2.15)).

Proof. We set X2 := X2 /(Re) and R® := RA/(Re). For every X € X we denote by X the
A-periodic extension of X — (X - e)e and by X the corresponding element in X'*; in this sense,
X provides the canonical representative of the equivalence class [X] of X in XA, Let &5 : XN >
[0, +00) be defined by &([X]) := &%(X). Since V& (X +7) = VE(X) for all 7 € R we clearly
have

(4.28) VE(X) e =0,

whence we deduce that V&*([X]) = V&*(X). From now on we will identify [X] with X.

Let X = X (t) be a solution to ([@.1)). By ([#28), we have that (X -¢) = X -e = —~V&*(X)-e = 0,
so that bar(X (t)) = bar(Xy) for every ¢ > 0. Moreover, by Propoiition and by we have
that dist(X (t), Xo) — 0 as t — 400 . By the very definition of X we have

X=X~ (X e)e=—(VE(X) — (VE(X) - e)e) = —VE(X),

so that dist(X (), Xoo) — 0 as t — +oc. Finally, by (2.13) we have that &* is strictly convex on
RA and by (2.15)), using Gronwall inequality, we get that

dist(X (), Xoo) = dist(X (1), Xoo) < dist(Xo, Xoo)e™ TN = dist(Xo, Xoo)e OO,
O

4.2. The supercritical case % < s < 1. With the notation introduced in Section we will
study the gradient flow system of the energy &° in (|L.5)) for % <s<lande>0

X(t) = -Vé&(X (1)
(4.29) { X(0) = X0,
where X% € XA, Notice that by Proposition for every X9 € XA, the Cauchy problem ([4.29)
admits a unique and C* solution X. = X_(¢) in [0, +00).
The next result concerns the convergence of the gradient flow solution to a minimizer of the
energy. Before stating it, recall the definitions of bar(:) and of dist(-,-) in (4.27) and (4.3),
respectively.
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Proposition 4.4. Let % <s<1andlet X° € RA. There exists & = £(s, X°) > 0 such that, for
every 0 < € < &, denoting by X, = X.(t) the unique solution to we have that X.(t) € RY
for every t > 0. Moreover, denoting by X>° the unique - up to a permutation of indices - element
in CM such that bar(X>°) = bar(X°), we have that

QSt

(4.30) dist(X.(£), X™°) < dist(X?, X®)e 1A
where y(s) is the constant in (2.43)).

Proof. 1t is easy to see that still holds true with X replaced by X° and C(s) replaced by
some constant C(s, X9). Let w®(-) := C(s)o*(:) be the quantity on the right-hand side of
and let § > 0 be as small as required in Proposition and such that C(s, X°) < @ We first
show that, for € small enough,

(4.31) 0(X:(t)) > for every t > 0.

Indeed, assume that (4.31)) does not hold true at some time ¢. > 0; then, since the energy is
decreasing along the flow, Proposition would yield (for e small enough) the following contra-
diction

w*(4)

(4.32) Ao®(e) + — < EN(X (1) < E5(X0) < Aot(e) + C(s, X0) < Ao®(e) + w'(9) )

2

Let Rg\ denote the class of configurations X satisfying §(X) > 0; assuming 4¢ < 4§, we can use
([2.43) to deduce that V2&* is strictly positive modulo rigid translations on R{;‘, whence, together
with (2:35) and (3-1), we deduce that the set of critical points of & in R% coincides with CA.

Finally, by arguing verbatim as in the proof of Proposition using ([2.43)) in place of (2.15)), we
obtain the second part of the statement. O

Finally, we analyze the behavior, as e — 0, of the solutions X, = X_(¢) of the Cauchy problem
(4.29). To this end we introduce the following notation. Recalling Remark we can define for
1< s < 1, the functional .Z° : X* — R as

2
F3(X) = (= A)*uX ().

Proposition 4.5. Let £ < s <1 and let X° = (X°)°"d € RA. For every e > 0, let X. = X.(t)
be the unique solution to the Cauchy problem (4.29). Then, X. converges uniformly in [0, +0o0)
(as € — 0), with respect to the distance dist(-,-) in (4.3)), to the global solution Xy of the Cauchy
problem

(4.33) { X = —7°(X)

X(0) = XO.

Proof. By there exists & > 0 such that, for € small enough, the trajectories X, lie in the
set R4 of configurations X satisfying 6(X) > §. By Remark and by , we get that V&7
converge uniformly to .#* in Ré\. As a consequence, the Cauchy problem admits a global
solution X and the trajectories X, converge locally uniformly to Xy as ¢ — 0. Finally, in view
of the uniform rate of convergence of X (t) to X*° as t — +o00, the convergence of X, to
X is uniform on the whole half-line [0, 4+00). O

Remark 4.6. Let % < s < 1. Given ¢ > 0 and recalling that Rg‘ denotes the class of configurations
X satisfying §(X) > &, we have that V& converges, uniformly in R4, to #* (ase — 0). Therefore,
&2—C(g, s, \), for suitable choices of the constant C(g, s, A), are uniformly bounded (and uniformly
Lipschitz) in R%. Clearly, the constant C(g, s, A) can be chosen equal to &*(C*); in fact, one can
check that &°(C*) — Ao®(e) converge (as € — 0) to a constant, so that C(g, s, A) could equivalently
be chosen equal to Ao?®(e). Therefore, setting #.° := &2 — Ao®(e), by Ascoli-Arzeld Theorem, we
have that, up to a subsequence, #.° converge uniformly in RS to a function #¢ (as e — 0).
Moreover, by uniform convergence of the gradients, V#; = .#°. As a consequence, the limit
function %’ is uniquely determined, up to additive constants, and in fact, using that the whole
sequence #.°(C™) converges as € — 0, we have that #{° is uniquely determined. As a consequence,
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the whole sequence #° converges to #° as € — 0. In this respect, the solution Xy of (4.33) is the
gradient flow of the renormalized energy ¥ starting from X°.
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