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1. INTRODUCTION

This note deals with the Generalized Aw-Rascle-Zhang model introduced in [4], namely

Oy —1—893[‘/( 7“) ]:0
(1.1) { 8tZ+V(p,anxup: 0.

In the previous expression, the unknown p : Ry x R — R denotes the density of cars, and V their
velocity, whereas the unknown u : Ry x R — R represents the driving style of drivers (for instance,
their empty road velocity, that is the velocity they choose when the road is completely free). As such,
it is a Lagrangian marker governed by the transport equation at the second line of (1.1), whereas
the first line of (1.1) expresses the conservation of the total amount of cars. System (1.1) is formally
equivalent to the system of conservation laws

Op + 0:[V(p,u)p] =0

which, contrary to (1.1), admits a standard notion of solution in the sense of distributions. In the
following we will be only concerned with solutions (p, u) such that u is a Lipschitz continuous function,
and hence we will use the formulation (1.1) rather than (1.2): the second equation of (1.1) will be
satisfied as an identity between L functions. The use of (1.1) eases the analysis of the vanishing p
case, which requires special care when one uses (1.2).

In this note we deal with the Cauchy problem posed by coupling (1.1) with the initial data

(1.3) p(0,+) = po, u(0,-) = o,

and, as in [4], we assume, in view of modeling considerations, that

(1.4) 0<po<1, wy€L*R), up>0

and that!

(1.5) VeC*R%4R), V>0, V<0, V>0 V(1,w)=0for every w,

where 01V and 02V denote the partial derivatives of V' with respect to p and u, respectively. In the pre-
vious equations and in the following we normalize to 1 the maximal possible car density, corresponding
to bumper-to-bumper packing.

In the present note we establish well-posedness results for (1.1),(1.3) in a suitable class of functions.
Our analysis is motivated by the companion paper [8], to which we refer for a wider description of the

*: corresponding author.

o simplify the exposition we require that the conditions (1.5) are satisfied on the whole R?. In the following however
we show that the entropy admissible solution (p,u) € [0,1] X [0, |[uo||ze=] and hence as a matter of fact it suffices to
require that the conditions are satisfied in that range.
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model and a more complete list of references. Here we only refer to [5] for an in-depth introduction to
traffic flow models.
First, we define our notion of solution of (1.1).

Definition 1.1. We term (p,u) € L2 (Ry x R) N CY(Ry, LL (R)) x WI®(R4,R)) an entropy ad-
missible solution of (1.1) if the equation at the first line is satisfied in the sense of distributions, the
second as an equality between L™ functions, and the following entropy condition holds:

(1.6) Otlp — k| + 0y [sign[p — K[V (p,w)p — V(k, u)k‘]] + sign[p — klkDoV (k,u)0,u < 0
in the sense of distributions on Ry X R, for every k € R.

Note that, since p € C°(R4,L{ (R)) and u is a Lipschitz continuous function, we can give a
meaning to the values p(¢,-) and wu(t,-) at every t. An entropy admissible solution of the Cauchy
problem (1.1),(1.3) is then an entropy admissible solution of (1.1) which attains the initial datum (1.3).

With the above definition in place, we can now state our well-posedness result.

Theorem 1.2. Assume V satisfies (1.5) and that the initial data (po,uo) satisfy (1.4), po € BV (R)
and

(1.7) ug € WI°(R), up = z0p0, 20 € L¥(R)
and
(1.8) 20 = potbo, for some Yy € L¥(R).

Then there is a unique entropy admissible solution of (1.1),(1.3) in the class of functions (p,u) €
L2 (Ry; BV(R)) x L®(Ry; WI°(R)) such that Oyu = pz with z € WI®(Ry x R). Also, this unique
solution satisfies

(1.9) 0 <p <1, TotVarp(t, ) < D(t), for everyt >0,
(1.10) 0<ug < luollzee, 2l < Nl20llzee,  Buz = ptb,  [[9]lzee < [[Y0llzee,

where D(t) is a suitable constant depending on t,V, | po||r1, |20llee, [|to]|L and TotVarpy. Given
T > 0, we also have the stability estimate

(L11) flua(#,-) = ua(t, o +llpr(t: ) = p2(t, )l < K |[[ua(0,-) = u2(0, ) [[co +[lp1(0; -) = p2(0, ')HLl]

for every t € [0,T], where K is a suitable constant only depending on V and on the quantities

T 019i(0, I, 12600, ) [oe, 16600, )| oe, TotVar py(0,-) for i = 1,2.

As mentioned before, the primary motivation for our analysis comes from [8], where we recover (1.1)
as the local limit of a nonlocal model. In the proof of the uniqueness part we adapt an argument due
to Tveito and Winther [13], whereas the proof of the existence part is based on an iteration argument
as in [8]. We conclude this introduction with a comparison with some previous works.

Comparison with works on a model for polymer flooding in oil recovery. System (1.1) has
been extensively studied as a model for a multiphase flow used in oil recovery, see for instance [6, 12, 13]
and [10], the last one also containing and in-depth discussion on an extended list of references.

As pointed ou for instance in [12, §3], (1.1) is an hyperbolic system of conservation laws in the
variables (p,m = pu). The eigenvalues of the Jacobian matrix of the flux are \; = V 4 p0;V and
A2 =V, and hence the systems is strictly hyperbolic if for instance p is positive and bounded away from
and 0 and 01V < 0, a strictly stronger condition than the third one in (1.5). The second characteristic
field belongs to the Temple class (that is, integral curves of the eigenvectors are straight lines), and is
genuinely nonlinear under assumptions that are fairly reasonable in the traffic flow framework. The
second vector field is linearly degenerate. When the system is strictly hyperbolic, the by-now classical
Glimm-Bressan theory applies, see [3], and yields global-in-time existence and uniqueness for small
total variation data.
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By using the special structure of (1.1), various works like [6, 12] established global-in-time existence
results under much more general assumptions on the data. The reason why we could not directly
apply these results is because they impose conditions on the function V' that are natural in view of
applications to oil recovery, but not so much in the vehicular traffic framework, for instance they
typically require that the function p — pV'(p,u) is s-shaped. Note, however, that these assumptions
imply that there is a curve inside the range of values that the solutions attain where the eigenvalues
switch order (that is, A\; < A on one side of the curve, and A\; > Ay on the other side). Conversely, in
the traffic flow framework, strictly hyperbolicity is lost on the boundary of the phase space domain,
which in principle should make the analysis easier. It seems, therefore, reasonable to expect that one
could, for instance, adapt the techniques of [6, 10, 12], and obtain global-in-time existence results
under assumptions that are natural in view of applications to traffic flows. Note, however, that the
uniqueness result in [13] requires much stronger regularity on w than the one given by the existence
results in [6, 12], and this higher regularity is also what we need in the nonlocal-to-local limit result
in [8]. We also refer to [11] for uniqueness results for the Riemann problem.

Wrapping up, the novelties of the present note are that we adapt the uniqueness result in [13] to cover
assumptions that are natural in the framework of traffic models, and that we provide a new global-
in-time existence proof (under restrictive assumptions on the initial data), based on a argument very
different from the one in [12]. Using the formulation (1.1) allows us to avoid the problems stemming
from the fact that the function u obtained using (1.2) is not uniquely defined on the sets where p
vanishes. We also refer to the ongoing project [1] for other results on the Generalized Aw-Rascle-
Zhang system.

Outline. The exposition is organized as follows. In §2 we establish the existence part of Theorem 1.2,
in §3 the uniqueness and stability part.

Notation. We denote by C(aq,...,a,) a constant only depending on the quantities ay,...,a,. Its
precise value can vary from occurrence to occurrence.

2. EXISTENCE

To establish the existence part of Theorem 1.2 proceed as follows: in §2.1 we construct the approx-
imating sequence, in §2.2 we pass to the limit and in §2.3 we establish the proof of Lemma 2.1.

2.1. Construction of the approximation. First of all, we point out that with no loss of regularity
we can assume that the initial datum is compactly supported, that is

(2.1) po(z) = 0 for a.e z ¢ [—R, R] for some R > 0.

Indeed, once we establish the existence part of Theorem 1.2 under the further assumption (2.1), we
can remove it by relying on a fairly standard approximation argument. We then proceed according to
the following steps.

Step 1: we set pi(t,z) := po(x), ui(t,x) = up(x). Next, we fix 79, to be determined in the following,
and (pp, u,) satisfying

(22) 0<pp<1on0,70[xR, |[pt )lzrw) < llpollzr, TotVarp,(t, ) < Mo for every t €]0, 7],
with My to be determined in the following, and

(2.3) [unllree < lluollree,  Oztn = pnzn, llznllLe < ll2ollL~
(2.4) Op2n = pn¢na ”wnHL"O < HwOHL"O'

On the time interval ¢ €]0, 79[, we construct p,41 as the entropy admissible solution of the Cauchy
problem

Otpn+1 + Ou[V (png1, Un)pns1] =0
(2.5)
Pn+1 (07 ) = P0,
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which immediately yields

(2.6) [ont1(ts )l < llpollzr-
Step 2: we show that
(2.7) 0 < pp+1 < 1on |0, 7m[xR.

Towards this end, we point out that the definition of entropy admissible solution (1.6) is equivalent to
requiring for every k € R the equations

(2.8) Bilp — K|* + 8, [npzk [V(p,u)p — V(k, u)k]} + 1,5,k (k, u)Opu < 0

and

(2.9) Bulp— k™ — 0y [npgk [V (p,u)p— V(k, u)kﬂ — 1, kD V (e, u)dpu < 0,

are both satisfied in the sense of distributions. In the previous expression []* and [-]~ denote the

positive and negative part, respectively. By space-integrating over R the inequality (2.8) with £ =1
and recalling (1.4) and the identity V(1,u) = 0 we obtain the upper bound in (2.7). By doing the
same to (2.9) with k£ = 0 we get the lower bound. This handwaving computation can be made rigorous
by (for instance) a fairly standard vanishing viscosity approximation argument.

Step 3: we establish a bound on the total variation of p,+1. Again, we only provide a formal proof,
which can be formally justified through a standard vanishing viscosity argument. We set 0ppn+1 1=
Tn+1, which yields

0 = Oyrni1 + 0u[V(Pnt1, un)rnia] + 02[02V (Pt tn) prsa]
(2.10) = Oyrnt1 + O | [V (pnt1, un) + 01V ppi]rns | + 02[02V 0ptin .
By recalling that d,u, = ppz, we get
0z [V Optin pnt1] =[021Vrnt1 + 022V Optin | Ontin prt1
+ 092V ppt1[0n2npn + 200spn] + 2V Optinrni1

and by plugging the above formula into (2.10), multiplying times sign[r,+1] and space integrating we
get

(2.11)
d
g [ reattaide < 1ol lpniallioe (1027 lco [ 1rnia(talids + [0Vl [ [0yt

T 182V ool | [naxznumupnuﬂ +lanlis [ 10apae x>|dx]

189V o B tin | / oy (£ )| da
R

(2.2),(2.3),(2.4)
< C(V. |20l =) /R rns1(t, 2)|dz 4+ C(V; || 20| o<, 190l o< lpoll 1) + C(V, || 20l Lo ) Mo.

By applying the Comparison Theorem for ODEs we conclude that

(2.12) S }/ |Fnt1(t, @)|da < [TotVar po] exp(Co) + [Mo + 1)[exp(Co) — 1],
te[0,70] /R

for some C' = C(V, ||20]| 1o |0 >+ |pol| ,1). We now set
(2.13) My := 4TotVarpg + 4
and choose 7y in such a way that

(2.14) lexp(Co) — 1] < 219 < 12



and by using (2.12) we arrive at
(2.15) TotVar pp41(t,-) < [1/2+ 1]TotVarpg + 1/2[My + 1] < My for t € [0, 10].

Step 4: we define u,41. Note that we cannot exactly rely on the classical method of characteristics
owing to the low regularity of p,4+1 and henceforth of the vector field V(pp41,un). To circumvent this
obstruction, we consider the Cauchy problem obtained by coupling the equation

(2.16) Otlvnt1] + 0z[V (pnt1, un)vns1] = 0

with the initial datum v,41(0,-) = topo. Given (2.5), existence and uniqueness results for (2.16) are
available under very weak regularity assumptions on V(pp41, up) and pp41, see [9, §4]. In the following
for technical reasons we rely on [2, Theorem 2.5] applied with p = py11, b = V(pp+1, un). We conclude
that there is a unique solution of the Cauchy problem satisfying |v,+1| < ||[¢o||Lo prn+1. Note by setting
Upt1 1= Yt fpiq if ppy1 > 0 and 941 = 0 otherwise we obtain

(2.17) Unt1 = Unt1Pn+1, [¥ntallzee < lltbollzee

Note furthermore that |[vn41(t, )|z < [¥n+1(ts )l zeellon+1(E, )l < [[YollLeelpollL1-

To define z,11, we point out that, owing to the identity z, = potbo and to the L' and L> bounds
on pg and v, respectively, the function zy is of bounded total variation and hence the limit z,, =
lim,_, o 2z0(z) exists and is finite. We then set

x

(2.18) Zn+1(t, ) = 200 +/ Prt+1Vn+1(t, x)dx,

—0o0
which is an L>®°(R,; WH*(R)) function owing to the L' and the L> bounds on p,41 and 1,1, and
furtheremore satisfies the initial condition z,+1 = 2z¢t)p due to (1.8). Note that, owing to (2.16), we
have the identity

(2.19) Otznt+1 + V(pnt1,Un)0zzny1 =0 ae. (t,x) € Ry xR.
We now want to establish the estimate
(2.20) |2n+1(t, )| < ||20||L for every (t,2) € Ry x R.

If V(pnt1,un) were a regular vector field, we could apply the classical method of characteristic
and (2.20) would straigthforwardly follow from (2.19). Owing to the low regularity of V(pn+1,uy), the
proof of (2.20) is slightly more involved, and we now provide its details.

We fix a test function ¢ and use pz,+1 as a test function in the definition of distributional solution
of (2.5). We conclude that v,11 = ppt+12n+1 satisfies the very same continuity equation (2.16), now
coupled with the initial datum ppzg. We apply again [2, Theorem 2.5] and conclude that the Cauchy
problem obtained by coupling (2.16) with the initial datum ppzp admits a unique solution satisfying
|Un+1| < Mppy1 for some M > 0, and that one can take M = ||2p]|L~. By uniqueness, this solution
must coincide with pp412n+1, and this implies that

(2.21) |Zng1(t, )| < ||20]| e for pni1L? ae. (t,z) € Ry x R.

We now show that (2.21) implies (2.20). We fix ¢t > 0, and point out that owing to (2.18) z,+1(¢,-) is a
Lipschitz continuous function. Let A;,,11(t) denote the open set of x-s such that z,41(¢t, z) > ||z0/ze-
We decompose A,11(t) as a countable union of disjoint intervals,

Ana(t) = | T
k=1

We now fix k£ € N and assume by contradiction that Zj, # (. If Z;, = R, then owing to (2.21) we have
pn+1(t,-) = 0 a.e on R, and owing to (2.18) this yields zp4+1(t,:) = 200. Since zo is the asymptotic
state of zp, then |zo0| < ||20]|z and hence this contradicts the definition of A,41(¢t). If Zp # R, then
Tx =lag,br| and at least one between ay and by is finite. Just to fix the ideas, let us assume that
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ar € R, then we observe that owing to (2.21) we must have p,+1 = 0 a.e. on Ap41(t). We conclude
that for every = € 7, we have

X
zn+1(t,ak)+/ Up41(t, x)dx

ag

[2n1(t,2)| =

xr
< lena(ta)] + [ Wil pusn (t5) do
ag -0
= |znt1(t, ax)| < llzollze~,
where in the last equality we have used that ay ¢ Ap4+1(f). This contradicts the definition of A,y (%)

an hence establishes (2.20).

We now set
X

(2.22) Up+1(t, @) = Uso +/ Znt1Pn+1(t, x)de,

—00
where uy, is the limit at —oo of function ug, which is of bounded total variation owing to the identity
ug = pozo. By following the same argument as before we get?

(2.23) 0 < Unsa(t,) < [luo e
and also

(2.24) Optn+1 + V(pn+1, Unt+1)0zstunt1 =0 ae (t,x) € Ry x R.
Note furthermore that the previous analisis yields

(2.25) OpUnt+1 = Prt12n+1

and

(2.26) Orznt1 = pny1¥n+1,  [[¥ntallzee < [0l

Step 5: by combining (2.6), (2.7) and (2.15) we get that p,41 satisfies (2.2), by combining (2.25),(2.23)
and (2.26) we get that u,4 satisfies (2.3) and (2.4), which implies that we can iterate the construction
for every n € N.

2.2. Passage to the limit. We fix the same 7y as in (2.14). We recall the bounds (2.7) and (2.15)
and control the time derivative by using the equation at the first line of (2.5) combined with the
Volpert Chain Rule and the bound on 9,u, obtained by combining (2.20) and (2.25). We apply the
Helly-Fréchet-Kolmogorov Compactness Theorem and we conclude that there is {p,, } such that

(2.27) pn, — p strongly in L*([0, 7] x R),

for some limit function p such that TotVarp(t,-) < My for a.e. ¢ € [0,7]. Note that the above
convergence occurs in L' and not only in L = because owing to (2.1) for every ¢ € [0, 7] the function
pny1(t,-) vanishes outside the interval [~ R, R] for some R depending on R and 7y but independent of
n.

Next, we recall the bound (2.25), the identity 0yzn+1 = pn+1¥n+1 (which follows from (2.18)) and
the bound in (2.17). We also use the equation (2.19) to deduce a uniform bound on the time derivative.
We apply the Arzela Ascoli Theorem and conclude that there is subsequence (which to simplify the
notation we do not relabel) such that {z,,} converges to some limit function z uniformly on the
compact subsets of [0, 7] x R. Note furthermore that J,2y, an 0z, converge to 0z and Jyz weakly*
in L>°([0,70] x R) and that we have the identity 0,z = pt, where v is an accumulation point of the
sequence {¢n nen in the weak™ topology and as such satisfies the bound in (1.10).

By combining (2.27) with the uniform convergence of {z,, } we can pass to the limit in the iden-
tity (2.22) and conclude that the sequence {u,, } converges uniformly on [0, 7] X R to the limit function

T

(2.28) u(t, ) = Uso —l—/ zp(t, z)dx.

— 00

2Note that the bound from below in (2.23) is not mentioned in the statement of [2, Theorem 2.5], but it is a straight-
forward consequence of the proof, given that ug > 0.
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By passing to the limit in (2.23) we obtain the first two inequalities in (1.10). Assume for a moment
that we have shown that the sequence {u,,_1} converges to the very same limit u given by (2.28)3
Then we can pass to the limit in the distributional formulation (and in the entropy inequality) for the
equation at the first line of (2.5) and obtain an entropy admissible solution of the equation at the first
line of (1.1). By passing to the limit in the identity (2.24) we also obtain the equation at the second
line of (1.1). Note furtheremore that the identity 0,u = zp and the bound ||z||z~ < ||z0||ze directly
follow from (2.28) and from (2.20) and the uniform convergence of {z,, }.

The above argument establishes existence of an admissible solution of the Cauchy problem obtained
by coupling (1.1) with (1.3) defined on the time interval [0, 7p]. To define a global in time solution,
it suffices to point out that the value of the constant C in (2.12) and henceforth the value of 7
in (2.14) does not depend on the total variation of the initial datum. By using the bounds (2.21)
and ||p(t, )|l .2 < llpollz: we conclude that the constants C' and 7y only depend on quantities that are
preserved by the admissible solution and hence that we can iterate the construction and in this way
establish global in time existence.

To conclude the proof of the existence part of Theorem 1.2 we are thus left to show that the sequence
{tn, —1} converges to the same limit as {u,, }. Towards this end, we introduce the functional

P (t) = [[[pn — pur1(t, )21 + [[[Osun — Opun—1](t, )| L1
and introduce the following result.
Lemma 2.1. We have

(2.29) lim ®,(t) =0 for everyt > 0.

n—+00

We pospone the proof of Lemma 2.1 to the next paragraph and we now show that (2.29) implies the
sequence {uy, 1} converges to the same limit as {uy, } on [0, 7] x R. We recall that, owing to (2.22),
lim, oo un(t, ) = U for every n and every ¢ € [0, 79|, which in particular implies

(2.30) |t — tn—1l|co < ||0ptin — Optin—_1]|1-

By combining (2.30) with (2.29) we then conclude that limy, 4o ||un(t, ) —un—1(t,-)||co = 0 for every
t>0.

2.3. Proof of Lemma 2.1. We apply the stability result proven in [7, Theorem 2.6] (see also Remark
2.8 therein about entropy solutions) for conservation laws with space-time dependent fluxes P =
P(t,z,p), Q = Q(t,x,p). In our setting the fluxes take the form

(tv x, P) = P(t7 z, P) = Pn+1V(Pn+1a Un(t, SU)), (tv x, P) = Q(tu x, P) = Pn—i—lV(Pn, un—l(t) IE))
and the stability estimate in [7] implies that for every ¢ > 0 we have
(2.31)

/R|pn+1<t7x) - pn(tvx”d‘r < /R|pn+1(07‘r) - pn(07$)’d‘r
=0

+C(V)/O (lzn(s)ll 2o + Hzn—l(S)HLoo)/R\pn+1(87:c)—pn(sjw)ldwds

¢ ¢

+ C’(V)/ / (|Optin||tn, — Un—1| + |0ty — Optn_1]) dzds +C(V)M0/ | (un(s,+) — un—1(8,-))||z ds
o Jr 0

<[0stin—Baten—1)(5:) 1 by (2:30)

=J

3By compactness, {un,—1} converges up to subsequences to some limit function v, but in principle v and v could be
different.
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where M is the same as in (2.2). We now control the term J as follows:
t t
J< / [t — tn1](5, )| 1oe / Outin| (5, 2)da ds +/ 1Bt — Dutin_1](5, ) 11 ds
0 R 0
(2.32) <|lzoll o llpoll .1

(2.30) t
< C(IZoIImI!ﬂoI!LI)/O [[Oztin — Optin—1](s,-)||L1ds,

and conclude that

(2.33) /R pri(£,@) = palts@)ldz < C(V, Mo, |20 <. 1ol 1) /0 B, (5)ds
We now point out that
[0sttn — Batin-)(t, V2 = llomzn = purn 1] ()l
2,30 - Jg)[ = st M + s = ol
< oalen = 2l + COV Mool Imlsn) [ ®uca(s)ds
and that

at[pnzn] + 335[‘/(,07“ unfl)pnzn] = 07 at{pnflznfl] + 8x[V(Pn—1, un72)pn712n71] = 0,

which implies (by using the equation for p, and p,_; and the Volpert Chain Rule)

0= 0t [pnlzn — 2n-1]] + ¢ [zn-1[pn — pn—1]] + 02 [V (P, un—1)pnlzn — 2n—1]]
+ Oz [anl[V(Pna Un—1)pn — V(pn-1, unﬁ)ﬂnfl]]
= O [pnlzn — 2n-1]] + Orzn—1lpn — Prn1] + 20-10t[pn — pu—1] + Oz [V (pn, n—1)pulzn — 2n—1]]
+ 0201 [V (pns tn-1)pn = V(pn—1, un—2)pn—1] + 2010z [V (pn; tin—1)pn — V(Pn—1, Un—2) pn—1]

2.
(:5) 815 [pn[zn - Zn—l]] + atzn—l[pn - pn—l] + aa: [V(pna un—l)pn[zn - Zn—lH
]

+ aarzn—l[v(pn7 un—l)pn - V(pn—la un—2)pn—1

(2;9) az‘, [pn[zn - anl]] - V(Pn—h uan)azznfl[,On - pnfl] + a:): [V(Pn, unfl)pn[zn - anlu

+ Op2n—1 {V(pna Unfl)pn - V(Pnfly uan)pnfl]-

By recalling the equation (2.5) for p,, and the Volpert Chain Rule we infer that the Lipschitz continuous
function z, — z,_1 satisfies

0=pn [at[zn - anl] + V(Pna unfl)a’r['zn - anl]] - V(Pn—h Uan)axanl[Pn - pnfl]
+ axznfl[v(pna Unfl)pn - V(pnfla uan)pnfl]a

which by multiplying times sign(z, — z,—1) yields

0=pn [8t|zn - Zn71| + V(pn> unfl)aﬂzn - anlﬂ - Sign(zn - anl)v(,onfla un72)axznfl[,0n - pnfl]
+ Sign(zn - anl)axznfl[v(pna Unfl)pn - V(pnfh Un72)pn71] =0.

By using again the equation for p, we then arrive at

0= 8t [pn|zn - Zn71|] - SigH(Zn - anl)v(pnfla un72)axznfl[pn - ,Onfl] + 81 [V(Pn, unfl),on|zn - anl‘]
+ Sign(zn - anl)axznfl[v(pny unfl)pn - V(pnfla Uan)Pnfl]



and by integrating the above inequality in space and time we arrive at

(2.35)
t t
/ puln — 2n| () < C(V)| 92| 1oe ( / / |pn — po_|dzds + / / pnun_l—un_guxds)
R 0 R 0 R
(2.7),(2.17)

t
< oW ol /0 /R o — po_s|dads
t
OV, ol ) /O Nttt (5,7) — tin—a(s, ) e / pu(s,2)dx ds

R
—_——

<llpoll 1

(2.30) t
< eV, ol Ipolli) /0 B,y (5)ds

By recalling (2.33) and (2.34) we eventually conclude that
t

t
B,(t) < C(V. Mo, [1z0l] - 1ol 1) / Bo(s)ds + C(V, ol =) / By (s)ds,
0 0

which owing to the Gronwall Lemma implies that for every 0 < 7 <t we have

By () < () exp (C(V Mo, |20l o< [lpoll 1)t — 71)
(2.36) + C(V, Mo, | 20]l 2= llpoll 1) [exp (C(V, Mo, [|20]| o<, [ ooll 1) [t — 71) — 1] sup ®,_1(s).

s€E[T,t]
We now argue iteratively: first, we choose 7 =0 and § > 0 in such a way that
lexp (C(V, Mo, |1z0ll 1 llpoll+8) — 1] < 112

Owing to (2.36) and to the equality ® (0) = 0 this implies sup,cp 5 Pn(t) < 1/25upseio ) Pr—1(t)
and hence, by induction on n, supcjo 5 Pn(t) < (1/2)" supsejo s Po(t). Next, we plug this inequality
into (2.36) applied with 7 = ¢, and get

sup ®,(£) < 3/2(1/2)" sup o) +1/2 sup Dno1(t),
te[6,20] te[0,d] te[6,20]

which by induction yields sup;c(s o5 Pn(t) < (1 + 1)(1/2)"[3/25upsc(o,26) Po(t)]. By iterating the above
argument we arrive at (2.29).

3. UNIQUENESS AND STABILITY

We follow the same argument as in the proof of Lemma 2.1 and we provide the details for the sake
of completeness. We fix T' > 0 and t € [0, 7] and we apply [7, Theorem 2.6] with

(t7$7p) = P(t7x7p) = pv(pv ul(tvx))7 (t,l‘,p) = Q(t,x,P) = pV(ﬂ? 'LLQ(t,ZC)),
which yields
(3.1)

[lorta) = patt.aldo < [ 1pa(0.0) = paf0. )
R R
t
o) /0 (1)l + [122(3) 1) /R 1p1(s,2) — pa(s, @) duds

t
CV, Ipr e lp2lle) / / (10tus] s — uz] + |Our — Dyua]) drds
0 R

=L

t
CV, llprllzee; llp2llzee) Mo /0 [(ur(s, ) —ua(s, )l Lds
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where M) is such that TotVar p1(s,-) < My and TotVar pa(s,-) < My for every ¢t € [0,T]. By using the
identity Oyu1 = p121 and the estimate ||p1(¢,-)||z1 < ||pol|1 we control the term L as follows:

(3.2 L < llpollpr 121 e / s — wsl(s, e + / 82t — Bytus](s, )| 2.
We now want to show that
(3.3) HIEI uy(t,x) = EIP u1(0, ), hm us(t,z) = 1ir_n u2(0,z) for every ¢t > 0

Note that all the above limit exist and are finite because u;(¢,-) and wa(t,-) are all functions of
bounded variation owing to the identities d,u;(t, ) = p;zi(t,-) and to the L' and L> bounds on p; and
z;, respectively. By contradiction, assume that there is ¢ > 0 such that one of the equalities in (3.3)
fails, for instance limg_, oo u1 (¢, ) # limy—, oo w1 (0, )(x). This yield the existence of ¢ > 0 and d > 0
such that

R+1

(3.4) / |ui(t,x) —u1(0,z)|dr > d for every R sufficiently large.
-R

On the other hand, by using the equation at the first line of (1.1) we have

—R+1 —R+1 R+1
/ lui(t, z) — up (0, z)|dz :/ / Oruq (7, x)dr| dzx < / / V(p1,u1)0zuq (1, 2)|drdz
_ —-R 0

R
—R+1
< C(V)/ / |Ogui (T, z)|drdx — 0 as R — +00.
0 J—-R

To establish the convergence at the last line of the above expression we have used the Lebesgue
Dominated Convergence Theorem combined with the identity O,u1(t,-) = p121(t,-), which dictates
(owing to the bounds on p; and z;) that d,u; is a bounded and summable function. The above
convergence contradicts (3.4) and establishes (3.3). By using (3.3) we then get

(3.5) [[(ui(s, ) = ua(s, )L < |utoo — Uzoo| + [|Gzur(s, ) — Ozua(s,-)|L1,
where u; denotes the asymptotic state of u;(0,-) as x — —oo. We now point out that
(3.6) 1021 — Opuz|lpr = [lp121 — p2zallr < llprlz1 — 2ol o + l[22l e llpr — P2l 12

so we are actually left to control ||pi[z1 — 22]||;1. By combining the equations at the first and second
line of (1.1) with the identity d,u; = p;z; we get

(3.7) Olpr1z1] + 02V (p1,ur)prza] =0, Or[p2za] + 0x[V (p2, uz)p2z2] = 0.

We also have

(3.8) p1[0iz1 + V(p1,u1)0z21] =0,  pa[0iza + V(p2,u2)0s22] = 0,

This yields

(3.9)

0% O [p1lz1 — 22]] + Or[z2p1 — p2]] + 02 [V (p1,w1)p1[z1 — 22]] + Oz [22[V (1, w1)p1 — V(p2, uz)p2]]

= O¢[p1lz1 — 22]] + Orza[p1 — p2] + 220 [p1 — p2] + B[V (p1,ur)p1lz1 — 22]]

+ 022V (p1,w1)p1 — V(p2, uz) p2] + 2205 [V (p1,u1) p1 — V(p2, uz)p2]]

1.1
5, [p1lz1 = 22]] + Dizalpr — p2] + 0 [V (pr,ur)pilz1 — 2o]] + Buza[V (p1,ur)p1 — V (p2, u2)pal-

Note furthermore that

3.8
Orzap1 — p2] = p10¢[z2 — z1] + p10ez1 — Orzap2 (22) p10¢[z2 — z1] — Ox21V (p1,u1) p1 + 0x22V (p2, u2)p2

= p10¢[22 — 21] + V(p2, u2)p20z[22 — 21] + Oz 21 [V (p2, u2)p2 — V(p1,u1)p1]
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and by plugging the above equation into (3.9), multiplying the result by sign(z; — 2z2) and arguing as
in the proof of Lemma 2.1 we arrive at

(3.10)
0 =0 [p1lz1 — 2] + p10r|22 — 21| + V(p2, u2) p20:]22 — 21| + sign(z1 — 22)0p21[V (p2, u2)p2 — V(p1, u1)p1]
+ 0:[V(p1,u1)prlz1 — za|] + sign(z1 — 22)0p22[V (p1,u1)p1 — V (p2, uz)pa)-

By using the Integration by Parts Formula combined with the equation for p; (or more rigorously by
combining a suitable approximation argument with the definition of distributional solution for p;) we
get

t
| [z - alsapdzds = [ mla = aiitn) = [ o100z - 21l 0.2)
0o JR R R
t
—/ /V(pl,ul)p18x|zg—zﬂ(s,x)d;rds.
o Jr

By space and time integrating (3.10) and using the above identity we arrive at

(3.11)
/ pilz1 — zl(t, @)da < / pilo1 — 2] (0, 2)de

/ / IV (o, un)or — V (o2, uz)pal|9nza] + |91 [| (s, 2)dards

t
< / prl21 — 221(0,2)dz + C(V, 02| poes 1B 22l ) [ / s — sl (s, / pr(s,2)de ds
R 0 R

—_—
<llpoll 1

T /0 o1 — p2)(s. | adls

(3.5)
< /m!Zl — 22[(0,z)dz + C(V, [|0221|| L, [|0222]| o<, [ 1 (0, )] 1) [tluloo — Uoo

+/0 [[0zur — Bzusl(s, )| 1 ds +/O Ilp1 = p2](s, -)IIleS-]

Next, we point out that

0<p1(0,)<1
(3.12) /Rm!Zl —2/(0,2)dr < [[0zu1(0,-) — Opu2(0,-)|[Lr + [l22(0, )|l L= [p1 — p2](0, )|l 21

and we set

(1) = [llpr = p2J(t; )l + [[[0eur = Bzua](t, )11
By combining (3.1), (3.2) (3.5), (3.6), (3.11) and (3.12), and using ||0zuil|L~ < ||pil|re|2i|| £, we have

t
O(t) < C’[@(O) + U100 — U200|T + / @(s)ds], for every t € [0,T],
0

where the constant C' depends on V', the total variation of py, pz and || 21 || 2o, [|p1(0, )| 11, |22l oo || 0w 22| oo »
lp1]lLee and ||p2||zec. Owing to the Gronwall Lemma this yields

O(t) < e“D(0) + Turoo — zeo],

that is (1.11). The above estimate yields in particular the identities u; = ug and p; = py if the solutions
have the same initial data.
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