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Sparsity for dynamic inverse problems on Wasserstein
curves with bounded variation
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Abstract

We investigate a dynamic inverse problem using a regularization which implements the so-called
Wasserstein-1 distance. It naturally extends well-known static problems such as lasso or total varia-
tion regularized problems to a (temporally) dynamic setting. Further, the decision variables, realized
as BV curves, are allowed to exhibit discontinuities, in contrast to the design variables in classical
optimal transport based regularization techniques. We prove the existence and a characterization of a
sparse solution. Further, we use an adaption of the fully-corrective generalized conditional gradient
method to experimentally justify that the determination of BV curves in the Wasserstein-1 space is
numerically implementable.
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1 Introduction
Consider an inverse problem composed of a fidelity term and regularization term,

inf F(Av) + aR(v),
veV
where o0 € RY, is a regularization parameter, A : V. — W is a forward operator from a model space V to
adata space W, F : W — RU{eo} is a fidelity, and R is a regularizer.
In this article, we are particularly interested in so-called sparse optimization where the regularizer R
enforces a ‘sparsity property’. We briefly recall some well-known instances in this context. The first is
termed ¢! -regularization or lasso [52]], for example in the formulation

: 12
nf llAv—fl2+ ]y,

where A € RV*N| £ € RN and || - ||, denotes the ¢P-norm, that is ||v||h = [v1]|? + ...+ [wy|P. If A is
orthonormal, then it is straightforward to check that the solution is unique and given by S »(ATf),
where thresholding operator Sy, is applied component-wise and given by

Sy () = 0 ifx<a/2,
o/23%) = x—sign(x)o/2 else.

Hence, the larger o, the more zero entries in the solution, which is called sparsity in this context. A
variant of this problem is given by (see for instance 39, Ch. 6])

inf ||Av— £+ a||Mv|;,
VGRNH fla+alMy|

where M € RM*N_ For example, one can take matrix M = (%)e R2VXN with My, My € RVN as a
discretization of the two-dimensional gradient operator applied to some grayscale image with N = N{N,
pixels stored in the vector v. Then the problem can be seen as a discretization of so-called total variation
regularization (cf. [42]). The regularizer R(v) = ||[Mv||; then enforces sparsity of the (discrete) gradient
which particularly yields sharp edges in the image (which is to be reconstructed from possibly noisy data
f). A solution can be obtained by reformulating the problem as a quadratic program [27]. In a spatially
continuous setting, one may replace RY by some non-empty bounded Lipschitz domain U C R” and
regularizer v — ||[Mv||; by the total variation of a BV function [14]],

inf F(Av)+ |Dv|(U
veg;w) (Av) + |Dv|(U),



where we assume that A : BV (U) — R™ is continuous and linear with A(BV(U)) = R™ and F : R" —
R U {eo} is coercive, convex, lower semicontinuous, and proper. In this setting, there exists a sparse
solution [[14], Thm. 4.8]

= 1.
C+Z|D1E| U) £

where ¢ € R,¢; € R, L < dim(R"™/A(R)), and the E; C U are simple (see [14, Def. 4.4 & 4.5]), in
particular each E' cannot be decomposed into two sets with positive volume such that the sum of their
perimeters equals the perimeter of E’, that is |D1|(U) (1 denoting the characteristic function of E?).
Hence, sparsity in this configuration can be interpreted as being piecewise constant, where ‘piecewise’
is relative to the simple sets E' (respectively their intersections). Recall that, by the Riesz representation
theorem and the definition of |Dv|(U), we can interpret the distributional gradient of v € BV (U) as a
vector-valued Radon measure Dv € .Z (U;R"). For general vector-valued Radon measures, one may
consider the problem in [20], )

e v —glii+ bl
where X is a locally compact and separable metric space, H is a Hilbert space (g € H), A : . (X;RK) — H
is the adjoint of some continuous and linear A, : H — Co(X;R¥), and || - ||, denotes the total variation
norm. For X C R” non-empty, bounded, and open, k = 1, finite-dimensional H, and A(.Z (X;R)) =
there exists a minimizer which can be written [[14, Thm. 4.2]

N
WAL
i=1

where N < dim(H),A’ € R, and x’ € X (8, denotes the Dirac measure centered at x').

In this paper, we investigate sparsity for a dynamic inverse problem whose regularizer is related to
the above problems. As a motivation, recall that the above regularizers enforce the decision variables to
be concentrated on few simple geometric objects, for example time points of a discrete signal v € RY
if R(v) = ||v||1, spikes of v € . (X;R) if R(v) = ||v||.z. adjoint pixels of v € RN if R(v) = |Mv||; +
||Myv||1, or simple sets in the support of v € BV (U) if R(v) = |Dv|(U). In the dynamic, time-dependent
case, this simpleness should be reflected in objects which evolve over time. Another property of the
above regularizers is that they separate the contributions of the different geometric objects: ¢'-norm
R = |- || is a sum over the entries, total variation R = || - || is a supremum over partitions (this also
applies to R(v) = |Dv|(U) if Dv is interpreted as a vector-valued measure). Therefore, this separating
property should be observed in the dynamics as well.

A natural setup which implements the above mentioned simpleness and separating can be obtained by
considering a well-known distance from optimal transport theory: We have seen that R(v) = ||v||_z(X)
is used in the case of vector-valued Radon measures v € .# (X;R¥). This norm actually appears in
the Beckmann formulation of the Wasserstein-1 distance [44, Thm. 4.6] between (compactly supported)
probability measures p™,p~ € Z(R"),

Wi(p",p) =min|v].s.

where the minimum is over vector-valued Radon measures v € . (R";R") with distributional diver-
gence equal to p™ — p~. One can restrict this minimization to compactly supported and ‘loop-free’
v and each candidate minimizer can be interpreted as a continuous curve ¢ — U, € (Z(R"),W)) (see
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section [3.3]), where ¢ represents a time variable. Such u and their evolution with respect to W, are a
reasonable choice for a dynamic inverse problem implementing the above characteristics which we will
briefly clarify. First, the Wasserstein-1 distance favors trajectories on which there is no direct interac-
tion between the different mass particles which reflects the desired simpleness. More specifically, the
Wasserstein-1 distance minimizes [ |x —y|dm(x,y) over m, where |x — y|d7(x,y) is the (infinitesimal)
transportation cost (in terms of Euclidean distance) of moving (infinitesimal) amount of mass dz(x,y)
from x to y — there is no efficiency gain when particles bundle because the transportation cost is linear
in the mass. Regularization with variation var(u ) would ensure that the total accumulated travel distance
of all mass particles is kept small. In particular, if the curve u is only concentrated in one (Euclidean)
curve in R”, then it will tend to be close to a traverse in the corresponding dynamic inverse problem (in
a discrete setting with data measured at finitely many time points). Second, the separating property is
given by Smirnov’s decomposition [50, Thm. C]: one can write the total variation ||v||_4 (wWhere v can be
interpreted as a normal 1-current in R” whose boundary is equal to p~ — p™) as an integral over the con-
tributions of the different particle trajectories. We do not only allow for continuous curves (which may
show diffusive behaviour), but also curves with jumps. The possibility to jump allows for the adjustment
to heavily scattered data even on a small time scale — however, such jumps are penalized through the
regularization. This approach (and the resulting weak assumption on the regularity of a curve) extends
the optimal transport based regularization techniques used so far, as we will highlight in more detail
below. Finally, as in the above examples, the total mass should also appear in the regularizer. Hence,
we consider Ry Z(R") instead of & (R") (the Wasserstein-1 distance apparently just rescales). Our
proposed regularizer of u € Ry BV ([0,T]; (Z(2),W;)) (Q C R" compact and convex, [0,7] some time
interval) is given by
To(u)+essvar(u),

where Tw(u) € R represents the time integral of the temporally constant mass (1) of 1 and ess var (1)
is its essential variation (for convenience, we normalize the time interval and add regularization param-
eters to both terms). We show that this regularizer enforces a sparsity property similar to those listed
above. In particular, we prove the existence and representation of a sparse minimizer for the corre-
sponding inverse problem under mild assumptions. We also provide numerical experiments based on an
adaption of the algorithm proposed in [18]] (employing our sparse characterization). We use a discretiza-
tion procedure (via temporal deblurring) which suits to our class of admissible paths. Our numerical
experiments demonstrate that sparse or diffuse ground truths with jumps can be accurately reconstructed.

We mention that in [28]] the authors study a regularizer defined on normal 1-currents in some non-
empty, bounded, and open subset of R". The regularizer is given as the sum of mass (which is equal to
|| -1|.~) and boundary mass. In comparison, this regularizer acts on (static) 1-currents and the penalty on
the boundary may be seen as a quantization of the number of jumps.

In general, the main goal in the modeling of dynamic inverse problems is to incorporate knowledge
about the behaviour of a dynamic source which is to be reconstructed from possibly noisy measurements.
A crucial challenge is to correlate the observations given at different time instances. The choice of an
appropriate regularizer is often a non-trivial task considering, inter alia, the available data, measurement
procedure, or physical laws. For example, in [46, 47| the authors require ‘temporal smoothness’ to model
observed displacements in X-ray computed tomography or current density reconstruction.

In recent years, temporal regularization using optimal transport theory has gained a lot of interest.
The underlying assumption is that the dynamics under consideration follow certain physical principles.
Examples of related inverse problems can be found in positron emission tomography (PET) [48, 22],



magnetic resonance imaging (MRI) [19], single-particle tracking 16} 23]], and particle image velocime-
try (PIV) [45]. These works use the so-called Benamou—Brenier formulation of the Wasserstein-2 dis-
tance Wa(p™,p~) between pT,p~ € 2(Q) [6],

Wz(p+,p—)2:infT/ /|v,|2dp,dt,
pv  Jjo,1/0

where the infimum is over sufficiently regular time-dependent mass distributions p = p; and velocity
fields v = v, on Q which satisfy the continuity equation d,;p + div(pv) = 0 and initial respectively final
condition pp = p™ and py = p~ (otherwise, the squared Wasserstein-2 distance can as well be written as
an infimum over transport plans 7 as above, with |x — y| replaced by |x — y|?). Note that %Wz(p*,p_)2
can be interpreted as an infimization of the time integral over the (total) kinetic energy at time ¢. Inspired
by this result, a dynamic regularizer has been devised, for example in the form (with 7 = 1)

2
du(t,x),

dp
R = £t
(p,u) IIuIMJr/(OJ)XQ'dN( ,X)

where U is a nonnegative and p (representing the physical momentum) a vector-valued Radon measure on
(0,1) x Q with p < u, subject to the continuity equation (which, by definition of momentum, becomes
o, +div(p) = 0), cf. [19, 16]. Note that one may formally replace the second term in R by the time
integral of the metric derivative of an absolutely continuous curve [44, Thm. 5.27]

te € (0(u) 2 (R"),Wa).

From the point of view of sparse optimization, it has also been shown that such dynamic regularization
enforces sparsity: under reasonable assumptions (in particular, finite dimensional data space), there
always exists a reconstruction of the form (after disintegration)

N
l>—>,l,LtOpl:Z)Li5%i

i=1

with A7 € R’ and absolutely continuous curves ¥ :[0,1] — Q [17]. This characterization, which can
also be extended to the unbalanced case [135]], is a consequence of [50], see [4, Thm. 8.2.1]. Moreover,
the sparse structure has been successfully used to design sparse optimization algorithms that directly
optimize the curve u by inserting or deleting curves of type ¥ and optimizing the weights A [16, 23]. A
feature of the above framework is that the reconstructed curve ¢ — L, respectively the underlying paths
t — v are absolutely continuous. As a consequence of this regularization bias, these models are only
suitable for the tracking and reconstruction of dynamic sources that do not show spatial discontinuities
across time. Although these regularizations are useful in many applications (as pointed out above),
this prior limits the reconstruction of a ground truth that exhibits a dynamic with jumps, which appear,
for example, in (stochastic) processes (in particular, cadlag processes) or object tracking in computer
vision, see [5, 29, 25, |10] for some related problems. Jumps may also be produced by defects or not
adequately calibrated measurement devices. Conversely, their detection can support the maintenance or
recalibration. In this paper, we address this issue by building a mathematical framework that allows for
the tracking of temporally discontinuous sources using the regularizer y — T (1) + essvar(u) applied
to a BV curve t — 1 € (0(u)Z(Q),W;). Note that there also exists a dynamic formulation of the
Wasserstein-1 distance [2]].



Beside our choice of a regularizer, we mention that there are generalizations of the Wasserstein-1 dis-
tance whose use in the regularization of inverse problems might also be interesting to further investigate.
In [49]] the authors study a Wasserstein-1-type model in which the mass can vary over time, in [37, 36]
the authors introduce a multi-material transport problem (it also admits a temporally dynamic formula-
tion [30]) which, in the single-material case, can be interpreted as Wasserstein-1 transport, and in [[12}
21,133, 31]] the authors investigate the Wasserstein-1 distance with respect to the so-called (generalized)
urban metric (for which the Euclidean distance is a special case).

The paper is organized as follows. In section [I.I| we set up our dynamic inverse problem with the
regularizer from above. Our main results are summarized in section Section [2|is devoted to some
preliminaries for the proofs and numerical part. In section |3 we show our main result, the existence of a
sparse minimizer (sections [3.1]and [3.2)). We close it with a discussion on a generalization (section [3.3).
In section E] we describe the algorithm (section @, which we use in our numerical experiments, and
specify its discretization and implementation details (sections 4.2 and {£.3)). Finally, in section [4.4] we
display numerical results.

1.1 Inverse tracking problem for BV curves
Let Q C R" be non-empty, compact, and convex.

Definition 1.1 (Admissible BV curves, weight functional). We define the set of admissible BV curves

(not necessarily normalized) as
o =RyBV([0,1];71(Q)),

where #1(Q) = (2(Q),W)) denotes the Wasserstein-1 space of probability measures equipped with the
Wasserstein-1 distance. If U € <7, then we write @(W) for the weight of U, i.e. we have L = @ (u)p for
some p € BV([0,1]; 71 (Q)).

An example of a shortest cadlag representative of p € BV([0,1]; #](Q)) matching some given data
at different time instances is given in figure

Remark 1.2 (Structure of o7). The set of admissible BV curves </ is a convex cone in the vector space

L2,([0,1];.7 (Q)) (see section .

Definition 1.3 (Regularizer for BV curves). We define (o, B € R fixed)
Rop(U) = ao(u)+ Pessvar(u),

where essvar(lL) denotes the essential variation of L € <f (see section .

Problem 1.4 (BV curve tracking problem). A BV curve tracking problem is any inverse problem of the
form

i FK() +Foap (),

where forward operator K maps each admissible BV curve to an element of some data space Y and .% is
afidelity. In particular, we make the following assumptions (which ensure existence, cf. proposition[l.5)):

* Y is a Hilbert space,

o F:Y — RU{oeo} is bounded from below, proper, and weakly lower semi-continuous,
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Figure 1: Example of a shortest cadlag curve p : [0, 1] — #1(Q) matching given data (displayed in gray)
at time points t = 0,0.2,...,1, where Q C R. In the one-dimensional case, Wasserstein-1 transport is
well-understood (by the linearity of the transportation cost combined with the fact that each particle
can only move in two directions), see [44, Ch. 2]. For example, we have p; = §,, for r € [0,0.3], p; =
38, + 38, fort €[0.3,0.4), and p, = (2.Z(4,)) " 1.LLL + 36, for t € (0.4,0.6). Here .£L ¢, denotes the
restriction of one-dimensional Lebesgue measure . = .Z! to line segment ¢, (which would be replaced
by the one-dimensional Hausdorff measure if n > 1). Note that the jumps at t = 0.4 and t = 0.6 are
cadlag (in particular, the right-hand limits correspond to the given data). At¢ = 1 the curve p jumps to
data consisting of a line segment and a Dirac mass. In this example, each particle (with infinitesimal
small mass) moves linearly with respect to ¢ (which does not need to be satisfied), waits, or jumps.

* K: o =Y is continuous in the following sense: if (,LLJ) C & and U € &/ with ,utj =y for
a.e.t €(0,1] (in short, we have u/ = p a.e.), then K(u/) — K(u) (weakly) in Y.

The existence of a minimizer follows readily from the direct method in the calculus of variations and
(3l Thm. 2.4 (i)] (see beginning of section [3).

Proposition 1.5 (Existence). Problem[I.4|admits a solution.

Remark 1.6 (Stability). A natural choice (which for Y = R™ corresponds to least square fitting) for .
is Fp(y) = %Hy — flI3, where f €Y is some given reference data. In this setting, which we will use in
the numerical part (section @) the following stability property is satisfied: Let (f/) C Y with f/ — f
(strongly) in Y. Further, assume that each W’ is a solution of problem with F = F ¢j- Then, up to a
subsequence, we have u/ 2> [i a.e. for some [\ € o/ and [i is a solution of problemwith F =% 7




Example 1.7 (K with values in infinite-dimensional Hilbert space). Let ® € C([0,1] x Q?). For any
u e L2([0,1],.#(Q)) define Ku : Q — R by

Ry = [ [ @l am (a0
Let (x;) C Q with x; — x € Q. For each i we have [o ®;(x;,y)dp(y) < max®@| ||z for a.e.t € [0,1].
Further; it holds t — |||, € L'([0,1]) by definition of L2 ([0,1],.# (Q)). Thus, twofold application
of Lebesgue’s dominated convergence theorem implies (Kp)(xi) = (Kp)(x), hence K € C(Q). In
particular, we can interpret K as a linear map L2 ([0, 1,4 (Q)) — L*(Q). Now define K = K|y. Take
a sequence (W) C o/ such that W = u a.e. Write u/ = o(u/)p’ and u = o(1)p as in deﬁnition
Choosing the test function ¢ = 1 we obtain ®(u’') — o(u), in particular w(u’) is bounded. Using this,
! = u a.e., and dominated convergence again, we get

d.i”"—>0

/ Kp/ — Ku|*dg" =
Q

[0,1]

that is Ku/ — Ku (strongly) in LZ(Q) so that K satisfies the assumption in problem Thanks to the
regularity of ®, we can simply apply the Arzela—Ascoli theorem to show that Kisa compact operator
implying that the inverse problem K w = f with data f € C(Q) is ill-posed in the sense of Hadamard
[39, Thm. 3.3.2]. Therefore, problem can be seen as a sparse regularization of it. One may interpret
K u = f as a variant of the Fredholm integral equation of first kind (a classical ill-posed linear inverse
problem) — the regularity of ® is needed to ensure that K is well- defined (typically, one requires lower
L2 regularity of the kernel). Indeed, the (constant) curve U = g.£" with g € L*(Q) is an element of
L2([0,1],.# (). Taking ® independent of t we have (Ku)(x) = Jo®(x,y)g(y)L"(y).

Note that forward operator K cannot implement pointwise evaluation of u € L2 ([0, 1],.#()). This
aspect is also addressed in the discretization in example

1.2 Main results

First, we use the superposition principle in [1] to characterize the extremal points of sublevel sets of the
regularizer # g. Define

L (Zop) ={1 € o | Rap(l) <c}
forany c € Ry.

Proposition 1.8 (Extremal points of L, (% g)). For every c € R we have
ext(L; (Fap)) = {1t € | R p(1) € (0.}, B = 0()8, forall 1 € 0, 1)},
where 1L is any cadlag representative of L.

We will then use proposition [1.8|and the representer theorem in [9]] to prove the existence of a sparse
minimizer and its characterization. To this end, we require the following.

Assumption 1.9 (Convex setup and finiteness of data). The fidelity .% is convex. Further, the forward
operator K is a linear map from of to a finite-dimensional data space Y = R™ which can be linearly

extended to L2 ([0,1];.4 (Q)).



Theorem 1.10 (Existence of sparse solution). Let assumption 1.9 be satisfied. Then there exists a solu-
tion WP € of of problem|[1.4| with

0]7[ Z A«l

fora.e.t €[0,1], where N <m=dim(Y), A' € R, andt — xi € BV([0,1];Q) fori=1,...,N.

As a variant, one may fix N and minimize over weights A!,..., AN ¢ R’ and curves xlaN €
BV ([0,1];€). This optimization may be seen as regression by BV curves w1th small length and impor-
tance A'. The data may be represented by a (static) point cloud in Q or recorded over time, for example, it
may be given by finitely many maps X',... XNs : :[0,1] — Q, where each X' represents a sample path of
a cadlag process {X; |1 € [0,1]}, that is almost surely every path X : [0, 1] — Q is cadlag [40, p. 4]. Note
that the sparse solution in theorem does not contain any diffusive behaviour which, in principle, is
admissible in Wasserstein-1 transport, for example when a line segment is irrigated by a point source
(see figure|[I)).

Example 1.11 (K with values in finite-dimensional Hilbert space). Recall the definition of forward op-
erator K : L2([0,1];.4(Q)) — L2(Q) from example Let x1,...,x; € Q. Instead of considering
® € C([0,1] x Q?) one may locate ' € C([0,1] x Q) around x; for all i = 1,... L. For example, each
®' may represent the sensitivity (which can be different for different time points t) of a sensor placed
at x; convolved with some point spread function, that is ®. = 0} * ¢!, where 6} is the sensitivity (not
necessarily continuous) and @' models a physical spreading process (for example, spreading of light
with @ independent of t and i or spreading through diffusive material properties with @' depending on
i), see [53) Section 3.1]. Then [, o @ {(y)du, (y)dZL(t) represents the (total) information collected
by the sensor placed at x;. In appllcatlons this information is obtained by temporal sampling and one
is typically interested in the information collected at specific time instances instead. We may include a
temporal blurring which naturally circumvents the fact that K W cannot realize pointwise evaluation of
p: Letty <t < ... <ty be given time points in [0, 1]. For each time t; we may consider

010 [ @0am )0z,

where ¢; € C([0,1]) models the temporal blur at t;. In summary, we have 1sz — q)jq)i e C([0,1] x Q).
Now define linear K : L2([0,1];.4(Q)) — RLX(M+1) by,

(Kp)s = / / Pidud.s
[0,1] /Q

foreachi=1,....Land j=0,1,... .M. As in example u it is not difficult to see that K satisfies the
continuity property in problemso that we can define K as the restriction of K t0 <. The non- locality
in time may be regulated by ¢; given as the density of a truncated normal distribution (for a prioritization
of time points close to t; regulated by the variance) or an indicator function Lo 1)nftj—8,.1;+5) C ‘for a
uniform weighting of information close to t;, which still yields a well-defined operator K). The physical
spreading described by @} may as well be given by a Gaussian filter (which is typical for the spreading
of light).



2 Preliminaries

In this section, we introduce our notation and recapitulate the notions of BV curves and their cadlag
representatives.

2.1

Basic notation

We use the following standard notation.

We write R = [0, %) and R*. = (0,00). Further, we set I = [0, 1] for the unit interval. We predom-
inantly use this notation if ¢ € I represents the time variable.

Q C R” denotes some non-empty, compact, and convex (spatial) domain.
If F: X - RU{eo} and ¢ € R, then we write L_ (F) for the sublevel set {x € X | F(x) < c}.
We write e,(y) € Q for the evaluation of a curve y: I — Q att € I.

If X is a topological space, then we write %(X) for its Borel 6-algebra. The restriction nLB of a
map U : #(X) — R (e.g. Radon measure) to B € #(X) is defined by

(LB)(B) = w(BNB)
for all B € B(X).

The pushforward fuzu of a measure y on X; under a measurable map f : X; — X» is the measure
defined by fuu(M) = u(f~'(M)) for all measurable subsets M C X,.

We denote the one-dimensional Lebesgue measure by £ .

Let A C R be Lebesgue measurable. For 1 < p < o we define L?(A) as the Lebesgue space of
equivalence classes of Lebesgue measurable functions f : A — R with [, [f|?d.Z < oo if p < o,
esssupy | f| < oo if p = oo. Further, if (X,d) is a metric space, then we let L”(A; (X,d)) denote the
set of equivalence classes of Lebesgue measurable maps f : A — (X, d) for which d(f,x) € LP(A)
for some (and thus all if A is bounded) x € X. In each of the two definitions (of LP(A) and
LP(A;(X,d))) two maps belong to the same class if they coincide a.e. in A.

We write &2(Q) for the space of probability measures on Q,

2(Q)={p: A(Q) —[0,1]| p o-additive with p(Q) = 1}.

The Wasserstein-1 space is defined by #1(Q) = (Z2(Q),W)). Itis equipped with the Wasserstein-1
distance W) given by

Wi(p*.p7) = inf [ fr-sld(ey)
QxQ

where the infimum is over transport plans between p™ and p—, that is 7 € Z2(Q x Q) with 7(B x
Q)=p*(B)and 1(Q x B) = p~ (B) for all B€ Z(Q). The space #1(Q) is complete and separable
since € is complete and separable [54, Thm. 6.18].
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* The space of Radon measures on € (which by the Riesz representation theorem can be identified
with the topological dual of the continuous functions C(€2) with uniform norm || - ||.) is given by

AM(Q)={u: B(Q)— R|u o-additive}.

The corresponding operator norm is called total variation and we denote it by

|l = sup [ odu.
19]l<1-€
We indicate the weak-+ convergence in .7 () by X that is u' = p in .#(Q) if and only if
(¢, 1) = [odu’ — [¢du = (¢, u) for all ¢ € C(Q).

* Let A C R be closed. Along with the above duality .7 (Q) = C(Q)*, we define L2 (A;C(Q)) as the
space of equivalence classes of Lebesgue measurable maps f: A — C(Q) with [, || f 12dZ < oo.

The space L2 (A;C(Q)) with norm
0l =1/ [ I0]2d.2

is a separable Banach space (see [24, Section 8.18.1] or [[55, Thm. 1.5.18]). Its (topological) dual is
given by L2 (A; .7 (Q)) [24, Thm. 8.20.3], the space of equivalence classes of weakly measurable
maps f:A — ///(Q)IH with [, || f||>,d-Z < . The dual norm becomes

Il =/ [ Iulaz

and the dual pairing is given by (¢,1);2 = [4(¢,1)d-Z. In each of the two definitions (of

L2(A;C(Q)) and L2 (A;.#(Q))) two maps belong to the same class if they coincide a.e. in A.
(The subscript in L2,(A; C(Q)) is justified by the fact that (Lebesgue) measurability and weak mea-
surability coincide for C(Q)-valued maps, which follows from the Pettis measurability theorem
and the separability of C(Q).)

* Finally, we recall some terminology from convex analysis (see [26, p. 1] and [41} Section 8]). Let
V be a real vector space and C C V convex. An extremal point (or extreme point) of C is a point
v € C such that C\ {v} is convex (this notion goes back to Minkowski). We write ext(C) for the
set of extremal points of C. We say that C is linearly closed if the intersection of C with every
one-dimensional affine space of V is closed. A ray of V is any set of the form {v+rw |z > 0} for
v,w € V and w # 0. The lineality space of C is defined as lin(C) := rec(C) N (—rec(C)), where
rec(C) = {v eV |C+R%v C C} denotes the recession cone of C.

2.2 BV curves and cadlag representatives

In this section, we recall the notions of BV curves and their cadlag representatives in a metric space
(X,d) (following [1]). For a more comprehensive theory of BV curves in metric spaces the reader may
consult [3]. In this article, we are particularly interested in (X,d) = #;(Q).

By [24, Sections 1.11.1 & 1.11.3] amap f : I — .#(Q) is weakly measurable if it is Lebesgue measurable with respect
to Borel o-algebra on .#(Q) induced by the subspace topology of . (Q) = C(Q)* C C(Q)’. The algebraic dual C(Q)’ is
equipped with the weak topology, i.e. the weakest topology for which each functional f + £(f) is continuous (£ € C(Q)).
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Definition 2.1 (Variation). The variation of amap 1 : I — (X,d) on J C I is defined by

N

var(, ) = sup { Y d(po )

to<t1<...<tN,t,-eJ}.
i=1

We abbreviate var(u) = var(u,1).

Definition 2.2 (Essential variation, BV curves). The essential variation of i € L'(I;(X,d)) onJ C I is
given by

essvar(u,J) = inf{var(@i,J) |u = 1 a.e.}.
We write essvar(u) = essvar(u,I). If essvar(it) < oo, then we call i a BV curve in (X,d). We write
BV (I;(X,d)) for the space of BV curves in (X,d).

Remark 2.3 (BV Wasserstein curves). We have R_.BV (I; #,(Q)) C R_BV (I;#1(Q)) =  forall p €
[1,00), where #,,(Q) = (P(Q),W,) denotes the Wasserstein-p space with Wy(p™,p~)? = infy [ |x —
y|Pdx(x,y) (infimum over transport plans & between p™ and p~). This follows easily from the estimate
(invoking Holder’s inequality)

p=1 1
Wi(p*,p™) <Wy(p*,p~) < diam(Q)'7 Wi(p*,p7)7.

Hence, our set o/ of decision variables contains all the (equivalence classes of) classical Wasserstein
curves with arbitrary weight and bounded (essential) variation.

The following lemma is a version of a standard result. We briefly recall the argument since we did
not find it for our setting.

Lemma 2.4 (L? regularity of BV curves). We have BV (I;(X,d)) C LP(I;(X,d)) for every 1 < p < oo,

Proof. Let u € BV(I;(X,d)) and x € X with d(u,x) € L'(I). Pick any representative i of u with
var(fi) <eo. Thend(u,x) <d(ft,fy) +d(fip,x) < var(ft)+d(fip,x) a.e. Thus, for p < o we have (using
the convexity of t — #” and the boundedness of I = [0, 1]) [;d(p,x)Pd.& < 2P~ (var(ft)? +d(fip,x)?) <
oo, and for p = co we get esssup;d(U,x) < sup;d(fi,x) < var(ft)+d(fig,x) < oo. O

As in [1f], we use [51, Ch. 6] to generalize the definition of variation measure to the metric space
setting.

Definition 2.5 (Variation measure). Let u € BV (I;(X,d)). Define a non-decreasing function V : I — R
by V(t) =essvar(u, (0,t)) for all t € I. The variation measure |Du| : (1) — R of L is defined as the
Lebesgue—Stieltjes measure [51, Section 6.3.3, Thm. 3.5] which satisfies

|Dul((a,b]) =V (b) =V (a)
forall (a,b] C I witha <b.

We recall the definition of cadlag curves. Every u € BV (I;(X,d)) can be represented by such a curve
it : I — (X,d). Further, a cadlag representative I is uniquely determined on [0, 1).

12



Definition 2.6 (Cadlag curves in (X,d), spaces Zg(Q), Zw(Q)). A map u : I — (X,d) is called a
cadlag curve if | is right-continuous and the left limit lim; ~ Uy exists for every t € I (continue a droite,
limite a gauche). We write P (Q) for the set of cadlag curves y: I — Q (with d the Euclidean distance)
and Dy (Q) for the cadlag curves [ : I — #1(Q) (with d = W) the Wasserstein-1 distance).

Remark 2.7 (Skorohod metric). If (X,d) is complete and separable, then the space of cadlag curves
9 ={y:1— (X,d)|ycadlag} equipped with the Skorohod J|, metric do is complete and separable
[8 Thm. 12.2 & p. 131] (cf. text passage below [ 1, Thm. 2.10]). Thus, this property is statisfied for both
PE(Q) and Dw (Q). We recall the definition of dg (see construction in [8, p. 123-126]). Let A be the set
of strictly increasing homeomorphisms A : I — I. A complete metric is obtained by requiring that A is
close to the identity in the sense that

S§t<€t1 s

is small. The Skorohod J| metric is then given by
dg(n,72) = inf max{f(4),[[n =120 All}.

Next, we apply the compactness statement [3, Thm. 2.4 (1)] to our setting. Recall the definitions of
admissible set </ and regularizer %, g (definitions and |1.3). It is readily established that we can
assume & = 8 = 1 in the proofs (the arguments for general ¢, f € R’ are the same).

Notation 2.8 (Regularizer Z). We write # = % 1, that is Z (1) = (W) +essvar(i) for every u € /.

Lemma 2.9 (Compactness in (7, %q p)). Let (/) C o with sup; Z g (1) < oo. Then, up to a subse-
quence, we have U/ > 11 a.e. and Ko p(p) < liminfj%ayﬁ(uj)for some |l € 9.

Proof. Since Z(u’) = o(u’/) +essvar(u’) is uniformly bounded, we get @(u’) — @ € R, up to a
subsequence. Recall that u/ = w(u/)p’ with p/ € BV (I; #1(Q)).

Case ® > 0: If @ > 0, then sup essvar(p’) = sup; (/) ' essvar(u/) must be finite (neglect the
finite number of indices for which @(u/) = 0). Moreover, we clearly have sup; f;W;(p/,8)dZL < e
because Q is bounded. Further, metric space #](Q) is separable and every bounded and closed set in
#1(Q) is compact by the Banach—Alaoglu theorem (W; metrizes weak-x convergence). Hence, by [3,
Thm. 2.4 (i)] there is some p € BV (I;#7(£2)) such that (up to a subsequence) lim; W; (p/,p) =0a.e. and
essvar(p) < liminf;essvar(p/). Therefore, we obtain p/ - p a.e., thus u/ * yu = @p a.e. In summary,
we have

A1) = o(W)Z(p) < w(u)lif@inf«@(lﬂ) = lirnjinfw(uj)e%’(l)j) = lirr;inf%’(uj)-

Case @ = 0: If @ = 0, then we directly obtain i/ - 0 a.e. Noting Z(0) = 0 yields the inequality. [

3 Existence of sparse solution for BV curve tracking

In this section, we always take @ = 8 = 1 to make the proofs more readable (recall notation [2.8). The
arguments are the same for general &, 8 € R’ (as we already noticed in lemma . First, we prove the
existence of a minimizer for problem (proposition [1.5) and the stability property in remark The
first statement is a direct consequence of lemma[2.9]
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Proof of proposition Recall that .%# is bounded from below and proper. Therefore, we can pick a
minimizing sequence (/) C <7. Since Z(u’) is uniformly bounded, we can apply lemma there
exists 4t € &7 such that u/ = p a.e. and Z (1) < liminf; Z(u’) (up to a subsequence). By the regularity
of K (it satisfies K(u’/) — K(u)) and .Z (it is weakly lower semicontinuous) we obtain .7 (K(u)) <
liminf; % (K (u’)). Hence, the BV curve u is a minimizer of problem|1.4 O

Proof of the stability statement in remark[I.6] The argument is similar to [19, Thm. 4.7]. By the triangle
inequality, the optimality of the u/, 2(0) =0, and f/ — f we have

FHK(u))+2 () = %I\K(Hj) — FII + 2 (u)) < K (1)) = 117 +2(u)) + 17 =TI

1 . _ _ .. . A
<2 (IR~ S+ R ) +17 - I} < 1K) I +17 - I} < C <=

for some constant C > 0. Hence, by the proof of proposition there exists [l € o/ with u/ > fi

a.e. (up to a subsequence) and .7 #(K(f1)) +Z(f1) < liminf; fff(K([,Lj)) +%(u/). Further, note that

(by taking the liminf on both sides of the first inequality in the above estimate and using fi=f again)
liminf; 7 ¢(K(u/)) +2(1') < limiqu Fpi(K(1)) +2Z(u’). Using this, the optimality of the u/, and
the definition of .7 (together with f/ — f) we get

F K () + 98(R) < timinf 7, (K (1) + () < limint 7, (K (1)) + 2 1) = F(K () + 2 (k)

for all u € o, which shows the optimality of fi. Il

3.1 Characterization of extremal points in L, (%)

In this section, we characterize the extremal points of the sublevel sets (proposition|1.8])
L (Z)={u e d|Z () <c}.

We will need the following statement.

Lemma 3.1 (Bound for essential variation of pushforward under evaluation map). Let I € B(Zg(Q))
and 1 € Ry Z(Zp(Q) N{var < eo}) with [4,q) [DYI(1)dN(y) < eo. Assume that (') € R’ Then the
map t — L = (e;)#(NLT) satisfies

essvar(i) < /Fvar(y) dn(y).

Proof. First, we remark that [-var(y)dn(y) is well-defined because y — var(7y) is lower semicontinuous
[1, Lem. 2.13E| (which also implies that Zg(Q) N {var < oo} is Borel measurable). By [|1, Thm. 3.1] the
integral [y, o) |DY|(1)dn(y) is well-defined, u € n(I') Zw (Q), and

Du| < [ IDYidn (). (n

2t is also finite. Indeed, we have var(y) = var(y; (0,1)) + 7, = [Dy|(0,1)+ ¥ [1, Lem. 2.5 ()] and y; = lim, ~ |y(t) —
Y(1)] < diam(&) (7, exists because v is cadlag). Thus [r-var(y)dn(y) < [4, q) [DY|(Z)dn(y) +diam(£2) < e by assumption.
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Using the definition of ess var and the characterizing properties of cadlag curves we get

essvar(p) < var(u) = var(u; (0,1)) +py

where we use the abbreviation (for the jump at ¢ = 1)
-~ =lmW, .
uy = lim (s 1)
For each ¢ € I we define a transport plan (as in [[1 1, Def. 3.4.9]) @, € n(I') (2 x Q) by

(0.1) = [ p(r0).¥(1)an(y)

for all @ € C(Q x Q) (the integrand y — @(¥(r),y(1)) is Borel measurable by [1, Prop. 2.15] for all
@ € C(Q x Q)). Moreover, the transport plans 7; are admissible for Wy (g, i) since

m(BxQ)=(nLT)(¢, ' (B)) =m(B)  and  m(QxB)=i(B)

for all B € #(Q2). Hence, we obtain

ur <timsup [ Jx—ldm(x.y) = limsup [ [v(6) ~ (1) ldn (),
t 1 QxQ t r

where we used @(x,y) = |x — y| in the equality. Note that (as in footnote[2)) Y+ |y(¢) — y(1)] is bounded
(uniformly in ¢ € I) by v+ diam(Q). Thus, using dominated convergence,

limsup |Y(f)—?’(1)!d77(3’)=/?’1d"l(?’)-
t,M1 JT r

In summary, we obtain (invoking [1, Lem. 2.5 (1)] in the first equality and inequality (1)) plus the above
estimate in the second inequality)

essvar(u) < var(u;(0,1)) +p; = [Du[((0,1)) +py
< [Ipyi(©.0)an(n) + [van( = [varman(y).

Proof of proposition[1.8} Fix ¢ € R;. First, we note that zero is always an extremal point of L, (%)
because Z(0) = Z(Au+ (1 —A)v) with A € (0,1),u,v € L7 (%) implies u =v =0by u,v >0 and
definition of . We abbreviate

E={uecd|Z(n)c{0,c}, iy =w(u)d, forallt €[0,1)}.

ext(L; (%)) C &: Let u € ext(L; (#)). By the above we can assume pt # 0, thus Z(1) = c. Indeed, if
we had Z(u) € (0,¢), then u =24 -0+(1-A)(1—A)'wand Z((1 —2)'u)=(1-1)"'2(u) <c
for A € (0,1) sufficiently small, thus 0, (1 —A)~'u € LZ (%) which would imply that u is not extremal.
Let i1 be a cadlag representative of p with var(ft) = essvar(u) (which is finite by Z (i) < o). By
[1, Thm. 3.3] there exists a measure 1 € 0(u)Z(Ze(Q)) (concentrated on Zg(Q) N {var < }) with
(e;)#n = [, for all 7 € I such that

Dal= [ Dridn()
ZE(Q)
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as well as (see footnote on [ 1}, p. 18])
var(i) = [ var(y)dn (). @)
DE(Q)

We want to show that fI; = ()3, for every 7 € [0,1). To this end, we use a similar approach as in the
proof of the claim in [[17, Thm. 6]. By contradiction, assume that there exist o € [0, 1) and By € B(Q)
with fi; (Bo), s, (2 \ Bo) € R7.. Now set

Iy = _@E(.Q.) N etgl(B()).

Set I'y is Borel measurable by [[1, Prop. 2.15]. Define

1 1
n=t (0@ + [ wartnan) ad = (@@ [ anan).
c Iy c Pe(Q)\TIo
We have 1(I'g) > 0 since
1(To) = n(e;," (Bo)) = fisy (Bo) > 0.
Therefore, we get A; > 0. Similarly, we obtain A, > 0. Moreover,
c(M+242) =n(Ze(Q))+ var(y)dn(y) = o(u) +essvar(u) = Z(u) =c

DE(Q)

by equation (2) and the choice of fi. Therefore, we get A1,4; € (0,1) with A; + A, = 1. Now define
.at]natz € RL2(Q) by

B =2 e)s(MLTo)  and  fF =24, ' (e)s(nL(ZE(Q) \To))

for all # € 1. Note that we directly get
=M+ p°

Now we show that fi', fi” are representatives of u', u?> € L (%) with u' # u? (which yields the desired
contradiction). First, note that u' € L_ (%) by (the argument for u? is similar)

9?(;11) = w(ul) —i—essvar(ul) = ;tl_l(n(Fo) +essvar(t — (e,)#(nLTy))) <c,

where the inequality follows from the definition of A; and lemma Finally, we show u! # u?. We
have

M1y (Bo) = (ery)#(MLT0)(Bo) = n(Fo) >0 and  Aafi (Bo) = (ery J#(nL(ZE() \To))(Bo) =0,

thus fi} (Bo) # [:L,% (Bo). We prove that there exists ¢ € (fo,1) with @i} # i? for all # € (t9,t;). For a
contradiction, assume that there is a sequence (s;) C (fo, 1) with s; \ o and ;,'lei = .aszi for all i. Since
fil, 1% are cadlag by [[1, Thm. 3.1], we obtain

0= lim Wi (Fy, fig)) = Him Wi (g, 5),
thus 1} = ,ﬂt% (which contradicts fi} (Bo) # ,EL[% (Bo)).
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ext(L; (#)) D &: Letu € &. The case Z(u) = 0 is trivial. Hence, we can assume () = c. Write
p=Au'+(1—-A)u?with A € (0,1) and u',u? € L (#). We show u! = u? = u. We have

c=R W) <AZ W)+ (1 -)ZW?*) <Ac+(1—A)c=c.

Therefore, we get Z(u') = Z(u?) = c. Write u! = @(u')p! and u?> = w(u?)p? with p',p? ¢
BV(1,#1(Q)). Let ji,p',p? be cadlag representatives of u,p',p?. For every t € [0,1) and every
B € #(Q) we have (using ji; = o(u)0y,)

Ao(u')p (B)+ (1 —2)o(u?)p (B) = u(B)

G)(‘U,) ifxt € B,
0 else.

In particular, we obtain

B (Q\ {x}) = p7(Q\ {x}) =0,
thus p! = p? = &, for every t € [0,1). Using Z(u') = 2(u?) = c, we finally conclude @ (u')
®(u?) = w(u) as we wanted to prove.

o

3.2 Application of a representer theorem

In this section, we apply proposition|1.8|to prove theorem We will use the following abbreviations
(recall the definitions in section [2.1]).

Notation 3.2 (Solution set ., weak-x* topology 7). We define . as the set of solutions of problem
(recall proposition . Further, we write 7, for the weak-* topology on L2 (I; .4 (Q)).

We will show (proposition that ext(.¥’) is non-empty. This will allow us to pick and characterize
an arbitrary element of ext(.%) in the proof of theorem In order to show ext(.%) # 0, we use
lemma 3.3|(see below) and the properties of <7 stated in remark[1.2]

Proof of remark[I.2] First, we argue that <7 is a subset of L2 (I;.#(Q)). This actually follows directly
from the fact that W) induces the weak-x topology on #(Q) [54, Thm. 6.9]. Now it is straightforward
to check that the weak-* topology coincides with the weak (subspace) topology on &?(€) stemming
from C(Q)’. Hence, any map f : I — Z?(Q) is Lebesgue measurable (relative to the weak-* topology on
Z(Q)) if and only if it is weakly measurable. Now let u = w(u)p € 7. Then, by definition, any repre-
sentative of p is Lebesgue measurable. Further, we clearly have [|p||;2 = 1. Thus, using also the above
equivalence of the measurability notions, we obtain p € L2 (I;.# (Q)). Further, since L2, (I;.# (Q)) is a
vector space, we also have u = o(u)p € L2,(I;.# (Q)), which proves &7 C L2 (I;.#(Q)). Obviously,
set o7 is a cone. Its convexity follows from

At +(1-2)u?

_ ro(u)) (1= A)o(?)
= (Ao(u")+(1-1)o(u?)) 2o+ _,1)@(#2)’)1 + Lo+ (1-ow?)’

2l e o

for all u!' = w(u")p', u? = w(u?)p? € &7\ {0} and A € (0,1). We note that the convex combination
in the angular brackets satisfies the required measurability (by the above) and its distance to &y (with
respect to W) is finite because € is bounded. L]
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The next lemma will be used in the proof of proposition [3.5]and corollary 4.8]

Lemma 3.3 (Properties of & with respect to ;). The regularizer X is lower semicontinuous with
respect to @/ N J,. Further, for every c € Ry the sublevel set L, (%) C L2(I; # ( )) is compact relative
to J,. In particular; if (W) C L, (), then, up to a subsequence, we have /= u (in 7,) and p/ = u
a.e.

Proof. Let (1)) C o/ be an arbitrary sequence with 1t/ = u € &7, We can assume that liminf; 2(u/) <

oo (otherwise there is nothing to show) and restrict to a subsequence with liminf; %(uf) = 11m FR(W).
By lemma [2.9 . we have (if necessary, restricting to a further subsequence) u’/ - fi a.e. for some fi €
o with Z(fi) < liminf; % (u’). Therefore, we only need to show that u = i. Let ¢ € L2(I;C(Q))
be arbitrary. We have fj(t) = ¢y, f, — /)| — O for a.e.t € I. Further, we get 0 < f/(¢) < f(t) =
@)oo (@(f1) + @ (/) for a.e.t € I. Note that f € L'(I) by the boundedness of [;||¢||d-Z (since I
is bounded and ||¢||;> < =) and @(u’) (because w(u’) < Z(u’)). Thus, by Lebesgue’s dominated
convergence theorem we obtain

lim(g, i~ )y =lim [(6.fi— w)d.2 =lim [ f1(0)d2 = [tim fi(1)a.2 =0,
J v JJI JJI I J

which (by the uniqueness of weak-* limits) implies i = . This proves the lower semicontinuity of
Z with respect to .7 N Z,. Now let (v/) C L7 (%). Since then Z(v/) is bounded by c, the weights
@(v/) are also bounded. Using ||V/[|;» = ®(v/) and the Banach-Alaoglu theorem, we obtain v/ =
v € L2(I;.#(Q)) up to a subsequence. By the same argument as above we actually have (if necessary,
restricting to a further subsequence) v/ = ¥ a.e. for some V € & with Z(V) < liminf; Z(v/) < ¢ and
v =V € &/, which finalizes the proof. ]

Example 3.4 (Convergence in L (%)). In the proof of lemma we have seen that (W) C L, (%)
with W = u € L () (with respect to ;) implies ) = U a.e. up to a subsequence. This is, in
general, not true (in L_ (X)) for the whole sequence as the following example illustrates: For i and
je{0,1,... 20— 1} define indices and (spatial and time) intervals by

2170, j+ 1) ifjA20T -1,

k=k(i,j)=2"14; and Qu=1I= . .
(i,J) / k= {21_’[j,j+1] if j =211,

For each i the intervals Q, partition Q = [0,1] and £ (Qy) = 2'~". Now define (seeﬁgure

Kk 2i_]$|_Q.k ift € I,
e = & ifr € I\ I.

We get o(u*) = 1 and essvar(u*) <2W (8,2 L1LQ) <2, thus Z(u*) < 3. In particular, we obtain
pk € Ly (#). Next, we show that u* = w in L2(I;.# (Q)). Let ¢ : 1 — (C(Q), || ||=) be continuous.
Then

(9, k), =271 / [ 6(4L@AL 0+ | 60)dZ (). 3)

I\
We have

2"—1/ ¢,(x)d$(x)d$<t>§2"‘]max||¢zlloo// 1d.2(x)d.Z (1) = 2"~ max||¢y[|.. — 0
1 Joy rel I J Oy tel
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Figure 2: Sketch of the (piecewise constant) BV curve u* with k = k(4,3) (example .

for i — oo, Further, we can estimate

20420~ [ 202 ()

< [19.0/d2(0) <2 max ¢l 0.
AV I rel

This yields that the right-hand side in equation (3)) converges to

(=) = [0,0)20)

By density of continuous function in the Bochner space L2,(I;C(Q)), we have u* = w in L2 (I; .4 (Q))El
On the other hand, for allt € I and y € C(Q) we get

2N [ wd? ift e,
<1/f,ut">={ &

v (0) ift eI\ L.

The right-hand side does, in general, not converge to (Y, ji;) = y(0) for a.e.t € I. For example, we can
choose W(x) = min(2x, 1) which yields 2!~ Jo, wd-Z =1 for countably many k and y(0) = 0. Hence,
the convergence u* — w1 a.e. is only valid up to a subsequence (e.g. subsequence u* with k; = k(¢,0)).

Proposition 3.5 (ext(.’) # 0). Let assumption be satisfied (the finiteness of Y is not needed). Then
the set ext(.) is nonempty.

Proof. We apply the Krein—-Milman theorem. By remark and . C &/ we have . C L2,(I;.4 (Q)).
The convexity of . follows directly from the convexity of .27 and assumption The compactness of
< (with respect to .7;) follows from lemma If (u') C ., then (u’) C L, (%) for some ¢ € R, by
optimality and Z > 0. Thus, using lemma [3.3|and the properties of .7, K, we obtain u’ = 1 € o7 and
ui 2 11 a.e. up to a subsequence and (by the proof of proposition U is also optimal, that is it € ..
The Krein—Milma theorem yields that the nonempty, convex, and compact set . C L2,(I;.# (Q)) is
equal to the convex hull of ext(.#) which, in particular, implies ext(.") # 0. O

fe >0, ¢ € L2(1;C(Q)), and ¢ € L2 (I;C(Q)) continuous with ||¢ — Pl 2 < €, then <¢,‘uk>La = (¢ — (j)g,,u,kh% +

<¢87Hk>L§, and [(¢ — ¢€v“k>L%,| < 3||I~lkHL3V = €. Thus, we get <¢7I~lk>L3v — (¢, )2 for k — eo.
4The weak-* topology .7, is a Hausdorff locally convex vector topology [43, p. 68]. Note that the definition of *vector
topology’ in [43] Section 1.6] includes the Hausdorff property (cf. [43, Thm. 1.12]).
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Next, we show some further properties of the sublevel sets L (%) which we will need in the proof
of theorem [L.T0l

Lemma 3.6 (Properties of L. (#)). Let c € Ry. Then L. (%) is linearly closed, does not contain any
rays, and its lineality space is trivial, that is lin(L; (%)) = {0}.

Proof. Write S =L (Z%).

S linearly closed: Consider a sequence p' = pu° +A'v € Swhere A' c Rwith A’ -+ A € Rand u°, v €
L2(I; #(Q)),v #0. We prove £ = u® +Av € S. Since sup; Z(u') < c, lemma[2.9/implies the existence
of i € o with u' > i a.e. (up to a subsequence) and Z(f1) < liminf; Z(u"), thus fI € S. Clearly, by
definition of ', we also have p’ = u a.e. Therefore, we obtain u = I € S.

S does not contain any rays: By contradiction, assume that S contains a ray R = u + R v, where
w,v € L2(I;#(Q)),v # 0. Define u* =y +kv € R for k € N. Since u* € S, we have ¢ > Z(ur) =
o (u*) +essvar(u*) > 0. Therefore, we get

c> o) =|uNp = Sgp<¢,uk>rgv = Sl(;P(fl),# +kv)p = 83P<¢,N>Lgv +k(, V)2
> Sl;p—HuHLg, k(0. V)2 ==l + K[Vl

where the supremum is over ¢ € L2 (I;C(Q)) with ||¢|| 12 < 1. Letting k — oo yields the contradiction.
lin(S) = {0}: Note that always 0 € lin(S) by definition. Clearly, the lineality space lin(S) cannot
be nontrivial, since then rec(S) would be nontrivial and thus S would contain a ray. This was already

excluded. O
Proof of theorem We apply [9, Thm. 1 & Cor. 2]. Write problem [I.4]as

min .% (K +Z(U) = min F (K +% )

miny (K(n))+%(1) perm o) (K(n))+%(1)

where K denotes any linear extension of K to L2 (I;.#()) (assumption and % : L2(L.#(Q)) —
R U {0} is defined by

~ {%(u) ifued,

o0 else.

This problem is convex (assumptionm 1.9|and remark. Now let u°?" € ext(.¥) (proposition E The
assumptions in [9, Cor. 2] are satisfied: .7 is convex by assumption [1.9] the solution set .# is nonempty
by proposmon , and the sublevel set S = L (%) = L_ (%) with ¢ = Z(u°P") is linearly closed by

lemma Further forward operator K is hnear on L2 (I;.#(Q)) (cf. beginning of [9, Sectron 3.10),
regularlzer % is convex (see setting in [9, Thm. 1]) because # is (<7 is convex by remark , and the
dimension of the smallest face of .7 at u°” is equal to zero since u°”" € ext(.). If Z(u°"") > 0, then
[9, Thm. 1] can be applied by [9, Cor. 2] if lin(S) = {0}, which is true by lemma Hence, in this
case we get that u°”" is a convex combination of at most m points in ext(S) or m — 1 points of which
each is in ext(S) or in an extremal ray of S (which is a ray R whose intersection with open line segments
(u?, ub) equals (u¢, u”)). Since S does not contain any rays (lemma , We remain in the previous
case (because the convex combination is not necessarily strict). If Z(u°"") = 0, then u°”" = 0 which is
a convex combination of itself. Now we can apply proposition[I.§]

ext(S) = ext (Lé(uom)(%» = {u e | R(u) € {0,2(u")}, iy = o(u)d, forall € [0,1)}.
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Hence, if u°” =YV, Zjui with N <m, 2 € [0,1], £¥ ;A7 =1, and p’ € ext(S), then y/”" = YV | 415,
forae.t €I with A = Ao(u') €R.. O

3.3 Discussion: extension to Z(Q) x ... x Z(Q)

One may consider a natural generalization of problem 1.4]in which &/ =R BV (I; #1(Q)) is replaced by
R, BV (I; #(Q)), where #(Q) = (2(Q)M,Wy) for some metric Wy, defined via a norm H : RM*" —
R, which generalizes W (with a slight abuse of notation, we write Wy = W) if M =1 and H = |- |);
metric Wy will be specified below. In this context, one may interpret M as the number of different labels
of moving particles. However, a natural superposition principle in the spirit of |1, Thm. 3.3] (which was
used to characterize the extremal points of L (%) in proposition does not exist for this setting. In
this section, we aim to illustrate this aspect. As a motivation, let us recall the Beckmann formulation of
the Wasserstein 1-distance [44, Thm. 4.6] between p™,p~ € Z(Q),

Wi(p",p™) =min |7z,

where the minimum is over vector-valued Radon measures 7 : Z(Q) — R” with distributional diver-
gence equal to p* — p~ (equivalently, normal 1-currents in Q whose boundary is equal to p~ — p™).
Now let M > land g = (p;",....p0) T, = (Py,---,Py)T € Z(Q)M. Fix anorm H : RM*" - R,
Define

WH(ﬁ+7ﬁ_) = rn]_}n”T”H?

where the minimum is over matrix-valued Radon measures T : % (Q) — RM*" with row-wise distribu-
tional divergence equal to p+ — p~ (equivalently, normal 1-currents in Q with coefficients in R¥ whose
component-wise boundary is equal to g~ —p ™), and || - ||z denotes the total variation with respect to H,
thatis ||T ||y = sup{H (T'(B1)) +H(T(B3)) +... |B1,Ba,... € B(Q) partition of Q}. If H(6 ®¢) = h(0)
for all @ € RM, & € R" with |é| = 1 for some norm & : R¥ — R, then by [32, Thm. 1.10] Wy (p*,p ")
can be interpreted as a multi-material transport problem [37,36]] (2(0) denotes the cost to transport mate-
rial vector @ per unit distance), cf. [38, Ch. 4.2]. Next, we identify an admissible 7' in Wy (3T, p~) with
a cadlag curve u : I — #y(Q). For simplicity, we assume that the divergence-free part of T is equal to
zero. We follow the proof of [13} Prop. 4.1]. By [50, Thm C] there exists an M-tuple i) = (11,...,My)7
of measures 1); : (0, %(0)) — [0,0) (® denoting a space of Lipschitz curves which are identified modulo
parameterization with topology induced by a metric dg, cf. [21, Def. 2.5]) such that

A@:di‘:/@/lqw)ydﬁdﬁw)

for all ® € C (Q;]RM *m), where : denotes the Frobenius inner product. By Skorohod’s theorem [8,
Thm. 6.7] 7 is induced by an M-tuple ¥ = (x1,- .., Xm)T of so-called irrigation patterns J; : [0, 1] x [ — Q
between plf and p;” [34,7,35], that is y; is Borel measurable, ¥;(p,-) is absolutely continuous for .£-
a.e. p € [0,1] (xi(p,t) represents the position of particle p in the reference space ([0,1],%4([0,1]),-£L
0,1]) at time 7 € I), and x;(-,0)4(-£L[0,1]) = p;*, 2i(-, 1)#(:LL[0,1]) = p; foralli =1,...,M. Now
define u : I — #y(Q) (note that ¥ (-,¢) : [0,1] — Q¥ is Borel measurable) by

e =2 (-, 0)#(ZL[0,1])
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for every r € I. Then u is a cadlag curve. Indeed, for every t € I, € € R\ {0} with t + € € I, and
¢ € C(Q;RM) we have

’/Q ¢ -d(f — Heve)

for € — 0 by the regularity of ¢ and continuity of 7 — x(p,?) for Z-a.e. p € [0, 1] (Lebesgue’s dominated
convergence theorem). Thus, we have ;¢ — L, for € — 0, hence Wy (¢, 1) — 0 for € — 0 since Wy
metrizes weak-+ convergence by norm equivalence. This shows that p : I — #(Q) is cadlag. Never-
theless, a natural superposition principle according to [1, Thm. 3.3] does not exist which is demonstrated
in the following example.

) /m 102 (1)) — 6i(x (prt + €))L (p) = 0

Example 3.7 (Decompositions of |Du| for u: 1 — #y). Let M =n=2, o0 = 34 and x = (i?ﬁg) y=
(%%).2= (). Further assume that H : R**> — R satisfies H(6 ® &) = h(6 )fO” all 6 € R?, € R?

siIno

with || = 1 for some norm h: R? — R... Define Lipschitz curves y,7 : 1 — Q = [—1,1]? (cf. ﬁgure
by

_J(a=20x ifrefo,d), =20y ifrefo,y),
nit) = {(Zt —1)z else, 2 and nl) = {(2t —1)z else. 2

Further, let i : I — W be the continuous curve given by

) ) ) - AN (n (D))
_(n(0) ted with T = (YI N
Uy <572(I)> associated wi Yze%ﬂlL(YZ(I))

fort € I, where S denotes the one-dimensional Hausdorff measure. Now we may define
¢ =h(1,0)0y, +h(0,1)dy, € R P (ZE(Q)).
Then we have
[Duf((0,1/2)) = var(u, (0,1/2)) = h(1,0) var(y1,(0,1/2)) + (0, 1) var(12, (0, 1/2))
= | PO1/2)0 ()

However, we get

Dl (1/2,1)) = h(L, )var(, (1/2,0) # [ IDYI((1/2,1)48 (7). if and oy i
h(1,1) < h(1,0)+h(0,1).
This issue may be solved by considering (see figure|3b)
' ] 1y 1
() = Yl(tl) ift €0,7), 7 (1) = Yz(f]) ift€0,3), and () = n() ifrelod),
n(3) else (5) else,

Define § = h(1,0)83 +h(0,1)8p, +h(1,1)8y. Then [Du| = [y, o) [DVIAE(F) but & is not normalized:
C ¢ P(PE(Q)). Further, measure  is not in a natural sense defined via 1. Another approach would
be to consider § € P(ZE(Q))? given by
2 0
(&)
5'}’2
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() {0} = 71 ([3.1]) = %([3,1]) = ([0, 3)).

@z=n(1)=n(1).
Figure 3: Lipschitz curves ¥; and % from example

Then we have

/ h<££%w>HWM@KthUAMD%meJNDwHHDM i and only i
ZE () d|¢|
h(1,1) < h(1,0)+h(0,1).

Finally, we can resolve this by defining E c 2(P(Q))?* by
g — l 6y, + Oy, ‘
2 3772 + 373

This yields
(?’)) IDYI|E|(¥) = A(1,0)[D¥ |+ ~(0,1)|DF| +A(1, 1) DR = [Dy|

d
[
Ze(©Q)  \ d|E]
as desired. Measure E is still not naturally defined via ll. Nevertheless, it is normalized in the sense that

E € P(Q)%. We believe that the formula (with & defined via 1)

_ o€ :
IDuL—[%“nh<mgﬁw>lDﬂﬂéKw

holds in a general setting.

4 Fully-corrective generalized conditional gradient method for BY

curve tracking
In this section, we design an algorithm which computes (approximate) solutions of problem [I.4] by

exploiting the sparse structure given by theorem [1.10] and, in particular, using the characterization of

23



extremal points (proposition [I.8)). The algorithm will be an instance of the (grid-free) fully-corrective
generalized conditional gradient (FC-GCG) algorithm introduced in [18]] applied to our BV curve track-
ing problem. Similar algorithms have been used to approximate solutions of dynamic inverse problems
regularized with Wasserstein-2 transport energies [[16, 23|]. In order to apply [18, Alg. 1], we require the
following (in addition to the assumptions in problem|1.4)).

Assumption 4.1 (Numerical setup). The fidelity ¥ is strictly convex, R-valued, and Fréchet differen-
tiable such that the restriction of D.¥ Y — Y to any compact subset of Y is Lipschitz. Further, forward
operator K is a linear map which can be linearly extended to a weak-x-to-strong continuous map on

Ly (L (Q)).

Note that, compared to assumption data space Y is not necessarily finite-dimensional. In our
numerical experiments, we will use ¥ = REXM+1) (implying the validity of theoremunder assump-
tion 4.T)) and a discretization of an instance of the class of forward operators specified in example [[.T1]
Further, we will use a quadratic fidelity term as in remark [T.6] (whose Fréchet derivative at yo applied to
y is just the inner product (yo — f,y)y and therefore satisfies assumption . Moreover, we re-introduce
the regularization parameters o, 8 € R to calibrate the (discrete) regularizer in our computations.

Problem 4.2 (Auxiliary problem formulation on L2(I; #(Q))). Let assumption be satisfied and
K any linear extension of K to L% (I;.#(Q)) which is weak-x-to-strong continuous. Further, define

f%’a’lg (L2 (I, (Q)) — RU{oo} as in the proof of theorem|1.10)

%a,ﬁ (H) =

=) else.

-~ {%a,ﬁ(u) ifued,

Then problem|[I.4becomes

w2 oy SaB (W) where - Fop(p) = F (Ku) + %o (1)

Remark 4.3 (Existence of pre-adjoint of K). Clearly, forward operator K : L (I; # (Q)) — Y is weak-
x-to-weak continuous. Thus, it admits a continuous and linear pre-adjoint [20, Rem. 3.2]. A simple
application of the Hahn—Banach separation theorem shows that it is unique.

Notation 4.4 (Pre-adjoint of K). We write K, : Y — L2 (I;C(Q)) for the pre-adjoint of K in problem
that is

<E>(<fnu>Lgt = (fjf\ﬂ)Y
forall f€Y,u € L2(I;,.#(Q)).

Proposition 4.5 (Embedding into the setting of [18| Section 2]). Consider problem Then the as-
sumptions in [ 18, Section 2] (including [18, Section 2, (Al)-(A3)]) are satisfied.

Proof. Regularizer 2 is convex by the convexity of .o/ (remark. lower semicontinuous with compact
sublevel sets (with respect to .7;) by lemma and nonnegative homogeneous by definition: 7 (Au) =

AR (u)forall A € Ry, u € L2(I;.#(Q)) (with the convention 0- o = 0). The other requirements in [18}
Section 2] readily follow from the setup in problem §.2] O
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4.1 Description of the algorithm

In this section, we explain the FC-GCG algorithm which we will use to compute (approximate) mini-
mizers of problem[4.2]and relate it to the steps of the general FC-GCG algorithm in [18].

In the k-th iteration, the algorithm updates two active sets (term ‘active’ 1ndlcates that they are mod-
ified at each iteration), namely a set of BV curves in Q denoted by I'* = { ¥ } C BV (I;Q) and a set of

weights A% = {4f }N" , C R% such that the BV curves u* € & given by
Nk
=) Ak O,
i=1 ’

converge (up to a subsequence, with respect to .7;) to a solution of problem[4.2](see corollary #.8)). Note
that each iterate u¥ is sparse but, a priori, the limit (or ground truth) may be non-sparse. At each iteration
of the algorithm, the sets I** and AX are updated to I'**! and A**! following several steps which we will
describe below. We use the following abbreviation.

Notation 4.6 (Dual variable p*). In the remainder, we write (often referred to as ‘dual variable’)
P = —R.DF(Ru) € 12 (1,C(9)),
see, e.g., [18, Proposition 2.3].

The update of the active sets I'* and A¥ consists of the following three steps:
1. Insertion step: A new BV curve y]J‘Vk 41 € BV(I;Q) is determined by solving the following varia-

tional problem:
ykaﬂ € argmax max{a /pt 0}, 4)

YEBV (I;Q)
where
a(y) = (a+ Bessvar(y)) " (5)
Problem (4)) corresponds to the insertion step of FC-GCG algorithms defined in [18, (3.1)],
e argmax (p~, upa . (6)
ucext(L (Zo.p))

Indeed, due to our characterization of extremal points in proposition[I.8](compare with [16] (8)]) one can
readily check that problem (6)) is equivalent to problem (4). As a consequence, the argmax in problem
is non-empty by [18, Lem. A.1]. Note that, in general, functions p¥ may be non-convex for all 7 in a
set of positive .Z’-measure which makes problem (4) non-convex. Therefore, its accurate solution is
challenging. For detalls related to the practical implementation of the optimization in problem ) we
refer to section 4.3| After problem is solved, the BV curve y" N+1 1s added to the active set of curves,

et =Thu{v le} This justifies the name insertion step.

2. Coefficients optimization step: The active set A* is updated to A%+ = {/lk}N"+1 where },k are
obtained by solving the finite-dimensional problem

. Ni+1 Ni+1
A¥ = argmin .Z < Z Aia( K57k> + Z A (7)
i=1

A,ERN](+1
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where ¥, ..., %, € I are transferred from the (k — 1)-th iteration. This problem corresponds to the
coefficients optimization step of FC-GCG algorithms defined in [18, (3.4)]. Problem ([/)) is easily solvable
by proximal methods or Newton methods.
3. Pruning: We define Ny as the number of non-zero coefficients in A% and construct T**1 and AF!
by removing from I’ and A%+ the elements whose indices correspond to the zero coefficients.
Stopping criterion: We add a stopping criterion which is derived from the optimality conditions as-

sociated with problem In particular, we terminate the algorithm in iteration k € N with output uf
if

i) [ PEOR (0420 < 1. ®

This criterion matches the one proposed in 18, Prop. 3.1] where it is formulated as (cf. [18} (3.5)])

max  (pFu). <.
ucext(Ly (Zq.8)) W

Again, this follows from our characterization of extremal points in proposition [[.8] In our implementa-
tion, we will add a tolerance € > 0 on the right-hand side of inequality (8).

Remark 4.7 (Insertion of 0 € .o7). Note that, if

k
1))dZ(t),0 p =0,
e max{aly) [ ph(r0)aZ (0.0}
which corresponds to the insertion of the extremal point il = 0 in problem ((6)), then it necessarily holds

that max,cpy 1.0)a(Y) Ji PR(y(1))dZL(t) < 1, implying that the stopping criterion in inequality is
satisfied. Therefore, we can replace problem (@) with the simplified insertion step

Voo € arzmax a(y) [ ph(Y(0)AZ ). ©

YEBV (I:Q)

Algorithm [I] summarizes the steps described above. [18, Thm. 3.3] and proposition 4.5 imply the
convergence properties of the iterates produced by algorithm We state the rate of convergence in
terms of the residuals

r(u*) = Zop(u*)—min _7qg(1). (10)

ued

Corollary 4.8 (Sublinear convergence of algorithm cf. [18, Thm. 3.3)). The iterates u* € o produced
by algorithm (1| (extended with u* = u*o for k > ko if the algorithm terminates in iteration ko) converge,
up to subsequences, in 7, to a minimizer of problem Moreover, there exists C € R, such that

C

”(Hk)ﬁk—l

forall k € N.
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Algorithm 1 Fully-corrective generalized conditional gradient method for BV curve tracking

Require: A°=0,T0=0,Ny=0, u° =
fork=0,1,2,... do
p*— —K.D.F (Kuk)
?’zkv 1 € argmaxyepy (1.0)aly) Jipf(v(2))dZ (1)
if k € N and a(}/‘ 1) JipE (W41 (1))dZ (1) < 1 then
return ,LL

end if
(ﬁ’lka /If\‘, )T E argminxeRﬁfk“ F (Zﬁ\gﬂ;tia(},k)[@%) JFZNkH/I
Fk+1<—{ykerku{}/<k+ Ai >0},Ak+1 <_{A’ik|lik>0}
(_ ZNk+1 A«kayk
NkH — #IkH
end for

4.2 Discretization approach

In our implementation of algorithm |1 we will use discretizations which are obtained by letting the
temporal blur at discrete time points go to zero. In this section, we will make this conception rigorous.
We will need the following definition.

Definition 4.9 (Nascent (6,7)-delta functions). Let 6 € [0,1] and t € I. A family of functions ¢° €
C(I;Ry) (indexed by 6 € RY.) is called a family of nascent (0,t)-delta functions if

« 09(s)=0forallscl\[t—&,t+5]
e the numbers 0% = f[OJ] ¢°d.Z satisfy

5 co,1], /H¢5d$:1—95, and 6% 6 for & — 0.
11

Note that necessarily 8% = 0if r = 0 and 8% = 1 if t = 1. Thus, for ¢ = 0 (respectively # = 1) such a
family only exists if 8 = 0 (respectively 0 = 1).

Lemma 4.10 (‘(0,1)-delta’). Let w € BV (I;R) and ¢° € C(I;R.) a family of nascent (0,t)-delta func-
tions. Then we have

lim [ ¢%wdZ =06y and lim | ¢%ywdZ = (1-06)y,
§-0.J]01] 6—0J[t,1]

where W is any cadlag representative of .

Proof. We only prove the first equality (the proof of the second is similar). Let € € R% and § = §(¢) €
R* with @, € [y, —¢€,y; +¢€|foralls e [t —0,¢]NIand 6§ — O for € — O (possible because ; exists).
Then, using f[o,t] $%d.Z =6% -0, 9% cR,,and ¢ =0on [0, — &) NI, we obtain

0w —lim [ ¢%d.2- (5 <11m/[ 0 wd$<hm/ }¢5d$-(1/7t_+8):91/7[. O
0./ [0,

e—0 [0,] e—0 e—0
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The following statement will be applied to our forward operator from example [I.T1]

Proposition 4.11 (Vanishing temporal blur). Let pt € <7, ¢ € C(I;R..) a family of nascent (0,t)-delta
functions, and ® : Q — R Lipschitz. Then we get

lim / ®(x)dpts (x)d.L(s) = / ®(n)di - (x)  and

0—0J0,
lim / ®(x)dps(x)d.ZL(s) = (1— / ®(x)dfy (x
6—0J[t,1

where [l is any cadlag representative of |L.

Proof. As in lemma @4.10, we only prove the first equality (the proof of the second is similar). Define
Wy = [o®du, for ae. s € I (recall that w € L' (I;R) by u € L2 (I;.#(L))). We prove ¥ € BV (I;R) and
apply lemma4.10} We have (Lip(®P) denoting the Lipschitz constant of ®, we can assume Lip(®) € R,
because the other case is trivial)

N
essvar(y) < var (s — / @dﬁs) = sup { Z
Q i=1
N -
= Lip(®) sup Z /Q Lip(® (.usi - au’Sifl)

=1
S Llp(q)) sup { Z Wl (.asia .asifl)
i=1

/ (I)d(‘ﬂsl. - :asifl)
Q

s0<s1<...<sN,si€I}

so<s1<...<sN,si€I}

50 < S1 <...<sN,s,-EI} = Lip(®)var(f1) <

since U € &/, where we used the Kantorovich—Rubinstein formula in the second inequality. Hence, we
obtain y € BV (I;R). Application of lemma yields

lim [ ¢%(s) / Qdud L (s) =0y, =0 / odfi,”,
6—0J]0,] Q Q

where the last equation follows from the fact that W metrizes weak- convergence and ® € C(Q). [

Next, let us define a reasonable discretization of a forward operator as in example To this end,
fix a discretization 0 =#p < ... < f3y = 1 of the time interval / = [0, 1] and, for each j =0,1,...,M, let
() J(S € C(I;R) be a family of nascent (6,1;)-delta functions (in particular, we have 6y = 0 and Oy = 1).

Define K = K(8) : L2(I;.# (Q)) — REXM+1) py
- /1 93 (5) /Q @' (x)dpt, (x)d.Z (s), (11)

where ®!, ..., ®L : Q — R are Lipschitz and may correspond to some spatial points xi,...,x; € &, see
example|l.11]} Recall that ¢ f can be interpreted as the temporal blur at ¢; (of order §). Given U € <7, we

may define matrix Ko € REXM+1) by (proposition 4.11)

(Kou) —hrn(K/,L =0, /(I)’dﬁ,‘ /CIDdut]
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Note that only the evaluation of any cadlag representative fi of ( is needed and the expression is well-
defined in the sense that it does not depend on the value of [i att = 1 (because 6y, = 1). Hence, this defini-
tion yields a natural discrete forward operator. More precisely, only the vectors i * = (a®+, ..., gM+) =
(Rags -+ fyy,) and g~ = (g% ..., 5M") = (R »-- -+ My, ), which may be seen as time samples of a
cadlag curve in Ry 2y (Q) representing the right and left ‘traces’, are considered. For any pair of vec-
tors v = (v, v7) = (WO, vMH) (V0 .. VM) e Ry (2(Q)MHT x 2(Q)MH]), we set (with

a slight abuse of notation)
Kov); = ej/ O'dv) + (1 - 6)) / didviT.
Q Q

Similarly, given samples (V*,V7) of a cadlag representative of v = 6§, with y € BV(I;Q), we write
}7:(’}7_._7’}7_) Wlth}_/ :(’}707+7"'7W7+):<’}_/t07 a%M YO_ /VM’ (%0, ,'}_’t;l) and set

(Ko?); = 6;®'(¥7) + (1 - 6))@' (7).

Note that, in principle, each ®' may also be evaluated at values of other reasonable representatives of 7,
e.g. representatives whose evaluations at the 7; lie in between %, and q‘/,j.r (recall that Q is convex). Since
we are particularly interested in cadlag curves, we use the construction from above.

Next, let us apply the above procedure to discretize the functional ¥+ a(y) [, p*(y)dZ in the inser-
tion step of algorithm|[I] see problem (9). First, we define

p(u) = —K.D.Z(Kp) and discretize (P(U); V)2 = —D.Z(Ku) : Kv

for arbitrary u,v € L2 (I;.# (Q)), where : denotes the Frobenius inner productonY = RLX(M +1), We see
directly that the latter expression depends continuously on the measurements K U and Kv (provided that
D.Z is continuous, which is satisfied by assumption {.1)). Therefore, in the spirit of our discretization
approach via temporal deblurring in the data space, we discretize (p(it),V);2 as

li .
lim (p(1), V)2

In particular, if u = u¥ is an 1terate of algonthml then we discretize the functional in the insertion step
(problem @) by (recall that p* = p(uk))

D7, 77) = a0, B,7",77) lim (p, 8y),z., (12)

where y € BV (I;Q) is arbitrary with }‘/,jj[ = /% and

j=0

M—1 ) . ) ) -1
ao(a,B.7",77) = (a+/3 ) <\W—W1’\+!7f’+—7ﬁI>) (13)

is a discretization of a(y). Indeed, the right-hand side in equation does not depend on the choice of
Y (proposition 4.11)):

L M
Dh(FH77) = —ao(oB.7°,77) Yo X (DF (Kopt))i (0,1 (F7) + (1 6,)@ (7)),
i=1j=0
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4.3 Implementation details

This section is devoted to the implementation of algorithm (Il We limit ourselves to the one-dimensional
case. It is well-known that in FC-GCG algorithms, the numerical bottleneck lies in the efficient solution
of the (in general non-convex) insertion step (problem @)), see, for example, [16, Section 5.1] and [|18}
Section 1.1]. In particular, this optimization is extremely challenging in higher-dimensional domains.
However, we believe that a numerical realization of algorithm |1|in the case n = 2 is possible by transfer-
ring the approaches in [16, [23]]. Further, it is likely that [23]] can be applied to speed up the computations
in the insertion step.

First, let us specify our (discrete) forward operator. Assume that n = 1 and fix points xp,...,xz in
some compact interval Q C R. Further, pick a discretization 0 =ty < ... <ty = 1 of the time interval
I =0,1]. Given C;, 6; > 0, we define (truncated) Gaussian kernels ®' € C(Q) (independent of ¢) by

—p—x;[2
di(x) = 96 207 for i=1,...,L, (14)
Gi
where Gi2 indicates variance and C; can be chosen arbitrarily (e.g. such that [, ®'d.#Z = 1). We use these
functions in the definition of K = K (8) (see equation ) and define K as in section Recall that

(Ko?)s = 6;9' (7)) + (1 — ;)@ (7/F)

whenever 7 = (y+,77) with * = (**,...,7*") and ¥~ = (¥>~,...,#"7) corresponds to time sam-
ples of a cadlag representative of y € BV (I;Q) respectively 8y € BV (I;#1(LQ)). As mentioned in sec-
tion these vectors can be interpreted as the left and right ‘traces’ of this representative at the discrete
time points #;. In particular, we enforce any reconstructed jump to take place at these points. In the
remainder, we take 6, = 0 for all j # M (recall that 6y = 1), which yields evaluation of &' at the right-
hand limits for r = t1y,...,f)y_1 and evaluation at the left-hand limit for r = #3; = 1 (which is reasonable
by the non-uniqueness of a cadlag representative of yatt = 1).

Remark 4.12 (Space and time discretization). In order to reduce the computational cost, we consider
the time discretization ty,...,ty. This is standard for such particular algorithms [16, 23|]. We stress
that the discretization xy,...,x;, corresponds to the definition of K (respectively Ky). In particular, a
spatial numerical discretization is not needed because algorithm|l|is grid-free (thus it allows for super-
resolution).

We consider the fidelity .% : REX(M+1) _ R defined by

Fr(y) = Iy — £l

2(M +1)
where f € REX(M+1) represents given reference data and | - ||z denotes the Frobenius norm.

Example 4.13 (Formula for DX S(F".¥7)). In the above setting, we have (proposition m)

l1=1

va
a yt, )Mol L '
pir 1) - ~ERTTIY Y i) (za ot >—f;-)

=1 lr=1

aO(a7ﬁ77 77_) < i — i i
OB T ¥ gy (3 aken ()~ i ).
where u* = 212/:] 7%‘8?2( is an iterate of algorithm
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In order to maximize (7",7) — D5(7",7), we adopt the multi-start gradient descent approach
in [16, Section 5.1]. First, we sample from the uniform distribution in Q two (M + 1)-tuples }70+ =
(}78’+, . .,)‘{)‘/I’+) and §, = ()78’7, e %\47,). Then, using 7, and 7, as initializations, we run a gradient
ascent algorithnﬂ to maximize functional D’é obtaining as output vectors }7(; Yo We repeat this pro-
cedure for a fixed amount of random initializations ¢ = 0, ..., Q. Then we store the vectors 37(;;1 ek Vi
which yield the maximum value of g — D’é(}_/(;f ¥y .). These vectors will be the output of the insertion
step. In order to balance between accuracy and efficiency, it is crucial to carefully choose the number of
initializations Q of the gradient ascent algorithm. In all the experiments in section .4} we take Q = 150.

4.4 Numerical experiments

In the following experiments, we use Q = [0,5] and equidistant time dlscretlzatlon 0 =hp<..<ty=1
with M = 30. We employ the forward operator K given by equations and with equldlstant
points 0 = x| < .. <x100—51n§2andC—\lﬁ7 2—002

Three curves, no noise: In the first numerical experiment, we aim to reconstruct the ground truth

i’ € P(Q) given by

T_5.
7} —67;—%57;—#57;, (15)
where

1+72 ift<0.5,
(1) = { (16)

_t —f -
1) =1+3.5, 1) =1t+2.5, d
7 (1) ht)=Vi an I 2442 ifr>005.

A discretization of the ground truth ii' is given in figure @

4.5
4.0
3.51
c 3.0
W
X 2.51
2.01
—— 1.00
1.5 —— 1.00
10. —— 1.00

00 02 04 06 08 10
telo,1]
Figure 4: Discretization of the ground truth i defined by equations and . The legend shows
the weights associated with the cadlag curves 57_;.

_ We consider the reference data f = Kofi" € RE*M+1 (recall that Ky equals the pointwise limit of
K = K(0)) and choose regularization parameters & = 5 and 8 = 2. Our reconstruction is depicted in
figure[Sa] Figure [Sb|shows the convergence of the residuals (equation (10)). Note that, since min 7 g

>The Euclidean norm in equation is approximated by N¢(z) = 1/|z|* + €.
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4.5

4.0 101

3.5 1072
a 3.0 - 104
w 2
X 2.5 € 106

2.0

—— 0.75 1078
1.5 —— 0.75
Lol —— 0.67 10—10_
00 02 04 06 08 10 0 1 3 3 a p
telo,1] k € No
(a)a=5and f =2. (b) Convergence of residuals (log scale).

Figure 5: Reconstruction of the discretized ground truth from figure Ié—_ll Note that it is faithful to the
ground truth in the sense that it recovers the jump of }/3 The effect of regularization is observable in the
attenuated weights and decreased variation of each curve (in particular, close tor =0 and t = 1).

is unknown, we approximate the residuals by evaluating our dlscretlzatlolﬂ of Z4 p at the last iterate
returned by algorithm [I] The same idea was used in [[16]. The corresponding residuals are denoted by
ro(f1%). To highlight the effect of our regularizer %, B> we perform another reconstruction using ¢ = 12

and B =5. It is shown in figure @ (next to the residuals k — ro(ft%) in figure|6b) .

2] 102 4
4.0
10°
3.51
10—2 4
a 3.01 &;
W) S
x 2.5 S 10749
20{ T 042 1076
—— 0.22
154 —< 0.40 10-8
1.0
0.0 0.2 0.4 0.6 0.8 1.0 0 1 2 3 4 5 6
tel[0,1] kE Ny
(a)a=12and B =5. (b) Convergence of residuals (log scale).

Figure 6: The larger value of B reduces the variation of each of the curves — close tot =0 and t = 1
the Diracs move with small velocity. The weights of the reconstructed curves are further scaled down
because of the larger value of «.

®Tt is naturally defined in the spirit of section using Ko and an approximation of the essential variation as in ag, see

equation (T3).
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Three curves with noise: In the second experiment, we consider the same ground truth as in the
previous example (defined by equations (I5) and (16))). Moreover, we perturb the measurements with
Gaussian noise. In particular, we add a matrix .4~ € REX(M+1) whose entries are realizations of normally
distributed (with zero mean and standard deviation equal to 0.2) random variables. Hence, the measure-
ment Kofi' 4.4 is used. Further, we take & = 5 and B = 3. In general, we expect that our regularization
allows for a reconstruction which is stable with respect to (sufficiently small) additive noise (since our
regularizer is a natural extension of ‘static’ regularizers with similar properties). This is also due to
remark [I.6]and the choice of our fidelity term. The reconstruction is illustrated in figure

—— 0.85

1.51 —— 0.87
Lol —— 0.76
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
te[o,1] telo, 11
(a)a=5and B =3. (b) Superimposition ground truth & reconstruction.

Figure 7: Reconstruction of fi" from Kofi" +.4". The superimposition of ground truth (depicted with
a solid line) and reconstruction highlights the regularization bias. As expected, the reconstruction is
not strongly affected by the noise. Similar regularization effects as in the previous experiments can be
observed.

Crossing curves: In this experiment, we consider the problem of reconstructing two curves which
cross each other at time ¢t = 0.5. More specifically, we use the ground truth given by (see figure

gt —
u —57—,1-—1—57;—

where
V(@)=1+3 and F(r)=4-3

Again, we compute the reference data as f = Kofi" € RE*(M+] ). The reconstruction is shown in ﬁgure

A similar effect to the one highlighted in [[16, Section 6.2.3] (where a Wasserstein-2-type regularization
is considered) can be observed.
Non-sparse ground truths: Finally, we reconstruct diffuse ground truths which cannot be written as

linear combinations of Diracs in elements of Zg(Q). More precisely, we take fi7, vl € 2y (Q) defined
by
B=ZL[l+04—1]  and ¥ = ZL[G(0). 5(0)]

l+1 ifr <05, 24t ift<05.
&1(¢) {2+tiﬂ205 and  G(1) {&H if1>0.5.

with
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—— 1.00
—— 1.00

00 02 04 06
te[o,1]
(a) Ground truth.

0.8 1.0

3.51

3.0

5 —— 0.12
2 —— 0.12

2.04

1.54

0.0 0.2 04 06 08 1.0

(b) Reconstruction for « = 13 and 8 = 5.

Figure 8: Reconstruction of two crossing curves. Our algorithm is unable to identify the correct trajec-
tories due to the regularization (which encourages small variation).

We define f = Kofit, g = KoVt € REX(M+1) g5 the corresponding reference data. Note that i’ is abso-
lutely continuous while v’ jumps at r = 0.5. We use regularization parameters o = 3 and 3 = 2 for the
reconstruction of fi” and o = 5 and B = 2 for the reconstruction of v'. The results are shown in ﬁgure@
Recall that algorithm 1] yields sparse reconstructions despite our choice of the ground truths.

4.0

3.51

3.0<%

(@
W 2.5
x
SHHHHHH
2.0 —
—— 0.10 —— 0.08
1.5 —<— 0.07 —— 0.07
—— 0.07
1.0 ; T : ;
0.0 0.2 0.4 0.6 0.8 1.0
te[o,1]

(a) Reconstruction of i (a =3, =2).

4.0
3.51 &
> M
] /
U 2.5-/
2.0;@
1.5'M 0.10 —— 0.05
—— 0.11
1.0 . | ! ;
00 02 04 06 08 10

tel[o,1]
(b) Reconstruction of V' (& =5, B =2).

Figure 9: Reconstruction of diffuse ground truths. As expected, curve fi' is approximated by only using
absolutely continuous curves while V' is approximated by curves with jumps.
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