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Abstract. Exploiting the deformation method introduced by Aubin in his seminal work to con-

struct constant negative scalar curvature metrics, we show the existence, on every closed manifold

of dimension four, of a metric whose Bach tensor is pinched by the scalar curvature.

1. Introduction

Let (M, g) be a Riemannian manifold of dimension n ≥ 3: it is well known that the Riemann

curvature tensor Riemg admits the decomposition

Riemg = Wg +
1

2(n− 1)
Ricg⃝∧ g −

Sg
2(n− 1)(n− 2)

g⃝∧ g,

where Wg is the Weyl tensor, Ricg is the Ricci tensor and Sg is the scalar curvature and ⃝∧ denotes

the Kulkarni-Nomizu product. A fundamental question in Riemannian Geometry is to understand

the relations between the curvature and the topology of the underlying manifold: for instance,

an example of this relation is provided by metrics with positive scalar curvature [17, 18, 25, 30],

non-positive sectional curvature or by metrics which are locally conformally flat, i.e. Wg ≡ 0 for

n ≥ 4 [4, 16, 24].

On the other hand, there are examples of curvature conditions that are unobstructed: in [2, 3] Aubin

showed that, on every smooth n-dimensional closed (compact with empty boundary) manifold,

there exists a smooth Riemannian metric with constant negative scalar curvature. This result was

then extended to complete non-compact manifolds by Bland and Kalka in [6]. In particular, there

are no topological obstructions to metrics with negative scalar curvature and, more in general,

Lohkamp proved that on every smooth complete Riemannian manifold there are no obstructions

to the existence of metrics with negative Ricci curvature [29].

Note that in [3] Aubin also proved that, if M is a closed Riemannian manifold of dimension n ≥ 4,

then there always exists a metric with non-vanishing Weyl curvature, i.e. |Wg|g > 0 everywhere.

As a consequence, in [13] the authors showed the existence of weak harmonic Weyl metrics on

every closed Riemannian four-manifold, i.e. critical points, in a conformal class, of the normalized

L2-norm of the Cotton tensor. Moreover, in [10] the second author extended Aubin’s construction

of metrics with negative scalar curvature proving that every n-dimensional closed manifold admits

a Riemannian metric with constant negative scalar-Weyl curvature, i.e.

Sg + t|Wg|g ≡ −1,

1Università degli Studi di Milano, Italy. Email: letizia.branca@unimi.it.
2Politecnico di Milano, Italy. Email: giovanni.catino@polimi.it.
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for every t ∈ R and, as a consequence, there are no topological obstructions to the existence of

metrics with negative scalar curvature and Weyl-pinched curvature, generalizing a result of Seshadri

in dimension four [31]: namely, on every closed manifold of dimension n ≥ 4, for every ε > 0 there

exists a Riemannian metric g = gε such that

Sg < 0 and |Wg|2g < εS2
g on M.

In this paper, we are interested in the Bach tensor Bg, which, if n = 4, is locally defined as

Bij =Wikjl,lk +
1

2
RklWikjl.

This geometric quantity, introduced by Bach in the context of Conformal Relativity [5], is a

divergence-free, conformally covariant tensor, i.e., if g̃ = e2ug is a metric conformal to g, Bg

satisfies [15]

(1.1) Bg̃ = e−2uBg .

We say that a Riemannian metric g is Bach-flat if Bg ≡ 0 on M : typical examples are provided by

conformally Einstein metrics, locally conformally flat metrics, and, more generally, half conformally

flat metrics. Furthermore, Bach-flat metrics are exactly the critical points of the so-called Weyl

functional

W(g) =

∫
M

|Wg|2gdVg.

Up to now, no topological obstructions to the existence of Bach-flat metrics on closed smooth

four-manifolds are known, although some partial rigidity and classification results have been proven

[8, 9, 14, 27, 32, 33]: we recall that one of the few examples of non-trivial Bach-flat metrics was

constructed by Abbena, Garbiero and Salamon on a solvable Lie group [1]. In [22], Gursky and

Viaclovsky developed a gluing method to construct Bt-flat metrics, i.e. critical points of the Weyl

functional perturbed with a quadratic scalar curvature term, on connected sums of Einstein four-

manifolds. On the other hand, it is possible to find unobstructed metrics whose Bach tensor

satisfies curvature properties: indeed, using a special metric deformation introduced by Aubin [3],

the second and the third author, together with P. Mastrolia, showed the existence of metrics with

non-vanishing Bach tensor on every four-dimensional closed manifold [11].

Our main result is the following

Theorem 1.1. On every smooth 4-dimensional closed manifold M , for every t ∈ R, there exists a

smooth Riemannian metric g = gt with

Sg + t|Bg |
1
2
g ≡ −1 on M.

In particular, there are no topological obstructions for negative scalar-Bach curvature metrics.

Therefore, choosing t = 1/
√
ε, ε > 0, in Theorem 1.1 we obtain the following existence result for

metrics with negative scalar curvature and Bach-pinched curvature:

Corollary 1.2. On every smooth n-dimensional closed manifold, for every ε > 0, there exists a

smooth Riemannian metric g = gε with

Sg < 0 and |Bg |g < εS2
g on M.
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The naive idea of the proof of Theorem 1.1, similar to the one exploited in [2, 3, 10], would be

to start from a reference metric g, to be suitably chosen, to construct a non-conformal Riemannian

metric g such that ∫
M

(
Sg + t|Bg|

1
2
g

)
dVg < 0

and to apply the method used by Gursky in [19] to produce the desired constant negative scalar-

Bach metric. Since we must deal with the modified conformal Laplacian of g

−6∆g + Sg + t|Bg|
1
2
g ,

to construct smooth (at least, C4) metrics we have to take into account the lack of regularity of

the operator on {Bg = 0}: to overcome this difficulty, throughout the proof we often rely on the

existence of Riemannian metrics with non-vanishing Bach tensor [11] (see Section 4 for further

details). We also want to stress out the fact that, in order to have precise estimates, we had to

compute the full variation formula of the Bach tensor under Aubin’s deformation (see Section 5 for

all the detailed computations).

2. The scalar-Bach curvature

In this section we focus on the variational and conformal aspects of the scalar-Bach curvature,

which are analogous to those of the scalar-Weyl curvature, first studied by Gursky in [19]. Let

(M, g) be a n-dimensional closed (compact with empty boundary) Riemannian manifold. We start

by recalling the definition of the conformal Laplacian is the operator:

Lg := −4(n− 1)

n− 2
∆g + Sg.

It satisfies the following well known conformal covariance property: if g̃ = u4/(n−2)g, where u is a

positive smooth function on M , then

Lg̃ϕ = u−
n+2
n−2Lg(ϕu), ∀ϕ ∈ C2(M).

Observe that this operator plays a prominent role in the resolution of the Yamabe variational

problem: indeed, the scalar curvature of the conformally related metric g̃ is given by

Sg̃ = u−
n+2
n−2Lgu.

In [19], Gursky introduced a modification of the conformal Laplacian, introducing a new term

depending on the Weyl curvature. Given t ∈ R, we recall the definition of scalar-Weyl curvature

(2.1) Fg := Sg + t|Wg|g

and the associated modified conformal Laplacian

Ltg := −4(n− 1)

n− 2
∆g + Fg,

where

|Wg|g =
√
WijklWpqrsgipgjqgkrgls
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denotes the norm of the Weyl curvature of g. It was proved in [19] that the pairs (Fg,Ltg) and

(Sg,Lg) share the same conformal properties. In fact, if g̃ = u4/(n−2)g, then

(2.2) Ltg̃ϕ = u−
n+2
n−2Ltg(ϕu), ∀ϕ ∈ C2(M), and Fg̃ = u−

n+2
n−2Ltgu.

In an analogous way, for n = 4, given t ∈ R we define the scalar-Bach curvature

(2.3) FBg := Sg + t|Bg|
1
2
g

and the associated modified conformal Laplacian

L t
g := −6∆g + FBg ,

where |Bg|g =
√
BijBpqgipgjq denotes the norm of the Bach tensor of g. A crucial observation

is the fact that the pair (FBg ,L
t
g ) preserves the same conformal properties of (Sg,L); indeed, let

g̃ = u2g, then

u2(Bg̃)ij = (Bg)ij

and

u8
∣∣Bg̃∣∣2g̃ = |Bg|2g,

therefore

(2.4) L t
g̃ϕ = u−3L t

g (ϕu), ∀ϕ ∈ C4(M), and FBg̃ = u−3L t
gu.

In particular, adapting the argument of [19, Proposition 3.2], we have the following:

Lemma 2.1. Let (M, g) be a 4-dimensional closed Riemannian manifold with |Bg|g > 0. Then,

there exists a smooth metric g̃ ∈ [g] with either FBg̃ > 0, FBg̃ < 0, or FBg̃ ≡ 0. Moreover, these three

possibilities are mutually exclusive.

Proof. Let µt(g) denote the principle eigenvalue of L t
g and let ϕ denote the eigenfunction relative

to µt(g). By the maximum principle ϕ can be assumed to be positive. In particular ϕ satisfies

L t
gϕ = µt(g)ϕ,

that is equivalent to

−6∆ϕ = −FBg ϕ+ µt(g)ϕ.

Note that, since |Bg|g > 0, then FBg ∈ C∞(M) and thus ϕ ∈ C∞(M). Let us consider the conformal

change g̃ = ϕ2g, then g̃ ∈ [g] is smooth and by (2.4)

FBg̃ = µt(g)ϕ
−2.

Therefore, FBg is either positive, negative or identically zero, depending on the sign of µt(g) and

these possibilities are mutually exclusive because the sign of µt(g) is conformally invariant. □

In analogy with the Yamabe problem, Gursky introduced the following modified fuctional

Ŷ (u) :=

∫
M uLtgu dVg(∫

M u2n/(n−2) dVg
)(n−2)/2

and

Ŷ (M, [g]) := inf
u∈H1(M)

Ŷ (u),



5

which is conformally invariant. Following a classical subcritical regularization argument, he proved

that, if Ŷ (M, [g]) ≤ 0, then the variational problem of finding a conformal metric g̃ ∈ [g] with

constant scalar-Weyl curvature F can be solved. See [19, Proposition 3.5] for the proof (in dimension

four). In an analogous way, when n = 4 and |Bg|g > 0, we can consider the functional

Ŷ B(u) :=

∫
M uL t

gu dVg(∫
M u4 dVg

)
and the conformal invariant

Ŷ B(M, [g]) := inf
u∈H1(M)

Ŷ B(u).

By (2.4), it is easy to see that the functional u 7→ Ŷ B(u) is equivalent to the modified Einstein-

Hilbert functional

g̃ = u2g 7−→
∫
M FBg̃ dVg̃

Volg̃(M)
.

In particular the following lemma holds:

Lemma 2.2. Let (M, g) be a 4-dimensional closed Riemannian manifold with |Bg|g > 0. If there

exists a metric g′ ∈ [g] such that ∫
M
Fg′ dVg′ < 0,

then, there exists a (unique) C∞ metric g̃ ∈ [g] such that Fg̃ ≡ −1.

Proof. Since ∫
M
Fg′ dVg′ < 0,

arguing as in [28, Proposition 4.4], there exists v ∈ H1(M) which attains the minimum of Ŷ B(M, [g]).

In particular,

−6∆v + FBg v = Kv−3;

where K is a negative constant. Then, since |Bg|g > 0, Fg is smooth and, by elliptic regularity, we

have that v ∈ C∞(M) and g̃ ∈ [g] such that g̃ = v−2g is smooth. □

Note that these techniques introduced by Gursky have been used in various contexts, such as

[7, 10, 20, 21, 23, 26].

3. Aubin’s metric deformation

We recall the deformation of a Riemannian metric g, introduced by Aubin in [2, 3] and defined

as

(3.1) g = g + df ⊗ df, f ∈ C∞(M);

throughout this section, the barred quantities are referred to the metric g, while the unbarred ones

are related to g. Locally, given an open chart U ⊂ M with coordinate functions dx1, ..., dxn, we

can rewrite (3.1) as

(3.2) gij = gij + fifj ,
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where fi = ∂if = ∂f
∂xi

. The Levi-Civita connection is locally expressed by the Christoffel symbols

Γkij , which, with respect to g, are defined as

(3.3) Γ
l
ij = Γkij +

f lfij

1 + |∇f |2
,

where f i = gijfj , fij = ∂jfi−Γkijfl and Γkij are the Christoffel symbols of the metric g. In particular,

we have

dVg =
(
1 + |∇f |2

) 1
2
dVg;(3.4)

gij = gij − fifj

1 + |∇f |2
.

Similarly, starting from (3.3), we can compute the curvature components of the metric g (see [12,

Chapter 2]): for instance, the local components of the (0, 4)-Riemann tensor Riem are written as

(3.5) Rijlt = Rijlt +
1

1 + |∇f |2
(filfjt − fitfjl) =: Rijkl + ERijkl.

Tracing (3.5), we obtain the local expressions for the Ricci tensor Ric and the scalar curvature S:

Rij = Rij −
1

1 + |∇f |2
f tf lRitjl +

1

1 + |∇ϕ|2
(
∆f · fij − fitf

t
j

)
+(3.6)

− 1(
1 + |∇f |2

)2 f tf l(fijftl − fitfjl)

=: Rij + Fij ;

S = S − 2

1 + |∇f |2
Rijf

if j +
1

1 + |∇f |2
[
(∆f)2 − |Hess f |2

]
+(3.7)

− 2(
1 + |∇f |2

)2 [∆f · f if jfij − f ifijf
jpfp

]
=: S +H.

Note that the proof of (3.4) and that of the scalar curvature can be found in [3] while the other

transformations can be found in [12, Chapter 2]. Moreover, on a 4-dimensional manifold, we have

Bij =
1

2

[
∆Rij −

1

3
Sij + 2RklRikjl −

2

3
SRij −

1

6
∆Sgij −

1

2

(
|Ric|2 − S2

3

)
gij

]
.(3.8)

Then

(3.9) Bij = Bij + E(f)ij ,

where

E(f)ij :=
1

2

[
∆̄Rij −

1

3
Sij + 2RklRikjl −

2

3
SRij −

1

6
∆̄Sgij −

1

2

(∣∣Ric∣∣2
g
− S

2

3

)
gij(3.10)

−∆Rij −
1

3
Sij + 2RklRikjl −

2

3
SRij −

1

6
∆Sgij −

1

2

(
|Ric|2 − S2

3

)
gij

]
.
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Moreover, we point out that

S = S − Rijf
if j

1 + |∇f |2
+∇i

(
∆ffi − fijf

j

1 + |∇f |2

)
and thus ∫

M
S dVg =

∫
M
S dVg −

∫
M

Rijf
if j

1 + |∇f |2
dVg.

We now prove the validity of the following integral sufficient condition for the existence of a constant

negative scalar-Bach curvature, in the conformal class [g] of a metric g:

Lemma 3.1. Let M be a 4-dimensional closed manifold. If there exists a positive smooth function

u ∈ C∞(M) such that for a Riemannian metric g on M , satisfying |Bg|g > 0, it holds∫
M
FBg u2 dVg + 6

∫
M

|∇u|2 dVg < 0,

then there exists a (unique) C∞ metric g̃ ∈ [g] such that FBg̃ ≡ −1.

Proof. Arguing as in [10, Lemma 3.2], we consider the conformal metric g′ij = u2g. By (2.4) we

have

FBg′ = Sg′ + t|Bg′ |
1
2
g′ = u−2

(
Sg + t|Bg |

1
2
g − 6

∆u

u

)
.

Therefore, since dVg′ = u4dVg, using the assumption we obtain∫
M
FBg′ dVg′ =

∫
M
FBg u2 dVg + 6

∫
M

|∇u|2 dVg < 0.

The conclusion follows now by Lemma 2.2. □

Adapting the method described in [10] and using Lemma 3.1, we are able to find a sufficient

condition for the existence of metrics with constant negative scalar-Bach curvature:

Lemma 3.2. Let (M, g) be a 4-dimensional closed manifold. Suppose that there exists a smooth

function f ∈ C∞(M) such that, for some t > 0, it holds∫
M

(
Sg + t|Bg +Eg(f)|

1
2
f

)
dVg−

∫
M

Rijf
if j

1 + |∇f |2
dVg+

3

2

∫
M

[
fipf

pfiqf
q

(1 + |∇f |2)2
−

∣∣fijf if j∣∣2
(1 + |∇f |2)3

]
dVg < 0,

where |·|f denotes the norm with respect of g + df ⊗ df , Eg(f) is defined as in (3.10) and

|Bg+df⊗df |f = |Bg +Eg(f)|f > 0, on M.

Then, there exists a (unique) C∞(M) metric g̃ ∈ [g + df ⊗ df ] such that Fg̃ ≡ −1.

4. Proof of Theorem 1.1

This section is dedicated to the proof of Theorem 1.1. We point out that that the technique we

use takes strong inspiration from [2], [3] and [10]. Before we begin the proof, we state the following

useful
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Step 1. First, we focus on the case

t > 0.

From [11], we know that there exist a metric g0 such that |Bg0 |g0 > 0 on M , hence we can choose

a metric g ∈ [g0] such that

(4.1) FBg ≥ 0 on M,

otherwise, Lemma 2.1 would imply the existence of a smooth metric g ∈ [g0] such that FBg < 0 and

Theorem 1.1 would follow from Lemma 2.2. Consider a positive smooth function ψ ∈ C∞(M), a

positive constant k > 0 and define

g′ := ψg, g′′ := g′ + d(kψ)⊗ d(kψ).

To prove the existence of a metric g̃ such that FBg̃ ≡ −1, we will proceed as follows: first we will

prove that

(4.2)

∫
M
FBg̃′′dVg < 0,

where g̃′′ = (1 + k2|∇ψ|2)−
1
2 g′′, for suitable choices of ψ and k. Then, up to a perturbation of k,

we will prove that
∣∣Bg′′∣∣g′′ > 0 everywhere and the claim will follow by Lemma 3.2. To show (4.2),

observe that

g′′ = g′ + d(kψ)⊗ d(kψ) = ψ
[
g + d(2k

√
ψ)⊗ d(2k

√
ψ)
]
=: ψg.

Applying the same argument in the proof of [10, Lemma 3.3], we deduce that

ΦM :=

∫
M
FBg̃′′dVg̃′′(4.3)

=

∫
M

(
Sg′ + t|Bg′ +Eg′(kψ)|

1
2
kψ

)
dVg′ −

∫
M

R′
ij∇i

g′ψ∇
j
g′ψ

1/k2 + |∇g′ψ|2g′
dVg′

+
3

2

∫
M

[
∇g′

ipψ∇
p
g′ψ∇

g′

iqψ∇
q
g′ψ

(1/k2 + |∇g′ψ|2g′)2
−

|∇g′

ijψ∇i
g′ψ∇

j
g′ψ|

2

(1/k2 + |∇g′ψ|2g′)3

]
dVg′ ,

where |·|kψ denotes the norm with respect to g′ + d(kψ)⊗ d(kψ).

With respect to the metric g, by standard formulas for conformal transformations (see [12]), we

have

Sg′ =
1

ψ

(
Sg − 3

∆ψ

ψ
+

3

2

|∇ψ|2

ψ2

)
,

R′
ij = Rij −

ψij
ψ

+
3

2

ψiψj
ψ2

− 1

2

∆ψ

ψ
gij ,

B′
ij =

1

ψ
Bij ,(4.4)

dVg′ = ψ2 dVg,

∇g′

ijψ = ψij −
1

ψ

(
ψiψj −

1

2
|∇ψ|2gij

)
.
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where R′
ij , B

′
ij and Rij , Bij are relative to the metrics g′ and g, respectively. On the other hand,

observe that

g′′ = g′ + d(kψ)⊗ d(kψ) = ψ
[
g + d(2k

√
ψ)⊗ d(2k

√
ψ)
]
=: ψg;

moreover, in dimension four the Bach tensor is conformally covariant, namely

B′
ij =

1

ψ
Bij .

Thus,

B′
ij + E′(kψ)ij = B′′

ij =
1

ψ
Bij

=
1

ψ

(
Bij + E(2k

√
ψ)ij

)
= Bij +

1

ψ
E(2k

√
ψ)ij

which implies that the ”error term” of the Bach tensor satisfies:

Eg′(kψ) =
1

ψ
Eg(2k

√
ψ).

In particular, the following relation is satisfied∣∣Bg′′∣∣ 12kψ =
∣∣Bg′ +Eg′(kψ)∣∣ 12kψ =

1

ψ2

∣∣∣Bg +Eg(2k√ψ)∣∣∣ 12
g
.

Then, following the computations in [3] and [10] we get

ΦM =

∫
M

(
Sg +

t

ψ
|Bg +Eg(2k

√
ψ)|

1
2
g − Rijψiψj

ψ/k2 + |∇ψ|2

)
ψ dVg

+

∫
M

ψijψ
iψj

ψ/k2 + |∇ψ|2
dVg

+
1

k2
3

2

∫
M

|∇ψ|2

ψ/k2 + |∇ψ|2
dVg −

1

k2

∫
M

ψ∆ψ

ψ/k2 + |∇ψ|2
dVg(4.5)

+
3

2

∫
M

[
ψipψ

pψiqψ
q

(ψ/k2 + |∇ψ|2)2
− |ψijψiψj |2

(ψ/k2 + |∇ψ|2)3

]
ψ dVg

+
1

k2
3

2

∫
M

1
4 |∇ψ|

6 − |∇ψ|2(ψijψiψj)ψ
(ψ/k2 + |∇ψ|2)3

ψ dVg.

Step 2. Let p ∈ M and consider a local, normal, geodesic polar coordinate system ρ, ω1, ..., ωn−1

defined in an open neighborhood V of p, in order to have

gρρ = 1, gρi = 0, gij = δij + ρ2aij , gρρ = 1

at p, where the index i corresponds to the coordinate ωi, for i = 1, ..., n− 1 and the coefficients aij

are of order 1; from now on, we use the index convention

α, β, γ, ... = 1, 2, 3, ρ, i, j, k, ... = 1, 2, 3.

The Christoffel symbols of the Levi-Civita connection are written as

(4.6) Γρρρ = Γρρi = 0, Γρij = −ρ
2
(aij + ρ∂ρaij).
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Let Br be the geodesic ball centered at p of radius 0 < r < r0, with r0 such that Br0 ⊂ V and let

y = y(x) is a real C4 function such that

y(−x) = y(x), ∀x ∈ R

y(x) = 1, ∀|x| ≥ 1

y(x) ≥ δ > 0, ∀x ∈ R

y′(x) > 0, ∀0 < x < 1

y′(x) ≥ 1, ∀(1/4)1/(n−1) ≤ x ≤ (3/4)1/(n−1)

|y′′| ≤ y′

(1−x) as x→ 1

.

Let Br = Br(p) be the geodesic ball centered at p of radius 0 < r < r0, with r0 such that Br ⊂M .

For p′ ∈ Br, we choose

ψ(p′) := y
(ρ
r

)
, ρ = distg(p

′, p).

From now on, to simplify the expressions, we will omit arguments in the functions: it will be

clear that if ψ, ψρ, etc. are computed at p′ ∈ Br, then y, y′, y′′ will be computed at ρ/r with

ρ = distg(p
′, p). Moreover, we will denote by C = C(n, δ, t, p) > 0 some universal positive constant

independent of r and k.

Step 3. Arguing as in [10], it is possible to obtain an estimate for the terms not involving the

Bach tensor, when they are restricted to the ball Br. In particular, applying the same argument of

Step 3 of [10] we obtain that

ΦBr ≤ t

∫
Br

|Bg +Eg(2k
√
ψ)|

1
2
g dVg + C|Br|+

1

r2

∫
Br

y′′ dVg +
1

k2
Θ,(4.7)

where ΦBr denotes the quantity defined in (4.5) restricted to Br. Note that this intermediate

estimate, when t = 0, coincides with the one of Aubin in [3].

Step 4. We now give an estimate of the remaining terms, in which the Bach tensor appears. Since

g = g + d(2k
√
ψ)⊗ d(2k

√
ψ),

for the sake of simplicity, we introduce

(4.8) η := 2
√
ψ,

where

ψ(p′) := y
(ρ
r

)
and we have

(4.9) g = g + k2dη ⊗ dη.

From (3.4), we have

gρρ =
1

1 + k2η2ρ
, gρi = 0, gij = gij .

In particular, since g ≥ g, for every (0, p)-tensor T we immediately get that

(4.10) |Tg |g ≤ |Tg |g ≤ C,
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where C is a constant. Note that, by definition of η and (4.6),

ηi = 0, ηρ =
1

2r
η−1y′

(ρ
r

)
;

ηρρ = −1

4

[
1

r
y′
(ρ
r

)]2
η−3 +

1

2r2
η−1y′′

(ρ
r

)
;

ηρi = 0, ηij =
1

4r
η−1ρ(aij + ρ∂ρaij)y

′
(ρ
r

)
,

which imply that there exists C ∈ R such that

C−1y′

r
≤ ηρ ≤

Cy′

r
; |ηij | ≤ Cr|ηρ| ≤ C(4.11)

and, more in general, if r is sufficiently small,

ηα ≤ C

r
, |ηαβ| ≤

C

r2
.

Observe that, since y only depends on ρ, differentiating η with respect to an angular coordinate

does not raise the exponent of r at the denominator, while differentiating with respect to ρ produces

an additional 1/r in the derivative: hence, one can easily note that

|∂α1,...,αN η| ≤
C

rM
,

where M = #{i = 1, ..., N : αi = ρ}. In particular, we have

|ηρρ| ≤
C

r2
; |ηρρρ| ≤

C

r3
; |ηρρρρ| ≤

C

r4
; |ηij | ≤ C; |∂ρηij | ≤

C

r
; |∂t∂ρηij | ≤

C

r
; |∂i1...ilηij | ≤ C.

(4.12)

Moreover, by assumption |y′′(x)| ≤ y′/(1− ρ
r ) and the definition of y, we exploit

|ηρρ| ≤ C

(
(y′)2

r2
+

|y′′|
r2

)
≤ C|y′|
r2(ρr − 1)

≤ C|ηρ|
r(ρr − 1)

≤ C|ηρ|
r − ρ

(4.13)

and 
|∂ρηij | =

∣∣∣∣∂ρ[ 1

4r
η−1ρ(aij + ρ∂ρaij)y

′
(ρ
r

)]∣∣∣∣ ≤ C|ηρ|
1− ρ

r
≤ C|ηρ|

r−ρ ;

|∂t∂ρηij | =
∣∣∣∣∂t∂ρ[ 1

4r
η−1ρ(aij + ρ∂ρaij)y

′
(ρ
r

)]∣∣∣∣ ≤ C|ηρ|
1− ρ

r
≤ C|ηρ|

r−ρ ;
(4.14)

summarizing, we have

|∂ρηp| =
∣∣ηρρ + Γαρρηα

∣∣ = |ηρρ| ≤
C|ηρ|
r − ρ

;

|∂ρηρρ| =
∣∣ηρρρ + 2Γαρρηαρ

∣∣ = |ηρρρ| ≤
C

r3
(∣∣(y′)3∣∣+ ∣∣y′y′′∣∣+ ∣∣y′′′∣∣) ≤ C

r3
;

|∂ρηij | ≤
C|ηρ|
1− ρ

r

=
Cr|ηρ|
r − ρ

;

|∂ρ∂ρηij | =

∣∣∣∣∣ηρρρy′Lr
+
η2ρρy

′L

r
+
ηρy

′L

r
+
ηρρy

′′L

r2
+
ηρy

′L

r
+
Ly′′

r2
+
ηρρy

′′L

r
+
ρy′′′L

r3

∣∣∣∣∣(4.15)

≤ C|y′′′|
r2

≤ C

r2
;
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|∂lηij | =
∣∣∣∣ 14rη−1ρ(∂laij + ρ∂l∂ρaij)y

′
(ρ
r

)∣∣∣∣ ≤ Cr|ηρ| ≤ C;

|∂t∂lηij | =
∣∣∣∣ 14rη−1ρ(∂t∂laij + ρ∂t∂l∂ρaij)y

′
(ρ
r

)∣∣∣∣ ≤ Crηρ ≤ C;

|∂t∂ρηij | ≤ C|∂ρηij | ≤
rC|ηρ|
r − ρ

,

where L denotes a bounded quantity and C is a constant. Depending on the term we need to

estimate, we are going to use (4.12) or (4.13) and (4.14).

To give an estimate of the remaining integral depending on the Bach tensor we exploit the following

Lemma 4.1. We have∫
Br

∣∣∣Bg +Eg(2k√ψ)∣∣∣ 12
g
dVg =

∫
Br

|Bg|
1
2
g dVg ≤ C|Br|+

C

k
Θ,(4.16)

for some constant C = C(δ, t, p) and a continuous function Θ = Θ(p, 1k , r) > 0; here |Br| denotes
the volume of Br.

Proof. Given a tensor T in the metric g, we will denote as T the same tensor with respect to the

metric g.

We recall that by (3.10), we have

∣∣B∣∣
g
=

∣∣∣∣∣12
[
∆̄Ric− 1

3
Hess(S) + 2Ric ∗ Riem− 2

3
S Ric− 1

6
∆̄Sg − 1

2

(∣∣Ric∣∣2
g
− S

2

3

)
g

]∣∣∣∣∣
g

(4.17)

≤ 1

2

∣∣∆̄Ric
∣∣
g
+

1

3

∣∣Hess(S)∣∣
g
+ 2
∣∣Ric ∗ Riem∣∣

g
+

2

3

∣∣S Ric
∣∣
g
+

1

6

∣∣∆̄Sg∣∣
g
+

1

2

∣∣∣∣∣
(∣∣Ric∣∣2

g
− S

2

3

)
g

∣∣∣∣∣
g

,
where ∗ denotes the contraction RγδRαγβδ. The computations in Section 5 show that

∣∣∆̄Ric
∣∣
g
≤ C

(
1 + 1

r−ρ +
1
k2
Θ
)
;∣∣Hess(S)∣∣

g
≤ C

(
1 + 1

r−ρ +
1
k2
Θ
)
;∣∣Ric ∗ Riem∣∣

g
≤ C

(
1 + 1

k2
Θ
)
;∣∣S Ric

∣∣
g
≤ C

(
1 + 1

k2
Θ
)
;∣∣∆̄Sg∣∣

g
≤ C

(
1 + 1

r−ρ +
1
k2
Θ
)
;∣∣∣(∣∣Ric∣∣g − S

2

3

)
g
∣∣∣
g
≤ C

(
1 + 1

k2
Θ
)
,

for some C = C(n, δ, t, p) > 0 and Θ = Θ(p, 1/k, r) > 0; hence we have∣∣B∣∣
g
≤ C

(
1 +

1

r − ρ
+

1

k2
Θ

)
.

As a consequence, we get

(4.18)
∣∣B∣∣ 12

g
≤ C +

C

(r − ρ)
1
2

+
C

k
Θ.
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Note that, when ρ→ r, we have that 1/(r − ρ)
1
2 is integrable and thus (4.18) implies

t

∫
Br

∣∣B∣∣ 12
g
≤ C|Br|+

C

k
Θ.

□

Remark 4.2. We point out that, in [10, Lemma 4.1], there is a misprint: the power of k should be

−1 instead of −2, which, however, does not affect the validity of the arguments.

Step 5. Using Lemma 4.1 in (4.7), we obtain

(4.19) ΦBr ≤ C|Br|+
1

r2

∫
Br

y′′ dVg +
1

k
Θ.

Now, we have to make sure that |Bg|g > 0 on M : in order to do so, assume that there exists a

point p′ ∈ Br such that |Bg|g = 0 vanishes at p′. If we evaluate the components of Bg at p′, we

obtain that the equation Bαβ(p
′) = 0 is a polynomial equation of finite degree Nα,β in the variable

k, for α, β = 1, 2, 3, ρ, up to multiplying the equation for (1 + k2η2ρ)
λ, where λ = λ(α, β) is the

highest power of (1 + k2η2ρ) appearing in the denominators of the expression of Bαβ (this can be

done since all the denominators in these expressions are of the form (1 + k2ηρ)
γ , as can be seen in

the previous computations and in Section 5: this means that |Bg|g = 0 at p′ if and only if k is a

root of all the polynomials, which implies that

k ∈ A := {k1, ..., kL}, L ≤ N := min
α,β=1,2,3,ρ

Nα,β

where k1, ..., kL are the common roots of the polynomials. We observe that, since k is a fixed

constant in (4.9), the roots of the polynomials Bαβ(q) have to be contained in A, for every q ∈ Br

such that |Bg|g = 0 at q. Therefore, in order to have that Bg does not vanish on Br, it is sufficient

to choose k outside of A in (4.9): hence, we can conclude that |Bg|g ̸= 0 on Br.

In order to conclude the proof, we apply the same argument as the one in Step 5 of [10]: for the

sake of completeness, we include it here. Using (4.19) and that, by assumption, y′(x) ≥ 1 for all

(1/4)1/(n−1) ≤ x ≤ (3/4)1/(n−1), we obtain

ΦBr ≤ C

(
1 +

1

r

)
|Br| −

n− 1

r
|Sn−1| inf

M

√
detgij

∫ r(
3
4 )

1/(n−1)

r(
1
4 )

1/(n−1)

ρn−2 dρ+
1

k
Θ

≤ C

(
1 +

1

r

)
|Br| −

C2

r2
|Br|+

1

k
Θ,

where we used the fact that |Br| ∼ crn as r → 0. In particular, there exist a continuous function

λ(p) > 0 and, for p ∈M fixed, a continuous function Θp(r) > 0 in r, for 0 < r < r0, such that

Θ(p, 1/k, t) ≤ Θp(r),

and

(4.20) ΦBr ≤
[
C

(
1 +

1

r

)
− λ

r2

]
|Br|+

1

k
Θp(r).
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Since, by (4.1), FBg = Sg + t|Bg |
1
2
g ≥ 0, given ν > 0, there exists a positive radius 0 < r1 < r0 such

that

(4.21)
λ

r21
− C

(
1 +

1

r1

)
− 1 ≥ νF̂Bg ,

where F̂Bg :=
(∫
M FBg dVg

)
/Volg(M).

We consider h disjoint geodesic balls Bj
r1(pj) of radius r = r1, j = 1, ..., h, together with the

corresponding function ψ[j], as constructed above, such that, for ν sufficiently large,

h∑
j=1

∣∣Bj
r1(pj)

∣∣ > 1

ν
Volg(M);

we define Aj as before and, on Bj , we choose kj such that the Bach tensor of the deformed metric

does not vanish on Bj and kj ̸∈ Ai for every i = 1, ..., h.

On every Bj , we set

k ≥ max

{
1, sup
j=1,...,h

Θpj (r1)

|Bj
r1(pj)|

}
, k ̸∈

h⋃
j=1

Aj ,

which is possible since
⋃h
j=1Aj is a finite set. From (4.20) and (4.21), for all j = 1, . . . , h, we get

Φ
Bj

r1
≤ −νF̂Bg |Bj

r1(pj)| − |Bj
r1(pj)|+

1

k
Θpj (r1) ≤ −νF̂Bg |Bj

r1(pj)|.

If we define

ψ :=

 1, on M \
⋃h
j=1B

j

ψ[j], on Bj ,

we obtain

ΦM ≤
∫
M
FBg dVg − νF̂Bg

h∑
j=1

|Bj
r1(pj)| = F̂Bg

Volg(M)− ν
h∑
j=1

|Bj
r1(pj)|

 < 0;

furthermore, by our choice of k and the fact that |Bg|g > 0 on M , we obtain that |Bg|g > 0 on M .

By Lemma 3.2, there exists a metric g̃ ∈ [g] such that FBg̃ ≡ −1.

Finally, we consider the case t ≤ 0; by [2, 3] we know that, on a closed 4-dimensional manifold,

there exists a Riemannian metric g′ with constant scalar curvature −1, which is constructed via the

same deformation we exploited in the previous case, starting from a reference metric. Hence, let g

be a Riemannian metric on M such that |Bg|g > 0 at every point of M : exploiting Aubin’s proof

and the previous argument on the choice of k, we can produce a metric g such that
∫
M SgdVg < 0

and |Bg|g > 0 on M . Therefore, since t ≤ 0, obviously
∫
M FBg dVg < 0 and, by Lemma 2.2, there

exists a metric g̃ ∈ [g] such that FBg̃ ≡ −1.

This concludes the proof of Theorem 1.1.

□
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5. Estimates on the deformed Bach tensor

In this section we prove the estimate (4.18) that we used in the fourth step of the proof of

Theorem 1.1: for the sake of simplicity, we will write T = Tg and T = Tg for every considered

tensor T. We recall that, for the metric g defined in (4.9), we have

(5.1)
∣∣B∣∣

g
=

∣∣∣∣∣12
[
∆̄Ric− 1

3
Hess(S) + 2Ric ∗ Riem− 2

3
S Ric− 1

6
∆̄Sg − 1

2

(∣∣Ric∣∣2
g
− S

2

3

)
g

]∣∣∣∣∣
g

.

To prove the validity of (4.18), we analyze the components of B separately, proving that each term

in (5.1) satisfies

| · |g ≤ C

(
1 +

1

r − ρ
+

1

k
Θ

)
in Br,(5.2)

where C is a positive constant and Θ = Θ(p, 1k , r) is a positive continuous function. For the sake

of simplicity, given a (0, q)-tensor T, we will denote∣∣Tα1...αq

∣∣2
g
= Tα1...αqTβ1...βqg

α1β1 ... gαqβq ;

for instance, on a (0, 2)-tensor we have

|Tij |2g = TijTltg
ilgjt = |Tij |2g ≤ C|Tij |2;

|Tiρ|2g = TiρTjρg
ijgρρ =

1

1 + k2η2ρ
|Tiρ|2g ≤

C

1 + k2η2ρ
|Tiρ|2;

|Tρρ|2g = TρρTρρg
ρρgρρ =

1

(1 + k2η2ρ)
2
|Tρρ|2g =

1

(1 + k2η2ρ)
2
|Tρρ|2.

Note that when we consider Aubin’s deformation, we have (see Section 3)

Rαβγδ = Rαβγδ + ERαβγδ;

Rαβ = Rαβ + Fαβ;

S = S +H;

where

ERijlt =
k2

1 + k2η2ρ
(ηilηjt − ηitηjl);

ERiρlt =0;

ERiρlρ =
k2ηρρηil
1 + k2η2ρ

;

Fij =−
k2η2ρRiρjρ

1 + k2η2ρ
+
Ck2(ηANGηANG)ij

1 + k2η2ρ
+

k2η2ρρηij

(1 + k2η2ρ)
2
;

Fiρ =0;

Fρρ =
k2ηiiηρρ
1 + k2η2ρ

;

H =− 2k2

1 + k2η2ρ
Rρρη

2
ρ +

k2

1 + k2η2ρ

(
(∆η)2 − |Hess(η)|2

)
− 2k4

(1 + k2η2ρ)
2

(
∆ηη2ρηρρ − η2ρη

2
ρρ

)
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=L+
L

1 + k2η2ρ
+
Ck2ηANGηANG

1 + k2η2ρ
+

2k2ηρρηll
(1 + k2η2ρ)

2
.

We use the notation ηANG to denote terms of the type ηij , where i, j are angular coordinates (with

this notation, we have coupled the angular terms ηllηij and ηilη
l
j in Fij and the terms η2ll and ηijηij

in H, since for small r, they have the same behavior). Then, by (4.12) and (4.11) we get:

∣∣ERijlt∣∣ =∣∣∣∣ k2

1 + k2η2ρ
(ηilηjt − ηitηjl)

∣∣∣∣ ≤
∣∣∣∣∣k2Lr2η2ρk2η2ρ

∣∣∣∣∣ ≤ Cr2 ≤ C;

(5.3)

∣∣ERiρlt∣∣ =0;∣∣ERiρlρ∣∣ =∣∣∣∣ k2ηρρηil1 + k2η2ρ

∣∣∣∣ ≤
∣∣∣∣∣ k2Lk2η2ρ

rη2ρ
r2

∣∣∣∣∣ ≤ C

r
≤ CΘ;

|Fij | =

∣∣∣∣∣−k2η2ρRiρjρ1 + k2η2ρ
+
Ck2(ηANGηANG)ij

1 + k2η2ρ
+

k2η2ρρηij

(1 + k2η2ρ)
2

∣∣∣∣∣
≤

∣∣∣∣∣Lk2η2ρk2η2ρ

∣∣∣∣∣+
∣∣∣∣∣Lk2η2ρr2k2η2ρ

∣∣∣∣∣+
∣∣∣∣∣∣∣

k2L

r2 k
4

r4

(
r2

k2
+ 1

4η
−2(y′)2

)2
∣∣∣∣∣∣∣ ≤ C + C +

C

k2
Θ ≤ C

(
1 +

1

k2
Θ

)
;

|Fiρ| =0;

|Fρρ| =
∣∣∣∣ k2ηiiηρρ1 + k2η2ρ

∣∣∣∣ ≤ CΘ;

|H| =
∣∣∣∣L+

L

1 + k2η2ρ
+
Ck2ηANGηANG

1 + k2η2ρ
+

2k2ηρρηll
(1 + k2η2ρ)

2

∣∣∣∣
≤C + C + C + r2

C

k2
Θ ≤ C

(
1 +

1

k2
Θ

)
.

Note that we have not used (4.13) and (4.14), however il will be useful to have an estimate of Fρρ

in terms of 1
r−ρ (since we are going to use it later to compute some of the remainders of ∆Ric):

|Fρρ| ≤

∣∣∣∣∣ k2η2ρ
r
r−ρ

r
(
1 + k2η2ρ

)∣∣∣∣∣ ≤ C

r − ρ
.(5.4)

It follows

∣∣ERijlt∣∣g =∣∣ERijlt∣∣g ≤ C
∣∣ERijlt∣∣ ≤ Cr2 ≤ C;

(5.5)

∣∣ERiρlt∣∣g =0;∣∣ERiρlρ∣∣g = 1

1 + k2η2ρ

∣∣∣∣ k2ηρρηil1 + k2η2ρ

∣∣∣∣
g

≤ C

1 + k2η2ρ

∣∣∣∣ k2ηρρηil1 + k2η2ρ

∣∣∣∣ ≤ k2C

r2 k
4

r4

(
r2

k2
+ η−2

4 (y′)2
)2 ≤ r2

C

k2
Θ ≤ C

k2
Θ;

|Fij |g =|Fij |g ≤ C|Fij | ≤ C

(
1 +

1

k2
Θ

)
;

|Fiρ|g =0;
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|Fρρ|g =
1

1 + k2η2ρ

∣∣∣∣ k2ηiiηρρ1 + k2η2ρ

∣∣∣∣
g

=
1

1 + k2η2ρ

∣∣∣∣ k2ηiiηρρ1 + k2η2ρ

∣∣∣∣ ≤ C

k2
Θ;

|H|g =|H|g = |H| ≤ C

(
1 +

1

k2
Θ

)
.

As a consequence, exploiting (5.5), a straightforward computation proves that the terms of (4.17)

in which Riem,Ric and S appear satisfy (5.2). For instance,∣∣S Ric
∣∣
g
=|SRαβ +HRαβ + SFαβ +HFαβ|g(5.6)

=|SRij +HRij + SFij +HFij + SRiρ +HRiρ + SRρρ +HRρρ + SFρρ +HFρρ|g
≤|S|g|Rij |g + |H|g|Rij |g + |S|g|Fij |g + |H|g|Fij |g + |S|g|Riρ|g + |H|g|Riρ|g

+ |S|g|Rρρ|g + |H|g|Rρρ|g + |S|g|Fρρ|g + |H|g|Fρρ|g

≤C + C

(
1 +

1

k2
Θ

)
+ C

(
1 +

1

k2
Θ

)
+ C

(
1 +

1

k2
Θ

)
+ C + C

(
1 +

1

k2
Θ

)
+ C + C

(
1 +

1

k2
Θ

)
+
C

k2
Θ+

C

k2
Θ

≤C
(
1 +

1

k2
Θ

)
,

A similar computation shows that∣∣Ric∣∣
g
≤ C

(
1 +

1

k2
Θ

)
;

∣∣S∣∣
g
≤ C

(
1 +

1

k2
Θ

)
and, in particular: 

∣∣Ric ∗ Riem∣∣
g
≤ C

(
1 + 1

k2
Θ
)
;∣∣∣(∣∣Ric∣∣g − S

2

3

)
g
∣∣∣
g
≤ C

(
1 + 1

k2
Θ
)
.

(5.7)

Thus, it remains to analyze the covariant derivatives of Ric and S. Let

Gαβγ := Γ
α
βγ − Γαβγ =

k2ηαηβγ
1 + k2η2ρ

,(5.8)

then by (4.11), (4.12) and (5.8) we deduce

Gijk = Gijρ = Giρρ = 0;∣∣∣Gρij∣∣∣ = ∣∣∣∣ k2ηρηij1 + k2η2ρ

∣∣∣∣ ≤ k2Cr|ηρ|2

1 + k2|ηρ|2
≤ rC;(5.9)

∣∣Gρρρ∣∣ = ∣∣∣∣ k2ηρηρρ1 + k2η2ρ

∣∣∣∣ ≤ k2C

r2 k
2

r2

(
r2

k2
− η−2

4 |y′|2
) ≤ CΘ,

By definition, we need to compute

∆̄Ric = gρρ∇ρ∇ρ(Rρρ +Riρ +Rij) + glt∇l∇t(Rρρ +Riρ +Rij)(5.10)

=
1

1 + k2η2ρ
∇ρ∇ρ(Rρρ +Riρ +Rij) + glt∇l∇t(Rρρ +Riρ +Rij),
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where

∇γRαβ = ∇γRαβ −GδγαRδβ −GδγβRαδ −GδγαFδβ −GδγβFαδ(5.11)

and

∇σ∇γRαβ =∇σ∇γRαβ +∇σ∇γFαβ −Gτσα(∇γRτβ)−Gτσβ(∇γRατ )−Gτσγ(∇τRαβ)(5.12)

−Gτσα(∇γFτβ)−Gτσβ(∇γFατ )−Gτσγ(∇τFαβ)

− ∂σG
δ
γαRδβ − ∂σG

δ
γβRαδ − ∂σG

δ
γαFδβ − ∂σG

δ
γβFαδ

−Gδγα∂σRδβ −Gδγβ∂σRαδ −Gδγα∂σFδβ −Gδγβ∂σFαδ + Γτσγ(G
δ
ταRδβ)

+ Γτσα(G
δ
γτRδβ) + Γτσβ(G

δ
γαRδτ ) + Γτσγ(G

δ
τβRαδ) + Γτσβ(G

δ
γτRαδ)

+ Γτσα(G
δ
γβRτδ) + Γτσγ(G

δ
ταFδβ) + Γτσα(G

δ
γτFδβ) + Γτσβ(G

δ
γαFδτ )

+ Γτσγ(G
δ
τβFαδ) + Γτσβ(G

δ
γτFαδ) + Γτσα(G

δ
γβFτδ).

Now we give an estimate of
∣∣∣∂δGαβγ∣∣∣ in terms of suitable C and Θ, where C is a constant and

Θ = Θ(1/k, r, p) denotes a continuous function depending on 1/k, r and p; to do so we use the

bounds on ηρ, ηρρ, ηij and on their partial derivatives in ρ together with∣∣∣Γρij∣∣∣ ≤ Cρ;
∣∣Γiρj∣∣ ≤ Cρ;

∣∣Γijt∣∣ ≤ Cρ2; Γρρi = Γiρρ = Γρρρ = 0.(5.13)

Then, using (4.11) and (4.12) we have∣∣∣∂ρGρij∣∣∣ =
∣∣∣∣∣ k2ηρρηij1 + k2η2ρ

+
k2ηρ∂ρηij
1 + k2η2ρ

−
k42η2ρηρρηij

(1 + k2η2ρ)
2

∣∣∣∣∣
≤ Ck2

r2 k
2

r2

∣∣∣ r2k2 − η−2

4 (y′)2
∣∣∣ + Ck2

r2 k
2

r2

∣∣∣ r2k2 − η−2

4 (y′)2
∣∣∣ + Ck4

r4 k
4

r4

∣∣∣ r2k2 − η−2

4 (y′)2
∣∣∣2

≤ CΘ+ CΘ+ CΘ ≤ CΘ;∣∣∣∂lGρij∣∣∣ = ∣∣∣∣k2ηρ∂lηij1 + k2η2ρ

∣∣∣∣ ≤
∣∣∣∣∣k2rη2ρk2η2ρ

∣∣∣∣∣ ≤ Cr ≤ C;

∣∣∂ρGρρρ∣∣ =
∣∣∣∣∣ k2η2ρρ
1 + k2η2ρ

+
k2ηρηρρρ
1 + k2η2ρ

−
2k4η2ρη

2
ρρ

(1 + k2η2ρ)
2

∣∣∣∣∣
≤ k2C

r4 k
2

r2

∣∣∣ r2k2 − η−2

4 (y′)
∣∣∣ + k2C

r4 k
2

r2

∣∣∣ r2k2 − η−2

4 (y′)
∣∣∣ + k4C

r6 k
4

r4

(
r2

k2
− η−2

4 (y′)
)2

≤ C

r2
Θ+

C

r2
Θ+

C

r2
Θ ≤ CΘ;

∂lG
ρ
ρρ = ∂lG

i
jt = ∂ρG

i
jt = ∂ρG

i
jρ = ∂lG

i
jρ = ∂ρG

i
ρρ = ∂lG

i
ρρ = ∂ρG

ρ
ρi = ∂lG

ρ
ρi = 0.

We start computing |∂γFαβ| and |∇γFαβ|: we use (4.11) and (4.12) in order to obtain

|∂ρFρρ| =

∣∣∣∣∣ k2ηρρρηii1 + k2η2ρ
+
k2ηρρ∂ρη

i
i

1 + k2η2ρ
−

2k4ηρη
2
ρρη

i
i

(1 + k2η2ρ)
2

∣∣∣∣∣
(5.14)
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≤C
r
Θ+

C

r
Θ+

C

r
Θ ≤ CΘ;

|∂lFρρ| =
∣∣∣∣k2ηρρ∂lηii1 + k2η2ρ

∣∣∣∣ ≤ k2C

r2 k
2

r2

∣∣∣ r2k2 + η−2

4 (y′)2
∣∣∣ = CΘ;

|∂ρFij | =

∣∣∣∣∣− k2ηρηρρL

1 + k2η2ρ
−
k2η2ρ∂ρL

1 + k2η2ρ
+

2k4η3ρηρρL

(1 + k2η2ρ)
2
+
Ck2(∂ρηANGηANG)ij

1 + k2η2ρ
+
Ck4ηρηρρ(ηANGηANG)ij

(1 + k2η2ρ)
2

+
k2ηρρρηij

(1 + k2η2ρ)
2
+

k2ηρρ∂ρηij
(1 + k2η2ρ)

2
−

8k4ηρη
2
ρρηij

(1 + k2η2ρ)
3

∣∣∣∣∣
=

∣∣∣∣∣− k2ηρηρρL

(1 + k2η2ρ)
2
−
k2η2ρ∂ρL

1 + k2η2ρ
+
Ck2(∂ρηANGηANG)ij

1 + k2η2ρ
+
Ck4ηρηρρ(ηANGηANG)ij

(1 + k2η2ρ)
2

+
k2ηρρρηij

(1 + k2η2ρ)
2
+

k2ηρρ∂ρηij
(1 + k2η2ρ)

2
−

8k4ηρη
2
ρρηij

(1 + k2η2ρ)
3

∣∣∣∣∣
≤C

k2
Θ+ C + CΘ+ CΘ+

C

k2
Θ+

C

k2
Θ+

C

k2
Θ ≤ C(1 + Θ)

|∂lFij | =

∣∣∣∣∣−k2η2ρ∂lRiρjρ1 + k2η2ρ
+
Ck2(∂lηANGηANG)ij

1 + k2η2ρ
+

k2ηρρ∂lηij
(1 + k2η2ρ)

2

∣∣∣∣∣ ≤ C + C +
C

k2
Θ ≤ C

(
1 +

1

k2
Θ

)
;

∂ρFiρ =∂lFiρ = 0.

Note that in the above estimates we have not used (4.13) and (4.14), although it is useful to exploit

them and |ηij | ≤ Cr|ηρ|, |∂lηij | ≤ Cr|ηρ| (see (4.15)) to estimate |∂lFρρ| and |∂ρFij |: |∂lFρρ| ≤ C
r−ρ ;

|∂ρFij | ≤ C + C
r−ρ +

C
k2
Θ.

(5.15)

Combining (5.3), (5.13) with (5.14) we deduce

|∇ρFρρ| = |∂ρFρρ| ≤ CΘ;(5.16)

|∇lFρρ| = |∂lFρρ| ≤ CΘ;

|∇ρFij | =
∣∣∣∂ρFij − ΓlρiFlj − ΓlρjFil

∣∣∣
≤ |∂ρFij |+

∣∣∣ΓlρiFlj∣∣∣+ ∣∣∣ΓlρjFil∣∣∣
≤ |∂ρFij |+

∣∣∣Γlρi∣∣∣|Flj |+ ∣∣∣Γlρj∣∣∣|Fil|
≤ C(1 + Θ) + Cρ

(
1 +

1

k2

)
+ Cρ

(
1 +

1

k2

)
≤ C(1 + Θ);

|∇lFij | =
∣∣∂lFij − ΓtliFtj − ΓtljFit

∣∣
≤ |∂lFij |+

∣∣ΓtliFtj∣∣+ ∣∣ΓtljFit∣∣
≤ |∂lFij |+

∣∣Γtli∣∣|Ftj |+ ∣∣Γtlj∣∣|Fit|
≤ C

(
1 +

1

k2
Θ

)
+ Cρ

(
1 +

1

k2
Θ

)
+ Cρ

(
1 +

1

k2
Θ

)
≤ C

(
1 +

1

k2
Θ

)
;
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|∇lFiρ| =
∣∣∣−ΓρijFρρ − ΓljρFil

∣∣∣
≤
∣∣∣Γρij∣∣∣|Fρρ|+ ∣∣∣Γljρ∣∣∣|Fil|

≤ CρΘ+ Cρ

(
1 +

1

k2
Θ

)
≤ C(1 + Θ);

∇ρFiρ = 0.

Note that using (5.15), we obtain
|∇lFρρ| ≤ C

r−ρ ;

|∇ρFij | ≤ C + C
r−ρ +

C
k2
Θ;

|∇lFiρ| ≤ C + C
r−ρ +

C
k2
Θ.

(5.17)

We are now ready to compute |∂γ∂δFαβ| and |∇γ∇δFαβ|: using (4.11), (4.12) and the definition of

Fαβ we get

|∂ρ∂ρFρρ| =

∣∣∣∣∣k2ηρρρρηii1 + k2η2ρ
+
k2ηρρρ∂ρη

i
i

1 + k2η2ρ
− 2k4ηρηρρηρρρη

i
i

(1 + k2η2ρ)
2

+
k2ηρρρ∂ρη

i
i

1 + k2η2ρ

(5.18)

+
k2ηρρ∂ρ∂ρη

i
i

1 + k2η2ρ
−

2k4ηρη
2
ρρ∂ρη

i
i

(1 + k2η2ρ)
2

−
2k4η3ρρη

i
i

(1 + k2η2ρ)
2

− 4k4ηρηρρηρρρη
i
i

(1 + k2η2ρ)
2

−
2k4ηρη

2
ρρ∂ρη

i
i

(1 + k2η2ρ)
2

+
8k6η2ρη

3
ρρη

i
i

(1 + k2η2ρ)
3

∣∣∣∣∣
≤CΘ+ CΘ+ CΘ+ CΘ+ CΘ+ CΘ+ CΘ+ CΘ+ CΘ+ CΘ ≤ CΘ

|∂t∂lFρρ| =
∣∣∣∣k2ηρρ∂t∂lηii1 + k2η2ρ

∣∣∣∣ ≤ CΘ;

|∂ρ∂ρFij | =

∣∣∣∣∣ k2η2ρρL1 + k2η2ρ
+
k2ηρηρρρL

1 + k2η2ρ
+

k4η2ρη
2
ρρL

(1 + k2η2ρ)
2
+
k2ηρηρρ∂ρL

1 + k2η2ρ
+
k2η2ρ∂ρ∂ρL

1 + k2η2ρ

+
k4η3ρηρρ∂ρL

(1 + k2η2ρ)
2
+

k4η2ρη
2
ρρL

(1 + k2η2ρ)
2
+

k4η3ρηρρρL

(1 + k2η2ρ)
2
+

k6η4ρη
2
ρρL

(1 + k2η2ρ)
3
+
k4η2ρη

2
ρρ∂ρL

(1 + k2η2ρ)
2

+
Ck2(∂ρ∂ρηANGηANG)ij

1 + k2η2ρ
+
Ck2(∂ρηANG∂ρηANG)ij

1 + k2η2ρ
− 2Ck4ηρηρρ(ηANG∂ρηANG)ij

(1 + k2η2ρ)
2

+
Ck4η2ρρ(ηANGηANG)ij

(1 + k2η2ρ)
2

+
Ck4ηρηρρρ(ηANGηANG)ij

(1 + k2η2ρ)
2

+
Ck4ηρηρρ(ηANG∂ρηANG)ij

(1 + k2η2ρ)
2

+
Ck6η2ρη

2
ρρ(ηANGηANG)ij

(1 + k2η2ρ)
3

+
k2ηρρρρηij
(1 + k2η2ρ)

2
+
k2ηρρρ∂ρηij
(1 + k2η2ρ)

2
− 2k4ηρηρρηρρρηij

(1 + k2η2ρ)
3

+
k2ηρρρ∂ρηij
(1 + k2η2ρ)

2
+
k2ηρρ∂ρ∂ρηij
(1 + k2η2ρ)

2
−

2k4ηρη
2
ρρ∂ρηij

(1 + k2η2ρ)
3

+
Ck4η3ρρηij

(1 + k2η2ρ)
3

+
Ck4ηρηρρηρρρηij

(1 + k2η2ρ)
3

+
Ck4ηρη

2
ρρ∂ρηij

(1 + k2η2ρ)
3

+
Ck6η2ρη

3
ρρηij

(1 + k2η2ρ)
4

∣∣∣∣∣
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≤CΘ+ CΘ+ CΘ+ CΘ+ C + CΘ+ CΘ+ CΘ+ CΘ+ CΘ+ CΘ

+ CΘ+ CΘ+ CΘ+ CΘ+ CΘ+ CΘ+
C

k2
Θ+

C

k2
Θ+

C

k2
Θ+

C

k2
Θ

+
C

k2
Θ+

C

k2
Θ+

C

k2
Θ+

C

k2
Θ+

C

k2
Θ+

C

k2
Θ ≤ C(1 + Θ);

|∂t∂lFij | =

∣∣∣∣∣− k2η2ρ∂t∂lRiρjρ

1 + k2η2ρ
+

2k2(∂t∂lηANGηANG)ij
(1 + k2η2ρ)

2
+

2k2η2ρρ(∂t∂lηANGηANG)ij

(1 + k2η2ρ)
2

+
2k2(∂tηANG∂lηANG)ij

(1 + k2η2ρ)
2

+
2k2η2ρρ(∂tηANG∂lηANG)ij

(1 + k2η2ρ)
2

∣∣∣∣∣
≤ C + C +

C

k2
Θ+ C +

C

k2
Θ

≤ C

(
1 +

1

k2
Θ

)
;

|∂ρ∂ρFiρ| =|∂t∂lFiρ| = 0.

Using (5.3), (5.13), (5.14), (5.16) and (5.18), we deduce

|∇ρ∇ρFρρ| =|∂ρ∂ρFρρ| ≤ CΘ;

(5.19)

|∇t∇lFρρ| =
∣∣∂t∇lFρρ − Γρtl(∇ρFρρ)− Γitl(∇iFρρ)

∣∣ = ∣∣∂t∂lFρρ − Γρtl(∇ρFρρ)− Γitl(∇iFρρ)
∣∣

≤CΘ+ CΘ+ ρ2CΘ ≤ CΘ;

|∇ρ∇ρFij | =
∣∣∂ρ∇ρFij − Γαρi∇ρFαj − Γαρj∇ρFiα

∣∣
=
∣∣∣∂ρ(∂ρFij − ΓlρiFlj − ΓlρjFil

)
− Γlρi∇ρFlj − Γlρj∇ρFil

∣∣∣
=
∣∣∣∂ρ∂ρFij − ∂ρΓ

l
ρiFlj + Γlρi∂ρFlj − ∂ρΓ

l
ρjFil + Γlρj∂ρFil − Γlρi∇ρFlj − Γlρj∇ρFil

∣∣∣
≤C(1 + Θ) + C

(
1 +

1

k2
Θ

)
+ Cρ

(
1 +

1

k2
Θ

)
+ C

(
1 +

1

k2
Θ

)
+ Cρ

(
1 +

1

k2
Θ

)
+ Cρ(1 + Θ) + Cρ(1 + Θ)

≤C(1 + Θ);

|∇t∇lFij | =
∣∣∂t∇lFij − Γsti(∇lFsj)− Γstj(∇lFsi)− Γstl(∇sFij)

− Γρtl(∇ρFij)− Γρti(∇lFρj)− Γρtj(∇lFiρ)
∣∣

=
∣∣∂t(∂lFij − ΓsliFsj − ΓsljFis)− Γsti(∇lFsj)− Γstj(∇lFsi)

− Γstl(∇sFij)− Γρtl(∇ρFij)− Γρti(∇lFρj)− Γρtj(∇lFiρ)
∣∣

=
∣∣∂t∂lFij − ∂tΓ

s
liFsj − Γsli∂tFsj − ∂tΓ

s
ljFis − Γslj∂tFis

− Γsti(∇lFsj)− Γstj(∇lFsi)− Γstl(∇sFij)

− Γρtl(∇ρFij)− Γρti(∇lFρj)− Γρtj(∇lFiρ)
∣∣

≤|∂t∂lFij |+ |∂tΓsliFsj |+ |Γsli∂tFsj |+
∣∣∂tΓsljFis∣∣+ ∣∣Γslj∂tFis∣∣

+ |Γsti(∇lFsj)|+
∣∣Γstj(∇lFsi)

∣∣+ |Γstl(∇sFij)|
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+
∣∣Γρtl(∇ρFij)

∣∣+ |Γρti(∇lFρj)|+
∣∣∣Γρtj(∇lFiρ)

∣∣∣
≤C
(
1 +

1

k2
Θ

)
+ C

(
1 +

1

k2
Θ

)
+ Cρ

(
1 +

1

k2
Θ

)
+ Cρ

(
1 +

1

k2
Θ

)
+ ρ2C

(
1 +

1

k2
Θ

)
+ ρ2

(
C +

C

k2
Θ

)
+
∣∣Γρll(∇ρFij)

∣∣+ ∣∣Γρli(∇lFρj)
∣∣+ ∣∣∣Γρlj(∇lFiρ)

∣∣∣
|∇ρ∇ρFiρ| =

∣∣∂ρ∇ρFiρ − Γαρi∇ρFαρ − Γαρρ∇ρFiα − Γαρρ∇αFiρ
∣∣ = 0;

|∇t∇lFiρ| =
∣∣∂t∇lFiρ − Γαti∇ρFαρ − Γαtρ∇ρFiα − Γαtl∇αFiρ

∣∣;
=
∣∣∣∂t(∂lFiρ − ΓρliFρρ − ΓjlρFij

)
− Γαti∇ρFαρ − Γαtρ∇ρFiα − Γαtl∇αFiρ

∣∣∣
=
∣∣∣∂tΓρliFρρ − Γρli∂tFρρ − ∂tΓ

j
lρFij − Γjlρ∂tFij − Γjti∇lFjρ − Γρti∇lFρρ − Γjtρ∇lFij − Γjtl∇jFiρ

∣∣∣
≤
∣∣∂tΓρliFρρ∣∣+ ∣∣Γρli∂tFρρ∣∣+ C

(
1 +

1

k2
Θ

)
+ Cρ

(
1 +

1

k2
Θ

)
+
∣∣∣Γjti∇lFjρ

∣∣∣
+ |Γρti∇lFρρ|+ Cρ

(
1 +

1

k2
Θ

)
+
∣∣∣Γjtl∇jFiρ

∣∣∣;
To obtain a final estimate for |∇t∇lFij | and |∇t∇lFiρ|, we use equations (5.4) and (5.17) to finally

deduce:

|∇t∇lFij | ≤ C +
C

r − ρ
+
C

k2
Θ, |∇t∇lFiρ| ≤ C +

C

r − ρ
+
C

k2
Θ.(5.20)

We are now ready to give an estimate of the components of the remainders of ∆̄Ric:∣∣∇ρ∇ρRρρ
∣∣ =∣∣∇ρ∇ρRρρ +∇ρ∇ρFρρ − 3Gρρρ∇ρRρρ(5.21)

− 3Gρρρ∇ρFρρ − 2∂ρG
ρ
ρρRρρ − 2∂ρG

ρ
ρρFρρ

∣∣
≤ C + CΘ+ CΘ+ CΘ+ CΘ+ CΘ ≤ C(1 + Θ);∣∣∇t∇lRρρ

∣∣ =∣∣∇t∇lRρρ +∇t∇lFρρ −Gρtl∇ρRρρ −Gρtl∇ρFρρ + 2Γρtl
(
GρρρRρρ

)
+ 2Γstρ

(
GρlsRρρ

)
+ 2Γρtl

(
GρρρFρρ

)
+ 2Γstρ

(
GρlsFρρ

)∣∣
≤ C + CΘ+ C + CΘ+ CΘ+ C + CΘ+ CΘ ≤ C(1 + Θ);∣∣∇ρ∇ρRij

∣∣ =∣∣∇ρ∇ρRij +∇ρ∇ρFij −Gρρρ∇ρRij −Gρρρ∇ρFij
∣∣

≤C + C(1 + Θ) + CΘ+ CΘ ≤ C(1 + Θ);∣∣∇t∇lRij
∣∣ =∣∣∇t∇lRij +∇t∇lFij −Gρti∇lRρj −Gρtj∇lRiρ −Gρtl∇ρRij

−Gρti∇lFρj −Gρtj∇lFiρ −Gρtl∇ρFij

− ∂tG
ρ
liRρj − ∂tG

ρ
ljRiρ −Gρli∂tRρj −Gρlj∂tRiρ

+ Γstl(G
ρ
siRρj) + Γsti

(
GρlsRρj

)
+ Γρtj

(
GρliRρρ

)
+ Γstj

(
GρliRρs

)
+ Γstl

(
GρsjRiρ

)
+ Γstj

(
GρlsRiρ

)
+ Γρti

(
GρljRρρ

)
+ Γsti

(
GρljRρs

)
+ Γρtj

(
GρljFρρ

)
+ Γρti

(
GρliFρρ

)∣∣
≤ C + C

(
1 +

1

r − ρ
+

1

k2
Θ

)
+ C + C + C + C

(
1 +

1

r − ρ
+

1

k2
Θ

)
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+ C

(
1 +

1

r − ρ
+

1

k2
Θ

)
+ C

(
1 +

1

r − ρ
+

1

k2
Θ

)
+ C

(
1 +

1

r − ρ
+

1

k2

)
+ C + C + C + C + C + C + C + C + C + C + C + C +

C

r − ρ
+

C

r − ρ

≤ C +
C

k2
Θ+

C

r − ρ
;∣∣∇ρ∇ρRiρ

∣∣ =∣∣∇ρ∇ρRiρ − 2Gρρρ∇ρRiρ − ∂ρG
ρ
ρρRiρ −Gρρρ∂ρRiρ + Γtρi

(
GρρρRtρ

)∣∣
≤ C + CΘ+ CΘ+ CΘ+ CΘ ≤ C(1 + Θ);∣∣∇t∇lRiρ

∣∣ =∣∣∇t∇lRiρ −∇t∇lFiρ −Gρti∇lRρρ −Gρtl∇ρRiρ

−Gρti∇lFρρ − ∂tG
ρ
liRρρ − ∂tG

ρ
liFρρ −Gρli∂tRρρ −Gρli∂tFρρ

+ Γstl(G
ρ
siRρρ) + Γsti

(
GρlsRρρ

)
+ Γstρ

(
GρliRρs

)
+ Γρtl

(
GρρρRiρ

)
+ Γstρ

(
GρlsRiρ

)
+ Γstl(G

ρ
siFρρ) + Γsti

(
GρlsFρρ

)∣∣
≤C + C

(
1 +

1

r − ρ
+

1

k2
Θ

)
+ C + C +

C

r − ρ

+ C
C

r − ρ
+ C + C + C + C + C +

C

r − ρ
+

C

r − ρ

≤C
(
1 +

1

r − ρ
+

1

k2
Θ

)
.

Note that we have used equations (4.10), (5.3), (5.13), (5.14), (5.16) and (5.19) to estimate∣∣∇ρ∇ρRρρ
∣∣, ∣∣∇t∇lRρρ

∣∣ ∣∣∇ρ∇ρRij
∣∣ and ∣∣∇ρ∇ρRiρ

∣∣ and we have used (4.10), (5.3), (5.4), (5.13),

(5.15), (5.17) and (5.20) to estimate
∣∣∇t∇lRij

∣∣ and ∣∣∇t∇lRiρ
∣∣. Therefore, using the equations in

(5.21) in (5.12) we conclude

∣∣∆̄Ric
∣∣
g
=

∣∣∣∣ 1

1 + k2η2ρ
∇ρ∇ρ(Rρρ +Riρ +Rij) + glt∇l∇t(Rρρ +Riρ +Rij)

∣∣∣∣
g

(5.22)

≤ 1

1 + k2η2ρ

∣∣∇ρ∇ρRρρ
∣∣
g
+

1

1 + k2η2ρ

∣∣∇ρ∇ρRiρ
∣∣
g
+

1

1 + k2η2ρ

∣∣∇ρ∇ρRij
∣∣
g

+
∣∣∣glt∇l∇tRρρ

∣∣∣
g
+
∣∣∣glt∇l∇tRiρ

∣∣∣
g
+
∣∣∣glt∇l∇tRij

∣∣∣
g

=
1

(1 + k2η2ρ)
2

∣∣∇ρ∇ρRρρ
∣∣
g
+

1

(1 + k2η2ρ)
3
2

∣∣∇ρ∇ρRiρ
∣∣
g
+

1

1 + k2η2ρ

∣∣∇ρ∇ρRij
∣∣
g

+
1

1 + k2η2ρ

∣∣∣glt∇l∇tRρρ

∣∣∣
g
+

1

(1 + k2η2ρ)
1
2

∣∣∣glt∇l∇tRiρ

∣∣∣
g
+
∣∣∣glt∇l∇tRij

∣∣∣
g

≤ 1

(1 + k2η2ρ)
2

∣∣∇ρ∇ρRρρ
∣∣+ C

(1 + k2η2ρ)
3
2

∣∣∇ρ∇ρRiρ
∣∣+ C

1 + k2η2ρ

∣∣∇ρ∇ρRij
∣∣

+
1

1 + k2η2ρ

∣∣∣glt∇l∇tRρρ

∣∣∣+ C

(1 + k2η2ρ)
1
2

∣∣∣glt∇l∇tRiρ

∣∣∣+ C
∣∣∣glt∇l∇tRij

∣∣∣
≤ 1

(1 + k2η2ρ)
2
C(1 + Θ) +

1

(1 + k2η2ρ)
3
2

C(1 + Θ) +
1

1 + k2η2ρ
C(1 + Θ)
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+
1

1 + k2η2ρ
C(1 + Θ) +

1

(1 + k2η2ρ)
1
2

C

(
1 +

1

r − ρ
+

1

k2
Θ

)
+ C

(
1 +

1

r − ρ
+

1

k2
Θ

)
≤C
(
1 +

1

k2
Θ

)
+ C

(
1 +

1

k2
Θ

)
+ C

(
1 +

1

k2
Θ

)
+ C

(
1 +

1

k2
Θ

)
+ C

(
1 +

1

r − ρ
+

1

k2
Θ

)
+ C

(
1 +

1

r − ρ
+

1

k2
Θ

)
≤C
(
1 +

1

r − ρ
+

1

k2
Θ

)
.

Now we compute |∂αH| using estimates (4.11) and (4.12):

|∂ρH| =

∣∣∣∣∣∂ρL+
∂ρL

1 + k2η2ρ
− 2k2Lηρηρρ

(1 + k2η2ρ)
2
+
Ck2∂ρηANGηANG

1 + k2η2ρ
− Ck4ηρηρρηANGηANG

(1 + k2η2ρ)
2

(5.23)

+
2k2ηρρρηll
(1 + k2η2ρ)

2
+

2k2ηρρ∂ρηll
(1 + k2η2ρ)

2
−

8k4ηρη
2
ρρηll

(1 + k2η2ρ)
3

∣∣∣∣∣
≤C + C + CΘ+ CΘ+ CΘ+

C

k2
Θ+

C

k2
Θ+

C

k2
Θ

≤C(1 + Θ);

|∂iH| =
∣∣∣∣∂iL+

∂iL

1 + k2η2ρ
+
Ck2∂iηANGηANG

1 + k2η2ρ
+

2k2ηρρ∂iηll
(1 + k2η2ρ)

2

∣∣∣∣
≤C
(
1 +

1

k2
Θ

)
.

Note that using (4.13), (4.14), and the fact that |ηij | ≤ Cr|ηρ| we deduce another estimate for

|∂ρH|, which we will use in the final inequality of
∣∣∇i∇jS

∣∣:
|∂ρH| ≤ C +

C

k2
Θ+

C

r − ρ
.(5.24)

Therefore, by (5.23) we obtain

|∇ρH| = |∂ρH| ≤ C + CΘ; |∇iH| = |∂iH| ≤ C +
C

k2
Θ(5.25)

and by (5.24)

|∇ρH| ≤ C +
C

r − ρ
+
C

k2
Θ.(5.26)

We now compute ∂α∂βH, which we will later need to compute Hess(H) and ∆H. Towards this

aim we use (4.11) and (4.12) in |∂ρ∂ρH| and (4.13), (4.14) and |ηij | ≤ Cr|ηρ|, |∂lηij | ≤ Cr|ηρ| in
the remaining terms:

|∂ρ∂ρH| =

∣∣∣∣∣∂ρ∂ρL+
∂ρ∂ρL

1 + k2η2ρ
− Ck2ηρηρρ∂ρL

(1 + k2η2ρ)
2

−
2k2Lη2ρρ

(1 + k2η2ρ)
2
− 2k2Lηρρρηρ

(1 + k2η2ρ)
2

(5.27)

+
8k4η2ρη

2
ρρL

(1 + k2η2ρ)
3
+
Ck2∂ρ∂ρηANGηANG

1 + k2η2ρ
+
Ck2∂ρηANG∂ρηANG

1 + k2η2ρ

− Ck4ηρηρρ∂ρηANGηANG
(1 + k2η2ρ)

2
−
Ck4η2ρρηANGηANG

(1 + k2η2ρ)
2

− Ck4ηρηρρρηANGηANG
(1 + k2η2ρ)

2
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+
Ck6η2ρη

2
ρρηANGηANG

(1 + k2η2ρ)
3

+
2k2ηρρρρηll
(1 + k2η2ρ)

2
+

2k2ηρρρ∂ρηll
(1 + k2η2ρ)

2
− 8k4ηρηρρηρρρηll

(1 + k2η2ρ)
3

+
2k2ηρρ∂ρ∂ρηll
(1 + k2η2ρ)

2
+

2k2ηρρρ∂ρηll
(1 + k2η2ρ)

2
−

8k4ηρη
2
ρρ∂ρηll

(1 + k2η2ρ)
3

−
8k4η3ρρηll

(1 + k2η2ρ)
3

− 16k4ηρρρηρρηρηll
(1 + k2η2ρ)

3
−

8k4ηρη
2
ρρ∂ρηll

(1 + k2η2ρ)
3

+
48k6η2ρη

3
ρρηll

(1 + k2η2ρ)
4

∣∣∣∣∣
≤C + C +

C

k2
Θ+

C

k2
Θ+

C

k2
Θ+

C

k2
Θ+ CΘ+ CΘ+ CΘ+ CΘ+ CΘ+ CΘ

+
C

k2
Θ+

C

k2
Θ+

C

k2
Θ+

C

k2
Θ+

C

k2
Θ+

C

k2
Θ+

C

k2
Θ+

C

k2
Θ+

C

k2
Θ+

C

k2
Θ

≤C +
C

k2
Θ+ CΘ;

|∂l∂ρH| =

∣∣∣∣∣∂l∂ρL+
∂l∂ρL

1 + k2η2ρ
− 2k2∂lLηρηρρ

(1 + k2η2ρ)
2
+
Ck2∂l∂ρηANGηANG

1 + k2η2ρ
+
Ck2∂ρηANG∂lηANG

1 + k2η2ρ

− Ck4ηρηρρ∂lηANGηANG
(1 + k2η2ρ)

2
+

2k2ηρρρ∂lηtt
(1 + k2η2ρ)

2
+

2k2ηρρ∂l∂ρηtt
(1 + k2η2ρ)

2
−

8k4ηρη
2
ρρ∂lηtt

(1 + k2η2ρ)
3

∣∣∣∣∣
≤C + C +

C

k2
Θ+

C

r − ρ
+

C

r − ρ
+

C

r − ρ
+
C

k2
Θ+

C

k2
Θ+

C

k2
Θ

≤C +
C

k2
Θ+

C

r − ρ
;

|∂t∂iH| =
∣∣∣∣∂t∂iL+

∂t∂iL

1 + k2η2ρ
+
Ck2∂t∂iηANGηANG

1 + k2η2ρ
+
Ck2∂iηANG∂tηANG

1 + k2η2ρ
+

2k2ηρρ∂t∂iηll
(1 + k2η2ρ)

2

∣∣∣∣
≤ C + C + C + C +

C

k2
Θ

≤C +
C

k2
Θ.

It follows by (5.27),

|∇ρ∇ρH| =|∂ρ∂ρH| ≤ C(1 + Θ)

|∇ρ∇lH| =|∇l∇ρH| =
∣∣∂l∂ρH − Γtlρ∇tH

∣∣
≤|∂l∂ρH|+

∣∣Γtlρ∇tH
∣∣

≤C
(
1 +

1

r − ρ
+

1

k2
Θ

)
+ Cρ

(
1 +

1

k2
Θ

)
≤ C

(
1 +

1

r − ρ
+

1

k2
Θ

)
;(5.28)

|∇t∇iH| =|∂t∂iH − Γαti∇αH| =
∣∣∣∂t∂iH − Γρti∇ρH − Γlti∇lH

∣∣∣
≤C
(
1 +

1

k2
Θ

)
+ Cρ

(
1 +

1

r − ρ
+

1

k2
Θ

)
+ ρ

(
1 +

1

k2
Θ

)
≤C
(
1 +

1

r − ρ
+

1

k2
Θ

)
where in the last two inequality we have used (5.13) and (5.26). The Hessian of S is given by

∇α∇βS = ∇α∇βS +∇α∇βH −Gταβ∇τS +Gταβ∇τH,
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then, to get an estimate on its norm with respect to the metric g, we need to compute∣∣∇ρ∇ρS
∣∣
g
;
∣∣∇i∇ρS

∣∣
g
;
∣∣∇i∇jS

∣∣
g
,

that are ∣∣∇ρ∇ρS
∣∣
g
=

1

1 + k2ηρ

∣∣∇ρ∇ρS
∣∣
g
=

1

1 + k2ηρ

∣∣∇ρ∇ρS
∣∣

=
1

(1 + k2ηρ)2
∣∣∇ρ∇ρS +∇ρ∇ρH −Gρρρ∇τS +Gρρρ∇ρH

∣∣
≤ 1

1 + k2ηρ
[C + CΘ+ CΘ+ CΘ]

≤ C

(
1 +

1

k2
Θ

)
;

∣∣∇i∇ρS
∣∣
g
=

1

(1 + k2η2ρ)
1
2

∣∣∇i∇ρS
∣∣
g
≤ C

(1 + k2η2ρ)
1
2

∣∣∇i∇ρS
∣∣

=
1

(1 + k2η2ρ)
1
2

∣∣∇i∇ρS +∇i∇ρH −Gτiρ∇τS +Gτiρ∇τH
∣∣

=
1

(1 + k2η2ρ)
1
2

|∇i∇ρS +∇i∇ρH|

≤ 1

(1 + k2η2ρ)
1
2

[
C

(
1 +

1

k2
Θ

)
+ C

(
1 +

1

r − ρ
+

1

k2
Θ

)]
≤ C

(
1 +

1

r − ρ
+

1

k2
Θ

)
;∣∣∇i∇jS

∣∣
g
=
∣∣∇i∇jS

∣∣
g
≤ C

∣∣∇i∇jS
∣∣

=
∣∣∣∇i∇jS +∇i∇jH −Gρij∇ρS +Gρij∇ρH

∣∣∣
≤ C + C

(
1 +

1

r − ρ
+

1

k2
Θ

)
+ Cρ+ C

(
1 +

1

r − ρ
+

1

k2
Θ

)
≤ C

(
1 +

1

r − ρ
+

1

k2
Θ

)
,

where we have used equations (4.10), (5.9), (5.25) and (5.28) in the estimate of
∣∣∇ρ∇ρS

∣∣
g
and

(4.10), (5.9), (5.26) and (5.28) in the the estimates of
∣∣∇i∇ρS

∣∣
g
and

∣∣∇i∇jS
∣∣
g
. Therefore, we

obtain

(5.29)
∣∣HessS

∣∣
g
=
∣∣∇ρ∇ρS

∣∣
g
+
∣∣∇ρ∇iS

∣∣
g
+
∣∣∇i∇ρS

∣∣
g
+
∣∣∇i∇jS

∣∣
g
≤ C

(
1 +

1

r − ρ
+

1

k2
Θ

)
and, by (5.28) and the definition of g, we also have∣∣∆̄S∣∣

g
=
∣∣∣gαβ∇α∇βS

∣∣∣
g
=
∣∣gρρ∇ρ∇ρS + gti∇t∇iS

∣∣
g
≤ C

(
1 +

1

r − ρ
+

1

k2
Θ

)
.(5.30)

As a consequence, putting together (5.6), (5.7), (5.22), (5.29) and (5.30), we deduce:

(5.31)
∣∣B∣∣

g
≤ C

(
1 +

1

r − ρ
+

1

k2
Θ

)
,

which implies (4.18).
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[15] A. Derdziński. Self-dual Kähler manifolds and Einstein manifolds of dimension four. Compositio Math., 49(3):405–

433, 1983.

[16] W. M. Goldman. Conformally flat manifolds with nilpotent holonomy and the uniformization problem for 3-

manifolds. Trans. Amer. Math. Soc., 278(2):573–583, 1983.

[17] M. Gromov and H. B. Lawson, Jr. The classification of simply connected manifolds of positive scalar curvature.

Ann. of Math. (2), 111(3):423–434, 1980.

[18] M. Gromov and H. B. Lawson, Jr. Positive scalar curvature and the Dirac operator on complete Riemannian

manifolds. Inst. Hautes Études Sci. Publ. Math., (58):83–196, 1983.

[19] M. J. Gursky. Four-manifolds with δW+ = 0 and Einstein constants of the sphere. Math. Ann., 318(3):417–431,

2000.

[20] M. J. Gursky and C. LeBrun. Yamabe invariants and Spinc structures. Geom. Funct. Anal., 8(6):965–977, 1998.



28

[21] M. J. Gursky and C. Lebrun. On Einstein manifolds of positive sectional curvature. Ann. Global Anal. Geom.,

17(4):315–328, 1999.

[22] M. J. Gursky and J. A. Viaclovsky. Critical metrics on connected sums of Einstein four-manifolds. Adv. Math.,

292:210–315, 2016.

[23] M. Itoh. The modified Yamabe problem and geometry of modified scalar curvatures. J. Geom. Anal., 15(1):63–81,

2005.

[24] N. H. Kuiper. On conformally-flat spaces in the large. Ann. of Math. (2), 50:916–924, 1949.

[25] C. LeBrun. Kodaira dimension and the Yamabe problem. Comm. Anal. Geom., 7(1):133–156, 1999.

[26] C. LeBrun. Ricci curvature, minimal volumes, and Seiberg-Witten theory. Invent. Math., 145(2):279–316, 2001.

[27] C. LeBrun. Bach-flat Kähler surfaces. J. Geom. Anal., 30(3):2491–2514, 2020.

[28] J. M. Lee and T. H. Parker. The Yamabe problem. Bull. Amer. Math. Soc. (N.S.), 17(1):37–91, 1987.

[29] J. Lohkamp. Metrics of negative Ricci curvature. Ann. of Math. (2), 140(3):655–683, 1994.

[30] R. Schoen and S. T. Yau. On the structure of manifolds with positive scalar curvature. Manuscripta Math.,

28(1-3):159–183, 1979.

[31] H. Seshadri. A note on negative isotropic curvature. Math. Res. Lett., 11(2-3):365–370, 2004.

[32] G. Tian and J. Viaclovsky. Bach-flat asymptotically locally euclidean metrics. Inv. Math., 160(2):357–415, May

2005.

[33] G. Tian and J. Viaclovsky. Moduli spaces of critical riemannian metrics in dimension four. Adv. Math.,

196(2):346–372, 2005.


	1. Introduction
	2. The scalar-Bach curvature
	3. Aubin's metric deformation
	4. Proof of Theorem 1.1
	Step 1.
	Step 2.
	Step 3
	Step 4
	Step 5

	5. Estimates on the deformed Bach tensor
	Acknowledgements
	References

