EXTREMALS FOR POINCARE-SOBOLEV SHARP CONSTANTS
IN STEINER SYMMETRIC SETS

LORENZO BRASCO, LUCA BRIANI, AND FRANCESCA PRINARI

ABSTRACT. We prove existence of minimizers for the sharp Poincaré-Sobolev constant in general
Steiner symmetric sets, in the subcritical and superhomogeneous regime. The sets considered are
not necessarily bounded, thus the relevant embeddings may suffer from a lack of compactness. We
prove existence by means of an elementary compactness method. We also prove an exponential
decay at infinity for minimizers, showing that in the case of Steiner symmetric sets the relevant
estimates only depend on the underlying geometry. Finally, we illustrate the optimality of the
existence result, by means of some examples.
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1. INTRODUCTION

1.1. A starting point: the two-dimensional strip. Motivated by obtaining existence of solitary
waves for a two-dimensional, inviscid and incompressible flow, in [1, Theorem 7.5 & Corollary 7.6],
Amick and Toland proved the following remarkable result: for every ¢ > 2 and every A > 0 the
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following boundary value problem for the Lane-Emden equation

(1.1)

—Au = Au|?2u, inS:=Rx(-1,1),
u = 0, on 9S8

does admit a positive solution with finite energy, i.e. such that u € VVO1 ’2(5 ). Concurrently with

them, Bona, Bose and Turner obtained the same kind of result in [6, Theorem 5.1]: we refer the

reader to their paper [6] for a thorough explanation of the physical model leading to this problem.
From the variational point of view, this result may appear a little bit surprising;:

e at first, because the embedding W, %(S) < L%(S) is only continuous, but not compact,

due to the translation invariance of S in the direction e; = (1,0). This lack of compactness
prevents the application of standard methods to prove existence in Sobolev spaces. The
two main ones would be: either to look for a critical point of the functional

Sarte) =5 [ 1Velde=2 [ ot

by using the Mountain Pass Theorem, for example (see [44, Chapter II, Theorem 6.2]); o
to look for a global minimizer of the following constrained problem

A2,q(S) = inf {/ |Vl da / lpl? dz = 1}
PEW,2(S)

Indeed, observe that a minimizer v of this problem (which can be taken to be positive,
thanks to the fact that both the functional and the constraint are even), would solve

—Av = Ay o (S)v7E, in S.

Then, by taking the scaled function u = (A/)\Q,q(S))l/(zf‘” v, we would get a positive
solution of (1.1). This particular solution of the Lane-Emden equation is called with minimal
energy, since it minimizes the free energy functional §, » among all nontrivial solutions (see
for example the proof of [13, Corollary 1.4]);

secondly, this existence result is false for 1 < g < 2. Indeed, in the case 1 < ¢ < 2 we know
that every positive solution u € W, ?(S) to (1.1) would automatically be a minimizer of the
functional §, x above (see for example [15, Proposition 3.5 & Remark 3.6]). However, it is
not difficult to see that this functional is unbounded from below, due to the scale invariance
of S along the e; direction. Indeed, for every non-trivial ¢ € I/VO1 2(S) and every £ > 0, by
defining @y(x1,z2) = @(£x1,x2), after a change of variable we would get

. 14 Al
i Soae) = Jim |5 [ [9ePao- 24 [felrds] = o0

£—0+t

The borderline case ¢ = 2 is quite peculiar, since (1.1) boils down to the eigenvalue equation.
In this case, the only possibility to have existence of a positive solution u (which thus
would be a positive eigenfunction) would be that A coincides with the first eigenvalue of
the Dirichlet-Laplacian on S, i.e.

A= inf {/ Veo|* d / lp|? dx = 1},
peWwy?(s) LJs S

1t is fair to recall that the equation considered in [1, 6] is slightly more general, since they admit a broader class
of nonlinear right-hand sides: for the scopes of this paper, we will confine ourselves to the case of the simple equation

above.
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with u minimizer of this problem. However, it is well-known that on the strip .S this problem
does not admit a solution.

In light of the previous observations, at that time the existence result of [1] and [6] greatly stimulated
the interest towards related results for semilinear or quasilinear PDEs in unbounded domains, where
standard compactness methods may fail. Without any attempt of completeness, it is mandatory
to recall the papers by Esteban and Lions [27, 28, 29], appeared at the same time as [1, 6] (see
also [41, Section V.2]). There, the authors generalized this existence result by considering more
general cylindrical sets of the form Q = w x RF C RY, with w € RY~% open bounded set and
1<k <N —1. We also refer to [24] and [37] for related existence results for the same equation in
some unbounded sets, under suitable geometric structural assumptions.

1.2. Main results. It is now time to present the main scopes and outcomes of our paper. We need
at first to settle some notation. For 1 < p < N, we define the Sobolev critical exponent

«_ Np
PEN

as it is customary. Then, for every exponent ¢ > p such that

<p*, ifp<N,
(1.2) g <oo, ifp=N,
<oo, ifp>N,

we define

(1.3) Apq(2) = inf {A |VolP dz = [|o||Laq) = 1}.

peCE ()
Observe that this coincides with the sharp constant for the embedding
(1.4) 5" () <= LI(Q),

where 9&”)(9) is the homogeneous Sobolev space, given by the completion of C5°(£2) with respect
to the norm
Co’ () 2 ¢ = Vel Lr(a)-

By keeping in mind the existence result on the two-dimensional strip, in this paper we will focus on
proving existence of minimizers for (1.3) for sets which could be “very large” (so that the relevant
Sobolev embedding may fail to be compact), but having some geometric properties which permit
to retrieve a suitable form of compactness, at least for minimizing sequences. In turn, this will
show existence of positive solutions with minimal energy to the following quasilinear Lane-Emden
equation

(1.5) — Apu = Auit, in Q,

with the power g being superhomogeneous (i.e. g > p) and subcritical (in the sense of Sobolev
embeddings). For the case p = 2, apart for the physical motivation described in [6], we recall that
positive solutions of (1.5) describe the extinction profiles of positive solutions to the so-called fast
diffusion equation with Dirichlet boundary conditions (see the pioneering result [3, Theorem 2] or
the thorough discussion of [7, Section 9]).

We will also be interested in deriving some properties of minimizers for (1.3) (hereafter also
called extremals), notably their behaviour at infinity.

More precisely, we will work with open Steiner symmetric sets @ C RV, i.e. sets such that:
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(S1) Q is symmetric with respect to each hyperplane {z € RV : (z,e;) = 0};
(S2) Q is convex in every direction e;.

Here {e1,...,eyn} stands for the canonical orthonormal basis of RY . as usual. We will show that,
for these sets, the existence result of [1, 6] still holds, for every 1 < p < oo and every ¢ as above.
Observe that our sets do not necessarily have a cylindrical structure. In this respect, the existence
part of this paper only partially superposes with the aforementioned results by Esteban and Lions,
for example. It should be also pointed out that our methods of proof will be elementary (for
example, we will not appeal to any concentration-compactness method), as we will explain in the
next subsections. Our paper can find [6] as its true ancestor, from the mathematical point of view.

We summarize below the main findings of the present paper: this will result by collecting together
Theorems 5.1, 5.2 and 7.7 below.

Main Theorem. Let 1 < p < oo and assume that q¢ > p satisfies (1.2). Let @ C RN be an
open Steiner symmetric set such that Q # RN. Then, the infimum defining A, 4(Q) is attained by
some Steiner symmetric function u € WOLP(Q) \ {0}. Moreover, every Steiner symmetric extremal
satisfies the following exponential decay estimate

lu(z)] < Ce~alel, forz € Q,

with a = a(p,q, A\p p(2)) > 0 and C = C(N,p,q,2) > 0.

Observe that, under the standing assumptions of the Main Theorem, we admit unbounded open sets
which could be quite “large”, as already anticipated. For example, these sets could be unbounded
in every direction and have infinite volume. Thus, in principle, it is not even clear that A, ,(2) > 0,
i.e. that the continuous embedding (1.4) holds. Actually, this is the case, as we show in Section 3:
more precisely, we prove at first that each open Steiner symmetric set Q # RY has finite inradius.
The latter is the quantity defined by

rq = sup {r > 0 : there exists a ball B,.(z) C Q}

It is well-known that the condition r < 400 is only a necessary one, for the embedding (1.4) to
hold. We show that for a Steiner symmetric set this is sufficient, as well, through the following
quantitative geometric lower bound

1 1 p—N+Z N
1. Ay g(£2) > —
( 6) I)7(I( ) = CN,p,q (TQ > )

which is interesting in itself.

Before proceeding further with some comments on the proof of the Main Theorem, a list of remarks
are in order.

Remark 1.1 (The case ¢ < p). For ¢ < p, the assumptions on  of the Main Theorem are
not enough to ensure that X, () is attained. As a counter-example, we can take for simplicity
p = N = 2 and consider again the strip

S=Rx(-1,1).

Then we recall that:
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(1) for ¢ < 2, in general we have that the embedding Dy*(Q) < L4(Q) is continuous if and
only if this is compact (see [43, Theorem 15.6.2]). Since Dy(S) — L9(S) can not be

compact (due to the translation invariance of the set along the direction e;), we must have
A2,q(8) = 0;

(2) for p = ¢ = 2, we have that A22(S) coincides with the bottom of the spectrum of the
Dirichlet-Laplacian in S and we have already observed that this is not attained.

Remark 1.2 (Breaking Steiner symmetry). Our assumptions (S1) and (S2) on the open sets are,
in a sense, necessary, whenever the embedding Dy (Q) < L9(Q) fails to be compact. We will show
for example that there exist:

e convex sets, having only N — 1 orthogonal hyperplanes of symmetry;

e sets with IV orthogonal hyperplanes of symmetry, but not convex along one of the coordinate
directions;

such that A, ; does not admit an extremal. We will also highlight that our existence result is quite
unstable, with respect to small (smooth) deformations of the boundary: for example, while the
strip S = R x (=1, 1) admits an extremal, by making a small symmetric inward deformation we get
a new open set, having two orthogonal axis of symmetry, such that A, ; is not attained.

Remark 1.3 (Uniqueness). This is an interesting problem, which however is not tackled in this
paper. It is well-known that the uniqueness of positive solutions to the Lane-Emden (1.5) is quite
a delicate matter, in the case ¢ > p. Even for solutions with minimal energy, i.e. positive extremals
of A\p,q(£2), the known uniqueness results are very few. For example, we refer the interested reader
to [13, Theorem 1.1], [22, Theorem 5], [23, Theorem 4.1], [35, Theorem 1.1 & Proposition 6.3] and
[40, Lemma 3 & Theorem 1], for a positive answer in some particular cases, when Q is bounded.
However, extending these partial results to the case of unbounded sets as those considered in the
Main Theorem does not seem to be straightforward. In the special case of the strip S =R x (=1, 1)
and for p = 2, uniqueness up to translation for positive solutions to (1.1) seems to belong to the
folklore on the subject: we refer to [21, page 665], which contains a very brief sketch of the proof.

Finally, we recall that, in general, uniqueness fails already for some bounded sets, see for example
[12, Section 4.2].

1.3. Some comments on the proofs. For the existence part, we will use the Direct Method in the
Calculus of Variations. Here, we first point out that we do not prove that every minimizing sequence
is sequentially precompact in L?(£2). We will rather construct a particular minimizing sequence
which has this compactness property: this will be accomplished by considering the minimizers u,,
of a suitably “perturbed” problem, depending on an index n € N.

Such a problem consists in adding a “vanishing confinement” term, i.e. we consider

1
1.7 inf /Vupdx—ki/‘/updx: ull rq —1}.
1.7 R ey A

The precise form of the positive potential V' is not very important, but it must enjoy the following
crucial properties:

(V1) it has to be a confining potential, i.e. for every t > 0 the sublevel set {z € RN : V(z) < t},
is bounded;
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(V2) for every non-negative function u € L?(f2), we have
/ VuPdx > / V (Se,; ()P dx, for every i € {1,..., N},
Q Q

where S, (u) stands for the Steiner symmetrization of u with respect to the direction e;, see
Section 3 below.

For example, it turns out that the simple choice V(z) = |z| will do the job. The property (V1)
guarantees that a minimizer u,, € VVO1 P(Q) for (1.7) actually exists; moreover, property (V2) assures
that it can be taken to be Steiner symmetric, thanks to the so-called Pdélya-Szegd principle for the
Steiner symmetrization (see [20] or Section 3 below).

In order to prove that {u,}nen is sequentially precompact in L?(€2) and get existence of an
extremal for our original problem, the first crucial step is excluding that {u,, }nen weakly converges
to the null function. To this aim, we use the equation solved by wu,, and rely on a uniform (with
respect to n) Harnack’s inequality. This fact and the Steiner symmetry of each u, permit to
conclude that w, is uniformly bounded from below on a fixed ball. This is enough to exclude the
vanishing of the weak limit.

We then get the desired strong convergence by relying on the same idea as in the proof of [18,
Lemma 4.2], which deals with existence of an extremal for the sharp constant in a Gagliardo-
Nirenberg-Sobolev inequality on the whole space. Here, we exploit the classical Brézis-Lieb Lemma
for the sequence {(uy, Vuy,)tnen: as a technical point, we recall that in order to apply the Brézis-
Lieb Lemma, the weak convergence is not enough when p # 2 (see [16, Remarks, point (iii),
page 487]). Thus, we have to preliminary show that {(u,, Vu,)}nen converges pointwise almost
everywhere. For the functions themselves this is quite easy; for their gradients we can use a
monotonicity trick, based on the ellipticity of the equation solved by each u,,. The last fact marks a
difference with the case considered in [18], where p = 2 and one can be dispensed with this additional
pointwise convergence. As a byproduct of the proof, we actually get that {u,}nen converges (up
to a subsequence) strongly in W, (Q).

All these tools are quite robust and do not rely on higher regularity estimates (differently from
the proofs of [1] and [6], for example). Thus, we can easily treat the case of a generic exponent
1<p<oo.

We now want to make some comments on the decay estimate for extremals. We first remark that
this is a consequence of a more general result, proved in Section 7: this concerns non-negative weak
subsolutions u € Wy () of the Lane-Emden equation, i.e.

—Apu < Aud™L, in Q,

in a general open set Q C RN not necessarily Steiner symmetric.

The result is obtained by using iterative methods a la De Giorgi-Moser. These are nonlinear
methods in nature, thus here as well we can treat the case of a general exponent 1 < p < co. We
point out in particular that we do not rely on ODE methods (like for example in the classical result
[4, Theorem 1]) or on the construction of suitable barrier functions (see for example [19, Proposition
1]). The first step of the proof is to get an L> — L? a priori estimate “localized at infinity”, i.e. an
estimate of the type

lull Lo \B,i1) S llullLa\B,), for every o > 0.

By combining this estimate with the fact that u € LI(Q2), we get that w is arbitrarily small (in the
sup norm) in the complement of a sufficiently large ball. More precisely, for every £ > 0 there exists
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R. > 0 such that

(1.8) [ull o (@\Br.) <&
Thanks to the fact that ¢ > p, this in turn entails that
—Apu < Xl PyPm in Q\ Bg..

In other words, we get that w is a subsolution “at infinity” of the eigenvalue equation for the
p—Laplacian, with an eigenvalue which can be taken as small as we wish. The exponential decay
now easily follows from this fact, provided we assume that 2 supports the Poincaré inequality

co / lplP do < / [V|P dz, for every ¢ € C§°(9).
Q Q

As the reader may imagine, there is a subtle point here: in order to be a subsolution with a small
eigenvalue, we need to choose a sufficiently large radius R.. This choice heavily depends on the
(sub)solution u itself and it affects the constant C' appearing in the final decay estimate. Thus, in
general the resulting a priori estimate is a bit implicit.

We will show in Theorem 7.7 that, for Steiner symmetric sets and Steiner symmetric extremals,
such an estimate only depends on the open set €2, i.e. the radius R. at which the extremal “starts
to decay” may be taken to depend only on the underlying geometry of ), not on the extremal itself.
More precisely, it depends on how the orthogonal sections of Q “shrink” or “persist” at infinity (we
refer the reader to Section 7 for a more precise discussion).

The difficult point is to handle the case when €2 contains some unbounded tubes of fixed width
(the prototypical case being the two-dimensional strip). In this case, we can get the claimed uniform
result by carefully adapting an argument from [6]. An explicit local Lipschitz estimate for extremals
will be the key to get the result, by avoiding the stronger regularity used in [6] for the case of the
Laplacian (this could not be available in the case p # 2 and for a general Steiner symmetric set).

1.4. Plan of the paper. In Sections 2 and 3 we introduce some notation and discuss some prelim-
inary results, which will be used throughout the paper. In particular, in Proposition 3.4 we show
the lower bound (1.6). In Section 4 we consider the minimizing sequence {uy, }nen for the problem
(1.3), obtained by solving (1.7); we also discuss its main features. Then, Section 5 is devoted to
the existence of extremals, by distinguishing the cases ¢ < oo (see Theorem 5.1) and ¢ = oo (see
Theorem 5.2). The optimality of the assumptions of these results are discussed in Section 6, by
means of simple counterexamples. At last, in Section 7 we prove the decay properties of extremals:
first, we show an estimate holding for every non-negative subsolution to the Lane-Emden equation,
see Theorem 7.3; then, as discussed above, we refine such an estimate in the case of extremals of
Steiner symmetric sets, see Theorem 7.7.

For completeness, in Appendix A we present some technical results concerning the case ¢ = oo,
which are needed in the paper.
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2. PRELIMINARIES

2.1. Notation. For r > 0 and 2o € RY we denote by B, (z) the N—dimensional open ball centered
at xg, with radius » > 0. When zy = 0, we will simply write B,. We also denote wy = |Bj].
Occasionally, we will also need the notation

N

Qr(x0) = H(l‘o,i —7r,Zo; +T) where zo = (z0.1,- - ,Zo,N),

i=1
for open N—dimensional hypercubes. As in the case of balls, we will simply write @, when the
center xg coincides with the origin.

We define the inradius of an open set Q C RY as

rq = sup {7’ > 0 : there exists a ball B,.(z) C Q}

For an open set Q C R and an exponent 1 < p < oo, we will use the distinguished notation

Ap(Q2) = inf {/ \VulPdz - ||ul|Lr o) = 1}.
Q

ueC§e ()
This is a particular instance of (1.3), corresponding to the choice ¢ = p.
We explicitly note that the infimum over C§°(Q2) in the definitions of both A\,(2) and A, 4(£2)
can be equivalently performed on the whole VVO1 P(Q), see for example [14, Lemma 2.6]. Here, by
WyP() we intend the closure of C§°(Q) in the standard Sobolev space W' ().

2.2. Miscellaneous facts. The following simple result expresses in a quantitative way the sub-
additivity of concave powers. It should be well-known, but we enclose the proof for the reader’s
convenience.

Lemma 2.1. Let 0 < o < 1, for every A, B > 0 we have

1—
a min{ A%, B*}.

(A+B)* < A"+ B* - o3

Proof. Without loss of generality, we can suppose that B < A. We can also suppose that B > 0,
otherwise there is nothing to prove. If we set t = B/A € (0, 1], we just need to prove that

l—«

SarT I

(2.1) (14+6)*<14t*—

To this aim, we introduce the function of one real variable

1+«
h(t) = m, for every t € (0, 1].



EXTREMALS FOR POINCARE-SOBOLEV CONSTANTS 9

We have
A «

1_|_t)o¢+1 2 2a+1

(et —1), for every ¢ € (0,1].

R (t) =« (

Thus, we get

h(t) = h(0) +/0 W(r)dr > 1+ 2;% /O (r*=! —1)dr

l-«a
=1+ 5t t*—at)>1+ 5aTT s
By recalling the definition of h, this implies that
a o a -« el
L+t > (1 +)"+(1+1) Wt .
By using that (1 +¢)* > 1, we get (2.1), as desired. O

We recall the following particular family of Gagliardo-Nirenberg interpolation inequalities
(2:2) 16l < G IVl ey 61550, for every 4 € C3(9),

which hold for every 1 < p < oo and r > p satisfying (1.2), with Gy, > 0 only depending on N,p
and r. The exponent ¥ is simply dictated by scale invariance and given by

V=———,
p T
see for example [11, Theorem 3.8.1] or [38, Theorem 12.83].

In the next result, we recall that in the super-homogeneous regime ¢ > p we are interested in,
all the Poincaré-Sobolev constants are equivalent.

Proposition 2.2. Let 1 < p < 0o and q > p satisfying (1.2). Then there exist Co = Co(N,p,q) > 0
and C3 = C3(N,p,q) > 0 such that, for every open set Q C RN it holds

c (@) S n0@ <0 (@)

In particular, for every q > p satisfying (1.2) we have
Ap(©) >0 = Ap,q(£2) > 0.
Proof. By using the Gagliardo-Nirenberg inequality (2.2) with r = ¢, we have that

v 1-9
Jull 0y < (Cxpa)” ( / |Vu|pd:v> ( / |u|pdx> . for every u € C°(Q),
Q Q

where the exponent ¥ € (0, 1) is given by

N N
vP=———.
D q
If we assume A, () > 0, by using the Poincaré inequality on the right-hand side above, we get

1\
HU”]JQ;q(Q) < (Gnpa)’ (/ |V ulP dac) (A(Q)) , for every u € Cg°(€2),
Q P

which in turn implies the desired lower bound for A, ,(2).
The upper bound can be deduced by [43, Theorem 15.4.1] (for an alternative proof, see [14,
Corollary 5.9] for p > N and [9, Theorem 6.1] for 1 < p < N). O
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2.3. The Lane-Emden equation. In the case ¢ < oo, whenever the infimum defining X, 4(£2)
is attained by some function u € VVO1 P(Q), we have that u satisfies the associated Euler-Lagrange
equation

/Q(|Vu|p_2 Vu, V) dx = )\p’q(ﬂ)/g |u|97? u o de, for every ¢ € C3° ().

In other words, u is a weak solution of the so-called Lane-Emden equation

—Apu = Ay o(Q) [u]? 2w, in ,
with homogeneous Dirichlet boundary condition. In the case p > N and ¢ = oo, one can show that
the Euler-Lagrange equation takes the following form

/ (IVul"=2 Vu, Vo) dz = Xp oo () [u(zo) [P~ u(o) ¢(0),  for every ¢ € C5°(9),
Q

where g € Q satisfies |u(zo)| = ||u||L~ (). We refer to Appendix A below for this fact.
In particular, for every ¢ as in (1.2), we have that every non-negative extremal u of A\, ,(f2) is a
weakly p—superharmonic function, that is, u satisfies

/<|Vu|p*2 Vu,V)de >0, for every ¢ € C3°(€2) such that ¢ > 0.
Q

As a consequence, when € is a connected open set, every non-negative minimizer u of \p ,(£2) is
actually positive in 2, thanks to the strong minimum principle. We also recall that any minimizer
u of Xy 4(Q), if it does exist, has constant sign: for the case ¢ < oo we refer to [13, Lemma 2.1],
while for the case when p > N and ¢ = 0o, we refer to Proposition A.3.

Finally, we recall the following mild regularity result. The specific form of the a priori estimate
will be important.

Lemma 2.3. Let 1 < p < oo and let p < q < oo be an exponent satisfying (1.2). Let Q C RY be
an open set such that A\p(2) > 0 and let u € Wol’p(ﬂ) be a non-negative weak subsolution of

—Apu = Aud™t n Q,

for some A > 0. Then u € L>®(Q) and we have

pq
) pq—(q—p) N
5

N
Jullze) < Cr (AP [lull ooy
for some Cy = C1(N,p,q) > 0.

Proof. The proof consists in reproducing verbatim that of [13, Proposition 2.4], thus it is omitted.
For ¢ > p, one just needs to preliminarily observe that u € L9(f2), as well. Indeed, by Proposition
2.2 and the assumption \,(2) > 0, the continuous embedding W,"*(€2) < L9(Q) holds. O

3. STEINER SYMMETRIZATION

In this section we recall the main features of the classical Steiner symmetrization, referring the
reader to [20], [34, Section 2.2], [36] and [39, Chapter 3] for more details.
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3.1. Sets. For every direction e € SV =1, we denote by Il : RV — R¥ the orthogonal projection
onto the hyperplane (e)* := {z € RN : (x,e) =0}, that is

Me(x) =z — (z,€) e, for every x € RY.
For every direction e € SV 1, we also define

Re(x) =2 —2(x,€)6€, for every x € RY,

the reflection with respect to the hyperplane (e)*.

Let E C RY be a set and e € SV ~! a given direction. For every x € II(E), we set
Ee(z) ={y € E : 3t € R such that y = z + te}.

This is nothing but the intersection between E and the line passing through x, with direction e.
The Steiner symmetrization of E with respect to the direction e is the set Se(F) given by

Se(E) = {9:+te sz ello(E), |t < HI(E;(I))}

Here H' is the one-dimensional Hausdorff measure.
We recall that if the set £ C RY is measurable, then So(F) has the same property and there
holds
|E| = |Se(E)I,
for a proof see [32, Theorem 2.3]. Moreover, if F is an open set, then S¢(F) is open, as well. In the
following, we say that:

o E is symmetric with respect to the hyperplane (e)* if
Re(E) = E.

In particular, for every = € Ilo(FE), if x + te € E for some t € R, then we have x —te € E,
as well;

e F is convex in the direction e if

for every z € Il (E),
r+tie€E, x+thec E=x+ (st1+(1—s)ts)e € E, ity €ER, 5 € (0,1).
Then, the following characterization holds:

Se(F)=F = F is symmetric with respect to () and convex in the direction e.

In the sequel, we will consider open sets with an orthogonal system of symmetries, according to the
following definition.

Definition 3.1 (The class ). We say that an open set Q C RY is Steiner symmetric if
(S1) Q is symmetric with respect to (e;)*, for every j € {1,--- ,N};
(S2) Q is convex in the direction e;, for every j € {1,--- ,N}.

We will indicate by &V the collection of all Steiner symmetric open subsets of R,

Remark 3.2. In particular, every Q € &V has the following property: if ¥ C € is a convex set,
then we have .

(ZUR., ()" CQ, for everyj € {1,...,N},
that is Q contains the convex hull of ¥ U R, (X), as well.
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The next result contains some basic geometric properties of Steiner symmetric sets.

Lemma 3.3. Let Q € &N with Q # RN. Then we have
rq < 400 and B,, CQ.
Moreover, the following measure density condition holds
o 1Br@)\ 9 AN
(3.1) 1nf{:m€8f2,r>0 >(= .
| By ()] 2

Proof. Let {r,}nen C (0,400) be an increasing sequence converging to rq. Accordingly, there

exists a sequence of points {x, }nen C € such that
B, (zn) C 9, for every n € N.

By appealing to Remark 3.2 with ¥ = B,. (z,) and j = 1, we get

ch
(Brn () URe, (Br, (xn)) cQ, for every n € N.
By observing that

ch

(Br. (20) URe, (B, () 2 By, (e, (@),

we get
B, (I, (z,)) C 9, for every n € N.

We can repeat the above argument with the ball B, (Ile, (z,)) and es, in place of B, (z,) and eq,
by also getting that

B, (Ile, o Ile, (z,)) C £, for every n € N.
By applying this scheme recursively with respect to every direction e; for ¢ € {1,..., N}, we finally
obtain that

B, =B, (Iley 001l (2,)) CQ, for every n € N.

By recalling that {r, },en converges to rq and that Q # RN, the previous result guarantees that
rq < oo and B, C €, as claimed.

We now come to the proof of the measure density estimate (3.1). Let © = (21, -+ ,xy) € 09,
thanks to the symmetries of {2 we have

1B (7) \ € = |B(x) \ €,

where T = (|z1],...,|zn]|) € 00. Thus, we can suppose without loss of generality that z; > 0, for
every i € {1,...,N}. We claim that

=

(3.2) Co := | [[zi, +00) SRV \ Q.

K2

I
—

Observe that C, is nothing but a hyperoctant in RY, with vertex at 2. The argument is similar to
the one given in the first part of the proof. By contradiction, we suppose that there exists
z=(z1,-+,2n) €QNC,.

By Remark 3.2, we get that {2 must contain the segment joining z and Re, (z). In other words, we
have
(t,22,...,2n) € Q, for every — 21 <t < z1.
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In particular, since z € C,, we have z; > x; and thus with the choice t = z1, we get
(z1,22,...,2Nn) € Q.
We can now iterate and repeat this argument in the other coordinate directions. This would give us
x = (z1,22,...,2N) € Q, which is a contradiction. Therefore (3.2) holds true. As a consequence,
for every r > 0 we have
Br(2)\ Q| > |B,(z) NC;| =27V [B,(2)],
that proves the desired estimate. O

Thanks to the geometric properties encoded in Lemma 3.3, we deduce the following expedient
result. This is interesting in itself.

Proposition 3.4. Let 1 < p < oo and q > p satisfying (1.2). Let Q € & be such that Q # RV,
Then we have A, 4(Q) > 0. More precisely, the following lower bound holds

1 p*N‘i’N%
¢ () < Apg(Q),

rQ
for some ¢ = ¢(N,p,q) > 0.

Proof. By applying Lemma 3.3, we know that rq < +oc0. For p > N, it is then sufficient to appeal
to [43, Theorem 15.4.1] (see also [14, Corollary 5.9]). For 1 < p < N, we can simply evoke [8,
Corollary 5.6], thanks to the measure density condition (3.1). O

In Section 7 we will need the following further definitions, aimed at describing the “local geometry
at infinity” of a Steiner symmetric set. For an open set Q C RY | we define for every i € {1,..., N}

Qi ={xeQ: (z,¢e) =t} for t € R.

These are the sections of 2 which are orthogonal to e;. Observe that these are open subsets of the
hyperplane {z : (r,e;) =t} ~ RN~! with respect to the induced topology. Accordingly, for every
ie{l,...,N} we define

(3.3) rq,, =sup {7“ >0 : 3 B(xg) C RY with zo € Q¢ 8.t (Br(xo))ir C Qi,t}, for t € R.

The quantity rq, , is nothing but the inradius of the section ; ;. When §2 € &Y, thanks to Steiner
symmetry, it is not difficult to see that it enjoys the following properties.

Lemma 3.5. Let Q € GV be such that Q # RY. Then for everyi € {1,...,N}

(3.4) TQ.. = TQ: _., for everyt € R and T, S TQ,., for every 0 < s <t.

Moreover, there exists a constant Tq > 0 such that
(3.5) ie{rilﬁ.),(N} ro,, < +oo, for everyt > Tq.
Proof. The properties (3.4) follow quite easily from (S1) and (S2).

In order to prove (3.5), we observe that if Q;; = {z € RV : (z,e;) =t} for every t € R, then
would coincide with the whole space RY. Thus, there must exist t; € R such that Qi #{zr e RN
(z,e;) = t}. With a slight abuse of notation, we observe that ; ; € GV~1. By applying Lemma
3.3 in dimension N — 1, we get that ; ; has a finite inradius and a maximal ball is centered at the
point t; e;. In light of the first property in (3.4), we can suppose that ¢; > 0, while, by the second
property in (3.4), we get that

r,, <TQ for every 0 < t; < t.

ity
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By repeating this argument for every direction, we get the conclusion. O

3.2. Functions. Let 1 <p < oo,let E C RY a measurable set and let u € LP(E) be a non-negative
function. We extend u by setting u = 0 in RY \ E. We can define the Steiner symmetrization of u
with respect to the direction e € SV 1 as the non-negative function Se(u) given by

Se(u)(y) = /0+ Ls, (et ¥)dt,
where, for every t > 0, we indicated
Ef(t)={z € E : u(z) > t},
and 14 stands for the characteristic function of a set A. We note that:
e Se(u) = 0 almost everywhere in RV \ Se(E);

e by exploiting the definition above and the layer cake representation, it is easy to show that
for almost every t € R, it holds

(3.6) Se(E)f oy (B) = {y € SelB) : Se(u)(y) > 1} = Se (EL (1))

Hence, Se¢(u) is a non-negative measurable function on RY which is equimeasurable with
u. In particular, this implies that Se(u) € LP(RY) with

(3.7) 1Se(u)[Lo@ny = [lullLr@ny;

e if v is a Lipschitz function compactly supported in an open set €, then Se¢(v) is a Lipschitz
function with compact support in S¢(2), as well.

Finally, we recall that, if u € W1?(RY) with 1 < p < oo, then the celebrated Polya-Szégo inequality
holds true

(3.8) / |V8e(u)|pd:c§/ VP da.
RN RN

For a proof, we refer, for example, to [17, Proposition 3.1].
The following statement is well-known, but we have not been able to detect a proof in the
literature. Due to its pivotal importance, we eventually decided to include it.

Lemma 3.6. Let 1 < p < oo and let @ C RY be an open set. For every e € SN and every
ue WyP(Q), we have Se(u) € Wi (Se(R)).

Proof. By definition, there exists a sequence {uy, }nen C C§°(€2)
lim [Ju, —ullwir) = 0.
n—oo

We extend all the functions to be 0 outside 2. The contractivity property of Steiner symmetrization
(see [30, Propositions 1-2]) gives

|Se(tn) — Se(u)HLp(]RN) < |lup — u||Lp(RN), for every n € N.

Hence Se(u,,) converges to Se(u) strongly in LP(RY). Moreover, (3.8) gives that Se(u) € W1P(RYN).
Still by (3.8) and the boundedness of {Vuy, }nen, we also get that {VSe(un)}nen is bounded in
LP(RY). Thus, we easily obtain that {VSe(uy) }nen weakly converges in LP(RY) to VSe(u). Indeed,
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by the definition of weak gradient and the strong convergence of {Se(u)}nen in LP(RY), we have
for every vector field ¢ € C§°(RY; RY)

/ (VSe(u), ¢y dx = f/ Se(u)divpdr = — lim Se(uy) dive dx
RN

RN n—oo RN

= lim (VSe(uy), ¢) dx.

n—oo RN

Note that each function Se(uy,) is a Lipschitz function with compact support in S¢(€2), thus we have
in particular that {Se(un)}nen € Wy ?(Se(€2)). Hence, we can conclude that the function Se(u) is
the weak limit of a sequence belonging to VVO1 P(8e(€2)). The latter being weakly closed, we get the
conclusion. |

In the next section we will work with functions w € LP(f2) satisfying the condition
/ |z] |ulP de < +occ.
Q

We will show that the previous integral does not increase under the Steiner symmetrization. At
first, we prove the following preliminary lemma. We also refer to [46, Lemma 2.11] for a stronger
result in the case a = 2.

Lemma 3.7. Let A C RN be a measurable set. For every a > 0 and every e € SN ~1

/|x|adac2/ |z dx.
A Se(A)

, we have

e

Proof. Without loss of generality, we can assume that
/ |z]* dz < 400.
A

Hence, by using the Markov-Chebyshev inequality, we get that
HreA: |z| > 1} < / |z dx < +o00,
A
which implies |A| < +oo. Notice that for every 7 > 0 we have that

{reA:|z|*>7}=A\Bi/a.
Moreover, since
Se(A N Brl/a) c Se(A) n Se(Brl/a) = Se(A) N B-rl/aa
it holds
AN By /el = |So(AN Byao)| < So(A) O Byayel.
To obtain the claimed result we can combine these facts and Cavalieri Formula as follows:

+oo o0
/|x\0‘dx:/ |{x€A:|x|a>T}|dT:/ 1A\ Boos
A 0 0

—+o0
:/ [14] ~ 141 By ] dr
0

> | T [1e)]  [S64) A By ]

dr

+oo
:/ z € Su(A) : [o] >T}|d7=/ | da.
0 Se(A)
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This concludes the proof. O

Proposition 3.8. Let A C RY be a measurable set and 1 < p < co. For every a >0, e € SV 1

and for every non-negative function u € LP(A) it holds
(3.9) / [ uP da > / 2] (So(u))? da.
A Se(A)
Proof. Without loss of generality, we can assume that
/ |z]* uP dx < +o0.
A

By applying Lemma 3.7 together with Cavalieri formula for the measure du = |z|* dx, we obtain

—+oo —+oo
/ |a:|aupd:c:p/ Pt / |x|* dx dtzp/ Pt / |x|% dx | dt.
A 0 AL () 0 Se(AL (1)

Thanks to (3.6), the previous inequality implies that

+oo
/ |x|* uP dx > p/ P! (/ |xad$> dt = / |2]Y (Se(u))? dx,
A 0 Se( M), () ®) Se(4)

where the last identity again follows from Cavalieri formula. This concludes the proof. (]
We conclude this section with the following definition.

Definition 3.9 (Steiner symmetric function). For Q € &V, we say that a non-negative function
u € LP(Q) is Steiner symmetric if

u = Se,;(u), inQ, for every j € {1,...,N}.

We notice that if u € LP() is Steiner symmetric, then it is non-increasing along every coordinate
direction. In particular, if u € LP(Q) N L (), we have

lull Lo ) = llull L= (B,)> for every r > 0.
Finally, we note that if u € LP(2) is non-negative, then the function Se, 0Sey_, © -0 Se, (1) is of
course Steiner symmetric.
4. A MINIMIZING SEQUENCE

We will use the following notation
WoP (4 )z)) == {u e W, P(Q) : / |z| |ul? dz < +oo} )
Q

We start with a result holding for a class of open sets under minimal assumptions, not necessarily
Steiner symmetric. This shows that A, ,(€2) can be approximated by a problem containing a “van-
ishing confinement” term, thus giving a suitable gain of compactness. For completeness, we also
include the case ¢ = p, even if we will not use it in the sequel.

Lemma 4.1. Let 1 < p < oo and q > p satisfying (1.2). Let Q C RN be an open set such that
Ap(2) > 0. For every n € N, we define

Mg @Va)i= it {Gya(w) + Jullaoy =1},
u€Wy P (Qz)
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where
T
Gpnl(u) = / |Vul? dx +/ Vi |ul?P dx and Va(z) = L

Then, we have

(4.1) lm Ap (2 V5) = Ap ().

n— oo

Moreover, the value \, 4(%;V;,) is attained by some function u, € Wy (Q; |z]) with lunllpa) =1
and we have

(4.2) lim /Q [Vu, |P de = Xp 4(£2).

n— oo
Proof. Since we have V,,;1 <V, we get
Gpn(u) > Gpnt(u), for every u € Wy P(Q; |x|).
Thus, it is not difficult to see that n — A, 4(€2; V) is monotone decreasing and
nhﬁn;Q Ap.q(4 V) > Ay o ().
In order to prove that this limit coincides with A, 4(€2), for every € > 0 and every u € C§°(Q2) such
that ||u||fa(q) = 1, we can choose n. € N such that

1
/ || |ulP dz < e.
Ne + 1 O

Accordingly, we get for every n > n.

1
Ap (Vo) < Ap o4 V,) < / |Vul|P dx + / |z| |ul? do < / |VulP do + €.
) ne +1 Jo Q

By arbitrariness of both € > 0 and u, we conclude that
li_>m Ap.q (V) < Ap (),

as well.

To show that A, 4(9;V;,) is attained, we can assume that W, ?(Q) < L9(Q) is not compact,
otherwise the proof would be straightforward. We take {t, n}men to be a minimizing sequence
such that

1
m+1
Since A, (€2) > 0, there exists a subsequence (not relabeled) {wm, n }men weakly converging to some
function u,, € VVO1 "P(Q). Moreover, for every R > 0 and for every m,n € N, we have

1
/ |Um,n|p dx < E / ‘m| |um,n‘p dx
Q\Br Q\Br

n+1 n+1 1
< — n m,n S A Q; n 4 .
< = Gpnltmn) <~ (M( V)+m+1>

Gpn(Umn) < Ap (V) +

|trm,m |Lq(Q) =1, for every m € N.

Thus, we get

lim [t n|P dz =0,
R—+o00 Q\Brg
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uniformly in m. Hence, the Riesz-Fréchet-Kolmogorov theorem ensures that {wm n }men converges
to u, strongly in LP(§2) as m goes to oo. In particular, by observing that the potential V,, is locally
bounded, for every k € N we have

lim inf/ Vi |t n|P dz > lim inf Vi |um n|P do = / Vi |un|? dz.
Q

m—oo m—=00 JonB, QNBy,

By arbitrariness of k, the Monotone Convergence Theorem gives that

m—o0

1iminf/ Vi |um,n\de2/Vn un|” da.
Q Q

By combining this fact and the lower semicontinuity of LP norms with respect to the weak conver-
gence, we get that

(4.3) Mg Vi) = 1 Gy(tnn) / Vun P i + / Vi lun P dz,

which implies that u,, € W,"*(€; |z|) and
Opn(un) < Apg(€4Vn).

In the case ¢ = p, this is enough to conclude that w,, is a minimizer. For ¢ > p, we still need to
verify that u, has unit L7(€) norm. An application of the interpolation inequality (2.2) gives

Hum,n - un”LfI(Q) <Gnpyq ||v“m,n - v“n||9LP(Q) Humm - un”lL;(eQ)-

Thus, the sequence {um n}men converges to u, also in L9(€2). In particular ||u, | re) = 1 and u,
is feasible for the minimization problem which defines A, 4(€2; V,,). In light of (4.3), we can finally
infer that wu,, is a minimizer.

In order to prove (4.2), we can simply observe that

M) < / IV |? de < / V| da +/ Vo [un? dz = Ay (2 V).
Q Q Q
By taking the limit as n goes to oo and using (4.1), we conclude. O

Remark 4.2. The optimality condition for u, is given by the weak form of the following Euler-
Lagrange equation

(4.4) — Aptiy, + Vi [un P2y = Mg (Vi) |un 72w, in €.
More precisely, we have that
/ (| Vtun|P~2 Vuy, Vo) dz + / Vi |un P2 uy pdx = Ay 4 (3 V3,) / |t |72 uy @ d,
Q Q Q
for every ¢ € C5°(£2). Observe that, thanks to the fact that V,, is locally bounded in RY, by a

standard density argument the previous equation still holds for test functions ¢ € VVO1 P(Q), with
Q' open bounded subset of €.
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Remark 4.3. With the previous notation, let us suppose that B, C Q. If we take v € Wol’p(BT) to
be an extremal function for A, ,(B;), by extending it equal to zero outside B,., we get for p < ¢ < oo

Ap,q(S5;V2) §/ |VolP dx—i—/ |71 |v|? dx
B,

x|
n -+
a9—Pp

1 . K
< )‘p,q(Br)‘i‘ ntl (/B’T |z|a=> d$>

_p—P 1 Nw EE _P
=P qN)‘pyq(Bl)-i- < al > pNFI=g N,

r

—a_
n+1 \ N+ -
In the second estimate we used Hoélder’s inequality and the fact that v has unit L(B,) norm. A

similar estimate holds also in the case ¢ = oo, by simply using that |[v| < [[v]|ze(p,) = 1.

We then specialize the previous problem to the case of a Steiner symmetric set and give some
mild regularity properties of the minimizers found in the previous result.

Proposition 4.4. Let 1 < p < 0o and let p < q < oo satisfy (1.2). Let Q € &Y be such that
Q # RY. With the notation of Lemma J.1, the sequence {u, }nen can be chosen so that it has the
following properties:

(i) un >0 and u, is Steiner symmetric;
(i) there exists My = M1(N,p,q,rq) > 0 such that
llwn ey < M, for every n € N;
(iti) u, € L®(Q) and there exists Mo = Ms(N, p,q,rq) > 0 such that
lltn || oo () < Ma, for every n € N;
(iv) there exists m = m(N,p,q,rq) > 0 such that

inf  w, >m, for every n € N.
Brﬂ/(S\/ﬁ)

Proof. We first observe that A,(€2) > 0, thanks to Proposition 3.4. Thus, the results of Lemma
4.1 actually hold. The property (i) is quite straightforward, it is sufficient to observe that the
minimization problem

Ao (V) = inf Gpn(u) : ||lu =1y,
pal@V) = int  {Gunw) ¢ lulliwo) =1

is invariant by substituting u with |u|. Moreover, by repeatedly applying Lemma 3.6, Proposition
3.8 and (3.7), for every u > 0 admissible in the above minimization problem, we have that its
Steiner symmetrization

U:=Sepn 08Seyn_, 0+ 0Se, (1)
is still admissible. Finally, by taking into account (3.9) and (3.8), we have
Opn(U) < Gpn(u).

Thus, by minimality, we can suppose that each u, has the claimed properties.
In order to bound uniformly the W?(Q) norm, we first observe that

U = HVUHLP(Q)a
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is an equivalent norm on WO1 P(£2), thanks to the fact that A\,(2) > 0. More precisely, by Proposition
3.4, we have that
[ullwiry < C(N,p,1) |[VulLro),  for every u € Wy (Q).

Now, we observe that, by minimality of u,, we have
(4.5) ||Vun\|]zp(m < /Q |Vu,|P dx + /Q Vi Jun|P dz = Ap (4 V4).

By Lemma 3.3, we know that rq < 400 and B,, C Q. We can apply the estimate of Remark 4.3
with the ball B, and get

a—-p

N—p—2 N 1 Nwy o N+1-2 N
(4.6) Apq( Vi) <y T Apg(B1) + il <N+ q> o T
q—p

By combining this estimate with (4.5), we get a uniform upper bound on ||Vuy,||1s(o), depending
only on N,p,q and rq. This concludes the proof of (ii).

We now consider point (¢i¢). The optimality condition for our minimization problem is given by
the Euler-Lagrange equation (4.4), in weak form. Since u,, > 0, this reads as

(4.7) — Aptiy + Vi ub™t = A (25 V) ud ™t in Q,

in weak form. In particular, by using that V,, u2=! > 0, we get that each u,, is a non-negative weak
subsolution of
—Apun < Ap (2 V4) ud=1, in Q.

By appealing to Lemma 2.3, we get that u,, € L>=(Q), with the estimate

N
[unllLe () < C (Ap,q(Q; Vn)) TECRES
Observe that we also used that u,, has unit L?(Q2) norm. On account of (4.6), by defining

i N
o pq—(q—p) N

N—p—ZN Nw o N+1-2ZN
My :=Cy | rg T Ap,q(B1) + <N+A(;> Ta ! )
q—p

we thus get the claimed uniform estimate in (i7é), by observing that Ms only depends on N,p,q
and rq.
We finally come to property (iv). We note that [u,| ;=) is uniformly bounded from below, as
well. Indeed, point (i4) combined with a simple interpolation, gives
q=p p q9=p P
1= HunHLq(Q) < ||u7l||Lg°(Q) H“n”Zp(Q) < H“nHLZc(Q) My,
which implies
—_P
ltn | oo ) > My 77, for every n € N,
and this lower bound only depends on N, p,q and rq. We also observe that
llun L) = lunllLe(B.), for every r > 0,

thanks to the Steiner symmetry of u,,. We now wish to appeal to Harnack’s inequality, in order to
conclude. To this aim, we observe that, from (4.7), we get in particular that w,, is a non-negative
weak solution of

—divA(Vu) = B, (z, u), in B,, CQ,
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where
A© =166 Ba@t) = (Apa(Qns Vo) un (@)1 = Va(a) ) [t/ 2 1.
We notice that for 2 € B,, we have
By (z,1)| < Va(a) [P~ + Apq (S Vi) tn ()77 jt[P=*
Nwy \ © N+1-2Z N 1
[ t|P
N + qqp) T | ‘

p—E2 N

_ N—
ro + Mg p rq o Ap7q<B1) + <

IN

= b|t|P T,

with b = b(N,p,q,rq) > 0. Observe that we used (4.6) and the uniform upper bound of point (7).
Accordingly, we can apply Harnack’s inequality of [45, Theorem 1.1] in the cube Qm IVN C B, so
to get
sup  u, < H inf  u,,
Q) (39N @rq/(3VR)
where the constant H depends only on N,p,q and rq > 0, in light of the discussion above. By
observing that B, J3VN) S Q,, J(3V/N)s e finally get

R
H 5 inf  wu, > sup  uy = |unllpe) = My 7,
ra/(3VN) B /evE

which gives the desired uniform lower bound, by setting m = M, “* /H > 0. |

5. PROOF OF THE MAIN THEOREM: EXISTENCE

In this section, we are going to prove the existence part of the Main Theorem stated at the
beginning. We start with the case ¢ < co.

Theorem 5.1 (Case ¢ < 00). Let 1 < p < co and assume that g > p satisfies (1.2), with ¢ < oco.
Let Q € &N be such that Q # RYN. Then, the infimum defining A, 4(Q) is attained by some Steiner
symmetric function u € Wy?(Q) \ {0}.

Proof. First of all, by applying Proposition 3.4, we can assure that A, ,(€©) > 0. We wish to apply
the Direct Method in the Calculus of Variations: unfortunately, under our standing assumptions,
in general the embedding

Wy P () = L1(€),

is not compact. However, we will show that it is possible to choose a particular minimizing sequence,
which is precompact in L7().

More precisely, we want to use the sequence {u, }nen € Wy ?(;|z|) obtained in Proposition 4.4.
Observe that this is indeed a minimizing sequence for our problem, thanks to (4.2). In particular,
this is a bounded sequence in WO1 P(Q). Thus, it converges weakly to a function u € VVO1 P(Q), up
to a subsequence. It is not difficult to see that u # 0: indeed, by testing the weak convergence in
LP(€2) against the characteristic function of the ball B, 5 /7, we get

/B udr = lim Unp dx >m ’BT'Q/('?’\/N)’ > 0’

n— oo
ro/ (3VN) B, /v
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in light of point (iv) of Proposition 4.4. This shows that u Z 0, as claimed. In order to show that
u is an extremal for A, ,(Q2) and conclude, it is sufficient to show that

(5.1) Jim fup = ul| o) =0,

possibly up to a subsequence.

In what follows, when needed, we can always think of our functions {u, }nen and u as defined on
the whole RY, by extending them to be 0 on the complement of . Thus, we also have {u, }n,en C
WLP(RY) and in particular {u,}ney € WHP(Bg), for every R > 0. Recall that for every R > 0,
the embedding W1?(Bg) < LP(Q2) is compact. By using this fact and the weak convergence in
WyP(€) exposed above, a standard argument (see for example [11, Lemma 3.8.7 & Remark 3.9.5])
also gives that

(5.2) nlgr;o ltn — ullLr(Br) = nh_{r;o |t — ul|Le(@nBg) = 0, for every R > 0.

We are going to show that the same holds for the sequence of the gradients {Vu,}nen. We use

again the Euler-Lagrange equation (4.4). Let R > 0 and ¢ € C§°(RY) a cut-off function such that
C

0<(¢<1, ¢(=1onBr, (=00nRY\ By, [V(|ew <= 7

for some dimensional constant C' > 0. We test the weak formulation of (4.4) with ¢ (u, —u) €
Wol"p(Q N Bsr), which is feasible by Remark 4.2. We obtain

/<|Vu P2V, Vi, — V) Cdz = Ny o (9 V)/uq_l( n—u)dr

- / <|Vun\P‘2Vun,v<> (up — ) da.
Q

It is not difficult to see that the integrals in the right-hand side converge to 0, as n goes to oc.
Indeed, by Proposition 4.4 and the properties of , we have

Ap.q(5 V) ‘/uq Yuy — u) Cdr |un—u|pdx>p,

— p—1
< Apg(9: V) ME™" [ Bog| 7 ( /
B

2R

<2RMY " |Bog|"F (/ |t — uf? d:c) .
Bar

1
C P
< = MP! </ |un—u|pdx>
R Bar

If we use (5.2), we get the claim. In particular, by taking the limit as n goes to oo, we deduce that

/ 2| a2 (- ) C de
Q

n+1

and

(IVun P2V, VC) (uy — u) do
Q

lim [ (|Vun|P~2 Vu,, Vu, — Vu) (dz = 0.

n— oo

On the other hand, the previously inferred weak convergence of Vu,, to Vu gives also

lim / (IVulP~2 Vu, Vu,, — Vu) ¢ dx = 0.

n—oo Q



EXTREMALS FOR POINCARE-SOBOLEV CONSTANTS 23

By substracting these two identities we deduce that

lim [ (|Vu,|[P~2 Vu, — |Vul|P~*Vu, Vu, — Vu) (dz = 0.

We can now proceed in a standard way, by exploiting the monotonicity properties of the p—Laplacian
(see for example the proof of [15, Lemma B.1]), so to obtain that

(5.3) nh_}rglo Vun, — Vull1r (B = nll)néo Vun — V|l ronsg) = 0, for every R > 0.

Before proceeding further, we observe that from (5.2) and (5.3), by using a standard diagonal
argument, we can infer existence of a subsequence (not relabelled) such that we also have

lim un(x) = u(z), lim Vuy(x) = Vu(zx), for a.e. x € Q.

This in turn permits to apply the so-called Brezis-Lieb Lemma (see [16, Theorem 1]). We thus

obtain
lim (/ |Vun\pda:f/|Vun Vupd:c) /|Vu|pdz
n— oo

Observe that from (4.2), we know that

lim / [Vug|P de = Ap q(2).
Q

n—oo

Thus, by joining the last two facts, we can conclude that
(5.4) lim / [Vu, — VulPdz = A, 4(Q) — / |Vul|P de.
n—o0 Q

Analogously, from the almost everywhere convergence of u,, to u, we have

(5.5) lim (/ |un|qdz7/ |unu|qdz> :/ |u|? da.

In particular, there exists ng € N such that
1
Ay = / |tn|? dx — / lup —u|?dx > - / |ul?dx >0, for every n > ny.
Q 0 2 Ja

Observe that we used that u # 0, by the first part of the proof. By taking into account that each
Uy, has unit L2(€)) norm, we obtain, for every n > no,

P
Ap,q(€2) = )‘p,q( ) H“nHLq <X (Q) Ay 4 Ap,q(©) [t — UHZ[)/I(Q)

= () min { AL, Jun = w0 }

with ¢ = ¢(p/q) > 0, thanks to the enforced sub-additivity of the power p/q < 1, given by Lemma
2.1. By using the definition of A, ,(£2), we then get, for every n > ny,

M) £ Xy @) AL+ [ [V = Val? di = () min {AT, o = 0}
Q

We take the limit as n goes to oco: in light of (5.4) and (5.5), this yields

0 < Apq(9) </ | dm) ¢ [VulP dz — ¢ Ap ¢(©) lim min {AE, ltn — u||1£q(9)} ,
Q Q nTreo
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that is

» 0
/Q |Vul? dz + ¢ A 4(£2) nh_)rréo min {Aﬁ, ln, — uHiq(Q)} < Apg(8) (/Q || dac> .

On the other hand, by definition of X, 4(£2), we have

Apg () (/ |u|qu)q g/ \Vul? da.
Q Q

By joining the last two equations, we get in particular that

lim min {AE, llun — u||’£q(9)} = 0.

n—oo

By recalling that A,, is uniformly bounded from below, the previous fact implies that {up }tnen
converges strongly in L7(f2) to u, i.e. (5.1) holds. This proves that u is an extremal for A, ,(€2).
Once we get that u is an extremal, we can go back to (5.4) and obtain that

lim ||Vun - VU”Lp(Q) =0.
n—oo
On account of the assumption A,(€2) > 0, this in turn implies that w, converges to u strongly in

L?P(Q), as well. Hence, the contractivity of the Steiner symmetrization and the Steiner symmetry
of each u,, gives

0= lim [jup — v Lr) > limsup[|Se; (un) = Se; ()| Lr (@)
n—oo n—o00

= limsup [[uy, — Se, (v)||Lr(0) = 0, for every i € {1,...,N}.

n—roo

By uniqueness of the limit, we obtain that u = Se,(u) for every i € {1,..., N}, as desired. This
eventually concludes the proof. O

By a limit argument, we get the existence of an optimal function at the endpoint ¢ = co, as well.

Theorem 5.2 (Case ¢ = c0). Let N < p < 0o and let Q € &V be such that Q # RYN. For every
p < q<oo, letug € Wol’p(Q) be a Steiner symmetric function such that

lugliney =10 Apg(®) = /Q VP de.

Then, there exists a Steiner symmetric function us € Wol’p(Q) such that

(56) qhg& ||Uq — UOOHWLP(Q) = 0

Moreover, the function ue is the unique Steiner symmetric extremal of Ap oo (2). Finally, we have
Ap,q(§2) (Uq)q_l e Ap,o0(£2) do, in 7'(Q).

Proof. First of all, we note that the existence of u, € WO1 P(Q) as in the statement is ensured
by Theorem 5.1. We also observe that A\,(€2) > 0 thanks to Proposition 3.4. Thus, by Poincaré
inequality we have that

u = HVuHLp(Q),

is an equivalent norm on T/VO1 P(Q). By Sobolev embeddings in the case p > N, we have that

S N
WiP(Q) — €% (Q),  withap, =1— o
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More precisely, by Morrey’s inequalities, for every ¢ > p we have that

(5.7) |ug(z) — ug(y)] < My | VugllLr) |z —y|*r,  for every z,y € RV,
and

N 1-N N
(5.8) fug(@)] < Mo [Vag | foy gl naye for every = € RY.

On account of the monotonicity of A, ,(£2) with respect to the set inclusion and the fact that 2 has
finite inradius (thanks to Lemma 3.3), we have that

Ap.q(B
/ |Vug|P dz = A 4(Q) < %, for every p < ¢ < oo.
Q o

By using that ¢ — A, 4(B1) is continuous on every compact interval (see [2, Theorem 1] and [31])
and that by [14, Corollary 6.2]

qlggo Ap,g(B1) = Ap,oo(B1) < +00,
we thus obtain that the family {uy}4>p is bounded in W, (Q). By using this fact in conjunction
with (5.7) and (5.8), we get that the family {u,}4>, is equicontinuous and bounded in CP(f2), the
space of continuous and bounded functions over . By applying the Ascoli-Arzeld Theorem on the
compact set B,, C 2 and the reflexivity of the space VVO1 "P(Q), we have that there exists a sequence
{tg, Ynen C {g}q>p and a function uq, € Wy P () NCO(B,,,) such that {u,, }nen weakly converges
t0 Uoo in Wy (Q) and uniformly on the compact set By,
By the properties of u,4, we have

/|qu| dr = Apg(£2) = Ap g (€2 /|Uq|qu<>‘pq( ) lluqll 7 Q)/‘“q| dx.

By using the Poincaré inequality on the left-hand side and then simplifying the L? norm of u,, we
obtain with simple manipulations

Ap(2) P
< < (Q)-
(Ap,q(Q)) < lugllz Q)

By the Steiner symmetry, we know that u, is maximal at the origin. In particular, we get that

Ap(92) )qnp
ugq, (0) > A for every n € N.
w02 (5270

By passing to the limit as n goes to oo and using [14, Corollary 6.2], we obtain
=1 > 1.
Uoo(0) = lim ug, (0) > 1
Hence uq, # 0 and
(59) HuOOHLOO(Q) Z 1.

On the other hand, by using the definition of \, (2), the weak convergence in W'P(Q) of the
sequence {ug, Inen and once again [14, Corollary 6.2], we get

(5.10)  Apoo() ftiso | ) < / [Vitoo? d < lim / [Vatg, [P do = Tim g, () = Ao ().
Q n oo Q n o0
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By combining (5.9) and (5.10), we deduce

lusellze(@ =1  and / Voo do = Ay e (),
Q

showing at first that u is an extremal for \p o (£2).
We can now improve the convergence of the sequence {ug, }nen. Indeed, the minimality of oo
implies that all the inequalities in (5.10) are actually equalities. In particular, we get

Jim ([ Vg, (e @) = [Vttoo || e (@) -
By Clarkson’s inequalities, this in turn yields that

lim [[Vug, — V| zr0) =0,

n—oo

which gives the claimed compactness in W, (Q).

We also observe that, by the same argument used at the end of the proof of Theorem 5.1, we have
that us is Steiner symmetric. We wish to prove that it is the unique Steiner symmetric extremal.
By Lemma A.2, we have that it solves

/ (Voo P72 Vi, Vo) dr = Ap oo () (0), for every ¢ € WyP(Q),
Q

and z = 0 is the unique maximum point of u., (the fact that it concides with the origin follows
from the Steiner symmetry). Let us assume that there exists another v # s which is a Steiner
symmetric extremal of A\, 5 (€2). Then

Uoo +V
2

_us(0) +0(0)
2 bl

L>(Q)

ie. (Uoo + v)/2 would be an admissible function for A, (€2). By the strict convexity of the

p—Dirichlet integral we would get a contradiction. Thus, we obtain that us, is the unique Steiner

symmetric extremal of A, o (£2): accordingly, every convergent sequence {ug, }nen C {tq}q>p con-

verges to the same limit uo,. This gives the convergence of the whole family, i.e. we have (5.6).
Finally, by using (5.6), we obtain for every ¢ € C5°(2)

lim )\p,q(Q)/ug_lcpdx: lim /<|qu|i”_2 Vug, Vo) dz

q—o0

= [ (190 9.V d = 2y (@) £00),

which gives that
q—00

Ap,g(£2) (“q)q_l Ap,00(€2) do, in 2'(Q).
This concludes the proof. O

6. EXAMPLES AND COUNTER-EXAMPLES
We start by showing a couple of examples to which our main result applies.

Example 6.1. Let 1 < k < N — 1, a noteworthy application of Theorem 5.1 is to open sets of the
type

S =RN"F xw,
where w C R* is an open set such that w € &* and w # R¥. Clearly S € &Y with S # RY: by
virtue of Theorem 5.1 and Theorem 5.2, we deduce that A, ,(5) is attained, when 1 < p < co and
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q > p satisfies (1.2). In particular, for ¢ # oo satisfying (1.2), Theorem 5.1 ensures the existence of
a positive solution to the boundary value problem

—Ayju=Mut"t inS,  ueWyP(S),
for every A > 0. It is sufficient to use a simple scaling argument, as noticed in the introduction.
This applies for example to the slab
S =RV x (~1,1),
thus generalizing the result obtained in [1], where existence is shown in the case N =2, k=1 and

p =2 < g < oco. Notice that, in this example, the assumption p < ¢ is crucial, existence failing
when p = q.

Example 6.2 (Infinite cross). Another example of application is given by the set
C=((-1,1)xR)U (R x (=1,1)) C R

This is a two-dimensional Steiner symmetric open set: accordingly, there exists a minimizer for
Ap,q(C), for every 1 < p < oo and ¢ > p satisfying (1.2). As above, the superhomogencous Lane-
Emden equation

—Apu = Au?™t in C,
admits a positive solution u € WO1 P(Q), for every A > 0. Here the situation is slightly different with
respect to Example 6.1: indeed, observe that for p = ¢ = 2 we still have existence of an extremal,
see for example [5, Example 3.2].

We now wish to show the optimality of the assumptions (S1) and (S2) in Definition 3.1, in the
case of unbounded sets for which the embedding Wy?(Q) < LP(Q) fails to be compact. Namely,
we give two simple counterexamples, aiming at showing that if we drop one of the assumptions,
then the conclusion of Theorem 5.1 may fail to hold.

Example 6.3 (Sets satisfying (S2), but not satisfying (S1)). We consider a set of the form
S =w xR,
where the open set w C RV~ is such that w € V=1, We also set
St =w x (0, +00),

which satisfies the second assumption (S2) of Definition 3.1, but it does not satisfy the first one
(S1). We claim that )\, ,(ST) is not attained in Wy (S*), when p < ¢ satisfy (1.2). To this aim,
we start by noticing that

(6.1) Ap(S) = )‘p’q(S—F)'
Indeed, the fact that A\, 4(S) < A, 4(S™) simply follows by the inclusion ST C S and the mono-
tonicity of A, 4. On the other hand, for every & > 0 there exists ¢ € C§°(S) such that

Ma(S)+ez [IVopds, el = L
s
Since ¢, is compactly supported, its support is contained in w x (—L, +00), for L > 0 large enough.
Therefore, by translation invariance of the sharp Poincaré-Sobolev sharp constant, we have
Apg(8) + €2 Apg(w x (=L, +00)) = X, 4(ST).
By the arbitrariness of € > 0, we deduce that A 4(S) > A 4(ST), as well.
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FIGURE 1. The pinched slab 7 of Example 6.4, with inward pinching. The
constant A, ,(27) is not attained.

By exploiting (6.1), it is not difficult to obtain that A, ;(S™) does not admit an extremal. It
is sufficient to reproduce the same argument of [10, Remark 5.5]: any positive extremal u for
Ap.q(S+) would be an extremal for A, 4(5), as well, thanks to (6.1). In particular, u # 0 would be
a p—superharmonic function in S, identically vanishing on the set w X (—o0,0). This would violate
the minimum principle.

Example 6.4 (Sets satisfying (S1), but not satisfying (S2)). By keeping the same notation as in
Example 6.3, we first observe that for every open set  C R such that

(6.2) Y+STCQCsS and IS\ Q] >0,
the constant A, 4(€2) can not be attained. Indeed, by monotonicity we have
Ap.a(ST) < Apg(Q) < Apg(9),

and thus A, 4(2) = Ap4(S), thanks to (6.1). By exploiting the same argument based on the
minimum principle as in Example 6.3, we get that A, ;(©) can not admit an extremal.
As an explicit example of this situation, we can take the following pinched slab
_ , N-1 |z']
O =< (¢',zn) eR xR: jzn|<l—ep|— |7, 0<e<l,
€
where ¢ € C§°((—1,1)) \ {0} is non-negative even function, monotone decreasing on [0, 1) and with
©(0) = 1. Observe that the set Q). satisfies the first assumption (S1) of Definition 3.1, but it fails to
satisfy (S2): indeed, it is not convex in the directions eq,...,en_1, because of the vertical inward
pinching. It is not difficult to see that 2 satisfies (6.2), thus the constant A, 4(£27) is not attained.
On the contrary, it is worth observing that the set
+ : N1 |2']
O =3 («';zn) €R XR: Jzn| <1l+ep — ) 0<e<l,

satisfies both (S1) and (S2), thus A, ,(QF) is attained, for ¢ > p satisfying (1.2).
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FIGURE 2. The pinched slab QF of Example 6.4, with outward pinching. This is a
Steiner symmetric set and the constant A, ,(Q7) is attained, thanks to Theorems
5.1 and 5.2.

7. PROOF OF THE MAIN THEOREM: DECAY AT INFINITY

In this section, we prove that the positive extremals of A, ,(£2) exponentially decay to zero at
infinity. This will be the consequence of a more general result, valid for non-negative subsolutions
of the Lane-Emden equation, in generic open sets.

7.1. Subsolutions of the Lane-Emden equation. The following result is a classical L> — L?
estimate, but “localized at infinity”. It implies a weak decay at infinity in uniform norm.

Lemma 7.1. Let 1 < p < co and p < q < oo satisfying (1.2). Let Q@ C RN be an open set such
that A\, (Q) > 0. Let u € Wy () be a non-negative weak subsolution of

—Apu = AudL, in €,

for some A > 0. Then for every o > 0, we have
N
P

(7.1) el onme ) < Co (1A ul§2)) ™ Nullzas,),
for some Cy = C4(N,p,q) > 0.

Proof. By using Lemma 2.3, we already know that v € L*>(€Q). Thus, we get that u verifies in
particular

(7.2) /QQVu\p_Q Vu, Vo) de < Xull7 o\ 5, /Qu”_lgodx,

for every ¢ € Wol’p(Q \ B,) such that ¢ > 0 in . We will get the desired L> — L9 estimate by
using a standard Moser iteration.

We fix ¢ > 0 as in the statement and, for every p < r < R, we take a radially symmetric Lipschitz
cut-off function 7 such that

1
R—7r’

0<n<1, n=0on B, n=1onRY\ Bg, IVl Lo myy =
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For every 8 > 1 we insert in (7.2) the test function
o =n"u,

which is feasible. With simple algebraic manipulations, we get

b G e

nPdxr <p / |VaulP~L V| nP~ P do
Q

+)‘||U‘L°°(Q\B ) /Quﬁ“’_l nP dzx.

By using Young’s inequality, we get for every 6 > 0

p/ |Vu|p_1 |V77|77p_1 uPdr < (p—l)&/ \Vu|pu'8_1 np+51_p / |V77|puﬁ"’p_1 dx
Q

B+p 1
7.4 = — D
(7.4) (p—1) (6+p—1> /‘V ‘ n
+517p/|Vn|puﬁ+p71dx.
Q

We choose § = 8/(2 (p — 1)), thus from (7.3) and (7.4) we get

2 (i) 5 s (25 [

- -1
+ )\ ||u‘ %OCP(Q\BT) Auﬂ+p np dx.
This can be rewritten as

+6-1 |P 2 (p+B-1\" (2(p— D\ Bp—1
[l @) wae< (B0=) (3050) [warentas

2 (p+B—1\" _
e e R

We add on both sides the quantity

(7.5)

/ |V77|p wPtr—1 dz,
Q

and then use that

1\ [P
/’V(uﬁﬁ 1)‘ npdx+/|V77|pu’3+”_1dx2 /‘V nuﬂg 1)‘ dz.
Q Q 2r

On account of (7.5) we obtain
2 -1\" /2(p—-1)
1+(p+ﬁ ) ( (p > /|V77|p B+p=1 g,
B p B

2 (p+p-—-1 _
+)\||U||Loo (O\B,) B <p) /Quﬁﬂo LyP de.

B+p—1

Pl

Before proceeding further, we observe that

1§l <p+’8_1>p§617—1 and MSQP-
g p B
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Thus, from the estimate above we also get
/ ‘V (num—g—l)r) do < 47 6p_1pp_l / |vn|p PP gy
Q Q

+ A |ul|% LN(Q\B ) 2P pgrt /Qu[”p*l n? dz.

By recalling the properties of n, with simple manipulations we get

p— p 1
/ ‘V (nu[HP 1)‘ do < 47 P p"T + A ullT<ions, )} / u P .
Q )P O\B

o

We now need to distinguish three cases, depending on whether p < N, p= N or p > N.

r

Case p < N: we use the Sobolev inequality on the left-hand side of (7.7), while we simply estimate

HUHLoo(Q\B y = ”u”Loo(Q)a
on the right-hand side. We thus end up with

P

p—1 % r 1
(7.8) Tny / T I L +AIIuLm<Q}/ uP TP dg,
O\Bg (R—m)P O\B

For ease of notation, we introduce the parameter
B+p—1
—p
and observe that 8 < pd. Thus, from (7.8) we get

_1 1
. Py pp2(p=1)\ 7 LRSS
/ uﬂp dr S (4 p ) (19%) P
O\Br Tnp

X [(Rl) + A ull 7 q) } "

) p
/ u’? da
Q\B.
We want to use (7.9) with the following choices

1 1
(7.10) r:rizgﬁ—(l—w) R:ri+129+(1_2i+1>’

and

ﬂ =

(7.9)

]

% N i+1
190:@’ 19¢+1=p19i=( ) g, for every i € N.
p P N-p p

Starting from ¢ = 0 and iterating (7.9) infinitely many times, we now get the claimed conclusion,
by noticing that the sequence {1J; };en diverges to +oo, together with the fact that

oo 1_100 N—p i_ﬂ
;pﬁi_qz( N ) pd

=0

and

nh—>Holo H 19;9% (i log?) < +o0.
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Case p = N: in this case, on the left-hand side of (7.7) we can apply the Gagliardo-Nirenberg
inequality (2.2) with p = N and » = 2 N. This gives

Ly (/ |302Ndm> < </ |V ¥ da:) (/ |<dem> , for every ¢ € Wol’N(Q).
Q Q Q

By introducing the parameter
B+N-1
B N ’

_ _ 1 _N 2
Ly / u?'N dg 3{4?’5]\’ LyN-1 <+/\ ul|97 )}
(Q\BR (R—n)N el @

X / uWNdr ).
O\B,

The proof proceeds as in the previous case, with the choices (7.10) and

0

we get

D=
|

Yo = %, 19i+1 =29 = it1 %, for every ¢ € N.
Case p > N: in this case, we apply the second Morrey inequality
||go||Lm(Q) <Chnyp (/ |Vo|P dz) </ lo|? d;z:) , for every o € W, P(Q),
Q Q

to the function ¢ = nu?/?. Hence, we combine the resulting estimate with the inequality (7.7) for
B=q—p+1,r=pand R=p+ 1. This implies the desired conclusion

N

P

N — q
(417 (q —p+ ]_)p*lpp71) pa (]— + A ||u| %oop(Q)) Hu||Lq(Q\BQ)'

P
q

[ull o= (@\B,40) < (Cnip)
The proof is over. |

Remark 7.2. It is not difficult to see that, with exactly the same proof, one can also get
N

(7.11) [l Lo @\ fzeRN : (z,e)>t+1}) < Ca (1 + Aful %Zop(g)) " lull e\ frer - (ze)>t1)

which holds for every ¢ > 0 and every e € S¥~!. The only difference is in the choice of the cut-off

function: once fixed t > 0, for every ¢t < 7 < T it is sufficient to take a Lipschitz cut-off function 7
such that
0<n<1, n=0on{zecRY : (z,e) <7}, n=1lon{zcRY : (z,e) >T},
1
T—-1
We leave the details to the reader.

||V77||L°°(RN) =

We can now proceed similarly as in the proof of [5, Theorem 5.1] to get the claimed exponential
decay, at first in L? norm and then in the sup norm. Here we crucially need the restriction g > p.
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Theorem 7.3. Let 1 < p < oo and p < q < oo satisfying (1.2). Let @ C RN be an open set such
that A\,(©2) > 0. Let u € WP () be a non-negative weak subsolution of

—Apu = AudL, n €,

for some X\ > 0. Then, there exist a = a(p,q, A\p(2)) > 0 and a constant Cs5 > 0, depending on
N,p,q, A\, 2p(Q) and u, such that

(7.12) lu(z)] < Cs [Jul|La(a) ezl for a.e. x € Q.

Proof. We claim that it is sufficient to prove the existence of a = a(p, ¢, Ap(€2)) > 0 and a constant
Cs > 0, depending on N, p, ¢, A\, A,(2) and u, such that

(7.13) [ull Lo Br) < Cé llull Loy e, for every R > 0.

Indeed, assume that (7.13) holds. For almost every « € QN By, by Lemma 2.3 we have

N P la N
[u(@)] < full e < C1 (A [ullagey) ™

(g=p) N

(Cle AP HUHW> [ulla(e) el

Moreover, for every n € N and for almost every € QN (Bjp42\ Brt1), from Lemma 7.1 and (7.13),
we would get

N
[u(@)] < el @) < Co (14Xl Z0)) "l agors,

N

< <06 o <1 + A ull T q) )M > 1wl ey e "
N

Then, (7.12) would follow by combining these estimates, with the constant C5 equal to the maximum
of the two constants above.

In order to show (7.13), we first observe that for every € > 0 there exists a radius 7. > 0 such
that

(7.14) llull Lo (\BR) < &, for every R > r..

This follows from (7.1) and the fact that w € L9(€2). For every R > r., we take a radially symmetric
cut-off Lipschitz function 7 such that

OSUSL T]EOOH BR7 7751011 RN\BR-‘rla ||V77||L°°(RN) Sl
From (7.6) with the choice 8 = ¢ — p+ 1, we thus get

a \|P
L7 (@) o< wia—p vt [ varurds
Q Q
27 (g p+ VP Al S /ﬂuq o da.
By using that u9/? 1 is a feasible test function for A, () and (7.14), we get in particular

Ap(2) /QuqnpdwﬁC7/Q|V?7|puqd$+07)\5q7p/Quqnpdac,
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where C7 = Cr7(p,q) = 4P (p (¢ — p + 1))?~1. Thanks to the properties of 7, this entails that

Ap(2) / uldr < Cy / uldx + Cr Aed™P / u? dx
O\Bpr41 QN(Br+1\Br) Q\Br

=C (1—|—/\6q7”) / u? dx

QQ(BR+1\BR)
+ C7 AP / uldz.
Q\BRr+1
This can be rearranged into

(Ap(Q) — CrAeT™P) / uldz < Cr (14 Xe?7P) / u? dz.
O\ Br+1 QN(Br+1\Br)
It is finally time for declaring our choice of € > 0: we take
_1
c— Ap(€2) ) 77
2C7 A '
Then, by setting rg := r., the previous inequality implies that
/ wlder < K ul dzx, for every R > 1y,
Q\Br+1 QN (Br+1\Br)
where we set 5
Ki=14-—"2
Ap(€)

If we introduce the notation

A(R) = / ul dz,
Q\BR

the previous estimate can be rewritten as
A(R+1) < K(A(R) — A(R+1)),  for every R > rg.

This can be rearranged into the following recursive inequality

AR+1) < A(R), for every R > ryg.

K+1

By taking into account that the map r — A(r) is non-increasing, by suitably iterating this fact we
get

R—ro
AR+1) < <K—|—1) A(rg) for every R > 1o,

with A(rg) < ||quLq(Q). By setting 1

a—1og (LYY

= log K )
we get
K _ro;»l
||U||L‘I(Q\BR) < (K-i—l) HU'HLG(Q) B_QR, for every R > rg + 1.

On the other hand, for 0 < R < rg + 1 it is sufficient to note that

lull Lo\ Br) < lullLa@) < ealrotd) [ullLa(o) e o
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o\
Cs = max {ea(”’ﬂ), <K+1> } )

we finally get the claimed estimate (7.13). O

Thus, by defining

Remark 7.4. While the exponent @ in the (7.12) is independent of the particular subsolution wu,
we remark that the constant C5 does depend on w itself. Let us make this precise: an inspection of
the previous proof reveals that C5 depends on u through

e its L9(§2) norm;

e the radius rg such that

Ap(Q)\ 77
[l @\B,,) < (21(257)?) )

where C7 > 0 only depends on p, q.
More precisely, the previous proof shows that for non-negative subsolutions such that

llullpa) < M and ro <R,
then we can obtain (7.12) with the constant C5 depending only on N,p,q, A\, \,(Q), M and R.
7.2. Extremals.

Corollary 7.5. Let 1 < p < 0o and p < q satisfying (1.2). Let Q@ C RN be an open set such
that A\p(2) > 0. Assume that there exists a non-negative minimizer u € WP () of the following
problem

Apq(2) = min {/ IVulP dz - ||u||pe) = 1}.
ueWy () Q

Then, u satisfies (7.12).

Proof. We need to distinguish two cases, depending on whether ¢ < co or ¢ = co.

Case ¢ < oco. By minimality, we have that u is a non-negative weak solution of
—Apu =Ny () ui™t, in Q.

The conclusion then follows directly from Theorem 7.3.

Case ¢ = oo. This case requires to be discussed only when p > N and is simpler. Indeed, by
applying Lemma A.2, we have that

/ ([Vul"™2 Vu, Vo) dz = Xp,00 () [u(z0) [P~ u(o) ¢ (o), for every ¢ € Wy (Q),
Q

where z¢ € 2 is the unique point such that [u(xo)| = |[u =) = 1. In particular if R > rq := |20,
we have that u is a p—harmonic function in  \ Bg, namely

/ (|VulP~2 Vu, Vo) dx = 0, for every ¢ € C5°(Q \ Bg).
Q

We insert the test function ¢ = unP, where 7 is the same Lipschitz cut-off function as in the proof
of Theorem 7.3, i.e.

OSUSL T]EOOH BR7 7751011 RN\BR-‘rla ||V7I||L°°(RN) Sl
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By proceeding as in the proof of (7.7), we get

/ IV (nu)|” do < 4P pP~1 / uP dz.
Q Qﬂ(BR+1\BR)

By using that un is a feasible test function for A, o (£2), we get

(7.15) Ap.oo () [Ju]]f < 4P ppt / uP dx.
4 L (Q\BR+1) Qﬂ(BR+1\BR)

This gives a L™ — LP decay estimate analogous to that of Lemma 7.1. On the other hand, by using
that wn is a feasible test function for A,(£2), we get

Ap(€2) / uP do < 4P pP~1 / uP dx.
Q\Br+1 QN(Br+1\BR)

We can use this iterative estimate and proceed as in the proof of Theorem 7.3, so to get
(7.16) [ull Lo\ Br) < C§ lull Loy e “F, for every R > 0,

for suitable a, C§ > 0. Finally, the claimed exponential decay in uniform norm can be obtained by
combining (7.16) and (7.15). We leave the details to the reader. O

Remark 7.6 (Decay estimate for ¢ = 0o0). From the previous proof, in the case of a non-negative
extremal u for A, o (£2), we see that the constant Cs depends on v itself through the radius ro = |zo.
Here zq is the unique maximum point of w. Thus, if we can prove that

|$0‘ S Aa
then we can obtain (7.12) with the constant Cs depending only on N, p, ¢, Ap oo (€2), Ap(€2) and A.

In the case of Steiner symmetric extremals, the quality of the previous decay estimate can be
improved: the estimate does not depend on the extremal. This is the content of the following

Theorem 7.7 (Decay of extremals: Steiner case). Let 1 < p < oo and p < q satisfying (1.2). Let
Q € & be such that Q2 # RN, Then every Steiner symmetric extremal of A\ 4(SY) satisfies (7.12),
with a constant Cs depending only on N,p,q and Q.

Proof. Thanks to Theorem 5.1, we get that there exists at least a positive Steiner symmetric
extremal. Let us take u a positive Steiner symmetric extremal. We preliminary notice that we can
assume that u is continuous on §2: for p > N, this simply follows from the Sobolev-type embedding

Wyt () = 0% (Q),

previously recalled; for 1 < p < N, this follows from classical regularity results for solutions of
elliptic PDEs, thanks to the measure density condition of Lemma 3.3 (see for example [45, Theorem
4.2], [33, Theorem 2.7] and [42, Theorem 4.9]).

We already know by Corollary 7.5 that u decays exponentially fast at infinity. Since u is Steiner
symmetric, we know that it has a maximum point at the origin: then, according to Remark 7.6, in
the case ¢ = oo there is nothing to prove.

Let us consider the case ¢ < oo. Thanks to the fact that w has unit L?(2) norm, in light of
Remark 7.4 we only need to show that it is possible to choose R only depending N, p, ¢ and £, but
not on w itself, such that

1

M (9 —p o
||u||L°°(Q\BT) < (20713‘(17,11)(Q)> =:&q, for every r > R.
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FIGURE 3. An unbounded Steiner symmetric set in R3, exhibiting three different
behaviours “at infinity”, according to the coordinate directions. In particular, we
have that €2 shrinks at infinity in direction ep; it is bounded in direction e, and it
is tubular at infinity in direction es.

More precisely, by taking into account the symmetries of u, this is the same as

max <supu(tei)> < &q.

i€{1,...,N} >R

In order to show existence of such a radius R, we need to analyze the “behaviour at infinity” of our
set 2. To this aim, we recall the notation

Qi ={zeQ: (z,e) =t} for t € R,
and the definition (3.3) of rq, ,, for its (relative) inradius. Then, by recalling Lemma 3.5, for every
fixed i € {1,..., N} we may have three different possibilities (see Figure 3):
e there exists ¢; > 0 such that ro,, = 0 for every || > ¢;. In this case, our set {2 is bounded
in direction e;;

e we have rq,, > 0 for every ¢ € R and

lim rq,, =0.
[t| =400 '

In this case, we say that Q shrinks at infinity in direction e;;

e finally, it may happen that

lim rq,, > 0.
[t]—=+o0 "

In this case, we say that Q is tubular at infinity in direction e;.

Accordingly, we now divide the rest of the proof in three cases.
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Case 1: Q) is bounded in direction e;. This is the simplest case. In this case, we obviously have
u(te;) = 0 for every t > t; and thus

supu(te;) =0 < Eg;

t>t,
Case 2: Q shrinks at infinity in direction e;. Observe that, with a slight abuse, we can view the set
Q;: as a Steiner symmetric open set in RN-1 that is Q;: € SN-1. Moreover, thanks to Lemma
3.5, we know that for every t > 7q > 0, such a section has finite inradius. In particular, in view of
Lemma 3.3, Proposition 3.4 with p = ¢ and the definition of rq, ,, for every ¢t > 7q we have

1 1 p
(7.17) 1 ( ) / |¢|pd@g/ VP dE,  for every v € C5°(Qy),
Qi,t Qi,t

C T’Qiyt

for some C' = C(N,p) > 0. We used the notation dZ; = dxy ...dx;—1 dx;t1 ...dzy. Therefore, for
every ¢ € C5°(f), by using Fubini-Tonelli’s theorem and (7.17), we deduce the following Poincaré

inequality
/ opde= [ ([ lelrds ) da
{zeQ: (z,e;)>t} t Qi,z,
9p

< O/too(mi,mi)p /Q Z dx;

e\ j#i

< Clra,, ) / Vel? da.
Q

p/2

2

Observe that in the last inequality we used (3.4). By density, this estimate extends to W, ?(Q), as
well. In particular, when applied to our extremal u, it gives the following decay for the LP norm in
direction e;

/ ul? e < Oy () (ra)"-
{z€Q: (z,e;) >t}

In terms of the L9 norm, we easily deduce

Q=

a—p

(TQi,t) E ||UI|LZQ(Q)

Q=

a—-p
lullzageen  @ensm < lull % ( / |updx> < (C2a(®)
{z€Q: (z,0;)>t}

In turn, by Lemma 2.3 and using the fact that ||uz«) = 1, we obtain

a-p N(q—p) H »
||u||Lq({er:xi>t}) < Cl a (C)\pyq(Q)pq—(q—p)NJrl) (TQi,t) 4

In order to reach the conclusion, we may evoke the L™ — L7 estimate (7.11) of Remark 7.2 (again
in conjunction with Lemma 2.3), to get

u((t+1)e;) = |lull L (fzeqmistr1y) < Cs (ra,,) .

for some Cg = Cs(N,p,q,Apq(2)) > 0. Our standing assumptions on rq,, provide the desired
conclusion.
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Case 3: Q is tubular at infinity in direction e;. This is the most delicate case. We will adapt and
generalize a trick taken from [6, Lemma 4.9], the latter being concerned with the case p = N = 2
and Q C R? an infinite strip. Let us set
R; = lim rq,,.
[t| =400 '
Thanks to properties (S1) and (S2) in Definition 3.1, we have that €2 contains the infinite tube
T:(R;), where we set

7;(7’):{95:(9517...,33N)6RN:\x—xiei\<r}, for r > 0.

From standard Elliptic Regularity, we know that w is locally Lipschitz continuous on ). More
precisely, by [25, Theorem 1.1] we have the following local estimate

1

P

1
(7.18) IVullz= (5, a(woy < C VP dz )+ C 1P 5 oy
BT(CE())

for every B,(zg) € 2, where C = C(N,p) > 0 and P(z,r) is a non-linear potential depending on
the right-hand side of the Lane-Emden equation. In our situation, it reads as
1
(| Apq () w1t || 2d
P(a,r) = / o N_QHLQ(B@(””” =
0 4% 0

By using Lemma 2.3, the latter can be easily estimated as follows

1
r N\ 2
- WN 0 do
P(a.1) < Xy [ull i) | (QN) i
_ _ _N(g=1)
= Mg () [[ull =) VN T < CTTH VN (Mpg(@) 7= ¥ e

On the other hand, by the minimality of v we have

1 Apo(9)
Vupdxgi/ VulP de = 212
J[BT@O)' P < Bl Jo VU B )

Thus, from (7.18) we get in particular
Cs 1
||vu||L°°(BT/2($o)) S ~ + CSTpfl ,
TP

for every B,(zg) € €, with Cs > 0 depending only on N,p, ¢ and A, 4(€2). We use this estimate
with r = R;/2 and xg = te;, for an arbitrary ¢t € R. With the notation above, we obtain

2 % Rz p—1
IVull oo (7: (. /4)) = SUP VUl Lo (g, jater) <Cs | | 5] + | 5 =: C.
teR R; 2

This gives a uniform Lipschitz estimate on u in the tube 7;(R;/4). In particular, by using this fact
we have

(7.19) u(z) > u(x; €;) — Co |x — x; €4, for x € T;(R;/4).
We define the positive quantity

ot =min { 5, 2
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then, from (7.19), we get

U(Ii ei)

By using this fact, the normalization on the L?(Q2) norm and Fubini-Tonelli’s Theorem, we get for

every t > 0
t
1=/ uquz/ / uldz; | dz;
RN 0 {Z: RN =11 |7 |[<ep(x) }

t
> LN-t / o(z) V" u(z; e) da; >
0

for every x such that |z — z; €;] < o(x;).

)N u(te;)?.

2q

In the last inequality we also used that both ¢ — ¢(t) and ¢t — wu(te;) are non-increasing. Thus, if
we define the increasingly diverging function

R, T Nt
O(r) = (mm{ 1730y }) T4, for 7 > 0,

we have obtained the following decay estimate

29 1
that is u(te;) < d1 < ) .
WN-1 t

By observing that
lim ® (L) =0,
L—o0+
and that the function ® only depends on R;, N,p,q and A, 4(€2), we get the desired conclusion in
this case, as well. (Il

Remark 7.8. With reference to the last part of the previous proof, we observe that in general we
can not expect our extremals to be globally Lipschitz continuous. This is already false in the case
p = N = 2: for example, by considering the following Steiner symmetric set (see Figure 4)

— 1
E={(wy) €R": yl <v(@}  withv(z) =3 — T +Z| |+1 LG-1)(®),
=0

we notice that it has countably many boundary points at which we can center a cone with opening
3/2m, entirely contained in E. These are the points of the form

1
o)
il +1) Jico oy

By using a standard barrier argument?, we can easily see that the gradient of a positive solution
ue Wy?(E) to

—Au = u?t, in £,

must blow-up when approaching these points.

2A lower barrier can be constructed by taking a positive homogeneous harmonic function, as in [11, Lemma 6.7.1]
for example.
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:—’_,—l_‘——i
—

FIGURE 4. The set F in Remark 7.8. Near the boundary point marked by a black
dot, the gradient of the solution blows-up.

APPENDIX A. THE ENDPOINT CASE ¢ = 00
We start with the following simple result, about decay at infinity of Sobolev functions.
Lemma A.1. Let p > N and let p € WHP(RN). Then we have

pHm el oo v\ BR) = 0.

In particular, there exists o € RY such that
l(wo)| = H‘PHLOO(]RN)-
Proof. We first observe that
WhPRN) < 015 (RY),
by Morrey’s inequalities. Thus, the second part of the statement will easily follow, once we will

establish the claimed uniform decay property.
For every z,y € RY, by the first Morrey inequality, we have

lo(@)] < lo(@) = o)+ leW)] < C Vel Lom) le = 41"~ 7 + [o(y).

We integrate the previous estimate with respect to y € B,.(x), for an arbitrary radius r > 0. This
gives

_N
won ™ 9(@)] < C IV o) / o~y dy + / o(y)] dy.

B, (x)

r(x

We divide by wy " and use a change of variable in the first integral. We get

C’Tl_% _N
o(@)] < 2 - / 2% dz + f lo(v)] dy.
B1(0) B.,.(z)

In particular, by using Jensen’s inequality, we get

Crl_% _N B
A @l L el [l pdz+<]i ()so(ynpdy) .

N B1(0)
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We now take 0 < r < R and observe that for every |x| > R we have
By(x) CRY\ Bg,.

Thus, we obtain

lim sup / lp|Pdy | < lim lp|P dy = 0,
R—+o00 <z|>R B, (z) R—+oo JrN\BR_,

thanks to the fact that ¢ € LP(RY). By using this result in (A.1), we get

C’I‘li% N
lim sup |¢(x < Vol Lery / 2|1 dz.
i (lm| <>|> o Vel [

By arbitrariness of r > 0, we get the desired conclusion. (Il

The next result is concerned with the Euler-Lagrange equation for X\, o (€2).

Lemma A.2. Let p > N and let Q CRYN be an open set such that the following problem
M@ = _int { [ 9ot el =1}
peW, P () Q

admits a solution u € W, *(Q). Then we have
/ (IVuP~2 Vu, V) dr = \p o (Q) [u(x0) P2 u(z0) ¢(z0), for every o € WyP(Q),
Q

where xo € Q is such that
(A2) [u(@o)| = l|ull Lo (o) = 1.
Moreover, such a point is unique.

Proof. In the case of an open bounded set, the result is already contained in [26, Theorem 2.5] and
[35, Lemma 2.1]. We will give here a slightly different argument, which permits to handle a more
general class of open sets.
We start by observing that the existence of a point zy € € satisfying (A.2) follows from Lemma
A.1. Also, by definition of X\, o (£2), we have
Ap.oo(€)

1
” /Q |Vol|P do — - [l )y = 0, for every ¢ € Wy (Q).

In particular, by observing that [p(z0)| < |||~ (q), we also have
1 , Apoo ()
Flp) = » / [VlP dax — p’p() lo(xo)|P > 0, for every o € Wy (Q).
Q

Moreover, we have F(u) = 0, thanks to the minimality of u for X\, o (£2) and to the property of
zo. In other words, the function u is a minimizer for F over WO1 "P(Q). Thus, by computing the
Euler-Lagrange equation for this functional, we end up with the claimed equation.

Finally, let us suppose that there exists a second point x; € (2 such that

u(zr)] = [lufl Lo @) = 1.
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Thus, the function v must satisfy the same equation as before, with ;1 in place of zy. In particular,
if we take p € W, ?(Q) such that p(zo) = 0 and @(z;) # 0, we would get

Ap,oo () [u(@) P~ u(zr) p(21) = /Q<\VU|p_2 Vu, Vi) d = Apoo () [u(z0) [P~ u(20) ¢(x0)-

Thanks to the choice of ¢, this gives
lu(z1) P2 u(zy) o(z1) =0 that is u(zy) =0,
which would give a contradiction. (|

The next result extends to general open sets, not necessarily bounded, the result of [35, Corollary
2.2]. Our proof uses a simpler argument.

Proposition A.3. Let p > N and let @ C RN be an open set. For X > 0 and xoy € , let
we WyP(Q) be a non-trivial weak solution of

—Apu = A lu(zo) P~ u(wo) 8z, in Q.
Then w must have constant sign.

Proof. Without loss of generality, we assume that u' := max{u,0} # 0. It is sufficient to show
that u = u*. By testing the weak formulation of the equation with ¢ = u, € Wol’p(Q), we get

0< / |Vuy |Pde = X |u(z0)|P? u(zo) uy (w0)-
Q

This implies that u(xg) = uy(xg) > 0. Hence, by testing the weak formulation with ¢ = u_, we
obtain this time

/ |Vu_|Pde = X |u(20)|P~? u(zo) u_(x) = 0.
Q
Since u_ € W,*(£2), the previous identity shows that u_ = 0. O
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