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Abstract

We consider the time-dependent compressible Navier-Stokes equations in the low Mach number regime
inside a family of domains (€2:)<>0 in R3. Assuming that lim._,0 Q. = Q C R® in a suitable sense, we show
that in the limit the fluid flow inside €2 is governed by the incompressible Navier-Stokes-Brinkman equations,
provided the latter one admits a strong solution. The abstract convergence result is complemented with a

stochastic homogenization result for randomly perforated domains in the critical regime.
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1 Introduction

Homogenization of compressible and incompressible Navier-Stokes equations has gained a lot of interest during
the last decades. The simplest setting one may consider is a smoothly bounded domain Q C R3 with small

holes (representing a container with tiny obstacles), precisely for € > 0 let Q. be defined by

Q. =Q\ | Bealen), a>1, z €22 I ={i: B.ez)CQ}. (1.1)
icl,
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For given T > 0, we consider in (0,7") x €. the compressible Navier-Stokes equations in the low Mach number

regime Ma(e) — 0:

Ope + divy(peus) =0 in (0,7) x Q,
1
O¢(peus) + divy(peue @ ue) + vap(pe) = div,S(V,u.) + pf in (0,7T) x Q, (1.2)
a‘(e
S(Veue) = 1 (Veue + VIu, — 2divgy(u.)1) + ndivy(us)1 in (0,7) x Q,

where p. and u. are the fluid’s density and velocity, respectively, p is the pressure, f the force, and S denotes the
Newtonian viscous stress tensor with constant viscosity coefficients u > 0, n > 0. Further, we impose no-slip

boundary conditions
u =0 on (0,T) x 09.. (1.3)
For the pressure p and the force f we assume

fe L(0,T; L= (R*R?), pe C([0,00)) NC*((0,00)), p'(p)>0if p>0, p(0)=0,
1.4
IFH>1,0<p<p<o0: Sliminflmglimsuplmgf). (L4
= = p—00 pV p—00 pV
A prototypical example of such forces is gravity f = —(0,0,1)7. As for the pressure, one might think of the

adiabatic pressure law p(p) = ap? for some a > 0.

The flow behavior in the limit € — 0 is strongly affected by the parameter «, that is, by the size of the holes
Beo(ez;) in (1.1). In particular, if 1 < o < 3, then the holes create huge friction on the flow such that the
latter eventually stops; a proper rescaling of the fluid’s velocity leads to Darcy’s law for the limiting system.
If instead a > 3, then the holes do not influence the flow considerably and the limit flow is governed by the
same Navier-Stokes equations we started with. Eventually, if @ = 3, which is the case we are concerned with in
the present work, we are in the critical regime. Indeed, in the latter, the holes create some friction that in the
limit € — 0 gives rise to an additional Brinkman term which resembles the so called Stokes drag law. Moreover,
since we consider the case of a low Mach number Ma(g) — 0, the fluid shall become incompressible in the limit

¢ — 0. Gathering all these considerations, we shall expect for & = 3 and Ma(e) — 0 a limiting system of the

form
divyzu=0 in (0,7) x Q,
p(Ou+ (u-Vyu) + VoI + pMu = pAzu+ pf  in (0,7) x Q, (1.5)
u=20 on (0,T) x 09,

3x3
sym

term, and IT the associated pressure (Lagrange multiplier) to the divergence-free condition.

where now p > 0 is constant, M € R, is a given positive definite symmetric matrix representing the Brinkman

In this paper we consider a more general setting, namely, we replace the perforated domains in (1.1) for « = 3
with a family of domains (€.).~¢ which satisfies mild assumptions and at the same time keeps the relevant
features of the critical regime « = 3. In particular, we will assume (€.).~o converge in the sense of Mosco to a

fixed domain 2 (see Definition 2.7). In a nutshell, our informal main result reads as follows:

Theorem 1.1 (See Theorem 2.8). Let e > 0 and ., C D C R® be smoothly bounded domains confined to an
overall bounded domain D. If lim._o Q. = Q (in the sense of Definition 2.7) and Ma(e) with lim._,o Ma(e) =0
complies with this convergence of domains, and if (1.5) exhibits a strong solution (p, u), then a sequence of weak

solutions (pe, ue) to (1.2) converges to (p,u) as € — 0.



We then complement our analysis by applying Theorem 1.1 to a specific choice of domains. More precisely, we
consider a family of randomly perforated domains and show that, if the size of the holes is of order &3, they
converge in the sense of Mosco (Theorem 4.1). We stress that the random setting is a generalization of the

periodic one given in (1.1).

State of the art. Theorem 1.1 shares similarities with the one proven in [9]. The main crucial difference is
that in our case an additional Brinkman term pgMu pops up in the limit. The latter can be traced back to the
fact that our reference domains (€2.).>0 are essentially perforated domains with holes of critical size (that is,
a = 3in (1.1)), whereas the holes in [9] are much tinier (i.e., & > 3). Such Brinkman term appeared for the first
time in the homogenization of the Dirichlet problem in [12] for holes of size 3. Later, Allaire found in [3, 4, 5]
(for all dimensions d > 2 and periodically distributed holes) that there are three different regimes concerning
the size of the holes ¢*, a > 1, for the homogenization of the incompressible Stokes equations, which are (for
d = 3) precisely the regimes a € [1,3), « = 3, and « > 3 mentioned above. The first result of homogenization
of compressible fluids for a critically sized perforation was given by the first and last author in [10]. In the
latter the authors proved that the Brinkman term also appears for the limit of the stationary Navier-Stokes
equation in the low Mach number regime. Our aim in here is to generalize their result in two directions: to the

time-dependent setting, and also to more general domains in the sense of Mosco (domain) convergence.

Concerning results on stochastic homogenization, that is, randomly perforated domains, we recall the result of
Giunti, Hofer, and Veldzquez [21], where the authors proved that the Brinkman term arises from the Poisson
equation in a critically randomly perforated domain. Later, Giunti and Hoéfer [20] derived a similar result for
the stationary incompressible Stokes equations. Results for compressible fluids under the presence of randomly
distributed, but tiny holes, can be found in [11]. T-convergence for nonlinear Dirichlet problems on randomly
perforated domains was studied in [41]. Similar problems in the context of stochastic homogenization from a
variational point of view were treated for example in [6, 32, 33].

Besides the already mentioned references given above, there are many works dealing with homogenization of
compressible as well as incompressible models, heat-conducting fluids, and transition in various ways. We refer

the interested reader to the literature given in the references below.

Regarding incompressible models, Tartar gave the first result in [42]. He obtained a Darcy law, which was
proposed more than 120 years earlier by Darcy [13]. Later, Mikeli¢ [35] gave results for the evolutionary system,
and obtained a Darcy law with memory effect. An incompressible system with non-constant density was inves-
tigated in [8, 27, 39], where the limiting systems are Darcy’s law, the unperturbed Navier-Stokes equations, and
Brinkman’s law, respectively. Non-Newtonian fluids were considered in [26, 29]. Moreover, critical perforations
in heat conducting fluids were investigated in [17]. The case of particles changing size when time continues was

recently treated in [43].

The literature for compressible fluids focuses mostly on the case of tiny (subcritical) holes, or the case when the
holes’ mutual distance is proportional to their size such that rescaling arguments apply. More precisely, Mas-
moudi considered in his seminal paper [34] the latter case and obtained a compressible Darcy’s law; convergence
rates for the same type of problem were found recently in [23]. In [22] the authors obtained an incompressible
Darcy’s law, but starting from a compressible system with a low Mach number. The case of tiny holes were
investigated in [15, 16, 36, 38] for different size of holes, values of the adiabatic exponent ~, and dimensions.
Heat conducting compressible fluids were considered in [7, 28, 40] for a deterministic distribution of holes, and

in [37] for randomly distributed ones.

In addition, it is worth mentioning that also other models of homogenization have been studied such as [24],
who looked at homogenization from an operator theoretical point of view, and [14], who studied nematic liquid

crystals.



Organization of the paper. The problem under consideration and our main result Theorem 2.8 can be
found in Section 2. The proof of our main result is then carried out in Section 3. Finally, Section 4 is devoted
to the application of Theorem 2.8 to randomly perforated domains.
Notation. Throughout the paper, we will make use of the following notations:

(a) 1 denotes the identity matrix in R3*3,

(b) We let xg be the characteristic function of the set E.

(¢) a < b denotes a < Cb for some constant C' > 0 which is independent of a,b, and €.

(d) We distinguish vector quantities from scalar ones by using bold symbols, i.e., a is scalar whereas a is a

vector.

() a® b and a - b denote the tensor product and scalar product between the vectors a and b, respectively.

A:B= Zf j—1AijBij denotes the scalar (Frobenius inner) product between the matrices A and B.

(f) We denote with ¢, ¢ respectively ¢, ¢ test functions depending on the pair (¢,z) and only on x, where
t € (0,T) is the time variable and 2 € R? the space variable.

(9) ey for k € {1,2,3} denotes the k-th element of the canonical basis in R3.
(h) Lebesgue and Sobolev spaces will be denoted as usual by LP and W*P, respectively.

(1) Cweax(0,T; L?(Q; R?)) denotes the space of functions u(t,-) € L%(Q;R3) for all ¢ € [0, 7] such that
t— / u(t,z) - ¢(z)dx
Q

is continuous for all ¢ € C°(Q;R3);

(j) We denote by div, and V, the divergence and gradient in the variable x respectively. We denote with 0;
the partial derivative with respect to t.

(k) R2:3 is the space of 3 x 3 symmetric real matrices.

3x3

(1) MT(;R3%3) denotes the space of finite matrix valued non-negative measures on €2 ranging to R,

(m) H? denotes the 2-dimensional Hausdorff measure, and H?|_ E the 2-dimensional Hausdorff measure re-
stricted to the set E.

2 Setting of the problem and main result

In this section we describe the setting of our problem and state our main result. To start, for € > 0 we consider
a family of domains (€.).~o confined to a bounded subset D C R?. We let also 2 C D be a smoothly bounded
domain. On (0,T") x Q. (with T' > 0) we consider the system of equations in (1.2) coupled with no-slip boundary

conditions (1.3), whereas on (0,T) x © we consider the system of equations (1.5).

2.1 Suitable solution concepts

We will give some concepts of weak, dissipative, and strong solutions to the systems (1.2) and (1.5), respectively,

suitable for our purposes.



Definition 2.1 (Finite energy weak solution to (1.2)). Let v > 1. We say that (p.,u.) is a finite energy weak
solution to system (1.2) with initial data

2y
pe(0,-) = Poe € L7(Q.), po,e = 0, (peuc)(0,-) = (pu)075 S Lm(QdRS),

if the following hold:

(i) Integrability. We have

pe € L*°(0,T; L7(Q2)), pe > 0, / pe(T,)de = / po.e dx for almost any 7 € [0, 7],
Q. Q. (2.1)

w. € L2(0,T; W2 Qs R3)),  poue € L0, T; L1 (22 R?)).

(ii) Equation of continuity. It holds

T
/ / Pe0ro + peue - Vypdrdt = —/ p0,e(0,-) dz, (2.2)
0 Ja. Q

for any ¢ € C}([0,T) x Q.).

(iii) Momentum equation. It holds

T 1 .
/ / pelc - Opp + pue @ ue : Voo + —5—p(pe)divyp dr dt
0o Ja. Ma“(¢) (2.3)
— [ [ 8% Vag - gt pdrdir [ (pau)(r ) () de = [ (o pl0.) do,
0 Ja. Qe Qe
for any 7 € [0,T] and any ¢ € CL([0,T) x Qc;R3).

(iv) Energy inequality. For any 7 € [0,T], there holds

/ [1]1 peucl® 1 p, )} (r )dx—i—/T/ S(Veu.) : Veu, da dt
. 2 {pe>0} e Ma2(5) e 5 o 0. zUeg) - VgUe
[(pw)o,c|* 1

) . (2.4)
< —1 + P(po . dx—l—/ / f - ue dx dt,
/Q R Ma2(2) (Po.c) o Jo?

where
P'(p)p— P(p) = p(p), P(1)=0. (2.5)

Remark 2.2. We remark that from (2.5), we may write P(p) in compact form as
P
p(s)
P(p)=p / 2 ds.
1

Definition 2.3 (Dissipative solution to (1.5)). Given p > 0, we say that
U € Ceax([0, TT; L2 (2 R?)) N L2(0, T; Wy 2 (4 R?))
is a dissipative solution to (1.5) with initial datum
u(0,-) =g € L*(Q), divyup =0,

if the following hold:

1. Incompressibility.
divzu=0 ae. in (0,7) x Q. (2.6)



2. Momentum equation. There exists R € L>(0,T; MT(Q;R3X3)) such that

sym

t=1 T T
[/ pu-godx} :/ /ﬁu-(‘?tcpdxdt—,u/ /(Mu)-cpdxdt
Q t=0 0 Q 0 Q

. (2.7)
+/ /(ﬁu@u):Vmcp—,uku:Vwcp—i—ﬁf-(p—&—%:vwcpdxdt,
0 Ja
for almost any 7 € [0,7] and any ¢ € C}([0,T] x Q;R3) with div,¢ = 0.
3. Energy inequality. For R as above it holds
1 - ) 1 T ) T
—plu)*(r,-)dax + | —trace[R](r, )dx + u |Voul*dedt + p (Mu) -udzdt
Q 2 Q 2 0 Q 0 Q (2 8)

1 T
§/ fﬁ|u0|2dx+/ /,Ef-udasdt7
o2 0o Ja

for almost any 7 € [0, 7.
We say that (p,u) is a dissipative solution if u is a dissipative solution with respect to p.

Remark 2.4. Note that in (2.7), (2.8) and in the following there is a little abuse of notation. Indeed we write
R : Vypdr and trace[R](7, -) do, however in general R is not absolutely continuous with respect to Lebesgue

measure.

Definition 2.5 (Strong solution to (1.5)). Let 5 > 0 be a given constant. We say that u is a strong solution
to (1.5) with initial datum
u(0,)=uge [ WHQR?), diveue=0,
1<p<oo
provided
ue CO,T;W?P(Q;R?) N CH0,T; LY(Q;R?)) for all p,q € [1,00),

and u satisfies (1.5) pointwise. We say that the pair (p,u) is a strong solution if u is a strong solution with

respect to p.

Definition 2.6 (Well-prepared initial data). We say that the initial data (po ., (pu)o,e) from Definition 2.1 are

well-prepared if there is a constant p > 0 and a velocity field

we [ WHPEOR?), div,up =0 in Q, uy =0 on dQ, (2.9)
1<p<oo
such that
1 . _ _ B
lin / [P0~ P (@) = 7) = P(p) de =0, (2.10)
and
(p)o. — pug in L5371 (QR3), (2.11)
. |(pu)o,c|? L2

611_% o, l{ﬂu,s>0}T dz = Qp|u0| dx. (2.12)

2.2 Admissible domains and the main result

To generalize the class of domains given in (1.1), we now introduce the class of admissible domains (€2:)->0.

Definition 2.7 (Assumptions on (Q)csp). Let € > 0 and ((Q:)e>0,, D) be a family of bounded domains
Q.,Q c D C R3 with Q of class C?*" for some v > 0.



(M1) We say that ((€)es0,€2, D) satisfies (M1) if for any ¢ € W;?(D;R?) and ¢, € W) ?(Q;R3) C
Wy ?(D; R?) such that ¢, — ¢ weakly in W, *(D;R?), there holds ¢ € W,"*(; R?).

(M2) We say that ((€2)e>0, 2, D) satisfies (M2) if for any ¢ € C2°(2; R?) with div,¢ = 0 there exists a sequence

of solenoidal functions (¢.)e>o such that

b, € Wy 2 (2, R?), divee. =0 in Q; (2.13)
¢. — ¢ weakly in W, ?(D;R%); (2.14)
Vah. = Vad  strongly in L3 (D;R?); (2.15)
. 2 . 3y
limsup [V, (¢, — @)l o-(prsyMa(e)¥ =0  with r:= . (2.16)
e—0 2’7 -3
In addition, there exists a matrix M € Rfyxn‘f with the following properties:
Let v e L2(0,T; Wy ?(Q; R?)) and let v, € L2(0,T; Wy (Q.;R3)) satisfy
v. = v weakly in L?(0,T; W"?(D;R?)), (2.17)
div,ve = 0;gc + div,h,, (2.18)

for some g. € L*°(0,T;L7(€)), h, € LQ(O,T;L%(QE;RS)) with the following properties: g. — g in

L>(0,T; L7(D)) for some g € R, and |/h.|| 6y < Ma(s)min{%’l}. Assume further that there
L2(0,T;L7F6 (Q.5R3))

exist sets M. C (0,T) x Q. such that

=

lgexns. o= 0,152 (D)) S 1 (2.19)
2
19e (1 = xas)l| oo (0,737 (D)) S Ma(e) ™. (2.20)

Then there holds for a.e. 7 € [0, T

lim/ / Vrd)E:vagdxdt:/ /V$¢:vadxdt+/ /(Mq{))-vdmdt7 (2.21)
e=0Jo Ja. o Ja 0 Ja
liminf/ / |vas|2dxdt2/ /|Vzv\2dxdt+/ /(Mv)-vdxdt. (2.22)
e=0 Jo Ja. 0o Ja o Ja

If ((Qe)e>0,, D) satisfies (M1), (M2) we say that Q. converge to € in the sense of Mosco.

In Section 4 we will consider an example of ((Q¢)eso, 2, D) where ). is obtained by removing random holes
from Q and D = , hence we will write ((Q:)e>0,2) in place of ((2:)e>0,82, D). We are now in the position to

state our main result.

Theorem 2.8. Let ((Qe)es0,2, D) be a family of bounded domains as in Definition 2.7. Let (pe, Ue)eso be a
family of finite energy weak solutions in the sense of Definition 2.1 to the Navier-Stokes system (1.2) under
assumptions (1.4) in (0,T) x Q., emanating from the well-prepared initial data (p, ug) satisfying (2.9)—(2.12)
for some p > 0. Finally, let

3
7> 5 lim Ma(e) = 0. (2.23)
e—0

Then the following holds.

(a) Assume ((Q:)e>0,K, D) obeys (M1). Then

pe — p strongly in L*°(0,T; L7 (D)),
u. — u weakly in L*(0,T; W&’Q(D,R?’)),



with w(0,-) = ug. In particular, w e L2(0,T; Wy (Q; R3)).

(b) Assume in addition that ((Q)es0, 2, D) satisfies also (M2). Then (p,u) is a dissipative solution to (1.5)
in the sense of Definition 2.3.

(¢) Assume that there exists a strong solution to the system (1.5) in the sense of Definition 2.5 with initial

datum wug. Then the latter coincides to (p,u) and u. — u strongly in L*((0,T) x D;R3).

3 Proof of Theorem 2.8

In this section we provide the proof of Theorem 2.8. For simplicity we divide the proof into two steps contained
in Propositions 3.1 and 3.2 below. More precisely, in Proposition 3.1 we show 4.61 and that finite energy weak
solutions to (1.2) converge to dissipative solutions of (1.5), from which we deduce (b), while in Proposition 3.2

we show the validity of the weak-strong uniqueness principle which in turn implies (c).

Proposition 3.1 (Convergence to dissipative solutions of (1.5)). Let ((Qc)e>0,€2, D) be a family of bounded
domains that satisfies (M1). Let also (pe, ue)eso be a family of finite energy weak solutions to the Navier-Stokes
system (1.2) in (0,T) x Q., which satisfies (2.9)—(2.12) with (1.4) and (2.23). Then

pe — p strongly in L*°(0,T; LY(D)), (3.1)
u. — u weakly in L*(0,T; Wy *(D,R?)). (3.2)

If in addition (M2) holds, then (p,w) is a dissipative solution to (1.5).

Proof. The validity of (3.1) and (3.2) has already been proven in [9, Theorem 1.3]. Note that their assumption
(M1) is actually exactly the same as ours such that their proof remains valid. Additionally, the energy inequality

enforces (see [9, Section 2])

[V/peuel|Lo (0,72 (DiR3)) S 1y (3.3)
as well as
1 ) _ _
swp [ (Plp) = P pe = )~ Pp) e S1. (3.4)
refo,7]Jp Ma“(¢e)

Assume also (M2) holds. Thus, our task is to show that (p,u) is a dissipative solution to (1.5).

Step 1: Incompressibility. Let ¢ € CL([0,7) x Q). Using (2.2), we can show as in [30, Proposition 3.3]
that

T
/ / pPOtp + peue - Vepdadt = —/ po,e¢(0, ) dz, (3.5)
o Jp D

where we extended p. and u. by 0 to the whole of D.
With (3.1), (3.2), and (3.3) we get

peu. = pu weakly® in L*(0,T; L7371 (D; R?)). (3.6)

Indeed, for ¢ € L'(0, T; L7-1 (D; R3)),
T T T
[ [ ot =gy saae= [ [ (V- vpvmul-gdedes [ [ Vatvmm - Vol g dedt
0 D 0 D 0 D

+/OT/Dﬁ(u§u)~¢dxdt,



where the superscript § denotes a convolution in time only to ensure u? € L>(—4,T + &§; Wo?(D; R?)) such
that all integrals above are well defined. Due to the strong convergence p. — p in L*°(0,T; LY(D)), the weak
convergence u, — u in L2(0,T; Wy*(D;R?)) that ensures as well ué — u’ weakly in W, ?(D;R?) uniformly in

time, and the bound (3.3), we infer

T
. . S =, _
(%gx})slg%/o /D(pgue pu) - ¢pdxdt =0.

Using (3.6) and (3.1), we have for € — 0 in (3.5)

T T
0:/ /ﬁatgodmdt—i—/ /ﬁu-Vmwdxdt-i-/ pe(0,-) dz.
o Jp o Jp D

Now, we conclude with partial integration and p being a positive constant that

/ / (Orp) godxdt—/pgp( dx—i—/ /pu zgodmdt—&-/pgo(o ) dx
:/ /[)u~Vx<pd:z:dt,
o Jp

showing div,u = 0.

Step 2: Momentum Equation. We consider a specific ansatz for the test functions, namely
v()e(x), ¥ eC(0,T)), ¢eCiBRY), diva(¢)=0.

Due to (M2) there exists a sequence of solenoidal functions (¢,).>0 approximating ¢ such that (2.13)-(2.22)
hold. We use that ¢.¢) € CL([0,T) x Q;R3) is a good test function to system (1.2) to get

0= / ' / e D) drdt + / ' /| (et )+ V(o) el

-/ (V) V() dadi+ I RECXORE

+ /Q (Pwoe - (6.4)(0, ) dx — / (peus) (7, ) - (butb)(r, ) da

€ €

Now using that ¢, = (¢, — ¢) + ¢ the above identity can be rewritten as
/ ' / et D)+ (pone © ) ) — S(Tme) : T (9) - (o0) dacl
" / (pw)o.c - $16(0) da — / (pouc)(r, ) - d(r) da
/ / peu - (6 — o, atwdxdw/ / po @) 1 Vol — ) dudt

_/O /QES(Vzus)ivx(¢—¢s)¢dxdt+/0 /Qspgf.w_(ﬁg)wxdt

4 [ oo @ = 0000 de — [ (pan)(r) - (8- b)) e = Y L

Q. Qe i=1

We now show that I, — 0 as € — 0 for all ¢ except I3 which will eventually yield the Brinkman term. We start



by estimating I;. This term can be bounded using the Sobolev embedding and Hélder’s inequality as

T
wg/o |atw|/g et - (6 — )| dedt

S Npellzoe 0,757 (o)) 10l 20,7518 (DiR3)) [ — ¢5HL%(D,R3)-

By 7 > 3/2, we have 6v/(5y — 6) < 6 and thus W, is compactly embedded in L&, Hence, by (2.14), (3.1),
and (3.2), it follows that |[I;| — 0.

To estimate the convective term I, we write

1
ME™ = {(ta) € (0,7) x Q% | 55 < peltia) < p+ 1} M 1= ((0.7) x Q) \ ME™,
€SS res €SS res (3. 7)

Pe = ps + pe—: 9 pe = ngMgss, pg = anM;es'

Similarly, we split Iy = I§% + 15°°, where 15°° and I5* denote the corresponding integrals on M&* and ML*,

respectively. For the essential part we use |p®| < 1 and Sobolev embedding to conclude

T
U?KAIMAW%MﬁW@—%MNﬁ

SJ ”uﬁ“%z(O,T;LG(D;H@)) ||VI(¢ - d)E)”L%(D;]RS)

5 ||vw<¢ - d)a)”L%(D;RL").
The last term vanishes as € — 0 due to (2.15). Moreover, we find from (3.4) that

(S

10 = pllLe= (0, 1:22(D)) S Ma(e), (3.8)
where we used that on M, the function P(p.) — P'(p)(pe — p) — P(p) is coercive in the sense that
P(pe) = P'(p)(pe = p) = P(p) 2 = = oI,

see [18, Lemma 5.1]. Due to (2.15) the essential part of the convective term vanishes for ¢ — 0. For the residual

part we use the following estimate from the proof of [9, Theorem 1.3]:

. 2
P2 || oo (0,727 (D)) S Ma(e) 7. (3.9)

From this we obtain

T
L=< | [l 1 e Va(¢ — ¢)| du dt
0 Q

S ez 052Dy 10l T2 0 78 (Do | V2 (@ — @)l (Dime)

< Ma(e)? |Vl — b) | e (e

where r = 237
¥

3 > 3. By (2.16), the right-hand side of the above inequality vanishes for ¢ — 0, which in turn
shows that |I3] — 0 as e — 0.

Next, we want to prove that I3 converges to the Brinkman term. Therefore, we first show that u. and u satisfy
the conditions of (2.17)—(2.20). (2.17) is clear from (3.2). Let us define

10



Then, by the first equation of (1.2), we have
i 1. _ 1. .
div,(u.) = Edlvx((p — pe)ue) + Bdlvx(psug) = div,(he) + Orge
in the sense of distributions. Further, we have from (3.8) and (3.9) that
min{%,l}’

Iell L o s 25 gy = 1P = Pl @iz oy el 220,730 (Dme)) < Male)

and g — —1in L°°(0,T; LY (D)) due to (3.1). In turn, we get (2.19) and (2.20) for M. := M such that we
can use (2.21) and (2.22) for v. = u. and v = u. By the divergence-free assumption on ¢ and (2.13), we have
div, (¢ — ¢.) = 0. This together with (3.2) and (2.21) leads to

- /0 ' /Q S(Vate) £ Va(u(@ - ) de
—[o(uf Vo Vo= oot (54n) [ ai oo s de) at

—/OTwu (/stxuezvg,@dx) dt+/oTz/Ju (/ngxugivrqbedx> dt
ﬂ—/ofz/),u</ﬂvxusz¢dx> dt—l—/OTwu(/S)Vgguzvigi)dm—i—/g(Md))-u) dt
ZM/OT/Qw(qu)~udxdt.

Indeed, since div,(¢ — ¢.) = 0 and by smoothing ¢ — ¢ by convolution with some suitable functions (15)s>0,

we get
//vTuE. (Y(p — d)))dxdt—hm/ /VTus. Vol — @) % ns) de dt
:—gii% 1/1/ u. -V (divy ((¢p — @) *15))dedt = 0,
and

/OT /Q (divyucl) : V(¢ — ¢,.)dadt = /OT s /Q div,u. div,(¢ — ¢.)dzdt = 0.

To estimate I, we use that f € L>°(0,T; L>°(D;R3)), which together with (3.1) and (2.14) yields

T
|I4|§/ le/ |pfl|¢p — p.| dadt

< ||p€HLoc(0TL’Y(D ||¢ ¢EHL’Y 1 RS) - O

by compact Sobolev embedding as v/(y — 1) < 6 for any v > 6/5. Finally, due to 2y/(y — 1) < 6 for any
v >3/2, (2.11), and (2.14), we get

15| < Il/J(O)I/Q [(p)oe - (@ — @)l dz < [[(pu)oll 2 ¢ = ¢l

Lo°(0,T;L7F1 (D;R3)) LT (D;R3)

By (3.1), (3.2), and (2.14), we have Is € L'(0,T) and for every function £ € L>(0,7)

(7)16(7) d7| = 7)(peuc)(7,-) - (¢ — P )(7) dwdr

SN zos 0,1 1< || Lo 0,757 (DY [0 || 22 0,78 (D s DiR?)
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by the same arguments as for I;. Consequently, we have Is — 0 in L'(0,7T) and therefore Is(7) — 0 for almost
any 7 € [0,7T]. In total, we proved that

6 T
;13%;11- =lim Iy = M/o /Qw(Md)) udz dt. (3.10)

We now look at the left-hand side of (??). Using (2.11), (3.1), (3.2), and the fact that we might prolong
¢ € CL(Q;R?) by zero to the whole of D, we get

alig(l)/OT/QEPef'wwdxdtgigg)/oT/Dpef'((ﬁi/J)dedt/OT/Dﬁf'(qﬁt/J)dIdt
=/T/ﬁf'(¢w)dwdt,

lim/T/Q S(Vou.) : V(o)) dadt = //S L) 1 V() da dt = //Mv$u V. (p)dzdt, (3.11)

e—=0 Jo

;g%jgfpumﬁ-¢w«ndx::/quo-¢w«ndm
e—0 0

lim 5t?/1/ p5u5~¢dxdt:/ 8tw/ﬁu~¢dxdt.
Q. 0 Q

Moreover, for every function & € L*°(0,T), we have, using (3.1) and (3.2),

lim /OT /Qgs(ﬂ(psus 7, )gib(r) da dr = / / £()(pu) (7, ) g () da .

Consequently, we see

e—0

lim [ (peu)(r, )ib(r) dz = / (pu)(r, Yo (7) (3.12)
Qe Q

for almost any 7 € [0, 7.

To treat the convective term we use again the decomposition p. = p&* + pt. Recall from (3.9) that
2

Yy

0= Los (0,727 (D)) S Male)

Consequently, we may estimate

pzesug ®u, : Vi (oy)da dt

< [ W e e
(D) IUell L6 (D;R3) (3.13)
S Ma(g)7 lluclz2 0, 73w12(Dsr3)) — 0,

where we used (2.23) and (3.2).
Finally, we know that p®*u. ® u. is uniformly bounded in L'(0,T; L3(D;R3*3)) and L>(0, T; L'(D;R3*3)).

Hence, we may extract a subsequence (not relabeled) such that p*u.®u. converges weakly in L3(0,T; L2(D; R3%3)),

the weak limit of which we denote by pu ® u. Thus,

T
/ / (p=u. @ u.) : Vy(opyp) dodt — / / pu@u: V() dedt. (3.14)
o Ja
A similar argument leads to

Vpeue = y/pu  weakly-x in L>°(0,T; L?(D; R?)).

12



Since v — v ® v is convex, we have
R:=pu®u—pu®u>0 in the sense of symmetric matrices. (3.15)

Gathering (3.13), (3.14), and (3.15), we find
lir%/ / Pele @ ue : V(o) dedt = / /pu®u QSw)dxdt—F/ /m Vi(py)dadt.  (3.16)
=0 Jo Ja.

Combining (?7?), (3.10), (3.11), (3.12), and (3.16), we infer

//ﬁu-(?t(p—i—ﬁu@u:ngo—uvxu:Vzgo—&—ﬁf-go—i—%:vzgodxdt
0o Ja

+/ﬁu~<p(07~)dx—/ﬁu-go(7'7~)dx:u/ /Mu-godmdt,
Q Q 0 Jo

for all ¢ € CL([0,T) x Q), (t,z) = ¥(t)¢p(x) with div,p = 0, and almost any 7 € [0,T]. Eventually, by a
density argument, (3.17) holds true for any ¢ € C1([0,7) x Q) satisfying div,¢ = 0.

(3.17)

Step 3: Energy inequality. Since (p.,u.) are finite energy weak solutions, we have

/ [11 lpeue” + = P(p )] ( )dx—f—/T/ S(Vgue) : Vyu dedt
a € T, zUeg) ¢ z Ue
O 2 {P€>0} Pe MaQ(S) 0 Q.

€

L e, 1 [
< —1 — + P(poe)dx + f-u. dedt 3.18
< [ Ftimen Bl o pugans [ (319

for almost any 7 € [0, T]. First, we want to control the limit of the second term of the energy inequality

/ / S(Veu.) : Vou. dedt = / / PV, : Vou. dzdt + (ﬁ + n) / / \div, (u)|? dz dt
o Ja. 0o Ja. 3 o Ja.
> ,U/ / |V$ue‘2d$dt,
o Ja.
where we used that with partial integration and the symmetry of second derivatives, we have
T
/ / Vfus :Veuededt = hm / / VTuE : Ve (ue xns)daedt = hm / / u. - Vdiv, (ue xns) da dt
o Ja.
T
= lim/ / div, (u) - div, (u. * 1) dz dt = / / |div, (u.)|? dz dt,
6=0Jo Ja. o Ja.

where (15)s>0 are suitable mollifiers. This leads to

/ [11{p>o}'p5“5'2+ ! P(pg] rydep [ [ Vol dsds
L2 Pe Ma*(¢) 0o Ja.

1 |(pu)o < |? 1 /T/
< —1 — + P dz + f-u,dzdt
- /Q 2 o0y Ma?(e) (po.) o Ja. pet e

for almost any 7 € [0,7]. Let now £ € C.(0,T) with £ > 0, fon(T) dr = 1. Multiplication by £(7) and

integration leads to

T 1 |peuc|® 1 ’ T

57’[]1s R PpE]T,-dde—&—u/ 7'/
L e [ gresn 2ot 1 s e ) Cen [ ]

[(pu)o.c|? 1 } /T /

1 = 4+ P(poe)| dedr +
<[] e [yt 2Ly ] asars [ em
13

|V u.|? dedtdr

/ pef-ucdedtdr.  (3.19)
0 Ja.



Since 1,,.>0l(pu)o,:|?/po,e is bounded in L*(0,T; L*(D)) and L>(0,T; L' (D)), we get

|peus|2

g

90 — plul?  weakly in L5 (0,T; L*(D)).

Additionally, by (2.1), we have

/ pe(T, ) da :/ po.edz for almost any 7 € [0,T],
Q.

€

hence

/.m%xaMM—/‘mmgdx:/ P(pe)(r,) — P'(9)(p- — p)(7.) — P(p) de
Q. Qe

Qe

= [ Pn) = PGl =) = P(p) da
Moreover, by definition of P (see (2.5)), we have P"(p) = p'(p)/p > 0 and hence almost everywhere

P(p:) = P'(p)(p- — p) — P(p) >0,

see also Lemma 5.1 in [18]. With this at hand, (2.10), (2.12), (2.22), (3.1), and (3.2), we can pass to the limit
€ — 01in (3.19) to obtain

T 1 - T T T T
/O/955(7')/)|u|2(7',~)dmd7'—|—u/0/0 Qg(f)mu\?dxdtdrw/o/0/95(7)(Mu)-udxdtd7

T T
§/ 1ﬁ|u0|2dm—|—/ / /§(T)ﬁf-udxdtd7.
o2 o Jo Ja

Since pe|u.|? = trace[p.u. ® u.] and trace[-] is a linear operator, we have for R from (3.15) that
trace[R] = plul? — plul?.

As the function ¢ is arbitrary, we get

1 1 T T
/ fﬁ|u|2(7',~)dm+/ ftrace[f)f{](Tf)dx—&—u/ / \Vmu|2dxdt+u/ /(Mu) -udadt
02 Q2 o Jo 0o Jo

1 T
g/ fﬁ\u0|2dx+/ /ﬁf—udxdt,
Q2 o Jo

showing that (p,u) is a dissipative solution of the incompressible Navier-Stokes-Brinkman system (1.5).
O

To finally prove Theorem 2.8, we will make use of the weak-strong uniqueness principle (see, e.g., [1]), which is

the content of the following proposition.

Proposition 3.2 (Weak-Strong uniqueness). Let (p, u) be a dissipative solution to (1.5) emanating from the
ingtial datum ug in (2.9). If there exists a strong solution to (1.5) emanating from the same initial datum ug,

then it coincides with (p, u).

Proof. We divide the proof into two steps. First, we recall the derivation of the relative energy inequality, and

subsequently apply it to our setting.
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Step 1: Relative Energy Inequality. We test (2.7) with ¢ = U € C([0,T] x Q; R?) such that div, U = 0,
and add on both sides the term [ [, p0,U - Udx dt. Using that

T 1 t=71
/ /ﬁ@tU-Udmdt: [/ pU|2dx} ,
0 Ja Q2 t=0
and summing with the energy inequality (2.8), we obtain

1 =T 1
[/ 2p|u—U|2d:lc] +/§trace[9{]( )dm+u/ /\V u|2dwdt+u/ /Mu udzdt
Q
/ /p@tU dedt—i—/ /pf udxdt—i—u/ /Mu Udzxdt

—/ /ﬁu~(“)tU+(/3u®u):VEU—quu:VxU—l—ﬁf-U—HR:Vwdedt.
o Ja

By regrouping some terms, we infer

t=1 T T
1
{/ —plu — U|2dx} +/ itrace[iﬁ](T,-) da:—l—,u/ V.u:V,(u—1U) dxdt—i—u/ Mu: (u—U)dxdt
Q Q 0 Ja

t=0

/ /p(?f U-—u)—(pu®u): Vdedt+/ /pf u— U)dxdt—/ /9% V. Udzdt.
0
By the incompressibility condition (2.6) it follows that

/ /ﬁu@u:Vszxdt:/ /ﬁu@(u—U):VIUdmdt
0o Ja 0 Jo

:/ /ﬁ(ufU)@)(ufU):VmUdmdtJr/ /ﬁU@(ufU):Vszxdt.
0o Ja 0o Ja

(3.20)

Thus, we rewrite (3.20) to get the relative energy inequality as
1_ , . 177 1 )
§p|u — U dx + itrace[i}i]( Jdr 4+ p \V u—-U)f+Mu—-U): (u—-U)dedt
Q

/ / (0,U +U-V,U)- (U —u)dxdt+/0 /Qﬁf'(“*U)dxdt (3.21)

—/ /%:Vdexdt—/ /ﬁ(u—U)@(u—U):Vdexdt
o Jo 0o Ja

—u/ ViU:VI(u—U)dxdt—,u/ MU - (u — U)dz dt.
0 Jo 0 Jo

By density we can extend (3.21) to any U € LI(0,T; Wh9(Q; R?)) N WL4(0, T; LI(; R?)) satisfying div, U = 0

and Ulpq = 0, provided ¢ > 1 is large enough such that all occurring integrals are well-defined.

Step 2: Weak-strong uniqueness. Let 0 be a strong solution to (1.5) emanating from the initial datum
ug. Then, since div,(u— 1) =0 a.e. in (0,7") x £, it holds

/ /(ﬁ@tfl—l—ﬁﬁ-vwﬁ)~(ﬁ—u)d$dt:/ /(—uMﬁ—l—uAmﬁ—i—ﬁf)-(ﬁ—u)da?dt.
0o Ja 0o Jo
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Combining this with (3.21) for U = 1, we obtain

{/ﬂ ;ﬁ|uﬁ2de:;+/Qtrace[iﬁ]( dIJr,u/ /|V @2+ M(u— ) - (u— ) de dt

§/ /(*MMITI‘F,U/AI[AI*Fﬁf)'(ﬁfu)dxdt+/7/ﬁf'(ll*fl)dl’dt

/ /Eﬁ qudxdt—/ / u—1)® (u—10):Vyadedt

- u/ V. :Vy(u—1a)dedt — / Mt - (u — 0) dz dt,
Q 0o Ja
which in turn reduces to

1 1 T
/ Splu—a2(r, ) do + / StracelR)(r, ) da + p / / Vot — Va2 + M(u — 1) - (u — ) dz dt
Q2 Q2 o Jo

S—/ mzvxﬁdxdt—/ /ﬁ(u—ﬁ)@(u—ﬁ):vzﬁdxdt.
0 Ja o Jo

Being the second and the third term on the left-hand side both non-negative, we infer

/%ﬁ|u—ﬁ|2(7,~)dx+/ %trace[iﬁ]( )dz < — / /SR Vzudxdt—/ / u—u): Vyadedt,
Q Q

and thus
1. 1 ) T
splu—al*(r,-)dz 4+ | strace[R](7, ) dz < ||Vo1| e (0,r)x0ir3) |9R| dz dt
Q2 02 ’ ’ 0o Ja

=+ ||vmﬁ||Lao((077-)><Q;R3) / / ;3|u — ﬁ|2 dz dt,
0 Q

for a.e. 7 € [0,T]. Eventually, since R is positive semidefinite, it follows |R| < trace[9i] and thus by Gronwall’s
lemma we deduce u = @ and R = 0. This finishes the proof of Theorem 2.8. O

4 Application to randomly perforated domains

This section is devoted to provide an application of Theorem 2.8. More precisely, we consider a family of
randomly perforated domains (£2:)c>0, whose holes are balls distributed through a Poisson point process, and
whose radii are identically and independently distributed (i.i.d.) random variables that scale as 2. Note that
this corresponds to the randomized counterpart of our initial example of domains given in (1.1). We will show
that, if Ma(e) satisfies suitable assumptions (see (4.3) below), then ((2¢)e>0,(2) satisfy (M1) and (M2). Thus,
in particular, Theorem 2.8 applies. Moreover, in this way we are able to generalize the outcomes of [10] to the

time-dependent setting.

We let 2 C R? be a smoothly bounded open set which is star-shaped with respect to the origin. We then define

the family of randomly perforated domains (Q¢)c~o as

O :=Q\H°, H":=|]JT5 =B, (c2:), I.:={z€®nec'Q:Ba, (ez) C Q}, (4.1)

where ® is a Poisson point process on R? with homogeneous intensity rate A > 0. Such a process is characterized

by the following two properties:

e For each measurable set S C R? with finite measure, the probability of finding exactly n points from &
inside S is (A|S])™ exp(—A|S])/n!;

e for two disjoint measurable sets S1, Sy C R3, the random variables S; N ® and S, N ® are independent.
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The radii R := {r;},es C [Ro,00) for some Ry > 0 are i.i.d. random variables. Further, we assume that there

exists a constant 8 > 0 such that the radii r; satisfy the moment bound
(r**h) < oo, (4.2)

where (f) is the expected value of the random variable f. Let (Q, F,P) be a probability space associated to the
marked point process (®,R), i.e., the joint process of centers and radii distributed as above. For more details

on marked Poisson point processes, we refer the reader to [25].
Theorem 4.1. Let (Q:).>0 be as in (4.1). Then there exists 6 = §(3) > 0 and an exponent p(d,7y) > 0 such

that, if Ma(e) vanishes fast enough such that

lim sup 6*p(5’7)Ma(s)min{1’%} =0, (4.3)

e—0

then ((Qe)e>0, Q) satisfy (M1) and (M2). The exponent p(d,v) can be taken to be

6 6 —
5,7) = 3, 14—, 3 :
p(6,7) maX{ » 142 273}

The rest of this section is devoted to the proof of Theorem 4.1. Clearly the family ((Qc)e>0,2) with (Qc)es0
given in (4.1) satisfies (M1). Thus, we have to prove that also (M2) is satisfied, that is (2.13)—(2.16) and (2.21)-
(2.22) hold true. We start with a general result Lemma 4.3 (see Section 4.1) which says that if (Qc)eso is a
family of perforated domains such that (M1) and (H1)-(H5) below hold, then also (2.22) holds. Afterwards we
prove that (H1)—(H5) are satisfied when (2.)c>0 are defined as in (4.1) and Ma(e) obeys (4.3) (see Section 4.2).
Eventually, for a given ¢ € C°(Q; R?) with div,¢ = 0 we construct a family of test functions with the properties
(2.13)—(2.16) and (2.21) (see Section 4.3).

Remark 4.2. The authors believe that the assumption R C [Rp, o) for some Ry > 0 can be relaxed to
(r7™) < C < o0,

for some C' > 0 and any m > 0. However, we wish not to unnecessarily complicate the calculations, hence we
focus on the case where r; > Rg > 0 for any 1.

4.1 General perforated domains and special test functions

Let © C R? be a bounded domain with smooth boundary. Let N(¢) € N, N(¢) — oo as ¢ — 0, and let
(T7 )1<i<n(e) C 2 be a family of closed smooth sets with non-empty interior (the holes). We consider the family

of perforated domains (€2.).~0 given by
N(¢e)

0=\ |J 77 (4.4)
i=1

We assume that the holes TF are such that (M1) holds. Moreover, we assume that there exist pairs of functions

(W, 1y )1<k<3 with the following properties:

(H1) wf € WH2(Q;R3);

(H2) divy(w$) =0 in  and w§ = 0 in the holes TF;
(H3) wf — ey, weakly in W12(Q;R3);

(HA) oy, € WL (O RY);
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(H5) For all v € L2(0,T; W12(;R3)), v. € L?(0,T; Wh2(Q,; R?)) that satisfy (2.17)—(2.20), there holds

lim/ / Vmwizvm(q/)vs)dxdt:/ /ukwvdxdt,
£=0Jo Ja. 0o Jo

for every ¥ € C2°((0,T) x Q) and a.e. 7€ [0,T].
Given the hypotheses (H1)—(H5), we can show:

Lemma 4.3. Let Q C R? be a smoothly bounded domain, and let Q. be as in (4.4). Assume that (M1) and
(H1)-(H5) are satisfied for ((Qc)es0,Q) and some (w5, uy)1<p<s. Then for all v € L*(0,T; Wy (5 R3)),
v. € L2(0,T; W) 2(Qe; R3)) that satisfy (2.17)(2.20), we have

liminf/ / |V1v5|2dxdt2/ /|V$v|2dxdt+/ /(Mv)~vda:dt vr € [0,T],
=0 Jo Ja. 0 Ja 0 Ja

with M;; = ug = ;- ej.

Proof. The proof we give here is the same for d = 3 and d > 3, so let us prove the Lemma in the general setting
with obvious changes on the assumptions if d > 3. Let ¢ = (1, ..., 0q) € C((0,T) x ©;R?). Then

- d
0< / / Va(ve =Y prwi)|? dodt
0 Q k=1

:/ /|Vzv5|2dxdt+ Z {/ /@kcpivzwizvmwfdxdtJr/ /(Vchk@)wi):(vzgpi@wf)dzdt
0 Jo 0 Jo 0 Jo

1<i,k<d
+2 Z / /(pkvmwis(vr<p1®wf)dxdt72 Z / /V$v5:(V£gpk®wi)dIdt
1<ik<d”’0 /Q 1<k<d”0 JQ
-2 Z / /wai:(gokvxvs)dzdt
1<k<d’0 /€
:/ /|Vzv5|2dxdt+ Z / /Vmwizvz(gokgaiwf)dxdt
o Ja 1<Simcalo Jo
_ Z / /wai:(wf®vz(gokapi))dzdt+ Z / /(Vmcpk@)wi):(vfgpi@wf)dzdt
1<i,k<d”’0 /€ 1<ik<d”’0 /9
+ 2 Z / /(pkvxwi:(vxgoi@wf)dxdt—Z Z / /vasz(vxgpk(@wi)dxdt
1<ik<d”’0 /€ 1<k<d”0 JQ
-9 Z / /waizvx(gpkvg)dxdt—t—Q Z / /waiz(vxgok(@va)dmdt. (4.5)
1<k<a”’0 /9 1<k<d”’0 /9

Now, we use (H1)—(H3) to infer that we can choose v. = wj in (H5) to obtain
/ / V.wi, o Vi(pppiwsd)dedt — / / . - (prpie;) dz dt.
0 Ja 0 Jo
Since w§ — ey, weakly in W12(Q; R?), we get w§ — ey, strongly in L2(Q;R?) such that

/ /Vmwi (Wi @ Vu(prpi))dadt — 0,

0 Q

/ / (Vair ® W) : (Vg ®w)dadt — / / (Vapr @ ex) : (Vg ® e) dedr,
0 Q 0 Q

/ /@kvmwi : (Ve @ wi)dzdt — 0.
0 Q
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With v. — v weakly in L2(0,T; WOI’Q(Q; R9)) and w§ — ey, strongly in L?(Q; R?), we infer

/ /VwVEZ(V$@k®w2)d$dt — / /va:(V$<pk®ek)dxdt.
0o Ja 0o Jo

Due to (H5), we see that

//Vzwk 2 (ppve)dedt — / /uk (prv) dz dt,

since v, — v weakly in L2(0, T; L%(Q; R%)). Moreover, boundedness of v, in L2(0,T; Wy *(Q; R%)) and the fact
that w5 — ey, strongly in L?(Q;R?) leads by partial integration to

/ / Vowi : (Vepr @ ve)dedt = 7/ /(wi —ey) - divy(Vepr @ ve)dedt — 0.
o Jo o Jo

Next, it is clear that there exists a subsequence, still denoted by v., such that

lim/ /|va5|2dxdt:1iminf/ /|V,;v€|2dxdt.
e—0 0 Q e—0 0 Q

Passing to the limits in (4.5) leads to

0<11m1nf/ /|V v > dz dt + Z / /uk wrp) dzdt

1<k<d

/ /|Va:90| dmdt—?/ /V v:Vypdrdt —2 Z / /uk (prv) dzx dt.

1<k<d

Now we choose a sequence @™ € C°((0,T) x Q; R%) with ¢ — v strongly in L2(0, T; Wy > (; R%)) and pass

to the limit to obtain

O<hm1nf/ /|V vs\dedtJr/ / (Mv) vdxdtJr/ /|VTV\2dxdt
—2/ /|va\2dxdt—2/ /(Mv)~vda:dt.
0 Q 0 Q

Rearranging leads to

/ /\va|2dxdt+/ /(Mv)-vdxdtﬁliminf/ /|Vzvg|2dxdt.
0o Ja 0o Jo =0 Jo Ja

4.2 Validity of (H1)—(H5) in the random setting

Coming from the rather general class of domains (4.4) back to randomly perforated domains, from now on let
(Qc)e>0 be defined by (4.1). We then construct a family (w%,, i) 1<k<3 verifying (H1)—(H5) under the assump-

tion (4.3). We start by collecting some useful notation.

For a Poisson point process ® on R3 and any bounded set E C R? that is star-shaped with respect to the origin,

we define the random variables

O(E):=dNE, &(E)==0n("'E), N(E):=4#0E), N (E):=4#0(E).
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For each 17 > 0 we define the thinned process as

&, :={r € ®: min —y| > n},
ni={a y€<I>,1y76m‘x yl = n}

and @, (E), ®;(E), N, (E), N;(E) accordingly. Furthermore, we recall two lemmas ([20, Lemmas 3.1 and 3.2])
which guarantee that the holes H® can be decomposed as H® = Hg U Hy, where

e H contains the good holes, which are small and well separated, and
e [} contains the bad holes, which are big and possibly overlapping.

Lemma 4.4 ([20, Lemma 3.1]). There exists 6 = 6(8) > 0 such that for almost every w € Q and all € < g9 =
eo(w), there exists a partition H® = H; U Hf and a set Qf C R® such that Hy C Qf and

dist(HZ; QF) > '™, Q] — 0.
Furthermore, Hg is a union of disjoint balls centered in n® C ®°(Q), namely

Hg = U B.s,. (ezi), &%#n® — \Q, z;&rznrelng elz; — 25| > 2115, &y < el (4.6)
Z; ENE e

Finally, for any n > 0 we have
lim e*#({z € 35, (Q) | dist(ez;, Q) < ne}) =0.
e—0

We write Z° := ®°(Q) \ n%, i.e., the set of centers of the balls in Hf.

Lemma 4.5 ([20, Lemma 3.2]). Let 0 > 1 be fized. Then, for almost every w € Q and e < eo(w, B,0), we may
choose Hg, Hy of Lemma 4.4 in such a way that the following holds:

o There exist A(B) > 1, a sub-collection J° C Z%, and constants {A]},,cse C [1,A] such that

[je .— 3 66
Hy C Hy = | Bucosr,(e25),  X5ePry < A
z;€JE

o There exists kmax = kmax(8) > 0 such that we may partition

kmax kmax

r=Jn J= %

k=-3 k=-3

with J; C I} for all k =1,..., knax and

U Bgsri({fzi)c U B)\fg?’ri(gzi);

2, €TE z;€JE
o Forallk = —=3,...,kmax and every z;,z; € Ji, zi # 2j,
Bp2xcear, (€2i) N Bo2xzeayr, (€25) = 05
e For each k = —=3,...,knax and z; € I, and for all z; € Uf;ig J; we have

BsSTi (521) n BG)\;EQ’T’ (€Zj) = @

J
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Finally, the set Qf of Lemma 4.4 may be chosen as

£ _
b= U BQ/\fa37"i(EZi)~
z; €JE

Let us moreover recall the Strong Law of Large Numbers (in our particular setting), which can be found, e.g.,
in [25, Theorem 8.14].

Lemma 4.6 (Strong Law of Large Numbers). Let E C R3 be a measurable bounded set, and (®,{r;}.,ce) be a

marked Poisson point process with

(r") < oo
for some m > 0. Then, almost surely,
. 3 —1 _ : 3 mo_ m
lim &N (7' E) = A|E], lim ¢ > =" Bl

ZiEE_lE

In the following, we will extend each function which is defined on Q. by zero in H¢. For r > 0 we set
B, := B,.(0) C R3. For each z; € n® we define

1
Qe = e3r;, d.; = min {dist(szi,st), — min (e|z; — zj]), 5}.
2 zjENS
Zj#zi

Since z; € n®, Lemma 4.4 guarantees the existence of some § > 0 such that
ac; < g0 <d ; <e (4.7)
For legibility, we drop the dependence on ¢ and set for z; € n® and € > 0 small enough such that a.; < %dsﬂ-

T, := B, ,(€2i), Ci:=Big, (¢2i)\ Ba. (%), Di:=Ba_,(¢2)\ Big,,(€z),

i

i

Ai = Ba, ,(e2:) \ B1g_,(€2:), Ei:=B, 1, (e21)\ Bi,-14. (¢2i),

Bl,i = B%ds,i(szi)7 BQ,,' = Bds,i (EZ,'),

A= By (0)\ By, (). EYi= B,y (0)\ By, 1, (0). (48)
Remark 4.7. By [20, Lemma C.1 and Lemma C.2], it follows that

lim &* ;= im &” ;= 8.
lime Z ri = Ar)|Q] and ilg(l)g Z r,=0 as
2, €92 (Q) 2, €T,

Thus, we have a.s.

. T 3 T 3 o
51_1% Z Qe = Elgrg)s Z T il_r}r%)s Z ri = Mr)|9. (4.9)
zien® 2 €P2(Q) z;€Zc
Let 6 > 1 be fixed. Let J¢ = i, J¢ {A7}:,cu= be given by Lemma 4.5. For each z; € J° we define

=—3 Y1)

Ri = )\?T‘Z‘, BRJ' = BE3R¢ ({:‘Zi), Bgﬂ' = BE39R1, (521‘), Wl = Be,i \ BRJ. (410)

21



Figure 1: Cells for the construction of (w%,q5).

For each k € {1,2,3} let also (wg, gx) be the unique weak solution to the Stokes problem

Veqp — Awy =0 in R3\ By,

divy(wg) =0 in R3\ By,
WE = 0 on 3B1,
Wi = ey, at infinity.

In the next lemma we use (wy, gx) to construct pairs of functions (w;?, ¢;’?)-~0 in the spirit of Allaire’s functions
in [4], which vanish on the good holes Hg and such that we have good control of their LP and WP norm,
respectively. In particular, the functions w;? are the ones for which we will find g, such that (w3, py,)1<k<3

satisfy (H1)—-(H5).
Lemma 4.8. For each € >0 and k € {1,2,3} we consider the pair of functions (w3, q.?) given by
(ek,O) Z.’II,Q\LJZiE,n5 BQ,,',

(":)Z’g’ (jzﬁg) in UziEnE Di?
(wivg ql‘?!]) —
5 :

—EZi 1 —EZi .
("‘J]~c ( aajl) ’ ag,iQk ( aajl)> in C; for z; € ¥,

(0,0) in U, cne Tis

where (@37, 4,9) is the solution to the Stokes problem

Vi — Ay’ =0 in D;,
dive (@) =0 in D;,
(@.7,a,7) = (ex,0) on OBs ;,
(@i, 4, 7) = (“-’k (%) L (;TEZ)) on OBy ;.

Then for all p > % it holds

||vxq,i’g”L”(UzienECﬁR?’) S/ 56(5—1)7 (411)

e(1420)2-p)  4fp <2

.9 N £,9 <
IVaw e ., ce oimexs) + a7 e, cne e S { £3(2-p) ifp>2" (4.12)
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2 0Per ifp<2,
Hvxwi’g||L”(Uz7¢€n5Ai9R3X3) —+ ”q;’gHLP(UziEnEA,:) g ) . , (413)
2Um) e UFI0=5) 4 p > 2,

(55(17%) _'_525(%71))5%71 ifp <2,

”vgﬁwi’gHL”(Q;R:SXS) + ”qZ’g”LP(Q) S’ 1 2 2 (414)
-5 ~+0)A=3) L BG-D 4> 9

Proof. We use standard regularity theory for Stokes equations giving |Vitlwy, ()| + |Vige(z)] < |2|~0F2), and

p> % to conclude

HVsz”LP (R3\By) ~ NES (4.15)
<1, (4.16)

) (4.17)

vawkHLp(Ra\Bl R3x3) T ||qk||Lp (R3\B;)

.

||v wkHLp(EO ;R3%3) + ||qk?||L;D(E0 <d

5157, <

67

2/\

> (4.18)

D p
IVewillins, 5, .afl_:R3”)+Hq’“||L"(B;d VB
2%,1% 4 47€,1 g0 2%,

&

€,%

Rescaling together with (4.15), 77! < Ry < 1, and (4.9) leads to

, 3-2 3— 2
Vet W, ooy = > a? P||Vgch|\Lp(B1 1 \BuES) <> el
i £,i@

zZ;ENE > ZiENE
_ 6(1—p),.2(1-p) 6(1—
= E ac ;€% p)ri < 60-p),

ZiENE

and (4.11) follows.
We now prove (4.12), (4.13), and (4.14). We start by noticing that, since (V,w;?,¢7?) = (0,0) in [Q\
(UziensBa2,i)] U (Us,ensT;), we have

[Vew N7

;9”

=V ‘-‘-’k’g”Lp(U R3x3) + ||Qk’g

Lr(oRex3) T Il e LP(Us,ene Ci)

+ ||V wigHLp(Uz ene Di;R3X3) + ”‘f g||LP(UziensDi)'

From (4.9), (4.16), the fact that a?}p = (%) @=P)(r;)27P) < (0420)2=P) "and r; > Ry > 0, we find

vawkg”Lp(uz E,,sC,,]R3X3) + qu’gHLl’(UZiEnsC Z Cl ||V wk“Lp(Bl vafl\Bl;RBXS) + |‘Qk||12p(31d . 71\31))
2

E.l i £, P
ZiENE e £,

E: 3p, E:
a, aszagzw

Z; ENE Z; €ENE

6(1+25)(27p) lfp <2
g3(2-p) ifp>2"
(4.19)

This proves (4.12).
Let now (v, 75) be the solution of the Stokes system

Vi —Avi =0 in By \ By,
divg(v§) =0 in By \ By,
vl = wk(%ds,ia;%-) —e, on 0B,
vi =0 on OBs.

Thus, we have that the tuple (v§ + e, 2d€_217r,‘§)(2d;1( —e2;)) solves the Stokes equation in D; with boundary
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data

vi(Qd;ll(' —€2;)) + e, =wy ( — EZi) on 9By 4,

Qg g

)

vi(Qd;:( —¢€z;)) + e, =e, on OBy ;.

Due to the uniqueness of the solution of the Stokes equation and by definition of (w}?, ¢;?) we get

wi,g —ep = Vi(Qd;zl(’ —2)) in D;,

2 _ .
@’ i i”i@da,il(' —z)) in D;.

By rescaling and appealing to [19, Theorem I1.4.3 and Theorem IV.6.1], it follows that

IV e}

ip(uzienEDﬁRSXB) + qungLp(Uz ;ene D ) N Z d
Z;ENE
d3 P —ld e A P
ZEZHE Hwk( 5’10’572 ) ek“Wli%’p(aBl;R:})
K3

B (4.20)
S Z d3 LFln(wy —ex)) (2 ld“a 1)lep(32\31 :R3)

ZiENE

||V VkHLp (B2\B1;R3%3) + d HWEHZI),IU(Bz\Bl)

N

1d.;\?
Z a’ez £,i (”77 Wi 7ek)||LP EO;R3) + (as, > Han(wk 76]@) +77erk||1£p(Eg;Rsxs)> )

2 .
2,ENE £,1

where 0 < 7 <1 is a cut-off function in Bds ol \ Bld

o 5uchthatn—00naB o =1 onBld
and |V,n| < 221, Combining this with (4.17) gives
~ da,z

71
e,il, ;)

1d.;
I~ 0l ey + (3222 ) 1 Vnoon = o) + 1Vl g

€,
< D dsz b 1 dsz p »
S llwr = erllpp gogsy + IVaowkl 7o o goxay + ||Vm77|| o (203 |9k = €kl (goy  (4.21)
(E75R3) Qe i ( ) 2a (EY5R3) (E?)

i
da,i P d57i i
Sl = enl g + (22) (22)

)

Now we use |wg(z) — ex| < 2|71 to infer

1 dei "
wi —egl? </ —dr <[ = :
|| k k||Lp(E?;R3)N fo ‘gj|p ~ Qg

This together with (4.20) and (4.21) gives us

3—p p—1
Q-
£,9||P 29 ||P i _ et 2—p
Hv@?wk ||LP(UZ.E,,L5D1';R3><3) + ||qk LP(U.,enc D) N Z ds % E % ( ) - Z Qe,i (d ) ds,i
K LENE €,1 JENE €,
< gop—lg2—p ifp<2
~ el (492 ifp > 27

where the last inequality follows from (4.9) and the fact that by (4.7), we have

-1 _
e, p P c(1+28)(p 1)52_1)
de; et~ g6+ (p—1)

for p > 2. Combining (4.19) with (4.22) we find (4.14). To prove (4.13), we observe that by rescaling and (4.18)
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we get

il

VWS |P + P
Ve k ”L"(Uz,fns B%d&i(ezi)\B%d&i(f;‘zi);]Rfixs) ||qk LP(U., e B%ds,i(szi)\Bids,i(":zi))

<Y el b b
~ i Hv”“'wkHLp(B;d Lm1\B1,  —13R3XE) + HQkHL”(B;d at\B1,  —1)
Ziens 27€,1 e, 47€,1 e 4 2 7€t e, 0 47€,v g1
3—2p p—1
3—p [ dei Qe i 2—p
5 § a‘s,i (a ) 5 E Qe i (d ] ds,i
Z; ENE €t Z; ENE €t
< gdp—1)g2-p ifp<2
~ D= (140)(-2) i p > 2

This together with (4.22) and

U 4i=( U ) u( U Bya.(c20\ Bya (20)

ZiENE ZiENE Z; ENE
implies
V092 Hllee < eS(p=1)g2—p ifp<2
wk LU cne aimexe) TR Lr Uz ened) = L66-1)~(1+0)0-2) fp > 2
O
Definition 4.9. For N € N we define
€ .
ny = {zl en’ld.; > N}, r;.n = min{r;, N}, RN = {riN}zens,
and we let (w; %, ¢;%;) be the analogue of (w;?,¢;?) when n is replaced by nj.
Note that by definition we have for any z; € n%, that
N
ae; < Ne&?  and d;il < —. (4.23)
' €

Remark 4.10. From n§, C n° and the definition of (w}%;, ¢;%) and (w7, ¢.?), it readily follows that for all

p> % we have uniformly in N

(1+26)(2-p) ifp< 2
€,9 < 6(1—-1) €,9 < € 1Ip=
IVatihliron, e o S50 Mihlirtneson $9 G0 ooy (4.24)
s(1-1)_ 21 .
€,9 €,9 € PIEP lfp <2,
||vxwk,NHLP(UZien?VAi§R3X3) + ||qk,N||Lp(Uzien§\,Ai) N { LO(1=5) ~(1+0)(1-2) if p>2. (4.25)
(55(17%) + 825(%71))5%71 if p<2,

||Vzwi’§v||Lp(sz;R3x3) + ||QZ:N”LP(Q) S . ) )
S0=3)~(0+0)(1=3) | 3G p> 9

(4.26)

Before we show that the functions (w};?)1<x<s3 from Lemma 4.8 satisfy (H5), we need some preliminary lemmas,

which we collect in the following:

Lemma 4.11. Let ¢ € (0,1] be a fized real number, and 5fd5’i be the measure concentrated on the sphere
0B.q. ,(e2), that is, 5Z-Cd5’i = H2Lchda,i(52i)~ Let also o3 be the area of the unit sphere in R®. Then, almost
surely,

Z (cdg,i)*Qag,iéich'i — 03N () (ry)  strongly in W~12(Q), (4.27)

N
zi €Ny



Z (cde ;) 2a.. 150d5 ey - €')el — —(J\/’z (O)ry)er  strongly in W12

zi €Ny

T—ez;
|z—ezi|

where €': T —

Proof. To prove Lemma 4.11 we argue as in [12, Lemma 2.3] and [2, Lemma I1.3.5].

Step 1: Proof of (4.27). Let p§: Bea, ,(c2;) — R be the solution of

—Ap; = —3(cd,, )73 ac; in Beg, (€2), zi €15,
% = (ed. ;) %a.,; on 0Bcq, ,(€2i).

Then p°® satisfies

ops
/ —Ap; dz = —a. ;03 = —/ —LdH?.
BCds,i (szi) chd (EZI) 8’”’

Hence, there exists a unique solution with p* =0 on 8Bcd .(ez;), given by

2 2d2
5 -3 s C g . -
pi(x) = 3(ede i) Cae,; (2 - > for x € Bea, ,(2:),

where s = |z — ez;|. We have

8pl

s =3(cd:;) *a-;5 in Beq, ,(c2).

We define the function p%;: 0 — R via

pi(x) if x € Beq, ,(2:), 2 € nfy,
0 if e Q\U.,, ens, Bea, ,(e2;).

Hence, from (4.23), (4.29), and the definition of n%, and r; y it follows that
|V.piy| < 3C(cde ;) %a.; < Cye.
As a consequence we have for any fixed N € N

py — 0 strongly in WH*(Q),
ApSy — 0 strongly in W—1>°(Q).

By definition we have in the sense of W~=1°°((Q2)

—3 ;-3 —2 -2 de 4
—Apy = — Z 3c ds,iaf,iXBcd”(Ezqz)_ Z c d€7ia67i50 i

zi€ENgy zi€ENSy

Let now

e _ -3,-3_3
NN = E €A, TE T NX By, [ (22:)>

zi€Enyy

~g -3 ;-3.3
N = E c de,z’5 Ti,NXBea, ,(2:)"
z; €D5,
~
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By [21, Lemma 5.3], it follows that for every £ € CL(Q2) almost surely

3
hm and:thm Z <cd > ri_rN/B y )gdx
€,1 cd, ; (EZi

33 % W /{dx

Thus, we proved that

i i %Q\[% () (rn) in L*°(Q) almost surely. (4.31)
Furthermore,
v — 1y 0 in L°°(Q) almost surely. (4.32)

Indeed, we have n§, C ®% and dist(ez;, Q) < & for each z; € % \ n%. Let £ € Cj(R), then we get
N N

’/ —)eda] <

S Z _3d i€ TzN/ §da? S Z ‘|£|‘Loo(52)8 N
B

2, €P% \ng cd. ; (£2i) 2, €95, \n%
N N

. €
< Ned#{z € @E% | dist(ez;, Qp) < N}
Lemma 3.1 in [20] implies that the right-hand side vanishes as ¢ — 0. By (4.31) and (4.32), we deduce
N — %<N2 (D)) (ry) in L°°(Q) almost surely and hence strongly in W~°(0Q). (4.33)
By the strong convergences in (4.30), we get for fixed N € N

Z c_zd;?ae)i(SCdfvi — 03(/\/% (D)) (ry)  in W1%°(Q) strongly almost surely,
ziENgy

which shows (4.27).

Step 2: Proof of (4.28). Let pf, : Bed. ,(e2;) — R® be the solution of

—Ap; ), = —(cdei) " Pac ey, in Bea, ; (£21),

6P§,k
on

= (cdei)2ac (e, - €)e’  on OB, (e2).

Then pj ;, satisfies

Ops
/ —Ap;  do = —ag,i@ek = —/ Dik ds.
Bea, ;(c2) ’ 3 OBea, ,(c2) O

Thus, there exists a unique solution, up to an additive constant, given by

: 1 o -
p;(z) = (ca{5 ) 2a. i(x —ez)pre'(z) = §(cd5,i)_3a5,i32(ek -e')e'  for x € Beg, ,(e2),
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where s = |z —ez;|. We get

apf,k

55 (cdg,i)_?’ag,is(ek -ei)ei = (cdgﬁi)_Qam(ek -ei)ei on 9B.q, ,(€2;).
S ,

Next, we are searching a function tj ; : Bea, (ez;) — R3 satisfying

P = tf,k on 0B.q, ,(e2i),

ots . . (4.34)
o on 0Bcq. ,(e2;)-
The unique solution of this system is given by
s2(3cd. ; — 25) N
t5 5, = (cde i) Pac;———2——"(ex - €')e’.
i = (o) P R e e
For its Laplacian we compute
At; . = ((3cd.,i — 2s)ey, — 6s(ex - e Hel)e td ] Qe i
Hence, from (4.23) we conclude
|AtS | <9c¢%d Pac; S On. (4.35)
Let rfy , : Q@ — R3 be given by
pf,k - tf,k in BCds,a‘,(gzi)a zi € n?\/’a
r?\l,k =
0 in Q \ UiEni, BCds,i(EZi)7
in other words,
vy, (z) = s2c3d_2a.,; ( U 1) (ep-€)e’ in Beq_,(e2).
’ ’ Cds,i
Using (4.23) we get
IVariy sl S dz7ac; S Cne.
As a consequence we have for any fixed N € N
ry — 0 strongly in Wheo(Q;R?), (4.36)
Arfy, — 0 strongly in W—heo(Q; R?). .
Moreover, by definition we find in the sense of W~1:°°(Q; R3)
—Arfy = —nyer — Z XBua, ,(e20) Dbk + Z ¢ ?d7az ;0% (e, - €')e. (4.37)

z €Ny ziENgy

With (4.34) and (4.35), we have ZziEnﬁv XB.. At € L>®(Q;R?) uniformly in & > 0 and

i (e24)

/ Z XBcd (sz)Atzkdx* Z / ¥ d:L'— Z / 8tfk

on
RSO zZi€EnSy Zi€EnSy 9Bea, ;(ez:)

=0.
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Thus,

Z XSBcdS,i(ezi)Atf,k X0 in LOO(Q;]RS) almost surely,

zi€Enyy

Z XBou (e At — 0 strongly in Wheo(Q; R3). (4.38)

zi€ENyy
We conclude (4.28) with (4.33), (4.36), (4.37), and (4.38) since a.s.

Z C*Qd;fas,iécdfvi(ek ceh)e’ — %(N% (Q))(rnYer strongly in W10 (Q; R?).

zi€ENyy
O

Lemma 4.12. Assume that Ma(e) obeys (4.3). Let v. € L*(0,T; W, *(Q2;R3)) be such that (2.17)~(2.20) hold
for some ve L2(0,T; Wy > (Q;R3)). Then, for every N € N and every ) € C°((0,T) x Q), we have

e—0

lim/ / g Ny dive(ve)dzdt =0 for a.e. 7 €0, 7).
0 Ja

Proof. Let ¢ € C°(R?) be a cut-off function such that £ =1 in B% and £ =0 in R3\ B%. Then, we define

i 22 in By, z; €n,
() ::{ SE) b N (4.39)

0 in 0\ (Us, o, Bri)

hence |V, £¢.| < dZ}. By the assumed form of div,v. in (2.17) we may write

~ Ve

/ /qk div, (v )y dadt = / /qk cdivy(ve) wdxdt—i—/ /qu = &)divy(ve)y de dt
/ /V qk Y)h, dxdt—/ /qk’NgngBtz/dedt (4.40)

+ [ aEheantrulr ) do + / [ it v, (v dzar.
Q

Note that (4.3) in particular implies lim._,o Ma(e) = 0, hence from (2.17) we have ||div,(ve)| L2(0,m22(0)) S 1-
This together with (4.25) yields

%N (1 = & )divg(ve)y da dt

3

s 4% v (v.)] der e
0 JOU. cng, Bia, ,(=20) '

zi €Ny

Q

5
(ve) ||L2(0,T;L2(Q)) SRR

S gz,

which in turn implies that the last term on the right-hand side of (4.40) vanishes as ¢ — 0.
Since & is bounded in L*°(£2) and by (2.19), (2.20), we find for the second and third term in (4.40) and for
<2

A qz:Nfegaati/J dx dt’ + ‘/Q qi:Nfggs(ﬂ (T, ) dx
0

S &N 3 o) 192X T2 0.1y <o i v + el oo (@) lgeXte [l oo 0,752 ) 0 %

I3 ) L771(Q)
2
Slael g o)+ ||q}?N||Lﬁ(Q)Ma(€)V

s A+6)(2—=v) 3(2 ) 3(2—=v)

S(eve 7 4e 7 )Ma(e) e 7 Ma(e)T,

where % > 2 > 3 for any 2 < v < 2, and the last inequality comes from the fact that (§ — §(2 — 7)) =

§(y — 1) > 0. Consequently, seeing that also —3y~1(2 — ) € (—1,0) for any v € (%,2), the right-hand side
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vanishes due to (4.3).

For v > 2 we have

'/0 /Qqij%éegaatwdxdt’+‘/QqZLN§ags(ﬂ-)¢(T,-)dw

S NEell 5 g lgxarllz= x| 7 ) + 166 2, ) 9exate L= o720 gk N 2

§E¥ e + Mal(e )%
and the right-hand side vanishes as ¢ — 0.
Focusing on the first term in (4.40), for v < 3, we can use (4.24), since 5,?16 >2> 3 and|h, || i () <

2(0,
Mal(e )mm{v’l} to get
Va( Y)hedzdt] < ||V, h,
/ Qk x [ (Qk T/J)HLz(O,T;Lss%G(UZiG”?V Ci))” ||L2(07T;L6%(Q;R3))
,S que’g 6 Ma(e min{%,l}
<|| k,NHLS’YlG(UZiEn};\I ci;Rs) (Uzien% cy) (€)

2+6

S (77 7 1499) Ma(s)mi“{?” < s-TGMa@)mi“{%“,

(4.41)
where we used that on each C;
1
Ve (@i n & S ENPIVaap ] + [Volelldllag ] + 1€ Vadllap ] S IVeqiivl + Iyl
£,
By assumption (4.3) the right-hand side of (4.41) vanishes for € — 0.
. min{ 2,1}
Finally, for v > 3, we can use (4.24), 57 5 <2, and HhEHLQ(O,T;L%(QE;RB)) < Maf(e) 7 to get
V! yh, dz dt| < ||V (g % o h o
/ (ah e e Ao d) SNVl Nt o st g comonl ™ a0 2 moy
Va5 T S Ma(e)n (31
LTI f i) | dei ! PNILEEE (U, (e )
£, €, min{ 2,1
S (||vqu,%,|muzie,® 6wy + A2, g 0 ) Mol 51
S (72 + e 00) Ma(e)nl31) g cIMa(e)min(3 1),
(4.42)

By assumption (4.3) the right-hand side of (4.42) vanishes for ¢ — 0 and therefore the right-hand side of (4.40)
does as well. O

Having the above lemmas at hand, we can now show:

Lemma 4.13. Assume that Ma(e) obeys (4.3). Let (wi?,q7%)1<k<s be the pairs of functions from Lemma 4.8.
Then there exist p, € W=1°(;R3), k € {1,2,3}, such that the pairs (w7, py)1<k<s satisfy (H5).

Proof.
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&,.9

Step 1: First, we show that there exist 1, y such that (H5) holds for (wy %, sy ), where wy % is given in

Definition 4.9. To this end, we start in rewriting

/ / Vewy s Vae(Yve)dedt = / / Vewy s Va(¥ve) — g dive (Yve) dedt
o Ja 0o Jo

T T (4.43)
—|—/ / G NVe - Ve do dt+/ / g % dive (ve) da dt.
o Ja o Jo '
The first term of the right-hand side becomes
/0 /vawi’gv :Ve(ve) — qk Sdivy(Yve)dzdt = / / Awiﬁv — qu,i:?v) (ve) dzdt
Z G!L
w4
/ / ( b _ o E7g>5 = | - (pv.)dadt
zi€ENgy Si
/ / o (Vawi 'y 1 Va(¥ve) — g 4 dive (¢ve)) da dt,
z ensy
where s; = |z — ez;| is the radial coordinate and e’: x — fr—co the unit vector of z € Beg, (€z:) in Beq, ,(£2;).

Due to the definition of w}%; and ¢;%;, the first term on the right-hand side above vanishes identically. For the
last term we get from (4.25)

Vowih o Val(tve) — g 4 dive (¢ve) dz dt

UziEn?\] D;
S

S (IVewiy Nl e urs) + llap ez @) [ Vellzo,7wr2@ms)y) S €2

Hence, this term vanishes for ¢ — 0. Next, we define

e,g a
pE = E 8wk,N —elgtd | 8 En
k,N asi k,N i ’

and show that

/OT/Q;LZ,N < (ve)dedt — /OT/QW%N - (pv) de dt, (4.44)

where

Ow
te,n = 203N 2 () (rn)Fr, Fr = / ((911C —gxn ) dH>.
OBy n

By invoking [4, Lemma 2.3.5] we get

£,9
OwyN i ey
9s; kN -
3

where

IRel| 2o ) S S l S €5d_,~2aai~

Now by Lemma 4.11 it follows that

do;\ 72 L deg
— ac ;| Fp 4+ L-€e)-€e|o; — 203(N 2 ry)Fi  strongly in W5 ; a.s
; AlFr +3(Fr - e') - €0, 7 = 203(N2 (Q F ly in W~ 12(Q; R?

zi €Ny



For the remaining term we have

—4C Y fd a6 §d=i/? < 3 Re(@ e5“/2<40255d 20, 60512,

z; €Ny zi€ENgy zi€ENyy

By adding 4C ZziEniv 55d;?a5,i§;15"i/2 on both sides we get

0< Z Rg(as)~ek6?5’i/2+40 Z 5d 0ci0; “/2<80 Z ‘5d 3 0c,i0; §deil?,

zZiENYy zi €Ny ziENgy

Note that Lemma 4.11 enforces

4 Z 56d;?a57i5fi’i/2 — 0 strongly in W™5%(Q) as.

zi €Ny

Using [4, Lemma 2.3.8] we deduce that

Z R.(x) -ek5fi’i/2 +4C Z d;?ag,icS?a'i/z — 0 strongly in W™1%(Q) a.s.,

zi €Ny zi €N,

and finally

Z R.(z) ~ek655‘i/2 — 0 strongly in W™12(Q) as.

zi€ENyy

Therefore, we find
MZ,N — K N strongly in W_I’Q(Q;R?’) as

and (4.44) is proven. Using moreover g% — 0 strongly in L5(Q) and v, — v weakly in L2(0, T; W12(Q; R?)),

/ / rnVath - vedzdt — 0.

Combining this with Lemma 4.12, the last two terms in (4.43) vanish, which concludes the proof of this first

we additionally get that

step.

Step 2: We prove that (H5) holds true for w}Y and

By = 203\ (r)Fy, Fy, = / (&dk — kn) dH?. (4.45)
8B1 811

This follows arguing as in the proof of [20, Lemma 2.5]. Indeed, for each N € N we have

/T Vewy? Vi (Pve) dxdt—/ /Q“k (¥v) dxdt’

< / / (g v — my,) - (V) da dt| + lim sup /VI(wZ’g—wZﬁV):Vw(z/)vg)dscdt’
Q

lim sup
e—0

e—0

+ lim sup / Vewy % o Va(¢pve) dedt —/ / My - (Yv) de dt‘
e—0 o Ja ’ 0o Ja
S [ Gy = ) v ot +timsup 3 V(w5 — wf ) 2, o
0 Q e—0 ZEne ’
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In the last inequality we used that (H5) holds for w;’%; and that due to the definition of w;¢ and w}%; we have

supp(wi? — wih) C (B (e2:) U Ba.., (e2:),
ziEny ziEn\nyy
’I‘iZN

S N ; ,
wp! —wpy =w? —e, in UBdE,i(ezZ).

zi€En\n%y

Therefore, it follows along with Lemma 4.8 that

D IVa(wi? = Wi, e2omses)

Z; ENE

S D (IVewill2(pa, , zomess) + IVewi N lp2(pa,  czomsxa) + D [Vawi?lln2(B,, , (ez)msxs)
ziEny zi€nc\nS,
ri>N

Y S+ D En ) Fnlavt Y (4.46)
ziEny ziEnf\n%, z;i €N’ ziEnf\n%,

TiZN

The Strong Law of Large Numbers (Lemma 4.6) yields that

.3
sh_r%a g rily,>n = (rly>n).
Z;ENE

We use [4, Lemma C.1], (4.6) and n5, C n° to conclude

lim 1ims3#(n€\n§v):N1£n ANQ| — (V2 () =0, (4.47)

N—00e—0 N

showing that (4.46) vanishes for e — 0 and N — oco. We conclude Step 2 by arguing that almost surely

lim
N—o00

| [ e =) vy azar) 0. (1.48)
0
Indeed, with [4, Lemma C.1] we get

lim (A2 (Q)) = A,

N—o0 N

and by (4.2) we have

Jim (ry) = ().

This proves that

N—o0

Ky N i weakly in WH(Q;R),

which in turn shows (4.48). O

In order to define finally the functions wf, we still need to define the “bad” functions wi’b. Let ¥ € C™(Q;R3)
with div, ¥ = 0. We recall from Lemma 4.5 that

i = U Boesr, (e2)
z; €J¢E

and J° = UZ‘:_"?) Ji, where for each k£ the set of centers J; is such that the corresponding balls are pairwise
disjoint. Let then R;, Br ;, By j, W; be defined as in (4.10). We will define the “bad” functions W} recursively:
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For all 0 < ¢ < kpax + 3 let

W= ¥ and P! be given by

lIli_l in O \ UZJEszmax—i BGJ’,
To=¢ U 4wl (?j) in Wj for all z; € Jj
0 in Bg; for all z; € kaa
where (\Il; o ;E) is the weak solution of
AW, —V,mi_ =0 in By \ Bi,
div, ¥l =0 in By \ By,
'II;8 =W YR, - +ez;)  on OBy,
v, =0 on 0Bs.
Finally, set ¥{ := \Illgm""“"?’. With this definition, we can show:
Lemma 4.14. V§ satisfies
e8P for1<p<2
IV (®y — )||Lp(Q R3x3) N { S forp> 2 almost surely, (4.49)
and
Elig%) IV (®F — \Il)||%2(Q;R3X3) =0 almost surely. (4.50)
Proof. We observe that for all 0 <1 < kypax + 3
[¥lllco@ms) S ¥ lloo@ms)- (4.51)
In the next step we show by induction that for all 0 < i < kyax + 3 there holds
Vo = T ey S S (Ve Rl o) + ER PN ). (452)
zi€Uk=0o N ——
Let ¢ = 0, then we have by definition for all z; € J
IV~ BDllr ) = Ve Blliriymsy, V@~ Bl imiany, e ayiony =0

Let 1) be a cut-off function on W; with n = 0 on dBy;, n = 1 on Bg ;j, and |V,n| < (e3R;)~!. By [19, Theorem
I1.4.3. and Theorem IV.6.1.] and (4.51) we have

IV (% — @)}

where we used that V, \Il? R

= (ESRj)gjipHvx‘IJ EHLP (Bo\B1;R3%3)

3p \3— 3 P
e’ R; p W) (e’R; - +¢ 4
(8Pl () (e Ry : >HW1’%"’(8(39\31);R3)

[
<

~

A

S () (e’ R, - +ez)
Pz,

p
HWl‘F(BQ\Bl;RS') (453)

3

A

€ g »(W,R3) +1| Ve (nq:l)HLP(Wj;RS)

p”‘I’HLp(Wj;Rs) + va‘I’||LP(Wj;R3)

J - p”\Il”CO(Q;RS) + ||vx‘Il||€,p(Wj;]R3)7

(€°R;)
(e"R;)™
< (E°Ry)
< (€°R;)

and (n®)(e3R; - +¢2;) fulfill the same boundary conditions in By \ By. Thus,

IVe(® B gy S 3 (Ve Z2, 5 onsy + R L))

zj€J

kmax
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Assume now (4.52) being true for i — 1 and we want to prove it for . By definition we have for all z; € J;

max
Ve (T — W) || 1o (B, mexe) = Vel | po(ma,mexey, Vo (B = ‘I’é)HLp(Q\UZjE,,Ii By jR3x3) = 0.
max —?

Using (4.51) and the same arguments as in (4.53), we have for the difference between the gradients of ¥'~! and
v
||V:v(‘1’2_1 - ‘I’i)Hip(Wj;RBXS) = (53R’)3_p‘|vw‘1’i‘ ||1£p(39\31.R3x3)
S (PR PR orsy T IV vl 1||LP(W JR3x3)

5 (5 j)gipH‘IlHCO(Q;]R?) + ||v ‘Iﬂ 1||Lp W;;R3x3)"
This leads to

va(‘I’z_l - ‘Ili)"lzp(gz;RBXS) 5 Z (HV ‘I’z 1HLP(B9 Raxg) +( 3R )3 pH‘I’”Co QRS))
z;E€JE

kmax —1%

such that we get for the difference between the gradients of ¥ and W

IVa(® = O, qupsxsy S IVa(® =TT, gmsxs)

LY (v \Iﬂ 2 oy + (RN s))

z;€JE
JE kmax—1%

SIVa(® - ¥,

(;R3x3)
Y (VT W), ey E R gy IV o)
ZJEkadx i
IV = TN oyt S (VB[ gy + (R ] )
ZJGkaax P

Since (4.52) holds for ¢ — 1 we deduce

IVe(® ) o S S0 (VB2 ey + ORI g ) (4.54)

. i €
25€Uk=0 T pmax—k

and (4.52) is proven. For i = kmax + 3, being r; > Ry > 0, e3R; < A% and Aj € [1,A], we have

Vo (5, = ®)17, msnoy = [Va(TEF2 — )7, 6 poss

S Ve[, sy + RPN gz0))

zjEeJe

<6126€3 Z Tj+€3(2—p)83 Z r;’;—p

zj€JE zj€J®

2120 | 6(2—p)s
+e ) forl<p<2,
23 E: rp- {

A

e £120 1 32y for p> 2.

Since J¢ C Z¢ and n® = ®°(Q) \ Z¢ we get from Lemma 4.4 that e3#.J° — 0 almost surely if ¢ — 0. This
together with the Strong Law of Large Numbers Lemma 4.6 implies that

lin(l) 3 r; =0 almost surely.
E—
z; €EJE
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Consequently, we obtain

62-p)3 for 1 <2
£ or 1 <
< { b= almost surely,

V ‘I’E p 3><3 2—p
and

lim ||V, (P} — 'I’>||%2(Q-R3x3) =0 almost surely.
e—0 ’

Definition 4.15. We choose ¥(z) = e, in Lemma 4.14 and define wi’b =Py and w§ = w? + wa €.

Proposition 4.16. Assume that Ma(e) obeys (4.3). The functions (w5, ;) satisfy (H1)-(H5), where p,, is
given by (4.45).

Proof. (H1) and (H2) are valid through the definition of w? and w®. Since Wi — e, weakly in W12(Q; R3)
(Lemma 4.8) and wj, ® 5 e, strongly in W12(Q; R?) (Lemma 4.14) hold, (H3) is valid. (H4) is true due to the
definition of p;. Finally, (H5) holds due to Lemma 4.13 and (4.50).

O

4.3 Construction of test functions in the random setting

In this last section we prove that, if Ma(e) obeys (4.3), then the following holds: for a given ¢ € C°(Q;R?)
with div,¢ = 0 there exists a sequence (¢, )c>o that satisfies (M2) and (2.21) with M = (u})1<k,i<3 given by
1, =y, - €; and py, = 203\ (r)Fy,

Lemma 4.17. Assume Ma(g) obeys (4.3). Then for every ¢ € C°(Q;R3) with div,¢ = 0 there exists a
sequence (¢, )e>o that satisfies ¢, =0 in Q\ Qc, (2.13)(2.16) and (2.21). Moreover, almost surely,

g6(2=p)d 4 ((1420)(2=p) 4 2-p+(P=1)0  for 1 < p < 2,

va(qse - ¢)ng(Q;R3x3) 5 (455)
g3(@=p) 4 2-pHd forp > 2.

Remark 4.18. Note that (4.55) combined with (4.3) yields (2.16). Indeed, (2.16) requires p = 3-15
into (4.55), we find 3(2 — p) = 35.—3, which is the last term of the exponent given in (4.3).

Proof. The construction of (¢,).>0 that satisfy ¢, =0 in Q\ ., (2.13), and
¢. — ¢ weakly in WH?(Q;R?),

is done in [20, Lemma 2.5.]. We repeat the construction to show that also (2.15), (2.21), and (4.55) hold. This
in turn implies the validity of (2.14).

Step 1: Validity of (4.55). Let 6 > 1 be fixed. Let Hg, Hi, Qf be given as in Lemma 4.4 and Lemma 4.5.
We split our domain into two parts Q = QFf U (2 \ Qf). Next, we define

. = ¢p in Qf,
: ¢y inQ\Qf,

g

with ¢}, and ¢, constructed as follows.

36



Construction of ¢; and control over ||V,(¢p — qb)Hip(Q;Rgxg,). We choose ¥ = ¢ in Lemma 4.14 and
define ¢y, := ¥y.

Construction of ¢; and control over ||V (¢; — ¢)HZ(Q-R3X3). For each z; € n® let (¢} _, 7%) and (¢} ., ¢¢)

be the unique weak solutions to

Al —V,mi=0 inR®\By, Ay, — Vgt =0 inBy\ B,
dive¢i . =0 in R3\ By, . diqubg =0 in By \ By,
& = Blac; +ez) ondBy, G5 = d. (5) on 0By,
Cbi,s —0 for |z| — oo, (]5;5 =0 on 0Bs,

respectively. Recalling the sets T;, C;, D;, Ba ; from (4.8), we now define

0 in T3,
som] O (5m) - mls
- b (2772) in Dy,
¢ iIl Q\Uziens Bgﬂ'.

By [31, Theorem 7.1.] and [19, Theorem I1.4.3.] we have

||V ¢1 e”LP(R\Bl,RlSX’S) ~ ||¢(a5 i *Zi)Hp 17;’1)(83 R?) 5 ||¢(as,i . *Zi)H:le,p(Bl;RS)

—(3—
S Ml [\ ) [ (4.56)

Hence, it follows

3— _
I9:(6 = Ol oy o719 B4 12 i) S GP B ) + IV a @l s,
_ 2
S a2 NN o, oy + OB iy S @eia P (4.57)
Let us now consider a cut-off function n € C°(R?) such that n = 0 in R3\ B, .,1andn=1in B%d“_a_l
Using [19, Theorem IV.6.1.], [19, Theorem IL.4.3.], (4.56), and |V,7n| S 524, we deduce

||V£(¢§ )”Lp D;;R3%3) 5 d3 p”V ¢2 s”Lp (B2\B1;R3%3) Nd3 b ||v ¢2 EH

dei - —ez\ ||
(¢1s)(2a552)

€’L az H77¢’1 8||Lp EO Rs) +a’3 pHv 77¢15 ||Lp EO Rsxd)

gz e, H¢1 EHL;D(EO ]Rs) HV ¢1 eHLp(EO R3%3) +aaz £, Hd)l eHLp(Eo iR3) °

77 (0(B2\B1)R3X)

<d

~

W1hr(B2\B1;R3)

Since

[#(ac,; - +52i)||%2(BQ;R3) ag, 7,||¢||L2 (Baa, ;(£2:)iR3) ~ a’s i Hd’”co QR3) ~ <1

and

Ve(d(ae, - +€Zi))||2L2(BQ;R3x3) = a?,ia§,¢||vx¢||2L2(Bzam(szi);Rsxa‘) S a?,iag,ia;?||¢||%l(Q;R3) SaZ,,

we have |[@(ac; - +ezi)lwr2(pymsy S 1.
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Furthermore, from [31, Theorem 6.1] we get
Vot o (@)] S lplaci - +ezi)lwrapume 2|72 S|l for every ] > 3.

As d. ;a_ } > ¢7% we have for ¢ < 1 that |z| > 3 for each z € E?. In this way

o , a; 3(p—1)—p
7 p -
||vx¢1,s||Lp(E?;R3X3) S’ /Ez |ZE‘ < <dez> .

Finally, we get

3— 1 p
||Va;(¢§ )”LP D; ]RS><3 gz €,1 Hd)l EHLP(EO ]R3) as,ip HV‘T¢§-75HLP(E?;]R3X3)
3(p—1)—p p—1
5 ag—ip Qg i 5 a. id£2i*p) @ < ac. 1d2 P 5(p 1)(d— 2)
’ dEi ' ’ de,i

On the bad holes, ¢g = ¢. On the good holes we have a. ; S e'729 and thus
IV (0F — 8 sy S Ibllcs syl S 020720,
Combining (4.57), (4.58), and (4.59), we find

||Vw(¢g )||LP(QR3><3 5 Z aal( 2— p+d2 ;0 (p— 1)5+52(1+25))

ZiENE

(e(120)(2=P) 4 g2-p(P=1)5 | c2(1+20)) 22i€n5 ac; forl<p<?2

S A+ + 20N e aci for p =2,
(3C7P) 4 c1F0@=P)lp=1)0 4 20420y 57 _ac; forp > 2.
Lastly, we use the Strong Law of Large Numbers Lemma 4.6 to conclude that almost surely
e1420)@2=p) 4 2=p+(P=1)0 for 1 < p <2,
19:(85 — D)% ons) S

g3(2=p) 4 g2-p+é for p > 2.

Eventually, combining (4.49) and (4.60), we find (4.55).

Step 2: Validity of (2.21). By definition of ¢;, and ¢, we have
. =P, + ¢, — &,

therefore we can write

T T T
/ / Vi, : Vyvededt = / / Vilop — @) : Vyvedadt +/ / Vw(zﬁg 1 Vv dodt.
0 Ja 0 Ja o Ja

Using that ||v5||L2(O,T;W1 2(QR3)) S <1 and (450) we deduce

T
0
/ Vao(@f — @) : Vovedaz dt S | Va(hf — &)l 2mexsy Vel 20,0 w12(0msy) —— 0.
0 Q
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Hence, it is left to show that

T T T
lim/ / Vaotg : Vevedrdt = / / Ve : Vyvdadt +/ /(M¢) -vdzdt. (4.62)
=0Jo Ja 0o Ja 0o Ja

To this end we write

/ /V ¢g: Vevedrdt = / /V ¢:V ngxdt—i—/ / . 2(Pg — @) : Vevedrdt

+ / / V(g — @) : Vovedadt.
0 UziEHE Ci

Since v. — v weakly in L2(0,T; W2(Q; R?)), the first term on the right-hand side converges to foT Jo Vet : Vyvdadt.
To control the second term on the right-hand side we use (4.58) and the boundedness of v, in L?(0, T; W12(Q; R3))

to see that

(4.63)

o(dg — @) Vovedadt] S [|Valeg — D)2, - pirexs)[[VellLzo,mwr2(rs))

z;€EN

D

z €ent
1 1
2 2
5 S| .3
S ( E Qe i€ ) IVellz20,mswr 2 (imsy) S €2 (5 E Ti) .
ZiENE Z; ENE

Due to the Lemma 4.6 the right-hand side vanishes almost surely for e — 0. Setting ¢ = (¢1, @2, ¢3) and letting

w? be the function given by Lemma 4.8 we define a new function ¢, by

3. | Tha o) @il —ez)all) e in Cifor z € n’,
e 0 in 2 \ (UziEnf CI)

We write the last term of (4.63) as

T T
/ / Vw(qbg — @) : Vyvedrdt = / / Vw(qbg —¢—¢.): Vyvodrdt (4.64)
0 UziEnE Ci 0 Uz~6n5 C;

T
+ / / Vi@, : Vyve dzdt. (4.65)
0 2.ene C

Now observe that —¢’i7€ - Zizl o1(e2;) (w, — ey) solves the Stokes problem in the exterior domain R? \ By

with boundary datum —¢(ac,; - —€z;) + ¢(cz;). As a consequence

3
Ve (s — & — )70, mons) S ailIVal=01 . — Y drlez) (wi —ex)) ((- — ez)aZ}) 1720 moxs)
k=1

3
S il Va(=1e = Y dulezi) (Wi — er)) T2 s, s

S aeillplac, - +ezi) — ¢(€Zi)||;17%’2(3Bl'R3)

S acill(n(é — @(ezi))(ac,i - +‘52i)H2

W' 2298y R3)

where 7 is a cut-off function in Baq, ,(e2;) \ T; with n = 0 on B3, ,(c2;) and n = 1 on 9T;. Now, we use [19,

Theorem I1.4.3], |V,n| S a_;, and a Lipschitz estimate to conclude

E’L’

ac,ill(n(@ — @(e2:)))(ax,i - +52i)||3‘,17%,2(831,R3) S acill(n(e — P(ez:))) (aei - +e20) iz B\ Brrs)

N a;?”((ﬁ - ¢(€Zi))||2L2(Bg%’i(azi)\Ti;]R?) + [nVa(p — ¢(5Zi))||i2(32am_(gzi)\Ti;n@m)
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aZ?l¢o - ¢(€Zi)H%Q(Bg%,i(sz,;)\Ti;RS) + ||Vm¢||2L2(BZ% (e2:)\Ti;R3x3)

< 02262 o) / 2 — enf? dz + al )2 ums)

Baa, ;(2:)\T:

S a_2 2ol (QR?) +agz”¢”01(0 R3)-

Thus

‘/ / c (P —0—.):V Vedﬂfdt‘ <Vavellzomie2 ., c.e comoxon [ Valdg — ¢ — D)2 U., cne CiB3X3)
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2
/S ||VE||L2(0,T;W1v2(Q;R3)) < Z ||v$(¢z - (b - ¢s)|%2(ci;R3X3)>

ZiENE
1

S vellzzo, 7w 2(ore)) < Z a?,i) S et ve 220,712 (0r3)) < Z Qe z)

zZ; ENE zZ; ENE

N

From [|ve|z2(0,7,w12(r3)) S 1 and Lemma 4.6, the right-hand side in the above estimate vanishes almost
surely for € — 0 and so does the first term on the right-hand side of (4.64). In addition, the last term of (4.64)

yields
T
lim / / 1 Vyvedadt = / / M¢ - vdz dt. (4.66)
e—0 z ne Ci 0 Q

Indeed, by (H5) we have

;13%2/ /v Wi Va(opve)dzdt = Z/ /“k (o) dadt = / /(qu)-vdxdt. (4.67)

Hence

I

V.. vagdzdth/ /v W Vo (épve) de dt
g/ Z / (Pr(ezi) — ) Vawy : Vv dadt — Z/ /V W (Ve ® Vo) da dt

zZ;ENE

3 T
,Z/ / Ok Vewy : Vyve dadt.
k=170 JU. cne Di

z ent "

(4.68)

As ¢ is smooth, we use a Lipschitz estimate, Lemma 4.8, ||[vc| z20,r;w12(,r3)) S 1, and d.; < € to conclude

‘Z/ > / (¢k(e2:) wailvxvgdxdt‘

z;ENF
3
Z/ > / |61 (e2:) — Bl co(cyme) | Vaw§ : Vove|dodt
z; EN®
3 T
S dsﬂ' Z/ / |Vzwi : vas| dz dt S dsﬂ' Z ||vzwi||L2(Q;R3><3)||Vs||L2(O,T;W1v2(Q;]R3)) 5 9
k=170 JU. ene Ci k=1

Consequently, the first term on the right-hand side of (4.68) vanishes as e — 0. Since v, — v weakly in
L2(0,T; WH2(;R3)) and w§ — ey strongly in L2(Q; R3) by (H3), together with div,v = 0, we have by partial
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integration
3 T
. c .
113(1);/0 /szwk D (Ve ® Vady) dz dt

e—0

3 T
— _lim ;/0 /Qdivx(vg)(wi Vadn) + A (WS — ex) - vo) dadt = 0,

and also the second term on the right-hand side of (4.68) vanishes. Eventually, from Lemma 4.8 and the fact

that HV5||L2(O7T;W1,2(Q;R3)) <1 we get

3 T
3
‘ E / /U d)kvl-wi . VJ;VE dx dt 5 ||¢k||CO(Q§R3)||V7Jwi||L2(Uz.Ens Ai;R3><3)”VSHLZ(O,T;WLQ(Q;H@)) S £z,
k=1 0 z; ENE D; ’

hence also the last term of (4.68) vanishes for ¢ — 0. This together with (4.67) proves (4.66). O
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