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Abstract

We consider the time-dependent compressible Navier-Stokes equations in the low Mach number regime

inside a family of domains (Ωε)ε>0 in R3. Assuming that limε→0 Ωε = Ω ⊂ R3 in a suitable sense, we show

that in the limit the fluid flow inside Ω is governed by the incompressible Navier-Stokes-Brinkman equations,

provided the latter one admits a strong solution. The abstract convergence result is complemented with a

stochastic homogenization result for randomly perforated domains in the critical regime.

Contents

1 Introduction 1

2 Setting of the problem and main result 4

2.1 Suitable solution concepts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2.2 Admissible domains and the main result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

3 Proof of Theorem 2.8 8

4 Application to randomly perforated domains 16

4.1 General perforated domains and special test functions . . . . . . . . . . . . . . . . . . . . . . . . 17

4.2 Validity of (H1)–(H5) in the random setting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

4.3 Construction of test functions in the random setting . . . . . . . . . . . . . . . . . . . . . . . . . 36

1 Introduction

Homogenization of compressible and incompressible Navier-Stokes equations has gained a lot of interest during

the last decades. The simplest setting one may consider is a smoothly bounded domain Ω ⊂ R3 with small

holes (representing a container with tiny obstacles), precisely for ε > 0 let Ωε be defined by

Ωε = Ω \
⋃
i∈Iε

Bεα(εzi), α ≥ 1, zi ∈ 2Z3, Iε = {i : Bε(εzi) ⊂ Ω}. (1.1)
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For given T > 0, we consider in (0, T )× Ωε the compressible Navier-Stokes equations in the low Mach number

regime Ma(ε) → 0:

∂tρε + divx(ρεuε) = 0 in (0, T )× Ωε,

∂t(ρεuε) + divx(ρεuε ⊗ uε) +
1

Ma2(ε)
∇xp(ρε) = divxS(∇xuε) + ρεf in (0, T )× Ωε,

S(∇xuε) = µ
(
∇xuε +∇T

xuε − 2
3divx(uε)1

)
+ ηdivx(uε)1 in (0, T )× Ωε,

(1.2)

where ρε and uε are the fluid’s density and velocity, respectively, p is the pressure, f the force, and S denotes the

Newtonian viscous stress tensor with constant viscosity coefficients µ > 0, η ≥ 0. Further, we impose no-slip

boundary conditions

uε = 0 on (0, T )× ∂Ωε. (1.3)

For the pressure p and the force f we assume

f ∈ L∞(0, T ;L∞(R3;R3)), p ∈ C([0,∞)) ∩ C2((0,∞)), p′(ρ) > 0 if ρ > 0, p(0) = 0,

∃γ ≥ 1, 0 < p ≤ p <∞ : p ≤ lim inf
ρ→∞

p(ρ)

ργ
≤ lim sup

ρ→∞

p(ρ)

ργ
≤ p̄.

(1.4)

A prototypical example of such forces is gravity f = −(0, 0, 1)T . As for the pressure, one might think of the

adiabatic pressure law p(ρ) = aργ for some a > 0.

The flow behavior in the limit ε → 0 is strongly affected by the parameter α, that is, by the size of the holes

Bεα(εzi) in (1.1). In particular, if 1 ≤ α < 3, then the holes create huge friction on the flow such that the

latter eventually stops; a proper rescaling of the fluid’s velocity leads to Darcy’s law for the limiting system.

If instead α > 3, then the holes do not influence the flow considerably and the limit flow is governed by the

same Navier-Stokes equations we started with. Eventually, if α = 3, which is the case we are concerned with in

the present work, we are in the critical regime. Indeed, in the latter, the holes create some friction that in the

limit ε→ 0 gives rise to an additional Brinkman term which resembles the so called Stokes drag law. Moreover,

since we consider the case of a low Mach number Ma(ε) → 0, the fluid shall become incompressible in the limit

ε → 0. Gathering all these considerations, we shall expect for α = 3 and Ma(ε) → 0 a limiting system of the

form 

divxu = 0 in (0, T )× Ω,

ρ̄(∂tu+ (u · ∇xu) +∇xΠ+ µMu = µ∆xu+ ρ̄f in (0, T )× Ω,

u = 0 on (0, T )× ∂Ω,

(1.5)

where now ρ̄ > 0 is constant, M ∈ R3×3
sym is a given positive definite symmetric matrix representing the Brinkman

term, and Π the associated pressure (Lagrange multiplier) to the divergence-free condition.

In this paper we consider a more general setting, namely, we replace the perforated domains in (1.1) for α = 3

with a family of domains (Ωε)ε>0 which satisfies mild assumptions and at the same time keeps the relevant

features of the critical regime α = 3. In particular, we will assume (Ωε)ε>0 converge in the sense of Mosco to a

fixed domain Ω (see Definition 2.7). In a nutshell, our informal main result reads as follows:

Theorem 1.1 (See Theorem 2.8). Let ε > 0 and Ωε,Ω ⊂ D ⊂ R3 be smoothly bounded domains confined to an

overall bounded domain D. If limε→0 Ωε = Ω (in the sense of Definition 2.7) and Ma(ε) with limε→0 Ma(ε) = 0

complies with this convergence of domains, and if (1.5) exhibits a strong solution (ρ̄,u), then a sequence of weak

solutions (ρε,uε) to (1.2) converges to (ρ̄,u) as ε→ 0.
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We then complement our analysis by applying Theorem 1.1 to a specific choice of domains. More precisely, we

consider a family of randomly perforated domains and show that, if the size of the holes is of order ε3, they

converge in the sense of Mosco (Theorem 4.1). We stress that the random setting is a generalization of the

periodic one given in (1.1).

State of the art. Theorem 1.1 shares similarities with the one proven in [9]. The main crucial difference is

that in our case an additional Brinkman term µMu pops up in the limit. The latter can be traced back to the

fact that our reference domains (Ωε)ε>0 are essentially perforated domains with holes of critical size (that is,

α = 3 in (1.1)), whereas the holes in [9] are much tinier (i.e., α > 3). Such Brinkman term appeared for the first

time in the homogenization of the Dirichlet problem in [12] for holes of size ε3. Later, Allaire found in [3, 4, 5]

(for all dimensions d ≥ 2 and periodically distributed holes) that there are three different regimes concerning

the size of the holes εα, α ≥ 1, for the homogenization of the incompressible Stokes equations, which are (for

d = 3) precisely the regimes α ∈ [1, 3), α = 3, and α > 3 mentioned above. The first result of homogenization

of compressible fluids for a critically sized perforation was given by the first and last author in [10]. In the

latter the authors proved that the Brinkman term also appears for the limit of the stationary Navier-Stokes

equation in the low Mach number regime. Our aim in here is to generalize their result in two directions: to the

time-dependent setting, and also to more general domains in the sense of Mosco (domain) convergence.

Concerning results on stochastic homogenization, that is, randomly perforated domains, we recall the result of

Giunti, Höfer, and Velázquez [21], where the authors proved that the Brinkman term arises from the Poisson

equation in a critically randomly perforated domain. Later, Giunti and Höfer [20] derived a similar result for

the stationary incompressible Stokes equations. Results for compressible fluids under the presence of randomly

distributed, but tiny holes, can be found in [11]. Γ-convergence for nonlinear Dirichlet problems on randomly

perforated domains was studied in [41]. Similar problems in the context of stochastic homogenization from a

variational point of view were treated for example in [6, 32, 33].

Besides the already mentioned references given above, there are many works dealing with homogenization of

compressible as well as incompressible models, heat-conducting fluids, and transition in various ways. We refer

the interested reader to the literature given in the references below.

Regarding incompressible models, Tartar gave the first result in [42]. He obtained a Darcy law, which was

proposed more than 120 years earlier by Darcy [13]. Later, Mikelić [35] gave results for the evolutionary system,

and obtained a Darcy law with memory effect. An incompressible system with non-constant density was inves-

tigated in [8, 27, 39], where the limiting systems are Darcy’s law, the unperturbed Navier-Stokes equations, and

Brinkman’s law, respectively. Non-Newtonian fluids were considered in [26, 29]. Moreover, critical perforations

in heat conducting fluids were investigated in [17]. The case of particles changing size when time continues was

recently treated in [43].

The literature for compressible fluids focuses mostly on the case of tiny (subcritical) holes, or the case when the

holes’ mutual distance is proportional to their size such that rescaling arguments apply. More precisely, Mas-

moudi considered in his seminal paper [34] the latter case and obtained a compressible Darcy’s law; convergence

rates for the same type of problem were found recently in [23]. In [22] the authors obtained an incompressible

Darcy’s law, but starting from a compressible system with a low Mach number. The case of tiny holes were

investigated in [15, 16, 36, 38] for different size of holes, values of the adiabatic exponent γ, and dimensions.

Heat conducting compressible fluids were considered in [7, 28, 40] for a deterministic distribution of holes, and

in [37] for randomly distributed ones.

In addition, it is worth mentioning that also other models of homogenization have been studied such as [24],

who looked at homogenization from an operator theoretical point of view, and [14], who studied nematic liquid

crystals.
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Organization of the paper. The problem under consideration and our main result Theorem 2.8 can be

found in Section 2. The proof of our main result is then carried out in Section 3. Finally, Section 4 is devoted

to the application of Theorem 2.8 to randomly perforated domains.

Notation. Throughout the paper, we will make use of the following notations:

(a) 1 denotes the identity matrix in R3×3.

(b) We let χE be the characteristic function of the set E.

(c) a ≲ b denotes a ≤ Cb for some constant C > 0 which is independent of a, b, and ε.

(d) We distinguish vector quantities from scalar ones by using bold symbols, i.e., a is scalar whereas a is a

vector.

(e) a⊗ b and a · b denote the tensor product and scalar product between the vectors a and b, respectively.

A : B =
∑d

i,j=1AijBij denotes the scalar (Frobenius inner) product between the matrices A and B.

(f) We denote with φ, φ respectively ϕ, ϕ test functions depending on the pair (t, x) and only on x, where

t ∈ (0, T ) is the time variable and x ∈ R3 the space variable.

(g) ek for k ∈ {1, 2, 3} denotes the k-th element of the canonical basis in R3.

(h) Lebesgue and Sobolev spaces will be denoted as usual by Lp and W k,p, respectively.

(i) Cweak(0, T ;L
2(Ω;R3)) denotes the space of functions u(t, ·) ∈ L2(Ω;R3) for all t ∈ [0, T ] such that

t 7→
∫
Ω

u(t, x) · ϕ(x) dx

is continuous for all ϕ ∈ C∞
c (Ω;R3);

(j) We denote by divx and ∇x the divergence and gradient in the variable x respectively. We denote with ∂t

the partial derivative with respect to t.

(k) R3×3
sym is the space of 3× 3 symmetric real matrices.

(l) M+(Ω;R3×3
sym) denotes the space of finite matrix valued non-negative measures on Ω ranging to R3×3

sym.

(m) H2 denotes the 2-dimensional Hausdorff measure, and H2 E the 2-dimensional Hausdorff measure re-

stricted to the set E.

2 Setting of the problem and main result

In this section we describe the setting of our problem and state our main result. To start, for ε > 0 we consider

a family of domains (Ωε)ε>0 confined to a bounded subset D ⊂ R3. We let also Ω ⊂ D be a smoothly bounded

domain. On (0, T )×Ωε (with T > 0) we consider the system of equations in (1.2) coupled with no-slip boundary

conditions (1.3), whereas on (0, T )× Ω we consider the system of equations (1.5).

2.1 Suitable solution concepts

We will give some concepts of weak, dissipative, and strong solutions to the systems (1.2) and (1.5), respectively,

suitable for our purposes.

4



Definition 2.1 (Finite energy weak solution to (1.2)). Let γ ≥ 1. We say that (ρε,uε) is a finite energy weak

solution to system (1.2) with initial data

ρε(0, ·) = ρ0,ε ∈ Lγ(Ωε), ρ0,ε ≥ 0, (ρεuε)(0, ·) = (ρu)0,ε ∈ L
2γ

γ+1 (Ωε;R3),

if the following hold:

(i) Integrability. We have

ρε ∈ L∞(0, T ;Lγ(Ωε)), ρε ≥ 0,

∫
Ωε

ρε(τ, ·) dx =

∫
Ωε

ρ0,ε dx for almost any τ ∈ [0, T ],

uε ∈ L2(0, T ;W 1,2
0 (Ωε;R3)), ρεuε ∈ L∞(0, T ;L

2γ
γ+1 (Ωε;R3)).

(2.1)

(ii) Equation of continuity. It holds∫ T

0

∫
Ωε

ρε∂tφ+ ρεuε · ∇xφdxdt = −
∫
Ωε

ρ0,εφ(0, ·) dx, (2.2)

for any φ ∈ C1
c ([0, T )× Ωε).

(iii) Momentum equation. It holds∫ τ

0

∫
Ωε

ρεuε · ∂tφ+ ρεuε ⊗ uε : ∇xφ+
1

Ma2(ε)
p(ρε)divxφ dx dt

=

∫ τ

0

∫
Ωε

S(∇xuε) : ∇xφ− ρεf ·φ dx dt+

∫
Ωε

(ρεuε)(τ, ·) ·φ(τ, ·) dx−
∫
Ωε

(ρu)0,ε ·φ(0, ·) dx,
(2.3)

for any τ ∈ [0, T ] and any φ ∈ C1
c ([0, T )× Ωε;R3).

(iv) Energy inequality. For any τ ∈ [0, T ], there holds∫
Ωε

[
1

2
1{ρε>0}

|ρεuε|2

ρε
+

1

Ma2(ε)
P (ρε)

]
(τ, ·) dx+

∫ τ

0

∫
Ωε

S(∇xuε) : ∇xuε dxdt

≤
∫
Ωε

1

2
1{ρ0,ε>0}

|(ρu)0,ε|2

ρ0,ε
+

1

Ma2(ε)
P (ρ0,ε) dx+

∫ τ

0

∫
Ωε

ρεf · uε dxdt,

(2.4)

where

P ′(ρ)ρ− P (ρ) = p(ρ), P (1) = 0. (2.5)

Remark 2.2. We remark that from (2.5), we may write P (ρ) in compact form as

P (ρ) = ρ

∫ ρ

1

p(s)

s2
ds.

Definition 2.3 (Dissipative solution to (1.5)). Given ρ̄ > 0, we say that

u ∈ Cweak([0, T ];L
2(Ω;R3)) ∩ L2(0, T ;W 1,2

0 (Ω;R3))

is a dissipative solution to (1.5) with initial datum

u(0, ·) = u0 ∈ L2(Ω), divxu0 = 0,

if the following hold:

1. Incompressibility.

divxu = 0 a.e. in (0, T )× Ω. (2.6)
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2. Momentum equation. There exists R ∈ L∞(0, T ;M+(Ω;R3×3
sym)) such that

[∫
Ω

ρ̄u ·φ dx

]t=τ

t=0

=

∫ τ

0

∫
Ω

ρ̄u · ∂tφdxdt− µ

∫ τ

0

∫
Ω

(Mu) ·φ dxdt

+

∫ τ

0

∫
Ω

(ρ̄u⊗ u) : ∇xφ− µ∇xu : ∇xφ+ ρ̄f ·φ+R : ∇xφdx dt,

(2.7)

for almost any τ ∈ [0, T ] and any φ ∈ C1
c ([0, T ]× Ω;R3) with divxφ = 0.

3. Energy inequality. For R as above it holds∫
Ω

1

2
ρ̄|u|2(τ, ·) dx+

∫
Ω

1

2
trace[R](τ, ·) dx+ µ

∫ τ

0

∫
Ω

|∇xu|2 dx dt+ µ

∫ τ

0

∫
Ω

(Mu) · udxdt

≤
∫
Ω

1

2
ρ̄|u0|2 dx+

∫ τ

0

∫
Ω

ρ̄f · u dxdt,

(2.8)

for almost any τ ∈ [0, T ].

We say that (ρ̄,u) is a dissipative solution if u is a dissipative solution with respect to ρ̄.

Remark 2.4. Note that in (2.7), (2.8) and in the following there is a little abuse of notation. Indeed we write

R : ∇xφ dx and trace[R](τ, ·) dx, however in general R is not absolutely continuous with respect to Lebesgue

measure.

Definition 2.5 (Strong solution to (1.5)). Let ρ̄ > 0 be a given constant. We say that u is a strong solution

to (1.5) with initial datum

u(0, ·) = u0 ∈
⋂

1≤p<∞

W 1,p(Ω;R3), divxu0 = 0,

provided

u ∈ C(0, T ;W 2,p(Ω;R3)) ∩ C1(0, T ;Lq(Ω;R3)) for all p, q ∈ [1,∞),

and u satisfies (1.5) pointwise. We say that the pair (ρ̄,u) is a strong solution if u is a strong solution with

respect to ρ̄.

Definition 2.6 (Well-prepared initial data). We say that the initial data (ρ0,ε, (ρu)0,ε) from Definition 2.1 are

well-prepared if there is a constant ρ̄ > 0 and a velocity field

u0 ∈
⋂

1≤p<∞

W 1,p(Ω;R3), divxu0 = 0 in Ω, u0 = 0 on ∂Ω, (2.9)

such that

lim
ε→0

1

Ma2(ε)

∫
Ωε

[P (ρ0,ε)− P ′(ρ̄)(ρ0,ε − ρ̄)− P (ρ̄)] dx = 0, (2.10)

and

(ρu)0,ε → ρ̄u0 in L
2γ

γ+1 (Ω;R3), (2.11)

lim
ε→0

∫
Ωε

1{ρ0,ε>0}
|(ρu)0,ε|2

ρ0,ε
dx =

∫
Ω

ρ̄|u0|2 dx. (2.12)

2.2 Admissible domains and the main result

To generalize the class of domains given in (1.1), we now introduce the class of admissible domains (Ωε)ε>0.

Definition 2.7 (Assumptions on (Ωε)ε>0). Let ε > 0 and ((Ωε)ε>0,Ω, D) be a family of bounded domains

Ωε,Ω ⊂ D ⊂ R3 with Ω of class C2+ν for some ν > 0.
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(M1) We say that ((Ωε)ε>0,Ω, D) satisfies (M1) if for any ϕ ∈ W 1,2
0 (D;R3) and ϕε ∈ W 1,2

0 (Ωε;R3) ⊂
W 1,2

0 (D;R3) such that ϕε ⇀ ϕ weakly in W 1,2
0 (D;R3), there holds ϕ ∈W 1,2

0 (Ω;R3).

(M2) We say that ((Ωε)ε>0,Ω, D) satisfies (M2) if for any ϕ ∈ C∞
c (Ω;R3) with divxϕ = 0 there exists a sequence

of solenoidal functions (ϕε)ε>0 such that

ϕε ∈W 1,2
0 (Ωε,R3), divxϕε = 0 in Ωε; (2.13)

ϕε ⇀ ϕ weakly in W 1,2
0 (D;R3); (2.14)

∇xϕε → ∇xϕ strongly in L
3
2 (D;R3); (2.15)

lim sup
ε→0

∥∇x(ϕε − ϕ)∥Lr(D;R3)Ma(ε)
2
γ = 0 with r :=

3γ

2γ − 3
. (2.16)

In addition, there exists a matrix M ∈ R3×3
sym with the following properties:

Let v ∈ L2(0, T ;W 1,2
0 (Ω;R3)) and let vε ∈ L2(0, T ;W 1,2

0 (Ωε;R3)) satisfy

vε ⇀ v weakly in L2(0, T ;W 1,2(D;R3)), (2.17)

divxvε = ∂tgε + divxhε, (2.18)

for some gε ∈ L∞(0, T ;Lγ(Ωε)), hε ∈ L2(0, T ;L
6γ

γ+6 (Ωε;R3)) with the following properties: gε → ḡ in

L∞(0, T ;Lγ(D)) for some ḡ ∈ R, and ∥hε∥
L2(0,T ;L

6γ
γ+6 (Ωε;R3))

≲ Ma(ε)min{ 2
γ ,1}. Assume further that there

exist sets Mε ⊂ (0, T )× Ωε such that

∥gεχMε
∥L∞(0,T ;L∞(D)) ≲ 1, (2.19)

∥gε(1− χMε)∥L∞(0,T ;Lγ(D)) ≲ Ma(ε)
2
γ . (2.20)

Then there holds for a.e. τ ∈ [0, T ]

lim
ε→0

∫ τ

0

∫
Ωε

∇xϕε : ∇xvε dxdt =

∫ τ

0

∫
Ω

∇xϕ : ∇xv dx dt+

∫ τ

0

∫
Ω

(Mϕ) · v dxdt, (2.21)

lim inf
ε→0

∫ τ

0

∫
Ωε

|∇xvε|2 dxdt ≥
∫ τ

0

∫
Ω

|∇xv|2 dxdt+
∫ τ

0

∫
Ω

(Mv) · v dxdt. (2.22)

If ((Ωε)ε>0,Ω, D) satisfies (M1), (M2) we say that Ωε converge to Ω in the sense of Mosco.

In Section 4 we will consider an example of ((Ωε)ε>0,Ω, D) where Ωε is obtained by removing random holes

from Ω and D = Ω, hence we will write ((Ωε)ε>0,Ω) in place of ((Ωε)ε>0,Ω, D). We are now in the position to

state our main result.

Theorem 2.8. Let ((Ωε)ε>0,Ω, D) be a family of bounded domains as in Definition 2.7. Let (ρε,uε)ε>0 be a

family of finite energy weak solutions in the sense of Definition 2.1 to the Navier-Stokes system (1.2) under

assumptions (1.4) in (0, T ) × Ωε, emanating from the well-prepared initial data (ρ̄,u0) satisfying (2.9)–(2.12)

for some ρ̄ > 0. Finally, let

γ >
3

2
, lim

ε→0
Ma(ε) = 0. (2.23)

Then the following holds.

(a) Assume ((Ωε)ε>0,Ω, D) obeys (M1). Then

ρε → ρ̄ strongly in L∞(0, T ;Lγ(D)),

uε ⇀ u weakly in L2(0, T ;W 1,2
0 (D,R3)),
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with u(0, ·) = u0. In particular, u ∈ L2(0, T ;W 1,2
0 (Ω;R3)).

(b) Assume in addition that ((Ωε)ε>0,Ω, D) satisfies also (M2). Then (ρ̄,u) is a dissipative solution to (1.5)

in the sense of Definition 2.3.

(c) Assume that there exists a strong solution to the system (1.5) in the sense of Definition 2.5 with initial

datum u0. Then the latter coincides to (ρ̄,u) and uε → u strongly in L2((0, T )×D;R3).

3 Proof of Theorem 2.8

In this section we provide the proof of Theorem 2.8. For simplicity we divide the proof into two steps contained

in Propositions 3.1 and 3.2 below. More precisely, in Proposition 3.1 we show 4.61 and that finite energy weak

solutions to (1.2) converge to dissipative solutions of (1.5), from which we deduce (b), while in Proposition 3.2

we show the validity of the weak-strong uniqueness principle which in turn implies (c).

Proposition 3.1 (Convergence to dissipative solutions of (1.5)). Let ((Ωε)ε>0,Ω, D) be a family of bounded

domains that satisfies (M1). Let also (ρε,uε)ε>0 be a family of finite energy weak solutions to the Navier-Stokes

system (1.2) in (0, T )× Ωε, which satisfies (2.9)–(2.12) with (1.4) and (2.23). Then

ρε → ρ̄ strongly in L∞(0, T ;Lγ(D)), (3.1)

uε ⇀ u weakly in L2(0, T ;W 1,2
0 (D,R3)). (3.2)

If in addition (M2) holds, then (ρ̄,u) is a dissipative solution to (1.5).

Proof. The validity of (3.1) and (3.2) has already been proven in [9, Theorem 1.3]. Note that their assumption

(M1) is actually exactly the same as ours such that their proof remains valid. Additionally, the energy inequality

enforces (see [9, Section 2])

∥√ρεuε∥L∞(0,T ;L2(D;R3)) ≲ 1, (3.3)

as well as

sup
τ∈[0,T ]

∫
D

1

Ma2(ε)
(P (ρε)− P ′(ρ̄)(ρε − ρ̄)− P (ρ̄)) dx ≲ 1. (3.4)

Assume also (M2) holds. Thus, our task is to show that (ρ̄,u) is a dissipative solution to (1.5).

Step 1: Incompressibility. Let φ ∈ C1
c ([0, T ) × Ω). Using (2.2), we can show as in [30, Proposition 3.3]

that ∫ T

0

∫
D

ρε∂tφ+ ρεuε · ∇xφdxdt = −
∫
D

ρ0,εφ(0, ·) dx, (3.5)

where we extended ρε and uε by 0 to the whole of D.

With (3.1), (3.2), and (3.3) we get

ρεuε
∗−⇀ ρ̄u weakly∗ in L∞(0, T ;L

2γ
γ+1 (D;R3)). (3.6)

Indeed, for ϕ ∈ L1(0, T ;L
2γ

γ−1 (D;R3)),∫ T

0

∫
D

(ρεu
δ
ε − ρ̄u) · ϕ dxdt =

∫ T

0

∫
D

(
√
ρε −

√
ρ̄)
√
ρεu

δ
ε · ϕ dxdt+

∫ T

0

∫
D

√
ρ̄(
√
ρε −

√
ρ̄)uδ

ε · ϕ dxdt

+

∫ T

0

∫
D

ρ̄(uδ
ε − u) · ϕ dxdt,

8



where the superscript δ denotes a convolution in time only to ensure uδ
ε ∈ L∞(−δ, T + δ;W 1,2

0 (D;R3)) such

that all integrals above are well defined. Due to the strong convergence ρε → ρ̄ in L∞(0, T ;Lγ(D)), the weak

convergence uε ⇀ u in L2(0, T ;W 1,2
0 (D;R3)) that ensures as well uδ

ε ⇀ uδ weakly in W 1,2
0 (D;R3) uniformly in

time, and the bound (3.3), we infer

lim
δ→0

lim
ε→0

∫ T

0

∫
D

(ρεu
δ
ε − ρ̄u) · ϕ dxdt = 0.

Using (3.6) and (3.1), we have for ε→ 0 in (3.5)

0 =

∫ T

0

∫
D

ρ̄∂tφdx dt+

∫ T

0

∫
D

ρ̄u · ∇xφdx dt+

∫
D

ρ̄φ(0, ·) dx.

Now, we conclude with partial integration and ρ̄ being a positive constant that

0 = −
∫ T

0

∫
D

(∂tρ̄)φdxdt−
∫
D

ρ̄φ(0, ·) dx+

∫ T

0

∫
D

ρ̄u · ∇xφdx dt+

∫
D

ρ̄φ(0, ·) dx

=

∫ T

0

∫
D

ρ̄u · ∇xφdxdt,

showing divxu = 0.

Step 2: Momentum Equation. We consider a specific ansatz for the test functions, namely

ψ(t)ϕ(x), ψ ∈ C1
c ([0, T )), ϕ ∈ C1

c (Ω;R3), divx(ϕ) = 0.

Due to (M2) there exists a sequence of solenoidal functions (ϕε)ε>0 approximating ϕ such that (2.13)–(2.22)

hold. We use that ϕεψ ∈ C1
c ([0, T )× Ωε;R3) is a good test function to system (1.2) to get

0 =

∫ τ

0

∫
Ωε

ρεuε · ∂t(ϕεψ) dx dt+

∫ τ

0

∫
Ωε

(ρεuε ⊗ uε) : ∇x(ϕεψ) dxdt

−
∫ τ

0

∫
Ωε

S(∇xuε) : ∇x(ϕεψ) dxdt+

∫ τ

0

∫
Ωε

ρεf · (ϕεψ) dxdt

+

∫
Ωε

(ρu)0,ε · (ϕεψ)(0, ·) dx−
∫
Ωε

(ρεuε)(τ, ·) · (ϕεψ)(τ, ·) dx .

Now using that ϕε = (ϕε − ϕ) + ϕ the above identity can be rewritten as∫ τ

0

∫
Ωε

ρεuε · ∂t(ϕψ) + (ρεuε ⊗ uε) : ∇x(ϕψ)− S(∇xuε) : ∇x(ϕψ) + ρεf · (ϕψ) dx dt

+

∫
Ωε

(ρu)0,ε · ϕψ(0) dx−
∫
Ωε

(ρεuε)(τ, ·) · ϕψ(τ) dx

=

∫ τ

0

∫
Ωε

ρεuε · (ϕ− ϕε)∂tψ dxdt+

∫ τ

0

∫
Ωε

(ρεuε ⊗ uε) : ∇x(ϕ− ϕε)ψ dx dt

−
∫ τ

0

∫
Ωε

S(∇xuε) : ∇x(ϕ− ϕε)ψ dxdt+

∫ τ

0

∫
Ωε

ρεf · (ϕ− ϕε)ψ dxdt

+

∫
Ωε

(ρu)0,ε · (ϕ− ϕε)ψ(0) dx−
∫
Ωε

(ρεuε)(τ, ·) · (ϕ− ϕε)ψ(τ) dx =:

6∑
i=1

Ii.

We now show that Ii → 0 as ε→ 0 for all i except I3 which will eventually yield the Brinkman term. We start
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by estimating I1. This term can be bounded using the Sobolev embedding and Hölder’s inequality as

|I1| ≤
∫ T

0

|∂tψ|
∫
Ωε

|ρεuε · (ϕ− ϕε)|dxdt

≲ ∥ρε∥L∞(0,T ;Lγ(D))∥uε∥L2(0,T ;L6(D;R3))∥ϕ− ϕε∥
L

6γ
5γ−6 (D;R3)

.

By γ > 3/2, we have 6γ/(5γ − 6) < 6 and thus W 1,2
0 is compactly embedded in L

6γ
5γ−6 . Hence, by (2.14), (3.1),

and (3.2), it follows that |I1| → 0.

To estimate the convective term I2, we write

Mess
ε := {(t, x) ∈ (0, T )× Ωε |

1

2
ρ̄ < ρε(t, x) < ρ̄+ 1}, Mres

ε := ((0, T )× Ωε) \Mess
ε ,

ρε = ρessε + ρresε , ρessε := ρεχMess
ε
, ρresε := ρεχMres

ε
. (3.7)

Similarly, we split I2 = Iess2 + Ires2 , where Iess2 and Ires2 denote the corresponding integrals on Mess
ε and Mres

ε ,

respectively. For the essential part we use |ρessε | ≲ 1 and Sobolev embedding to conclude

|Iess2 | ≤
∫ T

0

|ψ|
∫
Ωε

|ρessε ||uε|2|∇x(ϕ− ϕε)|dxdt

≲ ∥uε∥2L2(0,T ;L6(D;R3))∥∇x(ϕ− ϕε)∥L 3
2 (D;R3)

≲ ∥∇x(ϕ− ϕε)∥L 3
2 (D;R3)

.

The last term vanishes as ε→ 0 due to (2.15). Moreover, we find from (3.4) that

∥ρessε − ρ̄∥L∞(0,T ;L2(D)) ≲ Ma(ε), (3.8)

where we used that on Mess
ε , the function P (ρε)− P ′(ρ̄)(ρε − ρ̄)− P (ρ̄) is coercive in the sense that

P (ρε)− P ′(ρ̄)(ρε − ρ̄)− P (ρ̄) ≳ |ρε − ρ̄|2,

see [18, Lemma 5.1]. Due to (2.15) the essential part of the convective term vanishes for ε→ 0. For the residual

part we use the following estimate from the proof of [9, Theorem 1.3]:

∥ρresε ∥L∞(0,T ;Lγ(D)) ≲ Ma(ε)
2
γ . (3.9)

From this we obtain

|Ires2 | ≤
∫ T

0

|ψ|
∫
Ωε

|ρresε ||uε|2|∇x(ϕ− ϕε)|dxdt

≲ ∥ρresε ∥L∞(0,T ;Lγ(D))∥uε∥2L2(0,T ;L6(D;R3))∥∇x(ϕ− ϕε)∥Lr(D;R3)

≲ Ma(ε)
2
γ ∥∇x(ϕ− ϕε)∥Lr(D;R3),

where r = 3γ
2γ−3 >

3
2 . By (2.16), the right-hand side of the above inequality vanishes for ε → 0, which in turn

shows that |I2| → 0 as ε→ 0.

Next, we want to prove that I3 converges to the Brinkman term. Therefore, we first show that uε and u satisfy

the conditions of (2.17)–(2.20). (2.17) is clear from (3.2). Let us define

gε := −ρε
ρ̄
,

hε :=
(ρ̄− ρε)uε

ρ̄
.
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Then, by the first equation of (1.2), we have

divx(uε) =
1

ρ̄
divx((ρ̄− ρε)uε) +

1

ρ̄
divx(ρεuε) = divx(hε) + ∂tgε

in the sense of distributions. Further, we have from (3.8) and (3.9) that

∥hε∥
L2(0,T ;L

6γ
γ+6 (D;R3))

≲ ∥ρε − ρ̄∥L∞(0,T ;Lγ(D))∥uε∥L2(0,T ;L6(D;R3)) ≲ Ma(ε)min{ 2
γ ,1},

and gε → −1 in L∞(0, T ;Lγ(D)) due to (3.1). In turn, we get (2.19) and (2.20) for Mε := Mess
ε such that we

can use (2.21) and (2.22) for vε = uε and v = u. By the divergence-free assumption on ϕ and (2.13), we have

divx(ϕ− ϕε) = 0. This together with (3.2) and (2.21) leads to

I3 = −
∫ τ

0

∫
Ωε

S(∇xuε) : ∇x(ψ(ϕ− ϕε)) dxdt

= −
∫ τ

0

ψ

(
µ

∫
Ωε

∇xuε : ∇x(ϕ− ϕε) dx+
(µ
3
+ η
)∫

Ωε

divx(uε)divx(ϕ− ϕε) dx

)
dt

= −
∫ τ

0

ψµ

(∫
Ωε

∇xuε : ∇xϕ dx

)
dt+

∫ τ

0

ψµ

(∫
Ωε

∇xuε : ∇xϕε dx

)
dt

ε→0−−−→ −
∫ τ

0

ψµ

(∫
Ω

∇xu : ∇xϕ dx

)
dt+

∫ τ

0

ψµ

(∫
Ω

∇xu : ∇xϕ dx+

∫
Ω

(Mϕ) · u
)

dt

= µ

∫ T

0

∫
Ω

ψ(Mϕ) · udxdt.

Indeed, since divx(ϕ−ϕε) = 0 and by smoothing ϕ−ϕε by convolution with some suitable functions (ηδ)δ>0,

we get ∫ τ

0

∫
Ωε

∇T
xuε : ∇x(ψ(ϕ− ϕε)) dxdt = lim

δ→0

∫ τ

0

ψ

∫
Ωε

∇T
xuε : ∇x((ϕ− ϕε) ∗ ηδ) dxdt

= − lim
δ→0

∫ τ

0

ψ

∫
Ωε

uε · ∇x(divx((ϕ− ϕε) ∗ ηδ)) dxdt = 0,

and ∫ τ

0

∫
Ωε

(divxuε1) : ∇x(ϕ− ϕε) dxdt =

∫ τ

0

ψ

∫
Ωε

divxuε divx(ϕ− ϕε) dx dt = 0.

To estimate I4 we use that f ∈ L∞(0, T ;L∞(D;R3)), which together with (3.1) and (2.14) yields

|I4| ≤
∫ T

0

|ψ|
∫
Ωε

|ρεf||ϕ− ϕε|dxdt

≲ ∥ρε∥L∞(0,T ;Lγ(D))∥ϕ− ϕε∥L
γ

γ−1 (D;R3)
→ 0

by compact Sobolev embedding as γ/(γ − 1) < 6 for any γ > 6/5. Finally, due to 2γ/(γ − 1) < 6 for any

γ > 3/2, (2.11), and (2.14), we get

|I5| ≤ |ψ(0)|
∫
Ωε

|(ρu)0,ε · (ϕ− ϕε)|dx ≲ ∥(ρu)0,ε∥
L∞(0,T ;L

2γ
γ+1 (D;R3))

∥ϕ− ϕε∥
L

2γ
γ−1 (D;R3)

→ 0.

By (3.1), (3.2), and (2.14), we have I6 ∈ L1(0, T ) and for every function ξ ∈ L∞(0, T )∣∣∣∣∣
∫ T

0

ξ(τ)I6(τ) dτ

∣∣∣∣∣ =
∣∣∣∣∣
∫ T

0

∫
Ωε

ξ(τ)(ρεuε)(τ, ·) · (ϕ− ϕε)ψ(τ) dx dτ

∣∣∣∣∣
≲ ∥ξ∥L∞(0,T )∥ρε∥L∞(0,T ;Lγ(D))∥uε∥L2(0,T ;L6(D;R3))∥ϕ− ϕε∥

L
6γ

5γ−6 (D;R3)
→ 0,

11



by the same arguments as for I1. Consequently, we have I6 ⇀ 0 in L1(0, T ) and therefore I6(τ) → 0 for almost

any τ ∈ [0, T ]. In total, we proved that

lim
ε→0

6∑
i=1

Ii = lim
ε→0

I3 = µ

∫ τ

0

∫
Ω

ψ(Mϕ) · udxdt. (3.10)

We now look at the left-hand side of (??). Using (2.11), (3.1), (3.2), and the fact that we might prolong

ϕ ∈ C1
c (Ω;R3) by zero to the whole of D, we get

lim
ε→0

∫ τ

0

∫
Ωε

ρεf · (ϕψ) dxdt = lim
ε→0

∫ τ

0

∫
D

ρεf · (ϕψ) dx dt =
∫ τ

0

∫
D

ρ̄f · (ϕψ) dxdt

=

∫ τ

0

∫
Ω

ρ̄f · (ϕψ) dxdt,

lim
ε→0

∫ τ

0

∫
Ωε

S(∇xuε) : ∇x(ϕψ) dxdt =

∫ τ

0

∫
Ω

S(∇xu) : ∇x(ϕψ) dxdt =

∫ τ

0

∫
Ω

µ∇xu : ∇x(ϕψ) dx dt,

lim
ε→0

∫
Ωε

(ρu)0,ε · ϕψ(0) dx =

∫
Ω

ρ̄u0 · ϕψ(0) dx,

lim
ε→0

∫ τ

0

∂tψ

∫
Ωε

ρεuε · ϕ dxdt =

∫ τ

0

∂tψ

∫
Ω

ρ̄u · ϕ dxdt.

(3.11)

Moreover, for every function ξ ∈ L∞(0, T ), we have, using (3.1) and (3.2),

lim
ε→0

∫ T

0

∫
Ωε

ξ(τ)(ρεuε)(τ, ·)ϕψ(τ) dx dτ =

∫ T

0

∫
Ω

ξ(τ)(ρ̄u)(τ, ·)ϕψ(τ) dxdτ.

Consequently, we see

lim
ε→0

∫
Ωε

(ρεuε)(τ, ·)ϕψ(τ) dx =

∫
Ω

(ρ̄u)(τ, ·)ϕψ(τ) dx (3.12)

for almost any τ ∈ [0, T ].

To treat the convective term we use again the decomposition ρε = ρessε + ρresε . Recall from (3.9) that

∥ρresε ∥L∞(0,T ;Lγ(D)) ≲ Ma(ε)
2
γ .

Consequently, we may estimate∣∣∣∣∣
∫ τ

0

∫
Ωε

ρresε uε ⊗ uε : ∇x(ϕψ) dxdt

∣∣∣∣∣ ≲
∫ T

0

|ψ|∥ρresε ∥Lγ(D)∥uε∥2L6(D;R3) dt

≲ Ma(ε)
2
γ ∥uε∥L2(0,T ;W 1,2(D;R3)) → 0,

(3.13)

where we used (2.23) and (3.2).

Finally, we know that ρessε uε ⊗ uε is uniformly bounded in L1(0, T ;L3(D;R3×3)) and L∞(0, T ;L1(D;R3×3)).

Hence, we may extract a subsequence (not relabeled) such that ρessε uε⊗uε converges weakly in L
4
3 (0, T ;L2(D;R3×3)),

the weak limit of which we denote by ρu⊗ u. Thus,∫ T

0

∫
Ωε

(ρessε uε ⊗ uε) : ∇x(ϕψ) dxdt→
∫ T

0

∫
Ω

ρu⊗ u : ∇x(ϕψ) dx dt. (3.14)

A similar argument leads to

√
ρεuε

∗−⇀
√
ρ̄u weakly-∗ in L∞(0, T ;L2(D;R3)).
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Since v 7→ v⊗ v is convex, we have

R := ρu⊗ u− ρ̄u⊗ u ≥ 0 in the sense of symmetric matrices. (3.15)

Gathering (3.13), (3.14), and (3.15), we find

lim
ε→0

∫ τ

0

∫
Ωε

ρεuε ⊗ uε : ∇x(ϕψ) dx dt =

∫ τ

0

∫
Ω

ρ̄u⊗ u : ∇x(ϕψ) dxdt+

∫ τ

0

∫
Ω

R : ∇x(ϕψ) dxdt. (3.16)

Combining (??), (3.10), (3.11), (3.12), and (3.16), we infer∫ τ

0

∫
Ω

ρ̄u · ∂tφ+ ρ̄u⊗ u : ∇xφ−µ∇xu : ∇xφ+ ρ̄f ·φ+R : ∇xφdxdt

+

∫
Ω

ρ̄u ·φ(0, ·) dx−
∫
Ω

ρ̄u ·φ(τ, ·) dx = µ

∫ τ

0

∫
Ω

Mu ·φ dxdt,

(3.17)

for all φ ∈ C1
c ([0, T ) × Ω), φ(t, x) = ψ(t)ϕ(x) with divxφ = 0, and almost any τ ∈ [0, T ]. Eventually, by a

density argument, (3.17) holds true for any φ ∈ C1
c ([0, T )× Ω) satisfying divxφ = 0.

Step 3: Energy inequality. Since (ρε,uε) are finite energy weak solutions, we have∫
Ωε

[
1

2
1{ρε>0}

|ρεuε|2

ρε
+

1

Ma2(ε)
P (ρε)

]
(τ, ·) dx+

∫ τ

0

∫
Ωε

S(∇xuε) : ∇xuε dxdt

≤
∫
Ωε

1

2
1{ρ0,ε>0}

|(ρu)0,ε|2

ρ0,ε
+

1

Ma2(ε)
P (ρ0,ε) dx+

∫ τ

0

∫
Ωε

ρεf · uε dx dt (3.18)

for almost any τ ∈ [0, T ]. First, we want to control the limit of the second term of the energy inequality∫ τ

0

∫
Ωε

S(∇xuε) : ∇xuε dx dt =

∫ τ

0

∫
Ωε

µ∇xuε : ∇xuε dxdt+
(µ
3
+ η
)∫ τ

0

∫
Ωε

|divx(uε)|2 dx dt

≥ µ

∫ τ

0

∫
Ωε

|∇xuε|2 dxdt,

where we used that with partial integration and the symmetry of second derivatives, we have∫ T

0

∫
Ωε

∇T
xuε : ∇xuε dxdt = lim

δ→0

∫ T

0

∫
Ωε

∇T
xuε : ∇x(uε ∗ ηδ) dx dt = lim

δ→0
−
∫ T

0

∫
Ωε

uε · ∇xdivx(uε ∗ ηδ) dxdt

= lim
δ→0

∫ T

0

∫
Ωε

divx(uε) · divx(uε ∗ ηδ) dxdt =
∫ T

0

∫
Ωε

|divx(uε)|2 dx dt,

where (ηδ)δ>0 are suitable mollifiers. This leads to∫
Ωε

[
1

2
1{ρε>0}

|ρεuε|2

ρε
+

1

Ma2(ε)
P (ρε)

]
(τ, ·) dx+ µ

∫ τ

0

∫
Ωε

|∇xuε|2 dx dt

≤
∫
Ωε

1

2
1{ρ0,ε>0}

|(ρu)0,ε|2

ρ0,ε
+

1

Ma2(ε)
P (ρ0,ε) dx+

∫ τ

0

∫
Ωε

ρεf · uε dxdt

for almost any τ ∈ [0, T ]. Let now ξ ∈ Cc(0, T ) with ξ ≥ 0,
∫ T

0
ξ(τ) dτ = 1. Multiplication by ξ(τ) and

integration leads to∫ T

0

∫
Ωε

ξ(τ)

[
1

2
1{ρε>0}

|ρεuε|2

ρε
+

1

Ma2(ε)
P (ρε)

]
(τ, ·) dx dτ + µ

∫ T

0

ξ(τ)

∫ τ

0

∫
Ωε

|∇xuε|2 dxdtdτ

≤
∫ T

0

∫
Ωε

ξ(τ)

[
1

2
1{ρ0,ε>0}

|(ρu)0,ε|2

ρ0,ε
+

1

Ma2(ε)
P (ρ0,ε)

]
dxdτ +

∫ T

0

ξ(τ)

∫ τ

0

∫
Ωε

ρεf · uε dxdtdτ. (3.19)
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Since 1ρ0,ε>0|(ρu)0,ε|2/ρ0,ε is bounded in L1(0, T ;L3(D)) and L∞(0, T ;L1(D)), we get

1ρε>0
|ρεuε|2

ρε
⇀ ρ|u|2 weakly in L

4
3 (0, T ;L2(D)).

Additionally, by (2.1), we have∫
Ωε

ρε(τ, ·) dx =

∫
Ωε

ρ0,ε dx for almost any τ ∈ [0, T ],

hence ∫
Ωε

P (ρε)(τ, ·) dx−
∫
Ωε

P (ρ0,ε) dx =

∫
Ωε

P (ρε)(τ, ·)− P ′(ρ̄)(ρε − ρ̄)(τ, ·)− P (ρ̄) dx

−
∫
Ωε

P (ρ0,ε)− P ′(ρ̄)(ρ0,ε − ρ̄)− P (ρ̄) dx.

Moreover, by definition of P (see (2.5)), we have P ′′(ρ) = p′(ρ)/ρ ≥ 0 and hence almost everywhere

P (ρε)− P ′(ρ̄)(ρε − ρ̄)− P (ρ̄) ≥ 0,

see also Lemma 5.1 in [18]. With this at hand, (2.10), (2.12), (2.22), (3.1), and (3.2), we can pass to the limit

ε→ 0 in (3.19) to obtain∫ T

0

∫
Ω

1

2
ξ(τ)ρ|u|2(τ, ·) dx dτ + µ

∫ T

0

∫ τ

0

∫
Ω

ξ(τ)|∇xu|2 dx dtdτ + µ

∫ T

0

∫ τ

0

∫
Ω

ξ(τ)(Mu) · udxdtdτ

≤
∫
Ω

1

2
ρ̄|u0|2 dx+

∫ T

0

∫ τ

0

∫
Ω

ξ(τ)ρ̄f · udx dtdτ.

Since ρε|uε|2 = trace[ρεuε ⊗ uε] and trace[ · ] is a linear operator, we have for R from (3.15) that

trace[R] = ρ|u|2 − ρ̄|u|2.

As the function ξ is arbitrary, we get∫
Ω

1

2
ρ̄|u|2(τ, ·) dx+

∫
Ω

1

2
trace[R](τ, ·) dx+ µ

∫ τ

0

∫
Ω

|∇xu|2 dx dt+ µ

∫ τ

0

∫
Ω

(Mu) · udxdt

≤
∫
Ω

1

2
ρ̄|u0|2 dx+

∫ τ

0

∫
Ω

ρ̄f · udxdt,

showing that (ρ̄,u) is a dissipative solution of the incompressible Navier-Stokes-Brinkman system (1.5).

To finally prove Theorem 2.8, we will make use of the weak-strong uniqueness principle (see, e.g., [1]), which is

the content of the following proposition.

Proposition 3.2 (Weak-Strong uniqueness). Let (ρ̄,u) be a dissipative solution to (1.5) emanating from the

initial datum u0 in (2.9). If there exists a strong solution to (1.5) emanating from the same initial datum u0,

then it coincides with (ρ̄,u).

Proof. We divide the proof into two steps. First, we recall the derivation of the relative energy inequality, and

subsequently apply it to our setting.
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Step 1: Relative Energy Inequality. We test (2.7) with φ = U ∈ C1
c ([0, T ]×Ω;R3) such that divxU = 0,

and add on both sides the term
∫ τ

0

∫
Ω
ρ̄∂tU ·Udxdt. Using that

∫ τ

0

∫
Ω

ρ̄∂tU ·U dx dt =

[∫
Ω

1

2
ρ̄|U|2 dx

]t=τ

t=0

,

and summing with the energy inequality (2.8), we obtain[∫
Ω

1

2
ρ̄|u−U|2 dx

]t=τ

t=0

+

∫
Ω

1

2
trace[R](τ, ·) dx+ µ

∫ τ

0

∫
Ω

|∇xu|2 dx dt+ µ

∫ τ

0

∫
Ω

Mu · udx dt

≤
∫ τ

0

∫
Ω

ρ̄∂tU ·Udxdt+

∫ τ

0

∫
Ω

ρ̄f · udxdt+ µ

∫ τ

0

∫
Ω

Mu ·Udxdt

−
∫ τ

0

∫
Ω

ρ̄u · ∂tU+ (ρ̄u⊗ u) : ∇xU− µ∇xu : ∇xU+ ρ̄f ·U+R : ∇xUdx dt.

By regrouping some terms, we infer[∫
Ω

1

2
ρ̄|u−U|2 dx

]t=τ

t=0

+

∫
Ω

1

2
trace[R](τ, ·) dx+ µ

∫ τ

0

∫
Ω

∇xu : ∇x(u−U) dx dt+ µ

∫ τ

0

∫
Ω

Mu · (u−U) dxdt

≤
∫ τ

0

∫
Ω

ρ̄∂tU · (U− u)− (ρ̄u⊗ u) : ∇xU dx dt+

∫ τ

0

∫
Ω

ρ̄f · (u−U) dxdt−
∫ τ

0

∫
Ω

R : ∇xU dxdt.

(3.20)

By the incompressibility condition (2.6) it follows that∫ τ

0

∫
Ω

ρ̄u⊗ u : ∇xUdx dt =

∫ τ

0

∫
Ω

ρ̄u⊗ (u−U) : ∇xUdx dt

=

∫ τ

0

∫
Ω

ρ̄(u−U)⊗ (u−U) : ∇xU dxdt+

∫ τ

0

∫
Ω

ρ̄U⊗ (u−U) : ∇xU dxdt.

Thus, we rewrite (3.20) to get the relative energy inequality as[∫
Ω

1

2
ρ̄|u−U|2 dx

]t=τ

t=0

+

∫
Ω

1

2
trace[R](τ, ·) dx+ µ

∫ τ

0

∫
Ω

|∇x(u−U)|2 +M(u−U) · (u−U) dx dt

≤
∫ τ

0

∫
Ω

ρ̄(∂tU+U · ∇xU) · (U− u) dxdt+

∫ τ

0

∫
Ω

ρ̄f · (u−U) dx dt

−
∫ τ

0

∫
Ω

R : ∇xUdxdt−
∫ τ

0

∫
Ω

ρ̄(u−U)⊗ (u−U) : ∇xU dxdt

− µ

∫ τ

0

∫
Ω

∇xU : ∇x(u−U) dx dt− µ

∫ τ

0

∫
Ω

MU · (u−U) dxdt.

(3.21)

By density we can extend (3.21) to any U ∈ Lq(0, T ;W 1,q(Ω;R3))∩W 1,q(0, T ;Lq(Ω;R3)) satisfying divxU = 0

and U|∂Ω = 0, provided q > 1 is large enough such that all occurring integrals are well-defined.

Step 2: Weak-strong uniqueness. Let û be a strong solution to (1.5) emanating from the initial datum

u0. Then, since divx(u− û) = 0 a.e. in (0, T )× Ω, it holds∫ τ

0

∫
Ω

(ρ̄∂tû+ ρ̄û · ∇xû) · (û− u) dxdt =

∫ τ

0

∫
Ω

(−µMû+ µ∆xû+ ρ̄f) · (û− u) dxdt.
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Combining this with (3.21) for U = û, we obtain[∫
Ω

1

2
ρ̄|u− û|2 dx

]t=τ

t=0

+

∫
Ω

1

2
trace[R](τ, ·) dx+ µ

∫ τ

0

∫
Ω

|∇x(u− û)|2 +M(u− û) · (u− û) dx dt

≤
∫ τ

0

∫
Ω

(−µMû+ µ∆xû+ ρ̄f) · (û− u) dxdt+

∫ τ

0

∫
Ω

ρ̄f · (u− û) dxdt

−
∫ τ

0

∫
Ω

R : ∇xûdxdt−
∫ τ

0

∫
Ω

ρ̄(u− û)⊗ (u− û) : ∇xûdxdt

− µ

∫ τ

0

∫
Ω

∇xû : ∇x(u− û) dxdt− µ

∫ τ

0

∫
Ω

Mû · (u− û) dx dt,

which in turn reduces to∫
Ω

1

2
ρ̄|u− û|2(τ, ·) dx+

∫
Ω

1

2
trace[R](τ, ·) dx+ µ

∫ τ

0

∫
Ω

|∇xu−∇xû|2 +M(u− û) · (u− û) dxdt

≤ −
∫ τ

0

∫
Ω

R : ∇xûdxdt−
∫ τ

0

∫
Ω

ρ̄(u− û)⊗ (u− û) : ∇xûdxdt.

Being the second and the third term on the left-hand side both non-negative, we infer∫
Ω

1

2
ρ̄|u− û|2(τ, ·) dx+

∫
Ω

1

2
trace[R](τ, ·) dx ≤ −

∫ τ

0

∫
Ω

R : ∇xûdxdt−
∫ τ

0

∫
Ω

ρ̄(u− û)⊗ (u− û) : ∇xûdxdt,

and thus ∫
Ω

1

2
ρ̄|u− û|2(τ, ·) dx+

∫
Ω

1

2
trace[R](τ, ·) dx ≤ ∥∇xû∥L∞((0,τ)×Ω;R3)

∫ τ

0

∫
Ω

|R|dxdt

+ ∥∇xû∥L∞((0,τ)×Ω;R3)

∫ τ

0

∫
Ω

ρ̄|u− û|2 dxdt,

for a.e. τ ∈ [0, T ]. Eventually, since R is positive semidefinite, it follows |R| ≲ trace[R] and thus by Grönwall’s

lemma we deduce u = û and R = 0. This finishes the proof of Theorem 2.8.

4 Application to randomly perforated domains

This section is devoted to provide an application of Theorem 2.8. More precisely, we consider a family of

randomly perforated domains (Ωε)ε>0, whose holes are balls distributed through a Poisson point process, and

whose radii are identically and independently distributed (i.i.d.) random variables that scale as ε3. Note that

this corresponds to the randomized counterpart of our initial example of domains given in (1.1). We will show

that, if Ma(ε) satisfies suitable assumptions (see (4.3) below), then ((Ωε)ε>0,Ω) satisfy (M1) and (M2). Thus,

in particular, Theorem 2.8 applies. Moreover, in this way we are able to generalize the outcomes of [10] to the

time-dependent setting.

We let Ω ⊂ R3 be a smoothly bounded open set which is star-shaped with respect to the origin. We then define

the family of randomly perforated domains (Ωε)ε>0 as

Ωε := Ω \Hε, Hε :=
⋃
Iε

T ε
i =

⋃
Iε

Bε3ri(εzi), Iε := {zi ∈ Φ ∩ ε−1Ω : Bε3ri(εzi) ⊂ Ω}, (4.1)

where Φ is a Poisson point process on R3 with homogeneous intensity rate λ > 0. Such a process is characterized

by the following two properties:

• For each measurable set S ⊂ R3 with finite measure, the probability of finding exactly n points from Φ

inside S is (λ|S|)n exp(−λ|S|)/n!;

• for two disjoint measurable sets S1, S2 ⊂ R3, the random variables S1 ∩ Φ and S2 ∩ Φ are independent.
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The radii R := {ri}zi∈Φ ⊂ [R0,∞) for some R0 > 0 are i.i.d. random variables. Further, we assume that there

exists a constant β > 0 such that the radii ri satisfy the moment bound

⟨r1+β⟩ <∞, (4.2)

where ⟨f⟩ is the expected value of the random variable f . Let (Ω̃,F ,P) be a probability space associated to the

marked point process (Φ,R), i.e., the joint process of centers and radii distributed as above. For more details

on marked Poisson point processes, we refer the reader to [25].

Theorem 4.1. Let (Ωε)ε>0 be as in (4.1). Then there exists δ = δ(β) > 0 and an exponent p(δ, γ) > 0 such

that, if Ma(ε) vanishes fast enough such that

lim sup
ε→0

ε−p(δ,γ)Ma(ε)min{1, 2γ } = 0, (4.3)

then ((Ωε)ε>0,Ω) satisfy (M1) and (M2). The exponent p(δ, γ) can be taken to be

p(δ, γ) = max

{
3, 1 +

6

γ
, 3

6− γ

2γ − 3

}
.

The rest of this section is devoted to the proof of Theorem 4.1. Clearly the family ((Ωε)ε>0,Ω) with (Ωε)ε>0

given in (4.1) satisfies (M1). Thus, we have to prove that also (M2) is satisfied, that is (2.13)–(2.16) and (2.21)-

(2.22) hold true. We start with a general result Lemma 4.3 (see Section 4.1) which says that if (Ωε)ε>0 is a

family of perforated domains such that (M1) and (H1)–(H5) below hold, then also (2.22) holds. Afterwards we

prove that (H1)–(H5) are satisfied when (Ωε)ε>0 are defined as in (4.1) and Ma(ε) obeys (4.3) (see Section 4.2).

Eventually, for a given ϕ ∈ C∞
c (Ω;R3) with divxϕ = 0 we construct a family of test functions with the properties

(2.13)–(2.16) and (2.21) (see Section 4.3).

Remark 4.2. The authors believe that the assumption R ⊂ [R0,∞) for some R0 > 0 can be relaxed to

⟨r−m⟩ ≤ C <∞,

for some C > 0 and any m > 0. However, we wish not to unnecessarily complicate the calculations, hence we

focus on the case where ri ≥ R0 > 0 for any i.

4.1 General perforated domains and special test functions

Let Ω ⊂ R3 be a bounded domain with smooth boundary. Let N(ε) ∈ N, N(ε) → ∞ as ε → 0, and let

(T ε
i )1≤i≤N(ε) ⊂ Ω be a family of closed smooth sets with non-empty interior (the holes). We consider the family

of perforated domains (Ωε)ε>0 given by

Ωε := Ω \
N(ε)⋃
i=1

T ε
i . (4.4)

We assume that the holes T ε
i are such that (M1) holds. Moreover, we assume that there exist pairs of functions

(ωε
k,µk)1≤k≤3 with the following properties:

(H1) ωε
k ∈W 1,2(Ω;R3);

(H2) divx(ω
ε
k) = 0 in Ω and ωε

k = 0 in the holes T ε
i ;

(H3) ωε
k ⇀ ek weakly in W 1,2(Ω;R3);

(H4) µk ∈W−1,∞(Ω;R3);
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(H5) For all v ∈ L2(0, T ;W 1,2(Ω;R3)), vε ∈ L2(0, T ;W 1,2(Ωε;R3)) that satisfy (2.17)–(2.20), there holds

lim
ε→0

∫ τ

0

∫
Ωε

∇xω
ε
k : ∇x(ψvε) dxdt =

∫ τ

0

∫
Ω

µkψv dxdt,

for every ψ ∈ C∞
c ((0, T )× Ω) and a.e. τ ∈ [0, T ].

Given the hypotheses (H1)–(H5), we can show:

Lemma 4.3. Let Ω ⊂ R3 be a smoothly bounded domain, and let Ωε be as in (4.4). Assume that (M1) and

(H1)–(H5) are satisfied for ((Ωε)ε>0,Ω) and some (ωε
k,µk)1≤k≤3. Then for all v ∈ L2(0, T ;W 1,2

0 (Ω;R3)),

vε ∈ L2(0, T ;W 1,2
0 (Ωε;R3)) that satisfy (2.17)–(2.20), we have

lim inf
ε→0

∫ τ

0

∫
Ωε

|∇xvε|2 dxdt ≥
∫ τ

0

∫
Ω

|∇xv|2 dx dt+
∫ τ

0

∫
Ω

(Mv) · v dxdt ∀τ ∈ [0, T ],

with Mij = µj
i = µi · ej.

Proof. The proof we give here is the same for d = 3 and d ≥ 3, so let us prove the Lemma in the general setting

with obvious changes on the assumptions if d > 3. Let φ = (φ1, ..., φd) ∈ C∞
c ((0, T )× Ω;Rd). Then

0 ≤
∫ τ

0

∫
Ω

|∇x(vε −
d∑

k=1

φkω
ε
k)|2 dxdt

=

∫ τ

0

∫
Ω

|∇xvε|2 dxdt+
∑

1≤i,k≤d

[∫ τ

0

∫
Ω

φkφi∇xω
ε
k : ∇xω

ε
i dxdt+

∫ τ

0

∫
Ω

(∇xφk ⊗ ωε
k) : (∇xφi ⊗ ωε

i ) dx dt

]
+ 2

∑
1≤i,k≤d

∫ τ

0

∫
Ω

φk∇xω
ε
k : (∇xφi ⊗ ωε

i ) dxdt− 2
∑

1≤k≤d

∫ τ

0

∫
Ω

∇xvε : (∇xφk ⊗ ωε
k) dx dt

− 2
∑

1≤k≤d

∫ τ

0

∫
Ω

∇xω
ε
k : (φk∇xvε) dxdt

=

∫ τ

0

∫
Ω

|∇xvε|2 dxdt+
∑

1≤i,k≤d

∫ τ

0

∫
Ω

∇xω
ε
k : ∇x(φkφiω

ε
i ) dxdt

−
∑

1≤i,k≤d

∫ τ

0

∫
Ω

∇xω
ε
k : (ωε

i ⊗∇x(φkφi)) dxdt+
∑

1≤i,k≤d

∫ τ

0

∫
Ω

(∇xφk ⊗ ωε
k) : (∇xφi ⊗ ωε

i ) dxdt

+ 2
∑

1≤i,k≤d

∫ τ

0

∫
Ω

φk∇xω
ε
k : (∇xφi ⊗ ωε

i ) dxdt− 2
∑

1≤k≤d

∫ τ

0

∫
Ω

∇xvε : (∇xφk ⊗ ωε
k) dx dt

− 2
∑

1≤k≤d

∫ τ

0

∫
Ω

∇xω
ε
k : ∇x(φkvε) dxdt+ 2

∑
1≤k≤d

∫ τ

0

∫
Ω

∇xω
ε
k : (∇xφk ⊗ vε) dxdt. (4.5)

Now, we use (H1)–(H3) to infer that we can choose vε = ωε
k in (H5) to obtain∫ τ

0

∫
Ω

∇xω
ε
k : ∇x(φkφiω

ε
i ) dx dt →

∫ τ

0

∫
Ω

µk · (φkφiei) dxdt.

Since ωε
k ⇀ ek weakly in W 1,2(Ω;Rd), we get ωε

k → ek strongly in L2(Ω;Rd) such that∫ τ

0

∫
Ω

∇xω
ε
k : (ωε

i ⊗∇x(φkφi)) dx dt → 0,∫ τ

0

∫
Ω

(∇xφk ⊗ ωε
k) : (∇xφi ⊗ ωε

i ) dx dt →
∫ τ

0

∫
Ω

(∇xφk ⊗ ek) : (∇xφi ⊗ ei) dx dt,∫ τ

0

∫
Ω

φk∇xω
ε
k : (∇xφi ⊗ ωε

i ) dxdt → 0.
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With vε ⇀ v weakly in L2(0, T ;W 1,2
0 (Ω;Rd)) and ωε

k → ek strongly in L2(Ω;Rd), we infer∫ τ

0

∫
Ω

∇xvε : (∇xφk ⊗ ωε
k) dx dt →

∫ τ

0

∫
Ω

∇xv : (∇xφk ⊗ ek) dx dt.

Due to (H5), we see that ∫ τ

0

∫
Ω

∇xω
ε
k : ∇x(φkvε) dx dt →

∫ τ

0

∫
Ω

µk · (φkv) dxdt,

since vε ⇀ v weakly in L2(0, T ;L6(Ω;Rd)). Moreover, boundedness of vε in L2(0, T ;W 1,2
0 (Ω;Rd)) and the fact

that ωε
k → ek strongly in L2(Ω;Rd) leads by partial integration to∫ τ

0

∫
Ω

∇xω
ε
k : (∇xφk ⊗ vε) dxdt = −

∫ τ

0

∫
Ω

(ωε
k − ek) · divx(∇xφk ⊗ vε) dxdt→ 0.

Next, it is clear that there exists a subsequence, still denoted by vε, such that

lim
ε→0

∫ τ

0

∫
Ω

|∇xvε|2 dxdt = lim inf
ε→0

∫ τ

0

∫
Ω

|∇xvε|2 dx dt.

Passing to the limits in (4.5) leads to

0 ≤ lim inf
ε→0

∫ τ

0

∫
Ω

|∇xvε|2 dxdt+
∑

1≤k≤d

∫ τ

0

∫
Ω

µk · (φkφ) dx dt

+

∫ τ

0

∫
Ω

|∇xφ|2 dxdt− 2

∫ τ

0

∫
Ω

∇xv : ∇xφdx dt− 2
∑

1≤k≤d

∫ τ

0

∫
Ω

µk · (φkv) dxdt.

Now we choose a sequence φ(n) ∈ C∞
c ((0, T )×Ω;Rd) with φ(n) → v strongly in L2(0, T ;W 1,2

0 (Ω;Rd)) and pass

to the limit to obtain

0 ≤ lim inf
ε→0

∫ τ

0

∫
Ω

|∇xvε|2 dxdt+
∫ τ

0

∫
Ω

(Mv) · v dxdt+

∫ τ

0

∫
Ω

|∇xv|2 dx dt

− 2

∫ τ

0

∫
Ω

|∇xv|2 dxdt− 2

∫ τ

0

∫
Ω

(Mv) · v dxdt.

Rearranging leads to∫ τ

0

∫
Ω

|∇xv|2 dxdt+
∫ τ

0

∫
Ω

(Mv) · v dx dt ≤ lim inf
ε→0

∫ τ

0

∫
Ω

|∇xvε|2 dxdt.

4.2 Validity of (H1)–(H5) in the random setting

Coming from the rather general class of domains (4.4) back to randomly perforated domains, from now on let

(Ωε)ε>0 be defined by (4.1). We then construct a family (ωε
k,µk)1≤k≤3 verifying (H1)–(H5) under the assump-

tion (4.3). We start by collecting some useful notation.

For a Poisson point process Φ on R3 and any bounded set E ⊂ R3 that is star-shaped with respect to the origin,

we define the random variables

Φ(E) := Φ ∩ E, Φε(E) := Φ ∩ (ε−1E), N (E) := #Φ(E), N ε(E) := #Φε(E).
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For each η > 0 we define the thinned process as

Φη := {x ∈ Φ: min
y∈Φ,y ̸=x

|x− y| ≥ η},

and Φη(E), Φε
η(E), Nη(E), N ε

η (E) accordingly. Furthermore, we recall two lemmas ([20, Lemmas 3.1 and 3.2])

which guarantee that the holes Hε can be decomposed as Hε = Hε
g ∪Hε

b, where

• Hε
g contains the good holes, which are small and well separated, and

• Hε
b contains the bad holes, which are big and possibly overlapping.

Lemma 4.4 ([20, Lemma 3.1]). There exists δ = δ(β) > 0 such that for almost every ω ∈ Ω̃ and all ε ≤ ε0 =

ε0(ω), there exists a partition Hε = Hε
g ∪Hε

b and a set Ωε
b ⊂ R3 such that Hε

b ⊂ Ωε
b and

dist(Hε
g ; Ω

ε
b) > ε1+δ, |Ωε

b| → 0.

Furthermore, Hε
g is a union of disjoint balls centered in nε ⊂ Φε(Ω), namely

Hε
g =

⋃
zi∈nε

Bε3ri(εzi), ε3#nε → λ|Ω|, min
zi ̸=zj∈nε

ε|zi − zj | ≥ 2ε1+
δ
2 , ε3ri ≤ ε1+2δ. (4.6)

Finally, for any η > 0 we have

lim
ε→0

ε3#({zi ∈ Φε
2η(Ω) | dist(εzi,Ωε

b) ≤ ηε}) = 0.

We write Iε := Φε(Ω) \ nε, i.e., the set of centers of the balls in Hε
b.

Lemma 4.5 ([20, Lemma 3.2]). Let θ > 1 be fixed. Then, for almost every ω ∈ Ω̃ and ε ≤ ε0(ω, β, θ), we may

choose Hε
g , Hε

b of Lemma 4.4 in such a way that the following holds:

• There exist Λ(β) > 1, a sub-collection Jε ⊂ Iε, and constants {λεl }zl∈Jε ⊂ [1,Λ] such that

Hε
b ⊂ H̄ε

b :=
⋃

zj∈Jε

Bλε
jε

3rj (εzj), λεjε
3rj ≤ Λε6δ.

• There exists kmax = kmax(β) > 0 such that we may partition

Iε =

kmax⋃
k=−3

Iε
k, Jε =

kmax⋃
k=−3

Jε
k ,

with Jε
k ⊂ Iε

k for all k = 1, ..., kmax and⋃
zi∈Iε

k

Bε3ri(εzi) ⊂
⋃

zi∈Jε
k

Bλε
i ε

3ri(εzi);

• For all k = −3, ..., kmax and every zi, zj ∈ Jε
k , zi ̸= zj,

Bθ2λε
i ε

3ri(εzi) ∩Bθ2λε
jε

3rj (εzj) = ∅;

• For each k = −3, ..., kmax and zi ∈ Iε
k, and for all zj ∈

⋃k−1
l=−3 J

ε
l we have

Bε3ri(εzi) ∩Bθλε
jε

3rj (εzj) = ∅.
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Finally, the set Ωε
b of Lemma 4.4 may be chosen as

Ωε
b =

⋃
zi∈Jε

Bθλε
i ε

3ri(εzi).

Let us moreover recall the Strong Law of Large Numbers (in our particular setting), which can be found, e.g.,

in [25, Theorem 8.14].

Lemma 4.6 (Strong Law of Large Numbers). Let E ⊂ R3 be a measurable bounded set, and (Φ, {ri}zi∈Φ) be a

marked Poisson point process with

⟨rm⟩ <∞

for some m > 0. Then, almost surely,

lim
ε→0

ε3N (ε−1E) = λ|E|, lim
ε→0

ε3
∑

zi∈ε−1E

rmi = λ⟨rm⟩|E|.

In the following, we will extend each function which is defined on Ωε by zero in Hε. For r > 0 we set

Br := Br(0) ⊂ R3. For each zi ∈ nε we define

aε,i := ε3ri, dε,i := min
{
dist(εzi,Ω

ε
b),

1

2
min
zj∈nε

zj ̸=zi

(ε|zi − zj |), ε
}
.

Since zi ∈ nε, Lemma 4.4 guarantees the existence of some δ > 0 such that

aε,i ≤ ε1+2δ, ε1+δ ≤ dε,i ≤ ε. (4.7)

For legibility, we drop the dependence on ε and set for zi ∈ nε and ε > 0 small enough such that aε,i <
1
2dε,i

Ti := Baε,i
(εzi), Ci := B 1

2dε,i
(εzi) \Baε,i

(εzi), Di := Bdε,i
(εzi) \B 1

2dε,i
(εzi),

Ai := Bdε,i(εzi) \B 1
4dε,i

(εzi), Ei := Ba−1
ε,idε,i

(εzi) \B 1
2a

−1
ε,idε,i

(εzi),

B1,i := B 1
2dε,i

(εzi), B2,i := Bdε,i
(εzi),

A0
i := Bdε,i(0) \B 1

4dε,i
(0), E0

i := Ba−1
ε,idε,i

(0) \B 1
2a

−1
ε,idε,i

(0). (4.8)

Remark 4.7. By [20, Lemma C.1 and Lemma C.2], it follows that

lim
ε→0

ε3
∑

zi∈Φε(Ω)

ri = λ⟨r⟩|Ω| and lim
ε→0

ε3
∑
zi∈Iε

ri = 0 a.s.

Thus, we have a.s.

lim
ε→0

∑
zi∈nε

aε,i = lim
ε→0

ε3
∑

zi∈Φε(Ω)

ri − lim
ε→0

ε3
∑
zi∈Iε

ri = λ⟨r⟩|Ω|. (4.9)

Let θ > 1 be fixed. Let Jε =
⋃kmax

i=−3 J
ε
i , {λεl }zl∈Jε be given by Lemma 4.5. For each zi ∈ Jε we define

Ri := λεi ri, BR,i := Bε3Ri
(εzi), Bθ,i := Bε3θRi

(εzi), Wi := Bθ,i \BR,i. (4.10)
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TiCiDi

Figure 1: Cells for the construction of (ωε
k, q

ε
k).

For each k ∈ {1, 2, 3} let also (ωk, qk) be the unique weak solution to the Stokes problem
∇xqk −∆ωk = 0 in R3 \B1,

divx(ωk) = 0 in R3 \B1,

ωk = 0 on ∂B1,

ωk = ek at infinity.

In the next lemma we use (ωk, qk) to construct pairs of functions (ωε,g
k , qε,gk )ε>0 in the spirit of Allaire’s functions

in [4], which vanish on the good holes Hε
g and such that we have good control of their Lp and W 1,p norm,

respectively. In particular, the functions ωε,g
k are the ones for which we will find µk such that (ωε,g

k ,µk)1≤k≤3

satisfy (H1)–(H5).

Lemma 4.8. For each ε > 0 and k ∈ {1, 2, 3} we consider the pair of functions (ωε,g
k , qε,gk ) given by

(ωε,g
k , qε,gk ) :=



(ek, 0) in Ω \
⋃

zi∈nε B2,i,

(ω̃ε,g
k , q̃ε,gk ) in

⋃
zi∈nε Di,(

ωk

(
·−εzi
aε,i

)
, 1
aε,i

qk

(
·−εzi
aε,i

))
in Ci for zi ∈ nε,

(0, 0) in
⋃

zi∈nε Ti,

where (ω̃ε,g
k , q̃ε,gk ) is the solution to the Stokes problem



∇xq̃
ε,g
k −∆ω̃ε,g

k = 0 in Di,

divx(ω̃
ε,g
k ) = 0 in Di,

(ω̃ε,g
k , q̃ε,gk ) = (ek, 0) on ∂B2,i,

(ω̃ε,g
k , q̃ε,gk ) =

(
ωk

(
·−εzi
aε,i

)
, 1
aε,i

qk

(
·−εzi
aε,i

))
on ∂B1,i.

Then for all p > 3
2 it holds

∥∇xq
ε,g
k ∥Lp(∪zi∈nεCi;R3) ≲ ε6(

1
p−1), (4.11)

∥∇xω
ε,g
k ∥Lp(∪zi∈nεCi;R3×3) + ∥qε,gk ∥Lp(∪zi∈nεCi) ≲

{
ε(1+2δ)(2−p) if p ≤ 2

ε3(2−p) if p > 2
, (4.12)
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∥∇xω
ε,g
k ∥Lp(∪zi∈nεAi;R3×3) + ∥qε,gk ∥Lp(∪zi∈nεAi) ≲


εδ(1−

1
p )ε

2
p−1 if p ≤ 2,

εδ(1−
1
p )ε−(1+δ)(1− 2

p ) if p > 2.

, (4.13)

∥∇xω
ε,g
k ∥Lp(Ω;R3×3) + ∥qε,gk ∥Lp(Ω) ≲


(εδ(1−

1
p ) + ε2δ(

2
p−1))ε

2
p−1 if p < 2,

εδ(1−
1
p )ε−(1+δ)(1− 2

p ) + ε3(
2
p−1) if p ≥ 2.

(4.14)

Proof. We use standard regularity theory for Stokes equations giving |∇l+1
x ωk(x)|+ |∇l

xqk(x)| ≲ |x|−(l+2), and

p > 3
2 to conclude

∥∇xqk∥pLp(R3\B1)
≲ 1, (4.15)

∥∇xωk∥pLp(R3\B1;R3×3) + ∥qk∥pLp(R3\B1)
≲ 1, (4.16)

∥∇xωk∥pLp(E0
i ;R3×3)

+ ∥qk∥pLp(E0
i )

≲

(
aε,i
dε,i

)2p−3

, (4.17)

∥∇xωk∥pLp(B 1
2
dε,ia

−1
ε,i

\B 1
4
dε,ia

−1
ε,i

;R3×3) + ∥qk∥pLp(B 1
2
dε,ia

−1
ε,i

\B 1
4
dε,ia

−1
ε,i

) ≲

(
aε,i
dε,i

)2p−3

. (4.18)

Rescaling together with (4.15), r−1
i < R−1

0 ≲ 1, and (4.9) leads to

∥∇xq
ε,g
k ∥pLp(

⋃
zi∈nε Ci;R3) =

∑
zi∈nε

a3−2p
ε,i ∥∇xqk∥pLp(B 1

2
dε,ia

−1
ε,i

\B1;R3) ≲
∑
zi∈nε

a3−2p
ε,i

=
∑
zi∈nε

aε,iε
6(1−p)r

2(1−p)
i ≲ ε6(1−p),

and (4.11) follows.

We now prove (4.12), (4.13), and (4.14). We start by noticing that, since (∇xω
ε,g
k , qε,gk ) = (0, 0) in [Ω \

(∪zi∈nεB2,i)] ∪ (∪zi∈nεTi), we have

∥∇xω
ε,g
k ∥pLp(Ω;R3×3) + ∥qε,gk ∥pLp(Ω) = ∥∇xω

ε,g
k ∥pLp(∪zi∈nεCi;R3×3) + ∥qε,gk ∥pLp(∪zi∈nεCi)

+ ∥∇xω
ε,g
k ∥pLp(∪zi∈nεDi;R3×3) + ∥qε,gk ∥pLp(∪zi∈nεDi)

.

From (4.9), (4.16), the fact that a2−p
ε,i = (ε3)(2−p)(ri)

(2−p) ≤ ε(1+2δ)(2−p), and ri ≥ R0 > 0, we find

∥∇xω
ε,g
k ∥pLp(∪zi∈nεCi;R3×3) + ∥qε,gk ∥pLp(∪zi∈nεCi)

=
∑
zi∈nε

a3−p
ε,i (∥∇xωk∥pLp(B 1

2
dε,ia

−1
ε,i

\B1;R3×3) + ∥qk∥pLp(B 1
2
dε,ia

−1
ε,i

\B1)
)

≲
∑
zi∈nε

a3−p
ε,i =

∑
zi∈nε

aε,ia
2−p
ε,i ≲

{
ε(1+2δ)(2−p) if p ≤ 2

ε3(2−p) if p > 2
.

(4.19)

This proves (4.12).

Let now (vε
k, π

ε
k) be the solution of the Stokes system

∇xπ
ε
k −∆vε

k = 0 in B2 \B1,

divx(v
ε
k) = 0 in B2 \B1,

vε
k = ωk(

1
2dε,ia

−1
ε,i ·)− ek on ∂B1,

vε
k = 0 on ∂B2.

Thus, we have that the tuple (vε
k + ek, 2d

−1
ε,i π

ε
k)(2d

−1
ε,i (· − εzi)) solves the Stokes equation in Di with boundary
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data

vε
k(2d

−1
ε,i (· − εzi)) + ek = ωk

(
· − εzi
aε,i

)
on ∂B1,i,

vε
k(2d

−1
ε,i (· − εzi)) + ek = ek on ∂B2,i.

Due to the uniqueness of the solution of the Stokes equation and by definition of (ωε,g
k , qε,gk ) we get

ωε,g
k − ek = vε

k(2d
−1
ε,i (· − zi)) in Di,

qε,gk =
2

dε,i
πε
k(2d

−1
ε,i (· − zi)) in Di.

By rescaling and appealing to [19, Theorem II.4.3 and Theorem IV.6.1], it follows that

∥∇xω
ε,g
k ∥pLp(∪zi∈nεDi;R3×3) + ∥qε,gk ∥pLp(∪zi∈nεDi)

≲
∑
zi∈nε

d3−p
ε,i ∥∇xv

ε
k∥

p
Lp(B2\B1;R3×3) + d3−p

ε,i ∥πε
k∥

p
Lp(B2\B1)

≲
∑
zi∈nε

d3−p
ε,i ∥ωk(2

−1dε,ia
−1
ε,i ·)− ek∥p

W
1− 1

p
,p
(∂B1;R3)

≲
∑
zi∈nε

d3−p
ε,i ∥(η(ωk − ek))(2

−1dε,ia
−1
ε,i ·)∥

p
W 1,p(B2\B1;R3)

=
∑
zi∈nε

a3ε,id
−p
ε,i

(
∥η(ωk − ek)∥pLp(E0

i ;R3)
+

(
1

2

dε,i
aε,i

)p

∥∇xη(ωk − ek) + η∇xωk∥pLp(E0
i ;R3×3)

)
,

(4.20)

where 0 ≤ η ≤ 1 is a cut-off function in Bdε,ia
−1
ε,i

\ B 1
2dε,ia

−1
ε,i

such that η = 0 on ∂Bdε,ia
−1
ε,i
, η = 1 on B 1

2dε,ia
−1
ε,i
,

and |∇xη| ≲ aε,i

dε,i
. Combining this with (4.17) gives

∥η(ωk − ek)∥pLp(E0
i ;R3)

+

(
1

2

dε,i
aε,i

)p

∥∇xη(ωk − ek) + η∇xωk∥pLp(E0
i ;R3×3)

≲ ∥ωk − ek∥pLp(E0
i ;R3)

+

(
dε,i
aε,i

)p

∥∇xωk∥pLp(E0
i ;R3×3)

+

(
1

2

dε,i
aε,i

)p

∥∇xη∥pL∞(E0
i ;R3)

∥ωk − ek∥pLp(E0
i )

≲ ∥ωk − ek∥pLp(E0
i ;R3)

+

(
dε,i
aε,i

)p(
dε,i
aε,i

)3−2p

.

(4.21)

Now we use |ωk(x)− ek| ≤ |x|−1 to infer

∥ωk − ek∥pLp(E0
i ;R3)

≲
∫
E0

i

1

|x|p
dx ≲

(
dε,i
aε,i

)3−p

.

This together with (4.20) and (4.21) gives us

∥∇xω
ε,g
k ∥pLp(∪zi∈nεDi;R3×3) + ∥qε,gk ∥pLp(∪zi∈nεDi)

≲
∑
zi∈nε

d−p
ε,i a

3
ε,i

(
dε,i
aε,i

)3−p

=
∑
zi∈nε

aε,i

(
aε,i
dε,i

)p−1

d2−p
ε,i

≲

{
εδp−1ε2−p if p ≤ 2

εδp−1ε−(1+δ)(p−2) if p > 2
,

(4.22)

where the last inequality follows from (4.9) and the fact that by (4.7), we have(
aε,i
dε,i

)p−1

d2−p
ε,i ≲

ε(1+2δ)(p−1)

ε(δ+1)(p−1)
ε2−p

for p > 2. Combining (4.19) with (4.22) we find (4.14). To prove (4.13), we observe that by rescaling and (4.18)
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we get

∥∇xω
ε,g
k ∥pLp(

⋃
zi∈nε B 1

2
dε,i

(εzi)\B 1
4
dε,i

(εzi);R3×3) + ∥qε,gk ∥pLp(
⋃

zi∈nε B 1
2
dε,i

(εzi)\B 1
4
dε,i

(εzi))

≲
∑
zi∈nε

a3−p
ε,i

(
∥∇xωk∥pLp(B 1

2
dε,ia

−1
ε,i

\B 1
4
dε,ia

−1
ε,i

;R3×3) + ∥qk∥pLp(B 1
2
dε,ia

−1
ε,i

\B 1
4
dε,ia

−1
ε,i

)

)
≲
∑
zi∈nε

a3−p
ε,i

(
dε,i
aε,i

)3−2p

≲
∑
zi∈nε

aε,i

(
aε,i
dε,i

)p−1

d2−p
ε,i

≲

{
εδ(p−1)ε2−p if p ≤ 2

εδ(p−1)ε−(1+δ)(p−2) if p > 2
.

This together with (4.22) and⋃
zi∈nε

Ai =
( ⋃

zi∈nε

Di

)
∪
( ⋃

zi∈nε

B 1
2dε,i

(εzi) \B 1
4dε,i

(εzi)
)

implies

∥∇xω
ε,g
k ∥pLp(∪zi∈nεAi;R3×3) + ∥qε,gk ∥pLp(∪zi∈nεAi)

≲

{
εδ(p−1)ε2−p if p ≤ 2

εδ(p−1)ε−(1+δ)(p−2) if p > 2
.

Definition 4.9. For N ∈ N we define

nεN :=
{
zi ∈ nε | dε,i ≥

ε

N

}
, ri,N := min{ri, N}, RN := {ri,N}zi∈nε

N
,

and we let (ωε,g
k,N , q

ε,g
k,N ) be the analogue of (ωε,g

k , qε,gk ) when nε is replaced by nεN .

Note that by definition we have for any zi ∈ nεN that

aε,i ≤ Nε3 and d−1
ε,i ≤ N

ε
. (4.23)

Remark 4.10. From nεN ⊂ nε and the definition of (ωε,g
k,N , q

ε,g
k,N ) and (ωε,g

k , qε,gk ), it readily follows that for all

p > 3
2 we have uniformly in N

∥∇xq
ε,g
k,N∥Lp(∪zi∈nε

N
Ci;R3) ≲ ε6(

1
p−1), ∥qε,gk,N∥Lp(∪zi∈nε

N
Ci) ≲

{
ε(1+2δ)(2−p) if p ≤ 2

ε3(2−p) if p > 2
. (4.24)

∥∇xω
ε,g
k,N∥Lp(∪zi∈nε

N
Ai;R3×3) + ∥qε,gk,N∥Lp(∪zi∈nε

N
Ai) ≲

{
εδ(1−

1
p )ε

2
p−1 if p ≤ 2,

εδ(1−
1
p )ε−(1+δ)(1− 2

p ) if p > 2.
(4.25)

∥∇xω
ε,g
k,N∥Lp(Ω;R3×3) + ∥qε,gk,N∥Lp(Ω) ≲


(εδ(1−

1
p ) + ε2δ(

2
p−1))ε

2
p−1 if p < 2,

εδ(1−
1
p )ε−(1+δ)(1− 2

p ) + ε3(
2
p−1) if p ≥ 2.

(4.26)

Before we show that the functions (ωε,g
k )1≤k≤3 from Lemma 4.8 satisfy (H5), we need some preliminary lemmas,

which we collect in the following:

Lemma 4.11. Let c ∈ (0, 1] be a fixed real number, and δ
cdε,i

i be the measure concentrated on the sphere

∂Bcdε,i(εzi), that is, δ
cdε,i

i = H2 ∂Bcdε,i(εzi). Let also σ3 be the area of the unit sphere in R3. Then, almost

surely, ∑
zi∈nε

N

(cdε,i)
−2aε,iδ

cdε,i

i → σ3⟨N 2
N
(Ω)⟩⟨rN ⟩ strongly in W−1,2(Ω), (4.27)
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∑
zi∈nε

N

(cdε,i)
−2aε,iδ

cdε,i

i (ek · ei)ei → σ3
3
⟨N 2

N
(Ω)⟩⟨rN ⟩ek strongly in W−1,2(Ω), (4.28)

where ei : x 7→ x−εzi
|x−εzi| .

Proof. To prove Lemma 4.11 we argue as in [12, Lemma 2.3] and [2, Lemma II.3.5].

Step 1: Proof of (4.27). Let pεi : Bcdε,i
(εzi) → R be the solution of


−∆pεi = −3(cdε,i)

−3aε,i in Bcdε,i(εzi), zi ∈ nε,

∂pεi
∂n

= (cdε,i)
−2aε,i on ∂Bcdε,i

(εzi).

Then pε satisfies ∫
Bcdε,i

(εzi)

−∆pεi dx = −aε,iσ3 = −
∫
∂Bcdε,i

(εzi)

∂pεi
∂n

dH2.

Hence, there exists a unique solution with pε = 0 on ∂Bcdε,i(εzi), given by

pεi (x) = 3(cdε,i)
−3aε,i

(
s2

2
−
c2d2ε,i
2

)
for x ∈ Bcdε,i

(εzi),

where s = |x− εzi|. We have

∂pεi
∂s

= 3(cdε,i)
−3aε,is in Bcdε,i(εzi). (4.29)

We define the function pεN : Ω → R via

pεN (x) :=

pεi (x) if x ∈ Bcdε,i(εzi), zi ∈ nεN ,

0 if x ∈ Ω \
⋃

zi∈nε
N
Bcdε,i

(εzi).

Hence, from (4.23), (4.29), and the definition of nεN and ri,N it follows that

|∇xp
ε
N | ≤ 3C(cdε,i)

−2aε,i ≤ CNε.

As a consequence we have for any fixed N ∈ N

pεN → 0 strongly in W 1,∞(Ω),

∆pεN → 0 strongly in W−1,∞(Ω). (4.30)

By definition we have in the sense of W−1,∞(Ω)

−∆pεN = −
∑

zi∈nε
N

3c−3d−3
ε,i aε,iχBcdε,i

(εzi) −
∑

zi∈nε
N

c−2d−2
ε,i aε,iδ

cdε,i .

Let now

ηεN =
∑

zi∈nε
N

c−3d−3
ε,i ε

3ri,NχBcdε,i
(εzi),

η̃εN =
∑

zi∈Φε
2
N

c−3d−3
ε,i ε

3ri,NχBcdε,i
(εzi).
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By [21, Lemma 5.3], it follows that for every ξ ∈ C1
0 (Ω) almost surely

lim
ε→0

∫
Ω

η̃εNξ dx = lim
ε→0

∑
zi∈Φε

2
N

(
ε

cdε,i

)3

ri,N

∫
Bcdε,i

(εzi)

ξ dx

=
σ3
3
⟨N 2

N
(Ω)⟩⟨rN ⟩

∫
Ω

ξ dx.

Thus, we proved that

η̃εN
∗−⇀ σ3

3
⟨N 2

N
(Ω)⟩⟨rN ⟩ in L∞(Ω) almost surely. (4.31)

Furthermore,

η̃εN − ηεN
∗−⇀ 0 in L∞(Ω) almost surely. (4.32)

Indeed, we have nεN ⊂ Φε
2
N

and dist(εzi,Ω
ε
b) <

ε
N for each zi ∈ Φε

2
N

\ nεN . Let ξ ∈ C1
0 (Ω), then we get

∣∣∣∣∫
Ω

(η̃εN − ηεN )ξ dx

∣∣∣∣ ≲ ∑
zi∈Φε

2
N

\nε
N

c−3d−3
ε,i ε

3ri,N

∫
Bcdε,i

(εzi)

ξ dx ≲
∑

zi∈Φε
2
N

\nε
N

∥ξ∥L∞(Ω)ε
3N

≲ Nε3#{zi ∈ Φε
2
N

| dist(εzi,Ωε
b) ≤

ε

N
}.

Lemma 3.1 in [20] implies that the right-hand side vanishes as ε→ 0. By (4.31) and (4.32), we deduce

ηεN
∗−⇀ σ3

3
⟨N 2

N
(Ω)⟩⟨rN ⟩ in L∞(Ω) almost surely and hence strongly in W−1,∞(Ω). (4.33)

By the strong convergences in (4.30), we get for fixed N ∈ N∑
zi∈nε

N

c−2d−2
ε,i aε,iδ

cdε,i → σ3⟨N 2
N
(Ω)⟩⟨rN ⟩ in W−1,∞(Ω) strongly almost surely,

which shows (4.27).

Step 2: Proof of (4.28). Let pε
i,k : Bcdε,i(εzi) → R3 be the solution of

−∆pε
i,k = −(cdε,i)

−3aε,iek in Bcdε,i
(εzi),

∂pε
i,k

∂n
= (cdε,i)

−2aε,i(ek · ei)ei on ∂Bcdε,i
(εzi).

Then pε
i,k satisfies

∫
Bcdε,i

(εzi)

−∆pε
i,k dx = −aε,i

σ3
3
ek = −

∫
∂Bcdε,i

(εzi)

∂pε
i,k

∂n
ds.

Thus, there exists a unique solution, up to an additive constant, given by

pε
i,k(x) =

1

2
(cdε,i)

−3aε,i(x− εzi)kre
i(x) =

1

2
(cdε,i)

−3aε,is
2(ek · ei)ei for x ∈ Bcdε,i

(εzi),
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where s = |x− εzi|. We get

∂pε
i,k

∂s
= (cdε,i)

−3aε,is(ek · ei)ei = (cdε,i)
−2aε,i(ek · ei)ei on ∂Bcdε,i

(εzi).

Next, we are searching a function tεi,k : Bεdε,i(εzi) → R3 satisfying

pε
i,k = tεi,k on ∂Bcdε,i

(εzi),

∂tεi,k
∂n

= 0 on ∂Bcdε,i
(εzi).

(4.34)

The unique solution of this system is given by

tεi,k = (cdε,i)
−3aε,i

s2(3cdε,i − 2s)

2cdε,i
(ek · ei)ei.

For its Laplacian we compute

∆tεi,k = ((3cdε,i − 2s)ek − 6s(ek · ei)ei)c−4d−4
ε,i aε,i.

Hence, from (4.23) we conclude

|∆tεi,k| ≤ 9c−3d−3
ε,i aε,i ≲ CN . (4.35)

Let rεN,k : Ω → R3 be given by

rεN,k :=


pε
i,k − tεi,k in Bcdε,i

(εzi), zi ∈ nεN ,

0 in Ω \
⋃

i∈nε
N
Bcdε,i(εzi),

in other words,

rεN,k(x) = s2c−3d−3
ε,i aε,i

(
r

cdε,i
− 1

)
(ek · ei)ei in Bcdε,i

(εzi).

Using (4.23) we get

|∇xr
ε
N,k| ≲ d−2

ε,i aε,i ≲ CNε.

As a consequence we have for any fixed N ∈ N

rεN,k → 0 strongly in W 1,∞(Ω;R3),

∆rεN,k → 0 strongly in W−1,∞(Ω;R3).
(4.36)

Moreover, by definition we find in the sense of W−1,∞(Ω;R3)

−∆rεN,k = −ηεNek −
∑

zi∈nε
N

χε
Bcdε,i

(εzi)
∆tεi,k +

∑
zi∈nε

N

c−2d−2
ε,i aε,iδ

cdε,i(ek · ei)ei. (4.37)

With (4.34) and (4.35), we have
∑

zi∈nε
N
χε
Bcdε,i

(εzi)
∆tεi,k ∈ L∞(Ω;R3) uniformly in ε > 0 and

∫
Ω

∑
zi∈nε

N

χε
Bcdε,i

(εzi)
∆tεi,k dx =

∑
zi∈nε

N

∫
Bcdε,i

(εzi)

∆tεi,k dx =
∑

zi∈nε
N

∫
∂Bcdε,i

(εzi)

∂tεi,k
∂n

= 0.
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Thus, ∑
zi∈nε

N

χε
Bcdε,i

(εzi)
∆tεi,k

∗−⇀ 0 in L∞(Ω;R3) almost surely,

∑
zi∈nε

N

χε
Bcdε,i

(εzi)
∆tεi,k → 0 strongly in W−1,∞(Ω;R3). (4.38)

We conclude (4.28) with (4.33), (4.36), (4.37), and (4.38) since a.s.∑
zi∈nε

N

c−2d−2
ε,i aε,iδ

cdε,i(ek · ei)ei → σ3
3
⟨N 2

N
(Ω)⟩⟨rN ⟩ek strongly in W−1,∞(Ω;R3).

Lemma 4.12. Assume that Ma(ε) obeys (4.3). Let vε ∈ L2(0, T ;W 1,2
0 (Ωε;R3)) be such that (2.17)–(2.20) hold

for some v ∈ L2(0, T ;W 1,2
0 (Ω;R3)). Then, for every N ∈ N and every ψ ∈ C∞

c ((0, T )× Ω), we have

lim
ε→0

∫ τ

0

∫
Ω

qε,gk,Nψdivx(vε) dx dt = 0 for a.e. τ ∈ [0, T ].

Proof. Let ξ ∈ C∞
c (R3) be a cut-off function such that ξ ≡ 1 in B 1

4
and ξ ≡ 0 in R3 \B 1

2
. Then, we define

ξε(x) :=

{
ξ(x−εzi

dε,i
) in B1,i, zi ∈ nεN ,

0 in Ω \ (
⋃

zi∈nε
N
B1,i),

(4.39)

hence |∇xξε| ≲ d−1
ε,i . By the assumed form of divxvε in (2.17) we may write∫ τ

0

∫
Ω

qε,gk,Ndivx(vε)ψ dxdt =

∫ τ

0

∫
Ω

qε,gk,Nξεdivx(vε)ψ dx dt+

∫ τ

0

∫
Ω

qε,gk,N (1− ξε)divx(vε)ψ dxdt

= −
∫ τ

0

∫
Ω

∇x(q
ε,g
k,Nξεψ)hε dx dt−

∫ τ

0

∫
Ω

qε,gk,Nξεgε∂tψ dxdt (4.40)

+

∫
Ω

qε,gk,Nξεgε(τ, ·)ψ(τ, ·) dx+

∫ τ

0

∫
Ω

qε,gk,N (1− ξε)divx(vε)ψ dxdt.

Note that (4.3) in particular implies limε→0 Ma(ε) = 0, hence from (2.17) we have ∥divx(vε)∥L2(0,T ;L2(Ω)) ≲ 1.

This together with (4.25) yields∣∣∣∣∣
∫ τ

0

∫
Ω

qε,gk,N (1− ξε)divx(vε)ψ dx dt

∣∣∣∣∣ ≲
∫ τ

0

∫
Ω\

⋃
zi∈nε

N
B 1

4
dε,i

(εzi)

|qε,gk,N ||divx(vε)|dxdt

≲ ∥qε,gk,N∥L2(
⋃

zi∈nε
N

Ai)∥divx(vε)∥L2(0,T ;L2(Ω)) ≲ ε
δ
2 ,

which in turn implies that the last term on the right-hand side of (4.40) vanishes as ε→ 0.

Since ξε is bounded in L∞(Ω) and by (2.19), (2.20), we find for the second and third term in (4.40) and for

γ < 2∣∣∣∣∫ τ

0

∫
Ω

qε,gk,Nξεgε∂tψ dx dt

∣∣∣∣+ ∣∣∣∣∫
Ω

qε,gk,Nξεgε(τ, ·)ψ(τ, ·) dx
∣∣∣∣

≲ ∥ξε∥
L

7
3 (Ω)

∥gεχMε∥L∞((0,T )×Ω)∥qε,gk,N∥
L

7
4 (Ω)

+ ∥ξε∥L∞(Ω)∥gεχMc
ε
∥L∞(0,T ;Lγ(Ω))∥qε,gk,N∥

L
γ

γ−1 (Ω)

≲ ∥qε,gk,N∥
L

7
4 (Ω)

+ ∥qε,gk,N∥
L

γ
γ−1 (Ω)

Ma(ε)
2
γ

≲ (ε
δ
γ ε−

(1+δ)(2−γ)
γ + ε−

3(2−γ)
γ )Ma(ε)

2
γ ≲ ε−

3(2−γ)
γ Ma(ε)

2
γ ,

where γ
γ−1 > 2 > 3

2 for any 3
2 < γ < 2, and the last inequality comes from the fact that (δ − δ(2 − γ)) =

δ(γ − 1) > 0. Consequently, seeing that also −3γ−1(2 − γ) ∈ (−1, 0) for any γ ∈ ( 32 , 2), the right-hand side
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vanishes due to (4.3).

For γ ≥ 2 we have∣∣∣∣∫ τ

0

∫
Ω

qε,gk,Nξεgε∂tψ dx dt

∣∣∣∣+ ∣∣∣∣∫
Ω

qε,gk,Nξεgε(τ, ·)ψ(τ, ·) dx
∣∣∣∣

≲ ∥ξε∥
L

7
3 (Ω)

∥gεχMε∥L∞((0,T )×Ω)∥qε,gk,N∥
L

7
4 (Ω)

+ ∥ξε∥
L

2γ
γ−2 (Ω)

∥gεχMc
ε
∥L∞(0,T ;Lγ(Ω))∥qε,gk,N∥L2(Ω)

≲ ε
3δ
7 + ε

1+2δ
7 +Ma(ε)

2
γ ,

and the right-hand side vanishes as ε→ 0.

Focusing on the first term in (4.40), for γ < 3, we can use (4.24), since 6γ
5γ−6 ≥ 2 > 3

2 , and ∥hε∥
L2(0,T ;L

6γ
γ+6 (Ωε;R3))

≲

Ma(ε)min{ 2
γ ,1} to get∣∣∣∣∣

∫ τ

0

∫
Ω

∇x(q
ε,g
k,Nξεψ)hε dxdt

∣∣∣∣∣ ≲ ∥∇x(q
ε,g
k,Nξεψ)∥

L2(0,T ;L
6γ

5γ−6 (
⋃

zi∈nε
N

Ci))
∥hε∥

L2(0,T ;L
6γ

6+γ (Ω;R3))

≲

(
∥∇xq

ε,g
k,N∥

L
6γ

5γ−6 (
⋃

zi∈nε
N

Ci;R3)
+

1

dε,i
∥qε,gk,N∥

L
6γ

5γ−6 (
⋃

zi∈nε
N

Ci)

)
Ma(ε)min{ 2

γ ,1}

≲
(
ε−

γ+6
γ + ε−(1+δ)ε6

)
Ma(ε)min{ 2

γ ,1} ≲ ε−
γ+6
γ Ma(ε)min{ 2

γ ,1},

(4.41)

where we used that on each Ci

|∇x(q
ε,g
k,Nξεψ)| ≲ |ξε||ψ||∇xq

ε,g
k,N |+ |∇xξε||ψ||qε,gk,N |+ |ξε||∇xψ||qε,gk,N | ≲ |∇xq

ε,g
k,N |+ 1

dε,i
|qε,gk,N |.

By assumption (4.3) the right-hand side of (4.41) vanishes for ε→ 0.

Finally, for γ ≥ 3, we can use (4.24), 6γ
5γ−6 ≤ 2, and ∥hε∥

L2(0,T ;L
6γ

γ+6 (Ωε;R3))
≲ Ma(ε)min{ 2

γ ,1} to get

∣∣∣∣∣
∫ τ

0

∫
Ω

∇x(q
ε,g
k,Nξεψ)hε dxdt

∣∣∣∣∣ ≲ ∥∇x(q
ε,g
k,Nξεψ)∥

L2(0,T ;L
6γ

5γ−6 (
⋃

zi∈nε
N

Ci;R3))
∥hε∥

L2(0,T ;L
6γ

6+γ (Ω;R3))

≲

(
∥∇xq

ε,g
k,N∥

L
6γ

5γ−6 (
⋃

zi∈nε
N

Ci;R3)
+

1

dε,i
∥qε,gk,N∥

L
6γ

5γ−6 (
⋃

zi∈nε
N

Ci)

)
Ma(ε)min{ 2

γ ,1}

≲

(
∥∇xq

ε,g
k,N∥L2(

⋃
zi∈nε

N
Ci;R3) +

1

dε,i
∥qε,gk,N∥L2(

⋃
zi∈nε

N
Ci)

)
Ma(ε)min{ 2

γ ,1}

≲
(
ε−3 + ε−(1+δ)

)
Ma(ε)min{ 2

γ ,1} ≲ ε−3Ma(ε)min{ 2
γ ,1},

(4.42)

By assumption (4.3) the right-hand side of (4.42) vanishes for ε→ 0 and therefore the right-hand side of (4.40)

does as well.

Having the above lemmas at hand, we can now show:

Lemma 4.13. Assume that Ma(ε) obeys (4.3). Let (ωε,g
k , qε,gk )1≤k≤3 be the pairs of functions from Lemma 4.8.

Then there exist µk ∈W−1,∞(Ω;R3), k ∈ {1, 2, 3}, such that the pairs (ωε,g
k ,µk)1≤k≤3 satisfy (H5).

Proof.
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Step 1: First, we show that there exist µk,N such that (H5) holds for (ωε,g
k,N ,µk,N ), where ωε,g

k,N is given in

Definition 4.9. To this end, we start in rewriting∫ τ

0

∫
Ω

∇xω
ε,g
k,N : ∇x(ψvε) dxdt =

∫ τ

0

∫
Ω

∇xω
ε,g
k,N : ∇x(ψvε)− qε,gk,Ndivx(ψvε) dxdt

+

∫ τ

0

∫
Ω

qε,gk,Nvε · ∇xψ dxdt+

∫ τ

0

∫
Ω

ψqε,gk,Ndivx(vε) dxdt.

(4.43)

The first term of the right-hand side becomes∫ τ

0

∫
Ω

∇xω
ε,g
k,N : ∇x(ψvε)− qε,gk,Ndivx(ψvε) dxdt = −

∫ τ

0

∫
⋃

zi∈nε
N

Ci

(∆ωε,g
k,N −∇xq

ε,g
k,N ) · (ψvε) dxdt

+

∫ τ

0

∫
Ω

 ∑
zi∈nε

N

(
∂ωε,g

k,N

∂si
− eiqε,gk,N

)
δ

dε,i
2

i

 · (ψvε) dx dt

+

∫ τ

0

∫
⋃

zi∈nε
N

Di

(∇xω
ε,g
k,N : ∇x(ψvε)− qε,gk,Ndivx(ψvε)) dx dt,

where si = |x− εzi| is the radial coordinate and ei : x 7→ x−εzi
|x−εzi| the unit vector of x ∈ Bcdε,i(εzi) in Bcdε,i(εzi).

Due to the definition of ωε,g
k,N and qε,gk,N , the first term on the right-hand side above vanishes identically. For the

last term we get from (4.25)∣∣∣∣∣
∫ τ

0

∫
⋃

zi∈nε
N

Di

∇xω
ε,g
k,N : ∇x(ψvε)− qε,gk,Ndivx(ψvε) dx dt

∣∣∣∣∣
≲ (∥∇xω

ε,g
k,N∥L2(Ω;R3) + ∥qε,gk,N∥L2(Ω))∥vε∥L2(0,T ;W 1,2(Ω;R3)) ≲ ε

δ
2 .

Hence, this term vanishes for ε→ 0. Next, we define

µε
k,N :=

∑
zi∈nε

N

(
∂ωε,g

k,N

∂si
− eiqε,gk,N

)
δ

dε,i
2

i ,

and show that ∫ τ

0

∫
Ω

µε
k,N · (ψvε) dxdt→

∫ τ

0

∫
Ω

µk,N · (ψv) dxdt, (4.44)

where

µk,N = 2σ3⟨N 2
N
(Ω)⟩⟨rN ⟩Fk, Fk =

∫
∂B1

(
∂ωk

∂n
− qkn

)
dH2.

By invoking [4, Lemma 2.3.5] we get(
∂ωε,g

k,N

∂si
− eiqε,gk,N

)∣∣∣∣∣
si=

dε,i
2

=
1

aε,i

(
∂ωk

∂si
− eiqk

) ∣∣∣∣∣
si=

dε,i
2aε,i

=
2aε,i
σ3d2ε,i

[Fk + 3(Fk · ei)ei] +Rε,

where

∥Rε∥L∞(Ω) ≲
a2ε,i
d3ε,i

≲ εδd−2
ε,i aε,i.

Now by Lemma 4.11 it follows that

∑
zi∈nε

N

(
dε,i
2

)−2

aε,i[Fk + 3(Fk · ei) · ei]δ
dε,i
2

i → 2σ3⟨N 2
N
(Ω)⟩⟨rN ⟩Fk strongly in W−1,2(Ω;R3) a.s.
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For the remaining term we have

−4C
∑

zi∈nε
N

εδd−2
ε,i aε,iδ

dε,i/2
i ≤

∑
zi∈nε

N

Rε(x) · ekδ
dε,i/2
i ≤ 4C

∑
zi∈nε

N

εδd−2
ε,i aε,iδ

dε,i/2
i .

By adding 4C
∑

zi∈nε
N
εδd−2

ε,i aε,iδ
dε,i/2
i on both sides we get

0 ≤
∑

zi∈nε
N

Rε(x) · ekδ
dε,i/2
i + 4C

∑
zi∈nε

N

εδd−2
ε,i aε,iδ

dε,i/2
i ≤ 8C

∑
zi∈nε

N

εδd−2
ε,i aε,iδ

dε,i/2
i .

Note that Lemma 4.11 enforces

4
∑

zi∈nε
N

εδd−2
ε,i aε,iδ

dε,i/2
i → 0 strongly in W−1,2(Ω) a.s.

Using [4, Lemma 2.3.8] we deduce that∑
zi∈nε

N

Rε(x) · ekδ
dε,i/2
i + 4C

∑
zi∈nε

N

d−2
ε,i aε,iδ

dε,i/2
i → 0 strongly in W−1,2(Ω) a.s.,

and finally ∑
zi∈nε

N

Rε(x) · ekδ
dε,i/2
i → 0 strongly in W−1,2(Ω) a.s.

Therefore, we find

µε
k,N → µk,N strongly in W−1,2(Ω;R3) a.s.,

and (4.44) is proven. Using moreover qε,gk,N → 0 strongly in L
6
5 (Ω) and vε ⇀ v weakly in L2(0, T ;W 1,2(Ω;R3)),

we additionally get that ∫ τ

0

∫
Ω

qε,gk,N∇xψ · vε dx dt→ 0.

Combining this with Lemma 4.12, the last two terms in (4.43) vanish, which concludes the proof of this first

step.

Step 2: We prove that (H5) holds true for ωε,g
k and

µk = 2σ3λ⟨r⟩Fk, Fk =

∫
∂B1

(
∂ωk

∂n
− qkn

)
dH2. (4.45)

This follows arguing as in the proof of [20, Lemma 2.5]. Indeed, for each N ∈ N we have

lim sup
ε→0

∣∣∣∣∫ τ

0

∫
Ω

∇xω
ε,g
k : ∇x(ψvε) dx dt−

∫ τ

0

∫
Ω

µk · (ψv) dxdt
∣∣∣∣

≲

∣∣∣∣∫ τ

0

∫
Ω

(µk,N − µk) · (ψv) dx dt
∣∣∣∣+ lim sup

ε→0

∣∣∣∣∫ τ

0

∫
Ω

∇x(ω
ε,g
k − ωε,g

k,N ) : ∇x(ψvε) dxdt

∣∣∣∣
+ lim sup

ε→0

∣∣∣∣∫ τ

0

∫
Ω

∇xω
ε,g
k,N : ∇x(ψvε) dxdt−

∫ τ

0

∫
Ω

µk,N · (ψv) dxdt
∣∣∣∣

≲

∣∣∣∣∫ τ

0

∫
Ω

(µk,N − µk) · (ψv) dx dt
∣∣∣∣+ lim sup

ε→0

∑
zi∈nε

∥∇x(ω
ε,g
k − ωε,g

k,N )∥L2(Bdε,i
(εzi)).
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In the last inequality we used that (H5) holds for ωε,g
k,N and that due to the definition of ωε,g

k and ωε,g
k,N we have

supp(ωε,g
k − ωε,g

k,N ) ⊂
⋃

zi∈nε
N

ri≥N

Bdε,i
(εzi) ∪

⋃
zi∈nε\nε

N

Bdε,i
(εzi),

ωε,g
k − ωε,g

k,N = ωε,g
k − ek in

⋃
zi∈nε\nε

N

Bdε,i(εzi).

Therefore, it follows along with Lemma 4.8 that∑
zi∈nε

∥∇x(ω
ε,g
k − ωε,g

k,N )∥L2(Bdε,i
(εzi);R3×3)

≲
∑

zi∈nε
N

ri≥N

(∥∇xω
ε,g
k ∥L2(Bdε,i

(εzi);R3×3) + ∥∇xω
ε,g
k,N∥L2(Bdε,i

(εzi);R3×3)) +
∑

zi∈nε\nε
N

∥∇xω
ε,g
k ∥L2(Bdε,i

(εzi);R3×3)

≲
∑

zi∈nε
N

ri≥N

ε3(ri + ri,N ) +
∑

zi∈nε\nε
N

ε3ri ≲
∑
zi∈nε

ε3ri1ri≥N +
∑

zi∈nε\nε
N

ε3ri. (4.46)

The Strong Law of Large Numbers (Lemma 4.6) yields that

lim
ε→0

ε3
∑
zi∈nε

ri1ri≥N = ⟨r1r≥N ⟩.

We use [4, Lemma C.1], (4.6) and nεN ⊂ nε to conclude

lim
N→∞

lim
ε→0

ε3#(nε \ nεN ) = lim
N→∞

λ|Ω| − ⟨N 2
N
(Ω)⟩ = 0, (4.47)

showing that (4.46) vanishes for ε→ 0 and N → ∞. We conclude Step 2 by arguing that almost surely

lim
N→∞

∣∣∣∣∫ τ

0

∫
Ω

(µk,N − µk) · (ψv) dxdt
∣∣∣∣ = 0. (4.48)

Indeed, with [4, Lemma C.1] we get

lim
N→∞

⟨N 2
N
(Ω)⟩ = λ|Ω|,

and by (4.2) we have

lim
N→∞

⟨rN ⟩ = ⟨r⟩.

This proves that

µk,N
N→∞−−−−⇀ µk weakly in W−1,2(Ω;R3),

which in turn shows (4.48).

In order to define finally the functions ωε
k, we still need to define the “bad” functions ωε,b

k . Let Ψ ∈ C∞(Ω;R3)

with divxΨ = 0. We recall from Lemma 4.5 that

Ωε
b =

⋃
zi∈Jε

Bθλε
i ε

3ri(εzi)

and Jε =
⋃kmax

k=−3 J
ε
k , where for each k the set of centers Jε

k is such that the corresponding balls are pairwise

disjoint. Let then Rj , BR,j , Bθ,j ,Wj be defined as in (4.10). We will define the “bad” functions Ψε
b recursively:
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For all 0 ≤ i ≤ kmax + 3 let Ψ−1
ε := Ψ and Ψi

ε be given by

Ψi
ε :=


Ψi−1

ε in Ω \
⋃

zj∈Jε
kmax−i

Bθ,j ,

Ψi−1
ε +Ψi

j,ε

(
·−εzj
ε3Rj

)
in Wj for all zj ∈ Jε

kmax−i,

0 in BR,j for all zj ∈ Jε
kmax−i,

where (Ψi
j,ε, π

i
j,ε) is the weak solution of

∆Ψi
j,ε −∇xπ

i
j,ε = 0 in Bθ \B1,

divxΨ
i
j,ε = 0 in Bθ \B1,

Ψi
j,ε = −Ψi−1

ε (ε3Rj ·+εzj) on ∂B1,

Ψi
j,ε = 0 on ∂Bθ.

Finally, set Ψε
b := Ψkmax+3

ε . With this definition, we can show:

Lemma 4.14. Ψε
b satisfies

∥∇x(Ψ
ε
b −Ψ)∥pLp(Ω;R3×3) ≲

{
ε6(2−p)δ for 1 < p ≤ 2

ε3(2−p) for p > 2
almost surely, (4.49)

and

lim
ε→0

∥∇x(Ψ
ε
b −Ψ)∥2L2(Ω;R3×3) = 0 almost surely. (4.50)

Proof. We observe that for all 0 ≤ i ≤ kmax + 3

∥Ψi
ε∥C0(Ω;R3) ≲ ∥Ψ∥C0(Ω;R3). (4.51)

In the next step we show by induction that for all 0 ≤ i ≤ kmax + 3 there holds

∥∇x(Ψ−Ψi
ε)∥

p
Lp(Ω;R3×3) ≲

∑
zj∈

⋃i
k=0 Jε

kmax−k

(∥∇xΨ∥pLp(Bθ,j ;R3×3) + (ε3Rj)
3−p∥Ψ∥pC0(Ω;R3)). (4.52)

Let i = 0, then we have by definition for all zj ∈ Jε
kmax

∥∇x(Ψ−Ψ0
ε)∥Lp(BR,j ;R3×3) = ∥∇xΨ∥Lp(BR,j ;R3×3), ∥∇x(Ψ−Ψ0

ε)∥Lp(Ω\
⋃

zj∈Jε
kmax

Bθ,j ;R3×3) = 0.

Let η be a cut-off function on Wi with η = 0 on ∂Bθ,i, η = 1 on ∂BR,j , and |∇xη| ≲ (ε3Rj)
−1. By [19, Theorem

II.4.3. and Theorem IV.6.1.] and (4.51) we have

∥∇x(Ψ−Ψ0
ε)∥

p
Lp(Wj ;R3×3) = (ε3Rj)

3−p∥∇xΨ
0
j,ε∥

p
Lp(Bθ\B1;R3×3)

≲ (ε3Rj)
3−p∥(ηΨ)(ε3Rj ·+εzi)∥p

W
1− 1

p
,p
(∂(Bθ\B1);R3)

≲ (ε3Rj)
3−p∥(ηΨ)(ε3Rj ·+εzi)∥pW 1,p(Bθ\B1;R3)

≲ (ε3Rj)
−p∥ηΨ∥pLp(Wj ;R3) + ∥∇x(ηΨ)∥pLp(Wj ;R3)

≲ (ε3Rj)
−p∥Ψ∥pLp(Wj ;R3) + ∥∇xΨ∥pLp(Wj ;R3)

≲ (ε3Rj)
3−p∥Ψ∥pC0(Ω;R3) + ∥∇xΨ∥pLp(Wj ;R3),

(4.53)

where we used that ∇xΨ
0
j,ε and (ηΨ)(ε3Rj ·+εzi) fulfill the same boundary conditions in Bθ \B1. Thus,

∥∇x(Ψ−Ψ0
ε)∥

p
Lp(Ω;R3×3) ≲

∑
zj∈Jε

kmax

(∥∇xΨ∥pLp(Bθ,j ;R3×3) + (ε3Rj)
3−p∥Ψ∥pC0(Ω;R3)).
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Assume now (4.52) being true for i− 1 and we want to prove it for i. By definition we have for all zj ∈ Jε
kmax−i

∥∇x(Ψ
i−1
ε −Ψi

ε)∥Lp(BR,j ;R3×3) = ∥∇xΨ
i−1
ε ∥Lp(BR,j ;R3×3), ∥∇x(Ψ

i−1
ε −Ψi

ε)∥Lp(Ω\
⋃

zj∈Jε
kmax−i

Bθ,j ;R3×3) = 0.

Using (4.51) and the same arguments as in (4.53), we have for the difference between the gradients of Ψi−1
ε and

Ψi
ε

∥∇x(Ψ
i−1
ε −Ψi

ε)∥
p
Lp(Wj ;R3×3) = (ε3Rj)

3−p∥∇xΨ
i
j,ε∥

p
Lp(Bθ\B1;R3×3)

≲ (ε3Rj)
3−p∥Ψi−1

ε ∥pC0(Ω;R3) + ∥∇xΨ
i−1
ε ∥pLp(Wj ;R3×3)

≲ (ε3Rj)
3−p∥Ψ∥pC0(Ω;R3) + ∥∇xΨ

i−1
ε ∥pLp(Wj ;R3×3).

This leads to

∥∇x(Ψ
i−1
ε −Ψi

ε)∥
p
Lp(Ω;R3×3) ≲

∑
zj∈Jε

kmax−i

(∥∇xΨ
i−1
ε ∥pLp(Bθ,j ;R3×3) + (ε3Rj)

3−p∥Ψ∥pC0(Ω;R3))

such that we get for the difference between the gradients of Ψ and Ψi
ε

∥∇x(Ψ−Ψi
ε)∥

p
Lp(Ω;R3×3) ≲ ∥∇x(Ψ−Ψi−1

ε )∥pLp(Ω;R3×3)

+
∑

zj∈Jε
kmax−i

(∥∇xΨ
i−1
ε ∥pLp(Bθ,j ;R3×3) + (ε3Rj)

3−p∥Ψ∥pC0(Ω;R3))

≲ ∥∇x(Ψ−Ψi−1
ε )∥pLp(Ω;R3×3)

+
∑

zj∈Jε
kmax−i

(∥∇x(Ψ
i−1
ε −Ψ)∥pLp(Bθ,j ;R3×3) + (ε3Rj)

3−p∥Ψ∥pC0(Ω;R3) + ∥∇xΨ∥pLp(Bθ,j ;R3×3))

≲ ∥∇x(Ψ−Ψi−1
ε )∥pLp(Ω;R3×3) +

∑
zj∈Jε

kmax−i

(∥∇xΨ∥pLp(Bθ,j ;R3×3) + (ε3Rj)
3−p∥Ψ∥pC0(Ω;R3)).

Since (4.52) holds for i− 1 we deduce

∥∇x(Ψ−Ψi
ε)∥

p
Lp(Ω;R3×3) ≲

∑
zj∈

⋃i
k=0 Jε

kmax−k

(∥∇xΨ∥pLp(Bθ,j ;R3×3) + (ε3Rj)
3−p∥Ψ∥pC0(Ω;R3)) (4.54)

and (4.52) is proven. For i = kmax + 3, being rj ≥ R0 > 0, ε3Rj ≤ Λε6δ, and λεj ∈ [1,Λ], we have

∥∇x(Ψ
ε
b −Ψ)∥pLp(Ω;R3×3) = ∥∇x(Ψ

kmax+3
ε −Ψ)∥pLp(Ω;R3×3)

≲
∑

zj∈Jε

(∥∇xΨ∥pLp(Bθ,j ;R3×3) + (ε3Rj)
3−p∥Ψ∥pC0(Ω;R3))

≲ ε12δε3
∑

zj∈Jε

rj + ε3(2−p)ε3
∑

zj∈Jε

r3−p
j

≲ ε3
∑

zj∈Jε

rj ·

{
(ε12δ + ε6(2−p)δ) for 1 < p ≤ 2,

(ε12δ + ε3(2−p)) for p > 2.

Since Jε ⊂ Iε and nε = Φε(Ω) \ Iε we get from Lemma 4.4 that ε3#Jε → 0 almost surely if ε → 0. This

together with the Strong Law of Large Numbers Lemma 4.6 implies that

lim
ε→0

ε3
∑
zi∈Jε

ri = 0 almost surely.
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Consequently, we obtain

∥∇x(Ψ
ε
b −Ψ)∥pLp(Ω;R3×3) ≲

{
ε6(2−p)δ for 1 < p ≤ 2

ε3(2−p) for p > 2
almost surely,

and

lim
ε→0

∥∇x(Ψ
ε
b −Ψ)∥2L2(Ω;R3×3) = 0 almost surely.

Definition 4.15. We choose Ψ(x) = ek in Lemma 4.14 and define ωε,b
k := Ψε

b and ωε
k := ωε,g

k + ωε,b
k − ek.

Proposition 4.16. Assume that Ma(ε) obeys (4.3). The functions (ωε
k,µk) satisfy (H1)–(H5), where µk is

given by (4.45).

Proof. (H1) and (H2) are valid through the definition of ωε,g
k and ωε,b

k . Since ωε,g
k ⇀ ek weakly in W 1,2(Ω;R3)

(Lemma 4.8) and ωε,b
k → ek strongly in W 1,2(Ω;R3) (Lemma 4.14) hold, (H3) is valid. (H4) is true due to the

definition of µk. Finally, (H5) holds due to Lemma 4.13 and (4.50).

4.3 Construction of test functions in the random setting

In this last section we prove that, if Ma(ε) obeys (4.3), then the following holds: for a given ϕ ∈ C∞
c (Ω;R3)

with divxϕ = 0 there exists a sequence (ϕε)ε>0 that satisfies (M2) and (2.21) with M = (µi
k)1≤k,i≤3 given by

µi
k := µk · ei and µk = 2σ3λ⟨r⟩Fk.

Lemma 4.17. Assume Ma(ε) obeys (4.3). Then for every ϕ ∈ C∞
c (Ω;R3) with divxϕ = 0 there exists a

sequence (ϕε)ε>0 that satisfies ϕε = 0 in Ω \ Ωε, (2.13)–(2.16) and (2.21). Moreover, almost surely,

∥∇x(ϕε − ϕ)∥pLp(Ω;R3×3) ≲


ε6(2−p)δ + ε(1+2δ)(2−p) + ε2−p+(p−1)δ for 1 < p ≤ 2,

ε3(2−p) + ε2−p+δ for p > 2.

(4.55)

Remark 4.18. Note that (4.55) combined with (4.3) yields (2.16). Indeed, (2.16) requires p = 3γ
2γ−3 . Plugging

into (4.55), we find 3(2− p) = 3 γ−6
2γ−3 , which is the last term of the exponent given in (4.3).

Proof. The construction of (ϕε)ε>0 that satisfy ϕε = 0 in Ω \ Ωε, (2.13), and

ϕε ⇀ ϕ weakly in W 1,2(Ω;R3),

is done in [20, Lemma 2.5.]. We repeat the construction to show that also (2.15), (2.21), and (4.55) hold. This

in turn implies the validity of (2.14).

Step 1: Validity of (4.55). Let θ > 1 be fixed. Let Hε
g , H

ε
b,Ω

ε
b be given as in Lemma 4.4 and Lemma 4.5.

We split our domain into two parts Ω = Ωε
b ∪ (Ω \ Ωε

b). Next, we define

ϕε :=

{
ϕε

b in Ωε
b,

ϕε
g in Ω \ Ωε

b,

with ϕε
b and ϕε

g constructed as follows.
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Construction of ϕε
b and control over ∥∇x(ϕ

ε
b − ϕ)∥pLp(Ω;R3×3). We choose Ψ = ϕ in Lemma 4.14 and

define ϕε
b := Ψε

b.

Construction of ϕε
g and control over ∥∇x(ϕ

ε
g−ϕ)∥pLp(Ω;R3×3). For each zi ∈ nε let (ϕi

1,ε, π
i
ε) and (ϕi

2,ε, q
i
ε)

be the unique weak solutions to
∆ϕi

1,ε −∇xπ
i
ε = 0 in R3 \B1,

divxϕ
i
1,ε = 0 in R3 \B1,

ϕi
1,ε = ϕ(aε,i ·+εzi) on ∂B1,

ϕi
1,ε → 0 for |x| → ∞,

and


∆ϕi

2,ε −∇xq
i
ε = 0 in B2 \B1,

divxϕ
i
2,ε = 0 in B2 \B1,

ϕi
2,ε = ϕi

1,ε

(
dε,i·
2aε,i

)
on ∂B1,

ϕi
2,ε = 0 on ∂B2,

respectively. Recalling the sets Ti, Ci, Di, B2,i from (4.8), we now define

ϕε
g :=


0 in Ti,

ϕ− ϕi
1,ε

(
·−εzi
aε,i

)
in Ci,

ϕ− ϕi
2,ε

(
2(·−εzi)

dε,i

)
in Di,

ϕ in Ω \
⋃

zi∈nε B2,i.

By [31, Theorem 7.1.] and [19, Theorem II.4.3.] we have

∥∇xϕ
i
1,ε∥

p
Lp(R\B1;R3×3) ≲ ∥ϕ(aε,i · −zi)∥p

W
1− 1

p
,p
(∂B1;R3)

≲ ∥ϕ(aε,i · −zi)∥pW 1,p(B1;R3)

≲ a−d
ε,i ∥ϕ∥

p
Lp(Ti;R3) + a

−(3−p)
ε,i ∥∇xϕ∥pLp(Ti;R3×3). (4.56)

Hence, it follows

∥∇x(ϕ
ε
g − ϕ)∥pLp(Ci;R3×3) ≲ a3−p

ε,i ∥∇xϕ
i
1,ε∥

p
Lp(R\B1;R3×3) ≲ a−p

ε,i ∥ϕ∥
p
Lp(Ti;R3) + ∥∇xϕ∥pLp(Ti;R3×3)

≲ a3−p
ε,i ∥ϕ∥pC1(Ti;R3) + a3ε,i∥ϕ∥

p
C1(Ti;R3) ≲ aε,ia

−(p−2)
ε,i . (4.57)

Let us now consider a cut-off function η ∈ C∞
c (R3) such that η = 0 in R3 \ Bdε,ia

−1
ε,i

and η = 1 in B 1
2dε,ia

−1
ε,i
.

Using [19, Theorem IV.6.1.], [19, Theorem II.4.3.], (4.56), and |∇xη| ≲ aε,i

dε,i
, we deduce

∥∇x(ϕ
ε
g − ϕ)∥pLp(Di;R3×3) ≲ d3−p

ε,i ∥∇xϕ
i
2,ε∥

p
Lp(B2\B1;R3×3) ≲ d3−p

ε,i

∥∥∇xϕ
i
2,ε

∥∥p
W

1− 1
p
,p
(∂(B2\B1);R3×3)

≲ d3−p
ε,i

∥∥∥∥(ηϕi
1,ε)

(
dε,i · −εzi

2aε,i

)∥∥∥∥p
W 1,p(B2\B1;R3)

≲ a3ε,id
−p
ε,i

∥∥ηϕi
1,ε

∥∥p
Lp(E0

i ;R3)
+ a3−p

ε,i

∥∥∇x(ηϕ
i
1,ε)
∥∥p
Lp(E0

i ;R3×3)

≲ a3ε,id
−p
ε,i

∥∥ϕi
1,ε

∥∥p
Lp(E0

i ;R3)
+ a3−p

ε,i

∥∥∇xϕ
i
1,ε

∥∥p
Lp(E0

i ;R3×3)
+ a3ε,id

−p
ε,i

∥∥ϕi
1,ε

∥∥p
Lp(E0

i ;R3)
.

Since

∥ϕ(aε,i ·+εzi)∥2L2(B2;R3) = a3ε,i∥ϕ∥2L2(B2aε,i
(εzi);R3) ≲ a3ε,ia

−3
ε,i ∥ϕ∥

2
C0(Ω;R3) ≲ 1

and

∥∇x(ϕ(aε,i ·+εzi))∥2L2(B2;R3×3) = a2ε,ia
3
ε,i∥∇xϕ∥2L2(B2aε,i

(εzi);R3×3) ≲ a2ε,ia
3
ε,ia

−3
ε,i ∥ϕ∥

2
C1(Ω;R3) ≲ a2ε,i,

we have ∥ϕ(aε,i ·+εzi)∥W 1,2(B2;R3) ≲ 1.
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Furthermore, from [31, Theorem 6.1] we get

|∇xϕ
i
1,ε(x)| ≲ ∥ϕ(aε,i ·+εzi)∥W 1,2(B2;R3)|x|−2 ≲ |x|−2 for every |x| ≥ 3.

As dε,ia
−1
ε,i ≥ ε−δ we have for ε≪ 1 that |x| ≥ 3 for each x ∈ E0

i . In this way

∥∥∇xϕ
i
1,ε

∥∥p
Lp(E0

i ;R3×3)
≲
∫
E0

i

|x|−2p ≲

(
aε,i
dε,i

)3(p−1)−p

.

Finally, we get

∥∇x(ϕ
ε
g − ϕ)∥pLp(Di;R3×3) ≲ a3ε,id

−p
ε,i

∥∥ϕi
1,ε

∥∥p
Lp(E0

i ;R3)
+ a3−p

ε,i

∥∥∇xϕ
i
1,ε

∥∥p
Lp(E0

i ;R3×3)

≲ a3−p
ε,i

(
aε,i
dε,i

)3(p−1)−p

≲ aε,id
(2−p)
ε,i

(
aε,i
dε,i

)p−1

≲ aε,id
2−p
ε,i ε

δ(p−1)(d−2). (4.58)

On the bad holes, ϕεg = ϕ. On the good holes we have aε,i ≲ ε1+2δ and thus

∥∇x(ϕ
ε
g − ϕ)∥pLp(Ti;R3) ≲ ∥ϕ∥C1(Ω,R3)a

3
ε,i ≲ aε,iε

2(1+2δ). (4.59)

Combining (4.57), (4.58), and (4.59), we find

∥∇x(ϕ
ε
g − ϕ)∥pLp(Ω;R3×3) ≲

∑
zi∈nε

aε,i(a
2−p
ε,i + d2−p

ε,i ε
(p−1)δ + ε2(1+2δ)),

≲


(ε(1+2δ)(2−p) + ε2−pε(p−1)δ + ε2(1+2δ))

∑
zi∈nε aε,i for 1 < p < 2

(1 + εδ + ε2(1+2δ))
∑

zi∈nε aε,i for p = 2,

(ε3(2−p) + ε(1+δ)(2−p)ε(p−1)δ + ε2(1+2δ))
∑

zi∈nε aε,i for p > 2.

Lastly, we use the Strong Law of Large Numbers Lemma 4.6 to conclude that almost surely

∥∇x(ϕ
ε
g − ϕ)∥pLp(Ω;R3×3) ≲


ε(1+2δ)(2−p) + ε2−p+(p−1)δ for 1 < p ≤ 2,

ε3(2−p) + ε2−p+δ for p > 2.

(4.60)

Eventually, combining (4.49) and (4.60), we find (4.55).

Step 2: Validity of (2.21). By definition of ϕε
b and ϕε

g we have

ϕε = ϕε
b + ϕε

g − ϕ,

therefore we can write∫ T

0

∫
Ω

∇xϕε : ∇xvε dxdt =

∫ T

0

∫
Ω

∇x(ϕ
ε
b − ϕ) : ∇xvε dxdt+

∫ T

0

∫
Ω

∇xϕ
ε
g : ∇xvε dx dt. (4.61)

Using that ∥vε∥L2(0,T ;W 1,2(Ω;R3)) ≲ 1 and (4.50) we deduce

∫ T

0

∫
Ω

∇x(ϕ
ε
b − ϕ) : ∇xvε dxdt ≲ ∥∇x(ϕ

ε
b − ϕ)∥L2(Ω;R3×3)∥vε∥L2(0,T ;W 1,2(Ω;R3))

ε→0−−−→ 0.
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Hence, it is left to show that

lim
ε→0

∫ T

0

∫
Ω

∇xϕ
ε
g : ∇xvε dxdt =

∫ T

0

∫
Ω

∇xϕ : ∇xv dxdt+

∫ T

0

∫
Ω

(Mϕ) · v dxdt. (4.62)

To this end we write∫ T

0

∫
Ω

∇xϕ
ε
g : ∇xvε dx dt =

∫ T

0

∫
Ω

∇xϕ : ∇xvε dxdt+

∫ T

0

∫
⋃

zi∈nε Di

∇x(ϕ
ε
g − ϕ) : ∇xvε dx dt

+

∫ T

0

∫
⋃

zi∈nε Ci

∇x(ϕ
ε
g − ϕ) : ∇xvε dxdt.

(4.63)

Since vε ⇀ v weakly in L2(0, T ;W 1,2(Ω;R3)), the first term on the right-hand side converges to
∫ T

0

∫
Ω
∇xϕ : ∇xv dxdt.

To control the second term on the right-hand side we use (4.58) and the boundedness of vε in L
2(0, T ;W 1,2(Ω;R3))

to see that∣∣∣∣∣
∫ T

0

∫
⋃

zi∈nε Di

∇x(ϕ
ε
g − ϕ) : ∇xvε dxdt

∣∣∣∣∣ ≲ ∥∇x(ϕ
ε
g − ϕ)∥L2(

⋃
zi∈nε Di;R3×3)∥vε∥L2(0,T ;W 1,2(Ω;R3))

≲

( ∑
zi∈nε

aε,iε
δ

) 1
2

∥vε∥L2(0,T ;W 1,2(Ω;R3)) ≲ ε
δ
2

(
ε3
∑
zi∈nε

ri

) 1
2

.

Due to the Lemma 4.6 the right-hand side vanishes almost surely for ε→ 0. Setting ϕ = (ϕ1, ϕ2, ϕ3) and letting

ωε
k be the function given by Lemma 4.8 we define a new function ϕε by

ϕε :=

{ ∑3
k=1 ϕk(εzi)(ω

ε
k((· − εzi)a

−1
ε,i )− ek) in Ci for zi ∈ nε,

0 in Ω \ (
⋃

zi∈nε Ci).

We write the last term of (4.63) as∫ T

0

∫
⋃

zi∈nε Ci

∇x(ϕ
ε
g − ϕ) : ∇xvε dxdt =

∫ T

0

∫
⋃

zi∈nε Ci

∇x(ϕ
ε
g − ϕ− ϕε) : ∇xvε dxdt (4.64)

+

∫ T

0

∫
⋃

zi∈nε Ci

∇xϕε : ∇xvε dxdt. (4.65)

Now observe that −ϕi
1,ε −

∑3
k=1 ϕk(εzi) (ωk − ek) solves the Stokes problem in the exterior domain R3 \ B1

with boundary datum −ϕ(aε,i · −εzi) + ϕ(εzi). As a consequence

∥∇x(ϕ
ε
g − ϕ− ϕε)∥2L2(Ci;R3×3) ≲ a−2

ε,i ∥∇x(−ϕi
1,ε −

3∑
k=1

ϕk(εzi) (ωk − ek))
(
(· − εzi)a

−1
ε,i

)
∥2L2(Ci;R3×3)

≲ aε,i∥∇x(−ϕi
1,ε −

3∑
k=1

ϕk(εzi) (ωk − ek))∥2L2(R\B1;R3×3)

≲ aε,i∥ϕ(aε,i ·+εzi)− ϕ(εzi)∥2
W 1− 1

2
,2(∂B1;R3)

≲ aε,i∥(η(ϕ− ϕ(εzi)))(aε,i ·+εzi)∥2
W 1− 1

2
,2(∂B1;R3)

,

where η is a cut-off function in B2aε,i(εzi) \ Ti with η = 0 on ∂B2aε,i(εzi) and η = 1 on ∂Ti. Now, we use [19,

Theorem II.4.3], |∇xη| ≲ a−1
ε,i , and a Lipschitz estimate to conclude

aε,i∥(η(ϕ− ϕ(εzi)))(aε,i ·+εzi)∥2
W 1− 1

2
,2(∂B1;R3)

≲ aε,i∥(η(ϕ− ϕ(εzi)))(aε,i ·+εzi)∥2W 1,2(B2\B1;R3)

≲ a−2
ε,i ∥(ϕ− ϕ(εzi))∥2L2(B2aε,i

(εzi)\Ti;R3) + ∥η∇x(ϕ− ϕ(εzi))∥2L2(B2aε,i
(εzi)\Ti;R3×3)
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≲ a−2
ε,i ∥ϕ− ϕ(εzi)∥2L2(B2aε,i

(εzi)\Ti;R3) + ∥∇xϕ∥2L2(B2aε,i
(εzi)\Ti;R3×3)

≲ a−2
ε,i ∥ϕ∥

2
C1(Ω;R3)

∫
B2aε,i

(εzi)\Ti

|x− εzi|2 dx+ adε,i∥ϕ∥2C1(Ω;R3)

≲ a−2
ε,i a

5
ε,i∥ϕ∥2C1(Ω;R3) + a3ε,i∥ϕ∥2C1(Ω;R3).

Thus∣∣∣ ∫ T

0

∫
⋃

zi∈nε Ci

∇x(ϕ
ε
g − ϕ− ϕε) : ∇xvε dx dt

∣∣∣ ≤ ∥∇xvε∥L2(0,T ;L2(
⋃

zi∈nε Ci;R3×3))∥∇x(ϕ
ε
g − ϕ− ϕε)∥L2(

⋃
zi∈nε Ci;R3×3)

≲ ∥vε∥L2(0,T ;W 1,2(Ω;R3))

( ∑
zi∈nε

∥∇x(ϕ
ε
g − ϕ− ϕε)∥2L2(Ci;R3×3)

) 1
2

≲ ∥vε∥L2(0,T ;W 1,2(Ω;R3))

( ∑
zi∈nε

a3ε,i

) 1
2

≲ ε1+2δ∥vε∥L2(0,T ;W 1,2(Ω;R3))

( ∑
zi∈nε

aε,i

) 1
2

.

From ∥vε∥L2(0,T ;W 1,2(Ω;R3)) ≲ 1 and Lemma 4.6, the right-hand side in the above estimate vanishes almost

surely for ε→ 0 and so does the first term on the right-hand side of (4.64). In addition, the last term of (4.64)

yields

lim
ε→0

∫ T

0

∫
⋃

zi∈nε Ci

∇xϕε : ∇xvε dxdt =

∫ T

0

∫
Ω

Mϕ · v dx dt. (4.66)

Indeed, by (H5) we have

lim
ε→0

3∑
k=1

∫ T

0

∫
Ω

∇xω
ε
k : ∇x(ϕkvε) dx dt =

3∑
k=1

∫ T

0

∫
Ω

µk · (ϕkv) dx dt =
∫ T

0

∫
Ω

(Mϕ) · v dxdt. (4.67)

Hence∫ T

0

∫
⋃

zi∈nε Ci

∇xϕε : ∇xvε dx dt−
3∑

k=1

∫ T

0

∫
Ω

∇xω
ε
k : ∇x(ϕkvε) dxdt

=

3∑
k=1

∫ T

0

∑
zi∈nε

∫
Ci

(ϕk(εzi)− ϕk)∇xω
ε
k : ∇xvε dxdt−

3∑
k=1

∫ T

0

∫
Ω

∇xω
ε
k : (vε ⊗∇xϕk) dx dt

−
3∑

k=1

∫ T

0

∫
⋃

zi∈nε Di

ϕk∇xω
ε
k : ∇xvε dxdt.

(4.68)

As ϕ is smooth, we use a Lipschitz estimate, Lemma 4.8, ∥vε∥L2(0,T ;W 1,2(Ω,R3)) ≲ 1, and dε,i ≤ ε to conclude

∣∣∣ 3∑
k=1

∫ T

0

∑
zi∈nε

∫
Ci

(ϕk(εzi)− ϕ)∇xω
ε
k : ∇xvε dx dt

∣∣∣
≤

3∑
k=1

∫ T

0

∑
zi∈nε

∫
Ci

∥ϕk(εzi)− ϕ∥C0(Ci;R3)|∇xω
ε
k : ∇xvε|dxdt

≲ dε,i

3∑
k=1

∫ T

0

∫
⋃

zi∈nε Ci

|∇xω
ε
k : ∇xvε|dx dt ≲ dε,i

3∑
k=1

∥∇xω
ε
k∥L2(Ω;R3×3)∥vε∥L2(0,T ;W 1,2(Ω;R3)) ≲ ε.

Consequently, the first term on the right-hand side of (4.68) vanishes as ε → 0. Since vε ⇀ v weakly in

L2(0, T ;W 1,2(Ω;R3)) and ωε
k → ek strongly in L2(Ω;R3) by (H3), together with divxv = 0, we have by partial
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integration

lim
ε→0

3∑
k=1

∫ T

0

∫
Ω

∇xω
ε
k : (vε ⊗∇xϕk) dx dt

= − lim
ε→0

3∑
k=1

∫ T

0

∫
Ω

divx(vε)(ω
ε
k · ∇xϕk) + ∆xϕk((ω

ε
k − ek) · vε) dxdt = 0,

and also the second term on the right-hand side of (4.68) vanishes. Eventually, from Lemma 4.8 and the fact

that ∥vε∥L2(0,T ;W 1,2(Ω;R3)) ≲ 1 we get

∣∣∣ 3∑
k=1

∫ T

0

∫
⋃

zi∈nε Di

ϕk∇xω
ε
k : ∇xvε dxdt

∣∣∣ ≲ ∥ϕk∥C0(Ω;R3)∥∇xω
ε
k∥L2(

⋃
zi∈nε Ai;R3×3)∥vε∥L2(0,T ;W 1,2(Ω;R3)) ≲ ε

δ
2 ,

hence also the last term of (4.68) vanishes for ε→ 0. This together with (4.67) proves (4.66).
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[20] Arianna Giunti and Richard Matthias Höfer. Homogenisation for the Stokes equations in randomly perfo-

rated domains under almost minimal assumptions on the size of the holes. Ann. Inst. H. Poincaré Anal.
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