A COMPREHENSIVE APPROACH VIA GLOBAL RELAXATION TO THE
VARIATIONAL MODELLING OF HIERARCHICAL STRUCTURED DEFORMATIONS
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ABsTRACT. The response of many materials to applied forces and boundary constraints depends upon in-
ternal geometric changes at multiple submacroscopic levels. Hierarchical structured deformations provide
a mathematical setting for the description of such changes and for the variational determination of the
corresponding energetic response. The research in this article provides substantial refinements and broad-
enings of the mathematical setting both for the underlying geometrical structure and for the variational
analysis of energetic response. The mathematical tools employed in this research include the global method
for relaxation and establish the equivalence of a relaxed energy obtained via relaxation under simultaneous
geometrical changes at all levels and a relaxed energy obtained via iterated relaxations proceeding from the
deepest submacroscopic level successively to the macroscopic level.
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1. INTRODUCTION

The theory of (first-order) structured deformations, introduced by Del Piero and Owen in [20], proposes
a general framework in the context of continuum mechanics to study deforming bodies, without commit-
ting at the onset to a specific mechanical theory, such as elasticity, plasticity, or fracture. It does so by
considering both macroscopic and sub-macroscopic phenomena in the description of a deformation. These
sub-macroscopic phenomena include, for instance, slips and separations within the lattice of crystalline ma-
terials, and are referred to as disarrangements in [20]. In traditional macroscopic descriptions, a single field g
(and its gradient Vg) suffice to characterize the deformation of a continuous body. The theory of structured
deformations introduces an additional geometrical field G, of the same tensorial character as Vg, to account
for smooth sub-macroscopic changes, while the difference Vg — G captures the effects of sub-macroscopic
disarrangements. Hence, two distinct objects are needed to describe the deformation of a continuous body,
and a structured deformation can be identified with a pair (g, G) € SD(Q), where

SD(Q) = SBV(;RY) x L (Q; RN, (1.1)
SBV(Q;R?) is the space of special functions of bounded variation on © with values in RY, L'(Q;R?*Y)

is the space of integrable functions on Q with values that are d x N matrices, and Q C RY is a bounded,
connected, open set describing the reference configuration of the body. The variational formulation proposed
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by Choksi and Fonseca [I7] relies on an energetic approach to solve the issue of assigning an energy to a
structured deformation, with a view toward the application of the direct method of the calculus of variations
to find equilibrium configurations of deforming bodies. Given an initial energy

E(u) = / W (Vu(x)) dx +/ V([u)(z), v (z)) dHN 71 () (1.2)
Q QNS (u)

defined on functions u € SBV (Q;R?), the energy I(g,G) assigned to a structured deformation is the one

obtained in the energetically most economical way to approximate the pair (g, G) by deformations u, €

SBV(Q;R?) in the following sense

u, = gin LY RY),  Vau, = G in M(; RPN, (1.3)
Mathematically speaking, the energy I is defined via relaxation, according to

I(g9,G) == inf { liminf E(u,) : {u,} C SBV(Q;Rd) converging to (g, G) in the sense of } (1.4)
n—-+oo

Since their introduction in [20] and their study in the context of the variational theory established in [I7],
there has been an extensive body of work concerning both mechanical applications of structured deformations
[16], 18, [19] 21, 221 23] 24, 25| B0, BT, 32, B3], B34, 45 [46], [47, 49] and mathematical approaches investigating
the energy I and its properties in a variety of contexts, including [2, 4] [7, [14] [29] [38, 40, 44}, 50} 5I]. In
particular, the results of [I7] were generalized to account for continuous spatial dependence of the energy
densities W and ) in , see, e.g., [8, 42 43] and [10] for discontinuous W.

Motivated by the fact that different natural [5, [12] [I5] B35l 37, [39] [41], 48] 52] and engineered materials
[15] 36, 53] exhibit multiple levels of sub-macroscopic behavior, Deseri and Owen [26] proposed a gener-
alization of the theory to account for the effects of such different sub-macroscopic scales, introducing the
concept of a hierarchical structured deformation. In this context, given L € N\ {0}, an (L + 1)-hierarchical
structured deformation has L different levels of sub-macroscopic behavior, accounted for by different fields
G;, (i=1,...,L). A structured deformation (L = 1) in the original sense of [20], corresponds to a two-level
hierarchical structured deformation in the sense of [26].

This work departs from two previous articles which propose a variational approach to hierarchical struc-
tured deformations [9] [I0] and has a two-fold objective. On the one hand, it extends the known results for
two-level structured deformations to the case under consideration: we obtain here the Approximation Theo-
rem (see Theorem for hierarchical structured deformations (g, G1,...,Gr) (see Definition [2.3), and we
provide asymptotic cell formulae for the relaxed bulk and surface energy densities (see and (4.12))). The
novelty in this paper rests on the fact that we achieve these results under fairly weak regularity assumptions
on the initial bulk energy density; in particular, we consider a Carathéodory function (z, A) — W(x, A),
thus allowing us to account for non-homogeneous behavior of the body. Under this weaker assumption, we
stress that Theorem generalizes all previous results pertaining to the variational formulation of two-level
structured deformations in the sense of [17].

On the other hand, in proving the integral representation result in the specific case of three-level hier-
archical structured deformations (g, G1,G2) (see Theorem [.6), we set the basis for the extension to the
general case L > 2 (the case L = 3 is addressed in Appendi. We adopt here an approach based on the
global method for relaxation [I3], that follows and adapts the results in [10} [I1], as opposed to [9], where
the assignment of an energy to a hierarchical structured deformation is established by means of a recursive
relaxation scheme. In that case, departing from the initial energy , the full relaxation is obtained by
performing L partial relaxations, by upscaling, step by step, from the most sub-macroscopic level to the
macroscopic one. Each of these partial relaxations is performed & la Choksi-Fonseca, using the machinery
of [I7, Theorems 2.16 and 2.17], upon verifying that the partially relaxed energy densities that are obtained
at each step still verify the hypotheses that allow for the next step to be carried out successfully.

As already pointed out in [9], it is key both for its mathematical interest and its mechanical one to perform
an all-at-once relaxation, which is suggested by our Approximation Theorem [2.6] Indeed, the relaxation

I(g9,G1,...,Gp) = inf { liminf - - -liminfE(umw)nL) “(Ung,...n) C SBV(Q;Rd),

ni nr

Uny,...,np, % (g7G1a .. '7GL)}
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is well defined, as the set of approximating sequences is not empty. This procedure, carried out in this work
under the rather general set of Assumptions leads, in principle, to a relaxed energy which is, in general
not greater than that obtained in [9] via the recursive relaxation. However, comparing the explicit example
[9, Section 3.3] with our result, we conclude that there is at least one case where the relaxed energies coincide
(see Example [4.8).

We point out that the approaches in [9] and herein, both can be deduced as iterated schemes inspired by
[17]; the main difference is that the present method does not freeze any field appearing in the previous steps,
since our iterated scheme is fully equivalent to a relaxation where all the levels of deformations iteratively
converge.

Departing from the fact that the Approximation Theorem can indeed be viewed as an iterated scheme
(see Corollary and Proposition , but without fixed targets at each step as in [9]. We note that some
of the properties of the energy densities are preserved, while others change after the first iteration step, as
illustrated in Theorem [£.2] We close this introduction by mentioning that Theorem [2.9] which is established
for a general L € N\ {0}, is the key ingredient for the proof of the main result.

The plan of the paper is the following: in Section [2) we establish the notation, define the space of (L + 1)-
level hierarchical structured deformations, prove the Approximation Theorem, and include some auxiliary
results; in Section [3] we list the standing assumptions on the initial energy densities W and v and we
generalize the relaxation result from [17] to our setting; in Section [4] we state and prove the relaxation result
for the case L = 2, whereas we postpone to Appendix [A] an illustration of the result for L = 3.

2. PRELIMINARIES

2.1. Notation and main definitions. Throughout the manuscript, we will use the following notations.

e O C RY is a bounded, connected open set with Lipschitz boundary. SNV~ is the unit sphere in RY;

e (cubes) Q = (—%, %)N denotes the open unit cube of RV centered at the origin; for any v € SV—1,
Q, denotes any open unit cube in RY with two faces orthogonal to v; for any 2 € RY and 6 > 0,
Q(z,0) == 2+0Q denotes the open cube in RY centred at z with side length § and Q,,(z,9) == 2+0Q,;

e O(9) is the family of all open subsets of €;

e SD(2), SDy, ,(2), and SDL(Q) (see and Definition 2.3), with L € N\ {0} and p > 1, are
spaces of (hierarchical) structured deformations;

e unless otherwise specified, C' > 0 represents a generic constant that may change from line to line.

The variational theory of structured deformations finds its natural setting in the space SBV (£;R); we
refer the reader to [3] for a general exposition on (S)BV functions.

A fundamental result in the theory of structured deformations is the Approximation Theorem [20, The-
orem 5.8], a counterpart of which was recovered in [I7, Theorem 2.12] in the SBV framework and in
[38, 50] in a broader setting. In simple terms, [I7, Theorem 2.12] states that given a structured deformation
(9,G) € SBV (S RY) x L' (Q; RI*N), there exists a sequence u,, € SBV (2;R?) such that

u, — g in LY(Q;RY)  and  Vu, =G in M(Q;RN). (2.1)
Its proof is a consequence of the following two results.

Theorem 2.1 ([I, Theorem 3]). Let f € L'(;R>N). Then there exist u € SBV (Q;R?), a Borel function
B: Q= RN and a constant C > 0 depending only on N, such that

Du=fLN + pHN LS, /S . 1B(2)| dHN " (@) < Ol fll 11 (sraxw)- (2.2)
um

Lemma 2.2 ([I7, Lemma 2.9]). Let u € BV (;R%). Then there eist piecewise constant functions i, €
SBV(Q;R?) such that @, — u in L*(Q;R?) and

Dul(@) =t D)= i [faa)(0)] 4K o) (2.3)

We now recall the notion of a multi-level structured deformation, see [26, Section 2] and [42, Section 3.2.7].
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Definition 2.3. For L € N\ {0}, p > 1, and Q C RY, we define the set of (L + 1)-level (first-order)
structured deformations on £ as

SDr,(Q) = SBV (% RY) x LY (QRN) x - x LM QRN x LP(Q; RPN

(L—1)-times

In particular when p = 1, the space will be simply denoted by SDr(Q), i.e.
SD(Q) =SBV (Q;RY) x LY (QR>N) x ... x LY RN
L-times

In the case L = 1, the space SD;(2) coincides with the space SD(Q2) in (1.1, introduced in [17].
The convergence of a (multi-indexed) sequence of SBV functions to an (L+1)-level structured deformation
(9,Gh,...,GpL), belonging to SDy, ,(€2), is defined as follows.

Definition 2.4 ([42] Definition 3.5]). Let L € N\ {0} and p > 1, and let (9,G1,...,Gr) € SDp ,(Q), and
let Nb 5 (ny,...,nL) = Uny,..n, € SBV(:RY) be a (multi-indeved) sequence. We say that (un,,...n, )
converges in the sense of SDp () to (g,G1,...,GL) if

(i) im---limu,, ., =g, with each of the iterated limits in the sense of L'(€;R%);
ni nr,

ii) forall¢ =1,...,L—1, there exists a sequence N 3 (n1,...,10) = gn,....n, € SBV(;R?) such that
1y--5T0e

Um - M, ny = Gny,...n,» With each of the iterated limits in the sense of LY (Q;RY),
Ne41 nrL

lim---limVgy,. n =Gq, with each of the iterated limits in the sense
g

ni
of weak* convergence in M(Q; RN,

(iil) im---UmVuy, . n, = Gr with each of the iterated limits in the sense of weak™ convergence in
ny nr,
M(Q; RN,
We use the notation Uy, ... n, % (9,G1,...,Gyr) to indicate this convergence. Note that, if L = 1, condition

(ii) above is void.

Remark 2.5. We make the following observations on Definition [2.4}
e Notice that, if p > 1 and the additional condition

sup~~sup/ [Vin, ...my [P de < +o00

n1 nL JQ
holds true, then the iterated limits in (iii) hold indeed in the sense of LP-weak convergence.

e In the case L = 1 = p Definition [2.4| recovers the notion of convergence of (u,) to (g, G) in the sense
of [I7, Theorem 2.12].

e For the sake of clarity, we write explicitly the convergence in the case of a 3-level structured defor-
mation (g, G1,G2) € SD3,(€2). A double-indexed sequence (un, »n,) converges to (g,G1,G2) in the
sense of Definition provided that

(1) limlimu,, », = g in L}(Q;R);

ny n2

(ii) there exists a sequence (g,,) C SBV (Q;R?) such that limuy, n, = gn, in L}(Q;RY) (for every
no
n1 € N), and lim Vg,,, = Gy, weakly* in M(Q; R>N);
ny
(iii) limlim Vg, », = G2, weakly™ in M(Q;R>N).

ny n2

2.2. Approximation theorem and auxiliary results. The ideas behind the construction of a sequence
satisfying , namely Theoremand Lemma allow us to obtain a (multi-indexed) sequence (up, ... n, )
that approximates an (L + 1)-level structured deformation (g,Gq,...,Gr). We thus obtain the following
result, whose proof is an immediate adaptation of [9, Theorem 3.3].

Theorem 2.6 (Approximation Theorem for (L + 1)-level structured deformations). Let L € N\ {0} and
(9,G1,...,GL) € SD1, ,(Q). Then there exists a sequence (n1,...,np) = Un, . n, € SBV(;R?) converg-
ing to (9,G1,...,Gpr) in the sense of Definition .
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The following corollary provides an alternative proof of the Approximation Theorem [2.6] which will be
useful to prove our representation theorems (see Theorem and Theorem below). For simplicity of
exposition, we state and prove it in SDs ,(Q2); the case for L = 3 is presented in Appendix The arguments
given there can be iterated for a general L € N.

Corollary 2.7. Let p > 1. For every (g,G1,G2) € SD3,(Q) and for every sequence of structured de-
formations ((yny,Tny)) in SD1(Q) such that (yn,) converges to (g,G1) in the sense of Definition and
T, = Go in M(Q; RPN, there exists a sequence (n1,n2) = Un, n, converging to (g,G1,G2) in the sense
of Definition [27)

Proof. By the Approximation Theorem [I7, Theorem 2.12|, for every n; € N, there exists a sequence

ny = v € SBV(QRY) such that v — ~,, in LY RY) and Vo) = T, in M(QR>N) as
(r1)

ny — 00. In fact, the sequence ny — vy, satisfies
Vo) =T,,. (2.4)
Then the sequence
(n1,n2) > Uny ny = vggl) (2.5)

approximates (g, G1, G2) in the sense of Definition Indeed,

lim lim ty,, , = limlim v,(gl) = lim~y,, =g in L'(Q;RY),
ny ng ny mn2 ni

which proves part (i). Moreover, since 7, € SBV(Q;R?) for all n; and
limV(lim unn) - limV<lim vﬁgﬂ) = lim Vy,,, = Gy weakly* in M(Q; RN,
n2 nz ni

ni ni
part (ii) is proved. Finally,

lim lim Vu,, ,, = limlim val’;l) =limT,, = Gy weakly* in M(Q;R>N),
ny

ny n2 ni n2
which proves part (iii). O
Remark 2.8. e Notice that a sequence ((’yn171"n1)) always exists: indeed, the existence of +,, is

ensured by the Approximation Theorem [I7, Theorem 2.12|, whereas one can always take the constant
sequence I'y,, = Gbs.

e If p > 1, suppose that, in addition to the hypotheses of Corollary 2.7} we have that for every ny € N,
(Yn1,Tny) € SD1,(Q) and T, — Go weakly in LP(;R¥N). Then the constructed sequence
(n1,m2) F Un, n, satisfies condition (iii) of Definition [2.4] weakly in LP(Q;R*N).

In order to obtain the relaxation results in Section[d] we state a variant of the global method for relaxation,
suitable for the space SDr, ,(€2), that was obtained in [10]. We point out that the current version does not
differ from [I0, Theorem 3.2| in the cases L = 1 and/or p = 1, since, in this setting, the function space
HSD?Y () therein coincides with SDy, ,(€2).

Let F: SDyp, ,(Q) x O(2) — [0, +00] be a functional satisfying the following hypotheses:

(H1) for every (g,G1,...,Gr) € SDr (), F(g,G1,...,Gr;-) is the restriction to O(€2) of a Radon

measure;

(H2) for every O € O(Q), F(-,-,...;0O) is lower semicontinuous, in the following sense: if (¢,G1,...,GL) €

SDr,,(Q) and ((¢",G%,...,G})) C SDr,(Q) are such that ¢ — g in L'(Q;RY) and G? = G in
M(QR>NY fori=1,...,L, then

F(g,G1,...,Gr;0) < liminf F(¢",GY, ..., G}; O);
(H3) for all O € O(Q), F(-,...,-;0) is local, that is, if g = u, Gy = Uy, ..., G, = Uy, a.e. in O, then

]:(97G17"’7GL;O) :‘7:<u7U177UL70)7
(H4) there exists a constant C' > 0 such that

L—1

1

(16 0w + G o, +1D91(0) ) € (9., G150)
(=1
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L—-1
<c (ﬁN(O) + Y G omexn) + NGLIE omarn) + |Dg|<o>) ,
=1

for every (g9,G1,...,Gr) € SDr »(2) and every O € O(Q2).
Given (g,G1,...,Gr) € SDp ,(2) and O € O(2), we introduce the space of test functions

Csp, ,(9,G1,--.,GL;0) = {(u,Uy,...,Ur) € SDL () : u = g in a neighbourhood of 90,
/O(GZvUi)da:O,il,...,L}, (2.6)
and we let mp ,: SDp, ,(2) x O(©2) — [0, 4+00) be the functional defined by
mip(9, G-, Gri0) o= inf {F(u,Ur,... . UL;0) s (u, U, UL) € Csp, (9, G, GLiO) ). (27)
Then, the following result holds.

Theorem 2.9. Let p > 1 and let F: SDy, ,(2) x O(Q) — [0,+00] be a functional satisfying (H1)-(H4).
Then

]:(u,Ul,...,UL;O):/OfLJ,(x,u(x),Vu(x),Ul(x),...,UL(x))dx

z,ut(z),u” (z), vu(x N=l(g
[ et @ @)@ 1Y o)

NSy
where
xr 7B )t B ; )
fL7p(I0aaangla"'aBL) = hmsup vap(a+a£7 : 1N e Q(gjo 6))7 (28)
e—0t €
o= ,0,...,0;Q,(xo,
@y, (20, A, 0,v) := limsup mLp(S20.( 330])\{71 Qu(o E)), (2.9)
e—0t €
for a.e. xy € Q, for every a, \,0 € R%, €, By,...,By, € RN 1 ¢ SN=1 where 0 is the zero matriz in
RN qe oo (w) = &(z — 20) and sy g, is defined by
A difrov 20,
Sxov(T) = 2.10
e {9 A (210)

Proof. The proof is identical to the one in [I0, Theorem 3.2], upon noticing that the fields G;,i = 1,...L
behave independently of each other. O

Remark 2.10. As in [I0, Remark 3.3], it follows that if F is translation invariant in the first variable, i.e.
if

f(u—l—b,Ul,...,UL;O) :f(u,Ul,...,UL;O),
for every ((u,Un,...,U;),0) € SDr,,(Q) x O(Q) and for every b € R%, then the function fr,, in ([2.8) does
not depend on « and the function @, in (2.9) does not depend separately on A and 6 but only on the
difference A — §. With an abuse of notation we write

fL7p($‘0,§,B1,...,BL) ZfLm(J,‘O,Oé,g,Bl,...,BL) and (I>L7p(x0,)\—9,1/) :(I)L,p(l'o,A,e,Z/).

3. A GENERALIZATION OF THE RELAXATION THEOREM FOR 2-LEVEL STRUCTURED DEFORMATIONS

In this section, we generalize some relaxation results already available for 2-level structured deformations
(JI7, Theorems 2.16 and 2.17], [43, Theorem 5.1], [I0, Theorems 4.1 and 4.2]) by weakening the hypotheses
on the initial energy densities W and 1.

Assumptions 3.1 (see [0, Definition 2.5]). For ¢ > 1, we denote by ED(q) the collection of pairs (W) of
bulk and surface energy densities W: Q x RN — [0, +00) and 1: Q x R4 x SN=1 — [0, +-00) satisfying the
following conditions

(1) W is a Carathéodory function, namely it is measurable with respect to x € Q and continuous with
respect to A € RN ;
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(2) there exists Cyy > 0 such that, for a.e. x € Q and Ay, Ay € RN,
W (a, A1) = W(z, A2)| < Ciw| Ay = Ao (14 [A1]*7 + ] A2]7);

(3) there exists Ag € RN such that W (-, Ag) € L>®(Q);
(4) there exists ey > 0 such that

1
W(z,A) > ew|AlT — —
‘w

for a.e. x € Q and every A € R¥*N,
(5) 4 is continuous with respect to all of its variables;
(6) (symmetry) for every x € QN € R v e SN-L,

Yz, \v) =z, =\, —v);
(7) there exists cy, Cy > 0 such that, for all z € Q, X € RY, and v € SN 1,
e\ < B A v) < Oyl
(8) (positive 1-homogeneity) for allx € Q, A€ RY, v € SV~ and t > 0
P(x, tA V) = t(z, A\, v);
(9) (sub-additivity) for all x € Q, A\, \a € RY, and v € SN,
V(x, A1 + Ao, v) < Y(, A1, v) + (Ao, v);

(10) there exists a continuous function wy: [0, +00) — [0, +00) with wy(s) — 0 as s — 01 such that, for
every xo,x € Q, A € R4, and v € SN,

(@, A, v) — (@0, A, v)| < wy(Jz — 2o )[A]-
Notice that conditions and imply that 1 is Lipschitz continuous in the second variable, namely,
for all z € Q, A\, Ay € R, and v € SV-1
|w(x,)\1,u) —w(.ﬂf,)\g,y)| < Cw‘)\l —/\2| (31)

(where Cy, is the same constant of property (7))).
For (W,) € £D(p), for some p > 1, we consider the initial energy of a deformation u € SBV (£;R?)
defined by

B = | W Vu@)de+ [ wle, o). @) aH¥ o), (32)
Q ans,
and, following [I7], we assign an energy to a (2-level) structured deformation (g, G) € SD1 (), via
I »(9,G) = inf { lirginfE(un) cu, € SBV(Q;RY), u,, %\ (g,G)}. (3.3)

We introduce some notations which will be used throughout the discussion. For zg € 2 and A € R4xN
we define the affine and linear functions of gradient A by
Az, (x) = Az — x0) and la(z) = Ax, (3.4)

respectively. For p > 1 and A, B € RN we let
CVN(A,B) = {u € SBV(Q;R%) : uw = £, in a neighborhood of dQ, /Q Vudz = B,|Vu| € L”(Q)}, (3.5)
and, for A € R? and v € SN, we let
U\ v) = {u € SBV(Q,;RY) : u = sy, in a neighborhood of Q, ,/ Vudr = O}, (3.6)

where, the function s o, is defined in (2.10)). For e > 0 and O € O(f2), we define the following localizations
of the energy F in (3.2)

B3 (u;0) ;:/ U@ +ey, [u](y), vu(y)) dHY " (y), (3.7a)
S.NO
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B2 0:0) = [ Wi + 2, Vuly) dy-+ B2 (150), (3.70)
Brecwi0) = [ eW(o+ep,e Vuly)) dy + B2 (1 O) (3.7¢)
for a.e. x € Q and A, B € RN we define
Hi ,(z, A, B) := limsup inf {Eg}gk(u; Q):ue C};ulk(A, B)}, (3.8)
e—0

and for a.e. z € 2, A € R?, and v € SV, we define
hp(@, A, v) = limsupinf {51 (D) Ea e (1w Qu) + (1 = 61(p) B (1 Q) - w € C (N, y>}. (3.9)
e—

Remark 3.2. We comment on the available literature concerning the energy I , defined in (3.3)).

(a) In the case of W and v independent of the z-variable, an integral representation result for the relaxed
energy Iy, defined in was proved in [I7, Theorems 2.16 and 2.17], where the relaxed bulk and
surface energy densities (A, B) — Hj p(A, B) and (A, v) — hq (A, v) are obtained by solving the
infimization problems in and (with the obvious modifications), namely

10(0:6) = [ H1y(Va@). G@)do+ [ huy(lgla), () a1 ),
Q NS,
compare with [I7, Theorem 2.16 and formula (2.15)ﬂ
(b) In the case of W continuous in the z variable with modulus of continuity wy, an integral represen-
tation result for the relaxed energy I , defined in is presented in [42] Theorem 3.2|, where the
relaxed bulk and energy densities H; , and hq , are obtained by solving the infimization problems in
and for ¢ = 0, relying on techniques from [6] to deal with the z-dependence. The integral
representation reads

I ,(9.G) = / Hy (2, Vg(z), G(x)) da + / (2 [9) (), vg () AHN ) (2);
Q ans,
compare with [42] formula (3.16)].
(c¢) In the present case, we will resort to the global method for relaxation of [I3] because of the weaker
assumptions on W, extending its formulation to the context of hierarchical structured deformations
considered in [10].

We comment on formulas (3.7) and on the minimization problems (3.8) and (3.9).
(d) We notice that, thanks to in Assumptions the dependence of E3™ on ¢ can be dropped:

T,E
by using the techniques in [6], it is easy to see one can replace E;usrf by E;‘fgf = E5f in (3.9), so
that, since the integration variable in (3.7a]) is y, the first entry of ¢ can be frozen and therefore

considered illusory for the minimization process; hence, formulas ([3.7) become

B3 (u; 0) ::[S R OIORAO) dHN " (y), (3.10a)

E"(u;0) ::/ W (x + ey, Vu(y)) dy + E3 (u; 0), (3.10Db)
o

Brc(w0) = [ W (a ey Vuly) dy + B (1) (3.100)
[0

(e) In view of (d) above, we notice that, if p > 1, the minimization problem in (3.9)) reduces to
h1p(z, A, v) = limsup inf {E;u;f(u, Q) 1w e ™\ v} =inf {E5"(w;Q,) t u € CI(\, )}
e—0
This enlarges the class originally considered in [I7, formula (2.17)], where the class C**{(\,v) was

defined with the condition Vu = 0 a.e. in @, (instead of fQ Vudx = 0). The equivalence of the
minimization problems in these two different classes was obtained in [7] and [5I] as a byproduct

Hn [I7, formula (2.15)], the dependence on the normal in the relaxed surface energy density (see the formula for h, [I7, formula
(2.17)]) was mistakenly omitted, as already noted in [47, Theorem 3| and |51}, formula (4)].
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of relaxation, whereas it was proved as a property of the energy in [27] for a general class of -
independent surface energy densities. Recalling again (d) above, this is meaningful in our context
because our initial surface energy densities ) can be considered independent of z, owing to in

Assumptions
(f) In the case of W continuous in the z variable with modulus of continuity wy, also formula (3.10Db))

has no e-dependence, and reads
BV (us0) = [ W Vuly) dy + B2 (0:0) (3.11)
o

moreover, if there exist 0 < a < 1, C' > 0 such that
W(x,tA)‘ < C|A|} =
t St
where W™ is the recession function of W, defined by W (z, A) = limsup,_, , . t~'W (z,tA), then
the localized energy Ez,s in becomes
E:*°(u; 0) ::/ W (x, Vu(y)) dy + B3 (u;0). (3.12)
o

(g) In view of point (f), formulas (3.8)) and (3.9) reduce to
Hy,(z, A, B) = inf {E};ulk(u; Q):ue c};ulk(A,B)},
(e, A w) = inf {51 (0) B (03 @) + (1= 510 B (0 @0) s w € € (A1)},
which are those in [42] formulas (3.15)].

Wee(x, A) — for every x € Q, for every t > 0 such that [tA] > 1,

Given (g,G) € SD1,(2) and O € O(Q2), we introduce the class (of competitors)
Csp, ,(9,G;0) = {(u, U) € SD;1 ,(Q) : u= g in a neighbourhood of 90, /O(G —U)dx = O}, (3.13)
and, with a slight abuse of notation, we let m1 p,: SD1 ,(2) x O(2) — [0,+00) be the functional defined by
map(9,G30) = inf {11,y (w, U3 0) : (w,U) € Csy (9, G: 0) }, (3.14)

where I1 (-, -; O) is the localization of the functional in (3.3) to O € O(2), i.e. my , is the functional defined
in (2.7), for L =1 and associated to F = I ;.
The following integral representation theorem is a consequence of [I0, Theorem 3.2].

Theorem 3.3. Let p > 1 and let (W, ) € ED(p); let (9, G) € SD1,(RQ) and let I1 ,(g, G) be defined by (3.3).
Then I , admits the integral representation

I p(9,G) :AHl,p(x,Vg(x)7G(x))dx+/ms hp(@, [g)(2), vg(x)) AHN 7 (2), (3.15)

where Hyp, and hy p are defined in (3.8) and (3.9)), respectively.

Proof. By [10, Theorem 4.1], the localized version O(Q2) > O — I ,(g, G; O) of the functional I , satisfies
all the properties in [10, Theorem 3.2|. In particular, it is the restriction to O(£2) of a Radon measure which
is absolutely continuous with respect to LV + |Dg| + |G| and it admits the following representation

I ,(u,U;0) :/Opr(m,u(w),Vu(x),U(x))dx—i—/O <I>1$p(x,u+($)7u_(x),l/u(ac))d"HN_l(x),

NSu
where, for all 25 € Q, o,0,A € R, A,B € RN, and v € SV 1,
ml:p(a + a’A,:EO ) Ba Q(xO) 6))

f1,p(z0, 2, A, B) == limsup N , (3.16a)
e—0 S
Q4 (0, A, 0,v) = limsup mp($2.0.( 7;2’0; Ql,(xg,e))’ (3.16b)

e—0 g

where a4 5, and sy g, are defined in (3.4) and (2.10), respectively, and 0 in (3.16b) is the zero matrix in
RdXN.
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It is easy to deduce (see, e.g., [I0, Remark 3.3 and proof of Theorem 4.1]) that the functional I ,, defined
in (3.3) is translation invariant in the first variable, which entails that it can be represented as

Iy (u, U 0) = /O o, V@) U@) o+ [ @y a0, va(o) 44 ),

onsSy

where (with a slight abuse of notation)

m1 (a4, B; Q(20,€))

f1,p(z0, A, B) :== limsup ~ , (3.17a)
e—0 £
v" ™ 707 v )
D1 (20, A, v) == limsup m1.p(52.0.( 6;7633 Qv (o E)) (3.17b)
e—0

We now need to prove that, for all zp € Q, A,B € R™N_ )\ € R% and v € SV, there holds
fip(xo, A, B) = Hy p(x0, A, B) and that @1 ,(xo, A\, v) = hy p(z0, A, V).

Step 1 — the bulk energy density. We claim that for a. e. 2y € Q and for every A, B € RN,

fl’p(xo, A, B) = Hl’p(l'(), A, B) = ﬁl’p(l‘m A, B), (318)
where
ﬁl,p(xo,A,B) := lim sup inf { lirginf E;’(‘)‘lé{(un,Q) {un} € SBV(Q;RY), u,, — £4 in L'(Q;RY),
e—0 n—0o0 ’

Vu, > B in M(Q;RM)}

(notice that, if p > 1, in view of the fact that (W,) € £D(p), the convergence Vu, — B is improved to
Vu, — B weakly in LP(Q;RN)).

The proof that Hy ,(zo, A4, B) < ﬁfl’p(xmA,B) can be obtained as in [I7, Step 2 in Proposition 3.1,
first fixing ¢ and then letting ¢ — 0. A careful inspection of the proofs of [I7, Lemma 2.21 and Step 2 of
Proposition 3.1] shows both that the z-dependence is not an issue and that the admissible functions used in
the definition of the bulk energy density in [17, equation (2.16)]) belong to CS"(A, B).

Moreover, by [10, Theorems 3.6 and 4.1], the relaxed bulk energy density f1, in (3.174), is given by

1>P(aA,$07B;Q(x0>€)) Il,P(aAﬂJo?B;Q(xO?E))
eN eN

fi,p(x0, A, B) = limsup m

e—0

= lim sup
e—0

(3.19)

for a.e. 29 € Q and every A, B € RN By a simple change of variables argument, invoking property , it
follows that, for a.e. zy €  and every A, B € R*N,

I p(anzy, B; Qx0,€))
EN

lim sup = I;'Lp(xo,A,B). (3.20)

e—0
Now define My (A, B; Q(zo,¢)) := inf { E(u; Q(x0,¢)) : e tu(zo +&-) € CPV (A, B)}. It is easy to verify
that for a.e. 9 € Q and every A, B € RN the following inequality holds true

ml,p(aA,xg ’ Ba Q(an 6)) < mll)jlp}k(Av B7 Q(ZIJ(), 6))7

indeed, for any function u that is admissible for ﬁv,ll’};}k(A, B; Q(x0,¢)), the pair (u, Vu) is a competitor for

ml,p(aA,a:mB; Q(,’Eo,&')). Consequently, by " and ‘ )

Il,p(aA,xmB;Q(x07€)) ml,p(a’A,sz;Q($075))

Hy ,(x ,A,B) = limsu = limsu
17p< 0,4, B) E—>Op eN E—>0p eN
~bulk
m A, B; Q(xg, ¢
< limsup il NQ( 0,)) = H; ,(z0, A, B),
e—0 €

where in the last equality we used again a change of variables argument; therefore (3.18)) is proved.

Step 2 — the surface energy density. The equality ®1 ,(xo, A, v) = h1 p(z0, A, v) for p > 1 is already contained
in the proof of [I0, Theorem 4.1], so that we only have to prove it for the case p = 1. We claim that for
a. e. zo € Q and for every A € R and v € SV -1,

‘1)1)1(.2707 )\, V) = hl)l(xo, A, B) = ﬁLl(l'O; A, B), (3.21)
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where
iLLl(:L’O,A, B) :=limsupinf { lim infEmO’E(un; Q) {un} C SBV(QV;Rd),un — 5,00 D Ll(Q,,;Rd),
e—0 n—00
Vau, 0 in M(Qy;RdXN)}.

The inequality hi 1(zo, A, ) < h1,1(w0, A\, v) is obtained as in Step 1 above. For every zg € 2, A € R%, and
v e SN~! we have

m1,1(sx,0.(- — 20),0; Qu(z0,€)) I (sx,00(- — 20),0; Qu(zo,€))

d ANv) =1 =1
11(e0, A, v) = limup e
1
= limsup —— inf Hminf[ [ we Ve @) [ (e ) (2). v, (2) AHY " (2)
e—0 €& n— 00 Qv (x0,¢) Qv (20,6)NSu,,

Uy € SBV(Q,,(I’(),{{);Rd), Up — SA,O,U(' - 1'0) in Ll(Qv(x07€);Rd)v
Vu, =0 in M(Qy(xo@);RdXN)}
= lim sup inf { lim inf [5/ W (zo + ey, Vun(zo + €y)) dy
e—0 n—00 Q.
+f (@0 + £y, [un] (20 + £1), Y (20 + 9)) -V ()
Qumsil(sun,_EO)
U, € SBV(Q,,(xQ,E);Rd), Up, = Sx,0,0(- — x0) In Ll(QV(xO,E);Rd),

Vu, =0 in M(Ql,(xo,a);RdXN)}

= lim sup inf { lim inf [/ eW(xg +ey,e 'V, (y)) dy + / W(xo + ey, [va](Y), Vo, (¥)) dHN—1(y)} :

e—0 n—00 v Qu nsvn

Vp € SBV(Q,;RY), vy, — sx0, in LYNQ,;RY), Vv, —— 0 in M(Qy;RdXN)}

= lim sup inf { lim inf [/ eW(xg + ey, e Vo, (y)) dy +/

e—0 nreo Y Q.NSy,

D(@o, [n](¥), o, (1)) d?—tNl(y)] ;

vp € SBV(Q,;RY), v, — Sx,0,p I LY(Q,;RY), Vv, — 0 in M(Q,,;RdXN)}

e—0

= limsup inf { liminfﬁwo,g(vn; Q.) : v, € SBV(Q,;RY), v, — sx0., in L'(Q,;RY),
n—oo n

Vv, — 0 in M(Qy;RdXN)} = hy 1 (w0, A\, V), (3.22)

where we have used a change of variables, we have defined v, (y) = u,(xg + ey), and we have invoked

Remark [3.2{(d).
Now define m§%* (X, v; Qy (20, ¢)) = inf { E(u; Qu(x0,€)) : u(zo + &) € C™ (X, v)}. It is easy to verify

that for a.e. zg € 2, every A € R?, and v € SV~ the following inequality holds true

m11(sx00 (- — 20), 0; Qu(xo,€)) < MY (A, v; Qu (w0, €));
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indeed, for any function u that is admissible for ﬁli?{f(A, v; Q(xo,€)), the pair (u, Vu) is a competitor for

m1,1(5>\,0,u(' - xO)v 07 Q(Jfo,f)). COnsequentIY7 by ‘ )

~ my.1(s - —x9),0; Zo, € msut(, v T, €
hl,l(lfo,)\,l/) _ limsup 1,1( A,O,v( NO%; Qv( 0 )) < limsup 1,1 ( ’ ]\;CQIV( 05 )) _ hl,l(iﬂo, )\7’/)’
e—0 et e—=0 eV
where in the last equality we used again a change of variables argument; therefore (3.21)) is proved. O

We stress here that Theorem generalizes the results of [I7, Theorems 2.16 and 2.17], [42, Theorem 3.2],
and [I0, Theorems 4.1 and 4.2] in the following respect: the densities are z-dependent and the regularity of
the initial bulk energy density (z, A) — W(x, A) is weakened to Carathéodory. Moreover, we note that the
more general expressions in formulas and generalize all those previously obtained in the references
just cited.

4. THE RELAXATION THEOREM FOR 3-LEVEL STRUCTURED DEFORMATIONS

In this section, we present the relaxation theorem for the specific case of 3-level (first-order) structured
deformations (that is for L = 2), Theorem below. The proof we present relies on an equivalence of the
complete relaxation of the initial energy for the case L = 2 (see below) and an iterated one (see
below) where one first relaxes to 2-level structured deformations as in , and then relaxes once
more, see Proposition Our current proof is different from the one we found in [9], since here we abandon
freezing one of the variables at each step (see [9 Section 3.2] for details).

Our choice for presenting the explicit details of the proof for this particular case is motivated by the fact
that the case L = 2 already contains the essential features of the general case L > 2.

The strategy of our proof is the following: after proving the equivalence of the two energies I, and fg,p ,
we study the properties of the relaxed energy densities H; , and hy , defined in and , respectively:
T heorem below shows that some properties of the initial energy densities (W, 1)) € ED(p) are maintained,
whereas some are lost, especially in the case p > 1. This theorem is needed to make sure that the relaxed
energy densities obtained after the first relaxation are “good” energy densities on which to perform the second
relaxation.

Lemmas 4.3 and [4.4] contain technical results that show that the localization O(Q2) 3 O — I3 ,(+,+,-;O) is
the restriction of a Radon measure to the class O(Q) of the open subsets of €2, see Proposition Only at
this point will it be possible to apply the global method for relaxation to the functional I5 , , see Theorem

We refer the reader to Appendix[A]for some details of the case of 4-level structured deformations, with the
intention that these details should allow the reader independently to carry out further necessary relaxation
steps.

Let the initial energy E be given as in and let (g, G1,G2) € SDs ,(2) (for p > 1); we seek an integral
representation for the relaxed energy

Iy ,(9,G1,G2) = inf { lim inf im inf E(un, pn,) (unl,nz) C SBV(Q;]Rd),unl,n2 % (g,Gl,Gg)}; (4.1)

ni n2

we also define the iterated relaxation
f27p(g7 G17 GQ) = inf { 11H71111Hf 11717(7711 ) Fnl) : ((7"1 ) Fnl)) C SDLP(Q)7 Tnq % (97 G1)7 FTL] = GQ}: (42)

where I ;, is defined in (3.3).
The next proposition shows that the two relaxation processes in (4.1)) and (4.2)) give the same result.

Proposition 4.1. Under Assumptions for every (g,G1,G2) € SD2 ,(Q),
Iyp(g9,G1,G2) = (g, G1, Ga). (4.3)

Proof. Let 6 > 0 and consider ((yn,,I,)) C SD1q,,(Q) such that v, %\ (9,G1), Ty, = Go and

I2.,(g,G1,G2) + 6 = liminf I, (7, Tn, ) (4.4)
ni
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By Corollary there exists an SBV (€; R?) sequence (ny,n2) = Un, n, = Uﬁgl) (given by (12.5), satisfying
@24)) such that wu,, ,, = o5 % (9,G1,G2) and is a recovery sequence for Iy ,(Vn,,['n,) as na — 00, ie.,

Ly (Y, Tny) = limE(vT(Zl)) = inf { liminf E(vy,) : (vn,) C SBV(Q;Rd),Un2 % (’7n17rn1)}- (4.5)
no n2
Observe that the sequence (vggl)) is admissible for I5 ,, since

lim (lim vfﬁ”) = lilrln Yn, =g, strongly in L'(€; RPN),

ni na

limV(limv(" )> =1lim V~,, = Gy, weakly* in M(Q; RN,
ni ni

1
n
na 2

lim (hm wﬁgﬂ) = limT,, = Gy, weakly* in M(Q;R>N).
ny

ni n2

Thus, by (4.1), (4.4), and (4.5)), we have
I ,(g9,G1,G2) < liminfliminf E(v("")) = liminf I ,(v,,,Tn,) < T25(9, G1, G2) + 6.
71 no ni

Letting 6 — 0, we conclude that I> ,(g, G1,G2) < E,p(g, G1,G3).
To prove the opposite inequality, we notice that for any sequence (unhm) C SBV(;RY) such that

Uny ng % (9,G1,G3), there exists ((’ynl,Fnl)) C SD1,(2) such that limu,, n, = Vn, in LY (Q; RIXN),
n2
lim Vg, n, = Ty, weakly™ in M(Q; RN 4, 7 (9,G1), and T, = Gy. Hence, by ([.2) and (3.3),

na

Lo.p(9, G, Ga) < Timinf Iy (y,, T, ) < limn inf (T inf B (utn, 1) )
ny

ni ng

Taking the infimum over all such sequences (uy, »,) we obtain .724,(9, G1,92) < I25(9,G1,Ga). O

In the sequel it will be useful to consider the localized version of the functional I ,(g, G1,G2), denoted
by I2,(g, G1,G2; O) and defined, for any open subset O of , in full analogy with I ,(g, G1, G2) except that
the admissible sequences are defined in O, the convergences in the sense of Definition hold in O and in
the energy E(-) the integrations are performed over O.

To obtain our integral representation result for I ,(g, G1,G2), we need some auxiliary results. We begin
by proving some properties of the relaxed densities H; , and h; ;, that will be useful in the sequel.

Theorem 4.2 (Properties of the relaxed energy densities). Let p > 1 and let (W, ) € ED(p). Let Hy p: QX
RN x RN — 0, 400) and hyp: 2 x RYx SV=1 — [0, +00) be the functions defined in and (3.9),
respectively. Then the function Hy, is p-Lipschitz continuous in the third component, namely for every
A € RN there exists a constant C > 0 such that for almost every x € Q and for every By, By € RN,

|Hy p(w, A, By) — Hy (2, A, Ba)| < C|By — Bo|(1 + |B1|P~! + | Bo|P™1); (4.6)

finally, there exist constants ¢r,Cy > 0 such that for almost every x € Q and for every A, B € RN
1 _
cu(|Al+[BfP) — — < Hip(z, 4, B) < Cu(1+|A| + |BIP). (4.7)
H

Let, for B € RN the function HlB:p: Q x RN [0, 4+00) be defined by (x,A) pr(x,A) =
H, p(z,A,B). Then

(i) if p > 1, then (pr,hlyp) € ED(1);

(ii) if p = 1, the function Hfl satisfies properties f of Assumptions with ¢ = 1 and the
function hy 1 satisfies properties @ and of Assumptions . Moreover, for a.e. x €  and for
every v € SV—1

‘hLl(l‘,/\l,l/) — hl,l(l‘,)\g, V)’ S Cw|)\1 — /\2| (48)

Proof. Estimates and can be proved in the same way as estimates (2.26) and (2.27) in [9], which
were proved for the case p > 1 and can be easily adapted to cover the case p = 1.

(i): The thesis can be proved exactly in the same way as [0, Theorem 2.10|, the only difference being
in the regularity assumptions on W, which now is only measurable with respect to the z-variable (see
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Assumption ) In the present setting, measurability of pr is granted by the fact that H;, is a
Radon—Nikodym derivative.

(ii): The results concerning Hfl can be easily adapted from the proof of [9, Theorem 2.10], whereas those
concerning hi; require more care.

The symmetry property @ is immediate. To prove that hi; satisfies the growth condition from above,
it suffices to consider an admissible v € CS"f(\, v) such that Vu = 0 a.e. in Q and to apply properties
with ¢ = 1, , and (estimate from above); to prove the estimate from below, it suffices to use the fact
that W > 0 and to apply property (estimate from below).

The proof of can be achieved using the definitions of limsup and inf and applying the Lipschitz

continuity of ¥ (see (3.1))). O

Lemma 4.3. Let p > 1 and assume that (with g = p), , and n Assumptions hold true. Then
there exists a constant C > 0 such that, for any (g9, G1,G2) € SD2,(Q) and for every O € O(Q),

1
6 {|Dg|(0) + ”Gl”Ll(O;]R"XN) + HG2H€,P(O;RdXN):| < IQ,p(gv G1,Ga; O)

< C{ZZN(O) +[Dgl(0) + |G1llLr (osmaxny + HGQH]Z?(OR“”J'

Proof. The sequence (n1,n2) — Un, n,, constructed in the proof of Theorem by means of Theorem
and Lemma is admissible for I ,(g, G1,G2; O). Therefore, using with ¢ = p, 7 @, , and
(2.3), we obtain

IQvP(ga G17 GQ; O) < hminfE(unth; O) < C|:‘CN(O) + |Dg|(0) + ||G1||L1(O;]Rd><N) + ”GQ”ip(O;]Rde)} .

ni,n2

The proof of the lower bound follows the arguments presented in the proof of [9, Theorem 2.10] to obtain
the lower bounds for the relaxed energy densities. (Il

Lemma 4.4 (Nested sub-additivity). Let p > 1 and assume that Assumptions with ¢ = p hold and let
01,02,03 € O(2) be such that O1 CC Oz C Oz. Then, for every (g,G1,G2) € SDs ,(Q),

I »(g,G1,G2;03) < I (g9, G1, G2; O2) + I (9, G1,G2; O3\ O1).

Proof. The proof relies on the fact, proved in Proposition that Iy, = FI;’p , by the definition of which there
exist sequences u, € SBV (03;R%), U,, € LP(O9; R¥>*N) v, € SBV(03\01;R?), and V,, € LP(03\O1; R¥*N)
such that u,, — g in L'(Oq;RY), Vu, A Gy and U, > Gy in M(Og; R*NY g — g in L' (O3 \ O1;RY),
Vv, = Gy and V,, = Gs in M(O3\ O1;R>N) | and, in addition, by Theorem applied in Os and in
O3\ Oy,

I p(9,G1,G2;02) = liTan [ Hi p(x, Vug(x), Up(x)) da +/

. [t (2), v, () AHY <x>}
S

02 m02

Un

and

I p(9,G1,G2; 03 \ O1) = lim {/  Hyp(x, Vo, (x), Vi (x)) do
n 03\01
+
s

Up —vp =0 in LYO2N (03\ O0;);RY), (4.9)
Vi, —Vu, =0 in M(0yn(03\ 0;); RN,
Un—VnLO in M(Ozﬂ(03\61);RdXN).

For § > 0, define Os = {z € O3 : d(x) < 0}, where, for every x € Os, we define the function d(z) =
dist(z, O1). Since the distance function to a fixed set is Lipschitz continuous, we can apply the change of
variables formula |28 Section 3.4.3, Theorem 2|, to obtain

5
= Up () — vp (T N=L(y
/OM un () = ()] | det V()| do = [ le(y)| w(@) = vn (@) KV (@) | dy

0

 hup(a, [0 (2), v, (2)) dHN_l(:c)] .
N(O3\01)

Un

Notice that
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and, as | det Vd| is bounded and (4.9)) holds, it follows, by Fatou’s Lemma, that for almost every p € [0, ]
we have

n n

im in up () — v (2 N=l(z) = limin Un () — v (x N=l(x) = 0. )
li f/dl(p)n() () dHN "M z) =1 f/8 i (22) — vy (@) dHN "L (z) = 0 (4.10)

P

Consider the (not relabelled) subsequences of u,, and v, for which the liminf in (4.10)) is attained. Fix pg €
[0, 6] such that ||Gixo0,llr1(90,,) = [[G2x0sllLr00,,) = 0, [GiXon5, 111 @0,,) = G2Xo5, IL700,,) =0
and such that (4.10) holds. We observe that O,, is a set with locally Lipschitz boundary since it is a level
set of a Lipschitz function (see, e.g., [28]). Hence we can consider u,, v, on 00,, in the sense of traces and

define
wy =4 %n Opo _ and Ly = Un ?n Opo _
v, in O3\ Oy, Vo InO3\ 0.

Then by the choice of po, wn, Zn) is adm1831ble for I (g, G1, G2; O3) and by the linear growth property of

hip (see Theorem [4.2] ., and (| , we obtain

I (9, G1,G2; 03) < liminf l Hi p(z, Vw, (), Zy(x)) dz + / ha p(z, [wn](2), v, (2)) dHN_l(x)
O3 Swn NOs3

n

< lim it [ Hip, T, Ua) et [ g, a0, v, () 1Y)
Oz

n Su, NO2

v (x N-1(,
i BTV e [ ), () 4 0

Un

Up () — V(X N=l(y
+/ﬂ  Clun(o) = ()| aH <>]

wn PO

= Ip(9,G1,G2; 02) + I (9, G1,G2; 03\ O1),
which concludes the proof. O
Proposition 4.5. Under Assumptions with ¢ = q, for every (g,G1,G2) € SDy,(Q2), the restriction of

I ,(9,G1,G2; ) to O(Q) is a Radon measure, absolutely continuous with respect to LN +HN =1L S(g), i.e.
for every O € O(), there exists C > 0

Ip(9, G, G 0) < C / (1+|Ga| + |Gaf?) dz + | Dg|(O),
O

Proof. Using the fact that Iy, = 727,,, the conclusion is achieved as in [I7, Lemma 2.22], relying strongly on
the nested sub-additivity property given in Lemma [£.4] and on the upper bound obtained in Lemma[{.3] O

‘We now state our main result for 3-level structured deformations.

Theorem 4.6. Let p > 1, (W,¢) € ED(p), and (g,G1,G2) € SD2 (). Then Is (g, G1,G2), defined by
(4.1), admits the integral representation

T2p(9:G1,G2) = [ fopl Tg(0). Ga(o) Galo)dot [ (o, [o](a).vy0) MY (o)
Q QNS(g)
where, for a.e. xg € Q and for all (€, By, By) € RN x RIXN 5 RIXN )\ ¢ RY v € SN71) the densities
fop(xo, &, B1,Ba) and ®g (20, A, v) are given by

xr 7B 7B ; )
fap(0,&, By, Bs) = limsup mLp (20 ;N 2 Qo 5>), (4.11)

e—0t

2,p(8)\,0,u(' N Jfo), Oa 07 Qu(x07 E))
eN-1 )

. m
®g (20, A, V) == limsup
e—0t

where ma, is given by (2.7) (for L =2) and where the functional F is taken to be I, .

(4.12)
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Proof. Notice that I ,: SDs ,(2) x O(Q) — [0, +00] satisfies assumptions (H1)-(H4) above. Indeed, (H1)
was proved in Proposition and (H2) follows from the definition of I, . Property (H4) was proved
in Lemma whereas (H3) is, by standard arguments, an immediate consequence of (H2). In view of

Theorem [2.9] and Remark I>, admits the stated integral representation. O
Remark 4.7. (a) Following the strategy of the proof of Theorem [3.3] it is reasonable to expect that,

for every p > 1,

fap(, A, B,C) = limsupinf { / Hyp(z + ey, Vu(y),T(y)) dy + / (2, ) (). v () AHN (1)
e=0 Q QNS (u)

u € SBV(Q;RY), PeLl(Q;RdXN),/Vudy:B, u="~4 onaQ,/rdy:C},
Q Q

whose proof could follow the steps of the proof of Theorem [B.3} we decided to omit the explicit
computations, which are extensive and do not add any novelty to the mathematics of this paper.
(b) Proposition guarantees that, for every (g,G1,G2) € SDs (), the computation of the Radon—
dls (9, G1,Go; )
d[D*g|
assertion, we follow the arguments presented in |2, Section 4.2], which rely exclusively on the Lipschitz
behaviour of Hy ,(x,-, B) and hj ,(x,-,v) and the p-Lipschitz behaviour of H; ,(x, 4, ).
Let U € O(Q), consider (v,,I';,) C SDy, as a recovery sequence for I ,(g, G1, G2; U) in the sense
of Remark and, by Theorems and let us consider v € SBV (U;RY) such that Vv = —G
and piecewise constant functions v, € SBV (U;R?) such that v, — v in L'(U;RY). Finally, let us

define I, =T, — G, 7}, = Yn + v — vy, so that (v,,T7) % (9,0,0), with ", 2+ 0, and therefore

Nikodym derivative

(20), at ¢y € S, does not depend on G1,Gs2. To verify this

IQ,p(ga 0707 U) - IQ,p(g7 Gla G2; U)

< n;yg{ /U (Hlm(x,V’y;(x),F;(x)) —Hl,p(x,v%(x),rn(x))>dx
- s, PRI )4 ) - Lo

= linn;igf {/U <H17p (:U,V'y;(:c),F/TL(:c)) —Hi, (:c, V'yn(x),F’n(x)>)dz
+ /U (Hlm(x,V'yn(x),F;(x)) —HLp(x,V%(x),Fn(x))>dx

- /UQS% hip (q:) [val(@), v, (@)dHN_l(x) - /U

o (5 ), ()0 )}

(5B, ()17 )}

r\|S’\/n

Hence, exploiting the triangle inequality, (4.6), and the fact that H{, satisfies (I])-([4) of Assumptions
for ¢ = 1, and hy, satisfies (3.1) (see Theorem , using Holder inequality, we estimate the
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above energy as follows

12711(9’ Oa 07 U) - I2,p(97 G17 GQ; U)

< liminfC{/ C|Vyn(z) — VAl (z)| dz
U

n—oo

+Ammm—mmwuwmmﬁfm+mww*ﬂmmm%wx
@it [ el o)

< liminfC{/ \V’yn(x)—ny;L(xﬂdx—i-/ CIl (x) — Ty (x)|dz
U U

+(ﬁ]v%unm)il(@wum—rquMJ;+Aguwwwx+lgnMde

p—1
P

" (/U ol dx)p; </U (@) dx>; + </U T, ()P dx) (/U T ()P dx>;

+Lmﬂmmwﬂlm+ﬁm mmmwﬂlm}

Un

< liminfC{/U(lJr|G1(z)|+|G2|p(x))dx+/

n— 00 Uns,

|M@wm”%m+/

UnS.,,

|wacw|dHN1@»},

where the last inequality is a consequence of the weak* convergence of Vv, and V~/, towards G; €
LY (;R¥N) and 0, respectively, and the LP-weak convergence of T',, and I, towards G € LP(Q; R?)
and 0, respectively, and where C' > 0 is a suitable constant, varying from line to line.

By virtue of the estimate in and by , the two surface integrals in the last line above are
bounded by fU |G1(z)| dz so that, by exchanging the roles of I (g, G1,G2;U) and I ,(g,0,0;U),
we arrive at the conclusion that

[12,(9,0,0;U) = T2 p(9, G1, G2; U)| < 0/ (1 +Gal|(2)| + |G2[" (2)) dx,
U

for every U € O(f). In turn, this guarantees that, for HV " 1-a.e. zg € S,

dlgp(g,(),O;-) (1I2p(g,G17(;2,')
L) A ARSI = J To). 4.1
d\Dsg\ (a:o) d|Dsg| ( 0) ( 3)

In view of this, without loss of generality, we may consider G; = G2 = 0 when we compute the
surface energy density.
(c) Observe that for every p > 1, for H¥~! a.e. zg, and for all A € RY, v € SN—L,

(1)271)(5807 A, V) = hl,P(an A V)7

given by (3.9). Indeed, by Proposition the definition of fg,p, and by using the lower semiconti-
nuity with respect to L' X Myeak« convergence of I ,,, (that can be proved as in [17, Proposition
5.1]), we have, for every U € O(Q),

IZ,P(gaGlaG%U) = TQ,p(gaGlaGQ;U) P inf{hrr}llinfjl,p(’}/nl7Fn1)(U) D Yng — G, Fnl A GZ}

> 1y(0,G)U) = [ Hipw 99,6y dot [ byl gl vlg)) aHY !
U Uns(g)
where in the last line we have exploited Theorem [3.3]

Then, since, in view of Proposition I p(g,G1,G2; ) is a measure which is absolutely continuous
with respect to LN + HN 1L S(g), it suffices to take the Radon—Nikodym derivative with respect
to HN =1L S(g), when g = 55 0., , on both sides of the previous inequality, to obtain ® ,(zg, A, ) >
h17p($0, )\, V).
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Regarding the reverse inequality, using again Theorem and (b)
dlz (55,00 (- — 20), G1, Ga;-) _dlz p(sx,0,0(- — 20),0,0;)

T 5 (sn00) 0= G T 8(on0y) )

Taking into account the definition of fg,p in (4.2) by taking v, = sx0..(- — 20), and I';,, =0, and
invoking Theorem [3.3]

I2,p(sA,O,u(’ - xO)a O; 0; U) - E,p(s)\,o,l/(' - xO)a 0; 0; U) < hn;llllnf Il,p(s/\,O,D(' - xO); 0; U)

(1)2,1)(-7;07 )‘7 V) =

(4.14)

:/ Hy p(2,0,0) dx—!—/ hap(z, [A],v)) dHN -1,
U Uns

sx,0,v(-—20)

which gives the desired inequality in view of .

(d) In [9, Theorem 3.4| we proposed a recursive relaxation procedure to assign an energy to a three-level
structured deformation in the case p > 1, for (g,G1,G2) € SDo () with Vg, Gy € LP(Q;R>N).
We point out that, in view of the growth conditions in , this is not the natural space in which to
set the problem; therefore we could not apply [10, Theorem 3.2] and for this reason we need to rely
on Theorem We also stress that, since SDy ), is a different space from H SDP% in [10], Theorem
should yield a lower energy than the one in [9, Theorem 3.4], despite the fact that the surface
energy density ®2, = hy, in coincides with the one obtained in [9], as an easy computation
reveals. Nevertheless, in some situations the bulk energy densities also coincide, as the example
below shows.

Example 4.8. Let p > 1 and consider an initial bulk energy density W independent of the x-variable and
convex, and the initial surface energy density ¥(\,v) = |\ - v| (so, also independent of the x-variable).
Following the explicit example of [, Section 3.3] and [42, Section 3.2.2.1]|, we have that

H, ,(A,B) =W(B) + |tr(A — B)| and hip(Av) =9\ v)=|A v

Moreover, since Hy ,, is still convex in the first variable and both relaxed energy densities are independent of
the x-variable, we can replicate the process, obtaining

Hy (A, B,C)=W(C)+|tr(B—-C)|+ |tr(B— A)| and hap(A\ V) = hi (A, v) =XV,

which is consistent with |9, formula (3.15)].

APPENDIX A. THE CASE L =3

Under Assumptions given the initial energy E in (3.2)) and given (g, G1, G2, G3) € SDs3 (), we seek
an integral representation of the relaxed energy
I3,p(ga Gla G27 G3) = Hlf { ’rlLllHrleH}zfg E(unl,ng,ng) : (unl,ng,ng) C SBV(Qv Rd)a unl,ng,ng %\ (97 G17 GZa G?))}
(A1)

Moreover, define

fi’),p(ga le G27 GS) = 1nf { hnélinffflp('ynmrnp,rnl) :(’Ynlarnla Tnl) S SD27p(Q)7
Tna % (gaGl)arn1 o G27Tn1 — Gg},

where Tp)g is the functional given by (4.2)).

We start by stating and proving the equivalent of Corollary 2.7]in the case L = 3.
Corollary A.l. For every (g,G1,G2,G3) € SDs3 () and for every sequence (’ynl,I’nl,Tm) € 8D, ,(Q2)
such that v, % (9,G1) in the sense of Definition Tn, = Gy in M(GRPNY and Y, = G3 in
M(Q; RN there exists a sequence (ny,na,n3) & Uny nyns converging to (g,G1,Gae,G3) in the sense of

Definition 2.7}

Furthermore, if p > 1 andsup ||(Ty,, T, )| Le(rax ¥ xpaxny < 400, then  sup  [|[Vun, g ng |l Lo (@raxvy <
ni

ni,n2,n3g
—+00.



HIERARCHICAL STRUCTURED DEFORMATIONS VIA THE GLOBAL METHOD FOR RELAXATION 19

Proof. By Corollary for every nq, there exists a sequence (ngz,ngz) — v,(m,m € SBV(Q;RY) such that

07(12}%3 converges to (Yn,, 'n,, Tn,) in the sense of Definition [2.4 This means that

limlimv{"™) =, strongly in L'(Q;R?),

no ns n2,n3
15? vfgl,)ls = g,(gl) where g(”1 € SBV(S;RY) is such that hm Vg("l =T, weak * in M(Q;R>N),
and finally
lim lim Vvﬁl’élns =T, weakly* in M(£; R>N).
ng N3
Then the sequence

(nl, na, n3) = Uny,no,ng “— vr(:;?)lg. (A3)

approximates (g, G1, G2, G3) in the sense of Definition H 2.4] Indeed,

n2,n3

. na . .
lim lim lim %y, py ng = limlimlim pm) = =limy,, =g
niy N2 N3 ny mz2 N3 ni

strongly in L'(Q; RY), which proves part (i). On the other hand,
Hm B Uy, iy ng = Yy € SBV(R?) and lim Vy,, = G; weak * in M(Q; RN),

ng N3

and
Hm p, pyomy = gn ") ¢ SBV(Q;R?) and hmhm Vg(”l) = han1 = Gy weak * in M(Q;RP>N),
ns3 no

so part (ii) is proved. Finally,

lim lim lim Vi, p, n, = limlimlim Vv("l) =limT,, = G3 weak * in M(Q;RN),
n1p N2 N3 niy nz N3z ni

which proves part (iii).
In addition, if p > 1,

SUP || Vny ngng | Lo (raxvy = sup vang,anLp(QRdXN) sup || Lo, || o (rax )y < +o0.
ni,n2,n3 ni,n2,n3 ni

We now derive the counterpart of Proposition
Proposition A.2. Under Assumptions for every (g,G1,G2,G3) € SD3 (),
I35(9,G1,G2,G3) = -73,;:(9, G1,G2,G3). (A4)
Proof. Given ¢ > 0, let (yp,,I'n,, Thn,) € SD2 ,(£2) be such that
Yoo == (9:G1), Ty — G2, and Tp, —Gs, (A.5)

and
Zg’p(g7 G1,G9,G3) + 0 > lim inffgﬁp('ym Ty, Yoy ) = liminf Lo p(Yny, Ty Ty ), (A.6)
ni ni

where we invoked Proposition for the last equality. Recalling (4.1)), let (ugl)ls_) C SBV(£;R%) be such
that (ugglgs) % (Yny> Ty s Ty ) and

Iy p(Yny, Tnys Ty ) 2 liminf lim infE(u("l) ) — 6,

N2 ns3 n2,Mm3
so that N
I3,(g,G1, G2, G3) + 26 > lim inf lim inf lim inf £ (u{"!), ). (A7)
ni ng ns ?

By (A.5), the sequence tn, nyny = uS,ZlT)LB converges to (g, G1, G2, G3) according to Definition so that,
by taking the infimum over all such sequences in (A.7)), we obtain

I3(9,G1, G2, Gs) + 26 > I5,(9,G1, G2, Gs),
and we obtain the < inequality in (A.4)) by taking the limit § — 0.
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To prove the reverse inequality, notice that for any § > 0, we find a sequence (un17n27n3) C SBV(£;RY)
such that wy, ny.ns %\ (9, G1,G2,Gs) in the sense of Definition and

I3 ,(9,G1,G2,G3) + § > liminf lim inf lim inf E(unl,nz’na).

ni n2 n3
In particular, we have that
lim lim %y, .y ns = Yoy hmV<hm un1,7l27n3> =TI, , and limlim Vg, nyng = T, ,
ng N3 no ns n2 n3g

where (vp,,I'n,, Tr,) belongs to SDs ,(§2), for every ni, and satisfies the convergences in (A.5)). Therefore,
by taking the infimum over all sequences that satisfy (A.5), we can continue with the chain of inequalities
and get
> lirréinf Lp(Yny, Tnys Ty) = lirrrllinf Ly (Yny, oy Ty ) 2 I3 (9, G1, Go, G3),
1 1

where the equality holds owing to Proposition [{:1] and the last inequality is obtained upon taking the
infimum over all the sequences (yp,,I'n,, Trn,) € SD3 () satistying (A.5)) (see (A.2])). Therefore, we have
obtained that I3 ,(g, G1, G2, Gs) +§ > I3 (g, G1, G2, G3), and we can conclude thanks to the arbitrariness
of 4. |
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