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Abstract. The response of many materials to applied forces and boundary constraints depends upon in-
ternal geometric changes at multiple submacroscopic levels. Hierarchical structured deformations provide
a mathematical setting for the description of such changes and for the variational determination of the
corresponding energetic response. The research in this article provides substantial refinements and broad-
enings of the mathematical setting both for the underlying geometrical structure and for the variational
analysis of energetic response. The mathematical tools employed in this research include the global method
for relaxation and establish the equivalence of a relaxed energy obtained via relaxation under simultaneous
geometrical changes at all levels and a relaxed energy obtained via iterated relaxations proceeding from the
deepest submacroscopic level successively to the macroscopic level.
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1. Introduction

The theory of (first-order) structured deformations, introduced by Del Piero and Owen in [20], proposes
a general framework in the context of continuum mechanics to study deforming bodies, without commit-
ting at the onset to a specific mechanical theory, such as elasticity, plasticity, or fracture. It does so by
considering both macroscopic and sub-macroscopic phenomena in the description of a deformation. These
sub-macroscopic phenomena include, for instance, slips and separations within the lattice of crystalline ma-
terials, and are referred to as disarrangements in [20]. In traditional macroscopic descriptions, a single field g
(and its gradient ∇g) suffice to characterize the deformation of a continuous body. The theory of structured
deformations introduces an additional geometrical field G, of the same tensorial character as ∇g, to account
for smooth sub-macroscopic changes, while the difference ∇g − G captures the effects of sub-macroscopic
disarrangements. Hence, two distinct objects are needed to describe the deformation of a continuous body,
and a structured deformation can be identified with a pair (g,G) ∈ SD(Ω), where

SD(Ω) := SBV (Ω;Rd)× L1(Ω;Rd×N ), (1.1)

SBV (Ω;Rd) is the space of special functions of bounded variation on Ω with values in Rd, L1(Ω;Rd×N )
is the space of integrable functions on Ω with values that are d × N matrices, and Ω ⊂ RN is a bounded,
connected, open set describing the reference configuration of the body. The variational formulation proposed
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by Choksi and Fonseca [17] relies on an energetic approach to solve the issue of assigning an energy to a
structured deformation, with a view toward the application of the direct method of the calculus of variations
to find equilibrium configurations of deforming bodies. Given an initial energy

E(u) :=

ˆ
Ω

W (∇u(x)) dx+

ˆ
Ω∩S(u)

ψ([u](x), νu(x)) dHN−1(x) (1.2)

defined on functions u ∈ SBV (Ω;Rd), the energy I(g,G) assigned to a structured deformation is the one
obtained in the energetically most economical way to approximate the pair (g,G) by deformations un ∈
SBV (Ω;Rd) in the following sense

un → g in L1(Ω;Rd), ∇un
∗
⇀ G in M(Ω;Rd×N ). (1.3)

Mathematically speaking, the energy I is defined via relaxation, according to

I(g,G) := inf
{
lim inf
n→+∞

E(un) : {un} ⊂ SBV (Ω;Rd) converging to (g,G) in the sense of (1.3)
}

(1.4)

Since their introduction in [20] and their study in the context of the variational theory established in [17],
there has been an extensive body of work concerning both mechanical applications of structured deformations
[16, 18, 19, 21, 22, 23, 24, 25, 30, 31, 32, 33, 34, 45, 46, 47, 49] and mathematical approaches investigating
the energy I and its properties in a variety of contexts, including [2, 4, 7, 14, 29, 38, 40, 44, 50, 51]. In
particular, the results of [17] were generalized to account for continuous spatial dependence of the energy
densities W and ψ in (1.2), see, e.g., [8, 42, 43] and [10] for discontinuous W .

Motivated by the fact that different natural [5, 12, 15, 35, 37, 39, 41, 48, 52] and engineered materials
[15, 36, 53] exhibit multiple levels of sub-macroscopic behavior, Deseri and Owen [26] proposed a gener-
alization of the theory to account for the effects of such different sub-macroscopic scales, introducing the
concept of a hierarchical structured deformation. In this context, given L ∈ N \ {0}, an (L+ 1)-hierarchical
structured deformation has L different levels of sub-macroscopic behavior, accounted for by different fields
Gi , (i = 1, . . . , L). A structured deformation (L = 1) in the original sense of [20], corresponds to a two-level
hierarchical structured deformation in the sense of [26].

This work departs from two previous articles which propose a variational approach to hierarchical struc-
tured deformations [9, 10] and has a two-fold objective. On the one hand, it extends the known results for
two-level structured deformations to the case under consideration: we obtain here the Approximation Theo-
rem (see Theorem 2.6) for hierarchical structured deformations (g,G1, . . . , GL) (see Definition 2.3), and we
provide asymptotic cell formulae for the relaxed bulk and surface energy densities (see (4.11) and (4.12)). The
novelty in this paper rests on the fact that we achieve these results under fairly weak regularity assumptions
on the initial bulk energy density; in particular, we consider a Carathéodory function (x,A) 7→ W (x,A),
thus allowing us to account for non-homogeneous behavior of the body. Under this weaker assumption, we
stress that Theorem 3.3 generalizes all previous results pertaining to the variational formulation of two-level
structured deformations in the sense of [17].

On the other hand, in proving the integral representation result in the specific case of three-level hier-
archical structured deformations (g,G1, G2) (see Theorem 4.6), we set the basis for the extension to the
general case L > 2 (the case L = 3 is addressed in Appendix A). We adopt here an approach based on the
global method for relaxation [13], that follows and adapts the results in [10, 11], as opposed to [9], where
the assignment of an energy to a hierarchical structured deformation is established by means of a recursive
relaxation scheme. In that case, departing from the initial energy (1.2), the full relaxation is obtained by
performing L partial relaxations, by upscaling, step by step, from the most sub-macroscopic level to the
macroscopic one. Each of these partial relaxations is performed à la Choksi-Fonseca, using the machinery
of [17, Theorems 2.16 and 2.17], upon verifying that the partially relaxed energy densities that are obtained
at each step still verify the hypotheses that allow for the next step to be carried out successfully.

As already pointed out in [9], it is key both for its mathematical interest and its mechanical one to perform
an all-at-once relaxation, which is suggested by our Approximation Theorem 2.6. Indeed, the relaxation

I(g,G1, . . . , GL) := inf
{
lim inf
n1

· · · lim inf
nL

E
(
un1,...,nL

)
: (un1,...,nL

) ⊂ SBV (Ω;Rd),

un1,...,nL

∗−⇀
H

(g,G1, . . . , GL)
}
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is well defined, as the set of approximating sequences is not empty. This procedure, carried out in this work
under the rather general set of Assumptions 3.1, leads, in principle, to a relaxed energy which is, in general
not greater than that obtained in [9] via the recursive relaxation. However, comparing the explicit example
[9, Section 3.3] with our result, we conclude that there is at least one case where the relaxed energies coincide
(see Example 4.8).

We point out that the approaches in [9] and herein, both can be deduced as iterated schemes inspired by
[17]; the main difference is that the present method does not freeze any field appearing in the previous steps,
since our iterated scheme is fully equivalent to a relaxation where all the levels of deformations iteratively
converge.

Departing from the fact that the Approximation Theorem can indeed be viewed as an iterated scheme
(see Corollary 2.7 and Proposition 4.1), but without fixed targets at each step as in [9]. We note that some
of the properties of the energy densities are preserved, while others change after the first iteration step, as
illustrated in Theorem 4.2. We close this introduction by mentioning that Theorem 2.9, which is established
for a general L ∈ N \ {0}, is the key ingredient for the proof of the main result.

The plan of the paper is the following: in Section 2, we establish the notation, define the space of (L+1)-
level hierarchical structured deformations, prove the Approximation Theorem, and include some auxiliary
results; in Section 3, we list the standing assumptions on the initial energy densities W and ψ and we
generalize the relaxation result from [17] to our setting; in Section 4, we state and prove the relaxation result
for the case L = 2, whereas we postpone to Appendix A an illustration of the result for L = 3.

2. Preliminaries

2.1. Notation and main definitions. Throughout the manuscript, we will use the following notations.

• Ω ⊂ RN is a bounded, connected open set with Lipschitz boundary. SN−1 is the unit sphere in RN ;
• (cubes) Q := (− 1

2 ,
1
2 )
N denotes the open unit cube of RN centered at the origin; for any ν ∈ SN−1,

Qν denotes any open unit cube in RN with two faces orthogonal to ν; for any x ∈ RN and δ > 0,
Q(x, δ) := x+δQ denotes the open cube in RN centred at x with side length δ andQν(x, δ) := x+δQν ;

• O(Ω) is the family of all open subsets of Ω;
• SD(Ω), SDL,p(Ω), and SDL(Ω) (see (1.1) and Definition 2.3), with L ∈ N \ {0} and p ⩾ 1, are

spaces of (hierarchical) structured deformations;
• unless otherwise specified, C > 0 represents a generic constant that may change from line to line.

The variational theory of structured deformations finds its natural setting in the space SBV (Ω;Rd); we
refer the reader to [3] for a general exposition on (S)BV functions.

A fundamental result in the theory of structured deformations is the Approximation Theorem [20, The-
orem 5.8], a counterpart of which was recovered in [17, Theorem 2.12] in the SBV framework and in
[38, 50] in a broader setting. In simple terms, [17, Theorem 2.12] states that given a structured deformation
(g,G) ∈ SBV (Ω;Rd)× L1(Ω;Rd×N ), there exists a sequence un ∈ SBV (Ω;Rd) such that

un → g in L1(Ω;Rd) and ∇un
∗
⇀ G in M(Ω;Rd×N ). (2.1)

Its proof is a consequence of the following two results.

Theorem 2.1 ([1, Theorem 3]). Let f ∈ L1(Ω;Rd×N ). Then there exist u ∈ SBV (Ω;Rd), a Borel function
β : Ω → Rd×N , and a constant C > 0 depending only on N , such that

Du = f LN + βHN−1 Su,

ˆ
Su∩Ω

|β(x)|dHN−1(x) ⩽ C∥f∥L1(Ω;Rd×N ). (2.2)

Lemma 2.2 ([17, Lemma 2.9]). Let u ∈ BV (Ω;Rd). Then there exist piecewise constant functions ūn ∈
SBV (Ω;Rd) such that ūn → u in L1(Ω;Rd) and

|Du|(Ω) = lim
n→+∞

|Dūn|(Ω) = lim
n→+∞

ˆ
Sūn

|[ūn](x)| dHN−1(x). (2.3)

We now recall the notion of a multi-level structured deformation, see [26, Section 2] and [42, Section 3.2.7].
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Definition 2.3. For L ∈ N \ {0}, p ⩾ 1, and Ω ⊂ RN , we define the set of (L + 1)-level (first-order)
structured deformations on Ω as

SDL,p(Ω) := SBV (Ω;Rd)× L1(Ω;Rd×N )× · · · × L1(Ω;Rd×N )︸ ︷︷ ︸
(L−1)-times

×Lp(Ω;Rd×N )

In particular when p = 1, the space will be simply denoted by SDL(Ω), i.e.

SDL(Ω) := SBV (Ω;Rd)× L1(Ω;Rd×N )× · · · × L1(Ω;Rd×N )︸ ︷︷ ︸
L-times

.

In the case L = 1, the space SD1(Ω) coincides with the space SD(Ω) in (1.1), introduced in [17].
The convergence of a (multi-indexed) sequence of SBV functions to an (L+1)-level structured deformation

(g,G1, . . . , GL), belonging to SDL,p(Ω), is defined as follows.

Definition 2.4 ([42, Definition 3.5]). Let L ∈ N \ {0} and p ⩾ 1, and let (g,G1, . . . , GL) ∈ SDL,p(Ω), and
let NL ∋ (n1, . . . , nL) 7→ un1,...,nL

∈ SBV (Ω;Rd) be a (multi-indexed) sequence. We say that
(
un1,...,nL

)
converges in the sense of SDL,p(Ω) to (g,G1, . . . , GL) if

(i) lim
n1

· · · lim
nL

un1,...,nL
= g, with each of the iterated limits in the sense of L1(Ω;Rd);

(ii) for all ℓ = 1, . . . , L−1, there exists a sequence Nℓ ∋ (n1, . . . , nℓ) 7→ gn1,...,nℓ
∈ SBV (Ω;Rd) such that

lim
nℓ+1

· · · lim
nL

un1,...,nL
= gn1,...,nℓ

, with each of the iterated limits in the sense of L1(Ω;Rd),

lim
n1

· · · lim
nℓ

∇gn1,...,nℓ
= Gℓ , with each of the iterated limits in the sense

of weak* convergence in M(Ω;Rd×N );

(iii) lim
n1

· · · lim
nL

∇un1,...,nL
= GL with each of the iterated limits in the sense of weak* convergence in

M(Ω;Rd×N ).

We use the notation un1,...,nL

∗−⇀
H

(g,G1, . . . , GL) to indicate this convergence. Note that, if L = 1, condition

(ii) above is void.

Remark 2.5. We make the following observations on Definition 2.4:
• Notice that, if p > 1 and the additional condition

sup
n1

· · · sup
nL

ˆ
Ω

|∇un1,...,nL
|p dx < +∞

holds true, then the iterated limits in (iii) hold indeed in the sense of Lp-weak convergence.
• In the case L = 1 = p Definition 2.4 recovers the notion of convergence of (un) to (g,G) in the sense

of [17, Theorem 2.12].
• For the sake of clarity, we write explicitly the convergence in the case of a 3-level structured defor-

mation (g,G1, G2) ∈ SD2,p(Ω). A double-indexed sequence
(
un1,n2

)
converges to (g,G1, G2) in the

sense of Definition 2.4 provided that
(i) lim

n1

lim
n2

un1,n2
= g in L1(Ω;Rd);

(ii) there exists a sequence (gn1) ⊂ SBV (Ω;Rd) such that lim
n2

un1,n2 = gn1 in L1(Ω;Rd) (for every

n1 ∈ N), and lim
n1

∇gn1
= G1 , weakly* in M(Ω;Rd×N );

(iii) lim
n1

lim
n2

∇un1,n2
= G2, weakly* in M(Ω;Rd×N ).

2.2. Approximation theorem and auxiliary results. The ideas behind the construction of a sequence
satisfying (2.1), namely Theorem 2.1 and Lemma 2.2, allow us to obtain a (multi-indexed) sequence (un1,...,nL

)
that approximates an (L + 1)-level structured deformation (g,G1, . . . , GL). We thus obtain the following
result, whose proof is an immediate adaptation of [9, Theorem 3.3].

Theorem 2.6 (Approximation Theorem for (L + 1)-level structured deformations). Let L ∈ N \ {0} and
(g,G1, . . . , GL) ∈ SDL,p(Ω). Then there exists a sequence (n1, . . . , nL) 7→ un1,...,nL

∈ SBV (Ω;Rd) converg-
ing to (g,G1, . . . , GL) in the sense of Definition 2.4.
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The following corollary provides an alternative proof of the Approximation Theorem 2.6 which will be
useful to prove our representation theorems (see Theorem 3.3 and Theorem 4.6 below). For simplicity of
exposition, we state and prove it in SD2,p(Ω); the case for L = 3 is presented in Appendix A. The arguments
given there can be iterated for a general L ∈ N.

Corollary 2.7. Let p ⩾ 1. For every (g,G1, G2) ∈ SD2,p(Ω) and for every sequence of structured de-
formations

(
(γn1 ,Γn1)

)
in SD1(Ω) such that (γn1) converges to (g,G1) in the sense of Definition 2.4 and

Γn1

∗
⇀ G2 in M(Ω;Rd×N ), there exists a sequence (n1, n2) 7→ un1,n2 converging to (g,G1, G2) in the sense

of Definition 2.4.

Proof. By the Approximation Theorem [17, Theorem 2.12], for every n1 ∈ N, there exists a sequence
n2 7→ v

(n1)
n2 ∈ SBV (Ω;Rd) such that v(n1)

n2 → γn1
in L1(Ω;Rd) and ∇v(n1)

n2

∗
⇀ Γn1

in M(Ω;Rd×N ) as
n2 → ∞. In fact, the sequence n2 7→ v

(n1)
n2 satisfies

∇v(n1)
n2

= Γn1
. (2.4)

Then the sequence
(n1, n2) 7→ un1,n2

:= v(n1)
n2

(2.5)
approximates (g,G1, G2) in the sense of Definition 2.4. Indeed,

lim
n1

lim
n2

un1,n2 = lim
n1

lim
n2

v(n1)
n2

= lim
n1

γn1 = g in L1(Ω;Rd),

which proves part (i). Moreover, since γn1 ∈ SBV (Ω;Rd) for all n1 and

lim
n1

∇
(
lim
n2

un1,n2

)
= lim

n1

∇
(
lim
n2

v(n1)
n2

)
= lim

n1

∇γn1
= G1 weakly* in M(Ω;Rd×N ),

part (ii) is proved. Finally,

lim
n1

lim
n2

∇un1,n2
= lim

n1

lim
n2

∇v(n1)
n2

= lim
n1

Γn1
= G2 weakly* in M(Ω;Rd×N ),

which proves part (iii). □

Remark 2.8. • Notice that a sequence
(
(γn1 ,Γn1)

)
always exists: indeed, the existence of γn1 is

ensured by the Approximation Theorem [17, Theorem 2.12], whereas one can always take the constant
sequence Γn1

= G2.
• If p > 1, suppose that, in addition to the hypotheses of Corollary 2.7, we have that for every n1 ∈ N,

(γn1
,Γn1

) ∈ SD1,p(Ω) and Γn1
⇀ G2 weakly in Lp(Ω;Rd×N ). Then the constructed sequence

(n1, n2) 7→ un1,n2
satisfies condition (iii) of Definition 2.4 weakly in Lp(Ω;Rd×N ).

In order to obtain the relaxation results in Section 4, we state a variant of the global method for relaxation,
suitable for the space SDL,p(Ω), that was obtained in [10]. We point out that the current version does not
differ from [10, Theorem 3.2] in the cases L = 1 and/or p = 1, since, in this setting, the function space
HSDp

L(Ω) therein coincides with SDL,p(Ω).
Let F : SDL,p(Ω)×O(Ω) → [0,+∞] be a functional satisfying the following hypotheses:
(H1) for every (g,G1, . . . , GL) ∈ SDL,p(Ω), F(g,G1, . . . , GL; ·) is the restriction to O(Ω) of a Radon

measure;
(H2) for every O ∈ O(Ω), F(·, ·, . . . ;O) is lower semicontinuous, in the following sense: if (g,G1, . . . , GL) ∈

SDL,p(Ω) and ((gn, Gn1 , . . . , G
n
L)) ⊂ SDL,p(Ω) are such that gn → g in L1(Ω;Rd) and Gni

∗
⇀ Gi in

M(Ω;Rd×N ), for i = 1, . . . , L, then

F(g,G1, . . . , GL;O) ⩽ lim inf
n

F(gn, Gn1 , . . . , G
n
L;O);

(H3) for all O ∈ O(Ω), F(·, . . . , ·;O) is local, that is, if g = u, G1 = U1, . . . , GL = UL a.e. in O, then
F(g,G1, . . . , GL;O) = F(u, U1, . . . , UL;O);

(H4) there exists a constant C > 0 such that

1

C

( L−1∑
ℓ=1

∥Gℓ∥L1(O;Rd×N ) + ∥GL∥pLp(O;Rd×N )
+ |Dg|(O)

)
⩽ F(g,G1, . . . , GL;O)
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⩽ C

(
LN (O) +

L−1∑
ℓ=1

∥Gℓ∥L1(O;Rd×N ) + ∥GL∥pLp(O;Rd×N )
+ |Dg|(O)

)
,

for every (g,G1, . . . , GL) ∈ SDL,p(Ω) and every O ∈ O(Ω).
Given (g,G1, . . . , GL) ∈ SDL,p(Ω) and O ∈ O(Ω), we introduce the space of test functions

CSDL,p
(g,G1, . . . , GL;O) := {(u, U1, . . . , UL) ∈ SDL,p(Ω) : u = g in a neighbourhood of ∂O,ˆ

O

(Gi − Ui) dx = 0, i = 1, . . . , L

}
, (2.6)

and we let mL,p : SDL,p(Ω)×O(Ω) → [0,+∞) be the functional defined by

mL,p(g,G1, . . . , GL;O) := inf
{
F(u, U1, . . . , UL;O) : (u, U1, . . . , UL) ∈ CSDL,p

(g,G1, . . . , GL;O)
}
. (2.7)

Then, the following result holds.

Theorem 2.9. Let p ⩾ 1 and let F : SDL,p(Ω) × O(Ω) → [0,+∞] be a functional satisfying (H1)-(H4).
Then

F(u, U1, . . . , UL;O) =

ˆ
O

fL,p(x, u(x),∇u(x), U1(x), . . . , UL(x)) dx

+

ˆ
O∩Su

ΦL,p(x, u
+(x), u−(x), νu(x)) dHN−1(x),

where

fL,p(x0, α, ξ, B1, . . . , BL) := lim sup
ε→0+

mL,p(α+ aξ,x0
, B1, . . . , BL;Q(x0, ε))

εN
, (2.8)

ΦL,p(x0, λ, θ, ν) := lim sup
ε→0+

mL,p(sλ,θ,ν(· − x0), 0, . . . , 0;Qν(x0, ε))

εN−1
, (2.9)

for a.e. x0 ∈ Ω, for every α, λ, θ ∈ Rd, ξ,B1, . . . , BL ∈ Rd×N , ν ∈ SN−1, where 0 is the zero matrix in
Rd×N , aξ,x0

(x) := ξ(x− x0) and sλ,θ,ν is defined by

sλ,θ,ν(x) :=

{
λ if x · ν ⩾ 0,
θ if x · ν < 0.

(2.10)

Proof. The proof is identical to the one in [10, Theorem 3.2], upon noticing that the fields Gi, i = 1, . . . L
behave independently of each other. □

Remark 2.10. As in [10, Remark 3.3], it follows that if F is translation invariant in the first variable, i.e.
if

F(u+ b, U1, . . . , UL;O) = F(u, U1, . . . , UL;O),

for every ((u, U1, . . . , Ul), O) ∈ SDL,p(Ω)×O(Ω) and for every b ∈ Rd, then the function fL,p in (2.8) does
not depend on α and the function ΦL,p in (2.9) does not depend separately on λ and θ but only on the
difference λ− θ. With an abuse of notation we write

fL,p(x0, ξ, B1, . . . , BL) = fL,p(x0, α, ξ, B1, . . . , BL) and ΦL,p(x0, λ− θ, ν) = ΦL,p(x0, λ, θ, ν).

3. A generalization of the relaxation theorem for 2-level structured deformations

In this section, we generalize some relaxation results already available for 2-level structured deformations
([17, Theorems 2.16 and 2.17], [43, Theorem 5.1], [10, Theorems 4.1 and 4.2]) by weakening the hypotheses
on the initial energy densities W and ψ.

Assumptions 3.1 (see [9, Definition 2.5]). For q ⩾ 1, we denote by ED(q) the collection of pairs (W,ψ) of
bulk and surface energy densities W : Ω×Rd×N → [0,+∞) and ψ : Ω×Rd × SN−1 → [0,+∞) satisfying the
following conditions

(1) W is a Carathéodory function, namely it is measurable with respect to x ∈ Ω and continuous with
respect to A ∈ Rd×N ;
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(2) there exists CW > 0 such that, for a.e. x ∈ Ω and A1, A2 ∈ Rd×N ,

|W (x,A1)−W (x,A2)| ⩽ CW |A1 −A2|
(
1 + |A1|q−1 + |A2|q−1

)
;

(3) there exists A0 ∈ Rd×N such that W (·, A0) ∈ L∞(Ω);
(4) there exists cW > 0 such that

W (x,A) ⩾ cW |A|q − 1

cW

for a.e. x ∈ Ω and every A ∈ Rd×N .
(5) ψ is continuous with respect to all of its variables;
(6) (symmetry) for every x ∈ Ω, λ ∈ Rd, ν ∈ SN−1,

ψ(x, λ, ν) = ψ(x,−λ,−ν);

(7) there exists cψ, Cψ > 0 such that, for all x ∈ Ω, λ ∈ Rd, and ν ∈ SN−1,

cψ|λ| ⩽ ψ(x, λ, ν) ⩽ Cψ|λ|;

(8) (positive 1-homogeneity) for all x ∈ Ω, λ ∈ Rd, ν ∈ SN−1, and t > 0

ψ(x, tλ, ν) = tψ(x, λ, ν);

(9) (sub-additivity) for all x ∈ Ω, λ1, λ2 ∈ Rd, and ν ∈ SN−1,

ψ(x, λ1 + λ2, ν) ⩽ ψ(x, λ1, ν) + ψ(x, λ2, ν);

(10) there exists a continuous function ωψ : [0,+∞) → [0,+∞) with ωψ(s) → 0 as s→ 0+ such that, for
every x0, x ∈ Ω, λ ∈ Rd, and ν ∈ SN−1,

|ψ(x, λ, ν)− ψ(x0, λ, ν)| ⩽ ωψ(|x− x0|)|λ|.

Notice that conditions (7) and (9) imply that ψ is Lipschitz continuous in the second variable, namely,
for all x ∈ Ω, λ1, λ2 ∈ Rd, and ν ∈ SN−1

|ψ(x, λ1, ν)− ψ(x, λ2, ν)| ⩽ Cψ|λ1 − λ2| (3.1)

(where Cψ is the same constant of property (7)).
For (W,ψ) ∈ ED(p), for some p ⩾ 1, we consider the initial energy of a deformation u ∈ SBV (Ω;Rd)

defined by

E(u) :=

ˆ
Ω

W (x,∇u(x)) dx+

ˆ
Ω∩Su

ψ(x, [u](x), νu(x)) dHN−1(x), (3.2)

and, following [17], we assign an energy to a (2-level) structured deformation (g,G) ∈ SD1,p(Ω), via

I1,p(g,G) := inf
{
lim inf
n→∞

E(un) : un ∈ SBV (Ω;Rd), un
∗−⇀
H

(g,G)
}
. (3.3)

We introduce some notations which will be used throughout the discussion. For x0 ∈ Ω and A ∈ Rd×N ,
we define the affine and linear functions of gradient A by

aA,x0
(x) := A(x− x0) and ℓA(x) := Ax, (3.4)

respectively. For p ⩾ 1 and A,B ∈ Rd×N , we let

Cbulk
p (A,B) :=

{
u ∈ SBV (Q;Rd) : u = ℓA in a neighborhood of ∂Q,

ˆ
Q

∇udx = B, |∇u| ∈ Lp(Q)

}
, (3.5)

and, for λ ∈ Rd and ν ∈ SN−1, we let

Csurf(λ, ν) :=

{
u ∈ SBV (Qν ;Rd) : u = sλ,0,ν in a neighborhood of ∂Qν ,

ˆ
Qν

∇udx = 0

}
, (3.6)

where, the function sλ,0,ν is defined in (2.10). For ε > 0 and O ∈ O(Ω), we define the following localizations
of the energy E in (3.2)

Esurf
x,ε (u;O) :=

ˆ
Su∩O

ψ(x+ εy, [u](y), νu(y)) dHN−1(y), (3.7a)
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Ebulk
x,ε (u;O) :=

ˆ
O

W (x+ εy,∇u(y)) dy + Esurf
x,ε (u;O), (3.7b)

Ẽx,ε(u;O) :=

ˆ
O

εW (x+ εy, ε−1∇u(y)) dy + Esurf
x,ε (u;O); (3.7c)

for a.e. x ∈ Ω and A,B ∈ Rd×N , we define

H1,p(x,A,B) := lim sup
ε→0

inf
{
Ebulk
x,ε (u;Q) : u ∈ Cbulk

p (A,B)
}
, (3.8)

and for a.e. x ∈ Ω, λ ∈ Rd, and ν ∈ SN−1, we define

h1,p(x, λ, ν) := lim sup
ε→0

inf
{
δ1(p)Ẽx,ε(u;Qν) + (1− δ1(p))E

surf
x,ε (u;Qν) : u ∈ Csurf(λ, ν)

}
. (3.9)

Remark 3.2. We comment on the available literature concerning the energy I1,p defined in (3.3).
(a) In the case of W and ψ independent of the x-variable, an integral representation result for the relaxed

energy I1,p defined in (3.3) was proved in [17, Theorems 2.16 and 2.17], where the relaxed bulk and
surface energy densities (A,B) 7→ H1,p(A,B) and (λ, ν) 7→ h1,p(λ, ν) are obtained by solving the
infimization problems in (3.8) and (3.9) (with the obvious modifications), namely

I1,p(g,G) =

ˆ
Ω

H1,p(∇g(x), G(x)) dx+

ˆ
Ω∩Sg

h1,p([g](x), νg(x)) dHN−1(x),

compare with [17, Theorem 2.16 and formula (2.15)]1.
(b) In the case of W continuous in the x variable with modulus of continuity ωW , an integral represen-

tation result for the relaxed energy I1,p defined in (3.3) is presented in [42, Theorem 3.2], where the
relaxed bulk and energy densities H1,p and h1,p are obtained by solving the infimization problems in
(3.8) and (3.9) for ε = 0, relying on techniques from [6] to deal with the x-dependence. The integral
representation reads

I1,p(g,G) =

ˆ
Ω

H1,p(x,∇g(x), G(x)) dx+

ˆ
Ω∩Sg

h1,p(x, [g](x), νg(x)) dHN−1(x);

compare with [42, formula (3.16)].
(c) In the present case, we will resort to the global method for relaxation of [13] because of the weaker

assumptions on W , extending its formulation to the context of hierarchical structured deformations
considered in [10].

We comment on formulas (3.7) and on the minimization problems (3.8) and (3.9).
(d) We notice that, thanks to (10) in Assumptions 3.1, the dependence of Esurf

x,ε on ε can be dropped:
by using the techniques in [6], it is easy to see one can replace Esurf

x,ε by Esurf
x,0 =: Esurf

x in (3.9), so
that, since the integration variable in (3.7a) is y, the first entry of ψ can be frozen and therefore
considered illusory for the minimization process; hence, formulas (3.7) become

Esurf
x (u;O) :=

ˆ
Su∩O

ψ(x, [u](y), νu(y)) dHN−1(y), (3.10a)

Ebulk
x,ε (u;O) :=

ˆ
O

W (x+ εy,∇u(y)) dy + Esurf
x (u;O), (3.10b)

Ẽx,ε(u;O) :=

ˆ
O

εW (x+ εy, ε−1∇u(y)) dy + Esurf
x (u;O). (3.10c)

(e) In view of (d) above, we notice that, if p > 1, the minimization problem in (3.9) reduces to

h1,p(x, λ, ν) = lim sup
ε→0

inf
{
Esurf
x,ε (u;Qν) : u ∈ Csurf(λ, ν)

}
= inf

{
Esurf
x (u;Qν) : u ∈ Csurf(λ, ν)

}
.

This enlarges the class originally considered in [17, formula (2.17)], where the class Csurf(λ, ν) was
defined with the condition ∇u = 0 a.e. in Qν (instead of

´
Qν

∇udx = 0). The equivalence of the
minimization problems in these two different classes was obtained in [7] and [51] as a byproduct

1In [17, formula (2.15)], the dependence on the normal in the relaxed surface energy density (see the formula for h, [17, formula
(2.17)]) was mistakenly omitted, as already noted in [47, Theorem 3] and [51, formula (4)].



HIERARCHICAL STRUCTURED DEFORMATIONS VIA THE GLOBAL METHOD FOR RELAXATION 9

of relaxation, whereas it was proved as a property of the energy in [27] for a general class of x-
independent surface energy densities. Recalling again (d) above, this is meaningful in our context
because our initial surface energy densities ψ can be considered independent of x, owing to (10) in
Assumptions 3.1.

(f) In the case of W continuous in the x variable with modulus of continuity ωW , also formula (3.10b)
has no ε-dependence, and reads

Ebulk
x (u;O) =

ˆ
O

W (x,∇u(y)) dy + Esurf
x (u;O); (3.11)

moreover, if there exist 0 < α < 1, C > 0 such that∣∣∣∣W∞(x,A)− W (x, tA)

t

∣∣∣∣ ⩽ C|A|1−α

tα
for every x ∈ Ω, for every t > 0 such that |tA| ⩾ 1,

where W∞ is the recession function of W , defined by W∞(x,A) := lim supt→+∞ t−1W (x, tA), then
the localized energy Ẽx,ε in (3.10c) becomes

Erec
x (u;O) :=

ˆ
O

W∞(x,∇u(y)) dy + Esurf
x (u;O). (3.12)

(g) In view of point (f), formulas (3.8) and (3.9) reduce to

H1,p(x,A,B) = inf
{
Ebulk
x (u;Q) : u ∈ Cbulk

p (A,B)
}
,

h1,p(x, λ, ν) = inf
{
δ1(p)E

rec
x (u;Qν) + (1− δ1(p))E

surf
x (u;Qν) : u ∈ Csurf(λ, ν)

}
,

which are those in [42, formulas (3.15)].

Given (g,G) ∈ SD1,p(Ω) and O ∈ O(Ω), we introduce the class (of competitors)

CSD1,p
(g,G;O) :=

{
(u, U) ∈ SD1,p(Ω) : u = g in a neighbourhood of ∂O,

ˆ
O

(G− U) dx = 0

}
, (3.13)

and, with a slight abuse of notation, we let m1,p : SD1,p(Ω)×O(Ω) → [0,+∞) be the functional defined by

m1,p(g,G;O) := inf
{
I1,p(u, U ;O) : (u, U) ∈ CSD1,p

(g,G;O)
}
, (3.14)

where I1,p(·, ·;O) is the localization of the functional in (3.3) to O ∈ O(Ω), i.e. m1,p is the functional defined
in (2.7), for L = 1 and associated to F = I1,p.

The following integral representation theorem is a consequence of [10, Theorem 3.2].

Theorem 3.3. Let p ⩾ 1 and let (W,ψ) ∈ ED(p); let (g,G) ∈ SD1,p(Ω) and let I1,p(g,G) be defined by (3.3).
Then I1,p admits the integral representation

I1,p(g,G) =

ˆ
Ω

H1,p(x,∇g(x), G(x)) dx+

ˆ
Ω∩Sg

h1,p(x, [g](x), νg(x)) dHN−1(x), (3.15)

where H1,p and h1,p are defined in (3.8) and (3.9), respectively.

Proof. By [10, Theorem 4.1], the localized version O(Ω) ∋ O 7→ I1,p(g,G;O) of the functional I1,p satisfies
all the properties in [10, Theorem 3.2]. In particular, it is the restriction to O(Ω) of a Radon measure which
is absolutely continuous with respect to LN + |Dg|+ |G| and it admits the following representation

I1,p(u, U ;O) =

ˆ
O

f1,p(x, u(x),∇u(x), U(x)) dx+

ˆ
O∩Su

Φ1,p(x, u
+(x), u−(x), νu(x)) dHN−1(x),

where, for all x0 ∈ Ω, α, θ, λ ∈ Rd, A,B ∈ Rd×N , and ν ∈ SN−1,

f1,p(x0, α,A,B) := lim sup
ε→0

m1,p(α+ aA,x0 , B;Q(x0, ε))

εN
, (3.16a)

Φ1,p(x0, λ, θ, ν) := lim sup
ε→0

m1,p(sλ,θ,ν(· − x0), 0;Qν(x0, ε))

εN−1
, (3.16b)

where aA,x0
and sλ,θ,ν are defined in (3.4) and (2.10), respectively, and 0 in (3.16b) is the zero matrix in

Rd×N .
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It is easy to deduce (see, e.g., [10, Remark 3.3 and proof of Theorem 4.1]) that the functional I1,p defined
in (3.3) is translation invariant in the first variable, which entails that it can be represented as

I1,p(u, U ;O) =

ˆ
O

f1,p(x,∇u(x), U(x)) dx+

ˆ
O∩Su

Φ1,p(x, [u](x), νu(x)) dHN−1(x),

where (with a slight abuse of notation)

f1,p(x0, A,B) := lim sup
ε→0

m1,p(aA,x0
, B;Q(x0, ε))

εN
, (3.17a)

Φ1,p(x0, λ, ν) := lim sup
ε→0

m1,p(sλ,0,ν(· − x0), 0;Qν(x0, ε))

εN−1
. (3.17b)

We now need to prove that, for all x0 ∈ Ω, A,B ∈ Rd×N , λ ∈ Rd, and ν ∈ SN−1, there holds
f1,p(x0, A,B) = H1,p(x0, A,B) and that Φ1,p(x0, λ, ν) = h1,p(x0, λ, ν).
Step 1 – the bulk energy density. We claim that for a. e. x0 ∈ Ω and for every A,B ∈ Rd×N ,

f1,p(x0, A,B) = H1,p(x0, A,B) = H̃1,p(x0, A,B), (3.18)

where

H̃1,p(x0, A,B) := lim sup
ε→0

inf
{
lim inf
n→∞

Ebulk
x0,ε (un;Q) : {un} ⊂ SBV (Q;Rd), un → ℓA in L1(Q;Rd),

∇un
∗
⇀ B in M(Q;Rd×N )

}
(notice that, if p > 1, in view of the fact that (W,ψ) ∈ ED(p), the convergence ∇un

∗
⇀ B is improved to

∇un ⇀ B weakly in Lp(Ω;Rd×N )).
The proof that H1,p(x0, A,B) ⩽ H̃1,p(x0, A,B) can be obtained as in [17, Step 2 in Proposition 3.1],

first fixing ε and then letting ε → 0. A careful inspection of the proofs of [17, Lemma 2.21 and Step 2 of
Proposition 3.1] shows both that the x-dependence is not an issue and that the admissible functions used in
the definition of the bulk energy density in [17, equation (2.16)]) belong to Cbulk

p (A,B).
Moreover, by [10, Theorems 3.6 and 4.1], the relaxed bulk energy density f1,p in (3.17a), is given by

f1,p(x0, A,B) = lim sup
ε→0

m1,p(aA,x0
, B;Q(x0, ε))

εN
= lim sup

ε→0

I1,p(aA,x0
, B;Q(x0, ε))

εN
(3.19)

for a.e. x0 ∈ Ω and every A,B ∈ Rd×N . By a simple change of variables argument, invoking property (8), it
follows that, for a.e. x0 ∈ Ω and every A,B ∈ Rd×N ,

lim sup
ε→0

I1,p(aA,x0
, B;Q(x0, ε))

εN
= H̃1,p(x0, A,B). (3.20)

Now define m̂bulk
1,p (A,B;Q(x0, ε)) := inf

{
E(u;Q(x0, ε)) : ε

−1u(x0+ ε·) ∈ Cbulk
p (A,B)

}
. It is easy to verify

that for a.e. x0 ∈ Ω and every A,B ∈ Rd×N the following inequality holds true

m1,p(aA,x0 , B;Q(x0, ε)) ⩽ m̂bulk
1,p (A,B;Q(x0, ε));

indeed, for any function u that is admissible for m̂bulk
1,p (A,B;Q(x0, ε)), the pair (u,∇u) is a competitor for

m1,p(aA,x0 , B;Q(x0, ε)). Consequently, by (3.20) and (3.19),

H̃1,p(x0, A,B) = lim sup
ε→0

I1,p(aA,x0
, B;Q(x0, ε))

εN
= lim sup

ε→0

m1,p(aA,x0 , B;Q(x0, ε))

εN

⩽ lim sup
ε→0

m̂bulk
1,p (A,B;Q(x0, ε))

εN
= H1,p(x0, A,B),

where in the last equality we used again a change of variables argument; therefore (3.18) is proved.
Step 2 – the surface energy density. The equality Φ1,p(x0, λ, ν) = h1,p(x0, λ, ν) for p > 1 is already contained
in the proof of [10, Theorem 4.1], so that we only have to prove it for the case p = 1. We claim that for
a. e. x0 ∈ Ω and for every λ ∈ Rd and ν ∈ SN−1,

Φ1,1(x0, λ, ν) = h1,1(x0, A,B) = h̃1,1(x0, A,B), (3.21)
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where

h̃1,1(x0, A,B) := lim sup
ε→0

inf
{
lim inf
n→∞

Ẽx0,ε(un;Qν) : {un} ⊂ SBV (Qν ;Rd), un → sλ,0,ν in L1(Qν ;Rd),

∇un
∗
⇀ 0 in M(Qν ;Rd×N )

}
.

The inequality h1,1(x0, λ, ν) ⩽ h̃1,1(x0, λ, ν) is obtained as in Step 1 above. For every x0 ∈ Ω, λ ∈ Rd, and
ν ∈ SN−1, we have

Φ1,1(x0, λ, ν) = lim sup
ε→0

m1,1(sλ,0,ν(· − x0), 0;Qν(x0, ε))

εN−1
= lim sup

ε→0

I1,1(sλ,0,ν(· − x0), 0;Qν(x0, ε))

εN−1

= lim sup
ε→0

1

εN−1
inf

{
lim inf
n→∞

[ ˆ
Qν(x0,ε)

W (x,∇un(x)) dx+

ˆ
Qν(x0,ε)∩Sun

ψ(x, [un](x), νun
(x)) dHN−1(x)

]
:

un ∈ SBV (Qν(x0, ε);Rd), un → sλ,0,ν(· − x0) in L1(Qν(x0, ε);Rd),

∇un
∗
⇀ 0 in M(Qν(x0, ε);Rd×N )

}

= lim sup
ε→0

inf

{
lim inf
n→∞

[
ε

ˆ
Qν

W (x0 + εy,∇un(x0 + εy)) dy

+

ˆ
Qν∩ε−1(Sun−x0)

ψ(x0 + εy, [un](x0 + εy), νun
(x0 + εy)) dHN−1(y)

]
:

un ∈ SBV (Qν(x0, ε);Rd), un → sλ,0,ν(· − x0) in L1(Qν(x0, ε);Rd),

∇un
∗
⇀ 0 in M(Qν(x0, ε);Rd×N )

}

= lim sup
ε→0

inf

{
lim inf
n→∞

[ˆ
Qν

εW (x0 + εy, ε−1∇vn(y)) dy +
ˆ
Qν∩Svn

ψ(x0 + εy, [vn](y), νvn(y)) dHN−1(y)

]
:

vn ∈ SBV (Qν ;Rd), vn −→
n
sλ,0,ν in L1(Qν ;Rd), ∇vn

∗−⇀
n

0 in M(Qν ;Rd×N )

}

= lim sup
ε→0

inf

{
lim inf
n→∞

[ˆ
Qν

εW (x0 + εy, ε−1∇vn(y)) dy +
ˆ
Qν∩Svn

ψ(x0, [vn](y), νvn(y)) dHN−1(y)

]
:

vn ∈ SBV (Qν ;Rd), vn −→
n
sλ,0,ν in L1(Qν ;Rd), ∇vn

∗−⇀
n

0 in M(Qν ;Rd×N )

}

= lim sup
ε→0

inf

{
lim inf
n→∞

Ẽx0,ε(vn;Qν) : vn ∈ SBV (Qν ;Rd), vn −→
n
sλ,0,ν in L1(Qν ;Rd),

∇vn
∗−⇀
n

0 in M(Qν ;Rd×N )

}
= h̃1,1(x0, λ, ν), (3.22)

where we have used a change of variables, we have defined vn(y) := un(x0 + εy), and we have invoked
Remark 3.2(d).

Now define m̂surf
1,1 (λ, ν;Qν(x0, ε)) := inf

{
E(u;Qν(x0, ε)) : u(x0 + ε·) ∈ Csurf(λ, ν)

}
. It is easy to verify

that for a.e. x0 ∈ Ω, every λ ∈ Rd, and ν ∈ SN−1 the following inequality holds true

m1,1(sλ,0,ν(· − x0), 0;Qν(x0, ε)) ⩽ m̂surf
1,1 (λ, ν;Qν(x0, ε));
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indeed, for any function u that is admissible for m̂surf
1,1 (λ, ν;Q(x0, ε)), the pair (u,∇u) is a competitor for

m1,1(sλ,0,ν(· − x0), 0;Q(x0, ε)). Consequently, by (3.22),

h̃1,1(x0, λ, ν) = lim sup
ε→0

m1,1(sλ,0,ν(· − x0), 0;Qν(x0, ε))

εN−1
⩽ lim sup

ε→0

m̂surf
1,1 (λ, ν;Qν(x0, ε))

εN−1
= h1,1(x0, λ, ν),

where in the last equality we used again a change of variables argument; therefore (3.21) is proved. □

We stress here that Theorem 3.3 generalizes the results of [17, Theorems 2.16 and 2.17], [42, Theorem 3.2],
and [10, Theorems 4.1 and 4.2] in the following respect: the densities are x-dependent and the regularity of
the initial bulk energy density (x,A) 7→ W (x,A) is weakened to Carathéodory. Moreover, we note that the
more general expressions in formulas (3.8) and (3.9) generalize all those previously obtained in the references
just cited.

4. The relaxation theorem for 3-level structured deformations

In this section, we present the relaxation theorem for the specific case of 3-level (first-order) structured
deformations (that is for L = 2), Theorem 4.6 below. The proof we present relies on an equivalence of the
complete relaxation of the initial energy (3.2) for the case L = 2 (see (4.1) below) and an iterated one (see
(4.2) below) where one first relaxes to 2-level structured deformations as in (3.3), and then relaxes once
more, see Proposition 4.1. Our current proof is different from the one we found in [9], since here we abandon
freezing one of the variables at each step (see [9, Section 3.2] for details).

Our choice for presenting the explicit details of the proof for this particular case is motivated by the fact
that the case L = 2 already contains the essential features of the general case L ⩾ 2.

The strategy of our proof is the following: after proving the equivalence of the two energies I2,p and Ĩ2,p ,
we study the properties of the relaxed energy densities H1,p and h1,p defined in (3.8) and (3.9), respectively:
Theorem 4.2 below shows that some properties of the initial energy densities (W,ψ) ∈ ED(p) are maintained,
whereas some are lost, especially in the case p > 1. This theorem is needed to make sure that the relaxed
energy densities obtained after the first relaxation are “good” energy densities on which to perform the second
relaxation.

Lemmas 4.3 and 4.4 contain technical results that show that the localization O(Ω) ∋ O 7→ I2,p(·, ·, ·;O) is
the restriction of a Radon measure to the class O(Ω) of the open subsets of Ω, see Proposition 4.5. Only at
this point will it be possible to apply the global method for relaxation to the functional I2,p , see Theorem 4.6.

We refer the reader to Appendix A for some details of the case of 4-level structured deformations, with the
intention that these details should allow the reader independently to carry out further necessary relaxation
steps.

Let the initial energy E be given as in (3.2) and let (g,G1, G2) ∈ SD2,p(Ω) (for p ⩾ 1); we seek an integral
representation for the relaxed energy

I2,p(g,G1, G2) := inf
{
lim inf
n1

lim inf
n2

E(un1,n2) :
(
un1,n2

)
⊂ SBV (Ω;Rd), un1,n2

∗−⇀
H

(g,G1, G2)
}
; (4.1)

we also define the iterated relaxation

Ĩ2,p(g,G1, G2) := inf
{
lim inf
n1

I1,p(γn1
,Γn1

) :
(
(γn1

,Γn1
)
)
⊂ SD1,p(Ω), γn1

∗−⇀
H

(g,G1),Γn1

∗
⇀ G2

}
, (4.2)

where I1,p is defined in (3.3).
The next proposition shows that the two relaxation processes in (4.1) and (4.2) give the same result.

Proposition 4.1. Under Assumptions 3.1, for every (g,G1, G2) ∈ SD2,p(Ω),

I2,p(g,G1, G2) = Ĩ2,p(g,G1, G2). (4.3)

Proof. Let δ > 0 and consider
(
(γn1 ,Γn1)

)
⊂ SD1,p(Ω) such that γn1

∗−⇀
H

(g,G1), Γn1

∗
⇀ G2 and

Ĩ2,p(g,G1, G2) + δ ⩾ lim inf
n1

I1,p(γn1
,Γn1

). (4.4)
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By Corollary 2.7, there exists an SBV (Ω;Rd) sequence (n1, n2) 7→ un1,n2
= v

(n1)
n2 (given by (2.5), satisfying

(2.4)) such that un1,n2
= v

(n1)
n2

∗−⇀
H

(g,G1, G2) and is a recovery sequence for I1,p(γn1
,Γn1

) as n2 → ∞, i.e.,

I1,p(γn1 ,Γn1) = lim
n2

E
(
v(n1)
n2

)
= inf

{
lim inf
n2

E(vn2) : (vn2) ⊂ SBV (Ω;Rd), vn2

∗−⇀
H

(γn1 ,Γn1)
}
. (4.5)

Observe that the sequence
(
v
(n1)
n2

)
is admissible for I2,p, since

lim
n1

(
lim
n2

v(n1)
n2

)
= lim

n1

γn1 = g, strongly in L1(Ω;Rd×N ),

lim
n1

∇
(
lim
n2

v(n1)
n2

)
= lim

n1

∇γn1
= G1, weakly* in M(Ω;Rd×N ),

lim
n1

(
lim
n2

∇v(n1)
n2

)
= lim

n1

Γn1
= G2, weakly* in M(Ω;Rd×N ).

Thus, by (4.1), (4.4), and (4.5), we have

I2,p(g,G1, G2) ⩽ lim inf
n1

lim inf
n2

E
(
v(n1)
n2

)
= lim inf

n1

I1,p(γn1
,Γn1

) ⩽ Ĩ2,p(g,G1, G2) + δ.

Letting δ → 0, we conclude that I2,p(g,G1, G2) ⩽ Ĩ2,p(g,G1, G2).
To prove the opposite inequality, we notice that for any sequence

(
un1,n2

)
⊂ SBV (Ω;Rd) such that

un1,n2

∗−⇀
H

(g,G1, G2), there exists
(
(γn1

,Γn1
)
)
⊂ SD1,p(Ω) such that lim

n2

un1,n2
= γn1

in L1(Ω;Rd×N ),

lim
n2

∇un1,n2
= Γn1

weakly* in M(Ω;Rd×N ), γn1

∗−⇀
H

(g,G1), and Γn1

∗
⇀ G2. Hence, by (4.2) and (3.3),

Ĩ2,p(g,G1, G2) ⩽ lim inf
n1

I1,p(γn1
,Γn1

) ⩽ lim inf
n1

(
lim inf
n2

E(un1,n2
)
)
.

Taking the infimum over all such sequences (un1,n2
) we obtain Ĩ2,p(g,G1, g2) ⩽ I2,p(g,G1, G2). □

In the sequel it will be useful to consider the localized version of the functional I2,p(g,G1, G2), denoted
by I2,p(g,G1, G2;O) and defined, for any open subset O of Ω, in full analogy with I2,p(g,G1, G2) except that
the admissible sequences are defined in O, the convergences in the sense of Definition 2.4 hold in O and in
the energy E(·) the integrations are performed over O.

To obtain our integral representation result for I2,p(g,G1, G2), we need some auxiliary results. We begin
by proving some properties of the relaxed densities H1,p and h1,p that will be useful in the sequel.

Theorem 4.2 (Properties of the relaxed energy densities). Let p ⩾ 1 and let (W,ψ) ∈ ED(p). Let H1,p : Ω×
Rd×N × Rd×N → [0,+∞) and h1,p : Ω × Rd × SN−1 → [0,+∞) be the functions defined in (3.8) and (3.9),
respectively. Then the function H1,p is p-Lipschitz continuous in the third component, namely for every
A ∈ Rd×N there exists a constant C > 0 such that for almost every x ∈ Ω and for every B1, B2 ∈ Rd×N ,

|H1,p(x,A,B1)−H1,p(x,A,B2)| ⩽ C|B1 −B2|(1 + |B1|p−1 + |B2|p−1); (4.6)

finally, there exist constants c̄H , CH > 0 such that for almost every x ∈ Ω and for every A,B ∈ Rd×N

c̄H(|A|+ |B|p)− 1

c̄H
⩽ H1,p(x,A,B) ⩽ CH(1 + |A|+ |B|p). (4.7)

Let, for B ∈ Rd×N , the function HB
1,p : Ω × Rd×N → [0,+∞) be defined by (x,A) 7→ HB

1,p(x,A) :=
H1,p(x,A,B). Then

(i) if p > 1, then (HB
1,p, h1,p) ∈ ED(1);

(ii) if p = 1, the function HB
1,1 satisfies properties (1)–(4) of Assumptions 3.1 with q = 1 and the

function h1,1 satisfies properties (6) and (7) of Assumptions 3.1. Moreover, for a.e. x ∈ Ω and for
every ν ∈ SN−1 ∣∣h1,1(x, λ1, ν)− h1,1(x, λ2, ν)

∣∣ ⩽ Cψ|λ1 − λ2|. (4.8)

Proof. Estimates (4.6) and (4.7) can be proved in the same way as estimates (2.26) and (2.27) in [9], which
were proved for the case p > 1 and can be easily adapted to cover the case p = 1.
(i): The thesis can be proved exactly in the same way as [9, Theorem 2.10], the only difference being
in the regularity assumptions on W , which now is only measurable with respect to the x-variable (see
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Assumption 3.1-(1)). In the present setting, measurability of HB
1,p is granted by the fact that H1,p is a

Radon–Nikodym derivative.
(ii): The results concerning HB

1,1 can be easily adapted from the proof of [9, Theorem 2.10], whereas those
concerning h1,1 require more care.

The symmetry property (6) is immediate. To prove that h1,1 satisfies the growth condition from above,
it suffices to consider an admissible u ∈ Csurf(λ, ν) such that ∇u = 0 a.e. in Ω and to apply properties (2)
with q = 1, (3), and (7) (estimate from above); to prove the estimate from below, it suffices to use the fact
that W ⩾ 0 and to apply property (7) (estimate from below).

The proof of (4.8) can be achieved using the definitions of lim sup and inf and applying the Lipschitz
continuity of ψ (see (3.1)). □

Lemma 4.3. Let p ⩾ 1 and assume that (2) (with q = p), (3), and (7) in Assumptions 3.1 hold true. Then
there exists a constant C > 0 such that, for any (g,G1, G2) ∈ SD2,p(Ω) and for every O ∈ O(Ω),

1

C

[
|Dg|(O) + ∥G1∥L1(O;Rd×N ) + ∥G2∥pLp(O;Rd×N )

]
⩽ I2,p(g,G1, G2;O)

⩽ C
[
LN (O) + |Dg|(O) + ∥G1∥L1(O;Rd×N ) + ∥G2∥pLp(O;Rd×N )

]
.

Proof. The sequence (n1, n2) 7→ un1,n2 , constructed in the proof of Theorem 2.6 by means of Theorem 2.1
and Lemma 2.2, is admissible for I2,p(g,G1, G2;O). Therefore, using (2) with q = p, (3), (7), (2.2), and
(2.3), we obtain

I2,p(g,G1, G2;O) ⩽ lim inf
n1,n2

E(un1,n2
;O) ⩽ C

[
LN (O) + |Dg|(O) + ∥G1∥L1(O;Rd×N ) + ∥G2∥pLp(O;Rd×N )

]
.

The proof of the lower bound follows the arguments presented in the proof of [9, Theorem 2.10] to obtain
the lower bounds for the relaxed energy densities. □

Lemma 4.4 (Nested sub-additivity). Let p ⩾ 1 and assume that Assumptions 3.1 with q = p hold and let
O1, O2, O3 ∈ O(Ω) be such that O1 ⊂⊂ O2 ⊆ O3. Then, for every (g,G1, G2) ∈ SD2,p(Ω),

I2,p(g,G1, G2;O3) ⩽ I2,p(g,G1, G2;O2) + I2,p(g,G1, G2;O3 \O1).

Proof. The proof relies on the fact, proved in Proposition 4.1, that I2,p = Ĩ2,p , by the definition of which there
exist sequences un ∈ SBV (O2;Rd), Un ∈ Lp(O2;Rd×N ), vn ∈ SBV (O3\O1;Rd), and Vn ∈ Lp(O3\O1;Rd×N )

such that un → g in L1(O2;Rd), ∇un
∗
⇀ G1 and Un

∗
⇀ G2 in M(O2;Rd×N ), vn → g in L1(O3 \ O1;Rd),

∇vn
∗
⇀ G1 and Vn

∗
⇀ G2 in M(O3 \ O1;Rd×N ), and, in addition, by Theorem 3.3, applied in O2 and in

O3 \O1,

I2,p(g,G1, G2;O2) = lim
n

[ˆ
O2

H1,p(x,∇un(x), Un(x)) dx+

ˆ
Sun∩O2

h1,p(x, [un](x), νun(x)) dHN−1(x)

]
and

I2,p(g,G1, G2;O3 \O1) = lim
n

[ˆ
O3\O1

H1,p(x,∇vn(x), Vn(x)) dx

+

ˆ
Svn∩(O3\O1)

h1,p(x, [vn](x), νvn(x)) dHN−1(x)

]
.

Notice that

un − vn → 0 in L1(O2 ∩ (O3 \O1);Rd), (4.9)

∇un −∇vn
∗
⇀ 0 in M(O2 ∩ (O3 \O1);Rd×N ),

Un − Vn
∗
⇀ 0 in M(O2 ∩ (O3 \O1);Rd×N ).

For δ > 0, define Oδ := {x ∈ O2 : d(x) < δ}, where, for every x ∈ O3, we define the function d(x) :=
dist(x,O1). Since the distance function to a fixed set is Lipschitz continuous, we can apply the change of
variables formula [28, Section 3.4.3, Theorem 2], to obtain

ˆ
Oδ\O1

|un(x)− vn(x)| |det∇d(x)|dx =

ˆ δ

0

[ˆ
d−1(y)

|un(x)− vn(x)|dHN−1(x)

]
dy
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and, as |det∇d| is bounded and (4.9) holds, it follows, by Fatou’s Lemma, that for almost every ρ ∈ [0, δ]
we have

lim inf
n

ˆ
d−1(ρ)

|un(x)− vn(x)|dHN−1(x) = lim inf
n

ˆ
∂Oρ

|un(x)− vn(x)|dHN−1(x) = 0. (4.10)

Consider the (not relabelled) subsequences of un and vn for which the liminf in (4.10) is attained. Fix ρ0 ∈
[0, δ] such that ∥G1χO2

∥L1(∂Oρ0
) = ∥G2χO2

∥Lp(∂Oρ0
) = 0, ∥G1χO3\O1

∥L1(∂Oρ0
) = ∥G2χO3\O1

∥Lp(∂Oρ0
) = 0

and such that (4.10) holds. We observe that Oρ0 is a set with locally Lipschitz boundary since it is a level
set of a Lipschitz function (see, e.g., [28]). Hence we can consider un, vn on ∂Oρ0 in the sense of traces and
define

wn :=

{
un in Oρ0
vn in O3 \Oρ0

and Zn :=

{
Un in Oρ0
Vn in O3 \Oρ0 .

Then, by the choice of ρ0, (wn, Zn) is admissible for I2,p(g,G1, G2;O3) and by the linear growth property of
h1,p (see Theorem 4.2), (4.9) and (4.10), we obtain

I2,p(g,G1, G2;O3) ⩽ lim inf
n

[ˆ
O3

H1,p(x,∇wn(x), Zn(x)) dx+

ˆ
Swn∩O3

h1,p(x, [wn](x), νwn
(x)) dHN−1(x)

]

⩽ lim inf
n

[ˆ
O2

H1,p(x,∇un(x), Un(x)) dx+

ˆ
Sun∩O2

h1,p(x, [un](x), νun
(x)) dHN−1(x)

+

ˆ
O3\O1

H1,p(x,∇vn(x), Vn(x)) dx+

ˆ
Svn∩(O3\O1)

h1,p(x, [vn](x), νvn(x)) dHN−1(x)

+

ˆ
Swn∩∂Oρ0

C|un(x)− vn(x)|dHN−1(x)

]
= I2,p(g,G1, G2;O2) + I2,p(g,G1, G2;O3 \O1),

which concludes the proof. □

Proposition 4.5. Under Assumptions 3.1 with q = q, for every (g,G1, G2) ∈ SD2,p(Ω), the restriction of
I2,p(g,G1, G2; ·) to O(Ω) is a Radon measure, absolutely continuous with respect to LN +HN−1 S(g), i.e.
for every O ∈ O(Ω), there exists C > 0

I2,p(g,G1, G2;O) ⩽ C

ˆ
O

(1 + |G1|+ |G2|p) dx+ |Dg|(O),

Proof. Using the fact that I2,p = Ĩ2,p, the conclusion is achieved as in [17, Lemma 2.22], relying strongly on
the nested sub-additivity property given in Lemma 4.4 and on the upper bound obtained in Lemma 4.3. □

We now state our main result for 3-level structured deformations.

Theorem 4.6. Let p ⩾ 1, (W,ψ) ∈ ED(p), and (g,G1, G2) ∈ SD2,p(Ω). Then I2,p(g,G1, G2), defined by
(4.1), admits the integral representation

I2,p(g,G1, G2) =

ˆ
Ω

f2,p(x,∇g(x), G1(x), G2(x)) dx+

ˆ
Ω∩S(g)

Φ2,p(x, [g](x), νg(x)) dHN−1(x),

where, for a.e. x0 ∈ Ω and for all (ξ,B1, B2) ∈ Rd×N × Rd×N × Rd×N , λ ∈ Rd, ν ∈ SN−1, the densities
f2,p(x0, ξ, B1, B2) and Φ2,p(x0, λ, ν) are given by

f2,p(x0, ξ, B1, B2) := lim sup
ε→0+

mL,p(aξ,x0
, B1, B2;Q(x0, ε))

εN
, (4.11)

Φ2,p(x0, λ, ν) := lim sup
ε→0+

m2,p(sλ,0,ν(· − x0), 0, 0;Qν(x0, ε))

εN−1
, (4.12)

where m2,p is given by (2.7) (for L = 2) and where the functional F is taken to be I2,p .
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Proof. Notice that I2,p : SD2,p(Ω)×O(Ω) → [0,+∞] satisfies assumptions (H1)-(H4) above. Indeed, (H1)
was proved in Proposition 4.5 and (H2) follows from the definition of I2,p . Property (H4) was proved
in Lemma 4.3, whereas (H3) is, by standard arguments, an immediate consequence of (H2). In view of
Theorem 2.9 and Remark 2.10, I2,p admits the stated integral representation. □

Remark 4.7. (a) Following the strategy of the proof of Theorem 3.3, it is reasonable to expect that,
for every p ⩾ 1,

f2,p(x,A,B,C) = lim sup
ε→0

inf

{ ˆ
Q

H1,p(x+ εy,∇u(y),Γ(y)) dy +
ˆ
Q∩S(u)

h1,p(x, [u](y), νu(y)) dHN−1(y) :

u ∈ SBV (Q;Rd), Γ ∈ L1(Q;Rd×N ),

ˆ
Q

∇udy = B, u = ℓA on ∂Q,
ˆ
Q

Γdy = C

}
,

whose proof could follow the steps of the proof of Theorem 3.3; we decided to omit the explicit
computations, which are extensive and do not add any novelty to the mathematics of this paper.

(b) Proposition 4.5 guarantees that, for every (g,G1, G2) ∈ SD2,p(Ω), the computation of the Radon–

Nikodym derivative
dI2,p(g,G1, G2; ·)

d|Dsg|
(x0), at x0 ∈ Sg, does not depend on G1, G2 . To verify this

assertion, we follow the arguments presented in [2, Section 4.2], which rely exclusively on the Lipschitz
behaviour of H1,p(x, ·, B) and h1,p(x, ·, ν) and the p-Lipschitz behaviour of H1,p(x,A, ·).

Let U ∈ O(Ω), consider (γn,Γn) ⊂ SD1,p as a recovery sequence for I2,p(g,G1, G2;U) in the sense
of Remark 2.5 and, by Theorems 2.1 and 2.2, let us consider v ∈ SBV (U ;Rd) such that ∇v = −G1

and piecewise constant functions vn ∈ SBV (U ;Rd) such that vn → v in L1(U ;Rd). Finally, let us
define Γ′

n = Γn −G2, γ′n := γn + v − vn, so that (γ′n,Γ
′
n)

∗−⇀
H

(g, 0, 0), with Γ′
n

p−⇀ 0, and therefore

I2,p(g, 0, 0;U)− I2,p(g,G1, G2;U)

⩽ lim inf
n→∞

{ˆ
U

(
H1,p

(
x,∇γ′n(x),Γ′

n(x)
)
−H1,p

(
x,∇γn(x),Γn(x)

))
dx

+

ˆ
U∩Sγ′

n

h1,p

(
x, [γ′n](x), νγ′

n
(x)
)
dHN−1(x)−

ˆ
U∩Sγn

h1,p

(
x, [γn](x), νγn(x)

)
dHN−1(x)

}
= lim inf

n→∞

{ˆ
U

(
H1,p

(
x,∇γ′n(x),Γ′

n(x)
)
−H1,p

(
x,∇γn(x),Γ′

n(x)
))

dx

+

ˆ
U

(
H1,p

(
x,∇γn(x),Γ′

n(x)
)
−H1,p

(
x,∇γn(x),Γn(x)

))
dx

+

ˆ
U∩Sγ′

n

h1,p

(
x, [γ′n](x), νγ′

n
(x)
)
dHN−1(x)−

ˆ
U∩Sγn

h1,p

(
x, [γn](x), νγn(x)

)
dHN−1(x)

}
.

Hence, exploiting the triangle inequality, (4.6), and the fact that HB
1,p satisfies (1)-(4) of Assumptions

3.1 for q = 1, and h1,p satisfies (3.1) (see Theorem 4.2), using Hölder inequality, we estimate the
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above energy as follows

I2,p(g, 0, 0;U)− I2,p(g,G1, G2;U)

⩽ lim inf
n→∞

C

{ˆ
U

C|∇γn(x)−∇γ′n(x)|dx

+

ˆ
U

C|Γ′
n(x)− Γn(x)|

(
1 + |∇γn(x)|

p−1
p (x) + |Γn(x)|p−1 + |Γ′

n(x)|
)
)p−1 dx

+

ˆ
U∩Sv

|[v](x)|dHN−1(x) +

ˆ
U∩Svn

|[vn](x)|dHN−1(x)

}
⩽ lim inf

n→∞
C

{ˆ
U

|∇γn(x)−∇γ′n(x)|dx+

ˆ
U

C|Γ′
n(x)− Γn(x)|dx

+

(ˆ
U

|∇γn(x)|dx
) p−1

p
(ˆ

Ω

|Γn(x)− Γ′
n(x)|p dx

) 1
p

+

ˆ
U

|Γn(x)|p dx+

ˆ
U

|Γ′
n(x)|p dx

+

(ˆ
U

|Γn(x)|p dx
) p−1

p
(ˆ

U

|Γ′
n(x)|p dx

) 1
p

+

(ˆ
U

|Γ′
n(x)|p dx

) p−1
p
(ˆ

U

|Γn(x)|p dx
) 1

p

+

ˆ
U∩Sv

|[v](x)|dHN−1(x) +

ˆ
U∩Svn

|[vn](x)|dHN−1(x)

}
⩽ lim inf

n→∞
C

{ˆ
U

(1 + |G1(x)|+ |G2|p(x)) dx+

ˆ
U∩Sv

|[v](x)|dHN−1(x) +

ˆ
U∩Svn

|[vn](x)|dHN−1(x)

}
,

where the last inequality is a consequence of the weak* convergence of ∇γn and ∇γ′n towards G1 ∈
L1(Ω;Rd×N ) and 0, respectively, and the Lp-weak convergence of Γn and Γ′

n towards G2 ∈ Lp(Ω;Rd)
and 0, respectively, and where C > 0 is a suitable constant, varying from line to line.

By virtue of the estimate in (2.2) and by (2.3), the two surface integrals in the last line above are
bounded by

´
U
|G1(x)|dx so that, by exchanging the roles of I2,p(g,G1, G2;U) and I2,p(g, 0, 0;U),

we arrive at the conclusion that

|I2,p(g, 0, 0;U)− I2,p(g,G1, G2;U)| ⩽ C

ˆ
U

(1 + |G1|(x)|+ |G2|p(x)) dx,

for every U ∈ O(Ω). In turn, this guarantees that, for HN−1-a.e. x0 ∈ Sg,

dI2,p(g, 0, 0; ·)
d|Dsg|

(x0) =
dI2,p(g,G1, G2, ·)

d|Dsg|
(x0). (4.13)

In view of this, without loss of generality, we may consider G1 = G2 = 0 when we compute the
surface energy density.

(c) Observe that for every p ⩾ 1, for HN−1 a.e. x0 , and for all λ ∈ Rd, ν ∈ SN−1,

Φ2,p(x0, λ, ν) = h1,p(x0, λ, ν),

given by (3.9). Indeed, by Proposition 4.1, the definition of Ĩ2,p , and by using the lower semiconti-
nuity with respect to L1 ×Mweak∗ convergence of I1,p , (that can be proved as in [17, Proposition
5.1]), we have, for every U ∈ O(Ω),

I2,p(g,G1, G2;U) = Ĩ2,p(g,G1, G2;U) ⩾ inf{lim inf
n1

I1,p(γn1
,Γn1

)(U) : γn1
→ g, Γn1

∗
⇀ G2}

⩾ I1,p(g,G2)(U) =

ˆ
U

H1,p(x,∇g,G2) dx+

ˆ
U∩S(g)

h1,p(x, [g], ν(g)) dHN−1

where in the last line we have exploited Theorem 3.3.
Then, since, in view of Proposition 4.5, I2,p(g,G1, G2; ·) is a measure which is absolutely continuous

with respect to LN + HN−1 S(g), it suffices to take the Radon–Nikodym derivative with respect
to HN−1 S(g), when g = sλ,0,ν , on both sides of the previous inequality, to obtain Φ2,p(x0, λ, ν) ⩾
h1,p(x0, λ, ν).
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Regarding the reverse inequality, using again Theorem 4.6 and (b)

Φ2,p(x0, λ, ν) =
dI2,p(sλ,0,ν(· − x0), G1, G2; ·)

dHN−1 S(sλ,0,ν)
(x0) =

dI2,p(sλ,0,ν(· − x0), 0, 0; ·)
dHN−1 S(sλ,0,ν)

(x0). (4.14)

Taking into account the definition of Ĩ2,p in (4.2) by taking γn1
= sλ,0,ν(· − x0), and Γn1

= 0, and
invoking Theorem 3.3,

I2,p(sλ,0,ν(· − x0), 0, 0;U) = Ĩ2,p(sλ,0,ν(· − x0), 0, 0;U) ⩽ lim inf
n1

I1,p(sλ,0,ν(· − x0), 0;U)

=

ˆ
U

H1,p(x, 0, 0) dx+

ˆ
U∩Ssλ,0,ν (·−x0)

h1,p(x, [λ], ν)) dHN−1,

which gives the desired inequality in view of (4.14).
(d) In [9, Theorem 3.4] we proposed a recursive relaxation procedure to assign an energy to a three-level

structured deformation in the case p > 1, for (g,G1, G2) ∈ SD2,p(Ω) with ∇g,G1 ∈ Lp(Ω;Rd×N ).
We point out that, in view of the growth conditions in (4.7), this is not the natural space in which to
set the problem; therefore we could not apply [10, Theorem 3.2] and for this reason we need to rely
on Theorem 2.9. We also stress that, since SD2,p is a different space from HSD2

p in [10], Theorem
4.6 should yield a lower energy than the one in [9, Theorem 3.4], despite the fact that the surface
energy density Φ2,p = h1,p in (3.9) coincides with the one obtained in [9], as an easy computation
reveals. Nevertheless, in some situations the bulk energy densities also coincide, as the example
below shows.

Example 4.8. Let p > 1 and consider an initial bulk energy density W independent of the x-variable and
convex, and the initial surface energy density ψ(λ, ν) = |λ · ν| (so, also independent of the x-variable).
Following the explicit example of [9, Section 3.3] and [42, Section 3.2.2.1], we have that

H1,p(A,B) =W (B) + | tr(A−B)| and h1,p(λ, ν) = ψ(λ, ν) = |λ · ν|.

Moreover, since H1,p is still convex in the first variable and both relaxed energy densities are independent of
the x-variable, we can replicate the process, obtaining

H2,p(A,B,C) =W (C) + | tr(B − C)|+ | tr(B −A)| and h2,p(λ, ν) = h1,p(λ, ν) = |λ · ν|,

which is consistent with [9, formula (3.15)].

Appendix A. The case L = 3

Under Assumptions 3.1, given the initial energy E in (3.2) and given (g,G1, G2, G3) ∈ SD3,p(Ω), we seek
an integral representation of the relaxed energy

I3,p(g,G1, G2, G3) := inf
{

lim inf
n1,n2,n3

E(un1,n2,n3) :
(
un1,n2,n3

)
⊂ SBV (Ω;Rd), un1,n2,n3

∗−⇀
H

(g,G1, G2, G3)
}

(A.1)

Moreover, define

Ĩ3,p(g,G1, G2, G3) := inf
{
lim inf
n1

Ĩ2,p(γn1 ,Γn1 ,Υn1) : (γn1 ,Γn1 ,Υn1) ∈ SD2,p(Ω),

γn1

∗−⇀
H

(g,G1),Γn1

∗−⇀ G2,Υn1

∗−⇀ G3

}
,

(A.2)

where Ĩp,2 is the functional given by (4.2).
We start by stating and proving the equivalent of Corollary 2.7 in the case L = 3.

Corollary A.1. For every (g,G1, G2, G3) ∈ SD3,p(Ω) and for every sequence
(
γn1

,Γn1
,Υn1

)
∈ SD2,p(Ω)

such that γn1

∗−⇀
H

(g,G1) in the sense of Definition 2.4, Γn1

∗
⇀ G2 in M(Ω;Rd×N ) and Υn1

∗
⇀ G3 in

M(Ω;Rd×N ), there exists a sequence (n1, n2, n3) 7→ un1,n2,n3 converging to (g,G1, G2, G3) in the sense of
Definition 2.4.

Furthermore, if p > 1 and sup
n1

∥(Γn1
,Υn1

)∥Lp(Ω;Rd×N×Rd×N ) < +∞, then sup
n1,n2,n3

∥∇un1,n2,n3
∥Lp(Ω;Rd×N ) <

+∞.
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Proof. By Corollary 2.7, for every n1, there exists a sequence (n2, n3) 7→ v
(n1)
n2,n3 ∈ SBV (Ω;Rd) such that

v
(n1)
n2,n3 converges to (γn1 ,Γn1 ,Υn1) in the sense of Definition 2.4. This means that

lim
n2

lim
n3

v(n1)
n2,n3

= γn1 strongly in L1(Ω;Rd),

lim
n3

v(n1)
n2,n3

= g(n1)
n2

where g(n1)
n2

∈ SBV (Ω;Rd) is such that lim
n2

∇g(n1)
n2

= Γn1
weak * in M(Ω;Rd×N ),

and finally
lim
n2

lim
n3

∇v(n1)
n2,n3

= Υn1
weakly* in M(Ω;Rd×N ).

Then the sequence
(n1, n2, n3) 7→ un1,n2,n3

:= v(n1)
n2,n3

(A.3)
approximates (g,G1, G2, G3) in the sense of Definition 2.4. Indeed,

lim
n1

lim
n2

lim
n3

un1,n2,n3 = lim
n1

lim
n2

lim
n3

v(n1)
n2,n3

= lim
n1

γn1 = g

strongly in L1(Ω;Rd), which proves part (i). On the other hand,

lim
n2

lim
n3

un1,n2,n3
= γn1

∈ SBV (Ω;Rd) and lim
n1

∇γn1
= G1 weak ∗ in M(Ω;Rd×N ),

and

lim
n3

un1,n2,n3
= g(n1)

n2
∈ SBV (Ω;Rd) and lim

n1

lim
n2

∇g(n1)
n2

= lim
n1

Γn1
= G2 weak ∗ in M(Ω;Rd×N ),

so part (ii) is proved. Finally,

lim
n1

lim
n2

lim
n3

∇un1,n2,n3
= lim

n1

lim
n2

lim
n3

∇v(n1)
n2,n3

= lim
n1

Υn1
= G3 weak ∗ in M(Ω;Rd×N ),

which proves part (iii).
In addition, if p > 1,

sup
n1,n2,n3

∥∇un1,n2,n3
∥Lp(Ω;Rd×N ) = sup

n1,n2,n3

∥∇v(n1)
n2,n3

∥Lp(Ω;Rd×N ) ⩽ sup
n1

∥Υn1
∥Lp(Ω;Rd×N ) < +∞.

□

We now derive the counterpart of Proposition 4.1.

Proposition A.2. Under Assumptions 3.1, for every (g,G1, G2, G3) ∈ SD3,p(Ω),

I3,p(g,G1, G2, G3) = Ĩ3,p(g,G1, G2, G3). (A.4)

Proof. Given δ > 0, let (γn1 ,Γn1 ,Υn1) ∈ SD2,p(Ω) be such that

γn1

∗−⇀
H

(g,G1), Γn1

∗−⇀ G2 , and Υn1

∗−⇀ G3 , (A.5)

and
Ĩ3,p(g,G1, G2, G3) + δ ⩾ lim inf

n1

Ĩ2,p(γn1
,Γn1

,Υn1
) = lim inf

n1

I2,p(γn1
,Γn1

,Υn1
), (A.6)

where we invoked Proposition 4.1 for the last equality. Recalling (4.1), let
(
u
(n1)
n2,n3

)
⊂ SBV (Ω;Rd) be such

that
(
u
(n1)
n2,n3

) ∗−⇀
H

(γn1
,Γn1

,Υn1
) and

I2,p(γn1
,Γn1

,Υn1
) ⩾ lim inf

n2

lim inf
n3

E
(
u(n1)
n2,n3

)
− δ,

so that
Ĩ3,p(g,G1, G2, G3) + 2δ ⩾ lim inf

n1

lim inf
n2

lim inf
n3

E
(
u(n1)
n2,n3

)
. (A.7)

By (A.5), the sequence un1,n2,n3
:= u

(n1)
n2,n3 converges to (g,G1, G2, G3) according to Definition 2.4, so that,

by taking the infimum over all such sequences in (A.7), we obtain

Ĩ3,p(g,G1, G2, G3) + 2δ ⩾ I3,p(g,G1, G2, G3),

and we obtain the ⩽ inequality in (A.4) by taking the limit δ → 0+.
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To prove the reverse inequality, notice that for any δ > 0, we find a sequence
(
un1,n2,n3

)
⊂ SBV (Ω;Rd)

such that un1,n2,n3

∗−⇀
H

(g,G1, G2, G3) in the sense of Definition 2.4 and

I3,p(g,G1, G2, G3) + δ ⩾ lim inf
n1

lim inf
n2

lim inf
n3

E
(
un1,n2,n3

)
.

In particular, we have that

lim
n2

lim
n3

un1,n2,n3 = γn1 , lim
n2

∇
(
lim
n3

un1,n2,n3

)
= Γn1 , and lim

n2

lim
n3

∇un1,n2,n3 = Υn1 ,

where (γn1 ,Γn1 ,Υn1) belongs to SD2,p(Ω), for every n1 , and satisfies the convergences in (A.5). Therefore,
by taking the infimum over all sequences that satisfy (A.5), we can continue with the chain of inequalities
and get

⩾ lim inf
n1

I2,p(γn1 ,Γn1 ,Υn1) = lim inf
n1

Ĩ2,p(γn1 ,Γn1 ,Υn1) ⩾ Ĩ3,p(g,G1, G2, G3),

where the equality holds owing to Proposition 4.1, and the last inequality is obtained upon taking the
infimum over all the sequences (γn1

,Γn1
,Υn1

) ∈ SD2,p(Ω) satisfying (A.5) (see (A.2)). Therefore, we have
obtained that I3,p(g,G1, G2, G3) + δ ⩾ Ĩ3,p(g,G1, G2, G3), and we can conclude thanks to the arbitrariness
of δ. □

Acknowledgements. MM and EZ are members of the Gruppo Nazionale per l’Analisi Matematica, la
Probabilità e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica (INdAM).
The research of ACB was partially supported by National Funding from FCT - Fundação para a Ciên-
cia e a Tecnologia through the Center for Mathematical Studies, University of Lisbon (CEMS.UL), project
UID/04561/2025. The research of JM was supported by GNAMPA, Programma Professori Visitatori, year
2022, by FCT/Portugal through project UIDB/04459/2020 with DOI identifier 10-54499/UIDP/04459/2020
and by the FCT outgoing mobility program 2025. He also gratefully acknowledges the support and hospital-
ity of Sapienza-University of Rome through the Programma Professori Visitatori, year 2023 and in May-June
2025. The work of MM is partially supported by the MIUR project Dipartimenti di Eccellenza 2018-2022
(CUP E11G18000350001), by the Starting grant per giovani ricercatori of Politecnico di Torino, and by
the Geometric-Analytic Methods for PDEs and Applications (GAMPA) project (CUP E53D23005880006),
funded by European Union – Next Generation EU within the PRIN 2022 program (D.D. 104 - 02/02/2022
Ministero dell’Università e della Ricerca). This manuscript reflects only the authors’ views and opinions
and the Ministry cannot be considered responsible for them. EZ acknowledges the support of Mathematical
Modelling of Heterogeneous Systems (MMHS), financed by the European Union - Next Generation EU, CUP
B53D23009360006, Project Code 2022MKB7MM, PNRR M4.C2.1.1. She also acknowledges partial funding
from the GNAMPA Project 2023 Prospettive nelle scienze dei materiali: modelli variazionali, analisi as-
intotica e omogeneizzazione. The work of EZ is also supported by Sapienza, University of Rome through
Progetti di ricerca piccoli 2022: Asymptotic Analysis for Composites, Fractured Materials and with Defects

References

[1] G. Alberti: A Lusin type Theorem for gradients. J. Funct. Anal. 100 (1991), 110-118.
[2] M. Amar, J. Matias, M. Morandotti, E. Zappale: Periodic homogenization in the context of structured seformations. Z.

Angew. Math. Phys., 73, (2022), n.4, Paper No. 173, 30 pp.
[3] L. Ambrosio, N. Fusco, and D. Pallara: Functions of Bounded Variation and Free Discontinuity Problems. Oxford

University Press, 2000.
[4] M. Baía, J. Matias, and P. M. Santos: A relaxation result in the framework of structured deformations. Proc. Royal

Soc. Edinburgh: Section A.142 (2012), 239-271.
[5] R. Ballarini, C. Boni, and G. Royer-Carfagni: Geometry of sliding lamellae dictates the constitutive properties of nacre-

like hierarchical materials. J. Mech. Phy. Solids 167 (2022), pages 105000.
[6] A. C. Barroso, G. Bouchitté, G. Buttazzo, and I. Fonseca: Relaxation of bulk and interfacial energies. Arch. Rational

Mech. Anal. 135 (1996), 107-173.
[7] A. C. Barroso, J. Matias, M. Morandotti, and D. R. Owen: Explicit Formulas for Relaxed Energy Densities Arising from

Structured Deformations. Math. Mech. Complex Syst. 5(2) (2017), 163-189.
[8] A. C. Barroso, J. Matias, M. Morandotti, and D. R. Owen: Second-order structured deformations: relaxation, integral

representation and applications. Arch. Rational Mech. Anal. 225(3) (2017), 1025-1072.



HIERARCHICAL STRUCTURED DEFORMATIONS VIA THE GLOBAL METHOD FOR RELAXATION 21

[9] A. C. Barroso, J. Matias, M. Morandotti, D.R. Owen, and E. Zappale: The Variational Modeling of Hierarchical Structured
Deformations, Journal of Elasticity, 155, (1-5), (2024), 371-392.

[10] A. C. Barroso, J. Matias, and E. Zappale: A global method for relaxation for multi-levelled structured deformations.
Nonlinear Diff. Equ. Appl., 31 (2024), paper no. 50.

[11] A. C. Barroso, J. Matias, and E. Zappale: Multi-level structured deformations: relaxation via a global method approach.
arXiv:2504.15443.

[12] K. Bertoldi, D. Bigoni, and W. J. Drugan: Nacre: an orthotropic and bimodular elastic material. Compos. Sci. Technol.
68 (2008), 1363-1375.

[13] G. Bouchitté, I. Fonseca, and L. Mascarenhas: A global method for relaxation. Arch. Rational Mech. Anal., 154 (1998),
51-98.

[14] G. Carita, J. Matias, M. Morandotti, and D. R. Owen: Dimension reduction in the context of structured deformations.
J. Elast. 133 (2018), 1-35.

[15] Q. Chen and N. M. Pugno: Bio-mimetic mechanisms of natural hierarchical materials: a review. J. Mech. Be-
hav. Biomed. Mater. 19 (2013), 3-33.

[16] R. Choksi, G. Del Piero, I. Fonseca, and D. R. Owen: Structured deformations as energy minimizers in models of fracture
and hysteresis. Math. Mech. Solids 4 (1999)(3), 321-356.

[17] R. Choksi and I. Fonseca: Bulk and interfacial energy densities for structured deformations of continua. Arch. Rational
Mech. Anal. 138 (1997), 37-103.

[18] G. Del Piero: The Energy of a One-Dimensional Structured Deformation. Math. Mech. Solids 6(4) (2001), 387-408.
[19] G. Del Piero: The variational structure of classical plasticity. Math. Mech. Complex Syst. 6 (2018), 137-180.
[20] G. Del Piero and D. R. Owen: Structured deformations of continua. Arch. Rational Mech. Anal. 124 (1993), 99-155.
[21] G. Del Piero and D. R. Owen: Integral-gradient formulae for structured deformations. Arch. Rational Mech. Anal. 131

(1995), 121-138.
[22] L. Deseri and D. R. Owen: Active slip-band separation and the energetics of slip in single crystals. Int. J. Plast. 16

(2000), 1411-1418.
[23] L. Deseri and D. R. Owen: Energetics of two-level shears and hardening of single crystals. Math. Mech. Solids 7 (2002),

113-147.
[24] L. Deseri and D. R. Owen: Invertible structured deformations and the geometry of multiple slip in single crystals.

Int. J. Plast. 18 (2002), 833-849.
[25] L. Deseri and D. R. Owen: Toward a field theory for elastic bodies undergoing disarrangements. J. Elast. 70 (2003),

197-236.
[26] L. Deseri and D. R. Owen: Elasticity with hierarchical disarrangements: a field theory that admits slips and separations

at multiple submacroscopic levels. J. Elast. 135 (2019), 149-182.
[27] D. Engl, C. Kreisbeck, and M. Morandotti: Characterizing BV - and BD-ellipticity for a class of positively 1-homogeneous

surface energy densities. J. Convex Anal., (2026) to appear.
[28] L. C. Evans and R. F. Gariepy: Measure Theory and Fine Properties of Functions, Studies in Advanced Mathematics,

CRC Press, 1992.
[29] I. Fonseca, A. Hagerty, and R. Paroni: Second-Order Structured Deformations in the Space of Functions of Bounded

Hessian. J. Nonlinear Sci. 29(6) (2019), 2699-2734.
[30] M. François: Behavior of Cracked Materials. Key Engineering Materials 348-349 (2007), 589-592.
[31] M. François and G. Royer-Carfagni: Structured deformation of damaged continua with cohesive-frictional sliding rough

fractures. Eur. J. Mech. Solids 24 (2005), 644-660.
[32] F. Freddi and G. Royer-Carfagni: Regularized variational theories of fracture: a unified approach. J. Mech. Phy. Solids

58 (2010), 1154-1174.
[33] F. Freddi and G. Royer-Carfagni: Phase-field slip-line theory of plasticity. J. Mech. Phy. Solids 94 (2016), 257-272.
[34] G.-L. Geuken, J. Mosler, and P. Kurzeja: Incorporating sufficient physical information into artificial neural networks:

A guaranteed improvement via physics-based Rao-Blackwellization. Computer Methods in Applied Mechanics and Engi-
neering 423 (2024), pages 116848.

[35] L. Gibson: The hierarchical structure and mechanics of plant materials. J. R. Soc. Interface 9(76) (2012), 2749-2766.
[36] G. X. Gu, M. Takaffoli, and M. J. Buehler: Hierarchically enhanced impact resistance of bioinspired composites.

Adv. Mater. 29(28) (2017), 1700060.
[37] M. K. Habibi and Y. Lu: Crack propagation in bamboo’s hierarchical cellular structure. Sci. Rep. 4 (2014), 5598.
[38] S. Krömer, M. Kružík, M. Morandotti, and E. Zappale: Measure-valued structured deformations. J. Nonlinear Sci. 34(6)

(2024), paper no. 100.
[39] R. Lakes: Materials with structural hierarchy. Nature 361 (1993), 511-515.
[40] C. J. Larsen: On the representation of effective energy densities. ESAIM Control, Optimisation, and Calculus of Variations

5 (2000), 529-538.
[41] M. E. Launey, M. J. Buehler, and R. O. Ritchie: On the mechanistic origins of toughness in bone. Annu. Rev. Mater. Res.

40 (2010), 25-53.
[42] J. Matias, M. Morandotti, and D. R. Owen: Energetic Relaxation to Structured Deformations. A Multiscale Geomet-

rical Basis for Variational Problems in Continuum Mechanics. In: SpringerBriefs on PDEs and Data Science (2023).
https://link.springer.com/book/9789811988011

[43] J. Matias, M. Morandotti, D. R. Owen, and E. Zappale: Upscaling and spatial localization of non-local energies with
applications to crystal plasticity. Mathematics and Mechanics of Solids 26(7) (2021), 963-997.

https://arxiv.org/abs/2504.15443


22 A. C. BARROSO, J. MATIAS, M. MORANDOTTI, D. R. OWEN, AND E. ZAPPALE

[44] J. Matias, M. Morandotti, and E. Zappale: Optimal design of fractured media with prescribed macroscopic strain.
J. Math. Anal. Appl. 449(2) (2017), 1094-1132.

[45] D. R. Owen: Elasticity with gradient disarrangements: a multiscale perspective for strain-gradient theories of elasticity
and of plasticity. J. Elast. 127 (2017), 115-150.

[46] D. R. Owen and R. Paroni: Second-order structured deformations, Arch. Rational Mech. Anal. 155 (2000), 215-235.
[47] D. R. Owen and R. Paroni: Optimal flux densities for linear mappings and the multiscale geometry of structured defor-

mations. Arch. Rational Mech. Anal. 218 (2015), 1633-1652.
[48] H. Ozcoban, E. D. Yilmaz, and G. A. Schneider: Hierarchical microcrack model for materials exemplified at enamel.

Dent. Mater. 34(1) (2018), 69-77.
[49] Y. Ren, J. Chen, and G. Lu: A structured deformation driven non-local macro-meso-scale consistent damage model for

the compression/shear dominate failure simulation of quasi-brittle materials. Computer Methods in Applied Mechanics
and Engineering 410 (2023), paper 115945.

[50] M. Šilhavý: On the approximation theorem for structured deformations from BV (Ω). Math. Mech. Complex Syst.3(1)
(2015), 83–100.

[51] M. Šilhavý: The general form of the relaxation of a purely interfacial energy for structured deformations.
Math. Mech. Complex Syst. 5(2) (2017), 191-215.

[52] R. Wang and H. S. Gupta: Deformation and fracture mechanisms of bone and nacre. Annu. Rev. Mater. Res. 41 (2011),
41-73.

[53] U. G. K. Wegst, H. Bai, E. Saiz, A. P. Tomsia, and R. O. Ritchie: Bioinspired structural materials. Nat. Mater. 14 (2015),
23-36.

(A. C. Barroso) Departamento de Matemática and CEMS.UL, Faculdade de Ciências da Universidade de Lisboa,
Campo Grande, Edifício C6, Piso 1, 1749-016 Lisboa, Portugal

Email address: acbarroso@ciencias.ulisboa.pt

(J. Matias) Centro de Análise Matemática Geometria e Sistemas Dinâmicos, Departamento de Matemática,
Instituto Superior Técnico, Av. Rovisco Pais, 1, 1049-001 Lisboa, Portugal

Email address: jose.c.matias@tecnico.ulisboa.pt

(M. Morandotti) Dipartimento di Scienze Matematiche “G. L. Lagrange”, Politecnico di Torino, Corso Duca
degli Abruzzi, 24, 10129 Torino, Italy

Email address: marco.morandotti@polito.it

(D. R. Owen) Department of Mathematical Sciences, Carnegie Mellon University, 5000 Forbes Ave., Pitts-
burgh, PA 15213 USA

Email address: do04@andrew.cmu.edu

(E. Zappale) Dipartimento di Scienze di Base ed Applicate per l’Ingegneria, Sapienza - Università di Roma,
Via Antonio Scarpa, 16, 00161 Roma, Italy and CIMA, Universidade de Évora, Portugal

Email address: elvira.zappale@uniroma1.it


	1. Introduction
	2. Preliminaries
	2.1. Notation and main definitions
	2.2. Approximation theorem and auxiliary results

	3. A generalization of the relaxation theorem for 2-level structured deformations
	4. The relaxation theorem for 3-level structured deformations
	Appendix A. The case L=3
	Acknowledgements

	References

