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Abstract

This paper is concerned with the I'-limits of Ambrosio-Tortorelli-type functionals,
for maps u defined on an open bounded set 2 C R™ and taking values in the unit
circle S' € R?. Depending on the domain of the functional, two different I-limits are
possible, one of which is nonlocal, and related to the notion of jump minimizing lifting,
i.e., a lifting of a map u whose measure of the jump set is minimal. The latter requires
ad hoc compactness results for sequences of liftings which, besides being interesting
by themselves, also allow to deduce existence of a jump minimizing lifting.

Key words: Jump minimizing liftings, I'-convergence, S'-valued maps, free boundary
problems.
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1 Introduction

This paper is devoted to the asymptotic analysis, via I'-convergence, of regularized free
discontinuity functionals for maps defined on a connected bounded open set 2 C R™ with
Lipschitz boundary and taking values in the unit circle S € R2. More specifically, define
the two functional domains

Agt i={(u,v) € WEH(Q;SY) x WE(Q): o|Vu| € LA(Q), 0 <wv <1} © LH(Q;SY) x LH(Q),
Agt == {(u,v) € WH(Q;S) x W2(Q): 0<v <1} ¢ LY9;SY) x L1(Q).
(1.1)
For € € (0,1] let us consider the corresponding family of Ambrosio-Tortorelli-type func-
tionals o
- 1
AT, ATS : LY(Q;SY) x LY(Q) — [0, +oc]
given by
g« AT (u,v) if (u,v) € Ag1,
AT, (u,v) := (1.2)
+00 otherwise in L'(Q;S!) x LY(Q),
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and
) AT (u,v) if (u,v) € Ag1,
AT (u,v) == (1.3)
+00 otherwise in L'(Q;S!) x LY(Q),
where

2 2 2 (w—=1)
AT, (u,v) := v |Vul* +¢|Vu|* + ——— | dz, (1.4)
Q 4e
with |Vu|? indicating the Frobenius norm of Vu. It is clear that

-~ —~ St
Agt C Aga, AT§1 > AT,

Our main results, connecting these functionals with Mumford-Shah-type functionals,
read as follows.

~ St
Theorem 1.1 (I-convergence of AT, ). Let Q C R" be a connected bounded open set with
Lipschitz boundary. We have

- L' lim AT _Mssl,
e—0t
where MSg1 : L*(€;SY) x L1(Q) — [0, +00] is given by

/ \Vul?dz + H"1(S,) if ue SBV2(;SY), v =1 a.e.,

MSg1 (u, v) (1.5)

“+o00 otherwise in L!(Q;S!) x L1(Q).

Theorem 1.2 (I'-convergence of ATEI). Let Q2 C R"™ be a connected and simply-connected
bounded open set with Lipschitz boundary. We have

I'— L' lim AT = MSyq,

e—0t
where MSyg : L Sty x — [0, +00] is given by
/ |Vu|?da 4+ mofu]  if ue SBV2(Q;SY), v =1 a.e.
MSyig (u, ) (1.6)
otherwise in L!(Q;S!) x L1(),
with '
malu] := inf{H" "1 (S,): p € GSBV?(Q), ¢ = u a.c. in Q}. (1.7)

In (1.5) and (1.7) the symbol H"1(S,) stands for the (n — 1)-dimensional Hausdorff
measure of the jump set S, of ¢, a lifting! of u, and SBV?(Q;S!) (resp. GSBV?(Q))
is the space of S!-valued maps with special bounded variation in Q (resp. the space of
generalized special bounded variation functions in ) whose absolutely continuous part
of the gradient is square integrable and whose jump set has finite (n — 1)-dimensional
Hausdorff measure. To better understand the above results, some comments are in order.

(i) In Theorem 1.1 the I'-limit in (1.5) is the classical Mumford-Shah functional for
S'-valued maps, and indeed part of the proof is an adaptation of known results,
together with some applications of the properties of liftings of nonsmooth maps;

1See Section 2.3.



Figure 1: The dotted segment denotes the set Sgd where [0,] varies between 0 and 27,
the continuous segment denotes the set Sgg where [0,] = 27.

(ii) the second, more interesting, I'-limit in Theorem 1.2 is nonlocal, it does not have
an integral representation and depends on the minimization problem in (3.1). The
singular term mg[u] is the penalization of a particular lifting of u, the one which
minimizes the measure of the jump. It is clear that MSyg > MSqu.

These two theorems show the huge difference made by the choice of the two do-
mains (1.1) where defining the approximating functionals, in particular the requirements
u € WhHi(Q;SY), v|Vu| € L?(Q), as opposite to the more standard requirement u €
Wh2(Q;S!). The reason of the corresponding different limit behaviours is topological in
nature, and it is better explained by the following example, see also [26, pag. 30].

The example of the vortex map. Let n = 2, Q = B;(0) C R?, and consider the vortex
map uy(z) = a7 for any z € B1(0) \ {0}. Then uy € W1P(B1(0);S!) for any p € [1,2)
and v ¢ W12(B1(0);S'). Thus in particular

MSgi (uy, 1) = 400 since uy ¢ SBV?(Q;Sh).

Also, any lifting of uy jumps (in B;1(0)) at least on some curve connecting the origin to
0B1(0). Now, let us modify uy in a small neighbourhood of the origin to get a function
which is in SBV?2(£;S1), by introducing a small jump. To this purpose consider the lifting
of uy given by the argument function? @ jumping on the positive real axis. Hence, in 2,
Sp = (0,1) x {0} with jump opening [0] = 27. Now, for 0 < r < R < 1 define the annulus
A, r = Bg(0) \ B-(0), and let o € (0,1). Consider the following perturbation of 6 and
uy on B1(0) \ {0}: let x, € C*°(B,(0),[0,1]) be such that x, =0 in B,/4(0), xo =1 in
A/s0,00 0 < Xo < 1in Ay/y35/4, VX6 | < % for some C > 0,

6 2) m {xa<x>e<x> if = € B,(0) \ {0}, )
) 6(x) if z€ Ag1(0), '

Thus we have (see Figure 1)

?Le., the imaginary part of the complex logarithm.
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Sp, =S USL  where S} = <Z’I) x {0}, Sk = (%“,1) x {0},

moreover [0,] varies from 0 to 27 on Sga and [0,] = 27 on SQIU. This in turn implies
u?) = uy on Aszyan and Sy = Sé;- We also have u(?) € SBV?(B;(0);S'), and
MSgi (u(?),1) < +o0, and ma[ul®] turns out to be the length of the shortest segment
joining the right extremum of S, ») to the boundary of €). Indeed any lifting ¢ of u(?)
has the following properties: S, D ng, ¢ is a lifting of uy on As, /41 and ¢ is a lifting
of (1,0) on B,(0). Hence, in order to be minimal it must be S, = Sp, and therefore
ma[ul®] = HY(Sp,) =1~ o /4.

The map u?) is one of the possible maps on which one may compute the two I-limits
above. It turns out that the gradient integrability of the approximating maps is crucial to
devise the two behaviours. In particular in Theorem 1.2, due to topological obstructions
related to the fact that u(®) has non-zero degree on any circle 9B,(0) with 30/4 < p < 1
(as it coincides with the vortex map outside a small neighbourhood of the origin), the re-
covery sequence gives rise to the contribution mg[u(”)]. Indeed, a naive approach to get the
upper bound would be to adapt the classical construction given in [7,8]. More precisely,
the latter consists in regularising u(?) in a neighbourhood with width < e of its jump set
S, (o), being careful to keep values on the unit circle S!, and then define v, accordingly.
However this leads to an approximating function u.: B1(0) — S! which coincides with the
vortex map far from the origin, and so necessarily u. has non-zero degree, which in turn
implies® that u. ¢ W12(B1(0),S!). In particular, u. cannot be used to produce a recovery
sequence in Theorem 1.2, but it provides a suitable construction for the upper bound in
Theorem 1.1, being of class W1 (B1(0);S!) and satisfying v.|Vu.| € L?(B1(0)). In order
to construct a recovery sequence in the second case it is needed to consider approximat-
ing functions with zero degree. This is possible by modifying «(?) in a neighbourhood of
the jump set of a minimal lifting (for example 6,) and then define v. accordingly. Thus,
passing to the limit one gets the contribution H!(Sp, ) = ma[ul?)].

Main challenges of the proofs. From the previous example we learned that the nature
of the T-limit (1.6) is related to topological obstructions when approximating a S'-valued
map whose approximate gradient is square integrable. In particular, the non locality of
MSji; leads to non trivial difficulties in the proof of the lower bound inequality. The basic
idea consists in rewriting the approximating functionals in terms of liftings. Namely, given
u € WH2(Q;Sh) take a lifting ¢ € WH2(Q) of u, so that from the identity |Vu| = [V it
follows

_ 2 2 2 (w—1)
AT, (u,v) = v |Vp|® + ¢|Vul* + = dz, (1.8)
Q

which is the Ambrosio-Tortorelli functional for the pair (¢, v). Now, if for any sequence
(e, ve,) — (u,1) in L1(Q;SY) x LY(Q) we would be able to prove that ¢., — ¢ in
LY(Q), with ¢., € WhH2(Q) lifting of u.,, we could conclude by applying the classical
results [7,8], since the limit ¢ is a lifting of u. Unfortunately this is in general not true, as
the energy provides a control of V., only in regions where v, is far from zero. Moreover
a sequence of liftings might escape to infinity (since we can always add integer multiples
of 2m). For this reason, the main issue concerning the lower bound in Theorem 1.2 is to
get a compactness result on sequences of liftings. This leads us to another main result

3Indeed, if u. € W2(B1(0),S"), then by [15, Theorem 1.1] u. has a lifting in W*'2(B1(0)), which is
not possible since u. has non zero degree (cf. [15, Theorem 1.2]).



contained in Theorems 3.1 and 3.3, which provides compactness and lower semi-continuity
for a sequence of liftings associated to a single map u and more generally, to a converging
sequence (ug, ). We stress that these compactness results have a local feature, in the sense
that liftings converge up to locally subtract a suitable constant. Similar compactness
results obtained by slight modifying the given sequence of functions can be found in [30]
(see also [19] where the compactness result in GSBDP is used in the proof of our result).
Theorems 3.1 and 3.3, besides being interesting by themselves, allow us, together with a
refined local argument, to show the lower bound inequality in Theorem 1.2. Furthermore
Theorem 3.1 provides existence of a solution to (1.7), that is, the infimum in (1.7) is
actually a minimum. More precisely, in Corollary 3.2, we show that the following more
general minimum problem has a solution. Let p > 1 and u € SBVP(£;S'); then there
exists a lifting omin € GSBVP(Q) of u such that

HH(S

$Pmin

) =inf {H""1(S,) : ¢ € GSBVP(Q), e’ = ae. in Q} . (1.9)

It is worth to notice that, somehow surprisingly, the minimum in (1.7) is not attained in
the class SBV(2), as a consequence of an example discussed in Section 3.1. This shows
that the analysis of (1.7) is rather delicate.

The problem of finding a lifting minimizing the length of the jump set somehow re-
sembles the related question of finding a lifting minimizing its BV -seminorm [15]. As for
the latter, which is strongly linked with Plateau and optimal transport problems [16], the
structure of a jump minimizing lifting might be related to optimal transport questions
with different cost functions. We discuss in more details this issue in Subsection 3.2.

Further directions and open problems. Lifting theory is useful in several, apparently
unrelated, contexts where topological singularities arise, such as screw dislocations in crys-
tals, vortices in superconductors, the non-parametric Plateau problem in codimension-two
and optimal transport problems. This shows similarities between different problems to
which a suitable version of the Ambrosio-Tortorelli approximations for S'-valued maps
might be addressed. In the following we briefly review some open problems which will be
investigated in future works.

Dislocations and vortices. Dislocations are line-defects in metals that locally alter the
crystalline structure and are the main source of plastic slips. From a mathematical point
of view they can be identified with codimension-two singularities. In particular, in a sim-
plified framework one can consider two-dimensional semi-discrete models for dislocations
either of screw or edge type, which correspond to point singularities in a two-dimensional
domain (see [4,23,25,26,31,37] and references therein). It is well known that models for
screw dislocations share similarities with Ginzburg Landau models for superconductors [2].
In particular, in recent works [23,26] it was proposed a free-discontinuity model for screw
dislocations. The latter is given by an energy of Mumford-Shah type for S'-valued maps
which penalizes the measure of the jump set. From the analysis pursued in [23,26] it turns
out that such a model is equivalent (to the leading order) to the Ginzburg Landau one.
This seems to suggest that an Ambrosio Tortorelli approximation for screw dislocations,
as well as for vortices in superconductors, is possible. In addition, this offers the possibility
to extend the results of [23,26] to the three-dimensional setting (see [21,22,32] for models
in dimension three).

The Plateau and optimal transport problems. The Cartesian Plateau problem consists in
finding an area-minimizing surface among all Cartesian surfaces spanning an appropriate
Jordan space curve. While the codimension-one setting has been exhaustively understood



[34] very few is known in codimension two. This has to do with the fact that the relaxed
Cartesian area in codimension larger than one is not subadditive, and thus has no integral
representation. A couple of examples in codimension two where the computation of the
relaxed graph area is possible are the vortex map uy and the triple junction function [1].
Both are S'-valued maps with singularities, and the corresponding relaxed area has a
nonlocal feature involving liftings, similarly as in (1.6) (cf. [9, 10,12, 38] and references
therein). Also, the singular contribution appearing in the case of S'-valued maps is related
with optimal transport problems with different cost functions. In the specific case of S'-
valued Sobolev maps, the singularities should be optimally connected each other, in a
similar fashion as for the minimal connection of dipoles in the minimization of the BV-
seminorm of liftings [16] (see also [13,39]). Connecting the singularities in the relaxed
Cartesian area is related with finding an optimal Cartesian vertical current filling the
holes of the graph of the given map wu, and this often requires the study of a Plateau
problem in codimension-one with partial free boundary [11].

In the simplified setting of S!-constrained relaxation [33, pg. 611 eq. 4], the optimal
value of the graph area has a singular contribution characterized in terms of S! verti-
cal Cartesian currents [33, pg. 612, Theorem 1] and that is again related to an optimal
transport question on how to connect the singularities of u. A future development of the
present research is to approximate the relaxed area functional on S'-valued functions by
an Ambrosio-Tortorelli energy where the bulk term has linear growth in the gradient (in
the same spirit of [3]).

We emphasize that phase-field models based on the Ambrosio-Tortorelli functionals
have been already employed to study problems related with optimal transport questions
(see e.g. [27] and references therin, and [20] for the relation with the steiner tree problem).
While the link of Corollary 3.2 with the optimal transport question involves the cost
function ¢ = 1 (see Subsection 3.2), we believe that the analysis of the Ambrosio-Tortorelli
functional for S'-valued maps with linear growth (instead of quadratic) would give rise to
a minimization question similar to (1.9) involving different cost functions. Also this will
be object of future development.

Content of the paper. In Section 2 we collect some notation and recall some useful tools
which will be employed to prove the main results. In Section 3 we provide an example
where the jump minimizing lifting is not in SBV(Q2) but just in GSBV (). Furthermore,
we describe a connection with optimal transport, we state the two compactness results
Theorem 3.1, Theorem 3.3 and the existence of a minimizer to (1.7), Corollary 3.2. In
Section 4 we provide the proofs of Theorems 3.1 and 3.3. Eventually in Section 5,
after establishing some density and approximation results in SBV (£2), both for S!-valued
functions and for liftings, we prove Theorem 1.1; in the proof we do not make use of the
results of Section 5.1, but we utilize the results of Section 3. Finally, Section 5.3 is devoted
to the proof of Theorem 1.2.

2 Notation and preliminaries

In this section we collect some notation, and recall some notions concerning SBV and
GSBYV functions [6] and lifting theory [15]. In what follows:

- n>11is a fixed integer and p > 1 is a fixed real number;

- 0*A denotes the reduced boundary of finite perimeter set A C R" ;



|- | and H"~! denote the Lebesgue measure and the (n — 1)-dimensional Hausdorff
measure in R”, respectively;

x4 denotes the characteristic function of the set A C R™;

for a,b € R™ the symbol a ® b denotes the tensor product between a and b;

- Sti={(x,y) € R?: 2% + y? = 1} is the unit circle in R2.

2.1 SBV and GSBV functions

Let U C R™ be open and bounded, and m > 1 an integer. We denote by BV (U;R™) the
space of vector-valued functions with bounded variation in U, and with |-|gy and || - || pv
the BV seminorm and norm, respectively, i.e.

ulpv := |DulU),  lullpv = llullr + lul v,

see [6]. We say that uw € BV (U;R™) belongs to the space of special functions with bounded
variation in U | i.e., u € SBV(U;R™), if its distributional gradient is a finite R™*"-
valued Radon measure without Cantor part, that is,

Du = Vul" + [u] @ v, H" 'L S,,

where Vu is the approximate gradient of u, S, is the approximate jump set of u, [u] =
ut — u~ is the jump opening and v, is the unit normal, see [6, Def. 3.67] to S,. A
measurable function u : U — R™ belongs to the space of generalised special functions
with bounded variation in U, that is, u € GSBV(U;R™), if ¢ ou € SBVjo.(U) for any
¢ € CL(R™) with V¢ compactly supported.* If m = 1 we write BV(U) = BV (U;R),
SBV(U) =SBV (U;R) and GSBV(U) = GSBV (U;R).

Remark 2.1 (Equivalent definition of GSBV for m = 1). GSBV (U) can be equiva-
lently defined as the space of measurable functions u: U — R such that u A M V (=M) €
SBViec(U) for any M > 0.

For p > 1 we set
SBVP(U;R™) = {u € SBV(U;R™) : Vu € LP(U;R™") and H"1(S,) < 400},
and
GSBVP(U;R™) = {u € GSBV (U;R™) : Vu € LP(U; R™*™) and H"(S,) < +oc}.

Again, when m = 1 we write SBVP(U) = SBVP(U;R™) and GSBVP(U) = GSBVP(U;R™).
We set
BV(U;SY) = {u € BV(U;R?): |u| =1 a.e. in U},

SBV(U;S') = {u € SBV(U;R?): |u| =1 a.e. in Q},
and for p > 1
SBVP(U;SY) = {u € SBV(U;SY): Vu € LP(U;R**?), H""1(S,) < +o0}.

Eventually, a (finite or countable) family (E;) of finite perimeter subsets of a finite perime-
ter set F' is called a Caccioppoli partition of F' if the sets E; are pairwise disjoint, and
their union is F'. The next technical observation will be needed later (Section 5.2).

“Recall that f € SBViec(U) if f € SBV(K) for every K C U compact.



Remark 2.2 (Approximation of a BV function by smooth functions). Let A C R"
be a bounded open set with Lipschitz boundary and ¢ € BV(A). By [6, Theorem 3.9],
for any ¢ > 0, there exists a function p5 € C°°(A) such that

[lo-elde<s. [ |Vesldo<|Del(a)+9
A A
Moreover, by inspecting the proof,

©0=1@; H''—ae ondA,

in the sense of BV -traces on 0A (see e.g. [6, page 181]). To see this last property we recall
that

5= Y _(pvn) % pn,

h>1

where

o (Yp)n>1 is a partition of unity relative to the covering (Ap)p>1 of A defined as
Ay = {z € A: dist (z,04) > 271},
Api={zec A: (h+ 1)t < dist (x,04) < (h—1)"'} for h > 2;
e (pn)n>1 is a family of mollifiers such that

supp ((¢¥n) * pn) C Ap,
/A [|(<P1/1h) % pr — U] + (V) * pr, — V|| do < 2705

Thus, for H* -a.e. zy € DA, we have

2 1
p(20) = s(oo)] <l 2 /A o )~ () N
2 1 :
<t X [etwn) = (otn) ()] -

Now we observe that A, N B,(z0) # 0 if and only if 1 <r,ie, h > —1. Hence for
y € By(z0), the sum on the right hand side of (2.1) reduces to

2 ‘so(y)wh() () * pn(y } S 27 =27t

h>1-1 h>1
T s

We conclude 5 1
< li 772—*”5 n=0.
[plan) — sl < lim = 275 2y



2.2 T'-approximation and compactness for the Mumford-Shah functional

We recall two classical results [7,8] (see also [28] for the generalization to the vector case),
and [6, Theorem 4.8].

Theorem 2.3 (Ambrosio-Tortorelli). Let Q C R™ be an open set with Lipschitz bound-
ary, and

A= {(u,0) € WH(Q;R™) x WH2(Q): 0 <wv < 1}.

Then the functionals

4e
+00 otherwise in L'(;R™) x LY(Q),

)2
AT, (0,0) /<02|Vu|2+6Vv|2+(v D >da: if (u,v) € A,
Te(u,v) := Q

I' — L'-converge to the Mumford-Shah functional

/ \Vu|? dz + H"1(S,)  ifu€ GSBV2(Q;R™), v =1 a.e.
MS(u,v) := ¢ /@

+o0 otherwise in L'(;R™) x LY(Q),
ase—0t.

Remark 2.4. By inspecting the proof of Theorem 2.3 one actually deduces the following
properties:

(i) Decoupling. Let ¢; \, 0, and let ((ug,vi))r>1 C A be a sequence converging to
(u,1) in L1(Q;R™) x LY(Q) with supyey AT, (ug, vx) < +00. Then

liminf/vi]Vqude/ |Vu)? dz
Q Q

k——+o0

(2.2)

k——+o0

—1)2
liminf/ (6k|Vvk|2 + (”’“)> dz > H"1(S,).
Q deg,

(ii) I'-convergence on a larger domain. The result still holds if one replaces A with
the larger class

A= {(u,v) € WHHOR™) x WH(Q): v|Vu| € L2(Q), 0 < v < 1}.

Theorem 2.5 (Compactness in SBV). Let p > 1, Q C R™ be a bounded open set and
(er)k>1 C SBV(Q) be a sequence satisfying

sup (/ Vi P do +H"_1(S¢k)) < 400,
keN \Ja
and

sup ||k lloe < +o00. (2.3)
keN

Then there exists a subsequence of (¢r) weakly-star converging in BV (Q) to a function
belonging to SBV (Q2).



Removing assumption (2.3) leads to the following result, which is the GSBV? variant
of [19, Theorem 1.1], and that will be applied in the proof of Lemma 4.1 to an appropriate
sequence of liftings.

Theorem 2.6 (Compactness). Let p > 1, Q& C R" be an open set and (¢)r>1 C
GSBVP(Q) be a sequence satisfying

sup ([ [Voulr o+ H77(S,)) < 4o
keN Q

Then there exist a (not-relabelled) subsequence and a function oo € GSBVP(QY) such that:

E:={x € Q:|¢pp(x)| = +oo} has finite perimeter,
Yoo =0 on E,
Ok — Yoo a.€. on Q\ E,
Voér — Voo in LNQ\ E;R"Y),
n—1 *BY < liminf n—1 )
H' (Spoe UOE) < liminf H"(S,)

2.3 Liftings of S!'-valued maps

Let 2 C R™ be a bounded connected and simply connected open set with Lipschitz bound-
ary, and u: Q — S! be a measurable function. A lifting of u is a measurable function
w: 2 — R such that

u(z) = @ for ae. €.

Given a Borel set B C 2, we say that ¢ : B — R is a lifting of v on B if the previous
equality holds a.e. on B. Clearly, if ¢ is a lifting of u, then so is ¢ + 27mm for all m € Z.

If u has some regularity, a natural question is whether ¢ can be chosen with the same
regularity. The answer is partially positive, see [15,24] for more details:

(1) If u € C*(;S') for some k > 0, then u has a lifting ¢ € C*(Q), unique (mod.
27), [15, Lemma 1.1];

(2) If u € CFSY N WP(Q;S!) for some p € [1,400], then u has a lifting ¢ €
CHFQ)NWLP(Q); If n = 1 and u € WHP(Q;S!) for some p € [1,+00), then u has a
lifting ¢ € W1P(Q);

(3) If n > 2 and u € WHP(Q; S!) for some p € [2, +00), then u has a lifting ¢ € WP(Q).
Moreover ¢ is unique (mod 2m);

(4) If n > 2, then for every p € [1,2) there exists u € WP(Q;S!) for which there are no
liftings ¢ € WHP(), see [15, Theorem 1.2, Remark 1.9].

A well-known example of property (4) when n = 2 is the vortex map uy discussed in the
introduction. Indeed it can be shown [15, Pages 17-19] that there are no liftings of u in
WHL(B;) (and thus there are no liftings in WP (By) for all p € [1,2)).

Next we recall some regularity results on lifting of BV maps.

Theorem 2.7 (Davila-Ignat). Letu € BV (Q;S'). Then there exists a lifting p € BV ()
such that ||p||ree < 27 and |p|py < 2|ulpy.

10



Proof. See [24, Theorem 1.1], and also [15, Theorem 1.4]. O

Remark 2.8. If u € SBV(;S!) then ¢ of Theorem 2.7 can be chosen in SBV(Q). If
u € SBVP(Q;S!) for some p > 1 then ¢ of Theorem 2.7 can be chosen in SBVP(Q) N
L>°(; 10, 27]).

As usual, for any lifting p € SBV () of u we write® S, = Si, U SH; where
SL={z €S, [¢l(x) €2rZ},  SL:=8,\SL.

Notice that in particular 5’3; =Sy
Let u € BV(€;S!) and consider the minimum problem

inf{|¢|py: ¢ € BV(Q), ¢ = u a.e. in Q}.

Then there exists a minimizer ¢ € BV (Q2) such that |¢|gy < 2|u/gy and 0 < [, pdz <
27|Q2| [15, page 25]. As explained in the introduction, we are instead concerned with
the existence of a lifting which minimizes the measure of the jump set. This will be the
argument of the next section.

3 On jump minimizing liftings

In view of the applications in Section 5, we are concerned with the analysis of the following
minimization problem, which has an independent interest: let p > 1, let u € SBVP(Q;S!)
and define

mp[u] := inf {H"71(S,) : ¢ € GSBVP(Q), €' = u a.e. in Q} . (3.1)

We observe that, in (3.1), the set of ¢ between parentheses is non empty, due to Remark
2.8. The reason of utilizing the space GSBVP(Q) instead that SBVP(Q2) can be understood
from the following example.

3.1 An example

In this section we will show that, in general, a lifting minimizing the right-hand side of
(3.1) cannot be found in SBVP(Q), for any p > 1. The strategy consists in constructing
a real-valued function ¢ such that, letting u := €', the following hold:

e o€ GSBVP(Q)\ SBV(Q);
® Oy = Su;
o O\ S, is arcwise connected.

In this way ¢ is the only minimizer (modulo addition of a constant in 27Z) of (3.1) for
u.

555, stands for the “integer” part of the jump, and Sﬂ; for the “fractional” part.

11



-
3
+

<
3~

S
Sl-
)

Wiz

1
PrE

Figure 2: The rectangles T}, and B,, in a portion of Q = (0,1)2,

We consider 2 := (0,1)? ¢ R?, and three sequences (R,,), (T},), (By) of open rectangles
contained in €2 defined, for an even integer n > 2, as follows:

) 1 1 1 1 1 1 1 1
R, has vertices <W’O) , (ﬁ’()) ) <F’W —+ ﬁ) , (W’W + ﬁ) :
. 1 1 1 1 1 1 1 1 1 1Y
T has vertices \ gz ) \gor52 )\ aon 2 )\ agn ¥ 2)
. 1 1 1 1 1 1
Bypy1 has vertices <—2n+2,0) , (2—n,0> , <2—n, —10n+1) , (—2n+2,—10n+1) .

Observe that the R,,’s are pairwise disjoint and the closures T',, of T}, are pairwise disjoint.
Also the B,’s are pairwise disjoint, but their boundaries share some part of the lateral

edges (see Fig. 2). Furthermore, for all n,m > 2 even,
T, CR,, Bni1CR,UR,2, T,NB,=03.

Now, we define a map® ¢ : Q@ - R

n? in T}, for n > 2 even,
¢:=<{ (n+1)? in By for n > 2 even, (3.2)
4 in Q \ U n>2 Rn.
n even

It remains to define ¢ on

U B\ (U (TUBa),

n>2 n>2
n even n even

5The value 4 has not particular meaning: any positive constant could be chosen as well. A similar

comment applies to (3.3)
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To this purpose we set

(70 Op ecta g C 47 ’ f!’ ’ 2’4 IO ’ 4’4 0
(3-3)

Further, we consider two sequences (V,,), (W,,) of open rectangles, defined for any even
n > 2, as follows:

) 1 1 1 1 1 1 1 1
V., has vertices g 1g0v1 )0\ 1gert )0 gz ) \gerto 2 )

) 1 1 1 1 1 1 1 1
W, has vertices ont2’ Jontt |0 \gng1 1ont1 )0 \ g1 m v\ ont2° m 5

see Fig. 2.

By (3.2) the value of ¢ on the top edge of V;, is n?, whereas on the bottom edge is
(n+ 1)%, and we define ¢ on V;, as the affine interpolation of these two values. The value
of ¢ on the top edge of W), is (n + 2)2, whereas on the bottom edge is (n + 1)2, and we
define ¢ on W,, as the affine interpolation of these two values. Observe that, looking from
top to bottom, ¢ increases in V;, and decreases in W,,. Clearly,

o ¢ L¥(Q), (3.4)

© is piecewise constant in Q\ ( U (Vi UW,,)), piecewise affine in U VoUW, (3.5)

n>2 n>2
n even n even

and

0 n+1)2 —n?
Vel ‘Jﬁ‘zg—f—lar——zn3 on V,,

0w, nZ T TonF1
0 2)2 — 1)2
Vol = |2 - AR L 1 on
; S R

(nt+2)2 — oI

being the height of V,, (resp. W,,) of order # (resp. —+5). However, the bases of Vj,

(n+1)?
and W, have length 271% and 2’1% respectively, so
n3P—2 (n+1)3r—2
vauip(vn) ~ |Un‘n3p = ot =:0p, HVSOHip(Wn) ~ Jwp|(n + 1)3p = ont2 =: bp.
In particular
Vo € LP(;R?)  Vp>1, (3.6)

since ), an < 400 and ) b, < +0o. On the other hand, denoting 37 the union (for
n > 4 even) of the top and left edges of the T},’s, by ¥p the union (for n > 4 even) of the
lateral edges of the B,,’s, and by Xy the union of the lateral edges of all V,,’s and W,,’s,
we see that the jump set S, of ¢ is exactly

S(p =X UXpUXyw;

furthermore,
2\ S, is arcwise connected, (3.7)

13



and it is easy to check that
H(S,) < +oc. (3.8)

In particular, from (3.5), (3.8) and (3.6) we deduce ¢ € GSBVP?(Q), for any p > 1.
However,

p ¢ SBV(Q).

Indeed, although D¢ has no Cantor part, the total variation |D7¢|(£2) of the jump part
Diyp of Dy is infinite. This can be seen by observing that, on each lateral edge of V;,, the
jump opening [¢] is of order n on a segment of length of order n=2. Thus

1DIigl(Q) > > n7' = 4oc.
n>2
n even

We claim that ¢ is the unique (up to addition of a constant) solution of (3.1) for
u = e,
We have u € BV (Q;S!) and |Vu| = |[V¢|. Now, we observe that
Su = Sy, (3.9)
namely H!(S,AS,) =0, and therefore
u € SBVP(;Sh).

Equality (3.9) is due to the fact that the subset of S, where [p] € 27Z is H!-negligible.
This additionally implies that any lifting ¢ of u must satisfy Sy 2 S,, and so

H(Sy) > H(S,). (3.10)

We conclude from (3.9) and (3.10) that ¢ is a minimizer of (3.1), and ¢ ¢ SBVP(Q), for
any p > 1. Finally, from (3.7) it follows that ¢ is unique, modulo addition of a constant
in 277Z.

3.2 A connection with optimal transport: an example

We observe in this subsection that the minimization problem (3.1) has a strict relation
with a question arising from optimal transport (see [35,36] for the setting and similar
formulations). To do so, we give an example in a special case, leaving the more general
ones to future treatments: for a connected and simply-connected bounded open set 2 C R?,
we fix 1 < p <2, N €N, and a Sobolev map u € WP(Q; S!) with distributional Jacobian
determinant

N
Det(Vu) = 7Y (6, — 8y,), (3.11)
=1

(see [15]). We set p:= SN 8, and v := SN  §,., where the points z;’s and /s belong
to {2 are not necessarily distinct, and we consider the class of all integer multiplicity
1-currents whose boundary is y — v, namely

T(p,v):={T €D1(Q):T=(R,0,7) is an i.m.c. such that IT = u — v}.

14



Here T' = (R, 0, 7) is the integer multiplicity current given by
T(w) = / 0(z)(w(x), 7(a))dH] v € D),
R

with R C Q a 1-rectifiable set, 7 a tangent 1-vector to it, and 6 : R — Z a H'-measurable
function. A classical optimal transport problem can be formulated on the class 7 (i, v) in
the following way: one fixes a cost function 1 : Z x S' — R* and study the minimization
problem

Wy, v) = inf{/]%¢(9,7)d7{1 (R0,7) € T(w)}. (3.12)

We refer to In the special case 1) = 1 we have W(u,v) = [ (0,7)dH' = H'(R) and we
claim that

mplu] = inf{H'(R) : (R,0,7) € T (1,v)}, (3.13)

which shows the connection between our minimization problem (3.1) and optimal trans-
port. We sketch the main steps to prove this, leaving details to future developments. Let
© € SBVP(Q) be a lifting” of u; then

Dy =V L2+ Dlp, (3.14)

and since D7 = [p]ng, H'L Sy, its rotated® (Dip)t+ = [[gp]]né*(PHll_Sw can be identified
with 27 times the 1-current

TQO = (S‘P’ [gjj],nip)

which has integer multiplicity. We claim that
0T, =p—v in Dy();

indeed, if we identify T, € D;(2) with a vector-valued measure and the elements of Dy (£2)
with scalar measures, 9T, € Dy(2) corresponds to minus the divergence of T,,, and so

1 : 1
T, = —%Div((D%@)L) = %Div(vj‘go) (3.15)

where we have used that
Div(Dt¢) = Curl(Dy) = 0.

Here Curl(De) is defined in a distributional sense. Recalling the definition of distributional
Jacobian determinant for Sobolev maps [15, Page 12, formula (1.33)] one has

Det(Vu) = %Div(ulvluQ —uaVtuy) = %DiV(Vch) (3.16)

so we conclude 0T, = p — v.
In particular T, is admissible for (3.12), i.e., T, € T (i, v), and we obtain

mplu] > inf{H'(R) : (R,0,7) € T (u,v)}. (3.17)

"We here suppose, for simplicity, that the infimum in (3.1) can be obtained restricting on the space
SBVP(Q).
8We take the conterclockwise 7 /2-rotation.
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To see that also the opposite inequality holds, let 7' = (R, 6, 7) be admissible for (3.12),
and let us decompose T = Z;Ole in indecomposable components, so that by Federer
decomposition theorem [29, Sections 4.2.25 and 4.5.9] T; is either a loop with multiplicity
+1 or a Lipschitz parametrized path from one point y; to some x;. Up to erasing the
loops (operation that does not increase the energy in (3.12)) we may suppose that there
are exactly N such Lipschitz paths, T = 25\;1 T;. In particular T; = (R;, 1, 7) is such that
R; is a closed set image of [0, 1] under the Lipschitz injective map ~;, and so R = Uf\;lRi
is closed. Consider then the open set 2\ R and let ¢ be a lifting of v in 2\ R with jump
set of minimal length. We claim that H!(S, N (Q\ R)) = 0; this is equivalent to say that
there exists a lifting of u on Q\ R with no jumps. The latter can be shown by the following
observation: we connect the components of R with a curve o in such a way Q\ (RU o) is
simply-connected. Then by [15, Lemma 1.8] the lifting ¢ has no jumps? on Q \ (RU o).
To see that there is no jump of ¢ on o, it is enough to observe that, given any closed loop
I'in Q\ R, the topological degree of w on I' must be null (by construction of R).
From the claim, since ¢ € SBVP?(Q) satisfies S, C R, we easily infer

mplu] <inf{H'(R): (R,0,7) € T(1,v)} (3.18)

by the arbitrariness of T

In a similar manner, we see how the problem in (3.1) and the aforementioned transport
problem can be used to solve Steiner-type problems. Again, assume for simplicity that the
singularities of u € W1P(£2; S1) satisfy (3.11). Assume also that z; = Z for alli = 1,..., N,
and that the points y; are all distinct and different from . We look for the connected set
of minimal length containing the N + 1 points in the family C = {Z,y;: i =1,...,N}. To
do this, consider a compact connected set K with H!(K) < 400, containing C' and let us
suppose that dist(C,0) > H!(K); then the Steiner problem for C' can be proven to be

mplu] = inf{H'(L) : L is connected, L > C}, (3.19)
and the jump set of a jump minimizing lifting for v is a minimizer of the right-hand side

in the above expression.

3.3 Main results on sequences of liftings

The main results of the first part of the paper are the following.

Theorem 3.1 (Compactness and lower semi-continuity). Letp > 1, u € SBVP(;S!)
and (pr)k>1 C GSBVP(Q) be a sequence of liftings of u with

sup H"(S,,) < +oo.
keN

Then there exist a Caccioppoli partition (E;)i>1 of Q and a not-relabelled subsequence of
indices k for which the following holds:

(a) there exists a lifting poo € GSBVP(Y) of u in €,

(b) there exists a sequence (d;(;))kzl C Z for any i € N,

9 Although the domain \ (RU o) is not Lipschitz, the same result can be obtained by approximating
it with suitable Lipschitz subdomains.
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so that

lim (pg(x) — 27rd,(j)) = Qoo(T) Vie N, fora.e x€E;,

k——+o0

. (3.20)
lim |pp(z) — 27le(;)| = +00 VieN, forae xeQ\E;,
k—+o0
and
lim inf " 1(S,,) > H" 1 (S,..). (3.21)

k——+o0

Corollary 3.2 (Existence). Let p > 1. Then there exists a minimizer ¢ € GSBVP(Q)
of (3.1).

As pointed out in the introduction, in general a minimizer of (3.1) does not exist in
SBVP(Q).

The generalization of Theorem 3.1 to a sequence (ug), needed in the proof of Theorem
1.2, reads as follows.

Theorem 3.3. Let p > 1, u,ux € SBVP(Q;S!) be such that
up —u in BV (S, (3.22)
and let o, € GSBVP(Q) be a lifting of uk, for all k > 1. Suppose

sup "1 (S,,) < +oo.
keN

Then there exist a Caccioppoli partition (E;) of Q and a not-relabelled subsequence of
indices k for which the following holds:

(a) there exists a lifting poo € GSBVP(Y) of u in Q,

(b) there exist a sequence (d/(;))kZI C Z for anyi € N,

so that
lim (pr(x) — 27rd§j)) = poo() Vi eN, fora.e xz€E;,
lim |pg(z) — 27Td](;)| =400 VieN, forae z€Q\E;,
k——+o0
and
lim inf 1" (Sp,) 2 H' () (3.24)

4 Proofs of Theorems 3.1 and 3.3

Next Lemmas 4.1 and 4.2, independent one each other, are the building blocks of an
iterative argument needed for the proof of Theorem 3.1. Some arguments in the proof of
Lemma 4.2 will be also used in the proof of Theorem 1.2.

Lemma 4.1 (Localized compactness). Let p > 1, let Q@ C R™ be a bounded open set
with Lipschitz boundary, and u € SBVP(Q;SY). Let (¢r)k>1 C GSBVP(Q) be a sequence
of liftings of u, and suppose

C :=supH" 1(S,,) < +oc. (4.1)
k>1
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Let F' C Q) be a nonempty finite perimeter set in 2. Then, for a not-relabelled subsequence,
there exist a sequence of integers (dy)g>1 C Z, a finite perimeter set

ECF
in Q, and a function po € GSBVP(Q), such that:

Yoo 15 a lifting of u in E, ¢o=0 inQ\FE, (4.2)

lim (pg(x) — 27dE) = Yoo() for a.e. x € E,

k—4o00 (4 3)
lim |pp(z) — 27dg| = 400 for a.e. x € F\ E, .
k—+o00
n"wy, | F|"
E|> > 0,
Bl = 2n(2C + H L (O*F))™ (4.4)
H Y FNO*E)=H" (FNo*(F\E)) <C.
If furthermore
|k (z) — 2mdy| — +o00 for a.e. x € Q\ E, (4.5)
then

lkim inf H" ! (Sp NA) > H ! ((Spee UO*E)NA)  for any open set A C Q. (4.6)

— 400

Proof. Define'® v;, := ¢, — 1 € GSBVP(Q) which, since ¢ and 7 are liftings of u, is
piecewise constant (i.e., the absolutely continuous and Cantor parts of Dvy vanish) and
takes values in 27Z. Therefore, it induces a Caccioppoli partition {V¥ : m € Z} of F,
where

for any m € Z VE .= {x € F: () = 2rm} has finite perimeter,

v =3 2mmvy, S VEI =R

meZ mEZ

Moreover, since 9*V,k C S, U Sy, UO*F, the perimeter of the partition satisfies

1
3 > PV <H (S, US,,) +H"H(0'F)

meZ (4 7)
< H T (Sp) + H T (Sp,) + HTHOF) ‘
<2C +H" YO F),

where C' is the constant in (4.1). Now, for any k € N, k > 1, we select dj, € Z for which
|Vd'z\ = max{|VT]fL] tm € Z}.

In particular, from (4.7),

P(V}) <2(2C +H" 1 (9"F)). (4.8)

0T here is no special reason in the choice of ¢1; any element of the sequence () could be chosen as
well.
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Using also the isoperimetric inequality, we find

FI =" [E < ViR ST v 1_,§! d'f — 3" PV

meZ meZ " MEZ
| |1/n

b 2(2C + H" L0 F)).
Nnwy,

Thus passing to the limit

n F n
hmlnf]de nwn|F|

. 4.
it Vo | 2 e i@ pye (4.9)

Hence, from (4.8) and (4.9), there are a not-relabelled subsequence and a finite perime-
ter set

GCF
such that

(Xyx ) converges to xg a.e. in F' and weakly star in BV(Q;{0,1}) as k — +o0. (4.10)
i

Consequently,
n"wy|F|™
(2C + HP—1(O*F))™

> .
Gl 2 5 (4.11)

Next, we define
Ok 1= pr, — 2mdy.
Notice that H"1(S5,) < H"!(S,,) < C; moreover by construction
Pr = @1 on Vd’i Vk € N,
and, from (4.10),

Pr — 1 pointwise a.e. in G.

However, there could be other regions of F' out of G, where the sequence (py) converges
pointwise, that we need to identify. To this aim, let us consider, for all integers N > 1,
the sequence of truncated functions (px A N) V (—N), which is precompact in SBVP ().
Using a diagonal argument, we select a further (not-relabelled) subsequence such that
(P A N) V (—=N) converge in L'(Q) and pointwise a.e. in F for all N € N. Define

Fy = {gc € F: lim |($r(@) AN)V (=N)| = N}-
k—oco
Then F D Fny1, and

ﬂ Fy:={z € F:|pr(x)] - +oo}.
NeN

As a consequence, setting
E:=F\()Fw, (4.12)
N
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we have

GCECEF, (4.13)

E has finite perimeter in Q' and setting

{limk or(x) in E

for a. e. x € (),
0 in Q\ E

Poo(T) =
we have v € GSBVP(Q), oo = 1 a.e. in G, and @ is a lifting of w in E. At the same
time

|k (z)] = +o0 for a.e. z € F\ E.
Thus, using also (4.11) and (4.13), which imply |E| > |G| > 5T
(4.2)-(4.4) are proven.

It remains to prove (4.6). Assume |p;| — 400 a.e. in Q\ E. Then, by Theorem 2.6,
for any subsequence (g, ) we can extract a further subsequence ({y, ) such that
J

n"wy | F|"

SC+H (7)) statements

H" 1 ((Sp, UO*E)N A) < lim inf H"fl(S@khj N A) for any open set A C Q.

j—+oo
Hence, the same holds for the original sequence (),

H" 1 ((Sp, UOTE)NA) < llim inf H" (S, N A) for any open set A C Q,

——+o00

which shows (4.6). This additionally implies

P(E,F)<C= supH"_l(S@k),
keN

which shows the last equality in (4.4). O

Lemma 4.2. Let p > 1 and (¢r)r>1 C GSBVP(Q) be a sequence of functions with

C :=supH" 1(Sy,) < +oc. (4.14)
keN
Let N > 1 be an integer, E1,...,Enx C § be pairwise disjoint nonempty finite perimeter

sets and ol ..., N be functions in GSBVP(Q) with the following properties: for any
i=1,...,N,

(pgbo):(] a.e. ’L’I’LQ\Ela

(4.15)
liminf H" (S, N B) > H"! ((S o UIE;)N B) for any open ball B C Q.
k—r400 Poo
Define &y € GSBVP(Q) as
cpgo)(a:) ifx € E; for somei=1,... N,
Oy (x) =
0 ifveQ\ (UL, E).
Then
liminf 7"~ (S,,) 2 M (&DN U@nor(UX, Ei))>, (4.16)
and
?ﬁ”(ﬂﬂaﬂuﬁ4E0>:?ﬁ”(ﬂﬂ@%ﬁ\uﬁgm)gCX (4.17)

1 F has finite perimeter in F, and F has finite perimeter in Q, therefore E has finite perimeter in Q.
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Proof. The equality in (4.17) follows from QN O*E = QN 9J*(Q\ E), and the inequality is
a consequence of (4.16) and (4.14). So, let us prove (4.16).
To shortcut the notation we set, for all i =1,..., N,

i =0nN 8*El, S; = Scpm \ O*E; s
and

N N
s=%,  s=s.
=1 =1

are (n — 1)-rectifiable with H"~1(X) < 400, H* 1(S) < +o00. We fix § € (0,1) and, for

any i =1,..., N, for H" l-a.e. x € S; we choose a radius () such that
BP(‘T) g 97
HY(By() N1 51) = (1 - S)wn_1p" ",
N Vp e (0,r(x)). (4.18)
H' (Bp(x) NE) + Y H" N (By(z) N Sm) < Swp1p™"
m£i
m=1
We collect all such balls B,(x) satisfying (4.18) in a family denoted B;. Furthermore,
possibly reducing the value of 7(x), for any i = 1,..., N and for H" -a.e. x € 3; we may
suppose that
Bp($) g Q7

H" (By(x) M%) > (1= 8)wn1p" 1,

N p € (0,r(x)), (4.19)
HH(By(z) N S) + > H M (By(x) N S) < dwno1p™
m£i

m=1

and we collect such balls in a family B;;x. The family Ufflan, forms a Vitali covering
of Y U S, and so by Vitali covering theorem we can choose countable many points xj € €2
and radii py € (0,r(xy)) such that the family

2N
B:=( B¢ UBj:B:Bpk(a;k) for some k € N
j=1

consists of mutually disjoint balls and covers ¥ U S up to a H" '-negligible set, with
+o00
Z P < +oo.
k=1
In addition

+oo
HHSUD)=> H"HBN(SUD)) > (1— 8wy o, (4.20)
BeB k=1

the inequality following from (4.18) and (4.19). From the same formulas, for any n =
1,...,N,and B = B,(x) € B;, i # j, it holds

N
W' BNS) <D H'HBNSy) < dwn1p™
m#i

m=1
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This, together with (4.20), imply

—+o00

Y HTHBNS) <dwa1 Y pit < %H”‘l(s ux). (4.21)
BeB\B; k=1 N
Similarly, for all h =1,..., N,
> HTHBNE,) < %5%”—1(5 ux). (4.22)

BeB\BNn

From (4.21) and (4.22) it follows

Yoo HNBNS) =Y HTH(BNS) - > H'HBNS)

BeBNB; BeB BeB\B;
SHHSUX
> (s - R (4.23)
1-9
forall 5 =1,...,N, and analogously for all h=1,..., N,
SHH(SUX
> HTHBADY) = HTH (D) - H1(5) (4.24)
BeBNBN+h -
From (4.15), for any j = 1,..., N we obtain
lim inf H'™ (S, N B) 2 H" (S, NB) =2 H""'(S;NB), (4.25)
—+00 o
and forall h=1,..., N
liminf H""1(S,, N B) > H* Y (BNO*Ey) > H" (S, N B). (4.26)

k—+o0

Now, summing (4.25) over all B € BNB; and (4.26) over all B € BN By 44, and then over
n, h respectively, we infer

N N
YooY WS NB)+Y . Y H'NERNB)

7j=1 BEBﬂBj h=1 BEBQBN+h (4 27)

2N
<liminf» Y H"!(S,, NB) < liminf A" (S,,),
k—4o00 i1 BEBOB; k—+o00

where the penultimate inequality is a consequence of Fatou’s Lemma. Combining (4.27)
with (4.23) and (4.24) we get

N N

20NH" 1 (SUX
Do)+ Yo w ) - I <t ().
j=1 h=1

k—+o0

By the arbitrariness of 9 > 0 we conclude

HHSUR) < lim nf H"(S,,),

—+00

that implies (4.16). O
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4.1 Proof of Theorem 3.1

Let M := supyeny H" 1(Sy,) < +00. To show compactness of (), we utilize an iterative
argument.
Base case N = 1. We set

F = Q. (4.28)

From Lemma 4.1 we find, for a not-relabelled subsequence, a finite perimeter set £y C F1,
a sequence (d,(gl))kzl C Z and a function gog};) € GSBVP(Q), such that

oW is a lifting of win By, =0 inF\E,
n"wy | Fy|"

>
B 2 S + w10y

and
(pr(z) — 27le(€1)) — oW (x) for a.e. x € Ey,

o0

(4.29)
lok(x) — 27le(€1)| — +00 for a.e. x € F1 \ Ej.

Moreover, since I} = €, from the final part of the statement of Lemma 4.1, we have

lim inf H"~1(S,, N A) > Hn_]-((SLP(I) UJ*FE1) N A) for any open set A C Fy,  (4.30)

k—+o00

see (4.6).
Iterative case N ~~ N+1. Let N > 2 be an integer, E1, ..., Exn C € be pairwise disjoint
nonempty finite perimeter sets, and define, together with (4.28),

i—1
Fi:=Q\|JE; fori=2,... N,
j=1

so that
E,CF, EoCF,..., ENy C Fy.

Suppose that:

(i) For alli=1,..., N, there exists a function cp&) € GSBVP(Q) which is a lifting of u
in E;, and 90(02 =0in Q\ Ej;

(ii) Foralli=1,..., N we have

n"wy, | EF;|" n"wy, | F;|"

(2M + H 19 F;))" = 27(3M + H = 1(9Q))"’

|| > o

iii) For all © =1,..., N, there exist sequences ¥ k C Z, such that
k

(pr(x) — 27rd§f)) — oW (x) for a.e. z € E;,
lok(x) — 27rd§j)] — +00 for a.e. x € Q\ E;, (4.31)
1}3m inf H" (S, NA) > ’H”_l((Sw(i) UO*E;) N A) for any open set A C Q.

—+00 B
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We now want to find a finite perimeter set Eny4+1 C 2 disjoint from UZ]-LEi and a

function gp(o]ov Ve gspvr (), such that, for a not-relabelled subsequence, E1, ..., Eni1,

(pr), and ngNH) satisfy properties (i)-(iii) above, with N replaced by N + 1.

To this purpose we set, for N > 1,

N

Fryar = Q\ (U E)

i=1
and we let & € GSBVP(Q) be defined as
(@)

(@) ifxeFE fori=1,...,N,
dy(x) := 4.32
v (@) {o if 2 € Q. (4.32)

If Fyy1 = 0 there is nothing to prove. Assume then Fy; # (). From Lemma 4.2 we have

lim inf H"(S,,) > H N (Se, U (QNO*(UNLE)))), (4.33)
—+o00
and

T (Q N 8*(Uf\L1EZ~)> = H Y QNI Fyyy) < M. (4.34)

(N+1)y

Next, applying Lemma 4.1 to F' = Fiy1, there exist a sequence (d,, k>1 C Z, a finite

perimeter set Ext1 C Fys1 (and thus Enyi N (MY, E;) = 0) and a function 0™ €

GSBVP(Q) such that

C(QIH) =0 inQ\Ent, goc(gﬂ) is a lifting of u in Eny1,
nnwn’FN+1|2
Enii| > , 4.35
Byl 2 2n(2M + H" Y (0*Fn41))? (4.35)
and
(pr(x) — 27rd,(€N+1)) — W+ (1) for a.e. x € Eng1,
or(z) — 27d ™| 5 400 forae. € Fyyq\ Ensa, (4.36)
lim inf H (S, N A) > Hl((ssogm Ud*Eni1) N A) for any open set A C Fi 1.
Combining (4.34) and (4.35) we readily get
" wn| Py |” n"wn|Fy1]?
E > > >0.
BN 2 2M(2M + H Y 0*Fn41))? — 27(3M + H1(00))?
Moreover by (4.31), also
lo(x) — 27rd§€N+1)\ — 400 fora.e. © € Q\ Eng1. (4.37)

Thus the sets E, ..., Eny satisfy (i)-(iil) with (dg))kzl C Z and @(}2 € GSBVP(Q) for
ie{l,...,N+1}.

Conclusion. We now combine the base case and the iterative case to conclude the proof.

First we note that each time we apply the iterative case we have to extract a subsequence.
Hence, taking a diagonal (not-relabelled) subsequence of (¢y)r>1, this yields a sequence
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(E;)i>1 of mutually disjoint finite perimeter sets in 2 such that for every m > 1, Eq, ..., E,,
satisfy properties (i)-(iii) (with m in place of N) with the corresponding (d,(;)) k>1 C Z and
gogo) € GSBVP(Q) for i € {1,...,m}. In particular, from (4.33),

liminf H""(S,,) > H" ' (Se,, U(QNO* (U, Ey))), Ym > 1 (4.38)

k—+4o0
with ®,, as in (4.32) for N = m. We next show that
2\ (VT E)| = 0.

To this aim, since >,/ |E,| < 400, the sequence (|Ey,|) tends to zero as m — +oo'?,
n"wy | Fn |

and by the inequality |Ep,| > 5 E )z We also infer that |F,| — 0. In particular,

O\ (UETE) = lim |00\ (UPET'E)| = Tim[Fl =0.

m——+00

Finally we define
Dool) := o () if z € E; for some i € N.

We now show that ¢, € GSBVP(Q) and that (3.21) holds true. By definition of ¢, and
®,, it follows that

M (Sp) <l HN(S,) <l H(Sk, U QN0 (UL B)).
This together with (4.38) yields (3.21). Eventually, being oo limit of liftings of u, it is

itself a lifting of w in © and therefore from the identity |Vu| = |Vgoo| we infer ooy €
GSBVP(Q). O

4.2 Proof of Theorem 3.3
Let o € SBVP(Q) N L>*(02) be a lifting of u with

lelev < 2Julpy < C, (4.39)

whose existence is ensured by Theorem 2.7 and Remark 2.8. The idea of the proof is
to construct a sequence (¢)r>1 C SBVP(Q) N L>®(Q) (see (4.48)) having the following
properties:

Y — 0 in L'(Q) and weakly* in BV (1),

Pri=or— Yk =@ +21 Y 2xFz

pr (4.40)

sup H" 1 (§r,) < 400,
keN

with (F).ez a Caccioppoli partition of €2 for all £ > 1, see also (4.50). Note that each ¢y,
is a lifting of the limit map u. Hence we can apply Theorem 3.1 to the sequence (), and
eventually from the convergence of (a not relabelled subsequence of) (¢g)x>1 and Theorem

2.6 deduce compactness and lower semicontinuity for the original sequence (¢g)r>1. We
now give the details of the proof.

12Note that it might be E; = @ for 4 > i, this case is simpler to treat.
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Step 1: construction of Jk For k£ > 1 define first
Yy, =@ —p € GSBVP(Q).

Since ¢ is a lifting of u, we have [¢] € 27Z on S, \ Sy, thus, using also (4.39), H"~1(S,) =
H1(S,) + H" (S, \ Su) < 400, and |Vu| = [Vl a.e. on Q. Moreover, since Sy, C
Se, US, and |Viog| < [Vor| + |Vo| = |Vug| + |Vul a.e. on Q, we have, using also (3.22),

sup (/Q | Vb | do + H"_l(SJk)> <C< +00. (4.41)

E>1
For every k € N and z € Z we define
Vi = (Y A 2mz) V21(2z — 1) € SBVP(Q),
whose jump set decomposes as

_ ¢l 2 3 4

with
S1. = {w € Syp  2n(s — 1) < (W) (&) < (W) (@) < 22},
§2. = {w € Syy  2n(s — 1) = (4) (&) < (¥3)* (@) < 2n2},
5’3,2 ={z € Sy; : 2m(z — 1) < (¥f)~ (x) < (W}) " (x) = 272},
Spe = {z € Syz 2 2m(z — 1) = (W)~ () < (W) T (x) = 2mz},

where (17)* are the two traces of ¥7 on Syz. As ¢y € GSBVP(Q) we have, up to a

H"L-negligible set,
Usi-ulUs:ull s €S (4.42)
2€EZ 2€EZ 2€EZ

Notice that, for H" l-a.e. z € Sy, © belongs to at most 2 sets appearing in the union on
the left-hand side of (4.42); hence in particular from (4.41), for all £ > 1

> (M Sk + T SE) + M (SE)) S2HTTU(S,) SO, (443)
2€EZL
for some constant C' > 0. Furthermore by definition of 17,
/ (V| de = Z/ |\Vyi|de < C vk € N. (4.44)
2EZ

Consider now the function 77 € SBV?(Q2), defined by

(--3)

)

which satisfies 0 < 77 <,

/Q Vi de = /Q Vrilde, ([N < |[6E] HPU - ae. on Sy,

26



Srz C Sz U S USY:,

owing to the fact that 77 has null jump on 542. In particular, we infer from (4.43) and
(4.44) that

Y IDF|(Q)<C VkEN, (4.45)
Z€Z

for some positive constant C'.
Now, for t >0, let (Ef)" := {z € Q: 77(x) < t}; by the coarea formula,

/O W07 (ERY) dt = [DrE|(9)

hence, summing over z and using (4.45),
/ D (H N (BR)Y) dt = Z/ H (9% (ER)Y) dt < C.
0 zez 2ez.”0

Whence, for any k € Z we can find a number ¢ € (0,7/2) such that

S oHN oM (BN < O, (4.46)

2€EZ

with C' > 0 independent of k. We observe that
AV 1 z 1
(Ef) = o e Q:27r(z— 5) — < i (x) = Pp(z) < 27r(z—§) e
For every k let (F}?).cz be the Caccioppoli partition of €2 defined as

Ff = {:EEQ:’(/Jk(CL') € (277(2—%) —tk,27r(z—|—1—%) —tk)}.

Thus 0* F7 C 9*(EZ)" U 0" (EZH) % and
STHTH ) <2 MO (BT < C, (4.47)
2E7 ZEL

and so for each k € N the family (F}).cz is a Caccioppoli partition of 2, with equibounded
(in k) total perimeter. N
We finally introduce the map ¥, € SBVP(Q) N L>®(Q) as

Uki=Y <¢k - (2n(z - %) - tk))XF,g — Tty =1 — 2T > 2XEr, (4.48)

ZEZL 2EZ

which satisfies —r < ¢}, < 7. Moreover, since quk C Sy, U,z 0" FF, by (4.47) we deduce
that

H'(S5) + [dellav < C, (4.49)
for all £ > 1. Therefore, up to a not relabelled subsequence, we can also suppose

G — 9% in LY(Q) and weakly® in BV(Q)
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for some ¢ € SBVP(Q) N L>®(Q). As asserted in (4.40), we now want to show that v =0
a.e. on §2. Let us go back to the functions uj; that, up to subsequences, are converging
pointwise a.e. to u. Hence for a.e. x we have

up(z) — u(z) = @ (HPr@=¢@) _ 1) 5 0,

This in turn implies that the map =z — dist(¢x(x) — ¢(z),27Z) = dist(¢Yx(x),27Z) is
converging pointwise a.e. to 0, and by the dominated convergence theorem, in L!((Q).
Then there is & > 0 such that for a.e. z € Q and for all k > k there is K = K(v,k) € Z
such that

z € FE  and \Jk(xﬂ = |¢Yp(z) —27K| — 0 as k — 400,

and so by the dominated convergence theorem we conclude J = 0.

Step 2: compactness and lower semicontinuity. We first observe that )y —NTZk €
GSBVP(Q) takes values in 277Z. As a consequence, the maps @ = pr — Vr = Yp — Vp + ¢
are all liftings of u and from (4.49) we also have

supH"1(Sz,) < +oo. (4.50)
k>1

We now apply Theorem 3.1 to the sequence (¢)r>1, and deduce the existence of a Cac-

cioppoli partition (E;);>1 of €, of sequences (dg))pl C 27Z for all i > 1, and of a lifting
Yoo € GSBVP(Q) of u, such that
lim (pr(z) — 27Td](:)) = poo(x) forae. xz€kE;,
k—+o0

lim |pp(z )—27rd ]——i—oo for a.e. x € Q\ E;,
k—+o0

for all ¢ > 1. As a consequence, by Step 2,
lim (pg(x) — 27rd,(f)) = poo(x) forae xze€k;,
k—+o00

lim |pp(z )—27rd |—+oo for a.e. x € Q\ E;,
k—+o0

for all + > 1. ‘ ‘
It remains to show (3.24). For all i > 1 let goglo) ‘= Yoo in F; and gog.) =0in Q\ E;.
By Theorem 2.6 and the fact that S,, = ka_2ﬂd<i) it follows

hmian” LSy, MA) > H" 1((S 0 UJ*E;)NA),
k——+o0

for any open set A C 2. Then by Lemma 4.2 for all N > 1 we get
liminf H"1(S,, ) > H"™ 1(5' ) U (0" (UN,Ey))),

k—+4o0

where A
_(N) . go((fo) ifx e E; forsomei=1,...,N,
T 00 e e\ (U, E).

Hence, observing that ¢, = @(g ) in U]-\LlEi, and letting N — 400 we get

lim inf " L(Sp) > H 1Sy U (OF(ULTE))) > H 1 (S,) -

k—+o0
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5 I'-convergence of functionals on S!- valued maps

In this section we prove Theorems 1.1 and 1.2. The proof of Theorem 1.1 follows by
suitably adapting the arguments of [7,8,28]. Instead, the proof of Theorem 1.2 (and
more specifically the lower bound inequality) requires some new ideas which rely on the
compactness result for liftings (Theorem 3.3). For convenience we introduce the localised
Modica-Mortola-type (or Allen-Cahn type) functionals

o (v—1) 1,2
MM, (v, A) := e|Voul® + 5 dz Vv e WH5(9),
A
for every open set A C Q.

5.1 Some density and approximation results for S'-valued maps
For E C R™ we denote by M" (E) its (n — 1)-dimensional Minkowski content, i.e.,

]{meR” dist (x, E) <p}]

M YE
(E) = p\O 2p

provided the limit exists.

Proposition 5.1 (Density in SBV?({; Sll Let Q2 C R™ be a bounded open set with
Lipschitz boundary, u € SBV2(Q Sl) and let 2 C R™ be a bounded open set with ) CC Q.
Then u has an extension @ € SBV?2(;S') with

H" (S N oQ) = 0.
Moreover, there exists a sequence () C SBV2(Q;SY) such that:
(i) Ty, converges to @ in L*(;SY);
Vi, converges to Vi in L2(Q; R™™);

(i

i)

(797) limg_0o H _I(Sak) =H""(Sq);

(iv) limgoo H" 1Sz, N Q) = H" 1Sz N Q) = H"1(S,);
)

(v) H™™ I(Sak \ Sz.) =0 and H"1(Sz, N K) = M""1(Sz, N K) for every compact set
K cqQ.

Note that (ii)-(iii) guarantee the convergence of MSg: (7, 1) to MSg1 (@, 1) in €.

Proof. The proof follows by suitably adapting [14, Lemma 4.11] and [7, Proposition 5.3]
to the S'-constrained case. For this reason we give here only the main steps. According to
Remark 2.8 there exists a lifting ¢ € SBV?(Q2) of u. Since 9Q is Lipschitz, by a standard
reflection argument we can construct an extension @ € SBV?2(Q) of ¢ such that

H" (SN 0Q) = 0.

By defining A
u: Q — St u:=e"Y,

we immediately get that @ is an extension of u, and

/ﬁVﬁFdx:/ﬁW@\zdx, H"H(Sg) < H"H(S,),
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and thus u € SBVQ(SA); S1). Moreover
H" 1Sz N o) < H' (SN 0Q) = 0. (5.1)

By [17, Lemma 4.3] we know that, for every integer k£ > 0, there exists uy € SBVQ(Q; SR
such that

/ﬁ]Vﬂk\de+H"_1(Sgk)+k/§|ak—ﬂda:

= min_ (/A |Vw|*dz + H"H(Syw) + kz/A lw — ul da:) .
weSBV2(Q;Sh) Q Q

Clearly ||Ug|lco = 1 and
/A Vg * do + H" 1 (Sg,) + k:/A |ug — ul dz < /A \Va|? dz + H" 1 (Sg) < +oo.  (5.2)
9) Q )

Thus, in particular, (7)) converges to @ in L'(€;S!) as k — +oo, and (i) follows. By [5]
we also get, up to a not relabelled subsequence,

Vi, — Vi in L2(Q;R™™) lim inf 7"~ 1(Sg,) > H"1(Sq).

k—4o0

This and (5.2) imply

/\Vﬂ]deJr?-l”‘l(Sa)— lim </ (Vi |? da + H"™ 1(Sak)> :
Q k—4o0
from which we readily deduce (i) and (ii7). Again by [5] and (5.1) we have

H" (S5 N Q) < liminf H"(Sz, N Q) < liminf H" (S5, NQ),

k—4o00 k—+o00

H (S5 \ Q) = H (S5 \ Q) < liminf H" (S5, \ Q).

k——+o00

which in turn imply (iv). Moreover, invoking [17, Lemma 4.5] we have H" (S, \Sz,) = 0.
Finally, thanks to the density estimate in [17, Lemma 4.9] and arguing exactly as in [7,
Proposition 5.3] it can be shown that

H"1(Sg, NK) = M" (S5, NK),
for every compact set K C Q and (v) is proven. O
A similar result holds also for liftings:

Proposition 5.2 (Density result for liftings). Let  and QO C R" be as in Proposi-
tion 5.1. Let u € SBV2(Q SY) and p € SBV?(Q) N L*>®(Q) be a lifting of u. Then ¢ has
an extension @ € SBVZ(Q)DLOO(Q) satisfying H"~(SzNON) = 0. Moreover, there exists
a sequence (py) C SBVQ(Q) such that:

(i) @r converges to @ in Ll(ﬁ);
(ii) V@) converges to V§ in L2(Q;R™);
(#46) limp_yoo H"H(S5,) = H"1(Sp);
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(iv) Timg_yoo H"1(Sp, NTQ) = H'1(S5 N Q) = H*L(S,);

(v) ”H”_lgggk \ Sz,) =0 and H" (S5, N K) = M"Y(Sz, N K) for every compact set
K CQ;

(vi) Uy, == €% converges to u in L'(Q;Sh).
Note that (ii)-(iii) guarantee the convergence of MS(3, 1) to MS($,1) in €.

Proof. From [14, Lemma 4.11] we can find 3 as in the statement and (3;) C SBV2(f)
that satisfy (i)—(v). This in turn implies also (vi). O

5.2 Proof of Theorem 1.1
If e \, 0 and ((ug,vk))k>1 C L1 (Q;SY) x LY(Q,[0,1]) is a sequence converging to (u,v) in
LY (8 x LY(Q), arguing exactly as in [28], one gets

lim inf ATS (uy,v) > MSg1 (u, v).

1
k—4o00 k

Therefore, we only need to prove the upper bound. Let e \, 0 and u € SBV?(£;S!).
We have to find a sequence ((ug,vy,)) C Agi converging to (u,1) in L1(Q;S) x LH(Q) for
which

lim sup ATE; (ug, vi) < MSgi(u,1). (5.3)

k——+o00

We note that, in general, we cannot take ((ug,vr)) C Ags1, as it happens for the example
described in the introduction.

We fix a bounded open set Qcc R"™, with Q CC Q. By Proposition 5.1 it suffices to
show (5.3) for u € SBV2({; S!) with

H (S, NIN) =0, H" LS, \S,) =0, H" ' (SyNnK)=M"YS,NnK), (54)

for every compact set K C Q.
By Theorem 2.7 and Remark 2.8 there exists a lifting ¢ € SBVQ(Q) of u. For any
0 < p < 1 define R
(Su)p == {z € Q: dist(z, Su) < p}.

Let 0 < & with limy_, o0 & /e = 0 be such that (S,)¢, has Lipschitz boundary. By
Remark 2.2 applied to A = (Sy)¢, and 0 = €y, there exists ¢, € C*°((Sy)¢,) such that

/ o — gulde < e, / Vel dz < |Del((Su)e,) + e (5.5)
(Su)ey, (Su)e

k

and, in the sense of BV -traces,
er=¢ ae on O(Sy)g, - (5.6)

We define wy, € SBV2(Q) as follows:

_Jer in (SU>§k
Wy 1= PN .
© in Q\ (Su)e,
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Then by (5.5) the sequence (wg) converges to ¢ strictly in BV((AZ) and

Sw € S
We set .
up = ek = et in E\Su)g’“
U in Q\ (Su)e,
so that

u, € WHH(Q; S (5.7)

and (uy) converges to u in LY(Q;SY). Since we modified u only in a neighbourhood of S,
in general uy ¢ WH2(Q;S!), as it happens in the example in the introduction. R
The construction of (vy,) is done as in [18]. Precisely, we define (vy) C W12(Q) as

—

ASU)&C
ANCHI

8 8

0 €
vg(x) == y
k() 1_exp(—%f“)‘§k) c
Then (vj,) converges to 1 in L'(€) as k — +o00. Moreover
ok Vug| € L2(9)
and hence, using (5.7), we get the crucial inclusion

(ug,vg) C JZSL

It remains to show (5.3). To this aim we have

limsup/ V3| Vg2 dz < limsup/ |Vu|?dz < / |Vul|? dz . (5.8)
k=400 JQ k=400 JO\(Su)e, Q
Moreover o
Su)e, N
MM&k (Uk7 Q) = |()§:| + MMék (Ukv Q \ (SU)§k> (5'9)

From (5.4) it follows

Su)e, NQ
lim sup up [(Su)g, N0 €Y &

= 0. 5.10
k=400 2¢eg, k—+00 28k, €k (5.10)

Now, we estimate the second term on the right hand-side of (5.9). At almost all points
in Q\ (Su)¢, there holds

dist (z,Sy) —
28k-

fk) |V dist (z,5,)] = Lexp <—

a 25k

Vo] = QikeXP <_ dist (x, Sy) — fk) 7

26k

from which, using also the coarea formula we deduce

1 dist (x,Sy) — &k
MMe, (or 2 (Sude,) = 25k/Q\(S) P <_ | ek | ) &
u 5k

e g (5.11)

— =, ayn—1
= — c OFE;) dt
2¢ey, I3 ¢ H ( t) ’
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with Ey := {x € Q: dist(x, S,,) > t}. Next, having that

d ¢ d _
n—1 n—1
0F,) = — 0F)ds | = —|(Su): N,
wion) = 5 ( [ wten)as) = G0
integrating by parts first, and using the change of variable s = % we obtain
1 +oo t—g
— e % H"(OE;)dt
2€k I
1 g 1 [t i g ald
=— —|(S. — % [(Su)e N Q| dt
el + g [ lisin®
1 oo - |(SU)85 +£ ﬂﬁ\
=——|(Sy +/ s+ep)e”? kTok ds.
2eg I )£k| 0 ( 2 2(ser, + &)

Gathering together (5.9)—(5.12) we find

SU)5€k+§k N ﬁl

MM, (vg, ) 2(ser + &)

ds.

1 re) oo 7s|(
— (806 0+ [ s+ ae
€k 0

From (5.4) it follows

lim sup ‘(SU)SEk+§k N §|

=H" S, NQ).
kotoo  2(ser + &) ( )

This, together with the fact that f0+°°(s +eg)e ®ds — 1 as k — +o0, imply
lim sup MM, (vg, Q) < H" 1S, N Q).

k——+o0

Eventually, combining (5.8), (5.10) and (5.14) we infer (5.3).

5.3 Proof of Theorem 1.2

(5.12)

(5.13)

(5.14)

Step 1: Lower bound. Let e 0 as k — 4+00. We have to show that, for every sequence

((wk, vE))k>1 C LH(Q;SY) x LY(Q) converging to (u,v) in LY(Q;Sh) x LY(€Q),

lim inf AT, (ux, 0g) > MSpn (u, v)

We may assume

supATfé (ug, v) < C < +00
keN

so that (ug,vg) € Agi, v =1 a.e. in Q and, up to a not relabelled subsequence,

. 1 . 1
i AT () =l AT ()

liminf MM, (vg, Q) = lim MM, (vg, Q).

k——+o00 k——+o0
From Theorem 2.3 and the decoupling property (2.2), it follows that
liminf ATS (ug, vy) 2/ |Vu|? dz + H" 1 (S.),
Q

k—+o0

1iminf/1),%|Vuk]2dﬂcz/|Vu|2dsc7
Q Q

k—r+00

1ki:m inf MM, (vg, Q) > H"1(S,).

——+o00
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In particular, from (5.16), u € SBV?(£;S'). Hence it remains to show

lim MM, (vg, Q) > malu]. (5.17)

k——+o0

For every k > 1 we start by selecting a lifting ¢, € W12(Q) of uy. Since |Vuy| = [Viy|
we have

—1)2
+o00 > C > ATE;(Ukvvk) = / (UIEW‘P’?Q + ek Vorl* + (vk46)> -
Q k

Thus, using the coarea formula,
1
C > MM, (03, Q) > /(1 — )| V| da —/ (1= )M (0" FL) dt (5.18)
Q 0

for any k > 1, where F} := {z € Q: vp(x) < t}. Let o/,n" € (0,1), ' < 5" be fixed. By
(5.18) and the mean value theorem there exists t(k) € (r/,n") such that

C> =" —n)H (0 FD). (5.19)

Moreover
C> [ vi|Verl?dz > (1) | X wew | Veor|? dz . (5.20)
Q o O

Then, setting
bk 1= PrXqy v € SBV(),
we have Sy, C O*F, é(k) and, for the absolutely continuous parts of the gradients, V¢ =

VgokXQ\Ft<k) and so, from (5.20) and (5.19),
k

[ 1von de 4 11 (S,) < 06 ) (5.21)
for some C(n/,n") > 0 depending on 1/, 7" and independent of k. Let also
Uy = €' = ukX gy 0+ (1 0)X o
which, by (5.19), are uniformly bounded in BV (Q;S!). Since
)= 0, (5.22)

the sequence () weakly star converges to u in BV (€;S'). Hence, using (5.21), we can
apply Theorem 3.3 to the sequence (¢)r>1 (with p = 2) and get, for a not-relabelled

subsequence, a Caccioppoli partition (E;);en of €2, sequences (d,(j)) k>1 C Z for any integer
i > 1 and a lifting o, € GSBV?(Q) of u, such that

lim (¢p(z) — 27rd§j)) = Poo() Vi € N, for a.e. x € E;,

k—+o00

lim |¢(x) — 27Td,(:)| = 400 Vi e N, for a.e. x € Q\ E;.
k—+o0
Again, using (5.22), the same holds for ¢y, i.e.,

lim (pp(x) —27d") = poo(x)  Vi€N, forae z€E;,

k—+o0

lim |pp(z) — 27rd,(f)\ = +o0 Vi e N, for a.e. z € Q\ E;.

k——+o0

(5.23)
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Then (5.17) follows if we show

lim inf MM (vg, Q) > H"1(S,..), (5.24)

k—4o00

since, being ¢, a lifting of u, we have
H" (S ) > malul.
For any integer K > 1 we consider the truncated function
Ol = (o — 2rd) AN K) v (—K) € WH2(Q), (5.25)

and
¢i,K . 4,K
k= Pk XQ\F]z(k)-

Since S¢i,K C G*Fé(k) and [[QSZK]] < K, we have
k
i,K o ] i,K n—1
DI = [ IV gy @+ [, 107 T

i
k

g/ IVer|do + KH*H(0*FI®)y < C.
Q

Hence, up to a subsequence (depending on K), (¢Z’K) converges to some ¢2’0K in L1(Q).
Moreover from (5.23) it holds ¢5 = (poo A K) V (=K) in E; and Q \ E; = FtUF;
are such that ¢2OK =+K in Fii. As |F, ,i(k)\ — 0 it follows that goZ’K converges to gbé’oK in
L'(2). Hence the sequence (((pZ’K,Uk)) converges to (55, 1) in L1(Q) x L1(Q) and

2 i, K2 9 (Uk — 1)2
vi| Ve |* + ep|Vup|* + ——— ) de < C,
A 45k
for any open set A C €, for some C' > 0 independent of k. Thus, from the decoupling
property (2.2),
lim inf v,%]VgoZ’KF dz > / VeiE |2 dx,
A A

k—+o0

(5.26)

limn inf MM, (vg, A) > HL(S

ik NA).
—+00 ¢°°K )

In particular ¢5& € SBV?2(Q). We fix an integer N > 1 and set, for alli =1,..., N,

K .— (S

i oK N 8*E,) nQ, SlK = Sd)é,oK \ O*E;

N N
SVE | sK gVE | SK
v U

We now argue exactly as in the proof of Lemma 4.2, so, given § € (0,1), after defining the
families of balls B and B; (j =1,...,2N), we arrive at

5Hn—l(5N,K U EN’K)

Yo HHBNSS) = HTNST) - = :

BeBNB;

(5.27)
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forall j=1,...,N, and
57_Ln71(SN,K UEN’K)

> HTBASE) > HTHER) - s , (5.28)
BeBNBN+h -
forall h=1,..., N. From (5.26) we know that, for all j =1,..., N,
lim inf MM, (vg, B) > H" (S N B), (5.29)
k——+o0
forany Be€e BNBj,and forall h=1,...,N
lim inf MM, (v, B) > H" 1 (2K N B), (5.30)

k—+o0

for any ball B € BN Byyp. So, summing (5.29) over all B € BN B; and (5.30) over all
B € BN Byp, and then over j, h respectively, we conclude again, using (5.27) and (5.28),

liminf MM, (vg, Q) = lim MM, (vg, )

k—4o00 k—+o00

20 NHL(SNE Yy VK
> n—1/qgK n—1 K
;H (SKY + EH (2F) — s

and by the arbitrariness of 6 > 0,

lim MM, (vg, Q) > H"1(SVE UnVEY,
k—+o0
The left hand-side in the above inequality is a limit, hence it does not depend on the
subsequence, and so in particular on K and N. Letting first N — +o0o and then K — +oo
we finally get

lim inf MM, (v, Q) > H" 1 (S,..)

k—4o00

and (5.17) follows.

Step 2: Upper bound. Let g, N\, 0 and v € SBV?();S'). We have to find a sequence
((ug,vx)) C Ag1 converging to (u, 1) in L'(€2;S') x L}(Q) and

lim sup ATS (uk, vi) < MSyig (u, 1) . (5.31)
k—+o00
We notice that we cannot follow the strategy used in the proof of the upper bound in The-
orem 1.1, since that construction cannot ensure the functions uy, to belong to W12(Q;S1).
By Corollary 3.2 we can select a jump minimizing lifting ¢ € GSBV?(Q) of u, u = €%
and
H"1(Sy) = malul. (5.32)

The main difference with the construction in Theorem 1.1 is that we will modify u in a
neighbourhood of S, instead of S,. We divide the proof into two cases.

Case 1: ¢ € L>®(). Let O, with Q cC Q cC R2, be open. Since ¢ € SBV2(Q) N
L*>(€2), by Proposition 5.2 we can assume, without loss of generality, that ¢ € SBVQ(Q)
with

H (S, N00) =0, H1(S,\8,) =0, H"YS,NK)=M"YS,NK), (5.33)
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for every compact set K C €. In this way, arguing as in [7,8] we can construct (¢, vx) €

~ ~

WL2(Q) x WH2(Q) such that (¢g, vp) — (¢, 1) in LY(Q) x L(Q) and

lim sup AT, (¢k, vr) < MS(p,1). (5.34)
k—4o00
Next we let uy = e%* € Wl’z(ﬁ;Sl), so that (ug,vr) — (u,1) in Ll(ﬁ;Sl) X Ll(ﬁ).
Moreover, from (5.32), (5.34), |Vug| = |Vyi| and |Vu| = |Vy| we get

ATSk (QOk, Uk:) — AT?; (’U,k, Uk) ) MS(% ]-) — Mslift (U, ]-)

and so )
lim sup AT?IC (ug, vi) < MSpge(u, 1) .

k—+o0
Case 2: ¢ ¢ L™(Q). For N € N, N > 1 we let V) := o ANV (=N) € L®(Q). Then,
as N — 400, we have

go(N) — v in Ll(Q), Vgo(N) —Vy in LQ(Q;R”),

so that
W) = Y e =y in Lrsh, ve™ 5 vu o in L2(Q;R™M).
In addition,
H' () < H'TH(S,).

This in turn implies

lim sup ( / IVe™|2dz + H"—l(sw(m)> < / V| dz + H" 1 (S,)
N—+o00 Q Q

(5.35)
2
S/Q\Vu] dz 4+ ma[u].

For each N > 1 we can argue as in case 1 and find a sequence (u,(gN),v,gN)) — (™), 1) in

LY (;SY) x LY(Q) satisfying
lim sup ATE; (uéN),v,(cN)) < / VM2 dz + H”fl(Sg(DN)) . (5.36)
k—4o00 Q

Combining (5.35) with (5.36) we have

lim sup lim sup AT§; (u,(CN) ) v,gN)) < / V| dz + malu).
N—+o0o k—+o0 Q

Now we conclude using a diagonal argument. Namely, for any fixed N > 1 there exists
kxy > 1 such that for k > ky:

o flu - uMl| e + ”UIEN) — 1) < ¥
o 212w o) < [ Ve TSI +
Q

Without loss of generality we may assume kyi1 > ky. Now, for every & > 1, we take

(ug,vg) = (u,(CN),v,(gN)) if k € [kn, kn+1) NN and the proof is concluded. O
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