INTRINSIC REGULAR HYPERSURFACES IN HEISENBERG GROUPS

LUIGI AMBROSIO, FRANCESCO SERRA CASSANO, AND DAVIDE VITTONE

1. Introduction

In this paper we study the H -regular surfaces, a class of intrinsic regular hypersurfaces in the setting of the Heisenberg group H^n = C^n × R ≡ R^{2n+1} endowed with a left-invariant metric d_∞ equivalent to its Carnot-Carathéodory (CC) metric. In particular we (locally) characterize them as intrinsic regular graphs inside H^n (see Theorems 1.2 and 1.3 below). Here hypersurface simply means topological codimension 1 surface and by the word “intrinsic” and “regular” we will mean of notions respectively involving the group structure of H^n and its differential structure as CC manifold in a sense we will precise below.

This notion of regular hypersurface has been introduced in the setting of Carnot groups, of which H^n is the simplest example, in order to study the classical problem of Geometric Measure Theory (GMT) of defining regural surfaces and different reasonable measures on them. Moreover this problem has been also carried out in the setting of Carnot groups and more generally in a metric space by many authors (see [50], [51], [10], [36], [38], [33], [14], [26], [32], [13], [3], [4], [27], [52], [48], [28], [40], [29], [42] and [6]). On the other hand the notion of intrinsic graph has been recently introduced and studied in [30] in the setting of a Carnot group even if it was already implicitly exploited in [27].

Throughout this paper, we shall denote the points of H^n by P = [z, t] = [x+iy, t], z ∈ C^n , x, y ∈ R^n , t ∈ R. If P = [z, t], Q = [ζ, τ] ∈ H^n and r > 0, following the notations of [57], where the reader can find an exhaustive introduction to the Heisenberg group, we define the group operation

(1.1) P · Q := [z + ζ, t + τ + 2ℑm(zζ̄)]

and the family of non isotropic dilations

(1.2) δ_r(P ) := [rz, r^2t], for r > 0.

Date: 23rd June 2005.

L.A. is supported by MIUR, Italy, and Scuola Normale Superiore, Italy. F.S.C. is supported by MIUR, Italy, GNAMPA of INDAM and University of Trento, Italy. D.V. is supported by MIUR, Italy, GNAMPA of INDAM and Scuola Normale Superiore, Italy.

Part of the work was done while D.V. was a visitor at the University of Trento. He wishes to thank the Department of Mathematics for its hospitality. 1

2 LUIGI AMBROSIO, FRANCESCO SERRA CASSANO, AND DAVIDE VITTONE

Moreover H^n can be endowed with the homogeneous norm (1.3) ‖P ‖_∞ := max{|z|, |t|^{1/2}} and the distance d_∞ we shall deal with is defined as

(1.4) d_∞(P, Q) := ‖P^{−1} · Q‖_∞.

It is well-known that H^n is a Lie group of topological dimension 2n + 1, whereas the Hausdorff dimension of (H^n , d_∞) is Q := 2n + 2 (see Proposition 2.1).

(H^n , d_∞) provides the simplest example of a metric space that is not Euclidean, even locally, but is still endowed with a sufficiently rich compatible underlying structure, due to the existence of intrinsic families of left translations and dilations respectively induced from the group law (1.1) and dilations (1.2). Indeed, the geometry of H^n is noneuclidean at every scale, since it was proved by S. Semmes ([56]) that there are no bilitschitz maps from H^n to any Euclidean space. Our interest can be viewed in the framework of the general project meant to develop GMT in the setting of metric spaces. Such a project, already embryonally contained in Federer’s book ([22]), has been explicitly formulated and carried on in the last fewyears by De Giorgi ([18], [19], [17]), Preiss and Tisěr([54]), (Kirchheim [36]), (David & Semmes[14]), Ambrosio & Kirchheim ([3],[4]), Lorent ([39]) and Mattila ([45]). It is well-known that H^n is a Carnot group of step 2. Indeed its Lie algebra h_n is (linearly) generated by

(1.5) X_j = ∂ ∂x_j + 2y_j ∂ ∂t , Y_j = ∂ ∂y_j − 2x_j ∂ ∂t , for j = 1, . . . , n; T = ∂ ∂t , and the only non-trivial commutator relations are [X_j, Y_j] = −4T, for j = 1, . . . , n. Throughout this paper, we shall identify vector fields and associated first order differential operators; thus the vector fields X_1, . . . , X_n, Y_1, . . . , Y_n generate a vector bundle on H^n , the so called horizontal vector bundle HH^n according to the notation of Gromov (see [33] and [38]), that is a vector subbundle of TH^n , the tangent vector bundle of H^n . Since each fiber of HH^n can be canonically identified with a vector subspace of R^{2n+1} , each section φ of HH^n can be identified with a map φ : H^n → R^{2n+1} . At each point P ∈ H the horizontal fiber is indicated as HH^n_P and each fiber can be endowed with the scalar product ⟨·, ·⟩_P and the associated norm | · |_P that make the vector fields X_1, . . . , X_n, Y_1, . . . , Y_n orthonormal. Hence we shall also identify a section of HH^n with its canonical coordinates with respect to this moving frame. In this way, a section φ will be identified with the function φ = (φ_1, . . . , φ_{2n}) : H^n → R^{2n} such that φ = ∑ (φ_iX_i + φ_{n+i}Y_i). Analogously, if f is a real function defined in an open subset Ω ⊂ H , its H -gradient is the section of HH^n defined by ∇_H f := (X_1f, . . . , X_nf, Y_1f, . . . , Y_nf). As it is common in Riemannian geometry, when dealing with two sections φ and φ^′ whose argument is not explicitely written, we shall drop the index P in the scalar product writing ⟨φ, φ^′⟩ for ⟨φ(P ), φ^′(P )⟩_P . The same convention shall be adopted for the norm.

INTRINSIC REGULAR HYPERSURFACES IN HEISENBERG GROUPS 3

To introduce our results, let us start by recalling some related notions already existing in the literature.

The two key points we want to stress now are the notions of intrinsic regular hypersurface and graph in H^n . A general and more complete discussion of these topics in Carnot groups can be found in [30].

Let us recall the notion of regular surface is related to a notion of rectifiability in a metric spaces which goes back to Federer (see [22] 3.2.14) and that has been used by Ambrosio & Kirchheim (see [3], [4]) in the framework of a theory of currents in metric spaces (as for the rectifiability in metric spaces see for instance [36], [54] and also the monograph [44] and the references therein). According to this notion, a “good” surface in a metric space should be the image of an open subset of an Euclidean space via a Lipschitz map. Unfortunately, such a notion does not fit the geometry of the Heisenberg group, that indeed would be, according with this definition, purely unrectifiable (see [3]). On the other hand, in the Euclidean setting R^n , a C^1-hypersurface can be equivalently viewed as the (local) set of zeros of a function f : R^n → R with non-vanishing gradient. Such a notion was easily transposed in [27] to the Heisenberg group, since there is an intrinsic notion of C^1_H - functions introduced by Folland and Stein (see [24]): we can say that a continuous real function f on H^n belongs to C^1_H (H^n ) if ∇_H f (in the sense of distributions) is a continuous vector-valued function. Thus, an H -regular surface S will be locally defined as the set of points P ∈ H such that f(P ) = 0, provided that ∇_H f ≠ 0 on S (see Definition 2.13). A few comments are now in place to point out similar geometric properties (in the measure theoretical sense) of the H -regular surfaces and classical (Euclidean) regular surfaces and to mention some of their applications.

First of all, we point out that the class of H -regular surfaces is deeply different from the class of Euclidean regular surfaces, in the sense that there are H -regular surfaces in H^1 ≡ R^3 that are (Euclidean) fractal sets (see [37]), and conversely there are continuously differentiable 2-submanifolds in R^3 that are not H -regular hypersurfaces (see [27], Remark 6.2 and Example 2). We notice that Euclidean continuously differentiable 2-manifolds are H -regular surfaces provided they do not contain characteristic points, i.e. points P such that the Euclidean tangent space at P coincides with the horizontal fiber HH^n_P at P . Frobenius theorem yields that, for a general smooth manifold, the set of characteristic points has empty interior; in fact there are few characteristic points ([13], [5], [42]).

The important point supporting the choice of the notion is the fact that this definition yields an Implicit Function Theorem, proved in [27] for the Heisenberg group and in [28] for a general Carnot group (see also [11]), so that a H -regular surface locally is a X_i-graph (or a Y_i-graph) (i = 1, . . . , n), namely (see Definition 2.19) there is a continuous parameterization of S

Φ : ω ⊂ (V_i, ρ) → (S, d_∞) (or Φ : ω ⊂ (V_{i+n}, | · |) → (S, d_∞))

(1.6) Φ(A) := A · (ϕ(A)e_i) (or Φ(A) := A · (ϕ(A)e_{i+n}))

(1.7)

4 LUIGI AMBROSIO, FRANCESCO SERRA CASSANO, AND DAVIDE VITTONE

where ϕ : ω → R is continuous, V_i := {(x, y, t) ∈ H^n : x_i = 0} (or V_{i+n} := {(x, y, t) ∈ H^n : y_i = 0}), ω ⊂ V_j, {e_j : j = 1, . . . , 2n + 1} denotes the standard basis in R^{2n+1} ≡ H^n and we consider ρ ≡ | · | the Euclidean distance on V_j ≡ R^{2n} (j = 1, . . . , 2n), (see Theorem 2.16). In general, such a parameterization is not continuosly differentiable or even Lipschitz continuous. Indeed it was proved in [37] that generally its best Hölder continuous regularity turns out to be of order 1/2 with respect to the distances given in (1.6). Nevertheless from this parameterization we infer that S is a topological submanifold of dimension 2n. Besides, by using again the Implicit Function Theorem and the Blow-Up Theorem (see Theorem 2.17), an area type formula for the (Q − 1)-dimensional spherical Hausdorff measure S^{Q−1}_∞ induced in (H^n , d_∞) and the existence of the tangent group in the sense of GMT for H -regular surfaces were established (see also [27] and [28]).

Based on this, also the notion of H -rectifiability was introduced: a set S ⊂ H^n is said (Q−1)-dimensional H -rectifiable if there exists a sequence of H -regular surfaces (S_i)_i in H^n such that S^{Q−1}_∞ (S \ ∪_{i∈N} S_i) = 0. This intrinsic notion of rectifiability has been proven particularly useful to obtain in [27] an analog of De Giorgi’s structure theorem for sets of intrinsic finite perimeter in the setting of Heisenberg group, and later in the setting of a general Carnot group of step 2 ([29]). The notions of Euclidean and H -rectifiability have been compared in [7]; generalizations of this notion of rectifiability have been studied by V. Magnani in [42] for general Carnot groups (see also [41] for a general account of GMT in Carnot groups).

One of the main aim of this paper is to find out necessary and sufficient (manageable) assumptions on ϕ : ω ⊂ V_j → R (j = 1, . . . , 2n), besides the continuity, assuring that the intrinsic graph

(1.8) S = G^j_{H ,ϕ} := Φ(ω)

is H -regular if Φ : ω → H^n is the map defined in (1.7). Namely which other (minimal) assumptions, more than the continuity of ϕ, need in order G^j_{H,ϕ} turns out to be H -regular.

We will see that these additional assumptions will be characterized in terms of an intrinsic differential structure on the subgroup V_j ≡ R^{2n} (j = 1, . . . , 2n) induced by the graph distance defined on V_j in a classical way. More precisely whithout loss of generality we can assume j = 1. Then there is a natural identification between V_1 and R^{2n} given by the diffeomorphism

(1.9) ι : R^{2n} −→ V_1 ⊂ H^n

defined when n = 1 as (1.10) ι(η, τ) = (0, η, τ), while for n ≥ 2 and (η, v, τ) ∈ R^{2n} ≡ R_η × R^{2n−2}_v × R_τ ι is defined as (1.11) ι((η, v, τ)) = (0, v_2, . . . , v_n, η, v_{n+2}, . . . , v_{2n}, τ),

INTRINSIC REGULAR HYPERSURFACES IN HEISENBERG GROUPS 5

where v = (v_2, . . . , v_n, v_{n+2}, . . . , v_{2n}). Thus, since V_1 is a subgroup of H^n closed with respect to the dilations in (1.2), R^{2n} can be endowed through this identification by a structure of homogeneous group in the sense of Folland and Stein (see [24]), i.e. we can define a group law in R^{2n} (1.12) A ⋆ B := ι^{−1}(ι(A) · ι(B)) A, B ∈ R^{2n} and a family of intrinsic dilations δ^⋆_λ : R^{2n} → R^{2n} (λ > 0) (1.13) δ^⋆_λ(A) := ι^{−1}(δ_λ(ι(A)) ∈ R^{2n} such that (R^{2n} , ⋆, δ^⋆_λ) turns out to be a homogeneous group.

Then (R^{2n} , ⋆, δ^⋆_λ) can be endowed of a natural intrinsic linear structure and, inspired by Pansu’s ideas (see [51] and also [27] section 5 and [41] section 3.1), we can naturally define a ⋆-linear functional L : R^{2n} → R as a homomorphism which is also positively homogeneous of degree 1 with respect to the dilations in (1.13).

Thus, fixed ϕ : ω ⊂ R^{2n} → R, we can construct a map ρ_ϕ : ω × ω → [0, +∞) defined as (1.14) ρ_ϕ(A, B) := |η^′ − η| + |τ^′ − τ + 2(ϕ(A) + ϕ(B))(η^′ − η)|^{1/2} when n = 1, A = (η^′, τ^′), B = (η, τ) ∈ ω and (1.15) ρ_ϕ(A, B) := |(η^′, v^′)−(η, v)|_R2n−1 +|τ^′−τ +2(ϕ(A)+ϕ(B))(η^′−η)+σ(v^′, v)|^{1/2} when n ≥ 2, A = (η^′, v^′, τ^′), B = (η, v, τ) ∈ ω and

σ(v^′, v) := 2 n∑ j=2 (v^′_{n+j} v_j − v^′_j v_{n+j})

if v = (v_2, . . . , v_n, v_{n+2}, . . . , v_{2n}), v^′ = (v^′_2, . . . , v^′_n, v^′_{n+2}, . . . , v^′_{2n}) ∈ R^{2n−2} .

If there is c_1 > 0 such that (1.16) |ϕ(A) − ϕ(B)| ≤ c_1 ρ_ϕ(A, B) for all A, B ∈ ω, then the quantity ρ_ϕ in (1.14) and (1.15) is a quasimetric on ω (see Proposition 3.1). We will call ρ_ϕ “graph distance” since in this case it is equivalent to the metric d_∞ restricted to the graph S in (1.8), i.e. there exists c_2 > 0 such that (1.17) 1 c_2 ρ_ϕ(A, B) ≤ d_∞(Φ(A), Φ(B)) ≤ c_2 ρ_ϕ(A, B) ∀ A, B ∈ ω . Now we can state our notion of W^ϕ-differentiability.

Definition 1.1. Let ω ⊂ R^{2n} be an open set and let ϕ : ω → R be a fixed continuous function. Let A_0 ∈ ω and ψ : ω → R be given. We say that ψ is W^ϕ-differentiable at A_0 if there is a ⋆-linear functional L : R^{2n} → R such that

(1.18) lim_{A→A0} |ψ(A) − ψ(A_0) − L(A^{−1}_0 ⋆ A)| ρ_ϕ(A, A_0)

= 0 .

6 LUIGI AMBROSIO, FRANCESCO SERRA CASSANO, AND DAVIDE VITTONE

We say that ψ is uniformly W^ϕ-differentiable at A_0 if there is a ⋆-linear functional L : R^{2n} → R such that, if we put

(1.19) M_ϕ(ψ, A_0, L, r) := sup_{A ≠ A′} A,A^′∈B(A_0,r) { |ψ(A^′) − ψ(A) − L(A^{−1} ⋆ A^′)| ρ_ϕ(A, A^′) }

where B(A_0, r) denotes the Euclidean (open) ball centered at A_0 with radius r in R^{2n} , then lim_{r↓0} M_ϕ(ψ, A, L, r) = 0.

It is straightforward that the uniform W^ϕ-differentiability implies the W^ϕ-diffe-rentiability. Moreover it is a good definition since if ψ is W^ϕ-differentiable at A_0 ∈ ω, then there is an unique ⋆-linear functional L : R^{2n} → R verifying (1.18) and we will denote L := d_W ϕ ψ(A_0) and we will call it the W^ϕ-differential of ψ at A_0.

Let π : R^{2n} → R^{2n−1} the projection respectively defined as π : R^2 ≡ R_η × R_τ → R_η , π((η, τ)) := η when n = 1 and π : R^{2n} ≡ R_η × R^{2n−2}_v × R_τ → R^{2n−1} ≡ R_η × R^{2n−2}_v , π((η, v, τ)) := (η, v) when n ≥ 2. Let us denote by ⟨·, ·⟩ the standard scalar product on R^{2n−1} , i.e. ⟨η, η^′⟩ := η η^′ when n = 1 and ⟨(η, v), (η^′, v^′)⟩ := η η^′ + ∑_{2n} j=2,j≠n+1 vj v ′ j when n ≥ 2. Then we can simply characterize the ⋆-linear functionals on (R^{2n} , ⋆, δ^⋆_λ). Indeed for every ⋆-linear function L : R^{2n} → R there is an unique w_L ∈ R^{2n−1} such that L(A) = ⟨w_L, π(A)⟩ for every A ∈ R^{2n} (see Proposition 2.15). In particular if ψ : ω → R is W^ϕ-differentiable at A_0 then we will denote W^ϕψ(A_0) the unique vector in R^{2n−1} for which d_W ϕ ψ(A_0)(A) = ⟨W^ϕψ(A_0), π(A)⟩ for every A ∈ R^{2n} .

The tangent space of V_1 is linearly generated by the vector fields which are the restrictions of X_2, . . . , X_n, Y_1, . . . , Y_n, T to V_1, and so we can define the vector fields ~X_2 . . . , ~X_n, ~Y_1, . . . , ~Y_n and ~T on R2n given by ~X_j := (ι−1)_∗X_j and ~Y_j := (ι−1)_∗Y_j, ~T := (ι^{−1})_∗T , where (ι^{−1})_∗ is the usual push forward of vector fields after the diffeomorphism ι^{−1}. In coordinates, they can be written as

(1.20) ~Y_1(η, τ) = ∂ ∂η ~T (η, τ) = ∂ ∂τ . if n = 1 and as

(1.21)

~X_j (η, v, τ) = ∂ ∂v_j + 2v_{j+n} ∂ ∂τ for j = 2, . . . , n ~Y_1(η, v, τ) = ∂ ∂η ~Y_j (η, v, τ) = ∂ ∂v_{j+n} − 2v_j ∂ ∂τ for j = 2, . . . , n ~T (η, v, τ) = ∂ ∂τ

INTRINSIC REGULAR HYPERSURFACES IN HEISENBERG GROUPS 7

if n ≥ 2. For n + 1 ≤ j ≤ 2n we will also use the notation ~X_j := ~Y_{j−n}; notice that the vector fields ~X_j, ~Y_j, ~T are ⋆-left invariant.

Let ϕ : ω → R be a given continuous function and n ≥ 1; we will denote with W^ϕ := (W^ϕ_2 , . . . W^ϕ_{2n}) the family of (2n − 1) first-order differential operators defined by

W^ϕ_j := ~X_j = ∂ ∂v_j + 2v_{j+n} ∂ ∂τ if 2 ≤ j ≤ n ~Y_1 − 4ϕ ~T = ∂ ∂η − 4ϕ ∂ ∂τ if j = n + 1 ~Y_{j−n} = ∂ ∂v_j − 2v_{j−n} ∂ ∂τ if n + 2 ≤ j ≤ 2n, while when n = 1 we put W^ϕ = W^ϕ_2 := ~Y_1 − 4ϕ ~T =^∂_{∂η} − 4ϕ^∂_{∂τ} .

We will prove that if ϕ ∈ C^1(ω) then C^1(ω) functions are uniformly W^ϕ-differen-tiable too. More precisely if ϕ, ψ ∈ C^1(ω), then ψ is uniformly W^ϕ-differentiable at A for every A ∈ ω and

W^ϕ_j ψ(A) = ~X_j ψ(A) if j ≠ n + 1;

W^ϕ_{n+1}ψ(A) = ∂ψ ∂η (A) − 4ϕ(A) ∂ψ ∂τ (A) . In particular let us notice the (nonlinear) differential operator

(1.22) C^1(ω) ∋ ϕ → Bϕ := W^ϕ_{n+1}ϕ

is a Burgers’ type operator which can be also represented in distributional form as

Bϕ = ∂ϕ ∂η − 2 ∂ϕ^2 ∂τ (see also Remark 5.2).

Now we are in order to state the main results of this paper. The former is the characterization of H -regular intrinsic graph G^1_{H ,ϕ} (defined as in (1.8)) in terms of the uniform W^ϕ-differentiability of ϕ : ω ⊂ R^{2n} → R (see Theorem 4.1). Moreover also an area type formula for G^1_{H,ϕ} with respect to the (Q − 1)-spherical Hausdorff measure S^{Q−1}_∞ is proved (see (4.2)). We will collect them in Theorem 1.2 below.

The latter is the characterization of the uniformly W^ϕ-differentiability of ϕ : ω ⊂ R^{2n} → R in terms of existence of the derivatives W^ϕ_j ϕ (j = 2, . . . , 2n) in ω in a suitable sense (Theorem 1.3 below).

Theorem 1.2. Let ω ⊂ R^{2n} be an open set and let ϕ : ω → R be a continuous function. Let Φ : ω → H^n be the function defined by Φ(A) := ι(A) · ϕ(A)e_1 and let S := Φ(ω). Then the following conditions are equivalent:

8 LUIGI AMBROSIO, FRANCESCO SERRA CASSANO, AND DAVIDE VITTONE

(i) S is an H -regular surface and ν^{(1)}_S (P ) < 0 for all P ∈ S, where we denote with ν_S (P ) = (ν^{(1)}_S (P ), . . . , ν^{(2n)}_S (P )) the horizontal normal to S at a point P ∈ S; (ii) ϕ is uniformly W^ϕ-differentiable at any A ∈ ω, and the vector function W^ϕϕ : ω → R^{2n−1} is continuous.

Moreover, for all P ∈ S we have

(1.23) ν_S (P ) = ( − 1 √ 1 + |W^ϕϕ|^2 , W^ϕϕ √ 1 + |W^ϕϕ|^2 ) (Φ^{−1}(P )), and (1.24) S^{Q−1}_∞ (S) = c(n) ∫ ω √ 1 + |W^ϕϕ|^2 dL^{2n}

where L^{2n} denotes the Lebesgue measure on R^{2n} .

Theorem 1.3. Let ω ⊂ R^{2n} be an open set and let ϕ : ω → R be a continuous function. Then the following conditions are equivalent:

(i) ϕ is uniformly W^ϕ-differentiable at A for each A ∈ ω; (ii) there exist w ∈ C^0(ω, R^{2n−1} ) such that w = ( ~X_2ϕ, . . . , ~X_nϕ, Bϕ, ~Y_2ϕ, . . . , ~Y_nϕ ) in distributional sense in ω, and a family {ϕ_ϵ}_{ϵ>0} ⊂ C^1(ω) such that, for any open set ω^′ ⋐ ω, we have

(1.25) ϕ_ϵ → ϕ and W^{ϕϵ} ϕ_ϵ → w uniformly on ω^′.

Moreover, w = W^ϕϕ on ω and

(1.26) lim_{r→0+} sup { |ϕ(A) − ϕ(B)| |A − B|^12 : A, B ∈ ω^′, 0 < |A − B| < r } = 0.

for each open set ω^′ ⋐ ω.

The proof of Theorem 1.2 relies on a Mean Value Theorem for functions in C^1_H (H^n ) (see Lemma 4.2), the Implicit Function Theorem and Whitney Extension Theorem (see Theorem 2.18). In particular, by means of Whitney Extension Theorem and the definition of intrinsic graph (1.8), we can transfer the notion of C^1_H intrinsic differentiablity from H^n in the one of uniform W^ϕ-differentiability on the subgroup V_1 ≡ R^{2n} and viceversa.

Theorems 1.2 and 1.3 give some partial answers to the problem of the good parameterization of H -regular surfaces proposed in [27]: to find out a model metric space such that each H -regular surface can be locally viewed as its image through a bi-lipschitz continuous map (see also [55], [56] for similar problems in a more general setting and [52], [12] for Carnot groups). Indeed from Theorem 1.2 we infer that,

INTRINSIC REGULAR HYPERSURFACES IN HEISENBERG GROUPS 9

if S = G^1_{H ,ϕ} := Φ(ω) is H -regular, then ϕ : (ω, ρ_ϕ) → R is locally Lipischitz continuous, i.e. (1.16) locally holds as well as (1.17). On the other hand (1.17) means the parameterization Φ in (1.6) is locally bi-lipschitz continuous provided ρ ≡ ρ_ϕ (see Corollary 4.3). Moreover by Theorem 1.3 it can be proved it is no longer true that ϕ : (ω, ρ) → R is locally Lipischitz continuous when ρ denotes the so- called parabolic metric on R^2 = R_η × R_τ , i.e the metric ρ ≡ ρ_ϕ in (1.14) with ϕ ≡ 0 (see Corollary5.10). Anyway it is still an interesting open problem to understand whether, for instance, for a given H -regular S = G^1_{H ,ϕ} there exist a metric ρ on V_1, independent of S, and a suitable locally bi-lipschitz continuous parameterization Φ̃ : ω̃ ⊂ (V_1, ρ) → (S, d_∞) .

Let us stress that (1.24) and (1.23) are the exact counterparts of the analogous formulas for the inward normal and the area of (Euclidean) regular (n−1)- graphs in R^n , provided the replacement of W^ϕϕ with the classical gradient ∇ϕ of the paramete rization ϕ.

The proof of Theorem 1.3 relies on the construction of an exponential map for vector fields W^ϕ_j (j = 2, . . . , 2n) (see Lemma 5.6) and on a priori uniform Hölder continuous estimates for C^1(ω) solutions ϕ of the first-order nonlinear PDE’s system W^ϕ_j ϕ = w_j j = 2, . . . , 2n with given w_j ∈ C^0(ω) (see Theorem 5.9). Let us notice that the construction of an exponential map for the vector field W^ϕ_{n+1} is not trivial since its coefficients are only Hölder continuous and then it requires an ad hoc argument.

Theorem 1.3 allows also the construction of explicit simple examples of uniform W^ϕ-differentiable functions ϕ : ω ⊂ R^2 → R which are not Euclidean C^1-regular. For instance in the case of the first Heisenberg group H^1 the following corollary holds (see Corollary 5.11).

Corollary 1.4. Let ω := (a, b) × (c, d) ⊂ R^2 ≡ R_η × R_τ and let ϕ : ω → R be a continuous function which depends only on τ, i.e. ϕ = ϕ(τ) : (c, d) → R. Suppose that ϕ^2 : (c, d) → R is of class C^1. Then ϕ is uniformly W^ϕ-differentiable at A for every A ∈ ω and W^ϕϕ(A) = (Bϕ)(A) = −2(ϕ^2)^′(A).

In particular from Corollary 1.4, Theorems 1.3 and 1.2 it follows that, if ϕ : R → R, ϕ(τ) := |τ|^α with 1/2 < α < 1, then the intrinsic graph S = G^1_{H ,ϕ} is a H -regular surface in H^1 but no longer an Euclidean regular graph in any neighborhood of the origin (see Example 3.9 in [30]).

Let us point out that, by Theorem 1.2 and the example given in [37] of an H - regular surface in H^1 ≡ R^3 not 2-Euclidean rectifiable, it follows that uniformly W^ϕ-differentiable functions can be much more irregular from the Euclidean point of view than the previous one.

Eventually, let us give a short abstract of the paper. In section 2 we introduce our notations and we recall more or less known results; in section 3 we study the

10 LUIGI AMBROSIO, FRANCESCO SERRA CASSANO, AND DAVIDE VITTONE

graph distance and the notion of W^ϕ-differentiability in R^{2n} ; in sections 4 and 5 we essentially prove the results respectively collected in Theorems 1.2 and 1.3.

We wish to thank B. Franchi and R. Serapioni for the ideas they shared with us. We also thank C. De Lellis for the proof of Theorem 5.9 and G. Citti for useful discussions on the subject.

2. Notations and preliminary results

Besides te group operation in H^n and the dilations defined in the introduction, it is also useful to consider the group translations τ_P : H^n → H^n defined as Q → τ_P (Q) := P · Q for any fixed P ∈ H^n . We denote as P^{−1} := [−z, −t] the inverse of P and as 0 the origin of R^{2n+1} . We shall endow H^n with the homogeneous norm ‖P ‖_∞ := max{|z|, |t|^{1/2}} and with the distance, associated to the norm,

(2.1) d_∞(P, Q) := ‖P^{−1} · Q‖_∞.

We explicitely observe that

Proposition 2.1. The function d_∞ defined by (2.1) is a distance in H^n and the usual properties related with translations and dilations hold, i.e. ∀ P, Q, Q^′ ∈ H^n and ∀r > 0

(2.2) d_∞(τ_P Q, τ_P Q^′) = d_∞(Q, Q^′) and d_∞(δ_rQ, δ_rQ^′) = r d_∞(Q, Q^′).

In addition, for any bounded subset Ω of H^n there exist positive constants c_1(Ω), c_2(Ω) such that

(2.3) c_1(Ω)|P − Q|_R2n+1 ≤ d_∞(P, Q) ≤ c_2(Ω)|P − Q|^{1/2}_{R2n+1}

for P, Q ∈ Ω. In particular, the topologies defined by d_∞ and by the Euclidean distance coincide on H^n .

Remark 2.2. We stress that, because the topologies defined by d_∞ and by the Euclidean distance coincide, the topological dimension of H^n is 2n + 1. On the contrary the Hausdorff dimension of (H^n , d_∞) is Q = 2n + 2.

From now on, U(P, r) will be the open ball with centre P and radius r with respect to the distance d_∞. We notice that U(P, r) is an Euclidean Lipschitz domain in R^{2n+1} .

There is a natural measure dh on H^n which is given by the Lebesgue measure dL^{2n+1} = dz dt on C^n × R. The measure dh is left (and right) invariant and it is the Haar measure of the group. If E ⊂ H^n then |E| is its Lebesgue measure and ω_k will denote the k-dimensional Lebesgue measure of the unit Euclidean ball in R^k .

INTRINSIC REGULAR HYPERSURFACES IN HEISENBERG GROUPS 11

Definition 2.3. (see [22]) We shall denote by H^m the m-dimensional Hausdorff measure obtained from the Euclidean distance in R^{2n+1} ≃ H^n , and by H^m_∞ the mdimensional Hausdorff measure obtained from the distance d_∞ in H^n . Analogously, S^m and S^m_∞ will denote the corresponding spherical measures.

Translation invariance and homogeneity under dilations of Hausdorff measures follow as usual from (2.2), more precisely we have

Proposition 2.4. Let Ω ⊆ H^n , P ∈ H^n and m,r ∈ [0, ∞). Then

H^m_∞(τ_P Ω) = H^m_∞(Ω) and H^m_∞(δ_r(Ω)) = r^mH^m_∞(Ω).

To simplify the notations it will be sometimes useful to adopt the convention X_j := Y_{j−n} for n + 1 ≤ j ≤ 2n, where X_j and Y_j (j = 1, . . . , n) are the generators of the Lie algebra h_n defined in (1.5).

For sake of completness, let us recall here the definition of the Carnot–Carathéodory metric associated with X_1, . . . , X_n, Y_1, . . . , Y_n. In fact, this definition has been developed in a much larger setting (see, e.g., [23], [49]).

Definition 2.5. We say that an absolutely continuous curve γ : [0, T ] → H^n is a subunit curve with respect to X_1, . . . , X_n, Y_1, . . . , Y_n if there exist real measurable functions a_1(s), . . . , a_{2n}(s), s ∈ [0, T ] such that ∑ j a^2_j ≤ 1 and

γ̇(s) = n∑ j=1 a_j (s)X_j(γ(s)) + n∑ j=1 a_{j+n}(s)Y_j(γ(s)), for a.e. s ∈ [0, T ].

If P_1, P_2 ∈ H^n , their Carnot–Carathéodory distance d_C (P_1, P_2) is

d_C (P_1, P_2) = inf {T > 0 : ∃γ : [0, T ] → H^n subunit, γ(0) = P_1, γ(T ) = P_2} .

Notice that the above set of curves joining P_1 and P_2 is not empty, by Chow’s Theorem, since the rank of the Lie algebra generated by X_1, . . . , X_n, Y_1, . . . , Y_n is maximal, and hence d_C is a distance on H^n . We shall denote by U_C (P, r) the open balls for d_C .

The following result is well known: see, for instance, [8], [59].

Proposition 2.6. The Carnot–Carathéodory distance d_C is (globally) equivalent to the distance d_∞ defined in (2.1).

If Ω is an open subset of H^n and k ≥ 0 is a non negative integer, the symbols C^k(Ω), C^∞(Ω) indicate the usual (Euclidean) spaces of real valued continuously differentiable functions. We denote by C^k(Ω, HH^n ) the set of all C^k-sections of HH^n where the C^k regularity is understood as regularity between smooth manifolds. The notions of C^k_c (Ω, HH^n ), C^∞(Ω, HH^n ) and C^∞_c (Ω, HH^n ) are defined analogously.

12 LUIGI AMBROSIO, FRANCESCO SERRA CASSANO, AND DAVIDE VITTONE

Definition 2.7. Let [z, t], P_0 ∈ H^n be given. We set

π_{P0} ([z, t]) = n∑ j=1 x_j X_j(P_0) + n∑ j=1 y_jY_j(P_0).

The map P_0 → π_{P0} ([z, t]) is a smooth section of HH^n .

The similarity among some statements in H^n with others in R^{2n+1} is clear using intrinsic notions of gradient for functions f : H^n → R and of divergence for sections of HH^n .

Definition 2.8. If Ω is an open subset of H^n , f ∈ C^1(Ω) and φ = (φ_1, . . . , φ_{2n}) ∈ C^1(Ω, HH^n ), define (2.4) ∇_H f := (X_1f, . . . , X_nf, Y_1f, . . . , Y_nf) and (2.5) div_H φ := n∑ j=1 X_j φ_j + Y_jφ_{n+j} .

Alternatively ∇_H f can be defined as the section of HH^n ∇_H f := n∑ j=1 (X_j f)X_j + (Y_jf)Y_j

whose canonical coordinates are (X_1f, . . . , X_nf, Y_1f, . . . , Y_nf) (observe that this is consistent with the identification we mentioned of sections and their coordinates).

Finally, we write ^∇_H f := (X_2f, . . . , X_nf, Y_1f, . . . , Y_nf). We shall denote by C^k_H (Ω) the set of continuous real functions f in Ω such that ∇_H f is of class C^{k−1} in Ω. Moreover, we shall denote by C^k_H (Ω, HH^n ) the set of all sections φ of HH^n whose canonical coordinates φ_j belong to C^k_H (Ω) for j = 1, . . . , 2n. Remark 2.9. We stress that the inclusion C^1(Ω) ⊂ C^1_H (Ω) is strict; see for example [27], Remark 5.9.

In H^n there is a natural definition of bounded variation functions and of finite perimeter sets (see [25], [32], [9]).

Definition 2.10. We say that f : Ω → R is of bounded H -variation in an open set Ω ⊂ H^n , (f ∈ BV_H (Ω)), if f ∈ L^1(Ω) and if (2.6) ∫ Ω d|∇_H f| := sup { ∫ Ω fdiv_H φ dh : φ ∈ C^1_c (Ω, HH^n ), |φ(P )|_P ≤ 1 } < +∞. Analogously the space BV_{H ,loc} (Ω) is defined in the usual way.

INTRINSIC REGULAR HYPERSURFACES IN HEISENBERG GROUPS 13

Definition 2.11. We say that E ⊂ H^n is a locally finite H -perimeter set (or a H -Caccioppoli set) if 1_E ∈ BV_{H ,loc} (H^n ), where we indicate as 1_E the characteristic function of the set E. In this case, the measure |∇_H 1_E| will be called H -perimeter of E and will be denoted by |∂E|_H .

For H -Caccioppoli sets the following divergence-type theorem holds (see [27])

Theorem 2.12. There exists a |∂E|_H -measurable section ν_E of HH^n such that − ∫ E div_H φ dh = ∫ H^n ⟨ν_E, φ⟩ d|∂E|_H ∀φ ∈ C^∞_0 (Ω; HH^n ); |ν_E(P )|_P = 1 for |∂E|_H − a.e. P ∈ H^n .

Here, the measurability of ν_E is meant in the sense that its coordinates ν_1, . . . , ν_{2n} are |∂E|_H -measurable functions.

The function ν_E can be interpreted |∂E|_H -almost everywhere as a generalized inward “horizontal” normal to the set E.

Definition 2.13. We shall say that S ⊂ H^n is a H -regular hypersurface if for every P ∈ S there exist an open ball U(P, r) and a function f ∈ C^1_H (U(P, r)) such that S ∩ U(P, r) = {Q ∈ U(P, r) : f(Q) = 0}; (i) ∇_H f(P ) ≠ 0. (ii) We will denote with ν_S (P ) the horizontal normal to S at a point P ∈ S, i.e. the unit vector ν_S (P ) := − ∇_H f(P ) |∇_H f(P )|_P , and with T^g_H S(P ) the tangent group to S at P , i.e. the proper subgroup of H^n defined by T^g_H S(P ) := {Q : ⟨ ∇_H (f ∘ τ_P )(0), π_0(Q)) ⟩_0 = 0}.

Finally, we use the notation T_H S(P ) for the tangent plane to S at P , i.e. the lateral P · T^g_H S(P ). As pointed out in the introduction, Euclidean regular hypersurfaces and of H - regular hypersurfaces are disjoint classes.

Let us introduce some useful subspaces of h_n (here ^X_j means that in an enumeration we omit X_j): o := span{X_1, . . . , X_{2n}};

v_j := span{X_1, . . . , ^X_j . . . , X_{2n}, T } (1 ≤ j ≤ 2n); o_j := span{X_1, . . . , ^X_j . . . , X_{2n}} (1 ≤ j ≤ 2n); l_j := span{X_j} (1 ≤ j ≤ 2n); z := span{T }

14 LUIGI AMBROSIO, FRANCESCO SERRA CASSANO, AND DAVIDE VITTONE

and let π_o, π_{vj} , π_{oj} , π_{lj} , π_z be the projections of h_n onto o, v_j, o_j, l_j and z respectively. Define the following subsets of H^n :

O := exp(o) = {P ∈ H^n : p_{2n+1} = 0}; V_j := exp(v_j) = {P ∈ H^n : p_j = 0};

O_j := exp(o_j ) = O ∩ V_j = {P ∈ H^n : p_j = p_{2n+1} = 0}; L_j := exp(l_j ) = {P ∈ H^n : p_i = 0 ∀i ≠ j}; Z := exp(z) = {P ∈ H^n : p_1 = · · · = p_{2n} = 0}.

and let π_O, π_{Vj} , π_{Oj} , π_{Lj} and π_Z be the maps defined by exp ∘π_o ∘ exp^{−1}, exp ∘π_{vj} ∘ exp^{−1} and so on; we will refer to them as orthogonal projections of H^n on O, V_j, O_j, L_j and Z.

The following properties of these projections are straightforward:

Proposition 2.14. For any P, Q ∈ H^n we have

π_{O1} (P ) = π_O ∘ π_{V1} (P ) = π_{V1} ∘ π_O(P ) π_{O1} (P · Q) = π_{O1} (π_{O1} (P ) · π_{O1} (Q)) π_Z (P · Q) = π_Z (P ) · π_Z (Q) · π_Z (π_O(P ) · π_O(Q)) ‖π_M (P )‖_∞ ≤ ‖P ‖_∞ ∀M ∈ {O, O_1, V_1, L_1, Z} Let us observe that Z is the center of the group, and that only Z, L_j and V_j are subgroups; O_j is a subgroup only if n = 1 (because in this case it coincides with L_j ), while O is never a subgroup. We agree to indicate with αe_j the point exp(αX_j ) ∈ L_j ; then for each P ∈ H^n there is a unique way to write P in the form P_{Vj} · P_{Lj} for points P_{Vj} ∈ V_j , P_{Lj} ∈ L_j: it is sufficient to take P_{Lj} = p_je_j and P_{Vj} = P · P^{−1}_{Lj} ∈ V_j.

Recalling the definitions of ι and of the product law ⋆ on R^{2n} given in the introduction (see (1.10), (1.11), and (1.12)), we will use τ^⋆_A to indicate the left translation by A in R^{2n} . Explicitely, if n > 1 and A = (η, v, τ), B = (η^′, v^′, τ^′) ∈ R^{2n} we have

(2.7) A ⋆ B = (η + η^′, v + v^′, τ + τ^′ + σ(v, v^′))

where

(2.8) σ(v, v^′) = 2 n∑ j=2 (v_{n+j}v^′_j − v_j v^′_{n+j})

if v = (v_2, . . . , v_n, v_{n+2}, . . . v_{2n}), v^′ = (v^′_2, . . . , v^′_n, v^′_{n+2}, . . . v^′_{2n}). Instead if n = 1 and A = (η, τ), B = (η^′, τ^′) ∈ R^2 we simply have

(2.9) A ⋆ B = (η + η^′, τ + τ^′).

Notice that in both cases the induced group structure is the one arising from direct product R × R if n = 1, and R × H^{n−1} if n > 1, via the identification R^{2n} = R_η × (R^{2n−2}_v × R_τ ) = R × H^{n−1} .

INTRINSIC REGULAR HYPERSURFACES IN HEISENBERG GROUPS 15

As we did in the introduction, we can define via ι a family of intrinsic dilations δ^⋆_λ (λ > 0) on R^{2n} , which can be written explicitely as δ^⋆_λ(η, v, τ) = (λη, λv, λ^2τ) for n ≥ 2 δ^⋆_λ(η, τ) = (λη, λ^2τ) for n = 1.

As we already said, we define a ⋆-linear functional L : R^{2n} → R as a homomorphism which is also positively homogeneous of degree 1 with respect to the dilations, i.e. L ∘ δ^⋆_λ = λL. The following Proposition comes from Proposition 5.4 in [27]:

Proposition 2.15. Let L : R^{2n} → R be a ⋆-linear functional; then there is a unique vector w_L ∈ R^{2n−1} such that L(A) = ⟨A, w_L⟩, where we intend that ⟨A, w_L⟩ = ηw_{Ln+1} + 2n∑ j=2,j≠n+1 v_j w_{Lj} if n ≥ 2, w_L = (w_{L2}, . . . , w_{L2n}) and A = (η, v, τ)

⟨A, w_L⟩ = ηw_{L2} if n = 1, w_L = w_{L2} and A = (η, τ). Conversely, through the previous formulas we can associate to each w ∈ R^{2n−1} a unique ⋆-linear functional L_w.

Observe that the choice of the enumeration of the components of w_L has been made in order to be coherent with the one made for the components of v and with the fact that η is the (n + 1)-th coordinate of ι(A).

Finally, let us recall the following results, which will be crucial in our paper: their proofs can be found in [27].

Theorem 2.16. [Implicit Function Theorem] Let Ω be an open set in H^n , 0 ∈ Ω, and let f ∈ C^1_H (Ω) be such that X_1f(0) > 0, f(0) = 0. Let E := {[z, t] ∈ Ω : f([z, t]) < 0} S := {[z, t] ∈ Ω : f([z, t]) = 0};

then there exist δ, h > 0 such that, if we put I := [−δ, δ] × [−δ, δ]^{2n−2} × [−δ^2, δ^2] ⊂ R^{2n} , J := {se_1 ∈ L_1 : s ∈ [−h, h]} and U := ι(I) · J, we have that

E has finite H -perimeter in U; ∂E ∩ U = S ∩ U; ν_E(P ) = −∇_H f(P )/|∇_H f(P )|_P = ν_S (P ) for all P ∈ S ∩ U.

Moreover there exists a unique continuous function ϕ : I → [−h, h] such that S ∩U = Φ(I), where Φ is the map I ∋ A → ι(A)·ϕ(A)e_1 ∈ H^n , and the H -perimeter has the integral representation

(2.10) |∂E|_H (U) = ∫ I |∇_H f| X_1f

(Φ(A)) dL^{2n}(A).

Theorem 2.17. Let Ω be an open set in H^n and let E ∈ H^n be such that ∂E ∩ Ω = S ∩ Ω where S ⊂ H^n is an H -regular surface. If P_0 ∈ S and r > 0 put E_{P0,r} := δ_{1/r}(P^{−1}_0 · E) = {P ∈ H^n : δ_r(P^{−1}_0 · P ) ∈ E}.

16 LUIGI AMBROSIO, FRANCESCO SERRA CASSANO, AND DAVIDE VITTONE

Then there is a c(n) > 0 such that

(i) lim_{r→0} |∂E_{P0,r}|_H (U(0, 1))= lim_{r→0} |∂E|_H (U(P_0, r)) r^{2n+1}

=H^{2n}(T^g_H S(P^0)∩U(0, 1))=c(n); (ii) |∂E|_H Ω = c(n) S^{Q−1}_∞ (S ∩ Ω).

Theorem 2.18. [Whitney Extension Theorem] Let F ⊂ H^n be a closed set, and let f : F → R, k : F → HH^n be two continuous functions. We set R(Q, P ) := f(Q) − f(P ) − ⟨k(P ), π_P (P^{−1} · Q)⟩_P d(P, Q) , and, if K ⊂ F is a compact set, ρ_K (δ) := sup{|R(Q, P )| : P, Q ∈ K, 0 < d_∞(P, Q) < δ}. If ρ_K (δ) → 0 as δ → 0 for every compact set K ⊂ F , then there exist f̃ : H^n → R, f̃ ∈ C1_H (H n ) such that f̃_{|F} ≡ f and ∇_H f̃_{|F} ≡ k.

Taking the Implicit Function theorem into account we can give the following notion of intrinsic graph in H^n .

Definition 2.19. A set S ⊂ H^n is an X_1-graph if there is a function ϕ : ω ⊂ R^{2n} → R such that S = {ι(A) · ϕ(A)e_1 : A ∈ ω}.

More generally, after fixing an identification ι_j : R^{2n} → V_j , for j = 2, . . . , 2n we can define X_j-graphs as those subsets S of H^n for which there exists a function ϕ : ω ⊂ R^{2n} → R such that S = {ι_j (A) · ϕ(A)e_j : A ∈ ω}.

A general definition of intrinsic graph in H^n , which applies also to surfaces with topological codimension bigger than 1, is given in [30]. In particular this notion is stable with respect to left translations of the group; more precisely, from Proposition 3.11 in [30] we infer Proposition 2.20. Let S ⊂ H^n be an X_j -graph, i.e. S = {Φ(A) := ι_j (A) · ϕ(A)e_j : A ∈ ω}. Let P = (p_1, . . . p_{2n+1}) ∈ H^n , P = P_{Vj} · P_{Lj} with P_{Lj} = p_j e_j ∈ L_j and P_{Vj} ∈ V_j. Then the translated set τ_P S still is an X_j-graph; more precisely, if we define σ_P : R^{2n} → R^{2n} by σ_P (A) := ι^{−1}_j (P · ι_j (A) · P^{−1}_{Lj} ), we have τ_P S = {Φ^′(A) := ι_j (A) · ϕ^′(A)e_j : A ∈ ω^′}, where ω^′ := σ_P (ω) and ϕ^′ : ω^′ → R is defined by ϕ^′(A) = p_j + ϕ(σ_P −1 (A)).

In addition we have Φ^′ = τ_P ∘ Φ ∘ σ_P −1 .

Remark 2.21. In Theorem 2.16, and more generally in the rest of the paper, we made a precise choice, i.e. to consider only regular hypersurfaces that are zero sets of functions f ∈ C^1_H such that X_1f > 0. This fact, somehow, makes X_1 a ”privileged” direction: for example, observe that such surfaces results X_1-graphs, i.e. functions on V_1, and that we translate points of V_1 by an element with all the coordinates null

INTRINSIC REGULAR HYPERSURFACES IN HEISENBERG GROUPS 17

except the first one. One can prove that this is not restrictive; the key tool in this sense are the so-called “horizontal rotations”, see [43], section 2.1.

We end the section with an improvement of Theorem 2.16:

Proposition 2.22. Under the same assumptions of Theorem 2.16, let ~X_j , ~Y_j be the vector fields defined in (1.20) and (1.21), and let Bϕ be the distribution^{∂ϕ}_{∂η} −2^{∂ϕ2}_{∂τ} on I, where ϕ and I are given by Theorem 2.16). Then if n > 1 we have for j = 2, . . . , n

(2.11) ~X_j ϕ = − X_j f X_1f ∘ Φ, ~Y_jϕ = − Y_jf X_1f ∘ Φ, Bϕ = − Y_1f X_1f ∘ Φ where the equalities must be understood in distributional sense on I. Moreover, the H -perimeter has the integral representation (2.12) |∂E|_H (U)=c(n)S^{Q−1}_∞ (S ∩ U)= ∫ I √ 1+(Bϕ)^2+ ∑_n j=2[| ~X_j ϕ|^2+|~Y_jϕ|^2] dL^{2n}. If n = 1 we have simply |∂E|_H (U) = c(1)S^{Q−1}_∞ (S ∩ U) = ∫ I √ 1 + |Bϕ|^2 dη dτ. Proof. We will give the proof only for the case n ≥ 2; the generalization to n = 1 should not present difficulties.

Arguing as in Step 1 of the proof of Theorem 2.16 (Theorem 6.5 in [27]) we can suppose that there exists a family of functions f_ϵ : U → R such that f_ϵ ∈ C^1(U), X_1f_ϵ > 0 on U and

X_jf_ϵ → X_jf, Y_j f_ϵ → Y_jf_ϵ uniformly on U (j = 1, . . . , n).

Now, following Step 4 of the same proof, we obtain the existence (for ϵ_0 small enough and h as in Theorem 2.16) of functions ϕ_ϵ : I → [−h, h], 0 < ϵ < ϵ_0 such that

f_ϵ(ι(A) · ϕ_ϵ(A)e_1) = 0 for all A ∈ I ϕ_ϵ → ϕ uniformly on I for ϵ → 0.

It is not difficult to prove that ϕ_ϵ ∈ C^1(I); indeed, following once again the proof of the Implicit Function Theorem, the fact that f_ϵ ∈ C^1 implies that also g_ϵ : [−h, h] × I → R (ξ, η, v, τ) −→ f_ϵ(ι(η, v, τ) · ξe_1) is also C^1. As ϕ_ϵ is obtained by means of the classical Implicit Function Theorem (so that g_ϵ(ϕ_ϵ(η, v, τ), η, v, τ) = 0), we get that ϕ_ϵ is C^1 too. This implies (it is

18 LUIGI AMBROSIO, FRANCESCO SERRA CASSANO, AND DAVIDE VITTONE

sufficient to differentiate the equality f_ϵ(ι(η, v, τ) · ϕ_ϵ(η, v, τ)e_1) ≡ 0) that ∂ϕ_ϵ ∂η (A) = −

Y_1f_ϵ + 4ϕ_ϵT f_ϵ X_1f_ϵ

(Φ_ϵ(A)) ∂ϕ_ϵ ∂v_j (A) = − ∂ ∂x_j fϵ X_1f_ϵ

(Φ_ϵ(A)) ∂ϕ_ϵ ∂v_{j+n} (A) − ∂ ∂y_j fϵ X_1f_ϵ

(Φ_ϵ(A)) ∂ϕ_ϵ ∂τ (A) = − T f_ϵ X_1f_ϵ

(Φ_ϵ(A))

for all A = (η, v, τ) ∈ I̊ and all j = 2, . . . , n; obviously, Φ_ϵ is the map A −→ ι(A) · ϕ_ϵ(A)e_1. Then for j = 2, . . . , n we get ~X_j ϕ_ϵ = −X^j f^ϵ X_1f_ϵ ∘ Φ_ϵ ~Y_jϕ_ϵ = − Y^j f^ϵ X_1f_ϵ ∘ Φ_ϵ Bϕ_ϵ = ∂ϕ_ϵ ∂η − 2 ∂ϕ^2_ϵ ∂τ = ∂ϕ_ϵ ∂η − 4ϕ_ϵ ∂ϕ_ϵ ∂τ = − Y_1f_ϵ X_1f_ϵ ∘ Φ_ϵ from which (2.11) follows.

The integral representation (2.12) follows from the area type formula (2.10), together with (2.11). □

Remark 2.23. Starting from Theorem 2.22, it is not difficult to prove the following fact: let Ω be an open subset of H^n , and let f ∈ C^1_H (Ω) be such that X_1f > 0 on S := {f = 0}. Suppose that S is intrinsically parameterized by ϕ : ω ⊂ R^{2n} → R (i.e. S := Φ(ω), where as usual Φ(A) := ι(A) · ϕ(A)e_1) and let E := {f < 0}. Then for each Borel set F ⊂ Ω we have

(2.13) |∂E|_H (F ) = c(n)S^{Q−1}_∞ (F ∩S) = ∫ Φ^{−1}(F ) √ 1+(Bϕ)^2 + ∑_n j=2[( ~X_j ϕ)^2 +(~Y_jϕ)^2] dL^{2n}

if n ≥ 2, and

(2.14) |∂E|_H (F ) = c(1)S^{Q−1}_∞ (F ∩ S) = ∫ Φ^{−1}(F ) √ 1 + (Bϕ)^2 dL^2

if n = 1.

Remark 2.24. The operator B is known in the literature as Burger’s operator: see for example [21], section 3.4.

INTRINSIC REGULAR HYPERSURFACES IN HEISENBERG GROUPS 19

3. Graph distance and W^ϕ-differentiability Let ω be an open, connected and bounded subset of R^{2n} = R_η × R^{2n−2}_v × R_τ if n ≥ 1, of R^2 = R_η × R_τ if n = 1. If n ≥ 2 and A = (η, v, τ) ∈ R^{2n} and r > 0 are given, we define

I_r(A) := { (η^′, v^′, τ^′) ∈ R^{2n} : |(η^′, v^′) − (η, v)| < r, |τ^′ − τ| < r } , while if n = 1 and A = (η, τ) we put I_r(A) := { (η^′, τ^′) ∈ R^2 : |η^′ − η| < r, |τ^′ − τ| < r } . Let ϕ : ω → R be a given function; we will indicate with W^ϕ the family of firstorder operators (W^ϕ_2 , . . . W^ϕ_{2n}) (the reasons of the enumeration from 2 will be clear later) defined for n ≥ 2 by

(3.1) W^ϕ_j := ~X_j = ∂ ∂v_j + 2v_{j+n} ∂ ∂τ if 2 ≤ j ≤ n ~Y_1 − 4ϕ ~T = ∂ ∂η − 4ϕ ∂ ∂τ if j = n + 1 ~Y_{j−n} = ∂ ∂v_j − 2v_{j−n} ∂ ∂τ if n + 2 ≤ j ≤ 2n, while for n = 1 we put W^ϕ = W^ϕ_2 := ~Y_1 − 4ϕ ~T =^∂_{∂η} − 4ϕ^∂_{∂τ} .

From now on ϕ : ω → R will be a fixed continuous function, and Φ will indicate the function ω ∋ A → ι(A) · ϕ(A)e_1 ∈ H^n ; explicitely Φ(η, v, τ) = (ϕ(η, v, τ), v_2, . . . , v_n, η, v_{n+2}, . . . , v_{2n}, τ + 2ηϕ(η, v, τ)) if n ≥ 2 Φ(η, τ) = (ϕ(η, τ), η, τ + 2ηϕ(η, τ)) if n = 1. For A, B ∈ ω we define the graph distance (3.2) ρ_ϕ(A, B) := ‖π_{O1} (Φ(A)^{−1} · Φ(B))‖_∞ + ‖π_Z (Φ(A)^{−1} · Φ(B))‖_∞ which is equivalent to ‖π_{V1} (Φ(A)^{−1} · Φ(B))‖_∞. Explicitely, for n ≥ 2 and A = (η, v, τ), B = (η^′, v^′, τ^′) we have ρ_ϕ(A, B) = |(η^′, v^′) − (η, v)| + |τ^′ − τ + 2(ϕ(B) + ϕ(A))(η^′ − η) + σ(v^′, v)|^{1/2} where σ(v^′, v) has been defined in (2.8); if n = 1 and A = (η, τ), B^′ = (η^′, τ^′) we have ρ_ϕ(A, B) = |η^′ − η| + |τ^′ − τ + 2(ϕ(B) + ϕ(A))(η^′ − η)|^{1/2}.

With this definition we are able to prove the following Proposition 3.1. If there is an L > 0 such that (3.3) |ϕ(A) − ϕ(B)| ≤ L ρ_ϕ(A, B) for all A, B ∈ I, then the quantity ρ_ϕ in (3.2) is a quasimetric on I, id est (i) ρ_ϕ(A, B) = 0 ⇔ A = B; (ii) ρ_ϕ(A, B) = ρ_ϕ(B, A);

(iii) there exists q > 1 such that ρ_ϕ(A, B) ≤ q [ ρ_ϕ(A, C) + ρ_ϕ(C, B) ]

20 LUIGI AMBROSIO, FRANCESCO SERRA CASSANO, AND DAVIDE VITTONE for all A, B, C ∈ I. Proof. The assertions in (i) and (ii) are straightforward, while for (iii) we have ρ_ϕ(A, B) ≤ 2d_∞(Φ(A), Φ(B)) ≤ 2[ d_∞(Φ(A), Φ(C)) + d_∞(Φ(C), Φ(B)) ] ≤ 2[ |ϕ(A) − ϕ(C)| + ρ_ϕ(A, C) + |ϕ(C) − ϕ(B)| + ρ_ϕ(C, B) ] ≤ 2(L + 1)[ ρ_ϕ(A, C) + ρ_ϕ(C, B) ]. □ Let us observe that if ϕ satisfies the condition (3.3), then it is locally 1/2-Hölder continuous in the Euclidean sense, i.e. for all compact set K ⊂ ω there exist an L^′ = L^′(K) > 0 such that (3.4) |ϕ(B) − ϕ(A)| ≤ L^′|B − A|^{1/2} for all A, B ∈ K. First, let us observe that for any P ∈ H^n , α ∈ R ‖π_Z (P · αe_1)‖_∞ ≤ ‖π_Z (P )‖_∞ + √ 2|α|^{1/2}‖π_{V1} (P )‖^{1/2}_∞ ‖π_Z (αe_1 · P )‖_∞ ≤ ‖π_Z (P )‖_∞ + √ 2|α|^{1/2}‖π_{V1} (P )‖^{1/2}_∞ .

Now let M := sup_K |ϕ|, Δ := sup_{A∈K} |A| and, as before, ϕ := ϕ(A), ϕ^′ := ϕ(B); then |ϕ(B) − ϕ(A)| /L ≤ ρ_ϕ(B, A) (3.5)

= ‖π_{O1} (−ϕe_1 · ι(A)^{−1} · ι(B) · ϕ^′e_1)‖_∞ + ‖π_Z (−ϕe_1 · ι(A)^{−1} · ι(B) · ϕ^′e_1)‖_∞ ≤ |B − A| + ‖π_Z (ι(A)^{−1} · ι(B) · ϕ^′e_1)‖_∞ + √ 2M‖π_{V1} (ι(A)^{−1} · ι(B) · ϕ^′e_1)‖^{1/2}_∞ ≤ (2 √ Δ + √ 2M)|B − A|^{1/2} + ‖π_Z (ι(A)^{−1}ι(B))‖_∞ + √ 2M‖π_{V1} (ι(A)^{−1}ι(B))‖^{1/2}_∞ ≤ (2 √ Δ + 2 √ 2M + C(K))|B − A|^{1/2}. where in the last passage we used (2.3) (this is the reason of the constant C(K)).

Now we have all the tools to state our notion of W^ϕ-differentiability as given in Definition 1.1; let us remark that, if ψ is uniformly W^ϕ-differentiable at A, then it is also W^ϕ-differentiable at A, as (1.18) is satisfied with the same L as in (1.19). Remark 3.2. If ψ is W^ϕ-differentiable at A, then it is continuous at A. Indeed, if L ∈ R^{2n−1} is such that (1.18) holds and w_L is as in Proposition 2.15, then for any B ∈ ω ψ(B) − ψ(A) = ψ(B) − ψ(A) − ⟨w_L, A^{−1} ⋆ B⟩ ρ_ϕ(A, B) · ρ_ϕ(A, B) + ⟨w_L, A^{−1} ⋆ B⟩ and we deduce the continuity of ψ at A from the W^ϕ-differentiability at A together with the fact that ρ_ϕ(A, B) is bounded near A.

INTRINSIC REGULAR HYPERSURFACES IN HEISENBERG GROUPS 21

Remark 3.3. We stress the fact that if ψ : ω → R is uniformly W^ϕ-differentiable at A ∈ ω, then ψ is Lipschitz continuous (between the spaces (ω, ρ_ϕ) and (R, d_{eucl} )) in a neighbourhood of A; in fact there exist C, r > 0 such that |ψ(B) − ψ(A) − L(A^{−1} ⋆ B)| ρ_ϕ(A, B) ≤ C for all B ∈ I_r(A), whence |ψ(B) − ψ(A)| ≤ |⟨w_L, A^{−1} ⋆ B⟩| + Cρ_ϕ(A, B) ≤ (|w_L| + C)ρ_ϕ(A, B) We will indicate the ⋆-linear functional L such that (1.18) holds with d_W ϕ ψ(A);

we will call the vector w_L the W^ϕ-differential of ψ at A, and we will indicate it with W^ϕψ(A), writing [W^ϕψ(A)]_j for w_{Lj} , j = 2, . . . , 2n. These definitions are well posed because of the following

Lemma 3.4. Let ϕ, ψ : ω → R be such that ψ is W^ϕ-differentiable at A ∈ ω, and let L be a ⋆-linear functional such that (1.18) holds; then L is unique.

Proof. We have to prove that, if w := w_L, w^′ := w_L′ ∈ R^{2n−1} are given by Proposition 2.15, then w = w^′. We will give the proof only for the case n ≥ 2, as it can be easily adapted for n = 1. Therefore let A = (η, v, τ): it is easy to prove that (3.6) lim_{B=(η′ ,v′,τ ′)→A} ⟨w − w^′, (η^′ − η, v^′ − v)⟩ ρ_ϕ(A, B) = 0. Let A = {(η^′, v^′, τ^′) ∈ ω : ρ_ϕ(A, (η^′, v^′, τ^′)) = |(η^′ − η, v^′ − v)|} := {(η^′, v^′, τ^′) ∈ ω : π_Z (Φ^{′−1} · Φ) = 0} = {(η^′, v^′, τ^′) ∈ I : τ^′ = τ − 2(ϕ^′ + ϕ)(η^′ − η) − σ(v^′, v)} where, here and in the following, we write Φ^′, Φ, ϕ^′ and ϕ instead of Φ(η^′, v^′, τ^′), Φ(η, v, τ), ϕ(η^′, v^′, τ^′) and ϕ(η, v, τ) respectively. Let δ_2 > 0 be such that I := I_{δ2} (A) ⊂ ω; we want to prove that there exists a δ_1 > 0 with the property that for all (η^′, v^′) with |(η^′ − η, v^′ − v)| ≤ δ_1 there is a τ^′ ∈ [τ − δ_2, τ + δ_2] such that τ^′ = τ − 2(ϕ^′ + ϕ)(η^′ − η) − σ(v^′, v), i.e. (η^′, v^′, τ^′) ∈ A. Being ϕ continuous we can suppose that |ϕ| ≤ M on I; then, for each (η^′, v^′) with |(η^′ − η, v^′ − v)| ≤ δ_1, the functions γ_{(η}′_{,v}′_)(τ^′) := τ − 2(ϕ(η^′, v^′, τ^′) + ϕ(η, v, t))(η^′ − η) − σ(v^′, v) map the closed interval [τ − δ_2, τ + δ_2] into itself provided δ_1 is sufficiently small. In fact

(3.7) |γ_{(η}′_{,v}′_)(τ^′) − τ| = | | |2(ϕ^′ + ϕ)(η^′ − η) + 2 ∑_n j=2(v_jv^′_{n+j} − v_{n+j}v^′_j ) | | | = | | |2(ϕ^′ + ϕ)(η^′ − η) + 2 ∑_n j=2(v_j(v^′_{n+j} − v_{n+j}) − v_{n+j}(v^′_j − v_j )) | | | ≤ 2Mδ_1 + 2|v|δ_1 so it is sufficient to choose δ_1 such that (2M + 2|v|)δ_1 ≤ δ_2. Therefore the fixed point theorem guarantees that γ_{(η}′_{,v}′_) has a fixed point τ^′(η^′, v^′) if |(η^′ − η, v^′ − v)| ≤ δ_1,

22 LUIGI AMBROSIO, FRANCESCO SERRA CASSANO, AND DAVIDE VITTONE

so that (η^′, v^′, τ^′(η^′, v^′)) ∈ A, i.e. ρ_ϕ((η^′, v^′, τ^′(η^′, v^′)), (η, v, τ)) = |(η^′ − η, v^′ − v)|; moreover, it is not difficult to prove that τ^′(η^′, v^′) → τ if (η^′, v^′) → (η, v) (it’s sufficient to use the very same estimate as in (3.7)). Now, for each j = 2, . . . 2n, we can easily construct a sequence A^h = (η^h, v^h, τ^h) ∈ A such that • A^h → A; • η^h ≡ η, v^h_i ≡ v_i ∀ i ≠ j and ρ_ϕ(A^h, A) = v^h_j − v_j > 0 if j ≠ n + 1; • v^h ≡ v and ρ_ϕ(A^h, A) = η^h − η > 0 if j = n + 1.

By (3.6) we obtain

0 = lim_{h→∞} ⟨w − w^′, (η^h − e, v^h − v)⟩ ρ_ϕ(A^h, A) ≡ w_j − w^′_j for all j = 2, . . . 2n, whence w = w^′. □

Remark 3.5. Let A ∈ ω and P := Φ(A) = ι(A) · ϕ(A)e_1. With the same notations of Proposition 2.20, set σ_P −1 (B) := ι^{−1}(P^{−1} · ι(B) · P_{L1} ) and ω^′ := σ_P −1 (ω). Let αΘ denote the element (0, . . . , 0, α) ∈ R^{2n} and define ϕ^′ : ω^′ −→ R B = (η^′, v^′, τ^′) → ϕ(σ_P (B)) − ϕ(A) = ϕ(A ⋆ B ⋆ (−4ϕ(A)(η^′ − η))Θ) − ϕ(A); then Φ^′(ω^′) = τ_P −1 (Φ(ω)), where as usual Φ^′(B) = ι(B) · ϕ(B)e_1.

It is not difficult to show that a function ψ ∈ C^0(ω) is W^ϕ-differentiable (resp. uniformly W^ϕ-differentiable) at B ∈ ω if and only if ψ∘σ_P ∈ C^0(ω^′) is W^{ϕ′} -differentiable (resp. uniformly W^{ϕ′} -differentiable) at σ_P −1 (B) ∈ ω^′: the key observation is that ρ_ϕ(B, B^′) = ρ_ϕ′ (σ_P −1 (B), σ_P −1 (B^′))).

The following Proposition shows that uniformly W^ϕ-differentiable functions have continuous W^ϕ-differentials:

Proposition 3.6. Let ϕ, ψ : ω → R be two continuous functions; suppose that there exists an A ∈ ω such that ψ in uniformly W^ϕ-differentiable at A and that ψ is W^ϕ-differentiable in an open neighbourhood U of A. Then W^ϕ : U → R^{2n−1} is continuous at A.

Proof. As usual we give the proof only for n ≥ 2.

Suppose that the thesis is not true; then there exist a δ > 0 and a sequence {A^j} ⊂ U such that A^j → A and |W^ϕψ(A^j ) − W^ϕψ(A)| ≥ 3δ. By the uniform W^ϕ-differentiability of ψ at A we can find an open rectangle I centered at A such that

(3.8) sup_{A,B∈I} A=(η,v,τ )≠B=(η^′ ,v^′,τ^′) { |ψ(B) − ψ(A) − ⟨W^ϕψ(A), (η^′ − η, v^′ − v)⟩| ρ_ϕ(B, A) } ≤ δ.

INTRINSIC REGULAR HYPERSURFACES IN HEISENBERG GROUPS 23

There is no loss of generality if we suppose that A^j = (η^j, v^j, τ^j ) ∈ I for all j; then, using the W^ϕ-differentiability of ψ at A^j and reasoning as in Lemma 3.4, we can find a sequence of points B^j = (η^{′j}, v^{′j}, τ^{′j} ) ∈ I such that

(3.9) |ψ(B^j ) − ψ(A^j ) − ⟨W^ϕψ(A^j ), (η^{′j} − η^j , v^{′j} − v^j)⟩| ρ_ϕ(B^j , A^j) ≤ δ;

(3.10) ρ_ϕ(B^j, A^j) = |(η^{′j} − η^j , v^{′j} − v^j )|;

(3.11) the (2n − 1)-vectors (η^{′j} − η^j, v^{′j} − v^j) and (W^ϕψ(A^j) − W^ϕψ(A)) are linearly dependent.

Observe that (3.10) and (3.11) imply that |⟨W^ϕψ(A^j )−W^ϕψ(A), (η^{′j}−η^j , v^{′j} −v^j )⟩| = |W^ϕψ(A^j) − W^ϕψ(A)|ρ_ϕ(B^j, A^j ) ≥ 3δρ_ϕ(B^j , A^j). Then, using also (3.9), we get |ψ(B^j) − ψ(A^j ) − ⟨W^ϕψ(A), (η^{′j} − η^j, v^{′j} − v^j)⟩| ρ_ϕ(B^j , A^j) ≥ |⟨W^ϕψ(A^j) − W^ϕψ(A), (η^{′j} − η^j, v^{′j} − v^j)⟩| ρ_ϕ(B^j, A^j ) + − |ψ(B^j) − ψ(A^j ) − ⟨W^ϕψ(A^j ), (η^{′j} − η^j, v^{′j} − v^j )⟩| ρ_ϕ(B^j, A^j ) ≥ 3δρ_ϕ(B^j, A^j ) − δρ_ϕ(B^j, A^j )

ρ_ϕ(B^j, A^j ) ≥ 2δ which contradicts (3.8). □

It is not clear whether the converse is true, i.e. if W^ϕ-differentiability in an open neighbourhood and continuity of the W^ϕ-differential imply uniform W^ϕ-differentiabi-lity. Observe that this is true when we consider the classical notion of differentiability.

Recalling how we defined the family W^ϕ of the 2n-1 first-order operators W^ϕ_j , the following Proposition explains why we call the vector w_L (with L as in (1.18)) the W^ϕ-differential of ψ: the fact is that the j-th component of this vector is (at least for regular maps) the derivative of ψ in the W^ϕ_j -direction (with the usual identification between vector fields and first-order operators):

Proposition 3.7. Let ϕ, ψ : ω → R be continuous functions such that ψ is W^ϕdifferentiable at a point A = (η, v, τ) ∈ ω (respectively A = (η, τ) if n = 1). For j = 2, . . . , 2n let γ^j : [−δ, δ] → ω be a C^1-integral curve of the vector field W^ϕ_j with γ^j (0) = A and such that the map [−δ, δ] ∋ s −→ ϕ(γ^j(s)) ∈ R

24 LUIGI AMBROSIO, FRANCESCO SERRA CASSANO, AND DAVIDE VITTONE

is of class C^1. Then we have

(3.12) lim_{s→0} ψ(γ^j (s)) − ψ(γ^j (0)) s = [ W^ϕψ(A) ] j . Proof. Again we accomplish the proof only for n ≥ 2.

Let us fix the following notation: if γ^j (s) = (η(s), v(s), τ(s)) we set

γ^j_i (s) := v_i(s) for 2 ≤ i ≤ 2n, i ≠ n + 1 γ^j_{n+1}(s) := η(s) γ^j_{2n+1}(s) := τ(s)

For j ≠ n + 1 the thesis is obvious: indeed we must have γ^j(s) = A ⋆ exp(s ~X_j) i.e. ι(γ^j (s)) = ι(A) · exp(sX_j ), and so

ρ_ϕ(A, γ^j (s)) = ‖π_{O1} (−ϕ(A)e_1 · exp(sX_j) · ϕ(γ^j(s))e_1)‖_∞+ + ‖π_Z (−ϕ(A)e_1 · exp(sX_j ) · ϕ(γ^j(s))e_1)‖_∞ = |s|

which gives immediately (3.12) as a consequence of the W^ϕ-differentiability and of the fact that γ^j_i (s) ≡ v_i for i /∈ {j, 2n + 1} and γ^j (s) = v_j + s.

For j = n + 1 we have

(3.13) γ^{n+1}_i (s) = v_i if i ≠ n + 1, 2n + 1 γ^{n+1}_{n+1} (s) = η + s γ^{n+1}_{2n} (s) = τ − 4 ∫_s 0 ϕ(γ^{n+1}(r))dr and so

(3.14) ρ_ϕ(γ^{n+1}(s), γ^{n+1}(0)) = |s| + | | |−4 ∫_s 0 ϕ(γ^{n+1}(r))dr + 2[ϕ(γ^{n+1}(s)) + ϕ(A)]s | | |^{1/2} = |s| ( 1 + 1 |s| | | |−4 ∫_s 0 ϕ(γ^{n+1}(r))dr + 2[ϕ(γ^{n+1}(s)) + ϕ(A)]s | | |^{1/2} )

=: |s| ( 1 + 1 |s| |Δ(s)|^{1/2} ) . We want to prove that |Δ(s)| ≤ Cs^2 for a certain C > 0; indeed, we have that the map s → γ^{n+1}_{2n+1}(s) is of class C^2 (because of (3.13) and the hypothesis that s → ϕ(γ^{n+1}(s)) is C^1) and then

(3.15)

Δ(s) = −4 ∫_s 0 ϕ(γ^{n+1}(r))dr + 2[ϕ(γ^{n+1}(s)) + ϕ(A)]s

= −4 ∫_s 0 [ϕ(γ^{n+1}(r)) − ϕ(A)]dr + 2[ϕ(γ^{n+1}(s)) − ϕ(A)]s

= O(s^2).

INTRINSIC REGULAR HYPERSURFACES IN HEISENBERG GROUPS 25

Then by (3.14) we get ρ_ϕ(γ^{n+1}(s), A) ≤ (1 + √ C)|s| and so | ψ(γ^{n+1}(s)) − ψ(γ^{n+1}(0)) − [W^ϕψ(A)]_{n+1}s | |s| ≤ ≤ (1 + √ C) | ψ(γ^{n+1}(s)) − ψ(A) − L_W ϕ_{ψ(A)}(A^{−1} ⋆ γ^{n+1}(s)) | ρ_ϕ(γ^{n+1}(s), A) . By letting s → 0 and using the W^ϕ-differentiability of ψ at A we get the thesis (3.12). □ The following result shows that the class of ϕ, ψ such that ψ is W^ϕ-differentiable (in fact, uniformly W^ϕ-differentiable) is not empty, and gives an explicit formula for W^ϕψ. Theorem 3.8. Let ϕ, ψ ∈ C^1(ω); then ψ is uniformly W^ϕ-differentiable at A for all A ∈ ω and

W^ϕψ(A) = ( ~X_2ψ, . . . , ~X_nψ, ∂ψ ∂η − 4ϕ ∂ψ ∂τ , ~Y_2ψ, . . . , ~Y_nψ ) (A) for all A ∈ ω. In particular, W^ϕψ : ω → R^{2n−1} is continuous. Proof. Let us fix A = (η, v, τ) ∈ ω (A = (η, τ ) if n = 1) and set

w(A) := ( ~X_2ψ, . . . , ~X_nψ, ∂ψ ∂η − 4ϕ ∂ψ ∂τ , ~Y_2ψ, . . . , ~Y_nψ ) (A) ∈ R^{2n−1} if n ≥ 2, while for n = 1 we set

w(A) := ∂ψ ∂η (A) − 4ϕ(A) ∂ψ ∂τ (A). Following Definition 1.1, and (1.19) in particular, we have to prove that (3.16) lim_{r→0} M_ϕ(ψ, A, w(A), r) = 0.

Therefore let B, B^′ ∈ ω be sufficiently close to A (in a way we are going to specify), and for n ≥ 2 let X, W be the C^1 vector fields given by

X := 2n∑ j=2,j≠n+1 (v^′_j − v_j ) ~X_j, W := ∂ ∂η − 4ϕ ∂ ∂τ . Define

B^∗ := exp(X)(B)

= B ⋆ (0, (v^′_2 − v_2, . . . , v^′_n − v_n, v^′_{n+2} − v_{n+2}, . . . , v^′_{2n} − v_{2n}), 0) = (η, v^′, τ − σ(v^′, v)) B^{′′} := exp((η^′ − η)W )(B^∗) = (η^′, v^′, τ^{′′}) (for a certain τ^{′′});

26 LUIGI AMBROSIO, FRANCESCO SERRA CASSANO, AND DAVIDE VITTONE

observe that B^∗ and B^{′′} are well defined if B, B^′ ∈ I_{δ0} (A) for a sufficiently small δ_0. For n = 1, X is not defined and we set B^∗ = B and B^{′′} := exp((η^′ − η)W )(B) = (η^′, τ^{′′}).

As ψ is of class C^1 we have

(3.17) ψ(B^′) − ψ(B) = [ψ(B^′) − ψ(B^{′′})] + [ψ(B^{′′}) − ψ(B^∗)] + [ψ(B^∗) − ψ(B)]

= [ψ(B^′) − ψ(B^{′′})] + ∫_η′_{−η} 0 (W ψ) ( exp(sW )(B^∗) ) ds+ + ∫_1 0 2n∑ j=2 j≠n+1 (v^′_j − v_j ) ~X_jψ(exp(sX)(B))

= [ψ(B^′) − ψ(B^{′′})] + 2n∑ j=2,j≠n+1 (v^′_j − v_j) ~X_j ϕ(A)+ +(η^′ − η)W ψ(A) + o(|(η^′ − η, v^′ − v)|) = [ψ(B^′) − ψ(B^{′′})] + ⟨w(A), (η^′ − η, v^′ − v)⟩ + o(ρ_ϕ(B^′, B)).

For n = 1 the same calculation leads to

ψ(B^′) − ψ(B) = [ψ(B^′) − ψ(B^{′′})] + w(A)(η^′ − η) + o(ρ_ϕ(B^′, B)).

Therefore it is sufficient to prove that ψ(B^′) − ψ(B^{′′}) = o(ρ_ϕ(B^′, B)). We have

(3.18) |ψ(B^′) − ψ(B^{′′})| ρ_ϕ(B^′, B) ≤ ω_ψ(δ_0) · |τ^′ − τ^{′′}|^{1/2} ρ_ϕ(B^′, B)

where

(3.19) ω_ψ(δ) := sup { |ψ(A^′) − ψ(A^{′′})| |A^′ − A^{′′}|^{1/2} : A^′ ≠ A^{′′} ∈ I_δ(A) } ,

and where we know that ω_ψ(δ) → 0 as δ ↓ 0 because of the fact that ψ is C^1. So we have to prove that |τ^′ − τ^{′′}|^{1/2}/ρ_ϕ(B^′, B) is bounded in a proper neighbourhood of

INTRINSIC REGULAR HYPERSURFACES IN HEISENBERG GROUPS 27

A. Let’s observe that

(3.20)

|τ^′ − τ^{′′}| = | | |τ^′ − τ + σ(v^′, v) + 4 ∫_η′_{−η} 0 ϕ(exp(sW )(B^∗)) ds | | | ≤ |τ^′ − τ + 2(ϕ(B^′) + ϕ(B))(η^′ − η) + σ(v^′, v)|+ +2 | | |2 ∫_η′_{−η} 0 ϕ(exp(sW )(B^∗)) ds − (ϕ(B^′) + ϕ(B))(η^′ − η) | | | ≤ ρ_ϕ(B^′, B)^2 + 2|ϕ(B^′) − ϕ(B^{′′})||η^′ − η| + 2|ϕ(B) − ϕ(B^∗)||η^′ − η|+ +2 | |2 ∫_η′_{−η} 0 ϕ(exp(sW )(B^∗) ds − [ϕ(B^{′′}) + ϕ(B^∗)](η^′ − η) | | =: ρ_ϕ(B^′, B)^2 + R_1(B^′, B) + R_2(B^′, B) + R_3(B^′, B).

For the case n = 1 we arrive to (3.20) with the same line (it is sufficient to follow the same steps “erasing” the term σ(v^′, v)).

Now we want to prove that there exist C_1, C_2 > 0 such that R_3(B^′, B) ≤ C_1|η^′ − η|^2

(3.21) R_2(B^′, B) ≤ C_2ρ_ϕ(B^′, B)^2

(3.22) for all B^′, B ∈ I_{δ0} (A), and that for all ϵ > 0 there is a δ_ϵ ∈]0, δ_0] such that, for δ ∈]0, δ_ϵ[, (3.23) R_1(B^′, B) ≤ |η^′ − η|^2 + ϵ|τ^′ − τ^{′′}| for all B^′, B ∈ I_δ(A). These estimates are sufficient to conclude: in fact, choosing ϵ := 1/2 and using (3.20), (3.21), (3.23) and (3.22), we get

|τ^′ − τ^{′′}| ≤ ρ_ϕ(B^′, B)^2 + C_1|η^′ − η|^2 + |η^′ − η|^2 + |τ^′ − τ^{′′}|/2 + C_2ρ_ϕ(B^′, B)^2 whence |τ^′ − τ^{′′}|^{1/2} ≤ C_3ρ_ϕ(B, B^′) which is the thesis.

For s ∈ [−δ_0, δ_0] we can define

(3.24) g(s) := 2 ∫_s 0 ϕ(exp(rW )(B^∗)) dr − [ ϕ ( exp(sW )(B^∗) ) + ϕ(B^∗) ] s; as in (3.15) one can prove that there is a C_1 > 0 such that (3.25) |g(s)| ≤ C_1s^2 for all s ∈ [−δ_0, δ_0], so that (3.21) follows with s = η^′ − η.

Define ω_ϕ as in (3.19) (with ϕ instead of ψ), then R_1(B, B^′) ≤ 2ω_ϕ(δ)|τ^′ − τ^{′′}|^{1/2}|η^′ − η| ≤ |η^′ − η|^2 + ω_ϕ(δ)^2|τ^′ − τ^{′′}|.

28 LUIGI AMBROSIO, FRANCESCO SERRA CASSANO, AND DAVIDE VITTONE

Since ϕ is C^1, ω_ϕ(δ) → 0 for δ ↓ 0, and so for all ϵ > 0 there is a δ_ϵ > 0 such that for all δ ∈]0, δ_ϵ] we have ω_ϕ(δ)^2 ≤ ϵ, whence (3.23) follows.

Finally, observe that (3.22) follows from R_2(B, B^′) = 0 if n = 1, and from R_2(B, B^′) = |η^′ − η||ϕ(B) − ϕ(B^∗)| = |η^′ − η| | | | | 2n∑ j=2, j≠n+1 (v^′_j − v_j )(w_j + o(1)) | | | | ≤ 2C_2|η^′ − η||v^′ − v| ≤ C_2|(η^′ − η, v^′ − v)|^2 ≤ C_2ρ_ϕ(B^′, B)^2 if n ≥ 2. □

4. H -regular graphs and W^ϕ-differentiability.

In this section we are going to characterize the H -regular graphs in terms of the uniform W^ϕ-differentiability of their parametrizations. The main theorem of the section is the following

Theorem 4.1. Let ϕ : ω → R be a continuous function and let Φ : ω → H^n be the function defined by Φ(A) := ι(A) · ϕ(A)e_1.

Let S := Φ(ω). Then the following conditions are equivalent:

(i) S is an H -regular surface and ν^{(1)}_S (P ) < 0 for all P ∈ S, where ν_S (P ) = (ν^{(1)}_S (P ), . . . , ν^{(2n)}_S (P )) denotes the horizontal normal to S at a point P ∈ S;

(ii) ϕ is uniformly W^ϕ-differentiable at any A ∈ ω. Moreover, for all P ∈ S we have

(4.1) ν_S (P ) = ( − 1 √ 1 + |W^ϕϕ|^2 , W^ϕϕ √ 1 + |W^ϕϕ|^2 ) (Φ^{−1}(P )) ∈ R × R^{2n−1} . and (4.2) S^{Q−1}_∞ (S) = c(n) ∫ ω √ 1 + |W^ϕϕ(A)|^2 dL^{2n}(A).

Proof. We will give the proof only for n ≥ 2, since the generalization to n = 1 is immediate.

Let us begin with the proof of the implication (i)⇒(ii). Let P = Φ(A) ∈ S, where A = (η, v, τ) ∈ ω; then there exist an r_0 > 0 and a function f ∈ C^1_H (U(P, r_0)) such that S ∩ U(P, r_0) = {Q ∈ U(P, r_0) : f(Q) = 0} ∇_H f(Q) = (X_1f(Q), . . . , X_nf(Q), Y_1f(Q), . . . , Y_nf(Q)) ≠ 0 for all Q ∈ U(P, r_0). As ν_S (Q) = −∇_H f(Q)/|∇_H f(Q)|, by hypothesis we have that

(4.3) X_1f(P ) > 0 for all P ∈ S ∩ U(P^0, r_0).

INTRINSIC REGULAR HYPERSURFACES IN HEISENBERG GROUPS 29

Moreover without loss of generality we can suppose that (4.4) A = (η, v, τ) = (0, 0, 0) and P = Φ(0, 0, 0) = 0. Indeed, if this is not the case, let us consider S^′ := τ_P −1 (S) = Φ^′(ω^′), where we use the same notations of Remark 3.5. We have that S^′ ∩ U(0, r_0) is an H -regular surface because it is the zero set of the function f^′ : H^n ∋ Q → f(P · Q) ∈ R, and by left invariance X_1f^′(Q) = X_1f(P · Q) > 0 for all Q ∈ U(0, r_0). Finally (again by Remark 3.5), ϕ^′ (which is equal to ϕ ∘ σ_P up to an additive constant) is uniformly W^{ϕ′} -differentiable if and only if ϕ is uniformly W^ϕ-differentiable.

By the unicity of the parametrization provided by the Implicit Function Theorem we can assume that there is a δ > 0 such that I_δ = I_δ(0, 0, 0) ⋐ ω and (4.5) f(Φ(B)) = 0 for all B ∈ I_δ.

With the assumptions in (4.4), by the continuity of Φ for each r ∈]0, r_0/4[ there is a 0 < δ_r < r such that (4.6) Φ(I_{δr} (0, 0, 0)) ⊂ U(0, r).

Let us recall the following Lemma 4.2. Let f ∈ C^1_H (U(P, r)). Then there exists a C = C(P, r_0) such that, for each Q ∈ U(P, r_0/2), r ∈]0, r_0/4[ and Q^′ ∈ U(Q, r) we have |f(Q^′) − f(Q) − ⟨∇_H f(Q), π(Q^{−1}Q^′)⟩_Q| ≤ ≤ C d_∞(Q, Q^′) ‖∇_H f(·) − ∇_H f(Q)‖_L∞_{( U(Q,2d∞(Q,Q}′_{)) )}. The proof of this fact can be found in [47], Theorem 2.3.3.

Therefore, for each B = (η, v, τ), B^′ = (η^′, v^′, τ^′) ∈ I_{δr} (0), with δ_r sufficiently small, we get, by applying Lemma 4.2 to our f with P = 0, Q = Φ(B), Q^′ = Φ(B^′), that

(4.7)

|⟨∇_H f(Φ(B)), π(Φ(B)^{−1}Φ(B^′))⟩| = |f(Φ(B^′)) − f(Φ(B)) + ⟨ ∇_H f(Φ(B)), π(Φ(B)^{−1}Φ(B^′)) ⟩| ≤ C_1 R(δ_r) d_∞(Φ(B^′), Φ(B)) ≤ C_2 R(δ_r) [ ‖π_{L1} (Φ(B)^{−1}Φ(B^′))‖_∞ + ‖π_{O1} (Φ(B)^{−1}Φ(B^′))‖_∞+ + ‖π_Z (Φ(B)^{−1}Φ(B^′))‖_∞ ] ≤ C_2 R(δ_r) [ |ϕ(B^′) − ϕ(B)| + ρ_ϕ(B, B^′) ] where C_1 is given by Lemma 4.2 and

R(δ) := sup { ‖∇_H f(·) − ∇_H f(P^′)‖_L∞_{(U(P} ′_{,2d∞(P} ′_{,P} ′′_{)))} : P^′, P^{′′} ∈ Φ(I_δ(0, 0)). } By the uniform continuity of ∇_H f : U(0, r_0/2) → HH^n we have (4.8) lim_{r↓0} R(δ_r) = 0.

30 LUIGI AMBROSIO, FRANCESCO SERRA CASSANO, AND DAVIDE VITTONE

Setting ^∇_H f := (X_2f, . . . , X_nf, Y_1f, . . . , Y_nf), (4.7) and (4.3) imply

(4.9)

| | |ϕ(B^′) − ϕ(B) + ⟨ ^∇_H (Φ(B)), (η^′ − η, v^′ − v)⟩ X_1f(Φ(B)) | | | = |⟨∇_H f(Φ(B)), π(Φ(B)^{−1}Φ(B^′))⟩| X_1f(Φ(B)) ≤ [ inf_{B(0,r0)} X_1f ]_{−1} C_2R(δ_r)[|ϕ(B^′) − ϕ(B)| + ρ_ϕ(B, B^′)]

for any B, B^′ ∈ I_{δr} . By (4.8) we can suppose C_2 inf_{B(0,r0 )} X_1f R(δ_r) ≤ 1 2 for a certain r ∈]0, r_0/4[, and so |ϕ(B^′) − ϕ(B)| ≤ | | | | ϕ(B^′) − ϕ(B) + ⟨ ^∇_H (Φ(B)), (η^′ − η, v^′ − v)⟩ X_1f(Φ(B)) | | | | +

+ | | | | ⟨ ^∇_H (Φ(B)), (η^′ − η, v^′ − v)⟩ X_1f(Φ(B)) | | | | ≤ [|ϕ(B^′) − ϕ(B)| + ρ_ϕ(B, B^′)]/2 + C_3|(η^′ − η, v^′ − v)| for each B, B^′ ∈ I_{δr} . Therefore there exists a constant C_4 > 0 such that (4.10) |ϕ(B^′) − ϕ(B)| ≤ C_4ρ_ϕ(B, B^′).

Putting together (4.9) and (4.10) we get that there is a C_5 > 0 for which

(4.11) | | | | ϕ(B^′) − ϕ(B) + ⟨ ^∇_H (Φ(B)), (η^′ − η, v^′ − v)⟩ X_1f(Φ(B)) | | | | ≤ C_5R(δ_r)ρ_ϕ(B, B^′)

and so | | | | ϕ(B^′) − ϕ(B) + ⟨ ^ ∇_H f(0) X_1f(0) , (η^′ − η, v^′ − v) ⟩| | | | ρ_ϕ(B, B^′) ≤ ≤ C_5R(δ_r) + sup_{Iδ}

r (0) | | | | ^∇_H f(Φ(·)) X_1f(Φ(·)) − ^∇_H f(0) X_1f(0) | | | | for each B, B^′ ∈ I_{δr} (0) with r ≤ r. Thanks to (4.8) and the fact that f is of class C^1_H we get that lim_{r↓0} L_ϕ ( ϕ, 0,^{^∇Hf(0)} X_1f(0) , δr ) = 0, i.e. ϕ is uniformly W^ϕ-differentiable at 0 and

(4.12) W^ϕϕ(0) = − ^∇_H f X_1f

(0).

INTRINSIC REGULAR HYPERSURFACES IN HEISENBERG GROUPS 31

More generally, we can say that

W^ϕϕ(Φ^{−1}(P )) = − ^∇_H f X_1f

(P )

from which (4.1) follows because

ν_S (P ) = − ∇_H f(P ) |∇_H f(P )| = ( −X_1f(P ), X_1f(P )W^ϕϕ(Φ^{−1}(P )) ) √ X_1(fP )^2[1 + |W^ϕϕ(Φ^{−1}(P ))|^2] = ( − 1 √ 1 + |W^ϕϕ|^2 , W^ϕϕ √ 1 + |W^ϕϕ|^2 ) (Φ^{−1}(P )).

So the implication (i)⇒(ii) is completely proved.

Now we have to prove the converse, i.e. (ii)⇒(i). Let A = (η, v, τ) ∈ ω and P = Φ(A) ∈ S. We have to find an r_0 > 0 and a f ∈ C^1_H (U(P, r_0)) such that S ∩ U(P, r_0) = {Q ∈ U(0, r_0) : f(Q) = 0}

(4.13) X_1f(Q) > 0 for all Q ∈ U(P, r_0).

(4.14) Let δ_1 be such that I_{δ1} (A) ⋐ ω; as Φ : ω → S is an homeomorphism we can suppose that S ∩ U = Φ ( I_{δ1} (A) ) for a certain open neighbourhood U ⋐ H^n of P . Let C := S ∩ U and g : C → R defined by g(z, t) := 0. Define k : C −→ HH^n ≡ R^{2n} (z, t) −→ (1, −W^ϕϕ(Φ^{−1}(z, t))) We start by proving, thanks to Whitney’s extention Theorem 2.18, that there is an f ∈ C^1_H (H^n , R) such that f ≡ g ≡ 0 on C

(4.15) ∇_H f(z, t) = (z, t) = (1, −W^ϕϕ(Φ^{−1}(z, t))) for all (z, t) ∈ C.

(4.16)

Consider a compact subset K of C; for Q, Q^′ ∈ K and δ > 0 let R(Q, Q^′) := g(Q^′) − g(Q) − ⟨ k(Q), π_Q(Q^{−1}Q^′) ⟩_Q d_∞(Q, Q^′) = − ⟨ k(Q), π_Q(Q^{−1}Q^′) ⟩_Q d_∞(Q, Q^′) ρ_K (δ) := sup {|R(Q, Q^′)| : Q, Q^′ ∈ K, 0 < d_∞(Q, Q^′) < δ} . In order to apply Whitney’s Theorem (which will provide the desired f) we have only to prove that (4.17) lim_{δ↓0} ρ_K (δ) = 0.

32 LUIGI AMBROSIO, FRANCESCO SERRA CASSANO, AND DAVIDE VITTONE

Let us suppose that the converse is true, id est there is an ϵ_0 > 0 such that for all h ∈ N there are Q^h, Q^{h′} ∈ K, Q^h = Φ(B^h), Q^{h′} = Φ(B^{h′}), B^h = (η^h, v^h, τ^h), B^{h′} = (η^{h′}, v^{h′}, τ^{h′}) for which 0 < d_∞(Q^h, Q^{h′}) < 1/h (4.18) ϵ_0 < |R(Q^h, Q^{h′})| ≤ |ϕ^{h′} − ϕ^h − ⟨ W^ϕϕ(B^h), (η^{h′} − η^h, v^{h′} − v^h) ⟩| ρ_ϕ(B^h, B^{h′}) (4.19)

where as usual we indicated with ϕ^{h′}, ϕ^h the quantities ϕ(B^{h′}) and ϕ(B^h) respectively. In (4.19) we used the fact that d_∞(Φ(B), Φ(B^′)) ≥ ρ_ϕ(B, B^′); this estimate, together with (4.18), implies that ρ_ϕ(B^h, B^{h′})) ≤ 1/h and so |(η^{h′} − η^h, v^{h′} − v^h)| ≤ 1/h (4.20) |τ^{h′} − τ^h + 2(ϕ^{h′} + ϕ^h)(η^{h′} − η^h) + σ(v^{h′}, v^h)| ≤ 1/h^2.

(4.21) If we set M := sup_K |ϕ| and α := sup_K |(η, v)| we get

(4.22) |τ^{h′} − τ^h| ≤ 1/h^2 + 2|ϕ^{h′} + ϕ^h||η^{h′} − η^h| + 2|σ(v^{′h}, v^h)| (∗) ≤ 1/h^2 + 4M|η^{h′} − η^h| + 2α|v^{h′} − v^h| (∗∗) ≤ C/h where C := 1 + 4M + 2α > 0 depends only on K. In (∗) we used that σ(v^{h′}, v^h) = 2 ∑_n j=2[v^{h′}_{n+j} (v^h_j − v^{h′}_j ) − v^{h′}_j (v^h_{n+j} − v^{h′}_{n+j})], while (4.20) justifies (∗∗). But since K is compact there is a B = (η^′, v^′, τ^′) ∈ I_{δ1} (A) ⊃ K such that lim_{h→∞} B^h = lim_{h→∞} B^{h′} = B.

In particular B^h, B^{h′} ∈ I_{C/h}(B), and by (4.19) and the continuity of the W^ϕdifferential we get that for any h 0 < ϵ_0 ≤ M_ϕ(ϕ, B, W^ϕϕ(B), C/h) which contradicts the fact that ϕ is uniformly W^ϕ-differentiable at B ∈ I_{δ1} (A). This is sufficient to apply Whitney’ Extention Theorem, and so we get the existence of an f ∈ C^1_H (H^n , R) for which (4.15) and (4.16) hold.

The proof of the implication (ii)⇒(i) will be complete if we prove the validity of (4.13) and (4.14) for a certain r_0. Let S^′ := {Q ∈ H^n : f(Q) = 0, ∇_H f(Q) ≠ 0}; as we have already shown, we can suppose that P = 0 and A = 0. As 0 ∈ S ∩ U ⊂ S^′ we have f(0) = 0 and ∇_H f(0) = (1, −W^ϕϕ(0)) and by the Implicit Function Theorem there are an open neighbourhood U^′ of 0 and a continuous function ϕ^′ : I_δ′ (0) such that

Φ^′ : I_δ′ (0) → S^′ ∩ U^′ B −→ ι(B) · ϕ^′(B)e_1

INTRINSIC REGULAR HYPERSURFACES IN HEISENBERG GROUPS 33

is an homeomorphism. Therefore Φ^{′−1}(S^′ ∩ U^′) is an open subset of I_δ′ (0) which contains 0, and so there exists a δ^{′′} ∈]0, δ^′[ for which I_δ′′ (0) ⊂ Φ^{′−1}(S^′ ∩ U^′); by the uniqueness of the parametrization we get that Φ^′ ≡ Φ on I_δ′′ (0).

Now, let U^{′′} and U^{′′′} be open neighbourhoods of 0 in H^n such that

(4.23) S ∩ U^{′′} = Φ(I_δ′′ (0)) = Φ^′(I_δ′′ (0)) = S^′ ∩ U^{′′′}

and let r_0 > 0 be such that U(0, r_0) ⊂ U^{′′} ∩U^{′′′}. Then by (4.23) we get U(0, r_0)∩S = U(0, r_0) ∩ S^′, from which (4.13) and (4.14) follow.

Finally, the area type formula (4.2) follows from Corollary 2.23 after finding a global f (that is given only locally), which can be done by a standard argument involving a partition of the unity. This completes the proof of the Theorem. □

Corollary 4.3. With the same notations of Theorem 4.1, suppose that S := Φ(ω) is H -regular; then ϕ : (ω, ρ_ϕ) → R is locally Lipschitz continuous.

Proof. The thesis follows from Theorem 4.1 and Remark 3.3. □

Now we want to establish some Hölder continuity properties for uniformly W^ϕdifferentiable functions on ω and therefore for parametrizations of H -regular graphs; in particular we want to improve the Hölder continuity obtained in (3.4). More precisely we have the following

Proposition 4.4. Let ϕ : ω → R be uniformly W^ϕ-differentiable at A ∈ ω. Then there is an r_0 > 0 such that I_{r0} (A) ⋐ ω and

lim_{r↓0} sup { |ϕ(B^′) − ϕ(B)| |B^′ − B|^{1/2} : B, B^′ ∈ I_{r0} (A), 0 < |B − B^′| < r } = 0.

Proof. Again we treat only the case n ≥ 2.

If B = (η, v, τ) and B^′ = (η^′, v^′, τ^′) let us set

R(δ) := sup { |ϕ(B^′) − ϕ(B) − ⟨ W^ϕϕ(A), (η^′ − η, v^′ − v) ⟩ ρ_ϕ(B^′, B) : B^′ ≠ B ∈ I_δ(A) } ; by the uniform W^ϕ-differentiability of ϕ at A we now that lim_{δ↓0} R(δ) = 0. In particular there is an r_0 > 0 such that ϕ is Lipschitz continuous between the (quasi) metric spaces (I_{r0} (A), ρ_ϕ) and R (equipped with the standard euclidean distance), i.e. (3.3) holds. Then by (3.4) (see the passages that lead to (3.5)) there is a C_1 > 0 such that

(4.24) ρ_ϕ(B^′, B) ≤ C_1|B^′ − B|^{1/2} for all B^′, B ∈ I_{r0} (A).

34 LUIGI AMBROSIO, FRANCESCO SERRA CASSANO, AND DAVIDE VITTONE

But if B^′ ≠ B ∈ I_r(A), 0 < r < r_0, we have |ϕ(B^′) − ϕ(B)| |B^′ − B|^{1/2} ≤ |ϕ(B^′) − ϕ(B) − ⟨W^ϕϕ(A), (η^′ − η, v^′ − v)⟩| ρ_ϕ(B^′, B) · ρ_ϕ(B^′, B) |B^′ − B|^{1/2} + +|W^ϕϕ(A)| |(η^′ − η, v^′ − v)| |B^′ − B|^{1/2} ≤ C_1R(r) + C_2|W^ϕϕ(A)|r^{1/2} −→ 0 for r ↓ 0.

This completes the proof. □ From Proposition 4.4 and a standard compactness argument we get the following Corollary 4.5. Let ϕ : ω → R be a continuous function, and let Φ : ω → H^n be defined as usual: Φ(A) = ι(A) · ϕ(A)e_1. Let S := Φ(ω), and suppose that S is an H -regular surface with ν^{(1)}_S (P ) < 0 for all P ∈ S; then for each ω^′ ⋐ I we have

lim_{r↓0} sup { |ϕ(A) − ϕ(B)| |A − B|^{1/2} : A, B ∈ ω^′, 0 < |A − B| < r } = 0.

Finally, we stess an interesting approximation property for the parametrizations of H -regular graphs:

Proposition 4.6. Let ϕ : ω → R be a continuous function which is uniformly W^ϕdifferentiable at any A ∈ ω; then for any A ∈ ω there is a δ = δ(A) > 0, with I_δ(A) ⋐ ω, and a family {ϕ_ϵ}_{ϵ>0} ⊂ C^1(I_δ(A), R) such that ϕ_ϵ → ϕ and W^{ϕϵ} ϕ_ϵ → W^ϕϕ uniformly on I_δ(A).

Proof. Arguing as in the proof of Theorem 4.1 we can suppose that A = 0, Φ(0) = 0 and S ∩ U(0, r) = {P ∈ U(0, r) : f(P ) = 0} for proper r > 0 and f ∈ C^1_H U(0, r) such that f ∘ Φ ≡ 0 on I_δ(A), with δ sufficiently small. Moreover, arguing as in the proof of the Implicit Function Theorem 2.16 (see [27]), we can suppose that, for a certain 0 < r^′ < r (and considering possibly a smaller δ), there are two families {f_ϵ}_{ϵ>0} ⊂ C^1(U(0, r^′)) and {ϕ_ϵ}_{ϵ>0} ⊂ C^1(I_δ(A)) such that

f_ϵ → f and ∇_H f_ϵ → ∇_H f uniformly on U(0, r^′)

ϕ_ϵ → ϕ and − ^∇_H f_ϵ X_1f_ϵ ∘ Φ_ϵ → − ^∇_H f X_1f

∘ Φ = W^ϕϕ uniformly on I_δ(A)

where Φ_ϵ(A) := ι(A) · ϕ_ϵ(A)e_1 is such that f_ϵ ∘ Φ_ϵ = 0; indeed the set S_ϵ := {P ∈ U(0, r^′) : f_ϵ(P ) = 0} ⊃ Φ_ϵ(I_δ(A)) is an (Euclidean) C^1-surface, and then its parametrization ϕ_ϵ is uniformly W_{ϕϵ} -differentiable and W_{ϕϵ} ϕ_ϵ = − ^∇_H f_ϵ X_1f_ϵ ∘ Φ_ϵ

INTRINSIC REGULAR HYPERSURFACES IN HEISENBERG GROUPS 35

from which the thesis follows. □

5. Characterization of the uniform W^ϕ-differentiability and some applications.

The main result we are going to prove in this section is the following Theorem 5.1. Let ϕ : ω → R be a continuous function. Then the following conditions are equivalent:

(i) ϕ is uniformly W^ϕ-differentiable at A for each A ∈ ω; (ii) there exist a w ∈ C^0(ω, R^{2n−1} ) such that, in distributional sense, w = ( ~X_2ϕ, . . . , ~X_nϕ, Bϕ, ~Y_2ϕ, . . . , ~Y_nϕ) if n ≥ 2 w = Bϕ if n = 1 and there is a family {ϕ_ϵ}_{ϵ>0} ⊂ C^1(ω) such that, for any open ω^′ ⋐ ω, we have (5.1) ϕ_ϵ → ϕ and W^{ϕϵ} ϕ_ϵ → w uniformly on ω^′. Moreover, w = W^ϕϕ on ω and

(5.2) lim_{r→0+} sup { |ϕ(A) − ϕ(B)| |A − B|^{1/2} : A, B ∈ ω^′, 0 < |A − B| < r } = 0.

for each ω^′ ⋐ ω.

Remark 5.2. Let n = 1 and w ≡ 0 then the functions ϕ : ω → R satisfying condition (ii) of Theorem 5.1 are entropy solutions of Burgers’ scalar conservation law in classical sense. Indeed by performing the change of variables R^2 = R_x ×R_t → R^2 = R_η × R_τ , (x, t) → (t, −4x), Burgers’ operator B can be represented in classical way with respect to the variables (x, t) as

Bu = ∂u ∂t + 1 2 ∂u^2 ∂x if u = u(x, t) ∈ C^1(ω^∗) and ω^∗ ⊂ R^2 is a fixed open set (see [21], chapter III, section 3). In this case condition (ii) of Theorem 5.1 reads as the existence of a function u : ω^∗ → R and of a family {u_ε}_ε ⊂ C^1(ω^∗) such that (5.3) u_ϵ → u and Bu_ϵ → 0 uniformly on ω^′ for any open ω^′ ⋐ ω^∗. Let us assume now ω^∗ = (a, b)×(−δ, δ) and let g(x) := u(x, 0) if x ∈ (a, b). Then we claim u is an entropy solution of the initial-value problem { ∂u ∂t + 1 2 ∂u^2 ∂x = 0 in (a, b) × (0, δ) u = g on (a, b) × {t = 0},

36 LUIGI AMBROSIO, FRANCESCO SERRA CASSANO, AND DAVIDE VITTONE

More precisely, by definition (see [21], chapter XI, section 11.4.3), we have to prove that (5.4) u ∈ C^0([0, δ), L^1_{loc}(a, b)) ∩ L^∞_{loc}(ω^∗) ;

(5.5) u(·, t) → g in L^1_{loc}(a, b) as t → 0^+ ;

(5.6) ∫ ω^∗ [ e(u) ∂v ∂t + d(u) ∂v ∂x ] dxdt ≥ 0 for each v ∈ C^1_c (ω^∗), v ≥ 0 and for each entropy/entropy flux pair (e, d), i.e. two smooth functions e, d : R → R such that e is convex and e^′(u)u = d^′(u) ∀u ∈ R. Then (5.4) and (5.5) follow at once because u ∈ C^0(ω^∗). As u_ε ∈ C^1(ω^∗)

(5.7) ∂(e(u_ϵ)) ∂t + ∂(d(u_ϵ)) ∂x = w_ϵ e^′(u_ϵ) in ω^∗

in pointwise sense with w_ϵ = Bu_ϵ and, by (5.3), w_ϵ → 0 uniformly in ω^′ for any open ω^′ ⋐ ω^∗. Therefore multiplying both sides of (5.7) for a given v ∈ C^1_c (ω^∗), integrating by parts and taking the limit as ϵ → 0^+ we get (5.6) too (actually with an equality, so with no entropy production).

Remark 5.3. Let n ≥ 2 and let assume that ϕ : ω → R satisfies condition (ii) of Theorem 5.1 with w ≡ 0 in an open connected set ω ⊂ R^{2n} , then ϕ is constant in ω. Indeed for a fixed A_0 ∈ ω let B = B(A_0, r_0) ⊂ ω an Euclidean ball centered at A_0 with radius r_0 > 0,and, for a fixed η ∈ R, let B_η := {(v, τ) ∈ R^{2n−2}_v × R_τ : (η, v, τ) ∈ B}, ϕ_η(v, τ) := ϕ(η, v, τ) if (v, τ) ∈ B_η. Since ϕ is continuous in ω, B_η is an open connected set in R^{2n−2}_v × R_τ ≡ H^{n−1} and ~X_jϕ_η = ~Y_jϕ_η = 0 in B_η (j = 2, . . . , n) , in distributional sense we get (5.8) ϕ(η, v, τ) = ϕ(η) ∀(η, v, τ) ∈ B . In fact a Poincaré inequality holds in (H^{n−1} , d_C ) with respect to the horizontal gradient ∇_H := ( ~X_2, . . . , ~X_n, ~Y_2, . . . , ~Y_n) (see, for instance,[34] , Proposition 11.17) and then there exists a constant c > 0 such ∫ U_C (P,r) |ϕ_η − ϕ_{η,UC} | dL^{2n−1} ≤ c r ∫ U_C (P,r) |∇_H ϕ_η| dL^{2n−1} for every P ∈ H^{n−1} , r > 0 such that U_C (P, r) := {Q ∈ H^{n−1} : d_C (P, Q) < r} ⊂ B_η and ϕ_{η,UC} := 1 L^{2n−1}(U_C (P, r)) ∫ U_C (P,r) ϕ_η dL^{2n−1} . On the other hand by (5.8) we infer

Bϕ = ∂ϕ ∂η = 0 in B

INTRINSIC REGULAR HYPERSURFACES IN HEISENBERG GROUPS 37

in distributional sense. Thus ϕ is constant in B = B(A_0, r_0) for all A_0 ∈ ω for suitable r_0 > 0. As ϕ is continuous in ω and ω is connected we can conclude that ϕ actually is constant in the whole ω.

In order to prove Theorem 5.1 we will need some further notation and preliminary results.

Let ϕ : ω → R be a continuous function, and suppose that for all A ∈ ω there are 0 < δ_2 < δ_1 such that, for each j ∈ {2, . . . , 2n} there exists a map γ_j : [−δ_2, δ_2] × I_{δ2} (A) → I_{δ1} (A) ⋐ ω (s, B) −→ γ^B_j (s) such that γ^B_j ∈ C^1([−δ_2, δ_2], R^{2n} ) for each B ∈ I_{δ2} (A) and, with the usual identification between vector fields and differential operators,

(E.1) γ̇^B_j = W^ϕ_j ∘ γ^B_j =

~X_j ∘ γB_j if j ≠ n + 1 ∂ ∂v_η − 4(ϕ ∘ γ^B_{n+1}) ∂ ∂τ if j = n + 1 γ^B_j (0) = B;

(E.2) there is a suitable continuous function w_j : ω → R (depending only on ϕ) such that, for each s ∈ [−δ_2, δ_2], ϕ(γ^B_j (s)) − ϕ(γ^B_j (0)) = ∫_s 0 w_j (γ^B_j (r)) dr We will call the {γ_j} a family of exponential maps of W^ϕ at A; we will write exp_A(sW^ϕ_j )(B) := γ^B_j (s).

Remark 5.4. Notice that if the exponential maps of W^ϕ at A exist, then the map [−δ_2, δ_2] ∋ s −→ ϕ(exp_A(sW^ϕ_j )(B)) is of class C^1 for each j ∈ {2, . . . , 2n} and each B ∈ I_{δ2} (A).

Remark 5.5. Observe that, because of the left invariance of the fields ~X_j, for j ≠ n one must have (5.9) exp_A(sW^ϕ_j )(B) = B ⋆ ι^{−1}(exp sX_j) = B ⋆ ι^{−1}(s e_j). Moreover, if there are the exponential maps of W^ϕ at A (in particular there are w_j as in (E.2)), then for any λ = (λ_2, . . . , λ_n, λ_{n+2}, . . . , λ_{2n}) ∈ R^{2n−2} there exists also an exponential map for the field ∑ λ_jW^ϕ_j , i.e. there are two continuous maps γ_λ : [−δ_2, δ_2] × I_{δ2} (A) → I_{δ1} (A) ⋐ ω (with, possibly, a δ_2 > 0 smaller than the one in (E.1), depending on λ) and w_λ : ω → R such that γ̇_λ(s, B) = ∑ λ_jW^ϕ_j (γ_λ(s, B)) γ_λ(0, B) = B ϕ(γ_λ(s, B)) − ϕ(γ_λ(0, B)) = ∫_s 0 w_λ(γ(r, B)) dr

38 LUIGI AMBROSIO, FRANCESCO SERRA CASSANO, AND DAVIDE VITTONE

In fact, it is sufficient to take γ_λ(s, B) := B ⋆ (0, sλ, 0) and w_λ := ∑ λ_j w_j. The following Lemma provides sufficient conditions to guarantee the existence of exponential maps of W^ϕ.

Lemma 5.6. Let ϕ : ω → R be continuous, and suppose that

(i) there exists w ∈ C^0(ω) such that, in distributional sense, w = (w_2, . . . , w_{2n}) = ( ~X_2ϕ, . . . , ~X_nϕ, Bϕ, ~X_{n+2}ϕ, . . . , ~X_{2n}ϕ) if n ≥ 2 w = Bϕ if n = 1 (ii) there is a family of functions {ϕ_ϵ}_{ϵ>0} ⊂ C^1(ω, R) such that for each ω^′ ⋐ ω we have ϕ_ϵ → ϕ, W^{ϕϵ} ϕ_ϵ → w uniformly on ω^′.

Then for each A ∈ ω there are 0 < δ_2 < δ_1 such that, for each j = 2, . . . , 2n, there exists exp_A(sW^ϕ_j )(B) ∈ I_{δ1} (A) ⋐ ω for all (s, B) ∈ [−δ_2, δ_2] × I_{δ2} (A); moreover,

w_j(B) = d ds ϕ ( exp_A(sW^ϕ_j )(B) ) |s=0 for each B ∈ I_{δ2} (A).

Proof. Again we can suppose n ≥ 2, as for n = 1 the proof can easily be derived.

There is no problem if j ≠ n + 1; in fact by (5.9) it is sufficient to set exp_A(sW^ϕ_j )(B) := B ⋆ exp(s ~X_j) which is defined on [−δ_2, δ_2]×I_{δ2} (A) for a sufficiently small δ_2 with values in I_{δ1(A}0_) ⋐ ω. Then (E.1) is fulfilled by construction and (E.2) comes from the hypothesis that w_j = ~X_j ϕ in distributional sense.

For j = n + 1 and ϵ > 0 consider the Cauchy problem γ̇_ϵ(s, B) = ∂ ∂η − 4ϕ_ϵ(γ_ϵ(s, B)) ∂ ∂τ = W^{ϕϵ}_{n+1}(γ_ϵ(s, B)) γ_ϵ(0, B) = B

which has a solution γ_ϵ : [−δ_2(ϵ), δ_2(ϵ)] × I_{δ2(ϵ)}(A) → I_{δ1} (A). By Peano’s estimate on the existence time for solutions of ordinary differential equations we obtain that δ_2(ϵ) can be taken greater than C/‖ϕ_ϵ‖_L∞_{(Iδ1 (A))} (where the constant C depends only on δ_1), and so we get a δ_2 > 0 such that δ_2(ϵ) ≥ δ_2 for all ϵ. Now, on the compact [−δ_2, δ_2] × I_{δ2} (A) the functions γ_ϵ are uniformly continuous by hypothesis, and by Ascoli-Arzelá’s Theorem we get a sequence {ϵ_h}_h such that ϵ_h → 0 as h → ∞ and γ_{ϵh} → γ uniformly on [−δ_2, δ_2] × I_{δ2} (A). Remembering that γ_{ϵh} (s, B) = B + ∫_s 0 [ ∂ ∂η − 4ϕ_{ϵh} (γ_{ϵh} (s, B)) ∂ ∂τ ] ds ϕ_{ϵh} (γ_{ϵh} (s, A)) − ϕ_{ϵh} (γ_{ϵh} (0, B)) = ∫_s 0 W^{ϕϵh}_{n+1}ϕ_{ϵh} (γ_{ϵh} (s, B)) ds

INTRINSIC REGULAR HYPERSURFACES IN HEISENBERG GROUPS 39

and for j → ∞ we get (all the involved convergences are uniform) γ(s, B) = B + ∫_s 0 [ ∂ ∂η − 4ϕ(γ(s, B)) ∂ ∂τ ] ds ϕ(γ(s, B)) − ϕ(γ(0, B)) = ∫_s 0 w_{n+1}(γ(s, B)) ds i.e. (E.1) and (E.2). □ As in Euclidean spaces the gradient of a function is the vector composed by the derivatives along the exponentials of the vectors of the canonical basis, we will prove, in the following theorem, that the W^ϕ-differential is the vector made by the derivatives along the exponentials of W^ϕ.

Theorem 5.7. Let ϕ : ω → R be a continuous function such that, for a certain A ∈ ω, the following conditions are fulfilled:

(i) there are 0 < δ_2 < δ_1 such that, for each j = 2, . . . , 2n there exist a family of exponential maps exp_A(sW^ϕ_j ) : [−δ_2, δ_2] × I_{δ2} (A) → I_{δ1} (A).

(ii) for each ω^′ ⋐ ω

lim_{r→0+} sup { |ϕ(B^′) − ϕ(B)| |B^′ − B|^{1/2} : B^′, B ∈ ω^′, 0 < |B^′ − B| ≤ r } = 0;

Then ϕ is uniformly W^ϕ-differentiable at A and

[(W^ϕϕ)(A)]_j = d ds ϕ ( exp_A(sW^ϕ_j )(A) ) |s=0. Proof. For n ≥ 2 let A = (η, v, τ), B = (η, v, τ), B^′ = (η^′, v^′, τ^′) ∈ ω, while for n = 1 A = (η, τ), B = (η, τ), B^′ = (η^′, τ^′) ∈ ω, and let w = (w_2, . . . , w_{2n}) be as in (E.2). We have to prove that (5.10) lim_{δ→0} M_ϕ(ϕ, A, w(A), δ) = 0

where M_ϕ is defined as in (1.19).

The proof is exactly the same as in Theorem 3.8: at first, for n > 1, we define the vector field X := ∑_{2n} j=2,j≠n+1(v ′ j − v_j )W^ϕ_j = ∑_{2n} j=2,j≠n+1(v ′ j − v_j ) ~X_j, and then we set

B^∗ := exp_A(X)(B) = B ⋆ (0, (v^′_2 − v_2, . . . , v^′_n − v_n, v^′_{n+2} − v_{n+2}, . . . , v^′_{2n} − v_{2n}), 0) = (η, v^′, τ − σ(v^′, v)). If n = 1, X has no meaning and we simply define B^∗ := B.

Now the big obstacle is that in general we cannot integrate along the vector field W^ϕ_{n+1}, i.e. we cannot define B^{′′} := exp ( (η^′ − η)(^∂_{∂η} − 4ϕ^∂_{∂τ} ) ) (B^∗); however, this

40 LUIGI AMBROSIO, FRANCESCO SERRA CASSANO, AND DAVIDE VITTONE

problem can be solved using the existence of exponential maps, more precisely by posing

B^{′′} := exp_A((η^′ − η)W^ϕ_{n+1})(B^∗) =

(η^′, v^′, τ^{′′}) if n ≥ 2 (η^′, τ^{′′}) if n = 1 (for a certain τ^{′′}).

Therefore, we can rewrite (3.17) as

ϕ(B^′) − ϕ(B) = [ϕ(B^′) − ϕ(B^{′′})] + [ϕ(B^{′′}) − ϕ(B^∗)] + [ϕ(B^∗) − ϕ(B)]

= [ϕ(B^′) − ϕ(B^{′′})] + ∫_η′_{−η} 0 w_{n+1}(exp_A(sW^ϕ_{n+1})(B^∗)) ds + + ∫_1 0 2n∑ j=2 j≠n+1 (v^′_j − v_j)w_j (exp_A(sX)(B)) (∗)

= [ϕ(B^′) − ϕ(B^{′′})] + 2n∑ j=2,j≠n+1 (v^′_j − v_j )w_j(A) + +(η^′ − η)w_{n+1}(A) + o(|(η^′ − η, v^′ − v)|) = [ϕ(B^′) − ϕ(B^{′′})] + ⟨w(A), (η^′ − η, v^′ − v)⟩ + o(ρ_ϕ(B^′, B)) if n ≥ 2, and as

ϕ(B^′) − ϕ(B) = [ϕ(B^′) − ϕ(B^{′′})] + w(A)(η^′ − η) + o(ρ_ϕ(B^′, B))

if n = 1. In the passage signed with (∗) we have used the continuity of the w_j at A.

Reasoning as in (3.18) and (3.19), the keypoint is again to prove that |τ^′ − τ^{′′}|^{1/2}/ρ_ϕ(B^′, B^{′′}) is bounded in a neighbourhood of A, and rewriting (3.20) we obtain

(5.11)

|τ^′ − τ^{′′}| = | | |τ^′ − τ + σ(v^′, v) + 4 ∫_η′_{−η} 0 ϕ(exp_A(sW^ϕ_{n+1})(B^∗)) ds | | | ≤ |τ^′ − τ + 2(ϕ(B^′) + ϕ(B))(η^′ − η) + σ(v^′, v)|+ +2 | |2 ∫_η′_{−η} 0 ϕ(exp_A(sW^ϕ_{n+1})(B^∗)) ds − (ϕ(B^′) + ϕ(B))(η^′ − η) | | ≤ ρ_ϕ(B^′, B)^2 + 2|ϕ(B^′) − ϕ(B^{′′})||η^′ − η| + 2|ϕ(B) − ϕ(B^∗)||η^′ − η|+ +2 | | |2 ∫_η′_{−η} 0 ϕ(exp_A(sW^ϕ_{n+1})(B^∗) ds − [ϕ(B^{′′}) + ϕ(B^∗)](η^′ − η) | | | =: ρ_ϕ(B^′, B)^2 + R_1(B^′, B) + R_2(B^′, B) + R_3(B^′, B)

for n ≥ 2; for n = 1 simply don’t consider the term σ(v^′, v). Therefore we have once again to prove (3.21), (3.22), (3.23); this can be done following exactly the same

INTRINSIC REGULAR HYPERSURFACES IN HEISENBERG GROUPS 41

line as in the proof of Theorem 3.8 and using (E.1) and (E.2): the only thing one must pay attention to is to write exp_A(· W^ϕ_{n+1}) instead of exp(· W ) in (3.24). □

Now the proof of Theorem 5.1 is in order.

Proof (of Theorem 5.1). We will accomplish the proof only for n ≥ 2, because as usual the generalization to n = 1 is immediate. Let us begin with the proof of the implication (i) ⇒ (ii).

The statement in (5.2) follows from Theorem 4.1 and Corollary 4.5. By Proposition 4.6 we get that for each B ∈ ω there is a δ(B) > 0 (such that I_{δ(B)}(B) ⋐ ω) and a family of C^1 functions {ϕ_{ϵ,B} : I_{δ(B)}(B) → R}_{0<ϵ<1} such that

(5.12) ϕ_{ϵ,B} → ϕ and W_{ϕϵ,B} ϕ_{ϵ,B} → W^ϕϕ uniformly on I_{δ(B)}(B).

As F := {I_{δ(B)}(B) : B ∈ ω} is an open covering of ω we can associate a partition of the unity {θ_i : i ∈ N} which is subordinate to it, i.e. (5.13) θ_i ∈ C^∞_c (ω), 0 ≤ θ_i ≤ 1 on ω for all i

(5.14)

{spt θ_i}_{i∈N} form a locally finite covering of ω, and for all i ∈ N there is an I_i := I_{δ(B(i))}(B(i)) ∈ F such that spt θ_i ⊂ I_i

(5.15) ∞∑ i=1 θ_i ≡ 1 on ω.

Let ϕ_{ϵ,i} := ϕ_{ϵ,B(i)} : R^{2n} → R, where from now on, if necessary, we use the convention of extending functions by letting them vanish outside their domain. Let ϕ_ϵ := ∑_∞ i=1 θ_iϕ_{ϵ,i} ; by construction ϕ_ϵ ∈ C^1(ω) and ∂ϕ_ϵ ∂η = ∞∑ i=1 ( ∂θ_i ∂η ϕ_{ϵ,i} + θ_i ∂ϕ_{ϵ,i} ∂η ) (∀ n) ∂ϕ_ϵ ∂v_j = ∞∑ i=1 ( ∂θ_i ∂v_j ϕ_{ϵ,i} + θ_i ∂ϕ_{ϵ,i} ∂v_j ) (n ≥ 2) ∂ϕ_ϵ ∂τ = ∞∑ i=1 ( ∂θ_i ∂τ ϕ_{ϵ,i} + θ_i ∂ϕ_{ϵ,i} ∂τ ) (∀ n). In particular

W^{ϕϵ} ϕ_ϵ = ∞∑ i=1 ( ϕ_{ϵ,i}W^{ϕϵ} θ_i + θ_iW^{ϕϵ} ϕ_{ϵ,i} ) on ω. We have to show that (5.1) holds for any fixed ω^′ ⋐ ω; by (5.14) there is only a finite number of index i_1, . . . , i_k such that ω^′∩ spt θ_{ih} ≠ ∅ ∀ h = 1, . . . , k, and

42 LUIGI AMBROSIO, FRANCESCO SERRA CASSANO, AND DAVIDE VITTONE

ω^′ ⊂ ∪^k_{h=1} spt θ_{ih} . Then

ϕ_ϵ = k∑ h=1 θ_{ih} ϕ_{ϵ,ih} and ϕ = k∑ h=1 θ_{ih} ϕ on ω^′ (5.16)

W^{ϕϵ} ϕ_ϵ = k∑ h=1 (ϕ_{ϵ,ih} W^{ϕϵ} θ_{ih} + θ_{ih} W^{ϕϵ} ϕ_{ϵ,ih} ) on ω^′. (5.17)

Equations (5.16) and (5.17), together with (5.12), give ϕ_ϵ → ϕ (5.18) W^{ϕϵ} ϕ_ϵ → k∑ h=1 (ϕW^ϕ_{ih} + θ_{ih} W^ϕϕ) =: w

(5.19)

uniformly on ω^′, where we put

W^ϕ_{ih} := ( ~X_2θ_{ih} , . . . , ~X_nθ_{ih} , ∂θ^{ih} ∂η − 4ϕ ∂θ_{ih} ∂τ , ~Y_2θ_{ih} , . . . , ~Y_nθ_{ih} ) . Observing that ∑_k h=1 ϕW^ϕ_{ih} = 0 we get that w = W^ϕϕ ∈ C^0(ω, R^{2n−1} ) and w = ( ~X_2ϕ, . . . , ~X_nϕ, Bϕ, ~Y_2ϕ, . . . , ~Y_nϕ) in distributional sense.

The reverse implication (ii) ⇒ (i) follows from Lemma 5.6 and Theorem 5.7. The hypothesis (ii) of Theorem 5.7 (i.e. the assertion in (5.2)) is satisfied because of the following Theorem 5.9: the key observation is that, thanks to the uniform convergence of ϕ_ϵ and W^{ϕϵ} ϕ_ϵ, we can estimate ‖ϕ_ϵ‖_L∞_{(ω}′′_) and ‖W^{ϕϵ} ϕ_ϵ‖_L∞_{(ω}′′_) uniformly in ϵ for any ω^{′′} ⋐ ω. Moreover, the uniform convergence of W^{ϕϵ} ϕ_ϵ allows us to choose a modulus of continuity for W^{ϕϵ} ϕ_ϵ which is independeent of ϵ. Therefore there is a function α : ]0, +∞[→ R, which does not depend on ϵ, such that lim_{r→0} α(r) = 0 and sup { |ϕ_ϵ(B^′) − ϕ_ϵ(B)| |B^′ − B|^{1/2} : B^′, B ∈ ω^′, 0 < |B^′ − B| ≤ r } ≤ α(r). which implies (5.2). □ Theorem 5.8. Let I ⊂ R^{2n} be a rectangle and let ϕ ∈ C^1(I) be such that W^ϕϕ = (w_2, . . . , w_{2n}) ∈ C^0(I, R^{2n−1} ), i.e. ~X_j ϕ = w_j, ~Y_jϕ = w_{j+n} for all j = 2, . . . , n ∂ϕ ∂η − 4ϕ ∂ϕ ∂τ = w_{n+1}.

Then for all rectangle I^′ ⋐ I there exists a function α :]0, +∞[→ [0, +∞[, which depends only on I^{′′}, ‖ϕ‖_L∞_{(I}′′_) (where I^{′′} is any open rectangle such that I^′ ⋐ I^{′′} ⋐

INTRINSIC REGULAR HYPERSURFACES IN HEISENBERG GROUPS 43

I), on ‖W^ϕϕ‖_L∞_{(I}′′_) and on the modulus of continuity of w_{n+1} on I^{′′}, such that lim_{r→0} α(r) = 0 and

(5.20) sup { |ϕ(A) − ϕ(B)| |A − B|^{1/2} : A, B ∈ I^′, 0 < |A − B| ≤ r } ≤ α(r). Proof. As usual we can suppose n ≥ 2; the proof can be easily adapted to the case n = 1.

Let’s begin by setting K := sup_{A∈I}′′ |A|, M := ‖ϕ‖_L∞_{(I}′′_), N := ‖W^ϕϕ‖_L∞_{(I}′′_); let β be the modulus of continuity of w_{n+1} on I^{′′}, i.e. an increasing function ]0, +∞[∋ r → β(r) ∈ [0, +∞[ such that |w_{n+1}(A) − w_{n+1}(B)| ≤ β(|A − B|) for all A, B ∈ I^{′′} and lim_{r→0} β(r) = 0. We divide the proof in several steps.

STEP 1. Let us fix another rectangle J ⊂ R^{2n} such that I^′ ⋐ J ⋐ I^{′′}, and let us introduce the following notation: for A = (η, v, τ) ∈ J we define γ_A as the curve solution of the Cauchy problem

γ̇_A(t) = ∂ ∂η − 4ϕ(γ_A(t)) ∂ ∂τ γ_A(η) = A

By standard considerations on ordinary differential equations, we have γ_A ∈ C^1([η − ϵ, η +ϵ], I^{′′}) for a certain ϵ > 0 which does not depend on A; moreover, we can choose ϵ so that γ_A([η − ϵ, η + ϵ]) ⊂ J for all A ∈ I^′. Let γ_A(t) = (η + t, v, τ_A(t)); then

(5.21) d^2 dt^2 τ_{A0} (t) = d dt [−4ϕ(γ_{A0} (t))] = −4w_{n+1}(γ_{A0} (t)).

STEP 2. Set δ(r) := max{r^{1/4}, β(Er^{1/4})^{1/2}}, where E > 0 is a constant which will be specified later; we start by proving that α^′(r) ≤ δ(r) + 2N^{1/2}δ(r) + Nr^{1/2} for r “sufficiently small” (in a way we are going to specify, but depending on K, M, N and β only), where

α^′(r) := sup { |ϕ(A) − ϕ(B)| |A − B|^{1/2} : A = (η, v, τ), B = (η^′, v, τ^′) ∈ I^′, 0 < |A − B| ≤ r } .

Suppose on the contrary that there exist A = (η, v, τ), B = (η^′, v, τ^′) ∈ I^′ such that |A − B| is “sufficiently small” and |ϕ(A) − ϕ(B)| |A − B|^{1/2} > δ + 2N^{1/2}δ + Nr^{1/2},

44 LUIGI AMBROSIO, FRANCESCO SERRA CASSANO, AND DAVIDE VITTONE

where from now on we will write δ instead of δ(|A − B|). We observe explicitely that by definition of δ(r) we have δ^′ := δ(|τ − τ^′|) ≤ δ and so

(5.22) β ( |τ − τ^′| + 8M|τ − τ^′|^{1/2}/δ ) δ^2 ≤ β ( |τ − τ^′| + 8M|τ − τ^′|^{1/2}/δ^′ ) δ^{′2} ≤ β ( |τ − τ^′| + 8M|τ − τ^′|^{1/4} ) δ^{′2} ≤ 1 provided E > 0 is such that |τ − τ^′| + 8M|τ − τ^′|^{1/4} ≤ E|τ − τ^′|^{1/4}.

Let C := (η, v, τ^′) ∈ I^′; as |A − C|^{1/2} = |τ − τ^′|^{1/2} and |C − B|^{1/2} = |η − η^′|^{1/2} we have

(5.23) δ + 2N^{1/2}δ + Nr^{1/2} ≤ |ϕ(A) − ϕ(B)| |η − η^′|^{1/2} + |τ − τ^′|^{1/2} ≤ ≤ |ϕ(A) − ϕ(C)| |τ − τ^′|^{1/2} + |ϕ(C) − ϕ(B)| |η − η^′|^{1/2} =: R_1 + R_2.

Therefore, up to subsequences, we can suppose that we have always R_1 ≥ δ or R_2 ≥ +2N^{1/2}δ + Nr^{1/2}.

STEP 3. We want to prove that the first case cannot occur; in fact, we will prove that |ϕ(A) − ϕ(C)| |τ − τ^′|^{1/2} ≤ δ for A, B ∈ J (not for I^′ only!). We can suppose that τ > τ^′ (for the other case it is sufficient to exchange the roles of A and C). Consider γ_A and γ_C ; thanks to (5.21) we have, for t ∈ [η − ϵ, η + ϵ] (5.24)

τ_A(t) − τ_C (t)

= τ − τ^′ + ∫_t η [ τ̇_A(η) − τ̇_C (η) + ∫_s η [ τ̈_A(r) − τ̈_C (r) ] dr ] ds ≤ τ −τ^′−4(t − η) [ ϕ(A)−ϕ(C) ] − 4 ∫_t η ∫_s η [ w_{n+1}(γ_A(r))−w_{n+1}(γ_C (r)) ] dr ds ≤ τ −τ^′ −4(t − η) [ ϕ(A)−ϕ(C) ] +(t−η)^2β ( |τ − τ^′| +8M|t − η| ) , where in the last inequality we used the fact that |γ_A(r) − γ_C (r)| ≤ |γ_A(η) − γ_C (η)| + |r − η| (‖τ̇_A‖_∞ + ‖τ̇_C ‖_∞) ≤ |τ − τ^′| +8M|t − η|. If ϕ(A) − ϕ(C) > 0 put t := η + (τ − τ^′)^{1/2}/δ in (5.24), and t := η − (τ − τ^′)^{1/2}/δ otherwise; if |τ − τ^′| is “sufficiently small” γ_A(t) and γ_C (t) ∈ I^{′′} are well defined (it is sufficient to take ϵ ≥ (τ − τ^′)^{1/4} ≥ (τ − τ^′)^{1/2}/δ = |t − η|) and from (5.22), (5.24)

INTRINSIC REGULAR HYPERSURFACES IN HEISENBERG GROUPS 45

and R_1 ≥ δ we get (in both cases)

(5.25) τ_A(t) − τ_C (t) ≤ τ −τ^′ −4(τ − τ^′) + (τ − τ^′)β ( |τ − τ^′| + 8M|τ − τ^′|^{1/2}/δ ) /δ^2 ≤ −2(τ − τ^′) < 0. This leads to a contradiction: in fact τ_A and τ_C are solutions of the same Cauchy problem τ̇(s) = −4ϕ(s, v, τ(s)) with initial data τ(η) = τ and τ^′ respectively. The contradiction is given by the fact that two such solutions cannot meet, while τ_A(η) − τ_C (η) > 0 and τ_A(t) − τ_C (t) < 0 for h sufficiently large.

STEP 4. Now let’s examine the second case R_2 ≥ 2N^{1/2}δ +Nr^{1/2}; we can suppose that η^′ < η (otherwise it is sufficient to exchange the roles of B and C). Consider γ_B; again, for η − η^′ “sufficiently small” D := γ_B(η) = (η, v, τ^{′′}) ∈ J is well defined, and (5.26) |ϕ(B) − ϕ(D)| = | | | ∫_η η^′ w_{n+1}(γ_B(t))dt | | | ≤ N|η − η^′|; moreover

(5.27) |τ^{′′} − τ^′| = |4 ∫_η η^′ ϕ(γ_B(t)) dt| ≤ 4N|η − η^′|. Then for |η^′ −η| “sufficiently small” (and precisely when N|η−η^′|^{1/2} ≤ |η−η^′|^{1/4} ≤ δ) we obtain

(5.28) |ϕ(C) − ϕ(D)| ≥ |ϕ(C) − ϕ(B)| − |ϕ(B) − ϕ(D)| ≥ [ 2N^{1/2}δ + Nr^{1/2} − N|η − η^′|^{1/2} ] |η − η^′|^{1/2} ≥ 2N^{1/2}δ|η − η^′|^{1/2} ≥ δ|τ^{′′} − τ^′|^{1/2} so that we are in the first case again (with the couple C, D ∈ J instead of A, C) which we have seen is not possible.

This proves that lim_{r→0} α^′(r) = 0, and that we are able to control α^′ with only K, M, N and β. Observe that what we said up to now, properly translated in the notation we use when n = 1, gives directly the thesis for the case n = 1.

STEP 5. For the general case, let A = (η, v, τ), B = (η^′, v^′, τ^′) ∈ I, and set A^∗ := A ⋆ (0, v^′ − v, 0) = (η, v^′, τ + σ(v, v^′)). We can see A^∗ also as exp( ∑_{2n} j=2,j≠n+1(v ′ j − v_j )W^ϕ_j )(A) and so

|ϕ(A) − ϕ(A^∗)| ≤ | | | | | | 2n∑ j=2 j≠n+1

∫_1 0 (v^′_j − v_j)W^ϕ_j ϕ ( exp(t ∑_{2n} j=2,j≠n+1(v ′ j − v_j )W^ϕ_j )(A) ) dt | | | | | | ≤ N|v^′ − v| ≤ N|A − B|.

46 LUIGI AMBROSIO, FRANCESCO SERRA CASSANO, AND DAVIDE VITTONE As | |σ(v, v^′) | | = | |2 ∑^n_{j=2}[v_{n+j} (v^′_j − v_j ) − v_j(v^′_{n+j} − v_{n+j} )] | | ≤ 2K|A − B| we get |A^∗ − B| ≤ |η^′ − η| + |τ^′ − τ| + |σ(v, v^′)| ≤ (2K + 2)|A − B| and so |ϕ(A) − ϕ(B)| |A − B|^{1/2} ≤ |ϕ(A) − ϕ(A^∗)| |A − B|^{1/2} + |ϕ(A^∗) − ϕ(B)| |A − B|^{1/2} ≤ N|A − B|^{1/2} + (2K + 2) |ϕ(A^∗) − ϕ(B)| |A^∗ − B|^{1/2} ≤ N|A − B|^{1/2} + (2K + 2)α^′(|A^∗ − B|^{1/2}) ≤ N|A − B|^{1/2} + (2K + 2)α^′([(K + 2)|A − B|]^{1/2}).

STEP 6. The proof is accomplished for r “sufficiently small” only; however, this is sufficient to conclude. □ By a standard compactness argument we get the following Theorem 5.9. Let ϕ ∈ C^1(ω) such that W^ϕϕ = (w_2, . . . , w_{2n}) ∈ C^0(ω, R^{2n−1} ), i.e. ~X_j ϕ = w_j, ~Y_jϕ = w_{j+n} for all j = 2, . . . , n ∂ϕ ∂η − 4ϕ ∂ϕ ∂τ = w_{n+1}.

Then for all ω^′ ⋐ ω there exists a function α :]0, +∞[→ [0, +∞[, which depends only on ω^′, ‖ϕ‖_L∞_{(ω}′′_) (where ω^{′′} is any open set such that ω^′ ⋐ ω^{′′} ⋐ ω), ‖W^ϕϕ‖_L∞_{(ω}′′_) and on the modulus of continuity of w_{n+1} on ω^{′′}, such that lim_{r→0} α(r) = 0 and

(5.29) sup { |ϕ(A) − ϕ(B)| |A − B|^{1/2} : A, B ∈ ω^′, 0 < |A − B| ≤ r } ≤ α(r). Let us conclude this section with two applications of Theorem 5.1 . A first application is a negative answer to the problem of a good parameterization of H - regular hypersurfaces. Indeed a natural question arising is the (local) Lipschitz continuity of ϕ : ω ⊂ (R^{2n} , ρ) → R when ρ denotes the restriction distance of d_∞ to V_1 ≡ R^{2n} . More precisely when ρ ≡ ρ_P being ρ_P the so- called parabolic distance on R^{2n} = R_η × R^{2n−2}_v × R_τ (R_η × R_τ if n = 1), i.e. the distance defined by ρ_P ((η, v, τ), (η^′, v^′, τ^′)) = |(η^′, v^′) − (η, v)| + |τ^′ − τ|^{1/2} ρ_P ((η, τ), (η^′, τ^′)) = |η^′ − η| + |τ^′ − τ|^{1/2} if n = 1. . Corollary 5.10. There exist H -regular surfaces S = Φ(ω) ⊂ H^1 for which there is no constant L > 0 such that |ϕ(η^′, τ^′) − ϕ(η, τ)| ≤ L(|η − η^′| + |τ − τ^′|^{1/2}) for all (η, τ), (η^′, τ^′) ∈ ω

INTRINSIC REGULAR HYPERSURFACES IN HEISENBERG GROUPS 47

for suitable continuous functions ϕ : ω → R when Φ : ω → H^1 is the function Φ(A) := ι(A) · ϕ(A)e_1.

Proof. By contradiction. Whithout loss of generality we can assume that ω = (a, b)× (c, d), then for each τ ∈ (c, d) the function ϕ(·, τ) is Lipschitz continuous in (a, b). Therefore, for all τ ∈ (c, d) there exists the distributionial derivative^{∂ϕ}_{∂η} (·, τ) ∈ L^∞(a, b) in (a, b) and ||^{∂ϕ}_{∂η} (·, τ)||_L∞_{(a,b)} ≤ L for all τ ∈ (c, d). In particular there exists the distributional derivative^{∂ϕ}_{∂η} ∈ L^∞(ω) in ω too. By Theorem 5.1 we know that Bϕ = ∂ϕ ∂η − 2 ∂ϕ^2 ∂τ ∈ C^0(ω)

in distributional sense, thus 2^{∂ϕ2}_{∂τ} ∈ L^∞_{loc}(ω). Then ϕ^2 ∈Lip_{loc}(ω).

We claim that S := Φ(ω) is Euclidean 2-rectifiable. Indeed there is no loss of generality in supposing that actually ϕ^2 ∈Lip(ω), i.e. |ϕ^2(A) − ϕ^2(B)| ≤ M|B − A| for some M > 0 and all A, B ∈ ω. Then for h ∈ N set ω^+_h := {A ∈ ω : ϕ(A) > 1/h} ω^−_h := {A ∈ ω : ϕ(A) < −1/h} ω_0 := {A ∈ ω : ϕ(A) = 0} and observe that, when A, B ∈ ω^+_h or A, B ∈ ω^−_h , we have 2|ϕ(A) − ϕ(B)|/h ≤ |ϕ(A) − ϕ(B)| · |ϕ(A) + ϕ(B)| = |ϕ^2(A) − ϕ^2(B)| ≤ M|B − A|, i.e. ϕ_{|ω}±_h is Lipschitz continuous; extending it to ϕ^±_h : ω → R and defining Φ^±_h in the usual way, we get that Φ(ω^±_h ) ⊂ Φ^±_h (ω) is Euclidean 2-rectifiable. Observing that Φ(ω_0) ⊂ V_1, we get that also Φ(ω) ⊂ Φ(ω_0) ∪ ⋃ h Φ(ω^+_h ) ∪ ⋃ h Φ(ω^+_h )

is Euclidean 2-rectifiable. On the other hand there are H -regular surfaces S = Φ(ω) ⊂ H^1 which are not Euclidean 2-rectifiable (see [37], Theorem 3.1) and then a contradiction. □ A second interesting corollary of Theorem 5.1 provides a simple way to exihibit H -regular surfaces in H^1 not Euclidean regular:

Corollary 5.11. Let ϕ : ω ⊂ R^2 → R be a continuous function which depends only on τ, i.e. ϕ = ϕ(τ) : I → R for a certain open (and possibly unbounded) interval I ⊂ R, and suppose that ϕ^2 : I → R_+ is of class C^1. Then ϕ is uniformly W^ϕ-differentiable at A for every A ∈ ω and W^ϕϕ(A) = −2(ϕ^2)^′(A).

48 LUIGI AMBROSIO, FRANCESCO SERRA CASSANO, AND DAVIDE VITTONE

In particular, W^ϕϕ is continuous and ϕ parameterizes an H -regular surface in H^1 .

Proof. Thanks to Theorem 5.1, it is sufficient to find a family {ϕ_ϵ}_ϵ such that (5.1) holds. The family we are going to consider is of the form ϕ_ϵ = ϕ_ϵ(τ) := (ϕ^2+δ^2_ϵ )^{1/2} ·g_ϵ, where δ_ϵ and g_ϵ are to be found; the key idea is to construct g_ϵ such that g_ϵ → sign ϕ and g^′_ϵ is ”controlled”, in a way we are going to specify; then our thesis becomes

(5.30) ϕ_ϵ → ϕ and (ϕ^2_ϵ )^′ → (ϕ^2)^′ uniformly on J

for each J ⋐ I.

We recall the following general fact: let D, E two closed subsets of I such that d(D, E) := inf{|a − b| : a ∈ D, b ∈ E} ≥ C > 0; then there exists a g ∈ C^∞(I, [−1, 1]) such that g_{|D} ≡ 1, g_{|E} ≡ −1 and ‖g^′‖_∞ ≤ 4/C.

Now let us set

α(r) := sup { |ϕ(τ^′) − ϕ(τ)| |τ^′ − τ|^{1/2} : τ^′, τ ∈ J, 0 < |τ^′ − τ| ≤ r } , and suppose that α(r) → 0 as r → 0^+: then if we set δ_ϵ := α(ϵ)ϵ^{1/2}/2 we have lim_{ϵ→0} δ_ϵ = 0. For each ϵ let D_ϵ := {τ : ϕ(τ) ≥ δ_ϵ} ∩ J and E_ϵ := {τ : ϕ(τ) ≤ −δ_ϵ} ∩ J; by construction d(D_ϵ, E_ϵ) ≥ ϵ and so there exists a g_ϵ ∈ C^∞(I, [−1, 1]) with g_ϵ ≡ 1 on D_ϵ, g_ϵ ≡ −1 on E_ϵ and ‖g^′_ϵ‖_∞ ≤ 4/ϵ = α(ϵ)^2/δ^2_ϵ . As we said earlier, set ϕ_ϵ := (ϕ^2 + δ^2_ϵ )^{1/2}g_ϵ; it is easy to prove that ϕ_ϵ → ϕ uniformly on J and

2‖(ϕ^2_ϵ )^′ − (ϕ^2)^′‖_L∞_{(J)} ≤ 4‖g_ϵg^′_ϵ(ϕ^2 + δ^2_ϵ )‖_L∞_{(J)} + 2‖(g^2_ϵ − 1)(ϕ^2)^′‖_L∞_{(J)} ≤ 4‖g_ϵg^′_ϵ(ϕ^2 + δ^2_ϵ )‖_L∞_{(J\(Dϵ∪Eϵ))} + 4‖(ϕ^2)^′‖_L∞_{(J\(Dϵ∪Eϵ))} ≤ 8 α(ϵ)^2 δ^2_ϵ δ^2_ϵ + 4‖(ϕ^2)^′‖_L∞_{(J∩{|ϕ|≤δϵ})} −→ 0 for ϵ → 0^+; in the last passage we used the implication ϕ(τ) = 0 ⇒ (ϕ^2)^′(τ) = 0, and so ‖(ϕ^2)^′‖_L∞_{(J∩{|ϕ|≤δϵ})} → 0 because of the continuity of (ϕ^2)^′.

Let us remark that ϕ_ϵ actually depends on J; however, if we consider a sequence {J^n}_{n∈N} of closed intervals such that J^n ⊂ J^{n+1} and J^n ↑ ]α, β[, we get sequences {ϕ^n_ϵ }_ϵ for each n, so that we can conclude with a diagonal argument.

Finally, we have to prove that α(r) → 0 as r → 0. Suppose that the converse is true; then there exist σ > 0 and a_h, b_h ∈ J such that

(5.31) |ϕ(a_h) − ϕ(b_h)| > 2σ|a_h − b_h|^{1/2} and |a_h − b_h| → 0.

We can suppose that ϕ(a_h) and ϕ(b_h) have the same sign (i.e. ϕ(a_h)ϕ(b_h) ≥ 0); in fact, if this is not the case, by the continuity of ϕ there is a c_h ∈]a_h, b_h[ such that ϕ(c_h) = 0, and we can suppose that c_h ∈ J (because there is no loss of generality supposing that J is an interval). As 2σ < |ϕ(a_h) − ϕ(b_h)| |a_h − b_h|^{1/2} ≤ |ϕ(a_h) − ϕ(c_h)| |a_h − c_h|^{1/2} + |ϕ(c_h) − ϕ(b_h)| |c_h − b_h|^{1/2}

INTRINSIC REGULAR HYPERSURFACES IN HEISENBERG GROUPS 49

there exists a d_h ∈ {a_h, b_h} such that |ϕ(c_h) − ϕ(d_h)| > σ|c_h − d_h|^{1/2}. Therefore (possibly considering c_h and d_h instead of a_h and b_h) we can assume that a_h and b_h satisfy (5.31) (possibly with σ instead of 2σ) and that ϕ(a_h) and ϕ(b_h) have the same sign.

As J is compact, we can suppose (up to subsequences) that there is a τ ∈ J such that a_h → τ and b_h → τ. It is not possible that ϕ(τ) ≠ 0: in fact, ϕ is of class C^1 in the open set {τ : ϕ(τ) ≠ 0} (it is easy to show that here ϕ^′ = (ϕ^2)^′/2ϕ) that would imply the boundedness of the quantities |ϕ(a_h) − ϕ(b_h)|/|a_h − b_h| for h sufficiently large, which is in contradiction with (5.31). Therefore ϕ(τ) = 0 and so one must have (ϕ^2)^′(τ) = 0. As ϕ(a_h) and ϕ(b_h) have the same sign, we have |ϕ(a_h) − ϕ(b_h)| ≤ |ϕ(a_h) + ϕ(b_h)| and so

σ^2 < ( |ϕ(a_h) − ϕ(b_h)| |a_h − b_h|^{1/2} )_2

≤ ( |ϕ(a_h) − ϕ(b_h)| |a_h − b_h|^{1/2} ) ( |ϕ(a_h) + ϕ(b_h)| |a_h − b_h|^{1/2} )

= |ϕ(a_h)^2 − ϕ(b_h)^2| |a_h − b_h| = (ϕ^2)^′(τ_h)

for a certain τ_h contained in the interval between a_h and b_h. Therefore τ_h → τ and so (ϕ^2)^′(τ ) ≥ σ by the continuity of (ϕ^2)^′, which is a contradiction. □

References

[1] L.Ambrosio, Some fine properties of sets of finite perimeter in Ahlfors regular metrice measure spaces, Adv. in Math., 159 (2001), 51–67.

[2] L.Ambrosio & N.Fusco & D.Pallara, Functions of Bounded Variation and Free Discontinuity Problems, Oxford Science Publications, Oxford (2000).

[3] L.Ambrosio & B.Kirchheim, Rectifiable sets in metric and Banach spaces, Math. Annalen, 318 (2000), 527–555.

[4] L.Ambrosio & B.Kirchheim, Currents in metric spaces, Acta Math., 185 (2000), 1–80. [5] Z.Balogh, Size of characteristic sets and functions with prescribed gradient, J. Reine Angew Math., 564 (2003), 63–83.

[6] Z.Balogh, H.Hofer-Isenegger & J.T.Tyson, Lifts of Lipischitz maps and horizontal fractals in the Heisenberg group, Preprint (2003).

[7] Z.Balogh, M.Rickly & F.Serra Cassano, Comparison of Hausdorff measures with respect to the Euclidean and the Heisenberg metric, Publ.Math., 47 (2003), 237–259.

[8] A.Bellaïche, The tangent space in subriemannian geometry, in Subriemannian Geometry, Progress in Mathematics, 144. ed. by A.Bellaiche and J.Risler, Birkhauser Verlag, Basel (1996).

[9] M.Biroli & U.Mosco, Sobolev and isoperimetric inequalities for Dirichlet forms on homogeneous spaces, Atti Accad. Naz. Lincei, Cl. Sci. Fis. Mat. Nat., IX. Ser. Rend. Lincei, Mat. Appl., 6, (1995), 37–44.

[10] L.Capogna & D.Danielli & N.Garofalo, The geometric Sobolev embedding for vector fields and the isoperimetric inequality, Comm.Anal.Geom.12,(1994), 203–215.

50 LUIGI AMBROSIO, FRANCESCO SERRA CASSANO, AND DAVIDE VITTONE

[11] G. Citti & M. Manfredini, Dini Theorem in Non Homogeneous Carnot Spaces, Preprint (2004).

[12] D.R. Cole & S. Pauls, C^{1,1} Hypersurfaces of the Heisenberg Group are N-rectifiable, Preprint (2004).

[13] D.Danielli & N.Garofalo & D.M.Nhieu, Traces inequalities for Carnot–Carathèodory spaces and applications, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 27,(1998), 195–252.

[14] G.David & S.Semmes, Fractured Fractals and Broken Dreams. Self-Similar Geometry through Metric and Measure, Oxford University Press, (1997).

[15] E.De Giorgi, Su una teoria generale della misura (r − 1)-dimensionale in uno spazio ad r dimensioni Ann.Mat.Pura Appl.(4), 36, (1954), 191–213.

[16] E.De Giorgi, Nuovi teoremi relativi alle misure (r − 1)-dimensionali in uno spazio ad r dimensioni, Ricerche Mat. 4, (1955), 95–113.

[17] E.De Giorgi, Un progetto di teoria delle correnti, forme differenziali e varietà non orientate in spazi metrici, in Variational Methods, Non Linear Analysys and Differential Equations in Honour of J.P. Cecconi, (Genova 1993), M.Chicco et al. Eds. ECIG, Genova, 67–71.

[18] E.De Giorgi, Problema di Plateau generale e funzionali geodetici, Atti Sem. Mat. Fis. Univ.

Modena, 43, (1995), 285–292.

[19] E.De Giorgi, Un progetto di teoria unitaria delle correnti, forme differenziali, varietà ambientate in spazi metrici, funzioni a variazione limitata, Manuscript, (1995).

[20] E.De Giorgi & F.Colombini & L.C.Piccinini, Frontiere orientate di misura minima e questioni collegate, Scuola Normale Superiore, Pisa (1972).

[21] L.C.Evans, Partial Differential Equations, Am.Math.Soc., Providence, 1998. [22] H.Federer, Geometric Measure Theory, Springer, 1969.

[23] C.Fefferman & D.H.Phong, Subelliptic eigenvalue problems, in Beckner et al. (1983), 590– 606.

[24] G.B.Folland & E.M.Stein, Hardy spaces on homogeneous groups, Princeton University Press, 1982.

[25] B.Franchi & R.Serapioni & F.Serra Cassano, Meyers-Serrin Type Theorems and Relaxation of Variational Integrals Depending Vector Fields, Houston Journal of Mathematics, 22, 4, (1996), 859–889.

[26] B.Franchi & R.Serapioni & F.Serra Cassano, Sur les ensembles des périmètre fini dans le groupe de Heisenberg, C.R.Acad.Sci.Paris, Ser.I,Math. 329 (1999), 183–188.

[27] B.Franchi & R.Serapioni & F.Serra Cassano, Rectifiability and perimeter in the Heisenberg group, Math.Ann., 321 (2001),479–531.

[28] B.Franchi, R.Serapioni & F.Serra Cassano,Regular hypersurfaces, intrinsic perimeter and implicit function theorem in Carnot groups, Comm. Analysis and Geometry 11, (2003),909–944.

[29] B.Franchi, R.Serapioni & F.Serra Cassano, On the structure of finite perimeter sets in step 2 Carnot groups, Journal Geometric Analysis 13, (2003), 421–466.

[30] B.Franchi & R.Serapioni & F.Serra Cassano, Regular submanifolds, graphs and area formula in Heisenberg groups, Preprint 2004.

[31] D.H.Fremlin: Spaces of finite length, Proc. London Mathematical Society (3), 64, (1992), 449–486.

[32] N.Garofalo & D.M.Nhieu, Isoperimetric and Sobolev inequalities for Carnot-Carathéodory spaces and the existence of minimal surfaces, Comm. Pure Appl. Math., 49 (1996), 1081–1144.

[33] M.Gromov, Carnot-Carathéodory spaces seen from within, in Subriemannian Geometry, Progress in Mathematics, 144. ed. by A.Bellaiche and J.Risler, Birkhauser Verlag, Basel (1996).

INTRINSIC REGULAR HYPERSURFACES IN HEISENBERG GROUPS 51

[34] P.Hajłasz & P.Koskela, Sobolev met Poincare, Mem. AMS, 145 (2000). [35] L.Hormander, Hypoelliptic second-order differential equations, Acta Math, 121 (1968), 147– 171.

[36] B.Kirchheim, Rectifiable metric spaces: local structure and regularity of the Hausdorff measure, Proc. AMS, 121 (1994), 113–123.

[37] B.Kirchheim & F.Serra Cassano, Rectifiability and parametrization of intrinsic regular surfaces in the Heisenberg group, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (5) III (2004),871–896.

[38] A.Korányi & H.M.Reimann, Foundation for the Theory of Quasiconformal Mappings on the Heisenberg Group, Advances in Mathematics, 111 (1995), 1–87.

[39] A. Lorent, Rectifiability of measures with locally uniform cube density, Proc. LMS. (3) 86 (2003), 153–249.

[40] V. Magnani, Differentiability and Area formula on stratified Lie groups, Houston J. Math., 27 (2001), 297–323.

[41] V. Magnani, Elements of Geometric Measure Theory on Sub- Riemannian Groups, Tesi di Perfezionamento, Scuola Normale Superiore, Pisa, 2002.

[42] V. Magnani, Characteristic points, rectifiability and perimeter measure on stratified groups, Preprint (2003).

[43] V. Magnani, A blow-up theorem for regular hypersurfaces on nilpotent groups, Manuscripta Math., 110 (2003), 55–76.

[44] P.Mattila, Geometry of sets and measures in Euclidean spaces, Cambridge U.P., 1995. [45] P.Mattila, Measures with unique tangent measures in metric groups, Preprint (2004). [46] J. Mitchell, On Carnot-Carathèodory metrics, J.Differ. Geom. 21 (1985), 35–45. [47] R.Monti, Distances, Boundaries and Surface Measures in Carnot-Carathèodory spaces, PhD Thesis, Università degli Studi di Trento, (2001).

[48] R.Monti & F.Serra Cassano, Surface Measures in Carnot-Carathéodory spaces, Calc. Var.

Partial Diff. Eq. 13, (2001), 339–376.

[49] A.Nagel & E.M.Stein & S.Wainger, Balls and metrics defined by vector fields I:Basic properties, Acta Math., 155 (1985), 103–147.

[50] P.Pansu, Une inégalité isopérimétrique sur le groupe de Heisenberg, C.R.Acad.Sci.Paris, 295, I, (1982), 127–130.

[51] P.Pansu, Métriques de Carnot-Carathéodory et quasiisométries des espaces symétriques de rang un, Annals of Mathematics, 129 (1989), 1–60.

[52] S.D.Pauls, A notion of rectifiability modelled on Carnot groups, Indiana Univ. Math. J. 53, (2004), 49–81.

[53] D.Preiss, Dimension of metrics and differentiation of measures, in General Topology and its relations with Analysis, Proc.Fifth Prague Topol. Symp. (1981), J.Novak ed., Heldermann Verlag, Berlin (1982), 565–568.

[54] D.Preiss & J.Tišer, On Besicovitch 1/2-problem, J. London Math. Soc., 45 (1992), 279–287. [55] S.Semmes, Good metric spaces without good parameterization, Revista Matematica Iberoamericana. 12 (1996), 187–275.

[56] S.Semmes, On the non existence of bilipschitz parametrization and geometric problems about A_∞ weights, Revista Matematica Iberoamericana. 12,(1996), 337–410.

[57] E.M.Stein, Harmonic Analysis, Princeton University Press, 1993. [58] N.Th.Varopoulos, Analysis on Lie Groups, J.Funct. Anal., 76, 1988, 346–410. [59] N.Th.Varopoulos & L.Saloff-Coste & T.Coulhon, Analysis and Geometry on Groups, Cambridge University Press, Cambridge, 1992.

52 LUIGI AMBROSIO, FRANCESCO SERRA CASSANO, AND DAVIDE VITTONE

Luigi Ambrosio: Scuola Normale Superiore, Piazza dei Cavalieri 7, 56126 Pisa - Italy

E-mail address: l.ambrosio@sns.it

Francesco Serra Cassano: Dipartimento di Matematica, Università di Trento, Via Sommarive 14, 38050, Povo (Trento) - Italy, E-mail address: cassano@science.unitn.it

Davide Vittone: Scuola Normale Superiore, Piazza dei Cavalieri 7, 56126 Pisa - Italy

E-mail address: d.vittone@sns.it