OPTIMALITY AND STABILITY OF THE RADIAL SHAPES FOR THE
SOBOLEV TRACE CONSTANT
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ABSTRACT. In this work we establish the optimality and the stability of the ball for the Sobolev
trace operator W'P(Q) < L9(9Q) among convex sets of prescribed perimeter for any 1 < p < +o0
and 1 < g < p. More precisely, we prove that the trace constant o, , is maximal for the ball
and the deficit is estimated from below by the Hausdorff asymmetry. With similar arguments, we
prove the optimality and the stability of the spherical shell for the Sobolev exterior trace operator
Wh2(Qo \ ©) «— L(0p) among open sets obtained removing from a convex set Qo a suitably
smooth open hole © CC €y, with Qo \ © satisfying a volume and an outer perimeter constraint.
MSC 2020: 35J25, 35P15, 47J30.
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1. INTRODUCTION

Let d > 2, Q C R? be a bounded Lipschitz domain and fix p > 1. Let us denote by p* the critical
trace exponent, that is p* = p(d —1)/(d —p) if p < d and p = 400 if p > d. Let 1 < g < p*. The
main object of this paper is the best constant in the Sobolev trace inequality, namely the largest
number oy, 4(§2) such that

0p.q(Q)[ull Laan) < llullwir@)

for any u € WHP(Q); equivalently, o, ,(€2) is the reciprocal of the norm of the usual trace operator
5T : WhP(Q) — L9(99). In view of the compactness of the embedding, the quantity o, 4(€2) can

be espressed in a variational way as follows
1/p
([ 1o do [ up ao)
(1) 0pq(2) = min X X :

C wewhr(Q 1/q
e w;_eo( ) (/ ’1/}’(1 del)
o

If w € W1P(Q) is a minimizer of (1), then it satisfies

—Apw + |w|P~2w = 0 in Q

2
@ |Vw|p_2?9—15 = ANw|? 2w on 09Q,

for some A > 0 depending on ||w||r¢s0), Where we denote by v the unit outer normal to the
boundary; if |wl|pea0) =1, A = oh ().
A minimizer of (1) or, equivalently, a solution for (2), exists for any ¢ € [1,p*[ in view of the

compactness of the tace operator 7. When p = ¢, we reduce, in fact, to a Steklov-type nonlinear
1
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eigenvalue problem. To be clearer, denoting 0, (€2) := 0 ,(€2), we have
1/p
[ v do+ / 6P da
(3) op(Q) = mlin .
P
weVLf_o( / [P dnt!
In this case, any minimizer w € W1P(Q) of (3) satisfies
—Apw + [w|P2w =0 in Q
4
@) ]Vw|p_2?;u = Mw[P~2w on 99,
v

for some X > 0 depending on ||wl|rr(90); if |[w||ze@a) =1, A = 0p(€2).

Our aim is to optimize o, 4(-) in a a suitable class of sets, focusing on the trace term in the
choice of the constraint. In particular, we prove that the ball is maximal among convex sets with
prescribed perimeter. In addition, we provide a quantitative enhancement of the result in terms of
an appropriate asymmetry functional, i.e. a non negative functional Q — «(2) vanishing only if 2
itself is a ball.

The main results of the first part of the paper are the following. The first is the maximality of
the ball for oy, 4.

Main Theorem 1 (Isoperimetric inequality for convex sets). Let p €]1,4o0[ and q € [1,p], let
Q C R? be convex and O* be the ball having the same perimeter as Q. Then

(5) JP#I(Q*) Z Jpvq(Q)7
with the equality holding if and only if Q is a ball.

The second result is the stability of inequality (5). We slightly modify the notation from the
previous statement in order to emphasise the dependence of the constants on the size of the involved
sets.

Main Theorem 2 (Stability of the ball). Let 0 < R < 400, p €|1,400[ and ¢ € [1,p]. There
exist two positive constants C(p, q,d, R) and 0o(p,q,d, R) such that, for every convex set Q with
P(Q) = P(BR), if op,g(Br) — 0pq(2) < o, then Q is nearly spherical and

(6) Opq(BR) — 0p,q(2) = Cg(An(2)).
The quantitative inequalities for the classical Steklov problem have been studied, e.g., in [12, 27].

The stability of the ball for the least eigenvalue ob of the Steklov-type problem (4) has been treated
among convex nearly spherical sets sets in the linear case p = 2 in [23, 20].

Actually, the aim of the paper is twofold. Indeed, we ask ourselves whether analogous results
can be achieved for a similar functional defined on domains with hole. Let us consider Qg C R?
open, bounded and convex and © CC {2y a nonempty open set smooth enough to have a normal
unit at least in a weak sense. We consider the functional

1/p
(/ |prd3:—|—/ yw\pdx)
(7) Gpe(\O) =  min 0019 20\6 .

Lp(Q\©® 1/q
weww;(o 0\O) (/ |w‘q de—l)
0o

The positive quantity G,4( \ ©) is again linked to a Sobolev trace inequality. More precisely,

we deal with the exterior trace operator Tg q\ : WhP(Q \ ©) = L9(d%y), mapping a function in
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WLP(Q\ ©) onto its trace only on Q. In this framework, G, (0 \ ©) is the largest number such
that

p,q(€20 \ O)l|ul| La(any) < HUHWLP(QO\é)
for any u € WP(Qq \ ©), i.e. it is the reciprocal of the operator norm of Tgo —. The minimizers

\©

of (7) are weak solutions of the nonlinear problem

(—pr + |w[P~2w =0 in Qp\ ©
ow
p—2 - q—2
(8) |Vwl 5 Aw]? 2w on 99y
]Vw|p*2a—w =0 on 00,
ov

\
with A > 0 depending again on the trace norm |[w|| zs(a0,), With A = 65 4(Q0\ ©) if |w| £4a0,) = 1.
o

Let us complete this overview with the case p = ¢. Setting ,(Q0 \ ©) := 5,,(Q0 \ ©), we have
the following variational characterization

1/p
/w\pda:+/ P da
(9) 5,2\ ©) = min 0\6 20\6
YeWP(Q) p gayd—1
v / [P dH
Qo

and minimizers solve the nonlinear Steklov-Neumann nonlinear eigenvalue problem

—Apw + |[wP2w =0 in Qp\ ©
ow
p—2 — p—2
(10) |Vwl 5 AMw[P~2w  on 99,
\Vw]pfza—w =0 on 90
v

\

where A = 65(Q0 \ ©) in case of normalization ||w| s s0,) = 1.
The maximality of the spherical shell is proved in the following

Main Theorem 3 (Isoperimetric inequality for holed sets). Let p €]1,+o0[, ¢ € [1,p] and let
Qo C R? be conver and © CC Qo an open set sufficiently small for the weak well posedness of
Problem (8). Let AR, r, be the spherical shell such that P(Qg) = P(Bg,) and |\ ©| = |AR, r,|-
Then

(11> &P7Q(AR1,R2) > 61’%1(90 \@)7
with the eqaulity holding if and only if Qo \ © = AR, R,-

Once approached the study of the isoperimetric result above, we asked ourselves about a possible
quantitative enhancement of the previous theorem. We started our analysis referring to [21]. That
paper, as far as we are aware, provides the first quantitative result within the setting of domains
featuring holes where both the outer and inner boundaries are perturbed independently. In that
research an asymmetry functional for sets of the form Qg \ © has been introduced. This functional
is designed to handle two distinct boundary perturbations, with 9€)yg and 90 governed by different
boundary conditions and with Qg \ © required to meet specific constraints (namely, the outer
perimeter and the volume). We will introduce the so-called hybrid asymmetry oy (-) in Definition
2.25 and delve into the motivation of that choice in Section 2.
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Let us introduce the framework for the stability result. Let 0 < Ry < Rg < +00 and denote by
VR, R, & positive constant such that 9g, p, < min{Ri, Ro — R1}/2. We set

Tri.r, = {2 C R?: Q= Qq \ O, Qp, O convex, |Q| = |AR, .Ro|, P(Q0) = P(BgR,),

(12)
dq.[(@, QO) > 19R17R2 and P(@) > 19R1,R2}v

where p(-) is the inradius and dy(+,-) is the Hausdorff distance. We prove the following stability
result in Tg, R,

Main Theorem 4 (Stability of the spherical shell). Let 0 < Ry < Ry < 400, p €]1,+00[ and
q € [1,p]. There exist two positive constants C(p,q,d, R1, R2) and dy(p, q,d, R1, R2) such that, for
every open set Qo \ © € Try Rys if Gp.q(AR, Ry) — Fp.g(Q0\ O) < &0, then Qo \ © is (Ry, Re)-nearly
annular and

(13) Tpq(ARL,Ry) = Tpg(Q0\ ©) > Canyp(Q0\ ©),
where apyy(+) is the hybrid asymmetry functional in Definition 2.25.

The study of 7,4 is mainly motivated by the following facts. On one hand, the problem of the
optimal constant for the exterior trace has been widely studied imposing a Dirichlet condition on
00 (see, e.g., [10]), so we found reasonable to analyse what happens replacing it with a Neumann
condition on the hole. On the other hand, &y, 4 is linked to the nonlinear Robin-Neumann eigenvalue
with negative boundary parameter 5\p(-, B). This latter admits Ag, r, as unique maximizer (see
[41] for the proof), but its the stability (conjectured in |21, Open Problem 5.2]) remained an open
problem. We obtain this quantitative result as an adaptation of the proof of Main Theorem 4.
Regarding the case p = ¢ (and in particular p = ¢ = 2), a number of authors have recently
been exploring the Laplace and p-Laplace eigenvalue problem in the scenario where the outer and
inner boundaries are subject to different conditions. We cite, first of all, the pioneeristic paper
[42], which paved the way to study this kind of mixed problems. Among the others, considering
first the boundary condition on 99y and then on 90, we cite the Robin-Neumann case in [41],
the Neumann-Robin case (with positive boundary parameter) [22, 34|, the Dirichlet-Neumann case
[5, 6],the Dirichlet-Dirichlet case[8, 19], the Steklov-Dirichlet case [24, 28, 29, 35, 40, 43] and the
Steklov-Robin case [30]. Recently, a comparison Talenti type result has been studied in the same
class of sets, see [7].

On the other hand, the quantitative versions of the spectral inequalities on holed domain are
still in the early stages of development. We mention [40], where a result in this direction is proved
for the first Steklov-Dirichlet Laplacian eigenvalue among the class of holed domains where the
inner hole © is a given ball well cointained in 9. The inner ball can be only translated and so the
only perturbation of the boundary acts on 9€)y. Up to our knowledge, the only result in which the
perturbation acts independently on both boundaries is presented in [21].

We point out that for both the convex and the holed case, the results depend on the size of the
admissible sets; this is evident in particular in the stability results, since the constants in Main
Theorem 2 and in Main Theorem 4 are given in terms of the radius of the ball and in terms of the
radii of the spherical shell, respectively. Even the fact that we consider ¢ only in [1,p] and not on
the whole compactness interval [1,p*[ depends on a technical issue deeply linked to the size of the
admissible sets. Indeed, we will see in Proposition 2.4 and Proposition 2.8 that problems (2) and
(8) have radial solution respectively on Br and Ag, Rr,, regardless of the radii, only if ¢ € [1,p].
Now, the proofs of the main results rely on the well established web-function method, based on the
construction of a suitable test function by dearranging a positive radial minimizer for the ball or
the spherical shell. We will go into detail about the properties of the minimizers for radial shapes
and about the "radiality thresholds" in Section 2.2. In particular, in Remark 2.6 we point out that
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our choice to present the results for p €]1,+oo[ and ¢ € [1,p] regardless of the radii is motivated
by our shape-optimization focused perspective, even if the main theorems hold in a more general
range of parameters.

For what concerns the stability of the exterior trace constant for the domains with holes, the
main difference from [21] is that here we do not have explicit minimizers as in the linear case. More
specifically, the eigenfunction for 53 is a linear combination of two Bessel functions, whereas in the
general nonlinear case we do not have an explicit representation of the minimizing function. Then,
in order to apply our dearrangement technique, it is needed to check carefully all the functional
properties (radial simmetry and radial monotonicity) required. Moreover, as already noticed in 21|,
the inner hole with Neumann boundary condition cannot be treated as in [25], since a cancellation
of the inner boundary integrals occurs due to the boundary condition. So, it seems that we cannot
use the standard Fuglede approach to treat either the asymmetry of the outer boundary or the
deviation of the hole. We will go in detail to present the hybrid asymmetry functional: even if it
seems far from being optimal and, at a first sight, a bit artificial, it matches with our purposes.
Indeed, we were mainly focused on finding the optimal shapes for &, , and, for a possible quantitative
enhancement, we were only looking for an actual asymmetry functional (i.e. a positive quantity
equal to zero if and only if 9\ © = Ag, r,) to quantify the distance from the spherical shell. Even
if we spend several pages for its definition, motivation and meaning, ajy is not the core of our
discussion.

We point out that also in this case, since we have to handle two different constrains, the hybrid
asymmetry functional is the result of two different terms. The appearence of a mixed asymmertry
as a combination of one term per each object seems to be natural in problems in which you can
perturb more features independently. In addition to the already cited [21], see also [1], where the
authors combine three asymmetry terms to control, respectively, the symmetry of the domain, the
symmetry of the datum and the symmetry of the solution for a Poisson equation.

The structure of this paper is the following. In Section 2 we recall some of the basic notation
and state (prove, if new) some useful properties of the solution of the nonlinear problem; we also
recall some geometric tools and introduce the hybrid asymmetry functional apys(-). In Section 3
we provide the proofs of Main Theorems 1 and 2. In Section 4 we prove Main Theorems 3 and 4,
going in detail on the arguments to get the quantitative estimate. In Section 5, some consequences
of Main Theorems 2 and 4 are given in terms of stability of Robin spectral problems with negative
boundary parameter; finally, some open problems are discussed.

2. NOTATION AND PRELIMINARY RESULTS

2.1. Notations and basic tools of measure theory. Throughout this paper, we denote by
|- | and H¥(-), the d—dimensional Lebesgue measure and the k—dimensional Hausdorff measure in
R?, respectively. The unit open ball in R¢ will be denoted by By and the unit sphere in R% by
S%1: we also define wy := |By|. More generally, we denote with B,(xg), that is the ball centered
at xo with radius r, and, for any 0 < Ry < Rz < 400, we denote by Ag, r, the spherical shell
Bg, \ Bg,. Furthermore, we denote by xg the characteristic function of a measurable set E and,
for any measurable funciton f > 0, by Vols(E) its weighted volume || pfdr.

When not specified, Qg \ © will denote a subset of R%, d > 2, such that € is an open, bounded
and convex set and © is an open set such that © C Qg and sufficiently smooth to define (at least
in a weak sense) a nonlinear Neumann boundary condition.

The distance of a point from the boundary 9€ is the function

dz) = inf |z —vy|, =z € Qo,
(@)= int |o—y] ;
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moreover, the inradius of {2 is the radius of the largest ball contained in g, i.e.
p(Qo) = max{d(z), x € Qo}.

We recall now some basic notions about the Hausdorff distance. If E, F are two convex sets in R,
the Hausdorff distance between E, F' is defined as

dy(E,F):=inf{e>0: EC F+¢eBy, FC E+¢eB;},

where I’ + £Bj is intended in the sense of the Minkowski sum.

We will denote by E* and E* the balls having respectively the same volume and the same
perimeter as F.

Since we deal with a perimeter constraint, we recall its rigorous definition.

Definition 2.1. Let E C R? be measurable and let Q@ C R? be open. We define the perimeter of E
in Q as

P(E,Q) :=sup {/ div(p) dz : ¢ € CHORY), [l@lloe < 1}
E

and we say that E is of finite perimeter in Q if P(E,Q) < +oo. If Q@ = R? we simply say that E
is of finite perimeter and denote its perimeter by P(E).

Let us recall that, if E is sufficiently regular (e.g. if E is a bounded Lipschitz domain, in particular
a convex set), it holds P(E,Q) = H 1 (OEN Q).
An important tool for our proofs is the following.

Theorem 2.2 (Coarea formula). Let Q@ C RY be a measurable set, f : Q — R be a Lipschitz
function and let u : Q@ — R be a measurable function. Then,

= U =1y,
(14 Jrvswle= [af e

To get acquainted about the sets of finite perimeter, the coarea formula and related topics see,
for instance, [3].

2.2. The nonlinear problem: properties of the solutions. In this section we collect some
basic properties of the minimizers of (1) and (7). In particular, we will focus on the case when the
convex domain for o, , is a ball and the domain with a hole for 7, 4 is a spherical shell. We omit
the proofs that appear straightforward and present those we deem more significant.

We start with an overview about the case p = ¢, analyzing 0,(£2) and the minimizers of (3); the
proofs are not given here as they can be found in [38].

Proposition 2.3. Let 1 < p < 400 and let @ C R? be a bounded Lipschitz domain. The following
items hold.

(i) There exists a minimizer w € WHP(Q) of (3), which is a weak solution to (4).
(1t) op(2) is simple, i.e. all the associated eigenfunctions are scalar multiple of each other and
do not change sign. Moreover, o,(2) is isolated.
(iii) Let R > 0 and let z, be the positive minimizer of problem (3) on the ball Br. Then, z is
radially symmetric and increasing, in the sense that z(x) =: V(|x|), with ¥'(r) > 0.

In the general case p # ¢ the situation is more involved. One would expect the ball to continue
to have a radial solution. Instead, a very surprising situation occurs: the radiality of the solution
is guaranteed only when 1 < g < p regardless of the radius; otherwise, it is not. Those results are
proved in [37] for 1 < ¢ < p; for the case ¢ = 1 < p, they can be achieved adapting the proofs of
[13], where the authors treated the case p = 2. We collect these results in the following proposition.
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Proposition 2.4. Let 1 < p < 400 and R > 0 be fized. Let z, be the radial positive normalized
minimizer for op(Br) and 1 < g < p*.
(1) If there exists a radial minimizer for oy, 4(Br) then it is a multiple of z,.
(i1) Assume there exists a radial minimizer for oy 4, (Br). If 1 < g < qo then any minimizer for
0p,q(BR) is a multiple of z,.
(11i) Let 1 < q < p. Then the solution of the boundary value problem (2) on Bg is unique and it
is a multiple of zp. In particular any minimizer for (1) on Bg is a multiple of z,.
() If ¢ =1, 0,1(2) admits unique minimizer for any Lipschitz set Q; in particular, the mini-
mizer for o, 1(BR) is radial.

If p < g < p*, the radiality of the solution of (1) on Bp holds only in a certain range of radii.
More precisely, the following proposition holds

Proposition 2.5 ([37], Theorem 2). Let 1 < p < 400 be fized and let us denote by z, the solution
of (4).
(i) Let r > 0. There exists Q(r) > p such that, if ¢ > Q(r), then there is no radial minimizer
for oy 4(By).
(ii) Let p < q < p*. There exists R(q) such that, for any r > R(q) there is no radial minimizer

for oy 4(By). B
(iit) There exists a function of the radius Q :]0, +oo[— [1,p*[ such that

q<Q(r) = any minimizer for o, 4(B;) is a multiple of zp, then it is radial
q>Q(r) = there is no radial minimizer for o, ,(By)
Finally, it holds p < Q(r) < Q(r)

Remark 2.6 (further radial cases). In view of Proposition 2.5, the radiality of the solution on the
ball still holds when either the radius of the ball or the trace exponent q are sufficiently small. In these
further radial cases the proof remains the same as the case 1 < q < p, having unfortunately a size
restriction for the admissible sets. However, as our primary goal is to present shape optimization
results whose validity is regardless on the size of the admissible sets, we will concentrate on the range
1 < g < p and present the results for any positive radius. Nevertheless, we will always keep in mind
that the main results of the paper still hold even in the further radial cases where size limitations
on the admissible sets exist.

In view of the previous remark, even for the functional ¢, 4, we focus on the cases in which the
radiality is guaranteed regardless of the size of Agr, r,. We are interested in getting the analogous
results of Proposition 2.3 and Proposition 2.4 for domains with holes. We start with the case
p = q. We omit the proof since it is a straightforward adaptation of standard arguments; for some
refercences, follow, for instance, Section 2.1 in [41], in particular Propositions 2.2, 2.3 and 2.5.

Proposition 2.7. Let 1 < p < 400 let Q9,0 C R? be two Lipschitz domains such that © CC Qy.
If p = q, the following items hold.

(i) There exists a minimizer w € WiP(Qo\ ©) of (9), which is a weak solution to (10).
(ii) 5,(Q0 \ ©) is simple, i.e. all the associated eigenfunctions are scalar multiple of each other
and do not change sign. Moreover, G,(Q0 \ ©) is isolated.
(iii) Let R > 0 and let z be the positive minimizer of problem (9) on the spherical shell Ag, Rr,.
Then, z is radially symmetric and increasing, in the sense that z(x) =: V(|z|), with V'(r) >
0w ]Rl, RQ[.

If p # g, the radiality of the solution on Ag, g, is guaranteed whenever 1 < g < p, without any
restriction on R; and R».
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Proposition 2.8. Let 1 < p < 400 and Ry > Ry > 0 be fized. Let z, be the radial positive
normalized minimizer for 6,(Ar, r,) and 1 < ¢ < p*.

(1) If there exists a radial minimizer for &y 4(AR, r,) then it is a multiple of z,.
(i1) Assume there exists a radial minimizer for op 40 (AR, Rr,)- If 1 < q < qo then any minimizer
for op q(AR, R,) is a multiple of zp.
(11i) Let 1 < q < p. Then the solution of the boundary value problem (8) is unique and it is a
multiple of zp. In particular any minimizer for (7) is a multiple of z.
(i) If g =1, 5,1(Q0\ ©) admits unique minimizer for any Qo, © C RY Lipschitz with © CC Qo;
in particular, the minimizer for 6,1(AR,,r,) s radial.

Proof. First of all, if the minimizer v for 6, 4(ARg, r,) is radial, then it is constant on 0Bpg,. Arguing
as in the proof of [37, Proposition 2|, v is a multiple of z,, proving (i).

Let us prove (ii) now. Assume that &, q, (AR, Rr,) has radial minimizer; in view of (i) it is (a
multiple of) z,. Let now v be a minimizer for &, ,(Agr, r,) and let us prove that v is radial. If v
is constant on 0Bpg,, then v is a multiple of 2, in view of the same argument as in the proof of
[37, Proposition 2| and thus is radial. Assume now, by contradiction, that v is not constant on the
boundary. The Hélder inequality gives the estimate

1 1
( / vl d?-[d‘l) " < P(Bg,) 0t < / V0 cmd—l) "
8BR2 aBRQ

where the inequality is strict since v is assumed not to be constant on 0Bpg,. On the other hand,
since z, is constant on 0B,

1 1
q - a0
(/ Zg del) — P(BRZ)qgoqq (/ Zgo dedl)
83122 aBR2

Now, z, is a minimizer for 6, 4,(AR, r,) and just a competitor for &, ,(Ar, r,); conversely, v is a
minimizer for &, 4(AR, r,) and just a competitor for &, 4, (AR, r,). This entails the strict estimate

1/p 1/p
(/ [VolP dx—i—/ vP d:r) B < \VolP dz + [ oP da:)
ARlvRQ ARlﬁRz % Q 9]
1/qo0 ° 1/q
(/ 00 d’Hd1> </ v d?-ld_1>
0B, a0
1
(/ zg d?-[d1> ’
a0—4 dBr,
= T
a0
</ zgo d’Hd_1>
0B,
- 1/p

q
</ z3 d?—ld_1> (/ |V2zp|P dx +/ 2p d:n)
< BBRQ ARLRQ ARLRQ
- % 1/q
(/ Zgo de—l) (/ zg d?-[dl)
OB, OBR,

< P(BR2)

51’#10 (ARl ,R2) <

6p,q(AR1,R2)
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1/p
(/ |Vzp|P dx —|—/ 2p dm)
< ARy Ry ARy Ry
- 1/q0
( / 20 de—l)
0Br,

giving a contradiction. Thus, if 1 < ¢ < g, any minimizer v for &, 4(Ag, r,) must be constant on
O0BR,, and so radial and multiple of z,, proving (ii).

Item (iii) is a direct consequence of (i) and (ii).

Finally, the first part of item (iv) can be proved via standard tools, while the radiality issue is a
direct consequence of the uniqueness of the solution. O

= Op,qo (ARLRQ )a

Remark 2.9 (Immediate geometric upper bounds). Testing (1) and (7) with the characteristic
functions of Q and Qg \ © respectively we get

Qe oy o [0\ 67
< — < ——.
UP:Q(Q) —= P(Q)l/qﬂ UZLQ(QO \ @) — P(Qo)l/q
Remark 2.10 (the case p = q = 1). The results presented in the paper hold for p €]1,400] and
q € [1,p]. The case p=q =1 is different and immediate. The constant c1(2) has been studied in
[4]. There the authors prove that
Q

01(22) < min {P|(S£)’ 1} :
with the equality holding for some particular sets. Among them, the most relevant example for our
purposes s the ball, where equality holds and one has

) | BR| . wq R4 . [R
Ul(BR):mln{P(BR),l = min W,l = min E’l

max {al(Q) :Q C RY convex, P(Q) = dwde_l}

admits Br as a trivial solution. Indeed, for any Q C R convex with P(Q) = dwgR1Y, it holds
O* = Bpg; so P(2*) = P(Q), || < |Q*| and one has

Thus, problem

01(2) < min {P‘?S’Z)’l} < min {ID‘(SZ‘*)’l} = o1 (Q%).

If o1(2) = %, i.e. if the radius R(2*) of Q* is less than the dimension d, then the ball *
is the only maximizer, since, if  # Q*, it holds, the second inequality above is strict. Otherwise,
if 01(Q%) = 1, the unicity of the mazimizer is not assured, since the existence of another possible
convex set Q # Q* with 01(Q) = 1 does not seem ezcluded.

By adapting the same argument as in [4], we get the same conclusion for the mazimality of Ar, R,
for &1.

2.3. Nearly sperical and nearly annular sets; Hausdorff asymmetry indices. In this sec-
tion we introduce some notions related with the closeness to the radial shapes. We start recalling
the nearly spherical sets (see [25, 26]).

Definition 2.11 (nearly spherical sets). Let Qo C R? be an open bounded set with 0 € Q. The
set Qg is said a R—nearly spherical set parametrized by w if there exist a constant R > 0 and
u € WHho(S9=1) with ||u||y1, < R/2, such that

0 ={y eR": y =R +u(9), £€5').



10 SIMONE CITO!

In [21], authors introduced the counterpart of the nearly spherical shells in the frameworks of
domains with holes.

Definition 2.12 (nearly anular sets). Let Qg \ O C RY an open set where Qo and © are open,
© CC Qo and 0 € ©. We say that Qo \ © is a (Ry, Ra)—nearly annular set if there exist 0 < Ry <
Ry < 400 and u,v € WHe(ST1)  with ||ul|p1.00 < R2/2, |[v]lwree < R1/2, such that

9 = {y € R": y = {(Ry +u(§)), €S}
and
90 = {y eR": y = &(R +0(¢), £ €57}

The key points of the quantitative enhancements proved in this paper are the estimates of the
deviations of an admissible convex set from the ball having the same perimeter and of a convex
domain with smooth open hole from the spherical shell having the same volume and the same outer
perimeter. So, we recall the following Hausdorff asymmetry indices, very useful in the framework
of convex sets:

An(B) = min {dy(E, B, (x)), P(E) = P(B,(x))},

A5y (E) = min {du(B, B (x), |E| = |B(x)]}

They give the deviations of E from the balls having the same perimeter or the same volume as F
respectively.

5, and AQH are linked by the following estimate.

Lemma 2.13 (]27], Lemma 2.9). Let d > 2, 6 > 0 and let E C RY be a bounded, convex, with
P(E) — P(E") <6 then
(15) Ay *(E) < C(d) Ay (E).

With these definitions, we can recall the quantitative isoperimetric inequality proved in |25, 26].
Even if we do not apply directly the following remarkable tool, we state it since it introduces the
modulus of continuity g(-) that will be very useful to handle our quantitative results.

Theorem 2.14 (Fuglede). Let d > 2, and let E be a bounded open and convex set with |E| = wy.
There exists 6,C, depending only on n, such that if P(E) — P(E*) < § then then

(16) P(E) — P(E*) > Cg(A%(E)),
where g is defined by

52 ifd=2
(17) g(s) = f'(s*) ifd=3
s ifd >4

and f(t) = y/tlog(}) for 0 <t <e L.

We will make use of a modified version of the previous theorem, in terms of isovolumetric deficit
€] — 1€
Lemma 2.15 ([2], Lemma 2.4). Let Q C R? be a bounded, open and convex set and let Q* be the
ball satisfying P(2) = P(Q*) = L. Then, there exist 0, C, depending only on d and L, such that, if
(18) Q] —[Q] <6

then
] — 19 > Cg(A5,())
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where g is the function defined in (17).

In the following section, we introduce another asymmetry index that is very helpful when dealing
with convex sets.

2.4. Some useful tools involving quermassintegrals. Let us recall some basic facts about
convex sets. Let K C R? be a non-empty, bounded, convex set, let B be the unitary ball centered
at the origin and p > 0. We can write the Steiner formula for the Minkowski sum K + pB as

d
d 4
K+ pB|= (K)p'.
|K + pBl ZZ; (Z.)W( )p
We usually refer to the coefficients W;(K) as quermassintegrals of K. Some remarkable cases are
P(K
Wo(k) = 1K1 W) = T w0 = g

Quermassintegrals play a fundamental role when considering shape optimization problems on
convex sets, as they provide powerful tools to handle convex super or sublevel sets. To this aim,
we consider the Aleksandrov-Fenchel inequalities

1) (WU, (WA i jcamn

where equality holds if and only if K is a ball. When ¢ = 0 and j = 1, formula (19) reduces to the
classical isoperimetric inequality, i.e.

1o a1
P(K) > dwi|K| @ .
An important role is played by (19) with ¢ = 1 and j = 2, that is

_ 1 _
(20) Wo(K) > d Tiw? ! P(K)T,

Several improvements of inequalities involving the quermassintegrals are available in literature,
see e.g. [36] for recent results involving also the boundary momenta. In [32] a quantitative version
of the Alexandrov-Fenchel inequalities is proved, and we will report it for j = 2 and ¢ = 1. In order
to do that we have to define some objects.

Let Q C R? be an open convex set. We define support function of  the map

h(2,u) := max(x - u), ue S
e
and width function of  the map

w(Q,u) = h(Qu) + h(Q, —u) for ue S¥L

More precisely, the width w(£2,u) is the distance between the two support hyperplanes of Q or-
thogonal to u. Roughly speaking, w({2, u) gives the thickness of € in the direction u. We point out
that the diameter of © can be given in terms of w(€2,-) as follows:

D() = max w(©.w)

The mean value of the width function is called the mean width and it is denoted by

2
Q) = — h(Q, u) du.
w@ = 2 [
Finally, the Steiner point of Q s(Q) € Q is defined as
1
s(Q) = — h(€, u)udu.

W Jsd—-1
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Definition 2.16. Let Q C R? be a bounded open convex set. The Steiner ball Bq of the convex set
Q is the ball centered at the Steiner point s(2) with diameter equal to w(€2)

In Section 4 we deal with domains with holes of the form Qg \ ©. In order to quantify the
deviation of the convex set 0y from being a ball we make use of a quantitative version of (19) in
terms of the Hausdorff distance between €y and its Steiner ball Bq, (see [32] for the proof).

Theorem 2.17 (Quantitative Alexandrov-Fenchel inequalities). Let Qg be a convex body and Bgq,
the Steiner ball of g. Then,

Wg(Qg)d_l — de1 (Qg)d_2 d+3

(21) W, (€20) 72 > c(d, Q0)d3 (0, Bo,) 2 -
From (21), it follows that
A d-2 d—2 d+3
(22) Wa(Q0) —wy ™ d™ =1 P(Q) a1 > cdyy(Qo, Ba,) @D

We will exploit the latter improved Aleksandrov-Fenchel inequality to estimate from below
Gp.g(ARy Ry) — 0pg(Q0 \ ©) in terms of the asymmetry of convex set Qg. Our technique is based
on the application of (22) to the sublevel sets Qg for the test function wgq, (see (29)) which only
depends on the distance from the boundary of 5. Anyway, our goal is to obtain the lower estimate
not in terms of the asymmetry of €0y, but in terms of the asymmetry of €1y itself. For that reason,
we need to control uniformly from below the asymmetry of the level subsets with the asymmetry
of €2g. This technique is usually called propagation of the asymmetry; it has been carried out in
many situations (see also [33] and [11] for the results inspiring Lemma 2.18, involving the Fraenkel
asymmetry), even in noneuclidean setting (see, for instance, [17] or [18] for two applications in the
Gauss space).

In our framework, we make use of the following result proved in [39).

Lemma 2.18 (Propagation of the Hausdorff asymmetry). Let Qg C RY be a bounded and convex
set with positive measure and let U C Qg be with |[U| > 0 and such that

(23) A3 (Q0,U) < Q(dfFZ)dH<QOPBQOL

where Bq, is the Steiner ball of Q9. Then, we have
1
(24 (U, Bu) = (%, Boy).

2.5. Some results on inner parallel sets and web-functions. We now recall some basic tools
for handling a web-function, an evocative term coined by F. Gazzola (see [31]) for functions whose
values are determined solely by the distance from the domain boundary. The name brings to mind
the structure of a spider’s web, an analogy drawn from the appearance of their level lines. We first
introduce the notion of inner and outer parallel set.

Definition 2.19. Let Q C R? be a convex set and p(Q) be its inradius. For any t € [0, p(Q)], we
define the inner parallel set at distance t relative to Q the set

Q={zxeQ:dz)>t}

where d(x) is the distance of x € Q from the boundary of Q. For any s > 0, we define the outer
parallel set at distance s relative to € the set

Qs::{xERd:d(m,Q)<s}.

For the inner parallel sets the following differential estimate holds.
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Lemma 2.20 ([2], Lemma 2.5). Let Q be a bounded, convex, open set in R?. Then for almost every
t e (O, TQ)
d
(25) _@P(Qt) > d(d— 1)Wa ()
and the equality holds if Q) is a ball.

A standard combination of the previous lemma with the chain rule, together with the equality
|Vd(z)| = 1 almost everywhere, entails the following result (see also |2, Lemma 2.6] and [41, Lemma
2.8]).

Lemma 2.21. Let f: [0,+00) — [0,+00) be a nondecreasing C* function with f(0) = 0. Set
u(z) = f(d(z)) and

Ei={zeQ :ulx)>t}
then

(26) —ip(Et) > d(d—1) Wa(Er)
’VU|u:t

dt
A consequence of the previous lemma is that, if f is nonincreasing and we consider its sublevel
sets

E,={zeQ:ulx) <t}
then

(27) iP(Et) > d(d—1)——~
dt
2.6. The hybrid asymmetry for domains with holes. In this section we mention some basic
facts about the asymmetry functional for domains with holes, introduced by the current author, G.
Paoli and G. Piscitelli in [21]. We first explain our starting, intuitive idea. Let z be the positive
minimizer for Gp¢(ARry,R,) With [|2||LeoBs,) = 1. If Qo = Bg, and © # Bg,, the most natural way
to estimate the deviation of Qy \ © = Bg, \ © from Ag, r, = Bg, \ Bg, seems to compare the
volume integrals of z; in this case, z is only a test function for Bg, \ ©, not a minimizer, even if the
outer container )9 = Bp, is a ball, the same as the spherical shell. The positive term giving the
quantitative estimate on the deviation is given by a weighted integral on O ABpg,. Of course, since
the outer convex set is 29 = Bg,, the deviation from Ag, r, depends only on the deviation of ©
from Bp,, as expected. The technical step forward is to reply the idea for a general outer convex
set Q.
In order to do that, we need a suitable test function for g\ © related to the normalized minimizer
z for the spherical shell Ag, g,. Let us denote by

Zm = inf 2= z\aBRl, ZpM = Sup z = 2’3332
Ry,Ry ARq,Ryg

and define in Bpg, the function

(28) 7= {7 DARR,
Zm in BRl-

Since z is radial, the function £(¢) := |VZ|
introduce

(29) wq, (x) == {

-y = |Vz|,_, is well defined in |z, zp[. We now

G(d(z)) ifd(x) < Ro— Ry

e o,
Zm if d(l‘) Z R2 — Rl “ 0
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where d(x) = d(z; Q) and G is defined by
G- [
() = — dT,
¢ A7)
for any t €|z, zpr[. The following properies hold:
’vwﬂ()’u:t = ’vz‘vitu

(wﬂo)m = lfrllof WOy = Zms

(way )M = Sglzlp wo, = 2M = @(O)
0

The map wq, depends only on the distance from the outer boundary 0€2y and is constant on the
boundaries of the inner parallels to {o; in other words, wgq, is a web-function.

We point out that wgq, can be used as a test function for every admissible holed set with outer
box Qo.

We now introduce the shellifying hole Kq,, which plays for )y the same role as the concentric
spherical hole By when the container is Bj.

Definition 2.22. Under the hypotheses and notation above, we denote by Kgq, the inner parallel
set relative to Qo having the same volume of O, i.e. the set

Kq,={x € Qo : d(z) >tqo,},
with ta, € (0, p(Q)) such that |[Kq,| = |0)].

In other words, the admissible domain €\ Kq, enjoys the property that the outer and the inner
boundary have uniform distance tg,.
Now we can give the following definition of weak inner asymmetry of the hole.

Definition 2.23 (weak inner Asymmetry). Under the hypotheses and the notation above, we denote
with the symbol A(©; Q) and call weak weighted Fraenkel-type asymmetry of © relative to the set
Qo, the nonnegative quantity

(30) A©:50) = [ (Vuoy? + wh (o)~ 25) da.
O\Koy,
On the other hand, to estimate the deviation of the container €y from a ball, we use the following
quantity.

Definition 2.24 (outer Asymmetry). Under the hypotheses and the notation above, we denote with
the symbol Giout (o) and call outer asymmetry of Qo relative to the set Q, the nonnegative quantity

(31) Gout(Q0) = (201 — T(QO))?*d;%(QO; Bq,).
where T'(Q) € [zm, 2m| s defined in Proposition 4.1.

We are now in a position to define our asymmetry functional for domains with holes.
Definition 2.25 (Hybrid asymmetry). We define the hybrid asymmetry of Qo \ © as
(32) Qnyh(0 \ ©) 1= max {Gout (), A(0; ) } .

The definition of hybrid asymmetry above is motivated by the following, natural, question. If
Qo is the container, what is the most suitable hole to compare © with? Intuitively, it is neither a
ball B, such that |B,| = |©| nor the cavity of the maximal spherical shell Ar, r, (i.e. Bg,), but
rather the inner parallel Ko, with the same measure as ©.
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FIGURE 1. Ay (o) is drawn in orange; the green set is the integration domain in
the definition of A(©; Q).

This answer is motivated by the fact that 0Kq, and 0 lie at uniform distance tq, (see Definition
2.22), recollecting the analogous property of the spherical shell Ag, g,, for which the boundaries
0BpRr, and 0BpR, lie at uniform distance Ry — Ry. It is worth noting, however, that Ko, = Bg, if
and only if ¢ = Bp,.

We point out that the hybrid asymmetry just introduced is zero if and only if Qo \ © = Ag, g,,
and so, (32) actually quantifies a deviation of an admissible set from the optimal set Ag, r,.

The quantity dout(€20) quantifies the deviation of the domain € from its Steiner ball with respect
to the Hausdorff distance. The quantity A(©; ) gives information about how far is © from the
optimal cavity relatively to g, namely Kq,. Anyway, both terms are necessary, as will be clarified
in Remark 2.26. Specifically, if © has a small Hausdorft distance from Kgq,, then the dominant
term in the hybrid asymmetry is &yt (20); it could even happen that ,Zl(@; Qp) = 0, even though
© # Kq,, as we will see in the following remark. Conversely, if Q¢ = Bp,, then dpu(20) = 0. In
this case any admissible hole © # Bp, satisfies .,Zl(@; Bpg,) > 0, and consequently, in this scenario,
the largest term is A(©; Br,).

Remark 2.26. We point out that A(@; Qo) > 0, but it could be zero even if © # Kq,. This happens
whenever

to, > Ro— R1 and 0 <du(0,Kq,) <to, — (R2 — R1),
since wo, = zm on O\ Kq,. In this case fl(@;Qo) = 0, even if © # Kq,. Nevertheless, in that
case, inequality to, > Ro — Ry tmplies Qg # Br,, thus the global asymmetry satisfies

Ozhyb(Qg \@) = max {&out(Qo), A(@; Qo)} = &out(QO) > 0.

In other words, if © has a small Hausdorff distance from Kq,, then the largest term in the compu-
tation of apys(2o \ ©) s Aout (o).
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FIGURE 2. The darker green set is the actual integration domain in the definition of A(©; Q).

On the other hand, if Qo = Brg,, then Gouw(Qo) = 0 and to, = Ry — Ri. So, in this case,
Kq, = Bgr, and any admissible hole © # Bpg, satisfies A(©; Br,) > 0, since wq, = z > zm on
O\ Bg,. Consequently, we have

anyy(Q0 \ ©) = max {&Out(BRQ),/i(@; BRQ)} = A(@; Bg,) > 0.

Nevertheless, whenever to, = Ra — Ry, we have

Gout() =0 < Qo = Br,, A(O;Q)=0<0=Kq,.
This happens, for instance, if Qo is itself the outer parallel of a convexjet),
In conclusion, it actually holds cpy,(Q0 \ ©) = 0 if and only if Qo \ © = AR, g,

We point out another interesting feature of the hybrid asymmetry. The functional oy, actually
quantifies both the distance from being spherical of )y, and the global distance of Qg \ © from
the "shell-structured" set Qg \ Kq,. As a consequence, it detects the best competitor between, for
instance, two domains having the same Hausdorff or Fraenkel distance from the spherical shell, but
with different mass distribution around the hole.

In other words, ay, is lower if a (g \ © enjoys a shell-like structure (it is useful in the case of
two equal containers with the same hole, but in different relative position, see Figure 3).

Let us notice that |Vw(qy) [P +wg, — 2 = 0 in Ko, \ ©, so A(©,Q) can be also written as

A(@, Qo) = / (|Vw(QO)|P -+ ’wgo — Zg.)n)dl’ = VOZ(|VUJ(QO)|P+’U)€2 —zfn)(@AKQO)’
GAKQO 0
hence the name "weighted Fraenkel-type" asymmetry.

3. PROOF OF THE MAIN RESULTS: CONVEX DOMAINS

In this section we provide the proof of the main results for convex sets. The core of the section is
the next proposition, that gives us the maximality of the ball for o}, ,. The proof follows a similar
scheme to Theorem 1.2 in [2].

Proposition 3.1. Let Q C R? be convex and let Q* be the ball having the same perimeter as €.
Then
0p.q(27) > 0 4() + C(p, q,d, P())(|12*] — |2]).
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FIGURE 3. The blue set on the left is clearly more symmetric than the blue set
on the right. The hybrid asymmetry recognizes their difference; nevertheless their
canonical Hausdorff and Fraenkel distances from the gray spherical shell are the
same.

Proof. In order to avoid the introduction of too many new symbols, in this proof we repeat some
of the notation used in the previous sections. Let us denote by z the minimizer for o, ,(2*) with
lz|lLa(o0+y = 1 and let z,, and zjp; its infimum and supremum, respectively. Let us build a suitable

positive test function w € W1P(Q) such that

(33) / 2P dx > / wP dx + 2P (|Br| — |9]),
* Q
(34) / VP do > / YVl dz,
Q* Q
(35) / 21 dHIT = / wl dH = 1.
o0 o0N
As was anticipated, we will make use of the web-functions method. Let us set £(t) := |Vz|,_, for

any z, <t < zy;. We define w € W'P(Q) as usual, by setting
w(z) = G(d(z)), z € Q,

where G : [0, p(2)] = [zm, za] is the inverse of the function

]
“L(t) = —— ith .
G~ (t) /t oo dr  with 2, <t < zy

The web-function w belongs to WP(Q), it is positive and the following statements hold:
wyy = supw = 2y,
Q
(36) Wy, 1= igfw > Zms

\Vw|,—, = |Vz|,_, =L(t), wn <t<wy.
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To get (33), (34) and (35), we need to handle the sublevel sets of z and w. We introduce
B ={zeQ: w) <t} By :={zeQ : 2(z) <t}
E,:={xeQ:wl) >t} :Q\Et, By :={z e Q" : z(x) >t} :Q*\Et.

For the function w = G(d(x)) formula (27) holds; combining the latter with the Aleksandrov-
Fenchel inequality (20) between P(-) and Wa(-) we have

A~ A d—2
d_ - Wa(Er) _d=2 ol (P(EY)) 4!
—P(E;) > —-1)——=> -1 -
while for the ball B, equalities hold:
A~ A~ d—2
d _, » Wo(By) _di—2 L (P(By))d1

A

Now, P(E.,,) = P(Q) = P(2*) = P(B.,,). Then, by classical comparison theorems for differential
inequalities we get

(37) P(E;) < P(By), zm <t<zy.
In order to have (33), we set
and
pt) =B =19 = at) , v(t):=|B| =[] = ().

The previous distribution functions are absolutely continuous; in order to obtain a comparison in
their intervals of definition, we apply the coarea formula (14) on the sublevel sets E; and B; as

follows:
A [Vl / (/ e
t) = ——dx = —— dH ds,
0= [, = [ (L

A V2| / ( [ )
o(t) /B wo = LN e s

i(t) =/ L e Z PIE) _ P(B)

We thus obtain

—t |V £(t) ((t)
1
:/_t s dHTY =0(t),  zm <t < 2z

Then, ' (t) < P/(t) in [zm, 2] and so i — 1 is decreasing therein. Consequently, inequality —p/(t) <
—/(t) in [z, zp] holds, and the function v — p is then decreasing in [z, za]. Since v(zp) =
w(zar) = 0, we conclude that wu(t) < v(t) in [zm, zp]. We point out also that, by construction,
wu(t) = |92 and v(t) = |Q*| for any t € [0, z),]). This yields the following estimate

Wz ZM Zm ZM
/ wP dx :/ ptP L u(t) dt = / ptPLu(t) dt = / ptP " (t) dt + / ptPu(t) dt
Q 0 0 0 Zm
Zm, ZM ZM Zm
< / ptP L u(t) dt + / ptP () dt = / ptPtu(t) dt — / ptP 7 (w(t) — u(t)) dt
0 Zm 0 0

- / P de — 2,(2% — Q)),

i.e. inequality (33) is proved.
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Furthermore, (37) entails the following estimate for the integrals of the gradients on the level
sets with t € [z, 2u]:

/ [Vw[P~t dHT = ¢(t)P~ P(E,) < ()P~ P(B,) = / V2Pt aHd L
w=t z=t

Using again the coarea formula we obtain (34):

W g ZM
/\wapda;:/ / |Vw[P~t dHd—? dtg/ / (V2P aHd ! dt:/ V2P
Q Wn w=t Zm z=t Q*

We finally observe that (35) is an immediate consequence of the definition of w, which is constant
on 0f), getting the same value as z|go+ = zps; so, in view of the equality P(Q) = P(Q*):

/ wldH ! = wh, P(Q) = 245,P(Q") = / S aH ) = 1.
[2)9] oN*

Plugging (33), (34) and (35) in (1) we obtain

1/p 1/p
(/ VP do + / 2 o) (/ IVl de + / w? de + 25,2~ 2
* * > Q Q

Up,(I(Q*) = l/q - 1/(]
(/ 21 d?-[d‘1> (/ wl de—l)
o0+ o0
p * 1/p
1 2m (|2 — Q2
> (08,0) + (0] — 10)) 7 = () (14 2R
0p,q($2)
zm(JQ*] = |9) zm(19*] = 9)
> 0p,q(2) <1 + P Q0 ) = 0p,4(Q) 1
p- Up,q( ) P-0pgq Q)
—1 p—1
2P(0) PO
> 0p0(@) + DT (00 ) = (@) + EDL (10 - o)
plQf » plQr| 7
p (oo \
zi [ P(Q2%)a pld-1)
= 0pq(Q) + — P (1% = |€2]),
di-Twi™!
where the inequality between the second and the third line is due to Bernoulli’s inequality. O

Now we are in position to prove both Main Theorem 1 and Main Theorem 2 stated in the
introduction.

Proof of Main Theorem 1. It is a straightforward consequence of Proposition 3.1, since |Q*| > ||
and all the equalities in the proof occur if and only if Q = Q*. O

Proof of Main Theorem 2. 1t is a straightforward consequence of Proposition 3.1 and Lemma 2.15.
O

Remark 3.2. For the nonlinear eigenvalue ob(-), Proposition 3.1 reduces to

op(Q7) = 03 () + 20, (|127] - 192])-
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4. PROOF OF THE MAIN RESULTS: DOMAINS WITH HOLES

In this section, we give the proof of the results for domains with holes. For the comfort of the
reader, we will divide the proofs mainly in three parts: we first prove the optimality of Ag, r,;
then we provide quantitative enhancements of inequality (11) in terms of the inner and of the outer
asymmetry and finally we achieve the stability result.

For the maximality of the spherical shell (Main Theorem 3) we adapt the proof of Proposition
3.1. We point out that the most relevant difference in this case is due to the cancellation of the
term of deficit of measure, due the volume constraint |Qg \ ©| = |Ag, g, |-

Proof of Main Theorem 3. We follow the same scheme as in Proposition 3.1. So, we omit the parts
that are repeated verbatim.
Let us consider the function wq, introduced in Section 2.6 and recall that wg, € W1P(Qp),
wa, () = 2z if d(x) > R2 — Ry and
IVwaglu=t = [V2|o=t,

(wﬂ())m = r?)lon wQO 2 zm7
(way )M = rrglzaoxwgo =2y = G(O)

Repeating the same arguments as in the proof of Proposition 3.1, we obtain the following com-
parison between the integrals involving Z and wq, on Bpg, and {2y, respectively:

(38) / zpdxz/ why, dz+ 22,(| Bry — |90))
Br, Qo
(39) / VP do > / Vo, P dz
BR2 Q0
(40) / 21 dHT = / 9 dH! = / wd dH!
0B, 0B, o0y "

Our aim is to get the following, similar, estimates for the volume integrals on the domains with holes
(equality (40) for the boundary terms can be directly plugged in the variational characterization of

5p,q)3

(41) / 2P dx > / we, dx
ARLRQ Q

(42) / |VzP de > / |Vwa, [P dx

To obtain (41), we start splitting the integrals in (38) separating the plain parts (respectively
Qo \ © and Ag, g,) and the holes (respectively © and Bp, ):

/ zpdx—i—/ zpdx>/ wgodx—i—/ wey, dx + 25, (|Br,| — [Q0l)-
ARy, Ry Bry Q0\O e)



OPTIMALITY AND STABILITY OF THE RADIAL SHAPES FOR THE SOBOLEV TRACE CONSTANTS 21

We recall that Z = z on AR, r,, Z = #m in Bg, and wq, > 2z, in Qy (so, in particular, on ©). We
thus conclude

/ zpdxz/ wgodx—i—/wgod:v—zﬁlmd—i—zfn]BRz)]—zfn\BRl\
ARy Ry Q0\O o
> [l do+ 2 (Bl - 1Ba] - (0] + 6]
Q\O

= [ byt (Arnl - 1000\8) = [ uhd,
Q\© \©

Qo

i.e. we have (41). Moreover, (39) easily implies (42):

/ |Vwg, [P dx S/ |Vwg, | dx S/
Qo\é Qo BR2

We achieve the thesis plugging (40), (41) and (42) in (1):

1/p 1/p
(/ |Vz|P dx +/ 2P dx) </ |[Vw|P dx +/ w? dx)
AR{,Ry ARy, Rq > Q0\6 Q0\6
1/q - 1/q
(/ 2 d’}{d_l) (/ wl d’Hd‘1>
8BR2 aQ0

> 5p,q(QO \ @)

|Vz|P dz :/ |Vz|? dz.
R1,Rp

5p7q(AR1 ,Ra ) =

We conclude observing that all the previous inequalities become equalities if and only if Qg \ © =
ARI 7]%2 . D

A crucial difference with the convex case in Proposition 3.1 is the following. Proposition 3.1
actually gives a quantitative result in view of the nonnegative term |Q*| — || that vanishes if and
only if  is a ball itself. If Q is nearly spherical, |2*| — || can be estimated from below with the
Hausdorff asymmetry in view of Lemma 2.15. Instead, in the proof of Main Theorem 3, the volume
constraint [Q \ ©| = |Ag, r,| entails a cancellation of the additional volume term passing from
(38) to (41).

In the linear case p = ¢ = 2, we overcome the problem using a Fuglede approach. Indeed, in
[21], the argument of [20], holding for convex sets, is adapted to Qo \ ©. A quantitative estimate
of 62(AR,.r,) — 55(€ \ ©) is then obtained in terms of the asymmetry of (g, provided that it is
nearly spherical. In other words, if )y is nearly spherical, for the linear eigenvalue 63 one has

55(AR, Ry) — 63(20 \ ©) > Cg(Ay(Q))

for some constant depending ongly on d, Ry, Rs. In order to have an analogous result in the nonlin-
ear case, we adopt a different strategy based on the quantitative Aleksandrov-Fenchel inequalities
(Proposition 2.17). The idea is to use a propagation of the asymmetry argument; anyway, there
are some relevant differences with respect to the classical cases. Firstly, here we deal with a maxi-
mization problem, not a minimization as in the Dirichlet case studied, for instance, in the classical
references [11, 33]. In addition, we need to compare the perimeters of two sublevel sets which do
not match either a perimeter or a volume constraint; they are only linked by the "dearrangement"
procedure and by the reference level t.
In order to simplify the notation, throughout the section we define the following convex sets:

(43) Qot ={z € Qo | wo,(z) <t}, Aor={x € Bg, |zZ(z) <t}
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It is well known (see, e.g., [41]) that P(Ao:) > P(Q04) for any ¢t € [z, za]. In order to give a
quantitative enhancement of (11), we need a quantitative version of that inequality, at least for
sublevel sets that are close to the maximal value.

Proposition 4.1. Let Qg be a convex domain. Then, there exists a constant T(o) €)zm, zar[ such
that, for any t € [T(Q), zur], it holds

(44) P(Aos) > P(Qoy) + Cd)G (O (0 Bay)

Proof. For any z, <t < zp, combining (27) and (22) for the sublevel set €, we have

(P(Q0,))
W =D

d+3
dH(QO,tJ BQQJ) 2(d-1)
((t) ’

(45) %P(Qo,t) > a(d — 1)280)

+ C(d)

where

Since Ag; is a ball, it holds

d—2
d _ (P(Aos)) 1
(46) TP (o) = (@)
Let us consider
Qo, B
T4(2) = inf {s € [z 201] : dn(Q0,0, Boy,) 2 0P g () iy < oz )

(notice that T1(€0) # zar). Now, we divide the proof in two different cases.

Case d = 2. In this case, it is enough to consider T'(€y) := T1(€p). Indeed, (45) and (46) become,
respectively

d 1 d'H(QO,ta BQo,t)%
and
d 1
(48) P = Cld) s

Subtracting (48) from (47) and integrating from ¢ to zp; we get that, for any t € [z, zas]:

d+3
ZM d?—l(QO,57 Bﬂo,s) 2(d—1)

/t ™ % [P(Qo.5) — P(Ao)] ds > C(d) /t o ds

Noticing that

/t di [P(Q0,s) = P(Ao,s)] ds = P(Qo) — P(BR,) = P(Q,) + P(Aos) = P(Aos) = P(Q,),

we conclude

d+3
M dyy(Qo,s, Bay, ) 2@
(49) P(Ao:) > P(Qo4) + C(d)/ ( K(S)O’ ds
t
By definition, for any s € [T'(), za], it holds
dn (0, Boy)

du(Q0.0, Bey,) = FE0 700,
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Plugging the estimate in (49) we finally get for any t € [T'(0), za/]

ZM 1
P(Aoy) > P(Q0,) + C'(d)dy(Q0, Boy) 7@ 1 / s
t

(s)
where the last integral is G~!(t) and C’ takes into account all the previous constants.

Case d > 2. In higher dimension, the situation is more involved, since putting together (45) and
(46) we just have

d+3 d—2 d—2

M dy(Qo s, By, ) 2D M (P(Qoy)) a1 — (P(Ags))d=

P(401) = P(00)+C(d) [ 10 B0 )T e coa) [ = PR
t

t £(s) {(s)

where the last summand is negative and so not helpful for our purposes. In other words, it does not
seem available a comparison on the whole interval [z,, zps]. We adopt a slightly different strategy.
Thus, for any t € [T1(0), 2] (45) becomes

d—2 d+3
d (P(Qo,))at 10 A3 (Q0, Boy) 2D
L P(Q,) > AT et 1)
On the other hand, in ¢ = z3; one has
d (P())E1 da(Q, Bog) 71D
—P(Q) > O(d)~— 20— + C'(d) T
a7 o) by (d) 0(zn1) (d) 20(z01)
(P(Br,)) T dy(Qo, Bo,) T1D
—1 —
—O(d Ro +Cl d H 0, PQg
(d) (zpr) (d) 20(zpr)
d d3(Q, Bog) 74
— —P(A /(o) =20 Sk
a o] Ty

i.e. the final derivative of P(€Qq;) is strictly larger than the final derivative of P(Ap;). As a
consequence, there exists 75(20) € [2m, z2am[ such that

d+3

d d dv (Qq, B, )2d-1)

9 pog) = L P(Agg) + () 20 Bo)
4£<ZM)

dt dt
Let us set T'(p) := max{T1(Q0), T2(Qp)}. By construction, the estimate above becomes

d+3
d d d3(Q, Bo,) 7D
—P(Apy) > —P(A "(d P20
o (Aot) > g (Aos) +C'(d) S(t)

Integrating as in the 2 dimensional case the thesis is achieved. O

We point out that the quantity G! (t) could also be replaced by zjr —t, with a small modification
of the multiplicative constant, since the denominators ¢(zy;) and £(s) appearing in the additional
term are comparable.

Some comments are in order. We introduced the "critical level" T'(€)y) in order to handle basically
three things. Firstly, it is necessary a range of levels in which Lemma 2.18 holds. Even if it seems
natural that the inner parallel of a given convex set €y has larger asymmetry than Qg (roughly
speaking, the more you go inside, the more you shrink), it does not seem available a proof of this
fact up to our knowledge. A second issue is the lack of a quantitative comparison between P(Ag ;)
and P(Q) for d > 2 holding for any ¢, not only near zj;. Finally, the uniform bound on ¢(s) in
[T'(Q0), zas] could be removed if, for instance, z was convex. Anyway, the additional term appearing
in (44) is strictly positive whenever Qo # Bpg, and equals zero if and only if Q¢ = Bp,.



24 SIMONE CITO!

Now we obtain a quantitative result in terms of outer asymmetry.

Proposition 4.2 (outer asymmetry). Let 0 < Ri1 < Ry < +o00. Then, for every admissible set
Q0 \ © C R? such that P(Qg) = P(Bg,) and |Q9 \ ©| = |Ar, r,|, it holds

5P,Q(AR1,R2) - &p,q(QO \@) > C(da b, 4q, Rlv RZ)dout(QO)-

Proof. The proof is based on a refinement of the comparison argument of Main Theorem 3, plugging
(44) instead of the simple inequality between perimeters. We set

p(t) == |Qoyl, v(t):=|Aoyl
It holds
/ P(AO t) P(QO t) /
— t) = : > ’ = — t m S
and, in particular, when (44) holds
/ P(AO t) P(QO t) 2(dd+—31) éil(t)
—J(t) = 22> d d)d Qo; B
v ( ) E(t) = g(t) + C( ) H ( 0> Qo) f(t)
/ 3D G
= —p'(t) + C(d)dy," " (Q0; Bay,) @ T(Q) <t < zyp.

Notice that, in view of its definition, it holds

Gy d [(@‘1@))21

oty dt 2

This then implies v(t) > wp(t) + |Q0| — |Br,| for any z, < t < zp. In particular, for any ¢ €
[T(€0), zm]:

o(t) — |Bry| = / " (s) ds

M _d+3 Y %1 . 5
= /t ' (s) ds — C(d)d;{(iﬂ) (QO;BQO)/t % [(G;))] ds

= pu(t) — |0l + C(d)d;% (Q; Bay) [(G_;(t))z] .

In other words, for any t € [z, 2ar]:

Py (G
(50) v(t) = () + [Bry| — [Qo] + C(d)dy," " (Q0; Bay) [2 X(T(Q0),220] (1)
Integrating (50) one has
d+3 M ~
(51) / zZP dx > / wey, dx + 25, (| Br,| — Qo) + C(d)dy " (QO;BQO)/ (G7(t))?* dt
Br, Qo T (%)

We conclude estimating last integral. By definition of T'(£2y) it holds

zZM &1 ) M ] 2 1 [*M M 1 2
(e dt:/ </ ds) dtz/ </ ds) dt
/T(QO)( (®) () e U(s) 4 Jroy \Ji - Uzm)

L Gu T
4£(ZM) /T(QO) (ZM t> dt = 12€(ZM) .
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We thus use the latter estimate in (51) and split the plain part and the hole, obtaining

1
52 / 2P de/wp dx + —— ot (),
52) - o 0 gy o 0)

i.e. an enhanced version of (41). Plugging (52) in the variational charachterizatin of &, , and
applying the Bernoulli’s inequality we get:

1/p
opq(ARy Ry) = (/ V2P dx +/ 2P da:)
ARy, Ry ARy ,Ry

1/p
1
> Vuwg pdx+/ wh dr + ———— G (0 )
(/Qg\®| o e 120(2p1) (o)

> <5§;q(90 \©) + m(lm)dout@@)l/p = a0\ 6) (1 ’ 125(@325(3(0&0 \@>>1/p
> 5,42\ ©) (1 - 12€(ZM§3;7§§ jfgo \@>)

= Opa(@0\ 0) + 12£(zM)iou;SZO)(QO \©)

= 7a(0\ 0) + 12€(z;\];)(;2|(;§0 \ 8|7 )

a0\ 8) ¢ — PER T a

12€(ZM)p|AR1,R2 ‘ P
Since, by (8), £(zp)P~1 = 5p,q(AR1,R2)ZM , the thesis is achieved. O
As highlighted in the introduction, the hole’s deviation is estimated in terms of the deviation of

© from the configuration where € \ © has the structure of a shell.

Proposition 4.3 (inner asymmetry). Let 0 < Ry < Ry < +o00. Then, for every Qo \ © C R? with
Qo convexr and © an admissible hole such that © C Qo, P(Q) = P(Br,) and |Q| = |ARg, g,|, it
holds

6P7Q(AR1,R2) - 5'p,q(90 \@) Z C(dapa q, R17 RZ)A(®7 Q0)7

where A(©; Q) is defined in (30).
Proof. Let 2 € WYP(AR, g,) be the minimizer for o, ,(Ag, g,) with 12lla@Bg,) = 1. Let us define

the test function wq, € WHP(Qq) as in (29) and denote tq,, Ko, as in Definition 2.25. We recall
that tq, > R2 — R; and so wq, = zm, in Kq,.

Notice that we can use Q) and as a test function for both ¢\ © and g\ Kq,, since wq, depends
only on Q. We then get estimates (38), (39) and (40) for the domain Qg \ Kq,:

/ |Vwaq, P de < / |Vz|P dz,

Qo\Ko, ARy, R

(53) / _ wg dr < / 2P dx,
Qo\KQO ARl,RQ

/ wh, dH" ! = / AdHT =1
0Qo 8332
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The idea is to split smartly the volume integrals of over €y, choosing a different hole each time.
We start with fQO wgy, da. If we focus on the hole © we get

(54) / wgo dr = / wgo dx + / wgo dx + / wgo dz.
Qo Qo\@ @\KQO KQOﬂ@
On the other hand, using K, as a hole, (53) entails

/ we, dr = / we, d + / wey, dr + / we, dx
Qo Qo\KQO KQO \© KQOﬂ@

< / 2P dxr + 280\ Ko, +/ wey, da,
AR{,Ro Q

oM

(55)

where we have used that wg, = 2z, in Ko, and |Kq, \ ©] = |© \ Kq,|. Putting together (54) and
(55), we get

(56) / _wg dx < / 2P dx — / (wh, — 2h,) da.
Q0\® Apy Ry O\Ko,
Arguing analogously for fﬂo\@ |Vwg, |P dz we get
(57) / Vwo, [P dz < / V[P do — / Vo, P da.
Q\e ARy Ry O\Kq,

The conclusion follows plugging into (7) estimates (53), (56) and the equality in (57):

1/p
5p,q(AR1,R2) = (/ (V2P dx ‘|‘/ 2P dl')
ARy, Ry ARq,Ry

1/p
= (/ [Vwe, [P dz + / |Vwa,|? dx +/ wp, dx + / (wh, —28,) dm)
Q0\0 0\ Ko Q\e O\Ko,

0

Y

0\ D)+ A0 s - A©:0) \"*
( 1.q(£0\ ©) + A(O; QO)) = 0p,q($0 \ ©) (1 + 5'£,q(90\9))

i _ A(©; Q) 5 — A(6; Q)
zme\@<L+~)=aJ%\@+ — —
P p'azg,q(QO \@) P P‘Ug,ql(QO\@)
p—1 p—1
P(Qy) ¢« -~ — P(Bp,) ¢« -~
> 6,0\ 8) + L) G6:00) = 6,000\ 8) + LB T e qy).
p|QO\@| p p‘ARI:R2| P

Propositions 4.1 and 4.2 immediately entail the following

Corollary 4.4. For any admissible set Qy \ ©, there exists a positive constant C(d,p,q, R, R)
such that

Gp.g(ARiRy) — Gpq(Q0\ ©) > C(d, p, q, R1, Ro)apyn(Q0 \ ©).

4.1. Reduction to nearly annular sets. Our aim is now to prove that the previous quantitative
improvement can be stated in terms of stability of &, , in the class Tg, r,, defined in (12). The
crucial point is to show that G, , takes values close to the optimum if and only if Qo \ © € Tg, g,
is nearly annular. In order to obtain it, we proceed as in [21], Section 4.3, showing to the readers,
for their convenience, some of the proofs we deem more relevant.
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We start by giving the so-called "isodiametric control" of &, 4. In other words, we show that
if 5,4(Q0 \ ©) is not much smaller than &, ,(Ag, r,), then diam(€) is controlled by a uniform
constant.

Isodiametric controls of eigenvalues, like the type discussed here, are a standard tool in shape
maximization problems. This control usually contributes to compactness when tackling global
existence problems (consider, for instance, the isodiametric control of the Robin spectrum detailed in
[15] and of the Steklov spectrum presented in 9], both of which are valid even for higher eigenvalues
across a broader range of sets).

It is worth noting that the subsequent result extends to holed domains beyond the class T, r,.
Consequently, we provide the proof in a more general context, as it is trivial for domains belonging
to TRl, Ro-

Lemma 4.5. Let 0 < Ry < Ry < +00. There exists a positive constant C(d, p,q, R1, R2) such that,

for every Qg \ © C R? with Qo and © open convex sets such that © CC g, P(Qp) = P(Bgr,) and
|QO \ G)| = |AR1,R2|7 if

(QO \@) > 517’!](‘4231732)

&p7q )
then
diam(Qo) < C(d, p, ¢, R1, R2).
Proof. The proof is a straightforward adaptation to our context of the analogous result for the
Robin-Neumann eigenvalues, see |21, Lemma 4.4] (see |20, Lemma 3.5| for the proof for the Robin
eigenvalues in the convex case). o
It is based on the following contradiction argument. If there exists a sequence Qq; \ ©; such that

— 5p.0( A
0p,q(Q0; \ ©5) > %1(21%1,1%2) and diam(Qq;) — +o0,

the convexity of 0g; and the constraint P(€;) = P(BRg,), together with inequality
Al < pP(A)
(see, for instance, [14, Prop. 2.4.3]), would imply that |€;| vanishes as j goes to +-00. Now, using
the charachteristic function of Qy; \ ©; as a test, we obtain (see Remark 2.9)
[0, \ ©1'7
P ()

6P74(AR1,32)

—0
2 b

< 5p,q(90j \@J) <

a contradiction. O

Some form of continuity or semicontinuity is required to simplify the problem to nearly annular
sets. To achieve this, we prove the upper semicontinuity of &, , with respect to Hausdorff conver-
gence. We start by establishing the lower semicontinuity of the boundary integral. For the special
case p = q = 2, see |21, Lemma 4.5|; the general case can be proved, for example, adapting [16,
Lemma 4.2] to our case.

Lemma 4.6. Letp >1,1<q<p* and E;, E C R? be bounded convexr domains such that E;, - FE
in the sense of Hausdorff. Let w;,w € WYP(RY). If w; — w in WIP(R?), then it holds

/ w! dH4! < lim inf w! dn ™!
oFE J OE;

We are now in a position to prove the upper semicontinuity for ¢, 4.
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Lemma 4.7. Let Qo;\ 05,00\ O € Tr, gy, with Qo; \ ©; — Qo \ © in the sense of Hausdorff (and
in measure). Then

lim sup Gp,4(Q0; \ ©5) < Gp,(Q \ O).

Jj—+oo

Proof. Let u € WHP(Qq \ ©) a minimizer for 6, ,4(Q \ ©), and let 7 € W1P(R?) an extension of u
to the whole of R?. Note that % is a test function for €, \ ©; for every j € N. Moreover, under the
given hypotheses, the convex sets {2y, converge to (2o in the Hausdorff and measure senses. Hence,

we have
/ wldH?t = / wIdHY! < lim inf / wldH!
8% 9% I=00 J oy,

as a consequence of Lemma 4.6. Moreover, both volume integrals are continuous in view of the
convergence in measure §2; — € and this entails the upper semicontinuity of the quotients in (7).

Therefore, we have
1/p
(/ IVl d:n—l—/ uf? dx)
Q\O 2\0

1/q
(/ |ul|? d’Hd_1>
89
1/p
(/ |Vul? dz +/ [ulP dm)
Q0;\8; Q0,\0;

J J

Op,q (QO \é) =

> lim sup > lim sup 6p,4(Q0; \ ©;).

400 / i a1 1/a NS
al? dH
9,

The uniqueness of Ag, g, as the maximizer of G, 4(-), coupled with the upper semicontinuity of
Gp,q(+) and the isodiametric control in Lemma 4.5, ensures the following convergence result. The
proof is not shown here, it is a actually contained in [21, Lemma 4.7].

O

Lemma 4.8. Let {Qo; \ ©;}jen C Tr,,r, be a mazimizing sequence for G4 with Qo; \ ©; is
barycentered at the origin. Then

dH(QOj \@7]7 AR17R2) — 0.

The above lemma allows us to consider only nearly annular sets with their barycenter at the
origin for our main stability result. The proof, based on a straightforward contradiction argument,
is omitted here as it directly replicates [21, Lemma 4.8|.

Lemma 4.9. Let 0 < Ry < Ry < +o0. There exists a positive constant 6o = do(n, 8, R1, Ra) such
that, if Qo \ © € Tr, r, and

&pvq(AR17R2) - &ZLQ(QO \@> S 50

then, up to a translation, Qo \ © is a (Ry, Re2)—nearly annular set.

Now that we have finally reduced ourselves to nearly annular sets, we can conclude the proof of
Main Theorem 4.

Proof of Main Theorem 4. It is an immediate consequence of Corollary 4.4 and Lemma 4.9. U
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5. FURTHER REMARKS AND OPEN PROBLEMS

In this section we collect some consequences of the previous reults and state some open problems
arising from our analysis.

5.1. Stability of the spherical shell for the Robin-Neumann problems with negative
boundary parameter. The techniques presented throughout the paper can be used to get anal-
ogous stability results for the spherical shell respectively for the Robin-Neumann eigenvalues with
negative boundary parameter. We briefly recall the functional involved. Let us fix 8 < 0. Given
0o\ © with Qg Lipschitz and © CC Qg sufficiently smooth, the first Robin-Neumann eigenvalue of
the p-Laplace operator with boundary parameter g is the least number such that

—Apw = Ap(8, 2\ O)|wPw  in )\ O
]Vw|p2?;; + Blw|P~2w =0 on 99
ZZJ =0 on J0O;

/N\p(ﬁ ,Q) < 0 and it can be chatachterized in a variational way as follows:

[ ivepdrs [ e ant
:\p(ﬂ, 2\ 0) = min 20\© Ot .
YEWP (2\8) / [P da

¥£0 2\E

The following result can be obtained repeating verbatim the arguments in Section 4, replacing in
the definition of ayyy the LY(0Bg,)-normalized positive minimizer z for 6, 4(Ar, g,) with the first

positive LP(AR, r,)-normalized eigenfunction of Ag, r,. Moreover, it gives a first positive answer
to |21, Open Problem 5.1].

Theorem 5.1. Let 0 < Ry < Ry < 400 and p €|1,400[. There exist two positwe constants
C(p,q,d, R1, R2) and 60(p, q,d, R1, R2) such that, for every open set Qo\© € Try. Ry, if \p(B, ARy Ry)—
Ap(B,Q0 \ ©) < by, then Qo \ © is (Ry, Ra)-nearly annular and

Ao(B: ARy iy) — Ap(B,Q0\ ©) > C(d, p, B, Ry, Ra)owmy (0 \ ©).
5.2. Open problems. We conclude showing some possible perspective of research.

Open Problem 5.2. The question about the optimal geometries for o, 4 and op4 remains open
regarding the case where p < q < p* and the minimizers for the associated variational problems
are not radial. In that scenario, the minimizers are the product of a radial component and of a
component depending only on the distance from the north pole (see Section 5 in |37]). It would
be interesting to understand what the expected maximizing shape is, at least numerically. If the
expected mazimum is the ball or the spherical shell, it would be interesting to understand how to set
up a rearrangement technique for different exponents.

Open Problem 5.3. The choice of constraining the outer perimeter and the volume of the holed
domains Qo \© for mazimizing 6, 4 dates back to [42]. The choice of fizing the perimeter of the con-
vex set € in the maximization of o, 4 is trace-focused and is suggested by the web-function method.
It would be interesting to understand what happens modifying the constraints (e.g., maximizing oy q
among convex sets with fixred measure) of enlarging the class of admissble sets (e.g., starshaped
domains).
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Open Problem 5.4. The hybrid asymmelry any(-) is actually a distance from the spherical shell
and enjoys the remarkable property of recognizing the more symmetric between two holed sets that
have the same containter Qg and different holes, e.g. if they have the same inner set © in different
relative positions. Anyway, we are aware that it is not immediate to understand its meaning and
that it is not very elegant or clear at a first sight. Even its sharpness seems far from being true. For
this reason, an interesting challenge could be to find a way to improve the asymmetry functionals
for holed domains introduced here and in [21].
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