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Abstract
We study the limit behavior of the solutions to the Neumann sieve problem for the Poisson equation
when the sieve-holes are randomly distributed according to a stationary marked point process. We
determine the optimal stochastic integrability for the random radii of the perforations for which stochastic
homogenization takes place despite the presence of clustering holes.
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1 Introduction

In this article, we study the limit behavior of the solutions to the sequence of boundary value problems

—Au. = f in U,
w. =0 ondU, (L.1)
Vu.-v =0 on both sides of U" \ 7.

To define the domain U, for ¢ > 0, we let U be an open, bounded set with Lipschitz boundary in RY,
where N > 2, and we set Ut := {2 € U : 2y >0}, U~ := {z € U : zy < 0}. Then U, is obtained by
connecting the upper set U and the lower set U, whose boundaries intersect along a hyperplane, via a set
of (N — 1)-dimensional circular holes. More specifically, we let T, be the union of (N — 1)-dimensional balls
in U° := {x € U : 2y = 0} with random centers and radii. Then we set U. := UT UU~ UT. (see Figure
1). The parameter ¢ is proportional to the average distance between the centers of the balls. The boundary
of U, consists of QU and the “sieve” U° \ T.. In (1.1), we solve the Poisson equation with homogeneous
Dirichlet boundary condition prescribed on QU and homogeneous Neumann boundary condition prescribed
on U\ T.. The unit vector v is normal to the sieve and takes either the value ey or —ey depending on the
side of the sieve, where ey = (0,...,0,1). The function f belongs to L?(U).

The interest in this kind of problem comes from hydrodynamics, namely from the study of fluid flow
through walls perforated with holes [11, 12, 31], where the goal is to understand the effective behavior of the
fluid as the holes shrink while their number increases. The simplified model (1.1) with the Poisson equation,
also called Neumann'’s sieve, was proposed by Sénchez-Palencia in [32]. In this case, the solution u. resembles
the pressure of an incompressible, inviscid fluid where the fluid is subject to tangential motion on the sieve
U\ T..

In this article, the perforations 7. are randomly generated by a marked point process. The goal of the
paper is to prove the homogenization of Neumann’s sieve problem with minimal assumptions on the marked
point process. We now give a more precise description of the perforations 7.. We define ¥ := {z € RV :
xy = 0}, and consider a set of points

P ={(yi, pi) tien (1.2)
such that y; € ¥ and p; > 0 for all i € N. We assume that (y;) is a sequence without accumulation points.
We consider perforations of the form

U B ((E‘yi’g%pi) OUO.

yi€lU°



Figure 1: Illustrations of the domain U, and the “sieve” U° \ Tv..

In other words, the centers of the holes correspond to the elements of the sequence (gy;) that lie in U°, while
N—
the radii are proportional to e ™ ,é’ with proportionality constants given by the sequence (p;). The choice of

the factor =2 will be explained below. To generate the set P randomly, we use the framework of marked
point processes, as in the recent work of Giunti, Hofer and Veldzquez [20]. Let (2, F,P) be a probability
space. We consider a random variable M, defined on Q, such that its realization M (w) is a set of the form
(1.2) satisfying the assumptions stated above. The random variable M is called a marked point process on
Y with marks in (0,00). Then we define

T.(w) := U B (Ey,sxiép) nu°. (1.3)
(y,p)EM (w)
yelu®

The main result of this paper is that, under very mild assumptions on the marked point process M, the
solutions to (1.1) converge weakly in H(U*) and H*(U~) almost surely to the solutions of the coupled
boundary value problems

—Aut=f inUT, —Au"=f inU",
ut' =0 on (OU)T, u~ =0 on (OU)", (1.4)
Vu'-v=—yu"—u") onU°, Vu -v=vu"—u") onU"

where the sets (OU)* are defined in the same way as UT, and v is a positive quantity that can be computed
explicitly (cf. Equation (1.7)). Since v depends on the realization of the perforations T, it is, in general, a
random variable. From a physical perspective, the homogenized equations show that the effective fluid flux
across the surface U? depends uniformly on the pressure difference u™ — v~ throughout U°.

To motivate our assumptions on the marked point process, we briefly review known results for Neumann’s
sieve in the periodic setting, where homogenization was established by Attouch, Damlamian, Murat, and
Picard [18, 27, 30]. More specifically, in (1.1) the authors considered perforations of the form

N1 0
U B(Ey,eNﬂp)ﬂU ,
yeZNN1yo
where p > 0 is fixed. In this case, they proved that the homogenized problem is given by (1.4) with
pN=2
4

where Cap(B(0,1)NY, RY) denotes the harmonic capacity of B(0,1)NY in RY. We recall that the harmonic
capacity of a set A C ¥ with respect to an open set B D A is defined by

v = Cap(B(0,1) N T, RY), (1.5)

Cap(A, B) := inf {/ |Vol?dr v € Hy(B),v=11n A} .
B



It is important to note that « is proportional to the asymptotic capacity density of the perforations: If
O c UY is regular enough, then

’HN%(O) yEZ%;iO Cap (B (ey, eN p) N E,RN)
1

= TNt N=1,N=2 Cap(B(0,1) N %, RY N=2 Cap(B(0,1) N o, RV
HN1(0) eV pN T Cap(B(0,1) N X, RY) — p" 7% Cap(B(0,1) N T, RY)

(]

1
yeZNN10

as € — 0, where HV~! is the (N — 1)-dimensional Hausdorff measure. Going back to the stochastic setting,
this suggests that we should look for conditions on M such that the limit of the “spatial” averages

1 1
lim ————— E eNTLN=2 — iy —— E pN 2
O HN-1(O 0 YN—1 (1
= ©) yiert SOHNTL(Z0) (i)
yelo yelo

exists and is independent of O.
In this paper, we assume that M is a stationary marked point process with finite intensity such that

/000 PN 2 d\(p) < oo, (1.6)

where A is, up to a multiplicative constant, the probability distribution of p. Due to the stationarity of M,
the quantity in (1.6) is equivalent to the expectation of the random variable

1 prz
N-1(1
" (EO) (y,p)EM (w)
yelo

for any Borel set O C UY. Under these assumptions, the Ergodic Theorem for marked point processes states
that if O C U is a sufficiently nice set, then there exists a random variable py such that

1

: N-2 _ N-2
I anio), 2 =)
€/ (yp)eEM(w)
yelo

almost surely. In analogy with the result in the periodic setting, we prove that the factor y in (1.4) is almost
surely given by

y(w) = %)N_Q Cap(B(0,1) N X, RY) (1.7)

in the stochastic setting.

The proof of our main result, Theorem 3.1, relies on Tartar’s method of oscillating test functions. We
explicitly construct functions that mimic the expected oscillatory behavior of solutions to (1.1), as established
in Theorem 3.2. These functions serve as test functions in the weak formulation of (1.1), allowing us
to extract information about the solutions (u.). Our construction adapts techniques from the periodic
case, where the separation between holes simplifies the analysis. However, when perforations are generated
by a marked point process, clustering occurs with high probability. To address this, we follow Giunti,
Hofer, and Veldzquez’ approach by treating clusters separately from sufficiently isolated holes. However,
we do not impose any assumptions on the ergodicity of the marked point process or the correlations of the
radii at large distances as in [20]. The stochastic integrability assumption alone (1.6) ensures that clusters
have asymptotically vanishing capacity, which, in turn, allows us to disregard them in the construction of
oscillating test functions.

We note that the treatment of the periodic Neumann sieve in the literature is not limited to the method
of oscillating test functions. In [8, 28] the authors apply the periodic unfolding method to study variants of
Neumann’s sieve. In [2, 3], the classical homogenization result is extended to nonlinear variational problems



using I'-convergence. We opted for the method of oscillating test functions because this work is a first step
toward a quantitative analysis in which the use of correctors plays a central role. For problems related to
homogenization in similar geometries, we refer the reader to [1, 4, 11, 12, 13, 15, 19, 22, 23, 24] and references
therein.

The Neumann sieve problem belongs to the broader class of boundary value problems in perforated
domains whose study was initiated by the foundational works of Marchenko and Khruslov [26] and Cioranescu
and Murat [9, 10] (see also [6, 14, 16]). Early work on homogenization in randomly perforated domains is
found in [26, 29]. Our work has been inspired by the recent application of the theory of marked point
processes to the homogenization of Poisson’s equation in random media [20]. Further results have extended
this framework to the homogenization of the Stokes equation [21] and nonlinear variational problems [33].

To conclude the introduction, we outline the organization of the paper. In Section 2, we provide a
self-contained account of the theory of marked point processes relevant to our problem. Of particular
importance is a variant of the Ergodic Theorem stated in Theorem 2.10, which we use frequently in the
paper. A derivation of this result from the more classical Ergodic Theorem for marked point processes
is included in the appendix. In Section 3, we carefully describe the problem and state our main result,
Theorem 3.1. In the same section, the theorem is proved, assuming the existence of the oscillating test
functions stated in Theorem 3.2. In Section 4, we define the important notions of e-isolated and e-cluster
points. Roughly speaking, the e-isolated points correspond to the centers of sufficiently isolated holes in
T., while the e-cluster points correspond to holes that form clusters. In this section, we also introduce the
thinning of point processes and use this notion in Theorem 4.2 to prove that the clusters have asymptotically
vanishing capacities. Section 5 is devoted to the construction of the oscillating test functions. In Section
5.1, we study the so-called “cell problem”, which we use to define the test functions in the neighborhood of
the isolated holes. In Sections 5.2 and 5.3, we establish key properties of these functions in preparation for
the proof of Theorem 3.2. Finally, the proof of Theorem 3.2 is given in Section 6.

2 Preliminaries

In this section, we present the necessary definitions and key results from the theory of marked point processes.

2.1 Fundamentals of marked point processes

For the definitions and results presented in this section, we follow [7, Chapter 4]. All definitions and theorems
will be formulated in the context of Euclidean spaces, as this is sufficient for the purposes of our work. For
a more comprehensive treatment of the subject, we refer the reader to the books [7, 17].

Let d € N. If O C R? is open, we denote the Borel o-algebra on O by B(O). The Lebesgue measure on
R is denoted by £%. If Z is any set, then we denote the cardinality of Z by card(Z).

Intuitively, a point process on R? is a set of randomly distributed points in R%. We speak of a marked
point process (in short m.p.p.), if we attach a characteristic (a mark) to each point. In our work, a mark
will simply be a positive number. The set of positive numbers is denoted by RT.

To give the precise definition of an m.p.p. on R? with positive marks, let us call Y C R? x Rt admissible
if it satisfies the following conditions:

(i) Each point has a unique mark, that is, if (y, p1), (v, p2) € Y, then p; = po,

(i) The projection of Y onto R? is locally finite. Equivalently, the set Y N (B x R*) has finite cardinality
for all bounded Borel sets B € B(R4).

We define M? to be the set of all admissible Y € R? x RT. Let M? be the smallest o-algebra on M¢ that
makes all functions Y + card(Y N E) measurable, as E runs through the Borel sets in B(RY x R*).

Definition 2.1. A marked point process on R? with positive marks is a measurable mapping M of a
probability space (2, F,P) into (M9, M?). The probability distribution of M is the measure £, defined by
La(A) =P(M~1(A)) for all A € MH.

Remark 2.1.1. In the literature, point processes are also commonly defined as a class of random measures,
that is, as measure-valued random variables. This is because we can naturally associate to each admissible



set Y the counting measure E — card(Y N E), where E € B(R? x R*). In the sequel, we denote the measure
associated with Y by the same symbol. Hence, we write Y (E) instead of card(Y N E).

From now on, the term marked point process will refer exclusively to an m.p.p. on R? with positive
marks. Let M : (Q, F,P) — (M¢ M%) be an m.p.p. If E € B(R? x R*), then the function w — M (w)(E),
where w € Q, is an integer-valued random variable that represents the number of points of M (w) lying in E.
We denote this random variable simply by M (FE). The expected value E[M (FE)] gives the average number
of points in E that belong to M. It is easy to check that the expected value defines a Borel measure on
R? x Rt as a function of E.

Definition 2.2. Let M : (Q,F,P) — (M9, M%) be a marked point process. Define A(E) := E[M(E)] for
all E € B(R? x RT). Then A is a Borel measure called the intensity measure of M. If A(B x RT) < oo for
all bounded Borel sets B € B(R?), then we say that M has finite intensity.

As the next theorem shows, the intensity measure enables the computation of the expected value of a
random variable that depends on the m.p.p. We include the proof here, as it is elementary.

Theorem 2.3 (Campbell’s Theorem). Let M : (Q, F,P) — (M, M?) be a marked point process and let
g:R% x Rt —[0,00) be a Borel measurable function. Define

)= Y glyp) = / 9(9,p) dY (3, ),
(y,p)€Y RxR*
where Y € M®. Then

E[GoM]:/Rd o 9(y, p) dA(y, p).

Proof. Suppose first that g = xg for some E € B(R? x R*). Then G o M = M(FE) and
BGo M) =AE) = [ g(u.p)dMw.p) (2.1)
REXR+
Since both the left- and right-hand sides of (2.1) are linear in g, we can extend the equality to simple

functions and, by applying the Monotone Convergence Theorem, to all nonnegative Borel functions. O

Now, we introduce an important class of marked point processes. If Y € M¢ and 7 € R?, we define

Y, ={(y+71,p):(y,p) €Y}
Analogously, if A € M?, then A, :={Y, :Y € A}.

Definition 2.4. A marked point process M : (2, F,P) — (M9, M%) is called stationary if Lar(A) = Lar(A;)
for all 7 € R% and A € M.

Intuitively, stationarity means that the points of the m.p.p. are distributed spatially homogeneously.
For a concrete interpretation of the definition, let us take B € B(RY), L € B(RT), and consider the set
A={Y eM?:Y(Bx L) =k}, where k € N. Then A, ={Y e M?: Y ((r+B)x L) =k}. If M is a
stationary m.p.p., then £y (A) = L3s(A;). Hence, the probability that M has k points in B x L is equal to
the probability that it has k points in (7 + B) x L.

For a stationary m.p.p., the intensity measure can be factorized as shown in the following proposition.
Since the proof is instructional, we include it here.

Proposition 2.5. Assume M : (Q,F,P) — (M?% M%) is a stationary marked point process with finite
intensity. Then there exists a finite Borel measure A on RT such that

A=)® L% (2.2)



Proof. Fix L € B(RT). To prove (2.2) it suffices to show that A(B x L) = A((7 + B) x L) for all B(R%) and
7 € R9. By the definition of stationarity, we know that £y/(A) = Lar(A;) for all A € M? and 7 € R9. As
a consequence,

/ (V) dLar (V) = / (V) dLas (V) = / xa(Ys) dLar(Y).

Md
Using the linearity of the integral, we deduce

/ F(Y)dLy (V) = / F(Y,) dLar(Y) (2.3)
Md Md

for all simple functions F': M — [0, c0). By the Monotone Convergence Theorem, the equality in (2.3) can
be extended to all nonnegative random variables on M?. Hence, we get

M +B)x D)= | Y((r+B)x Ldbw(¥) = | Yo((r+B) x L)dLu(Y)

= [ YBxL)dLy(Y)=ABx L) forallreR%

Md
Therefore, we conclude that there exists a number A(L) > 0 such that A(B x L) = A(L)L%(B) for all
B € B(R?%), L € B(R*). By fixing B and varying L, we observe that \ is a finite measure. O

Remark 2.5.1. Assume £4(B) = 1. Then (2.2) yields A(B x L) = A(L) for all L € B(R*"). Hence, we can
interpret A(L) as the mean number of points of M with marks in L per unit volume.

2.2 Ergodic theorem for stationary marked point processes

In this section, we collect some important consequences of stationarity, most notably the Ergodic Theorem,
which provides information on spatial averages of stationary m.p.p. We closely follow [17, Chapter 12.2].

Let M : (Q,F,P) = (M? M%) be an m.p.p. Assume (C},) C R? is an increasing sequence of sets such
that Uzil Cj = R?. Often, one is interested in the spatial averages

DI (2.4

¥ (yp)eM(w)
yeCy

for a nonnegative function g and w € . For instance, if we take g(p) = p, then (2.4) is an approximation to
the average mark size in M (w) per unit volume.

Below, we present sufficient conditions under which the limit of (2.4) as kK — oo can be represented as a
conditional expectation with respect to the o-algebra of translation invariant sets.

Definition 2.6. Let M : (Q, F,P) — (M?, M%) be a marked point process. A set A € M? is called invariant
if L/(AA A;) =0 for all 7 € R%. The o-algebra of invariant sets is denoted by Z.

We denote the o-algebra {M~1(A) € F : A € I} by M~*(Z). By an M~!(Z)-measurable random
measure we mean a function & : Q x B(R? x R*) — [0, oc] such that ¢(w, -) is a Borel measure for all w € €,
and £(-, E) is M~1(Z)-measurable for all E € B(R? x RT).

The following lemma shows that the conditional expectation of a random variable with respect to the
o-algebra M ~!(Z) can be expressed as an integral with respect to a random measure.

Lemma 2.7 (Lemma 12.2.111 [17]). Let M : (0, F,P) — (M, M%) be a stationary marked point process
with finite intensity. Then there exists an M ~*(Z)-measurable random measure & such that

BG oMM D)) = [ [ oy delw.p)dy oo (25)
Rd Jo
for all Borel measurable g : R* x Rt — [0, 00), where

G(Y):= /Rdx]R+ 9(y, p) dY (y,p).



In particular,
E[M(B x L) | M~ Y(D)|(w) = &(w, L)LYB) P-a.s. (2.6)

for all bounded B € B(R?) and for all L € B(R™T).

Remark 2.7.1. Assume L£4(B) = 1. Then (2.6) yields E[M (B x L)| M~Y(I)](w) = &(w, L) P-as. for all
L € B(RT). Hence, we observe that the random measure £ is a conditional analogue of the measure A from
Proposition 2.5. More precisely, (-, L) is the mean number of points of M with marks in L per unit volume
conditioned on the o-algebra M ~1(T).

Remark 2.7.2. If Lp(A) =0 or Ly(A) =1 for all A €Z, then M is called ergodic. For stationary ergodic
m.p.p., the conditional expectations in (2.5) and (2.6) reduce to regular expectations. In this case, the
random measure £ equals A and the lemma reduces to Campbell’s Theorem.

Definition 2.8. A sequence of Borel sets (Cy) in R? is called a conver averaging sequence if
(i) Each Cj is convex and bounded,
(ii) Cx C Cgyq for all k € N|
(ili) limg— oo sup{r € RT : C contains a ball of radius 7} = oo.
We are finally ready to state the first version of the Ergodic Theorem for stationary m.p.p.

Theorem 2.9 (Theorem 12.2.1V [17]). Let M : (Q, F,P) — (M?, M%) be a stationary marked point process
with finite intensity. Let £ be the random measure defined in Lemma 2.7. Then

lim s o) | s i) P

(y,p)EM (w)
y€CK

for all conver averaging sequences (Cy) and all \-integrable functions g : RT — [0,00), where X is the
measure on RT given by A = A\ ® L.

In the sequel, we shall work with the following variation of the ergodic theorem, which does not require
the averaging sets to be convex.

Theorem 2.10. Let M : (Q, F,P) — (M9, M%) be a stationary marked point process with finite intensity.
Let & be the random measure defined in Lemma 2.7. Assume B € B(R?) is bounded with nonempty interior
such that L1(OB) = 0. Then

. 1 >
gl_{%m Z 9(p) :/ 9(p) dé(w, p) P-a.s. (2.7)
=7 wpeMw) 0

yelB

for all A-integrable functions g : R* — [0,00), where X is the measure on RY given by A = A @ L2,

As the proof of this theorem is not essential for the rest of our work, we postpone it to Section 7.1 of the
appendix.
3 Statement of the main result

In this section, we describe the setting of the problem and state our main result. First, we introduce the
notation that we will frequently use in the rest of the article.



3.1 Notation

Let N € N. Given x € RV~!, we define 7 := (z1,...,2x_1,0) € RN, For A ¢ RY and 7 € RY, we define
the sets

AT ={zeA:zy <0},
A ={recA:axy =0},
At ={reA:azy >0},
T+A={r+z:2€ A}

Similarly, for a function f : A — R, we define f* := f|a+, f~ := fla-. The characteristic function of A
is denoted by x4, i.e.; xa(x) = 1if x € A, and ya(z) = 0if x € RN\ A. If A’ C RY, then we define the
distance between A and A’ by dist(A4, A’) := inf{|lx —2'| : x € A, 2’ € A’}. We use B(z,r) to denote the the
open ball centered at z € RY with radius r.

Given A C (R™)? and an open set B C R containing A, the harmonic capacity, or simply capacity, of
A with respect to B is defined as

Cap(A, B) := inf {/ \Vo?dx :v € H}(B), v =11in A in the trace sense} .
B

As before, the Lebesgue measure on RY is denoted by £V. If s > 0, the s-dimensional Hausdorff measure
on R¥ is denoted by H*. If Z is any set, then we denote the cardinality of Z by card(Z).

Finally, we remark that in our estimates C' stands for any strictly positive constant that can be explicitly
computed in terms of known quantities. The value of C' may therefore change from line to line in a given
computation. If a, b > 0, then we also use a < b as a shorthand for the inequality a < Cb for some constant
C depending only on known quantities.

3.2 Main result

We start this section by introducing the setting of the problem. Let N € N with N > 3. We fix a
bounded and open set U C RY with Lipschitz boundary. We assume that 0 € U and that the hyperplane
Y= {z € RY : 2y = 0} intersects U transversely. By the latter assumption, we mean that the sets UT and
U~ have Lipschitz boundary, and that dist(K,dU) > 0 for any compact set K C U°.

We fix a stationary m.p.p. on RV =1 that is, we consider M : (Q, F,P) — (MY ~1, MN~1) and we assume
it has finite intensity. Let A and & be as in Proposition 2.5 and Lemma 2.7, respectively. We assume that

/000 P2 d\(p) < . (3.1)

We now define the randomly perforated sieve. For € > 0 and w € €0, we consider the set of holes

T.(w) := U B (eg,exiép) nu°. (3.2)

We imagine the domain U separated into U™ and U~ by the hyperplane Y. The sets U+ and U~ are then
connected through the perforations 7. (w) along the common boundary U°. We set U, (w) := UTUU~ UTL(w)
(see Figure 1). The sieve is represented by U° \ T.(w), which is a subset of the boundary of U, (w). We note
that the fact that the hyperplane ¥ intersects U transversely implies that U, (w) is an open set.

Let f € L?(U) be fixed. For e > 0 and w € , we consider Poisson’s equation in U, (w) with Dirichlet
boundary conditions on the outer boundary and Neumann boundary conditions on the sieve:

—Aug(w, ) = f in Us(w),
Ue(w,-) =0 on IU, (3.3)
Vue(w,-)-v=0 on U\ T.(w).



We remark that the Neumann boundary condition holds separately on both sides of the sieve. Hence, the
unit vector v takes either the value en or —ey depending the side of the sieve, where ey = (0,...,0,1).
We work with the weak formulation of (3.3). We define the function space V.(w) by

Vo(w) :={u € H'(U.(w)) : w =0 on 9U in the trace sense}.

Clearly, we have V. (w) # H} (U (w)), as functions belonging to the latter space vanish on the sieve U%\ 7% (w)
as well. With this notation, problem (3.3) is formally equivalent to

UE(wv ) € VE("‘))’

/ Vue(w, z)Vo(x)de = / f(@)o(z)dz, for all p € V. (w). (3.4)
Ue (w) U

Let ¢ > 0 and w € Q be fixed. Then the Lax-Milgram Theorem ensures the existence of a unique solution
ue(w, +) to (3.4).

The main goal of this paper is to show the existence of a set Q' C Q with P(2') = 1 such that for every
w € Q' the sequence (ue(w,-)) converges weakly, as ¢ — 0, to functions u™(w,) and v~ (w, ) belonging to
HY(U*) and H'(U™), respectively. Moreover, u* and u~ solve two limit boundary value problems which
are coupled through a so-called transmission condition on U°. Indeed, we can test equation (3.4) with
an element of H}(UT) or H}(U™) and easily pass to the limit to prove that u™ and u~ must satisfy the
Poisson equation with the same source term as in (3.3). Then the challenge is to identify the limit boundary
condition on U°. It will be observed that the normal derivatives of u* and v~ on U° are coupled through
the appearance of a capacitary term.

We are now ready to state the main theorem of our paper.

Theorem 3.1. Let M : (Q, F,P) — (MN~1 MN=1) be a stationary marked point process with finite intensity

such that -
/ PN 2 dN(p) < .
0

Let u.(w,-) be the unique solution of (3.4). For P-a.e. w € Q, there exist functions u™(w,-) € HY(UT),
u” (w,-) € HY(U™) such that
UE(UJ, ) - u+(wa ) in Hl(U+)7 U’E(wa ) - ui(wa ) in Hl(Ui)

as € — 0. Furthermore, the functions u™(w,-) satisfy

Vut (w, ) Vip(z) do = / f(@) p(z)de F v(w)/ (ut(w,2) — u” (w,2))p(z) dHY " (z).  (3.5)
U+ U u°

for all ¢ € H'(U*) that vanish on (OU)* in the trace sense, where v : Q — R is a random variable defined
as

) = Cop (BO.1NRY) [ pN 2 dee ),

Remark 3.1.1. We note that (3.5) is the weak formulation of the following Poisson equation:
—Aut(w,)=f inU*,
uF(w,) =0 on (8U)%,
Dyut(w,) = Fy(w)(u (w,-) —u (w,-)) on U°.
Remark 3.1.2. The homogeneous Dirichlet boundary condition in (3.3) does not have an influence on the

transmission condition across U®. We have chosen it for simplicity. An analogous homogenization result
holds true when considering other Dirichlet or Neumann boundary conditions on OU.

We prove Theorem 3.1 using the method of oscillating test functions. The method involves the construc-
tion of suitable test functions that help extract information about the limit functions «* and ©~. The almost
sure existence of a sequence of random oscillating test functions (w.) possessing the desired properties is
guaranteed by the following theorem.



Theorem 3.2. Let M : (2, F,P) — (MN~=1 MN=1) be a stationary marked point process with finite intensity
such that

/ PN 2 d\(p) < .
0

For P-a.e. w € Q, there exist functions w.(w,-) € H(Uz(w)) such that we(w,-) — £1 in HY(UF) as e — 0.
Moreover, the sequence (we(w,-)) satisfies the following property: Given (v.) with ve € H*(U.(w)), if there

exist functions v*, v~ and a subsequence (v,) such that v, — v* in H'(U%) as k — oo, then

lim Vwe, (w, z)Voe, (x) dr = 2y(w) / vH(x) — v (z) dHN L (3.6)
k—oo U., (W) Uo
The proof of Theorem 3.2 will be postponed to Section 6. With this theorem at our disposal, the proof
of the homogenization result is straightforward.

Proof of Theorem 3.1. We fix a realization w €  for which the existence of the sequence (w.(w,-)) in
Theorem 3.2 is guaranteed. For simplicity, in what follows we omit the dependence on w. Choosing ¢ equal
to ue in (3.4) and using Poincaré’s Inequality, we obtain the a priori estimate

[uell .y < Clliflz2@)s

where C is independent of £ and w. Hence, the sequence (u.) is uniformly bounded in H*(U*) and H*(U ™).
It follows from Rellich-Kondrachov’s Compactness Theorem that there exist functions u™, v =, and a subse-
quence (g},), all depending on w, such that u., — u* in L2(U%*) and Vu., — Vu® in HY(U*) as k — oo.

Next, we prove that u* solves (3.5); we do it only for ut, the proof for u~ being analogous. Let
p € CX(U). We have

1 1
VutVeodr = = ( VutVedr + Vu~ Ve dm) +- ( VutVedr — Vu~ Ve dm) . (3.7)
U+ 2 \Ju+ U- 2 \Ju+ U-
By (3.4), we get
VU+V§Odl‘—|—/ Vu~Vepdr = lim Vusngadx:/ fpdz. (3.8)
U+ - k=oo Ju,, U

Moreover, by the strong L?(U¥)-convergence of (w.) to +1 we deduce that

lim (Vue, Vo)w,, dz = VutVedr — Vu~ Vedz,
k—oo Ju., U+ U-

while a simple manipulation of the terms also gives

J

Using (3.4) again, along with the fact that w,, ¢ is an admissible test function, we can pass to the limit in
the first term on the right-hand side of (3.9) and get

(Vue, Vo)we, da::/ Ve, V(we, @) dﬂc—l—/ (Vwe, Vo)ue, dm—/ Vwe, V(pue, )de.  (3.9)
Ue, U Ue,

€k €k

lim Ve, V(we, @) de = lim / f(wskgo)dx:/ fodr — fodz, (3.10)
k— o0 U., k—oo Jir U+ U-

Furthermore, using the fact that Vw. — 0 in L?(U;RY) and that (u.,) converges strongly in L2(U¥) as
e — 0, we also obtain

lim (Vwe, Vo)ue, dz = 0.

k—o0 U,
k

To evaluate the limit of the last term on the right-hand side of (3.9), we invoke (3.6). To this end, set
Ve = ucp. Then v, — v¥ in H'(U*) as k — oo with v* := u® . Therefore, by virtue of Theorem 3.2, we
get

k—o0

lim / Vwe, V(ue, p)dx = 27/ (ut —u)pdHN L. (3.11)
U, Uo

10



Finally, by combining (3.7), (3.8), (3.10) and (3.11), we obtain

VquVgodJc:/ f<pda:—”y/ (ut —u")pdH Nt (3.12)
U+ U+ uo
By the density of C°(U) in H}(U), we deduce that (3.12) holds for all ¢ € H}(U). In order to prove that
(3.12) holds also for test functions in H*(U™) that vanish on (OU)*, it suffices to show that these can be
extended to test functions in H}(U). But this easily follows from the fact that ¥ intersects U transversely.
This concludes the proof of (3.5).

Lastly, since u™ and u™ are uniquely determined by (3.5), we can actually deduce that the whole sequence
(u.) converges weakly to u® in H'(U%) as ¢ — 0, hence the claim. O

4 Analysis close to the perforations

To prove Theorem 3.2, we will adapt the construction of the so-called oscillating test functions introduced in
the periodic setting (see [18, Lemma 3.1], [30, Lemma 2.2]) to the stochastic setting, in the spirit of Giunti,
Hofer and Velazquez. We observe that in the periodic setting the holes are well-separated on an e-scale. This
fact plays a crucial role in the construction, since it allows the test functions to be defined locally around each
hole. However, in the stochastic setting, the centers of the holes are randomly distributed and their radii
are unbounded random variables. As a result, the holes overlap with probability one. Nevertheless, in this
section we will show that, thanks to the stochastic integrability assumption (3.1), the clusters of holes have
asymptotically vanishing capacities almost surely. In turn, this ensures that we can construct test functions
for which the L?-norm of the gradients vanish asymptotically in a suitable neighborhood of the clusters. In
other words, the formation of clusters does not prevent homogenization from occuring.
We now introduce some new notation. For Y € MV ~1 and (y, p) € Y, we define

dy (y) = min{ly —¢'[ : (', ") € Y \ (y,0)}

if Y'\ (y, p) is nonempty. Otherwise, we set dy (y) = oco. In other words, dy (y) is the distance between y and
its closest neighbor in Y. We note that

B(ij, dy (y1)/2) 0 B(y2, dy (y2)/2) = 0 (4.1)
for all (y1,p1), (y2,p2) € Y with y1 # yo.

Let M : (Q,F,P) — (MM~1 MY 1) be an m.p.p. and define T.(w) as in (3.2). For w € Q and
(y,p) € M(w), we define the truncated radius

. [1
1) = min { S .1
If ey and €7, are the centers of two distinct holes in T (w), then (4.1) implies
3(5?31757”(0-)791)) mB(E?%gT(W’m)) = @ (42)

Given £ > 0, w € , our first objective is to carefully distinguish isolated holes in T, (w) from clusters.

Definition 4.1. Let (y,p) € M(w) with ey € UY. Then (y, p) is called e-isolated if it satisfies the following
two conditions:
(i) 25%,0 <er(w,y),

N-—-1

(ii) If (v, p') € M(w) with ey’ € U° and y # ¢/, then B (sy’,Zs N p’) N B(ey,er(w,y)) = 0.

Otherwise (y, p) is called an e-cluster point.

11



Figure 2: Tllustrations of the balls B(sg,s% p) (colored) and B(eg,er(w,y)) (dashed) for some points
(y,p) € M(w). All points in the first frame are e-isolated, whereas all points in the second frame are e-
cluster points. Note that the uppermost point and the rightmost point in the second frame satisfy (i) in
Definition 4.1, but fail to satisfy (ii).

Thus, a point (y,p) € M(w) with e € U° is e-isolated, if the ball B(ey,er(w,y)) separates the hole
centered at e from the other holes in T.(w). We denote by I.(w) and C.(w) the set of e-isolated and
e-cluster points, respectively. We also define

Se(w) = U B <5Q,25N72 p) .

(y,p)€C: (w)

Hence, T (w) is the subset of T.(w) that comprises the family of clusters. The set S.(w) functions as a layer
to separate T.(w) \ T (w) and T (w). Indeed, given £ > 0 and w € €, it is easily verified that

B(eg,er(w,y)) N S:(w) =0 for all (y,p) € I.(w). (4.3)
Now, we state the main result of this section.

Theorem 4.2. Let M : (2, F,P) — (MN—1 MN=1) be a stationary marked point process with finite intensity

such that ~
/ P2 d\(p) < .
0

Then
lirr(1) Cap(TC (w), Se(w)) = lim LY (S.(w)) =0 P-a.s.
e—

e—0

The proof of Theorem 4.2 relies on the following proposition, whose proof we postpone to the end of this
section.

Proposition 4.3. Let M : (0, F,P) — (MN~=1 MN=1) be a stationary marked point process with finite
intensity such that
/ PN 2 d\(p) < .
0

Then

: N—1 N—2 _ .

gliltl) Z e p =0 P-as.

(y,p)€C:(w)
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Proof of Theorem 4.2. By the subadditivity and the scaling property of the capacity,

Cap(T€ (w),S:(w)) < > Cap (B (g@gsz:é )0 ’ Sg(w)>

(y,p)€Ce (w)

_1 0 —1
< Z Cap (B (5@,5%—2 ) , B (ey,25%—2p))

(y:p)€Ce (w)

<C Z (5%Z§p)N72 —C Z eN-1,N=2.

(y,p)€C:(w) (y,p)€C:(w)
Also
1 \N
LN(S.(w) < © (=%=)
(y,p)€Ce(w)
N
N—-2
—c Z (eN-1pN-2) Y7o Z N1 N2
(y,p)€Ce(w) (y,p)€Ce(w)
Hence the claim follows from Proposition 4.3. O

Intuitively, clusters are formed by those holes that either have centers that are too close to each other or
radii that are too large. Therefore, to prove Proposition 4.3, we focus on such holes. For this, we introduce
a concept that will be used extensively in the sequel. Let § > 0. We define a new marked point process
Ms : (Q,F,P) — (MN—1 MY~1) as follows: given w € €2, the point (y, p) belongs to Ms(w) if and only if
(y.p) € M(w) and

1
min {dM(w)(y)7 p} < 4.

We call M; the thinned process. The relevance of thinned processes in our analysis is mainly motivated by
the following result which is a corollary of Theorem 7.2 in the appendix. A further study of thinned processes
in a broader context can be found in Sections 7.2 and 7.3.

Lemma 4.4. Let M : (Q, F,P) — (MY =1 MY =1 be a stationary marked point process with finite intensity

such that -
/ PN 2 dN(p) < .
0
Then
C N—1 N—2 _
(%ILI(I) &11_1)% Z e’ p =0 P-as.
(y,p)EM;5(w)
gelu®

Proof. Define g : Rt — [0,00) by g(p) := p¥=2. The function g is locally bounded and M-integrable. Hence,

Theorem 7.2 yields

. . 1 N—2
éﬂ&%wvwwg(EZ PN =0 Pas.

It is easy to see that

HN_l(UO)

N—-1 N—-2 __ N—-2

Z € p - HN-1 (on) Z p :

(y,p)EM5(w) (y,p)EMs(w)
getu® getu®

Thus, the lemma is proved. O
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The proof of Proposition 4.3 follows from a number of intermediate results. Namely, we will establish
Proposition 4.3 in two steps by proving separately that

ilg(l) Z eN=1pN=2 =0 P-as. (4.4)
(y,p)€CE(w)

for i = 1,2, where we define

Clw) = {(yp) € Ce(w) 1 2652 p = er(w,) }
C2(w) = Celw) \ CL(w)

for all e > 0 and w € Q. We note that C!(w) consists of those points in C.(w) that violate condition (i) in
Definition 4.1, whereas C2(w) consists of those points that only violate condition (ii).
The following result deals with the points in Cl(w).

Lemma 4.5. Let M : (Q, F,P) — (MY=1, MN=1) be a stationary marked point process with finite intensity

such that -
/ PN 2 dN(p) < .
0

Then
lim Z eN1pN=2 =0 P-q.s.

e—0
(y,p)€CL(w)

Proof. Let e > 0 and w € Q. If (y, p) € CL(w), then r(w,y)/p < 26/NV=2) by definition. Consequently, we

must either have .\

1
r(w,y) < (25N172>2 or — < (25N172)
p

1
2

If £ is small enough and § > 0, then this implies

1
min {dM(W)(y)7 p} <4,
that is, we have (y, p) € Ms(w). Therefore,

lim sup Z eN=1pN=2 < lim sup Z eN-1pN=2

e—0 e—0
(y,p)€CE(w) (y,p)EM;s(w)
gelu®

Since € vanishes, we can choose § arbitrarily small, so that

lim Z eN1pN=2 = lim lim Z eNTIpN=2 =0 P-as.,

e—0 5—0 e—0
(y,p)€CE(w) (y,p)EM;5(w)
gelu®

where the last equality follows from Lemma 4.4. O

We will show that the analogous result for C?(w) is a consequence of Lemma 4.5. The key observation
is that the points of C?(w) are clustered around the points of C}(w).

Lemma 4.6. Let e >0 and w € Q. For all (y,p) € C%(w), there exists (y', p') € CL(w) such that

B(ey,er(w,y)) C B (5;&/, Ge N p’) . (4.5)
Proof. Assume (y, p) € C?(w). As (y, p) violates condition (ii) in Definition 4.1, there exists a point (y/, p’) €
M (w) with ey’ € U such that

N—

Y50 ) 0 Bleg,er(w,y) £ 0 <= el — 7] < er(w,y) + 2673, (4.6)

B (sg/, %
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In fact, the point (y/, p’) belongs to C1(w). Otherwise, we would have the inclusion

N

B (/. 2:573 ') C By er(w,y)),

N

which contradicts (4.6) by (4.2). Since r(w,y) < |y — ¥'|/2, equation (4.6) implies e|g — §'| < 4e¥™
Therefore,

—1
=¥

B(ey,er(w,y)) C B (sgj’, Gs%p’) .

The following lemma deals with the points in C2(w).
Lemma 4.7. Let M : (Q, F,P) — (MY=1, MN=1) be a stationary marked point process with finite intensity

such that -
/ PN 2 dN(p) < .
0

Then
. N—-1 N-2 _
;lil(l) Z e p =0 P-as.
(y,0)€C2(w)

Proof. Thanks to Lemma 4.4, it is enough to prove
li N—-1 N-2 — _a.S.
lim Z € p 0 P-as
(y,p)€CZ (W) \ M5 (w)

for all 6 > 0. Let € > 0 and w € Q. As p <1/ for all (y,p) € M(w) \ Ms(w), we observe that

o N1
Z eN-1pN=2 < e card (C2(w) \ Ms(w)) . (4.7)
(¥,p)ECZ(w)\Ms(w)

We estimate this cardinality. Fixing w for the moment, let us define

AWy 0) = {(u.p) € C2)\ Ms(w) : Beg,er(w,y)) € B (=7, 6:7%p') .
It follows from Lemma 4.6 that
card (C2(w) \ Ms(w)) < Y card(A(y/, p)). (4.8)
(y',p")ECL(w)

To estimate card(A(y’, p’)), we compute the sum of the cross sectional areas of the balls B(ey, er(w,y)) for
(y,p) € A(y',p"). Since the balls are disjoint, we get

(N—1)2

Z ENflr(w’y)Nfl < 6N -15=3 (p/)Nfl.
(y,p)EA(Y",p")

As r(w,y) > 4 for (y,p) € Ay, p’), we conclude that

N-1
card(A(y', p')) < <§) N (pH)NL.

Combining (4.7) and (4.8) finally yields

N—-1
N—-2
N—-1
Z EN_le_2 < C(5> Z (SN_l(p/)N_Q) Nz < 0(5) Z EN_1<p/)N_2
(¥,0)€CZ (W) \ M5 (w) (y',p")ECE (W) (' ,p)ECL(w)
Thus, we are done by Lemma 4.5. O
Proof of Proposition 4.3. The proof follows as an immediate corollary of Lemma 4.5 and Lemma 4.7. O
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5 The oscillating test functions

In this section, we give an explicit construction of the oscillating test functions (w.(w,-)) introduced in
Theorem 3.2.

5.1 The cell problem

The idea behind the construction of the oscillating test functions is to solve a PDE, the so-called cell problem,
around each isolated hole. For R > 1, we define

Dr:=B(0,R)* UB(0,R)” UB(0,1)".
Let nr be the unique solution of the boundary value problem
7A7]R = 0 in DR,

nr = +1 on (0B(0,R)), (5.1)
Vnr-v= 0 on B(0,R)°\ B(0,1)".

We would like to remark that, in this problem, the domain where the cell problem is solved depends on a
positive parameter R. The reason for this dependence is that, while the radius of the perforations is of the

order E%, the typical distance between the centers of two isolated holes is of the order €.
The weak formulation of (5.1) is given by

nNR € Hl(DR), nr = =1 on ((’9B(0,R))i,

5.2
VnrVedr =0 forall p € H'(Dg), ¢ = 0 on 9B(0, R). (52)
Dg
We prove some simple properties of ng.
Proposition 5.1. Let R > 1. Then
nr(@',xy) = —nr(z’,—zN) for allz = (2',xN) € Dg,
~1<nr <0 LN-ae inBO,R)~, 0<np<1 LN-ae. in B(,R)". (5.4)

Proof. Tt can be easily checked that the function (2/,xy) — —n(2’, —zxN) defines a solution of (5.1), where
x = (¢',2n) € Dg. Equation (5.3) then follows from the uniqueness of the solution for (5.1). We note that
(5.3) implies that ng = 0 in B(0,1)°. Now, we define a new function 77z in Dy by

. max{ng(z),0}, ifeny >0
MR(7) =4 .
min{ng(x), 0}, ifeny <0

As nr = 0 in B(0,1)°, it is not difficult to see that g € H*(Dg) and that nr — 7z is an admissible test
function in (5.2). Hence, we obtain

0= VorV(nr — r) dz = / |V77R|2 dx.
Dp {nf;<0yu{ny >0}

As a result, we get that necessarily ng < 0 LN-a.e. in B(0, R)™ and 0 < ng LN-a.e. in B(0, R)*. The other
two bounds in (5.4) can be proved analogously, this time testing (5.2) with max{nr—1,0} and min{ngr+1, 0},
respectively. O

Proposition 5.2. Let R > 1. Then 1—|ng| € H3(B(0, R)) and it is a weak solution of the capacity problem

—Av =0 in B(0,R),

v=0 ondB(0,R), (5.5)
v=1 on B(0, 1)0.
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Proof. Tt follows from (5.3) that |ng| belongs to H'(B(0,R)) and that ng = 0 in B(0,1)°. We show that

Iz is a harmonic function in B(0, R) \ B(0,1) . Let ¢ € HZ(B(0, R)\ B(0,1) ). We define ¢; and @s by
an “odd extension” of ¢t and ¢ ™. In other words,

(pl(z/ xN) _ QOJF(:L'/,xN)’ if ey > 0, (,02(1‘/ IN) — —pr(x/,—xN), if xy > 0,
’ ' —pt(2',—zy), ifzy <O0. ’ ' o= (2, zN), if zn <0.

for all z € Dg. Then ¢ and ¢y are both admissible test functions in (5.2). Hence,

/ VnrVeide = / VnrVadr = 0.
Dr Dr

On the other hand, equation (5.3) yields

1
/ VnrVepdr = - / VnrVeide =0,
B(0,R)* 2 o

1
/ VnrVedr = - VnrVes dx = 0.
B(0,R)~ 2 /by
Thus, (5.4) implies

/ Vinr|Vedx = / VnrVedx — / VnrVes dx = 0.
B(0,R) B(0,R)+ B(0,R)+

With this, we conclude that |ng| is harmonic. Since 1 — |ng| clearly satisfies the boundary conditions in

(5.5), we are done. O
Proposition 5.3. Let R > 2. Then
1
/ Vngl? de = £ Cap(B(0,1)°, B0, R)), (5.6)
B(0,R)* 2
/ |+ 1 —ng|*de < OR?, (5.7)
B(0,R)*

where C' is independent of R.

Proof. Set vg :=1— |ng|. As vg is the solution of (5.5), it is the minimizer of the Dirichlet energy among

all functions in H*(B(0, R) \ B(0,1) ) sharing the same boundary values. Hence, we get
/ Vil dz = / Vug|? dr = Cap(B(0,1)°, B(0, R))
Dr B(0,R)
from the definition of capacity. Moreover, it is an easy consequence of (5.3) that
1
/ Vil dr = / Virl de = £ Cap(B(0,1)°, B(0, R)).
B(0,R)* B(0,R)~ 2

Finally, applying Poincaré’s inequality to vg and using (5.4) gives

/ |1—nR\2da:+/ |1+ ng|* dx
B(0,R)+ B(0,R)~

= / lvg|? dr < CR2/ |Vugr|? dz < CR? Cap(B(0,1)°, B(0,2))
B(0,R) B(0,R)

for all R > 2. O
Corollary 5.4. Let R > 1. Then

inf {/ |Vo|?dx :v € H'(Dg), v==+1 on (aB(o,R))i} = Cap (B(0,1)°, B(0, R)) .
Dr

Proof. The result is a direct consequence of Proposition 5.3 and the fact that ng is the unique solution of
the corresponding Euler-Lagrange equation. O
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5.2 Construction of the random oscillating test functions

We are now in position to define the oscillating test functions. For the remainder of this section, we fix a
stationary m.p.p. M : (Q, F,P) — (MN~1, MN~1) with finite intensity such that

/ PN 2 dN(p) < .
0

Let € > 0 and w € Q be fixed. Recall that I.(w) and C.(w), defined in Section 4, are the set of e-isolated
and the set of e-cluster points, respectively. Recall also that

N

I€w)= |J B(ep.e™
(y,p)€C:(w)

Se(w) = U B (5@,25%25 p) .

(y,p)eCE(w)

:5/)) nu°,

Given an e-isolated point (y, p) € I.(w), we define w.(w,-) in B(ey,er(w,y)) by

xr — €y r(w,
we(w,x) :=NgR ( le) , R:= ( . L2y (5.8)
6N—2p

~—

This defines we(w, ) uniquely in
U Bleperw.).
(y.p) €l (w)

as the balls are pairwise disjoint. Next, we define w,(w, -) in S¢(w). Choose a function ¢, € C°(S.(w);[0,1])
such that (. = 1 in T¢ (w) and such that

/ |V¢.|? dx < 2Cap (Tsc(w),SE(w)) .
Se(w)
Set we(w,-) :=1— ¢ in S.(w)t and w,(w,-) := (. — 1 in S.(w)~. Then w,(w,-) = +1 on (95 (w))* and
/ Ve (w, 2)|? de < 2Cap (T€(w), 5. (w)) - (5.9)
Se(w)

Note that the definition of w.(w,-) in Sc(w) does not interfere with the definition in (5.8) due to (4.3). We
complete the definition of w.(w,-) by setting

w (w m) o 1, ifxy >0,
ST, ifan <0

for

reRV\ | ZUS (w)U U Bl(eg,er(w,y))
(y:p) €l (w)

With this definition, we can easily verify that w.(w,-) € H'(RY)*TU(RN)~ UT.(w)) and that —1 < w, <1
LN-a.e. in RN,

Having defined the oscillating test functions, our next goal is to prove that w.(w,-) — £1 in H'(UT)
P-a.s. as € — 0. We start with the computation of the L?-norm of the gradients, for which we rely heavily
on the Ergodic Theorem for marked point processes given by Theorem 2.10. We introduce the shorthand
notation

o(R) := Cap (B(0,1)°, B(0,R)), o(cc) := Cap(B(0,1)°,R"). (5.10)

Note that o is monotonically decreasing in R and that limg_, 0(R) = infgsoo(R) = o(c0). Recall also

the definition of v given by
1  N_
1) = 3t0) [ p¥ 2 de(wnp)

0
for all w € .
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Lemma 5.5. Let O C ¥ be a Borel measurable set in RY whose boundary in the relative topology of ¥ is
HN 1 negligible. Then

lim / V. (@, 2)2 dz = 29@)HY LU0 N 0) P-a.s.
8%0( p)ELL (w) B(eg,er(w,y))*
ye< 10

Proof. Without loss of generality, we prove the claim only in the upper half-space. Let € > 0 and w € Q. If
(y,p) € I.(w), then after a change of variables, it follows from (5.8) and Proposition 5.3 that

/ |Vwe (w, z)|? de = lsN—le—% r(w,y) .
B(ey,er(w,y))t

5.11
2 = (511
Using the monotonicity of o, we obtain the simple lower bound
1
/ |V, (w, z)? de > 50(20) > NN
(y-p)Ele(w)  BEvErtow)” (yp)E L. ()
yeL 0 geLo
1 1
> 50(00) Z eN-1pN=2 _ 50(00) Z eN-1pN=2 0 (5.12)
(y,p)eM(w) (¥,p)€Cc (w)
geL(Uno) gelu®

An application of Proposition 4.3 gives

li N-1 N—2: P-a.s.
Im Z € p 0 a.s

(1,)EC: (w)
geiu®
On the other hand, applying Theorem 2.10 with g(p) N

= pV =2 where we use assumption (3.1), yields

Elig(l) Z eNT1pN=2 — N1 n0) / PN 2dE(w,p) P-as
(y.) EM (w) 0
€1 (U°nO)

Consequently, equation (5.12) delivers the asymptotic lower bound

lim inf Z \Vwe (w, z)|? dz > 2y(w)yHY 1 (U°N0O) P-as.
e—0
(wp)Ele(w) ? Bleverow)®
geLo

Let § > 0. To obtain an upper bound, we initially focus on points in I.(w) \ Ms(w), where Mj is the thinned
process. Let R > 0. If (y,p) € I.(w) \ Ms(w), then

2 o\ N—2
T(wl’ v) > 51 >R ife< (5) )
8N_2p 8N_2 R

Thus, we have

/ |Vw, (w, 2)|? da
(y:0) €1 (@)\Ms (w) / BETET (@)™
geto

1 N—-1_N-2 1 N-1 _N-2
< E §J(R)€ o < E io(R)s
(y,p) €l (W)\Ms(w) (y,p)EM (w)
gelo geL(U’NO)
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for small enough . Another application of Theorem 2.10 yields

lim sup Z / \ng(w,x”? dr < @QW(W)HNfl(UO n O) P-as.
=0 (y,p)€le (w)\Mc;(w) B(eg,er(w,y))* U(oo)
yez Lo

As the choice of R is arbitrary and o(R) — o(o0) as R — oo, we deduce that

limsup Z / |vw€(w q;)|2d;1; < 27( )HN I(UO n O) P-a.s. (513)
0 ypeLw 0)\Ms (w B(eg,er(w,y))t
ye< 10

for all § > 0. To conclude the proof, we need to bound (5.11) for points in I.(w) N Ms(w). By the first
property of e-isolated points in Definition 4.1, we know that

"Y) Lo for all (g, p) € L(w). (5.14)
€N—2p
Therefore,
1
/ |Vw, (w, 2)|? dz < Z 50(2)5N_1pN_2. (5.15)
(y.0) €L ()M (w) * BETET(@y))T (y,0) €10 (@)NMs(w)
ye20 geto
It follows from Lemma 4.4 that
o N-1 N-2 - 1| N-1 N-2 _ s, .
(%1_1)1(1);% Z e p _%1_{%;13(1) Z e¥p 0 P-as (5.16)
(y,p) €1 (W)NMs(w) (y,p)EM;5(w)
gelo gelu®

Finally, by combining (5.13), (5.15) and (5.16) we are able to get

lim sup Z / \Vwe (w,z))? dz < 29(w)HY1(U°N0O) P-as.
0 (el (w) T BETEr o)t
ye 10

This concludes the proof. O
Using the previous lemma, we can localize the limit of the L2-norm of the gradients.
Proposition 5.6. For P-a.e. w € Q and all p* € CO(UF), we have
lim |V, (w, z)|*¢* () do = 2y(w) / ot (z) dHN () P-a.s. (5.17)
e—0 U+ Uo

In particular,

lim |V, (w, z)|* de = 2y(w)HN 1 (U°)  P-a.s.
e—0 Ut

Proof. As in the proof of the previous lemma, we prove the claim only in the upper half-space. We start by
showing that

lim \Vwe (w, z)|? dz = 2y(w)yHY 1 (U°N Q) P-as. (5.18)

e—0 Q+

for any closed cube Q@ C RY that either has its center on the hyperplane ¥ or is disjoint from ¥. Let £ > 0
and w € Q. As Vw,(w, -) is nonzero only around the holes, we can write

/ |Vw, (w, 2)|? de = / |Vw, (w, 2)|* dz + / |Vwe (w,2)|>dz.  (5.19)
Q+ QFTNS:(w) (yp)El.(w) Y @TNB(eTer(w,y))
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We estimate the first integral on the right-hand side by using (5.9)

/ Ve (w, 2)|? de < 2Cap (T€(w), 5.(w)) -
Q+NSe(w)
As a result of Theorem 4.2, we see that

lim |Vw. (w,z)|*dz =0 P-as.
e—0 Q*ﬁSE(w)

If @ is disjoint from ¥, then the sum on the right-hand side of (5.19) is zero for small enough €, as r(w,y) < 1
for all (y,p) € M(w). In this case, the limit in (5.18) is proved since both sides equal zero.

Let us now assume that @ has its center on Y. To deal with the second term on the right-hand side
of (5.19), we choose closed cubes @Q,, Qp having the same center as @ such that Q, € Q T Q. If
QT N B(ey,er(w,y)) # 0 for some (y, p) € I.(w), then ey € QY for small enough e. Similarly, if ey € QY,
then B(ey,er(w,y))t C QT for small enough €. This allows us to write the inequalities

/ |Vw, (w, 2)|? dz < |Vwe (w, )|? dz
Beger(w,y))*t

(y,p)el( /QJrOB(Ey er(w,y))

gel QO

(y,p)€l:(w

= Z / |vw€(w7$)|2dx.
(y,0) €1 (w) B(eg,er(w,y))T

g€L Q)

(5.20)

for small enough €. Applying Lemma 5.5 immediately gives

29(w)HN 1 (U N Q,) < liminf / |Vw, (w, 2)|* dz
e—0 (yp) €l (w QtNB(ey,er(w,y))
< limsup / |Vwe (w, 2)|? de < 2y(w)HN H(U° N Qp) P-as.
e—0 QtNB(ey.er(w,y))

(y:p)€le(w)

Since HN 1 (U°NQ,) and HN~1(U°NQy) can be made arbitrarily close to HY~1(U° N Q), we conclude the
proof of (5.18).

Having established (5.18), the proof of (5.17) follows easily by approximating U* with cubes and using
the continuity of . O

To conclude the section, we prove the convergence of (w.(w,-)) for P-almost every w € Q.
Proposition 5.7. The sequence (w.(w,)) converges weakly in H'(U%) to £1 P-a.s. as e — 0.

Proof. We consider only the upper half-space as usual. Let ¢ > 0 and w € Q be fixed. Since w,(w,-) differs
from 1 only around the holes, we can write

/|1—wg<w,m>|2da:g/ - we(w,n)fde+ Y / (o, o) de.
U+ Se(w)*

(p)el:(w) T BlEperew)

Since 0 < we(w,-) <1 LN-a.e. in U, Theorem 4.2 implies

lim Sup/ 11 — we(w, z)|? dz < limsup LY (S.(w)) =0 P-a.s.
Se(w)t

e—0 e—0

Let (y, p) € I.(w). Applying Proposition 5.3 to (5.8) with a change of variables gives the estimate

/ [1— we(w,x)|2 dr < C(ar(w,y))g/ |Vw€(w,x)\2 dx.
B(eg,er(w,y)) T B(eg,er(w,y))
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We sum over all points in I.(w) and use Lemma 5.5 to obtain

lim sup Z / 11— we(w,z)|? de
B

20y el ( (eg,er(w,y))t

< limsup Ce? / |Vw, (w,2)|?dz =0 P-as..
e—0 (y,p)El. (w) ” BETer(wy)t

Hence, we have shown that we(w,) — 1 in L?(UT) P-a.s. as ¢ — 0. The weak convergence in H'(U™)
follows from Proposition 5.6, which implies that (Vw,(w,)) is P-a.s. bounded in L?(U*+;RY). O
5.3 A special case of Theorem 3.2

In the last section, we constructed the oscillating test functions (w.(w,-)) for all w € Q and proved their
convergence for P-a.e w € ) in Proposition 5.7. In this section, we shall prove that the sequence satisfies
a special case of the property stated in (3.6) P-almost surely. This will be an important ingredient in the
proof of the general case. Our main result is the following proposition.

Proposition 5.8. For P-a.e. w € Q, the sequence (we(w,+)) satisfies the following property: Given (ve) with
ve € HY(U.(w)), if there exists a subsequence (v, ) such that v., — 0 in HY (UF) as k — oo, then

lim Vwe, (w, z)Voe, () dr = 0.

k—o0 Usk (w)

For w € €, let us define O(w) to be the set of all sequences (w.) with w. € H'(U.(w)) such that w. — +1
in H'(U%) as e — 0. By Proposition 5.7, we know that (w.(w,-)) € O(w) P-a.s. We shall deduce Proposition
5.8 from a minimization property of the oscillating test functlons7 which we state in the following proposition.
The proof of Proposition 5.9 is postponed to the end of this section.

Proposition 5.9. For P-a.e. w € , we have

lim inf/ |Vw. (w, )|? dz < lim inf/ |V ()| dz (5.21)
Ue (w) =0 JUu.(w)

e—0

for all (w.) € O(w).

Proof of Proposition 5.8. Fix an w € Q for which (w,(w,-)) € O(w) and for which (5.21) holds. As w is fixed,
we omit it from the notation. Assume (v.) is a sequence with v, € H'(U.) such that v. — 0 in H*(U*) as
¢ — 0. Clearly, the sequence (w. + tv.) lies in O(w) for all ¢ > 0. Hence, Proposition 5.9 implies

liminf/ (¥ (w. + tv.)2 = |Vaw|?) dz > 0. (5.22)
Ue

e—0

Since 1
VwVve = o5 (IV(we + tv)|* — |Vwe > = 2|V ?),

invoking (5.22), we get

1
liminf/ Vw:Vv. dz > hminf—/ (|V(we + tve)]? — Vw2 de — — > ——,
U. e—0 2t U. 2

e—0

where C' > 0 is chosen such that sup, || Vv.||z2 e~y < C. Letting ¢ — 0 yields
lim inf Vw:Vu.dz > 0.

e—0 U.

Replacing v, by —v. provides also the reverse inequality.
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Given a sequence (v.) for which only a subsequence (v.,) converges weakly to 0 in H'(U*) as k — oo,
we define

Ve 1=

_ {vek, if ¢ = ¢, for some k € N,

1 —we(w, )], otherwise.

Then 0. — 0 in H'(U*) as ¢ — 0. Hence, we can apply the argument given above to conclude that

lim / Vuwe, Vg, de = 0.
Ue,

k—o0

O

Our goal for the remainder of this section is to prove Proposition 5.9. As we have seen in Proposition
5.6,

lim \Vw, (w, 2)|? de = 4y(w)HN 1 (U%)  P-as.
e—0 Ug(w)

Therefore, Proposition 5.9 is equivalent to: for P-a.e. w € €,

4y(wYHN L) < lim inf / V. (2)|2 da
e—0 UE(LU)

for all (w.) € O(w). To understand the validity of this statement intuitively, we consider an isolated point
(y,p) € I.(w) for some € > 0 and w € Q. As a consequence of Corollary 5.4, we observe that

inf/ L Vodr = N1 N2 Cap(B(0,1)°, B(0, R)) = N1 pN 20 (R), (5.23)
V Jeg+eN-2pDp
where
R "Wy
o,

and v ranges over functions in H* (53}—1—5% p Dr) that assume the values &1 on the boundary (0B (ey, er(w, y)))*.
Let (w.) € O(w). Assuming w. is close to &1 on the boundary (9B(e7,er(w,y)))™, we expect its Dirichlet
energy in B(ey,er(w,y)) to be bounded from below by

€N_1pN_2O'(R) > EN—le—QU(OO)
up to some small error. If we sum up the approximate lower bounds for each (y, p) € I.(w), we obtain

/ |V | dz 2 o(c0) Z NN =2 gy (W)YHNH(U),
B(eg,er(w,y))

(y,p) €1 (w) (y,p) €1 (w)

where the last approximation can be justified by the ergodic theorem.

In order to make the intuitive argument above rigorous, we shall show that if the Dirichlet energy of w.
around an e-isolated point is smaller than the expected lower bound (5.23), then @, is not sufficiently close
to 1 around that point. We state the result in rescaled form.

Lemma 5.10. Let 0 < 6 < 1. There exist Ry > 1 and ¢ > 0, depending only on 6 and N, such that if

/ Vo2 dz < 0o(R),
Dr

then
/ 11—v* dx—f—/ 11+ v|* dz > LY (B(0, R)) (5.24)
B(0,R)* B(0,R)~

for all R > Ry, v € HY(Dg), where 2* = 2N/(N — 2).
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Proof. Suppose (5.24) is false. Then, there exist an increasing sequence (Ry) of positive numbers and a
sequence of functions (vy) with vy € H'(Dg, ) such that

/ |Vur|? do < Oo(Ry), (5.25)

. . 1
/ 11— i) dx +/ 11+ vx|? do < EEN(B(O,R;C)). (5.26)
B(0,Ry,)* B(0,Ri)~

For each k, set
vg(2',zn) — v (2, —zN)

5 .
for x = (2/,zn) € Dg,. By definition, vy is odd in the last variable, and |vy| belongs to H'(B(0, Ry,)). For
each k, we now consider the function vy, := 1 — |vy|. It is easy to see that v, = 1 in B(0,1)°. By convexity,
the estimate in (5.25) carries over to U:

17k(:c',:cN) =

/ |VoR|? doe = / V|2 de < / |Vor|? de < Oo(Ry,). (5.27)
B(0,Ry) B(0,Ry) Drg,

Similarly, equation (5.26) implies

/ oAE d:zzg/ 1= 2 dx+/ 1+ 52 do
B(0,Ryg) B(0,Ry)* B(0,Ry)~
. « 1
< / |1 —wvp|* do —|—/ 11 +vp|? do < —LYN(B(0,Ry)). (5.28)
B(0,Ry)+ B(0,Ry)- k

Truncating the functions at 1 and —1 if necessary, we can assume without loss of generality that —1 <7, <1
in B(0,R;). Consequently, (7)) is uniformly bounded in the H!-norm in any compact domain, thanks
to (5.27). Hence, we can apply Rellich-Kondrachov’s Compactness Theorem in an increasing sequence
of sufficiently regular subsets of RY to obtain a function v € T/Vlloc1 (RN) with Vo € L*(RY;RY), and a
subsequence, still denoted by (vy) such that

Ur — U pointwise £N-a.e. in RV, Vi — Vo in L2(RY; RY),

where we extend 7), and Vo), by 0 for both convergences. Our goal is to show that ¥ is actually L2’ -
integrable. By Poincaré’s Inequality for the pair of exponents (2*,2) [25, Theorem 8.12], there exists a
constant C, depending only on N, such that

/ B — () pos)|* da < C VoLl de, (5.29)
B(0,Ry) B(0,Ry)
where (Vr)B(0,r,) denotes the average of v over B(0, R). On the other hand, Hélder’s inequality and (5.28)
yield

1 / _ 1 / IR |
—_— pdr| < [ = [Ox]? dz < .
LN(B(0, Ri)) JB(0,Ry) <‘CN(B(0) Ry)) JB(o,r) k3=

It follows that limy .o (Vr)B(0,r,) = 0. We can now apply Fatou’s lemma in (5.29) and use (5.27) to obtain

(V%) B0, Ri)| =

k—oc0

/ [5)? dx < liminfC/ |VoR|? do < oo.
RN B(0,Ry)

Thus, we conclude that 7 € L*> (RN). Since v = 1 in B(0,1)o, it may be used as a competitor in the
definition of the capacity of B(0,1)o in RY. This implies

o(o0) §/ \V5|2dw < liminf/ \Vﬂk|2dac < o (o00).
RN k—oo JrN

Since 6 < 1, we obtain a contradiction. O
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Fix w €  and a sequence (w.) € O(w). Let § > 0 and 0 < 6 < 1. We denote by P’(§,6) the set of points
(y,p) € I.(w) \ Ms(w) for which we have

B(ey,er(w,y)) C U, / IV 2 dz < 9eN~1pN 25 <7”(w,y)> .
B(ey,er(w,y))

We also define P9(4,6) as the complement of PY(6,6) in I.(w) \ Ms(w). The letters “b” and “g” in the

superscript stand for “bad” and “good”, respectively.
By Lemma 5.10, we know that there exist Ry > 0 and ¢ > 0 such that if

/ V|2 dz < 60 (R),
Dgr

then
/ 11— 0¥ dx—i—/ 114 v|* dz > c LY (B(0, R))
B(0,R)*+ B(0,R)~

for all R > Ry, v € H'(Dg). Note that

2
(ui,y) o J

r
1 >RO
5N—2p 6N—2p

for all (y, p) € P?(6,0) and & small enough. Hence, after a change of variables, we conclude that

/ 11— @.|* dx+/ 114 @.|* dx
B(eg,er(wy))* B(eg,er(w,y))

> cLN(B(eg, er(w,y))) > NN LN (B(0,1))  (5.30)
for all (y, p) € Pb(6,0) and & small enough.
Lemma 5.11. Fiz w € Q and a sequence (we) € O(w). Then

lim eV~ card(Pb(6,6)) = 0

e—0
foralld >0 and 0 < 0 < 1.

Proof. Let § > 0 and 0 < # < 1. Without loss of generality, we can assume that —1 < w. < 1 in U, (w) since
truncating w. would only increase the cardinality of P?(6, ). Since with this assumption (@.) is uniformly
bounded in L*(U.(w)), we can estimate the L?*-norm from above by the L?-norm in (5.30) to obtain

/ |1—117€|2dx+/ 11+ @.|? de > CeNo™
B(eger(w,y))t B(eger(w,y))~

for all (y, p) € Pb(6,0). Consequently, we see that

/ |1—@E|2das+/ 1+ @2 da
Utn{zy<e} U-n{zn>—¢}

(/ \1—1E€|2dx—|—/ |1+ﬁ5|2d:c>
(y,p)EP?(5,0) B(eg,er(w,y)) T B(eg,er(w,y))~

> CeNoN card(Pb(5,0)).

>

Hence, to conclude we need to show that

1
lim — / |17{55\2dz+/ 1 —w.|?dx | =0. (5.31)
e=0 & \ Ju+rn{zy<e} U-n{zn>—c}
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We do this by applying the Trace Theorem on the upper and lower half-spaces separately. We have the
inequalities

/ - @.2de < C 5/ |1—@j|2d7-[N‘1+52/ Va2 dz )
Utn{zny<e} Uo° Utn{zn<e}

/ 1+ @.2de < C g/ |1+@;|2deN—1+52/ Vi |? da
U-n{zn>—c} Uo U-Nn{zn>—c}

for all € > 0, where C' depends only on the domain U. Here, wX and w_ stand for the traces of w® with
respect to UT and U~ respectively. Since w. — 41 in H'(U%) as € — 0 and since the the trace operator is
compact, we know that w> — +1 in L?(Up; HV 1) as e — 0. Hence, dividing the inequalities in (5.32) by ¢
and passing to the limit proves (5.31). O

(5.32)

We end this section with the proof of Proposition 5.9.

Proof of Proposition 5.9. Assume O C X is a Borel measurable set in RY with O C U° such that its
boundary in the relative topology of ¥ is HN ~!-negligible. Since ¥ intersects U transversely, we know that
dist(O, 0U) > 0.

Let w € Q and fix a sequence (w.) € O(w). Let 6 > 0and 0 < 6 < 1. If (y,p) € P4(4,0) and €j € O,
then B(ey,er(w,y)) C U for small enough ¢ and

/ Ve |? de > 0N~ pN 20 7'((13/) > 0NN 20 (00).
Bleger(w,y) T

Therefore, for small enough ¢,

/ V@ lRdr> Y / V@2 ds > (o) S eNT1pN-2
Ue(w) (y.0)€ P2 (5,0) Y BETer (@) (y.0)EP2(5.6)

y€20 geto
> fo(o0) Z eN1pN=2 _ (o) Z eN-1pN=2 1 (5.33)
(y,p) E1e (W) \ M5 (w) (y.p)€PL(5,6)
geLo

An application of Lemma 5.11 yields

N-1
card(P2(6,0)) = 0.

€
lim Z eN1pN=2 < lim
0 ~e=0 N2
- (y,p)EPL(8,0) -

On the other hand, it follows from Proposition 4.3 and Lemma 4.4 that

lim 1i N-1,N-2 N-1 N-2| _ s
lim 513(1) Z e’ p Z e’ T p 0 P-as
(y,p) €1 (w)\ M5 (w) (y,p)EM (w)
geto gelo
Thus, we can use Theorem 2.10 to obtain that
N N—-1,N-2 _ 1. N—1 ,N-2 _ o/N—1 * N2 S
gl_r% gli% Z e p = 6hg(l) Z et p =H (O)/O p dé(w,p) P-as.
(y;p) €I (w)\ M5 (w) (y,p)EM (w)
gelo gelo
Finally, we conclude with the help of (5.33) that
o €12 dr > Tim i N-1_ N-2 _ N—-1 .
1116135&/[] o |Vwe|* dx > gl_%ilg% o (o0) Z e p 40y(w)H™ " H(O) P-as
c (y,p)E1e (w)\ M5 (w)
geLo
Letting & — 1 and approximating U° by a suitable sequence of increasing sets (Oy) proves the result. O
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6 Proof of Theorem 3.2

In this section, we prove that the oscillating test functions (w.(w,-)) constructed in Section 5.2 satisfy all
properties stated in Theorem 3.2 P-a.s. Our proof is be based on an idea introduced by Casado-Diaz in [5,
Theorem 2.1].

We begin with an extension of Proposition 5.6.

Lemma 6.1. For P-a.e. w € Q and all vt € HY(U*) N L>®(U*), we have
lim V. (w, z)|*vF (z) de = 27(w)/ v (z) dHY 7 (z).
e—0 U+ Uo

Proof. We restrict ourselves to the upper half-space as usual. Fix some w € ) that satisfies Propositions 5.6,
5.7 and 5.8. For simplicity, we omit w from the notation. If v* € C°(U™), then the result follows directly
from Proposition 5.6. For the proof of the general case, we approximate v+ in HY(UT) by a sequence
(¢f) € C=(U*). Then Proposition 5.6 and the trace theorem imply

lim lim \Vwe|*¢) doz = lim 2’y/ o dHN ! :27/ vt dHN L
U+ k— o0 Uo

k—o00 e—0 Uo

Hence, to conclude, we need to show that

lim lim \Vw|*|vT — ¢f |dz = 0.
k—o00e—0 Jir+

This is equivalent to the assertion that

lim |Vwe, *lvt — ¢ |dz =0 (6.1)
k— oo U+
for all subsequences (gj). Given a subsequence (g;), we define v; := w,, [vt — ¢ |xp+ for each k € N and

consider vy, as an element of H*(Uy,). Since vy, — 0 in HY(U*) as k — oo, Proposition 5.8 implies

k—o0

lim / Vwe, Vo dx = 0.
Ue,

Computing the gradient of v; gives

0= lim |Vwe, |*vt — oi| + (Vwe, V[vT — piw., dz. (6.2)
+

k—o0 U

Since, ¢r — v in HY(U*') as k — oo by assumption, the sequence (Vw,.) is uniformly bounded in
L2(UH;RY) and |w.| <1 LN-a.e. in UT, we can see that

lim (Vwe, Vv — x| )we, dz = 0.

k—o0 U+

Therefore, equation (6.2) yields (6.1). O
We conclude with the proof of Theorem 3.2.

Proof of Theorem 3.2. We fix some w € €2 for which Propositions 5.7, 5.8 and Lemma 6.1 hold. Having fixed
w, we omit it from the notation. Let (v.) be a sequence with v. € H(U.) and suppose there exist functions
vt v~ and a subsequence (v, ) such that v., — v* in H'(U%) as k — oco. In the first part of the proof, we
assume additionally that v* € L>(U®).

Set Ve := ve —we (v X+ — v xp-). We can check easily that v. € H!(U,) for all € > 0 and that v., — 0
in HY(U%) as k — co. Therefore, Proposition 5.7 implies

k— o0

lim / Vwe, Ve, dz = 0.
U.,
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Computing the gradient of v,, explicitly, we obtain

/ Vwe, Vg, dx—/ |Vw5k|211+dx—|—/ |Vwe, |*v™ dx
Ue, U+ U-

- /U+ (Vwe, Vo w,, dz —&-/_(ngk,Vv_)wEk dr —0 (6.3)
as k — oo. As vt € L>°(U%), it follows from Proposition 5.7 that

lim (Vw, VoH)w,, dr = lim (Vwe, Vo )we, dz = 0.

k—oo Jir+ k—oo Jir—-

Hence, with the help of Lemma 6.1, we deduce from (6.3) that

lim Vwe, Ve, do = 2’}// (v —v7)dHN T

k—o0 Usk Uo

Let us now consider the general case. We define v := min{max{v., —n},n} and (v*)" := min{max{v*, —n},n}.
Clearly, we have

lim lim / Vw, Vvl dx = lim 27/ (v = (7)) dHN ! dm:er/ (v —v7)dHN L
n—o00 k—o00 UEk Uo

n—oo Uo

Thus, all that remains be to proved is

n—oo k—oo

lim lim / Ve, (Vve, — Vol )dr = 0.
Ue,

To this end, we let (g, ) be a subsequence. Then, it is easy to verify that v, —ovZ — 0in HY(U¥) as
n — oo. Hence, as a result of Proposition 5.8, we obtain

lim / Ve, V(ve, —vl )dr=0.
v, n

n—oo

The claim now follows from the arbitrariness of the sequence (g, ). O

7 Appendix

This appendix includes proofs of some results on marked point processes that we have left out from the main
body of the article.

7.1 Proof of Theorem 2.10

Let B € B(R?%) be bounded with nonempty interior such that £4(0B) = 0. For the proof, we rely on Theorem
2.9. However, since B is not necessarily convex, Theorem 2.9 cannot be directly applied. To address this,
we first prove the result for half-open rectangles using Theorem 2.9, and then we use these to approximate
B. Recall that a half-open rectangle is a set of the form I, I;, where I; C R is a half-open interval for all
i. Assume for the moment that the result has been proved for all half-open rectangles. Set

1
Se(w) = 71(15) Z 9(p), we.
(g )(y,p)EM(UJ)
yelB

For I € N, let Q1,...,Qm, denote the half-open dyadic cubes with side length 2-! contained in the interior
of B, and let Q1,...,Q;, denote those that intersect B. Then

L@ 1
SE(W)Si:1 Ed(B) Ed (%Q;) Z

g(p)-

(y,p)EM (w)
yelQ;
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Similarly,

o L4Q;) 1
@2y T gy X o0

i=1 (y,p)EM (w)
yeLQ:
Consequently, from our assumption that the result holds for all half-open rectangles, we obtain

‘Cd (Uwill Qz) >
o | stwdgtonn) < timipt (o)
LU Q) [~

<1 S, < I Zisl T d P-a.s.
<timsup S, () < 2t [ g dg(onp) Pas

Taking [ — oo and recalling that £4(0B) = 0, we conclude the proof of the general case.

It remains to prove the result for half-open rectangles. Assume Q = 1L, I;, where I; C R is a half-open
interval for all i. Notice first that we have

E—1\¢ 1 1
(k ) e, & WSy 2 9

(y,p)EM (w) (y,p)EM (w)
ye(k—1)Q yelQ
d
k 1
(i) o9 T )
—\k-1 d(k
LAURQ) (y,p)EM (w)
yELQ

if 1/k < e <1/(k—1). Hence, it is enough to prove convergence along the subsequence (1/k). Let Jg be
the largest index set such that 0 € I; for all i € Jg. If card(Jg) = d, then 0 € @, so that (kQ) is a convex
averaging sequence. In this case, the result follows from Theorem 2.9. Now, we proceed inductively. Suppose
that the result holds when card(Jg) = j with 1 < j <d. If card(Jg) = j — 1, then there exists an index i
such that I;, = [a,b) with either a > 0 or b < 0. Without loss of generality, we assume a > 0. We consider
the sets Q¢ = 1L, I¢ and Q = T19_, I?, where

I =1I¢ =10 fori #4p, I¢ =1[0,a), I} =10,b).
Clearly, we have Q® = QU Q% and Q N Q* = (). Hence,

1 b 1 a 1
W Z 9(p) = HW Z 9(p) — EW Z 9(p)- (7.1)
(y,p) €M (w) (y:p)EM (w) (y,p) €M (w)
yeERQ yekQ® yekQ®
Also, by definition, we know that card(Jga) = card(Jg») = j. Therefore, by the induction hypothesis, the
right-hand side of (7.1) converges to fooo 9(p) d&(w, p) P-a.s. as k — oo. This concludes the proof of Theorem
2.10.

7.2 Thinning of marked point processes

In this section we study the thinning of a marked point process introduced in Section 4. Let d € N. For
Y € M? and (y,p) € Y, we recall that dy (y) is defined to be min{|y — 3| : (7,p) € Y\ (y,p)} if Y\ (v,p)
is nonempty. Otherwise we set dy (y) = co. Given § > 0, we define the thinning map Ts : M? — M? as
follows: the pair (y, p) belongs to T5(Y) if and only if (y,p) € Y and

min {dy(y)7 ;} < 0.

Let M : (Q, F,P) — (M? M%) be a marked point process. As in Section 4, we denote the thinned process
Ts o M simply by Ms. To be sure that My is again a marked point process, we have to show that 75 is a
measurable mapping. The proof of this fact will be given in Section 7.3.

The following proposition shows that stationarity is preserved under thinning. This is not surprising, as
the thinning condition does not depend on the absolute position of a point in space.
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Proposition 7.1. Let M : (Q,F,P) — (M M%) be a stationary marked point process. Then Ms is
stationary for all & > 0. Furthermore, if M has finite intensity, then Ms has finite intensity as well.

Proof. First, we show that the thinning operation commutes with translation, that is, 75(Y;) = T5(Y), for
all § > 0, 7 € RY. We know that (y, p) € T5(Y), if and only if (y — 7, p) € T5(Y). Since dy (y — 7) = dy. (),
we see that (y — 7, p) € T5(Y) if and only if (y, p) € Ts(Y7).

Now assume A € M. It follows from the commutativity relation that 7; '(A;) = T; ' (A),. Finally, we
conclude

P(My ' (A-)) = P(M™H(T5 (A)) = P(M™H(T; 1 (A)r) = P(M™H(T; ' (A))) = P(M; ' (A)),

where we used the stationarity of M in the next to last equality. The second claim in the statement of the
theorem follows from the inequality Ms(E) < M(FE) for all E € B(R? x RT). O

Let M : (Q,F,P) — (M?% M%) be a stationary marked point process with finite intensity. Let A denote
the finite measure obtained by applying Proposition 2.5 to M. By the previous result, the marked point
process Mj is similarly stationary with finite intensity. Assume g : RT™ — [0, 00) is a A-integrable function and
B € B(R?) is bounded with nonempty interior such that £4(0B) = 0. The ergodic theorem for stationary
marked point processes implies that the limit

1
im— L Y () (7.2)
T(1
=0 LE(IB) |, et
yeLB

exists almost surely for all § > 0. Since the marked point processes My get thinner as § — 0, we expect this
limit to vanish almost surely. Under the assumption that g is locally bounded, this is indeed true, as we
state in the next theorem.

Theorem 7.2. Let M : (Q, F,P) — (M? M) be a stationary marked point process with finite intensity.
Assume B € B(RY) is bounded with nonempty interior such that L4(OB) = 0. Then

1
lim lim ———~ g(p) =0 P-a.s. (7.3)
6—0 ==0 L4 (1B) (y’p);\:h »

yelB

for any locally bounded and \-integrable function g : RT — [0,00), where X is the measure on R given by
A=XxL

Let As denote the finite measure obtained by applying Proposition 2.5 to Ms, and &s the random measure
obtained by applying Lemma 2.7 to Mjs. It follows from Theorem 2.10 that we can express the limit in (7.2)
as the integral

/oo 9(p) dés(w, p)
0

almost surely for all § > 0. To prove Theorem 7.2, we shall show that the integrals converge to 0 almost
surely as 6 — 0. In order to avoid measure-theoretic complications, we replace é with the countable sequence
(1/k). We begin with a lemma.

Lemma 7.3. For P-a.c. w € ), we have
lim §1/k(w,R+) =0.
k—o00
Proof. Let B € B(R?) be bounded with £¢(B) = 1. By (2.6) and the definition of conditional expectation,
/ &1/k(w, RT) dP(w) = / My (w)(B x RT) dP(w). (7.4)
Q Q
Since M (w)(B x RT) is finite for all w € Q, we observe that

lim M /p(w)(BxRY) =0
k—o0
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for all w € Q. Moreover, the integrable random variable M (B xR™) dominates the sequence (M /x(BxR")).
Applying the dominated convergence theorem to (7.4) results in

lim /Qﬁl/k(w,RJr) dP(w) = 0.

k— o0

Therefore, there exists a subsequence (1/ky) such that (£, (w,RT)) converges to 0 P-a.s. At the same
time, the inequality
My (B x RY) < My (B x RY), k> 1

implies
kW, RY) <& p(w,RY) Pas., k>

Thus, limg o0 &1/ (w,RT) = 0 P-a.s.

Proposition 7.4. Let g : Rt — [0,00) be locally bounded and \-integrable. Then

lim 9(p) d&/k(w, p) =0 P-a.s.

k—oo Jo
Proof. For m € N, define
Xo(w) = Jim [ glp)dea (),

m

which is well-defined almost surely due to the monotonicity of the random measures. We claim that (X,,)
converges pointwise to 0 almost surely. Let B € B4(R?) such that £L4(B) = 1. If we define

Gon(Y) = /B AR, Y e
X (m,o0

then, using (2.5) and Campbell’s Theorem, we obtain
| [ st)desnteo. ) ab@) = [ Gono M) aB @) = [ a6) dhijelo)

Consequently, Fatou’s lemma implies

[ Knt) e < timint [ [ g(0)des o ) aPe) = timint [ g0)hao) < [ gto)aro)

k— o0 k—o0 m

Since g is A-integrable,
lim | X, (w)dP(w)=0.

m—r oo Q

Therefore, there exists a subsequence (m,,) such that (X, ) converges pointwise to 0 almost surely. At the
same time, Lemma 7.3 implies

limsup/ 9(p) d&1 /i (w, p) < 1iII€nsup ||gHLoo(0’m)£1/k.(w7R+) =0 P-as.
0 —00

k—o0

for all m € N. Thus,

limsup/ 9(p) dé1/x(w, p) <limsup X, (w) =0 P-a.s.
0

k—oc0 n— oo
This concludes the proof. O

We can now deduce Theorem 7.2 easily from Proposition 7.4.
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Proof of Theorem 7.2. By Theorem 2.10, we know that

i 1 = h w -a.8
hmi)( > g(p)—/0 9(p) d&1jp(w,p) P-as.

e=0 L4 (1B
(5 Y,p)EMy /p(w)
yelB

Hence, Proposition 7.4 implies

1
lim lim —————~ Z
1
kmyoo £230 L4 (EB) (y,p)EMy /. (w)
yeLlB

g(p) =0 P-as.

The claim now follows from the fact that

> glp)

(y,p) €M/ (w) (y,p)EMs (w)
ye1iB yelB

IN
(]
S
2

for all ¢ < § and w € Q. O

7.3 Proof of the measurability of the thinning map

Let d € N and 6 > 0. We require some simple facts before we begin the proof of the measurability of the
thinning map 7s. Let X : M? — M be an arbitrary mapping. We note that X is measurable with respect
to the o-algebra M? if and only if the function Y +— X (Y)(E) is measurable for all E € B(R? x RT).
In fact, it is enough to consider only sets of the form Q x I, where Q € R% and I C R* are half-open
rectangles. We merely sketch the proof here, leaving rigorous details to the reader. Consider the family of
all sets £ € B(R? x R*) for which Y + X (Y)(E) is measurable. This family forms a A-system. Meanwhile,
the collection of sets of the form @ x I, where Q € R?, I ¢ R* are half-open rectangles, forms a m-system
that generates the o-algebra B(R? x R*). By the 7-\ theorem, the claim follows.
We shall require the following lemma.

Lemma 7.5. Let § > 0. Assume Q € R?, I C Rt are half-open rectangles. Define
A={Yy eM: (T50Y)(Q x I) > 0}.
Then A € M*.

Proof. Define I5 := (0,1/p). If Y € A, then there exists (y,p) € Y N (Q x I) such that either p ¢ Iy, or
p € Is and dy (y) < 0. Thus, we can write A = A; U Ay, where

A ={y eM?:Y(Q x (INI5)) > 0},
Ay :={Y € M? : there exists (y,p) € Y N (Q x (I N I)) such that dy (y) < 6}.

Clearly, the set A; belongs to M?. Let Y € M?. If there exists (y,p) € Y N (Q x (I N Is)) such that
dy (y) < 6, then we can find ¢ € Q? and a rational number s < §/2 such that (y, p) is the only element of
Y in (Q N B(g,s)) x (INIs), and there is another element of Y in B(q,d — s) x RT distinct from (y, p). In
other words, if Y € Aj, then there exist ¢ € Q% and s € Q with s < §/2 such that

Y(QNB(g,s)) x (INIs))=1 and Y(B(g,d —s) x R") > 1.
It is easy to verify that the reverse implication holds as well, so we can write

A=) UV :Y(QNB(g,s) x (INI)) =1}n{Y : Y(B(q,6 — s) x RT) > 1}.
qeQd seQ
5<6/2

As all sets in the union belong to M%, so does Ay. This concludes the proof that A4 € M¢, O
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Now, we come to the proof of the measurability of the thinning map.
Proposition 7.6. The thinning map Ts is measurable for all § > 0.

Proof. Fix § > 0. Let @ C R? I C R* be half-open rectangles. We prove that the function Y + 75(Y)(Q x 1)
is measurable. For each k£ € N, we partition () into disjoint half-open rectangles Qi k, ..., @n,  such that
diam(Q; ) < 1/k for all 4. Define

Aip ={Y e M*: (T50Y)(Qix x I) >0}

fori=1,...,n,. By Lemma 7.5, the sets A; , are measurable. We claim that

T(Y)(@Q x 1) = lim ZXA (7.5)

for all Y € M. As the characteristic functions x A, are measurable, this will conclude the proof. Fix
Y € M. Since Y (Q x I) is finite, there exists kg € N such that Y (Q; x x I) < 1 for all k > ko and for all 4.
Hence, T5(Y)(Qix x I) = xa,,(Y) for all k> ko and for all i. As a result,

i=1

for all k > kg. Thus, our claim is proved. O
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