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Abstract. In this paper we consider the Density Functional Theory (DFT)
framework, where a functional of the form

Fε(ρ) = εT (ρ) + bC(ρ)− U(ρ)

has to be minimized in the class of non-negative measures ρ which have a pre-
scribed total mass m (the total electronic charge). The parameter ε is small and
the terms T , C, U respectively represent the kinetic energy, the electronic re-
pulsive correlation, the potential interaction term between electrons and nuclei.
Several expressions for the above terms have been considered in the literature and
our framework is general enough to include most of them.

It is known that in general, when the positive charge of the nuclei is small,
the so-called ionization phenomenon may occur, consisting in the fact that the
minimizers of Fε can have a total mass lower than m; this physically means that
some of the electrons may escape to infinity when the attraction of the nuclei is
not strong enough.

Our main goal, continuing the research we started in [4], is to study the as-
ymptotic behavior of the minimizers of Fε as ε → 0. We show that the Γ-limit
functional is defined on sums of Dirac masses and has an explicit expression that
depends on the terms T , C, U that the model takes into account.

Some explicit examples illustrate how the electrons are distributed around the
nuclei according to the model used.

Keywords: Density functional theory, multi-marginal optimal transport, dual-
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1. Introduction

The study of atomic configurations, or more generally of configurations of molecules
composed of several nuclei, is a key problem in quantum chemistry. A large number
of mathematical models have been proposed as approximations of the Schrödinger
energy, which seems numerically too difficult to handle in its original form. Here we
consider the framework of Density Functional Theory (DFT) which consists in the
identification of a functional which depends only on the density of electrons, and on
its minimization among measures defined on the Euclidean space R3.

In its general form, for a general density ρ of electrons, the total energy Fε(ρ) to
be minimized is the sum of three terms:

Fε(ρ) = εT (ρ) + bC(ρ)− U(ρ)

where b is a fixed positive parameter, ε is a small positive parameter depending
on the Planck constant ~, and T , C, U respectively denote the kinetic energy, the
electron correlation, and the potential energy. We do not consider the nucleus-
nucleus interaction because we assume that the nuclei are fixed and this extra term
would then simply be a constant in the minimization procedure. In addition, we
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assume that every nucleus is point-like, neglecting the repulsive terms which arise in
nature among nuclear particles with positive charge. For more details on the physical
interpretation of this model we refer to [1], [4], [7], [8], [11] and to references therein.

• For the kinetic energy we take an integral expression of the form

T (ρ) =

∫
ρα|∇ρ|β dx , (1.1)

with
β ≥ 0, 3α + 4β = 5,

and where we use the convention that integrals without domain specification are
taken over the whole ambient space R3. Particular cases are:

- the von Weizsäcker energy, where β = 2 and α = −1;
- the Thomas-Fermi energy, where β = 0 and α = 5/3.

Also multiples of terms as in (1.1) can be considered, as well as their sums. The
condition all these expressions verify is the scaling property

T (ρs) = s2T (ρ) where ρs(x) = s3ρ(sx).

• The correlation term C represents the electron-electron repulsion. In the literature
functionals of the form

C0(ρ) =
3

4

∫
ρ4/3dx or D(ρ) =

1

2

∫ ∫
1

|x− y|
dρ(x)dρ(y) (1.2)

have been considered, as well as their combinations (Lieb-Oxford functionals [25])

C(ρ) = c1

∫
ρ4/3dx+ c2

∫ ∫
1

|x− y|
dρ(x)dρ(y) .

Alternatively, the Strongly Correlated Electrons functional with N electrons can be
considered (see for instance [7, 10, 19, 18, 29, 30, 31]); it is defined through a multi-
marginal mass transport functional1

CN
SCE(ρ) := inf

{∫
R3N

c(x1, . . . , xN) dP (x1, . . . , xN) : π#
i P = ρ, 1 ≤ i ≤ N

}
, (1.3)

where P is a nonegative measure on R3N , πi is the projection map from R3N on
its i-th factor R3, # denotes the push forward operator defined for a map f and a
measure µ by

f#µ(E) = µ
(
f−1(E)

)
,

and c is the Coulomb correlation function

c(x1, . . . , xN) =
∑

1≤i<j≤N

1

|xi − xj|
.

As noticed in [4, 5], the functional CN
SCE is not lower semicontinuous in the space of

measures, which may produce a loss of mass at infinity, and a relaxation procedure
is necessary to have a well posed optimization problem (see [5]). Properties of CN

SCE,
which escapes from some foundational theorem in optimal transport [20], have been
widely studied in the last ten years, see for example [6, 9, 12, 14].

When the number N of electrons is not a priori prescribed, the so-called Grand
Canonical functional is the natural extension of CN

SCE. We recall its definition in
1For all the details on optimal transport theory we refer to the monographs [28] and [35].
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Subsection 2.3.3. On the other hand, it is well known that the limit of 1
N2C

N
SCE as

N → ∞ is the direct energy D given in (1.2) (see for instance [21, 27, 32] and [3]
for more general costs).

Similarly to the kinetic energy term, all the models above satisfy a common scaling
property, namely:

C(ρs) = sC(ρ) where ρs(x) = s3ρ(sx).

• The potential term −U represents the attractive effect between electrons and
nuclei. It is of the form

U(ρ) =

∫
V (x) dρ(x) (1.4)

being V (x) the Coulomb potential

V (x) =
∑

1≤k≤M

Zk
|x−Xk|

.

Here M is the number of nuclei, Xk is the location of the k-th nucleus, and Zk > 0
is its positive charge. Notice that, in the case of a single nucleus at the origin, the
potential energy U enjoys the same scaling property as C namely

U0(ρs) = sU0(ρ) where U0(ρ) :=

∫
ρ(x)

|x|
dx. (1.5)

Other kind of potentials V (x) have been considered in [5].
Our main goal is the study of the behavior of minimal or almost minimal configu-

rations ρε of the energy functional Fε as ε→ 0. Due the singularity of the Coulomb
potentials, it can be checked that the infima of Fε go to −∞ at most like −1/ε
when ε → 0 for the correlation terms C listed above (see Remark 2.5). It is then
convenient to rescale the total energies Fε and to consider the functionals

Gε(ρ) = εFε(ρ),

which have the same minimizing sequences ρε. The characterization of the Γ-limit
G of the family Gε allows then to establish the behavior of ρε as ε→ 0.

The case C(ρ) = CN
SCE(ρ) was considered in [2], [4], [5] and [22] when N = 2

(two electrons), while the general case N > 2 involves more difficult issues related
to some expected sub-additivity property of the relaxed interaction energy. In the
present paper we consider the other situations, specializing to the cases where

C(ρ) = C0(ρ) or C(ρ) = D(ρ).

We prove that the Γ-limit energy G is finite only on the set of discrete measures
supported by the nuclei X1, . . . , XM and given by

G(ρ) =
∑

1≤k≤M

gb(Zk, αk) where αk = ρ({Xk}),

where gb is a function suitably defined on R+ × R+, see (3.2) in Section 3. An
important consequence of this formula is the so-called dissociation effect: as ε→ 0
a system with M nuclei behaves like M independent systems made by only one
nucleus with charge Zk and αk electrons2, k = 1, . . . ,M . The asymptotic study

2here αk, not necessarily integer, denotes the expectation of the number of electrons attached
to the k-th nucleus.
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then reduces to the finite dimensional minimum problem

min

{ ∑
1≤k≤M

gb(Zk, αk) :
∑

1≤k≤M

αk ≤ m

}
,

where m is the total electronic charge. In this model the charges Zk are prescribed
and the given positions Xk of the nuclei do not play any role since no repulsive effect
between them is considered.

The determination of the function gb(Z, α) is fundamental; in order to compute
it, we introduce an auxiliary variational problem where the upscaled total energy
associated to a single nucleus of charge Z is minimized over all non negative measures
whose total mass does not exceed a parameter t. More precisely we will consider
the nonincreasing function L : R+ → (−∞, 0] defined by

L(t) = inf

{
T (ρ) + C(ρ)−

∫
ρ(x)

|x|
dx : ρ ≥ 0,

∫
ρ(x) dx ≤ t

}
.

An important question is whether the function L(t) is constant after a suitable
threshold t∗. In fact, this case encodes the so-called ionization phenomenon, in
which some of the electrons surrounding a nucleus located at the origin escape to
infinity. As we will see, the existence of such a t∗ depends on the choice of the model
for the kinetic energy T and for the electronic interaction C. This ionization effect
has been widely studied and we refer to [16], [17], [33], [34] and references therein
for all the details and the corresponding results and conjectures.

The plan of the paper is as follows.

- In Section 2, we give in details the precise assumptions on the energy terms
T (ρ) and C(ρ) and outline their main properties.

- In Section 3 we state the main convergence result, whose proof is postponed
to Section 6.

- In Section 4 we focus on the case of only one nucleus and study the func-
tions L(t) and gb(Z, α), and the relation between them. The existence of a
threshold t∗ will be then discussed in the different models.

- Finally, Section 5 is dedicated to the presentation of two examples.

2. Main assumptions and properties of energy terms

All along the paper we will denote by M = M(R3) the Banach space of signed
Radon measures over R3 endowed with the total variation norm; the weak* conver-
gence ρε

∗
⇀ ρ inM is understood with respect to the duality with the space C0(R3)

of continuous functions vanishing at infinity. The subset consisting of non-negative
elements ofM will be denoted byM+.

For every ε > 0, we define Fε :M→ R ∪ {+∞} by:

Fε(ρ) =

{
εT (ρ) + bC(ρ)− U(ρ) if ρ ∈M+ and U(ρ) < +∞
+∞ otherwise.

(2.1)

We now list the main assumptions we will use on the energy terms T , C and U that
form this energy functional.
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2.1. General hypotheses on the kinetic energy. We are interested in kinetic
energies of integral form

T (ρ) =

∫
f(ρ(x),∇ρ(x)) dx . (2.2)

More precisely, we shall mainly focus on the examples of the forthcoming Section 4
related to the particular case (see Subsection 2.2 below)

f(r, ξ) = rα|ξ|β for (r, ξ) ∈ R+ × R3.

However, we state here our hypotheses for the more general case of functionals of the
form (2.2) above. We hereafter assume that the integrand f ensures the following
fundamental properties for T .

• Convexity and lower semicontinuity : T : M+ → [0,+∞] is convex and
weak* lower semi-continuous (in duality with C0(R3)).
• Finiteness : T (ρ) < +∞ for every ρ ∈ C∞c (R3).
• Scaling : for all ρ ∈M+ and s > 0 it holds

T (ρ#s) = s2 T (ρ) with ρ#s := (hs)# ρ, where hs(x) = x/s (T0)

Note that if ρ is absolutely continuous then ρ#s : x 7→ s3 ρ(sx).
From the general form (2.2) we easily get that T is translation invariant, meaning

T (ρ(·+X)) = T (ρ) for every X ∈ R3,

and that it is also additive in the sense

∀µ, ν ∈M+, spt(µ) ∩ spt(ν) = ∅ =⇒ T (µ+ ν) = T (µ) + T (ν) . (T1)

Moreover, these functionals usually have the following truncation property (under
mild assumptions on f), that we shall also subsequently assume: there exists a
sequence of smooth cut-off functions θn with 0 ≤ θn ≤ 1, θn = 1 on B(0, n) and
θn = 0 outside B(0, n+ 1) such that

∀ρ ∈M+, T (θn ρ)→ T (ρ). (T2)

Finally we require two less usual properties for T . First, our analysis relies on the
fact that the kinetic energy T locally controls the potential energy U0 (see (1.5)) in
the following way:

U0 (1Ω ρ) =

∫
Ω

1

|x|
ρ(dx) ≤ KU (T (ρ) + 1)q

(∫
Ω

dρ

)p
, (T3)

for every ρ ∈ M+ and Ω open subset of R3, for some constants q ∈ ]0, 1[ , p ∈ ]0, 1]
and KU > 0 which are independent of the open set Ω. Second, we also need some
localization property property for T , in the sense that for every δ > 0, there exists
a smooth cut-off function θδ around {X1, . . . , XM} (i.e. 0 ≤ θδ ≤ 1, θδ equals 1 on
∪iB(Xi, δ) and 0 outside ∪iB(Xi, 2δ)) such that

T (θδ ρ) ≤ T (ρ) +KT (T (ρ) + 1)rω(δ) (T4)

for every ρ ∈ L1
+(R3), for some constants KT and r ∈ [0, 1] , with ω(δ)→ 0 as δ → 0.
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2.2. Validity of the hypotheses for a class of kinetic energies. We consider
kinetic energies of the form (1.1), that is

T (ρ) =

∫
ρα |∇ρ|β dx. (2.3)

To ensure weak* lower semi-continuity of T onM+ it is necessary that β ≥ 0. The
scaling property (T0) reduces to 3α + 4β = 5, and the convexity of T is equivalent
to α /∈ ]0, 1[, β /∈ ]0, 1[ and αβ(1− α− β) ≥ 0. As a consequence, we shall hereafter
assume

α =
5

3
and β = 0 or α =

5− 4 β

3
and β ∈ [5/4, 2] . (2.4)

The first case is known as Thomas-Fermi model, and we use the notation

T0(ρ) =
3

5

∫
ρ5/3dx.

The second case is of the von Weizsäcker form, and we use the notation

Wα,β(ρ) =

∫
ρα|∇ρ|βdx with α =

5− 4β

3
, β ∈ [5/4, 2].

For this case we derive the following estimate for future use.

Lemma 2.1. Assume (2.4) with β ∈ [5/4, 2], then there exist a constant κ such that

∀ρ ∈ L1
+(R3), ‖ρ‖L(5−β)/(3−β)(R3) ≤ κWα,β(ρ)3/(5−β) .

Note that (5− β)/(3− β) ≥ 15/7 for β ∈ [5/4, 2].

Proof. Under (2.4) with β ∈ [5/4, 2], it holds α+β
β
∈ ]1

2
, 1] and we infer that u = ρ

α+β
β

is in L1
loc. The classical Sobolev embedding inequality yields

‖u‖L3β/(3−β)(R3) ≤ κ0‖∇u‖Lβ(R3)

for some constant κ0. Then the identity

Wα,β(ρ) =

(
β

α + β

)β ∫ ∣∣∣∇(ρ
α+β
β )
∣∣∣β dx =

(
β

α + β

)β
‖∇u‖β

Lβ(R3)

implies the claim. �

The property (T2) is quite classical in this setting, while property (T3) is a direct
consequence of the following result, which was stated in [4, Lemma 3.6] for the
special case α = −1, β = 2. The proof below follows the same approach.

Lemma 2.2. Let (2.3) and (2.4) hold, then there exist a constant κ such that for
every domain Ω (bounded or not) and every ρ ∈M+ ∩ L1(R3) we have∫

Ω

1

|x|
ρ(x) dx ≤

κT0(ρ)1/2
(∫

Ω
ρ dx

)1/6 if β = 0

κ
(
Wα,β(ρ)

)1/2
( ∫

Ω
ρ dx

)(β+1)/6

if β ∈ [5/4, 2].
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Proof. For the Thomas-Fermi case α = 5/3 and β = 0 for all δ > 0 we have∫
Ω

1

|x|
ρ(x) dx ≤

∫
Ω∩B(0,δ)

1

|x|
ρ(x) dx+

1

δ

∫
Ω\B(0,δ)

ρ(x) dx

≤ ‖ρ‖L5/3‖1/|x|‖L5/2(B(0,δ)) +
1

δ

∫
Ω

ρ(x) dx

= κ δ1/5 T0(ρ)3/5 +
1

δ

∫
Ω

ρ(x) dx.

Optimizing with respect to δ > 0 yields the result.
For the Wα,β case, we have, similarly,∫

Ω

1

|x|
ρ(x) dx ≤

∫
Ω∩B(0,δ)

1

|x|
ρ(x) dx+

1

δ

∫
Ω\B(0,δ)

ρ(x) dx

≤ ‖ρ‖L(5−β)/(3−β)‖1/|x|‖L(5−β)/2(B(0,δ)) +
1

δ

∫
Ω

ρ(x) dx

= (4π)2/(5−β)‖ρ‖L(5−β)/(3−β)δ(β+1)/(5−β) +
1

δ

∫
Ω

ρ(x) dx,

From Lemma 2.1 we obtain the existence of a constant κ such that∫
Ω

1

|x|
ρ(x) dx ≤ κ (Wα,β(ρ))3/(5−β) δ(β+1)/(5−β) +

1

δ

∫
Ω

ρ(x) dx.

Optimizing with respect to δ > 0 yields the result. �

We finally turn to the localization property (T4), which follows from Lemma 2.3
below.

Lemma 2.3. Let (2.3) and (2.4) hold, then for all δ > 0 there exist a smooth cut-off
function θδ at the points X1, . . . , XM ( i.e. 0 ≤ θδ ≤ 1, θδ equals 1 on ∪iB(Xi, δ)
and 0 outside ∪iB(Xi, 2δ)) and a constant K such that

∀ρ ∈M+ ∩ L1(R3), T (θδ ρ) ≤ T (ρ) +K T (ρ) δβ .

Proof. First note that in the case α = 5/3 and β = 0 we obviously have T (θδρ) ≤
T (ρ) for any smooth cut-off function θδ.

We now turn to the case β ∈
[

5
4
, 2
]
. For any smooth cut-off function θ, we

compute

T (θρ) =

∫
θαρα|ρ∇θ + θ∇ρ|β dx

≤
∫
θαρα

(
(1− θ)

∣∣∣∣ ∇θ1− θ
ρ

∣∣∣∣β + θ|∇ρ|β
)
dx

≤
∫
θα(1− θ)1−β|∇θ|βρα+β dx+ T (ρ)

were we used the convexity of the function t 7→ tβ. We choose θ so that θα(1 −
θ)1−β |∇θ|β is bounded by some constant K0 (see Remark 2.4 below). Using the fact
that θ is supported on ∪iB(Xi, δ), we now apply the Hölder inequality and Lemma
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2.1 to get∫
θα(1− θ)1−β |∇θ|β ρα+β dx ≤ K0

(∫
ρqdx

)(3−β)/3(∫
∪iB(Xi,2δ)

1 dx

)β/3
≤ KWα,β(ρ) δβ .

for some constant K, which concludes the proof. �

Remark 2.4. As in [4, Example 4.2], we may construct an explicit cut-off θδ by
considering the real functions

f(t) =

{
e−1/t if t > 0,

0 otherwise.
and g(t) =

f(t)

f(t) + f(1− t)
.

Then θδ(x) := g (|x| /δ) is such that θpδ (1 − θ)q |∇θδ|r is bounded whenever r >
0. Since this choice does not depend on the parameters α, β, then any positive
linear combination of kinetic energies of the form (2.3) satisfies the hypotheses of
Subsection 2.1.

2.3. General hypotheses on the electron-electron interaction term. The
relevant properties of this part of the energy for our study are the following.

(1) Convexity and lower semicontinuity: C : M+ → [0,+∞] is convex and
weak* lower-semicontinuous.

(2) Finiteness: C(ρ) < +∞ for any ρ ∈ C∞c (R3;R+).
(3) Translation invariance: C is translation invariant, meaning

C(ρ(·+X)) = C(ρ) for every X ∈ R3,

(4) Scaling: for all ρ ∈M+ and s > 0 it holds

C(ρ#s) = sC(ρ) with ρ#s = (hs)# ρ, where hs(x) = x/s. (C0)

(5) Monotonicity: whenever ρ1 ≤ ρ2 we have

C(ρ1) ≤ C(ρ2). (C1)

(6) Superadditivity: whenever ρ1 and ρ2 have supports at distance R > 0,

C(ρ1 + ρ2) ≥ C(ρ1) + C(ρ2)−KC(R)ρ1(R3)ρ2(R3) (C2)

for some constant KC(R) depending only on R.
(7) Weak subadditivity: whenever ρ1 and ρ2 have supports at distance R > 0,

C(ρ1 + ρ2) ≤ C(ρ1) + C(ρ2) +KC(R)ρ1(R3)ρ2(R3). (C3)

with KC(R)→ 0 as R→ +∞.
(8) Domination by U0: for any b ≥ 0 and U0 given in (1.5), it holds

inf
{
bC(ρ)− U0(ρ) : ρ ∈ C∞c (R3)

}
< 0. (C4)

Remark 2.5. We first note that the homogeneity property (C0) of C is also shared
by U0, so that (C4) holds whenever the infimum is in fact −∞. We proceed as in [4]
to show that inf{Fε} goes to −∞ at most like −1/ε. By the translation invariance
of T and C, we infer that the functional Fε given in (2.1) satisfies

inf{Fε} ≤ inf
{
εT (ρ) + bC(ρ)− Z1U0(ρ) : ρ ∈ C∞c (R3)

}
.
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Thanks to (C4) there exists ρ∗ ∈ C∞c (R3) such that bC(ρ∗) − Z1U0(ρ∗) < 0. Then
from the respective homogeneity properties (T0) and (C0) of T and C it follows that

∀s > 0, inf{Fε} ≤ s2 εT (ρ∗) + s bC(ρ∗)− sZ1U0(ρ∗) .

Optimizing with respect to s > 0 yields that

inf{Fε} ≤ −
1

ε

(bC(ρ∗)− Z1U0(ρ∗))2

4T (ρ∗)

which proves the claim.

We now discuss several examples.

2.3.1. The case C0. The functional

C0(ρ) :=
3

4

∫
ρ4/3dx

obviously satisfies the properties above.

2.3.2. The direct energy D. By standard considerations it is possible to see that the
functional (considered in [24])

D(ρ) :=
1

2

∫∫
1

|x− y|
dρ(x) dρ(y)

is convex and lower semi-continuous with respect to the weak* convergence onM+.
Properties (C0) and (C1) are also satisfied. Property (C4) follows from the fact that

bD(t ρ)− U0(t ρ) = b t2D(ρ)− tU0(ρ) < 0

for any t > 0 sufficiently small whenever ρ ∈ C∞c (R3;R+) is not equal to 0.
We now turn to the additivity properties.

Lemma 2.6. Let ρ1, ρ2 ∈M+ be such that δ := dist(spt(ρ1), spt(ρ2)) > 0, then

D(ρ1) +D(ρ2) ≤ D(ρ1 + ρ2) ≤ D(ρ1) +D(ρ2) +
2

δ
ρ1(R3)ρ2(R3).

Proof. It is enough to write

D(ρ1 + ρ2) = D(ρ1) +D(ρ2) +

∫∫
1

|x− y|
dρ1(x) dρ2(y)

and the last term is non-negative and smaller than 2ρ1(R3)ρ2(R3)/δ. �

We shall also need the following estimates which relates the energy D and the
potential U0. An estimate in the spirit of the first one was obtained in the non
radial case in [1, Lemma 2].

Lemma 2.7. For all R > 0 it holds∫
|x|≥R

ρ(x)

|x|
dx ≤

√
2D(ρ)

R
.

Moreover, one has

D(ρ) ≥ 1

8π

∫ ∞
0

η(r)2

r2
dr where η(r) = ρ(B(0, r)).

with equality whenever ρ is a radial function.
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Proof. For R > 0 we compute

D(ρ) ≥
∫
|x|≥R

∫
|y|≥R

ρ(x)ρ(y)

|x− y|
dx dy

≥
∫
|x|≥R

∫
|y|≥R

ρ(x)ρ(y)

|x|+ |y|
dx dy

=

∫
|x|≥R

ρ(x)

|x|

∫
|y|≥R

ρ(y)

|y|
|x||y|
|x|+ |y|

dx dy

≥
(∫
|x|≥R

ρ(x)

|x|
dx
)2R

2
,

which concludes the proof of the first inequality.
For the second inequality, we first note that since D is convex we have

D(ρ) ≥ D(|·|# ρ)

so that it is sufficient to prove the equality case for a radial element ρ ∈ M+. By
approximation we can reduce to the case where ρ is smooth with compact support,
so that in particular η is smooth and bounded. Then the radial solution U = U(r)
generated by the charge ρ, solution of −∆U = ρ in R3, satisfies

∀r ≥ 0, −(r2U ′)′ = r2ρ(r) and U(+∞) = 0.

Integrating on (0, R) and then on (R,+∞), we get respectively

−R2U ′(R) =
1

4π
η(R) and U(R) =

1

4π

∫ ∞
R

η(s)

s2
ds .

From η′(r) = 4πr2ρ(r) we infer

D(ρ) = 2π

∫ ∞
0

U(r)ρ(r) r2 dr =
1

2

∫ ∞
0

U(r)η′(r) dr

=
1

2

(
[η(r)U(r)]∞0 −

∫ ∞
0

η(r)U ′(r) dr

)
=

1

8π

∫ ∞
0

η(r)2

r2
dr ,

which concludes the proof. �

2.3.3. The Grand Canonical CGC. The Grand Canonical interaction cost CGC asso-
ciated to the Coulomb cost may is given for ρ ∈M+ by

CGC(ρ) = inf

{∑
N≥1

CN
SCE(ρN) : ρN ∈M+,

∑
N≥1

ρN ≤ 1,
∑
N≥1

NρN = ρ

}
,

where for all N ≥ 2 the functional CN
SCE is defined in (1.3), while for N = 1 we

define C1
SCE = 0. Note than whenever ρ(R3) ≤ 1 we have CGC(ρ) = 0.

The fact that the cost CGC is convex and weak* lower-semicontinuous on M+

follows from Theorems 2.1 and 2.2 in [15]. The fact that CGC(ρ) < +∞ for ρ ∈
C∞c (R3) is immediate, and the scaling property (C0) follows by standard changes of
variables. Property (C4) follows from the fact that GGC(ρ) = 0 whenever

∫
dρ ≤ 1.

The last properties to verify are stated in the following lemma.

Lemma 2.8. The cost CGC satisfy properties (C1), (C2) and (C3).
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Proof. Properties (C1) and (C2) follow from the duality Theorem 4.2 in [15]. Indeed,
according to [15], the Fenchel conjugate functional of CGC in the duality (M, C0) is
given by

C∗GC(φ) = sup

{
N∑
i=1

φ(xi)− cN(x1, . . . , xN) : N ≥ 1, xi ∈ Rd, i = 1, . . . , N

}
.

We observe that we may increase the sum above by sending to infinity all the points
xi such that φ(xi) < 0; this gives

C∗GC(φ) = C∗GC(φ+).

Thus the functional CGC(ρ) can be recovered as

CGC(ρ) = sup

{∫
φ dρ− C∗GC(φ) : φ ∈ C0, φ ≥ 0

}
. (2.5)

This gives easily the monotonicity property (C1). On the other hand, the functional
C∗GC given above is subadditive, which implies that for any ρ1, ρ2 ∈ M+ and any
φ1, φ2 ∈ C0(Rd;R+) it holds

CGC(ρ1 + ρ2) ≥
∫

(φ1 + φ2) d(ρ1 + ρ2)− C∗GC(φ1 + φ2)

≥
∫
φ1 dρ1 +

∫
φ2 dρ2 − C∗GC(φ1)− C∗GC(φ2),

and the superadditivity property (C2) (with KC(R) = 0 and without assuming
disjoint supports of ρ1 and ρ2) now follows by (2.5) taking the supremum over all
pairs φ1, φ2.

Finally, property (C3) follows from the full subadditivity of the functional CGC(ρ)+
D(ρ) (see equation (3.2) in [23]) and the fact that D(ρ) satisfies (C3). �

2.3.4. The Strictly Correlated Electrons CN
SCE. As pointed out in [4, 5], the func-

tional CN
SCE is not lower-semicontinuous on M+: in that papers, this difficulty is

bypassed by considering its weak* semi-continuous envelope CN

SCE over the set of
subprobabilities. Then it is shown in [4] that this relaxed functional CN

SCE satisfies
all the required properties in the special case N = 2. It also follows from [5] that,
for N ≥ 3, all the properties listed above hold, with the exception of the weak
subadditivity (C3), which is still an open question.

3. Statement of the Γ-convergence result

The main convergence result of this paper is stated in the framework of Γ-
convergence theory, for which we refer to [13]. In the following Γ-convergence result,
the ambient space is M+(R3) endowed with the weak* topology associated to the
duality with C0(R3). The limit functional G is given in (3.1) by

G : ρ 7→ G(ρ) :=
N∑
i=1

gb(Zi, ρ({Xi})) (3.1)

where the functions gb are defined on R2
+ by

gb(Z, α) = inf

{
T (µ) + bC(µ)− Z

∫
1

|x|
µ(dx) : µ ∈M+,

∫
dµ ≤ α

}
. (3.2)
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Theorem 3.1. Under the assumptions (T0)-(T4) and (C0)-(C3), we have that the
sequence of functionals overM+ given by

Gε : ρ 7→ Gε(ρ) = εFε(ρ) = ε2T (ρ) + εC(ρ)− εU(ρ)

Γ-converges to the functional G given in (3.1) that is

(i) G(ρ) = Γ− lim inf Gε(ρ) := inf
{

lim inf
ε→0

Gε(ρε) : ρε
∗
⇀ ρ

}
;

(ii) G(ρ) = Γ− lim supGε(ρ) := inf
{

lim sup
ε→0

Gε(ρε) : ρε
∗
⇀ ρ

}
.

In addition, for every ρ ∈ M+ , there exists a recovering sequence (ρε) weakly*
converging to ρ such that

∫
dρε =

∫
dρ and

lim
ε→0

Gε(ρε) = G(ρ) =
N∑
i=1

gb(Zi, ρ({Xi})) .

Remark 3.2. A similar result was proved in [4] in the particular case where T (ρ) =
W−1,2(ρ) and C(ρ) = C2

SCE(ρ), that is

Fε(ρ) = εW−1,2(ρ) + bC2
SCE(ρ)− U(ρ).

As a consequence of Theorem 3.1 and of general properties of the Γ−convergence,
the minimizers ρε of

min

{
Fε(ρ) :

∫
dρ ≤ m

}
weakly* converge to a minimizer ρ of the problem

min

{
G(ρ) :

∫
dρ ≤ m

}
. (3.3)

Therefore, the asymptotic behavior of ρε as ε→ 0 can be obtained by studying the
minimization problem

min
{
gb(Z1, α1) + · · ·+ gb(Zm, αm) : α1 + · · ·+ αM ≤ m

}
.

In particular we see that the minimizers ρ of (3.3) of minimal total mass are sums
of Dirac masses concentrated on the set of nuclei {X1, . . . , XM}.

Some general properties of the function gb are listed below.

Proposition 3.3. The following properties of the function gb hold.
(i) The function gb(Z, ·) is convex, continuous, non-increasing on R+, with

gb(Z, 0) = 0, and such that gb(Z, α) < 0 when α > 0.
(ii) The function gb(·, α) is concave, continuous, non-increasing, with gb(0, α) =

0, and such that limZ→+∞ g(Z, α) = −∞ for every α > 0.

Proof. We start to prove (i). The fact that gb(Z, 0) = 0 follows by taking ρ = 0,
which is admissible. The monotonicity of gb(Z, ·) is immediate, since we minimize the
same functional over increasing domains. The convexity and continuity of gb(Z, ·)
follow by Lemma 6.1. The fact that gb(Z, α) < 0 when α > 0 follows by arguments
similar to the ones used in Remark 2.5.

We prove now (ii). The concavity of gb(·, α) follows from the fact that it is the
infimum of a family of affine functions. The monotonicity of gb(·, α) is immediate,
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as well as the fact that gb(0, α) = 0. Finally the fact that limZ→+∞ g(Z, α) = −∞
follows from the inequality

gb(Z, α) ≤ T (ρ0) + bC(ρ0)− ZU0(ρ0)

for any admissible ρ0. �

4. The case of a single nucleus

In this section, we obtain additional properties of the function gb(Z, α) for par-
ticular choices of the kinetic energy T and of the electronic interaction C. We note
that this function encodes the full Γ-limit of the family (Gε)ε whenever there is only
one nucleus placed at the origin X1 = 0. We shall see that this function can be
expressed through a function of one real variable t only, namely

L(t) = inf

{
T (ρ) + C(ρ)−

∫
ρ(x)

|x|
dx : ρ ≥ 0,

∫
ρ(x) dx ≤ t

}
. (4.1)

This function then allows us to study the cases when a ionization phenomenon
occurs. Indeed, the ionization phenomenon happens if the non-increasing function
L above remains constant after a certain threshold, in which case the limit problem
(3.3) may admit solutions with total mass strictly lower than m when m is large
enough (see Section 5). We first derive a general convexity property for L.

Proposition 4.1. Let F be a convex functional. Then the function

L(t) = inf
{
F (ρ) :

∫
ρ dx ≤ t

}
(4.2)

is convex. If in addition F is strictly convex and for every t ≥ 0 the infimum in
(4.2) is achieved on ρt with

∫
ρt dx = t, then L is strictly convex.

Proof. Let t1, t2 be fixed and let ρ1, ρ2 be such that
∫
ρ1 dx ≤ t1 and

∫
ρ2 dx ≤ t2.

Then for every s ∈ [0, 1] we have

L
(
st1 + (1− s)t2

)
≤ F

(
sρ1 + (1− s)ρ2

)
≤ sF (ρ1) + (1− s)F (ρ2).

Taking the infimum on ρ1 and ρ2 gives the convexity of L.
If F is strictly convex and for every t the infimum in (4.2) is achieved on ρt with∫
ρt dx = t, we obtain the strict convexity of L by taking ρ1 and ρ2 as the optimal

solutions corresponding to t1 and t2 respectively. �

4.1. The case of Thomas-Fermi T0 with electronic correlation C0. In this
case the function gb(Z, α) is given by

gb(Z, α) = inf
{
T0(ρ) + bC0(ρ)− Z

∫
ρ

|x|
dx :

∫
ρ dx ≤ α

}
.

Writing ρ(x) = λs3η(sx) and choosing s = b2/Z and λ = (Z/b)3 we obtain easily

gb(Z, α) =
Z3

b
L(αb3Z−3),

where the function L is given by (4.1) with T,C replaced by T0, C0, namely

L(t) = inf

{∫ (
ρ5/3 +

3

4
ρ4/3 − ρ(x)

|x|

)
dx : ρ ≥ 0,

∫
ρ(x) dx ≤ t

}
. (4.3)
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Theorem 4.2. The minimum problem (4.3) admits a solution for every t ≥ 0. In
addition, the function L(t) is strictly decreasing in t and its limit as t → +∞ is
finite. As a consequence, in this case, for every charge Z > 0 no ionization occurs,
and the limit problem (3.3) admits a minimum in the class of ρ with

∫
ρ dx = m.

Proof. If (ρn) is a minimizing sequence for problem (4.3), using that L(t) ≥ 0 we
have for every R > 0∫

ρ5/3
n dx ≤

∫
|x|≤R

ρn
|x|

dx+

∫
|x|≥R

ρn
|x|

dx

≤ ‖ρn‖L5/3

(∫
|x|≤R

1

|x|5/2
dx
)2/5

+
t

R

= ‖ρn‖L5/3(8π)2/5R1/5 +
t

R
,

from which we obtain that (ρn) is bounded in L5/3. By a similar argument we can
see that the functional

ρ 7→
∫

ρ

|x|
dx

is continuous for the weak L5/3 convergence, while the functional

ρ 7→ T0(ρ) + C0(ρ)

is weakly lower semicontinuous. In addition, the solution ρ̄ of (4.3) is such that∫
ρ̄ dx = t because otherwise we would have, by the Euler-Lagrange equation,

5

3
ρ̄2/3 + ρ̄1/3 =

1

|x|
,

which is impossible, because this would imply ρ̄(x) ∼ 1/|x|3 as |x| → +∞ and then∫
ρ̄ dx = +∞. Thus there exists C > 0 such that

5

3
ρ̄2/3 + ρ̄1/3 =

( 1

|x|
− C

)+

.

In particular, the solution ρ̄ is compactly supported. In addition, since the solution

barρ for L(t) has total variation t for any t ≥ 0, the function L(t) is strictly decreas-
ing. Finally, since ∫

|x|≤R

ρ

|x|
dx ≤

(∫
|x|≤R

ρ5/3dx
)3/5(

8πR−1/2
)2/5

∫
|x|≥R

ρ

|x|
dx ≤

(∫
|x|≥R

ρ4/3dx
)3/4(

4πR−1
)1/4

the limit of L(t) at t→ +∞

L(∞) = inf

{
T0(ρ) + C0(ρ)−

∫
ρ(x)

|x|

)
dx : ρ ≥ 0

}
.

is finite, and achieved on a unique function ρ. By the Euler-Lagrange equation
5

3
ρ2/3 + ρ1/3 =

1

|x|
we have that the optimal solution ρ behaves as 1/|x|3 as |x| → ∞, and then cannot
be in L1. �
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Remark 4.3. If we replace ρ5/3 by ρp and ρ4/3 by ρq, with q < p, by repeating the
arguments above we obtain:

- the condition to have the infimum L(∞) finite is q < 3/2 < p and in this
case there exists a (unique) optimal solution ρ which belongs to Lp ∩ Lq;

- the optimal solution ρ is in L1 when q < 4/3.

4.2. The case of von Weizsäcker Wα,β with electronic correlation C0. In this
case the function gb(Z, α) is given by

gb(Z, α) = inf
{
Wα,β(ρ) + bC0(ρ)− Z

∫
ρ

|x|
dx :

∫
ρ dx ≤ α

}
.

Writing as before ρ(x) = λs3η(sx) and choosing s = b2−βZβ−1 and λ = Z3/b3 we
obtain easily

gb(Z, α) = Zβ+3b−β−1L(αb3Z−3),

where the function L is given by (4.1) with T,C replaced by Wα,β, C0. In order to
see if a ionization phenomenon occurs for some values of the charge Z, as in the
previous subsection we study the limit problem for L(t) as t→ +∞:

L(∞) = inf

{
Wα,β(ρ) + C0(ρ)−

∫
ρ(x)

|x|
dx : ρ ≥ 0

}
. (4.4)

Theorem 4.4. Problem L(∞) above admits a unique solution ρ, which is not in L1.
As a consequence, in this case, for every charge Z > 0 no ionization occurs, and the
Γ-limit functional G in (3.1) admits a minimum in the class of ρ with

∫
ρ dx = m.

Proof. By Lemma 2.2 we deduce that the infimum L(∞) is finite. Indeed, we have
for every R > 0 ∫

|x|≥R

ρ

|x|
dx ≤

(∫
|x|≥R

ρ4/3dx
)3/4(4π

R

)1/4

,

while ∫
|x|≤R

ρ

|x|
dx ≤ c

(
Wα,β(ρ)

)1/2
(∫
|x|≤R

ρ dx
)(β+1)/6

≤ c
(
Wα,β(ρ)

)1/2
((∫

|x|≤R
ρ4/3dx

)3/4(4πR3

3

)1/4
)(β+1)/6

,

which easily lead to the finiteness of L(∞). In addition, minimizing sequences (ρn)

are such that Wα,β(ρn) and
∫
ρ

4/3
n dx are bounded, and this leads to the existence

of a minimizer ρ, which is unique because of the strict convexity of the involved
functional.

Our goal is to prove that this solution ρ is not in L1, which implies that in this
case, for every charge Z > 0 no ionization occurs, and the Γ-limit functional G
admits a minimum in the class of ρ with

∫
ρ dx = m.

In order to do that, it is convenient to write the problem replacing ρ by uγ, in the
form

inf

{
γβ
∫
|∇u|βdx+

3

4

∫
u4γ/3dx−

∫
uγ

|x|
dx : u ≥ 0

}
. (4.5)
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Since the functional in (4.4) is convex, the solution ρ is radial; hence the solution u
of (4.5) is also radial. Writing the problem in polar coordinates we obtain

4π inf

{
γβ
∫
r2|u′|βdr +

3

4

∫
r2u4γ/3dr −

∫
ruγ dr : u ≥ 0

}
whose Euler-Lagrange equation is

−βγβ|u′|β−2
(

(β − 1)u′′ +
2

r
u′
)

+ γu(4γ−3)/3 =
γ

r
uγ−1.

It is convenient now to set u(r) = v(r−p), with p = (3− β)/(β − 1). Denoting by t
the variable r−p, an easy computation gives for v(t) the equation

Atβ(p+1)/p|v′(t)|β−2v′′(t) = v(t)γ−1
(
v(t)γ/3 − t1/p

)
, (4.6)

with

A =
β(β − 1)pβ

γ
> 0.

Then {
v(t) is convex over the curve v = t3/(γp)

v(t) is concave under the curve v = t3/(γp).

If near t = 0 we have v(t) ≥ c > 0, then it is immediate to see that u(r) ≥ c near
infinity and so ρ(r) cannot be in L1. So let us consider the case

v(0) = lim
t→0+

v(t) = 0.

According to the values of the parameter β, for the curve v = v = t3/(γp) we have
the situations illustrated in Figure 1.

convexity region

concavity region

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

convexity region

concavity region

0.0 0.2 0.4 0.6 0.8 1.0
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convexity region

concavity region
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0.8

1.0

Figure 1. The case β > 5/3 (left), β = 5/3 (middle), β < 5/3 (right).

If β > 5/3, the curve v = t3/(γp) is convex. Since we are supposing v(0) = 0, and
since v(t) is convex over the curve v = t3/(γp), in a neighborhood of the origin we
must have v(t) ≥ t3/(γp). Then u(r) ≥ r−3/γ near infinity, which gives ρ(r) ≥ r−3.
Hence ρ is not in L1.

If β = 5/3, the curve v = t3/(γp) is linear, and in a neighborhood of the origin we
must have v(t) ∼ kt for a suitable k > 0. Then u(r) ∼ kr−2 near infinity, which
gives ρ(r) ∼ k3/2r−3. Hence ρ is not in L1.

We consider now the case β < 5/3 in which the curve v = t3/(γp) is concave. Then
v(t) must have at least a linear growth near the origin, being in the concavity region
of Figure 1. We cannot have v(t)γ/3 � t1/p; indeed, from (4.6) this would imply∣∣(v′)β−2v′′

∣∣ ∼ vγ−1t(1−βp−β)/p ≥ tk
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near the origin, with

k = γ − 1 +
1

p
− β − β

p
.

This implies
v′(t) ≥ t(k+1)/(β−1)

and
v(t) ≥ t(k+β)/(β−1).

This is impossible, since we assumed v(t)� t3/(γp), while
3

γp
>
k + β

β − 1
when β ∈ [5/4, 5/3[,

as it can be easily verified. Then v(t) ∼ t3/(γp) near the origin, which gives u(r) ∼
r−3/γ near infinity, so that ρ(r) ∼ r−3, which is not in L1. �

4.3. The case of Thomas-Fermi T0 with electronic correlation D(ρ). This
case has been considered in [26]; we include it here for the sake of completeness.
The function gb(Z, α) is then given by

gb(Z, α) = inf
{
T0(ρ) + bD(ρ)− Z

∫
ρ

|x|
dx :

∫
ρ dx ≤ α

}
.

Writing as before ρ(x) = λs3η(sx) and choosing s = b2/3Z1/3 and λ = Z/b we obtain
easily that

gb(Z, α) = Z7/3b−1/3L(αb/Z),

where the function L is given by (4.1) with T,C replaced by T0, D. We summarize
here below some properties of the function L(t) in the case of the present subsection.
A more extensive study can be found in [26].

Proposition 4.5. For the function

L(t) = inf
{
T0(ρ) +D(ρ)−

∫
ρ

|x|
dx :

∫
ρ dx ≤ t

}
we have:

(i) the minimizer ρ for L(1) is supported on the entire R3, and ρ(x) ≈ (3/π)3|x|−6

as |x| → ∞;
(ii) L is differentiable, and L′(1) = 0;
(iii) for every t < 1 the minimizer ρt for L(t) has a compact support, and spt ρt ⊂

B(0, Rt) with Rt ≤ 1/|L′(t)|;
(iv) L(t) ≈ −3(π/2)4/3t1/3 as t→ 0; in particular L′(0+) = −∞.

Proof. The proof of (i) and (iv) can be found in [26], Theorem IV.10 and Theorem
II.32 respectively.

The proof of (ii) is also contained in Theorem II.32 of [26]. We give here a simple
proof of L′(1) = 0. If ρ is the minimizer for L(1), by taking tρ as a test function for
L(t), we have

L(1) ≤ L(t) ≤ t5/3T0(ρ) + t2D(ρ)− t
∫

ρ

|x|
dx.

Denoting by h(t) the right-hand side in the inequality above, we have that h(t) is
differentiable, with minimum at t = 1, and h(1) = L(1). This proves that L′(1) = 0.
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Let us prove (iii). Let t < 1 and let ρt be the minimizer for L(t). The function ρt
is radial and we denote by Rt ≤ +∞ the radius of its support. For every R < Rt

we set

ρR = ρt1BR , tR =

∫
ρR dx < t.

Then

L(tR) ≤ T0(ρR) +D(ρR)−
∫

ρR
|x|

dx

≤ T0(ρt) +D(ρt)−
∫

ρt
|x|

dx+

∫
{|x|≥R}

ρt
|x|

dx

≤ L(t) +
1

R

∫
{|x|≥R}

ρt dx

= L(t) +
1

R
(t− tR).

This implies that |L′(t)| ≤ 1/Rt, so that whenever L′(t) 6= 0 we get that Rt is finite
and Rt ≤ 1/|L′(t)|. The fact that L′(t) 6= 0 for t < 1 follows from Theorem 4.6
below. �

In order to see if a ionization phenomenon occurs for some values of the charge
Z, as in the previous subsections we study the limit problem for L(t) as t→ +∞:

L(∞) = inf

{∫
ρ5/3dx+D(ρ)−

∫
ρ(x)

|x|
dx : ρ ≥ 0

}
. (4.7)

Theorem 4.6. The infimum L(∞) above is finite, and this problem admits a unique
solution ρ, which moreover satisfies

∫
ρ dx = 1. As a consequence, in this case,

when m ≤ Z/b no ionization occurs, and the Γ-limit functional G in (3.1) admits
a minimum in the class of ρ with

∫
ρ dx = m. On the contrary, if m > Z/b, the

ionization phenomenon occurs and the minimum of the Γ-limit functional G in (3.1)
is attained in the class of ρ with

∫
ρ dx = α, with α = Z/b < m.

Proof. By Hölder inequality we have for every R > 0 and ε > 0∫
|x|≤R

ρ

|x|
dx ≤ C

(∫
|x|≤R

ρ5/3dx
)3/5

R1/5

≤ ε

2

∫
|x|≤R

ρ5/3dx+
Cε
2
R1/2

(4.8)

for a suitable constant Cε. On the other hand we infer from Lemma 2.7 that∫
|x|≥R

ρ(x)

|x|
dx ≤

( 4

R
D(ρ)

)1/2

≤ ε

2
D(ρ) +

Cε
2

1

R
. (4.9)

Putting together (4.8) and (4.9) we obtain∫
ρ(x)

|x|
dx ≤ ε

(∫
ρ5/3dx+D(ρ)

)
+ Cε

(
R1/2 +

1

R

)
,

which implies that L(∞) is finite. In addition, minimizing sequences (ρn) are such
that

∫
ρ

5/3
n dx and D(ρn) are bounded, and this leads to the existence of a minimizer

ρ̄, which is unique because of the strict convexity of the involved functional.



TO WRITE LATER 19

Our goal is to prove that this solution ρ̄ is in L1, which implies that in this case,
for every charge Z ≥ mb

(
‖ρ̄‖L1

)−1/3 no ionization occurs, and the Γ-limit functional
G admits a minimum in the class of ρ with

∫
ρ dx = m. On the contrary, below the

threshold above, a fraction of electrons escapes to infinity (ionization phenomenon)
and the Γ-limit functional G in (3.1) admits a minimum with total mass strictly less
than m.

The Euler-Lagrange equation for the minimizer in (4.7) is

5

3
ρ̄2/3 + w =

1

|x|
(4.10)

where w is the solution of the PDE

−∆w = 4πρ̄.

Taking the Laplacian of both sides in (4.10) gives

−5

3
∆(ρ̄2/3) + 4πρ̄ = 4πδ0. (4.11)

We now multiply both sides of (4.11) by a smooth function φR such that

φR(x) =

{
1 if |x| ≤ R

0 if |x| ≥ 2R
and 0 ≤ φR(x) ≤ 1

and integrate. We obtain

−5

3

∫
R≤|x|≤2R

ρ̄2/3∆φR dx+ 4π

∫
ρ̄φR dx = 4π

which gives, as R→∞, ‖ρ̄‖L1 = 1, as soon as we find φR such that∫
R≤|x|≤2R

ρ̄2/3|∆φR| dx→ 0.

Since ρ̄ is the minimizer of problem (4.7), we have ρ̄ ∈ L5/3 so that, by Hölder
inequality, it is enough to find φR such that∫

R≤|x|≤2R

|∆φR|5/3 dx→ 0. (4.12)

In polar coordinates the integral in (4.12) is

4π

∫ 2R

R

r2
∣∣∣φ′′R(r) +

2

r
φ′r(r)

∣∣∣5/3dr
which becomes, with φR(r) = ψ(R/r),

4π

∫ 2R

R

r2
∣∣∣ψ′′(R/r)R2

r4

∣∣∣5/3dr = 4πR−1/3

∫ 1

1/2

s8/3|ψ′′(s)|5/3ds.

Taking for instance
ψ(s) = (2s− 1)2(3− 2s2)

we obtain that the right-hand side above vanishes as R → ∞. Thus, in this case
the ionization threshold is m = Z/b. �
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Remark 4.7. Replacing the Thomas-Fermi term 3
5

∫
ρ5/3dx by 1

p

∫
ρpdx with p >

3/2, we may repeat all the arguments in the proof of Theorem 4.6 and conclude that
also in this more general case L(∞) is finite and there exists a unique solution ρ of
(4.7) which is in L1. Moreover, we have

∫
ρ dx = 1, so that for every p > 3/2 the

ionization threshold remains m = Z/b.

4.4. The case of von Weizsäcker Wα,β with electronic correlation D(ρ). In
this case the function gb(Z, α) is given by

gb(Z, α) = inf
{
Wα,β(ρ) + bD(ρ)− Z

∫
ρ

|x|
dx :

∫
ρ dx ≤ α

}
.

Writing as before ρ(x) = λs3η(sx) and choosing s = b(2−β)/3Z(β+1)/3 and λ = Z/b
we obtain easily

gb(Z, α) = Z(7+β)/3b−(β+1)/3L(αb/Z),

where the function L is given by (4.1) with T,C replaced by Wα,β, D. Again, the
ionization phenomenon occurs when the problem

L(∞) = inf

{
Wα,β(ρ) +D(ρ)−

∫
ρ(x)

|x|
dx : ρ ≥ 0

}
admits a solution ρ̄ which is in L1, and in this case the ionization threshold is
m = ‖ρ̄‖L1Z/b.

The following lemmas will be useful.

Lemma 4.8. Let ρ ≥ 0, with ρ ∈ L1
loc, be such that

∫
ρ dx > 1. Then there exist

R > 0 and δ > 0 such that

ρ ∗ 1

|x|
≥ 1 + δ

|x|
whenever |x| > R.

Proof. We have for every t > 0

ρ ∗ 1

|x|
=

∫
ρ(y)

|x− y|
dy ≥

∫
{|y|≤t}

ρ(y)

|x− y|
dy

≥
∫
{|y|≤t}

ρ(y)

|x|+ |y|
dy ≥ 1

|x|+ t

∫
{|y|≤t}

ρ dy.

Setting

m(t) =

∫
{|y|≤t}

ρ dy

we have to find R > 0 and δ > 0 such that
m(t)

r + t
≥ 1 + δ

r
whenever r > R

or equivalently

m(t) ≥ (1 + δ)
(

1 +
t

R

)
.

By the assumption
∫
ρ dx > 1 we can choose t such that m(t) > 1 and then take

δ =
m(t)− 1

2
, R = t

m(t) + 1

m(t)− 1

which concludes the proof. �



TO WRITE LATER 21

Lemma 4.9. Let u ≥ 0 be a radial function such that
−∆βu+

c

|x|
uγ−1 ≤ 0 on {|x| > R}∫

uγ(x)

|x|
dx < +∞,

with 1 < β ≤ 2, γ = 3β/(5− β), c > 0, R > 0. Then∫
uγ dx < +∞.

Proof. In polar coordinates we have

−β|u′|β−2
(

(β − 1)u′′ +
2

r
u′
)

+
c

r
uγ−1 ≤ 0.

Now we set u(r) = v(r−p) with p = (3− β)/(β− 1), and we use the variable t = r−p

with T = R−p. We obtain

−β(β − 1)pβtβ(p+1)/p|v′(t)|β−2v′′(t) + ct1/pvγ−1(t) ≤ 0 on {]0, T [}.
Since u is supposed nonnegative, we have that the function v(t) is convex, so the
limit v(0) = limt→0+ v(t) exists. By the assumption∫

{|x|>R}

uγ(x)

|x|
dx =

4π

p

∫ T

0

t−(2+p)/pvγ(t) dt < +∞

we deduce that v(0) = 0 and, by convexity, v′(t) ≥ 0. Then, multiplying by v′ we
obtain

β(β − 1)pβt(βp+β−1)/p
((v′)β

β

)′
≥ c
(vγ
γ

)′
.

Integrating on [0, t] we have

c
vγ

γ
≤ β(β − 1)pβ

[
−
∫ t

0

βp+ β − 1

p
s(β−1)(p+1)/p (v′)β

β
ds+ t(βp+β−1)/p (v′)β

β

]
≤ (β − 1)pβt(βp+β−1)/p(v′)β.

(4.13)

Since v(t) is convex with v(0) = 0 we have that v′(t) is bounded near the origin.
Then

vγ ≤ Ct(βp+β−1)/p (4.14)
near the origin, for a suitable constant C > 0. Then, in order to show that uγ is
integrable, thanks to the assumption

∫ uγ(x)
|x| dx < +∞ it is enough to show that uγ

is integrable near infinity. By (4.14) we have∫
|x|>M

uγ dx = 4π

∫ ∞
M

r2uγ(r) dr = 4π

∫ M−p

0

vγ(t)t−(3+p)/pdt

≤ 4πC

∫ M−p

0

t(βp+β−1)/pt−(3+p)/pdt,

which is integrable when β < 2 since
βp+ β − 1

p
− 3 + p

p
> −1.
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The case β = 2 needs a different proof. From (4.13) we have
c

2
v2 ≤ t3(v′)2

from which √
c/2 t−3/2 ≤ v′

v
.

Integrating on [t, t0] we have

−
√

2c
(
t
−1/2
0 − t−1/2

)
≤ log v(t0)− log(v(t).

For t close to the origin this gives

log v(t) ≤ −
√

2ct−1/2.

Hence
v(t) ≤ exp

(
−
√

2ct−1/2
)
,

which implies the integrability of uγ. �

We are now in a position to consider the limit problem for the function L(t) as
t→∞:

min

{
Wα,β(ρ) +D(ρ)−

∫
ρ(x)

|x|
dx : ρ ≥ 0

}
. (4.15)

Theorem 4.10. The minimization problem (4.15) admits a unique solution ρ which
is in L1.

Proof. We first prove that the infimum in (4.15) is finite. Let ρ ∈ L1(R3) for which
the energy functional in (4.15) is finite, then from Lemma 2.2 we get that

∀R > 0,

∫
|x|<R

1

|x|
ρ(x) dx ≤ κ

(
Wα,β(ρ)

)1/2
(∫
|x|<R

ρ dx
)(β+1)/6

and since for any R > 0 one has∫
|x|<R

ρ dx ≤ R

∫
|x|<R

1

|x|
ρ(x)

we conclude

∀R > 0,

∫
|x|<R

1

|x|
ρ(x) dx ≤ κR(β+1)/(5−β)

(
Wα,β(ρ)

)3/(5−β)

for some constant κ. Thanks to Lemma 2.7, we then infer∫
1

|x|
ρ(x) dx ≤ κR(β+1)/(5−β)

(
Wα,β(ρ)

)3/(5−β)
+

(
R

2
D(ρ)

)1/2

.

Fixing R > 0 small enough so that κR(β+1)/(5−β) < 1, and noting that 3/(5−β) ≤ 1,
we conclude that the infimum in (4.15) is finite, and that the problem has at least
one minimizer ρ.

It is now convenient to set ρ = uγ with γ = 3β/(5−β); in this way the functional
to be minimized becomes

γβ
∫
|∇u|β dx+D(uγ)−

∫
uγ

|x|
dx,
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which gives the Euler-Lagrange equation

−βγβ∆βu+ γuγ−1
(
uγ ∗ 1

|x|

)
− γu

γ−1

|x|
= 0.

If
∫
ρ dx =

∫
uγ dx ≤ 1 we have the required summability of the solution ρ; other-

wise, by Lemma 4.8 we obtain that for suitable R > 0 and δ > 0

ρ ∗ 1

|x|
= uγ ∗ 1

|x|
≥ 1 + δ

|x|
whenever |x| > R.

Then we have

−βγβ∆βu+ γδ
uγ−1

|x|
≤ 0 whenever |x| > R.

Now Lemma 4.9 applies, which provides the summability of uγ, hence of ρ. �

Remark 4.11. In [1], a similar existence result in L1 was obtained for the problem:

inf

{
W−1,2(ρ) +

1

p

∫
ρpdx+D(ρ)− ZU0(ρ) : ρ ∈ L1(R3), ρ ≥ 0

}
.

where the additional term 1
p

∫
ρpdx is added (with 1 < p < +∞).

Remark 4.12. It would be interesting to consider the case C(ρ) = CGC(ρ), with
either the kinetic energy T0 or Wα,β, and to establish if in this case the ionization
phenomenon occurs. Again, this amounts to consider the minimization problems

inf

{∫
ρ5/3dx+ CGC(ρ)−

∫
ρ(x)

|x|
dx : ρ ≥ 0

}
inf

{
Wα,β(ρ) + CGC(ρ)−

∫
ρ(x)

|x|
dx : ρ ≥ 0

}
and to see if their solutions are in L1 or not. Some discussions on this problem
are made in [15] when the kinetic energy is dropped while the Coulomb potential is
replaced by a continuous function.

5. Some examples

In this section we present two examples that show how the electronic charge
distributes when several nuclei are present. We consider the case of two nuclei and
we take into account the energy G in (3.1) obtained as the Γ-limit of energies as
ε→ 0. We also take, for simplicity, the parameter b = 1. More precisely, we consider
the case of two nuclei, with charge Z1 and Z2 respectively, and of a total electronic
chargem that has to be distributed around the two nuclei according to the minimum
problem

min
{
g1(Z1,m1) + g1(Z2,m2) : m1 +m2 ≤ m

}
. (5.1)

When no ionization occurs the inequality in (5.1) is saturated, and m1 + m2 = m;
on the contrary, in case of ionization the inequality can be strict.

Example 5.1. In this first example we consider the Thomas-Fermi kinetic energy

T0(ρ) =

∫
ρ5/3dx
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together with the electronic repulsion

C0(ρ) =
3

4

∫
ρ4/3dx.

As we have seen in Subsection 4.1 in this case no ionization occurs, and the function
g1 is given by

g1(Z,m) = Z3L(mZ−3).

The problem is then reduced to the minimization

min
{
Z3

1L(m1Z
−3
1 ) + Z3

2L(m2Z
−3
2 ) : m1 +m2 = m

}
.

By Proposition 4.1, in this case the function L is strictly convex, hence

Z3
1L
(m1

Z3
1

)
+ Z3

2L
(m2

Z3
2

)
≥ (Z3

1 + Z3
2)L
( Z3

1

Z3
1 + Z3

2

m1

Z3
1

+
Z3

2

Z3
1 + Z3

2

m2

Z3
2

)
= (Z3

1 + Z3
2)L
( m

Z3
1 + Z3

2

)
= Z3

1L
( m

Z3
1 + Z3

2

)
+ Z3

2L
( m

Z3
1 + Z3

2

)
.

Then the optimal distribution of electrons is

m1 =
mZ3

1

Z3
1 + Z3

2

, m2 =
mZ3

2

Z3
1 + Z3

2

.

Example 5.2. In this second example we still consider the Thomas-Fermi kinetic
energy T0 as above, but with the electronic repulsion

D(ρ) =

∫ ∫
ρ(x)ρ(y)

|x− y|
dx dy.

We still take for simplicity b = 1. We have seen in Subsection 4.3 that in this
case the ionization phenomenon occurs for Z < m, which amounts to say that the
corresponding function L(t) is constant for t ≥ 1. Since in this case we have

g1(Z,m) = Z7/3L(m/Z),

the problem is reduced to the minimization

min
{
Z

7/3
1 L(m1/Z1) + Z

7/3
2 L(m2/Z2) : m1 +m2 ≤ m, m1 ≤ Z1, m2 ≤ Z2

}
.

Clearly, if m ≥ Z1 + Z2, the optimal distribution of electrons is

m1 = Z1, m2 = Z2.

We consider now the case m < Z1 + Z2. By differentiating, we obtain

Z
4/3
1 L′(m1/Z1) = Z

4/3
2 L′(m2/Z2)

and the values of m1,m2 can be then obtained through a numerical approximation
of the function L. By the properties seen in Proposition 4.5, we have that

0 < m1 < Z1, 0 < m2 < Z2;

in addition, by the strict convexity of the function L, if Z1 < Z2 we deduce that
m1

Z1

<
m2

Z2

.
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6. Proof of Theorem 3.1

We now turn to the proof of Theorem 3.1, which follows directly from the Lemmata
6.2 and 6.3 below. We first state some usefull properties for the function gb.

Lemma 6.1. For fixed b, Z ≥ 0, the function α 7→ gb(Z, α) is convex and continuous
on R+. Moreover, one has

gb(Z, α) = inf

{
T (ρ̃) + bC(ρ̃)− Z

∫
ρ̃(x)

|x|
dx :

ρ̃ ∈M+, supp(ρ̃) compact, ρ̃(R3) = α

}
. (6.1)

Proof. The convexity of α 7→ gb(Z, α) follows from the convexity of the functional
T + bC − Z U0. We note that gb(Z, 0) = 0, so that gb is non-positive on R+. From
(T3) we infer that for all ρ̃ ∈M+ for which T (ρ̃) < +∞ it holds

T (ρ̃) + b C(ρ̃)− Z
∫
ρ̃(x)

|x|
dx ≥ T (ρ̃) + b C(ρ̃)− Z KU (T (ρ̃+ 1)qρ̃(R3)p

for some q ∈]0, 1], from wich we infer that gb(Z, α) takes finite values. As a con-
sequence it is continuous on ]0,+∞[. The continuity at 0+ follows from the lower
semi-continuity of the functional T + bC − Z U0.

We now turn to (6.1), and first prove the following

gb(Z, α) = inf

{
T (ρ̃) + bC(ρ̃)− Z

∫
ρ̃(x)

|x|
dx :

ρ̃ ∈M+, supp(ρ̃) compact, ρ̃(R3) ≤ α

}
(6.2)

Remind that gb(Z, α) is finite, and fix ρ̃ ∈M+ almost optimal for gb(Z, α). Consider
a sequence (θn)n of cut-off functions as in (T2), so that T (θnρ̃)→ T (ρ̃) as n→ +∞.
Then from the monotonicity (C1) of C we have that

∀n, C(θnρ̃) ≤ C(ρ̃)

and by the lower-semicontinuity of C we also get C(θnρ̃) → C(ρ̃) as n → +∞.
Finally we note that

∀n ≥ 1,

∣∣∣∣∫ θn(x)ρ̃(x)

|x|
dx−

∫
ρ̃(x)

|x|
dx

∣∣∣∣ ≤ α

n

which concludes the proof of (6.2).
Now assume that ρ̃ has compact support and is almost optimal in (6.2). Let ρ̃∗

be smooth, compactly supported with total mass α− ρ̃(R3). We consider the family
inM+ given by

ρ̃ε,X = [ρ̃∗(· −X)]#ε

where ε > 0 and X ∈ R3. Then we have [ρ̃ + ρ̃ε,X ](R3) = α, and we only need to
prove that for adequate choices of the parameters ε and X it holds

(T + bC − Z U0)(ρ̃+ ρ̃ε,X) ' (T + bC − Z U0)(ρ̃)

We infer from the scaling properties (T0) and (C0)

T (ρ̃ε,X)→ 0 and C(ρ̃ε,X)→ 0 as ε→ 0.
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Now we consider |X| big enough so that the supports of ρ̃ and ρ̃ε,X do not intersect.
In this case we infer from (T1) that T (ρ̃ + ρ̃ε,X) ' T (ρ̃). From (C1) and (C3) we
get that

C(ρ̃) ≤ C(ρ̃+ ρ̃ε,X) ≤ C(ρ̃) + C(ρ̃ε,X) +K(R)ρ̃(R3)(1− ρ̃(R3))

where R is the distance between the supports of ρ̃ and ρ̃ε,X . Since R → +∞ and
K(R)→ 0 as |X| → +∞, we infer that C(ρ̃+ ρ̃ε,X) ' C(ρ̃) for |X| big enough.

Finally we notice that

|U0(ρ̃ε,X)| ≤ 1− ρ̃(R3)

dist(0, support(ρ̃ε,X))
→ 0 as |X| → +∞.

which concludes the proof since U0 is linear. �

Lemma 6.2 (Γ−lim inf inequality). Under the hypotheses of Theorem 3.1, for every
ρ ∈M+ it holds

Γ− lim inf
ε→0

Gε(ρ) ≥ G(ρ) :=
N∑
i=1

gb(Zi, ρ({Xi})) .

Proof. Let ρ ∈ M+, and denote by (ρε)ε a family weakly* converging inM+ to ρ,
we aim to show

lim inf
ε→0

Gε(ρε) ≥ G(ρ) .

Without loss of generality we may assume that the left hand side is finite, and up to
considering a subsequence, we can also suppose that the lim inf is a in fact a limit,
so that there exists a constant KG such that

∀ε > 0, Gε(ρε) ≤ KG < +∞ .

We also note that (ρε(R3))ε is bounded as ε→ 0 since it converges weakly to ρ.
Step 1. We first prove that the sequence (ε2T (ρε))ε is bounded as ε→ 0. To this

end, we use the property (T3) to compute

εU(ρε) =
M∑
i=1

ε

∫
Ziρε
| · −Xi|

=
M∑
i=1

ε

∫
Ziρε(·+Xi)

| · |

=
M∑
i=1

∫
Zi[ρε(·+Xi)]#ε

| · |

≤MKU(T ([ρε(·+Xi)]#ε) + 1)q ρε(R3)p
∑
i

Zi

for some constants KU , q ∈ ]0, 1[ and p ∈ ]0, 1]. From the translation invariance of
T and the fact that (ρε(R3))ε is bounded as ε→ 0 we get that

εU(ρε) ≤ κ (T ([ρε]#ε) + 1)q

for some constant κ. Using the scaling property (T0) for T and the fact that C is
non negative we get

T ([ρε]#ε)− κ(T ([ρε]#ε) + 1)q ≤ ε2T (ρε)− εU(ρε) ≤ Gε(ρε) ≤ KG .

Since q < 1 this implies that T ([ρε]#ε) = ε2T (ρε) is bounded as ε→ 0.
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Step 2. We now localize the sequence (ρε)ε around the poles Xi. To this end, let
θδ be a cut-off function verifying (T4), with 0 < δ < 1

5
min{|Xi −Xj| : i 6= j}, so

that
T (θδ ρε) ≤ T (ρε) +KT (T (ρε) + 1)rω(δ)

with r ∈ [0, 1]. From the monotonicity (C1) of C we get

C(θδρε) ≤ C(ρε) .

From the fact that (ρε(R3))ε is bounded and | · −Xi| > δ on the support of 1 − θδ
we have

−U(θδρε) = −U(ρε) + U((1− θδ)ρε) ≤ −U(ρε)−
κ

δ
for some constant κ. As a consequence, since ε2T (ρε) is bounded we obtain

lim inf
ε→0

Gε(θδρε) ≤ κω(δ) + lim inf
ε→0

Gε(ρε)

for some constant κ independant of δ.
Step 3. We now prove

lim inf
ε→0

Gε(θδρε) ≥
M∑
i=1

gb(Zi, ρ(B(Xi, 2δ)) (6.3)

To this end, we define
θδ,i := 1B(Xi,2δ)θδ

and note that θδ =
∑
θδ,i. Since the supports of the functions θδi are at distance

at least δ, we can use the additivity (T1) of T and the superadditivity (C2) of C
respectively, as well as their invariance by translation, to get

T (θδρε) =
M∑
i=1

T (θδ,iρε) =
M∑
i=1

T ([θδ,iρε](·+Xi))

and

C(θδρε) ≥
M∑
i=1

C(θδ,iρε)− κKC(δ) =
M∑
i=1

C([θδ,iρε](·+Xi))− κKC(δ)

where κ is a uniform bound for ρε(R3)ρ(R3). On the other hand we have, since
(ρε(R3)) is bounded we also have

−U(θδρε) = −
M∑
i,j=1

∫
Zjθδ,iρε
| · −Xj|

= −
M∑
i,j=1

∫
Zj[θδ,iρε](·+Xi)

| ·+Xi −Xj|
≥ −

M∑
i=1

U0([θδ,iρε](·+Xi))−
κ

δ

where κ is a constant.
From the respective scaling properties of T , C and U0, we get that for all i, ε it

holds
ε2T ([θδ,iρε](·+Xi)) + εC([θδ,iρε](·+Xi))− εU0([θδ,iρε](·+Xi))

= T ([[θδ,iρε](·+Xi)]]ε) + C([[θδ,iρε](·+Xi)]]ε)− U0([[θδ,iρε](·+Xi)]]ε)

≥ gb(Zi, [[θδ,iρε](·+Xi)]]ε(R3))

≥ gb([[θδ,iρε](·+Xi)]]ε(R3), Zi) ≥ gb(ρε(B(Xi, 2δ)), Zi),
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where the last line holds since the map α 7→ gb(Z, α) is non-increasing. Finally, since
α 7→ gb(Z, α) is continuous, we infer from the previous estimates that (6.3) holds.

From Steps 2 and 3 we obtain that

lim inf
ε→0

Gε(ρε) ≥
∑
i

gb(Zi, ρ(B(Xi, 2δ)))− κω(δ)

and we conclude the proof by using again the fact that α 7→ gb(Z, α) is continuous
and ω(δ)→ 0 as δ → 0. �

Lemma 6.3 (Γ − lim sup inequality). Under the hypotheses of Theorem 3.1, for
every ρ ∈M+ it holds

Γ− lim sup
ε→0

Gε(ρ) ≤ G(ρ) :=
N∑
i=1

gb(Zi, ρ({Xi})) . (6.4)

Proof. Let ρ ∈M+.
Step 1. We prove (6.4) in the special case where ρ is of the form

ρ =
M∑
i=1

ρ({Xi})δXi + ρ̃ (6.5)

where ρ̃ is in C∞c with support at positive distance from {X1, . . . , XM}. We fix
δ > 0, then from (6.1) we infer that for every i there exists ρ̃i ∈ M+ with compact
support such that

gb(Zi, ρ({Xi})) ≥ T (ρ̃i) + b C(ρ̃i)− Zi
∫
ρ̃i(x)

|x|
dx− δ

and ρ̃i(R3) = ρ({Xi}). We now set

ρε :=
M∑
i=1

ε−3θk

( · −Xk

ε

)
+ ρ̃ =

M∑
i=1

[ρ̃i(· −Xi)]#ε−1 + ρ̃

Note that ρε is such that
∫
dρε =

∫
dρ. For ε > 0 small enough, the supports of the

functions in the previous sum are mutually disjoint, so we may assume that they are
at distance ∆ > 0 from each other. Then the additivity of T , as well as its scaling
property (T0), give

ε2T (ρε) = ε2

M∑
i=1

T ([ρ̃i(· −Xi)]#ε−1) + ε2T (ρ̃) =
M∑
i=1

T (ρ̃i) + ε2T (ρ̃) .

On the other hand, we use the subadditivity (C3) of C and its invariance by trans-
lation to get

εC(ρε) ≤ ε
M∑
i=1

C([ρ̃i(· −Xi)]#ε−1) + εC(ρ̃) + εκ

=
M∑
i=1

C(ρ̃i) + εC(ρ̃) + εκ
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where the constant κ depends only on the constant KC(∆) as well as the masses of
the ρ̃i and ρ̃. Finally we have that

−εU(ρε) = −ε
M∑
i,j=1

Zj

∫
ε−3ρ̃i((x−Xi)/ε)

|x−Xj|
dx− εU(ρ̃)

≤ −
M∑
i=1

Zi

∫
ρ̃i(x)

|x|
dx+ ε

κ

∆

where the constant κ depends only on the masses of the ρ̃i and ρ̃. As a consequence
of the preceding estimates we infer that for ε > 0 small enough we have

Gε(ρε) ≤
M∑
i=1

gb(Zi, ρ({Xi})) +Mδ + εC(ρ̃) + εκ+ ε
κ

∆
.

Passing to the limit as ε→ 0 gives

lim sup
ε→0

Gε(ρε) ≤
M∑
i=1

gb(Zi, ρ({Xi})) +Mδ

and we obtain (6.4) in this case since δ > 0 is arbitrary.
Step 2. Let now ρ ∈M+. Then there exists a sequence ρn of the form (6.5) such

that
ρn

∗
⇀ ρ and ∀i, n, ρn({Xi}) = ρ({Xi}).

with
∫
dρn =

∫
dρ for all n. Hence G(ρn) = G(ρ). Therefore, the inequality (6.4) can

be extended to ρ by the lower semicontinuity of the functional Γ− lim supGε. �
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