THE EFFECTS OF PRESSURE LOADS IN THE DIMENSION REDUCTION
OF ELASTICITY MODELS
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ABSTRACT. We study the dimensional reduction from three to two dimensions in hyperelastic
materials subject to a live load, modeled as a constant pressure force. Our results demonstrate
that this loading has a significant impact in higher-order scaling regimes, namely those associ-
ated with von Karman-type theories, where a nontrivial interplay arises between the elastic en-
ergy and the pressure term. In contrast, we rigorously show that in lower-order bending regimes,
as described by Kirchhoff-type theories, the pressure load does not influence the minimizers.
Finally, after identifying the corresponding I'-limit, we conjecture that a similar independence
from the pressure term persists in the most flexible membrane regimes.
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von Karman theory.
2020 MSC: 70G75, 74K15, 74B20, 74K20.

CONTENTS
[ntroduction] 1
3
[1.  Setting and main results| 4
(1.1. Known pressureless case| )
L.2. Pressure effects] 8
[1.3.  Example of interaction in the von Karman regimes| 10
2. 'The membrane regime] 10
2.1. Formal computation of Q(W™), in a specific case] 11
3. I'-convergence analysis for higher scalings| 12
[3.1.  Kirchhoff regime] 13
[3.2.  Linearized bending and von Karman-type regimes| 17
[Referenced 23
INTRODUCTION

Dimension reduction represents an important class of problems in mathematical analysis,
numerics, and engineering. In elasticity, it is often used to approximate the behavior of elastic
bodies by reducing their dimensionality, passing from three dimensions (3D) to lower-dimensional
models, such as two-dimensional (2D) or one-dimensional (1D), based on suitable assumptions
about the geometry and the deformation of the structure. For example, thin plates can be
approximated by 2D models, while slender beams can be reduced to 1D objects. These reduced
models are not only much more computationally efficient but also provide valuable insights into
the underlying physics of the system. The key point is that the lower-dimensional structures are
derived from the full-dimensional models in a rigorous way. For static problems, this is usually
done by means of I'-convergence [6, [10].
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Regarding bidimensional systems, starting from the celebrated works [17, 12), [13] where a
whole hierarchy of plate models has been derived from nonlinear elasticity, the analysis has been
subsequently extended in many different directions. For instance, the current understanding
encompasses prestrained [21], magnetic [7], brittle [3], or martensitic [25] materials. Moreover,
in an evolutive framework, dimension reduction for dynamic models has been investigated in [1],
while viscoelastic or thermoviscoelastic effects are taken into account in [11] and [4], respectively.
We finally mention [18] and the recent paper [24], where the issue of stability of thin bodies with
respect to volume forces is addressed.

Despite such extensive developments, in most cases, external loads are considered to be in-
dependent of deformations, which significantly simplifies the mathematical discussion, but is
definitely a rare situation in practical applications. Such forces are commonly termed dead
loads, in contrast to the more mechanically relevant ones, the so-called live loads 8, 22], which
actually depend on the deformed configuration of the body. The technical advantage of con-
sidering dead loads over live ones lies in their simpler mathematical structure: dead loads are
typically represented by linear bounded functionals, whereas live loads involve more intricate,
nonlinear formulations. For this reason, up to our best knowledge, variational asymptotic anal-
ysis of models including a live load has been performed just recently in [20] in the framework of
linearization problems. Therein, the authors focus on boundary pressure forces, starting from
the observations raised in [19] where Neumann boundary conditions, which share some similar-
ities with pressure, are considered. However, we are not aware of dimension reduction results
for models influenced by live loads.

In this contribution, we provide rigorous derivations of 2D elasticity theories, in the spirit of
[13], encompassing constant-pressure live loads on the whole Neumann part of the boundary.
Such setting may for instance simulate a small thin elastic body completely immersed in a fluid,
hence experiencing hydrostatic pressure. Considering a more general non-constant pressure
would pose serious additional difficulties in the mathematical analysis, so we prefer to postpone
such a case to future works and to limit ourselves to the constant pressure scenario, which still
provides interesting and unexpected outcomes. Note also that applying a pressure force only on
a part of the Neumann boundary is a non-potential load and therefore cannot be treated in a
variational setting. These problems lead to the so-called flutter phenomenon, see, e.g., [23].

Our starting point is a three-dimensional energy functional

I}O:Jr(w) = W(Vw(x))dz + haﬂ/ det Vw(z) dz,
Qh Qh

where Q) = S x (—h/2,h/2) is a thin cylinder with the mid-plane S C R? and thickness h > 0,
representing the reference configuration of a hyperelastic body, while w: Q;, — R3 denotes its
deformation. The first integral above describes the nonlinear elastic energy of the material,
while the second integral is the potential of a constant applied pressure load [8], with intensity
h*m € R, acting on the boundary of the deformed configuration w(€2;). Roughly speaking,
the limiting planar model is described by the I'-limit of the rescaled energy h_l_Qo‘I,‘j”r as the
width A of the material tends to zero. The parameter o > 0, which tunes the intensity of
pressure, is responsible for different resulting two-dimensional theories, as it happens in the
known pressureless cases. The case a = 0 corresponds to the so-called membrane regime [17],
while @« = 1 and « € (1,2) lead to the nonlinear [I2] and to the linearized bending regime [13],
respectively. The higher scalings a = 2 and o > 2 finally describe the von Kdrméan and the
linearized von Karmén regime [13], respectively.
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Our results show that the presence of pressure surprisingly affects only the latter more rigid
scalings, while the flexible ones behave exactly as if pressure was not acting, in terms of mini-
mizers. In particular, for a > 2 we prove that, with respect to a suitable topology, the I'-limit

1 o r
hl+2a h h—s0

\?K +7TQa _’_7_[_26017

holds true, where €% is the known von Kérmén functional (linearized for o > 2) in absence of
pressure, depending on the horizontal and vertical displacements (u, v): S — R? xR of the plate,
¢ is a constant, while Q¢ is a nontrivial quadratic form directly connected to the elastic energy
density W (see the term multiplied by 7 in and ) In particular, minimizers of the
limit energy are influenced by the pressure load via the operator Q<, and so they differ from
the ones of the pure von Kédrman energy £%. For instance, in the specific case of homogeneous
isotropic materials, described in a linearized setting via the Lamé coefficients p and A, we can
explicitly compute

2 1
2 _/f_ 3 / (div "u(z") + 2|V'v(w')|2> dz’, if a =2,
fe — S
Q (U,U) 2M

QM + A S

On the contrary, for a € [1,2) we show that
1 am T

hl+2a Ih

div’u(z’) da’, if a > 2.

h—0 ggen(“? U) + Cr,

where & is the known bending energy (linearized for a € (1,2)) of Kirchoff theory in absence
of pressure, and ¢, is a constant. This implies that, in the limit, equilibrium configurations in
presence of pressure precisely coincide with the ones of the pressureless framework.

Finally, in the membrane regime o« = 0, we prove that

o= | Q070+ maet)(Tua it o =0
00,

otherwise,

1 0,7 F T
B g Emem

where Q denotes the quasiconvex envelope, while the subscript 0 indicates the procedure of
minimizing with respect the third column. Inspired by the previous considerations which suggest
that pressure effects should just be visible at high scalings, we conjecture that

QW (-) + mdet(-)), = Q(W)o + cr, (0.1)
so that minimizers of ET

T om are actually not affected by m. Although we are not able to prove
the validity of such conjecture, in Section [2.1| we propose an explicit example which indicates
its reliability.

The paper is organized as follows. Section [l| presents in details the three-dimensional hy-
perelastic model and fixes the main assumptions. After a brief recall of the known dimension
reduction results in the pressureless framework 7 = 0, we state our findings in Theorem [I.3
where all the different regimes are considered. In Section [2] we analyze the membrane regime
a = 0 and we state our conjecture (0.1). Section [3|is finally devoted to the proof of the I'-
convergence results both in the bending (o € [1,2)) and in the von Karméan-type (o > 2)
regimes.

Notations. We adopt standard notations for Lebesgue and Sobolev spaces. Throughout the
paper, the symbols C' or ¢ will be used to indicate some positive constants not depending of h,
whose value may change from line to line.



4 M. KRUZIK AND F. RIVA

The maximum (resp. minimum) of two extended real numbers «, 5 € RU {£o0} is denoted
by aV 3 (resp. a A B). Without risk of ambiguity, by ¢ A ¢ € R? we also mean the cross (or
wedge) product between the vectors ¢ € R? and ¢ € R3. The scalar product between ¢ and ( is
instead indicated by & - C.

We denote by R™ " and R{TT" the set of n x n matrices and its subset of symmetric matrices.
Given a matrix G € R™ ™" its symmetric part (G + G7)/2 is indicated by sym G. The set of
rotations is denoted by SO(n), namely

SO(n)={ReR™": RTR=1, detR=1}.

Given a matrix F € R3*3, we will often write F' = (F}|F|F3), where F; denotes the i-th column
of F.
We finally recall that for every F = (fi;);; € R3*3 and h > 0 the following expansion of the
determinant holds
det(I + hF) =1+ htrF + h%5(F) + h* det F, (0.2)
where

w(F) = fi1fee — fizfor + fi1f33 — fi3f31 + foaf33 — fa3 f32. (0.3)

1. SETTING AND MAIN RESULTS

Let Qp, = S x (—h/2,h/2) be the reference configuration of a thin three-dimensional elastic
body of width h € (0, 1], where S is a bounded Lipschitz domain in R2. For lightness of notations,
we will write 2 in place of €.

By varying the parameter a > 0, which will modulate the intensity of the applied pressure,
let us consider the total energy functionals I,"": W12(€,; R3) — (—o0, +00] defined as

o W(Vw(m))da:—i—haﬂ/ det Vw(z)dz, if det Vw > 0 a.e. in Qp,
Iy (w) = 4 Jay, 2, (1.1)

00, otherwise.

The first integral above represents the elastic bulk energy stored in the material. Indeed the
function W: R3*3 — (—o0,4+00] is the stored energy density and the condition det Vw > 0
encompasses the orientation preserving condition. On the other hand, the second integral is the
potential of a constant applied pressure load, with intensity h*m € R, acting on the boundary of
the deformed configuration. Indeed, it is well known [8, 22] that this term is a null Lagrangian,
namely it does not alter the Euler-Lagrange equations of which still read as

—divopW (Vw(z)) =0, in Q,
but it affects their boundary conditions, which can be written in the reference configuration as
OrW (Vw(z))naq, (x) = —h“m cof Vw(x)nag, (x), for x € 0,

where cof F' denotes the cofactor of the matrix F' and ngq, is the outward unit normal to 9€2,.
Notice that in the deformed configuration the right-hand side above reads as

— haﬂ'na(w(gh))(z), for z € 8(w(Qh)), (1.2)

namely it represents exactly a pressure force with intensity h%m acting on 9(w(2)) in the normal
direction. Since the behaviour of such loads depends on the deformed configuration, we recall
that pressure forces fall within the class of so-called live loads [22].

As it is customary in dimension reduction problems, it is useful to reformulate the system in
a fixed domain. We thus perform the change of variables

idp, : Q2 — Qh, Zdh(JJ) = (3}1,1‘2,}13}3),
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and, setting y := w o idy, in order to normalize volume effects we consider the rescaled energy
EXT WH2(Q;R3) — (—o0, +00] defined as

ar 1 an / W(Vhy(:c))da:—i—haﬂ/ det Vyy(z)dz, if det Vy > 0 a.e. in ,
& (y) = ﬁ‘[h7 (w) =4 Jo Q

400, otherwise.
(1.3)
Above, the rescaled gradient V}, denotes the differential operator defined as

0
Vpy = (813/’821/’?;/) :

In order to perform the asymptotic analysis of as h — 0, we require that the density W
satisfies the following standard properties for all F' € R3*3:

o W(F)=+00 <= detF <0; (orientation preserving condition) (1.4a)
(RF)=W(F) for all R € SO(3); (frame indifference) (1.4b)
e W(F)=0 <= Fe€S0(3); (stress-free reference configuration) (1.4c)
o W(F) > cdist(F; SO(3))®  (coercivity) (1.4d)
e W is of class C? in a neighborhood of SO(3) with bounded second derivatives.  (1.4e)
We also recall that the growth condition implies

W(F) > ¢|det F — 1|, whenever |det F — 1| < 1. (1.5)

If the pressure is negative, i.e. m < 0, we will need to assume in addition a linear control of
W on the determinant, namely

W(F) > c|det F — 1|, whenever |det F' — 1| > 1. (1.6)

As in the classical case with no pressure (7 = 0), different assumptions on W are needed in
the so-called membrane regime o = 0 [14} 15, [I7]. In this framework, we assume that W is
continuous and that for all F' € R3*3 there hold

e W(F)=+00 <= detF <0 (1.7a)
o W(F) > c1|F|P — ca, for some p > 1 and ¢, ca > 0; (1.7Db)
e for all 0 > 0 there exists Cs > 0 such that W (F) < Cs(1 + |F|P) if det F' > 4. (1.7¢)

In the other regimes o > 0 (when ((1.4c]) is in force), in order to catch the correct rescaling
of minimizing sequences it will also be useful to introduce the functionals &, (y) := & (y) —
£ (idp), namely

o / W (Vyy(x))de + haﬂ/ (det Viy(x) — 1) dz, if detVy >0 a.e. in Q,
& (y) = § Jo Q

400, otherwise.

(1.8)

This operation clearly does not affect minimizers (nor almost-minimizers) of £;"".

1.1. Known pressureless case. Before presenting our results, we review the known framework
with no pressure (7 = 0). For lightness of exposition, we will write £ in place of & 0,

It will also be convenient to introduce the following notations, which we will adopt throughout
the whole paper. For z € Q, we write z = (2/,23) € S X (—%,%); similarly, for R3-valued

functions y we denote by y' = (y1,y2) their first two components. Moreover, the symbols V'
and (V’)? stand for the gradient and the Hessian with respect to 2/, i.e. V'y = (d1y, d2y) and
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(V)2y = (V'01y, V'Day). The symmetric gradient with respect to 2’ of a R?>-valued function u
will be instead denoted by €’(u).
We introduce the quadratic forms Q3 and @Q», defined respectively on R3*3 and R?*? as

Qu(F) = DW(DIFE,  Qu(G) = min Qs(G +a o ey) (L9)

where, given a matrix G € R?*2, with a slight abuse of notation we still write G for the 3 x 3
matrix ( g 8 > Conversely, given G € R3*3, we denote by Gaxa the 2 x 2 matrix obtained

by removing the third column and row of G.
We first recall the following compactness result, which we will exploit also when a pressure
term is present.

Proposition 1.1 (Compactness [12, 13]). Assume that W satisfies (1.4) and let yp be such that
EX(yn) < Ch**, for some o > 1. Then the following facts hold:
e Ifa=1, up to a nonrelabelled subsequence, one has

Vhyn — (V'y|b) € WH2(S; R3%3), strongly in L*(Q;R3*3), (1.10)
_)

where the normal vector b is defined as
b(z') == dry(z’) A Day(a'). (1.11)

In particular, (V'y(2')|b(z)) belongs to SO(3) for almost every z’' € S.
Moreover, there exist a subset Sy, C S and rotations Ry, : S, — SO(3) such that, after
setting
Ry ()" Vpyn(x) =1 11
Gn(z) == h , feeSix(=g3), (1.12)

0, otherwise,

one has (up to subsequences)

G, — G, weakly in L?(Q; R3*3), (1.13)
h—0
and
tim [\ (S x (==, 2) )| =0 (1.14)
B0 " 2'2) )|~ '

Finally, one can write

ngg(x) = Go(:tl) + 1L'3II(.CI}/), (1.15)
where Gy € L?(S;R**2) and II(x) denotes the second fundamental form
I1(2) := V'y(a")TV'b(z). (1.16)

o If a > 1, there emist rotations Ry: S — SO(3), constant rotations R, € SO(3) and
constant vectors cp, € R® such that, after defining
Ry (¢")TVign(z) — 1

In(@) = Rpyn(x) — cn, Ghlz) == - : (1.17a)

1
1 1\ [z,
up(') = <hz(a1> A m) / (Uh(2', z3) — 2') dus, (1.17b)

1
2

(@) = s [ (el ) das, (1.17¢)

S
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up to a nonrelabelled subsequence one has

Vhiun ﬁ I, strongly in L*(Q;R3*3), (1.18a)
H

up —— U, weakly in WH?(S;RR?), (1.18b)
h—0

Uh TV E W22(S), strongly in W12(S9), (1.18¢)
—

G, — G, weakly in L?(Q; R3*3). (1.18d)
h—0

Moreover, one can write
Gara(w) = Gola') — w3(V')20(a!), (1.19)
and the following equalities hold:

e (u(z")) + %V'v(w') ® V'u(z')| = det(V')?v(2') = 0, if o € (1,2), (1.20a)
sym Go(a') = ¢ (u(a')) + %V/U(x/) @ V'o(2!), ifa =2, (1.20D)
sym Go(z') = €' (u(2")), if > 2. (1.20c)

Since under the solely assumptions (1.4)) (or (1.7)) the energy &£ may have no minimizers, it
is useful to consider the following notion of almost-minimizers. We say that gy, is an a-minimizer
of &' if

. 1 (6% : (0%
lim hTa(gh (yn) — int 5h) ~0.

The asymptotics of &' can be then stated as follows.

Proposition 1.2. [Membrane theory (a = 0) [5], 14, 15, [17]] Assume that W is continuous
and satisfies . Let yp, be a 0-minimizer of 82. Then there exist constant vectors cp € R?
such that, up to (non relabelled) subsequences, yn — cp converges as h — 0 in the weak topology
of WHP(;R3) to a minimizer of the membrane energy Emem: LP(2;R3) — (—oc0, +00], defined
as

. / QW (V'y(a)) !, if y € W'P(R%) and sy = 0,
Yy) = S

400, otherwise.

(1.21)

Emem

Moreover, O3y, vanishes as h — 0 in the strong topology of LP(%;R3).
In ([1.21)), the function Wy : R3*2 — (—oc0, +00] is defined as

Wo(€) == inf W(Ela),
a€R?
while QW denotes the quasiconvex envelope [9] of Wy.

[Nonlinear bending theory (o = 1) [12]] Assume that W satisfies (1.4) and let yp be a
1-minimizer of 811. Then there exist constant vectors c;, € R® such that, up to (non relabelled)
subsequences, yj, — ¢, converges as h — 0 in the strong topology of W12(;R?) to a minimizer
of the bending energy Epen: WH2(;R3) — [0, +00], defined as

1

21 [ QUIE) AT, if oy =0 andy € WEX(S:RY)
S

400, otherwise,

where the second fundamental form II(z') has been introduced in (1.16)). Moreover, (1.10)),
(1.13) and (1.15) hold true.

Eben(y) = (1.22)
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In , the set of Sobolev isometries is defined as
WS RY) = {y € W*2(S;R%) : Viy(a)"V'y(a') = I}

ISO
[Linearized bending theory (a € (1,2)) [13]] Assume that W satisfies and let S
be simply connected if o € (1,3/2). Let yp, be an a-minimizer of E;*. Then there exist rotations
Rp: S — SO(3), constant rotations Ry, € SO(3) and constant vectors c;, € R® such that the
quantities defined in satisfy, up to (non relabelled) subsequences, the convergences (|1.18])
and ([1.19), and the limit pair (u,v) minimizes the functional Enentin: W2 (S; R?) x W22(S) —
[0, 4+00], defined as

! ! f (1.2
24 / Qo((V)2o(a)) do!,  if ([T20) holds, o)

otherwise.

[Von Karmén theory (a = 2) [13]] Assume that W satisfies (1.4) and let y be a 2-
minimizer of E}. Then there exist rotations Ry,: S — SO(3), constant rotations Ry, € SO(3)
and constant vectors ¢, € R3 such that the quantities deﬁned in satisfy, up to (non

gben lln(u U

relabelled) subsequences, the convergences (1.18 and , and the limit pair (u,v)
minimizes the von Kdrmdn energy Eyx: W3( VV2 2 ) — [0, +00), defined as

Evk (u,v) /Q2< )+ V’ (2") @ V'v(z") >d:1: +/Q (2"))da’. (1.24)

[Linearized von Karman theory (a > 2) [I3]] Assume that W satisfies (1.4)) and let
yn be an a-minimizer of . Then there exist rotations Rp: S — SO(3), constcmt rotations
Ry, € SO(3) and constant vectors ¢, € R such that the quantities defined in (1.17) satisfy, up

to (non relabelled) subsequences, the convergences (1.18)), (1.19) and (1.20d), and the limit pair
(u,v) minimizes the functional Eyk jin: WH2(S;R?) x W22(S) — [0, 4+00), defined as

EvK lin (u, V) /Q2 ) da’ + /Q2 (")) da'. (1.25)

1.2. Pressure effects. We can now state our results regarding the asymptotic behaviour as
h — 0 of ?2’” (of 5}?’” if @« = 0), namely when the action of the pressure term is taken into
account. We will see that for high rescalings, namely in the von Karméan-type regimes o > 2,
pressure loads interact with the elastic energy density giving rise to nontrivial effects, while for
middle rescalings, namely in the bending regimes « € [1,2), the presence of pressure plays no
role in terms of minimizers. In the lowest rescaling a = 0, corresponding to the membrane
regime, the espression below suggests that pressure effects may still be persistent in the
limit. Although we strongly believe this is not case (namely, pressure effects survive in the limit
just for high rescaling) motivated by the previous considerations, we are not able to prove that
minimizers of do not depend on w. We postpone a discussion on this topic to Section
where in particular we propose conjecture , and we present a supporting example.
It will be useful to introduce the following function, defined on 2 x 2 matrices G:

@3(G) = min{Qs(G +a ®es) + 2mag}. (1.26)

Since Q3 is a quadratic form, one can easily show that
Q3 (G) = Q2(G) + LG + 7k, (1.27)

for some linear operator L € Lz’n(Rgxm27R) and some constant k € R (which both depend on
W), where Q2 has been defined in .
The next theorem states our main result.
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Theorem 1.3. [Membrane theory (a = 0)] Assume that W is continuous and it satisfies
with p > 3, and assume ® > —cy, where c1 is the constant appearing in . Then
| inf 52’”\ < C. Let now yp, be a 0-minimizer of 52’”. Then there exist constant vectors ¢, € R3
such that, up to (non relabelled) subsequences, yn — cp, converges as h — 0 in the weak topology
of WLP(Q;R3) to a minimizer of the functional T : LP(;R3) — (—o0, +0oa], defined as

mem *

o / QW™ o(V'y(2"))da', ify € WHP(;R3) and O3y = 0
(y) :==1q/s

~+00, otherwise,

U
gmem

(1.28)

where WT(F) := W(F) 4+ wdet F'. Moreover, O3y, vanishes as h — 0 in the strong topology of
LP(Q;R3).

[Nonlinear bending theory (o = 1)] Assume that W satisfies (1.4]) and also (1.6) if
m < 0, and assume that the planar set S satisfies:

there exists a closed subset N C 9S with null H'-measure with the property that (1.20)
the outer unit normal to S exists and it is continuous on 0S5\ N. .

Then —Ch? < inf?iﬂr < 0. Let now yp be a 1-minimizer of E}L’ﬂ. Then there exist constant
vectors ¢, € R? such that, up to (non relabelled) subsequences, y, — ci converges as h — 0 in
the strong topology of W12(Q; R3) to a minimizer of the bending energy Epen, defined in (1.22)).
Moreover, , and hold true.

[Linearized bending theory (a € (1,2))] Assume that W satisfies (1.4) and also
if m < 0. Let S be simply connected if a € (1,3/2). Then —Ch** < inf&," < 0. Let now
yn be an a-minimizer of €, . Then there exist rotations Ry,: S — SO(3), constant rotations
Rj, € SO(3) and constant vectors c;, € R such that the quantities defined in satisfy, up
to (non relabelled) subsequences, the convergences (1.18) and (1.19), and the limit pair (u,v)
minimizes the functional Eyentin defined in (1.23)).

[Von Karman theory (a = 2)] Assume that W satisfies and also if m < 0. Then
—Ch* < inf gi’ﬂ < 0. Let now yp, be a 2-minimizer of?i’ﬂ. Then there exist rotations Ry: S —
SO(3), constant rotations Ry, € SO(3) and constant vectors ¢, € R3 such that the quantities
defined in satisfy, up to (non relabelled) subsequences, the convergences , ,
and (1.20b), and the limit pair (u,v) minimizes the functional EN: WH2(S;R?) x W22(S) — R,
defined as

Elx (u,v) = Evk (u, U)‘HT/

L e (u(a }'vw' "o(a iv'u(a 1 "v(a’)|? ) da’
(56 (@5 7oe) © 9o ) il )2

2
(1.30)

where Eyk and L have been introduced in (1.24) and (1.27)), respectively.

[Linearized von Karman theory (o > 2) Assume that W satisfies and also
if T < 0. Then —Ch%** < infgzl’7r < 0. Let now yp, be an a-minimizer of fz’ﬂ. Then
there ewist rotations Rp: S — SO(3), constant rotations R, € SO(3) and constant vectors
¢, € R3 such that the quantities defined in satisfy, up to (nmon relabelled) subsequences,

the convergences (L.18), (1.19) and (1.20c), and the limit pair (u,v) minimizes the functional
6\7er,lin: W2(S;R?) x W22(S) = R, defined as

ETK ain (W, V) = Euk lin (U, v) + TI'/S <;E(e'(u(a§')) + div ’u(x’)) da’, (1.31)

where Evk jin and L have been introduced in (1.25) and (1.27), respectively.
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The regularity request (1.29) in the regime o = 1 will be used in Theorem for the construc-
tion of a recovery sequence in the I'-convergence analysis, exploiting the following approximation
result, whose proof can be found in [16].

Theorem 1.4. Assume that S C R? is a bounded Lipschitz domain which satisfies (1.29). Then
WQ’Q(S;]R3) N C*(S;R3) is dense in WQ’Q(S;R?’) with respect to its strong topology.

iso iso
1.3. Example of interaction in the von Karmaéan regimes. In the case of isotropic mate-
rials, where

Q3(F) = 2u|sym F|” + A(trF)?,
for some constants p > 0 and A > _%M called Lamé coefficients, one can explicitely compute
Q)5 directly from the definition ([1.26)). As a result one obtains the expression

2u\ 27 1
™ _ 2 2 _ 2
Q5(G) = 2ulsym G|* + 2M+)\(trG’) 772M+/\trG ™ TS
~~ SN——
—Q2(G) =G =k

With this specific choice, we can thus better characterize (1.30) and (1.31). Indeed, by the
previous computation we deduce

2 1
EMx (u,v) := Evk (u,v) + QMT/\ /S <div'u(x’) + 2|V'v(x')|2> da’, (1.32a)
and )
(1) = Eacin(0) + 52 [ divu(e’) da' (1.32D)

2. THE MEMBRANE REGIME

We first focus on the proof of Theorem [I.3]in the case o = 0. Unlike the higher regimes, in
this setting it will be a simple byproduct of Proposition (1.2

Proof of Theorem[1.9 (a = 0). Observing that we can write & (y) = Jo W™ (Vyy(z)) dz, we
just need to show that W™ satisfies the assumptions as well, in order to directly apply
Proposition (a=0).
Clearly, W™ is continuous and is fulfilled. By exploiting the assumption © > —c1, and
by recalling that |det F| < |F|> <1+ |F|P since p > 3, we also infer
W™F)>ca|FIP—co+mdet F > (¢p — 7 )|FP| —ca— 7,

whence ([1.7b]) holds true. Above we employed the notation 7~ := —(7 A 0).
Finally, whenever det F' > § we simply have
W™(F) < Cs(1+ |F|P) + |n|det FF < Cs V || (1 + |F|P),
thus also ([1.7¢) is fulfilled and we conclude. O

It would be interesting to understand how the structure of W™ affects (W7)y and more
importantly Q(W7™)g, namely how they can be written in terms of Wy and QWj. Although the
dependence of (IW™)p on m may be quite nasty (see and (2.3)), in view of the previous
considerations about the higher rescalings we strongly believe and we conjecture that after the
quasiconvexification procedure one actually has

QW™M)o(€) = QW (&) + ¢x, for all £ € R, (2.1)

where ¢, € R is a certain constant. We are not able to show the validity of (2.1)), but we now
provide an example which suggests, at least formally, that it may be true.
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2.1. Formal computation of Q(W7™), in a specific case. We consider the density

|F1]? + | B 4 | F3)? 1

if det F' >0
W(F) == 3 detp’ D
00, otherwise,
which clearly satisfies assumptions ((1.7) with p = 3.
Observing that
(W)o(€) = inf (W(Ela) + mdet(gla) = inf  (W(gla) + (61 A&2) - a),

(&11nE2)-a>0

in this example we have

3 a€R3, 3 (gl A 52) ta
(617&2)-a>0

3 3 3
(WT)o(€) = J&a” + &l +  inf <M + _ + (&1 NE) - a> .

The minimum point a can be explicitely computed by solving the system

o= (@rgrap ") are o [o=lagnd
(1N &) -a>0, & A &olla* + mlér A&l?lal* — 1 =0,

which has the unique solution

- \/WI\& Nl + 728 NGt — TG A&* &1 A

2181 A & & A&l
By some simple computations we thus obtain
G +1&P V2
(wyo(e) = B V2 e ne), 22)
where
4 .
+ /oy /ATo] + 20l — wlof?, if [o] > 0,
9x(v) = 3 \/lol VAT + w2[el — mlof? (2:3)
+00, otherwise.

We now focus on the case of positive pressure m > 0, and we limit ourselves to some formal
3 3
considerations. Since the map £ — %

expect that

is convex and in view of [9, Theorem 6.26] we

3 3
(e = Bl g )6 ne), 2.4)
where C denotes the convex envelope. At this level, the previous passage is just formal for two
reasons: first there is a sum involved in the quasiconvexification procedure, and then g, takes
the value +oo (not allowed in [0, Theorem 6.26]).

Since g, is radial, namely g.(v) = px(|v|) for some even function pr: R — (—o0, +o0], it is
easy to see that

(Cgr)(v) = (Cpx)(|v]),

so we just need to compute Cp,. To this aim, we observe that p(x) = h(j(z)) for > 0, where

4 .
—= + , ify >0,
j(x) = 24z + n2z* — 723, and h(y) = {\/g vy, iy

~+00, otherwise.
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It is immediate to check that j is strictly increasing, j(0) = 0 and lirJlra j(z) = 2, so that
T—>+00

0 < j(z) < 2 for all z > 0. Since W(y) = g;’\;g, we thus deduce that h'(j(z)) < 0 for all

x > 0, whence we infer that p, is strictly decreasing in (0, +00). In particular, we can compute
lim pr(z) = h(2) =327

T—+00
This yields Cp,(z) = 3v/27, and so by we have
31163
() = L Lo 7 — g 1 2v,

3

namely conjecture (2.1]) holds true in this specific case (up to some formal computations).

3. '-CONVERGENCE ANALYSIS FOR HIGHER SCALINGS

The rest of the paper is concerned with the proof of Theorem in case a > 1. Here and
henceforth we thus tacitly assume . The stated results will be a standard consequence of a
I'-convergence analysis [6l, [10]. We will first show that sequences with bounded rescaled energy
are compact with respect to the desired topologies, and then we will compute the I'-limit as
h — 0 of h%?if’” in the different regimes, obtaining the stated expressions.

Proposition 3.1 (Compactness). Let y, be such that €, (yy) < Ch**. If m > 0, then there
holds

/ W(Vayy) da + / |det Vyyp — 1)° dz < Ch*. (3.1)
Q {ldet Vpyp—1|<1}

In particular, all the compactness results listed in Proposition hold true.
If 1 <0, assuming also ([1.6)), in addition to (3.1)) there holds

det Vyyp — 1| da < Ch**. 3.2
‘ Yy
{| det Vpyn—1|>1}

Moreover, in both cases one has
— Ch* <inf&," <0. (3.3)

Proof. We will prove the result assuming = > 0; in the opposite case m < 0 the argument works
in a similar fashion also exploiting (|1.6]).
For the sake of clarity let us define the set

Q ={xecQ: [det Vpyp(z) — 1] < 1}. (3.4)
By the expression ([1.8]), we now deduce
/ W (Vhyn) de < CR2 + h%r/ (1 ~ det Vhyh> do < Ch2 + h%/ | det Viyp, — 1| da
Q Q .

Q,

< CR** + Ch®|| det Vign — 1 p20-)-

Exploiting (1.5 we thus infer

| det Viyn — 1”%2(9—

o < Ch** + Ch*|| det Viyn — 1||L2(Q,j)v

whence
|| det Vypyp — 1”%2(9;) < Ch2a’

and so we conclude the proof of (3.1)).
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We now notice that the upper bound in (3.3) is trivial, since ?Z’W(idh) = 0. To prove also
the lower bound, let y; be such that €Z’W(yh) <inf&," 4+ h?*, so that (3.1) holds. We can now
estimate

inf €y > &, (yp) — h®* > wh® / (det Vyyp, — 1) dz — h*
> —ChaH det Vhyh — 1HL2(Q;) — hQO‘ > _Ch2a,
and we conclude. Il

3.1. Kirchhoff regime. In this section we compute the I'-limit as h — 0 of the functional

%?}l’ﬂ in case a = 1, corresponding to nonlinear bending theory (due to Kirchoff), in the spirit
of [12].

Theorem 3.2. [Nonlinear bending theory (o = 1)] Under the assumptions of Theorem|[1.3,
the functionals #?}L’ﬂ Mosco converge as h — 0 in the topology of W12(Q; R3) to the functional
Eben + %mﬂ|5|, namely

e if yp m y in the weak topology of W12(Q; R3), then one has

1 .. 1 -1,
Eben(y) + §mw!S! < lim inf =&}, (Yn); (3.5)

o for all y € WH2(Q;R3) there ewists yp such that yy, h—0> y in the strong topology of
—
WL2(Q;R3) for which

. 1 =17 1
lim sup ﬁgh (yh) < gben(y) + §m7r|5| (36)
h—0
The constant my is defined as
my = min {Q3(G) + 2ntrG}, (3.7)
GEeRZ)2

where Q5 has been introduced in (|1.26)).

Proof. We perform the proof in the case of positive pressure w > 0. The negative case can be

handled similarly by exploiting (3
We start provmg the liminf 1nequahty . Without loss of generality we can assume that

hm mf >l gy " (yn) is finite, so that by Proposition and then Proposition [1.1]| we actually have
that Yh % y strongly in W12(Q;R3), and y € Wy, (S R3).

Moreover by ( we know that for x € Qh = Sh X (—%,%) we can write Vyyp(z) =
Ry (2")(I + hGh( ) H ence, by recalling the notation (3.4)), we infer

228 = 5 [ W(Th) dm+h/<detvhyh—1)dm

| \/

1
/ W (I +hGy)de + /(det Vo — 1) da (3.8)
h

= 5 W(I + hGh) dr + — / (det(I + hGh)—l) dr + il / R (det Vhyh—l) dx.
h h - h ;7\,

We point out that in the second integral above we exploited the identity Gj = 0 outside (Alh.
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By using the results contained in [12] and exploiting (1.13)), one can prove that

1 1
liminf - W(I + hGp)dz > / Qs3(G(z))dz. (3.9)
h—0 h* Jg, 2 Ja

Moreover, we observe that by (3.1)) and ((1.14]) we have

1
/ (det Vhyh—l) dx
h 0, \Q

In order to deal with the second term in the last line of (3.8]) we first introduce the set

1 S 11/2 5. 11/2
< 11 det Vign—1] 2 o) |9\ B[ 2 < €I\ D2 — 0. (3.10)

By = {z € Q: hY?|Gy(x)] < 13, (3.11)

and we notice that ;ILH% |2\ By| = 0 by Chebyshev’s inequality. We now split the integral under
—

consideration into

1 1 1

— (det(I + hGp)—1)de = — (det(I + hGp)—1)dz + — (det(I + hGp)—1)dx

h Q Q; NBy, h Q, \Bn

1 1
2, "B (92, \Br)NE,

and we observe that the second term above vanishes as h — 0 since by (3.1) there holds

1 / 1 1/2 1/2
- det Vyyn—1|dz < =| det Viyn—1 0\ B2 < o0\ B2 — 0.
h J @ \B)n, | | h” ||L2(Qh)‘ \ Bl 2 Byl h—0
(3.12)
As regards the first term, we argue as in [20], and we exploit (0.2 to write
1
— (det(I + hGp)—1)dzx
h Q, NBy,
:/ trGp, dz + h/ 12(Gp) dzx + h? / det G}, dz.
Q;ﬂBh Q;ﬂBh Q}:ﬂBh
By using ([1.13]) and exploiting the definition (3.11]) of By, we now deduce
.h/ la(G)| dz < CHIGRIE < Ch —— 0, (3.13a)
Q, NBy, h—0

oh2/ |det Gp|dz < Chz/ G2 - k™2 da < Ch3/?||Gh|)3 < CRP? — 0,
Q;, NBy Q. NBy, h—0
(3.13b)

e lim trGp, dmz/term, (3.13c¢)
h=0 Ja, nBy, Q

where the last limit holds true since [\ (€, N B},)| vanishes as h — 0. Indeed, we already know
that ]%in% |2\ By| = 0; moreover let us show that
%

BNy, C Q5 (3.14)
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which would imply [Q\ Q5| < [\ (B, N Q)] < |2\ Ba| + 2\ Q4 —— 0. Pickz € B, O,
so that by we have
| det Viyn(x) — 1| = | det(I + hGy(x)) — 1| = hl|trGp(2) + hea(Gp(z)) 4+ h? det Gy ()]
< Ch|Gu(2)|(1 + h|Gh(z)| + h2|Gh(x)]?) < ChY2(1 + A% 4 1) —0,

(3.15)
whence = € Q, (for h small enough) and so 1_' holds true.

By putting together . -7 3.12) and - we thus have proved that
lim inf £h /Q3 dac+7r/ trG(z) dz.
h—0 h?
By using definitions (|1.26]), (3.7] , and recalling (|1 and (|1.27)) we finally infer
.. 1 =1, 1 -
liminf -5 &5 (yn) 2 2/Q (Qz (Gaxa(z)) + 27?trG2x2(93)) dz

! / r 1 T / ’ ,
— o7 [atin@) @+ 5 [ (@5(Gala) + 2muGot)) as’ (310

1
Z gben(y) + 5m7r|5‘

Let us now show the limsup inequality (3.6 . Since 5ben is continuous in W22(S R3), by

Theorem H it is enough to show the inequality for y € I/Vls0 (S;R3) N C>=(S;R3).
Let G € R%%2 be such that

Sym

my = Q5 (G) + 27trG, (3.17)
and for ¢,d € C°°(S;R3) let us consider

x2
()= ) + (TG + b)) + 0 () + Fda)) (319

where b is the normal vector defined in (1.11)). Notice that clearly y; converges to y strongly in
W12(Q;R?) as h — 0. By simple computations we obtain

Vagn(x) = R@)+h|(V(V'y(a)Ga) (@) +a3(V'b(a") d(a')) | +h%ws (Ve(a')+ 5 V'd('))0)
where we set R(z) := (V'y(2)|b(2')) € SO(3). By defining

Gp() ::R(:U/)va;yh(ﬂﬂ) —1I

=R(@)T|(V/(V'y(@)Ga') (@) +25(V'b(a)|d(2') | +has R (VVe(')+ 5V d(a)]0)),

one easily deduces that, as h — 0, the sequence G, strongly converges in L?(£2;R3*3) to the
matrix G defined as

G(x) := R(:U')T(V'(V’y(:v')éx')\c(:r’)) +x3 R(2)T (V'b(2)|d(z")) . (3.19)
=:G1 (') =:Ga (")

We now observe that, since y € I/VleZ(S R3) N C°°(S;R?), there holds (see also [2, proof of
Theorem 2.6])

V'y( IV (V'y(2")Gz') = G,
whence we can write

GQXQ(.I') Zé—l—ngf(l'/). (3.20)
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By exploiting the smoothness of y, ¢, d we now infer

W (Tagn(@) = W+ hGa(a)) = "oQu(Ga(w!) + 23Giala)) + O

2
= (@1 (0) + 3Q3(Ga(a)) + 20 D*W (D) [GA][Ga(a)]) + O(HY),

and

det Viyn(z) — 1 = det(I + hGp(z)) — 1 = htrGp(z) + h212(Gp(z)) + h3 det Gy (x)
= h(trGy(z') + z3trGa(z’)) + O(h?),

where the Landau notation O(+) is uniform in z € Q.
Thus we obtain

%E}L’ﬁ(yh) = % /Q W (Vpyp(z))de + % /Q(det Viyp(z) — 1) dz
= 2714 /5 Q3(Go(2")) da’ + % /S (Q3(G1(2))) + 2mtrGy(2")) da’ + O(h).

By using the definition (3.19)) of G; and G2, and recalling (3.20]), we finally deduce

1—
lim — &5 (yn)

h—0 h?
_1 () | 3(V'y(a")Td(a') + V'b(a)"b(a")) )
-1 SQ3< ) | H(7ate) oo 4 > dr (3.21)
1 T | MV ele!) + )TV (Ty@NTENT) N Ly on o] g
+2/S|:Q3<OO 2 b(];/)_c(x/) >+2 b() () d
+ mtrG|S|.

‘We now choose

d(2') == R(a') {204(95’) - (V’bgg;f;@/)ﬂ , (3.22a)
ola!)i= ey 5 (¥ (VHEEHE | (3.22b)

where @ and f satisfy

Qa(I1(x")) = Q3(I1(z") + a(a") ® e3),
Q5(G) = Q3(G + B @ e3) + 27p.

Since under our assumption I1 € C*(S;R2%2), we observe that @ € C*°(S;R?), whence d and

@ sym
¢ belong to C°°(S;R?) as Well
By plugging d, ¢ defined in into (| - from (3.21)) and recalling (3 we finally deduce

1
lim -8 () = 5 / Qs(IT(a")) da’ + (QF(@) + 2mtxC)[S| = Even(y) + 5malS],

and we conclude. O
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3.2. Linearized bending and von Karman-type regimes. We finally focus on the cases
a > 1, corresponding to linearized bending (a € (1,2)) and von Karman-type (o > 2) regimes.

Theorem 3.3. [Von Kérmdn-type theory (a > 1)] Under the assumptions of Theorem
the functionals h%fz’w [-converge as h — 0 with respect to the convergence (1.17) and (1.18))
to the functional £*™ : Wh2(S;R?) x W22(S) — (—o0, +00| defined as

1 .
gben,lin(u7v) + imﬂ‘s‘7 ZfCM € (17 2)7
2

EYM(u,v) == § EN (u,v) + %/@]S], if o = 2,
2
ﬂ- .
ExK 1in (U, V) + 7/€|5|, if > 2,

where the constants my and k have been introduced in (3.7) and (1.27)), respectively.
In other words, the following two conditions hold:

o if yp — (u,v) in the sense that there exist rotations Ry: S — SO(3), constant rota-
H

tions Ry, € SO(3) and constant vectors c;, € R for which (1.17) and (1.18)) hold, then
one has

1
70
o for all (u,v) € WH2(S;R?) x W22(S) there exists y, such that yy, — (u,v) in the

%
above sense, except that (1.18d)) holds for sym Gy, in place of Gy, if a > 2, for which

i 1
im sup ——
hoo  h2®

4 (u,v) < liminf —&5"" (yn); (3.23)
h—0

&L (yn) < EY7(u,v). (3.24)

Proof. Again, we assume that 7 > 0. The case m < 0 can be treated in an analogous way by

using also ((3.2)).

Liminf inequality. Let us first prove the liminf inequality (3.23]). Without loss of generality
we can assume that lil}rln iglf h%?ﬁ’”(yh) is finite, so that det Vpyy, is positive almost everywhere
—

in © and Propositions [3.1] and [L.1] apply. B
Moreover, by (L.17a]), we can write Vyyp(2) = RpRy(2')(I + h*Gh(x)). Hence, by recalling
the notation (3.4]), we infer

1 QT

() = h%a /Q W+ HGa (o) o + /Q(det(l +ROG(2)) — 1) do
> h% /Q W (I 4 h*Gp(z)) dz + hia /Q; (det(1 + h*Gp(z)) — 1) da. 529
Similarly to , we now introduce the set
By := {x € Q: %Gy (z)| <1},

and we observe again that }llimo |2\ BjY| = 0 by Chebyshev’s inequality.
—
By using the results contained in [12], exploiting ([1.18d]) one obtains

1 1
hgl_i(l)lfhza/QW(I—'_ h*Gp(z))dx > 2/{)@3(G(aj))daj. (3.26)
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Arguing similarly to the proof of Theorem using (0.2) and observing that Bjy C Q, (for
h small enough) by reasoning as in ({3.15), we first write

L[ (@et(1 4+ h2Gy(2)) — 1) da

h Qr
:/ trGp(x) dz + h® / 12(Gp(z)) dz + h2°‘/ det Gp,(z) dz
By By By
1
+ = (det Vpyn(x) — 1) dz,
he Jai\a;

whence we deduce

.1 /
lim —
h—0 h® Q5
By (3.25)), (3.26)), (3.27) and recalling ([1.26) we finally infer
e b sar 1
hgl_glf ﬁgh (yn) 2/Q (Qg(G(x)) + 27TtrG(a?)) dz
1
2/ (Qg(GQXQ(JJ)) + 27l'trG2><2<1')) dx.
Q

If « € (1,2), we conclude by arguing as in (3.16)) using (1.19]) in place of (1.15)). If o > 2 instead,
we conclude by also exploiting (1.20b]) and ((1.20c]), and by recalling ((1.27)).

Limsup inequality. We now show the validity of the limsup inequality .

(Case a € (1,2)). Assume first that o € (1,2) and let (u,v) € WH2(S;R?) x W2%(S)
such that holds true; in particular, u belongs to W1°°(S;R?) by [13, Theorem 7 and
Proposition 9]. The case v € W22(S) can be treated via approximation arguing as in [13),
Section 6.4].

By [13| Theorem 7] we can build an isometry

_ no__ x/ + h2(a71)ﬂh($/) 2,00 .3
i) = (7 gt} € Wi (sim),

(det(1 + h*Gp(z)) — 1) da = /QtrG(x) dz. (3.27)

\Y]

Vv

where %, (') € W2°(S;R?) satisfies
Tp, —— u, weakly* in W2°°(S;R?). (3.28)
h—0

In particular we can write
/
mia) = () + 0w, (3.29)

where the Landau notation holds in the sense of W2°°(S;R?).
By defining by, (z') := 017, (') A 027y, (2") € WH2(S;R3) we also have

/ NT
bh(x/) =e3 — ha—l <v 'U(Ox) ) + O(h?(a—l)’ in Wl’OO(S;R3), (330&)

V’)Zv(x’)
0

Similarly to (3.18]) we now make the ansatz

V' (z') = —h*! (( ) +O(n*, in L2(S;R**?). (3.30b)

. 2
yn(x) := gp (') + hasbp(2') + hoV'g, () Ga' + Rt <:c30 + ?’dh(x/)) ,
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where the matrix G is as in (3.17)), the vector ¢ € R? fulfils (recall (1.26]))
Q3(G) = Q3(G +T® e3) + 2773, (3.31)
and dj, € WH>°(S; R3) satisfies
dy —d, i LA(SiRY),  and BV, —— 0, in WRU(SIRY), (3.32)

where d realizes (recall (1.9))
Q2((V")?u(2')) = Q3(—(V")?u(a’) + d(2') ® e3). (3.33)
Furthermore, we define
Ry(2) := (V' (2)|bn(a")) € SO(3), Rp:=1, andcp:=0,
so that, after some simple computations, y;, = y;, and

1 Cu - o h3—a
(@) = / (v (@' 3) — @) dog = T (') + B2 (VG ()G + i (),

N

N

1 2
o) =y [ sl ) drs = 0(a!) + RV G + g ()se)

[NIES

Viyn(z) =Rp(z") + haz(V'bp(2)[0) + h* (V(V'Yy, (") Ga')[e + xadp () + haﬂmf(vldh(x'ﬂo)’

Ry (2 TV pyn(a') — 1
ha

=Ry, (z)T [hl‘%g(v’bh(x’)\o) + (V'(V'y,(2")Ga)[e + z3dp(a')) + his (V dp(z ’)]0)] :

Observe that, by exploiting (3.29)) and (3.30a)), there hold

Gnp(z) =

Rp(z') = I+ O(h*™1), in Whoo(8; R3*3),
V' (V'7,(2")Gx') = V'5, ()G + O(ho™1) = <§) + O(h*™Y), in L°°(S;R3*?).
By means of (3.29), (3.30b|) and (3.32)), we thus infer
uh( ,) :ﬂh(l'/) + O(hQia), n Wl’oo(S;RZ),
up(a’) =v(2') + O(h), in W (S),
Viyn(x) =I + O(h*™1), in L°°(€Q; R3*3),
Gr(z) =G + x3(Ga)p (') + O(Rl@~DN/3), in L®(€Q; R3*3), (3.34)

where
G1=G+Ct®es,
(Ga)n(a) = =(V)?u(2') + dp(2') @ e3.
Since a € (1,2), by recalling and we hence deduce that the convergences in

(1.18) hold true with
G(z) =G +e®es+r3 (—(V)0(2)) +d(z') @ e3) . 3.35
() ¢ ® eyt (—(V)*0(a’) + d(2') ® e3) (3.35)
=G1 =Gz (a')
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By arguing as in [13], we first obtain

(3.36)

/Q3 (Ga(2'))da’ + Q3(G1)|5‘

By recalling (0.2)), we can then write

};/ﬂ(detvhyh(x)—l) dm—/ﬂtrGh(a:) dx—i—h“/QLQ(Gh(x))dx—i—hza/ det G (x) da.

Q

By using (3.34) and (3.32), we now have
/ trGp(z) doe = trG1|S| + O(h(a—l)m/g)’
Q

e /Q 12(G(2)) dz = O(ho=2/3),

h2°‘/ det Gp,(z) dz = O(h** 1),
Q

whence

lim —— / (det Viyyn(z) — 1) dz = 7trG4|S]. (3.37)
h—0 h® Q

By putting together (3 and , and recalling (3.17)), (3.31)), (3.33)) and (3.35)) we finally

obtain

1

Jim hmgh () = 24/Qg(a2 Nyda! + - (Qg(G1)+27rtrG1)|S|

1/ . = —

/ Q:(V'0(a)) e’ + 5 (QF(G) + 270G ) I5]
1
= gben,ﬁﬂ(“? v) + §m7r|s| =&Y (u,v),
and we conclude if a € (1,2).
(Case a > 2). We now consider the case a > 2. Fix (u,v) € W2(S;R?) x W22(9);

actually, since both €T and £, are continuous in Wh2(S;R?) x W22(S), we may assume

without loss of generality that u and v are smooth in S.
We follow the ansatz of [13], and we define

« / l ! $2
nte) = idnfa) + (iS00 ) s (VU ) e el 4 e D),

where ¢ and d are smooth functions from S to R3 which will be chosen later. We also set

Ry, =Ry, =1, and cp =0,
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so that, after some simple computation, one has 7, = y, and

unle) =g [ R 20) — 2 doy = ula) + S (@)
z 2
on (") :hal_l /_l(yh)?,(%/aws)dm =w(a’) + %d3($/),

"u(z!) — x3(V)20(2)) | =h 1V o (2T
Vign(a) =1+ e (AL O [T g 0]0] o) + aad(a)

+ Rt g, (V'c(w') + %V,d(l',) 0) ,

_ (Yula)) — 5V Pola) | b1V u(a)T o
Gula) = (L ) T 4 010] )+ aad(s!)

+ has (V'c(aj') n %V'd(m') o) : (3.38)

It is then immediate to check that ([1.18a)—(1.18¢|) hold true, while (1.18d) is valid for sym G},
since one gets rid of the terms involving h~

By arguing as in [13], we know that

lim / W (Vayn) d / Q3(A(z") + z3B(2")) d

h—0 h20
~5 [ + 5 [ Qi

/ / 1 1ot 1o 1 1o 0Y]2 ’ : _
A(x,){e(u(m))+2Vv(a:)®Vv(x)+2Vv(x) es®e3+c(xr)®es, if a=2,

(3.39)

e (u(x')) + c(2') ® es, if > 2,
and
B(z') = —(V)%v(2) + d(2') @ e3.
In order to deal with the pressure term, we first use ((0.2)) obtaining

e [ eV @ -t = [ uGi@actie |

Q

By using the explicit expression (3.38) of G}, and recalling (0.3) and the bound | det F| < |F |3,
we deduce that

trGy(x) = tr(e' (u(a')) — 23(V')?0(2')) + es(2’) + 23ds(a’) + O(h),
12(Gp(2)) = h%|V'o(@")]? + O(h™") = h™%te(V'o(a') @ V'u(2)) + O(h™Y),
det Gi(z) = O(h™3),

LQ(Gh(x))d:):—i—hQO‘/QdetGh(:L') dz. (3.40)

where the Landau notation O(-) is uniform in = € Q.
Since a > 2, passing to the limit in (3.40)) we thus obtain

/ (tr(e'(u) + Vv ® V'v) + 03) da’, if a =2,

(3.41)
/s(tre’(u) +c3) da’, if o > 2.
S

1
lim — Vv —1 =
th(lJ o /(det hYh )d:v
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Putting together (3.39) and (3.41]) we finally infer
1
hm h20‘ " (yn) 24/62 N2 +d®e3)ds’ + F*(u,v), (3.42)
where
2 1 / 1 / ! 1 /.12 /
F(u,v) =3 Qs e(u)+§Vv®Vv+§|Vv| e3®es+c®es | +2mes | do
S
+7r/ (div'u + [V'v[?) da’
S
while for a > 2 one has

1
F*(u,v) = 2/5 (Qs (¢'(u) + c® e3) + 2mc3) da’ +7r/ div'uda’.

S

We now choose

—7|V' NPesz +e(z)), ifa=2,

E(:::’), if > 2, (3.43)
d(z) = d(2'),

where ¢, ¢ and d satisfy (recall and (1.26))

Q3 <e'(u(ac'))+;V'v(x') ® V’v(w')) =Q3 (e'(u(x'))—i-;vlv(x') @ V(2 )+e(z") ® €3> +2mes (),
Q3 (e'(u(2'))) = Qs('(u(a')) +¢(a') @ e3) + 2mes ('),

Q2((V')?v(2")) = Qs(—(V)*v(a’) + d(z') ® e3).

Since v and v are smooth, we observe that ¢, ¢ and d, and so ¢ and d in (3.43)), are smooth as
well from S to R3.

With this choice of ¢ and d, recalling (1.27)), we thus deduce that the right-hand side in (3.42))
coincides with

c(z’) =

w2 ET (u,v) if a =2
Z ks vK\™ ¥/ b g L),
2 RIST+ Elx (s v), ifa>2, (u,0)

and so we conclude the proof. O
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