CONVERGENCE OF THE FULLY DISCRETE JKO SCHEME

ANASTASIIA HRAIVORONSKA AND FILIPPO SANTAMBROGIO

ABSTRACT. The JKO scheme provides the discrete-in-time approximation for the solutions of evolu-
tionary equations with Wasserstein gradient structure. We study a natural space-discretization of this
scheme by restricting the minimization to the measures supported on the nodes of a regular grid. The
study of the fully discrete JKO scheme is motivated by the applications to developing numerical schemes
for the nonlinear diffusion equation with drift and the crowd motion model. The main result of this paper
is the convergence of the scheme as both the time and space discretization parameters tend to zero in a
suitable regime.
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1. INTRODUCTION

The theory of gradient flows in the space of probability measures provides powerful tools for study-
ing a wide class of evolutionary equations [3]. The JKO scheme (or the minimizing movement scheme)
plays an essential role in this theory, acting as a counterpart for the implicit Euler scheme for classi-
cal gradient-flow ODE:s. It first appeared in Jordan, Kinderleherer, and Otto’s paper [31]], where they
recognized the Fokker-Planck dynamics as a gradient flow of the Boltzmann entropy in the space of
probability measures with an appropriate metric. The JKO scheme provides as an output a sequence of
probability measures (see below), each one optimizing a variational problem involving a transport cost
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to the previous one and an energy functional (the Boltzmann entropy in the case of Fokker-Planck),
which converges to the solution of the desired PDE when a time step parameter 7 tends to 0. As such,
it is a means to study well-posedness and to develop numerical schemes for the equations of interest.

In this paper, we consider the most natural space-discretization of this scheme: we consider a uni-
form and regular grid and restrict our analysis to measures supported on the nodes of this grid. While
the optimal transport problem and the Wasserstein distance that it defines are well-posed for atomic
measures, our approach requires adapting the definition of some energy functionals to the same atomic
measures, but this is very natural when we consider measures on a regular and fixed grid. We need
hence to introduce another approximation parameter A, corresponding to the space step of the grid,
and we study the convergence of the scheme when 7, 7 — 0. We identify for this sake a sharp con-
dition, namely 4/7 — 0, which is both necessary and sufficient to prove this convergence. Note that
this condition is the opposite of a very standard one in numerical analysis, called the CFL condition,
where instead 7/ h is required to be small (called the CFL condition). This is not surprising as the CFL
condition is standard in explicit methods, while the JKO scheme is implicit.

1.1. The JKO scheme and the evolution PDEs that it approximates. The JKO scheme is a discrete-
in-time iterative scheme defined in the space of probability measures P(Q) (in this paper Q c R is a
bounded domain):

. . 1o o . -
(JKO) Py € arg o {?(p) + ZWZ (p, pk)}, with given py = p € P(€2),

where 7 > 0 is a time step parameter, F : P(2) - R U {+o0} is an energy functional, and W, is the
Wasserstein distance induced by the optimal transport problem with the quadratic cost

(1. Wy (u,v) = min / |x = yIr(dxdy),
y€l(u,v)

where I'(u,v) = {y € P(Q X Q) : P#ly = u, P#zy = v} is the set of couplings between the marginals
p and v. The sequence of minimizers {p; } of (JKO) can be used to build a continuous-in-time curve
p*, for instance, with piecewise constant interpolation

pr(t) = p; fort € (kz,(k + 1)z].

Under suitable assumption on the energy F, one can prove that p? converges to a weak solution of
(12) dp+V - (,N‘Z—F) —0  in(0,T)xQ
p

with the initial datum p, = p and complemented with the non-flux boundary conditions on 0€2, where
6F /6p denotes the first variation of F.

After the seminal work [31]] for the linear Fokker-Planck equation, the JKO scheme has been proven
to be a useful analytical tool for many classes of PDEs [3]], including general aggregation-diffusion
equationsn the Keller-Segel model [9]], cross-diffusion systems [22},[261132], and higher-order equations
[19}38]].

In this paper, we consider the energy functionals that are the sum of internal and potential energy

(1.3) F(p) = / Fo)+ / oV,
Q Q

with a convex energy density f : (0,00) > R U {4+0c0} and an external potential V' : Q — R. This
energy gives rise to the drift-diffusion equations of the form

(1.4) op=AL(p)+ V- (pVV),
where the diffusion term is defined by L'(s) = sf"'(s).
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We provide a few examples that we have in mind as test cases for the results of this paper. The most
well-known PDE of the type (I.4) is the linear Fokker-Planck equation corresponding to f(s) = slog s
and L(s) = s. The second example is the porous media equation with drift, where the energy density
is the power law f, (s) = s™/(m — 1) and L,,(s) = s™, m > 1. We use these two cases as running
examples, but we prove the results for more general convex superlinear f (the exact assumptions are
specified in Section and V' € Lip(R?).

The Hele-Shaw-type system is the third example that plays a special role in this paper:

{a,p = Vp+ V- (oY),

(1.5)
p=20, p<1, p(l-p)=0,

where we introduced the pressure variable p. It emerges in the incompressible limit of the porous
media equation, i.e., m — oo [29]. The gradient flow interpretation for (I.5) appears in [39,40] with
application to the crowd motion model. The idea is that the solutions of (I.3]) can be obtained by means
of the JKO scheme (JKOJ) choosing the energy functional

V7 S 1’
Fem(p) = {/9” ’

400, otherwise.

One can see that Fy; has a similar structure as (I.3)) with the degenerate energy density f(s) = 0 for
s € [0,1] and f(s) = +o0 for s > 1, which is exactly the pointwise limit of the porous-media energy
density f,, as m — oo.

1.2. Contribution. In this paper, we explore a fully discrete JKO scheme which, to our knowledge,
has not been studied before. We restrict the minimization at each step of the JKO scheme to the
set of probability measures supported on the vertices of the grid AZ? with a small space discretization
parameter i > 0. Precisely, we define the discrete domain 7" := hZ? N Q and the set of corresponding
probability measures

Py = {pEP(Q) o=y pz5z}.

zETh
Then the fully discrete JKO scheme is defined as
h, h ~ h l o he B h h

JKO™7) Py €arg pergzgh) {7‘“ (p) + ZVV2 (s P, )}, with given p,” € P,
where F"* : P(T") - R U {+co} is the discrete counterpart of the energy F from (T.3)) defined as

p
(1.6) Fio= Y, (50 + X V..

zeTh z€Th

For the crowd motion case, we similarly define

2 V(2)p,. Z_fl < 1 for every z,
(1.7) Fo (") = zern
+00, otherwise.

We stress that we use the standard Wasserstein distance in the discrete scheme differently
from other works where the optimal transport model itself is modified in order to take care of the
discrete structure of the measures (see for instance [37]], where the distance is defined in connection
with a Markov chain on a graph).
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As we will explain better below, we introduce the fully discrete JKO scheme having applications for
numerical schemes in mind. In this sense, the crowd motion model is a particularly interesting case,
because becomes a linear optimization problem:

hrt _ pl hz h,t . 1% |x—y|2 dxd Pl <1 P2 _ T
P =Pev s 7 € argyepr(r}lhnxrh) // { (x) + T}y( xdy), P,y <1, Piy= pk}-
In the case of the drift-diffusion equation, is a nonlinear convex optimization problem. We
will also mention thoughout the paper how to consider the case of interaction potentials (correspond-
ing to a drift given by —VW = p, or to an energy functional including a term of the form / f Wi(x -
¥)dp(x)dp(y)), which is a small variant in terms of PDEs, but in terms of optimization it is less in-
teresting, as it could give raise to non-convex terms in the optimization problem. For this reason, the
interaction case is only mentioned as a remark and is not the main scope of our contribution.

The goal of this paper is to establish the convergence result for in the joint limit A, 7 — 0.
The relation between & and 7 plays a crucial role in the convergence. To see how this relation affects
the convergence, we consider a toy example with the movement driven only by an external potential.
Specifically, let the energy functional with V' € C1!(R?) be defined as:

(1.8) Frh =), V@)l
z€Th

In this case, the Dirac masses in the initial datum move independently of each other. Consider the
movement of 6, with x, € 7. In the continuous setting, it simply means that particles move along
the trajectories of the ODE x = —(VV)(x) with x(0) = x,. In the discrete setting, we look for a
position x; € 7" minimizing V' (x) + |x — x,|*>/27. Using x as a competitor for the minimizer, we
obtain
|x) = xol?

2t
Since the minimal distance that each particle has to travel is A, a necessary condition in order to observe
some movement is A/7 < 2[|VV||;,. We see that if asymptotically h/z > 2||[VV[|;,, then we cannot
expect convergence to the continuous solution, because every subsequent minimizer is equal to x,, and
the evolution is "frozen".

We will further see that, for convergence, we need an even stronger assumption /7 — 0, and
this assumption is sharp. If 2~ ~ 7, we cannot guarantee the convergence to the solution because the
discrete grid can introduce additional drift to the evolution. The example with the potential movement
is detailed in Section[3l

Strikingly enough, the condition A/7 — 0 is indeed also sufficient to prove the convergence when
the functional F also includes a term depending on the density, which means when the corresponding
PDE has diffusion terms. Our main results are thus the convergence statements for to the drift-
diffusion equation and the crowd motion model. Let {pZ’T} be the family of minimizers for

with 7" defined in (T.6)) and let p"** be the piecewise constant-in-time interpolation of {pZ’T }. Then the

Vixg) 2 V(x))+

curve p"* converges (up to a subsequence) as 4, 7, b/t — 0toacontinuous curve p € C([0,T], P(£2)),
which is a weak solution to (T.4). An analogous result holds for the crowd motion energy defined in
with the convergence to (I.5)). The precise statements of the main results are given in Section[2.3]
The strategy of the proof is based on the so-called Energy Dissipation Inequality, which characterizes
the solutions of the PDE as those curves satisfying a certain (sharp) inequality on the rate of dissipation
of the energy F. This inequality will be obtained by passing to the limit similar inequalities obtained
on the discrete problems thanks to the optimality conditions, and carefully mixing different forms of
interpolations. Indeed, a variational interpolation d la De Giorgi will be used to make a slope term
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appear (see Section[d]), and this interpolation will be composed of measures also supported on the grid,
but a gedoesic interpolation (in the sense of geodesic in the Wasserstein space on the whole space, not
only on the grid) will be used to handle a velocity term.

1.3. Related work. The JKO scheme has been actively employed to develop numerical schemes for
the evolution equations with the gradient structure. From the theoretical point of view, it has advan-
tages such as a variational formulation, providing gradient-structure preserving and stability properties.
The difficulty is finding an efficient approach to discretizing the Wasserstein distance. The existing
methods rely on various reformulations of the optimal transport problem, such as dynamical formu-
lation by Benamou-Brenier [6], entropic regularization [23], and semi-discrete formulation [33], |42].
We briefly review the results in the literature on numerical schemes based on the JKO scheme.

The idea of the Benamou-Brenier formulation is that the Wasserstein distance W, admits an alter-
native formulation

dj;

1
1.9 W2(u,v) = mi {l//
(1.9) 5 (4, v) = min AT

Here, to compute W,, one considers all absolutely continuous curves [0, 1] 3 ¢t — p, connecting y
and v and minimizes the corresponding integral of the velocity field v, = dj,/ dp,. Relying on this
formulation, they implement the augmented Lagrangian method in [7] and the successive primal-dual
method in [21] for the numerical approximation of (JKO). A disadvantage of this approach is that
solving the system of optimality conditions requires inner time stepping. As an alternative, which
avoids the sub-discretization, several works use the linearization of the Wasserstein distance [16), 36,
43]). The main idea is that the subsequent minimizers p; and p , of (TKO) are "close" to each other,

2

dp,dt, 0p+divi=0, py=p.p, = V}-

and it is reasonable to replace the W, distance with a suitable weighted H~! norm.

Another approach to computing the Wasserstein distance relies on modifying it with the entropic
regularization term because the regularized version can be computed efficiently with the Sinkhorn
algorithm [23]]. The entropic regularization is applied to the JKO scheme in [18], where the authors
prove the convergence of the regularized scheme in the joint limit 7, — 0 with /7 — 0, where € > 0
is the regularization parameter.

In [8]], the authors treat the JKO scheme as a variational problem on the space of convex functions
with the Monge-Ampere operator, for which they construct a discretization.

The crowd motion model corresponding to the constraint p < 1 has also been treated with numerical
methods inspired by the JKO scheme, often using variants of the same methods as for non-linear
diffusion (see, in particular, [7] or [18]). In the original works on the gradient flow interpretation of
this crowd motion model ([39, 40]]) a different specific approach was used in order to compute the
projection of a measure onto the set of admissible measures satisfying p < 1 (and the drift was treated
via a splitting method, i.e. first advecting the density ignoring the constraint, and then projecting). The
projection was approximated via a stochastic procedure reminiscent of Diffusion Limited Aggregation,
which was well efficient in practice but a convergence proof was out of reach.

Finally, we cite the works in [34] and [20], where both linear diffusion and crowd motion models are
addressed. In spirit this is very different from what we do, since it is based on a discretization in “space”
(replacing densities with moving particles) but not in time, while in our approach the starting point is
the JKO scheme, which is a discretization in time, which we complete with a space discretization. Yet,
a common point with our work is that they require a suitable extension of some energy functionals
(such as the Boltzmann entropy or the constraint on the density) to atomic measures. Here we see how
our work really chooses the simplest and most natural point of view: having a fixed grid allows us
without ambiguity to spread the mass of an atom over the cell around it, while when particles move
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this is more delicate. This is done via a Moreau-Yosida approximation of the functional in [34]] and
via convolution in [20].

1.4. Numerical challenges and applications. Even if this paper is not devoted to numerical compu-
tations, but only to the proof of convergence of the method, we would like to explain here the interest
of our approach for numerics. If the original JKO scheme is a way to approximate the solutions of a
parabolic PDEs via a sequence of variational problems, the fully discrete JKO scheme that we propose
is an effective way to approximate it via a sequence of finite-dimensional variational problems. In
the examples that we analyze in detail, these optimization problems are convex. The unknown in the
problems can be the new measure p; _, or the transport plan y between it and the previous one. If the

number of points in the space discretization is N = O(h~?), then the problem is set on a space RV
(with positivity and mass constraints) in the first case, in a space RV*N) in the second. On the other
hand, the function to be minimized is more explicit when expressed in terms of the transport plan as
it includes a linear part and a non-linear one depending on its projection onto the space RY. In the
particular case of the crowd motion model, the whole problem is linear in y and only subject to linear
equality or inequality constraints, hence it is a typical linear programming problem (LP). This LP prob-
lem (or the one appearing as a part of the problem when f is nonlinear) can be solved by the simplex
method, but this can be very slow, or better by the network simplex, which has been implemented in
a very efficient and fast way in [[10, [11]. However, since our main result states that one should choose
h/7 very small (because of the reverse CFL condition), the very large number of points in the space
discretization can be an obstacle in the practical implementation of the method.

Luckily, there exist at least two ways to decrease the complexity of the problem by reducing the
number of unknowns of the problem. The first one is a clever idea from [4]], which exploits the separa-
bility of the quadratic cost in terms of costs on each coordinate direction and transform this into an LP
problem with N I+1/d — O(p~(@+D) unknowns instead of N2 = O(h~2?). Note that this requires the
use of a regular grid for the discretization, which we do anyway because it is also needed in some of
our proofs. If some parts of the proofs could be adapted to other discretizations, some others are really
based on the crucial role played by the coordinate axis. We also mention the fact that this requirement
to choose a regular grid prevents us from easily considering local refinements of the mesh, which is
instead a very common feature of many efficient numerical approaches to solve parabolic PDEs.

The second improvement is based on the idea that, when 7 is small, the displacement between p,
and p, , will be small. If one can prove an L* bound on the displacement |x — y| in the support of
the optimal plan y, then y will be concentrated on a neighborhood of the diagonal and some points in
the product space can be removed from the unknown. If a bound of the form |x — y| < C7* can be
proven (ideally with @ = 1), the number of unknowns obtained thanks to [4] goes down to 7@ p=d+),
A very general method to prove this kind of L* bounds is contained in [12], and the proof therein can
be easily adapted to the case of a grid. This unfortunately provides an exponent a < 1 while, with
very different methods (PDE-based and difficult to adapt to the case of a grid), at least in the case of
linear diffusion, one can obtain @ = 1 (see [28]]). Notice however that in the crowd motion case the
bound with @ = 1 is false, as one can see from the sharp estimate obtained in [24]] where the velocity
is proven to belong to L* in space and time, and not better, while |x — y| < Cz would imply an L*®
bound on the velocity.

We also mention the fact that the discrete transport problem that we need to solve could also be
solved via the Sinkhorn algorithm based on entropic regularization, which would insert an extra param-
eter € to be handled. The recent result in [5]] explains how to use Sinkhorn without taking £/t — 0 if
one wants to approximate an equation already including linear diffusion. However, we do not consider
in this paper the combination of the two methods, i.e. Sinkhorn on a grid with a proof of convergence.
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All in all, the effective implementation of the approximation suggested in the present paper opens a
certain number of challenging questions both in terms of estimates and of complexity. The convergence
rate in terms of 4 and 7 should also be considered for a rigorous comparison to other methods. In this
comparison, this fully discrete JKO scheme is for sure a costly approach due to the smallness of the
parameter A, but it has the advantage of not suffering from instability or slower convergence in the
regions where the density is small, and it works in the same way for linear or nonlinear diffusion. It
is, of course, a bad choice to approximate the linear Fokker-Planck equation, but it can be competitive
for nonlinear equations.

Outline. The rest of the paper is organized as follows. In Section [2} we present the setting of the
problem in full detail, discuss the preliminaries, and formulate the main results. Section [3]is dedicated
to the toy example with pure potential energy, where we motivate the necessity of the assumption
h/t — 0. The convergence result for the fully discrete JKO scheme for the nonlinear drift-diffusion
equation is proven in Section 4] Finally, we adapt the proof of the convergence of the scheme to the
crowd motion case in Section [5] Note that the precise assumptions on the integrand f and on the
potential V' defining the energy F will only be given at the beginning of Section 4]

Acknowledgments. The authors acknowledge the support of the European Union via the ERC AdG
101054420 EYAWKAIJKOS.

2. SETTING OF THE PROBLEM AND STATEMENT OF THE MAIN RESULTS

2.1. Continuous models. In this section, we discuss two PDEs that we expect to obtain in the discrete-
to-continuum limit: the nonlinear drift-diffusion equation and the crowd motion model. In both cases,
we need the characterization of the weak solutions by the energy-dissipation inequality.

Let Q C R? be a bounded domain, either convex or with a smooth boundary.

2.1.1. Nonlinear diffusion equation. Consider the nonlinear diffusion equation with drift
2.1) 0,p +div(pV(f (p) +V)) =0, in (0,7) x Q
complemented with the non-flux boundary condition

0,L(p)+po,V =0 on 0Q,

where the function L is defined by L'(s) = sf"'(s) and v is the outer normal vector on dQ2. The free
energy functional for this equation is

2.2) F(p) = Jo F@dLd + [,V dp i p=uP?
+oo otherwise.

An essential tool for the convergence results is the characterization of solutions by the energy-
dissipation balance. We first define the Fisher information as follows.

Definition 2.1 (Fisher information). Let the energy be defined as in (2.2)). We defined the correspond-
ing Fisher information as the functional S : P(Q) — [0, +o0]:

23) Sy = 4 3 /IVE@+VUVV ALY if p= P and £w) € H'(Q),
| oo too otherwise,
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where Z : (0,00) — R is a function defined by #'(s) = \/Ef”(s) for s € (0, ). Note that this
definition is algebraically equivalent to % Jo IV(f'(w) + V)|*dp (which also equals % Ja |V%|2 dp),
but we prefer for the rest of our analysis to use quantities which are not weighted with p.

Example 2.2. As mentioned in the introduction, we use the Fokker-Planck and porous media equations
as running examples. For the Fokker-Planck equation, a simple calculation gives £’(s) = s~/ and
Z(s) = 2\/5. Thus, the Fisher information for p = uZ? is

S(p)=/|2v\/ﬂ+ Vuvv|?dz?
Q

For the porous media equation, where f(s) = s”/(m — 1) withm > 1 and V' = 0. In this case,
£'(s) = ms™3/2 and £(s) = ms’"‘l/z/(m — 1/2). The Fisher information for p = u.%? becomes

I’I’l2 / -1 2
S(p)= —— [ |V V2| az?.
0= a7 Jol 7

Proposition 2.3 (Characterization of solutions). Let a pair (p, v) satisfy the continuity equation
(2.4) 0,p + div(pv) =0 in(0,T)xQ
in the distributional sense with the no-flux boundary condition. Further, let (p, v) satisfy the EDI:

T
1
(2.5) F(pr) — F(py) + / {5 / v, |* dp, + S(p,)} dr <0.
0 Q
If the chain rule holds, i.e., for any curve satisfying (2.4)
d
6 $r00 = [V +v) v,

then p € C((0,T); P(Q)) is a distributional solution for 2.1) with v, = =V f'(p,) — VV.

The point of Proposition [2.3]is that the EDI characterizes the weak solution given that the chain
rule (2.6) holds. It can be quite technical to prove that the chain rule holds for an arbitrary f. The
proof of the chain rule can be based on [3, Theorem 10.4.8, Theorem 10.4.13], where f is assumed
to be a convex differentiable function with superlinear growth and to satisfy the McCann condition
[41]), i.e., the map s — f(s7¢)s¢ is convex and non increasing in (0, +o00), which yields the geodesic
convexity of the internal energy. For example, the Fokker-Planck and porous media equations satisfy
these assumptions.

Instead of the McCann condition, the chain rule can be proved assuming that the initial datum
is bounded from above and below by a positive constant [[1]. A relaxation of the McCann condition
appears in [15]], where f is decomposed, after some approximation, into the difference of two functions
satisfying the McCann condition, and a mild assumption on integrability of the initial datum is required.
In this paper, we do not go into detail about proving the chain rule. This indeed only concerns the limit
equation, and is actually quite standard for porous-medium-type equations. Hence, we will simply use
the EDI condition (2.5)) to characterize the solution of (2.1)).

2.1.2. Crowd motion model. Here we explain the macroscopic crowd motion model [39, 40] and
its formulation as a gradient flow in (P(2), W,) formalized using the JKO scheme and the energy-
dissipation balance.

Consider a crowd described by an absolutely continuous measure p = uZ? € P(Q). To account for
the hard constraint on the concentration of people, we introduce the congestion constraint requiring the
density u € L'(Q) to remain below 1. We assume the population wishes to move with the velocity w =
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—VV given by a potential V' € C!(R“). The gradient form of the velocity is the necessary assumption
for the model to have the gradient structure. The spontaneous velocity w is not always possible to
realize due to the congestion constraint. Thus, the actual velocity is defined as a L? projection of w on
the cone of admissible velocities C,. Intuitively, the cone C,, is the set of velocities that do not increase
the density u in the saturated region {u# = 1}. In the PDE terms, the time evolution of p is defined by
the advection equation with the projected velocity:

0,p +div(pv) =0

2.7) V= Projcpw.

The cone of admissible velocities is defined in duality with the pressure variable p, which plays the
role of the Lagrangian multiplier for the constraint u < 1. Thus, the set of density-dependent pressure
variables is
H!={pe H(Q): p>0andp(l —u)=0ae. inQ}
and then
C,:= {Ue LA RY) /Vp-vdp <0 Vpe H;}.
Q
The model has a gradient structure in (P(€2), W,) with the driving energy
Vudz? ifpzugdandusl,
%mm={@

(2.8) )
+00 otherwise.

One can define this gradient flow with the JKO scheme. As before, given an initial datum p, €
spt(Fcp) and a time step T > 0, we set up an iterative scheme

T . 1 2 T
(UKOZ,) P € arg min {Fou(p) + =Wi.)) .

Again, we use the energy-dissipation balance to characterize solutions. The Fisher information in
this case is defined as follows.

Definition 2.4. For a density-pressure pair (u, p), we define the Fisher information as

1 2 d 1
= I |Vp+VV|fudZ? ifpe H
2.9 S, p) = 2/9 u
2.9) cm(t. p) {+oo otherwise.

Proposition 2.5 (Characterization of solutions for crowd motion). Let a pair (p, v) satisfy the continu-
ity equation (2.4)) in the distributional sense with the no-flux boundary condition. Let the initial datum
po = uogd be such that Fy(pg) < o0 and p € L®([0,T]; H'(Q)) be the pressure variable such that
p(1 —u) = 0. Further, let (p, p, v) satisfy the EDI:

T
1
(2.10) Fen(pr) = Fen(po) + / {5 / 0,12 dp, + Sens(uy p,)} dr <0.
0 Q

then p € C((0,T); P(Q)) is a distributional solution for the crowd motion model with v, = —Vp,—VV.

Proof. Using that (p, v) satisfies the continuity equation, we directly get that

t
Q Q 0 JQ

To prove the chain rule, we need to show that

t
Fem(p) — Femlpo) = / /(VV +Vp,) - v, dp,,
0o Jo
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which means that we need to prove f Vp-vdp = 0. We proceed similarly as in [25, Proposition 4.7].
Fix a time 7, > 0 and an admissible pressure ¢ € H ul . Consider the function (t, — €,y +€) 3t

0
/Q qdp,. We have

/qdp,s/qdff" tE€ (ty— &ty + )
Q Q

and the equality is achieved when ¢ = ¢,,. If the map is differentiable at 7, then

=0,

t=t,

t
//Vps-usdpszo.
0 Jo

The subtlety with the differentiability is that for any ¢ € H'(Q) we have for almost every ¢

d
E/qupt=/QVfI'U;dﬂp

but it can happen that the derivative does not exist at ¢, for any g. Fortunately, we can show that the set
of times, for which the derivative on the left-hand side exists for every ¢ € H!(Q) has full measure.
By the continuity equation, this set of times can be chosen as all 7, € [0, T'] such that

d
— d
a@ Qq Pt

and it implies

tot+e
][ v, dt = v, u, - weakly in LY(Q).
fo

The latter convergence holds by the density argument and the bounds fOT fQ lv,|?dp,dt < oo and
ludlo < 1. O

2.2. Discretization. We define a discretization of Q as 7" = hZ? n Q for any h > 0. An arbitrary
probability measure on 7" has the form

o= ple,, > =1
zeTh zeTh
It will be convenient for some calculations to use a piecewise constant counterpart of p”. Instead of
assigning the mass pi‘ to one point z € 7", we assign pg to the cell Q,(z) = z+(—=h/2, h/2)¢ around
z with the uniform density. Precisely, we define
2.11) = ) Ao,

zeTh

The measure /" is absolutely continuous with respect to the Lebesque measure and has the density:
A h
dph p
~ho_ _ z _ h
T ) ha Lou@ = 2, 4o,y
ZETh z€Th

In the same way, we define the piecewise constant reconstruction for any bounded discrete function
fhe Bah:

2.12) = Mg )

zeTh

For any z € 7" (away from a boundary), the set of neighbors has 2d points of the form z + h with
h € {he,,—he,,...,he;,—he,} = d,. We denote by =" C T x T" the set of pairs of neighboring
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points, i.e., Th = {(z,¢) : |z —¢| = h}. The interface between two neighboring cells Q,(z) and

04(©), (2,0) € T, is I,(2,§) = 0, (2) N O (L).
We define the fully discrete JKO scheme as a counterpart for with the minimization restricted
to the atomic measures on the regular lattice 7”. We use the discrete energy functional defined as

h
(2.13) FhpM =) f<%>hd+ Y Vil

zeTh zeTh

Note that the discrete version of the internal energy can be obtained by inserting the piecewise constant
reconstruction 5" into the continuous internal energy

F(Ah)z/f<dﬁh )dgd: Z f<p_?>hd=7:~h( h)
7= Jo \azd h o

zeTh

Instead, for the potential energy, we can use the atomic measure to obtain the discrete energy. The
discrete energy for the crowd motion model takes the form

h
Y vt it =2
214) e PR T

: ze

+00 otherwise,

which is a natural counterpart for (2.8).

Definition 2.6. For a given 2 > O and ¢ > 0 of the formz = T/N for T > 0, N € N, and given
initial data p)} € P(T"), we define {pZ’T}k:L___,N as

n h . he hy o L g2 n ok
(IKO*?) s carg min {7 + W20 ) |

It will be convenient to use the notation
1
T3 0" = FhoM + =W (" o).
Py 2t

Remark 2.7 (Propagation of the L* bound). Throughout the paper, we do not require additional
assumptions on the initial data. Yet we add the remarks indicating where the proofs can be simplified
if we assume a uniform L* bound on {pg }1>0- In those remarks, we rely on the propagation of the L™
bound through iterations of the fully discrete JKO scheme. In particular, if we assume an L* bound
on the initial data, then we do not need for the nonlinear diffusion equation without drift. Here we
provide an argument for the propagation of the L* bound.

Consider F" given in (Z.13) with V = 0. Let M := max pg(z) and suppose that S := {z € T" :

4

p}l”(z) > M} is not empty. Then

2 AT @ > ISIM 2 Y ().

zES zES
Therefore, the mass has to be transported from outside S to inside .S. More precisely, there exists
(x,y) € spt(y), with y being the optimal coupling between p?’f and pg, such that x € S, y &€ S, and

Yxy > 0.

We construct a competitor as ﬁ?’r = p?’r = YxyOx F Yx)0,, together with a new transport plan

7 € P(Thx T") defined as 7 :== y + Yxyiyp) —

YxyO(x.y)- This plan is a coupling between ﬁi"f and pg,
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and using it we find
~h, h,
W2p. 57 < Wiph. o).
Furthermore, by convexity of f, we get
~h,t

e he PN (AN, (AT, (AN,
Fpy ) =Fp; )+ f Y h® - f Y h® + f i h® = f 1 h
h,t h,t
Py (%) Py ()
<Fh ") - f’( — )yxy+f’< — )yxy,
where we recall that p?’f(x) > M and p?’f(y) < M, thus, T‘h(ﬁ?’f) < T’h(p?’r). Hence J };’T(ﬁ?’f) <
Po

Jp};’f(p? ’") we obtain a contradiction with p’f " being a minimizer.
0

2.3. Main results. Before we get to the main results, we study a toy model in Section[3] We consider
evolution driven purely by a potential V, i.e., the energy functional is

%@=/VM
Q

This toy model is instructive because it illustrates the necessary relation between the time and space
discretization parameters 7 and A for passing to the joint limit. Already for the toy model as well as
the main results we need 2/t — 0.

The first main result is the convergence of for the nonlinear diffusion. We require different
assumptions on the energy density f depending on the presence or absence of the external potential
V. If V =0, then we assume the following.

Assumptions on the energy density. The energy density f : [0,+c0) — R satisfies the
following:

(f0) f is convex and C%((0, +0))

(f1) S has superlinear growth at infinity.

The superlinearity assumption is quite standard in this setting. Removing it would require to re-
define the functional F using the recession function f* (see, for intance, Chapter 7 in [44]). Moreover,
this assumption guarantees equiintegrability of the densities provided by the scheme, which is crucial
in some arguments throughout the paper. This requirement has been weakened in related papers, such
as in [3] (but the arguments there are quite technical) or in [[15] (but in such a paper equiintegrability is
obtained by propagating in time the integrability properties of the initial density; the method to prove
this strongly relied on displacement convexity and cannot be reproduced in our setting).

If the potential V is present, then, in addition to (fO) and (fT]), we need f to satisfy a sort of quan-
tifiable convexity assumption, which is made precise below.

Assumptions on the energy density. The energy density f : [0,+00) — R satisfies (f0),

(fT), and the following:

(i) f' is strictly increasing;

(ii) there exist C, > 0, 6 < 1+ 1/d, and 5y > 1 such that for any s > s, :
f(s)>Cps7?

(iii) V' € Lip(R9)

(V)
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Remark 2.8. For the energy densities f(s) = s™/(m — 1), m > 1 corresponding to the porous media
equation, (V) follows directly from (fI)) with & = 1. Yet, in general, there are examples of f such as
f(s) =52 /2 + sin(s), which is convex and superlinear at infinity, but does not satisty (V).

Theorem 2.9 (Main result for nonlinear diffusion). Assume (f0), (fI), and either V- = 0 or (fV). Let
{pZ’T Vet n be the family of (IKO™?)) minimizers as in Definition m with F defined in 2.13)). Let
the family of initial data {pg} n>0 be such that there exists py, € P(L) with finite energy F(py) < oo
such that

pg — po narrowlyash -0 and }lil% Fh(pg) = F(pg).

Then a suitable interpolation in time of { pZ’T }k=1....n converges as h,t,h/t — O uniformly in time
for the W, distance to an absolutely continuous curve [0,T] 2 t — p, € P(Q) such that p, is the
distributional solution of (2.)).

Remark 2.10. Another common example of driving energy is interaction energy that takes the form

Fy (p) = / (W s p)(x)p(dx)
Q
with the natural discrete counterpart

Frh= ) W=yl

X, yET hxTh

Assuming that the interaction potential W : R¢ — R is regular enough, i.e. symmetric, non-negative,
and W € Lip(R)nC LR \{0}), the proof of Theoremcan be adapted to deal with the sum of the
internal and interaction energy instead of the internal and potential energy. This means that (JKO"7))
approximates the solutions of the aggregation-diffusion equation.

We choose not to focus on the interaction energy in this paper, because the optimization problem
in becomes non-convex, which is less attractive from the numerical point of view presented
in Section[I.4] Nevertheless, the adaptation of the proofs for W  p instead of ' seems not to be too
difficult, and we comment on them in Remarks [4.10]and [4.19]

For the crowd motion model, we need a smoother potential.

Assumptions on the potential for the crowd motion model.
(V) V e C'(R?)

The main convergence result in this case is as follows.

Theorem 2.11 (Main result for crowd motion). Assume (pV). Ler { pZ’T} k=1....n be the family of

WKO" ) minimizers as in Deﬁnitionwith F" defined in (2.14). Let the family of initial data { pg }rso
be such that there exists py = uyL? € P(Q) with ||uy|| « < 1 such that

pg — py narrowlyas h - 0 and }lin(l) FCM(pg) = Feu(po)-

.....

for the W, distance to an absolutely continuous curve [0,T] 2 t — p, € P(Q) such that p, is the
distributional solution of [2.7).
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3. EVOLUTION DRIVEN BY A POTENTIAL

In this section, we consider the fully discrete JKO scheme (JKO’?)) with the potential energy
Fio" = Y, Vol
xeTh

We study this case as a toy example to understand the relation between discretization-in-space pa-
rameter A and time step parameter 7 that are needed to pass to the joint limit 4,7 — 0. We see in
Section that the condition 4/7 — 0 is a necessary condition for the convergence of to
hold. In Section|3.2, we show the convergence of for the potential energy with V€ CL1(RY).

3.1. Relation between 7 and z. We observe that the one step of (JKO"7)) can be rewritten as a linear
programming problem:

. h, . 1 .
n;}qn Jpgf(ph) = n;}ln { Z V(x)pﬁ + 7 min { Z |x — Y|2}’,?y}}

h oh
xeTh T releg.r") x,yeT hxTh
. 1
= min Z (V(x)+ —|x—y|2>y£’y .
Vh’P]#}’h:Ph h h 27
0 x,yET hxT

With this simple energy, one can consider the movement of each Dirac mass p(’)’ (x)8,(,) independently
of the others. Thus, to find the minimizer of J },’f it is enough to solve for all x; € spt(pg):
Py

. . 1
Min-T7, {V + —|x = x,? }
(Min-7;,) min V() + 5-|x = x|
Here, we can make the first observation about the relation between A and 7. If x; is the minimizer
of (Min-7)), then
1
Vix)+ 2—|x1 — x| < V(xy).
T
A simple rewriting gives
Vixg) = V(xy)

1
—x; —xp| <
|x) — x|

< Lip(V).
> < Lip(V)

Since the distance between two different points in 77 is at least &, then a necessary condition for x; to
be different from x is

(3.1) b < aLipory.
T

Consequently, if (3.1]) does not hold, then the evolution is frozen.
To get error estimates, we compare the minimization problem constrained to the discrete
set 7" with its counterpart without the constraint:
o . 1 5
(Min-R%) min § V(x)+ —|x — xg|" ;.
XER? 2T
We begin with even simpler example of the linear potential.

Example 3.1 (Linear potential). Let V' (x) = —v-x with some constant velocity v € R?. The minimizer

. d . _ h . . . v
of (Min-RY) is clearly x; = x, + zv. Let x | be the minimizer of (Min-7,). Note that

1 1 2 2 T
—U-x+—|x—x0|2=—<|x—(x0+'w) —|x0+rU|2+x§>= x—(xO+TU)' —U.xo——lvlz,
2T 27 2

1
>l
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therefore

2

x € arg min { —-v-x+ —|x—x0|2} = arg min {|x—(x0+fu)| }
x€Th 27 xeTh

This implies that xq’ = Proj;»(x;) and |x; — x1 < \/d_ h/2 for all x € R?. Furthermore, since the

velocity does not depend on x, exactly the same error occurs at every iteration

h h
|x, — x| = klx; — x]| k € N.

We then obtain |x; — xi’l ~ h (except for some particular combinations of v and h). Thus, for t = kz,

we have
|x —xﬂ
|=t——— ~ t—.
T T

Therefore, i/t — 0 is a necessary condition for the error to vanish as 4,7 — 0.

Example shows that the assumption 4/7 — 0 is necessary for the convergence of (JKO™?) to
the expected limiting minimizer. We assume /4/7 — 0 in all the subsequent convergence results.

|x, — x

3.2. Convergence of the fully discrete JKO with potential. Let V be an arbitrary C!-! (R?) potential.
Denote by x; the minimizer of (Min-R“). One can rewrite (Min-7,) in the following way using the
optimality condition x; = x5 — 7VV(x;):

1 1 1 1
V(x)+ Z(x —x)? = 2—T|x —x P+ V() + 2—T|x —xol* - 2—T|x —Xo +TVV (x))|?
= 2i|x - X |2 + V(x) — x - VV(x,) + (terms independent of x)
T

- %Ix —x [+ V(x) = V(x)) = (x — x;) - VV(x,) + (independent of x).

Therefore, (Min-7,) is equivalent to
min {—lx —x P4V () = V(x) = (x—x;) - VV(xl)}.

xe€Th

We see the later formulation to have two parts: the distance to the minimizer of (Min-R¢) x; and the
part depending on the potential V. Since V' € C1!(R?), it holds that

1
V)=V = e =) WV Gl = | [ (9G4 de =) = WV 1) dd- = 1)

|VV|Lip
-2
where | - |, is the Lipshitz constant of VV'.
We use two proximal operators defined as
Prox™*(z) := arg min {V(x) + lx 2P
4 xeTh

2
[x — x|

|x — z|?
} and  Proxj,(z) = arg mm {V(x) + },
2T

and consider the corresponding sequences of minimizers. leen an arbltrary xo € R4, we denote by

{xZ Ye=1..NCT " the sequence of the minimizers defined as x P Prox (x pandby {x; }

R the sequence of the minimizers defined as x; := Proxj, (x;_;).

.....

Lemma 3.2. Consider the time interval [0, T] with T = Nt for some N € N. Then the error estimate
between the two sequences reads as

h
Xy = x| S CT, VW ILip) —
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Proof. The difference between x”

wip and x; 1 can be decomposed into two parts:

h ht, h h h
X1 = Xk | < |ProxVT(xk) — Proxj, (x;)| + [Prox}, (x;) — Proxj,(x;)|.

The first term is the local error between minimization over R and minimizing over 7" with the same
initial point xZ. The second term is the difference of minimizing over R for two different initial points
xZ and x,.

To estimate the first type of error |Proxg’f(x0) - Proxf,(xo)| for an arbitrary x, € R?, we use as a
competitor a projection of x; on 7" denoted by X, (|x; — %,| < h):

21—T(x’11 —x)P+ VD = V(x) = P =x) - VP (x))

1 & = x)?+V(E) = V(x) =& —x) - VV(x)).

< —
2t

Rearranging the terms gives
G —x)P <R +20(V(E) -V = (%) = xI) - VV(x)))

1
=h’+ 2f/0 (VV (! + A% = x) = VV(x))) dA - (%) — xP)

1
<H+ 27/ 9V Iyl = D) = ) 4G, = x| dA |5, — x|
0

2
<h* +7|VV ], (Ix; — x}| + h)
Expanding the square, we obtain
(1= |VVLpDlxt = x> = 2| VV | rhlx) = x| < (1 + |VV | ,0)R?

Let 7 > O be such that 7 < (2|VV|Lip)‘1, then

IVV | ,Th \? 2
1 - |VV|LipT (1 - |VV|LipT)
and we get
h 1+ |VV|LipT
|x] — x| < h <1 +4|VV],)h,

1- IVVlLipT

where we use the simple inequality (1 + x)/(1 — x) < 1 + 4x that holds for any x € [0, 1/2]. Thus,
for small enough 7, the error introduced by the grid is bounded as

|Prox/"* (xg) — Prox},(xo)| < (1 +4|VV |, 0h=re,,  Vx, € R

To estimate the second part of the error, precisely, |Prox;, (xi’) —Proxj, (x;)|, we write the optimality
conditions:

22820 forx, = Proxt
VV(x,) + " = or x, = Proxj,(x;)

h
X

Y _ T h
VV(»n) + =0 for y, = Proxj, (x)).
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Subtracting the second equation from the first one and multiplying the difference with x’g — ¥, We get

h
XZ—y2+X1—X1

(X3 = y2) - (VV(xz) - VV()’z)) + (X, — ) - . =0.
We rearrange the terms as
(1= VV |LipDlxs = yol < Iy = x].
A similar estimate can be obtained for any time step k + 1:
(A= IVV DXkt = Vil S Ixge = X1,
where y,,; = Proxj, (xZ). Then the total error at time step k + 1 is bounded as
1
h h h
|xk+1 - xk+1| < |xk+l - yk+1| + |yk+1 - xk+1| < 1— |VV|LipT|Xk - xkl Ten:
k k k+1
1 _ A +2|VV o) =1
<e —— <e (1+2|VV|,,7) <e
e ;‘) A= VVIpry = Z() Lip hr 2|VV |t

1 2AVV |y T
S eh‘r—e | |L1p s
' |VV|LipT

where we use that T' = k. Recalling the estimate for e, ,, we finally obtain

AV, h

h
X1 = X | £ =57
ket IVVILip T

for < 2IVV )"

4. NONLINEAR DIFFUSION

In this section, we consider the fully discrete JKO scheme (JKO’?) for the energy functional of the
form

h
@ Pl = Y f(%)hd+ > Voot

xeTh xeTh

with f satisfying (f0), (fT), and either V' = 0 or (V). The goal is to prove the convergence of (JKO"7)
stated in Theorem 2.9

To explain the strategy that we will use to prove Theorem [2.9] we first recall the idea of the con-
vergence proof for the standard JKO scheme and then indicate the adaptations required for the fully
discrete case. The approach we have in mind relies on the variational (De Giorgi) interpolation, ex-
plained, for instance in [3, Chapter 3]. Given the minimizers {p; } of (@KO), the idea is to prove the
inequality

(4.2) Fpp ) —Flop) + <0,

2 20T AT
W3 oy pp, ) N /1 w; (pk,p,)d
27 0 27r?

where p; is the variational interpolant between p; and pz e Combining (.2)) with the lower bound on
the Wasserstein distance by the slope of the energy [3, Lemma 3.1.1]

1
(4.3) WW;@;,,};) > |0F"|%(p),
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one gets
2
W (pps Prsy)
2T

Summing up (4.4) for all discrete time steps gives

N-1 WZ(p ,
(4.5) F(ply) — Fpg) + Z .

(4.4) Flop) —Flop) + +3 / |0F" |*(p]) dr < 0.

T N-1

o’
% P / 3 107 P dr <0,
k=0

which is a discrete analog of EDI characterizing the solution of (2.1)) (see Proposition [2.3|for the char-
acterization by EDI). It remains to use an appropriate interpolation in time to obtain a sharp inequality
which is convenient to pass to the limit to recover (2.5)) (for more detail, we refer to [3]]).

A challenging step in the fully discrete settings is to obtain a suitable replacement for (4.3]). The
definition of the local slope used in [3, Lemma 3.1.1] is unsuitable for passing to the discrete-to-
continuum limit. Furthermore, we know from the consideration in Section [3]that the relation between
the discretization parameters 4 and = plays a significant role in the convergence. Therefore, we expect
the discrete counterpart for (4.3)) to depend on the ratio 2 /7 explicitly.

We realize the following strategy to prove Theorem[2.9;

(1) We begin Section 4.1] by introducing the variational interpolation for the fully discrete JKO
and obtaining an inequality resembling (4.2).

(2) We establish the crucial lower bound on the Wasserstein distance by the discrete Fisher in-
formation in Lemma [4.4] (for nonlinear diffusion without an external potential) and in Corol-
lary [4.7) (with the potential). These inequalities provide the replacement for (4.3).

(3) We conclude Sectiond.T|by showing the discrete-in-time-and-space version of EDI analogous
to (4.5) (Lemmaf4.12)). This formulation of EDI provides the base to pass to the limit 2,7 — 0.

(4) Sectionf4.2]is devoted to the required compactness results and the convergence result is wrapped

up in Section[4.3]
4.1. Interpolations and corresponding inequalities.

Definition 4.1 (Variational interpolation). The variational interpolation 5" for a sequence { pZ’T }ken
is defined for t = (k + s)z withany k € 1, ..., N and any s € (0, 1] as

1
~h, he h 2. h _h
(4.6) Pige = are min L")+ 520" ) |

The standard way to get the inequality of the type (4.2) using the variational interpolation translates
into the discrete setting without changes. We briefly present here the argument for completeness.
Consider a function G, : [0,1] — R defined as

== min { F(" + 3 W2 ot }
Ge)s=  min (") " o)
The function G, has the following properties:

(i) G (0F) = T’(p “Yand G (1) = F(pkH) Wz(pk+1,pk ), where pZ’:l is the minimizer for

(KO);

(i1) Gy is decreasing and, thus, differentiable almost everywhere;

(ii1) Qk(s) 1 2(~( hts)e? pk ") if s € (0, 1] is a point of differentiablility.
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Since G, is decreasing, we have

1
/ G (s)ds = G (1) — G(0T),
0

therefore,

1
1 ~
@ Flor) - Floy >+—W2(pk+1, P+ /0 T W B ) A5 S0,

Lemma 4.2 (Optimality condition). An optimal measure ﬁ?l;:—s)'r in @.6) satisfies

~h,t
' p(k+s)r (x)
f i

h,t
¢ (x):() forallx e T",

>+V(x)+

where @™ is a Kantorovich potential corresponding to the optimal transport plan from ﬁg;:s)r to pZ’T.
Proof. We use the notation
h, h, h,
ThTEm = Fr e + WM, WM = =wWE", ol
Py Py Py
and the proof relies on the following dual formulation of the Wasserstein distance

@8 WXlph=  sup Y S @A+ Y v er») et e uh <cl,

PheLl(ph) wheLll(ph) © xeTh yeTh
with the cost function c(x, y) = & Slx = y|%.

We consider J asa functlonal on L®(Th). Given pO e P(T"), the functional j equals +o0
0

on L°°(Th)\P(T h) which one can show using (4.8)) (or see [44} Proposition 7.17] for details).
Let p" ! be a minimizer of Jp},if thatis 0 € 0J ZT(pi’). We claim that
0

0T (#) = OF (o)) + OWLT (o).

To show this we use, for example, [17, Theorem 3.11], Where the requirement is that there exists a

point v € dom(F") N dom(W"") such that " is continuous in v*. We choose v" to be the uniform
Py

normalized vector, i.e. v(x) = 1/|7"| for all x € T". Indeed both 7" and W:,;T are finite in v/ and
0
F" is continuous on L®(Th).
By [44) Proposition 7.17], the subdifferential of WZ( pO) coincides with the set of Kantorovich
potentials:

h
0W:,;T(p?) = { (’07, for the Kantorovich potentials (ph from pi’ to pg }
0

For p € P(T™"), it holds that
() v} =orap
hd g
Thus, if 0 € 0 h, T(pl) then we obtain the asserted optimality condmon 2 + 1! < > +V =0 for
p

some Kantorovich potentials @™ from p1 to po. ]
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We first consider the case where the driving energy is given by the internal energy without the
external potential
ot
he by _ Fx\pa
4.9) Ph(phy = Zf(hd>h.
xeTh

We define a discrete counterpart for the Fisher information from Definition[2.1]

Definition 4.3. Let 7" be given as in (#.9). We define the discrete Fisher information S" : P(T") —
[0, 400) corresponding to F" as

h hy|2
h, h _1 |f(ux+h)_f(ux)| d h_ph
PR Y il L

xeT " hed,
where £ is exactly the same as in Definition[2.1]

Lemma 4.4. Consider F" defined in #.9) and assume (f0). Let pg € P(T") be given and p"* be a

minimizer of one step of JKO™). Then the following lower bound on the Wasserstein distance with
the discrete Fisher information holds

dh

1 2¢ ht _h h hy ht
4.10 —W-. ToH>11—-— )S"p*") — —.

272

Proof. Let y»* be an optimal coupling between the measures p/»* and pg and (@"7, y"7) be the cor-
responding Kantorovich potentials. Let (x, y) € spt(y"7), then

. . |x — y|?
(4.11) ") +yT(y) = —
For any h € dj, we have
h- 2
@.12) ¢ (x )+ () < %

Subtracting (.11 from #.12) and factorizing the difference of squares we obtain
"7 (x +h) — "7 (x) <h - (x - y+h/2).
For what comes later, it is convenient to rearrange the terms as

h _ " (x+h) —¢"(x) h
(4.13) (=332 ) -2

If (x —y) - h >0, it follows that

h 2
. h,T . . o .
Choosing @™* so that we can apply the optimality condition from Lemma we get

@™ (x +h) - "7 (x) = T<f W~ f ’(“th)>’

" (x +h) — "7 (x)) "
(4.14) jc=n- 2| . | ) &

and it follows that

10,0t 1o, ht +
wo (FEn-ra) o,
(4.15) (x—y)-ﬁ| > - -
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To deduce an inequality for square values from (@.13), we use that for any a, b > O such thata > b—¢
for some & > 0, it holds that a* > (1 — £)b* — € (see Lemma. below for the proof). Therefore, we
obtain

—y)-hP £l = e )\
(4.16) %z(l 2T><( - +“)>—%, if(x—y)-h>0.

In the other case, when (x — y) - h < 0, it means that (x — y) - (=h) > 0 and

h,t —h) - h,t +
(x—y)'_?hz((p nhe ©)

Following similar steps as for (x — y) - h > 0, we obtain counterparts of (4.14), (4.15), and (@.16) for
(x —y) - h < 0. Eventually, we get

(x=y)-hP* (1 — ﬁ) (/@) = i)
h272 - 2T h

(ST

4.17) > —i, if(x—y)-h<O0.
2t

Summing (4.16)) and over h € d,, the left-hand side becomes

— ) - h|? d
(4.18) > M=22|(x—y)-e,-|2=2|x—yl2
i=1

2
hed,, h

and, consequently,

T 2
x—y2 _ 1/, h (S = @) an
2 Zz<1‘a)2< 7 a

hed,,

Now we aim to use the estimate from the previous line to estimate the Wasserstein distance:
L 2 h 2 h
=W o)== D, =y ).
2t 21'
(X, y)ET hxTh

Therefore,

f(u’”)—f(ux’ )"
iz i(-4) o B (S g

xeTh hed,,

One can see the double sum over 7" and d,, as a sum over edges of the grid, where each edge is counted
twice: as (x, x + h) and (x + h, x). Hence the contribution to the sum of an undirected edge (x, x + h)

is
wof F@D = @) () = @)Y
px h +px+h h

Since we assumed that f” is a monotonically increasing function, it means that the contribution of one
edge equals to

(/@) = f1al))’
h2

(4.19) max (p"7, px+h)
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and the lower bound on the sum can be rewritten as

(f'@whe) - f(uhfh)) ? |f(u’”) )|
E E o = E max( uy d.
h2
(x,y)ezh

xeTh hed,,

Here we want to switch from dependence on f’ to £, where ¢ is defined up to an additive constant
by the relation £’(s) = \/E f"(s). This change will be a discrete analog of the equality

IV = 1Vsf"(5)Vs|? = |VE(s) %,

which is commonly used for different representations of the Fisher information. We assert that the
following inequality holds true

(4.20) max(a, b)(f'(b) — f'(a@)? = (£(b) — £(a))*  forall a,b > 0.

We can assume w.l.0.g. the inequaliy b > a: then, taking into account convexity of f, we get

b b
Vmax(a, b)(f'(b) - f'(@) = \/Z/ f(s)ds 2 / Vst (s)ds = £(b) - £(a).

Since both sides of the inequality are positive, we conclude

max(a, b)(f'(b) = f'(@))* = (£(b) - £(a))’

and we proved (@.20).
Applying (4.20) yields
2 2
[l W) — £l
max (a7, u’"7) > ~ L h? > Z | d -
y h2 h2
(x.y)exh (x,y)exh

Summarizing the result, we obtain

) - )|

1
ﬁWZ(ph > = ( 2%) (x’y)zey = - % O
Lemma 4.5. Let a,b > 0 be such that a > b — € for some € > 0, then a*>> (1 —e)b? —«¢.
Proof. If b > ¢, then rearranging the terms gives
a*>(b-e =(1—e)b*+eb* —2eb+e*=(1—e)b* —e+e” +e(b— 1)
and the asserted inequality follows by dropping the positive term £2 + (b — 1)2.
In the other case, if b € [0, €], then
(- —e<(l—g)?—e= —6[(5 —1/2)° + 3/4] <0
and, trivialy, a> > 0> 1 —&. O

We now consider what changes if the driving energy is given by the internal energy plus an external
potential energy as in (4.1)). In this case, we define the discrete Fisher information as follows.
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Definition 4.6. The discrete Fisher information SI’} : P(T") - [0, +o0) corresponding to " defined

in @.1) is given by
2
oy _ gy / h_yh -
st h)_l Z Z |f(ux+h) £(uy) + /max@?,u’ H(V (x +h) - V(X)) y uh_/’_h
Vv p - 4 h2 ’ - hd’
xeT " hed,

where £ is exactly the same as in Definition [2.1]

Corollary 4.7. Let the energy F" be given by (@) with the potential V € Lip(Q) and let f satisfy

(fO) and (EV). Then, in the setting of Lemma we have
L w2 ne h\cng nr hey_ dh
(4.21) FWZ (P, py) 2 (1 _Z>SV('0 ) —eplp )_E'

with the Fisher information S, given in Definition and the additional error term ey, is such that
h—0

0 < e, (p")— 0.

Proof. Notationwise, we omit the superscript A, 7 in the proof and we distinguish the measure p and

its density u, = p,/h? forx € T".

The proof follows the similar steps as in the proof of Lemma[4.4] The main modification comes from
the point that (4.19)) does not have to hold anymore. The reason is that we cannot use the monotonicity
of f’ directly because the potential V' can destroy the monotonicity property. Indeed, if we have a
potential ¥, the contribution from one undirected edge (x, y) € =" becomes

[(f' () = [ ) + V(x) = V) [(f' () = [ ) + V() = V)
Uy +u .
h? Y h?
Taking into account also the strict monotonicity of f’, meaning that f’ (uy) = f '(u,) = 0if and only if
u, = u,, we can rewrite the contribution of an undirected edge as

(f () = £ ) + V() = V(»)
h2 { (P11 ) HV =V )~ ()20}
(f () = ') + V() = V()
h2 { (@)1 )tV =V N )= )<0 )
We define the set of edges that violate the monotonicity property as
(4.22) = {0 e (1w = f1w) + V) =V (f' ) - f'w,)) <0}
Summing up over all the edges and rearranging the terms give

' et _ 2
2 rmx(uwuy)(f (u)—f (ux+1;l)2+ Vx)-V©) 4

(x,y)ezh

¥

max(uy, u,

+ min(u,, uy,)

(f'(uy) = [ ) + V() = V() B
n2

+ Z < min(u,, u,) — max(u,, uy)>
(e,

= S"(p") — e (w).

The error term is

(') = f'w) +V(x) = V(»)*
e,(u) = 2 luy —uy| th he.

h
(x€EXy ),
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We take a closer look at the set Z’fl v I f'w) = f'(wy) > 0and f'(u,) — f'(u,) + V(x) = V(y) <0,
then

0< f'(u)~ f'(uy) <V(y) - V(x) < Lip(V)h.

h

7> We can conclude that

Consequently, for any (x,y) €

(4.23) | f'(uy) = f(u,)| < Lip(V)h
(4.24) If/ () = f'(u,) +V(x) = V(y)| < 2Lip(V)h,
Therefore, the error term is bounded as
ep(u) 2Lip(V) D' Ju, —u,lh”.
(x,y)EZ?_V
Since £’ is strictly monotone, it has a well-defined inverse g := (f’)~! and we can write
()

=1 = e - s wp] = | [ g

We note that f has to be defined only on [0, c0) and we extend it by +oc0 on (—0,0), then the
Legendre dual f* satisfies the relation

(4.25) F(s) = {g(S) for s > f'(0),

0 otherwise.

We note that f”/(0) can equal —oco, which means that (f*)" and g coincide on the whole real line.
First we consider the case min(u,, u;) < s,. We claim that in this case max(u,, u,) < sp+1. Suppose
the opposite, then by monotonicity of f/ we have
Lip(V)h 2 | f'(uy) = f'w)l 2 f'(so+ 1) = f(s) = [ (59 + 4y,
with some 4, € (0, 1). Employing ([fV) again, we obtain

1

Lip(W)h > f'(sp+ A, ) > ————,
PV 2 /7 (50 SO)‘cf(so+1)9

which cannot hold for small enough 4, thus we have a contradiction and |u, —u | < 1. Therefore,

h d d
Sp = Z |ty —uylh ]]'{min(ux,uy)<50}('x’ y) < Z luy —uy| h ]l{max(“xv"y)ssoﬂ (X, ).
(xpezh, (xy)EZ]

Since (f*)" is continuously differentiable and monotone on [f’(0), f/(sy + 1)], we set L, :=
. ) .
Lip((f )I[f’(O),f’(s0+1)]> and we obtain

St Y I ) = Y DAL sy 05 9)

(xy)exy,

< D Lol @) = £ @)DA L axuagy<syr 1) (X5 V)
(xy)exy,

< LoLip(V)h4d|Q| = o(1)|5_0-



CONVERGENCE OF THE FULLY DISCRETE JKO SCHEME 25

If min(u,,u,) > s, then min (f’(ux), f’(uy)) > f'(s9) > —oo and by the mean value theorem there
exists s, € [f'(u,), f'(u,)] such that

()
/ (f9"(s)ds
Sy

Since f and f* are convex conjugates and twice continuously differentiable on the corresponding
domains, they satisfy the relation

'(f () =

= (") 1f ) = £yl

iy —uy| =

1
m for o > 0.
For any s, € [f'(u,), f'(u,)] there exists o, € [u,,u,] such that f'(c

1 .
| = ——— |f'(w) — f'(u)| < C; max(u,,u,)’Lip(V)h,
y |f”(6xy)| y S y p

where we used (fV)) to estimate f”. We notice that max u, < 1/h9, therefore,
x€T

xp) = Syy» thus

lu, —u

u, +u,
hd6—1) = pde-1)

max(u,, u,)’ < max(u,, u,)
Combining the estimates for (x, y) € Z?y such that min(u,,u,) > 5o, we get
h d
S2 = Z luy, — uylh ]]-{min(ux,uy)ZS()}(x’ y)
(e,
. e +uy,
< Clep(V)h Z 1) h ﬂ{min(ux,uy)Zp}(x’ ¥)
(xyexy,

< 2CLip(N)n' =070 = o(1)]

where we take into account the assumption 1 — d(6 — 1) > 0 coming from (fV]). This concludes the
proof because we got

ep(u) <SP+ S = o(1)],_0-
O

Remark 4.8. The linear Fokker-Planck case is easier to handle than the approach in the proof of
Corollary Indeed, the main point in the proof is the following: for two nearby points x and y
in the grid, we assume f’(u,) + V(x) > f'(u,) + V() and we need to bound from below u, with
max{u,,u,}. If u, > u, there is nothing to prove, otherwise the computations of Corollaryexactly
aim at obtaining a similar bound up to an error term. In the case where f’(s) = log s, then we simply
obtain u, > uye‘LiP(V)h, which allows to obtain the result up to a multiplicative factor which tends to
1 as h — 0. Unfortunately, the computations are less explicit when we lose the logarithmic structure
of the Fokker-Planck equation.

Remark 4.9. It might be possible to modify Lemma[4.4]for a more general finite-volume tessellation.
Let x and z be generating points of the finite-volume cells K, and K, and h,, := z — x. We also use
a common assumption that z — x is orthogonal to the interface f,, := Fx N Z If we can define the
transition kernel as k,, in such a way that becomes

Z |(x_y)'hzx|2
KZ.X—

= |X - ylz’
lh,,|?

zZ~X
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then the conclusion should follow.

Remark 4.10. As mentioned in Remark the proof of Corollary [4.7) can be adapted to deal with
the interaction potential W instead of the external potential V. For this purpose, one needs to replace
V (x) with the discrete convolution ) serh Wix— z)pi‘ in the definition of the Fisher information and,
consequently, in the proof. The main point, why the proof works similarly for the interaction potential,
is to notice that

Y (Wx+h-z)-W(x—-2)p"

zeTh

<Lip(W)h ). pl' = Lip(W)h.

zeTh

We are now in a good position to return to the inequality (4.7) and turn it into a form suitable for
passing to the limit 2 — 0. For this purpose, we need another type of interpolation in time, namely
piecewise geodesic interpolation.

Let a sequence { pZ’T }k=1... N be the sequence of WKO™7)) minimizers as in Definition Since

P,(Q) is a geodesic space, all pairs (pZ’T, pil), k =0,...,N — 1 can be connected by a (possibly
not unique) geodesic [0,1] © ¢ — ﬁZ’T(t). Then there exists a Borel time-dependent vector field

O, H)>t- bZ’T(t) € Lz(pZ’T(t); R?) such that the continuity equation
<, - oshT
0,5, " +div(p"0,) =0
holds in the sense of distributions. These considerations allow us to introduce piecewise geodesic

interpolation.

Definition 4.11 (Piecewise geodesic interpolation). The piecewise geodesic interpolation is a curve

[0,T]>tH ﬁf” defined as

Yh,T T t_k
AT () re ke o),

where pZ’T(t) is a geodesic connecting pZ’T to pil. Moreover, we denote by 7 the velocity field
defined as

o = UZ’T(I - ’”) t € (kz, (k + 1)7).
T

To bring in the integration in time, we will also make use of the following measure
N-1

h
(4.26) AW = 3 Lo (1= 5
k=0

T )7

defined for an arbitrary € € (0, 1).

Lemma 4.12. Let h > 0, = > 0, and pg € P(Th) be given. Let also { pZ’T} « be the sequence of

UKO™?) minimizers from Definition Then for any € € (0, 1), the following variational inequality
holds
T

T
1 . s dT h
0> Pl = F (ol + 3 / ||uj“||iz e dr / Sh(ar) AN (d) + == log € + 0(1),_p-
0 B 0 4 T

Proof. A slight modification of the proof of Lemma .4 with zs instead of = shows that for the varia-
tional interpolant ﬁi’l’r defined in Definition H we have

2 ~ht _h n\ oh/xhey  dh
4.27) Y Wb py) = <1 - E)%(P” ) — 175 + o(D)|;-0-
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Multiplying the latter inequality by 7 and integrating over s, we get

1 1
1 “hot r h - dh
%/ _uzzz(pzéﬂ)r,pg Yds > 1/ <1 - 2—>5h( (k+s)f) ds + T loge + 7(1 — €)o(1)|,_0
& &

7252

for an arbitrary € € (0, 1). Then we obtain from (4.7)
1
h h 2 h B~
02 P = PO + Wi e [ (1= S ) shaat, s
+ d4—h loge + 7(1 — €)o(1)|,_0-
Rescaling the time as

[ (1= st o [ (1= st s

T

and summing up from k = 0to N — 1, we obtain that

0> PRl - (Po)+ Z W2(pk+1’pk )+/ ( ) 2 Sh(k’“

+ ﬂﬁ log e + o(1)|;,_0-
4 7

To switch to the time integral from O to T in the term with the Fisher information, we use the
measure A" defined in (@26):

- N-1
h ~h,7 _ 1,7 T
/ (1-3) 2, S0 = / P @,

£

. T vN-1 15,2
Now we need to rewrite the term 3 hIPA = =W ( Pis 1, pk ) in an integral form. For this purpose,

we will employ the piecewise geodesic 1nterpolat10n Fort € (kz,(k + 1)7), we have

vh,T _ 1 h,t h,t
” ”LZ(p"th*T) - ;I/I/Z(pk_'_l’ pk )9

therefore, with the appropriate time rescaling, we obtain

TNl h,t (et h'r h'r h,t (2 h'r
(¥ dva -85 [ [vtvaa-t [ v

And the asserted variational inequahty holds. ([l

4.2. Compactness results. We begin the lemma on the convergence of the discrete curves to the limit
continuous curve. This step is standard for proving the convergence of various versions of the JKO
schemes with the strategy explained, for instance, in [44}, Section 8.3].

Lemma 4.13. The curves p"* and p™* defined in Deﬁnilionsand respectively, converge up
to a subsequence to the same limit curve p € C([0,T]; P(Q)) as h,t — 0 uniformly in time for the
W, distance.

Proof. Using pZ’T as a competitor for one step of KO"7)), we have

Fh(prT) + = W%pk L) S FR(oED).
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Summing up the inequalities for k =0, ..., N — 1 gives
N-1 WZ(phT i ) N-1
k> R
Y < Y (FMo)-FrG)) = Fhop)~F (B < sup ' (pg)= inf F(p) = Cr.
k=0 k=0

We can use the latter inequality to bound the norm of the velocity 7

T

h, 1 h,

/0 N R R O T
k=0

Denoting by jfl’f the corresponding flux ]f’ T = ﬁlh’f ﬁth’T, we also obtain

T 12
vhf vh,T vh, T2
[ vriea= [ g < VT ([0, o) < VET,

Thus, the family {j*7}, .. is weakly-* compact in M([0, T] X Q; R¥). Since ("7, j"7) satisfies the
continuity equation, ¢ — ﬁf” is an absolutely continuous curve satisfying for s < ¢

t t
Jh «h, “h, “h.
WA < [ 1 [ dr

1/2
< t_s</ ||VhT||L2(vhf > < ACr(t—5).

Notice that the estimates above hold for an arbitrary A > 0, so we can choose h,7 — 0. Therefore,
we can apply the Ascoli—-Arzel4 theorem, and there exists a (not relabeled) subsequence {57} and
a limit curve p € C([0, T']; P(£2)), such that

ﬁf’ T > op, uniformly for the W, distance.

Furthermore, the curves 57 and p/* convergence to the same curve p,. We use that the curves p™*
and "7 coincide at t = k7 forall k = 0, . — 1. Fort € ((k — 1)z, kt], we have

vh,T vh,t vh,t vh,t ~h,t h,t ~h,t
/210 ,p, ) < WHh(p) ,pk1)+W2(pk P ) SAVCp@ — k) + Wolp, ,pk 1)+W2(pk P )

< 34/Cpr.

ﬁth T op, uniformly for the W, distance. []

Therefore,

Remark 4.14. There is no need to assume 4/7 — 0 to obtain compactness. In fact, the compactness
result holds for any relation between parameters 4 and . However, having A/ — 0 will be crucial
for proving that the limit curve p, is a solution of the corresponding PDE. If 4/7 — 0 is not satisfied,
it is possible to construct examples where pZ’T = pg forall k =1,..., N — 1 (the evolution is frozen)
or where the error terms result in additional drift added to the original equation.

Now we aim to prove the strong compactness in space of the density. To simplify the notation, we
define
(4.28) M= Y L, .

x€Th

To prove the crucial compactness result in Lemma[4.16] we need a version of the Poincaré-Wirtinger
inequality presented in the following lemma. Several versions of discrete Poincaré-type inequalities
are known for finite volume schemes [27]. This proofis a simple modification of the standard argument
used for such inequalities (as in [27, Lemma 3.7]).
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Lemma 4.15 (Discrete Poincaré-Wirtinger inequality). Given f" € BT, let f " be the piecewise
constant reconstruction defined in (2.12)) and set

—h A
f ==][f (x) dx.
Q

Then the following inequality holds

a —h _
I/"=7IB<Cq Y, 17— fIPR"

(p.g)eZ”

where Cq, > 0 is independent of h.

Proof. Fix an arbitrary x € Q. There exists p € T" such that x € 0, (p). For any z € Q such that
z3 Q,(p), thereexists g € T h such that x € 0,,(q) and we can find a path between p and g consisting
of the directed edges (p;, p;;1) € =" such that [x, z] N I,(p;, p;,1) # @, where [x, z] is the line segment
connecting x and z. We denote by path(x, z) this sequence of edges

path(x, z) = ((pg = p, P (P1. P2)s - (Pk—1, Pk =@))s P, ET", (P piy1) €Z".

To obtain a bound on the number of edges in the path, we use the following idea. A point p’ € 7"
cannot be in the path if the distance from p’ to the line segment [x, z] is more than 2A. Thus, we can get
bound |path(x, z)| = K by comparing the volume of the set H ([x, z],2h) := {y € Q : dist(y, [x, z]) <
2h} with the volume of one cell A¢.

| H([x, z],2h)| (Ix = z| + 2h)p?~! |x — z|
K < i <Cy i < CpathT,

(4.29)

where the constant C, is the volume of (d — 1)-dimensional ball with the radius 1.
Using first the triangular inequality and then the Holder inequality, we get

1/2 1/2
TEORFAOTEEEY |f;—f:|s< > lf,f’—fq”l2i> ( 2 h)-

(p.q)Epath(x,z) (p.g)Epath(x,z) (p.g)Epath(x,z)
By (@.29), we have

FP0 - F@P <Clx=zl Y 15— P U A0 () # ).

(p.q)€Zh

Fix an arbitrary (p,q) € Z". We denote by R the diameter of Q and by Bj the ball with the radius R
centered at the origin. Integrating in x and z over  and using the change of variables n = x — z, we
obtain:

//Ix—ZIII{[x,Z]ﬂIh(p,q)#ﬂ}dxdzs/ /Inlll{[x,X+n]ﬂIh(p,q)#ﬂ}dxdn
aJa Br JQ
< / PR dy < Coh®,
Bg

where C < oo is a constant depending only on R. Therefore,

/Q</Q|fh(X)—fh(z)|2ddeSCd’R Z |f:_f:|2hd_2,

(p.g)EZ”
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To conclude the proof; it is just left to use the Jensen inequality:

2
17 =T = [ |70 f Pl avs [ 4170 er e
Q Q QJQ
<Cq Y, IfF-fIPR

(p.g)EZ”

Lemma 4.16. Let a family {p"} >0 With pl € P(T™) be such that p" — p narrowly in P(Q) and

sup S"(p") =: Cg < 0.
h>0

Then for any n € R¢ we have

430)  supl|£"lp2q = Cy < o and / 12"(z = n) — £"(2)|* dz < C|n| max(|n], h),
h>0

Qy

where Q, = {x € Q : dist(x,0Q) > €}.
Moreover, {£") >0 is relatively compact in L*(Q), any subsequential limit g of (2" n>0 belongs to
d
H'(Q), and there exists a subsequence for which the limit has the form g = ¢ <$ )

N —h
Proof. We first aim to establish the strong compactness in L?(Q) of the family {#" — ¢ },.,. By
Lemmal4.15| we get the uniform bound for L? norm:

sh M2 hy h
sup [|[£7 = ¢ ||5 < sup CS™(p") < CC.
h>0 h>0

N —h
To apply the Riesz-Fréchet-Kolmogorov theorem for the family {#* — ¢ },.,, we need to prove

that for # € R¥ the value of ||Z"(- — ) — Z"||, is vanishing uniformly as || — 0. The approach to
this proof is similar to the one in Lemma[4.15] Notice that

[ 1c-n-fapa=F [ e -tk
Q xeTh J Cp(IN&y,,

Inl

For a fixed z € Q, there exists a unique pair x,y € 7" such that z € Q,(x) and (z —n) € Q,(»).
Furthermore, we can find a path between x and y by following a chain of vertices {z;};_o g such that
0,(z;) N[z, z—n], where [z, z — x] is the line segment between z and z — h. By construction, z, = x
and zx = y. Therefore, using Jensen’s inequality, we get

K-1
~ ~ 2
Z/ 16z —n) = M(2)|* dz = Z/ ‘Z(fh(ziﬂ)—fh(zi)) dx
xeTh 4 Qn()N&yy xe7h 4 QN

i=0
K-1

<y / K Y 1£4(z10) - €)1 dx
xeTh ¥ Qn(INQy =0

<) / K Y 3 16"z +h) = @)Ly on (2 dx,
xe7h 4 Cr(INLyy,

zeThhed,
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where H([x,x —n],2h) = {p € R? : dist([x, x — ], p) < 2h}. The bound on the number of cells in
the path was found in (.29)

In| +h
K < Cppp—r—.
Therefore,
> / KD D 1Mz +h) = M) P Dy o my(2) dx
xe7h J@n(®)  zeThhed,
Inl+h
< Coun—— DD Nz =D | T an(2) dx
zeThhed, Qy
<c, MMtheo 2h)(2h)"! £z +h) = £ (2)
< Cpan—— Cam(Inl + 2@ 3 37 12z +h) = £7(2)]

zeT " hed,

< C(Inl + h)2S"(pM).

To sum up, we obtain

/ |£8(z — ) = £M(2)|* dz < C(|n| + h)>S"(p").
Q

l

The Riesz-Fréchet-Kolmogorov theorem [[14, Theorem 4.26] provides relative compactness of { £h—

—h N —h
£ }Yuso in L2(Q). Let g be an arbitrary subsequential limit of {#" — £ },.,. An application of #.30)
gives

/ lg(x = m) — g dx =1lim | |"(x = 1) = £"(x0)|* dx < CCglnl?,
Q -

Inl Qy

which implies that g € H'(Q) by the characterization of H' in terms of difference quotients [35],
Theorem 11.75].

—h —h —h
We claim that {£ },. is uniformly bounded, i.e. inf, (7 > —oo and sup,. ¢ < oo. First,
we prove the upper bound. Suppose the opposite that there exists a (not relabeled) sequence such that

¢ - . The L? convergence fh—¢ - g implies that there exists a further subsequence such that

fh(x) - ?h — g(x) pointwise a.e. on €. Thus, together we obtain that fh(x) — oo forae. x € Q.
Since " = £@@") with ¢ being continuous and monotonically non-decreasing function, h(x) > o
for a.e. x € Q implies 2"(x) — oo for a.e. x € Q, which is a contradiction with [, #"(x)dx = 1 for
all h > 0. —h

For the lower bound, suppose that there exists a (not relabeled) subsequence such that £ — —oo.
Arguing similarly to the upper bound, we arrive at the claim that there exists a subsequence such that
M(x) - —co for a.e. x € Q. Then we would deduce 2(x) — 0 for a.e. x € Q. Together with
the equi-integrability of 4" (guaranteed by (FT))), this would be again acontradiction to the condition
fQ i"(x)dx = 1.

Since {Z } . is uniformly bounded, the family (" h>0 is compact in L2(Q) with any subsequen-
cial limit being in H'(Q). Again, one can get the pointwise a.e. convergence up to subsequence, and
using that # has a well-defined inverse, we conclude #"(x) — (£~ 'og)(x) a.e. on Q. On the other
hand, we have 3" — p narrowly in P(Q). Since the weak limit is unique, we obtain p = (£~!og) L.
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Therefore, for a.e. x € Q, it holds that

u(x) = d%(x) = limsup ]é L enaaz =gt

Consequently, g(x) = £(u(x)) a.e. on Q. ]

Lemma 4.17. Let V' € Lip(Q) and {p"},o be a family of probability measures on P(T"). The
uniform bound on the Fisher information with the potential V' is equivalent to the uniform bound on
the Fisher information without the potential, i.e.,

sup S (p") < oo = sup $"(p") < .
h>0 h>0

Proof. Since the part of the Fisher information depending on the potential is uniformly bounded

Y, V) = V@) max(@l,uhh? <Lip(vV) ) @l +uhh? < Lip(v),
(x,y)ezh (x,y)EZh

the proof follows by the Young inequality.
O

4.3. Convergence results. To complete the proof of Theorem [2.9} we need to consider the liminf
inequality for the Fisher information. Various results on discrete-to-continuum I'-convergence of qua-
dratic functionals that apply to our setting are available in the literature, see for instance [2]]. We present
a simple proof of the liminf inequality for completeness.

We define an approximation for V£ (u) in the following way

=h 1 h Z"(x +h) — £(x)
xeTh hed,

Note that we use the family of cells { Q,(x+h/2)} .c7» which are dual to the family of cells { Q,(x)} c7#
used for the reconstruction of £%.

Lemma 4.18 (Convergence of discrete gradients). Let a family {p"} >0 With pl € P(Th) be such that
" = pin narrowly P(Q) and

sup S (p") =: Cg < .
h>0

N —h 4
Let {1} o0 and {V £}, be defined as in ¢.28) and @31) respectively. Then, up to a subsequence,
/h > ¢ (u) strongly in LZ(Q),
—h ,
V P~ Vew)  weakly in LA(Q),
where u = dp/ dZ? e LY (Q). Furthermore, we have
. . h h
hr}p J(glf Sy(p") = Sy (p).

Proof. The asserted convergence " — ¢(u) follows from Lemma

—h ~ —h A~
For the convergence of the gradients V' 2" — V£ (u), we first show that V' £" € L?(Q) with the L>-
norm equal to the discrete Fisher information defined in Definition 4.3|up to a multiplicative constant.
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Indeed, we calculate

=h , 1 |Z"(x + h) — £h(x)|2
(4.32) V2815 = 5 / PIDIR PR CS > d

Q ye7h hed, h

2
=_ 2 Zhdlbﬂ (X+h) f(x)l —Sh( h)

xeTh hed, h?

The assumed uniform bound on S” implies that there exists a (non-relabeled) subsequence and ¢ €
—h ,
L*(Q) such that V " — ¢ weakly in L*(Q).

~ _h A
To identify the limit ¢, we show an approximate integration-by-parts formula for 7% and V' £". Let
@ € CX(Q; R?). On the one hand, we have

/ V-@fh= Y el [ (V-p)dz= Y 20 Y / ( h)(p(zy%H”’—l(dz),
I(x,

xeTh 0y(x) xeTh hed,

where we used the divergence theorem. We denote (p b fl(x ) @(z)H%~1(dz) and note that (p h =

(pi’ +h._p, L0 Obtain
5 h
JRROGED WD TN EED WERD W TN ST
x€Th hed, x€Th hed,
1 d-1 h n h
=—= ) h (@!,)—cwh) ][ o, - —dz.
2 errh hé,, " osxtnyy N h

—h A
On the other hand, by the definition of V' #", we have
—h 4 h
oV = hi-1 e, ) —cuhy) ][ @(z)- —dz
/ xezTh hgi:h xth * Q(x+h/2) h

Since @ is smooth, there exists C, > 0 such that |(p£h —p(2)] < C(ph for all z € Q,(x +h/2) for any
x € T" and h € d,,. Therefore,

|[@oirs [o-F0 < T 3 e, - b 9(z) — o, | dz
xerh hed,, 0, (x+h/2)
2 2 16— Wl
xeT " hed,
1/2 1/2
< _< DD et - e Prt 2) ( > hd+2>
xeThhed, x€Thhed,

C
< wa/sh(ph)h\/zdm.

Using again the uniform bound on S”(p"), we obtain the approximate integration-by-parts formula:

N —h A
/(V-(p)fh=—/(p-v 2"+ O(h).
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Passing 2 — 0 yields

/(v-(p)f(u)=—/¢~g for any @ € C*(Q; RY).

Since @ is arbitrary, we obtain { = V£ (u).
We conclude that the liminf inequality for S”(p") holds due to (#.32) and the lower-semicontinuity
of the L? norm:
. o <l 5
liminf S"(p") = liminf [V"Z"(|7, > [IVZ@)I.

In the case where the external potential V' is present, we have to consider the other term that we
denote by &" € L?(Q;RY):

A

—h A~
h ,_ nh h . _ . ~ho,_ h
=@V i=1,...d; =) ]lQh(erhei/z)\/max (ulo e )

xeTh
h, 1 hV(x+h) - V()
V V = = Z Z HQh(x_,’_h/Z)E h N
xeT " hed,

, —h 4
that gives us S = [V 2" + &"||3 .
The compactness result in Lemma implies that up to a subsequence " converges a.e. to u.
Together with the equi-integrability of 4" (which comes from the superlinearity assumption on f),

this implies 4" — u strongly in L'(Q). This in turns implies V4" — \/ﬁ strongly in L*(Q). The, we

denote v = "(- + he,) = Y 7 ]lQh(X)u)}Z+hei' We claim that max(V/ah, y/v}") — 1/u strongly in L?
foralli=1,...,d. Indeed,

[ max(Vi\futy = VA < [yt = VA Vi VAl
<[ Vare+ heo = Ve + he] , + [ Vi + hep = Vi, + | Var = Vi
= |V + ey = Vi, + ]| Vi - v

where H \/ﬂ(- + he;) — \/ﬂ“Lz — 0 as h — 0 holds by the density argument ([[14, Lemma 4.3]). Thus,

h

12

L2

max(Vah, 4/ Uf’) - \/ﬁ strongly in L? and, consequently, ﬁlh — y/ustronglyin L> foralli = 1,...,d.
—h A
Using a similar argument as in the first part of the proof, one can show that V' V" —~ V¥ weakly in
L. Therefore, " — \/EVV weakly in L? and we conclude that we have
lim inf S) > IV +uVV 3, =s". O

Remark 4.19. In continuation of Remarks and .10 on including the interaction potential W in-
stead of the external potential V', we note that the proof of Lemma.18|can be adapted in the following
way. One can show that

—— h h—0
(W xp) := 2 ]lQh(x) 2 Wi(x— z)pi’——> W % p strongly in L'(Q),

x€Th zeTh
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h

using the regularity of W and strong convergence " — u in L'(Q). Secondly, one can also prove that

the approximation for the gradient of the convolution

h2eern (Wx+h—2)— W(x—2))p"
Z Z Qh(x"'h/z)z h

—h ——— h
\Y (W k p) =
xeThhedh

converges weakly in L® to V(W = p). This can be done by means of the approximate integration-by-
parts formula as in the first part of the proof, where the key estimate is

'/(v QW+ p) +/<a V(W*p>‘<—2 >

xe7T " hed,

Y (Wx+h-z2)—-W(x-2)pl|n

zeTh

h—0
< C,Lip(W)|Q|dh— 0.

Finally, we have all the ingredients to summarize the proof of Theorem 2.9

Proof. We start with the variational inequality derived in Lemma4.12]

T T
. - dT h
(433) 0> Fh(" )= Fh(pl+1 / 15717 e, A / DAL AN+~ log eto(D)] .
0 t 0

We aim to pass h,7,h/t — 0 (we will simply write A,z — 0 implying that 2/7 — 0 holds) in all

components of (4.33).
We recall that the discrete energy can be written in the integral form as

dAhT

T ,0 % Ah,Tt
Fh (ol )=/f<dgd>dx+/gvh(x)p§ (dx).

Since p?f — py narrowly as h, 7 — 0, then

~h,T

.. dp; dpr
hhl’llir(l)f/gf<dgd>dx /Qf<d3d>dx

lim Vh(x)””(dx): lim / V (x)p7(dx) + lim / (V"(x) = V (x)p)" (dx)
h, >0 Q h,t—0 Q

h, >0

and

= / V(x)py(dx) + lim Lip(V)h = / V(x)pr(dx).
Using also the assumption on the initial data, we get
liminf (F"(s7") = P*(o5")) 2 Flor) = Fpo).

For the Fisher information, we claim that, for any fixed € > 0, we have

T T
lim inf / AR 2 (1 - ) / Sy(p,)dt.
T—) O 0

This can be obtained by combining the two following facts:
« first, by Lemma.13|and Lemma[d.18] we have, for any sequence 7, — ¢

lim inf Sh(ﬁf ) > S(p,);

h,t—0,n—>00

« second, we have the narrow convergence Af’f —~(1=-¢e)lash,t—0.
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these two facts together allow to conclude via a standard argument proven, for instance, in [13}, Propo-
sition 5.5].
By the lower semicontinuity of the Benamou-Brenier functional, we have
liminf ||577||2 > v, .,
mind 15771, ey 2 0l

where we applied the convergence established in Lemma
To summarize, in the limit 2, = — 0, we recover

T )
02T =T+ | {35 [ lode,+(1 =S }ar,
0 Q

and the EDI inequality that we want to obtain as in Proposition[2.3|can be recovered takinge — 0. [

5. CROWD MOTION MODEL

In this section, we study the convergence of the fully discrete JKO scheme for the crowd motion
model presented in Section [2.1.2] We recall that the driving energy in this case becomes

D Vel ifu" <1
(5.1) Flu (") =4 xern
400, otherwise.

for a probability measure p”* = uh? supported on the grid 7”. The fully discrete JKO scheme reads

Definition 5.1. For a given 2 > 0 and = > 0 of the from z = T /N for afixed T > 0 and some N € N,
we define

h h . ho vy L2 n he
(KOL) iy €arg min {FE(M + 5 WG A0 |

with a given initial datum pg e P(Th.
The main result of this section is the following convergence result for li

Theorem 5.2. Assume V € CY(R?). Let {/’Z’T}k=1,...,N be the family of li minimizers as in
Deﬁnition Let the family of initial data { pg Y pso be such that there exists py = uyL? € P(Q) with
llugll po < 1 such that

pg — po narrowlyash -0 and }lirr(l) TCM(pg) = Feupo)-

.....

time for the W, distance to an absolutely continuous curve [0,T] 2 t = p, € P(Q) such that p, is a
distributional solution of (2.7).

For what follows, it is convenient to define upwind-type mean:

_ ) Pt V() 2P+ V() h
(5.2) Npyy (U uy) = { N P+ VX)) <p,+V(y (o €=

We use the notation Ay, (u,, u)) if the average depends only on the potential V' (p = 0 in (5.2)).
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Definition 5.3. Let (1", p") be a density-pressure pair satisfying the relation pi‘(l — uf(l) forall x € T".
Given a smooth potential V', we define the discrete crowd-motion Fisher information as

1 _
St P =7 D, (= P2+ 20 = PV ) = V) + (V (0 = V)P Ay W) J 2
(x,y)ETh
For € > 0, we also introduce the truncation function g,(s) := (s —e)*, where s* denotes the positive
part of s, e.i. sT = sl .

Lemma 5.4. Let FéiM be defined as in 5.1) with V€ C'(RY). Let pg € P(T") be given and p"* be
a minimizer of || for some h,t > 0. Then the following lower bound holds
1 . h . . dh
W00 = (1= 55 ) Sy ey = 57 + oDl

with e(h) = (Lip(V') + D)h.

Proof. There exists a Kantorovich potential ¢ corresponding to the optimal transport from p"* to pg

such that
2 <V(x) + &>pf > Z <V(x) + &>p§” for all p"* € P(T"),
T T
xeTh xeTh

by an argument as in [39, Lemma 3.1]. Thus, for a fixed @, p* = u»"h? solves the minimization
problem

hr ~ Px\ n
pt € arg min Z <V(x)+7>px.

heP(Th), uh<1
PrEPTT), uls x€Th

The minimizer of this linear minimization problem with a linear constraint has to have the form

1, Vix)+e,./t<c
Wt =3€[0,1], V(x)+o,/t=c
0, Vx)+ e/t >c,

where ¢ € R is chosen in the way to ensure ) _7» pﬁ’f = 1. Employing the Kantorovich potential ¢,
one can define a pressure-like function p (as in [39, Lemma 3.3]):

+
(5.3) pi= <c—V—f> .
T
By a similar arguments as in Lemma[4.4] one can derive the inequality:
2
1 2/ hzt _h 1 h (Px_l’y‘*'V(x)—V(J/)) d dh
ﬁ%(p 5;0 )ZE(I_E) h2 AP+V(ux,uy)h —E,
(x,y)EXh

where we use the notation A, (u,,u,) introduced in (3.2) and (u, p) is the density-flux pair corre-
sponding to p"7, i.e. p"* = uh? and p(1 —u) =0 on T

The approach of Corollary is not applicable in this case, because the proof relies on the strict
monotonicity of f’ that the pressure variable does not satisfy. We provide a different argument ex-
ploiting the properties of the pressure.

Consider an edge (x, y) € £" and assume (without loss of generality) that Py +V(x)>p,+V(y).
The contribution of this edge to the sum above is

(px - py + V(X) - V(y))zu hd _ (px - py)zu hd+2(px - py)(V(X) - V(y))uxhd+(V(x) — V(y))Zu

h? * h? * h? h? *

he.
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Fix € > 0 such that € > (Lip(V') + 1)h. We claim that we have
2 2
(px = D)) whd > (8:(Py) — &:(py)) "
h? x h?
To show (5.4), we first use that g, is 1-Lipshitz:

(5.4)

(Px — Py Uy > (8.(py) — 8.(py) Uy,

and we can remove the coefficient u, from the right-hand side if we have p, > 0 because of the density-
pressure relation p, (1 —u,) = 0. If, instead, we assume p, = 0, then, by the assumption on the edge
(x,y) € =", we have p, < V(x)=V(y) < Lip(\V)h < € and g.(p,) = 0. Moreover, p, = 0 implies
g.(p,) = 0 so that we have

(P = Pyt 2 (8:(py) = 8:(p))* =0
and we get (5.4). Thus, summing up over all the edges yields
(py = by (g.(p,) — &)’
(5.5) Z ¥Ap+V(ux’”y)hd > 1 Z eWPx V7 pd

2 2
(x.y)ezh h (x,y)ETh h

Consider the cross-term:

Py = P)V(X) = VM) u, = (0, —p) )V () = V(¥) + (u, — D(py — p)(V(x) = V(¥)).
If p, > 0, then u, = 1, and the last term equals 0. In the case when p, = p, = 0, the last term
vanishes as well. It is left to consider the case when p, = 0 and p, > 0. Since we assume that
D +V(x) > py+ V (), then V(x) > V(y), and it follows that the last term is positive. Thus, we get
the inequality
(Px = PV X) = V(D uy 2 (p = p)V () = V()
= (8:(Py) — &)V (x) = V(¥) + (P — &(py) — P, + &)V (x) = V().

Since the cross-term is symmetric in for edges (x, y) € =", it will sum up as

Z (Px — 8:(px) — Py + 8. (p))V (x) — V(y))h"‘2|

(x.y)exh

=2| 3\ (=&)Y, (V)= Vx+h)h'?

xeTh hed,
<2 ) | V@ -V+ h))(hd—z.
xeTh hed,

Since V' € C'(RY), then for any x € 7" away from the boundary the discrete divergence of the
gradient is bounded as:

d
| DV +m = V)| = | DV o+ he) +V (x+ he)) = 2V ()|

hed, i=1

d
- | D (/1 VV(x+,1he,.)d,1-(he,.)—/1 VV(x+( —ﬂ)hei)d/l-(he,-)>|
0 0

1
/ |VV(x + Ahe)) — VV (x + (1 — /l)hei)| dAh < dao(h)h,
170
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where w is the modulus of continuity of VV'. Therefore, sum up, we obtain

| 2 =500 3, (V) =V x+ WA < daoli)z 3 b = dIQlw(h)-

x€Th hed,, xeTh
In total, the cross-term enjoys the following lower bound:

(5.6)

(0 =PV (x) =V (1)
2 ) 4 Ay (g uy) h?

2
(x,y)exh h

(8:(Px) = &)V (X) = V() B

>
= 2

+ 2d|£2|a)(h)%.
(x,y)exh

To rewrite the third term depending on the potential, we claim that A,y (u,,u,) = Ay (uy,uy),
where, analogously to (5.2), Ay (u,,u,) is defined as

) U Vx) =2V ()
Ay, uy) = {uy, V(x) < V().

To prove the claim, we consider the cases. It is clear that if p, = p, = 0, then Ay (u,,u,) =
A,y (uy,uy). The equality also holds if p, > 0 and p, > 0 because it follows that u, = u, =1
and Ay (uy,u,) = 1 = A, p(u,,u,). The last case is (w.l.o.g.) p, > 0 and p, = 0. In this case,
two options are possible: either p, + V(x) = p, + V, and A,y (uy,uy) = u, =1 2 Ay (uy,uy), or
px+V(x) <p,+V,implying that V(x) <V, and A, (u,,u,) = u, = Ay (uy,u,). Therefore,

V(x) = V) (V(x) = V()
(5.7) > Ay (s, upht > Y, Ay, u)he.
(x.y)exh (x,y)exh
Combining (3.5)), (5.6), and (3.7)), we obtain for any € > (Lip(V) + 1)h
(px =Dy + V() = V(»))?
h2

&
Ay (g, u) h? > SE (u, g.(p) + 2d|£2|a)(h)z.
(x,y)EXh

Choosing € = (Lip(V') + 1)h provides that the error term ~ w(h) converges to 0 as h — 0. ]

Theorem 5.5 (Compactness). Let p, € P(L). Let o7 = @ h? be the variational interpolation

from Definition for the minimizers of and p* be the corresponding pressure variable
constructed in (5.3).

Then there exists the density-pressure pair (u, p) withu € L'((0,T), L'(Q))and p € L*((0,T), H'(Q))
such that p(1 —u) = 0 and

TIRLEN u, weakly-*in L*(Q) fort € (0,T),

t

p"T—p  weaklyin L*(0,T), L*(),
! t
][ ﬁf” dr — ][ p, dr strongly in LZ(Q) for any (s,t) C (0,T),
N N
o Shoy 12 2
V gm@") = Vp  weakly in L*((0,T), L*(€)),

—h
where the discrete approximation for the gradient V' g, (p"7) is defined as in @31).
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Proof. Step 1. Convergence of the density. By Lemmald.13| 5" — p uniformly for the W, distance,
where p € C([0, T]; P(Q)). Since ||i"7||;« < 1, we have ii ut — u, weakly-*in L® fort € (0, T).
Step 2. Convergence of the pressure. From Lemma[5.4] we have

T

sup / M(ﬁh T’ gg(h)(ﬁ;h’f)) dr<C
h,t>0,h/7<1

with C > Oindependent of 4 and 7 and (k) = (Lip(V)+1)h. By a similar argument as in Lemma.17]

one can deduce that the previous bound implies

h, h, 2
sup / (&em (P () = &egy (P (x))) " dr £ C,
h,t>0,h/t<1 J0 (x.y)Exh

with possibly different constant C > 0 but still independent of 4 and z. We define

= Z gg(h)(ﬁh’r(x))ﬂQh(x)-

x€Th

Following the proof of Lemma with g, instead of 2", one can derive

T
sup/ ||gth’1—§h’r|| dt <C and / / |g, "(z - (z)| dz dt < Cln| max(|n|, h),
Q

h>0J0 Il

T
where g7 = ][ ][ gth’f(x) dxdr. It is clear that g° > 0. We also claim that sup g~ < oo.
0o Ja h.r>0

Suppose that there exists a subsequence such that Eh’f — o0, then there exists a subsequence such that
gth ’(x) = oo pointwise a.e. on (0,T) x Q. Consequently, ﬁfl "(x) — oo pointwise a.e. on 0,7)x Q
and uh "’(x) — 1 pointwise a.e. on Q for a.e. ¢ € (0, T), which is a contradiction with fg T(x)dx =1
given that Q] > 1.

Since g™ is uniformly bounded, we find that g™ is uniformly bounded in L2((0, T), L3()) and
there exists p € L2((0,T), L*>(Q)) such that g»* — p weakly in L?((0, T), L*(Q)).

Consider gh’T = f : ghf drand p, = fts p,dr for some fixed (¢, s) C (0,T). Of course we have
gﬁ’f — p,, weakly in L%(Q). Since ||gst -+n - “ ||Lz(gw < &Inlmax(lnl,h) for any n € R,
the Riesz-Fréchet-Kolmogorov theorem implies g tT — p;, strongly in L?*(Q). Futhermore, we have
ﬁff — p;, strongly in L*(Q), because

~h, ~h, h, h, h,
58) BT = poll, < B — g™l + 18" = poll, < eIQL + g™ = py,l,, — 0.

Step 3. Convergence of the density-pressure relation. The proof of this step is an adaptation of
a similar argument used in [39, Theorem 2.4]. Since the density-pressure relation holds for all the
discrete pairs with 2 > 0, then

][ / POl — @7 (x)) dx dr

_][ /(m * prO)(x)(1 - ~’”(x))dxdr+][ / (A7 (x) = (m * pO)(x)) (1 — @7 (x)) dx dr

= IM(t,5)+ EM(1,5),
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where m, is a standard mollifier. The second term is bounded by the Holder inequality

s 12, s 12
h,t ~h,T ~h, T\ 12 ~h,712
I (r,s>|s<]{ 152 = (m, # B )||2dr) <][ I - ||2dr>

s 1/2
< |sz|< ][ IIﬁf’T—(me*ﬁf”)llidr) :
t

We apply the change of variables # = x — y and Jensen’s inequality to get

S N
][ IIﬁf’T—(me*ﬁf’T)llidr=][ /
t t Q
< : ~h,t _ =hrt _ 2d dxd
< m.(m)|p, " (x) — p," (x —m)|“ dndxdr
t Q J {(neR? :x—neQ}

= / me (1) ][ / |57 (x) — 7 (x — m))|* dx drdy
R4 t JQ

Inl

2
dx

/Qme(x — D@ (x) = () dy

< /d m.(n)|n| max(|y|, h) dy < e max(e, h),
R
where the second-to-last inequality follows from a similar argument as in Lemma [4.16] applied to

fts p"f” dr. Thus, we obtain
|EMT (2, 5)| < V/|Qle max(e, h).

For the first term, we have that
N N
Ish’f(t, s) = ][ /Q(me * ﬁf”f)(x)(l - L”tth’f(x)) dxdr + ][ /Q(m€ * ﬁi”f)(x)(ﬁth’f(x) - ftf"f(x)) dxdr
t t
= A" (1, 5) + B (1, 5)

By [39, Lemma 3.4], we have the bound

N N
1B (1,5)] < ][ IV (m, % B W, o) dr < CV/s —1 ][ IV (mg * 5 dr
t t

s 1/2
sc:( / IIV(me*ﬁf’T)llgdr> .
t

We now aim to pass to the limit A?’T(t, s)+ B:"T(t, s)+ E:"T(t, s) as h,7 — 0. By (5.8), we get that
N N
][ (m, * ﬁf”) dr - ][ (m, * p,)dr as h,t — 0 strongly in L*(Q).
t t

This convergence of convolution together with the weak-* convergence u:’ =y, in L®(Q) for a.e.
t € (0,T) imply

lim AZ’T(I, s) = / ][ (m, * p)(x)dr(1 —u,(x))dx = A2, s).
h,T—>0 Q t

Since /OT I| ﬁth’rlli~2 dt is bounded, uniformly in 4 and 7, then fOT [[Vm, = ﬁf ’Tlli2 dt is also bounded

uniformly in /4 and 7 (with a constant depending on €). Therefore, the function ||Vm, x* ﬁf"THZLZ €
L'((0, T)) converges weakly as h, 7 — 0 to a measure y € M*((0,T)) and

lim OB?’T(t, 5) < C.A/u((t, s]) = B.(t,5).

h—0,7—



42 ANASTASIIA HRAIVORONSKA AND FILIPPO SANTAMBROGIO

For Ei”f(t, 5), we simply get . l(i)m o |E:”T(t, s)| £ VIQle = E,.
We now pass s — t. For any Lebesgue point t € (0,T) of p, we get
lsin} A (t,5) = /(me * p )01 —u,(x))dx == A,
- Q

and
lim |B.(t,5)] < C, lim u(t,s])=0 forae.t € (0, 7).
Naxd Naxd

Finally, as ¢ — 0, we obtain
lim A, = /pt(x)(l —u,(x))dx
e—0 Q
and the error term E, vanishes. In total, we obtain
/p,(x)(l —u(x))dx =0 for almost all t € [0, T'].
Q

Step 4. Convergence of the pressure gradient. A small modification of the proof of Lemma [4.1§]
yields

TSk ’ ht h
[ = [ sl
0 0
Since the right-hand side is uniformly bounded by sup,,. PgM(pg) < o0, thereexists ¢ € L2((0,T), L*(Q))

—h
suchthat V' g* — ¢ weakly in L2((0, T), L*(®)). Following similar lines as the proof of Lemma
we obtain for an arbitrary y € C°((0,T) X Q; R?) that

1/2
g h,t =h h,t T h ,~ht ~h7 /
(Ve w@n g ) +wn - (Vgh)w) dxdr| < Ch( [ Shy@ p*ydr)

0 Q 0

This gives an approximate integration-by-parts formula

T T
/ / Vo w(x, 1) gl (x)dxdr = / / q/(x,t)-(thth’f)(x)dxdz+0(h)
0 Q 0 Q

and passing to the limit 4, 7 — 0 we obtain

T T
/ / V, -y, t)p(x)dxdr = / / w(x, 1) - {(x)dxdr.
0 Q 0 Q

Since y is arbitrary, we have { = Vp. ]

Lemma 5.6. Under the assumptions of Theorem[5.5] we get the following liminf inequlity for the Fisher
information:

T T
L —h, ~h,
lim inf / Seu (" gy (B,")) dt 2 / Scuty: py) dr.
T 0 0

Proof. We consider the three part of SgM one by one. For the first part, following the lines of Lemma
one gets that

T T
.. 1 ~h, ~h, 2.d-2 T 1 —h ~h, 2
hrnlnf/0 1 > (2B (0) - g (BT (1) R d = liminf > i IV .5, OIl7, dt

h,t—0
(x,y)exh
1 /T
2
>3 [ 19nle.a
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To handle the cross-term, we use that for all x € 7" and h € d,,
Vix+h)—=V(x)=(VV)x)-h+o(h) = ][ (VV)(z)dz - h + o(h).
0, (x+h/2)

Thus, we have

1

5 2 (8B = @)V () = Vy)h'T
(xy)eZ”
== ) h ][ g (" )—gg(phw ~(VV)(z)dz + o(D)],_,
erTh h; Qh(x+h/2)( x+h ) h—0

= / § (gg(ﬁh’r))(z) - (VV)(2)dz + o(1)] 0.
Q
Since V' g, (5%) — Vp weakly in L2((0, T), LA(Q)), we obtain

/’lT—)O/

We now turn to the last term in the Fisher information. The same idea was used in [30, Theorem 6.2],
and we brieﬁy repeat it here for completeness. A simple rewriting gives

(g.(BLH® = g BLHD)(V (x) = V(y)h' 2 di = / / Vp,(z) - VV(z)dzdt.

(x y)GZ"

2 V() = V) Ay @l ulyh =2 = Z 3 (V) - Vx—h)*t) hi 2,

(x y)ETh xGT” hed,
Since the positive part is a Lipschitz continuous function and V € C!, we have

(V(x) = V(x=h)" = (VV(x) - )" + o(h),

therefore,
2 Y D0 - Ve R =2 3 Y (V)T ) R 4 oD
xerh hed,, xeTh hed,
1 ~ _
) 2 Wl (VV(x), 2 h @ hilgy n VV )R + o(D)] 0,
xeTh hed,,

where we use the notation Iy, = 1{VV(x)-h > 0} + %]l{VV(x) -h = 0}. The tensor can be
rewritten as

A2 Y h @ hllgyop = h? Ze ®e; = h'Id.
hed, i=1

Therefore,

2 Y D - Ve h = 2 Y WV PR + oDl

xeT" hed,, x€Th

1 N
== / IVV (2)*a"(2) dz + o(1)]
xeTh Qh(x)
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with 4" being piecewise constant reconstruction on {Qp(x)},.crn.

T T
. 1 2 ~h.T ~h.t d-2 .. 1 2~h,t
— — g > > — ’

lim 1nf/0 1 E V) = V) Ay, (t),uy M)h* ™ de 11}{1; 1r(1)f 2 )/ IVV |4, dz dt

h,t—0
(x,y)eXh
T
= / / IVV (2)|?u,(z) dz dt.
0 Q

We conclude with the proof of Theorem[5.2]
Proof. Similarly to Lemma , we use one-step variational inequality for ll as in (4.7), the

lower bound with the Fisher information from Lemma geodesic interpolation (57, /%), and time
rescaling to arrive at

T T
h, 1 “h, ~h, ~h,
0> rélM(pNT) - PélM(pg) + 5 /O “Ut T”LZ(/;:'-T) dr + /(; SgM(pt T’ gg(h)(p[ T))ﬂg’r(dt)

+ ﬂﬁloge + 0(1)]1_)0.
4
O
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