
Lorentzian Gromov–Hausdorff convergence and

pre-compactness

Andrea Mondino∗ and Clemens Sämann†
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Abstract

The goal of the paper is to introduce a convergence à la Gromov–
Hausdorff for Lorentzian spaces, building on ε-nets consisting of causal
diamonds and relying only on the time separation function. This
yields a geometric notion of convergence, which can be applied to
synthetic Lorentzian spaces (Lorentzian pre-length spaces) or smooth
spacetimes. Among the main results, we prove a Lorentzian counter-
part of the celebrated Gromov’s pre-compactness theorem for metric
spaces, where controlled covers by balls are replaced by controlled cov-
ers by diamonds. This yields a geometric pre-compactness result for
classes of globally hyperbolic spacetimes, satisfying a uniform dou-
bling property on Cauchy hypersurfaces and a suitable control on the
causality. The final part of the paper establishes several applications:
we show that Chruściel–Grant approximations [CG12] are an instance
of the Lorentzian Gromov–Hausdorff convergence here introduced, we
prove that timelike sectional curvature bounds are stable under such a
convergence, we introduce timelike blow-up tangents and discuss con-
nections with the main conjecture of causal set theory.
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1 Introduction

Gromov–Hausdorff convergence and Gromov’s pre-compactness theorem
[Gro99, Ch. 5, §A] are fundamental results in Riemannian geometry and
metric geometry. For instance, Gromov-Hausdorff limits of Riemannian
manifolds, whose sectional curvatures satisfy a uniform lower bound, are
length spaces with curvature bounded below in a synthetic sense via tri-
angle comparison, i.e., Alexandrov spaces, see, e.g., [BGP92, BBI01]. Sim-
ilarly, limits of Riemannian manifolds whose Ricci curvature is uniformly
bounded below — so-called Ricci limit spaces [CC97, CC00a, CC00b] —
are very rich structures, extremely useful to understand the degeneration
of Riemannian metrics. These were a precursor to studying synthetic Ricci
curvature lower bounds, e.g., the CD(K,N)-spaces of Lott–Sturm–Villani
[Stu06a, Stu06b, LV09]. Synthetic curvature bounds for non-smooth spaces
proved to be extremely fruitful and opened up many venues in geometry,
PDE, geometric inequalities, optimal transport and more, see for instance
[BH99, Gro99, BBI01, Vil09].

An analogous program in Lorentzian geometry was recently initiated in
[KS18] (after earlier work by Kronheimer–Penrose [KP67] and Busemann

2



[Bus67]), where Lorentzian pre-length spaces are introduced as analogues of
metric spaces, and Lorentzian length spaces as analogues of length spaces.
Moreover, timelike curvature bounds were introduced via triangle compari-
son with the two-dimensional Lorentzian model spaces (Minkowski-, (anti-)
de Sitter spaces) and applications to low regularity spacetime geometry were
given. This led to a surge of activity in the field of non-smooth spacetime
geometry, whose main developments include establishing a relation between
spacetime inextendability and synthetic curvature blow-up [GKS19], the
study of cones and related synthetic singularity theorems [AGKS23], the
introduction of timelike Ricci curvature bounds and a synthetic Hawking
singularity theorem [CM24a] (after [McC20, MS23]), a Lorentzian synthetic
splitting theorem [BORS23], the development of Lorentzian Hausdorff mea-
sures and dimension [MS22], the study of time functions in Lorentzian length
spaces [BGH24], a synthetic formulation of the Einstein vacuum equations
[MS23], a differential calculus and d’Alembertian comparison [BBC+24,
Bra24], characterizations and variable timelike Ricci curvature bounds [Bra23,
BM23], timelike Ricci curvature bounds for Finsler spacetimes [BO24], glob-
alization and gluing results [BNR23, BHNR23, BR24]. Moreover, hyperbolic
angles have been introduced and used to characterize timelike sectional cur-
vature bounds [BS23, BMdOS22], the causal hierarchy of Lorentzian length
spaces has been established [ACS20], causal boundaries have been studied
in this setting [ABS22, BFH23] and Lorentzian isoperimetric inequalities
have been established [CM24b]. Finally, a recent direction concerns the
study of the null energy condition (NEC) from general relativity by syn-
thetic methods [McC24, Ket24, CMM24]. We also refer to the recent reviews
[CM22, Säm24, McC25, Bra25] for overviews on this fast growing research
field across Lorentzian geometry, metric geometry, geometric analysis, and
optimal transport.

Despite so much progress in synthetic spacetime geometry, one essen-
tial ingredient had been missing until recently — a Lorentzian version of
Gromov–Hausdorff convergence. A first attempt was made by Noldus [Nol04]
more than twenty years ago. Recently, Noldus’ approach has been made
mathematically rigorous by Minguzzi-Suhr [MS24] and extended to the un-
bounded case jointly with Bykov [BMS24]. A similar development has been
pursued independently by Müller [Mül22], by studying Cauchy slabs. In an-
other direction, Sakovich and Sormani recently used the the null distance, in-
troduced by Sormani and Vega [SV16], to define a timed Gromov–Hausdorff
convergence [SS24]. Also, metric Gromov–Hausdorff convergence of space-
times and Lorentzian length spaces with respect to the null distance was
studied in [AB22, KS22]. Our approach is substantially different, as we use
causal diamonds to define a Lorentzian analog of an ε-net ; this approach
yields a purely Lorentzian pre-compactness result which is geometric in na-
ture and does not rely on Gromov’s pre-compactness theorem for metric
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spaces (i.e., in positive signature). The precise implications between the
various notions of convergence will be investigated in future work.

Main results and outline of the paper

In Section 2, we introduce the basic setting and fix notations. In particular,
a Lorentzian pre-length space (X, ℓ) is a topological space X with a time
separation function ℓ : X × X → {−∞} ∪ [0,∞] that satisfies the reverse
triangle inequality

ℓ(x, y) + ℓ(y, z) ≤ ℓ(x, z) ,

for all x, y, z ∈ X and with the convention that the left-hand-side is −∞
if it were undefined otherwise. Then, in Section 3, we introduce the basic
ingredient of the Lorentzian Gromov–Hausdorff convergence, namely ε-nets.
These are collections of causal diamonds whose timelike diameter (which is
the time separation of its vertices) is smaller than a given ε > 0 and whose
union covers a given set. More precisely, a collection J = (J(pi, qi))i∈I of
causal diamonds is an ε-net for a subset A ⊂ X if:

• ℓ(pi, qi) ≤ ε, for all i ∈ I, and

• A ⊆
⋃

i∈I J(pi, qi).

For a study of causal diamonds in Lorentzian length spaces see [BMdOS24].
The Lorentzian Gromov–Hausdorff convergence of subsets is defined by

using ε-nets and correspondences of their vertices. To extend the conver-
gence from subsets to the whole space, it is convenient to specify a covering.
This aspect differs from the metric case, where it suffices to fix a base point
p ∈ X and then use the exhaustion of metric balls BN (p), N ∈ N, centered
at p with diverging radii. This will be called pointed Lorentzian Gromov–
Hausdorff convergence (pLGH for short) and denoted by

(Xn, ℓn, on,Un)
pLGH−→ (X, ℓ, o,U).

In Section 4 we give sufficient conditions ensuring uniqueness of limits, up to
isometries. This uses the notion of forward completeness — a concept first
introduced in [BBC+24] for Lorentzian spaces and later elaborated upon by
Gigli [Gig25] in the general framework of partially ordered spaces, building
on the classical notion of Dedekind completeness. In a nutshell, a space
with a partial order ≤ is forward complete if every bounded monotonically
increasing sequence admits a limit. A first main result of the present paper
is Theorem 4.7, giving sufficient conditions for uniqueness of pLGH-limits
in classes of forward complete spaces that satisfy the point-distinction prop-
erty. We also establish uniqueness of limits in Proposition 4.9, under the
assumption (satisfied in all the applications in this article) that the vertices
are forward dense in the approximating sequence.
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Afterwards, in Section 5, we establish that quotienting out the points
that cannot be distinguished by the time separation function does not affect
convergence, cf. Theorem 5.3. Section 6 contains the first major result of the
paper, stating that a uniform bound on the cardinality of the ε-nets yields
pre-compactness. More precisely, we prove:

Theorem 6.2 (Pre-compactness I). Let X be a class of covered Lorentzian
pre-length spaces such that each (X, ℓ, o,U) ∈ X, with covering U = (Uk)k∈N,
satisfies the following properties.

(i) For each fixed k ∈ N, the timelike diameter of Uk is uniformly bounded;
i.e., diamτ (Uk) ≤ Tk, for a constant Tk ≥ 0 (independent of X).

(ii) For all k ∈ N and ε > 0, there exists a (finite) constant N = N(k, ε) >
0 (independent of X) such that Uk admits an ε-net Sk

ε of cardinality
at most N .

(iii) For all k ∈ N and ε > 0, it holds that Sk
ε ⊆ Sk+1

ε .

Then any sequence in X has a converging subsequence; i.e., for any sequence(
(Xn, ℓn, on,Un)

)
n∈N ⊂ X there exists a subsequence (nj)j ⊂ N and a covered

Lorentzian pre-length space (X, ℓ, o,U) such that

(Xnj , ℓnj , onj ,Unj )
pLGH−→ (X, ℓ, o,U) as j → ∞.

Next, in Section 7 we show how to obtain a forward completion of a
Lorentzian pre-length space (cf. [Gig25] for existence and uniqueness of a
forward completion in the general setting of partial orders), i.e., we prove:

Theorem 7.2 (Existence of forward completion). Let (X, ℓ) be a Lorentzian
pre-length space. Then (X, ℓ) admits a completion (X, ℓ). Moreover, there
exists at most one completion (X, ℓ) (up to isometry), satisfying:

(i) The time separation function τ is continuous;

(ii) The causal relation ≤ is a closed partial order;

(iii) For all x̄ ∈ X\X, it holds that x̄ ∈ I±(x̄).

Moreover, taking the forward completion preserves convergence (under
mild conditions, which are satisfied in all the applications in this article),
see Theorem 7.3 for the precise statement.

As a first application of such results, we will show that any globally
hyperbolic spacetime is the limit of discrete Lorentzian pre-length spaces,
see Theorem 7.6. Then, in Section 8 we will establish a second main re-
sult, yielding a geometric pre-compactness theorem for globally hyperbolic
spacetimes, satisfying a uniform doubling property on Cauchy hypersurfaces
and a suitable uniform control on the causality conditions. More precisely,
writing g ⪯ g′ for two Lorentzian metrics g, g′ if every g-causal vector is also
g′-causal, we prove:
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Theorem 8.4 (Geometric pre-compactness). Let C : (0,∞) → (0,∞) and
N : (0,∞) → N be given functions. Consider the following family MC,N of
smooth globally hyperbolic spacetimes

MC,N := {(R× Σ,−βdt2+ht) : Σ is a compact smooth manifold,

β : R× Σ → (0, 1] is a smooth function,

∀ε > 0 ∃ε-net S in Σ w.r.t. dh0 with |S| ≤ N(ε),

∀T > 0 : ρC(T ) ⪯ −βdt2 + ht on [−T, T ]× Σ} ,

where ρC := −C2dt2 + h0.
Then, for each T > 0, there exists a uniform bound on the cardinality

of Lorentzian ε-nets needed to cover each [−T, T ] × Σ. More precisely: Let
T, ε > 0, then for every (R×Σ,−βdt2+ht) ∈ MC,N there exists a Lorentzian

ε-net of cardinality at most ⌈2T3ε ⌉ ·N
(C(T )ε

3

)
, covering [−T, T ]× Σ.

Moreover, MC,N is sequentially pre-compact; i.e., for each sequence in
MC,N there is a subsequence that pLGH-converges to a covered forward
complete Lorentzian pre-length space that satisfies the point distinction prop-
erty (PDP). Also, for every pLGH-converging subsequence, there exists at
most one smooth globally hyperbolic spacetime arising as such a limit (up to
smooth isometry).

In Section 9, we introduce a measured variant of the Lorentzian Gromov–
Hausdorff convergence and establish a measured pre-compactness result (see
Theorem 9.6). Finally, in Section 10, we give four applications. First, we
show that Chruściel–Grant approximations of continuous spacetimes [CG12]
are an instance of the Lorentzian Gromov–Hausdorff convergence, intro-
duced in this work:

Theorem 10.1 (Pointed Lorentzian Gromov–Hausdorff convergence for
continuous spacetimes). Let (M, g) be a continuous, causally plain1 and glob-
ally hyperbolic spacetime and fix o ∈ M . Then there exists an approximation
ĝn → g locally uniformly from the outside (i.e., such that g ⪯ ĝn+1 ⪯ ĝn for
all n ∈ N) and there exist coverings U , Un of M with respect to g, ĝn such

that (M, ℓĝn , o,Un)
pLGH−→ (M, ℓg, o,U).

As a second application, we show that timelike sectional curvature lower
bounds (in the form of the timelike four-point condition [BKR24]) are stable
under Lorentzian Gromov-Hausdorff convergence:

Theorem 10.4 (Stability of the four-point condition).

Let (Xn, ℓn, on,Un)
pLGH−→ (X, ℓ, o,U). Assume that each (Xn, ℓn) has global

1Using the modified time separation function of [Lin24] and adapting the proof of
[MS22, Lem. A.1] one could drop this assumption.
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timelike sectional curvature bounded below by K ∈ R and that τ is contin-
uous. Then (X, ℓ) has global timelike sectional curvature bounded below by
K.

As a third application, we introduce timelike blow-up tangents in Defini-
tion 10.7 and study their basic properties. The last application is a rigorous
mathematical statement connected to the main conjecture (the so-called
“Hauptvermutung”) of causal set theory: we show that if a sequence of
causal sets faithfully embeds and approximates two smooth globally hyper-
bolic spacetimes, then they are isometric (see Theorem 10.10). We conclude
the paper with Appendix A, which is of independent interest, where a differ-
ent type of completion is used to ensure that global hyperbolicity is preserved
in the limit.

2 Lorentzian pre-length spaces

Here we present a variant of Lorentzian pre-length spaces introduced in
[KS18]. Indeed, its basic axiomatization is still evolving, as is apparent
from the variations used in e.g. [McC24, BM23, BBC+24]. For different
approaches to synthetic Lorentzian geometry see for instance [SV16, SS24]
based on the null distance and the bounded Lorentzian metric spaces studied
in [MS24, BMS24].

Definition 2.1 (Reverse triangle inequality and causal relations). Let X
be a set and let ℓ : X × X → {−∞} ∪ [0,∞] satisfy the reverse triangle
inequality

(1) ℓ(x, y) + ℓ(y, z) ≤ ℓ(x, z) ∀x, y, z ∈ X .

Here we employ the convention that −∞ +∞ = ∞ + (−∞) = −∞ on the
left-hand-side. The timelike ≪ and causal ≤ relations are defined by

≪:= ℓ−1((0,∞]) ≤:= ℓ−1([0,∞]) .

Moreover, the chronological and causal future (resp. and past) of a point
x ∈ X are defined by

I+(x) := {y ∈ X : x ≪ y} , I−(x) := {y ∈ X : y ≪ x} ,
J+(x) := {y ∈ X : x ≤ y} , J−(x) := {y ∈ X : y ≤ x} .

Finally, chronological and causal diamonds are sets of the form

I(x, y) := I+(x) ∩ I−(y) , J(x, y) := J+(x) ∩ J−(y) ,

and we set ℓ(I(x, y)) := ℓ(J(x, y)) := ℓ(x, y) for x, y ∈ X.
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Definition 2.2 (Topologies from the causal relations). Let X be a set and
ℓ : X×X → {−∞}∪ [0,∞]. One can endow X with the topologies generated
by the sub-base of

(i) chronological futures and pasts I±(x) (x ∈ X), called the chronological
topology,

(ii) chronological diamonds I(x, y) (x, y ∈ X), called the Alexandrov topol-
ogy,

(iii) complements of causal futures and pasts X\J±(x) (x ∈ X), called the
causal topology, and

(iv) I±(x), X\J±(x) (x ∈ X), called the chronocausal topology.

We generalize the definition of a Lorentzian pre-length space [KS18, Def.
2.8] as

Definition 2.3 (Lorentzian pre-length space). Let X be a set, let

ℓ : X ×X → {−∞} ∪ [0,∞]

satisfy the reverse triangle inequality (1) and ℓ(x, x) ≥ 0 for all x ∈ X. Let
X be endowed with a topology that is finer than the chronological one. Then
(X, ℓ) is called a Lorentzian pre-length space. Moreover, τ := max(0, ℓ)
is called the time separation function, while ℓ is called the extended time
separation function.

Clearly, every Lorentzian pre-length space in the sense of [KS18] is a
Lorentzian pre-length space in the sense above as lower semi-continuity of
τ implies openness of all I±(x). Moreover, every metric spacetime in the
sense of [BBC+24] is a Lorentzian pre-length space in the sense above if one
adds a topology that is finer than the chronological one.

Next, we introduce the causality conditions, which are another essential
aspect of Lorentzian geometry.

Definition 2.4 (Causality conditions). A Lorentzian pre-length space (X, ℓ)
is called

(i) chronological if x ̸≪ x for all x ∈ X (which is equivalent to ℓ(x, x) = 0
for all x ∈ X),

(ii) causal if ≤ is a partial order, i.e., if x ≤ y ≤ x implies x = y for all
x, y ∈ X, and

(iii) globally hyperbolic if (X, ℓ) is causal, ≤ is closed and all causal dia-
monds are compact, cf. [Min23].

Finally, we introduce

Definition 2.5 (Causal convexity). A subset A ⊆ X of a Lorentzian pre-
length space X is causally convex if for all x, y ∈ A one has that J(x, y) ⊆ A.
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3 Convergence

In this section we will define ε-nets for Lorentzian pre-length spaces and
build the Lorentzian Gromov–Hausdorff convergence on top of them. In
doing so we will consider correspondences between different Lorentzian pre-
length spaces. In the case of metric spaces, a reformulation of Gromov–
Hausdorff convergence using correspondences is classical, see e.g. [BBI01,
Subsec. 7.3.3]; in the setting of Lorentzian metric spaces this approach was
recently employed in [MS24, Sec. 4] and [BMS24] but without using causal
diamonds. Our approach is tailored to obtain a Lorentzian pre-compactness
result. To this aim we focus on coverings by ε-nets made out of causal
diamonds.

Throughout this section, (X, ℓ) is a Lorentzian pre-length space. For
notational convenience, we define

Definition 3.1 (Set of vertices). Let S := {Ji := J(pi, qi) : i ∈ Ω} be a set
of causal diamonds of X. Then the set of vertices of S is defined as

V (S) := {x ∈ X :x is a vertex of a causal diamond of S,

i.e., x = pi or x = qi for some i ∈ Ω} .

Definition 3.2 (ε-net). Let ε > 0 and A ⊆ X. An ε-net S for A is a
collection of causal diamonds S = (Ji)i∈Ω satisfying:

(i) τ(Ji) ≤ ε, for all i ∈ Ω;

(ii) A ⊆
⋃

i∈Ω Ji.

Without loss of generality, we will always assume that Ji ∩ A ̸= ∅ for all
i ∈ Ω.

Directly from the definition we obtain

Lemma 3.3. Let 0 < ε ≤ ε′ and A ⊆ X. Let S be an ε-net for A and S′

an ε′-net for A. Then S and S ∪ S′ are ε′-nets for A.

Now we recall the notion of correspondence and its distortion, following
the classical metric [BBI01, Subsec. 7.3.3] and Lorentzian case [MS24, Sec.
4] and [BMS24].

Definition 3.4 (Correspondences and their distortions). Let X,Y be sets.
A binary relation R ⊆ X × Y is a correspondence if

(i) for all x ∈ X there is a y ∈ Y such that (x, y) ∈ R and

(ii) for all y ∈ Y there is a x ∈ X such that (x, y) ∈ R.
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The distortion of a correspondence R between two Lorentzian pre-length
spaces (X, ℓ), (Y, ρ) is

dis(R) := sup
(x,y),(x′,y′)∈R

|ℓ(x, x′)− ρ(y, y′)| ,

with the convention that ±∞−±∞ = 0 and ±∞−∓∞ = ∓∞−±∞ = +∞.
However, later we will only use this construction when the time separation
functions do not attain the value +∞, hence the only relevant cases are
−∞− (−∞) = 0 and | −∞− z| = |z − (−∞)| = +∞, for all z ∈ R.

Note that, if R has finite distortion, then it preserves the causal relations,
i.e., x ≤ x′ if and only of y ≤ y′ for all (x, y), (x′, y′) ∈ R.

Definition 3.5 (Composition of correspondences). Let X,Y, Z be sets, R ⊆
X×Y a correspondence between X and Y , and Q ⊆ Y ×Z a correspondence
between Y and Z. Then the composition Q ◦R of R and Q is defined as

Q ◦R := {(x, z) ∈ X × Z : ∃y ∈ Y such that (x, y) ∈ R, (y, z) ∈ Q} .

Clearly, Q ◦ R is a correspondence between X and Z and if all three
spaces are Lorentzian pre-length spaces, then the distortion satisfies a useful
sub-additivity property under composition [MS24, Lem. 4.8], i.e.,

(2) dis(Q ◦R) ≤ dis(Q) + dis(R) .

The inverse R−1 of a correspondence R between X and Y is defined as

R−1 := {(y, x) ∈ Y ×X : (x, y) ∈ R} .

Clearly, R−1 is a correspondence between Y and X, If both X and Y are
Lorentzian pre-length spaces, then dis(R−1) = dis(R). Any correspondence
R yields a map f : X → Y , by choosing f(x) ∈ Y such that (x, f(x)) ∈ R.
It is clear that

dis(f) := sup
x,x′∈X

|ℓ(x, x′)− ρ(f(x), f(y))| ≤ dis(R) .

Conversely, a surjective map f : X → Y gives rise to a correspondence R :=
{(x, f(x)) : x ∈ X} of X and Y , with the same distortion of f .

Using the notation above, we next define the Lorentzian Gromov-Hausdorff
convergence, for subsets of Lorentzian pre-length spaces.

Definition 3.6 (LGH-convergence of subsets). Let (Xn, ℓn) and (X, ℓ) be
Lorentzian pre-length spaces, for n ∈ N. For each n ∈ N, let An be a
subset of Xn and let A be a subset of X. We say that An converges to A in

Lorentzian Gromov-Hausdorff sense (LGH for short), and write An
LGH−→ A,

if for all ε > 0 there exist n0 ∈ N and finite ε-nets S for A in X and Sn for
An in Xn (for all n ≥ n0) such that
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(i) |Sn| = |S|;

(ii) For all n ≥ n0, there exists a correspondence Rn of V (Sn) and V (S),
with dis(Rn) → 0 as n → ∞.

(iii) (Extension property of correspondences) For all l ∈ N, each 1
l -net

in the limit can be enlarged to include an 1
l+1 -net while preserving

convergence of the vertices. More precisely: for every l ∈ N, l ≥ 1
let Sl and Sl

n be 1
l -nets for A and An, respectively, as above. Let

f l
n : V (Sl) → V (Sl

n) be a map realizing a correspondence of V (Sl)
and V (Sl

n). Then there exist an extension f l+1
n′ : V (Sl) ∪ V (Sl+1) →

V (Sl
n′) ∪ V (Sl+1

n′ ) of f l
n′ with dis(f l+1

n′ ) ≤ dis(f l
n′), for some n′ ≥ n.

(iv) (Forward density) Every collection of 1
l -nets as above is forward dense

in the limit space, in the following sense. For every l ∈ N, l ≥ 1, let Sl

be a 1
l -net for A. Set V :=

⋃∞
l=1 V (Sl) to be the total set of vertices.

Then, for each x ∈ A\V, there exists a sequence (xk)k ∈ V such that
xk ≤ xk+1 ≤ x and xk → x.

We say that An
LGH−→ A strongly if for each x ∈ A\V, there exists a sequence

(xk)k ∈ V such that xk ≪ xk+1 ≪ x and xk → x. Such a reinforcement of
point (iv) will be called timelike forward density.

Example 3.7. Note that the requirement of finite ε-nets rules out e.g. a
spacelike strip in Minkowski spacetime.

As discussed in the introduction, there is no canonical cover of a pointed,
unbounded, Lorentzian space. Therefore, it is convenient to specify a cover
when discussing convergence of pointed, unbounded, Lorentzian pre-length
spaces.

Definition 3.8 (Lorentzian pre-length spaces with a cover). A covered
Lorentzian pre-length space (X, ℓ, o,U) is a pointed Lorentzian pre-length
space (X, ℓ, o), o ∈ X, with a countable cover U = (Uk)k∈N such that

(i)
⋃

k∈N Uk = X;

(ii) Uk ⊆ Uk+1, for all k ∈ N;

(iii) o ∈ Uk, for all k ∈ N;

(iv) supx,y∈Uk
τ(x, y) < ∞, for all k ∈ N.

If all Uks are relatively compact, we say that the cover U is proper. A
Lorentzian pre-length space with a proper cover is said to be properly cov-
ered.
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Remark 3.9 (Analogies and differences with pointed metric spaces). Let us
stress that the key structure in Definition 3.8, added on top of a Lorentzian
pre-length space, is the covering U = (Uk)k∈N. The only assumption on
the marked point o ∈ X is to be contained in each element of the cover-
ing; a careful reader will notice that, throughout the paper, one could take
any other marked point o′ ∈ U0 without affecting the arguments and the
convergence. In this sense, one may argue that specifying the marked point
o ∈ X is slightly redundant. We decided to keep it in the notation, although
not strictly necessary, in order to stress that all the elements of the cover-
ing must contain the marked point o, and for analogy with pointed metric
spaces. Indeed, for a non-compact metric space (X, d), it is convenient to fix
a marked point x̄. A natural covering of X is then given by the metric balls
BN (x̄) centered at x̄ and diverging radii N ∈ N. For a Lorentzian manifold,
there is not such a natural exhaustion by bounded subsets around a marked
point (observe that the sub-level sets of the time separation are typically non-
compact, as for instance it is the case in Minkowski spacetime). Fixing an
exhaustion by “bounded” subsets also in Lorentzian signature will be key in
the pre-compactness results proved below.

Remark 3.10 (A covered Lorentzian pre-length space is chronological).
The time separation function of a covered Lorentzian pre-length space is
finite-valued and hence zero on the diagonal. In particular, the space is
chronological, i.e., x ̸≪ x for all x ∈ X.

Lemma 3.11 (Covering of spacetimes). Let (M, g) be a globally hyperbolic
spacetime with continuous Lorentzian metric, where I+ is an open relation2.
Fix o ∈ M . Then there is a cover U = (Uk)k∈N of M such that

(i) Each Uk is open, causally convex and relatively compact;

(ii) o ∈ Uk ⊆ Uk+1, for all k ∈ N.

In particular (M, ℓg, o,U) is a properly covered Lorentzian pre-length space
in the sense of Definition 3.8.

Proof: As the manifold topology of M is second countable and locally
compact there is a countable cover V = (Vi)i∈N by open and relatively com-
pact sets. Fix i ∈ N such that o ∈ Vi. Set U0 := I+(

⋃i
j=0 Vi)∩ I−(

⋃i
j=0 Vi).

Then U0 is open, causally convex and by globally hyperbolicity it is rela-
tively compact as

⋃i
j=0 Vi is relatively compact. Moreover, o ∈ U0 as by

openness of Vi we can find a small chronological diamond centered at o that
is contained in Vi. For k ∈ N, k ≥ 1 set

Uk := I+(Uk−1 ∪ Vk) ∩ I−(Uk−1 ∪ Vk) .

2For example, by using piecewise C1-curves [GKSS20] or via causal plainness [CG12]
or use nearly timelike curves [Lin24].
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Then again each Uk is open, causally convex and relatively compact. It
remains to show monotonicity. To this end let u ∈ Uk−1, then by openness
of Uk−1 we find a small chronological diamond centered at u that is contained
in Uk−1. Thus u ∈ I+(Uk−1)∩ I−(Uk−1) ⊆ Uk. Analogously, one establishes
that Vk ⊆ Uk and hence M =

⋃
k∈N Vk ⊆

⋃
k∈N Uk ⊆ M , hence U = (Uk)k∈N

covers M . Finally, note that τ is continuous and finite-valued on M , hence
bounded on each Uk by relative compactness. This shows that U is a cover
in the sense of Definition 3.8 and finishes the proof.

Finally, we are in a position to define pointed Lorentzian Gromov–
Hausdorff convergence for covered Lorentzian pre-length spaces.

Definition 3.12 (pLGH-convergence of covered Lorentzian pre-length spaces).
Let (X, ℓ, o,U) and

(
(Xn, ℓn, on,Un)

)
n∈N be covered Lorentzian pre-length

spaces with U = (Uk,∞)k∈N and Un = (Uk,n)k∈N. We say that
(
(Xn, ℓn, on,Un)

)
n∈N

converges to (X, ℓ, o,U) in the (resp. strong) pointed Lorentzian Gromov-
Hausdorff sense (pLGH, for short), and write

(Xn, ℓn, on,Un)
pLGH−→ (X, ℓ, o,U) (resp. strongly)

if for each k ∈ N it holds that Uk,n
LGH−→ Uk,∞ (resp. strongly) as n → ∞.

We conclude this section by considering convergence of Lorentzian prod-
ucts where the metric fibers Gromov–Hausdorff converge.

Example 3.13 (Convergence of Lorentzian products). Let ((Xn, dn))n∈N be
a sequence of compact metric spaces that converges in the Gromov–Hausdorff
sense to a compact metric space (X∞, d∞). Consider the Lorentzian products
Yn := [−1, 1]×Xn with time separation functions

ℓn((t, x), (t
′, x′)) :=

{√
(t′ − t)2 − dn(x, x′)2 t ≤ t′ , dn(x, x

′) ≤ t′ − t ,

−∞ otherwise ,

where t, t′ ∈ [−1, 1], x, x′ ∈ Xn for n ∈ N ∪ {∞}. Clearly, each product
(Yn, ℓn) is a Lorentzian pre-length space with the product topology, which is
finer than the chronological topology (see [AGKS23] for more details). We

claim that [0, 1] ×Xn
LGH−→ [0, 1] ×X∞ strongly. To see this, let 0 < ε < 1.

By the Gromov–Hausdorff convergence, see e.g. [BBI01, Prop. 7.4.12], there
are metric ε

3 -nets S
ε
n ⊆ Xn for n ∈ N∪{∞} such that (for large n ∈ N) they

have the same (finite) cardinality and Sε
n

GH−→ Sε
∞ as n → ∞. Thus, without

loss of generality we assume that Sε
n = {sn,ε1 , . . . , sn,εN } for some fixed N ∈ N

and all n ∈ N ∪ {∞}.
Set L := ⌈ 1

3ε⌉, ti := i ε3 for i = −1, . . . , L, and set xn,εi,j := (ti, s
n,ε
j ) for

i = 0, . . . , L, j = 1, . . . , N , n ∈ N ∪ {∞} and

J n,ε := {J(xn,εi−1,j , x
n,ε
i+2,j) : i = 0, . . . , L− 1; j = 1, . . . , N}.
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Then J n,ε is a collection of causal diamonds J , which satisfy τn(J) =
τn(x

n,ε
i−1,j , x

n,ε
i+2,j) = ti+2 − ti−1 = ε, for all n ∈ N ∪ {∞}.

Next, we show that [0, 1] × Xn ⊆
⋃

J∈J n,ε J , for all n ∈ N ∪ {∞}. Let
y = (t, x) ∈ [0, 1] × Xn, then there is an i ∈ {0, . . . , L} such that ti ≤ t ≤
ti+1 and j ∈ {1, . . . , N} such that d(x, sn,εj ) < ε

3 . Consequently, we have
dn(x, s

n,ε
j ) < ε

3 < min(ti+1 − t, t− ti) and hence

ℓn(x
n,ε
i−1,j , x) =

√
(t− ti−1)2 − d(x, sn,εj )2 ≥ 0,

i.e., y ∈ J+
Yn
(xn,εi−1,j) for all n ∈ N ∪ {∞}. Analogously, one shows that y ∈

J−
Yn
(xn,εi+2,j) for all n ∈ N∪{∞}. In conclusion, we have ε-nets for [0, 1]×Xn

of the same cardinality and considering the obvious correspondences we see
that their distortions are estimated via∣∣∣ℓn(xn,εi,j , x

n,ε
i′,j′)− ℓ∞(x∞,ε

i,j , x∞,ε
i′,j′)

∣∣∣
=

∣∣∣√(ti′ − ti)2 − dn(s
n,ε
j , sn,εj′ )2 −

√
(ti′ − ti)2 − d∞(s∞,ε

j , s∞,ε
j′ )2

∣∣∣ .
This holds if the points are causally related. However, we see that if
ℓ∞(x∞,ε

i,j , x∞,ε
i′,j′) ≥ 0, i.e., they are causally related, then so are xn,εi,j , x

n,ε
i′,j′

eventually. So the distortions converge as dn(s
n,ε
j , xn,εj′ ) → d∞(s∞,ε

j , s∞,ε
j′ )

by assumption. Moreover, the extension property of the correspondences is
clear by the construction. To show timelike forward density, let y = (t, x) ∈
[0, 1]×X∞ that is not a vertex of an 1

l -net (l ∈ N, l ≥ 1). In particular, we

have t ≥ 0. There is a sequence (sk)k in
⋃∞

l=1 S
1
l∞ such that sk → x in X∞.

Now, for every k ∈ N we can find a tk ∈ [−1
3 , 1] such that tk < t, t− tk → 0

and (tk, sk) is a vertex of an 1
l -net. Clearly, (tk, sk) → y in Y∞. It is now

straightforward to extract a monotone subsequence.
A similar construction is carried out later for smooth globally hyper-

bolic spacetimes in the context of the geometric pre-compactness theorem,
see Lemma 8.2.

4 Uniqueness of limits

In analogy with Gromov–Hausdorff convergence of general metric spaces,
also in the Lorentzian signature, limits may not be unique. The key fact
in positive signature is that the Gromov–Hausdorff limit of a sequence of
compact metric spaces is unique (up to isometry), cf. e.g. [BBI01, 7.3.30].
In the non-compact case, the pointed Gromov–Hausdorff limit of complete
metric spaces is unique, see for instance [BBI01, Thm. 8.1.7]. In Lorentzian
signature, the natural analog of proper metric spaces are globally hyperbolic
Lorentzian pre-length spaces, while the natural analog of complete metric
spaces are forward complete Lorentzian pre-length spaces. Inspired by this
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analogy, in this section we will show that Lorentzian Gromov–Hausdorff
limits are unique in a suitable class of forward complete Lorentzian pre-
length spaces.

First, we introduce the point distinction property (cf. [MS24, Def. 1.1,(iii)]
for a similar property required for τ).

Definition 4.1 (Point distinction property). Let (X, ℓ) be a Lorentzian pre-
length space and S ⊆ X. We say that S has the point distinction property
if, for all x, y ∈ X with x ̸= y, there exists z ∈ S such that

ℓ(x, z) ̸= ℓ(y, z) or ℓ(z, x) ̸= ℓ(z, y) .(PDP)

We say that X has the point distinction property, if S = X does so.

Remark 4.2. Note that the point distinction property (PDP) holds for S =
X if X is distinguishing (cf. e.g. [ACS20, Def. 3.4]), i.e., if I+(x) = I+(y)
or I−(x) = I−(y) implies x = y. In the setting of Lorentzian length spaces
distinguishability is implied by strong causality [ACS20, Thm. 3.17].

In our setting, the point distinction property (PDP) implies causality,
i.e., that the causal relation is a partial order.

Lemma 4.3 (PDP implies causality). Let (X, ℓ) be a Lorentzian pre-length
space satisfying the point distinction property (PDP). Then (X, ℓ) is causal,
i.e., ≤ is antisymmetric, hence a partial order.

Proof: Let x ≤ y ≤ x and z ∈ X. Since ℓ(x, y) ≥ 0 and ℓ(y, x) ≥ 0, then

ℓ(x, z) ≤ ℓ(y, x) + ℓ(x, z) ≤ ℓ(y, z) ≤ ℓ(x, y) + ℓ(y, z) ≤ ℓ(x, z) .

Similarly, one shows that ℓ(z, x) = ℓ(z, y). Consequently, the point distinc-
tion property (PDP) implies that x = y.

We next introduce the notion of isometry between Lorentzian pre-length
spaces.

Definition 4.4 (Isometry). Let (X, ℓ) and (X̃, ℓ̃) be two Lorentzian pre-
length spaces. A map f : X → X̃ is

(i) ℓ-preserving if

ℓ̃(f(x), f(y)) = ℓ(x, y) ∀x, y ∈ X ,

(ii) τ -preserving if

τ̃(f(x), f(y)) = τ(x, y) ∀x, y ∈ X ,

and
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(iii) an isometry if it is ℓ-preserving and bijective.

Clearly, if X has the point-distinction property (PDP), then an a ℓ-
preserving map is injective.

Next we recall the notion of forward completeness — a concept first
introduced in [BBC+24] for Lorentzian spaces and later elaborated in [Gig25]
in the general framework of partially ordered spaces.

Definition 4.5 (Forward completeness). Let (X, ℓ) be a Lorentzian pre-
length space and let (xk)k ⊂ X be a sequence. We say that

• (xk)k is monotone increasing and bounded if there exists x̂ ∈ X such
that xk ≤ xk+1 ≤ x̂, for all k ∈ N.

• (X, ℓ) is forward complete if every monotone increasing and bounded
sequence (xk)k∈N converges.

Remark 4.6 (Global hyperbolicity implies forward completeness). A glob-
ally hyperbolic Lorentzian pre-length space is forward complete as any se-
quence xk ≤ xk+1 ≤ x̂ is contained in the compact causal diamond J(x0, x̂)
and ≤ being a partial-order implies that any converging subsequence con-
verges to the same limit (see also [BBC+24, Rem. 2.10]).

Next, we give a sufficient condition guaranteeing that limits are unique
within the class of globally hyperbolic Lorentzian pre-length spaces with
metrizable chronological topology, continuous time separation function and
satisfying the point-distinction-property (PDP) (actually, we prove a more
general statement, where globally hyperbolic is relaxed to forward complete,
properly covered, with closed anti-symmetric causal relation). Of course,
uniqueness will be always understood up to isometry.

Theorem 4.7 (Sufficient condition for uniqueness of limits). Let(
(Xn, ℓn, on,Un)

)
n∈N, be a sequence of covered Lorentzian pre-length spaces

satisfying the following property: For any strong pLGH-limit (X, ℓ, o,U) it
holds that, for all ε > 0 and for all finite ε-nets Sn for Un ∈ Un in Xn,
there exists a finite ε-net S for U ∈ U in X such that properties (i)—
(iv) of Definition 3.6 hold. Then, the strong pLGH-limit of the sequence(
(Xn, ℓn, on,Un)

)
n∈N is unique in the class X of forward complete, prop-

erly covered Lorentzian pre-length spaces with continuous time separation
functions τ , closed anti-symmetric causal relation, metrizable chronological
topology and that satisfy the point-distinction property (PDP).

Proof: Let (X, ℓ, o,U) and (X̃, ℓ̃, õ, Ũ) be both strong pLGH limits of
the sequence

(
(Xn, ℓn, on,Un)

)
n∈N, where both (X, ℓ, o,U) and (X̃, ℓ̃, õ, Ũ)

are forward complete, properly covered, having closed and anti-symmetric

16



causal relations, satisfy the point distinction property (PDP), have metriz-
able chronological topologies and have continuous time separation functions
τ and τ̃ , respectively.

We show that each of the covering sets Uk ∈ U , Ũk ∈ Ũ are isometric.
Fix k ∈ N and write U := Uk ∈ U , Ũ := Ũk ∈ Ũ and Un := Uk,n ∈ Un.
Moreover, we write ℓ and τ instead of ℓ|U×U and τ |U×U , respectively, and
analogously just ℓ̃ and τ̃ . By assumption, for each l ∈ N, l ≥ 1 we ob-
tain 1

l -nets Sl
n for Un, Sl for U and S̃l for Ũ , together with correspon-

dences Rl
n, R̃

l
n between V (Sl

n) and V (Sl), and between V (Sl
n) and V (S̃l),

respectively. Thus we obtain a correspondence R̃l
n ◦ (Rl

n)
−1 between V (Sl)

and V (S̃l) with dis(R̃l
n ◦ (Rl

n)
−1) ≤ dis(R̃l

n) + dis(Rl
n) → 0 by (2) for all

l ∈ N, l ≥ 1. Consequently, up to a subsequence, we have a correspondence
Ql

n between V (Sl) and V (S̃l) with dis(Ql
n) ≤ 1

n . This gives bijective maps

f l
n : V (Sl) → V (S̃l) with dis(f l

n) ≤ 1
n . We denote the inverse of f l

n, as

gln := (f l
n)

−1 : V (S̃l) → V (Sl). Further, by the extension property (cf. Def-
inition 3.6,(iii)) f l

n can be defined on V l :=
⋃l

l′=1 V (Sl) without increasing
its distortion (and similarly for gln, which is still the inverse of f l

n on V l).
We claim that f l

n is ≪- and ≤-preserving, for n large enough. Let x, y ∈
V l with x ≪ y (or x ≤ y). Then ℓ̃(f l

n(x), f
l
n(y)) ≥ −dis(fn

l ) + ℓ(x, y), and
the right-hand-side becomes positive for 1

n < ℓ(x, y) (or greater than −∞).
Since V l only has finitely many points, the claim follows.

Next, let us view f l
n as a map into Ṽ :=

⋃∞
l′=1 V (S̃l′). By the extension

property (cf. Definition 3.6,(iii)), we can achieve that each f l+1
n extends

f l
n, while preserving dis(f l+1

n ) ≤ 1
n (up to taking a further subsequence).

Consequently, we obtain a map

fn : V → Ṽ with dis(fn) ≤
1

n
,

where V :=
⋃

l V l =
⋃

l V (Sl).
Clearly, fn is injective, ≪- and ≤-preserving: indeed, for each x, y ∈ V

there is an l ∈ N such that x, y ∈ V l and fn = f l
n on V l. Moreover, each

gl+1
n extends gln, so we obtain

gn : Ṽ → V with dis(gn) ≤
1

n
,

in an analogous manner. Clearly, gn = f−1
n .

Next, we extend fn to U as follows. By the timelike forward density
property (cf. Definition 3.6,(iv)), for x ∈ U\V there is a monotone sequence
xk ≪ xk+1 ≪ x converging to x. Let x+ ∈ V ∩ J+(x), which exists since V
covers U . This yields a monotone sequence

x̃k := fn(xk) ≪ x̃k+1 ≪ x̃+ := fn(x
+) ∈ Ṽ.

By forward completeness, the sequence (x̃k)k converges to some x̃ ∈ J(x̃−, x̃+),
for some x̃− ∈ Ṽ. Setting fn(x) := x̃ gives a well-defined map, by forward
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completeness and causality; moreover fn is ≤-preserving. We claim that for
all x, y ∈ U we have x ≤ y if and only if fn(x) ≤ fn(y). To see this let
x ≤ y and without loss of generality we only consider the case x, y ̸∈ V (the
case where both are in V follows since fn : V → Ṽ preserves ≤ and we can
consider the mixed case as special case of u, v ̸∈ V by choosing constant
sequences). Let xk ≪ xk+1 ≪ x, yk ≪ yk+1 ≪ y for all k ∈ N and xk → x,
yk → y. Then xk ≪ x ≤ y, hence xk ≪ y for all k ∈ N and so for each
k ∈ N, there is a lk ∈ N such that for all l ≥ lk we have yl ∈ I+(xk) (as
yl → y ∈ I+(xk)). Consequently, we get fn(xk) ≪ fn(yl) for all k ∈ N and
l ≥ lk. Letting l → ∞, using the closedness of ≤ and the definition of fn(y)
we obtain fn(xk) ≤ fn(y). Similarly, letting k → ∞ yields fn(x) ≤ fn(y)
as required. For the converse assume fn(x) ≤ fn(y) and let (xk)k, (yl)l as
above. Analogously, to the first implication we get fn(xk) ≪ fn(x) ≤ fn(y),
and hence fn(xk) ≪ fn(yl) for all k ∈ N and all l large. As f−1

n = gn on
Ṽ preserves ≪ we have xk ≪ yl for all k ∈ N and l large. Taking the limit
l → ∞ and then k → ∞ yields x ≤ y as claimed.

Finally, we show that dis(fn) ≤ 1
n . Let x, y ∈ U and let xk → x, yk → y

be sequences as above if x ̸∈ V or y ̸∈ V, and otherwise choose constant
sequences. Then we only need to consider the case x ≤ y and hence only
estimate the difference of the τs, i.e.,

|τ(x, y)− τ̃(fn(x), fn(y))| ≤|τ(x, y)− τ(xk, yk)|
+ |τ(xk, yk)− τ̃(fn(xk), fn(yk))|
+ |τ̃(fn(xk)), fn(yk))− τ̃(fn(x), fn(y))| ,

where the first and the last term can be made arbitrarily small due the
continuity of τ , τ̃ and since fn(xk) → fn(x), fn(yk) → fn(y) by construction.
Moreover, the middle term is bounded by dis(fn) ≤ 1

n . Consequently, we
get that dis(fn) ≤ 1

n for all n ∈ N, n ≥ 1.

Applying the same procedure to gn produces a map gn : Ũ → U with
dis(gn) ≤ 1

n . We claim that gn = f−1
n . To see this we only need to consider

points x̃ ∈ Ũ\Ṽ. Let x̃ ∈ Ũ\Ṽ, then there is a sequence x̃k ≪ x̃k+1 ≪ x̃ with
gn(x̃k) → gn(x̃). As gn = f−1

n on Ṽ we obtain f−1
n (x̃k) ≪ f−1

n (x̃k+1) ≪ gn(x̃)
and f−1

n (g̃k) → gn(x̃). Thus by the definition of fn (and it being well-
defined) we get that

fn(gn(x̃)) = lim
k

fn(f
−1
n (x̃k)) = lim

k
x̃k = x̃ ,

as claimed.

We are now ready to show that U and Ũ are isometric. To this aim, we

prove that there exists a limit map f : V → Ũ with dis(f) = 0, obtained as

a limit of (fn)n for n → ∞. We use compactness of U and Ũ . Enumerate
V and Ṽ as V = {sk}k and Ṽ = {s̃k}k. Then for each k there is a sequence
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(nk
m)m such that fnk

m
(sk) converges in Ũ and gnk

m
(s̃k) converges in U . We

call this limits f(sk) and g(s̃k), respectively. We can also arrange it so that
(nk+1

m )m is a subsequence of (nk
m)m for all k ∈ N. We claim that f preserves

ℓ. Similarly to the above we only need to estimate the differences of the τs
(since f(sk) ≤ f(sl) if and only if sk ≤ sl as can be shown in the same way
as for fn), thus let sk, sl ∈ V with sk ≤ sl and without loss of generality
that k ≤ l. Then

|τ(sk, sl)− τ̃(f(sk), f(sl))| = lim
m→∞

|τ(sk, sl)− τ̃(fnk
m
(sk), fnl

m
(sl)|

= lim
m→∞

|τ(sk, sl)− τ̃(fnl
m
(sk), fnl

m
(sl)| = 0 ,

where we used the continuity of τ̃ and dis(fnl
m
) ≤ 1

nl
m
. Analogously, we

have that g preserves ℓ̃. Now we can extend f from V to U as above while
preserving ℓ: for each x ∈ U\V there is a monotone sequence xk ≪ xk+1 ≪ x

converging to x, then as before ∃ limk→∞ f(xk) =: f(x) ∈ Ũ and we have
dis(f) = 0. Performing the same procedure for g produces a map g : Ũ → U
with dis(g) = 0 with g|Ṽ = f−1|Ṽ . To see the latter, observe that by
definition

g(s̃k) = lim
m→∞

gnk
m
(s̃k) = lim

m→∞
f−1
nk
m
(s̃k) .

Hence, applying fnk
m

and taking the limit as m → ∞, we obtain f(g(s̃k)) =
s̃k.

At this point we directly show that g|Ũ = f−1 along similar lines as the

proof of gn = f−1
n above. Let x̃ ∈ Ũ and x̃k ≪ x̃k+1 ≪ x̃, x̃k ∈ Ṽ for all k ∈ Ṽ

with x̃k → x̃. Then g(x̃k) ≪ g(x̃k+1) ≪ g(x̃), which converges by definition
to g(x̃). Thus by definition of f we get f(g(x̃)) = lim f(g(x̃k)) = lim x̃k = x̃,
where we used g|Ṽ = f−1|Ṽ .

The construction above was carried out for a fixed pair of covering sets
U = Uk ∈ U and Ũ = Ũk ∈ Ũ . It is clear that starting from U0 and Ũ0,
it is possible to iterate the procedure by adding vertices Vk+1 and Ṽk+1

to obtain maps fk : Uk → Ũk and gk : Ũk → Uk with fk+1|Uk
= fk and

gk+1|Ũk
= gk, for all k ∈ N. This yields global, ℓ-preserving maps f : X → X̃

and g : X̃ → X. Then f = g−1 and the two spaces are isometric.

Uniqueness of the limit is also guaranteed in case one can find a timelike
forward dense set of vertices of ε-nets in the sequence of spacesXn. However,
first we need the following lemma (cf. [MS24, Thm. 3.3] for a similar result
in the setting of bounded Lorentzian metric spaces).

Lemma 4.8 (Distance preserving self-maps and surjectivity). Let (X, ℓ) be a
Lorentzian pre-length space, where the chronological topology is metrizable, τ
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is continuous and vanishes on the diagonal. Let h : X → X be a τ -preserving
map and let K ⊆ X be compact with h(K) ⊆ K. Then the interior of K is
contained in the image of K, i.e., K◦ ⊆ h(K).

Proof: First of all, observe that since h is τ -preserving, it is continuous
with respect to the chronological topology. Assume by contradiction that
there exists z ∈ K◦\h(K).

Step 1: There is a neighborhood of z disjoint from h(K).
If not, there is a sequence zn → z with zn ∈ h(K) for all n ∈ N. Writing zn =
h(z′n) for z

′
n ∈ K, we can assume by compactness of K, that z′n → z′ ∈ K.

Thus, by continuity of h, we would have z = limn zn = limn h(z
′
n) = h(z′) ∈

h(K) — a contradiction. So there exists a chronological neighborhood of z
that does not intersect h(K).

Step 2: First, we consider the case that

(3) z ∈ I+(p) ⊆ K◦\h(K), for some p ∈ K.

We consider the sequences (hn(z))n, (hn(p))n, obtained by applying it-
eratively h, starting from z and p, respectively. By compactness of K,
there exists an increasing subsequence (nk)k such that hnk(z) → z̃ ∈ K,
hnk(p) → p̃ ∈ K. Recalling that h preserves τ , we infer that

0 < τ(p, z) = lim
k→∞

τ(hnk(p), hnk(z)) = τ(p̃, z̃) ,

by continuity of τ . Consequently, for k large enough, it holds that 0 <
τ(hnk(p), z̃). Therefore, for m > k large enough, we infer that

0 < τ(hnk(p), hnm(z)) = τ(p, hnm−nk(z)) ,

which implies hnm−nk(z) ∈ h(K) ∩ I+(p) since nm − nk > 0. This is a
contradiction to I+(p) ∩ h(K) = ∅, i.e., equation (3).

The case z ∈ I−(p) ⊆ K◦\h(K), for some p ∈ K, and the general case
(finite intersections) are analogous.

Proposition 4.9 (Uniqueness if the set of vertices is dense in the se-
quence). Let

(
(Xn, ℓn, on,Un)

)
n∈N be a sequence of covered Lorentzian pre-

length spaces with continuous time separation functions τn. For each Uk,n ∈
Un and each l ∈ N, l ≥ 1, let Sl

n be a 1
l -net for Uk,n corresponding to 1

l -
nets of a possible limit. If Vn :=

⋃∞
l=1 V (Sl

n) is timelike forward dense in
Uk,n, then the strong pLGH-limit of

(
(Xn, ℓn, on,Un)

)
n∈N (if it exists) is

unique in the class X of properly covered Lorentzian pre-length spaces with
continuous time separation functions τ , closed anti-symmetric causal rela-
tion3, metrizable chronological topology and that satisfy the point-distinction
property (PDP).

3Recall that being forward complete, properly covered, with closed anti-symmetric causal
relation is implied by global hyperbolicity.
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Proof: We first proceed as in the proof of Theorem 4.7. Let

(Xn, ℓn, on,Un)
pLGH−→ (X, ℓ, o,U) and (Xn, ℓn, on,Un)

pLGH−→ (X̃, ℓ̃, õ, Ũ),

where the convergences are in the strong sense and both (X, ℓ, o,U) and
(X̃, ℓ̃, õ, Ũ) are forward complete, properly covered Lorentzian pre-length
spaces with closed anti-symmetric causal relations, metrizable chronological
topologies, satisfy the point-distinction property (PDP) and have continuous
time separation functions τ and τ̃ , respectively. We show that each of the
covering sets UM ∈ U , ŨM ∈ Ũ (M ∈ N) are isometric. Fix M ∈ N and
write U := UM ∈ U , Ũ := ŨM ∈ Ũ and Un := UM,n ∈ Un. Moreover, we
write ℓ and τ instead of ℓ|U×U and τ |U×U , respectively, and analogously just
ℓ̃ and τ̃ .

Fix l ∈ N, l ≥ 1, and let Sl, Sl
n be finite 1

l -nets for U and Un, respectively,
together with a bijective map f l

n : V (Sl) → V (Sl
n) realizing the correspon-

dence of the set of vertices and dis(f l
n) ≤ 1

n . Similarly, for each l′ ∈ N, l′ ≥ 1,

there are finite 1
l′ -nets S̃l′ , S̃l′

n for Ũ and Un, respectively, together with a

bijective map gl
′
n : V (S̃l′) → V (S̃l′

n ) such that dis(gl
′
n) ≤ 1

n . As in the proof
of Theorem 4.7 we can extend f l

n and gln to bijective maps

fn : V :=

∞⋃
l=1

V (Sl) → Vn :=

∞⋃
l=1

V (Sl
n), with dis(fn) ≤

1

n
,

gn : Ṽ :=

∞⋃
l=1

V (S̃l) → Ṽn :=

∞⋃
l=1

V (S̃l
n), with dis(gn) ≤

1

n
.

We construct a map hn : V → Ũ with dis(hn) ≤ 2
n . Let x ∈ V. If fn(x) ∈ Ṽn

we set hn(x) := g−1
n (fn(x)) ∈ Ṽ. Otherwise, there is, by the assumption of

timelike forward density, a sequence x̃k ∈ Ṽn with x̃k → fn(x) and xk ≪
xk+1 ≪ fn(x) for all k ∈ N. Moreover, there is a z̃ ∈ Ṽn with fn(x) ≤ z̃. As
g−1
n preserves the causal relations we get a sequence g−1

n (xk) ≪ g−1
n (xk+1) ≪

g−1
n (z̃). Consequently, by forward completeness, this sequence converges and
we set limk→∞ g−1

n (x̃k) =: hn(x). This is well-defined: Let x̃′k ≪ x̃′k+1 ≪
fn(x) with x̃′k → fn(x). Then, for each r ∈ N, there is a kr ∈ N such that for
all k ≥ kr we have that x̃

′
r ≪ x̃k ≪ fn(x), hence g

−1
n (x̃′r) ≪ g−1

n (x̃k). Taking
the limit k → ∞ and using the closedness of ≤ implies that g̃−1

n (x′r) ≤ hn(x)
for all r ∈ N. Taking now the limit r → ∞ yields limr→∞ g−1

n (x̃′r) ≤ hn(x).
Swapping the roles of (x̃k)k and (x̃′r)r yields hn(x) ≤ limr→∞ g−1

n (x̃′r) and
so hn(x) = limr→∞ g−1

n (x̃′r) as ≤ is a partial order.
At this point we claim that dis(hn) ≤ 2

n . Let x, y ∈ V. The case

fn(x), fn(y) ∈ Ṽn is straightforward. We only consider the case fn(x), fn(y) ̸∈
Ṽn (the mixed case can be handled in a simpler manner, cf. the proof of The-
orem 4.7). Also we can assume that x ≤ y, hence fn(x) ≤ fn(y) and only
estimate the difference of the time separation functions. By construction,
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there are sequences (x̃k)k, (ỹk)k in Ṽn such that x̃k → fn(x), ỹk → fn(y)
and x̃k ≪ x̃k+1 ≪ fn(x), ỹk ≪ ỹk+1 ≪ f̃n(y). Then, we estimate

|τ(x, y)− τ̃(hn(x), hn(y))| ≤ |τ(x, y)− τn(fn(x), fn(y))|
+ |τn(fn(x), fn(y))− τn(x̃k, ỹk))|
+ |τn(x̃k, ỹk)− τ̃(g−1

n (x̃k), g
−1
n (ỹk))|

+ |τ̃(g−1
n (x̃k), g

−1
n (ỹk))− τ̃(hn(x), hn(y))| .

The first term on the left-hand-side is bounded by dis(fn) ≤ 1
n and the

third one by dis(g−1
n ) = dis(gn) ≤ 1

n . The second term converges to zero
as τn is continuous and x̃k → fn(x), ỹk → fn(y). Similarly, the last term
converges to zero as τ̃ is continuous and g−1

n (x̃k) → hn(x), g
−1
n (ỹk) → hn(y)

by construction. This shows that dis(hln) ≤ 2
n .

Swapping the roles of fn and gn we obtain a map h̃n : Ṽ → U as h̃n(x̃) =
limk→∞ f−1

n (xk), where gn(x̃) ̸∈ Vn and xk ≪ xk+1 ≪ gn(x̃), xk → gn(x̃).
At this point we can conclude the proof as in Theorem 4.7, i.e., by extending
hn to hn : U → Ũ while preserving dis(hn) ≤ 2

n and then by extending it

to U while preserving dis(hn) ≤ 2
n . Analogously, we extend h̃n to Ũ while

preserving dis(h̃n) ≤ 2
n . Then, as in the proof of Theorem 4.7 we take the

limit n → ∞ to obtain maps h : U → Ũ , h̃ : Ũ → U with dis(h) = dis(h̃) = 0,
i.e., they are ℓ- and ℓ̃-preserving, respectively.

Finally (and again as in the proof of Theorem 4.7) we do this iteratively
for each covering set, while extending the previous maps. This gives global ℓ-
and ℓ̃-preserving maps h : X → X̃ and h̃ : X̃ → X, which are continuous and
injective as X and X̃ satisfy the point distinction property (PDP). Setting
F := h̃◦h : X → X yields a ℓ-preserving map such that for each covering set
U as above we have F (U) ⊆ U , and U is compact as X is properly covered.
Thus we can apply Lemma 4.8 to conclude that U ⊆ F (U), which shows
surjectivity of F as the Us cover X and F (U) ⊆ U . This yields surjectivity
of h and shows that h is an isometry.

Note that we could have used Lemma 4.8 at the end of the proof of
Theorem 4.7 too, but we opted for the more direct way of exhibiting the
inverse maps explicitly. It seems not clear how one would establish h̃ = h−1

here directly.

5 Quotients of Lorentzian pre-length spaces

In this section we show that, by identifying points that cannot be distin-
guished by the time separation function ℓ, one can always assume that the
point distinction property (PDP) holds. Such a procedure does not af-
fect convergence. For an analogous construction in the setting of bounded
Lorentzian metric spaces, see [MS24, Subsec. 1.3].
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Definition 5.1 (Identifying points with same time separations). Let (X, ℓ)
be a Lorentzian pre-length space and define the following relation ∼ on X

(4) x ∼ y :⇔ ℓ(x, z) = ℓ(y, z) , ℓ(z, x) = ℓ(z, y) ∀z ∈ X .

Proposition 5.2 (Quotient time separation). Let (X, ℓ) be a Lorentzian pre-
length space. Then the relation ∼ defined in (4) is an equivalence relation
and the quotient X/∼ is a Lorentzian pre-length space with the quotient
topology and the time separation function

ℓ∼([x], [y]) := ℓ(x, y) ,

where [x], [y] are the equivalence classes of x, y ∈ X. Finally, (X/∼, ℓ
∼)

satisfies the point distinction property (PDP).

Proof: Clearly ∼ is symmetric, transitive and reflexive. Moreover, ℓ∼

is well-defined and the quotient topology is finer than the chronological
topology on X/∼ as π−1(I±([x])) =

⋃
x∈[x] I

±(x), where π : X → X/∼ is the
quotient map.

If a sequence converges in the pointed Lorentzian Gromov–Hausdorff
sense to a limit X, it also converges to its time separation quotient X/∼.

Theorem 5.3 (Time separation quotient preserves limits). If

(Xn, ℓn, on,Un)
pLGH−→ (X, ℓ, o,U) (resp. strongly),

then

(Xn, ℓn, on,Un)
pLGH−→ (X/∼, ℓ

∼, π(o), (π(Uk))k) (resp. strongly),

where U = (Uk)k∈N and π : X → X∼ is the quotient map.

Proof: Any ε-net for a subset A ⊆ X is an ε-net for π(A) ⊆ X/∼ with
respect to ℓ∼. Moreover, the distortion of correspondences does not change,
the extension property of correspondences holds trivially and forward den-
sity of the vertices follows from the continuity of π.

Remark 5.4. Taking the time separation quotient collapses points which are
not causally related or only null related to the past/future to three distinct
points. These points might or might not be part of the space. Let (X, ℓ) be a
Lorentzian pre-length space satisfying the point distinction property (PDP).
Then we can characterize the following three points which possibly lie in X:

(i) The point i0 is characterized as

ℓ(x, i0) = ℓ(i0, x) = −∞ ∀x ∈ X\{i0} ,

and ℓ(i0, i0) = 0. Such i0 is called spacelike boundary in [MS24, Rem.
1.2,2] in the setting of bounded Lorentzian metric spaces.
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(ii) The future null infinity n0
+ is characterized as

ℓ(x, n0
+) = 0 , ℓ(n0

+, x) = −∞ ∀x ∈ X\{n0
+} ,

and ℓ(n0
+, n

0
+) = 0.

(iii) The past null infinity n0
− is characterized as

ℓ(x, n0
−) = −∞ , ℓ(n0

−, x) = 0 ∀x ∈ X\{n0
−} ,

and ℓ(n0
−, n

0
−) = 0.

6 Pre-compactness

Here we give a first pre-compactness result in a completely general setting.
To start, we introduce the timelike diameter of a subset of a Lorentzian
pre-length space.

Definition 6.1 (Timelike diameter). Let (X, ℓ) be a Lorentzian pre-length
space and let A ⊆ X be a subset. The timelike diameter of A is defined by

diamτ (A) := sup
x,y∈A

τ(x, y) .

Theorem 6.2 (Pre-compactness I). Let X be a class of covered Lorentzian
pre-length spaces such that each (X, ℓ, o,U) ∈ X, with covering U = (Uk)k∈N,
satisfies the following properties.

(i) For each fixed k ∈ N, the timelike diameter of Uk is uniformly bounded;
i.e., diamτ (Uk) ≤ Tk for a constant Tk ≥ 0 (independent of X).

(ii) For all k ∈ N and ε > 0, there exists a (finite) constant N = N(k, ε) >
0 (independent of X) such that Uk admits an ε-net Sk

ε of cardinality
at most N .

(iii) For all k ∈ N and ε > 0, it holds that Sk
ε ⊆ Sk+1

ε .

Then any sequence in X has a converging subsequence; i.e., for any sequence(
(Xn, ℓn, on,Un)

)
n∈N ⊂ X there exists a subsequence (nj)j ⊂ N and a covered

Lorentzian pre-length space (X, ℓ, o,U) such that

(Xnj , ℓnj , onj ,Unj )
pLGH−→ (X, ℓ, o,U) strongly, as j → ∞.

Proof: Fix a sequence
(
(Xn, ℓn, on,Un)

)
n∈N ⊂ X and write Un = (Uk,n)k∈N

for n ∈ N. We will inductively construct the limit space X by constructing
a cover U = (Uk,∞)k∈N.
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Step 1: Constructing a limit of (U1,n)n.

For all m ∈ N,m ≥ 1 there is a 1
m -net S1,n,m for U1,n, with

S1,n,m =
{
J
(
x11,n,m, y11,n,m

)
, . . . , J

(
x
N1,m

1,n,m, y
N1,m

1,n,m

)}
.

By assumption, |S1,n,m| ≤ N(1, 1
m) =: N1,m. By a diagonal argument, we

can assume that, up to subsequences:

∃ lim
n→∞

ℓn(x
i
1,n,m, yj1,n,m) , ∃ lim

n→∞
ℓn(y

i
1,n,m, xj1,n,m) ,

∃ lim
n→∞

ℓn(x
i
1,n,m, on) , ∃ lim

n→∞
ℓn(y

i
1,n,m, on) ,

∃ lim
n→∞

ℓn(on, x
i
1,n,m) , ∃ lim

n→∞
ℓn(on, y

i
1,n,m) ,

for all i, j ∈ N. Thus, we define the (countable) space U1,∞ as

U1,∞ := {x11,∞,1, y
1
1,∞,1, . . . , x

N1,1

1,∞,1, y
N1,1

1,∞,1, x
1
1,∞,2, . . .} ∪ {o∞} .

Step 2: Induction step k − 1 7→ k.
We assume that we have constructed U1,∞ ⊆ . . . ⊆ Uk−1,∞. By assumption,
the ε-nets for Uk−1,n are contained in the ε-nets for Uk,n (for all n ∈ N). Ar-
guing as in the first step (by using a diagonal procedure twice), we preserve
the convergence properties with respect to Uk−1,∞ and overall we get that
for all i, j ∈ N

∃ lim
n→∞

ℓn(x
i
1,n,m, yj1,n,m) , ∃ lim

n→∞
ℓn(y

i
1,n,m, xj1,n,m) ,

∃ lim
n→∞

ℓn(x
i
1,n,m, on) , ∃ lim

n→∞
ℓn(y

i
1,n,m, on) ,

∃ lim
n→∞

ℓn(on, x
i
1,n,m) , ∃ lim

n→∞
ℓn(on, y

i
1,n,m) ,

where Uk,∞ := Uk−1,∞ ∪ {x1k,∞,1, y
1
k,∞,1, . . . , x

Nk,1

k,∞,1, y
Nk,1

k,∞,1, x
1
k,∞,2, . . .}.

Step 3: Construction of the limit space.
We set X∞ :=

⋃
k∈N Uk,∞ with covering U∞ = (Uk,∞)∞. The time separa-

tion function ℓ∞ is given as

ℓ∞(xik,∞,m, yjk′,∞,m′) := lim
n→∞

ℓn(x
i
k,n,m, yjk′,n,m′) ,

ℓ∞(yjk′,∞,m′ , x
i
k,∞,m, ) := lim

n→∞
ℓn(y

j
k′,n,m′ , x

i
k,n,m) ,

ℓ∞(xik,∞,m, xjk′,∞,m′) := lim
n→∞

ℓn(x
i
k,n,m, xjk′,n,m′) ,

ℓ∞(yik,∞,m, yjk′,∞,m′) := lim
n→∞

ℓn(y
i
k,n,m, yjk′,n,m′) ,

ℓ∞(xik,∞,m, o∞) := lim
n→∞

ℓn(x
i
k,n,m, on) ,

ℓ∞(yik,∞,m, o∞) := lim
n→∞

ℓn(y
i
k,n,m, on) ,

ℓ∞(o∞, xik,∞,m) := lim
n→∞

ℓn(on, x
i
k,n,m) ,

ℓ∞(o∞, yik,∞,m) := lim
n→∞

ℓn(on, y
i
k,n,m) ,
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for all i, j, k, k′,m,m′ ∈ N. From this definition it readily follows that ℓ∞
satisfies the reverse triangle inequality and ℓ∞(x, x) ≥ 0 for all x ∈ X∞.

Finally, we use the chronological topology on X∞, hence (X∞, ℓ∞) is a
Lorentzian pre-length space.

Step 4: Xn
pLGH−→ X∞.

Convergence of the vertices is clear by construction. Since X∞ only consists
of the vertices and the distinguished point o∞, the covering property, and
the timelike forward density property are trivially satisfied. Moreover, the
extension property holds by construction. This finishes the proof.

7 Completion of a Lorentzian pre-length space

In the pre-compactness theorem 6.2 the limit is countable and not a con-
tinuum, hence one might wish to complete it. This is particularly relevant
when showing that the limit of globally hyperbolic spaces is globally hy-
perbolic (cf. Theorem A.15, in the appendix). To that aim, in this section
we introduce the forward completion of a Lorentzian pre-length space (cf.
[Gig25] in the general framework of partially ordered spaces, building on the
classical Dedekind completion).

Definition 7.1. Let (X, ℓ) be a Lorentzian pre-length space. A forward com-
pletion of X is a Lorentzian pre-length space (X, ℓ) satisfying the following
properties:

(i) (X, ℓ) is forward complete (cf. Definition 4.5);

(ii) J±(x̄) ⊂ X is closed, for all x̄ ∈ X;

(iii) There exists an isometric embedding of (X, ℓ) into (X, ℓ) such that X
is forward dense in X, i.e., for all x̄ ∈ X there exists a sequence (xk)k
in X such that xk ≤xk+1≤ x̄ and xk → x̄.

Theorem 7.2 (Existence of a forward completion). Let (X, ℓ) be a Lorentzian
pre-length space. Then X admits a completion (X, ℓ). Moreover, there exists
at most one completion (X, ℓ) (up to isometry), such that:

(i) The time separation function τ is continuous;

(ii) The causal relation ≤ is a closed partial order;

(iii) For all x̄ ∈ X\X, it holds that x̄ ∈ I±(x̄).

Proof: Step 1. Construction of the Lorentzian pre-length space.
Define

Y := {(xk)k ∈ XN such that xk ≤ xk+1 ≤ z ∀k ∈ N and for some z ∈ X} .
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We define a time separation function ℓ′ on Y as follows. Let (xk)k, (yk)k ∈ Y ,
then we set

ℓ′((xk)k, (yl)l)) := lim sup
k,l→∞

ℓ(xk, yl) .

The function ℓ′ is valued in {−∞} ∪ [0,∞] and ℓ′((xk)k, (xk)k) ≥ 0 for all
(xk)k ∈ Y . Indeed, ℓ(xk, xk) ∈ {0,∞} for all k ∈ N, thus

ℓ′((xk)k, (xk)k)) = lim sup
k,l→∞

ℓ(xk, xl) ≥ lim sup
k→∞

ℓ(xk, xk) ≥ 0 .

We next show that ℓ′ satisfies the reverse triangle inequality.
Let (xk)k, (yl)l, (zr)r ∈ Y . Then, for all k, l, r ∈ N, we have that ℓ(xk, yl) +
ℓ(yl, zr) ≤ ℓ(xk, zr). Thus,

L := lim sup
k,l,r→∞

(
ℓ(xk, yl) + ℓ(yl, zr)

)
≤ ℓ′((xk)k, (zr)r) .

We know that L ≤ ℓ′((xk)k, (yl)l) + ℓ′((yl)l, (zr)r); we claim that actually
equality holds. Let us first consider the case L = −∞. The monotonicity of
the sequence (yl)l, implies that if ℓ(xk, yl) = −∞, then ℓ(xk, yl′) = −∞ for
all l′ ≤ l. Thus, L = −∞ implies that ℓ′((xk)k, (yl)l)) + ℓ′((yl)l, (zr)r)) =
−∞ and the reverse triangle inequality is trivially satisfied. To prove the
claim for L ∈ R, assume by contradiction that there is an ε > 0 such that
L + ε < ℓ′((xk)k, (yl)l) + ℓ′((yl)l, (zr)r). There are k0, l0, r0 ∈ N such that
for all k ≥ k0, l ≥ l0, r ≥ r0 we have ℓ(xk, yl) + ℓ(yl, zr) ≤ L+ ε

2 . Moreover,
there are subsequences (kn)n, (ln′)n′ , (ln′′)n′′ , (rn′′′)n′′′ with

ℓ(xkn , yln′ ) > ℓ′((xk)k, (yl)l)−
ε

4
,

ℓ(yln′′ , zrn′′′ ) > ℓ′((yl)l, (zr)r))−
ε

4
.

Take n, n′, n′′, n′′′ large enough such that kn ≥ k0, ln′ ≥ l0, ln′′ ≥ ln′ , rn′′′ ≥
r0. Then ℓ(xkn , yln′ ) ≤ ℓ(xkn , yln′′ ) and we can estimate

L+ ε < ℓ′((xk)k, (yl)l)) + ℓ′((yl)l, (zr)r))

≤ ℓ(xkn , yln′ ) + ℓ(yln′′ , zrn′′′ ) +
ε

2

≤ ℓ(xkn , yln′′ ) + ℓ(yln′′ , zrn′′′ ) +
ε

2
≤ L+ ε ,

which is a contradiction since L ∈ R.
Step 2. Construction of an equivalence relation ∼ on Y .

Define an equivalence relation ∼ on Y as follows: (xk)k ∼ (yk)k if there is
a z ∈ X and subsequences (xkl)l and (ykl)l of (xk)k and (yk)k, respectively
such that

xkl ≤ ykl ≤ xkl+1
≤ ykl+1

≤ z ∀l ∈ N .
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In particular, the sequence (zl)l given by

zl :=

{
xkl l ≡ 0 mod 2 ,

ykl l ≡ 1 mod 2 ,

is in Y . Clearly, ∼ is reflexive and symmetric by shifting the index of the
sequence by ±1. To show transitivity, let (xk)k, (yk)k, (zk)k ∈ Y with bounds
x, y, z, respectively. If (xk)k ∼ (yk)k and (yk)k ∼ (zk)k, let (xkl)l, (ykl)l,
(ynl

)l, (zkl)l be the corresponding subsequences such that, for all l ∈ N:

xkl ≤ ykl ≤ xkl+1
≤ ykl+1

, ynl
≤ zkl ≤ ynl+1

≤ zkl+1
≤ z .

Then, for l = 0 we can find n′
0 such that n′

0 ≥ k0 =: k′0. Hence:

xk′0 ≤ yk′0 ≤ yn′
0
≤ zn′

0
≤ yn′

0+1 ≤ xn′
0+2 .

Setting k′1 := n′
0 + 2, we obtain the desired subsequences iteratively; since

all zks are bounded by z, we conclude.

Step 3. Endowing the quotient X := Y/ ∼ with the quotient time
separation ℓ̄.
Define X := Y/ ∼ and

ℓ̄([x], [y]) := ℓ′(x, y) ,

where [x] is the equivalence class of x ∈ Y . First, we show that the
time separation function ℓ̄ is well-defined. It suffices to fix one slot, so
let (x′k)k ∼ (xk)k in Y and without loss of generality we can assume that
ℓ(xk, ym) → ℓ′((xk)k, (ym)m) and ℓ(x′k, ym′) → ℓ′((x′k)k, (ym)m) (otherwise
take subsequences). By assumption, there are subsequences (xkl)l, (x

′
kl
)l of

(xk)k and (x′k)k, respectively, such that

xkl ≤ x′kl ≤ xkl+1
≤ x′kl+1

∀l ∈ N .

By the reverse triangle inequality, we infer that

ℓ(x′kl , ym′) ≤ ℓ(xkl , x
′
kl
) + ℓ(x′kl , ym′) ≤ ℓ(xkl , ym′) and

ℓ(xkl+1
, ym) ≤ ℓ(x′kl , xkl+1

) + ℓ(xkl+1
, ym) ≤ ℓ(x′kl , ym) .

Now taking the limit superior as l,m′ → ∞ in the first inequality we get

ℓ′((x′k)k, (ym)m) ≤ lim sup
l,m′→∞

ℓ(xkl , ym′) ≤ ℓ′((xk)k, (ym)m)) ,

and taking the limit superior as l,m → ∞ in the second one we get

ℓ′((xk)k, (ym)m) ≤ lim sup
l,m→∞

ℓ(x′kl , ym) ≤ ℓ′((x′k)k, (ym)m)) .

In summary, this gives ℓ′((xk)k, (ym)m) = ℓ′((x′k)k, (ym)m).
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Step 4. X is forward complete.
Now, we topologize X with the chronocausal topology (i.e., the topology
generated by the subbase I±(y), X\J±(y) for y ∈ Y ) and show that (X, ℓ)
is forward complete. It suffices to work in (Y, ℓ′): Let ym ≤ ym+1 ≤ z in
Y for all m ∈ N, where ym = (ymk )k, z = (zk)k with ymk ≤ ymk+1 ≤ zm

and zk ≤ zk+1 ≤ ẑ for some zm, ẑ ∈ X for all k,m ∈ N. The assumption
ym ≤ ym+1 ≤ z implies that there are subsequences such that ℓ(ymkl , y

m+1
k′l

) →
ℓ′(ym, ym+1) ≥ 0 and ℓ(ym+1

k̃′l
, zk′′l ) → ℓ′(ym+1, z) ≥ 0. In particular, since ℓ

takes values in {−∞} ∪ [0,+∞), we get that for all m ∈ N there is lm0 ∈ N
such that for all l ≥ lm0 we have ℓ(ymkl , y

m+1
k′l

) ≥ 0 and there is l̃m0 ≥ lm0 such

that for all l ≥ l̃m0 we have ℓ(ym+1

k̃′l
, zk′′l ) ≥ 0. By always choosing k̃′l ≥ k′l we

can without loss of generality assume that k̃′l = k′l. This yields that

ymkl ≤ ym+1
k′l

≤ zk′′l , for all m ∈ N, l ≥ l̃m0 .

Moreover, we can choose (lm0 )m and (l̃m0 )m to be non-decreasing in m.
We define the limit y = (yk)k inductively:

First, we set y0 := y0k
l̃00

≤ zk′′
l̃00

≤ ẑ. Then, we assume that we already have

defined yr for r = 0, . . . , n such that

(i) yr ≤ yr+1 ≤ ẑ for r = 0, . . . , n− 1, and

(ii) yr = yrkl(r) for some increasing function l : {0, . . . , n} → N.

Let l(n+ 1) ≥ max(l(n), l̃n+1
0 ) such that k′l(n) ≤ kl(n+1). Then, we set

yn+1 := yn+1
kl(n+1)

≤ zk′′
l(n+1)

≤ ẑ ,

hence we get that

yn = ynkl(n)
≤ yn+1

k′
l(n)

≤ yn+1
kl(n+1)

= yn+1 .

Consequently, y := (yn)n ∈ Y .
Now we show that ym → y in Y with respect to the chronological topol-

ogy. Let w ∈ I−(y), i.e., ℓ′(w, y) > 0 and w = (wk)k with wk ≤ wk+1 ≤ ŵ
for some ŵ ∈ X. There are subsequences such that

0 < ε := ℓ′(w, y) = lim sup
k,r→∞

ℓ(wk, yr) = lim
t,n→∞

ℓ(wkt , yrn) .

In particular, there are t0, n0 ∈ N such that for all t ≥ t0, n ≥ n0 we have
ℓ(wkt , yrn) ≥ ε

2 > 0. Let s ≥ kl(rn0 )
, then

ℓ(wkt , y
rn0
s ) ≥ ℓ(wkt , y

rn0
kl(rn0 )

) = ℓ(wkt , yrn0
) ≥ ε

2
.
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Consequently, we get

ℓ′(w, yrn0 ) = lim sup
k,s→∞

ℓ(wk, y
rn0
s ) ≥ lim sup

t,s→∞
ℓ(wkt , y

rn0
s ) ≥ ε

2
> 0 ,

i.e., w ≪ yrn0 . Hence for all r′ ≥ rn0 we have w ≪ yrn0 ≤ yr
′
, i.e.,

yr
′ ∈ I+(w) for all r′ ≥ rn0 as required.
Similarly, let w ∈ I+(y), then there are subsequences such that

0 < ε := ℓ′(y, w) = lim sup
k,r→∞

ℓ(yr, wk) = lim
t,n→∞

ℓ(yrn , wkt) .

In particular, there are t0, n0 ∈ N such that, for all t ≥ t0, n ≥ n0, we have
ℓ(yrn , wkt) ≥ ε

2 > 0. Then for t ≥ t0, n ≥ n0 and s ≥ kl(rn) we get that

yrns ≤ yrn+1
k′
l(rn)

≤ yrn+1
kl(rn+1)

= yrn+1 ≤ . . . ≤ yrn+1 ≪ wkt .

Thus we obtain ℓ(yrns , wkt) ≥ ℓ(yrn+1 , wkt) ≥ ε
2 and so

ℓ′(yrn , w) ≥ lim sup
s,t→∞

ℓ(yrns , wkt) ≥
ε

2
> 0 .

This means that yrn ∈ I−(w) for all n ≥ n0. Consequently, for r′ ∈ N we
have r′ ≤ rn for some n ∈ N with n ≥ n0, so y

r′ ≤ yrn ≪ w, so yr
′ ∈ I−(w) as

required. This concludes the proof of ym → y in the chronological topology.
It remains to show that ym → y with respect to the causal topology. Let

y ̸∈ J+(w), i.e.,
lim

k,n→∞
ℓ(wk, yn) = −∞ .

Thus, there are k0, n0 ∈ N such that, for all k ≥ k0 and n ≥ n0, we
have ℓ(wk, yn) = −∞. Let n ≥ n0 and r ≥ kl(n), then ynr ≤ yn+1

k′
l(n)

≤

yn+1
kl(n+1)

= yn+1. So for all k ≥ k0, n ≥ n0 and r ≥ kl(n) we have ℓ(wk, y
m
r ) ≤

ℓ(wk, yn+1) = −∞, hence ℓ′(w, yn+1) = −∞ and yn+1 ̸∈ J+(w) for n ≥ n0.
Now assume that y ̸∈ J−(w), then analogously as in the previous case

we have
lim

k,n→∞
ℓ(yn, wk) = −∞ ,

and so ℓ(yn, wk) = −∞ for all n ≥ n0, k ≥ k0 for some n0, k0 ∈ N. Assume
by contradiction that there is a sequence mr ↗ ∞ such that ymr ∈ J−(w)
for all r ∈ N. Thus, there are subsequences such that for all r ∈ N there are
t0(r), s0(r) ∈ N with ℓ(ymr

kt
, wks) ≥ 0 for all t ≥ t0(r), s ≥ s0(r). Then, let

r ∈ N and s ≥ s0(r). If t0(r) ≤ l(mr) then by the above

0 ≤ ℓ(ymr
kl(mr)

, wks) = −∞ ,

a contradiction. If, on the other hand, t0(r) > l(mr) we have

0 ≤ ℓ(ymr
kt0(r)

, wks) ≤ ℓ(ymr
kl(mr)

, wks) = −∞ ,
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again a contradiction. This concludes the proof of the forward completeness
of (X, ℓ).

Step 5. Forward dense isometric embedding of X into X.
We can embed X into X as constant sequences and show that these are
forward dense in (X, ℓ). Let

(5) y = (yk)k ∈ Y .

Define the sequence (ym)m in Y by setting

(6) ym := (ym)k .

In other words, for everym ∈ N, the element ym ∈ Y is given by the constant
sequence (ym)k, where ym is the mth term in the sequence defining y ∈ Y
as in (5).

First, we show that ym ≤ ym+1 ≤ y, for all m ∈ N. Indeed, by construc-
tion, ℓ′(ym, ym+1) = ℓ(ym, ym+1) ≥ 0 and ℓ′(ym, y) = lim supk→∞ ℓ(ym, yk) ≥
0, as eventually k ≥ m.

We now prove that ym → y, as m → ∞. Let w ∈ I−(y), w =
(wk)k ∈ Y . Then there are subsequences such that 0 < ε := ℓ′(w, y) =
lims,t→∞ ℓ(wkt , yms). Thus, there are s0, t0 ∈ N such that, for all s ≥ s0, t ≥
t0, we have ℓ(wkt , yms) ≥ ε

2 > 0. Then, for s ≥ s0, it holds that

ℓ′(w, yms) = lim sup
k→∞

ℓ(wk, yms) ≥ lim sup
t→∞

ℓ(wkt , yms) ≥
ε

2
> 0 ,

i.e., yms ∈ I+(w) for all s ≥ s0. Consequently, for all m
′ ∈ N with ms0 ≤ m′

we have w ≪ yms0 ≤ ym
′
, and so ym

′ ∈ I+(w) as required.
Now let w ∈ I+(y). Analogously to the previous case, there are sub-

sequences such that 0 < ε := ℓ′(y, w) = lims,t→∞ ℓ(yms , wkt). Thus, there
exist s0, t0 ∈ N such that ℓ(yms , wkt) ≥ ε

2 > 0, for all s ≥ s0, t ≥ t0. Then,
for s ≥ s0, we get

ℓ′(yms , w) = lim sup
k→∞

ℓ(yms , wk) ≥ lim sup
t→∞

ℓ(yms , wkt) ≥
ε

2
> 0 ,

i.e., yms ∈ I−(w) for all s ≥ s0. Consequently, for all m′ ∈ N there is an
s ≥ s0 such that m′ ≤ ms, hence ym

′ ≤ yms ≪ w, and so ym
′ ∈ I−(w) as

required.
It remains to check convergence for the open sets X\J±(w). First, as-

sume that y ̸∈ J+(w), then for k, n ∈ N large we have ℓ(wn, yk) = −∞.
This immediately implies that −∞ = ℓ(wn, yk) = ℓ(wn, (y

k)k), for all large
n, k ∈ N hence yk ̸∈ J+(w) for all large k ∈ N. Similar, if y ̸∈ J−(w), then
−∞ = ℓ(yk, wn) = ℓ((yk)k, wn) for k, n ∈ N large, hence yk ̸∈ J−(w) for
k ∈ N large. This concludes the proof that ym → y in Y .
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Step 6. Uniqueness.
Assume there exist two completions (X, ℓ) and (X

′
, ℓ

′
) such that the asser-

tions (i)–(iii) hold. We construct a map f : X → X
′
as follows.

On X, f is the identity between the inclusions X ⊂ X and X ⊂ X
′
.

Next we define f on X \ X. For x̄ ∈ X\X, let xk → x̄ with xk ∈ X
and xk ≤xk+1≤ x̄, for all k ∈ N. By item (iii) we have I+≪(x̄) ̸= ∅; so let

w̄ ∈ I+≪(x̄) and let w̄ = limwl, where wl ≤wl+1≤ w̄. Then, there exists l ∈ N
such that x̄≪wl. Consequently, for all k ∈ N, we have xk ≤ x̄≪wl. Then,
in X

′
we also have xk ≤

′
xk+1≤

′
wl. Thus, by forward completeness of X

′
,

the sequence (xk)k ⊂ X
′
converges to some point x̄ ∈ X

′
. Set f(x̄) := x̄′.

We next show that f is well-defined. Let yk ≤ yk+1≤ x̄ with yk → x̄ in
X be another sequence of elements in X converging to x̄ in X and to ȳ′ in
X

′
. Let w̄ ∈ I+≪′(ȳ′) with wl → w̄, wl ≤

′
w̄, wl ∈ X for all l ∈ N. Therefore,

there exists l0 ∈ N such that, for all l ≥ l0, we have ȳ′≪′wl. Since xk → x̄
in X, for every l ≥ l0 there exists kl ∈ N such that for all k ≥ kl we have
yk ≤

′
ȳ′≪′wl, i.e., yk ≪ wl. Taking the limit as k → ∞ in X

′
and using

the closedness of ≤′
, we get f(x̄) = x̄′≤′

wl; taking the limit as l → ∞
yields f(x̄)≤′

w̄. Finally, letting w̄ → ȳ′ thanks to item (iii), we obtain that
f(x̄)≤′

ȳ′. By swapping the roles of the sequences (xk)k and (yk)k, yields
the reverse inequality ȳ′≤′

x̄′. Since by item (ii) the causal relation ≤′
is a

partial order, we conclude that x̄′ = ȳ′, proving that f is well defined.
Since X embeds isometrically into both X and X

′
, we can identify them

via the map f , and suppress f in the rest of the argument. Since X is dense
and the time separations are continuous, we get that τ = τ ′. It remains to
show ℓ = ℓ

′
or, equivalently, that the causal relations coincide. Assume by

contradiction that there exist x̄, ȳ ∈ X with

ℓ(x̄, ȳ) = −∞ < 0 = ℓ
′
(x̄, ȳ) = τ ′(x̄, ȳ) .

Then, assertion (iii) implies that there exists a sequence xk ∈ X with xk ≪′ x̄
for all k ∈ N. Let yl → ȳ, where yl ∈ X. Since xk ≪′ x̄≤′

ȳ for all k ∈ N,
there is an lk ∈ N such that

xk ≪ yl, for all l ≥ lk.

Taking the limit as l → ∞ and using closedness of ≤, we get xk ≤ y. Then,
taking the limit as k → ∞ gives the contradiction x̄≤ ȳ. Thus ℓ = ℓ

′
and

the proof is complete.

Finally, we establish that taking the completion does not affect conver-
gence (under mild conditions that will always be satisfied in the applications

below). Let (Xn, ℓn, on,Un)
pLGH−→ (X, ℓ, o,U). We say that X consists only

of vertices, if for all covering sets Uk,n ∈ Un and Uk ∈ U , there exist 1
l -nets
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Sl for Uk and corresponding 1
l -nets for Uk,n together with correspondences

satisfying points (i) – (iii) of Definition 3.6 such that

(7) {o} ∪
∞⋃
l=1

V (Sl) = Uk .

For example, this is the case in the pre-compactness Theorem 6.2.

Theorem 7.3 (Forward completion preserves convergence).

Let (Xn, ℓn, on,Un)
pLGH−→ (X, ℓ, o,U) strongly and let (X, ℓ) be a completion

of (X, ℓ). Assume that

• X is first countable, or

• X consists only of vertices, i.e., (7) holds.

Then (Xn, ℓn, on,Un)
pLGH−→ (X, ℓ, o,U), where U = (Uk)k∈N, U = (Uk)k∈N,

and Uk is the closure of Uk in X.

Proof: Fix k ∈ N and let ε > 0, then there exists a finite ε-net for Uk,
which we denote by (J(pi, qi))

N
i=1. By Theorem 7.2 we have J(pi, qi) =

J(pi, qi) for i = 1, . . . , N . Consequently, (J(pi, qi))
N
i=1 is an ε-net for Uk: As

Uk ⊆
⋃N

i=1 J(pi, qi) we get that

Uk ⊆
N⋃
i=1

J(pi, qi) =
N⋃
i=1

J(pi, qi) .

Moreover, ℓ(pi, qi) = ℓ(pi, qi) for all i = 1, . . . , N and the time separations
of the vertices still converge, as they are unchanged. Thus, it only remains
to show the extension property for correspondences and forward density. In
fact, the extension property for correspondences is preserved as we do not
need to change the set of vertices by the above.

To show forward density, let y ∈ Uk\V, where V is a collection of vertices
of 1

l -nets for Uk that is timelike forward dense in Uk. As X is forward dense
in X we have y = limm→∞ ym, where ym ∈ X with ym ≤ ym+1 ≤ y for
all m ∈ N. If ym ∈ V for infinitely many m ∈ N, then we found the
desired approximating sequence (if X consists only of vertices this is the
case anyways). If not, by the strong convergence, there are sequences (smk )k
in V such that smk ≪ smk+1 ≪ ym for all m, k ∈ N and limk→∞ smk = ym.
Since limk→∞ s1k = y1 and s0k ≪ y0 ≤ y1, there is a k1 ∈ N such that for
all k ≥ k1 we have s00 ≪ s1k. Continuing iteratively, we obtain a sequence
(smkm) with smkm ≪ sm+1

km+1
≪ ym+1 for all m ∈ N,m ≥ 1. Then, since X is

first countable taking the limit m → ∞ yields smkm → y as required.
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Remark 7.4. Loosing strong convergence in Theorem 7.3 above is not a
serious issue, as the main purpose of strong convergence is to establishing
uniqueness of limits (see Theorem 4.7); however, the uniqueness of a com-
pletion already follows from Theorem 7.2, thus establishing the uniqueness
of limits also in this case.

Corollary 7.5 (Converging sequence has forward complete limit that sat-

isfies PDP). Let (Xn, ℓn, on,Un)
pLGH−→ (X, ℓ, o,U) strongly. Assume that

• X consists only of vertices, i.e., (7) holds, or

• there exists a first countable completion X of (X, ℓ).

Then there exists a causal, forward complete, limit Lorentzian pre-length
space (X, ℓ) that satisfies the point distinction property (PDP) and each
J±(x̄) is closed in X for all x̄ ∈ X.

Proof: Let (X, ℓ) be a completion of (X, ℓ), which exists by Theorem
7.2, then it is forward complete and each J±(x̄) is closed in X for all x̄ ∈
X. By Theorem 7.3, we get (Xn, ℓn, on,Un)

pLGH−→ (X, ℓ, o,U). Taking the
time separation quotient of (X, ℓ), we obtain a Lorentzian pre-length space

(X
′
, ℓ

′
) that satisfies the point distinction property (PDP) and is still a limit

by Theorem 5.3. Moreover, the causal futures and pasts J±(x̄′) are closed in

X
′
for all x̄′ ∈ X

′
by continuity of the quotient map π. Causality of (X

′
, ℓ

′
)

follows from Lemma 4.3.

We can now apply the above to show that any globally hyperbolic space-
time arises as a pointed Lorentzian Gromov–Hausdorff limit of finite spaces.
This might have implications to approaches to Quantum Gravity like causal
set theory [BLMS87] (cf. [Sur19] for a recent review), see also Subsection
10.4. An analogous local result was proved in the context of bounded
Lorentzian metric spaces [MS24, Cor. 4.32], which implies that any causal
diamond in a smooth globally hyperbolic spacetime can be approximated
by finite bounded Lorentzian metric spaces (called causets).

Theorem 7.6. Each smooth globally hyperbolic spacetime is the strong pointed
Lorentzian Gromov–Hausdorff limit of finite (discrete) Lorentzian pre-length
spaces. In fact, the same holds true for any globally hyperbolic spacetime with
continuous Lorentzian metric, provided I+ is an open relation.

Proof: Fix some o ∈ M and let U = (Uk)k∈N be a cover given by Lemma
3.11. Then each Uk is a globally hyperbolic spacetime itself (as it is open
and causally convex). Moreover, as the Alexandrov topology is the manifold
topology (by strong causality) it is separable. Denote by D a countable
dense subset of M , where without loss of generality we can assume that
o ∈ D. Next we show that, for all ε > 0 and p ∈ M there are d, d′ ∈ D
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such that p ∈ I(d, d′) and τ(d, d′) ≤ ε. To see these two claims, let p ∈ M
and let O ⊆ M be an open neighborhood of p such that τ ≤ ε on O × O.
By strong causality, there are p± ∈ M such that p ∈ I(p−, p+) ⊆ O. As
I(p−, p) ̸= ∅ ̸= I(p, p+) there are d ∈ I(p−, p) ∩D, d′ ∈ I(p, p+) ∩D, hence
p ∈ I(d, d′). Consequently, for all ε > 0, we have

Uk ⊆ Uk ⊆
Nε

k⋃
i=0

I(pεi , q
ε
i ) ⊆

Nε
k⋃

i=0

J(pεi , q
ε
i ) ,

with τ(pεi , q
ε
i ) ≤ ε and pεi , q

ε
i ∈ D for all i, i.e.,

Sε
k := {J(pεi , qεi ) : i = 0, . . . , N ε

k}

is a finite ε-net for Uk. We want to make sure that we use all elements of D
as vertices, so we consider

S̃ε
k := {J(di, dj) : τ(di, dj) ≤ ε; i, j ≤ k}.

Then, Sε
k ∪ S̃ε

k is still a finite ε-net for Uk. Now, setting

Ũk,n :=

n⋃
m=1

V (S
1
m
k ) ∪ V (S̃

1
m
k ) ,

we have that (Ũk,n, ℓ|Ũk,n×Ũk,n
)
LGH−→ (Uk, ℓ|Uk×Uk

) strongly as n → ∞ since

the vertices and the time separations of the vertices are unchanged. At
this point we make the Ũk,ns increasing by setting Uk,n :=

⋃k
l=0 Ũl,n. Then

setting

Xn := Un,n and X :=
⋃

n,k∈N
Uk,n,

gives

(Xn, ℓ|Xn×Xn , o, (Uk,n)k∈N)
pLGH−→ (X, ℓ|X×X , o, (Uk)k) strongly.

Finally, we show that X is dense in M . To this end it suffices to show

that D ⊆
⋃

k,n≥1 V (S̃
1
n
k ). Let d = di ∈ D, then since I+(d) is open, non-

empty and τ(d, d) = 0 there is a d′ = dj ∈ I+(d) with τ(d, d′) ≤ 1
n for some

n ∈ N, n ≥ 1. Then J(d, d′) ∈ S̃
1
n

max(i,j) and so d ∈ V (S̃
1
n

max(i,j)). By Remark

4.6, (M, ℓg) is a first countable forward completion of (X, ℓ|X×X), hence

by Theorem 7.3 we have (Xn, ℓ|Xn×Xn , o, (Uk,n)k∈N)
pLGH−→ (M, ℓg, o,U). In

fact, by construction the vertices are timelike forward dense, yielding strong
convergence.
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8 Geometric pre-compactness

The goal of this section is to apply the Lorentzian Gromov–Hausdorff conver-
gence developed in the paper, in particular the pre-compactness theorem, to
smooth spacetimes. An interesting feature of the geometric pre-compactness
result proved below is that it heavily relies on the causal structure, and it
has no immediate counterpart in Riemannian signature.

We start with the case of a Lorentzian product of the real line with a
Riemannian manifold. Let (Σ, h) be a compact Riemannian manifold; in
particular, (Σ, h) is totally bounded. Here, total boundedness means that for

all ε > 0 there exists a finite (metric) ε-net Sε ⊆ Σ; i.e., Σ =
⋃

s∈Sε
Bdh

ε (s)

and |Sε| ≤ N(ε) < ∞, where dh is the metric induced by h. Now we consider
the product spacetime M := R×Σ with Lorentzian metric −dt2 + h, which
is globally hyperbolic since Σ is complete. Set Σt := {t} × Σ for t ∈ R.

Lemma 8.1 (Cover by causal diamonds in the future of Σ0). Let A ⊆
J+(Σt0) for some t0 > 0. Then for all 0 < ε ≤ t0, for all (metric) ε-nets S
in Σ we have A ⊆ I+({0} × S).

Proof: Let a = (t, σ) ∈ A, then t ≥ t0. Let 0 < ε ≤ t0 and S be an ε-net
in Σ. Thus there is an s ∈ S such that dh(σ, s) < ε. Let γ : [0, 1] → M ,
γ(s) := (ts, γ⃗(s)), where γ⃗ : [0, 1] → Σ is a minimizing geodesic from γ⃗(0) = s
to γ⃗(1) = σ with | ˙⃗γ|h = dh(s, σ). Now clearly γ is a future directed timelike
curve from (0, s) to a = (t, σ).

In the next lemma we obtain a bound on the cardinality of (Lorentzian)
ε-nets in terms of the cardinality of (metric) ε-nets of Σ and the time lapse.

Lemma 8.2 (Bounding the cardinality of Lorentzian ε-nets). Let 0 < t− <
t+ and let A ⊆ J+(Σt−) ∩ J−(Σt+). Let 0 < ε ≤ t− and let s1, . . . , sN
be an ε

3 -net in Σ. Then there is a Lorentzian ε-net of cardinality at most

⌈ t+−t−
3ε ⌉ · N covering A, where ⌈x⌉ is the smallest integer greater or equal

x ∈ R.

Proof: Set L := ⌈ t+−t−
3ε ⌉ and ti := t− + i ε3 for i = −1, . . . , L. Moreover,

set xi,j := (ti, sj) for i = 0, . . . , L, j = 1, . . . , N and

J := {J(xi−1,j , xi+2,j) : i = 0, . . . , L− 1; j = 1, . . . , N}.

Then J is a collection of causal diamonds J(xi−1,j , xi+2,j), which satisfy
τ(J(xi−1,j , xi+2,j)) = τ(xi−1,j , xi+2,j) = ti+2 − ti−1 = ε. Note that t−1 =
t− − ε ≥ 0.

Next, we show that A ⊆
⋃

J∈J J . Let a = (t, σ) ∈ A, then there is
an i ∈ {0, . . . , L} such that ti ≤ t ≤ ti+1 and j ∈ {1, . . . , N} such that
dh(σ, sj) <

ε
3 . Define γ : [0, 1] → M as γ(s) = (st+ (1− s)ti−1, γ⃗(s)), where
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γ⃗ : [0, 1] → Σ is a minimizing geodesic from γ⃗(0) = sj to γ⃗(1) = σ with

| ˙⃗γ|h = dh(sj , σ). Therefore

g(γ̇, γ̇) = −(t− ti−1)
2 + dh(sj , σ)

2 < −ε2

9
+

ε2

9
= 0 ,

as t ≥ ti. Thus a ∈ J+(xi−1,j). Similarly, defining λ : [0, 1] → M by setting
λ(s) := (sti+2 + (1 − s)t, γ⃗(s)) for s ∈ [0, 1] gives a future directed timelike
curve from a to xi+2,j as t ≤ ti+1 and

g(λ̇, λ̇) = −(ti+2 − t)2 + dh(sj , σ)
2 < −ε2

9
+

ε2

9
= 0 .

Corollary 8.3 (Scaled product metric). Let C > 0 and consider the Lorentzian
metric

(8) ρC := −C2dt2 + h on R× Σ.

Then the corresponding bound on the cardinality of an ε-net as in Lemma
8.2 is ⌈ t+−t−

3ε ⌉ ·NC , where NC is the cardinality of an Cε
3 -net in Σ.

Next, we establish a geometric pre-compactness theorem for a general
class of globally hyperbolic spacetimes. Recall that (see [BS05, Thm. 1.1]
and [MS11, Lem. 3.5]) every globally hyperbolic spacetime (M, g) isometri-
cally splits as

(R× Σ,−βdt2 + ht) ,

where β : R × Σ → (0, 1] is smooth, Σ is a smooth spacelike Cauchy-
hypersurface and ht is a t-dependent Riemannian metric on {t} × Σ. For
notational simplicity we will write (Σ, h0) for ({0}×Σ, h0). The following ge-
ometric pre-compactness theorem for globally hyperbolic spacetimes builds
on top of such a splitting and on the abstract pre-compactness for pLGH
convergence established before. Recall that, given two Lorentzian metrics
g, g′ on M , the notation g ⪯ g′ means that

g(v, v) ≤ 0 =⇒ g′(v, v) ≤ 0, for all v ∈ TM.

Theorem 8.4 (Geometric pre-compactness). Let C : (0,∞) → (0,∞) and
N : (0,∞) → N be given functions. Consider the following family MC,N of
smooth globally hyperbolic spacetimes

MC,N := {(R× Σ,−βdt2+ht) : Σ is a compact smooth manifold,

β : R× Σ → (0, 1] is a smooth function,

∀ε > 0 ∃ε-net S in Σ w.r.t. dh0 with |S| ≤ N(ε),

∀T > 0 : ρC(T ) ⪯ −βdt2 + ht on [−T, T ]× Σ} ,
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where ρC(T ) is defined as in (8). Then, for each T > 0, there exists a
uniform bound on the cardinality of Lorentzian ε-nets needed to cover the
slab [−T, T ] × Σ. More precisely: Let T > 0 and ε > 0. Then for every
(R × Σ,−βdt2 + ht) ∈ MC,N there is a Lorentzian ε-net of cardinality at
most ⌈

2T

3ε

⌉
·N

(
C(T )ε

3

)
,

covering [−T, T ]× Σ.
Moreover, MC,N is sequentially pre-compact; i.e., for each sequence

in MC,N there is a subsequence that strongly pLGH-converges to a cov-
ered Lorentzian pre-length space that satisfies the point distinction property
(PDP). This limit can be forward completed and is still the limit of such
a subsequence. Also, there exists at most one smooth globally hyperbolic
spacetime arising as such a strong limit (up to smooth isometry).

Proof: Step 1. Pre-compactness.
Let T > 0, ε > 0, and let (R × Σ, g) ∈ MC,N , where g = −βdt2 + ht. By
Corollary 8.3 applied to ρC(T ) = −C(T )2dt2 + h0, there is a (Lorentzian)

ε-net J for [−T, T ] × Σ of cardinality ⌈2T3ε ⌉ · N
(C(T )ε

3

)
. By construction,

each J ∈ J is of the form J((s, x), (t, x)) with −T ≤ s < t ≤ T , t − s = ε
and x ∈ Σ. Since ρC(T ) ⪯ g on [−T, T ]× Σ, then

JρC(T )
((s, x), (t, x)) ⊆ Jg((s, x), (t, x)), for all J ∈ J .

In particular, the union over J ∈ J of Jg((s, x), (t, x)) covers [−T, T ] × Σ.
Since by assumption β ≤ 1, it is clear that τg(J) ≤ t− s = ε, for all J ∈ J .
In conclusion, J is an ε-net for [−T, T ]× Σ with respect to τg.

Finally, we show that MC,N satisfies the assumptions of the general pre-
compactness theorem 6.2. Let (M, g) ∈ MC,N , fix a point σ ∈ Σ, and set
o := (0, σ) ∈ M . Let k ∈ N, k ≥ 1, and set Uk := [−k, k]×Σ. Then the time-
like diameter of Uk is uniformly bounded by 2k (independently from (M, g))
as β ≤ 1 and Uk ⊆ Uk+1 for all k ∈ N, k ≥ 1. Thus each (M, ℓg, o, (Uk)k≥1)
is a covered Lorentzian pre-length space satisfying the assumptions of Theo-
rem 6.2. Therefore, Theorem 6.2 yields a subsequence strongly converging to
a covered Lorentzian pre-length space. Then, Theorem 5.3 establishes that
this subsequence also strongly convergences to the time separation quotient
(which satisfies the point distinction property (PDP)). Moreover, Theo-
rem 7.2 and Proposition 7.3 give that the subsequence converges also to the
forward completion of the limit.

Step 2. Uniqueness of the limit in the class of smooth globally hyper-
bolic spacetimes.
Assume there are two smooth globally hyperbolic spacetimes, arising as
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pLGH strong limits of the converging subsequence. Observe that the chrono-
logical topologies coincide with the manifold topologies; moreover, Proposi-
tion 4.9 ensures that the induced Lorentzian pre-length spaces are isometric
(as the vertices are timelike forward dense in each covering set Uk). In partic-
ular, the manifolds are homeomorphic (since isometries are continuous) and
have the same dimension (as manifolds) by invariance of domain. Thanks
to the Hawking–King–McCarthy theorem [HKM76] (cf. [MS08, Prop. 3.34],
[BEE96, Thm. 4.17]) such a time separation preserving homeomorphism is
actually a smooth isometry, yielding the claimed uniqueness.

Remark 8.5. Notice that the condition ρC(T ) ⪯ −βdt2 + ht is conformally
invariant; in particular, it does not depend on the curvature of (R × Σ, g).
The interesting feature of Theorem 8.4 is that it implies that a control on the
causality and a control of the cardinality of (metric) ε-nets of the spacelike
slice (Σ, h0) allows to control the cardinality of ε-nets for the spacetime. This
feature heavily relies on the causal structure and is markedly Lorentzian; we
are not aware of pre-compactness results in Riemannian signature having
this flavour.

9 Measured pLGH convergence

Let us start by defining ameasured Lorentzian pre-length space, as a Lorentzian
pre-length space (in the sense of Definition 2.3) endowed with a reference
non-negative Borel measure. Recall that a topology is said to be Polish if it
can be induced by a complete and separable metric.

Definition 9.1 (Measured Lorentzian pre-length space). Let (X, ℓ) be a
Lorentzian pre-length space whose topology is Polish and such that causal
diamonds are Borel. Let m be a non-negative Borel measure, finite on causal
diamonds. Then the triplet (X, ℓ,m) is called measured Lorentzian pre-
length space.

Next, we discuss how to induce a measure into an ϵ-net. Recall Definition
3.1 of vertices of a family of causal diamonds, and Definition 3.2 of ε-net for
a set.

Definition 9.2 (Measured ε-net). Let (X, ℓ,m) be a measured Lorentzian
pre-length space. Let ε > 0 and A ⊆ X be a Borel subset. Let S = (Ji)i∈N =(
J(pi, qi)

)
i∈N be a countable (or finite) ε-net for A. Define the measure

(9) mS =
∞∑
i=1

1

2
m
(
(Ji ∩A) \

i−1⋃
j=1

Jj

)
(δpi + δqi) .

The pair (S,mS) is called measured ϵ-net for A.
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Note that (9) defines a measure. Indeed mS is the monotone limit of the

increasing family of finite measures
∑N

i=1
1
2m

(
(Ji ∩A) \ ∪i−1

j=1Jj

)
(δpi + δqi).

We next give a measured version of the LGH convergence of subsets.
Roughly, we add the weak convergence of measures to the LGH convergence
(see Definition 3.6). The weak convergence of measures is understood in
duality with real valued continuous functions with compact support.

Definition 9.3 (Measured LGH-convergence of subsets). Let (Xn, ℓn,mn),
n ∈ N, and (X, ℓ,m) be measured Lorentzian pre-length spaces. For each n ∈
N, let An be a Borel subset of Xn and let A be a Borel subset of X. We say
that An converges to A in the (resp. strong) measured Lorentzian Gromov-

Hausdorff sense (mLGH for short), and write An
mLGH−→ A (resp. strongly) if

An
LGH−→ A (resp. strongly) and if there exist Borel maps gln : V (Sl

n) → V (Sl)
realizing a 1/l−correspondence of V (Sl

n) and V (Sl) such that

(10) lim
l→∞

lim
n→∞

(gln)♯mSl
n
= m⌞A weakly as measures.

Here m⌞A denotes the restriction of the measure m to the Borel set A.

We can now define a measured version of the pointed Lorentzian Gromov–
Hausdorff convergence (Definition 3.12).

Definition 9.4 (Measured pLGH-convergence of covered measured Lorentzian
pre-length spaces). Let (Xn, ℓn,mn, on,Un), n ∈ N, and (X, ℓ,m, o,U) be cov-
ered measured Lorentzian pre-length spaces, with U = (Uk,∞)k∈N and Un =
(Uk,n)k∈N families of Borel subsets. We say that

(
(Xn, ℓn,mn, on,Un)

)
n∈N

converges to (X, ℓ,m, o,U) in the (resp. strong) pointed measured Lorentzian
Gromov-Hausdorff sense (pmGH for short), and write

(Xn, ℓn,mn, on,Un)
pmLGH−→ (X, ℓ,m, o,U) (resp. strongly),

if for each k ∈ N it holds that Uk,n
mLGH−→ Uk,∞ (resp. strongly) as n → ∞.

From the construction of the measure mS as in (9) and following the
proof of Theorem 7.6, one can show the next result.

Theorem 9.5. Each smooth globally hyperbolic spacetime (M, g) endowed
with a continuous weighted measure m = exp(Φ) dvolg, Φ ∈ C0(M), is the
strong pointed measured Lorentzian Gromov–Hausdorff limit of countable
(discrete) measured Lorentzian pre-length spaces. In fact, each covering set
of the approximating sequence can be chosen to be finite.

We next refine the pre-compactness Theorem 6.2, obtaining a pre-compactness
result for the pmLGH convergence.
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Theorem 9.6 (Pre-compactness for pmLGH). Let X be a class of covered
measures Lorentzian pre-length spaces such that each (X, ℓ,m, o,U) ∈ X,
with covering U = (Uk)k∈N, satisfies the assumptions (i), (ii), (iii) of Theo-
rem 6.2, and moreover:

(iv) For all k ∈ N there exists Ck > 1 such that 1
Ck

≤ m(Uk) ≤ Ck.

Then any sequence in X has a converging subsequence in pmLGH-sense;
i.e., for any sequence ((Xn, ℓn,mn, on,Un))n ⊂ X there exists a subsequence
(nj)j ⊂ N and a covered measured Lorentzian pre-length space (X, ℓ,m, o,U)
such that

(Xnj , ℓnj ,mnj , onj ,Unj )
pmLGH−→ (X, ℓ,m, o,U) strongly, as j → ∞.

Proof. Let ((Xn, ℓn,mn, on,Un))n ⊂ X. By Theorem 6.2 we know that there
exists a subsequence (nj)j ⊂ N and a covered Lorentzian pre-length space
(X∞, ℓ∞, o∞,U∞) such that

(Xnj , ℓnj , onj ,Unj )
pLGH−→ (X∞, ℓ∞, o∞,U∞) strongly, as j → ∞.

By the construction performed in the proof of Theorem 6.2, we have
that:

(a) X∞ is a countable set.

(b) For every m ≥ 1, and every k ∈ N, Uk,∞ admits a finite 1/m-net
Sk,∞,m, i = 1, . . . , Nk,m, with a finite set of vertices

V (Sk,∞,m) = {xik,∞,m, yik,∞,m}i=1,...,Nk,m
.

Moreover, the family of vertices is increasing, i.e,

V (Sk,∞,m) ⊂ V (Sk,∞,m+1),

and Uk,∞ is obtained as the union of such vertices:

Uk,∞ =
∞⋃

m=1

V (Sk,∞,m).

(c) For every m ≥ 1, and every k ∈ N, there exists maps

gk,j,m : V (Sk,j,m) → V (Sk,∞,m)

with distortion less than 1/m, where V (Sk,j,m) denotes the set of ver-
tices of the 1/m-net Sk,j,m for Uk,j ⊂ Xnj , Uk,j ∈ Unj . Moreover,

V (Sk,j,m−1) ⊂ V (Sk,j,m) and gk,j,m|V (Sk,j,m−1) = gk,j,m−1(11)

V (Sk−1,j,m) ⊂ V (Sk,j,m) and gk,j,m|V (Sk−1,j,m) = gk−1,j,m.(12)
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We endow X∞ with the discrete topology, i.e., every point is an open set.
Since X∞ is countable, such a topology is Polish.

We need to show that Uk,nj

mLGH−→ Uk,∞, up to a further subsequence. We

already know that Uk,nj

LGH−→ Uk,∞, so it is enough to show that, up to a
subsequence in j,

(13) lim
m→∞

lim
j→∞

(gk,j,m)♯mSk,j,m
= m∞⌞Uk,∞ weakly as measures,

where m∞ is a suitable measure on X∞, to be constructed.

Step 1. Case k = 1.
Due to the finiteness of the set, a measure on V (S1,∞,m) can be identified
with a non-negative function defined on it (giving the weights of the Dirac
masses on the vertices). With such an identification, assumption (iv) guar-
antees that (g1,j,m)♯mS1,j,m defines a non-negative function on V (S1,∞,m)
bounded by C1 < ∞, uniformly in j ∈ N; actually, using assumption (iv)
together with the fact that every 1/m-net S1,j,m is a covering of U1,nj ⊂ Xnj ,
we get that

(14)
1

C1
≤

∑
x∈V (S1,∞,m)

(g1,j,m)♯mS1,j,m(x) ≤ C1, for all j,m ∈ N.

Then, the Bolzano-Weierstrass theorem in R, coupled with a diagonal ar-
gument, implies the existence of a real valued function ρ1,m : V (S1,∞,m) →
[0, C1], such that

lim
j→∞

(g1,j,m)♯mS1,j,m(x) = ρ1,m(x), for all x ∈ V (S1,∞,m).

Recalling (11) and that U1,∞ =
⋃

m∈N V (S1,∞,m), a diagonal argument pro-
duces a function

ρ1 : U1,∞ → [0, C1], ρ1|V (S1,∞,m) = ρ1,m for all m ∈ N,

such that

(15) lim
m→∞

lim
j→∞

(g1,j,m)♯mS1,j,m(x) = ρ1(x), for all x ∈ U1,∞.

Define the measure m1,∞ on U1,∞, associated to ρ1:

m1,∞ :=
∑

x∈U1,∞

ρ1(x) δx.

Observe that (15) yields

(16) lim
m→∞

lim
j→∞

(g1,j,m)♯mS1,j,m = m1,∞ weakly as measures.
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Moreover, (14) ensures that

1

C1
≤ m1,∞(U1,∞) ≤ C1.

Let us recall that we consider the weak convergence of measures in duality
with compactly supported continuous functions; since the X∞ is endowed
with the discrete topology, such functions vanish identically on the comple-
ment of a finite set.

Step 2. Inductive construction and conclusion.
Assume that, for some k ≥ 2, we constructed a measure mk−1,∞ on Uk−1,∞
such that

(17) lim
m→∞

lim
j→∞

(gk−1,j,m)♯mSk−1,j,m
= mk−1,∞ weakly as measures.

Arguing as in step 1 and recalling (12), we can construct a measure mk,∞
on Uk,∞ such that

mk,∞⌞Uk−1,∞ = mk−1,∞

and such that, up to a further subsequence in j, it holds:

lim
m→∞

lim
j→∞

(gk,j,m)♯mSk,j,m
= mk,∞ weakly as measures.

Moreover, arguing as step 1, we have that

(18)
1

Ck
≤ mk,∞(Uk,∞) ≤ Ck, for all k ∈ N.

Since, by construction X∞ =
⋃

k∈N Uk,∞ and Uk,∞ ⊆ Uk+1,∞, we can
define m∞ on X∞ by setting

m∞⌞Uk,∞ := mk,∞.

The desired (13) now follows by the above constructions. Moreover, (18)
ensures that m∞ is finite on causal diamonds in X∞.

10 Applications

In this final section we give four applications of the Lorentzian Gromov–
Hausdorff convergence developed above. First, we show that Chruściel–
Grant approximations [CG12] of continuous spacetimes are an instance of
the Lorentzian Gromov–Hausdorff convergence of their underlying Lorentzian
pre-length spaces. Second, we show that timelike sectional curvature bounds
are stable under Lorentzian Gromov–Hausdorff convergence. Third, we in-
troduce blow-up tangents and finally, we prove a precise statement about
the main conjecture of causal set theory, an approach to Quantum Gravity.
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10.1 Chruściel–Grant approximations viewed as Lorentzian
Gromov–Hausdorff convergence

Given a continuous Lorentzian metric g on a smooth manifold M , Chruściel
and Grant [CG12] showed that there are sequences of smooth Lorentzian
metrics (ǧn)n, (ĝn)n that converge locally uniformly to g and have nested
lightcones, i.e., ǧn ⪯ g ⪯ ĝn for all n ∈ N. Moreover, any continuous
spacetime is a Lorentzian pre-length space in the sense of Definition 2.3 (see
also [KS18, Subsec. 5.1] and [Lin24] for works using the original definition
of Lorentzian pre-length space given in [KS18]).

Using a refined approximation from the outside given in [MS22, Ap-
pendix A] (and that the time separation functions converge) we show

Theorem 10.1 (Pointed Lorentzian Gromov–Hausdorff convergence for
continuous spacetimes). Let (M, g) be a continuous, causally plain4 and glob-
ally hyperbolic spacetime and fix o ∈ M . Then there is an approximation
ĝn → g locally uniformly from the outside (i.e., such that g ⪯ ĝn+1 ⪯ ĝn for
all n ∈ N) and there are coverings U , Un of M with respect to g, ĝn such

that (M, ℓĝn , o,Un)
pLGH−→ (M, ℓg, o,U) strongly.

Proof: We use the approximation ĝn given by [MS22, Prop. A.1] which
satisfies ĝn → g locally uniformly, g ⪯ ĝn+1 ⪯ ĝn, −g(v, v) ≤ −ĝn(v, v)
for all g-causal v ∈ TM , and −ĝn+1(v, v) ≤ −ĝn(v, v) for all ĝn+1-causal
v ∈ TM , for all n ∈ N.

By stability of global hyperbolicity for continuous metrics [Säm16, Thm.
4.5] there is a smooth metric ĝ such that (M, ĝ) is globally hyperbolic and
g ≺ ĝ. Fix o ∈ M , then Lemma 3.11 gives a covering U with respect to
g. We claim that U = (Uk)k∈N is also a valid cover for ĝn for each n ∈ N.
Clearly, the first three points of Definition 3.8 are satisfied. Each Uk is
relatively compact, hence by [Säm16, Lem. 1.4] there is a nk ∈ N such that
for all n ≥ nk we have ĝn ≺ ĝ on Uk. In particular, τn := τĝn is bounded
(uniformly in n) on Uk and τn → τ uniformly on Uk by [MS22, Prop. A.2].

We will cover Uk be g-chronological diamonds which have small timelike
diameter with respect to τ0 and vertices contained in a countable dense set
D. To see that this is possible let x ∈ M and ε > 0. Then there are
x± ∈ D such that x ∈ Ig0(x

−, x+) with τ0(x
−, x+) ≤ ε. By strong causality

of (M, g) and since Ig0(x
−, x+) is an open neighborhood of x, there are

x̃± ∈ Ig0(x
−, x+) ∩D such that x ∈ Ig(x̃

−, x̃+) ⊆ I(x−, x+). Then

τ0(x̃
−, x̃+) ≤ τ0(x

−, x̃−) + τ0(x̃
−, x̃+) + τ0(x̃

+, x+) ≤ τ0(x
−, x+) ≤ ε ,

as claimed.

4Using the modified time separation function of [Lin24] and adapting the proof of
[MS22, Lem. A.1] one could drop this assumption.

44



Consequently, for every ε > 0 there is a finite covering (Ig(pi, qi))
Nε
i=1 of

Uk, where τ0(pi, qi) ≤ ε for all i = 1, . . . , Nε. Thus, we obtain

Uk ⊆ Uk ⊆
Nε⋃
i=1

Ig(pi, qi) ⊆
Nε⋃
i=1

Jg(pi, qi) ⊆
Nε⋃
i=1

Jgn(pi, qi) ,

and τ(pi, qi) ≤ τn(pi, qi) ≤ τ0(pi, qi) ≤ ε for all n ∈ N. So (Jg(pi, qi))
Nε
i=1 and

(Jgn(pi, qi))
Nε
i=1 are finite ε-nets of the same cardinality for Uk with respect to

ℓ and ℓn, respectively. As τn → τ on Uk it remains to show that ℓn → ℓ on the
set of vertices. Here the only relevant case is if p, q are vertices with p ̸≤g q. If
p ≤gn q for infinitely many n ∈ N then by [Säm16, Thm. 1.5] we would have
p ≤g q — a contradiction. Hence p ≤gn q and so the above convergence of
τn to τ applies. This immediately implies that (M, ℓn, o,U) converges to the
collection of all vertices of 1

l -nets (l ∈ N, l ≥ 1). Continuing as in the proof
of Theorem 7.6, we have by Theorem 7.3 that (M, ℓn, o,U) also converges
to any forward completion of this set of vertices. Notice that (M, ℓg) is
one of such forward completions, since (M, g) is globally hyperbolic and
hence forward complete by Remark 4.6. Moreover, by construction the set
of vertices is timelike forward dense in M , yielding strong convergence.

10.2 Stability of timelike sectional curvature bounds

In this subsection we show stability of lower timelike sectional curvature
bounds in the form of the four-point condition. Other (more-or-less) equiv-
alent notions of synthetic timelike sectional curvature bounds will be stable
as well, provided that the approximating spaces have curvature bounds in
the global sense and that the limit has a continuous time separation function.

Before we introduce the timelike four-point condition [BKR24], we in-
troduce the two-dimensional Lorentzian model spaces of constant curvature
K ∈ R (see e.g. [O’N83]) as

L2(K) :=


S̃2
1(

1√
K
) K > 0 ,

R2
1 K = 0 ,

H̃2
1 (

1√
−K

) K < 0 ,

which have diameter DK := π√
−K

if K < 0 and DK := ∞ otherwise.

Here S̃2
1(r) is the simply connected covering manifold of the two-dimensional

Lorentzian pseudosphere of radius r > 0 (r = 1 is de Sitter space), R2
1 is two-

dimensional Minkowski spacetime and H̃2
1 (r) is the simply connected cover-

ing manifold of two-dimensional Lorentzian pseudohyperbolic space (r = 1
is anti-de Sitter space).
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Definition 10.2 (Four-point configurations). Let (X, ℓ) be a Lorentzian
pre-length space.

(i) A timelike future endpoint-causal four-point configuration is a quadru-
ple (y, x, z1, z2) ∈ X4 such that y ≪ x ≪ z1 ≤ z2.

(ii) Similarly, a timelike past endpoint-causal four-point configuration is
a quadruple (z2, z1, x, y) ∈ X4 such that z2 ≤ z1 ≪ x ≪ y.

(iii) Given a timelike future endpoint-causal four-point configuration (y, x, z1, z2)
and K ∈ R, a four-point comparison configuration in L2(K) is a
quadruple (ȳ, x̄, z̄1, z̄2) ∈ L2(K)4 such that

(a) τ(y, x) = τ̄(ȳ, x̄) ,

(b) τ(y, zi) = τ̄(ȳ, z̄i) (i = 1, 2) ,

(c) τ(x, zi) = τ̄(x̄, z̄i) (i = 1, 2) , and

(d) z̄1, z̄2 lie on opposite sides of the line through ȳ, x̄.

(iv) Similarly, one defines a four-point comparison configuration for a time-
like past endpoint-causal four-point configuration.

Next we recall the definition of synthetic timelike sectional lower curva-
ture bounds in the form of the four-point condition as defined by Beran–
Kunzinger–Rott [BKR24, Def. 4.6] following a similar construction in the
positive signature case, cf. e.g. [AKP23].

Definition 10.3 (Four-point condition). Let (X, ℓ) be a Lorentzian pre-
length space and K ∈ R. A ≥ K-comparison neighborhood is an open set
U ⊆ X such that

(i) the time separation function τ is continuous on the open set (U ×U)∩
τ−1([0, DK)) and

(ii) for every timelike future endpoint-causal four-point configuration (y, x, z1, z2)
in U with τ(y, z2) < DK and its comparison configuration (ȳ, x̄, z̄1, z̄2)
in L2(K) one has

(19) τ(z1, z2) ≥ τ̄(z̄1, z̄2) .

Moreover, for every timelike past endpoint-causal four-point configu-
ration (z2, z1, x, y) in U with τ(z2, y) < DK and its comparison con-
figuration (z̄2, z̄1, x̄, ȳ) in L2(K) one has

τ(z2, z1) ≥ τ̄(z̄2, z̄1) .

Finally, we say that (X, ℓ) has timelike sectional curvature bounded below
by K if X can be covered by ≥ K-comparison neighborhoods and we say that
(X, ℓ) has global timelike sectional curvature bounded below by K if X is
a ≥ K-comparison neighborhood.
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The four-point condition is equivalent to the other synthetic timelike
sectional curvature bounds for large classes of Lorentzian pre-length spaces,
and hence to smooth timelike sectional curvature bounds, see [BKR24, Thm.
5.1] and [BKOR25].

We are now in a position to establish stability of the global four-point
condition under pointed Lorentzian Gromov–Hausdorff convergence. An
analogous statement in the setting of bounded Lorentzian metric spaces
[MS24] has been established in the local case in [MS24, Thm. 6.7] and in
the global case in [BHNR23, Thm. 4.2].

Theorem 10.4 (Stability of the four-point condition).

Let (Xn, ℓn, on,Un)
pLGH−→ (X, ℓ, o,U). Assume that each (Xn, ℓn) has global

timelike sectional curvature bounded below by K ∈ R and that τ is contin-
uous. Then (X, ℓ) has global timelike sectional curvature bounded below by
K.

Proof: Let y ≪ x ≪ z1 ≤ z2 be a timelike future endpoint-causal
four-point configuration with τ(y, z2) < DK and (ȳ, x̄, z̄1, z̄2) a compari-
son configuration in L2(K). As the covering sets are increasing there is
one fixed Uk ∈ U such that y, x, z1, z2 ∈ Uk. First, we consider the case
that all four points are vertices of causal diamonds given by the conver-
gence. Hence, there are corresponding points yn, xn, zn1 , z

n
2 ∈ Xn such that

their time separations converge. In particular, for large n ∈ N they form
a timelike future endpoint-causal four-point configuration (yn, xn, zn1 , z

n
2 )

with τn(y
n, zn2 ) < DK . Consequently, for these n we have by Equation

(19) that τn(z
n
1 , z

n
2 ) ≥ τ̄(z̄n1 , z̄

n
2 ), where (ȳn, x̄n, z̄n1 , z̄

n
2 ) form a comparison

four-point configuration in L2(K). Since the side-lengths of the comparison
configurations also converge, we infer that the right-hand-side converges to
τ̄(z̄1, z̄2), whereas the left-hand-side converges to τ(z1, z2). Thus, we con-
clude τ(z1, z2) ≥ τ̄(z̄1, z̄2). The analogous argument works for timelike past
endpoint-causal four-point configurations. Finally, for general (y, x, z1, z2),
one approximates them by vertices (they are dense by the definition of the
convergence) and uses continuity of τ to conclude the proof.

10.3 Blow-up tangents

The study of blow-up tangents (or tangent cones) has been very useful to
study the infinitesimal structure of non-smooth metric measure spaces with
curvature bounds [BBI01, CC97, OS94]. Here we initiate this program by
providing such a notion in the Lorentzian setting and establish existence
under suitable local assumptions.

Definition 10.5 (Scaling a Lorentzian pre-length space). Let (X, ℓ) be a
Lorentzian pre-length space and λ > 0. Denote by λ(X, ℓ) the topological
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space X with time separation function λℓ. For a pointed Lorentzian pre-
length space (X, ℓ, o), we define a λ-blow-up around o as

Xλ
o := I(oλ−, o

λ
+) ,

where oλ− ≪ o ≪ oλ+, τ(oλ−, o
λ
+) < 1

λ and with time separation λℓ, i.e., it
is the pointed Lorentzian pre-length space (Xλ

0 , λℓ, o). Finally, for a covered
Lorentzian pre-length space (X, ℓ, o,U) we define the λ-blow-up around o as
(Xλ

o , λℓ, o) with covering Uλ := (Uk ∩Xλ
o )k∈N, where U = (Uk)k∈N.

We easily see that λ-blow-ups exist under fairly natural assumptions.

Lemma 10.6 (Existence of λ-blow-up). Let λ > 0 and let (X, ℓ, o) be a
pointed Lorentzian pre-length space where τ is upper semi-continuous with
respect to the Alexandrov topology and finite at (o, o). If, o ∈ I±(o), then
there exists a λ-blow-up Xλ

0 of o.

At this point we can introduce the timelike blow-up tangent by taking
the limit λ → ∞ in λ-blow-ups around a fixed base point.

Definition 10.7 (Timelike blow-up tangent). Let (X, ℓ, o,U) be a covered
Lorentzian pre-length space. A pointed Lorentzian Gromov–Hausdorff strong
limit (as λ → ∞) of λ-blow-ups (Xλ, λℓ, o,Uλ)λ around o is called a blow-up
tangent of (X, ℓ, o).

Blow-up tangents do not exist in general (as in the positive signature
case). However we obtain subsequential existence, under a suitable local
control on ε-nets. To this aim, we next introduce a Lorentzian counterpart
to the doubling property for a metric space cf. [Hei01, Sec. 10.13].

Definition 10.8 (Doubling property of causal diamonds). Let (X, ℓ) be a
Lorentzian pre-length space and U ⊆ X. Then U is said to have the doubling
property if there exists a constant N ∈ N, called the doubling constant, such
that every causal diamond J(x, y) ⊆ U can be covered by N causal diamonds

J(xi, yi) with τ(xi, yi) ≤ τ(x,y)
2 and xi, yi ∈ U (i = 1, . . . , N).

Theorem 10.9 (Subsequential existence of blow-up tangents). Let (X, ℓ, o,U)
be a covered Lorentzian pre-length space, where each covering set Uk ∈ U
has the doubling property with doubling constant Nk ∈ N. Then any se-
quence (Xλ, λℓ, o,Uλ)λ of λ-blow-ups around o admits a subsequence which
converges in the strong pointed Lorentzian Gromov–Hausdorff sense (for
λ → ∞).

Proof: We verify that the assumptions of the general pre-compactness
theorem 6.2 are satisfied. First, for all k ∈ N and λ > 0, we have

diamλτ (Uλ
k ) = λτ(oλ−, o

λ
+) ≤

λ

λ
= 1 ,
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where Uλ
k := Uk ∩Xλ

o . Let ε > 0 and l ∈ N such that 1
2l

≤ ε. Then by the
doubling property we have

Uλ
k ⊆ J(oλ−, o

λ
+) ⊆

N l
k⋃

i=1

J(pi, qi) ,

where pi, qi ∈ Uk satisfy τ(pi, qi) ≤ τ(oλ−,oλ+)

2l
≤ 1

λ 2l
. Thus (J(pi, qi))

N l
k

i=1 is

a finite ε-net for Uλ
k with respect to λℓ, since λτ(pi, qi) ≤ 1

2l
≤ ε. Finally,

we extend these ε-nets to have ε-nets for Uλ
k+1 with uniformly bounded

cardinality. Thus we can apply the first pre-compactness theorem 6.2 to
conclude the proof.

Theorem 10.9 opens up the possibility to study blow-up tangents in
relation to timelike sectional and Ricci curvature bounds and relate them
to the timelike tangent cones defined as Minkowski cones over the space of
directions, see [BS23, Subsec. 3.1].

10.4 The Hauptvermutung of causal set theory

Causal set theory is an approach to Quantum Gravity based on the principle
that, at the fundamental level, spacetime is a discrete partially ordered
set and the continuum spacetime emerges macroscopically from order and
volume, see e.g. [Sur19] for an introduction. To make this program viable
the so-called Hauptvermutung (main conjecture) has to hold [BLMS87]. In
short, if two spacetimes (M, g) and (M ′, g′) approximate a given causal set
(C,≤) (up to some scale) then (M, g) and (M ′, g′) should be “close” (up to
some scale). One of the obstacles to tackling this problem was that there
was no notion of “closeness” of spacetimes and no notion of convergence of
causal sets or spacetimes. With the pointed Lorentzian Gromov–Hausdorff
convergence developed in this article, we can now prove a precise statement.
However, it does not yet provide a complete solution to the conjecture, as
it involves converging sequences and no fixed scale. A similar approach
has been taken recently by Müller in [Mül25] using his notion of Gromov–
Hausdorff convergence of Cauchy slabs [Mül22]. Before we come to the
statement we briefly recall the basics of causal sets viewed as Lorentzian
pre-length spaces.

As shown in [KS18, Subsec. 5.3] causal sets are Lorentzian pre-length
spaces. Indeed for a partially ordered set (C,≤), one can define ℓ(x, y) to be
the length of the longest chain connecting x to y. This yields the Lorentzian
pre-length space (C, ℓ) with the discrete topology. Causal sets are partially
ordered sets that are locally finite, i.e., each causal diamond contains only
finitely many points. Moreover, a causal set (C,≤) faithfully embeds into a
spacetime (M, g) if there is a map ϕ : C → M that is ≤-preserving, i.e., for
all x, y ∈ C we have ϕ(x) ≤g ϕ(y).
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Theorem 10.10 (Smooth globally hyperbolic limits of causal sets are unique).
Let (Cn,≤n)n be a sequence of causal sets such that their induced Lorentzian
pre-length spaces (Cn, ℓn) (pointed) Lorentzian Gromov–Hausdorff converge
strongly to two smooth globally hyperbolic spacetimes (M, g) and (M ′, g′)
(using some covering of the Cns and M , M ′). Moreover, assume that each
(Cn,≤n) faithfully embeds into both spacetimes. Then (M, g) and (M ′, g′)
are isometric as smooth spacetimes.

Proof: We construct covers Un of Cn such that each covering set Uk,n ∈ Un

is finite (by local finiteness). Using the faithful embeddings, we can construct
corresponding covers of (M, g) and (M ′, g′). By finiteness of the covering sets
in Cn, the set of vertices of

1
l -nets for Uk,n always contains Uk,n (for l large).

Consequently, these vertices are trivially dense and we can apply Proposition
4.9 to conclude that (M, ℓg) and (M ′, ℓg′) are isometric as Lorentzian pre-
length spaces and hence M and M ′ are homeomorphic. Thus, they have the
same manifold dimension (by invariance of domain) and so we can apply
the Hawking–King–McCarthy theorem [HKM76] (cf. [MS08, Prop. 3.34],
[BEE96, Thm. 4.17]) to conclude that they are smoothly isometric.
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A Limits of globally hyperbolic spacetimes

The goal of this appendix is to show that there is a way to obtain that
the limit of smooth globally hyperbolic spacetimes is a globally hyperbolic
Lorentzian pre-length space (if the limit is non-degenerate). However, this
uses a different topological set-up than the main part of the article. Thus we
opted to include it in a separate appendix, which might be of independent
interest.
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The idea is to use a uniform structure, see e.g. [Kel75, Ch. 6], on the
limit space to define a topology and, more importantly, a notion of Cauchy
sequences and hence a completion with respect to such a uniform structure.
This should be compared with [BMS24], performing a similar procedure in
the different setting of Lorentzian metric spaces. For the reader’s conve-
nience and the sake of completeness, we briefly recall the definition of a
uniform structure. Uniform spaces, i.e., spaces with a uniform structure,
can be viewed as intermediate structures between topological spaces and
metric spaces. They are topological spaces, additionally having an intrinsic
notion of (relative) “closeness” of points, which allows to define uniformly
continuous maps and Cauchy sequences.

Definition A.1 (Uniform space). A uniform space (X,U) is a set X with a
uniform structure (or uniformity) U, where U consists of a family of subsets
of X ×X, satisfying the following properties.

(i) Each U ∈ U contains the diagonal, i.e., ∆ := {(x, x) : x ∈ X} ⊆ U ,

(ii) The uniformity is closed under inversion, i.e., for all U ∈ U, we have
U−1 := {(x, y) ∈ X ×X : (y, x) ∈ U} ∈ U.

(iii) Each U ∈ U contains an element of the uniformity of “half” the size,
i.e., there is V ∈ U with

V ◦ V := {(x, z) ∈ X ×X : ∃y ∈ X such that (x, y), (y, z) ∈ V } ⊆ U .

(iv) The uniformity is closed under intersection, i.e., if U, V ∈ U then
U ∩ V ∈ U, and

(v) it is closed under supersets, i.e., if U ∈ U and V ⊇ U , then V ∈ U.

Finally, for U ∈ U and x ∈ X we define

U [x] := {y ∈ X : (x, y) ∈ U} .

A uniform space has the natural topology generated by the neighbor-
hoods U [x] for x ∈ X,U ∈ U. A map f : (X,U) → (Y,V) between uniform
spaces is uniformly continuous if for all V ∈ V there is U ∈ U such that
f(U) := {(f(x), f(x′)) : (x, x′) ∈ U} ⊆ V . Moreover, uniform spaces a are
the natural setting for Cauchy nets (or sequences) and hence for defining
completeness.

Definition A.2 (Cauchy nets). Let (X,U) be a uniform space. A net
(xα)α∈A in X is a Cauchy net if for all U ∈ U there is α0 such that for
all α, β ≥ α0 we have that (xα, xβ) ∈ U . The uniform space (X,U) is
complete if every Cauchy net converges.
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Each uniform space (X,U) has a completion, i.e., a complete uniform
space (U,U) such that X embeds densely and uniformly continuously into
X, cf. e.g. [Kel75, Ch. 6, Thm. 28].

Next, we define a uniform structure on a Lorentzian pre-length space
(X, ℓ), given by a distinguished subset S ⊆ X. For x ∈ X we denote by
ℓx and ℓx the time separation from x and to x, respectively. To be precise,
ℓx, ℓ

x : X → {−∞}∪[0,∞] are defined as ℓx(y) := ℓ(x, y) and ℓx(y) := ℓ(y, x)
for y ∈ X.

Lemma A.3 (Uniform structure on Lorentzian pre-length space). Let (X, ℓ)
be a Lorentzian pre-length space with τ finite-valued and ∅ ̸= S ⊆ X. Then
there is a uniform structure US on X generated by the basic entourages
(subbase)

V s
δ := {(y, z) ∈ X ×X : |(ℓy − ℓz)(s)| < δ, |(ℓy − ℓz)(s)| < δ} ,

for s ∈ S and δ > 0. The uniform structure US is pseudo-metrizable if S is
countable and metrizable if additionally S has the point distinction property
(PDP).

Proof: The uniform structure consists of all finite intersections of sets V s
δ

for s ∈ S and δ > 0. If S is countable then the topology induced by US

is pseudo-metrizable by [Kel75, Thm. 6.13]. If additionally S distinguishes
points then so does US : Let x, y ∈ X with x ̸= y, then there is an s ∈ S such
that without loss of generality ℓ(x, s) < ℓ(y, s). Let 0 < δ < ℓ(y, s)− ℓ(x, s)
(this works even for ℓ(x, s) = −∞), then V s

δ
2

[x]∩V s
δ
2

[y] = ∅. This also implies

that US is metrizable.

Proposition A.4 (Topology and convergence). Let (Xn, ℓn, on,Un)
pLGH−→

(X, ℓ, o,U). Then there exists a natural pseudo-metrizable uniform structure
on X.

Proof: Let Un = (Uk,n)k∈N and U = (Uk,∞)k∈N. Then, by the pointed
Lorentzian Gromov–Hausdorff convergence, there are countable sets Sn ⊆
Xn and S ⊆ X consisting of the union of 1

l -nets of Uk,n and Uk,∞, respec-
tively (l, k ∈ N) such that the ℓn-distances of the vertices converge to the
corresponding ℓ-distances and vice versa. The uniform structure is then
given by US .

Definition A.5 (Limit topology and uniform structure). Assume that

(Xn, ℓn, on,Un)
pLGH−→ (X, ℓ, o,U). We call the uniform structure and its

topology on X constructed from the collection of 1
l -nets as in Proposition

A.4 a limit uniform structure and a limit topology given by the approxi-
mating sequence

(
(Xn, ℓn, on,Un)

)
n∈N.
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We have seen that it is useful to consider the vertices of 1
l -nets (l ∈ N) to

construct a uniform structure from this collection. At this point one might
want to consider the completion with respect to this uniform structure.
In particular, when showing that the limit of globally hyperbolic spaces is
globally hyperbolic (cf. Theorem A.15 below).

Definition A.6. Let (X, ℓ) be a Lorentzian pre-length space with finite-
valued time separation τ and S ⊆ X countable. Then the completion of X
with respect to US is denoted by X.

For the completion with respect to the uniform structure US only τ is
essential not ℓ. Hence when taking the time separation quotient as in Section
5 we will do so with respect to τ . This leads to

Definition A.7 (τ -point distinction property). Let (X, ℓ) be a Lorentzian
pre-length space and fix a subset S ⊆ X. We say that S has the τ -point
distinction property if for all x, y ∈ X with x ̸= y there is a z ∈ S such that

τ(x, z) ̸= τ(y, z) or τ(z, x) ̸= τ(z, y) .(τPDP)

See [MS24, Def. 1.1,(iii)] in the setting of (bounded) Lorentzian metric
spaces.

Lemma A.8. Let (X, ℓ) be a Lorentzian pre-length space with finite-valued
time separation τ . Let S ⊆ X be countable. If τ is uniformly continuous
with respect to US, then the completion X of X is a Lorentzian pre-length
space, with closed causal relation ≤. Moreover, we can also take the quotient
with respect to τ and so without loss of generality (X, ℓ) satisfies the τ -point
distinction property (τPDP), hence is causal.

Proof: By uniform continuity we can uniquely extend τ to the comple-
tion X and denote it by τ . From the reverse triangle inequality on X we
immediately get that τ satisfies the reverse triangle inequality for all points
x̄, ȳ, z̄ ∈ X with τ(x̄, ȳ) > 0, τ(ȳ, z̄) > 0. To obtain a useful causal relation
on X we follow [MS24, Def. 5.1, Thm. 5.7]. Define x̄≤ ȳ if

∀z̄ ∈ X : τ(z̄, ȳ) ≥ τ(z̄, x̄) and τ(x̄, z̄) ≥ τ(ȳ, z̄) .

This is clearly a reflexive and transitive relation on X×X, and by continuity
of τ it is also closed. Also, it contains the chronological relation ≪ :=
τ−1((0,∞)). To see this let τ(x̄, ȳ) > 0. Let z̄ ∈ X. If τ(z̄, x̄) > 0, then by
the reverse triangle inequality for chronologically related points we obtain
τ(z̄, ȳ) ≥ τ(z̄, x̄)+τ(x̄, ȳ) ≥ τ(z̄, x̄). If τ(z̄, x̄) = 0, then τ(z̄, ȳ) ≥ 0 = τ(z̄, x̄)
anyway. Analogously, one shows the other inequality and so x̄≤ ȳ.

Moreover, τ satisfies the reverse triangle inequality for all points x̄≤ ȳ≤ z̄.
To see this, note that if τ(x̄, ȳ), τ(ȳ, z̄) are both zero or both positive, the
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required inequality is trivial or already established above, respectively. So
without loss of generality let τ(x̄, ȳ) = 0, τ(ȳ, z̄) > 0. Then τ(x̄, ȳ)+τ(ȳ, z̄) =
τ(ȳ, z̄) ≤ τ(x̄, z̄) as x̄≤ ȳ (by the defining inequality of ≤).

Finally, we define ℓ : X ×X → {−∞} ∪ [0,∞) as

ℓ(x̄, ȳ) :=

{
τ(x̄, ȳ) x̄≤ ȳ ,

−∞ otherwise .

Then ℓ satisfies the reverse triangle inequality for all points in X. Moreover,
by continuity of τ , the topology is finer than the chronological one and so
(X, ℓ) is a Lorentzian pre-length space.

Finally, taking the quotient with respect to τ as in Section 5, where the
quotient was taken with respect to ℓ, we see that all constructions above are
well-defined, so we can without loss of generality assume that (X, ℓ) satisfies
the τ -point distinction property (τPDP). It remains to show that causality
holds. Let x̄≤ ȳ≤ x̄. Then by definition of the causal relation ≤ we have
for all z̄ ∈ X that τ(z̄, ȳ) = τ(z̄, x̄) and τ(x̄, z̄) = τ(ȳ, z̄), hence by (τPDP)
x̄ = ȳ, as required.

Definition A.9 (Completion of a Lorentzian pre-length space). Let (X, ℓ)
be a Lorentzian pre-length space with finite-valued τ . Let S ⊆ X be countable
and let τ be uniformly continuous with respect to US. Then the completion
of (X, ℓ), denoted by (X, ℓ), is the completion of X given by Lemma A.8.

Next, we prove that taking the completion does not affect convergence.

Theorem A.10. Let (Xn, ℓn, on,Un)
pLGH−→ (X, ℓ, o,U) strongly, where τ is

uniformly continuous. Then (Xn, ℓn, on,Un)
pLGH−→ (X, ℓ, o,U), where (X, ℓ)

is the completion of (X, ℓ) and U = (Uk)k∈N, where U = (Uk)k∈N.

Proof: First, the covering is U = (Uk)k∈N, where Uk is the closure of
Uk in X. Fix k ∈ N and let ε > 0, then there exists a finite 1

m -net for Uk

with 1
m ≤ ε with vertices in the countable set used to construct the uniform

structure on X. Denote this 1
m -net by (J(pi, qi))

N
i=1. Note that as ≤ is closed

we have J(x̄, ȳ) = J(x̄, ȳ) for all x̄, ȳ ∈ X. Consequently, (J≤(pi, qi))
N
i=1 is

an ε-net for Uk. As Uk ⊆
⋃N

i=1 J(pi, qi) we get that

Uk ⊆
N⋃
i=1

J(pi, qi) =
N⋃
i=1

J≤(pi, qi) .

Moreover, as τ(pi, qi) = τ(pi, qi) for all i = 1, . . . , N and the time separations
of the vertices still converge as they are unchanged, the distortion of the
correspondences do not change. This immediately also gives the extension
property for the correspondences. Finally, timelike forward density of S
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in X gives the corresponding forwardness in X by density of X in X and
the uniform structure being countably generated, cf. the proof of Theorem
7.3.

Coming back to the main goal of this appendix, we first start at the level
of the discrete approximations.

Lemma A.11. Let (Xn, ℓn, on,Un)
pLGH−→ (X, ℓ, o,U). Let US be a limit

uniform structure. Then for all p, q ∈ S with p ≪ q, every sequence (yk)k
in I(p, q) ∩ S has a Cauchy subsequence.

Proof: Let p ≪ q, p, q ∈ S and let (yk)k be a sequence in I(p, q). Let
p = xi, q = xj , yk = xmk

for fixed i, j ∈ N and all k ∈ N. For n ∈ N let
xni , x

n
j , x

n
mk

be corresponding points in Xn, i.e., such that for l, r ∈ {i, j}

τ(xr, xl) = lim
n→∞

τn(x
n
r , x

n
l ) ,

τ(xr, yk) = lim
n→∞

τn(x
n
r , x

n
mk

) ,

τ(yk, xr) = lim
n→∞

τn(x
n
mk

, xnr ) .

For fixed k ∈ N it holds that τn(x
n
i , x

n
mk

) → τ(p, yk) > 0, and τn(x
n
mk

, xnj ) →
τ(yk, q) > 0 as n → ∞. Thus, eventually for large n, xnmk

∈ I(xni , x
n
j ), which

is relatively compact by assumption. By a double diagonal procedure and
continuity of τn we can choose a subsequence (xnmkl

) with limit xnmn
, in such

a way that for all n, r, l ∈ N

|τn(xnmkl
, xnr )− τn(x

n
mn

, xnr )| ≤
1

l
,

|τn(xnr , xnmkl
)− τn(x

n
r , x

n
mn

)| ≤ 1

l
.

We claim that (ykl)l = (xmkl
)l is a Cauchy sequence (in I(p, q)). Let ε > 0

and r ∈ N. Choose N ∈ N such that 1
N < ε

2 . Then by the above we have
for all l, l′ ≥ N that

(τykl − τykl′
)(xr) = |τ(ykl , xr)− τ(ykl′ , xr)|

= | lim
n→∞

τn(y
n
kl
, xnr )− lim

n→∞
τn(y

n
kl′
, xnr )|

= lim
n→∞

|τn(ynkl , x
n
r )− τn(y

n
kl′
, xnr )|

≤ lim
n→∞

|τn(ynkl , x
n
r )− τn(x

n
mn

, xnr )|

+ lim
n→∞

|τn(xnmn
, xnr )− τn(y

n
kl′
, xnr )| < ε .

Analogously, one shows that (τykl − τ
ykl′ )(xr) < ε. By construction, the

points are timelike related and so it suffices to consider the difference of the
τs.
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Finally, we show that the limit of globally hyperbolic spaces is globally
hyperbolic if the limit is non-degenerate, i.e., if it does not contain chrono-
logically isolated points, cf. [KP67, Subsec. 1.4] and [MS24, Fig. 1, p. 6].

Definition A.12 (Isolated points).

(i) A Lorentzian pre-length space (X, ℓ) is said to have a future/past
chronologically isolated point if there is x ∈ X with I+(x) = ∅ or
I−(x) = ∅, respectively.

(ii) A Lorentzian pre-length space (X, ℓ) without chronologically isolated
points does not have future or past chronologically isolated points.

Remark A.13. Let (X, ℓ) be a Lorentzian pre-length space. If X is lo-
calizable [KS18, Def. 3.16] or every point of X is an interior point of a
timelike curve, then X has no chronologically isolated points. Moreover, if
X satisfies the τ -point distinction property (τPDP), then there is at most
one future and past chronologically isolated point. Minguzzi and Suhr call
such a point spacelike boundary and denote it by i0 [MS24, Rem. 1.2.2].
See also Remark 5.4 in the main part of the present article.

We will use the following characterization of global hyperbolicity, which
is well-known for smooth spacetimes and has been recently studied in rela-
tion to non-smooth approaches to Lorentzian geometry in [BM25].

Lemma A.14 (Characterization of global hyperbolicity). Let (X, ℓ) be a
Lorentzian pre-length space without chronologically isolated points and with
closed causal relation ≤. Then the following are equivalent.

(i) The causal diamonds J(p, q) are compact for all p, q ∈ X.

(ii) The chronological diamonds I(p, q) are relatively compact for all p ≪ q.

Proof: First, if J(p, q) is compact, then I(p, q) ⊆ J(p, q) and so I(p, q) is
compact as a closed subset of a compact set.

Second, assume that the chronological diamonds are relatively compact
and let p ≤ q (otherwise there is nothing to prove). Let p− ≪ p ≤ q ≪ q+,
then J(p, q) is a closed subset of the compact set I(p−, q+).

We denote by I±(A) :=
⋃

a∈A I±(a) for a subset A ⊆ X.

Theorem A.15 (Global hyperbolicity is preserved in the timelike interior).

Let (Xn, ℓn, on,Un)
pLGH−→ (X, ℓ, o,U), where τ is uniformly continuous (with

respect to a limit uniform structure). If all (Xn, ℓn) are globally hyperbolic,
then the timelike interior I+≪(X)∩I−≪(X) of the completion X of X is globally
hyperbolic.
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Proof: First, let S = (sm)m be a countable dense set used to construct
the limit uniform structure US on X. Let x̄, x̄′ ∈ I+≪(X) ∩ I−≪(X) with
x̄≪ x̄′. We claim that I≪(x̄, x̄′) is relatively compact, which suffices by
Lemma A.14 as the causal relation ≤ is closed on X by Lemma A.8. Let
(x̄k)k be a sequence in I≪(x̄, x̄′).

Case 1: x̄ = x, x̄′ = x′, x̄k = xk ∈ S for all k ∈ N.
By Lemma A.11, (xk)k has a Cauchy subsequence, hence this converges in
X.

Case 2: x̄ = x, x̄′ = x′ ∈ S.
In this case we have that for all k ∈ N : x̄k = liml→∞ xkl , where (xkl )l is
a Cauchy sequence in X. Eventually, each sequence (xkl )l lies in I(x, x′),
hence we are in the setting of Case 1 above. Thus, by a diagonal argument
we obtain a Cauchy subsequence of (xk)k and the claim follows.

Case 3: The general case.
By density of S in I+≪(X) ∩ I−≪(X) there are s− ∈ I−≪(x̄) ∩ S and s+ ∈
I+≪(s̄′) ∩ S. Then for all k ∈ N we have x̄k ∈ I≪(s−, s+) and so the claim
follows by Case 2 above.

Finally, note that X is causal by Lemma A.8, hence globally hyperbolic.

A direct consequence of the theorem above is that if the completion X
has no chronologically isolated points, then the timelike interior of X is X
itself. Hence it is globally hyperbolic.

Corollary A.16. Let (Xn, ℓn, on,Un)
pLGH−→ (X, ℓ, o,U), where each (Xn, ℓn)

is globally hyperbolic and τ is uniformly continuous (with respect to a limit
uniform structure). If the completion X of X has no chronologically isolated
points, then it is globally hyperbolic.
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alized cones as Lorentzian length spaces: causality, curvature, and
singularity theorems. Comm. Anal. Geom., 31(6):1469–1528, 2023.
doi:10.4310/cag.2023.v31.n6.a5.

[AKP23] S. Alexander, V. Kapovitch, and A. Petrunin. Alexandrov geometry:
foundations. 2023. doi:10.48550/arXiv.1903.08539. arXiv:1903.08539
[math.DG].

[BBC+24] T. Beran, M. Braun, M. Calisti, N. Gigli, R. J. McCann, A. Ohanyan,
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rics. Ann. Henri Poincaré, 17(6):1429–1455, 2016. doi:10.1007/s00023-
015-0425-x.
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