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ABSTRACT. We prove stochastic homogenization for integral functionals with integrands having p-
growth, defined on Sobolev-functions taking values in a given closed C'-submanifold of R™ without
boundary. We thus extend previous results on relaxation and periodic homogenization. Our approach
is flexible enough to also include the analysis of Dirichlet boundary conditions, the latter being non-
trivial due to the lack of a fundamental estimate in the manifold-valued setting.
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1. INTRODUCTION

Stochastic homogenization of integral functionals is by now a classical subject in the calculus of varia-
tions. First results in the nonlinear setting were obtained by Dal Maso and Modica in [10], where the
authors derive an effective, averaged model for integral functionals of the form

(1.1) /Uf(;v/s,w,Vu)dx

defined on Sobolev functions u € W1P(U) and where the stationary integrand f is convex in the last
variable and satisfies the two-sided p-growth condition with p € (1, +00) of the form

(1.2) algl’ < flw,,8) < co(1+[€]7)

uniformly with respect to x and the realization w. More precisely, the random functionals in (1.1)
I'-converge almost surely when € — 0 towards an autonomous integral functional

(1.3) /U fhom(w, Vu(z)) dz,

and the function fhom is deterministic provided one assumes also ergodicity of the integrand f (the
probabilistic notions are recalled in Definition 2.6). The result was extended to the vectorial (qua-
siconvex) case in [19]. By now there are many contributions on homogenization where the growth
condition (1.2) is weakened in various ways: for instance nonstandard (e.g. p(x), (p, ¢) or unbounded)
growth conditions [7, 14, 18, 22, 24] or degenerate p-growth (that is ¢, ¢y depend on 2 and infc¢; =0
and sup ¢ = 00) [13, 20, 21] (see also [23] for the case p = 1).

In this contribution we follow another direction, keeping the p-growth condition (1.2), but restrict-
ing the domain of the heterogeneous functional to the space of manifold-valued Sobolev functions
WLP(U; M). Manifold-valued functions play an important role in physics and materials science, e.g.,
for models of micromagnetism, where typically the magnetization is assumed to take values in the unit
sphere (cf. [11] and references therein) or models for liquid crystals (cf. [6]), where either also sphere-
valued functions (Oseen-Frank theory) or symmetric, traceless matrices (Landau-de Gennes theory) are
used as order parameters.! Let us briefly discuss earlier works on related problems involving manifold-
valued functions. In [8] the authors study the relaxation problem for integral functionals defined on
manifold-valued Sobolev maps with spatially homogeneous integrands satisfying the analogue of (1.2).
The analysis was then extended to the case of periodic homogenization in [5] for p > 1, while the case

IThese models however are based on integral functionals with integrands also depending on u(z). The generalization
of our results to such a setting will be a task for the future.
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p = 1 is treated in [4]. One of the major issues for manifold-valued Sobolev spaces is the lack (or
rather the missing proof) of the so-called fundamental estimate, which allows interpolating between
two functions, say u; and us, with an increase of energy that becomes small when the two functions
are close in LP. In many cases such a property yields that up to subsequences the I'-limit exists and
can be seen as a measure with respect to the set U and this in turn opens the door to a fine analysis
via blow-up methods based on differentiation of measures. In the manifold-valued case, interpolating
between two maps is more difficult since the standard ansatz of the form pu; + (1 — ¢)uy for some
smooth cut-off function ¢ in general does not preserve the constraint to lie on the manifold. In [8]
the authors bypass this problem by constructing a suitable replacement of the convex combination
that allows for an interpolation of the form ®(uy,us, ), where again ¢ is a smooth cut-off function
and @ is a map depending on the manifold. However, the composition is globally well-defined only if
uy and uo are close in L°°, which is incompatible with the topology used for relaxation. Hence the
authors consider a modified relaxation with respect to a notion of convergence implying the uniform
convergence. This modified functional then is shown to satisfy a fundamental estimate and finally
the authors prove that the modification is actually redundant. This approach was then extended to
[-convergence in the setting of periodic homogenization in [5]. While most of the previously explained
techniques could be used in a random setting as well, the subsequent local blow-up analysis uses ex-
plicitly the periodic structure and we are not able to find a corresponding argument in the stationary,
ergodic setting. Therefore another approach is necessary for proving stochastic homogenization and
this is the main contribution of this work.

At this point let us mention that there are already stochastic homogenization results for variational
models where manifold-valued Sobolev spaces are the correct setting, the most general (to the best
of our knowledge) contained in [11]. However, besides the assumptions on the manifold being more
restrictive (bounded, orientable C2-manifold with tubular neighborhood of uniform thickness),the cru-
cial point in this work is that the energies are quadratic in the gradient variable, so that first of all
correctors exist and the problem is accessible with the concept of two-scale convergence ([2] contains
a similar approach for the Landau-Lifschitz equation with stationary, ergodic coefficients). In our
non-quadratic and even non-convex setting this strategy is not feasible. Instead, we have to rely on
the so-called tangentially homogenized multi-cell formula given for s € M and ¢ € [T, M]¢ (the d-fold
product of the tangent space at s) by

r—+00 ’r‘d

(1.4) Tfeo(s,€) = lim iinf {/Q flw,y, &+ Vo) dy: ¢ € W™ (QT;TSM)}

(here Q, = (—7/2,7/2)¢ and the limit is independent of w due to ergodicity). The analysis of this
formula actually takes a large portion of this work. In contrast to models without manifold constraints
the formula depends on s, which then transfers to I'-limits of the form

/ T foo(u(x), Vu(z)) da.
U

While for fixed s and £ the almost sure existence of the limit in (1.4) is a consequence of the subadditive
ergodic theorem, a substantial point is to show that the limit exists except for w belonging to a null
set that is independent of s and £. Note that the constraint ¢(z) € TsM is global and therefore
comparing the formulas for (s,£) and (s',¢’) and arguing by approximation with countably many
parameters requires global modifications of (almost) minimizers and a careful estimate of the change
in energy.

After establishing the existence of the formula (1.4) it turns out that it is of little use for constructing
recovery sequences as there is no control of the W1 *>-norm of small energy configurations when
r — +00. A crucial observation in this paper is the following: restricting the minimization problem
in (1.4) to functions ¢ € Wy ®(Q,; TsM) satisfying [|¢|ly1.~ < k for some fixed k € N, gives an
auxiliary stochastic process which is shown to convergence almost surely for all s € M and & € [T, M]¢
to a deterministic limit, say T fx(s,€). When k — +oo we can show that this quantity converges
to T foo(s,&). Note that this asymptotic behavior involves a change of order of limits which can be
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justified due to a double monotonicity once we take expectations in the formulas. As a consequence,
for constructing a recovery sequence we can work with Lipschitz functions with a uniform Lipschitz
constant. In this way we bypass the explicit use of periodicity exploited in [5]. We also avoid the
modified I'-limit with respect to a stronger topology. Instead, we take another approach, providing
first a local construction of recovery sequences in small cubes (Lemma 4.11) and then using a covering
argument to obtain the recovery sequence on general open sets (Proposition 4.12). The advantage
of this ansatz is that we can (and have to) fix the boundary conditions in the local construction,
which is transferred to the global construction and hence allows us to treat the I'-convergence also
under Dirichlet boundary conditions. Note that this is unclear using the other approach since it would
require the boundary data to be uniformly close to a recovery sequence maybe not respecting the
boundary condition and such a closeness does not follow from energy bounds. The proof of the lower
bound for I'-convergence is achieved via a blow-up argument.

Our findings also generalize the periodic homogenization result of [5] in the sense that we do not
assume the manifold M to be connected and we only require C'-regularity instead of smoothness.
The paper is structured as follows: in Section 2 we fix some notation, recall the probabilistic setting
for stochastic homogenization and introduce the class of integrands we consider along with some
preliminary results on such integrands and their modulus of continuity that will be fundamental for our
analysis. We state our main result on I'-convergence with and without Dirichlet boundary conditions
in Section 3, while Section 4 contains the proof of the main results.

2. SETTING OF THE PROBLEM AND PRELIMINARY RESULTS

In this section we fix some notation employed throughout this work and introduce the relevant function
spaces together with the energy functionals and their randomness under consideration.

2.1. Basic Notation. Throughout this paper d,m € N are fixed positive integers and M C R™ is a
closed m -dimensional C'-submanifold of R™ without boundary. For any Lebesgue measurable set
A C R? we write |A| for its d-dimensional Lebesgue measure. We denote by U the class of bounded,
open subsets of R?. The scalar product between two points z,y € R? is denoted by x -y, while
|z| = /z -z is the Euclidean norm of z. We use the notation Y = [-1/2,1/2)? for the half-open unit
cube centered at the origin. T5M stands for the tangent space to M at a point s € M, 75 : R™ — T, M
is the orthogonal projection onto T, M and for every £ = (&1, ...,&4) € R™*? we define I1,(¢) € [T, M]?
columnwise by setting II4(€) := (75(&1), - .-, ms(€a))-

We recall the following theorem on ’almost’ nearest point projections for C''-manifolds proven on [25,
p. 121].

Theorem 2.1 (Almost nearest point projection). Let M C R™ be a N-dimensional C*-submanifold,
let mg : R™ — Ts M be the orthogonal projections as above, and X > 0. Then there exist a family
(Ps)sem of (m — N)-dimensional subspaces and a continuous function r : M — (0,+00) with the
following properties:
(i) |ms(v)] < M| for all v € Py
(ii) Setting Qs = (s + Ps) N By(5)(s), these sets fill out a neighborhood U of M in a one-to-one
way. Moreover, defining 7* : U — M as 7*(u) = s if u € Qs, then * € CY(U; M) and

|7 (u) — u| < 2dist(u, M)  for allu € U.
It is also convenient to observe that the mapping s — Il with Il as above is continuous.

Remark 2.2 (Orthogonal projection onto the tangent space). Let s € M and 7g : R™ — T, M,
I, : R™*4 — [T,M]¢ be as above. Since M is a C''-manifold, the mapping s — Il is continuous.
This can be seen by writing the orthogonal projection onto TsM in local coordinates and using that
the gradient of the local chart is continuous. Specifically, for every so € M we have that

i 1L~ 0 ], =0,
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Moreover, for any R > 0 the modulus of continuity
(2.1) vr(t) := sup{ ITTy — Hs/Hop 5,8 € Br,|s—5§| < t}
converges to zero as t — 0.
Given an open set U C R? we use the standard notation WP (U;R™) for the Sobolev space with
integrability exponent p > 1. Moreover, we set
WhP(U; M) = {u € WHP(U;R™): u(z) € M for a.e. x € U}.

We recall that any u € W1P(U; M) has the property that

ou

ox;

du

where - is the weak partial derivative of u with respect to ;.
Finally, by C we denote a generic constant whose value might change every time it appears.

(2.2) () € TymyM for a.e. x € U and every i € {1,...,d},

2.2. Ergodic theory. In this section, we recall some basic notions from probabilistic ergodic theory.
Throughout this paper (€2, F,P) denotes a complete probability space. We start by defining measure-
preserving group actions.

Definition 2.3 (Measure-preserving group action). A discrete, measure-preserving, additive group
action on (Q, F,P) is a family (1.),cze of mappings T, : Q — Q satisfying the following properties:
(1) (measurability) T, is F-measurable for every z € Z%;
(2) (invariance) P(1,A) = P(A), for every A € F and every z € Z%;
(3) (group property) 7o = idq and 7., 4., = T., 0 T., for every z1, z € Z°.
If, in addition, (1) ,cza satisfies the implication
P((r.A)AA) =0 VzecZ' = P(A) € {0,1},
then it is called ergodic.

We further recall the basics of subadditive stochastic processes indexed by bounded, open sets:

Definition 2.4 (Subadditive process). A subadditive process with respect to a discrete, measure-
preserving, additive group action (7,),eza 18 a function p: Uy x Q — R satisfying the following prop-
erties:
(1) (measurability) for every B € Uy the function w — p(B,w) is F-measurable;
(2) (stationarity) for every B € Uy and z € Z¢ we have u(B + z,w) = u(B, 1.(w)) for a.e. w € Q;
(3) (subadditivity) for a.e. w € Q, every B € Uy and every finite family (B;);cr C Uy of pairwise
disjoint sets with B; C B and |B \ U;erB;| = 0 we have

p(B,w) <Y p(Bi,w);
il
Our analysis heavily relies on the following version of the subadditive ergodic theorem by Dal Maso
and Modica [10, Proposition 1], building on the subadditive ergodic theorem by Akcoglu and Krengel

[1].
Theorem 2.5 (The subadditive ergodic theorem). Let p: Uy x Q@ — R be a subadditive process with

respect to a discrete, measure-preserving group action (7,),cze and assume that there exists C > 0
such that for all B € Uy and a.e. w € )

(2.3) 0 < u(B,w) < C|B.

Then there exists an F-measurable function ¢ : 0 — R such that P-almost surely, for any cube Q C R?,
it holds that

lim ——p(rQ,w) = B(w).

r—-+00 |7“Q|

If the group action (7,),czae is ergodic, then ¢ is constant.
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2.3. Analytic framework. We now define the random functionals considered in this paper.

Definition 2.6 (Stationary random integrands). We say that f: Q x R x R™*4 — [0, +00) is an
admissible random integrand, if f is F @ L(R?) ® B(R™*?) measurable and there exist constants
c1,¢2 >0 and p > 1 such that for P-a.e. w € Q f(w,-,-) is a Carathéodory-function satisfying

(2.4) al§l < flw,z,8) < 21+ [€]7)

for a.e. © € R and all € € R™*. Moreover, we say that f is stationary, if there exists a measure
preserving group action (T;),cza such that for almost all w € Q@ we have

(255) flw,z+2,§) = f(rw,2,§)

for almost all x € R?, all z € Z% and all ¢ € R™*?. If in addition (1.),czqe is ergodic, then f is called
ergodic.
We write Qy C Q for the set of full probability where f(w,-,-) satisfies all the above properties.

A crucial quantity in our analysis will be the modulus of continuity associated to a stationary random
integrand:

Definition 2.7 (Integrated modulus of continuity). Let f : Q x RY x R™*4 — [0, 4+00) be as in
Definition 2.6. For any R > 0 and w € Qf we define an integrated modulus of continuity ar(w,-) :
[0,4+00) = [0,4+00), t — ar(w,t) by setting

an(ent) = [ s {[7(0,.6) = F(0,.€)]: 6.6 € B, £~ €1 <t} dy.
Moreover, we extend ag(-,t) to Q by setting ag(w,t) :=0 for allw € 2\ Qy and R,t > 0.
Remark 2.8. We observe that thanks to (2.4) the modulus of continuity ag(w,t) satisfies
(2.6) ap(w,t) <2c2(1+ RP)
for all w € Q¢ and R,t > 0, while for w € Q\ Qf the above estimate trivially holds.
The following lemma justifies the notion of modulus of continuity.

Lemma 2.9. Let f : Q x R x R™*4 — [0, +00) be as in Definition 2.6 and for every R > 0 and
w € Q let ag(w,-) be as in Definition 2.7. Then the mapping w — agr(w,t) is F-measurable for every
R >0 and every t > 0 and

(2.7) lim ag(-,t) =0

t—0
pointwise and in L*(£2).

Proof. To establish the measurability, we start observing that it suffices to show that w — ag(w,t) is
F-measurable on Q. For every £,{’ € Bp the mapping

(Way> = ’f(w?yvg) - f(w,y,g’)’

is F ® L(RY)-measurable. Moreover, for w € §; it suffices to consider the supremum over countably
many &, £, so that the expression inside the integral defining ap(w, t) is F® £(R?)-measurable. Thanks
to Fubini’s theorem this implies the F-measurability of w +— ar(w,t) on f and we conclude.

Next we show the pointwise convergence in (2.7). For w € '\ Qy this follows directly from the
definition. Let now w € y; then for almost every y € Y the function { — f(w,y,§) is continuous
and hence uniformly continuous on the compact set Br. In particular, the integrand defining a g (w, )
converges to zero as t — 0 for almost every y € Y. Finally, (2.6) allows us to apply the dominated
convergence theorem to obtain the pointwise convergence in (2.7). The L!-convergence is again a
consequence of (2.6) and the dominated convergence theorem for the expectation. O

In the proof of the main result we will encounter weighted sums of the modulus of continuity that we
can control with the help of the next result.
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Lemma 2.10. Let f : Q x R? x R™*4 — [0, +00) be as in Definition 2.6. Then P-almost surely for
every cube Q@ C R?, every t > 0 and every R > 0,

2. <l ~w,t) < inf  Elag (-, t)].
(28) 0= e Q] 2 an(rwt) < RIS Rt lar (6]
zeZd
(Y+2)NnrQ#0

In particular,

2.9 lim lim su ap(T,w,t) =0.

29) fi limsup 3 o)
(Y+z)ﬂrQ7$@

Proof. For the moment we consider arbitrary R,t € Q4. Let us define a stochastic process indexed by
bounded, open sets B € Uy via

pr(B,w) =Y [BN(Y +2)|ap(r.w,t).
z€Z4

From Lemma 2.9 we infer that u; r(B,-) is F-measurable. Moreover, via a change of indices one
verifies that for any z € Z¢ we have

e, r(B+ z,w) = Z|B—|—z (Y 4+ 2')|a(rarw, t)
2'ezd
= Y BN +2 - 2)|a(re_mw,t) = e r(B, m.w),
2/ —2€74
so that p g is stationary. Next, if B € Uy and (B;)ier C U is a finite family of pairwise disjoint sets
that cover B up to a null set, then by the additivity of the Lebesgue-measure

pe,r(B,w) = Z Z |B; N (Y + 2)|ag(T.w, t) Z'“tR iy W
2€7% i€l icl

which yields (sub)additivity. Finally, using the bound (2.6) and the non-negativity of ag(-,t), we
obtain the bound

0 < ,ut,R(B,w) < 262(1 + RI?)|B|
Hence we are in a position to use Theorem 2.5 and, since in the additive case the limit is known to
agree with the expectation, conclude that there exists a set 2, C € of full probability such that for
all w € 24 and every cube @ C Rd it holds that

Z rQ N (Y + 2)|ag(r.w,t) = Elag(:, t)]

z€Z4

(2.10) lim |1~Q|
for allt,R € Q.

As a next step, we extend the convergence to the sum in (2.8), which one the hand does not take
into account the measure of |rQ N (Y + z)| and on the other hand might count terms such that
|rQ N (Y + z)| = 0. Consider first z € Z¢ such that (Y + 2) N7Q # 0, but |(Y + 2z) NrQ| # 1. Since
|Y + z| = 1, this implies that (Y + z) N 9rQ # () and therefore Y + z € drQ + [~1,1]%. Second, if
0 < |r@N (Y + 2)| < 1, the same conclusion holds. Recalling again the bound (2.6), it follows that

ﬁ Z ar(t.w,t) — Elag(-,t)]]| < Taut,R(T@ w) = Elar(-1)]
(Y+z)zr7€rZQd(x)¢@

+CO(1+ RO)rQI™H(0rQ(x) + [-1,1])|

The term in the last line vanishes as r T +00. Hence, taking into account (2.10), we infer that

1 Z ap(Tw,t) = Elag(-,1)]

lim
r—400 |7"Q‘ Zezd
(Y +2)1rQ(z)#0
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forallw € Q4 and ¢, R € Q4. Since ag(+,t) > 0, the estimate (2.8) is a consequence of the monotonicity
of ap(w,t) with respect to R and ¢ and the density of rational numbers. Formula (2.9) further follows
from the L'-convergence ar(-,t) — 0 ast — 0 (cf. Lemma 2.9). O

3. STATEMENT OF THE MAIN RESULTS

We are now in a position to state the main results of this paper Given a random integrand f as in
Definition 2.6, an open and bounded set U C R? and a parameter ¢ > 0 we consider the random
integral functionals F.(w)(-,U): LP(U;R™) — [0, +o00] given by

/ f(w, 2, Vu)dz if ue WHP(U; M),
otherwise in L?(U;R™).

3.1) Fe(w)

In all that follows € > 0 varies in a strictly decreasing family of positive parameters converging to 0.

Theorem 3.1. Let f be an admissible ergodic random integrand in the sense of Definition 2.6 and let
F. be as in (3.1). Assume that f is stationary with respect to a discrete, measure-preserving, ergodic
group action (7,),cza. There exists a set Q' C Q with P(QY) = 1 such that for all w € Q' and for every
U C R? open and bounded the functionals F.(w)(-,U) I'-converge with respect to the strong convergence
in LP(U;R™) to the functional Fhom(-,U): LP(U;R™) — [0, 400] given by

/ Tfool(u, Vu)dz if u € WHP(U; M),
U

(3.2) From(u,U) :=

+o0 otherwise in LP(U;R™),
where for every s € M and every & € [Ty M]? the integrand T fo (s,£) is given by
(3.3) Tfao(s,) = Tim —inf {/ Flw.y.6 + Vo) dy: 6 € W= (Qui T, M)}

In particular, the limit in (3.3) exists and is independent of w € Q.

We can also consider the functionals F.(w)(-, D) restricted to functions u € W1P(D; M) such that
u = g on 0D in the sense of traces whenever D is sufficiently regular to admit a trace operator on 9D
(say, e.g., D having Lipschitz boundary). We do not bother with the precise structure of the trace
space but just consider boundary data g € W1?(D; M), i.e., boundary data that are attained by some
Sobolev-map. Let us set F 4(w)(-,D): LP(U;R™) — [0, +00] as

(3.4) F. 4(w)(u, D) : /fw*vu)dx if u € WHP(U; M) and u = g on 9D,

+00 otherwise in LP(U;R™).

Theorem 3.2. Let f, F. andw € ' be as in Theorem 5.1. Assume that g € WHP(D; M) with D C R4
a bounded, open set with Lipschitz boundary. Then the functionals F 4(w)(-, D) I'-converge with respect
to the strong convergence in LP(D;R™) to the functional Fhom (-, D) : LP(D;R™) — [0, +00] given by

/ Tfoo(u,Vu)dz if ue WHP(U; M) and u = g on 8D,
U
+o0 otherwise in LP(U;R™),

(3.5) Fhom,g(u,U) ==

where T'fo is as in Theorem 3.1. Moreover, if (uc)e>o is such that sup.¢(o 1) Fe,g(w)(ue, D) < +00,
then up to a subsequence u. — u in WHP(D;R™) for some u € W1P(D; M) with u = g on dD.

4. PROOF OF THE MAIN RESULTS

4.1. Existence of the homogenized integrand. As a preliminary step towards the proof of The-
orem 3.1 we prove that the limit defining T f in (3.3) exists almost surely. Moreover, we provide an
alternative characterization of T'f., in terms of a more restricted class of minimization problems. In
doing so we will make use of the following version of the Decomposition Lemma [17, Lemma 1.2].
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Lemma 4.1 (Decomposition Lemma preserving boundary conditions). Let D C R be open, bounded,
and with Lipschitz boundary. Let V. C R™ be a linear subspace and ug € WYP(D,V). Let finally
(un) C ug + WoP(D,V) with sup, ey |Vn|l» < +00. Then there exist a subsequence (ny) and a
sequence (Tix) C ug + Wy ™ (D, V) such that |Vi|P is equi-integrable and

{z € D: up, (x) # in(x) or Vuy, () # Vig(z)}| =0
as k — oo.

Proof. Up to a rotation we can assume that V = R with £ = dim V. Thus, without preserving
the boundary condition the statement follows from [17, Lemma 1.2], noting that due to Poincaré’s
inequality the sequence u, is bounded in W?(D; V). The proof of this lemma relies on a Lipschitz
truncation argument (see [17, Lemma 4.1]). It is in general not clear whether this Lipschitz truncation
preserves boundary conditions. However, if instead one uses the Lipschitz truncation provided in [12,
Theorem 13], then Step 1 in the proof of [17, Lemma 1.2] yields the claim for ug = 0. Finally, the
case of a general boundary datum ug € WHP(D; V) follows by considering the sequence (u, — ug) C
Wo(D; V). O

In order to analyze the limit in (3.3) we use the subadditive ergodic Theorem 2.5. To this end, we
need to define suitable stochastic processes indexed by bounded, open sets. For every B € Uy, every
k € N, and every s € M we set

(4.1) Admp(B) = {¢ € Lip(R:; TyM): [[6llyy1.00 gay < ks ¢ =0 on R\ B}

We also set Adm?_(U) := {¢ € Lip(R4; TeM) : ¢ = 0on R4\ B}, For k € NU {+oc} and (s,¢) €
M x [T;M]? we then define uZ’g Uy x Q — R by

(4.2) 18 (B,w) = inf{/Bf(w,x,£+V¢) dz: ¢ € Admz(B)}.

Remark 4.2 (Alternative Minimization Problems). Consider the auxiliary function f : Q x R% x M x
R™*4 — [0, +00) given by

(4.3) flw,z,5,€) i= f(w,z,TLE) + | — TLEP.

Observe that f(w,x,s, ) = f(w,z,€) for every & € [Ty M]4, every w € , and all z € R%. Moreover,
for every (s,&) € M x [TsM]?, every B € Uy, and every w € Q it holds that

(4.4) 158 (B,w) = inf { / flw,z, 8,6+ Ve): ¢ € Lip(RLER™), ¢ =0 on RY\ B}
B
and
(4.5) pi®(B,w) = inf { / fw,z,5,6+V¢): ¢ € LipRER™), [|@llyy1,00 (gay < ks ¢ =0 on R\ B}
B

for every k € N. To show this, we first observe that since Adm}(B) C Lip(R% R™) for all k € NU{oc}
and f(w,m,s,g) = f(w,x,5,€) for all £ € [TxM]4, all w € Q and all z € R, we have that p%5(B,w)
and uZ’g(B,w) are greater or equal than the right-hand sides in (4.4) and (4.5), respectively. To show
that also the opposite inequality holds true, for an arbitrary competitor ¢ € Lip(R% R™) with ¢ =0
on R?\ B we define 9 := 7, 0 ¢ as the composition of ¢ with the orthogonal projection 74 onto T M.
Then ¢ € Lip(R?%; T; M) and ¢ = 0 on R\ B. Moreover, since 7, is an orthogonal projection, we
have that |[ms|,, = 1. Together with the chain rule this implies that |[¢)|[yy1.ga)y < [|@lly1.00 (Ra)-
Hence, ¢ € Adm;j (B) for k = oo or k € N if ¢ is a competitor for the right-hand side of (4.4) or (4.5),
respectively. Finally, we have that

flw, 2, V) = f(w,2,T,Ve) < f(w,z,5 V).
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This yields the opposite inequalities by integration and passing to the infimum over all admissible ¢.
Note that the term |£ — II P is only added to ensure that the integrands f satisfy the two-sided
p-growth condition

(4.6) 2P min {cl, 1}|§|p < f(w,x,s,f) < (ea +1)EP.

This in turn is crucial to obtain a fundamental estimate for the corresponding functionals that we will
use in the proof of the liminf-inequality.

Remark 4.3. Let (s,&) € M x [T, M]? be arbitrary. By definition, we have that

S (Byw) < i (Bw) < py(B,w)

forall w € Q, k € N, B € Uy. This in turn implies that
5,8 : 5,8 _ 1 5,8
(4.7) pee (Byw) < nf .~ (B,w) = lim 457(B,w).

On the contrary, for any 1 > 0 we can find ¢,, € AdmZ_(B) with [, f(w,z,{+V¢y) dz < pSf (B, w)+n.
Since ¢,, € Admy,(B) for any k € N with k& > ”‘anlew(Rd) (the latter being finite since B is bounded),
we deduce that

inf i$(B.0) < [ flo,n,€+ V6,) do < psE(BLw) +0.
B

Together with (4.7) and the arbitrariness of 7 > 0 this implies that
ER3 — 3 5§ — |i 5§
(4.8) pee (Byw) = inf py~(B,w) = lim 4;7(B,w).

As a next step we verify that the quantities uZ’g with k& € NU {oo} satisfy the assumptions of Theo-
rem 2.5.

Lemma 4.4. Let f : Q x R? x R™*? be an admissible, ergodic random integrand in the sense of
Definition 2.6. For any k € NU{oc} and (s,£) € M x [TsM]? the function /12’5 Uy x Q = R defined
as above is a subadditive process that is stationary with respect to the group action (7,),cza. Moreover,
for w € Qy it holds that

(4.9) 1y (B,w)| < ea(1 + [€17)|B]
for any k € NU {co}, B € Uy, and (s,&) € M x [T, M]<.

Proof. Let k € NU {oco} and (s,£) € M x [T, M]? be fixed. We verify the defining properties of a
subadditive process in several steps.

Step 1. Measurability. Due to (4.8) it suffices to prove the measurability for all k£ € N as the pointwise
limit of a sequence of measurable functions remains measurable. Therefore, let us consider £ € N.
We equip Admj(B) with the WP(R%)-norm, which makes sense since B is a bounded set. In this
way Admyj (B) becomes a separable, complete metric space. Indeed, separability can be seen from
identifying Admj (B) as a subset of the separable space WP (R%;R™), while completeness comes from
the fact that the constraint ¢ = 0 on R%\ B is closed under strong convergence in W'?(R?) and from
the weak*-lower semicontinuity of the L°-norm, which together with the pointwise convergence (via
the Arzela-Ascoli theorem) ensures that any limit is also Lipschitz. Due to the continuity of f in the
last variable and the growth condition (2.4), the functional

Q x Admj,(B) 3 (w, ¢) — / flw,z,§+Vo)da
B
is continuous with respect to strong W'P-convergence of ¢, while the joint measurability of f and

Fubini’s theorem yield the F-measurability with respect to w. It is well-known that these properties
imply the joint measurability when we equip Admj (B) with its Borel o-algebra. In order to show the
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measurability of the infimum, we rely on the measurable projection theorem: for every ¢t € R we know
that

(4.10) {(w,¢) € O x Admy,(B) : /B flw,z, 4+ Vo)da < t} € F ® B(Admj (B)).

By assumption (92, F,P) is a complete probability space. Since Admyj (B) is a complete, separable,
metric space, the projection theorem [16, Theorem 1.136] yields the F-measurability of the projection
of the set in (4.10) onto Q. Therefore

weEN: inf / w, 2, &+ Vo) dr = ¢ (B, w <t}€]—",
foeas it [ foce Vo= ute.0)

which proves the F-measurability of ui’é (B,).

Step 2. Stationarity. Let B € Uy and z € Z¢ be arbitrary and let w € Qf. For any ¢ € Admj (B)
define ¢, € Admy (B + z) via ¢,(x) := ¢(z — z). The stationarity of f ensures that

/ flrw,z, £+ Vo)dx = flw,z, €+ Vo,)dx.

B B4z

Passing to the infimum over all such ¢ and using a symmetric argument we obtain that uz’g (B+z,w) =
,ui’g (B, T,w), which is the stationarity of uz’é.

Step 3. Subadditivity. Let B € Uy and (B;);cr C Up be a finite family of pairwise disjoint subsets of

B that cover the latter up to a null set. Fix further w € Q and let n > 0 be arbitrary. Consider
¢; € Admy,(B;) such that

(4.11) / flw,z, &+ Ve;)da < ui’f(Bi,w)Jrl_
B; #I
Let us define ¢ € Lip(R%; Ty M) as ¢ := > icr ®i- Since ¢; = 0 on R?\ B;, we have that ¢ = 0 on

R?\ (U;erB;) and by continuity also on R%\ B. Since the B!s are pairwise disjoint, it further follows
that [llyy1.0 (ray = maxier{{|dillyy1. oy}, from which we deduce that ¢ € Admj(B). Hence

(4.11)
Mi’E(B,w) S/Bf(wvx’§+v¢)dz:Z/B.f(w,z,éJrV@) < ZMZ’E(Bi,w)JrU.

il il
The arbitrariness of 1 then implies the subadditivity of the processes.

Step 4. Boundedness. For U € Uy and w € Qf the claimed bound (4.9) is a consequence of the

non-negativity of f and testing the zero function in the minimization problem defining u‘ff and then
inserting the upper bound (2.4). O

The previous lemma allows us to apply Theorem 2.5 to the processes pi’g, but since we need a common
set of full probability such that the convergence holds, we first prove a stability result with respect to
the parameters s and £ which we can use to extend to convergence from countably many subsets to
the whole range of parameters. Note that this auxiliary result is only used for the case of finite k € N.
For k = oo we will argue in a different way.

Lemma 4.5. Let f : Q x R? x R™*? be an admissible, ergodic random integrand in the sense of
Definition 2.6. For any k € N and (s,£) € M x [TsM]? let uZ’g be as in (4.2). Let w € Qy; then we
have that

(4.12) 15 (B, w) — i (Bow)| <) cnpjepager) (raw, k1T — Ty ||, + 16 — €])

z€74
(Y4+2z)NB#£0

for all (5,€) € M x [T,M]? and (s',¢") € M x [Ty M]?, and all B € U.
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Proof. Fix w € Qy and k € N. Let 7 > 0 be arbitrary and for (s,£) € M x [T,M]4, B € Uy fixed, let
¢ € Admj (B) be such that

(1.13) /B flw,a,€ + Vo) do < 25 (B,w) +17.

Let now (s', &) € M x [Ty M]? and define 1) € Adm; (B) as 1 := 7y 0 ¢ (cf. Remark 4.2). Using that
Vi =11y (V) and (4.13) we deduce that

¥ (Bw) < / flw,z,¢ +T1,(Ve)) dz
(4.14) B
< /’6275(37“) +n+ ‘ /; f(wa x,gl + Hs’(v¢)) - f(OJ,.T,f + HS(V¢)) dz|.
Observe that |/ + 11, Ve| < |€'| 4+ k and | + I, V| < |€] + k. Moreover,

€ + 1Ly (V) — € — (V)| < [€ = &'| + k[ILy — L[, -
Together with the stationarity of f this implies that

‘ /B flw,z,& + 1y (V) — f(w, 2, & +11(Ve)) dw

< Z / |f(7'zwa Y, 5/ + I (Vqﬁ(y =+ Z))) - f(Tzwa y,§+ Hs(v¢(y =+ Z))) | dy
zezd YN(B—=z)

< D anierie (T, € = €]+ KTy — L)
zez?
(Y £2)NB#0
Thus, (4.12) follows from (4.14) by the arbitrariness of > 0 and exchanging the roles of (s,£) and
(s,€). O

Now we are in a position to prove the existence of the homogenized integrand as well as its approxi-
mation using only k-Lipschitz maps in the minimization problem. We start with the case k = co. For
later reference we first make the following observation.

Remark 4.6. The manifold M is separable as a subset of a separable metric space. Let us fix a
countable dense subset M’ C M. Moreover, for any s € M’ we let D, be a countable dense subset of
[T M]ENR™*4. Several times we will use the countable set

(4.15) N={(s,): se M', £ € Ds}.

In this way, for every s € M and & € [T, M]? there exists a sequence (s,,&,)nen € N such that
($ny&n) = (8,€). This can be seen as follows. By the density of M’ in M, we find a sequence (s, )nen
such that s, — s when n — +o0o. Defining &, = I, (¢) € [T, M]%, we have that &, — & as n — 4oc.
Due to the density of Dy, in [T, M]?, via a diagonal argument one finds &, € D, such that &, — &.

Proposition 4.7. Let f be an admissible, ergodic random integrand in the sense of Definition 2.0.
Then P-a.s. the following holds: for every cube @ C RY and every (s,&) € M x [TsM]¢ there eists
the limit

P (rQ, w)

(4.16) Tfx(s.6) = lim =

and is independent of Q and w. Moreover, the mapping (s,&) — T foo(8,€) is continuous.

Proof. Let N be as in 4.15. Lemma 4.4 allows us to apply Theorem 2.5 to the subadditive processes
(uif)(syg)ej\/ to find deterministic constants T f.(s,&) such that for every cube Q C R? for every
(s,€) € N and P-a.e. w € Q it holds that

(47 A

P (rQ,w) = T fo(s,€)
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and the limit is independent of () and w. It remains to extend the existence of the limit to the remaining
couples (s,&) € M x [T,M]¢ for the same set of w’s. This will be done by approximation. Hence fix
w € 2 such that (4.17) and the statement of Lemma 2.10 hold and let s € M and ¢ € [T, M]%. Due
to Remark 4.6 we find (sp,,&n)neny C N converging to (s,€). In what follows we will always assume
that |(sn, &) — (s,€)| < 1. We use this sequence to compare the limsup and liminf of ﬁ/@f (rQ,w)
as r — 4o00. In what follows, @, s, £ and w will be fixed, so we do not indicate when quantities depend
on those parameters. Let us choose a sequence r; — +00 such that

(4.18) lim inf L;Lif(rQ,w) = (riQ,w).

lim ——— st
roo rQ)] jortoo [ Q1>

Given r; > 1, we let ¢; € Adm?_(r;@) be such that

1 1
w,z, &+ Vo) dx < gf 7Q,w) + —.

We further define ¢; € Adm?_(Q) via ¢; = %j(/)j(rj-). Then due to the lower bound in (2.4)

C
][\wmdxzf V517 do < — s (r;Quw) +1 < C(EP +1).
Q r;Q |TJQ|

Since 1; = 0 on R?\ Q, the above estimate allows us to apply Lemma 4.1 to find a subsequence
(not relabeled) and another sequence v¥; € Adm?_(Q)* such that |Vi;|P is equi-integrable and the set
Aj = {y; # ¢; or Vi); # V);} — 0 satisfies |4;| — 0 as j — +o00. Then by the choice of ¢;, a
change of variables and (2.4) we have that

1 1
|er|:u‘Z§(’ervw) + 3 > @ f(wvmvf + V¢J)d1' = ]éf(wyrjx,ij) dz
> [ fwree Vi) da
Q1 Jo\4,
- C -
(4.19) > ]éf(w,rjx,ﬁJrij)dz _ |Q|/Aj(1 VP da.

Note that the very last integral is negligible when j — 400 due to the convergence |A;| — 0 and the

equi-integrability of |V7:/;j\” . Thus let us continue to bound the remaining integral on the right-hand
side from below. We have that

f @,y €+ Vi) de > f F(ws 12,60+ L, V) da
Q Q

- ‘]é f(w7rjxa§+ VJ]) - f(w7rjxa§n + HSnVIZJ)dJZ

In the first right-hand side integral, we can perform a change of variables and noting that z —
s, orjvi(x/r;) € AdmZ: (r;Q), we can bound it from below by ﬁugg’gn (r;Q,w), so that
J

Ota f(w,?“jx,f + V'(/)]) dr > |er|

]éf(w,rjx,é + V{/;j) — flw,rjz, & + HSTLV%) dx

pse s (r;Qw)

(4.20) -

=i€jn
We argue that the error term e; , is negligible when we let first j — 400 and then n — 4-oc0. To this
end, let n > 0 and define the set

Ly = {|€ + V| + [Vi;] = N, },

2Recall that on convex sets W1 can be identified with the space of Lipschitz functions.
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where we chose IV, € N such that

(4.21) sup/ (1+€+ VJ]'P”) dy <.
jeN QﬁLJ‘ n

The existence of such an NN, is ensured by the equi-integrability of |V@Ej|p since |L; ,| — 0 uniformly
in j when NNV,, = +o00. Next, on the complement of L;, we have that

€ + Vi — € — I, Vibs| < |€ = &al + L,V — TL,, Vi | < [€ — &l + [T, — 10, [, Ny

Recalling the definition of the integrated modulus of continuity agr(w,t) (cf. Definition 2.7), the
stationarity of f and the upper bound in (2.4), we can thus estimate

C -
ejmn < T (14§ + Vy;|P) de
Q| QmL“,

Flw, @, €+ Vi (a/r)) = f(w, 2,6 + 1L, Vb (w/r)))| da
|TJQ| Q\LJ n)

SOTtTE L amnmele =6l I T, V).
J zez?
(Y+2)Nr; Q#0

Due to Lemma 2.10 the last sum vanishes when we let first j — 400 and then n — +o0o. The
arbitrariness of n > 0 then implies that limsup,,_, . limsup, ,,e;, = 0. In combination with
(4.18), (4.19) and (4.20) we thus showed that

1
(4.22) lim inf ——u%5(rQ,w) > limsup hm /f”’f"(rQ ) L7) limsup T foo (S, &n)-

r—+00 | Q' n—s4oo T+ n—+o00
To conclude, we need to derive a suitable upper bound for the limsup. First, we choose a sequence

r; — +oo such that

4.23 lim su rQ,w) = lim
(4.23) Imsup o Q|uoo(Q w) = lim |TJQ|MOC

$(riQ,w).

By a diagonal argument, we find a sequence (n;) ey that diverges to 400 and such that

1 1 snjin;
971 En — 1 .
(4.24) lim inf lim el (rjQ,w) = lim_ |TJQ|uoo H(rQ,w).
For every j € N we let ¢; € Adm>y (r;@Q) be such that
& .
(4.25) flw, 2,80, + Vo;) dx oo’ (1 Q,w) +1/5.
riQ ‘ JQ|

As above we define 9; € Adm>y (Q) via ¢; = %qﬁj (rj-), which by the same argument gives rise to a
J
subsequence (not relabeled) and a sequence 1); € Admo’ (Q) such that |[Vi);|P is equi-integrable and

Aj = {y; # QZ]- or Vi); # szj} — 0 in measure. By a change of variables we then have

F(wr . 6n, + Vo) da = ][ f(@, 72, €n, + Vipy) da > F(@, 75, n, + Vi) da

T'jQ |Q| CQ\A‘7

> ]éf(w,rjx,ﬁnj + ij)dy - @ /Aj(l + |V{pvj|1’) dx
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and the last integral vanishes when 7 — 400 due to the equi-integrability of |szj |P. Hence we continue
to estimate the other right-hand side term: with the same argument as for (4.20) one shows that

1
r; Q|

(4.26) - fQ F(@, 152, €y + V) — f(w,15,€ + TL,V;) de

128 (r,Qu0)

][ f(warjmvgnj + quj)dx >
Q

=€

and we argue that the error term e; is negligible when j — +o00. Given i > 0, we choose IV,, € N such
that the sets

Gy = {|£"1 + vi[;j‘ + |V{/;j‘ > Ny}
satisfy

/ (L+ |6, + Vi) da < .
QNGj y

Again this is possible since the sequence |V7:Z;j [P is equi-integrable, the sequence &,; is converging and
the sets G, converge to zero in measure when N,, — +oo uniformly with respect to j. Similarly to
the previous step we then have

C 1 ~ ~
G T e 6 T Ir) = e € LT o)
C 1
(427) S @T} + m ng OéNn—Q—l(Tzwa |€nj - €| + ||Hsnj - Hs”Op NT])

(Y +2)1r; Q0

Using the monotonicity of ¢t — ag(w,t), it follows from Lemma 2.10 that the second right-hand side
term vanishes when j — +oco. The arbitrariness of 7 > 0 then yields that lim;_, ., e; = 0. Taking
into account (4.23), (4.24), (4.25) and (4.26) we thus showed that

1 1
4.28 liminf T foo(Sp, €n) = liminf lim —— f)g’f" rQ,w) > limsu
( ) n—r+00 Joo(sn:&n) n—+00 r—+40co |TQ|M (rQ.) 7'—>+<X1>) |7“Q‘M

35 0rQ,w).
Combined with (4.22) and the obvious inequality liminf < lim sup, this estimate shows that

Hminf T foo (87, &n) = limsup T foo (85, &n) =1 T'foo (s, €),
n—-+oo

n—-+oo
1 1
liminf — if rQ,w) = limsup —p%f (rQ,w) = Tfso (s, €).
i inf ok (rQ,w) imsup o (rQ,w) (s,€)

In particular, the limit of |T1Q‘u§§ (rQ,w) exists, is deterministic and independent of @ as claimed.

Finally, the continuity of the map T f,, can be proven with the same argument used to show the last
two estimates. g

In the next proposition we prove the same result for the processes ,uZ’E with finite & € N.

Proposition 4.8. Let f be an admissible, ergodic random integrand in the sense of Definition 2.6.
Then for P-a.s. the following holds: for every cube Q C R?, every (s,&) € M x [TsM]?, and every
k € N there exists the limit

5.6
o M (rQw)
(4.29) Tfr(s,€) »= lim ol

and is independent of @ and w.
Moreover, the mapping (s,§) — T fi(s,&) is continuous for all k € N.
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Proof. For fixed k € N and (s,£) € M x [T, M]? we have shown in Lemma 4.4 that us isa bounded
subadditive process. Thus, applying Theorem 2.5 to the countable family of subadditive processes uk
with & € N and (s,§) € N (the set defined in (4.15)) ensures the existence of deterministic constants
T f1(s,€) such for P-a.e. w €  the convergence (4.29) holds for every cube Q C R%, all k € N and
(s,€) € N. Moreover, upon intersecting two sets of full probability it is not restrictive to assume that
Lemma 2.10 holds for the same set of w’s.

Let now w € € be such a realization and fix k& € N; we claim that then (4.29) holds for any (s,&) €
M x [TsM]?. The proof of this claim will be established in several steps.

Step 1. Locally uniform continuity. Let R > 0 and let us show that the mapping (s,&) — T fr(s,§) is
uniformly continuous on the set

Nr={(s,8):seN, |s| <R, || <R}.
This will allow us to extend T'f; in a uniformly continuous way to the closure Nx.

Let n > 0 be arbitrary; thanks to Lemma 2.10 there exists ¢y > 0 such that for all ¢ € (0,¢¢] we have
that

n

4.30 limsup —— E Qpiopet(Tow,t) < —.

( ) r—+400 |7"Q| ez +2 +1( ) 2
(Y+2)nrQ

Moreover, since M is a C'-manifold, the mapping s ~ II, is uniformly continuous on the compact
set M N Bgr(0). In particular, there exists § € (0,1) such that for all (s,&), (s,¢') € N with
|(s,8) — (s',€')| < 6 we have k [[II; — Iy ||, + |§ — &'| < to. Thanks to Lemma 4.5 this in turn implies
that for all such (s,&), (s,&’) the estimate

1
m“’é‘f(T’va) (TQ, )| > |’I“Q| Z Qptor+1(T2w, o)

z€z?
(Y+2)NrQ#£0

holds for all all » > 0 and all cubes Q C R%. Letting r — +00 we thus deduce from (4.30) that

@) — i (rQ )| <

(4.31) limsup —— 5

r—+00 | Q‘
for all (s,€), (s, ¢') € Ng with |(s,€) — (s',&)| < 0.
Let now (s,€),(s',&") € Ng with |(s,€) — (s/,&')| < . Applying (4.31) together with (4.29) (which
holds on NR) finally gives
T fi(s,6) = Tfu(s", €| <

This yields the uniform continuity of the mapping (s,&) — T fr(s,£) on the set Nﬂvhich in turn
implies that T'f; can be extended to a uniformly continuous mapping on the closure Ny.

Step 2. Proof of (4.29) for (so,&) € N. Let (s0,&) € (M x [TeM]?) \ NV be fixed. As shown at
the beginning of the proof of Proposition 4.7 we can approximate (sg, &) with elements in N, so that
(50,&0) € Ng with R > max{|sg|,|&|} + 1. Let now 1 > 0 be arbitrary and § € (0, 1) such that (4.31)
is satisfied and such that

1\3\3

(4.32) T fr(s,€) = Tfi(s", &)l < g for all (s,€), (s'¢') € N with |(s,€) — (s',&')| <.
Let now (s,¢) € Ng with |(sg,&) — (s,€)| < 6. For any r > 0 and any cube Q C R? we have that
So &o
(TQa ) Nk rQa )
W T fr(s0,&0) ‘ < ‘W _Tfk(sag)‘

s s, n
|,LL ” 50 TQ,CU) 7:U‘k§(TQaw)’ + 5’
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where we have used (4.32). Since (4.29) holds for (s,&) € N, letting r — 400 and using (4.31) yields

50,80
lim sup w
r——4o00 | QI

— T fr(s0,%)| <n

We conclude by the arbitrariness of 7 > 0. The continuity of T f, is a consequence of the first step
and the arbitrariness of R > 0. g

Finally, we prove the crucial fact that T f;, provides an approximation for T'f., for large k.

Proposition 4.9. Let f be an admissible, ergodic random integrand in the sense of Definition 2.6.
Let moreover T fi, and T fo, be as in Propositions 4.7 and 4.8, respectively. Then

(4.33) T foo(s,€) = Jim Tfi(s,€) = ggngk(Sag)
for every (s,€) € M x [TsM]%.

Proof. Let (s,£) € M x [TsM]? be fixed. Since uj*(w, B) > yiﬁl(mB) for every B € Uy and every
k € N, we deduce that

(4.34) Tfoo(5,€) < lim Tfi(s,€) = inf Tfu(s,€).

Moreover, applying Propositions 4.7 and 4.8 with Q = (0,1)? and 7, = 2° with ¢ € N and using the
dominated convergence theorem yield

(4.35) Tfi(s,€) = dim %E[ui’g((& 26%,)]

for any k € NU {+00}. We now show that for any k € NU {400} the terms 55 E[u°((0,2%)?, )] are
monotone decreasing in ¢. To this end, let £ € N and ¢ € N be fixed. Then the cube (0,2t!)¢ can
be partitioned into ng = 2¢ sub-cubes of the form (0,2%)¢ + 2, with 21,...,2,, € Z%. Thus, using the
subadditivity and stationarity of ,uZ’E we deduce that

Mi,f((072(€+1)) < ZM 8,8 0 2@ + 2p,w Zukf O 2 Tz” )

n=1

By taking the expectation this simplifies to the claimed monotonicity

nd 3 NI 5,6 oyd
2(@+1)d < 2(g+1)dE[:uZ ((072 ) a)] - ﬂE[Mk ((Ov2 ) 7)] .

Using (4.36) for k € N and gathering (4.34)-(4.35) leads to

(4.36) E[uy (0,244, )]

. < i = — 4Hd w5 Od 37
(437)  Tfool(s,€) < inf T'fi(s,¢) = inf inf QME[ (0,294, = inf inf 2ng[uk ((0,29%,-)]
Moreover, we have infjey E[ui’g((o,?])d,)] E[u3£((0,2%)%, )] thanks to (4.8) and the monotone
convergence theorem. Thus, using finally (4.36) for k = oo and again (4.35) we can continue the
estimate in (4.37) to

T foo(s,6) < inf T fr(s,€) = inf fIE[ (0,297, = Tfoo(5,€)
which yields (4.33). O

4.2. Proof of the liminf-inequality. In this section we prove the liminf-inequality for the Gamma-
convergence statement in Theorem 3.1. This will be done by applying a blow-up procedure, using the
auxiliary integrands f defined in (4.3) and carrying out a careful local analysis based on the funda-
mental estimate [9, Theorem 19.1], Lemma 4.1 and Lemma 2.10. Finally, we will use Proposition 4.7.
To be able to do so, throughout this section we fix an element w € Q¢ such that both Lemma 2.10 and
Proposition 4.8 hold. In particular, the following statement holds P-almost surely.
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Proposition 4.10. Let f be an admissible, ergodic random integrand in the sense of Definition 2.6
and for every w € Q let F.(w)(-,U) : LP(U;R™) — [0, +o0] be as in (3.1). Then the following holds
for almost every w € Q and every bounded, open set U C RY: if (u.) C LP(U;R™) and u € LP(U;R™)
are such that u. — u strongly in LP(U;R™), then

(4.38) liggiglf F.(w)(ue,U) > Fhom(w)(u,U).

Proof. Let (us) C LP(U;R™) and v € LP(U;R™) be such that u. — u strongly in LP(U;R™) as ¢ — 0.
To prove (4.38) it suffices to consider the case liminf. . F.(w)(us,U) < +00. Let then (g,) be a
sequence satisfying
(4.39) liminf F; (w)(u.,U) = lim F., (w)(ue,,U) < 400

e—0 n—00
and such that u,, := u., converges to u pointwise. Since M is closed, we deduce that u(x) € M for a.e.
x € U. Moreover, (4.39) together with (2.4) ensures that (u,) is uniformly bounded in W?(U; M).
We thus deduce that v € WP (U; M) and it remains to show that

(4.40) lim [ f(w,2,Vu,)dz > / T foo(u, Vu) dz .
n—oo Jir n U

We establish (4.40) by means of the blow-up method. To this end, we consider the sequence of non-

negative finite Radon measures i, := f(w, =, Vu,(-)) L U. Then (4.39) implies that

Y en?

sup |pn|(U) < +o00.
neN

From the compactness result [3, Teorem 1.59] we deduce that there exist a further subsequence (not

relabeled) and a non-negative finite Radon measure y such that y, — g as n — +oo. Since U C R?
is open, the weakx-convergence together with [3, Proposition 1.62] implies that

(4.41) p(U) <liminf p, (U) = lim [ f(w, 2, Vuy,)dz.

n—o00 n—0 Ji; Yen?
Thanks to the Besicovitch Derivation Theorem [16, Theorem 1.153] the measure y can be decomposed
as [t = fiq + ts into a pair of non-negative finite Radon measures jiq, s with p, < £ and g L L%,

Denoting by ZZZ the Radon-Nikodym derivative of j, with respect to £¢ it thus suffices to show that

dpta
dcd

In fact, if (4.42) holds true, then (4.41) together with the fact that p,(U) < u(U) yields (4.40). We
now establish (4.42) in several steps.

(4.42)

(2) > T foo (u(x), Vu(z)) for ae. z€U.

Step 1. Choice of xq
To obtain (4.42) we fix a point x¢ € U with sq := u(xg) € M, & := Vu(zo) € [Ts, M]?, and such that

(4.43) lim |u(z) — sglP de =0 = lim [Vu(z) — &P dx,
P20+ JQ, (o) P=0%JQ, (o)
1
4.44 lim — — 50— - (x—x0)[Pdz =0
(1.49) Jim Sf ) st el =0,
dpia e M(Qp(x0))
(4.45) gpi (o) = lim SELRE

The fact that u € WHP(D; M) and the Besicovitch derivation theorem ensure that these properties
hold for £%-a.e. 9 € U. Thus, to obtain (4.42) it suffices to show that

dpeg
acd

(4.46) (0) > T foo (u(0), V(o))
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with z satisfying (4.43)-(4.45). Since p is a finite Radon measure, we have that 4(9Q,(x¢)) = 0 except
for countably many p > 0. In particular, we can find a sequence py — 0+ such that ©(9Q,, (z0)) =0

for all k£ € N. Thus, combining (4.45) with [3, Proposition 1.62] and the fact that p,, — p we find that

dpa ;o W(@Qpy(x0)) . . .
(447) W(zo) N kglfoo T B kEIJIrloo HEIJIrloo Qpy (x0) f(w, en? Vun) dz =: A=)

and it remains to estimate A(zg). This will be done via a diagonal argument. For later use it is
convenient to define the constant Cg, := (%d% +1).

Step 2. Choice of a diagonal sequence
For fixed k,n € N the change of variables y = % leads to

(4.48) fQ ( )f(w,;,m)dxzf (w0, 5223 Ty, () dy,
pr (To 1

where vy, 1 (y) = é (u(xo + pry) — SO) for every y € Q1. Moreover, denoting by ug the affine function

uo(y) := & - y, we have that

][ |Un,k —uol|P dy = P;Zp][ \Un(x) — 50 —&o - (v —x0)|P dw
1 ka (IO)

S2p_102p(][ \Un(x)—u(l‘)lpdx+][ |u($)—50—€0'($—$0)|pd1‘>7
Qpy, (z0) Qpy, (o
so that (4.44) ensures that

(4.49) lim lim sup/ [n,k — uplP dy =0.

k—oo nooo 1

In addition, we deduce from Lemma 2.9 and Remark 2.2 that

(4.50) lim Elay(-, Myr(Ce,pr))] =0 for all M,N,R >0,

k—o0

where g is the modulus of continuity defined in (2.1). Moreover, Lemma 2.10 together with the
monotonicity of R+ g implies that

d
. En .
(4.51) lim sup () E an(T.w,Yr(Cgpx)) < inf Elan (-, M'vr (Ceopi))]
n—00 Pk g R'>R
z€Z M'>M
(Y +2)n25Qy (22) 0 N'>N

for every k € N and R, N, M > 0. We finally observe that for any fixed k € N Proposition 4.7 together
with the choice of w ensures that

d
(4.52) lim <€”> psoo (?Ql(mo/pk),w> =T f(50,%) -

n—oo Pk

Using (4.49)—(4.52) we now construct a diagonal sequence as follows. For j € N we first choose k; € N
sufficiently large such that

x ! 1
(4.53) ‘A(l‘o) — lim f(w, %,V%,/ﬁ (v)) dy‘ <3
n— oo Ql .7
and
. » 1 ) 1
(4.54) hrrljup |V, — uolP dy < %5 and  Efag; (-, 2j72;(Ceopr,))] < %
n o0 1
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which is possible thanks to (4.49) and (4.50). Subsequently, we choose n; € N such that ,,, < sz and
such that for all n > n; we have that

x i . o k ].
(4.55) / f(w, W, Vo i, (y)) dy < lim f(o.), ﬁ Vo i, (y )) dy + 57 < Azg) + =

n—o0 Ql j ]

1 1
(4.56) / |Vn,k; — uolP dy < limsup/ [Vnk; —uolP dy + — < 5 ,
1 1

n—00 27

(4.57) |(€">du5°’5°< 2Q1(wo/px;), >Tfoo(507§0) <

Pk;
en \ 11
(4.58) (p:) > (1w, 575(Ceopry)) < Elan; (-, 2572 (Ceopr,))] + %5 <7

Zd
(Y+2)n% JQl( > )0

which is possible thanks to (4.49) and (4.51)—(4.54). Note that to obtain (4.58) we have applied (4.51)
with R N =jand R = N’ = 2j. Let us now define the diagonal sequence (&, p;) := (€n;, Pn,);
then — 0 as j — oo and thanks to (4.55) and (4.56) the functions v; := vy, y, satisfy

diig . ZotBa

(4.59) Nd (z0) = A(zg) > hmsup/ f(w, w, V;) dy
dﬁ j%oo N J

and

(4.60) Jim lvj = wollzr(@u) = 0.

Moreover, (4.57) ensures that
_\d _
(4.61) tin (2) iz (201 (a0/p). ) = Thelon o).
i=oo \ pj gj
Finally, for all M, N, R > 0 the monotonicity of ar and g with respect to R and ¢ implies that

(2)

_\d
Ej . _ .
> an(r.w, Myr(Ce,pr,)) < (f) > a;(1.w,7(Ce,p;)) for all j > M, N, R.

A Pi zcz
(Y+2)NZLQ: (52) 20 Y+ 2 Qu (52 )20
Thus, from (4.58) we finally deduce that
_ d
(4.62) lim (5]> 3" an(rw, Myr(Ce,pi,) = 0 for all M, N, R > 0.
Pi zez?
(VN2 Qu (52)#0

Step 3. Modification of boundary values and equi-integrable gradients.

In this step we will modify the sequence (v;) obtained in Step 2 in a suitable way to obtain a com-
petitor for the minimization problem defining p3¢:%. This is done by rewriting the right-hand side
of (4.48) using the auxiliary function f defined in (4.3). This in turn will allow us to first apply the
fundamental estimate [9, Theorem 19.1] to change the value of v; to uy on 0Q1 and subsequently apply
the Decomposition Lemma 4.1 to pass to a sequence with p-equi-integrable gradients.

By the definition of f and the fact that Vv;(y) = YV, (zo + pjy) € [Tunj (2ot M]? for ae. y € Q1
we have that

(4.63) | o Foy) dy = [ Fle 22 50 4 g0y 0) Vs (0) dy.

1 1
=Un; (zo+p5y)
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Thanks to (4.6) the functions f(w, -, s, -) satisfy for all s € M the hypotheses of [9, Theorem 19.1] and
thus the fundamental estimate [9, Definition 18.2] holds. This implies in particular that for arbitrary
n >0 and § € (0,1/2) there exists a cut-off function ¢ = ¢, s between Q125 and Qs such that for
all j € N the functions 9; := v; + (1 — p)ug € WHP(Qq,R™) satisfy

| Pl =5 st 0y Vo 0) dy < (L) [ F (0 22 50+ ey (a), V) dy

1 @1
. C
(4.64) + (L +n)e2|@Q1\ Qi-25/(1 + [&of”) + Gy lv; = uoll 7oy

for some constant ¢s depending only p and the constants ¢; and ¢y in (2.4). We observe that the
functions 9, do not take values in M anymore, but by construction they coincide with up on @1\ Q1 _s,

so that (9;) C ug + Wy (Q1; R™). Moreover, the boundedness of (vj) in WHP(Q1;R™) ensures that
sup;en [|V9;],, < +00. Thus Lemma 4.1 yields the existence of a subsequence (j,) and a sequence

() C ug + Wy ™(Q1; R™) such that |V is equi-integrable and the measure of the sets
A= {y € Qu: 95,(y) # vuely) or Voy, (y) # Vie(y) }
converges to zero as £ — oo. Moreover, by Chebyshev’s inequality also the measure of the set
By = {y € Q1: |vj,(y) — uoly)| > 1}

converges to zero as £ — oo. Thanks to the non-negativity of the integrand f the fundamental
estimate (4.64) now yields

A~ +p5; _ 1 +pi _ ~
/ fw, 22222 s + pj, v, (y), Vg, () dy > —/ fw, 2222 5o + pj,v5,(y), Vj,(y)) dy
) Je 1 —+ n 1\ A\ By Je

C
(4.65) — C2|Q1 \ Qu-25/(1 + [&o ") — W llvje — UOHILJ,P(Ql) ’

It remains to estimate the first term on the right-hand side of (4.65). This is done in the last step.

Step 4. Conclusion.
Since |V ;[P is equi-integrable, there exists N, € N sufficiently large such that for

Gry = {z € Q1: Vi)’ > N, }

we have that

supég/ (14 |V |P)dy <.
LeN Gl,n

Moreover, since |A; U By| — 0 as £ — oo, there exists ¢y € N such that
(4.66) 62/ (14 |VoeP)dy <n forall £> 4.
Ap,UBy

Recalling that f(w,z,s,€) = f(w,z,(€)) + |€ — I, (£)|P for all s € M and all (z,) € RY x R™*4 we
thus obtain
(4.67)

~ T +'j _ ~ N z +_j ~
/Q y \g(\g#so + 5,05, (), V5, (y)) dy 2/ f(w,%zﬂ’,so,v%(y)) dy — 2
1\Ae\Be\Ge,y .

/Q BnG (f(w,xo-gtjr;w,Hso+pjevu(y>(me(y))) —f(wLH (Vf)je(y))))dy
1\Ae\Dbe\Ge,y

=€y

- - p B N P
ey, (V) = Fn()[” = [ (V) = [ |

‘/QI\AZ\BZ\GLn




STOCHASTIC HOMOGENIZATION FOR MANIFOLD-VALUED MAPS 21

for all £ > ¢y. We finally set y,(z) := @64(5“}7) + uo( ) for every = € 53:2 Q1(z0/pj,), so that
Je 7

Ej[
£, — X 00 / Pi _ m
“TO) and (cpg — uo) € Wol’ (%Ql(xo/pﬁ);R )
Je
for every ¢ € N. Recalling that Vug = &, € [Ts, M]?, the alternative characterization of p50:% in (4.4)
together with a change of variables yields

/ f(w, %i“y 50, V;,(y)) dy = fan (22) Fw,z,50,& + V(pe — u)(x)) dz

Je Pig

_\d _
Pj s Pj >
> <”) Mog’go(“Ql(zo/sz))-
e €je
Thus, (4.61) implies that

(4.68) lim inf /Q F o, 22 50 + P vie (8), V5, (9)) Ay 2 T fruom (50, €0)

{—00

V(x) = Vf;g(

and it remains to estimate the two error terms e} n’ e2 y i (4.67). To estimate €2 , 1t suffices to observe

that the local lipschitzianity of the mapping £ — |£|P and the projection estimate | — I1,£| < |£] for
all s € M and ¢ € R™*? yield

& = T (€0)]” = [& — M ()| < p(160177" + 12l ) (ITLay (1) = Taa(2)] + &1 — €2])

for all 51,5, € M and &;,& € R™*?. In particular, for all £ € N and y € Q; \ Gy, we have that

“Hso-&-pjlvje(y) (Vie(y)) — V@e(y)‘p - ’HSO (Vie(y)) — V@e(y)‘p
(4.69)

< 2p|Vﬂe(y)|p71’stmvn(y) (Vie(y)) — s, (Vﬁe(y))’ < 2pN} HHS(J-"-ﬁjeng(y) — I,

op
We also observe that for all £ € N and y € Q1 \ By we have that

(4'70) ﬁjé|vjé (y)| < ﬁ]z(luo(y” + 1) < Cﬁo/jjev

for which we recall that C¢, = (%d% +1). Setting R := [so| + C¢, a combination of (4.69) and (4.70)
thus yields

‘Hso-l-ﬁjzng ) (Voe(y)) — Vve(y)‘ - ’HSO (Vie(y)) — VW(@/)‘ ‘ < 2pNPvr(Ce,pj, )
for all y € Q1 \ G,y \ By, where 7yg is the modulus of continuity defined in (2.1). We thus deduce that
(4.71) 0< eﬁ,n < Qpr;’yR(C'goﬁje) —0 as { — 0.

To estimate 6%,77 we apply a similar argument as in (4.27) using the modulus of continuity ay, . Setting

Agq(w0) = 25 (Qu\ A\ Be\ Gey) + 22 € Z2Qu(wo/0y,)

Je .72 .n

the change of variables x = %, (4.69) and (4.70) yields
Je

&0\
Pie z€Z4

= d
< <E]‘4> Z an, (Tzw, QPNg'YR(CEoﬁje)) :

Pije ezt
(Y +2)N 224 Q1 (w0/ s, )70

/ P (952, g, 0 (V@) ) = (w2, T, (Vpr()) ) de
Ay n(mg)ﬂ(Y+z)
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Applying (4.62) with N = N, and M = N} and R as above thus implies that

(4.72) Jim €l,=0.

Combining (4.71) and (4.72) with (4.59), (4.63), (4.65), (4.67), and (4.68) we thus infer that

d a . 0 1 ~
dgd (xo) > lllérisogp/ 1 f(w, %ijzva(y)) dy > mTfoo(807§0) — 21 — ¢é2|Q1 \ Qi—25][é0l”

from which we finally deduce (4.46) by letting first 7 — 0 and then § — 0. O

4.3. Construction of recovery sequences. In this section we provide recovery sequences for all
functions v € WHP(U; M) on general bounded, open sets U C RY. We first start with a local
construction, giving an almost upper bound with the functional [T fi(u, Vu)dz with the integrand
T f1, given by Proposition 4.8. Then we use this one and a covering argument to obtain the global
recovery sequence with the auxiliary integrand. Finally, we conclude via approximation letting & —
+o00 and a diagonal argument. In this section we fix an element w € Q such that Lemma 2.10 and
Propositions 4.8 and 4.9 hold, so that all statements hold P-almost surely.

Lemma 4.11. For all s € M, ¢ € [T, M|, k € N and n € (0,1] there exists 6 > 0 satisfying the
following property: for every cube Q = Q,(z¢) C R? with 0 < r < & and for every u € WHP(Q; M)
satisfying

(4.73) ][ lu— 8P + |V — €P da < 5,
Q
there ezists a sequence (z.). C WHP(Q; M) with z. = u on 8Q and
(4.74) limsup][ flw, £, Vz)dr < ][ T fr(u, Vu)dx + 7.
e—=0 Q Q

Additionally, there exists ¢ < 400 depending on the dimensions d,m, the exponent p and the constants
c1,¢o in (2.4) such that

(4.75) limsup][ |lu — ze|P do < cr”][ 1+ |Vul? de.
e—0 Q Q

Proof. We first show (4.75) using (4.74). From Poincaré’s inequality with its scaling (recall that

u — ze = 0 on 0Q) and the lower bound in (2.4) we infer that

][ |u — z:|P dx SC’Tp][ [V(u—2z)|P < C’Tp][ [VulP + |Vz P de
Q Q Q

) e

SCTPJ[ [VulP + f(w, £, Vz.) da
Q

and thus (4.75) follows with help of (4.74) and the upper bound T'fi(s,&) < ca(1 + [€]P) that one
obtains from Lemma 4.4. Thus we are left to show (4.74). Throughout this proof we assume that
6 <1 and refine its smallness depending on s, &, k and 7. Since the latter parameters are fixed, we do
not indicate when quantities depend on them.

Due to Proposition 4.8 with t = 1/e, we find g9 > 0 such that for all 0 < ¢ < g( there exists
¢. € Lip(R%; T, M) satisfying ¢ = 0 on R?\ (e71Q) with |l¢|ly1.0(re) < k and

d
(4.76) Fo fnngt Vedr < St Q) +e S TR, +
1Q Q| 4

Next, let k£ > 0 be such that By,(s) C U, where U is the neighborhood of M given by Theorem 2.1
(with, e.g., A =1). Consider a cut-off function 6,, € C2°(R™; [0, 1]) such that

1

o .

(4.77) 0. =1on B.(0), 6.,=0o0nR"™\ B3.(0), [Vl remm)<
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We define us € W1P(Q;R™) by setting us(z) := u(x) — s for every # € Q and we then define
(4.78) Ben 1= U+ (0 0 ug)epe (/) € u+ WP (Q; TuM).

Our aim is to map ¢, , onto M, so let us estimate its distance to points in M. In what follows we
shall always assume that ¢ < k/k. Since 6,; o us vanishes whenever |us(z)| > 3k, we can distinguish
two cases:

(4.79) Pen(x) = u(z) € M ae. if |us(z)| > 3k,
(4.80) |pe.is(x) — 8| < e () —u(z)| + |us(z)| < ke + 3k < 4k if |us(z)| < 3k.

Hence, up to considering a representative of u that is M-valued everywhere, we can define the map
2f = 7* o ¢c ,, where m* is as in Theorem 2.1. Below we show that zf € WhP(Q; M). We first
observe that by construction zf takes values in M and is weakly differentiable by the chain rule, since

7* € CY(U; M) with U being the neighborhood of M given by Theorem 2.1. Moreover, since 7TI*M =1d,
we have that z& = u on the set {|us| > 3k}, while on the set {|us| < 3x} we deduce from (4.80) that

22| < [s] + |7 (Pepe) — 77 ()] < |s| + VT || Lo (B () [ Do — 8]
(4.81) < [s[ + AV Lo (Ban () -

In particular, we deduce that z& € LP(Q;M). For the gradient, the locality of the weak derivative
yields Vzf = Vu a.e. on {|us| > 3k}, while on {|us| < 3x} the chain rule and the properties of 0,
summarized in (4.77) yield

(V2E| < V™ (e w)| IV e u| < NIVT Lo (Bay () (IVUl + VO, || oo () [Vulek + k)
(4.82) <V Loo (B () (2| VU] + )

Hence also |V25| € LP(Q), so that z& € WP (Q; M). Moreover, since ¢. , = u on 9Q, it follows that
also zf = u on 0Q). At the end we will choose x small enough, but fixed. Hence we are left to show
the energy estimate (4.74) for zZ.

Using again the chain rule and splitting the domain of integration, by the upper bound on f in (2.4)
we have that

f flw, 2, Vzl)dr < 2 (1+|Vz§”|p)d:c+ci2 (1+ |VzEP) da
Q Q1 J@n{ju—s|>r} Q1 Jon{|vu-g>x}

1
(4.83) + flw, £, Vzl)dr.

Q1 Jan{lu-sl<s,|Vu—g<n}

We separately estimate the three right-hand side terms, arguing that the first two are small. In order
to reduce notation, let us set ¢, = ||V7*|1(B,,(s)).- Using the bound (4.82) or its alternative
|VzE| = |Vu|, we find that

21)
% s }(1+|vzg|P)dg;g ch(cgﬁ+1) /Qm{ N }|Vu\1’+k1’dx
> E >
< ﬁ(cg,ﬁn/ IV — £ + €] + kP da
QI QN{lu—s|>r}

Py kP
<A4Pey(L, +1) (7[ \Vuf§|pdx+|€|7+][ |u5|pdx>
S, KP
Q Q

(4.73) Py LD
(4.84) < Aoy, +1) (1 + W) 5.
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Similarly, with the same bound for Vz£ we can estimate the second term via

2P¢
€2 (14 |V2EP) do < —2(ch, + 1)/ IVaulP + kP dz
Qn{IVu—¢|>r}

1Q QN{|Vu—¢|>r} Q)

4p62 p p p
< (k. +1) |Vu — &P + [€P + kP dx
\Q| QN {|Vu—¢|>r}
p D
<APer(cf . +1) (1 + M) ][ |Vu — ¢|P da
kP Q
p g
(4.85) < dep(c, + 1) (1 + 5';’“) 5

Finally, we estimate the third term. Here we have to be more careful. When |u — s| < & and
|[Vu — £] < k, the definition of ¢ , reduces to 6, = 1 and therefore, by the chain rule and locality of
the weak derivative we have that

V2l =V (¢e,n) (Vu+ Ve (/).
Moreover, Theorem 2.1 yields that 7, = Id, which implies that Vr*(s)¢ = ¢ for all ' € M and
¢ € Ty M. This in turn can be used to estimate
V2l =& = Ve (-/e)| = VT (den) (Vu + Ve n(-/2)) = V" (s) (€ + Vo x(-/€))]
< |V (¢erp) = VI ()] [Vu + Ve ik (-/2)| + VT (s)[[Vu — ¢

(4.80)

< s IV (s") = V(o) (IVu — & + €] + &) + [Va™(s)[[Vu — ]
s'"€Byy. (s
(4.86) < sup  |VAH(s) =Vt (s)|(k + [€] + k) + |[VT*(s)|k =: ex.
8’ €Bay(s)

Note that e, vanishes when x — 0, since 7* € C*(U; M). We also have the bound |¢ 4+ V. (-/¢)| <
|€| + k. Upon choosing « sufficiently small such that e, < 1, by the definition of the modulus of
continuity in Definition 2.7 and (4.86), via a change of variables and stationarity we can estimate

1 1

— flw, 2, Vel)dr = — / flw, £,Vzl)dz
|Q| Bn{|u—s|<k,|Vu—¢|<k} ‘Ql sezd e(Y+2)NQn{|u—s|<k,|Vu—§|<k}
1
< = 1Q] Z Qg1 (T2w, €)
z€z?

(Y+2)Ne 1Q#0
+ ]{2 fw, 2,6+ Vo (2)) da.

The term in the last line can be bounded via (4.76), while for the second one we use (2.8) in Lemma
2.10. Gathering these bounds along with (4.84) and (4.85) and the starting estimate (4.83), we find
that

. el + 8

hmsup][ flw, £,Vzl)de < 2-4Pcy(c ), + 1) (1 + /#’) 0+ Elog)yor11(- 2ex)]

e—0
(4.87) + ]{Q Tfi(s,€) + 1 da.

Using Lemma 2.9 and the convergence e, — 0 as kK — 0, we can select x small enough such that the
term involving the expectation is bounded by 1/4 and having fixed such x = k(s,&,n) we can then
select ¢ small enough such that the first right-hand side term is also bounded by 7/4 (recall that s, &
and k are fixed). Finally, we have to estimate the integrated difference of T'fi (s, &) and T fi(u, Vu).
We know from Proposition 4.8 that T'f; is continuous at (s, &), so there exists p,, > 0 such that

Thil5,€) = Thils',€) < T forall ' € M, € € [Ty M) with |5 — | +1€ — €' < py.
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By the non-negativity of T f;, and (4.73) we therefore obtain

]é Tfiu(s,€) — Tfi(u, V) de < T fu(s.€) — Tfulu, V) do +

Q1 J o (u—sl+1u—e1>pn)
T fr(s,
< 2’7’17ka ¢ f lu—s|” + \Vu—§|pdx+g

S 2p 1 Tfk( 5)5 + 4
pn 8
Hence, further refining ¢ if necessary, the above term is bounded by 7/4, which together with (4.87)
concludes the proof. O

Next we use the above local construction to construct recovery sequences on general bounded, open
sets.

Proposition 4.12. Let U C R? be open and bounded and let v € WYP(U; M). Then there exists a
sequence (ug)e C WHP(U; M) such that ue — u in LP(U;R™) and

Jim sup Fo (w) (ue, U) < / Tfoo(u, Vi) da.
U

e—0

Moreover, u. = u in a neighborhood of U .

Proof. It suffices to construct for every k € N and sequence (uf). ¢ WP (U; M) such that u¥ = u in
a neighborhood of U, u¥ — u in LP(U;R™) as € — 0 and

(4.88) limsup F.(w)(u?, U) S/Tfk(u,Vu)dx
U

e—0
where T'f, is the integrand given by Proposition 4.8. Indeed, the claim then follows from Proposition 4.9
and the dominated convergence theorem (recall the bound 0 < T'fi(s,£) < c2(1+£[?)) combined with
a diagonal argument. Note that from now on k will be fixed, so we do not indicate when quantities
depend on k.

Step 1. Fix n € (0,1]. For all j € N we will construct a sequence (ul). C WHP(U; M) with vl = u in
a neighborhood of OU and an open set U; C U satisfying

(4.89) |U;| <277|U| and w! =u on Uj,
(4.90) lim Sup/ flw, £, Vul)da </ T fi(u, Vu) + ndz,
=0 JU\U U\U;
(4.91) limsup/ |ul — ulP da §C’77p/ 1+ |Vul? de,
=0 JU\U; U\U;

where C' € [1,400) is the constant in (4.75) (in particular it does not depend on 7).

We construct u? recursively. For j = 0, we set Uy = U and u? = u and the verification of (4.89)—(4.91)
is stralghtforward as U\ Uy = 0.

Fix j € N and assume that (uf). C W'P(U; M) with uZ = u in a neighborhood of U and the open
set U; C U satisfy (4.89)—(4.91). Let L C U be the set of Lebesgue points of v and Vu? and such
that u(x) € M and Vu(z) € [Ty;)M]%. For z € L let 6(z) > 0 be given by Lemma 4.11 for the
choice s = u(z), £ = Vu(z) and n > 0. For defining u/™! and the open set U;+1 C U, we fix for any
x € LNUj alength r;(x) € (0,1) such that Q, (. Qv (x)(z) CU; and for all 0 < r < r;j(x)

f d — w(@)|? + |V — V()P dy = f fu — w(@)]? + [V — V(@) dy < 5(z).
Qr(x) )

r(x

3 Actually we need that lim,_sq er(z) |lu—u(x)|P +|Vu—Vu(z)|? dy = 0 for all x € L, which is slightly stronger than

just = being a Lebesgue point of u and Vu. Still this set of points has full measure as a consequence of [15, Corollary 1,
Ch. 1.7.1].
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Applying [16, Theorem 1.149 and Remark 1.151] to the family of closed cubes {Q,,j (x):z e LN Uj}
and the Lebesgue measure we obtain a countable family of disjoint cubes {Q,(x¢)}sen that covers U;

up to a null set. Then we can pick finitely many cubes {Q,, (zg)}évzjl such that

N
(192 (U@ > il
(=1

In each of these cubes we apply Lemma 4.11 to s = u(z), £ = Vu(x), the given 1 > 0 and the function
u € WHP(Q,,(x¢); M) to obtain the corresponding family z¢ € W1P(Q,,(x,); M) with z{ = u on
0Q.,(x¢) and such that

(4.93) lim sup/ flw, %, sz) dx < / T fr(u, Vu) + ndz,
=0 QT[/ (I/) Qr[ (:Ep)

(4.94) lim sup/ lu — 2P < C’rf/ 1+ |VulP dz.
=0 Qr@ (xe) QT[ (z¢)

We set

Wt = ul on UN\UpZy Qr,(20),
7 2 on Qr,(z0), 1 <l < Nj,

5
and Ujt1 :=U; \ U Qr, ().

€ —

In this way Uj41 is open and wtl = ul = uon Ujt1. Moreover, since Q,,(x¢) C Uj, the property
ug = u on U; and 2! = w on 9Q,,(z¢) imply that u/*! € WIP(U; M). Finally, in order to pass from
ul to u_g‘H we only modified the map on cubes that are compactly contained in U, so that by induction
also uZT! in a neighborhood of OU. It thus only remains to show that the estimates in (4.89)—(4.91)
are satisfied. Thanks to (4.92) we have that

1
|mﬂquM\U@wm\ SlUsl <270,

which is (4.89) for j + 1. Next, we establish the estimates (4.90) and (4.91) for j + 1. By definition
N;
U\ U1 = U\U;) U Qr,(0)
=1

and thus (4.90) applied for j and (4.93) yield

N
lim sup/ flw, £, Vulth)dz < limsup flw, £, Vul)dz + Z lim sup/ flw, g, V2 da
e—0 U\U;+1 e—0 U\U; =1 70 JQr,(z0)

S/ T fr(u, Vu) —|—77dx+2/ Tfk u, Vu) + ndz
U\U Qr[ ml

:/ T fr.(u, Vu) + ndz.
U\UJ+1

This yields (4.90) for j + 1. Similarly, using (4.91) for j and (4.94) we infer that

N;
lim sup/ |u T — u|P dz <lim sup/ |u! — ulP da + th sup/ |2t — ulP da
e—0 U\Uj 41 e—=0 U\U; =1 e—0 Qr,(z2)
N;
SCWP/ 1+\Vu\pdx+ZCT€/ 1+ |VulP dz
U\U; =1 Qr,(ze)

SC’np/ 1+ |VulP dz,
U\Uj+1

where we used that r¢(x) € (0,7) in the last inequality. This concludes Step 1.
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WP (U; M) such that ul = u in a neighborhood of QU and an open set U; C U satisfying (4.89),

limsup/ f(w, f,Vué) dx glimsup/ flw, %,Vug)dx +limsup/ flw, Z,Vu)dz
v U\U; U;

Step 2. Conclusion. Appealing to Step 1, for € (0,1] and every j € N we find a sequence (ul). C
)

e—0 e—0 e—0

S/ Tfk(u,Vu)Jrndech/ 1+ |VulP dx
U\U; .

UJ
and

limsup/ |ul — ulP da SC’np/ 1+ |VulP dz.
U U

e—0

The above two limits in combination with |[Vu|P € L'(U) and (4.89) yield

limsuplimsup/ flw, £, Vul)da S/ T fr.(u,Vu) + ndz,
U U

j—+oo0 =0

limsuplimsup/ |ul — ulP da gCnp/ 1+ |VulP de,
j——+oo e—0 U U

and the claim (4.88) follows from the arbitrariness of € (0,1] and a diagonal sequence argument.
Note that the latter still gives a sequence agreeing with u in a neighborhood of OU. O

4.4. Convergence of boundary-value problems. We directly start with the proof of the conver-
gence result including Dirichlet boundary conditions.

Proof of Theorem 3.2. We start with the coercivity property. Whenever a family of maps u. satisfies
SUP.¢(0,1) Fe(w)(ue, D) < +00, then the lower bound on f in (2.4) implies that Vu. is bounded in
LP(D; R™*%), Together with Poincaré’s inequality (applied to u. — g) this implies that u. is bounded
in WHP(D;R™), so that up to subsequences we have that u. — u in W1P(D;R™). We may also
assume that u. — u pointwise a.e. in D. Since M is closed, this yields that u(xz) € M a.e. in D, so
that u € WHP(D; M). The condition u = g on 9D is satisfied by the weak continuity of the trace
operator.

The I'-lim inf inequality follows from the corresponding one without boundary conditions in Proposition
4.10 since by the first part of the proof the boundary conditions are stable for sequences with equi-
bounded energy and these are the only ones to consider for the lower bound.

Finally, the existence of recovery sequences for u € WP(D; M) such that u = g on 9D is a direct
consequence of Proposition 4.12 that provides recovery sequences u, such that u. = u in a neighborhood
of 0D, so that in particular u. = g on 9D. d
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