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Legendrian cycles and Alexandrov sphere theorems for W2"'-hypersurfaces

by Paolo VALENTINI

In this thesis, we prove that the proximal unit normal bundle of the graph of a W?"'-function
in n-variables carries a natural structure of Legendrian cycle. We then generalize Alexan-
drov’s sphere theorems for higher-order mean curvature functions to hypersurfaces in R"*!
which are locally graphs of arbitrary W2 -functions, under a general degenerate ellipticity
condition. The proof relies on extending the Montiel-Ros argument to this class of hyper-
surfaces and on the existence of the aforementioned Legendrian cycles. We also prove the
existence of n-dimensional Legendrian cycles with 2n-dimensional support, thus answer-
ing a question posed by Rataj and Zihle. Furthermore, we extend some of these results to
Sobolev-type manifolds, representable as finite unions of W>"-regular graphs, and general-
ize Reilly’s variational formulas in this context. Finally, we provide a very general version
of the umbilicality theorem for Sobolev-type hypersurfaces.
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Introduction

Background and motivation

One of the fundamental and most well-known theorems in geometric analysis is the follow-
ing Alexandrov’s sphere theorem (cf. [1]).

Theorem (Alexandrov). A bounded and connected C*>-domain Q0 C R"*! must be a round ball,
provided there exist a C'-function ¢ : R" — R and A € R such that

o(Xa1(p)r-. . Xou(p)) = A

and
9i9p(Xaa(p),...,. Xan(p)) >0 forie{l,...,n}, (0.0.1)

for every p € 00). Here X1 < ... < Xqy, are the principal curvatures of 0Q).

This result was proved by Alexandrov using the moving plane method, based on the classical
maximum principle for linear elliptic operators and the Hopf lemma. Its simplest case is
given by the famous rigidity result for hypersurfaces with constant mean curvature. More
generally, choosing ¢ = o} (where 0y is the k-th elementary symmetric function; cf. Defini-
tion 3.1.11), one can deduce the following claim:

if ) C R" 1 is a bounded and connected C>-domain such that Hq x is constant,
forsomek € {1,...,n}, then QY is a round ball.

In fact, if ¢ = 0y, then (0.0.1) is automatically satisfied. To prove it, we consider the sets
Ii:={AeR":0;(A) >0} forie{l,...,n}

and we define C; to be the connected component of T;, with (1,...,1) € C;. Since Q) is
bounded there exists xg € 0Q) such that X ;(x9) > 0 foreachi € {1,...,n}, whence we infer
that Ho i (x) > 0 for any x € 9Q). Now we consider the continuous function X, : 9Q2 — R",
defined as X, := (X1, ..., Xq,n), and since X (0Q)) is connected we deduce that

Xa(xg) € Xa(0Q)) € Ci.

Now, employing Garding’s theory of hyperbolic polynomials (cf. [18]), we infer that (cf. [50,
Proposition 1.3.3 (3)])

0k (X (x)) > ... > 010k (X (x)) >0 forevery x € 9Q),

so (0.0.1) is satisfied.

Subsequently, using the maximum principle for W2"'-solutions of uniformly elliptic lin-
ear PDE’s (cf. [20, Chapter 9]), Alexandrov observed in [2, p. 305] that the moving plane
method can still be applied to certain Sobolev-type hypersurfaces. In particular, the sphere
theorem can be generalized as follows.

Theorem (Alexandrov). Let Q C R"*! be a bounded and connected domain, such that 9Q) can be
locally represented by n-dimensional graphs of C'-functions with second-order distributional deriva-
tives belong to L". Assume that there exist a C'-function ¢ : R" — R and constants A, y1, uz € R
such that

o1 (p)r-. . Xou(p)) = A



and
0<p <0i9(Xa1(p), ..., Xan(p)) <pa<oo forie{l,...,n} (0.0.2)

for H"-a.e. every p € 9Q), where X1 < ... < Xqp are the generalized principal curvatures of oQ).
Then Q) must be a round ball.

The proof of the previous theorem is based on the generalization of the moving plane method
through the maximum principle for W?"-solutions of uniformly elliptic PDE’s. The uniform
ellipticity condition (0.0.2) guarantees the uniform ellipticity of the underlying linear equa-
tions, see [2, Statement A, p. 304]. Furthermore, C 1—1'egularity is used in connection with the
Hopf boundary lemma [2, Statement B]. These two hypotheses are certainly useful condi-
tions to continue addressing the problem using the moving plane method, but are they truly
necessary to prove Alexandrov’s theorem? Furthermore, since X(, is no longer continuous,
we note that the assumption (0.0.2) in the previous theorem, unlike in the C2-case, is not
automatically satisfied if ¢ = oy.

In order to analyze Alexandrov’s sphere theorem from a different perspective, let us first
recall two results. In the first of these, Hsiung [23, Theorem 1] extends the Minkowski in-
tegral formulas, for convex hypersurfaces, to compact C2-hypersurfaces. Such Minkowski-
Hsiung identities stating that:

if QO € R"™ is a bounded C?-domain, then

/an Hoyr (%) dH" (x) = /80 (x e va(x)) Hox(x) dH"(x) fork e {1,...,n}.
The second result is given by the Heintze-Karcher inequality (cf. [22]), that is to say:

if O C R is a bounded and connected C*-domain,
with mean curvature Ho(x) > 0 for every x € 0Q), then
1
L) < - dH"
( >_n+1 20 Ho(x) (x)
and the equality holds if and only if () is a ball.

In the 1980s, Ros in [47], and later jointly with Montiel in [39], combined the Minkowski-
Hsiung identities with the Heintze-Karcher inequality to reprove Alexandrov’s sphere theo-
rem for C?>-domains, with a different approach and when ¢ is the k-th symmetric function cy.
We notice that this approach is based on the area formula for the Cl-map 7 (z) := (z,va(z)),
where v, is the outer unit-normal vectorfield to Q).

It is interesting to mention that Minkowski-Hsiung formulae can be derived as special
cases of variational formulae of certain curvature integrals. Namely, if we define the k-th
total curvature measure of a bounded smooth domain QO C R"*! as

A(Q) == /aO HoxdH" forke {0,...,n}

then Reilly proved in [45] that

d
S A (F(O)] :(n—k—i-l)/aQ(Von)HQ/kd’H” forke {1,...,n}, (0.0.3)

whenever {Fi}e(_c ) is a local variation of R"*! with Fy = id|R"*! and initial velocity V.
Variational formulae for more general integrands, as well as in space forms and in higher
codimension, were proved in [45] and [44] (cf. also [41]).

One of our aims in this thesis is to investigate the Montiel-Ros approach to prove Alexan-
drov’s sphere theorem, on domains whose topological boundary can be locally represented
as graph of functions with Sobolev W>"-regularity. Primarily, with the intention of weak-
ening the assumptions originally required by Alexandrov. Moreover, in this approach, it is
necessary to apply the area formula in the Sobolev W'"-case, which makes our goal interest-
ing from another perspective. In fact, as explained in the following subsection, the validity
of the area formula is critical in the Sobolev W'"-setting.



We prove Alexandrov’s theorem in the fundamental case where ¢ is the k-th elementary
symmetric function ¢}, and for W?"-domains, namely open sets whose topological bound-
ary is locally representable as graph of (C° N W?")-regular functions, where neither C! nor
Lipschitz regularity is required.

As a consequence of classical pointwise differentiability results for Sobolev functions (cf.
[9]), it is not difficult to show that the boundary 0} of a W2"-domain can be H"-almost cov-
ered by the union of countably many C?-hypersurfaces (cf. Lemma 3.1.5 (i)). Moreover, it can
be touched from both the inside and the outside by mutually tangent balls at #"-a.e. points
(cf. Lemma 3.1.5), namely the viscosity boundary! 9%.Q) of () has full measure in 9Q). There-
fore, an exterior unit normal vq, is well defined, and it is also approximately differentiable at
‘H"-a.e. points, with a symmetric approximate differential (cf. Lemma 3.1.2). We also notice
that every W2"'-domain () is a set of locally finite perimeter, that 9% Q) is contained in the
essential boundary of () and vg, is the measure-theoretic exterior normal.

For a W?"-domain we denote by X 1(p) < ... < X ,(p) the eigenvalues of the approx-
imate differential ap Dvq, of v at H"-a.e. p € 9}, and we define the k-th mean curvature
function H, x and the total k-th mean curvature A, (Q) as in the smooth case.

Fine properties of gradients of W>"-functions

An important part of our work is based on the analysis of fine properties of W"'-functions. If
we consider U C R” an open set and f € C°(U) N W?"(U), first we notice that the set S(f),
of points where f is twice pointwise differentiable, has full £"-measure in U (cf. Theorem
2.1.7). This is a result obtained by Calderén-Zygmund (cf. [9] or [8, Proposition 2.2]), and we
provide an alternative proof based on the methods used by Trudinger, in [59, Theorem 1], to
treat the second-order differentiability of viscosity solutions of second-order elliptic PDE’s.
A first result in our work, which relies on oscillation estimates obtained by Ulrich Menne
(cf. [37, Appendix B]) and is based on a Rado-Reichelderfer type argument (cf. [32] and
references therein), is that the graph of V f satisfies the Lusin (N )-property on S(f) (cf. Lemma
2.1.15 and Remark 2.1.16), that is to say

H"(Vf(Z)) =0 forevery Z C S(f) such that £"(Z) =0 (0.0.4)

where V£ (x) := (x, Vf(x)). Note that, since S(f) has full £"-measure in U, it follows that
Vf =Vf L"ae. in U (cf. Remark 2.1.13), where Vf and V f represent, respectively, the
classical gradient and the distributional gradient of f. From (0.0.4), a fundamental tool for
our analysis follows, namely the area formula for V f on S(f) given in (0.0.5). Additionally,
we observe that every W2"-function is Monge-Ampeére (cf. Lemma 2.3.29), and therefore
we can associate to f a unique n-dimensional current [df] € D, (U x R") that satisfies the
conditions in Definition 2.3.27. In conclusion, we have the following.

Theorem A (cf. Theorem 2.3.30). Given U C R" an open set and f € CO(U) N W>"(U), then

loc
H(VF(E)) = [E I FdL" (0.0.5)

for every L"-measurable set E C S(f). Moreover ¥V f (S(f) NK) is H"-rectifiable for every K C U
compact,

[df] = [H" VFS ()] A (g o m0) 0.0.6)
where the n-vectorfield 77  is defined as
75(x) = ‘(el,D(Vf)(x)el) A A (e, D(VS)(x)en) for Liae. x € U,

(e1,D(Vf)(x)er1) A...A (en, D(VS)(x)es)]|

where D denotes the distributional differential for Sobolev functions.

1 The viscosity boundary 9%.Q) of () is the set of all points p € 9Q) for which there exists v € S" and r > 0 such that
Bi(p+r)NQ=@and B,(p —rv) C Q.



From representation (0.0.6), it follows that:

[df] is carried by V £ (S(f)),
and it is not possible to replace V f (S(f)) with V£ (U),
even if f were C'-reqular.

To prove the above, first we observe that Tomas Roskovec (cf. [48]), using a Cesari-type
construction, provides an example of a function f € C!([—1,1]") such that

VFeWY((-L1)5RY) and  [-L1)" € VA([-1,1] x {0}" ).

In other words, V£ isa (C® N W'")-regular vector field, but it does not satisfy the Lusin (N)-
property since it maps a segment into an n-cube. Naturally, Vf([—1,1] x {0}"~!) will also

have positive H"-measure. Taking into account that V f satisfies the Lusin (N)-property on
S(f), we deduce that

H (VAL D"\ VF(S(0)) = H' (VA(-11) < {0)" ) >0,

from which we conclude.

Legendrian cycles and sphere theorem

In the context of describing our proof of Alexandrov’s sphere theorem, we first provide a
precise definition of W?"-domains.

Definition A. An open set O C R" 1 is a W2"'-domain if and only there exists a pair (O, F), that
satisfies the following properties:

(i) QO C R"*isan open set such that for each p € Q) there exist € > 0, v € S", a bounded set
U open in v+ with 0 € U and f € CO(U) N W>"(U) with f(0) = 0 such that

+b4+tv:bel —e<t<fO))=ON{p+b+tv:bel, —e<T<E€};
p p

(ii) Fis a C?-diffeomorphism defined over an open set V.C R"™ 1, where O/ C V;
(iii) F(QY) = Q.

The definition above incorporates two key conditions: first, that such domains be locally
representable as cato-graph of (C° N W?")-functions, allowing us to study them through
fine properties of local graphs; and second, that they be invariant under the images of dif-
feomorphisms, which is evidently a necessary condition for generalizing Reilly’s variational
formulas in (0.0.3). However, we are uncertain whether it is truly essential to introduce the
diffeomorphism F in that definition. In other words, if )’ belongs to the class S of domains
that satisfy only condition (i) in Definition A, is it then true that F(()') also belongs to S?

Such domains can be highly singular. To provide an example, consider the following
construction by Tatiana Toro (cf. [58, Example 2]). Given a countable dense subset {x;}ieN
of By, (0) and the function fT € W2 (B} ,(0)), for n > 2, defined by

fI(x):=xee; In ’1n|x|’ sin (ln‘ln\xH) if x € BY/,(0) \ {0} .

Then, by the completeness of Sobolev spaces, the function
flx):=) 271 fT(x —x;) for L"-ae. x € BY,,(0)
i=1

belongs to W2 (B / ,(0)) and has a countable dense set of singular points.

Now we discuss in detail the generalization, of the Montiel-Ros method (cf. [39]), to
W2"-domains. This approach, as previously specified, is based on the Minkowski-Hsiung
identities and the Heintze-Karcher inequality. The most delicate part is the extension of the



Minkowski-Hsiung formulas to W2"'-domains, which can be obtained thanks to a new and
fundamental result on the structure of the Legendrian cycle associated with a W2"'-domain.
We recall that an integer multiplicity locally rectifiable n-current T of R"*! x R"*1, with
supportin R"*! x S", is called Legendrian cycle of R"*1if 9T = 0and T . &« = 0, where a is the
contact 1-form of R"*! (cf. Definition 1.3.4). It is easy to see that the (exterior) unit normal-
bundle of a C>-domain carries a Legendrian cycle. For readers familiar with the theory of
Monge-Ampere functions, it would not be surprising to assert that Legendrian cycles can be
associated with W2"-domains (cf. [16] and [26]). On the other hand, this information is not
sufficient for our purpose. What we need is much more precise information, namely that the
Legendrian cycle over a W>"-domain is carried by the proximal unit normal bundle nor(Q) of
), which is defined as

nor(Q) := {(x,u) € 0Q x 8" : dist(x 4 su, ) = s for some s >0} . (0.0.7)

It does not seem possible to deduce this fact from classical results for Monge-Ampere func-
tions. Moreover, an analogous result holds for sets of positive reach (cf. [60]). However,
while the proof for the latter is based on the regularity of the level sets of the distance func-
tion, our proof for W2"_-domains, which is exactly the content of the next theorem, is com-
pletely different and makes use of certain fine properties of the gradients of W2"-regular
functions (some of which have been mentioned previously).

Theorem B (cf. Theorem 3.1.7). Let QO C R"*! be a bounded W?"-domain, then nor(Q) has finite
‘H"-measure and there exists an unique n-dimensional Legendrian cycle T such that

T= (H"Lnor(Q)) AT,
where 77 is a (H" L nor(Q))-measurable n-vectorfield such that:
|7 (x,u)| =1, 7 (x,u)issimple,

Tan" (1" Lnor(Q), (x, u)) is associated with 77 (x, 1)

and
([Aumo] (77 (x,u)) ANu,dXy Ao ANdXyy1) >0,

for H"-a.e. (x,u) € nor(Q).

If Q were a domain whose topological boundary is locally representable as a graph of W7~
regular functions with p > n, then nor(Q) could be replaced by the classical unit-normal
bundle (since their difference is 7"-negligible’) and Theorem B could be proved relying on
well-known properties of W"P-maps (which do not hold even for continuous W'"-maps!)
cf. [33]. We particularly notice that, for the (W?" N C!)-regular graph of Roskovec’s func-
tion, the difference between the classical unit-normal bundle and the proximal unit-normal
bundle is a set of positive H"-measure.

Combining Theorem B with the variational formulae for the curvature measures associ-
ated to general Legendrian cycles obtained by Fu in [17] (see also Appendix B), we can ex-
tend Reilly variational formulae (cf. [45]) to W?"-domains, hence we deduce the Minkowski-
Hsiung formulae in our setting.

Theorem C (cf. Theorem 3.1.15 and Corollary 3.1.17). Suppose Q C R"*! is a bounded W*"-
domain and {Fi}yc(_e ) is a local variation of R"*+1 with initial velocity vector field V. Then

%Ak,l(Ft(Q)) =n—-k+1) /80 vo(x) e V(x) Hoi(x)dH"  forke {1,...,n}

and

d

SAEQ)| =0

In particular
| Hosa(@)ar! () = [ xeva(x) Ho,(x) a1’ (x)

2Note that the proximal unit-normal bundle is a subset of the classical unit-normal bundle, but their difference
can have positive H"-measure even for C!-regular domains.




forke{1,...,n}.

As for the Heintze-Karcher inequality for W2"-domains, it can be derived from the gen-
eral inequality [24, Theorem 3.20] by exploiting certain fine properties of the normal bundle
(cf. Theorem 3.1.7(i)-(iii)) already used to prove Theorem B.

Theorem D (cf. Theorem 3.2.19). Given Q) C R"*! a bounded and connected W*"-domain such
that Hoy1(z) > 0 for H"-a.e. z € 9Q), then

()L < [

o0 Hoyt (%) act(x).

Moreover, if Hn 1(z) > mii%)(mfor H"-a.e. z € 0Q) then Q) is a round ball.
We have now all the ingredients to prove the following generalization of Alexandrov’s
sphere theorem.

Theorem E (cf. Theorem 3.2.20 and Remark 3.2.21). A bounded and connected W>"-domain
Q C R™ ! must be a round ball, provided there exist k € {2,...,n} and A € R such that

axc(Xa1(p), - Xan(p)) = A

and
9i0x(Xai(p), ..., Xan(p)) >0 forie{1,...,n}, (0.0.8)

for H"-a.e. p € 9Q2.

Theorem E contains a new statement only for k > 2. Indeed, if k = 1, this result reduces to
the smooth Alexandrov’s sphere theorem for hypersurfaces with constant mean curvature,
since the condition Hn1(z) = A for H"-a.e. z € 0Q) implies that dQ) is smooth by Allard’s
regularity theorem (notice that, according to Theorem 3.1.15, the function Hg, ; is the gener-
alized mean curvature of dQ) in the sense of varifolds; cf. [3]).

Regarding the extension of the Montiel-Ros method to W2"_-domains, we note that there
are already generalizations of this approach to sets of positive reach (cf. [24]). However,
the singularities of Sobolev-type domains and sets of positive reach are of a very different
nature (the latter being analogous to the singularities of convex bodies). Therefore, it was
necessary to develop new techniques to extend the Montiel-Ros approach in the context of
W2"-domains.

These results were presented in [55].

The support of Legendrian cycles

Theorem B finds a natural application in other problems, beyond the rigidity questions we
have considered so far. In Section 2.2, we use it to answer a question implicit in [43]. In [43,
Remark 2.3], the authors ask whether there exist n-dimensional Legendrian cycles in R"*1
whose support is not locally H"-rectifiable, or even has positive #"*!-measure. By com-
bining Theorem B with an observation by J. Fu in [15] about the existence of W?2"_functions
whose differential has a graph dense in R” x R”, we prove the following result.

Theorem E. There exist n-dimensional Legendrian cycles of R+ whose support has positive H>"-
measure.

The proof of the previous result is based on two arguments. First, given a set C C R"*! we
note that (" L nor(C)) (B#'*2(z)) > 0 for every z € nor(C) and for every r > 0 (cf. Lemma
2.2.22 and Remark 2.2.23), where B2'*2(z) is the open ball in R"*! x R"*! with centre in z
and radius r > 0, and this implies that

nor(C) C spt (H" L nor(C)) . (0.0.9)

Then, we consider f € CO(U) N W?"(U) such that V£ (Diff(f)) is a dense subset of U x R"
(cf. [15, p. 2260]), where U C R" is a bounded open set and Diff(f) is the set of points where



f is pointwise differentiable. We also consider the Legendrian cycle of U X IR associated with
I' := graph(f), which is given by (cf. (2.1.30) in Remark 2.1.21)

Nri= (H"CN(T)) A 7T,
where N(T') := nor(T') N (U x R x R**!) and 7 is a Borel n-vectorfield such that
|7r(z,v)| =1, 7r(zv)issimple,

Tan" (1" L N(T), (z,v)) is associated with 71 (z,v)

and
<[/\n7'(0] (ﬁ)r(Z,V)) Av,dXqiN... /\an+1> >0

for H"-a.e. (z,v) € N(T'). From (0.0.9), we infer that
N(T) C spt(ANr) CT x §"

where N (T) is dense in T x §" (cf. Lemma 2.2.24), so spt(NT) = I’ x " Since H2"(T x §") > 0,
we obtain the desidered result.
This result was presented in [55].

Legendrian cycles on F,W*"-sets

Ambrosio, Gobbino and Pallara (cf. [4]), based on an idea of De Giorgi, introduce a notion
of Sobolev-type manifold denoted by F;W?”, whose members are (locally) finite union of
graphs of (C? N W2P)-functions of d variables. More precisely, S C R"*! is an F;W??-set if

S={t>0},

where £ : R"*! — N is a function such that, for every z € R"*! where £(z) > 0, there exist a
positive integer q(z) and an open neighborhood U of z such that

q(z)
L(x) =) 1r,(x) foranyxelU,
i=1

where every I'; N U coincides with the graph of a (C® N W2?)-function in d variables. In
particular, F;W??-sets form a class of curvature varifolds (cf. [4, Remark 1.7]) in the sense of
Hutchinson (cf. [25]). This means that, given S C R"*!, an F;W?"-set with multiplicity ¢,
then V = o(S, 1) is a curvature varifold (cf. [25, Definition 5.2.1]).

Definition B. We say that that a closed set S C R"*! is a #>"'-set if there exists a pair (S', F),
that satisfies the following properties:

(i) S’ isa F,W?"-set;
(i) F(S') = S, where F is a C?-diffeomorphism of R"*1,

As in the definition A, this class of domains is invariant under the images of C? diffeomor-
phisms, which is a necessary condition to generalize Reilly’s variational formulas.

Given a #2"-get S, it is possible to consider an H"-measurable unit vector field vs such
that vs(p) € Nor"(H"LS,p) for H"-a.e. p € S (cf. section 4.2). Furthermore, vs is ap-
proximately differentiable at H"-a.e. points of S with a symmetric approximate differential
(cf. Lemma 3.1.2). As usual, we denote by Xs1(p) < ... < Xgs,(p) the eigenvalues of
apDvg(p) at H"-a.e. p € S, and we define the k-th mean curvature Hg  and the total k-th
mean curvature A (S) as in the smooth case.

As for W?"-domains, the most delicate part of the results achieved on #?"-sets is to
obtain a structure of Legendrian cycles on them. First, given a #>"-set S with associated
pair (S', F), we introduce the C!-diffeomorphism

DF(x)"V)*(u



for which we have ¥ (nor(S’)) = nor(S) (cf. [54, Lemma 2.1]). Then, the following version
of Theorem B about # %"'-sets holds true.

Theorem G (cf. Theorem 4.3.22). Given a compact # >"*-set S with associated pair (S', F), then
the integer multiplicity rectifiable current T € Dy, (R"+! x R"*1) given by

T:= (Lo o0 (¥elnor(8')) ") (H" Lnor(S)) A Es

is a Legendrian cycle, where 7y : R"1 x R*1 — R™1 js the canonical projection on the first
factor and ¢ s is an (H" Lnor(S))-measurable n-vectorfield such that:

—

|E$(xru)| =1, ¢{¢s(x,u)issimple,

Tan" (H" Lnor(S), (x,u)) is associated with Zslx,u)

and N
([Aumo] (Es(x,u)) Au,dXy Ao ANdXyyq) >0

for H"-a.e. (x,u) € nor(S).

Combining Theorem G with the variational formulae for the curvature measures asso-
ciated to general Legendrian cycles obtained by Fu in [17] (see also Appendix B), we can
extend Reilly variational formulae (cf. [45]) to # >"*-sets.

Theorem H (cf. Theorem 4.3.24). Let S be a compact #>"-set and let {Ft}e(—ee) be a local
variation of R"*1, with initial velocity vector field V. Ifk € {1,...,n} is odd, we have

A E(S)] = 01— k1) [ V() 0us(x) o) 1(F7 () a4 (x).

Moreover, if n is even
d

SA(F(S)| =0

t=0

The Nabelpunktsatz

In the final chapter, we study the problem of extending the umbilicality theorem (or Nabelpunk-
tsatz) from smooth hypersurfaces to those with Sobolev regularity. The classical proof of this
theorem works for hypersurfaces that are at least C3-regular. A proof for C>-hypersurfaces
is given in [57] (see also [40] or [34]), and in the case of Cz—regular graphs, the theorem takes
the following form.

Suppose U C R" is a connected open set, f € C*(U), f(x) := (x, f(x)) and T := graph(f).
We also consider v : T — S", the unit normal vector field to T, given by
v(?(x)) = (*Vf(X),l)
VI+IVF)P
If T satisfies the umbilicality condition, namely there exists a function y : I' — R such that
Dv(z)(t) = u(z)t forevery T € Tan(T,z) and everyz € T, (0.0.10)
then I is contained, either in an n-dimensional plane or in an n-dimensional sphere.

forany x € U.

Considering more general hypersurfaces, with curvatures defined only almost every-
where, the question of the validity of the Nabelpunktsatz goes back to the classical paper
by Busemann and Feller [7], where they also highlight the existence of convex C!-regular
hypersurfaces that are umbilical at almost every point (see also Remark 5.3.5). In [11], it was
observed that the Nabelpunktsatz still holds for C!"!-hypersurfaces.

In the context of generalizing the previous results, we first note that if f € C2(U) where
U C R" is a connected open set, the umbilicality condition (0.0.10) on T = graph(f) can be



written in the following form
D2f(x)
VI+ VPR

for every x € U and for every i,j € {1,...,n}, where D;f and Dizj f denotes the classical
partial derivatives of f. Considering this condition in a weak sense, we obtain the following
broad generalization.

.”(.?(x)) [ei oe; + Dif(x)Djf(x)] = _

TheoremI (cf. Theorem 5.2.2). Suppose U C R" is a connected open set, f € leocl(ll) and
u : U — Ris a function such that for L"-a.e. x € U and for every i,j € {1,...,n}, the following

condition holds 5
Di]' (x)

VI+IVF@)P
where V f,D; f and D?j f denote the distributional gradient, the distributional partial derivatives and
the second-order distributional partial derivatives of the Sobolev function f, respectively.

Then, either f is L"-a.e. equal to a linear function on U, or there exists a n-dimensional sphere S
in R"*1 such that f(x) € S for L-a.e. x € U.

u(x)ejee; +Dif (x)Djf(x)] = — (0.0.11)

We also note that the assumption of leog -regularity is essential. To justify this assertion, we
consider the following example. Let C C [0, 1] be the Cantor ternary setand f : [0,1] — [0,1]
the Cantor-Vitali function. Recall that f € C%*([0,1]) with a = logz2 and f(C) = [0,1], in
particular it is also increasing with f(0) = 0, f(1) = 1 and, finally, f’(x) = 0 for every x
in the open set [0,1] \ C. The function f provides an example of a BV-function that is not
absolutely continuous, namely f € BV(0,1) \ W1(0,1). In fact, since f is increasing, we
deduce that the total variation of f is 1. Furthermore, since £!(C) = 0 and f(C) = [0,1], we
infer that f does not satisfy the Lusin (N)-property and hence is not absolutely continuous
(cf. [31, Theorem 3.41]). If we now consider the primitive of f, denoted by F, we deduce that
F € CY¥*([0,1]) \ W%1(0,1) and since F is piecewise linear in [0,1] \ C, we conclude that F
satisfies condition (0.0.11) but not the statement of Theorem I.

17 ‘ ‘ ‘ 5
0.8+ 8 4
0.6 3
0.4+ 1 27
0.2} | 1l
O0 0:2 014 016 0.8 1 00 012 0.4 016 0:8 1

Graph of the ternary Cantor function (left) and its primitive (right).

Notice that the umbilicality condition (0.0.11) acts £"-a.e. on f, in terms of a strong solution
of a system of elliptic PDE’s, and does not involve the concept of curvature onI' = graph(f).
To give a geometric interpretation of condition (0.0.11), that is, in terms of weak curvatures,
the necessary assumption is that f satisfies the Lusin (N)-property, namely

H"(f(E)) =0 whenever E C U is L"-negligible.

Such condition is satisfied if f € leo'f(U), with p > 2 (cf. Remark 5.3.4), and guaran-
tees that I is locally H"-rectifiable of class 2 and that there exists an (#" L I')-measurable
map v such that, for H"-a.e. x € T, we have v(x) € Nor" (H" LT, x) NS"; moreover v is
(H" L T)-approximately differentiable at x and ap Dv(x) is a symmetric endomorphism of
Tan" (H" LT, x), whose eigenvalues, as usual, represent the approximate principal curva-
tures of I'. Overall, the following result holds.
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Theorem L (cf. Theorem 5.3.3). Let U C R" be a bounded and connected open set, f € Wl‘icl u),
I := graph(f) and suppose that f(x) := (x, f(x)) satisfies the Lusin’s (N)-condition. Assume
also that there exists an (H" _T')-measurable map v such that v(x) € Nor"(H" .T,x) NS" and

there exists a function y : I' — R such that
ap Dv(x)(t) = p(x)t forevery T € Tan"(H" LT, x), (0.0.12)

for H"-a.e. x € T.
Then T is H"-rectifiable of class 2 and, up to a H"-negligible set, either T is a subset of a n-
dimensional plane or a subset of a n-dimensional sphere.

These results were presented in [55].
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Chapter 1

Notation and background

Given a set of parameters {p1, p2, ..., Pn}, We denote a generic positive constant depending

only p1,...,punby c(p1,...,pn)-
If f : S — T is a function we define

f:S—=SxT,  f(x):=(xf(x)). (1.0.1)
Moreover, we often use the following projection maps
o R x R 5 Ry R x R — R (1.0.2)

defined as 7o (x, 1) := x and 711 (x, u) := u.

In this thesis we use the symbol e to denote scalar product. In particular we fix a scalar
product e on R"*! and an orthonormal basis {ej,...,e, .1} of R**!. For a subset E of an
Euclidean space, E is the topological closure of E. We use the symbols B, (a) = BX(a) for the
open ball in R¥ centered at a with radius , and the symbols V and D for the classical gra-
dient and differential. On the other hand, we denote by V f and D¥f for the distributional
gradient and the distributional k-differential of a Sobolev map f. If f : U — R is a contin-
uous function defined on an open set U, we denote the set of x € U where f is pointwise
differentiable by Diff(f). The characteristic function of a set X is 1x. The Grassmannian of
m-dimensional subspaces of R is G(k,m), and if T € G(k,m) then 77 : RF — RF is the
orthogonal projection onto T.

1.1 Basic notions from geometric measure theory

In this thesis we use standard notation from geometric measure theory, for which we refer
to [14]. For reader’s convenience we recall some basic notions here.
Given X C R™ and a € R", we define Tan(X, a), the tangent cone of X at a, as the set of
all v € R™ such that there exists a sequence {ay }reny C X \ {a} satisfying
ay —a v

limar=a and lim = .
k—sc0 k—oo |ay —al  |v]

In other words, Tan(X, a) is the set of all v € R™ such that for every € > 0, there exist x € X
and r > 0 with |x —a| < r such that |r(x — a) — v| < e. We also define the normal cone of X
at a, with vertex at 0, as follows

Nor(X,a) :={ueR" :uev <0forve Tan(X,a)}.

Given X C R™,a € R™ and a positive integer y, we define Tan* (H* L X, a), the (H* L X)-
approximate tangent cone of X at a, as the set of all v € R™ such that

O (HM XN {x:|r(x —a) —v| < e forsomer > 0},a) >0 (1.1.3)

for every € > 0. We also define the (H* L X)-approximate normal cone of X at a, with vertex at
0, as follows

Nor*(H* L X,a) :={u € R" :uev < 0forv € Tan*(H' L X,a)}.



12 Chapter 1. Notation and background

Remark 1.1.1. (i) We can provide an equivalent definition of the (H* L X)-approximate tan-
gent cone Tan¥ (H* L X, a) (cf. [14, 3.2.16]), namely

Tan" (H" L X,a) = (| {Tan(E,a) : EC X, ©"(H' L X\ E,a) =0} .

Clearly, Tan* (H" L X, a) is a subcone of Tan(X, a).
(ii) (Locality property of approximate tangent spaces). Let X and Y be two H#-measurable
subsets of R™, each with finite ##-measure. Then, we have the following locality result

Tan* (H¥ L X,a) = Tan*(H* L Y,a) for H'-ae.ae XNY. (1.1.4)

To prove this, we show that Tan* (## L X,a) = Tan*(H"* . X NY,a) for HF-ae. a € XNY.
Clearly, the inclusion Tan*(H* . X NY,a) C Tan”(H" L X,a) holds for every a € R™ (cf.
(1.1.3)). We now prove the reverse inclusion

Tan* (H¥ L X,a) C Tan*(H¥ . XNY,a) for H'-ae.ae XNY.
First, from [14, 2.10.19 (4)], we have that
OF(H! X \Y,a)=0 forHl'aeacXNY. (1.1.5)
Now, consider an arbitrary v € Tan* (H* L X, a), and define
E(a,v,e):={x e R":|r(x —a) —v| < e forsomer >0} fore >0.
Then, from (1.1.5), we infer that

O (H! L(XNY)NE(a,v,€),a)
= O (H' L XNE(a,v,€),a) >0 foreverye >0

for HF-a.e. a € X NY, from which the desidered result follows.

Suppose X C R™ and f maps a subset of R” into R¥. Given a positive integer y and
a € R™ we say that f is (H" o X)-approximately differentiable at a (cf. [14, 3.2.16]) if and only
if there exists a mapping g : R" — R¥ pointwise differentiable at a such that f(a) = g(a) if
a € dmn(f) and

O (HFLXN{b: f(b) #g(b)},a) =0.

In this case (see [14, 3.2.16]) f determines the restriction of Dg(a) on the approximate tangent
cone Tan* (H* L X, a) and we define

ap Df(a) := Dg(a)|Tan®(H" . X, a).

Suppose X C IR™ and y is a positive integer. We say that X is countably H!-rectifiable if
there exist countably many p-dimensional C!-submanifolds ¥; of R™ such that

HH (X\ G 21-) —0. (1.1.6)

i=1

In particular, X is said to be locally H"-rectifiable if condition (1.1.6) holds and H* (X NK) < oo
for every compact set K C R™. Finally, if (1.1.6) holds and 1" (X) < oo, we simply say that
X is HH-rectifiable. It is worth mentioning that X is said to be countably H!-rectifiable of class
k if condition (1.1.6) holds, where the family {X;};cy consists specifically of y-dimensional
CK-submanifolds of R™.

It is well known that if X is countably ##-rectifiable with H*(X) < oo, then Tan* (H" L X, a)
is a yi-dimensional plane at H*-a.e. a € X, and every Lipschitz function f : X — RF has an
(H L X)-approximate differential ap Df(a) : Tan*(H* L X,a) — R at H -a.e. a € X. For
such points a we define, for each i € {1,...,k}, the (H" L X)-approximate Jabobian of f at a as

Jik f(a) == sup {|[Awap Df()](§)] : ¢ € Ay, Tan* (HF L X, a), |5] =1}
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(see (1.2.7) for the definition of A, ap Df(a)). The approximate Jacobian naturally appears
in area and coarea formula for f; cf. [14, 3.2.20, 3.2.22].

1.2 Differential forms and currents

Let V be a vector space. We denote by v1 A ... A vy, the simple m-vector obtained by the
exterior multiplication of vectors vy,...,v, in V and A, V is the vector space generated by
all simple m vectors of V. Each linear map f : V — V’ can be uniquely extended to a linear
map

Amf i AV = AV’ (1.2.7)

such that A, f(v1 A ... Avy) :== f(v1) A... A f(vm) for every vy, ..., v, € V.

The vector space of all alternating m-linear functions f : V" — R (i.e. f(v1,...,0m) =0
whenever vy, ..., v, € Vand v; = vj for some i # j) is denoted by A" V. There is an obvious
isomorphism between A™ V and the space of all linear R-valued maps on A,, V. It is often
convenient to use the following customary notation (cf. [14])

(¢, h) :==h(¢) whenever e \,,Vandhe \"V.

If V is an inner product space, then both A, V and A" V can be endowed with natural scalar
products, whose associated norms are denoted by | - | (cf. [14, 1.7.5]).

Suppose U C IR” is open and k € IN. A k-form is a smooth map ¢ : U — AFIR? (if k = 0
we set A’ R? = R). Following [14, 4.1.1, 4.1.7], we denote by £X(U) the space of all smooth
k-forms on U and we denote by D¥(U) the space of all smooth k-forms with compact support in
U. If ¢ € EK(U) we denote by d¢ the exterior derivative of ¢ (cf. [14, 4.1.6]). If X3, ..., X, are
the coordinate functions of IR?, then

Qp == dX; A... NdX,

is the standard volume form of RP. Moreover, if f is a smooth function mapping U into IRY
and 1 is a k-form defined on an open subset V of R7 with f(U) C V, then we define the
k-form f*p on U by the formula

(01 Ao Ao fUp()) = (ADF(x) (o1 A A o), p(f (x))

for x € Uand vy, ...,v; € RP. We refer to [14, 4.1.6] for the basic properties of f*. Functions
mapping a subset of U into A\;(IR?) are called k-vectorfields.

Suppose U C IR? is open and k € IN. A k-current is a continuous R-valued linear map
on D¥(U), with respect to the canonical LF-topology (inductive limit of Fréchet topologies) de-
scribed in [14, 4.1.1] and we denote the space of all k-currents on U by Dy (U). We say that a
sequence {T}yen C Di(U) weakly* converges to T € Dy(U), and we write Ty — T, if

T)(¢) — T(¢) forevery ¢ € DF(U).
If T is a k-current on U, then the boundary of T is the (k — 1)-current 9T € Dy_4(U) given by
OT(¢) := T(dp) for every ¢ € DF(U),
if 9T = O we call T a a cycle. The support of T is defined as
spt(T) := U\ [ J{V : V C U open and T(¢) = 0 for every ¢ € DF(V)}.

If T € Dx(U) has compact support, then T can be naturally extended to a continuous linear
map on EX(U). If p € EM(U), T € Di(U) and h < k we set

(TLy)(¢) :=T(pA¢) forevery ¢ € DH(U).

If T € Di(U), Vis an open subset of R7 and f : U — V is a smooth map such that f|spt(T)
is proper, then noting that spt f*¢ C f~1(spt ¢) and f~!(spt ¢) Nspt T is a compact subset
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of U for each ¢ € D¥(V), we define fsT € Di(V) by the formula

f5T(9) := Ty A f'¢] (1.2.8)
whenever ¢ € D¥(V) and v € D°(U) with f~1(spt¢) NsptT C Int(y1({1})). If spt(T) is
a compact subset of U then f3T(¢) = T(f*¢) whenever ¢ € EF(V). We refer to [14, 4.1.7] for

the basic properties of the map f.
If W C U is an open subset, we define the mass of a k-current T € Di(U) on W as

My (T) = sup {T(¢) : ¢ € D*(U), sup [p(x)| <1, spt(g) W}

Let T € Dx(U) besuch that My (T) < oo for every openset W CC U. Then, as a conseguence
of the Riesz Representation Theorem, there exists a positive Radon measure ||T|| on U and a
|| T||-measurable k-vectorfield T : U — AFR" such that

|T(x)]=1 for|T|-ae xeU,

and the following representation by integration holds (cf. [56, 26.7])

T(¢) = /u<?(X)/4>(X)>dI|TII(X) for every ¢ € DF(U).

A particularly important class of currents, representable by integration, consists of those
associated with rectifiable sets. We say that a current T € Dy (U) is a integer multiplicity locally
rectifiable k-current of U if

T(9) = [ (7(0),¢() dH(x) forevery ¢ € DH(W)

where M C U is an H*-measurable and countably #-rectifiable set, while 7 is an (#* L M)-
measurable k-vectorfield such that:
@) [y 7] dH¥ < oo for every compact subset K of U;
(i) 7 (x) is a simple and |7 (x)| is a positive integer for H*-a.e. x € M;
(iii) Tan*(#* L M, x) is associated with 77 (x) for H*-a.e. x € M.

The set M is called carrier of T, it is H*-almost uniquely determined by T and we denote
it by Wr. Moreover, if we define the multiplicity and orientation of T, respectively as

=

ir:=|7| and 7r:=

| 7

=

then
T(9)= [, (71(x),9(x) ir(x)aH!(x)  for every ¢ € D(U)

and it will be convenient to write T = it (H* L Wr) A 777

1.3 Legendrian currents and Minkowski-Hsiung identities

Here we introduce the notion of Legendrian cycles and we collect some fundamental facts.

Definition 1.3.2 (Contact 1-form). We say that & € EL(R"T! x R"*1) is the contact 1-form of
Rr+1 lf
((y,v),a(x,u)) :=yeu foreveryy,v,x,uc R,

Definition 1.3.3 (Legendrian current). Let QO C R"*! x R"*! be an open set and let k > 1 be an
integer. A current S € Dy(Q) is called Legendrian if S a = 0.
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Definition 1.3.4 (Legendrian cycle). Let W C R"*! be an open set. We say that an integer-
multiplicity locally rectifiable n-current T of W x R"*! is a Legendrian cycle of W if the following
three conditions are satisfied:

(i) spt(T) C W x S%
(ii) oT = 0;
(iii) Tra = 0.

Lemma 1.3.5. Suppose Wy, ..., Wy, C R"*! are bounded open sets and T € D, (R"+1 x R"+1)
such that T L(W; x R"*1) is a Legendrian cycle of W; for every i € {1,...,m} and spt(T) is a
compact subset of Iy W; x S". Then T is a Legendrian cycle of R"*1.

Proof. For every i € {1,...,m} choose an open set V; with compact closure in W; and a
function f; € CZ°(IR"*1) such that spt(f;) is a compact subset of W;, Y7 ; fi(x) = 1 for every
x e Ut Viand spt(T) C U, V; x 8" Then T = T (X", fiomo), Y"1 d(fiomp) = 0on
U;ﬂ:1 ‘/1 X St’l’

(Tea)(@) =) (Tea)((fiom)¢) =0
i=1
and .
AT(¢) = Y OT((fiom0)¢) — T((E11d(fio m0)) Ap) =0,
i=1
for every ¢ € D"~ }(R"+1 x R"*1). The proof is complete. O

Definition 1.3.6 (Lipschitz-Killing forms). For k € {0,...,n} the k-th Lipschitz-Killing differ-
ential form g € E"(R"T1 x R"1) is defined by

GIA AT er(xu) = Y (o) (§) Ao A T (8n) A, dXg Ao Ad X)),
TEL, k

for every &1,..., & € R x R 1. Where
n
Tk = {(7: {1,...,n} = {0,1}] Yo (i) :n—k}.
i—1

The Radon measures T . ¢;, where i € {0,...,n} and T is a n-dimensional Legendrian
cycle of R™*1, are called curvature measures of T. In [17], Joseph Fu derived a simple for-
mula for the first variation of the measures T L ¢;, even in the more general setting of space
forms, hence generalizing a well known result obtained by Reilly (cf. [45]) for smooth sub-
manifolds. Fu’s elegant proof of this formula employs the Maurer-Cartan forms of the Lie
algebra associated with the space form to compute the exterior derivative of the Lipschitz-
Killing forms (cf. [17, pp. 183-185]). On the other hand, it is also possible to compute such
exterior derivatives in a somewhat more direct way, without relying on any Lie algebra the-
ory. In the following lemma, we present such a computation. For completeness, we also
provide a full proof of Lemma 1.3.11, following Fu'’s original approach.

We recall that, for 1 < k < m, the set A(m, k) denotes the collection of all increasing maps
from {1,...,k}into {1,...,m}.

Lemma 1.3.7. [17, Lemma 3.1]. The exterior derivatives of the Lipschitz-Killing differential forms
satisfy the following relations

<€1 AN §n+1,d§9k(x,1/l)> = <€1 ARERVA §n+1/"‘(xf”) A (n —k+ 1)§9k—1(x1 u)> (1‘3‘9)

forke{1,...,n}, and
(1A A8uy1,deo(x,u)) =0, (1.3.10)

whenever &y, ..., &n1 € Tan(R"™ x 8", (x,u)) and (x,u) € R*™1 x §".
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Proof. We fix (x,u) € R"*! x §". Suppose k € N1 and notice that
g RMT R — AT(R™H x R

is a linear map. Therefore, we compute (cf. [14, p. 352])

(C1 A AGur1,dog(x,u)) (1.3.11)
n+1 .
=Y (1N G A AG A A A8, (8, Dog(x, 1))
=1
n+1 .
=Y (1N E A NG A A A k()
=1
n+1 .
=Y (Y (o) (E) A AT o1y (Ej-1) A Ty (Gea) A
j=1 TET K
A na(n)(CnJrl) A 7'(1((:]‘),Qn+1>
n+1
= (=", X):: (7o) (61) A+ ATty (j—1) (Gj-1) A () A Ty (Gj1) A
J=1 o€tk

VAN 7-[0(71) (gn-',-] )/ Qn+1>

for &, ...,&np1 € R x R"L Letting p, : R"*! — R™*! be the orthogonal projection
onto span{u}, we use the shuffle formula (cf. [14, 1.4.2]) to compute

(G1 A A Cugr, a(x, 1) A @1 (x, 1)) (1.3.12)
n+1 .

=Y (NG alx,u) (G A AL A A A Eng, e (X 1))
=1

n+1 .
=Y (-t ZZ (7o) (G1) Ao A1) (§j-1) A Ty (Gjr1) A - -
j=1 O€2y k—1
A na(n)(§n+1) A (HO(‘:]') ou)u, i)
n+1
=" ) ZZ (1) (1) Ao ATe(21) (§-1) A Pu(700())) A oy (Eja1) A -
J=10€X, k1

A 7-[(7(11) (gnJrl)r Qn+l>

whenever ¢y, ..., & 11 € R" x R"*1. Suppose {11, ..., Ty} C u" is an orthonormal set, we
define

v;:=(1,0) forie{l,...,n}, v;:=(0,75_,) forie{n+1,...,2n}, vyyy1:=(u,0)
and we notice that {v,...,vp,,1} is an orthonormal basis of

Tan(R"™ x 8", (x,u)) = R""! x Tan(S",u) = R" ! x u*.
Then we define

OA = a1y A e ADp(ng) whenever A € A2n+1,n+1)

and, recalling that {v) : A € A(2n+ 1,1+ 1)} is a basis of A\, (R"T! x ut) (cf. [14,1.3.2]),
we notice that (1.3.9) reduces to check

(or, dor(x,u)) = (n —k+1) (v, a(x,u) A @ra(x,u))

whenever A € A2n+1,n+1).
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First, if A € A(2n+1,n+1) and 2n +1 ¢ Im(A), it follows that p,(7(v,(j))) = 0 for
every j € {1,...,n+ 1}. Hence, from (1.3.12), we infer

(or,a(x,u) A gr_q(x,u)) =0.
Furthermore, in (1.3.11), for each j € {1,...,n+ 1} and each 0 € %, 4, the vectors

{e)(©aq))s -+ (1) (0a(i=1)) T (OA())s o) (OA(41))r o (n) (Pa(na1)) }
are linearly dependent. Therefore

(or, dei(x,u)) = 0.
Now, assume that A € A(2n+1,n+1) where2n+1 € Im(A), namely A(n +1) =2n+1
Since 1 (v, (j)) = 0if j € A~H1,...,n,2n+ 1}, we apply (1.3.11) to deduce
(on, dei(x, 1))
(=" ) Y. (o) (a@) A A1) (Oa(i=1)) A Ta()=n A Ty (Oagisn)) A -
jEA N n+1,...2n} €L,k

o(n)=0

A T (1) (Oam)) A 1, Qi)
and, since py (70(vp(n41))) = uand pu(7o(v,(j))) = 0ifj € {1,...,n}, we infer from (1.3.12)
(op, a(x, u) A @1 (x,u))

— (-1

Y (o) (@A) A ATy (Oan) At Quin) -
Uez‘n,k—l

Obviously, if HO(A71{1,...,n}) # k — 1, we obtain that

(o, dei(x,10)) = (o0, a(x, 1) A gy (x,1)) = 0.

Whereas, if HO(A71{1,...,n}) =k—1(Ge HO(A"H{n+1,...,2n}) = n—k+1), we deduce
that there exists an unique o € {0 € ¥, : 0(n) = 0} such that

(or, dor(x,u))

_ (_1)71 Z

<TA(1) N A=) N TA k)= N oo N Ta(n)—n AN Uy Q1)
jEA"Hn+1,...2n}

(—1)” (1’1 —k + 1) <T/\(1) VANAN T/\(k—l) VAN T/\(k)—n VANAN T/\(n)—n AU, Qn+1> .
Similarly, there exists an unique o € X, 1 such that

<v)\/ l’C(X, M) A Pr—1 (xr 1/[)>
= (—1)” <T/\(1) VARIRVAY T/\(k—l) N T/\(k)—n VANVAN T/\(n)—n Au, Qn+l> .
Furthermore, from (1.3.11), and since H°({i : 11 (v;) # 0}) = n, we deduce that

n+1
(o, dgo(x,u)) = (=1)" (n+1) ( \ m(vr(3)), Quy1) =0
i=1
for every A € A(2n+1,n+ 1). The proof is complete.

O
Definition 1.3.8. (Local variation). Given € > 0 and a smooth map
F:R"! x (—¢,e) - R" L.

We say that {Fi}c(—ce), where Fy(x) := F(x,t), is a local variation of R"*1 if, for every fixed
t € (—€,€), the map F : R"™ — R"1 is a diffeomorphism and Fy is the identity of R"*1. For
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such local variation we define the initial velocity field V by
V(x) := lim H(x) —x for x € R"*1,
t—0 t

Given a C?-diffeomorphism F : U — V between open subsets of R"*!, we define the
Cl-diffeomorphism ¥r : R"*! x §" — R"*! x §" by

xX,u) = x or (x,u n+l n, 3.
Yr(x,u) (F( )'|(DF(x)—1)*(u)|) for (x,u) e R""' x S (1.3.13)

Example 1.3.9. The smooth map
F(x):=e'x for (x,t) e R""! xR,
defines a local variation of R"*!. In this case, V = id|R"*! and
Y1, (x,y) = (e'x,y) for (x,y,t) € R" x R"™ x R.

Definition 1.3.10. We define R ™" := R"™1\ {0}. Given a local variation {F;};c(_c ), we intro-
duce the smooth map h : R" 1 x ]R”“ x (—€,€) — R™1 x R"1 by setting (cf. (1.3.13))

h(x,ut) =Yg (x,u)  for (x,u,t) € R x RiT x (—¢€),
and we notice that h(x,u,0) = (x,u) for (x,u) € R"*1 x RiT. Moreover, we define
p: R R X R — R x R, p(x,u,t) = (x,u),
g RTIXR™IXxR - R,  g(x,ut):=t,
PR x R™ 5 R xR xR,  P(x,u) := (x,u,0).

Lemma 1.3.11. Suppose T is a Legendrian cycle of R"*! with compact support, {Ftlic(—ee) isa
local variation of R"*1 with initial velocity field V and

Oy : (v,y) e R x R™ i V(x) ey € R,
0:(x,y) c R" xR" > xey c R.
Then p
SLET)(90)|_ = (1=K Ty git) forke {1,...,n}
and

CLFRNT] (o) =0

In particular, T satisfies the following Minkowski-Hsiung identities

kT(pp) = (n+1—k)T(0 1), (1.3.14)
forke{1,...,n}.
Proof. Firstly, we observe that

haoP = (p*a+0ydg)oP, (1.3.15)

(W*or A dq) o P = (p*or A dq) o P (1.3.16)
and, if {F; };eR is the local variation in Example 1.3.9, then for a fixed t € R we have

(Fr)for = eop  forke {0,...,n}. (1.3.17)

To prove the relations (1.3.15) and (1.3.16), we choose an orthonormal basis {w+, . .., Wy, 43}
of R x R""1 x R ~ R?"3, whose dual basis is {w}, ..., w), 5} and satisfies w}, 5 = dg.
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Moreover, we define

Wy = Wyy N AW , Wy

p(n)
whenever y € A(m,1) for! < m < 2n+ 3. Since h o P = p, we note that
Dh(x,u,0)(w;) = p(w;) wheneveri e {1,...,2n+2}
and
(Dh(x,u,0)(ways3),a(x,u)) =V(x)eu=0y(x,u),
for (x,u) € R"1 x R"*1, Thus, recalling [14, 1.4.3], we compute

2n+-3

Ha(x,u,0) = Y (w;, i a(x,u,0)) )]
i=1
2n+2

= ; (p(w;), a(x,u)) w; + Oy (x,u) wh, 3

and

h#(Pk (xr u, 0) = Z <W)\,h#§9k (.X, u, O)> w;\
AEA(2n+3,n)

= Yo (Aap(wi), op (x,u)) wh

AEA(2n+2,1)

+ ) (AuDh(x,1,0)(wp A wWoni3), Pr (x,1)) W Awy, 3
AeA@nt2,n—1)

for (x,u) € R"*1 x R"*!, whence we readily infer (1.3.15) and (1.3.16).
Now, to prove (1.3.17), let {ey, .. .,ez,+2} be the canonical basis of R"t1 x R"t1 whose
dual basis is {e, ..., e, ,}. Forany u € A(2n +2,n), we define
e}l = ey(l)/\../\ey(n) ’ e;{ ':8;(1)A..Ae;(n).

Since Yr,(x,y) = (e'x,y), we infer that

ele; ifj<n+1

forj e {1,...,2n+2}.
e ifjzntz OUEH 2

D(¥r)(x,y)(ej) = {

Then, for every fixed A € A(2n +2,n) and for (x,y) € R*"*! x R"*!, from Definition 1.3.6
we deduce that

(D(¥r)(x,y)(exq)) A--- AD(¥E)(x,y) (exm), @x(e'x,y)) # 0

if and only if HO({m € {1,...,n} : A(m) <n+1}) = k. In that case

(D(¥r)(x,y)(erqy) A--- AD(YR) (%, ) (exwm), Prle'x,y))

k n
= ekt </\ 7'[0(6/\(]-)) A /\ 7T1(e/\(j)) /\]/,Xm AN /\an+1> .
j=1 j=k+1

Overall, since ¢ depends only on the second coordinate, we conclude that (cf. [14, 1.4.3])

Yr)fo(ny)= Y, (ex, (¥r)'or(xy))e)
AeA(2n+2,n)

= ¥ (ADER D), oulexy) ey

AeA(2n+2,n)
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X

(er, pr(e'x,y)) ey = M or(x,y)
AEA(2n+2,1)

Suppose that T has the form T = i7(H* L Wr) A 71 (cf. section 1.2, p. 14), that is
T(¢) =

/W (Fr(x,u), ¢(x, 1)) ir(x,u) dH" (x,u)  for each ¢ € D*(R™! x R™1)

For t > 0, we define [0, t] € D;1(R) by the formula

[0, ] (a) := /Ol<t,oc(st)>d£1(s):/Ot<1,oc(s)>d£1(s) fora € E(R)

Denoting by T x [0,t] € D, .1 (R** x R**! x R) the cartesian product of T and [0, t], we
use [14, 4.1.8] to compute

(T x [0,£])( /WT/

(x,u,8)) dH (s) dH" (x,u)
whenever ¢ € E"T1(R"! x R"*! x R), where

Z)T(X,M) = (/\np) (iT(xlu)ﬁ)T(x/u)) AN Wan43

for H"-a.e. (x,u) € Wr.
Employing [14, 4.1.8, 4.1.9] and taking into account that 0T = 0, we derive the homotopy
formula

(5),T =T = (~1)"3[h(T x [0,1])].
Since spt (h4(T x [0,])) € R"*! x §" we use Lemma 1.3.7 to compute
[(¥R),T = T](gx) = (=1)" (n =k + 1) hs(T x [0, £]) (& A 1)

whence we infer that

(—1)"(n—k+1 '/WT /;(Z)T(x,u), (W AW gr_1)(x,u,8)) dH (s) dH" (x, u)

L [(46),T = T)(g)

t—0 t

T

(—1)" (n—k+1) /W (Tr(x,u), (e A gr_y) (x,1,0)) dH" (x, 1)
Using (1.3.15) and (1.3.16) we deduce that

< r(x,u), (Ha AR gr_q)(x, u,0))
= (Cr(xu), (P'a A pr_1)(x,u,0))

(Cr(x,u), v (x,u) (dg A p*or-1)(x,1,0))
for H"-a.e. (x,u) € Wr. Moreover, noting that p(w,+3) = 0 and (7, a(x, 1)) = 0 whenever
T € Tan" (H" L Wr, (x,u)) for H"-a.e. (x,u) € Wr by [42, Theorem 9.2], we obtain that

(Cr(x,u), (pPa AR 1) (x,1,0))

=0  forH"-ae. (x,u) € Wr
and employing the shuffle formula (cf. [14, 1.4.2]) we compute

(Tr(x,u),6y(x,u) (dg A p*oe_1)(x,1,0))
= (=1)" 0y (x,u) ((AP) (i

r(x,u)7r(x,u)), p*or_1(x,u,0))
= (=1)" 0y (x,u) it (x,u) (1 (x,u), pr_1(x,u))

~.
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for H"-a.e. (x,u) € Wr. Moreover, from (1.3.10), we obtain

%[(TB)#T](%)‘ = (=1)" lim [(T > [0, £])] (dgo)

= =0.
t=0 t—0 t

If {Fi}icRr is the one-parameter family in Example 1.3.9 we can directly compute the first
variation. Indeed, for every k € {1,...,n}, by applying (1.3.17), we have

[(¥r)4T — T] (¢x)

(n+1—k)T(O¢r_q1) =lim
t—0

t

iy T((¥r)*ox) — T(gx)
=lim

t—0 t
_y T(M o) — T(gp)
=lim

t—0 t

ekt
=kT(gx) im —=— =k T(gx).
The proof is complete. O

The following result describes the approximate tangent space of the carrier of a Legen-
drian cycle.

Theorem 1.3.12 (cf. [42, Theorem 9.2]). Let T be a Legendrian cycle of R"*Y with carrier Wr.
For H"-a.e. (x,u) € Wr there exist numbers

—oo < k(% u) < ... <xp(x,u) < +oo

and vectors Ty (x,u), ..., Ty(x,u) such that {7 (x,u),..., T (x,u),u} is a positively oriented or-
thonormal basis of R"™1 (ie. (NIq7(x,u) Au,dXy A ... NdX,1) = 1) and the vectors
&i(x,u) == (Ti(%'u)'Ki(x'u)Ti(x'u)) l.lei(x'u) f oo i€{l,...,n}
(O/Tl(xlu» 1f1<,(x,u) = 400

form an orthogonal basis of Tan™ (H" . Q, (x,u)) for every H"-measurable set Q C Wr with
H"(Q) < oo and for H"-a.e. (x,u) € Q.

The maps 1, . . ., kn are (H" . Wr)-almost uniquely determined, as well as the substaces of R"*+!
spanned by vectors T;(x, u) belonging to a fixed value among the x;(x,u) (i € {1,...,n}) is uniquely
determinated.

Definition 1.3.13. Given T, {Ty,..., Ty} and {1, ..., &n} as in Theorem 1.3.12, we define

o Gl u) A AN En(xu) n n
Er(x,u) = o) A A n(n)] € /\n(]R o R,
1

e T A F Yo Atk

for H"-a.e. (x,u) € Wr.

Remark 1.3.14. This definition is well-posed, in the sense that E)T and {1 do not depend, up
to a set of H"-measure zero, on the choice of {1y, ..., Ty} (cf. [52, Remark 3.1]).

Definition 1.3.15 (Principal curvatures of Legendrian cycles). Let T be a Legendrian cycle of
R™1, with carrier Wr. We define the principal curvatures of T as Kt ; := x;, where xy < ... <k
are the functions defined H"-a.e. on Wr given by Theorem 1.3.12.

Definition 1.3.16 (k-th mean curvature of Legendrian cycles). Let T be a Legendrian cycle of
R™*Y with carrier L. We define the sets

W = {(x,u) € Wr : Kg,(x,u) < +00, Kpy1(x,u) = +oo}  fori € {1,..,n—1},
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- { 6 WT KT,] (xr 1/{) = +OO} ’
= { E X KT,n(x,u) < +00}.
Then we define the k-th mean curvature function of T as

Hrpe =1, 00 +Z Y, Kap--Krapl, ok fork €41, n},
i=1 Ae \(n—k+i,i)

HT,O = 1W¥')

The definition of mean curvature functions is motivated by the following result.

Lemma 1.3.17 (cf. [52, Lemma 3.2]). If T = ip(H" . W) A 71 is a Legendrian cycle of R"+1
andk € {0,...,n}, then

(Teg)(@) = [ @lxm)in (e, m)r(e ), (e, ) 44" (e, 0)

T

for every ¢ € DO(R"1 x R"*1).

Corollary 1.3.18 (Minkowski-Hsiung identities for Legendrian cycles).
Let T = it(H" L Wr) A 71 be a Legendrian cycle of R"*1, with compact support. Then, for any
ke{l,...,n}, we have

/w (k Hrx(x,u) 0(x,u) — (n+1—k) Hrg1(x,u)) iv(x,u) {1 (x, u) dH" (x,u) =0,

where 0(x,y) := x oy for x,y € R" 1.

Proof. Since T has compact support, from Lemma 1.3.17, we infer

o) = [, a2 (o) H ) 22 (),

T(0g-1) = [ 0Cx,m)ir(e,u)r(x,u)Hr,psa (x,10) 4" (x, 1)

T

forj e {1,...,n}. Applying the Minkowski-Hsiung identities (1.3.14), we deduce
J [, )G ) e ) 4 (5,0

= (n+1=) [ 80 wyir (v, )G (x,u)Hr () A4 (x,1).

T

Setting n 4+ 1 — j = k, we obtain the desidered result. O

1.4 The proximal unit normal bundle

For an arbitrary nonempty subset C C R"*! we define the distance function 6¢ from C as
Sc:xe R"™™ —inf{|x—al:aeC} €[0,+).

Definition 1.4.19. (Proximal unit normal bundle; cf. [46, p. 212]). Given C C R"1 we define
the proximal unit normal bundle of C as the set

nor(C) := {(x,v) € Cx 8" : 8c(x +sv) = s for somes > 0} .
Moreover, we define

nor(C,x) ;= {veS§": (x,v) enor(C)} forxeC
nor(C)LE:= {(x,v) €nor(C) :x € E} for ECR"'!.
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Notice that nor(C) = nor(C). We recall that nor(C) is a Borel set and it is always count-
ably H"-rectifiable (cf. [51, Remark 4.3]'). Moreover, we say that nor(C) satisfies the Lusin
(N)-property on E C R"*1if H" (nor(C) L E) = 0, provided that %" (E) = 0.

It is proved in [51] that there exists a subset nor(C) of nor(C) (cf. [51, Definition 4.4]), where
H" (nor(C) \ nor(C)) =0 (cf. [51, Remark 4.5]), such that for every (x,u) € nor(C) there
exists a linear subspace T¢(x, 1) of u' and a symmetric bilinear form

Qclx,u): Te(x,u) x Te(x,u) = R,

whose eigenvalues can be used to provide an explicit representation of the approximate
tangent space of nor(C) at H"-a.e. points. To this end, for every (x,u) € nor(C), we define

—oo < xq(x,u) <...<xy(x,u) <+oo
in the following way:

k1(x,u), ..., ku(x, 1) are the eigenvalues of Qc(x,u),
where m = dim Te(x, u), and x;(x,u) = +oo foranyi € {m+1,...,n}.

The following lemma is a simple extension of well known results for sets of positive reach
(cf. [42, Proposition 4.23 and Lemma 4.24]).

Lemma 1.4.20. Suppose C C R"TL. Then, for H"-a.e. (x,u) € nor(C), there exist the vec-
tors 7 (x,u),...,Tn(x,u) € R" 1 such that: {7 (x,u),..., Tu(x,u),u} is a positively oriented
orthonormal basis of R"1 (i.e. (N'_17i(x,u) Au,dXy A... AdX, 1) = 1) and the vectors

1 ru i (x, u)
\/1+K1-(x,u)2Tl< o V1+xi(x,u)?

form an orthonormal basis of Tan" (H" L Q, (x,u)) for every H"-measurable set Q C nor(C) with
H™"(Q) < coand for H-ae. (x,u) € Q (weset = =0and 2 =1).

The maps &1, . . ., Kn can be chosen to be (1" _nor(C))-measurable and they are (1" L nor(C))-
almost uniquely determined.

Gi(x,u) == ( Ti(X,u)) ie{l,...,n}

Proof. The existence part of the statement and the measurability property are discussed in
[51, Section 4] and [24, Section 3] (see in particular [24, Remark 3.7]). While uniqueness can
be proved as in [42, Lemma 4.24]. O

Definition 1.4.21. Suppose C C R"*!, we denote by kc 1, . .., k¢, the (H" L nor(C))-measurable
maps given by Lemma 1.4.20.

Definition 1.4.22 (Reach function of C). Suppose C C R"*1, we define the reach function of C,
at (x,u) € nor(C), as
re(x,u) :=sup{r>0:8c(x+ru)=r}.

Remark 1.4.23. Let C C R"*!. Given (x,u) € nor(C) and r > 0 such that ¢ (x +ru) =7,
we have that (cf. [51, Lemma 4.8])

Qclx (1) = -1

I The proximal unit normal bundle of a closed set C, as defined in [51], is denoted with N(C).

whenever T € Te(x,u).
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Therefore, for every (x,u) € nor(C), we deduce that

_ 1
rC(x/ M)

<kci(x,u) < +oo foreveryic {1,...,n}.

Definition 1.4.24. For H"-a.e. (x,u) € nor(C) we define

ra Cea(xu) A A Ecn(x,u)
Eelx,u) = i e

Celx,u) = [Zea (%) Ao Aen(x )] 71 € (0,+09),
where, for any i € {1, ..., n} and with the notations of Lemma 1.4.20 and Definition 1.4.21, we set

+1 +1
|6/\n(]R” x R"™),

Zeilxu) '—{(Ti(x’”)”(c'i(x'”)Tf<xf”>> f ec,(x,u) < +oo
T (0T w) if xci(x, 1) = 400

for H™-a.e. (x,u) € nor(C).

Remark 1.4.25. The definitions of EC and (¢ does not depend on the choice of {1y, ..., Ty}, if
the latter is consistent with Lemma 1.4.20. To prove this assertion let us assume that there ex-
ist two choices, {1y,..., T} and {17, ..., 7}, which satisfy Lemma 1.4.20 at (x, u) € nor(C)
and we show that

N Geilx,u) = A &ci(x,u), (1.4.18)
i=1 =1

where the vectors {{c1(x,u),...,¢cn(x,u)} and {G¢ 1 (x,u), ..., ¢, (x,u)}, given by

7

6 L (Ti, KC,iTi) if Kci < —+o00 C/ L (Tl.’, KC,Z'TZ‘/) if Kci < “+o0

< (0,7) if kg = +o0 © (0,7)) if ko = +o0
form two orthogonal bases of Tan" (H" L Q, (x, u)) (see statement of Lemma 1.4.20).
First, we assume that xc 1 (x, ) = +oc0. Since A\, (711|{0}" ! x u') is injective and?

[/\n(ﬂ1|{0}n+1 X ul)} ( /”\ gC,i(x u ) /"\ CCz X, u
i=1 i

n

Ti(x,u) =*u = A\ 1/ (x,u)

i=1

1 (Es) = [ A (ml (0P b)) (A esm),
i=1

I
'~

I
—

I
'~

I
—

we infer that A7, {ci(x,u) = AL, &z ;(x,u). Now, assume that there exist m € {1,...,n}
such that

kem(x,u) <400 and  kcyp1(x,u) = +oo (ifme {1,...,n—1}).
Therefore, forany 0 < t < rc(x,u) andi € {1,...,m}, we have

1 1
_¥ < _m S Kcri(x,u) < +00 = 1 +tKC’i(x,u) € (O,+00) .

Since A\, ((7t0 + tm1)|T) is injective, where T := Tan" (H" L Q, (x,u)), and

(A, (Gt o] (Agesten)

2Let us consider *: R"™1 — A, R"*! the Hodge-star operator, with respect to e; A ... Ae,,1 (cf. [14, 1.7.8] or
[19,4.1.3]). If u € $" and {Ty,..., T, } is an orthonomal basis of u, such that u AT A... ATy, = e; A... Ae,y1, then
it follows from the shuffle formula [14, p. 18] that*u =1 A ... AT,
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= N\(mo+tm)(Eci(x,u)) =" ﬁ (14 txci(x,u)) N\ t(x,u)
i=1 1= i=1
=t ﬁ (1+txci(x,u)) *u = """ Iril (1+txci(x,u)) N\ (x,u)
i= i= i=1

- [/\n (70 + t7f1)|T)} ( /”\ éé?i(x’”) ’
i=1

we infer that A\l ¢ci(x, u) = AjLq &¢ i (x,u).
The following Heintze-Karcher type inequality for arbitrary closed sets is proved in [24].

Theorem 1.4.26 (cf. [24, Theorem 3.20]). Let C C R"*! be a bounded closed set with non empty
interior. Let K = R"*1 \ Int(C) and assume that

Y xki(x,u) <0, for H'-ae. (x,u) € nor(K) .

Then
n

| Z?:l KK,i(x/ M) |

Moreover, if the equality holds and there exists q < —+oo such that | Y kg ;(x,u)| < g for H"-a.e.
(x,u) € nor(K), then Int(C) is a finite union of disjointed (possibly mutually tangent) open balls.

(n+1)L" 1 (Int(C)) < /nor(K) 7o) o (x, ) dH" (x,u) .

Lemma 1.4.27. If C C R"*! and  is the contact 1 form of R"*1 (cf. Definition 1.3.4), then

(G a(x,u)) =0

for every ¢ € Tan" (H" . Q, (x,u)) and for H"-a.e. (x,u) € Q, if Q C nor(C) is a H"-measurable
set with H"(Q) < 0.

Proof. This follows from the definition of « and Lemma 1.4.20. O

Definition 1.4.28. Given C C R"*, we define the following subsets of C

Ni(C) := {x € C: H°(nor(C,x)) =1},
»(C):={xeC: Ho(noer)—Z}
NOO(C = {x € C:H(nor(C,x)) = c0}.

Definition 1.4.29 (Distance cone of C). We define the distance cone of C C R"*% at x € 7y (nor(C)), as
Dis(C, x) == {v e R"™ : 6c(x +v) = [0]}.

Moreover, for x € rty(nor(C)), we denote by aff Dis(C, x) the affine hull of Dis(C, x).

Remark 1.4.30. We notice that Dis(C, x) is a closed convex subset of Nor(C, x), for any choice
of x € 1y (nor(C )) (cf. [13, Theorem 4.8 (2)]). Furthermore, the following property holds

v e Dis(C,x) = tveDis(C,x), foreveryt € [0,1] (1.4.19)

indeed By, (x +tv) N C C B, |(x +v) N C = @ forany v € Dis(C, x) and t € [0, 1]. Moreover
nor(C,x) = {| jiuE Dis(C, x) \ {0}} (1.4.20)

Definition 1.4.31 (m-th stratum of C). For any m € {0,...,n} we define the m-th stratum of C

by
= {xeC:0<H" ™(nor(C,x)) < oo} .
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Lemma 1.4.32. Let C C R" be a closed set. If there exists m € {0, ...,n — 1} such that

dim (aff Dis(C,x)) =n—m+1 forx € my(nor(C)), (1.4.21)
then
H" " (nor(C,x)) € (0,+00).
Similarly, if
dim (affDis(C,x)) =1 for x € mp(nor(C)), (1.4.22)
then

H%(nor(C, x)) € {1,2}.

Proof. Let x € mmy(nor(C)) such that (1.4.21) holds, first we prove that H"~" (nor(C,x)) <
co. We notice that
nor(C, x) C aff Dis(C,x) N 8" = "~

in fact, if v € nor(C, x) then there exists s > 0 such that éc(x + tv) = t forany t € [0,s],
namely {tv : t € [0,s]} C Dis(C,x). Therefore span{v} C aff Dis(C, x), from which the
desidered result follows. Now we prove that H"~" (nor(C,x)) > 0, lete € (0,1) and we
introduce the Lipschitz mappings pe defined as

% € nor(C,x), Disc(C,x) := Dis(C,x) N (B

where Dis, (C, x) is H"~"*+1-rectifiable (cf. (1.4.21)) and with strictly positive "~ "+!-measure.
The last property follows from the fact that Dis(C, x) is convex and aff Dis(C, x) has dimen-

sion n — m + 1, hence Dis(C, x) contains an (n — m + 1)-dimensional simplex (cf. [30, Prob-
lems 3.5.4 (14)]). We notice that

pe : v € Dise(C, x) — (0) \ Be(0))

m\»—l

H' (o (u)) >0 forevery u € Im(pe)

indeed for each u € Im(pe) there exists s € (¢,e~1) such that su € Dis(C,x) and applying
(1.4.19) we deduce that {tu : t € [e,s]} C pz'(u), furthermore by [14, Theorem 3.2.31] we
infer that Im(p.) is also 1"~ ™-rectifiable. Overall, by coarea formula for rectifiable sets (cf.
[14, Theorem 3.2.22]), we obtain

DlS Cx _ _ _
pe dH ML = H (o7 (w)) dH" ™ (u). 1.4.23
[ e o H o ) ) 1423)

We remember that our goal is to prove that H" " (nor(C,x)) > 0 and to this purpose, since
Im(pe) C nor(C, x), we use (1.4.23) to show that H" " (I (pe)) > (. By virtue of the previ-
ous discussion, we have only to prove that

TP h(z) > 0 for H' e, z € Dise(C, x) .

By the locality property of the approximate tangent spaces (cf. (1.1.4)) and (1.4.21), applying
[14, Lemma 3.2.17] we deduce that
Tan" "1 (”;'-["_mJrl L Dise(C, x),z) = Tan" "1 (H"_m+1 Laff Dis(C, x),z)
= aff Dis(C,x) for H" " "l.ae. z € Dise(C, x)

therefore

Dis(C,x)

I pe(z) = sup {| [\ Dpe(2)(©)] : & € A aftDis(C,x), || =1}

for H" " *+l-a.e. z € Dis.(C, x). For every fixed z € Dis,(C, x), since ker Dp,(z) = span{z},
we deduce from (1.4.21) that there exist vy, ..., v,y € aff Dis(C, x) linearly indipendent and
such thatv; L z foreveryi € {1,...,n —m}, hence

Dis(C,x) > [ AN T
n—m pé(z) = ‘[/\nm Dpe(z)] (vl/\u-/\vnm| >0
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for H""*1-ae. z € Dis¢(C, x). Overall we conclude that #"~" (nor(C, x)) € (0, +00).

Let now x € 79 (nor(C)) such that (1.4.22) holds, we prove that H° (nor(C, x)) € {1,2}.
Again by [30, Problems 3.5.4 (14)], we infer that Dis(C, x) contains a segment containing the
origin. Namely, there exists u € S" such that either {tu : t € [0,s]} C Dis(C,x) for some
s> 0,or

{tu:t € [—sy,5]} CDis(C,x) forsomesi,s; > 0.

In the first case we infer that H° (nor(C, x)) = 1, while in the second #°(nor(C,x)) =2. O

Remark 1.4.33. We notice that the family {C ©),...,cM} s disjoint. Moreover, it has been
shown (cf. [51, Remark 5.2] and [38, Theorem 4.12]) that every C (m) is a Borel set and is also
countably H"-rectifiable of class 2.

Corollary 1.4.34. Let C C IR" be a closed set, then:
(i) 70 (n0r(C)) = Upyo C);
(ii) N1(C)UNo(C) = C;
(i) Neo(C) = U} Clm)

m

Proof. To prove (i), since every C(") C 71y (nor(C)), we show that 7o (nor(C)) C Uf,_, C™.
Let x € 79 (nor(C)), namely there exist v € nor(C, x) and s > 0so thaté¢(x + tv) = t forany
t € [0,s], therefore {tv : t € [0,s]} C Dis(C,x). Hence dim (aff Dis(C,x)) € {1,...,n+1},
then by Lemma 1.4.32 the desidered result follows.

To prove (ii), we notice that N; (C) U No(C) € C(™. To show that C(") C N;j(C) U N»(C)
assume that there exists x € C(") \ (N1(C) U N»(C)), namely H°(nor(C,x)) € N\ {0,1,2}.
This means that nor(C, x) contains at least two linearly independent unit vectors uy, u; € S”,
then from (1.4.19) we infer that {tu; : t € [0,s;]} € Dis(C, x) forany i € {1,2} and for some
s1,52 € RT. We deduce that dim (aff Dis(C,x)) € {2,...,n+ 1} and by Lemma 1.4.32 we
infer H° (nor(C, x)) = oo, which is a contradiction.

To prove (iii), we notice that J" _} C(m) C No(C). Now assume that x € N (C), again
nor(C, x) contains at least two linearly indipendent unit vectors, so dim (aff Dis(C, x)) is at
least 2 and applying Lemma 1.4.32 we infer that x € U?n_:l() cim),

Remark 1.4.35. A conseguence, of Lemma 1.4.32 and Corollary 1.4.34, is given by the state-
ment:
if x € Np(C), then there exists u € 8" such that nor(C, x) = {u, —u}.

Again, if there exist uj, up € S" linearly indipendent such that nor(C,x) = {uy,us}, then
from (1.4.19) and by Lemma 1.4.32 we infer that x € C(m) for some m € {0,...,n—1}, which
is a contradiction since x € C(") (cf. Corollary 1.4.34 (ii)).

Lemma 1.4.36. Assume that C C R"*1 is closed, then the following statements hold.
(i) N1(C), Na2(C) and Neo(C) are Borel subset of C.
(ii) Given F a C?-diffeomorphism of R"*1, then

F(NZ(C)) = Nl(F(C)) fOT’i =1,2,00.

(iii) The multivalued function
nor(C,-)|Nz(C) : No(C) — P(S")

admits an H"-measurable selection vc : Np(C) — S" (namely vc(x) € nor(C, x) for every
x € Np(C)). Moreover,

ve(p) € Nor" (H"LC,p)  forevery p € Na(C). (1.4.24)
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Proof. To prove (i), we notice immediately that Neo(C), N1 (C) U Np(C) and 7 (nor(C)) are
Borel subsets of C (cf. Remark 1.4.33 and Corollary 1.4.34). Then, if we consider a countable
dense subset & of 5", our intention is to obtain the desidered result by proving that

X\ Noo(C) = N2(C), (1.4.25)

where X is the Borel subset of C defined as

X = U ﬂ U U Ck,(s,u,t,v)/

h=1 k=1 j=k (s,u,t,v)e]:;,’j

and
Fij = {(s,u,t,) e Q" x 7 x Q" x 9:h1<st<h,
|(s,u) = (t,v)| <j '} forh,jeNT.

To prove (1.4.25), let x € N,(C). Namely, we assume that there exists u € S" such that
Sc(x £ su) = s for some s > 0. If we consider {s; hreny C Q1 and {ug prenw C 2 such that

Oc(x % spuy)
Sk k—o0

Sy —s , upy ——u and
k—o0 k—o00

1,

we readily infer that x € X. Since x ¢ Neo(C) we deduce that N»(C) € X \ N (C). Now, let
x € X\ Neo(C). Namely there exists i € N so that, for every k € N, there exist an integer
my > kand (sg, ug, tr, vx) € QT X 2 x QT x 2 such that

dc(x + siuy)
Sk

dc(x — tvy)

—1| <kt
7%

_1|<k_1 7

1
Wl <site<h , [(siouk) — (boop)| < —.
my

Up to a subsequence we can assume that

uy ——ues" , vy—oved”
k—o00 k—o0

Sk—)SEIRjL , tk—)t€R+
k—o0 k—co
then we infer that 6 (x £ su) = s. Since x ¢ N1 (C) N Neo(C) and
7o (nor(C)) = N1(C) U N2(C) UNw(C), (1.4.26)

we deduce that x € Np(C), namely X \ Neo(C) € Np(C). From (1.4.25), since N (C) and X
are Borel subset of C, we conclude that N, (C) is a Borel subset of C. Then, from (1.4.26), also
N;i(C) is a Borel subset of C.

To prove (ii), we notice that F(C('”)) = F(C)(’”) for every m € {0,...,n} (cf. [54, Lemma
2.1]). Hence, from Corollary 1.4.34, we infer that

F(Nwo(C)) = Neo(F(C)) and  F(N;(C)) UF(Ny(C)) = Ny (F(C)) U Nz (F(C))

and if we prove that
, (1.4.27)

%)
F(N2(C)) NNy (F(C)) =@, (1.4.28)
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we conclude also that F(N;(C)) = Ny (F(C)) and F(N>(C)) = N»(F(C)). To prove (1.4.27)
assume that there exist x € N;(C), u € 8" and s > 0 such that Bs(F(x) £su) N F(C) = @,
namely Q1 N C = @ where Q4 := F~![By(F(x) £ su)] are two disjoint C2-regular domains
with x € 90, N9O_ and Tan(dQ4,x) = DF1(x)(u!) = Tan(dQ_,x) € G(n + 1,n) by
[14, 3.1.21]. Since Q)+ are C2-regular domains, so they satisfy the interior sphere condition”,
there exists r > 0 such that

Bi(x+rv)CQy and By(x—rv) CQ_,

where v € §" is chosen so that v~ = Tan(dQ), x) = Tan(dQ2_, x). Hence B, (x £ rv) N C = @,
namely a contradiction since x € Nj(C). Similarly, to prove (1.4.28), assume that there exist
x € C,v € §"and s > 0 such that Bs(x £50) NC = @ and F(x) € N;(F(C)). Namely,
Q1 NF(C) = @ where QO := F[Bs(x £ 5v)] are two disjoint CZ%-regular domains so that
F(x) € 904 N9Q- and Tan(0Q;, F(x)) = Tan(0Q_,F(x)) € G(n+1,n), again by the
C2-regularity of Q)+ we obtain a contradiction since F(x) € N; (F(C)).

To prove (iii), we intend to apply [10, Theorem III.6]. That is, if

N (G U) == {x € No(C) :nor(C,x) NU # @}

is an ‘H"-measurable subset of C for any open set U in 5", then the multivalued function
nor(C,-) : Np(C) — P(8") admits an H"-measurable selection v : Ny (C) — S" (in order to
apply [10, Theorem III.6], we notice that for any x € N,(C) the set nor(C, x) is compact and
hence complete). Let U be an open set in 5", we notice that

N>(C; U) = mp(nor(C) N (NL(C) x U)) (1.4.29)

where nor(C) N (No(C) x U) is a countably H"-rectifiable Borel subset of R"*!, hence with
o-finite H"-measure (cf. [36, Lemma 15.5 (1)]). Namely there exists a family {X;};en of H"-
measurable sets, with finite H"-measure, such that nor(C) N (N(C) x U) = U2, X;. Since
‘H" is a Borel-regular outer measure, for any i € IN we have that (cf. [19, Proposition 6.2 (ii)])

H"(X;) = sup {H"(F) : F C X;, Fclosed},

so there exists a sequence {F;};cn of closed subsets of X; such that H"(X; \ U]?"’:1 Fj) = 0.
Since any closed set in the Euclidean space is countable union of compact sets, there exists a
sequence {K;;}jcn of compact subsets of X; such that 1" (X; \ U}’il K;;) = 0, overall

H”([nor(C) N (N2(C) x U)] \ G Ki,j) =0.
ij=1

We infer that N»(C; U) is an H"-measurable subset of C, indeed from (1.4.29) we obtain

Ny (C;U) = |J mo(Kij) U ﬂo([nor(c) N (N2(C) xu)]\ Ki,]‘) :
ij=1 ij=1
where any 770 (K; ;) is compact and 719 ([nor(C) N (N2(C) x U) | \ U§i_; K; ;) is H"-negligible.
The proof of (1.4.24) follows immediately as a consequence of nor(C,x) C Nor(C,x)
(cf.[13, Theorem 4.8 (2)]) and Tan" (H" L C, x) C Tan(C, x) (cf. Remark 1.1.1 (7)), forany x € C.
The proof is complete. O

S1nterior sphere condition. Given () C RR" an open set, we say that () satisfies the interior sphere condition if
for every x € 9Q) there exist v € $"~! and r > 0 such that B,(x +rv) C Q, notice that x € 9B,(x + rv). The
interior sphere condition always holds if () is a Cz—regular domain (cf. [21, Remark 4.3.8]), in this situation we have
Tan(3Q), x) = Tan(dB, (x + rv), x) = v (the proof is the same as that performed for (4.1.7)).
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Chapter 2

Fine properties of W?"-graphs

2.1 Legendrian cycles over W>"-graphs

Suppose U C R" is an open set. We denote by WP (UI) (resp. Wlli)f (U)) the usual Sobolev
space of k-times weakly differentiable functions, whose distributional derivatives up to or-
der k belong to the Lebesgue space LP(U) (resp. L} (U)); cf. [20, Chapter 7]. We denote
by Vf and D'f the distributional gradient and the distributional i-differential of a Sobolev
function f.

Definition 2.1.1. Given U C R" open set and f € C°(U), we define T (f, U) as the set of x € U
for which there exists p € R", such that

fly) < f(x)+pe(y—x) foreveryyecU.

Definition 2.1.2. Given U C R" open set and f € CO(U), we define S*(f) (S« (f), resp.) as the
set of x € U where there exists a polynomial function P, of degree at most 2, such that P(x) = f(x)

and
fy)—Ply) _ (hminff(y) —Py)

lim su > —00, 78 ) .
P oy — P §

y—x ly — x|

We set S(f) to be the set of x € U where there exists a polynomial function P of degree at most 2
such that P(x) = f(x) and

tim LW = PW) _

y=x oy =P '
Remark 2.1.3. (On the Borelianity of I't (f, U), $*(f) and S.(f)).

To prove that T (f, U) € B(U), we define the sets
Ut(f,u):={ael:3L c hom(R%;R), f < Lonl,
L(a) = f(@), [VL]w <} forp>0.

Since T*(f,U) = U2, U™ (f,1), we conclude if we show that U™ (f,u) € B(U). To this
end, we first introduce the class, which we may assume to be non-empty without loss of

generality,
Ct(f,u):={L e hom(R";R): f <LonU, ||VL|e < u},

then we define the map
LT[f,u]:xeU—inf{L(x):LeC(f,u)} € RU{—oo}

and we notice that L7 [f, u] is upper semicontinuous. Indeed, the infimum of every collec-
tion of upper semicontinuous function, on a topological space, is upper semicontinuous (cf.
[49, (c) p-38]). Hence, we obtain the desidered result since one can readily prove that

Ur(fou) ={xeU:f(x)=Lf,pul(x)}.

To show that S*(f) € B(U), weassume f € C°(U) N leof (U), since (CO N W>")-functions

loc

are the object of our discussion. Then, by applying Lemma 2.1.9 and Lemma 2.1.17 (both of
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which are not related to the Borelianity of S*(f)), one can prove that (cf. Lemma 4.1.7 (ii))

f(8*(f)) = Ni(Cy), 2.1.1)
where Cr:= {(x,u) € Ux R :u < f(x)} is the cato-graph of f and

Ni(Cy) := {x € Cs : H%(nor(Cy,x)) = 1}.

From (2.1.1), since f is continuous and N1 (Cy) € B(U x R) (cf. Lemma 1.4.36 (i), we obtain
the desidered result. Similarly one can prove that Si(f) € B(U).

Remark 2.1.4. (Generalized Stepanoff theorem). The following generalization of Stepanoft’s
theorem (cf. [14, 3.1.9]) holds true. Recall some notation from [9]. Given U C IR" a bounded
open set, f : U — R bounded and a € U, we say that f € T%(a) if there exists an affine
function L : R” — R such that

L(a) = f(a) and limsupM < o0,

X—a |X - a|2
while we say that f € t2,(a) if a € S(f). By [27, Theorem 1] the following assertion holds:

assuming that f : U — R is bounded,
if f € T2 (y) for L"-a.e. y € U then f € t2(y) for L -a.e. y € U.

As an application of the generalized Stepanoff’s theorem we give the following.

Lemma 2.1.5. Given U C R" an open set and f € CO(U) such that

LU\ (ST (HNs()) =0,
then L"(U\ S(f)) =0.
Proof. Let us consider x € 8*(f) N S«(f), then there exist my, my € R such that

cSW) - fx) - Vfx)e(y—x)

m
' ly — x2

<mp foreveryy € B,(x)\ {x}.

Namely, the following implication holds
xeSH(f)NS(f) = feTil(x). (2.12)

Since we are assuming that S*(f) N S, (f) has full £"-measure in U, from (2.1.2) and by the
generalized Stepanoff’s theorem, we conclude that S(f) has full £"-measure in U. O

In the following lemma, using a standard approximation procedure, we extend the clas-
sical Alexandrov-Bakelmann-Pucci (ABP) estimate in [20, Theorem 9.2], which is stated for
C2-functions, to W"-functions.

Lemma 2.1.6 (ABP estimate). Given U C IR" an open set and f € CO(U) N W2 (U), then

diam(U) </ ) n)””
< dami2) detD?f|dL") .
il SR I ST

Proof. We choose a sequence { fy}reny C C*(IR") such that fy — fin W2*(V) and f; — f
uniformly on V, for every open set V compactly contained in U. Therefore, if V is an open
set compactly contained in U, we use [20, Lemma 9.2] to estimate

sup f < sup |f — fx| +sup fi
v v v

<SUP|f—fk|+supfk+(m(V)</ detszkdE”)l/n
v av a(n) I+ (fi,V)
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< sup |f — fil +SUP |f = fil +Supf

diam(V

a(n)
Let y := L£" | detD?f|. Employing [8, Lemma A.1] we have that

N U (fiV) ST V),

h>1k>h

1/n
W (/ | det Df — detD2f|d£”+/ |detD2f|d£”> .

and

u(T (£, V) (ﬂUr+fk, )

h>1k>n

= lim y( U Tt (fe )> > limsup u(I'* (f,, V) .

h—e0 k>h h—o0

Now we can pass to limit in the estimate above to conclude

diam(V L/
supf < supf+ ()1(/”)</1“+(fV) | detD* | d[l”)

for every V compactly contained in U, and the same inequality holds with V replaced by U.
The proof is complete. O

The next result asserts that a W2"'-function is pointwise twice differentiable almost ev-
erywhere. In particular, can be deduced from a more general result of Calderon-Zygmund,
asserting that functions in W>P(U) with p > % admit second-order Taylor expansion L£"-
a.e. on U (cf. [9] or [8, Proposition 2.2]). Alternatively, can be deduced from [15, Theorem
1.1], where almost everywhere twice differentiability is proved for a larger class of functions,
namely the strongly approximable functions. Here we provide a different proof of this result
for W?"-functions employing the method used by Trudinger in [59, Theorem 1] to treat the
second order differentiability of viscosity solutions of second order elliptic PDE’s. It is worth
noting that both methods are based on the classical Alexandrov-Bakelmann-Pucci estimate.

Theorem 2.1.7. Let U C R" bean open set and let f € CO(U) N W (U). Then £" (U\ S(f)) =

loc

Proof. Fix x € U and r > 0 such that B,(x) C U. For every positive integer k, we define

vk(y) = f(y) —k(ly—x* =r*) fory e U.
Noting that v;(y) = f(y) for y € 9B,(x) and vy > f + kr? on U, we apply Lemma 2.1.6 (with
f and U replaced by vy and B,(x)), obtaining
1/n
kr? +sup f < sup f+c(n)r (/ |detDzvk|d£”> .
B(x)  9B(x) I (06,8 (x)

Since D?vy(y) < 0 for L"-a.e.y € I'" (v, By(x)), we have that

| det D?v(y)| < %ItraceD%k(y)l"

1
= ﬁ|traceD2f(y) + 2kn|"
c(n)(|traceD*f(y)|" + k") for L"-a.e.y € T'* (vg, B (x)).

Therefore,

1/n
kr? + sup f < sup f+c(n (||traceD Fllins, x) +k£”(1"+(vk,Br( ))) )
B, (x) 9B, (x)



34 Chapter 2. Fine properties of W2n -graphs

Noting that for y € T'" (vy, B;(x)) there exists p € R" such that

fz) < fy) +klz— x> —kly —x|*+pe(z—y) forze By(x)

we easily infer that
I (o, Br(x)) € 8"(f) N By(x)

and

kr? + Slzp)f < aS‘tl(p)f#—c(n) r (HtraceD2f||Ln(Br(x)) +kL"(S*(f)N Br(x))l/n) .
B (x By (x

Dividing both sides by kr? and letting k — oo, we conclude that

L"(S*(f) N By (x)) .

rh

1<c(n) (2.1.3)

Since (2.1.3) holds for every x € U and for every r > 0 small enough, it follows from [14,

2.10.19 (4)] that
oS =0,
Since S, (f) = S*(—f), we also infer that L™ (U \ S«(f)) = 0. Therefore

LU\ (S (HNS(f)) =0,
whence the conclusion follows from Lemma 2.1.5. The proof is complete. O

Lemma 2.1.8. Given U C R" an open set and f € w},;j(u; IR¥), then f is (L" L U)-approximately

differentiable at L"-a.e. x € U with ap Df (x) = Df(x). In particular, there exists countably many
L"-measurable sets A; € U such that £ (U \ U2, A;) = 0and Lip(f|A;) < oo foranyi € Nx1.

Proof. This statement follows from classical pointwise differentiability properties of Sobolev
functions. Indeed, by [61, Theorem 3.4.2] (or [12, Theorem 6.1]),

tim =1 1)~ f() = DF(x)(y — )L () =0 (214)

r—0

for L"-a.e. x € U. Fix now x € U such that (2.1.4) holds, define also the affine function
Ly(y) := f(x) +Df(x)(y — x) for y € R" and notice that

LB IW B2 ) o [ 50) - L a2)

for every € > 0. Therefore, by (2.1.4) and [53, Lemma 2.7],
O"(L" Ay |f(y) — Li(y)| = 2¢|y —x|},x) =0 foreverye >0,

we conclude that f is (L" L U)-approximately differentiable at x with ap Df(x) = Df(x)
applying [14, p. 253] with ¢ and m replaced by £" L U and n. Now we can use [14, 3.1.8] to
infer the existence of the countable cover A;. The proof is complete. O

We now recall a result due to Ulrich Menne (cf. [37, Appendix B]), which provides the
basic oscillation lemma to establish the Lusin (N)-condition in Lemma 2.1.15.

Lemma 2.1.9 (Menne). Givena € R",r > 0, f € C°(B,(a)) N W?"(B,(a)), and g € C2(B,(a))
such that

g(a) = f(a) and f(x)>g(x), foreveryx € B,(a).

Then f is pointwise differentiable at a with Df(a) = Dg(a), and there exists a constant c(n),
depending only on n, such that

IDf — Df(a)|1r(B,(a)) < c(n)7 <||D2f”Ln(B,(a)) +r ||D28||L°°(B,,(a))) / (2.1.5)
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1f = Lallzo(B,(a)) < c(n) 7 (HDZfHL”(B,(u)) +r ||D2g\|L°°(B,(a))) ’ (2.1.6)

where Ly(x) := f(a) + Df(a)(x —a) for x € R".

Proof. In this proof we denote the average of a map / defined on (a subset of) R", with values
in some normed space Y, as follows

(h)g = J@/Shdc" ev.

We assume g = 0, noting that the general case easily follows from it. Therefore, f(x) > 0
for every x € By(a) and f(a) = 0. For each 0 < s < r, noting that (Df)p(,) is an homomor-
phism from R” to R, we define the affine functions A; : R” — R by

As(x) := (f)By(a) + (Df)p,(a) (x —a), forx € R"

and we notice that (f — As)p,(,) = 0 for each 0 < s < r. Since Df — (Df)p, (o) = D(f — As),
we apply Poincare inequality (cf. [20, (7.45) p. 164])

ID(f = As) I (By(ay) < €(1) 8 Dl a(p, (a))

and
1f = Asllpo B, (a)) < (1) % [ID* £l 1y (a))

for0 <s <r.LetT: W2"(Bs(a)) — W?"(B1(0)) be the linear map defined as
T(u)(x):=u(a+sx) forx e B1(0)
and notice that
IT ()l g, 0)) =~ el n(yay) + Dl By (ay) + I8 L (o a)

for u € W?"(Bs(a)). By Sobolev embedding theorem [20, Theorem 7.26] there exists a posi-
tive constant ¢(1), depending only on 7, such that

[l By (0)) < () |ullyn(p, o)) for u € W?"(By1(0)).

Therefore,

If — Asll L (B,(a)
= T(f — As) L=, (0))
< (M) T(f — As)llwan s, 0))

< c(n) (s f = Aslliasy @) + DU = A (o)) + IDP(f = A6) | o, ay))
<c(n) s |D*fll1a(p, (a)) -
For 0 < t < s we notice that
|As(a) — An(a)| < [|As = Al 1o (B (a)) < c(n) 8Dl (g, (a)) -
Since lim;_,9 A¢(a) = f(a) = 0, we conclude

|As(a)]| = lim[As(a) — Ar(a)| < c(n)s ID £l (B ) -

Moreover, noting that DA;(a)(a —x) = As(a) — As(x) < Ag(a) — As(x) + f(x) forx € B,(a),
we conclude

IDAs(a)|| = g1 sup DAs(a)(a—x)
x€Bs(a)
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<s7! sup [As(a) + (f — As)(x)]
xEBs(a)

<s7HAs(a)| + 57 f = Asllieay(a))
< c(n) D £l 11 (By(a) -

In conclusion, for 0 < s <7,

IDfllLr (Bo(a)) < DU = As)|l1n(By(a)) T D As|1r(Bo(a)
< c(n) s ID* £l (s, (ay) + c(n) s [DAs(a)
< c(n) s ID* £l 1B, (a)) -

1f Il (By(a)) < If = Aslleo(By(a)) + |As(a)] + [[DAs(a) |
< c(n) s |D*Fl (g, (a)) -

Therefore,

fats) —f@l oy Ifli=s)

lim sup
s—07T regn-1 S s—0t S

< e(n) lim D || e, =0,

which implies that Df(a) = 0. The proof is complete. O

Remark 2.1.10. It follows from Lemma 2.1.9 thatif a € S*(f) U Si(f), then a is a Lebesgue
point of Df, the map f is pointwise differentiable at a4, and

Df(a) =Df(a).
Definition 2.1.11. Let ¢ : R" — R"*! be the function defined by

Given an open set U C R" and a function f € CO(U) N W>"(U), we define

D (x) := (x,f(x),zp(Vf(x))) for every x € Diff(f).

Remark 2.1.12. Let S := {(z,t) € R* xR : [z]>+?> = 1,+ > 0}. Notice that ¢ is a
diffeomorphism onto S’ with inverse given by

go:(z,t)ESf’p—)—%E]R"

and |Dy(y)|| < 2fory € R".

Remark 2.1.13. Given U C R” an open set and f € CO(U) N W?"(U), we recall that
Vfis (L" L U)-approximately differentiable at £"-a.e. 2 € U, by Lemma 2.1.8. Moreover,
Vf =Vf L"ae. in U, by Remark 2.1.10. If a € Diff(f) and Vf is (£" L U)-approximately
differentiable at a, then @ is (L" L U)-approximately differentiable at 2 and

ap D@f(a)(t) = (7, Df(a)(1), Dy(Vf(a)) [ap D(V f) (a)(7)] )
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forevery T € R". In particular ap D®(a) is injective for L"-a.e.a € U and, recalling Remark
2.1.12 and noting that D(V f) = ap D(V f) by Lemma 2.1.8, we infer that

|lap D®¢[|"dL" < c(n)( L"(U) + .\|Df||”d£”+ ID*f||"dL" ) .
u u u

It follows that @ is a WL -map over U.

Remark 2.1.14. The following basic fact from measure theory is used in the proof of Lemma
2.1.15. Let (X, M, ) be a measure space, let C be a positive constant, and let { E; } ;e be a countable
family of sets in M such that H°({j € N : E; N E; # @}) < C for every i € N. Then, we have

;V(Ei) < CV(,-QEi> :

Indeed, let J; := {j € N : E;NE; # @} for i € N, and consider the disjoint family {A;};cn
in M defined by A; := Ej, A; :=E; \ U;;% Ajfori € Nx>p. Then UZ; A; = U2, E; and

wE) =Y u(ENUE) =Y u(EnU A)
j=1 j=1 i=1 j=1 i=1
=22 mENA) =3} wENA)
j=1i=1 i=1j€ef;
<Yy Yuay<cyua)=cu(Ua)=cu(UE).
i=1jef; i=1 i=1 i=1

The following result is proved using a Rado-Reichelderfer type argument; cf. [32] and
references therein.

Lemma 2.1.15. Given U C R" an open set and f € CO(U) N W' (U), then H" (®f(Z)) = 0 for
every Z C S8*(f) such that L"(Z) = 0.

Proof. Given u > 0 and V C U, we define X(V, i) as the set of x € V for which there
exists a polynomial function Q of degree at most 2 such that f(y) < Q(y) for everyy € V,
f(x) = Q(x), IDQ(x)|| < pand |D?Q|| < u. If D C U is a countable dense subset of U and
R(c) := {s € Q: Bs(c) C U} for every ¢ € D, then we notice that

oo

s hHeclU U Ux(Bile),i).

ceDseR(c)i=1

Hence, it is sufficient to show that " (®¢(Z)) = 0 whenever Z C X(U, u) with L"(Z) =0,
for some i > 0. Notice that f is pointwise differentiable at each point of the set X(U, j), by
Lemma 2.1.9.

Now we prove the following claim:

there exists c(n) > 0 such that,

forany p > 0,c € Uand 0 < r < 1such that Bs,(c) C U, we have
IDf (@) = Df(B) ]| < c(m) (IID?f |8y, (c)) + 1r) (2.1.7)
|f(a) = f(B)] < c(n) 7 (IDFll sy, (c)) + 1) » (2.1.8)
forevery a,b € X(U, u) N B,(c).
We fix a,b € X(U, u) N B,(c), a # b, and we define

_ |la—b _a+b
S := > and d:= >
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We notice that s < r,
Bs(d) - st(a) N st(b) and st(a) U st(b) C Bgr(C),
consequently it follows from (2.1.5) of Lemma 2.1.9 that
IDf — Df(e) B,y < IDf = Df(e)|ln(By(e))
< c(n)s (ID*flpn(py (o) + 15)
< c(n) s (IID?fllpn(y, (c)) + 1)

for e € {a,b}, whence we infer

a(n)'"s||Df(a) = Df(b)|| < [Df = Df ()|l 1n(sy(a)) + IDf = DF(0)l|n(e(ay)
< c(n) s (ID*fllpn(gy, (c)) + 1)
and (2.1.7) is proved. Moreover, combining (2.1.6) of Lemma 2.1.9 with (2.1.7)
|f(a) = f(b)]
<|If = LallzeoBy(ayy + ILf = Lollzeo(py(ay) +sIDf(a)[| +s IDF(D)|
< |If = Lallzo(By(a)) + I1f = Loll oo By (1)) + 207
< c(m) 7 (ID?fllrss, (e)) + 1)

we have obtained (2.1.8). B
We consider the function f x V f mapping x € Diff(f) into (f(x), Vf(x)) € R*"1. Then
it follows from (2.1.7) and (2.1.8) that

diam[(f x V£)(Br(c) N X(U, )] < c(n, 1) (ID*fll 8y, () +7) - (2.1.9)

Let Z C X(U, u) bounded and L£"(Z) = 0. Given € > 0, we choose an open set V C U such
that Z C V,and
LYV)<e, [ID*flfu) <e. (2.1.10)

WedefineR:Z -+ Randp:Z — Ras

dist(x, R" \ V)

R(x) := inf{l, 1 } forxe Z

p(x) := diam((f X Vf)(Br(x) (%) ﬂX(U,y))) forxe Z.

We notice that R is a Lipschitz function with Lip(R) < } and, noting that B; R(x)(x) C V for
every x € Z and combining (2.1.9) and (2.1.10), we obtain

p(x) < e, 1) (ID? £l (B ) + R()) < e, ) €l (2.1.11)
for x € Z. We prove now the following claim:

there exists C C Z countable such that
{Br(y)/5(y) : y € C}is disjointed,
zc Y Br(y)(v) and
yeC
H'({yecC: Bsr(y)(¥) N Bag(x) (x) # D}) < c(n), forevery x € Z.

Applying Besicovitch’s covering theorem [5, Theorem 2.17] (see also the remark at the begin-
ning of page 52), there exists a positive constant ¢() depending only on #, and there exist
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Z1,.. .,Zé(n) C Z such that

&(n)

Z< J U Bruys®)

i=1 x€Z;
and {Bg(y)/5(x) : x € Z;} is disjointed for any i € {1,...,¢(n)}. We now apply [14, Lemma
3.1.12]withS = Z;, U= Z,h = &, A = } and « = B = 15, to infer that

H'({ye z: Bsr(y)(¥) N Bsr(x) (%) # @}) <c(n) foreveryic {1,...,¢(n)}.

We define Z' := U Z,, and we notice that Z C ez Bg(y)/5(x) and

H'{yez: Bsr(y)(¥) N Bag(x) (x) # @}) <¢&(n)c(n) foreveryx e Z.

Now, we apply Vitali’s 5r-covering theorem [6, Theorem 2.2.3] to find a countable set C C Z’
such that the family {Bg(y)/5(x) : x € C} is disjointed and

Z C | Briy (%),
xeC

which proves the claim.

Denoting with ¢ the size § approximating measure of the n-dimensional Hausdorff mea-
sure H" of R?**1 (cf. [14, 2.10.1, 2.10.2]), and combining (2.1.11) with the claim above and
with Remark 2.1.14, we have

¢2c (n,p) el/”((fxvf ) ZP

yeC
5 n
< c(n, 1) ¥ (ID*F o By, ) + RO )
yeC ’
clu) B RO +lni) T [, D" 4"
yeC yeC

<c(np) ﬁ"(V)H(n,#)/VHDZfII”dﬁ”
c(n,p)e

IN

Letting € — 0, we deduce that H" ((f x Vf)

)) = 0. Since ®f = (1gut1 X ¢) o (f x Vf)
(cf. Remark 2.1.12), we conclude that H" (P ¢( O

(z
Z)) = 0. The proof is complete.

Remark 2.1.16. Given U C RR" an open set and a function f € CO(U) N WZZU’S(U), from the
proof of the above theorem we have that f x V f satisfies the Lusin (N )-property on S*(f).

It easly follows that the same property is satisfied by Vf and Vf. Furthermore, since
S«(f) = §*(—f), the previous results also hold on S, (f).

Lemma 2.1.17. Suppose U C R" is open, v > %, fe CO'V(U), xe U v eSS CR"xRsuch
that Bl (f(x) + sv) N f(U) = & for some s > 0.
Then v ¢ R" x {0}. In particular, this is always true for f € CO(U) N W™ (U).

loc

Proof. We prove the assertion by contradiction. Suppose 0 € U and f(0) = 0, hence there
exists c € U\ {0} such that

Bm“l()ﬁGzz and K_Bﬁl() (R x {0}) C U
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f(x)

/\/|c|2—|x—c|2
0

IRn

- graph(f)

Suppose L > 0 such that |f(x) — f(y)| < L|x —y|” for every x,y € K, and define

he(x) = 2/JcP — |x — o2 = £1/2c 0 x — [x]2

for x € K. Therefore, either . (x) < f(x) for every x € K, or f(x) < h_(x) for every x € K.
In both cases, replacing x with tc and 0 < t < 1, one obtains

H=27(2 — ) < [2|c|?12
for 0 < t < 1. This is clearly impossible, since 1 — 27y < 0. The proof is complete. O
Definition 2.1.18. Given U C IR" an open set and f : U — R, we define the cato-graph of f as
Cri={(x,u) eUxR:u< f(x)}

and
Ny :=nor(Cs) N (U x R x R").

Lemma 2.1.19. If U C R" is a bounded open set and f € CO(U) N W2 (U), then
NN (AxRxR"™) =& [ANS*(f)] (2.1.12)

forevery A C U, and
[, P = /u B(®s(x)) Ju®s(x) AL () (2.1.13)

whenever B : U x R x R"1 — R is an H"-integrable function. In particular, H"(Ny) < oo, and
ap D@ (x)[R"] = Tan" (H" L Ny, @f(x)) (2.1.14)
for L™-a.e. x € S*(f).

Proof. Suppose (z,v) € Ny such that z = (x, f(x)), withx € A, and B/ "} (z+sv) N Cy = &,
for some s > 0. Since v ¢ R"” x {0} by Lemma 2.1.17, we can easily see that there exists an

openset W C U x Rwithz € W, an open set V C U with x € V, and a smooth function
¢ :V — Rsuch that f(x) = g(x) and

WﬂBg+l(Z+SV) = {(y,u) S UXR:XGV/ u>g(y)}’

in particular f(y) < g(y) for every y € V. It follows that x € S*(f), that x € Diff(f) and
Df(x) = Dg(x) by Lemma 2.1.9. Noting that

(=Vg(x),1)
VI+[Vg(x)[?

we conclude (z,v) = ®¢(x) and Ny N (A x R x R"*1) C @¢(S*(f) N A).
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The opposite inclusion is clear, since for every x € S*(f) there exists a polynomial func-
tion P and an open neighbourhood V of x, such that P(x) = f(x) and P(y) > f(y) for every
yeVv.

/ graph(P)

“graph(f)

We prove now the area formula in (2.1.13). Since ® is a Wl'”—map (cf. Remark 2.1.13),
by the classical result in [9, Theorem 13], there exists a sequence

{¥;}ien C CHR™;R" x R x R"™) N Lip(R";R" x R x R"*1)
such that the following Lusin-type approximation holds
LYUN\UZ {x e U:Y¥i(x) =Ps(x)}) = 0.

We define A; as the set of x € S*(f) where ¥;(x) = ® #(x) and @ is approximately differ-
entiable at x, with ap D®¢(x) = DY¥;(x). Then we set

A=A, A = Ai\uj;ﬁj fori>?2 .

By combining Theorem 2.1.7, Lemma 2.1.8, [12, Theorem 6.3], Lemma 2.1.15 and (2.1.12)
LMU\UZ,A;) =0 and  H"(Np\ U2 ®f(A;)) = 0. (2.1.15)

Let B : U x R x R"™" — R be an H"-measurable non-negative function. Employing [14,
2.4.8,3.2.5], the injectivity of ®; and (2.1.15) we obtain

B ()47 = 1 [ BOFC) ¥y a2 ()

=Ly ) PO
= |, BRI W),

While, if 8 : U x R x R**! — R is H"-integrable, it is enough to apply the previous argu-
ment to the positive and negative part of 8. Choosing 8 = 1 we conclude that 1" (Ny) < co
and we deduce that Tan" (H" L Ny, (z,v)) is a n-dimensional plane for H"-a.e. (z,v) € Ny.
Let D; be the set of x € A; such that ©"(L"LR" \ A;,x) = 0, ap D®¢(x) is injective and
Tan" (H" L Ny, ®f(x)) is a n-dimensional plane. Noting [14, 2.10.19] and Remark 2.1.13, we
deduce that

H"(A;\D;) =0.
Since Tan" (L" L A;,x) = R" for x € D; and noting that ¥|A; is a bi-lipschitz homeomor-
phism onto ®¢(A;), we employ [51, Lemma B.2] to conclude

ap D®; (x)[R"] = DY¥;(x) [Tan™ (L" . A;, x)]
C Tan" (H" L ¥i(A;), Pf(x)) C Tan" (H" L Ny, Df(x))
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for every x € D;. Since Tan"(H" . Ny, @¢(x)) is a n-dimensional plane and ap D®((x) is
injective for every x € D;, we conclude that

ap D®(x)[R"] = Tan" (H" L Ny, ®f(x)) forevery x € D;.
The proof is complete. 0

Theorem 2.1.20. Given U C R" a bounded open set and f € CO(U) N W2 (U), then there exists
a Borel n-vectorfield 1 on N ¢ such that

(H" L N¢) A7 is a Legendrian cycle of U x R
and, for H"-a.e. (z,v) € Ny,
|7(z,v)| =1, 7 (z,v)issimple,

Tan" (H" L Ny, (z,v)) is associated with 7] (z,v)

and (cf. (1.0.2))
<[/\n7'[0] (ﬁ)(Z,V)) AV, dXi N N an+1> > 0.

Proof. Let {eq,...,e,} be the standard basis of R" and we use the symbols Dy, ... D, and

ap Dy, ...,ap D, for the partial derivatives and the approximate partial derivatives with re-

specttoey, ..., e,. Wenotice by [14, 3.1.4] thatap D;®f isa (L" L U)-measurable map for any

i€ {1,...,n}. Hence, by the classical Lusin theorem (cf. [14, 2.3.5, 2.3.6]) there exists a Borel

map &; : U — R""! x R"*! such that &; is (£ L U)-a.e. equal to ap D;® fori € {1,...,n}.
We define the n-current T € D, (U x R x R"*!) by

T(9) = [ (1(x) Ao A Eu(x), p(@4()) dL" () (2.1.16)
for every ¢ € D"(U x R x R"*1), by [14, 1.7.6] and Remark 2.1.13 we notice that
IT@)] < e(m) (£ () + 1 ) 19 i (rmocmoety -
We choose a sequence { f; }reny C C®°(U) NW2(U) so that fr — fin W2 (U), fi(x) — f(x)
and Dfi(x) — Df(x) for L"-a.e. x € U; cf. [20, Theorem 7.9]. Since @5, : U — U x R X R+

is a smooth proper map, if we consider the n-current E" := L" A (e; A ... Ae,) defined by
Lebesgue integration (with the canonical orientation of R"), we define

Ty = (5 )4(E" L U) € Dy(U x R x R*),

and we prove that
Te = T inD,(UxRxR"™M). (2.1.17)

Let ¢ € D"(U x R x R"*1). Then,

To(9) = /U<D1d>fk(x) Ao A DR (x), (P (x))) AL (),
and we estimate

|Te(¢) — T()| (2.1.18)
< /u |<D1<ka(x) Ao . ADp®p (x) = G1(x) AL A C”(x)/‘l’(q)fk(x))ﬂ AL" (x)

+/u [(G1(x) A A Eu(x), ¢(Pp (x) — @ (Ps(x))) | dL" (x)
< ||(PHL°°(U) /LI |D1<ka(x) VANRAVAN DnCIka(x) - él(X) VARV gn(X)| dﬁn(X)

+ [ 9(@(x)) = 9(@5 ()| 1y (1) L7 (x)
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Noting that ], @ € LY(U) (cf. Remark 2.1.13) and
[¢(Pf(x) = 9(@p, ()] Jn®s(x) < 2 Dll (xR Re) JnPp (%)
for £L"-a.e. x € U and for any k € IN, applying the dominated convergence theorem, we infer
13520/11 19(@4(x)) — (@, ()) || Jny(x) dL" (x) = 0. (2.1.19)
We observe that

D1®@s Ao . ADp®@p —G1 Ao ACn
= '7121@(1 A NG AN (Di®g, — &) ADip1®p Ao A D@y,
i=
and we use the generalized Holder’s inequality to estimate
[ ID1@g A ADUD — B AL A gL (2.1.20)
< il/u G A A G| & — Di®s| - [Dij1®p A A Dy | AL
i=

n i1 .
<Y [ llap D[ [lap Dy — Dy |- Dy

n—i

i=1

" i-1
<3 ([ lappay"ac) " - ([ lap Dy~ Dy azr) " ([ Doy acr)
i=1

Moreover, by (2.1.12),

1
n

/u||D<1>fk—apD®f||”d£”
< c(n) (/uHka—DfH"dE”—i—/u||D(1ponk)—D(lpon)H"dE")
<ctn) ([, 10T -7 e+ [ [Dp(esol" |02 - D" e
+ [ IDy(v )~ Dy(T )"+ D7) "ac”)
<t ([ 107~ D7) e + [ [D2f DR de”

+ [ IDy(v )~ Dy(w )"+ [P " ac”)

and _
lim [ [Dy(Yf) ~ Dy(VA)|" - D" dL” = 0

by dominated convergence theorem. Consequently ||[D®; —D®||1x ;) — 0, and combin-
ing (2.1.18), (2.1.19) and (2.1.20) we obtain (2.1.17).

Since 0Ty = 0 for every k € IN, we readily infer from (2.1.17) that 9T = 0.

Define G := [®f|S*(f 7N ¢ — U and notice that G is simply the restriction on Ny of
the linear function that maps a point of R**! x R"*! onto its first n coordinates, in particular
G is a Borel map (recall that Ny is a Borel set). We employ Lemma 2.1.19 to see that

T(¢) = /Nf<?;'[c(z,v)},¢(z,v)> dH"(z,v) forany ¢ € D'(U x R x R™1)  (2.1.21)
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where € : U — A, (R"1 x R"*1) is the Borel map defined as

=2 v Ci(x) AN ACa(x)
6(x) = () A A En(2)]

Then we define the Borel mapping

forx e U.

7y €eNp (E0G)(y) € AR xR,
(#"

and we infer that Tan" L Nf, (z,v)) is associated with 7 (z,v) for H"-a.e. (z,v) € Ny by
Lemma 2.1.19, and (H" L N¢) A 77 is a Legendrian cycle by Lemma 1.4.27.

Finally, denoting by {ey, ..., e, } the canonical basis of R” and by Xj, ..., X;, 1 the coordinate
functions of R"*! ~ R" x R, we use Remark 2.1.13 and shuffle formula (cf. [14, p. 19]) to
compute

([An 0] (B(0) A9(VF(x)),dX0 A AdXopi1)

_ ]nq)lf(x) (e, DLf(x)) A A (e Duf () Ap(VF(x)),dX1 A ... AdXys1)
X1 ($(VF(x))) )
= 17 (x) >0 forL'aexel.
The proof is complete. O

Remark 2.1.21. Let U C R" be a bounded open set, f € CO(U) N W2"(U) and T :=graph(f).

First, we denote by ﬁ’Nf the Borel n-vectorfield 7/ introduced in Theorem 2.1.20, and by @Jf

the map @ given in Definition 2.1.11. Then, if we consider the epi-graph of f
Ef:={(x,u) e UxR:u> f(x)},

also the W'"-mapping

D (x) = (x,f(x), —tp(Vf(x))) for every x € Diff(f)

and
My :=nor(Ef) N (U x R x R"1). (2.1.22)

Similarly to Lemma 2.1.19 and Theorem 2.1.20, one can prove that
Mg (AxRxR") = @, [ANS.(f)] forevery ACU (2.1.23)
and there exists a Borel n-vectorfield 7 i ,on Mg, such that
(H" e M) A ﬁ’Mf is a Legendrian cycle of U x R, where H" (M) < oo. (2.1.24)

Furthermore, for H"-a.e. (z,v) € My, we have |77y, (z,v)| =1, ’7Mf (z,v) is simple, also
Tan" (1" My, (z,v)) is associated with 77, (z,v) an

([Anmo] (T m,(z,v)) Av,dXa Ao AdXypa) > 0.

Now, if we define
N(T) :=nor(T) N (U x R x R**1), (2.1.25)

we readily infer that
N(T) :NfUMf and NfﬂMfI@ (2.1.26)

and, from (2.1.12) and (2.1.23), we deduce that

nor(I N (A x R x R"™1) = @F[ANS*(f)] U @ [ANS.(f)] (2.1.27)

Py
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for every A C U. In particular, given Z C T such that H"(Z) = 0, then

N(T)LZ =nor(T) (n(Z) x R)
= @/ (n1(2)NS*(f)) U (m(Z) N S.(f))

where 77 is the canonical projection on the first n-components (hence £ (71(Z)) = 0). Then,
since CIJJT and o satisfies, respectively, the Lusin (N)-property on S*(f) and S.(f) (cf.

Lemma 2.1.15 and Remark 2.1.16), we conclude that H"(N(T') L Z) = 0. Namely, N(T') satis-
fies the Lusin (N)-property on T. Furthermore, the Borel n-vectorfield

it = 7NN, + Tmlm, onN(T) (2.1.28)
satisfies, for H"-a.e. (x,v) € N(T'), the following properties:
|7r(z,v)| =1, 7r(zv)issimple,
Tan" (K" L N(T), (z,v)) is associated with 71(z,v),
([Aumo] (Tr(z,v)) Av,dXy AL AdXpqq) > 0. (2.1.29)
Overall, from Theorem 2.1.20, (2.1.24) and (2.1.27), we conclude that:

Np:= (H"CN(T)) A 7 is a Legendrian cycle of U x R, where
N(T') has finite H"-measure and satisfies the Lusin (N)-property on T (2.1.30)

We denote ANt as the Legendrian cycle associated with T .

2.2 The support of Legendrian cycles

Given C C R""!, we define Unp(C) as the set of x € R"*1\ C such that there exists an unique
y € Cwithdc(x) = |y — x|. We define also the nearest point projection §¢ as the multivalued
function mapping x € R"*! onto

Sc(x):={aeC:la—x|=dc(x)}.

Notice that §¢|Unp(C) is single-valued and we define

veln) = 35 and el i= @elx)ve(),

for x € Unp(C). It is well known that, if x € R"*1 \ C and é( is pointwise differentiable at x,
then x € Unp(C) and Vd¢(x) = ve(x) (cf. [13, Theorem 4.8 (3)]). In particular, Rademacher
theorem ensures that

£+l (]R"“ \ (CU Unp(C))) = 0. (2.2.31)

Moreover, the mappings ¢, V¢ and §¢ are continuous functions over Unp(C) and it is easy
to see that

nor(C) = ¢ (Unp(C)) . (2.2.32)
We also define

pc(x):=sup{s>0:8c(a+s(x—a)) =sdc(x)},

for x € R"™\ Cand a € £c(x). This definition does not depend on the choice of a € £c(x),
the function pc : R"*1\ C — [1, 0] is upper-semicontinuous and we set

Cut(C) := {x e R"!\ C:pc(x) =1}
(cf. [28, Remark 2.32 and Lemma 2.33]). Finally we define

S¢(C):=={x e R"™ :6c(x) =t} fort>0
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and we recall from [24, Lemma 4.2 (53)] that
H"(S¢(C) NUnp(C) NCut(C)) =0 foreveryt>0. (2.2.33)

We are ready to prove the following lemma.

Lemma 2.2.22. IfC C R""! and W C R"*1 x R™*1 is an open set such that W Nnor(C) # @,
then H" (W Nnor(C)) > 0.

Proof. Since nor(C) # @, from (2.2.32) we deduce that R"*!\ C # @. Furthermore, it fol-
lows from the continuity of i that 1[161 (W Nnor(C)) is relatively open in Unp(C). That is,
there exists an open set V C R"*! such that
gc' (WNnor(C)) = VN Unp(C)
from which it follows that the open set V N (R"*1 \ C) non-empty. Since we have that
VA (R™1\C) = (VN Unp(C)) U (V N [R™1\ (CU Unp(C))])
=" (WnNnor(C)) U (V N [R"™1\ (Cu Unp(C))])
then, from (2.2.31), we infer
£t (tpgl (wn nor(C))) >0.
Now we consider dc € Lip(R"*1) and we notice that
J16c(x) = |Vdc(x)| = [ve(x)| =1 for £ ae.x € R"M\ C
then, if we define T := =' (W Nnor(C)), by coarea formula (cf. [14, 3.2.11]) we obtain
0<LUT) = [ be(x)dcmt (x)
_ /O+°° H (TN {bc = 1})dLY(t) = /0+°° H' (TN S(C)) ALl ().
Then there exists T > 0 such that H" (T N S¢(C)) > 0 and we use (2.2.33) to conclude
H"((TNS(C)) \ Cut(C)) >0
namely
H'(TNS(C)N{pc > 1}) = I}LrEOH”(TﬂST(C) N {pc >1+ %}) >0,
consequently there exists s > 7 such that
H'(TNS(C)N{pc >s/t}) >0.

Since P¢|S+(C) N{pc > s/t} is a bi-lipschitz homeomorphism by [24, Theorem 3.16], we
conclude that

" (1pc(Tﬂ S+(C) N {pc > s/T})) >0

and if we notice that
Pc(TNS(C)N{pc >s/1}) Cpc(T) = WNnor(C)

we obtain the desidered result. The proof is complete. O
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Remark 2.2.23. Let us consider the positive measure y := H" L nor(C), where C C R"*! is
an arbitrary set. By virtue of Lemma 2.2.22, we deduce that

u(B22(z)) >0 foreveryz € nor(C)andr > 0.
Overall, since
spt(p) :== (R"™ x 8")\ {z € R""! x " : Ir > 0 such that u(B*'*%(z)) = 0},
we infer that nor(C) C spt .

For the next proof we recall that, for a subset C C R"t! the normal cone Nor(C, z)
(cf. [14, p. 3.1.21]) coincides with the cone of regular normals of C at z introduced in [46,
Definition 6.3] (and denoted there by N¢(z)), while nor(C, z) is the cone of proximal normals
of unit length of C at z defined in [46, Example 6.16].

Lemma 2.2.24. Suppose U C R" is open and f € CO(U) such that ¥V f (Diff(f)) is a dense subset
of U x R". Then N(T) is dense in T x S", where T := graph(f) and N(T') is given in (2.1.25).

Proof. First, we observe that
$(Vf(x)) € Nor(T, f(x)) forevery x € Diff(f).

Since 1 is a diffeomorphism of R" onto S and f is continuous, the set ®¢(U) is dense in
I' x 5% (¢ and P are given in Definition 2.1.11). Consequently we infer that N is dense in
I' x 8% by standard approximation of regular normals (cf. [46, Exercise 6.18 (a)]), where Ny
is given in Definition 2.1.18. With the same argument we deduce also that M is dense in
[ x S , where My is given in (2.1.22). Overall, from (2.1.26), we conclude that N(T') is dense
inl' xS O

Fu, in [15, p. 2260], observed that there exist a continuous function f, as in Lemma 2.2.24,
that belong to W2 (U). Consequently, combining Lemma 2.2.22, Lemma 2.2.24 and Remark
2.1.21, we conclude that:

there exists n-dimensional Legendrian cycles (of open subsets on R" 1),
whose support has positive H*"-measure .

To prove this assertion, first we consider I' = graph(f) (as subset of R"*!) and we employ
Remark 2.2.23 to deduce that

nor(I') C spt (H" Lnor(T)) .

Then, if we consider the Legendrian cycle of U x R, associated with I' = graph(f) and given
by (cf. (2.1.30) in Remark 2.1.21)

Nr - (%HLN(F)) A 7])1",
we readily infer that (cf. [56, p. 135])
N(T) C spt (H"Lnor(T)) N (U x R x R"*1)

= spt (H"LN(T))
= spt(ANr) CT x 8".

In conclusion, since N(T') isdense in I’ x §" (cf. Lemma 2.2.24), we infer that spt(Ar) =T x S"
and applying Eilenberg’s inequality (cf. [14, 2.10.25]) we obtain the desidered result, namely

H¥ (spt(Nr)) = H>"(T x S")

> cn) [ A (F(U)  {u}) a1 (w)
> c(n) £(U) H"(S") > 0.
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This answers a question implicit in [43, Remark 2.3].

2.3 The Lagrangian cycle of W2"-functions

We introduce the notion of Monge-Ampere functions.

Definition 2.3.25 (Symplectic 2-form). The exterior derivative of the contact 1-form a of R" is
called the symplectic form w := da. It is a constant 2-form in R" x R", acting as

((y,v) A\ (z,w),w) :=vez—wey foreveryy,v,z,w € R".

Definition 2.3.26 (Lagrangian current). Let (O C IR" x IR" be an open set and let k > 2 be an
integer. A current S € Dy(Q) is called Lagrangian if S w = 0.

Definition 2.3.27 (Monge-Ampere functions). Given an open set U C IR", we say that a function
f e Wrl(U) is Monge-Ampere if there exists an integer multiplicity locally rectifiable n-current S

loc

on U x R", such that:
(i) S =0;
(ii)) SLw =0;
(iii) ||S||(K x R"™) < oo for every K C U compact;
(iv) S(pdXi A...NdXy) = [;¢(x, Vf(x))dL"(x) for every ¢ € C(U x R").

The following uniqueness theorem, proved by Fu in [16] for locally Lipschitzian func-
tions and later generalized by Jerrard in [26], guarantees that the current S above is uniquely
determined by the given conditions.

Theorem 2.3.28 ([16, Theorem 1.1],[26, Theorem 4.1]). Suppose U C R" is open and S is an
integer-multiplicity n-dimensional rectifiable Lagrangian current in U x R", with no boundary in
U x R", such that ||S||(K x R") < oo for every K C U and

S(pdX1 N...NdX,) =0 forevery ¢ € C°(U x R").

Then S = 0.
Hence, if f € W1 (U) is Monge-Ampere and S satisfies (i)-(iv) above, we write [df] := S.

loc Ml
If f € C2(U), then [df] = Vf4(E"_U) (where E" := L" A (e A... Aey) denote the n- current
in R" defined by Lebesgue integration, with the canonical orientation of IR") and

@71@) = [ (MDD (e A Aew), ¢(x, TF(x))) AL (x)
= | (e, DOV ()ea) A e, D) (X)ew). 9 (x, VF(x))) L (x)

for every ¢ € D"(U x R").

Lemma 2.3.29. Let U C R" be an open set. Every f € W2 (U is a Monge-Ampere function and

loc

[df](¢) = /u<(81,D(Vf)(x)81) A (en, D(Vf)(x)en), ¢(x, VF(x))) dL" (x)
for ¢ € D"(U x R?).

Proof. Given f € W2 "(U), first we notice that (cf. [14, 1.7.6])

loc

|(e1, D(Vf)(x)er) A...A (e, D(VF)(x)en)| < (1+ [D(VF)(x)[)" for L"-ae.x € U.

Moreover the expression

5(¢) 1= [ ((eu DIVA)I(er) Ao A (e DV F) (x)en) ¢ (3, VF (1)) 4L (x),
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for ¢ € D"(U x R"), defines a n-dimensional current S € D, (U x R"). To prove it, we
consider { ¢ hxeny € D™"(U x R") and ¢ € D"(U x R") such that there exists a compact set
K C U x R", where {spt(¢x) }xenw € Z(K), spt(¢) C Kand

D" ¢r — D*l| (k) ) o 0 for any multi-index & € N™

(namely ¢ — ¢ with respect to the canonical LF-topology). Since

(VF)'(K) € mo(K) cc U,
if we define

alg, ¢](x) := ((e1,D(Vg)(x)er) A... A (en,D(Vg)(x)en),¢(x, Vg(x))) for L"ae. xeU

whenever ¢ € W>"(U) and ¢ € D"(U x R"), we deduce that

loc
IS(CPk)—S(qv)IS/UIa[f,m( —alf, ¢](x)|dL"(x)

< gk = llex) /(fo)fl(K) (1+ID(VS)(x)I)" dL"(x) — 0.

k—o0

We infer that S is a continuous linear operator with respect to the canonical LF-topology,
namely S € D, (U x R").
Now we show that f is Monge-Ampere and [df] = S. We choose a sequence { fi ren In

C®(R") such that fy — f in W (U), Vfi(x) — Vf(x) and D(Vf)(x) — D(Vf)(x) for
L"-a.e. x € U, hence as in the proof of Theorem 2.1.20 (cf. estimate (2.1.18)) we infer that
[dfe](¢) — S(¢) for every ¢ € D"(U x R"). Namely S is a Lagrangian cycle and satisfies
(iv) above, by definition. To check the previous (iii), we notice that given ¢ € D" (U x R")

and V CC U, an open set with spt(¢) C V x R", then

S@)] < [ lalf,gx)] 4L x)
<9l [, (1 IDVAE))"4L"(x) < oo.
The proof is complete. O

Theorem 2.3.30. Given U C R" an open set and f € CO(U) N leof(u), then the area formula
holds for the mappings V f, namely

H"(VF(E)) = /E IV fac" (2.3.34)

for every L"-measurable set E C S(f). Moreover V f (S(f) NK) is H"-rectifiable for every K C U
compact,

[df] = [H" VF(S(f))] A (7 5o o) (2.3.35)
where the n-vectorfield 177  1s defined as
N _ (er,D(Vf)(x)er) A... A (en, D(Vf)(x)en) Y
) = e, DV A (wer) A A (en DV ()] 7 E TN

and

H" (Vf((S*(f) US.(f)) \S(f))) = 0. (2.3.36)

Proof. First we prove (2.3.34). Since Vf € W1 " (U;R"), by the classical result in [9, Theorem
13], there exists a sequence {®;}ien C Cl(]R" R") N Lip(R";R") such that the following
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Lusin-type approximation holds
LUUNUZ {x € U: Pix) = VF(x)}) =

We define A; as the set of x € S(f) where ®;(x) = Vf(x) and Vf is approximately differen-
tiable at x, with ap DV f(x) = D®;(x). By combining Theorem 2.1.7, Lemma 2.1.8 and [12,
Theorem 6.3], we deduce that A; has full £"-measure in the set {xeU:®i(x) =Vf(x)}.
Now, if we define the following sequence of disjoint sets

A=A, and A, :=A; \Ul 14; fori>2,
it follows that £" (U \ U2, A;) = 0. Moreover (taking into account of Lemma 2.1.8)

JnVf(x) = |(e1,D(Vf)(x)er) A... A (en, D(VS)(x)en)|
= |(81, DCIDi(x)el) VAN (en, DCDZ( en)| = ]n l-(x) (2337)

for L"-a.e. x € A; and for every i € IN. Then, for every L"-measurable set E C S(f), since
V satisfies the Lusin (N)-property on S(f) (cf. Remark 2.1.16), by applying [14, 3.2.3 (1)
and 2.4.8] and (2.3.37), we obtain

HI(TF(E)) = B (VFE\UZ,A)) + Y H' (VF(EN A)

i=1

- g[EmA,- In®idL" = /E]"vifdﬁn '

Again, since V f satisfies the Lusin (N)-property on S*(f) U S« (f) (cf. Remark 2.1.16), it
follows that (2.3.36) is a consequence of Theorem 2.1.7.

Now, we prove that Vf(S(f) NK) is H"-rectifiable for every compact set K C U. We
consider the map ¥ : R” x R x 8. — R" x R", defined as ¥ (x,t,u) := (x, ¢(u)), where ¢
is given in Remark 2.1.12. From (2.1.12), we obtain

VE(S(f)) = (Fo@p)(S(f)) S ¥(Ny)

where Ny is countably H"-rectifiable. This implies that V£ (S(f)) is countably H"-rectifiable.
To show that H" (Vf(S(f) NK)) < oo for every compact set K C U, we apply the area for-
mula (2.3.34).

To prove (2.3.35), by applying [14, 2.4.8 and 3.2.5] and (2.3.37), we obtain the following

[dfl(@) = | (e, D(Vf)(x)er) A... A (en, D(Vf)(x)en), ¢(x, V£(x)))dL" (x)

()
- 2 (7 (0 @z‘(x)))/4>(5i<x))> Ju®;i(x) dL" (x)

Aj

8 o —

3 \

=2 [y 0 (o) g a0

1

= V7(30())<17f(7ro(y))/<i!>(y>>dH”(]/)

for every ¢ € D"(U x R"). The proof is complete. O

Remark 2.3.31 (Roskovec example). The Lusin (N)-property does not generally hold for
Sobolev mappings in the critical W!"-case. In fact, Tomas Roskovec (cf. [48]), using a Cesari-
type construction, provides an example of a function f € C!([—1,1]") such that

Ve WY ((-L,1)%RY)  and  [-1,1)" € VA([-1,1] x {0}"71).

In other words, V f isa (C® N W)-regular vector field, but it does not satisfy the Lusin (N)-
property since it maps a segment into an n-cube. Naturally, Vf([—1,1] x {0}"~!) will also
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have positive H"-measure. Taking into account that V f satisfies the Lusin (N)-property on
S(f), we deduce that

H(VF(=L D\ VFS()) = H' (VF(-1,1] x {0} ) > 0.
Overall, from representation (2.3.35), we conclude the following;:

[df] is carried by V £ (S(f)),
and it is not possible to replace V f (S(f)) with Vf(U),
even if f were C'-reqular.
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Chapter 3

Fine properties of W%"-domains

3.1 Reilly-type variational formulae for W>"-domains

In this section we study the structure of the unit normal bundle of a W?"-domain (see The-
orem 3.1.7), and we prove the variational formulae for their mean curvature functions (see
Theorem 3.1.15). The latter extends the well known variational formulae obtained by Reilly
in [45] for smooth domains. As a corollary Minkowski-Hsiung formulae are also proved; cf.
Theorem 3.1.17.

Definition 3.1.1 (Viscosity boundary). Suppose QO C R"*1 be an open set. We define 9%.Q) to be
the set of all p € 9} such that there exists v € S" and r > 0 such that

B (p+m)nQ=0 and B!f'(p—rv) C Q.

[Notice {p} = 0B/(p + rv) N9B,(p — rv).] Clearly for each p € 0%.Q) the unit vector v is unique.
This defines an exterior unit-normal vector field on 99 (),

7o 8 a?er — G,

We recall the notion of second order rectifiability. Suppose X C R" and y is a positive
integer such that H#(X) < oo. We say that X is H"-rectifiable of class 2 if and only if there
exists countably many u-dimensional submanifolds ¥; C IR™ of class 2 such that

H(x\Uzm) =0.
i=1
Lemma 3.1.2. Suppose X C R"*1 is H"-measurable and H"-rectifiable of class 2, and v : X — S"
isa (H" . X)-measurable map such that
v(a) € Nor"(H"LX,a), forH"-ae.acX. (3.1.1)

Then there exist a countable family of measurable sets X; C X such that H" (X \ U2, X;) = 0
and Lip(v|X;) < oo; moreover, v is (H" _ X)-approximately differentiable at H"-a.e. a € X and
ap Dv(a) is a symmetric endomorphism of Tan" (H" L X, a).

Proof. Let {¥;};cn be a family of n-dimensional C?-hypersurfaces such that
H'(X\ U2 %) = 0. (3.12)

For eachi € IN, let 75; : £; — S" be a unit normal C'-vectofield to ¥;, which, whitout loss of
generality, we assume to be Lipschitz continuous. We define

>F = {aeL;NX:n(a)=+xv(a)} forieN. (3.1.3)

By the rectifiability and the locality property of approximate tangent spaces (cf. (1.1.4)) and
Remark 1.1.1 (i), for every i € IN, we obtain

Tan(H" L X,a) = Tan" (H" L %;,a) = Tan(%;,a) €e G(n+1,n) (3.14)
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for H"-a.e. a € £; N X. Finally, combining (3.1.1), (3.1.3) and (3.1.4), we deduce that
H'((ZNX)\(ZfUZ)) =0 foreveryie N

and from (3.1.2), it follows that H" (X \ U2, (X UZ;)) = 0.
From the rectifiability of the sets £:" and since Lip(v|Z") < +o0, we apfly [14,3.2.19] to
conclude that v is (#" L £ )-approximately differentiable at H"-a.e. a € X", where

ap Dv(a) : Tan" (H" L X, a) — Tan" (H" L £, a)

and Tan" (H" L £, a) € G(n + 1,n). Furthermore, applying [14, 2.10.19 (4)], we infer that

@"(H" X \ZF,a)=0 forH"-ae.acXf, (3.1.5)
and we deduce that v is (#" L X)-approximately differentiable at #"-a.e. a € Zii, where

ap Dv(a) : Tan"(H" L X,a) — Tan" (H" L X, a)
and Tan" (H" L X,a) € G(n +1,n). Again by (3.1.5), we infer that

OH" {xeZNX:y(x) #+v(x)},a) =0
for H"-a.e.a € Zl.i, where

ap Dv(a) = +£Du;(a)|Tan” (H" L X, a) .

Hence, the simmetry of ap Dv(a) follows directly from the symmetry of the Weingarten map
Dy;(a)|Tan(Z;, a). The proof is complete. O

We introduce now the class of W2"-domains.

Definition 3.1.3. (W?"'-domains). An open set QO C R"*1 is a W2"-domain if there exists a pair
(QY, F), that satisfies the following properties:

(i) Q' C R"™ 1 is an open set such that for each p € 9QY there exist € > 0, v € S", a bounded
open set U C v+ with 0 € U and f € CO(U) N W2"(U) with f(0) = 0 such that

+b4+tv:bel —e<t<fO)=ON{p+b+tv:bel, —e<T<E€};
p p

(ii) F is a C>-diffeomorphism defined over an open set V.C R"*1, where O C V;
(iii) F(QY) = Q.

Remark 3.1.4. This class of domains is invariant under images of CZ—diffeomorphisms, which
is clearly a necessary condition in order to provide a natural framework to generalize Reilly’s
variational formulae. We do not know if we really need to introduce the diffeomorphism F
in the definition above; in other words, if () belongs to the class S of domains satisfying
only condition (i) of Definition 3.1.3, is it true that F(Q)’) belongs to S t00?

We collect some basic properties of W2"'-domains.
Lemma 3.1.5. If Q C R"" is a W>"-domain, then the following statements hold.
(i) H"(9Q2\ 95.Q2) = 0and K N0QY is H"-rectifiable of class 2 for every compact set K C R"+1.
(ii) For H" a.e. p € 0Q),

Tan" (H" L 90, p) = Tan(dQ), p) = va(p)*.
(iii) For every p € 09.Q),

Tan" (L™ L Q, p) = Tan(Q, p) = {v € R"" 1 vevn(p) < 0}.
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Proof. Suppose Q) = F(Q)'), where ()’ and F are as in Definition 3.1.3. Clearly, F(9Q)') = 9Q)
and F(05.Q)) = 9%.Q). Therefore, assertion (i) follows from Theorem 2.1.7, Theorem 5.3.3 and
Remark 5.3.4.

If p € 950, we have Tan(9Q), p) C v(p)+; since Tan" (H" L Q) p) C Tan(9Q), p) for
every p € dQ) and Tan" (H" L 0Q), p) is a n-dimensional plane for H"-a.e. p € (), we obtain
(ii). Finally it follows from definitions that Tan(Q, p) = {v € R"*! : vevn(p) < 0} and
Tan" (L1 L Q, p) = {v € R*! :vevq(p) < 0} for every p € 09.Q. O

By Lemma 3.1.2 the map vq is (H" L 9Q))-approximately differentiable with a symmet-
ric approximate differential ap Dvg(x) at H"-a.e. x € 9Q). Consequently we introduce the
following definition.

Definition 3.1.6 (Approximate principal curvatures). Suppose QO C R"*! is a W2"'-domain.
The approximate principal curvatures of Q) are the R-valued (H" L 0Q))-measurable maps

Xoja, - Xan
defined so that Xq1(p) < ... < X, (p) are the eigenvalues of ap Dv(p) for H"-a.e. p € 0L

We prove now the main structure theorem for the unit normal bundle nor(Q) of a W"-
domain.

Theorem 3.1.7. Given Q) C R"*! a W2"'-domain, then the following statements hold.
(i) H"(Va(Z)) = 0 whenever Z C 95 Q with H"(Z) = 0.
(ii) H" (nor(Q) \ 7 (99.Q2)) = 0.

(iti) kqi(x,u) = Xqi(x) foreveryi € {1,...,n} and for H"-a.e. (x,u) € nor(Q). In particular,
Kkq,i(x,u) < oo for H"-a.e. (x,u) € nor(Q2).

(iv) If 9Q) is compact, then H" (nor(Q))) < oo and there exists an unique Legendrian cycle T of

R"1 such that
T=(H"Lnor(Q)) AT,

where 7] is a (H" L nor(QY))-measurable n-vectorfield such that
|7 (x,u)| =1, 7 (x,u)issimple,
Tan" (1" Lnor(Q), (x, u)) is associated with 77 (x, )

and
([Anro] (77 (o, u)) A, dXy Ao Ad Xy i) >0,

for H"-a.e. (x,u) € nor(Q). In this case 7 = {1 A ... A {n, where

T Ti) , forie{l,...,n}

1
gi = ( 5 T, >
Ji+rh, 1+,
and {7y (x,u),...,Tu(x,u)} is an orthonormal basis of u such that
T, u) A AT(x,u) ANu=e A...Neyi1,

for H"-a.e. (x,u) € nor(Q2).

Proof. Suppose Q) = F(Q)'), where () and F are as in Definition 3.1.3. We recall the definition
of ¥ from (1.3.13) and notice that

Yr(nor(Q')) =nor(Q), (3.1.6)

by [54, Lemma 2.1]. Since F(95.Q)') = 0% (), we readily infer from (3.1.6) that

Yr(x, vy (%)) = (F(x),vQ (F(x))) for every x € 9.QY
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and
Yr (VQ/ (P_l(S))> =7n(S) foreveryS C o9 Q). (3.1.7)

To prove the assertions in (i) and (ii) we notice, firstly, that they are true for () as a
consequence of Lemma 2.1.15 and (2.1.12) of Lemma 2.1.19; then we apply (3.1.6) and (3.1.7).

To prove (iii) we first employ Lemma 3.1.2 to find a countable family of H"-measurable
sets X; € 09.Q) such that H"(0Q \ Ui2; X;) = 0 and Lip(vg|X;) < oo for every i € IN;
then we define Y; to be the set of x € X; such that vq is (H" L 0Q))-approximately differen-
tiable at x, Tan" (H" L 90, x) and Tan" (K" L nor(Q), 7 (x)) are n-dimensional planes, and
O"(H" Lo\ X, x) =0.
We notice that 7 |X; is bi-lipschitz and, since Tan" (%" L nor(Q)), (x, u)) is a n-dimensional
plane for H"-a.e. (x,u) € nor(Q)), we conclude that

H'(X;\Y;) =0 foreveryi € IN.

It follows from (i) and (ii) that

Tt

" (nor(Q)\ VQ(Yi)) —0. (3.1.8)

i=1

We fix now x € Y;. Then there exists amap g : R"*! — R"*1 x R"*! pointwise differentiable
at x such that g(x) = Vq(x), " (H"LoQ\ {g =7n}, x) = 0and

ap DV (x) = Dg(x)|Tan" (H" L 9Q), x) .
Noting that ap DV (x) is injective, g|X; N {g = UV} is bi-lipschitz and
Tan" (H" L0Q), x) = Tan" (H" L X; N {g =Vn},x),
we readily infer by [51, Lemma B.2] that
ap Dvg(x) [Tan" (H" L 9Q), x)| = Tan" (1" L nor(Q), v (x)) .
Hence, if {7y, ..., T, } is an orthonormal basis of Tan" (H" L 9Q), x) with
ap Dvg(x)(7) = Xqi(x)t; forie{l,...,n},

we conclude that

Ko,i(x T i N
{<\/1+XQZ \/1+on ) =i }}

is an orthonormal basis of Tan”(H" L nor(Q), vV (x)). Since x is arbitrarily chosen in Y;,
thanks to (3.1.8), we deduce from the uniqueness stated in Lemma 1.4.20 that

ka,i(x,u) =Xq,i(x) for H" ae. (x,u) € nor(Q)).

Finally we prove (iv). By Lemma 1.4.20 we can choose maps {1y, ..., T, } defined H"-a.e.
on nor(QY) such that {1y (x,u),..., T (x,u),u} is an orthonormal basis of R"*1,

T (X, u) Ao ATy(x,u) ANu=e; A... Neyyq for H'-ae. (x,u) € nor(QY) (3.1.9)

and the vectors

KQ/
HEANE (x,u)
1+ xqyi(x,u)? 1/1+1<Q/ x, u)?

forie {1,...,n}
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form an orthonormal basis of Tan" (%" L nor(QY'), (x,u)) for H"-a.e. (x,u) € nor(QY). Then
we define

—>/

7 =N A,

and notice that
|7 (x,u)| =1, 7 '(x,u)issimple,

Tan” (1" Lnor(QY'), (x,u)) is associated with 77’ (x, 1)
and (cf. (1.0.2))
([Namo] (7" (x,u)) AN, dXy Ao AdXpiq) >0 (by (3.1.9)) (3.1.10)

for H"-a.e. (x,u) € nor(Q'). If p € 30, e > 0,v € S", U C v is a bounded open set with
0 € Uand f € W»"(U) is a continuous function with f(0) = 0 such that

{p+b+tv:bel —e<t<f(b)} = NCye,
where Cyp = {p+b+tv:be U, —t <t <t} forany0 < t < +oo, then we observe that
Ny = nor(QY') N (Cy,e x S")

where N¢ := nor(C¢) N (Cpeo X 8") and Cy := {p+b+71v:b € U —c0 <7 < f(b)}. It
follows from (3.1.10) and Theorem 2.1.20 that 7 /| [nor(QY’) N (Cy,e x S")] is H"-a.e. equal to
a Borel n-vectorfield defined over nor(Q)’) N (Cyy e x ") and

(H" L [nor(Q") N (Cue xS AT

is a n-dimensional Legendrian cycle of Cij.. Therefore, we define the integer multiplicity
locally rectifiable n-current
T := (H"Lnor(QY)) AT’

and we conclude by Lemma 1.3.5 that T’ is a Legendrian cycle of R" 1.
We define now i := ¥ |nor(Q)’) and, recalling (3.1.6) and noting that

ap Dy (' (y,0)) = DY¥r(yp ' (y,0)) (3.1.11)
for H"-a.e. (y,v) € nor(Q)), we define

= AnapD Ly, o)) ]77! 71( o)
17 (y,0) = Anap lﬁc(,rlfﬂ,)(y >)1] 7'y (y,0)
Jn l/)(l/)_ (%U))
for H"-a.e. (y,v) € nor(Q). Since ¥r is a diffeomorphism we have that 77 (y,v) # 0 for

H"-a.e. (y,v) € nor(Q)). We now apply [14, 4.1.30] with U, K, W, &, G and g replaced by
R x R*™1, 90Q) x §", nor(QY'), ¥r and ¢ respectively. We infer that

(TF)#[(HH I_nOI'(Q/)) A 1_7>/] = (7—[” Lnor(Q)) A 7
and that |77 (y,0)| = 1 and Tan" (H" Lnor(Q), (y,v)) is associated with 7 (y,0) for H"-a.e.

(y,v) € nor(Q). Clearly (H" .nor(Q)) A 7 is a cycle, and [(H" Lnor(Q)) A 7] La = 0by
Lemma 1.4.27. Finally, since 7y (x, u) A ... A Ty (x,u) = (—1)" %u and

[Awrto] (7 (¥e(x,u)) )

_ <m1 (1_[ ! ) [DF(x) (71 (x, 1)) A... A DE(x) (ta(x, u))]

Ino (x,u) \i=1 /1 + Ky i (x,u)?

= (ﬁ ! )[Amxm*u)

P it /1 e (u)?
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for H"-a.e. (x,u) € nor(QY'), it follows by Remark 3.1.8 below and (3.1.6) that either
([Anmo] (7 (y,0)) Ao, dXq Ao AdXyyq) >0 for H'-ae. (y,v) € nor(Q)

or
([Aumo] (7 (y,v)) Ao, dXy AL ANdXpy1) <O for H'-a.e. (y,v) € nor(Q).

This settles the existence part in statement (iv). Uniqueness easily follows from the defining
conditions of T and the representation of 7 follows from Lemma 1.4.20.
The proof is complete. O

Remark 3.1.8. Let x: R*"*! — A, R"*! be the Hodge-star operator, taken with respect to
e1N...Aeyyq (cf. [14,1.7.8]). We notice thatif u € §" and {7, ..., T, } is an orthonomal basis
of ut suchthat u ATy A... AT, = e A... e, 1, then it follows from the shuffle formula
[14, p. 18] that

*U=T|AN...\Ty.

Using this remark, we prove that:
if F: R"™ — R™1 is a diffeomorphism, then either
([AnDF(x)] (*u) A (DF(x)"1)*(u),dX1 A ... AdXyi1) > 0
for every (x,u) € R"™ x 8", or
([AnDF(x)] (*u) A (DF(x)")*(u),dX1 A ... AdXyi1) <0
for every (x,u) € R" x 8",

By contradiction, assume that there exists (x,u) € R"! x §" such that
([AuDF(x)] (*u) A (DF(x)"1)*(u),dX1 A ... NdXp11) =0

and choose an orthonormal basis {7q,..., T, } of u- sothat u ATy A... AT, =€y A... Ney 1.
Therefore, DF(x)(11) A... A DF(x)(t:) A (DF(x)~1)*(u) = 0 and, since {DF(x) ()}, are
linearly independent, we conclude that there exists ¢y, ...,c; € R such that

(DE(x) ™) (u) = zl DF(x)(%;).

Applying DF(x)~! to both sides and taking the scalar product with u, we get
[DF(x)~' o (DF(x)"1)*](u) eu =0,
whence we infer that (DF(x)~!)*(u) = 0, a contradiction.

Definition 3.1.9. Given QO C R™1 a W>"-domain, we denote by Nq the Legendrian cycle given
by Theorem 3.1.7 (iv).

Remark 3.1.10. The proof of Theorem 3.1.7 (iv) proves that if F : U — V is a C>-diffeomorphism
between open subsets of R"t! and Q is a bounded W2"-domain such that QO C U, then

(Yr)#(Na) = Nrq) -

Definition 3.1.11 (r-th elementary symmetric function). Suppose r € {1,...,n}. The r-th
symmetric function o, : R" — R is defined as

1
O’r(tl,. . .,tn) = T) Z t/\(l) e t/\(r) ,
r )\GAn,r
where Ay, y is the set of all increasing functions from {1,...,r} to{1,...,n}. We set

oo(tr, ..., tn) =1 for(t1,...,ty) € R".
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Definition 3.1.12 (r-th mean curvature function). Suppose QO C R"*1 is a W?"-domain and
r € {0,...,n}. Then we define the r-th mean curvature function of () as

Ho,(2) = 0r(X0,1(2), ... Xau(2)),
for H" a.e. z € oQ.
Lemma 3.1.13. If Q C R"*! is a bounded W?"-domain, then

n

Wae @) = (1) [ Hox®) glxv0(x) 4202
for every ¢ € C®°(R"1 x R"*1) and k € {0,...,n}.
Proof. We know by Theorem 3.1.7 (iv) that
Na=H"tnor(Q))A (LI A ATy)-
Noting that

(@) mo(x,u) = ! for H"-a.e. (x,u) € nor(Q)),

i=1 /1 +xq,(x,u)?

]nor
n

we employ Theorem 3.1.7 (iii) to compute

NaLe,—i)(¢) = <Z> /nor(Q) Tror() zro (2, 1) (x, 1) Hey g (x) dH™ (x, 1),

whence we conclude using area formula for rectifiable sets in combination with Theorem
3.1.7 (ii) and Lemma 3.1.5 (i). O

Definition 3.1.14 (r-th total curvature measure). If O C R"*! is a bounded W?"-domain and
r€A0,...,n}, we define

A(Q) = /BQ Ho,y dH".

Now we can quickly derive the following extension of Reilly’s variational formulae (cf.
[45]) to W?"-domain.

Theorem 3.1.15. Suppose QO C R+ is a bounded W"-domain and {Ft}ic(—epe) is a local varia-
tion of R" 1 with initial velocity vector field V. Then

%Ak,l(Ft(Q)) =n—-k+1) /an va(x) e V(x)Hqox(x)dH" forke {1,...,n}

and

a
dt
Proof. Combining Remark 3.1.10 and Lemma 3.1.13 we obtain

AH(B(Q))‘[:O ~0. (3.1.12)

[(YE)sNa] (@u—k+1) = NE ) (@nks1) = (k i 1) A1 (R ()

fork € {1,...,n+ 1}. Hence we use Lemma 1.3.11 and again Lemma 3.1.13 to compute

n

RN (i) =k (}) [ V0 #v0(0) Hou) a0

fork e {1,...,n} and

SR (g0)|_ =0.

The proof is complete. O
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Remark 3.1.16. If Q is a C?-domain, then (3.1.12) follows from the Gauss-Bonnet theorem.
The validity of the Gauss-Bonnet theorem for bounded W?"-domains is an interesting open
question, and (3.1.12) seems to point to a possible positive answer.

The following integral formulae can be easily deduced from Theorem 3.1.15 by a stan-
dard procedure.

Corollary 3.1.17. If Q) C R"*! is a bounded W?"'-domain and r € {1,...,n} then
Hq, xd?—i”x:/ xevn(x) Ha,(x)dH"(x).
| Hop (@) ar () = [ xeva(x) Ho, (x) a1’ (x)
Proof. We consider the local variation F;(x) = e'x for (x,t) € R" x R and we notice that
Tan" (H" L 9Q), x) = Tan" (H" L F(9Q), F(x)),

e (F(x)) =va(x) and  Xp ) (Fi(x)) = e " Xq(x),

for H"-a.e.x € 0 and i € {1,...,n}. Therefore, we compute by area formula

and we apply Theorem 3.1.15. O
Corollary 3.1.18. Suppose QO C R" 1 is a bounded W?"-domain, k € {1,...,n} and

Hqi(z) >0 forie{0,...,k—1} and for H"-a.e. z € 9Q). (3.1.13)
Then there exists P C 0Q) such that H"(P) > 0and Hq x(z) # 0 for z € P.

Proof. Suppose Hq x(z) = 0 for H"-a.e. z € 9Q2. Then we can employ Corollary 3.1.17 (with
r = k) and use (3.1.13) (for i = k — 1) to infer that Hn ;1 (z) = 0 for H"-a.e. z € 9Q). Now
we repeat this argument with ¥ = k — 1 and i = k — 2 to infer that Hq x_5(z) = 0 for H"-a.e.
z € dQ), and we continue until we obtain that Hn o(z) = 0 for H"-a.e. z € 9Q), which means
H"(0Q)) = 0. Since the latter is clearly impossible, we have proved the assertion. O

3.2 Sphere theorems for W>"-domains

The results in the previous section in combination with the Heintze-Karcher inequality proved
below can be used to generalize classical sphere theorems to W?"-domains.

Theorem 3.2.19 (Heintze-Karcher inequality). Suppose QO C R"*! is a bounded and connected
W2"_domain such that Hq1(z) > 0 for H'-a.e. z € 9€), then

(e LN € [ e ().

Moreover, if Hny1(z) > %]‘or H"-a.e. z € 0Q) then () is a round ball.

Proof. We define ()’ := R"*!\ () and notice that Q' is a W?"-domain. Since 99.Q) = 99.Q)
and vy = —vq, it follows from Theorem 3.1.7 that

H" (nor(QY)\ {(z, —va(z)) :z € 95Q}) =0,

and
—X0,i(z) =Xy i(z) = kv i(z, —va(z))  for H'-ae.z € 97Q).
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Therefore .
Y kv i(z,u) = —nHpa(z) <0 for H'-ae. (z,u) € nor((Y) (3.2.14)
i=1

we infer from Theorem 1.4.26 and area formula for rectifiable sets [14, Theorem 3.2.22 (3)]

n+1)LQ) < nor(0Y) /1 zZ,U " dH"(z,u
( ) ( ) nor(QY) Ju 0( ) | 2?:1 KQ’,i(Zl Ll)| ( )
1
= ——dH"(z). 3.2.15
20 HQ/l (Z) (Z) ( )
We assume now that Hp 1(z) > % for H"-a.e. z € dQ). Then, we observe that
H"(0Q2)
n . > —
H <{z €00 :Hni(z) > (1+¢€) T 1) () }) 0 foreverye >0,

otherwise we would obtain a contradiction with the inequality (3.2.15) (cf. proof of [24,
Corollary 5.16]). This implies that

H"(00))

n_
E 1) L) for H"-a.e. z € 0Q),

Hoa(z) =

whence we infer that (3.2.15) holds with equality. Recalling (3.2.14) we deduce from Theorem
1.4.26 that Q) must be a round ball. O

Theorem 3.2.20. Suppose k € {1,...,n}, A € Rand Q C R""! is a bounded and connected
W2"-domain such that
Hqi(z) >0 forie{0,...,k—1}, (3.2.16)

Hox(z) = A (3.2.17)
for H"-a.e. z € 0Q). Then Q) is a round ball.

Proof. Combining Theorem 3.1.17 and divergence Theorem for sets of finite perimeter (it is
clear by Lemma 3.1.5 that () is a set of finite perimeter, whose reduced boundary is H"-a.e.
equal to the topological boundary) we obtain

/m Hop1 dH" = A /BQ x o va(x) dH" (x) = A(n+1) £1(Q) (32.18)
and we infer that A > 0. Hence we deduce from [24, Lemma 2.2] and Corollary 3.1.18 that
Hoi1(z) > ... > Hog 1(2)F1 > Hoi(z)F = Ak >0 (3.2.19)
for H"-a.e. z € Q). By (3.2.19)
| Hoxr(2) a1 (z) = A7 927 (00)
and combining with (3.2.18) we obtain
An+1) L7H(Q) > A'F 1 (20).

Since A > 0, we obtain from (3.2.19) that

H"(0Q2)

Hn1(z) > 1) L7 ()

for H"-a.e. z € 9Q) (3.2.20)

and we conclude applying Theorem 3.2.19. O
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Remark 3.2.21. Hypothesis (3.2.16) in Theorem 3.2.20 can be replaced by the following as-
sumption:

0,0k (X (z),..., Xan(z)) >0  foreveryi € {1,...,n}and for H"-a.e.z € 9Q2. (3.2.21)

Assume (3.2.21) in place of (3.2.16). First, using [50, eq. (1.15)], we obtain
1 n
Hog-1(2) = £ Y 9iok(Xaa(2), .- Xau(z)) 2 0
i=1

for H"-a.e. z € 00). Then, as in (3.2.18), we deduce that A > 0. Finally, applying [50, Propo-
sition 1.3.2], we recover (3.2.16).
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Chapter 4

Fine properties of F,,IW>"-sets

4.1 Introduction to F,W?"-sets

We introduce the class of F,W2"-functions following Ambrosio, Gobbino and Pallara (cf.
[4]), who developed an idea of De Giorgi.

Definition 4.1.1. (F,W>"-functions). Given Q0 C R"*! an open set and a function L : O — N,
we say that L € F,W?™(Q) if for any z € {4 > 0} there exist an open neighborhood U C Q of z,
also a positive integer q(z) and a family {Fi}?fl) of subset of R"*1, such that

(2)
L(x) = qZ; 1r,(x) foranyx e U (4.1.1)
i=1

where every I'; satisfies the following property:

there exist p; € T;NU, n; € ", a set V; open in iyl-l so that0 € V;,
fi € CO(V;) N W2 (V;) such that f;(0) = 0 which also induces the map
fiix e Vi x+ fi(x)y; € R,
in such a way that
r;NnU=f(V;)+p;. (4.1.2)

We say f; a graph function of T; N U, on V.

Remark 4.1.2. Given U C R"*! a bounded open set and f € C°(U) N W?"(U), we consider
I' := graph(f). Since f satisfies the Lusin (N)-property (cf. Remark 5.3.4), then applying
Theorem 5.3.3 we infer that I' is H"-rectifiable of class 2.

Definition 4.1.3. (F,W?"-sets). We say that a closed set S C R"*1 is a F,W?"-set if
S={t>0},

for some 1 € FyW2"(IR"+1). Moreover, we say ¢ multiplicity function of S.

Remark 4.1.4. Equivalently, a closed set S C R"*! is a F,W?"-set if for every z € S there
exist a positive integer g(z), an open neighborhood U C R"*! of z (it is not restrictive to
assume that U is bounded) and a family {F,}?:Zl of subset of R"*! such that

q(z)
Snu=JTnu, (4.1.3)
i=1
where every I'; N U coincides with the graph of a (C° N W2")-function.

Definition 4.1.5. (#/2>"'-sets). We say that that a closed set S C R"*1 is a #*"-set if there exists
a pair (S', F), that satisfies the following properties:

(i) S’ isa F,W?"-set;
(ii) F(S') = S, where F is a C?-diffeomorphism of R"*1,
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Remark 4.1.6. Given S a #>"-set with associated pair (S’, F), let us assume that in an open
neighborhood U C R™1 of z € S’ holds (4.1.3). Then, we have

Tan(S, F(z U Tan(F(T;), F(z)) (4.1.4)

where every I'; N U coincides with the graph of a (C° N W?")-function. To prove (4.1.4),
first we notice that |J{ 9z )Tan (F(I';),F(z)) C Tan(S, F(z)). In fact, from (4.1.3) it immediately
follows that Tan (F(F ), F( )) C Tan(S, F(z)) foreveryi € {1,...,4(z)}. Now let us consider
u € Tan(S, F(z)) NS", hence there exists {z;}jen C S\ {F(z)} such that

z; — F(z
zj — F(z) and i —Flz) , u.
Jj—o0 |Z] — F(Z)‘ Jj—o0

Since S N F(U) is a finite union of F(T;) N F(U), it follows that there exist h € {1,...,4q(z)}
and {zj, }rew C {zj}jen such that {zj, }rew C F(T,) \ {F(2)} where

z;. —F(z
zj, — F(z) and % (2)
K koo |Z]'k—F(Z)| k—o0

namely u € Tan(F(T;), F(z)). Hence Tan(S, F(z)) C U7 =) Tan(F(T;), F(z)).

Lemma 4.1.7. Given U C R" an open set, f € CO(U) N W?"(U), T := graph(f) and x € U,
then the following properties hold.

(i) Let g € C>(U), assume that f(x) = g(x) and T is contained either in the epi-graph or in the
cato-graph of g. Then, if we introduce ¥. := graph(g), we have that

Tan(T,z) = Tan(%,z) wherez := f(x) = g(x). (4.1.5)
(ii) I we consider Eg and Cy, respectively the epi-graph and the cato-graph of f, we have that
F(S*(f)NS(f)) = No(T), (4.1.6)
f(8*(f)) = Ni(Cs) and  f(S.(f)) = N1(Ey).

Proof. About the proof of (i), since ¥ is a C?-regular graph and therefore satisfies the two-
sides sphere condition!, we infer that there exists v € 5" and s > 0 such that

Bs(z+sv)NT =@ and Bs(z+sv)NEZ=Q
more specifically, to prove (4.1.5), we show that
Tan(T,z) = Tan(X,z) = v+, (4.1.7)

First, applying Lemma 2.1.17, we deduce that v ¢ R" x {0}. Then, by the implicit function
theorem, there exist § > 0, 1 € C%(Bs(x)) and an open neighborhood V C U x R of z, such
that V N dBs(z + sv) = graph(h), h(x) = z and (up to a sign)

_ (=Vh(x),1)
V14 |Vi(x)]?

ITwo-sides sphere condition. We say that the graph T, of a continuos function f, satisfies the two-sides sphere
condition if for every x € T there exist v € $"~! and r > 0 such that B, (x + rv) C Ef and B,(x — rv) C Cf, where
E f and Cy are, respectively, the epi-graph and the cato-graph of f. The two-sides sphere condition always holds if
T'is a C?-regular graph (cf. [21, Remark 4.3.8]), in this situation we have Tan(T, x) = Tan(9B,(x & rv),x) = v* (the
proof is the same as that performed for (4.1.7)).
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Therefore, by Lemma 2.1.9 and [14, 3.1.21], we conclude that
Tan(T,z) = Df(x)[R"] = Dg(x)[R"] = Tan(Z, z)

and
DF (x)[R"] = Dh(x)[R"] = {(v, Vh(x) #v) : 0 € R"} = vt

About the proof of (ii), we only show (4.1.6) and similarly one can prove that
F(S*(F)) = Ni(Cy) and  f(8:(f)) = Ni(Ey).

To prove f(S*(f) NS«(f)) € Na(T'), we consider an arbitrary x € S*(f) N S.(f) and we set
z:= f(x). Then, from the definitions of S*(f) and Si(f), we infer that z € N»(T') U N (T)
and, by the statement (i), we deduce also that Tan(I',z) € G(n + 1,n). Therefore, we obtain
a contradiction if z € Neo(T'). In this situation, in fact, since nor(T’,z) C Nor(T,z) N S" (cf.
[13, Theorem 4.8 (2)]), we infer that

0o = H%(nor(T,z)) < H°(Nor(T,z) NS") = 2.

Overall z € N»(I'), which is the desidered result.
Now we show that Nx(T') C f(S*(f) N S«(f)). Assume that x € Np(I'), namely x € U
and there exist v € §" and s > 0 such that

Bitlz£sv)NT =@ and =/ (B!t (z£sv)) CU (4.1.8)

where z := f(x) and 7’ denotes the canonical projection on the first 7 components (in the
continuation, we denote by 7" the canonical projection on the last component). Applying
Lemma 2.1.17 we also deduce that v € §" \ (R" x {0}), namely 7r”(v) # 0. Our goal is to
prove that

Bi*l(z—sv) CCy and BY™'(z+sv) CE;  (orvice versa), (4.1.9)

where, respectively, C; and E are the cato-graph and the epi-graph of f. Indeed from (4.1.9),
by the implicit function theorem (remember that 7" (v) # 0) and the Taylor expansion, we
infer No(T') C £(S*(f) NS« (f))-

If (4.1.9) does not hold, we deduce that B! *1(z — sv) and B/ ™! (z + sv) are both contained

in C for in E s otherwise we contradict (4.1.8). So, it si not restrictive to assume that
B/*!'(z+£sv) CE; and n"(v) >0.

Then, if we focus our attention on B! *1(z — sv), we notice that:

1. x =7n'(z) € 7/ (B! (z — sv)) ;

2. forevery & € {y € 9B (z—sv): (y—z+sv)ee, 1 <0} we have

f(x)=n"(z) =" (z—sv) +sn"(v) > 7" (z—sv) > 7" (¢);
3. since B*!(z —sv) C Ey, we have

fly) <min{teR:y+te, 41 € B (2 —sv)} foreveryye n’(ggﬂ(z —sv));

hence, if we consider z € 9B/ *1(z — sv) such that
{y€ Bl (z—sv): (y—z+sv)ee, 1 <0} N () (x) = {z},

we contradict the graphicability of f since f(x) > 7n”(Z) > f(x). The proof is complete. [
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Definition 4.1.8. Let S be a F,W?""-set and let us assume that (4.1.3) holds in an open neighborhood
U C R of z € S. We define the map

IT:xeSnUw—{ie{l,....q(z)}:xeT;NnU} € N. (4.1.10)
Remark 4.1.9. We notice that H°(Z(x)) = ¢(x) for every x € SN U.

Now we collect some fine properties of #>"-sets.

Lemma 4.1.10. Given S a ¥ %"-set with associated pair ES !, F) and assume, in an open neighbor-
hood U C R"*Y of z € &', that there exists a family {T;}] 7‘1) of subset of R"*1 such that

q(z)
S'nu=J@Tnu, (4.1.11)
i=1

where every T; N U coincides with the graph of a (C° N W?™)-function. Then:

(i) KNS is H"-rectifiable of class 2 for every compact set K C R"*1;

(ii) nor(S) satisfies the Lusin (N )-property, namely

ZC8 st H'(Z)=0 = H"(nor(S)LZ) =0;

(iii) If (w,v) € nor(S), then Tan(S,w) = v+ ;

(iv) Neo(S) = QD;

(v) H"(N:(S)) =0;

@) 1 (S nu) \UE (Na(r) nu)) = 0;

(vii) giveni € {1,...,q(z)}, we define v; : Np(T;) N U — S" in such a way that the following is

satisfied
nor(I;, x) = {vi(x), —vi(x)} forx e No(I;) NU.

Then, for H"-a.e. x € 8’ N U, we infer that
vi(x) = vj(x) and B! (xLvi(x))NS =@ forsomes >0

whenever i,j € I(x). Moreover, for H"-a.e. (x,u) € nor(S’) . U, we have

q(z)
Lor(r) (%, 1) = £(x) Lnor(sr) (2, 1) 4.1.12)
i=1
therefore
(2)
H ([ (J nor (') U} \ [nor(8”) U]) =0; (4.1.13)
i=1

(viii) H" (S \ Na(S)) = 0.

Proof. Since F(S") = S, the assertion (i) follows from (4.1.11) and Remark 4.1.2.
To prove (ii), we consider the Cl-diffeomorphism

Yy (x,y) c ]Rn—l-l NS LN (F(x), (DF(X)_l)*(]/) > c ]Rn+1 % "

for which we have (cf. [54, Lemma 2.1])

Yr(nor(S")) = nor(S).



4.1. Introduction to F,W?"-sets 67

Hence, for every set Z C R"t1 we deduce that
H' (nor(S) . Z) = H" (¥r(nor(S") L F71(2)) )

then, to prove the Lusin (N)-property on nor(S), it is enough to prove the same property on
nor(S’). To this aim, let us consider an arbitrary z € S’ and we choose an open neighbor-
hood U C R"*! of z such that (4.1.11) holds, then we readily infer that

q(z)
nor(8") LU C | J nor(T;) L U. (4.1.14)
i=1

Hence, from (4.1.14) and (2.1.30), we deduce that

q(z)
H" (nor(8")L(UNZ)) < ;H”(nor(ri)L(umz)) =0

for every H"-negligible set Z C S. Since U is arbitrarily chosen, the Lusin (N)-property on
nor(S’) easily follows.

Now we prove (iii), hence we choose (w,v) € nor(S), where w = F(z). There exist an
open neighborhood U of z and {Fi}?(zl) such that (4.1.11) holds and

—

z)
SNFU) = q (F(Ty) NE(U)),

i=1

where every I'; N U is the graph of a (C° N W?")-function. We claim that, if i € {1,...,4q(z)}
such that z € T; N U, then Tan(F(T;),w) = v'. This clearly proves (iii), since (cf. (4.1.4))

q(2)
Tan(S,w) = | Tan(F(T;), w)
i=1

and Tan(F(T;), w) = @if w ¢ F(I;) (indeed w € F(U) and F(I;) is a closed set in F(U)). If
z € T'; N U, then there exists r > 0 such that

B (w+rv) N (F(T;) NF(U)) = @.

The domain Q := F~![B/" (w + rv)] is C?-regular, z € 00 and Tan(9Q), z) = DF~1(z)(v+)
by [14, 3.1.21]. Since QO NT; N U = @, it follows from Lemma 4.1.7 (i) that

Tan(T;,z) = Tan(9Q), z),
namely Tan(T;,z) = DF~!(z)(v'). Again by [14, 3.1.21], we infer that
Tan(F(T;),w) = DF(z)[Tan(T},z)] = v*.

Clearly (iv) follows from (iii).

Now we prove (v) and (vi). To show that %" (N;(S)) = 0, since N1(S) = F(N1(S’)) (cf.
Lemma 1.4.36 (ii)), it is enough to prove that H"(N;(S’)) = 0. Let us consider an arbitrary
z € 8§’ and we choose a bounded open neighborhood U C R"*! of z such that

q(z)
S'nu=JTnu),
i=1

where every
LinU = fi(V;) +pi
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for some V; openin - with0 € V;, p; € I; N U, f; € CO(V;) N W"(V;) with £;(0) = 0 and
fiix € Vi x+ fi(x)y; € R™L.

Therefore, for every i € {1,...,4(z)}, by Lemma 4.1.7 (ii)) we have that

N(T) U C F((S AUS )\ (S'(F) N S-(f) ) + b

and by Theorem 2.1.7 and Remark 5.3.4 we infer

(N (T7) 1 U) < H" (ﬂ((s%m US.(f)\ (S*(£i) 08*(fz~>))) =0.

Noting that Ny (") N U € U Ny (T;) N U, we obtain that H" (N (8") N U) = 0. Since U is
arbitrarily chosen we conclude that #"(N;(S’)) = 0. To prove (vi), applying Lemma 4.1.7
(ii) we deduce that

q(2)

(8' )\ U (Na(To) ) € | [(T\ Na(T))
i=1

)
—~
N
~

N

z

= =
—~

[F(viN (s (fans.(£))) + i)

i=1

then, by Theorem 2.1.7 and Remark 5.3.4, we obtain the desidered result.

To prove (vii), first we recall that the set U?izl) (N2(T;) NU) has full H"-measurein S’ NU
(cf. statement (vi)). Then, for H"-a.e. x € Na(I';) N1 No(T;) N U where i,j € {1,...,q(z)}, by
Lemma 4.1.7 (i) (cf. (4.1.7)) and by the locality property of the approximate tangent spaces
(cf. (1.1.4)) we have that

vi(x)+ = Tan(T;, x) = Tan" (H" LT}, x)
= Tan"(H" LT}, x) = Tan(T}, x) = vj(x) ",

hence
vi(x) = 2vj(x) for H"-ae. x € Np(T;) N No(T;) NU.

So there exists a map v, with values in 5" and defined H"-a.e. on S’ N U in such a way that
v(x) € {vi(x), —vi(x)} ifxe Np(T;)NU

fori e {1,...,4(z)}, such that for H"-a.e. x € &’ N U we have
BI ' (x £sv(x))NS' =@ forsomes >0

namely (cf. statement (iv))
H'((S'nU)\ N2(S")) =0. (4.1.15)

Hence, for every i € {1,...,4(z)}, we have that
nor(S’,x) = nor(T;,x) = {v(x),—v(x)} forH"-ae xecl;NU
thus, by the Lusin (N)-property on nor(S’)
Lnor(r) (X, 1) = Lnoy(sry (%, u) I, (x)  for H"-ace. (x,u) € nor(S')L U.
Therefore, from the definition of ¢ (cf. (4.1.1)), we conclude that
z)

1 Lnor(r,) (X, 1) = 4(x) Lpoy(sry (x,u)  for H"-ae. (x,u) € nor(S") LU

=
—~
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hence
(2)
H"({qU nor(T;) L U} \ [nor(8’)L UD =0.

i=1

To prove (viii), as usually it is sufficient to show the assertion on &’ (cf. Lemma 1.4.36 (ii))
and so we conclude from (4.1.15).The proof is complete. O

4.2 Curvature notions on #%"-sets

Let S be a #>"-set , since N»(S) has full H"-measure in S, from Lemma 1.4.36 (iii) we infer
that the multivalued function
nor(S,-): S — P(S")

admits an ‘H"-measurable selection vg : S — 5", moreover (cf. (1.4.24))
vs(p) € Nor"(H"LS,p) forH"-ae. peS.

Applying Lemma 3.1.2 we infer that vg is (%" L S)-approximately differentiable at H"-a.e.
p € S and ap Dvg(p) is a symmetric endomorphism of Tan" (" L S, p), moreover we refer
to vg as selected unit-normal vector field on S.

Definition 4.2.11 (Approximate principal curvatures). Given S a #>"-set and vg a selected
unit-normal vector field on S. The approximate principal curvatures of S, with respect to vg, are the
R-valued (H" . S)-measurable maps

Xs1,-- s Xsn

defined so that Xg1(p) < ... < Xsn(p) are the eigenvalues of ap Dvs(p), for H"-a.e. p € S.

Definition 4.2.12 (k-th mean curvature function). Given S a #>"-set, vg a selected unit-normal
vector field on S and k € {0,...,n}. The k-th mean curvature function of S, respect to vs, is defined
as follows

Hgy(p) == o (Xs1(p), -, Xsn(p))

1
= — Z Xs1(p)... Xsk(p) forH'-aepeS.
(k) AEA(nk)

Definition 4.2.13. Given S a % >"'-set, with associated pair (S’, F) where
S'={1t>0} forte FE,W>"(R"),
and vg a selected unit-normal vector field on S. We define
A (S) = /SHS,k(x)t(Ffl(x)) dH"(x) forke{0,...,n}.
Lemma 4.2.14. Given S a compact W *>"-set, with associated pair (S', F), and vg a selected unit-
normal vector field on S. Then, the following statements hold:
(i) H"(Vs(Z)) =0 forany Z C Np(S) such that H"(Z) =0 ;
(ii) H" (nor(S) \ [Vs(N2(S)) U=vs(N2(S))]) = 0and H" (nor(S)) < oo ;
(iii) foranyi € {1,...,n} we have (cf. Definition 1.4.21)
Xs,i(x) =kgi(x,vs(x)) = —xsi(x, —vs(x)) forH"aexeS, (4.2.16)
in particular kg ;(x,u) < 4oo for H"-a.e. (x,u) € nor(S) .

Proof. Assertion (i) is a readily consequence of the Lusin (N)-property on nor(S) (cf. Lemma
4.1.10 (i1)).
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To prove (ii) we recall the definition of ¥ from (1.3.13) and notice that (cf. [54, Lemma 2.1])
Y (nor(S")) = nor(S),

hence we deduce that H" (nor(S)) < oo from (4.1.3) and (2.1.30). Moreover, since N;(S)
has full #"-measure in S (cf. Lemma 4.1.10 (vii)), by the Lusin (N)-property on nor(S) we
obtain

H"(nor(8) \ [Vs (N2(8)) U=vs(N2(8))]) = H" (nor(S) \ nor(S) L N2(S)) = 0.

To prove (iii) we first employ Lemma 3.1.2 to find a countable family of H"-measurable
sets X; C Np(S) such that H" (S \ U2, X;) = 0and Lip(vs|X;) < oo for every i € N; then
we define Y; to be the set of x € X; such that vg is (H" L S)-approximately differentiable at
x, " (H"L(S\ X;),x) = 0 (this property holds H"-a.e. on X;, cf. [14,2.10.19 (4)]), moreover
Tan" (H" LS, x) € G(n+1,n) and also

Tan" (1" Lnor(S),Vs(x)) = Tan" (H" L 75 (N2(S)), Vs(x)) € G(2n +2,n),

Tan" (H" Lnor(S), =vs(x)) = Tan" (H" L =Vs (N2(S)), =vs(x)) € G(2n +2,n).

Since 7g|X; and =vg|X; are bi-lipschitz and Tan" (K" L Fvg(N2(S)), (x,u)) € G(2n +2,n)
for H"-a.e.(x,u) € Tvs(Na(S)) (cf. [14, Theorem 3.2.19]), by the locality property of ap-
proximate tangent spaces (cf. (1.1.4)) we infer

H"(X;\Y;) =0 foreveryiec IN.

It follows from (i) and (ii) that

[e)

H" (nor(S) \ U [7s(Ys) UTVS(Yi)D

i=1

= 1" ([7s (N2(S)) U= (Na(8))] \ G 75 (1) Us(¥})])
j=1
= ’Hn( © [VS(Xi) UTVS(XZ')] \ G [VS(Y]) UTVS(Y])})
i=1 e

IN
™
<

Il
-

([Vs(Xi) U=vs (X)) \ [Ts(Y)) UTVS(Yi)D

IA
[N ygki
RS

by
=
[72)

vs(X;) \Vs(Yi)) + i H" (“s(X:) \ “vs(Y;)) =0 (4.2.17)
i=1

furthermore
H'(S\UY) < LM (X;\Y) = 0. (4.2.18)

i=1 j=1
We fix now x € Y;. Then there exists a map g : R""! — R"*! pointwise differentiable at x
such that ¢(x) = vs(x), @ (H"L S\ {g =vs}, x) = 0and

ap Dvg(x) := Dg(x)|Tan"(H" . S,x) , apD=vgs(x):= D=g(x)|Tan" (H"L S, x).
Since 3| X; N {g = Vs} and =g|X; N {=g = —vs} are bi-lipschitz, ap Dvs(x) and ap D=vg(x)
are injective and
Tan"(H" LS, x) = Tan" (H" L X; N {g =Ts}, x),
we infer from [51, Lemma B.2] that
ap Dvg(x)[Tan" (H" L S, x)| = Dg(x) [Tan" (K" LS, x)]
= Dg(x) [Tan" (H" . X; N {g =Vs}, x)]
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C Tan" (H" L g(Xi N {g = Vs}),8(x))
C Tan" (H" LTs(N2(S)), Vs(x))
= Tan" (K" Lnor(S),7s(x)) € G(2n +2,n)

and similarly
ap D=vg(x)[Tan" (H" L S, x)] C Tan" (H" Lnor(S),=vs(x)) € G(2n+2,n).
Overall, since Tan" (H" LS, x) € G(n +1,n) and ap DEvg(x) are injective, we infer
ap Dvg(x)[Tan" (H" LS, x)] = Tan" (K" L nor(S),vs(x)),
ap D=vg(x) [Tan" (H" L S, x)] = Tan" (H" Lnor(S), =vs(x)).
Therefore, if {11, ..., Ty} is an orthonormal basis of Tan" (" L S, x) with
ap Dvg(x)(7) = Xgi(x)t; forie {1,...,n},

we conclude that

“W Treas) e )

—Xs,i(x) i)3i€{1""’n}}

{(¢1+m& ¢1+x&

are orthonormal basis of Tan" (%" L nor(S), Vs(x)) and Tan" (H" L nor(S), =vs(x)), respec-
tively. Since x is arbitrarily chosen in Y;, thanks to (4.2.18), we deduce from the uniqueness
stated in Lemma 1.4.20 (cf. Definition 1.4.21) that

Xsi(x) =xsi(x,vs(x)) = —xs;i(x,—vs(x)) forH"-ae.xeS.
Moreover, from (4.2.17), we deduce that
ksi(x,u) € {Xs;i(x), —Xsi(x)} for H"-ae. (x,u) € nor(S).
The proof is complete. O
Definition 4.2.15. Let S be a compact W >"-set, we define
nor(S)™ := {(x,u) € nor(8) : ks ,(x,u) < +oo}.

Remark 4.2.16. From Lemma 4.2.14 (iii), we infer that

H" (nor(S) \ nor(S)™) =0. (4.2.19)

Furthermore if 715 : S X §" — S is the canonical projection on the first factor, then

ot = || A2t ()|

= Cs(x,u) [mo(Esa(y,u) Ao Amo(Esn(x,u))]
= {s(x,u)
=11 (T +xs,i(x, u)z)

for H"-a.e. (x,u) € nor(S), where {s and {Cs1,...,{s,} are given in Definition 1.4.24.

1
250 (4.2.20)

Is well posed the following.
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Definition 4.2.17 (k-th mean curvature function of nor(S)). Given S a compact #*"-set and
k €{0,...,n}, the k-th mean curvature function of nor(S) is given by

Hyor(s) k(X 1) := 0y (ks (%, 1), ..., ks (X, 1))

= % Yo ksa(xu)...ksu(x,u)  for H'ae. (x,u) € nor(S),
(k) AEA(nk)

wherexg 1, ..., ks, are given in Definition 1.4.21.

4.3 Reilly-type variational formulae

In this section let S be a compact #2"-set with associated pair (S, F), namely S = F(§)
where &' = {t > 0} for some ¢t € F,W>"(R"™!). Then, there exists {U;}}Y a family of
bounded open neighborhoods of {z;}Y ; C S such that

q(z)
U (@) (4.3.21)

Cz

N
= nw) =
i=1

i=1

where every F](i) N U; coincides with the graph of a (C® N W?")-function (cf. Definition 4.1.1).
Namely, for a fixed i € {1,...,N} and for each j € {1,...,q(z;)} there exist p](.l) € F](.l) N U;
and 17](1) € 5" so that

for some sets Vj(i) open in (17].(i) )L such that 0 € V]-(l), and some graph functions fj(i) on V]-(i).

We associate to nor(S’) and nor(S), respectively, the n-vectorfields E s and 23 defined
in according to Definition 1.4.24 and Lemma 1.4.20. In particular, for H"-a.e. (x,u) € nor(S’)

R o Csrp(x,u) Ao A Cgrp(x,u) il a1
S ) = e A A g ] PR XRTD,

1
Csra(xu) Ao A g (x, 1)

where each { g ; is given by (notice that nor(S’) (") has full #"-measure in nor(S’); cf. (4.2.19))
gS’,i(xr 1/{) = (Ti(xl u)r KS’,i(x/ M)Tj(x, M))

for H"-a.e. (x,u) € nor(S’). The maps {1y, ..., T, } are defined H"-a.e. on nor(S’) in such
away that {1y (x,u), ..., T (x,u),u} form a positively oriented orthonormal basis of R"*! for
H"-a.e. (x,u) € nor(S’) (cf. Lemma 1.4.20), namely (A7 (x, u) Au,dXy A... NdXyqq) = 1.

é‘gr(x u) € (0, +OO)

Lemma 4.3.18. E s is an (H" L nor(S"))-measurable n-vectorfield.
Proof. For every fixedi € {1,...,N}and forj € {1,...,4q(z;)}, we prove that
ES’ (y,u) = ﬁ)r@mu' (y,u) forH"-ae. (y,u) € nor(F( )) U (4.3.22)
j 1

where the n-vectorfield, on the right hand-side of the previous one, is the Borel n-vectorfield
given in (2.1.28) (cf. Remark 2.1.21). By the H"-rectifiability of the unit normal bundle, the
locality property of the approximate tangent spaces (cf. (1.1.4)) and (4.1.13), we infer

Tan" (%" Lnor(S'), (y,u))
= Tan" (H" Lnor(T'), (1)) € G(2n+2,n),
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for H"-a.e. (y,u) € nor(l"](.i)) L U;. For such points (y, u), we have

A, [Tan’ (" Lnox(S"), (v,0))]
= /\’Z [Tan” (H”LHOI(F]('I))/(%”))]

and

dim (/\n [Tan" (K" Lnor(S"), (y,u))]
= dim (/\n [Tan™ (1" Lnor(T](l)), (y,u))]) =1,

therefore we readily deduce that
o (y,u) = iﬁ)r(.”mu- (y,u) for H"-ae. (y,u) € nor(l"](.i)) LU, (4.3.23)
j 1
Now we introduce the sets

Z:={(y,u) € nor(T}) LUy Ty, ) = =70, (o)},
7' := Znnor(8")™, !

with the aim to prove that #"(Z) = 0. In particular, since H"(Z \ Z') = 0 (cf. (4.2.19) and
(4.1.13)), we obtain the desidered result if H"(Z") = 0. First of all we notice that

2 - mo(8sa ) A Ao (8sr (1)
[/\” 7o) (&) = ICsia(y, u) A e N Esr (1)

=Cs(y,u)-r(y,u) A...ANTu(y,u) for H'-ae. (y,u) € Z'

and, since {t;(x,u),..., T (x,u),u} form a positively oriented orthonormal basis of R"*1,
we obtain

([/\n 7] (ES/ (yu)) Au,dXy A... ANdXyiq) = Lo (y,u) >0 for H'-ae. (y,u) € Z'.
This inequality gives a contradiction, from which the desidered result follows. Indeed
MﬂM%WWI{NWW&MWDbWWWWZ
where (cf. (2.1.29))
([, o] (Ty’r](_i)nui(y,u)) Au,dX1A...ANdXy) >0 forH"-ae. (y,u) € Z.
The proof is complete. O
Definition 4.3.19. We define N5/ € D,,(R"*! x R"*1) as follows
Ngi := (Lo my) (H" Lnor(S")) A s, (4.3.24)
where 7y : R x R"1 — R"*1 is the canonical projection on the first factor.

Theorem 4.3.20. N is a Legendrian cycle of R"*1, we denote it as the Legendrian cycle associated
with 8'. Moreover, for a selected unit-normal vector field vsr on S’, the following relations hold

N v i) (9) (4.3.25)
- (Z) / p(xvs () + (=)  p(x, —vsr (%)) | Hgr i (x) (x) dH" (x),

forany ¢ € C®°(R*" x R" 1) and any k € {0,...,n}.

Proof. To prove that Ngs is a Legendrian cycle of R"*!, we notice that Ng/ L (U; x R"!) isa
Legendrian cycle of U; for any i € {1,...,N}. Indeed, for every ¢ € D"(U; x R**1), from
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(4.1.12) and (4.3.22) we obtain

[N (Ui x R™)] () = /nor(s,ﬁu]@squ) LomodH"

q(z) N
= , @) dH"
/nor(l“]@) U < Cs ¢>

where ever

r](.’)mu,

is a Legendrian cycle of U; (cf. (2.1.30) in Remark 2.1.21). Overall, applying Lemma 1.3.5, we
infer that NVs is a Legendrian cycle of R"*1.
To prove (4.3.25), we recall that (cf. (4.2.20))

(S,)no(y,u) =ls(y,u) >0 for H"-ae. (y,u) € nor(S")" .

]nor
n

If we apply Lemma 1.3.17, Lemma 4.1.10 (ii) and (vii), Lemma 4.2.14 (iii), (4.2.19) and the
area formula for rectifiable sets [14, Theorem 3.2.22 (3)], we infer (notice that spt(Ns/) is
compact)

W' gni) (9) = <Z> /nor(S’)LNz(S’) 9(y,1) 1) Hoor(s (9, 1) 1n™ oy, ) dH" (y, )
_ n) | Y [( '
— , Y, 1/[) Hnor(S’),k(y/ u) l(y)] dH (x)
k /NZ(S) (y,u)€(monor(S8") L No(8")) "1 (x)

= (Z) /S [¢(x,vs (x)) + (—1)F ¢ (x, —ve (x)) ] Hgr i (x) 1(x) dH" (x)

for any ¢ € C®°(R""! x R""!) and k € {0,...,n}. The proof is complete. O

Now we consider again the C!-diffeomorphism

‘PF . (x’y> c ]Rn+1 NE LN <F(x), (DF(X>71)*(y) ) c ]RnJrl % Sn’

for which we have (cf. [54, Lemma 2.1])
Yr(nor(S")) =nor(S). (4.3.26)
Definition 4.3.21. We define N5 € D, (R" x R"1) as follows
Ns = (Yp)#(Ns) -

Theorem 4.3.22. N is a Legendrian cycle of R"*1 and we denote it as the Legendrian cycle associ-
ated with S, in particular

Ns = (tomyo (¥r|nor(S")) 1) (H" L nor(S)) A Zs. (4.3.27)
Moreover, for a selected unit-normal vector field vs on S, the following relations hold

(Ns L @ui) (@) (4.3.28)
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- (Z) /S [p(x,vs(x)) + (=1)F P (x, —vs(x)) ] Hs g (x) L(F 1 (x)) dH" (x),

forany ¢ € C®°(R"! x R" ) and k € {0,...,n}.
Proof. We introduce ¢ := ¥¢|nor(S’), recalling (4.3.26) and since
ap Dy (¢ (y,0)) = DYr(yp (y,0)) |Tan" (H" Lnor(S"), v~ (y,v)) (4.3.29)

for H"-a.e. (y,v) € nor(S), we define the simple (H" L nor(S))-measurable n-vectorfield

o) = [Rumn Doty ) Ew 2)

¢
[[Avap Dy(y 1y,v)]35f¢1 >\
_ [Aap Dy (97 (1,0))] €5 (97 (v, 0)
]rr:orS ( (]/,U)>

Then, by the area formula for rectifiable currents (cf. [14, 4.1.30] or [29, p. 197]) we obtain

(
(

for H"-a.e. (y,v) € nor(S).

(Yr)s(Ng) = (bomooyp™") (H" Lnor(8)) A 7T,

moreover |77 (y,v)| = 1 and Tan" (H" L nor(S), (y,v)) is associated with 77 (y,v) for H"-a.e.
(y,v) € nor(S). Clearly (¥r)#(Ng) is a cycle, furthermore by the shuffle formula (cf. [14,
1.4.2]) and Lemma 1.4.27 we deduce that is also Legendrian.

Since 7y (x, u) A ... ATy(x,u) = (—1)" *u for H"-a.e. (x,u) € nor(S’), we infer (cf. (4.2.19))

[\, o] (7 (¥r(x,)

Iy (Ut rgri(xw)?) 2 {/\ DF(x }(71 X u) AN Ta(x, 1)

Jun

1 (e, u)
n . 2 %
= (-1)" iz I(IEOI;;SI;JZ(Si'ML;) ) [/\ DF(x } xu) for H"-a.e. (x,u) € nor(S’).

Therefore, from (4.3.26) and by Remark 3.1.8, it follows that either

({/\n 710} (7(y,0)) Ao, dXq A ... ANdXy11) >0 for H'-ae. (y,v) € nor(S)

or
<[ A, 7'[0] (7(y,0)) Avo,dXy A ... AdXy41) <O for H'-ae. (y,0) € nor(S)

furthermore, for H"-a.e. (y,v)_€ nor(S), Tan" (H" Lnor(S), (y,v)) is associated with both
the n-vectorfields 77 (y,v) and ¢ s(y, v), where (cf. Definition 1.4.24 and Lemma 1.4.20)

<[/\n 7'[0} (gg(y, v)) ANv,dXy A...ANdXy41) >0 for H'-ae. (y,v) € nor(S).

Overall, up to a change of sign, we deduce that

7(y,0) = Es(y,v) for H'-ae. (y,0) € nor(S)

namely (¥r)#(Ng) = Ns.
To prove (4.3.28), as before we apply Lemma 1.3.17, Lemma 4.1.10 (ii) and (vii), Lemma
4.2.14 (iii), (4.2.19) and the area formula for rectifiable sets [14, Theorem 3.2.22 (3)] to infer

n

W pn @ = () L) nuis) P00 HE ) Huorspa(w) " mo(y, ) 267,10
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- (Z) /]\]2(3) [gb(yfu) Hnor(S),k(]/r u) l(F_l (]/))] aH" (X)

(yu)€(monor(S) L Np(S))~1(x)
= <Z> ~/S [‘P(x, VS(X)) + (—1)k¢(x, —Vs(x))}HS,k(x) l(Fil(x)) dHn(x) )

forany ¢ € C®°(R"*! x R"*!) and k € {0,...,n}. The proof is complete. O
Remark 4.3.23. Given G a C2-diffeomorphism of R"*1, then

(Y6)#(Ns) = (Yoor)#(Ns) = Ng(s) - (4.3.30)

Moreover, for a selected unit-normal vector field v (s) on G(S), from (4.3.28) we obtain
n _
Nosi(a-0) = (1) s, (1 (1) Hos)a(0)2((G o F) () " (2

n

2 G(S if ki

= (k) A(G(8))  ifkis even , foreveryke {0,...,n}  (43.31)
0 if k is odd

where Hgs)  is the k-th mean curvature of G(S), with respect to vg(s)-

Now we derive the following extension of Reilly’s variational formulae to #>"-sets.

Theorem 4.3.24. Let {Fi}yc(_c ) be a local variation of R"*1, with initial velocity vector field V.
Ifk € {1,...,n} is odd, then

S A (F(S)] = 01— k1) [ V() 0us() o) 1(F () a7 (x).

Moreover, if n is even

d
= An(F(S)) ‘t:O =0.

Proof. Combining (4.3.30) and (4.3.31), we obtain
[(¥r)#NS) ] (@n-k+1) = N (8) (@n-kt1)

. 2 <kil) .Akfl(Ft(S)) ifk € {1,...,n+1} is odd
0 ifke{l,...,n+ 1} iseven.

(4.3.32)

From (4.3.32), if k € {1,...,n} is odd and 0y (x,y) := V(x) ey for x,y € R*"!, applying
Lemma 1.3.11 and (4.3.28) we obtain

2 (k i 1) %Ak—l (F(S)) ‘
= L)) (rpen)| | = kN5 (6 9

n

= (1+ (-1 k (k) /S V(x) e vs(x) Hgx(x) L(F(x)) dH" (x)

t=0

_Z(n_k_i_l)(kil)/Sv(x).VS(X)HS/k(x)l(F_l(x)) dH" (x).

Moreover, if 1 is even (namely k = n + 1 odd), from Lemma 1.3.11 we conclude

d
EAH (Ft(s))‘

The proof is complete. O

= L) Ns) ] ()| =0.

t=0



77

Chapter 5

Nabelpunksatz for Sobolev graphs

In this final chapter we extend the Nabelpunktsatz to graphs of twice weakly differentiable
functions in terms of the approximate curvatures of their graphs. In particular, Theorem 5.3.3
provides a general version of the Nabelpunktsatz for W?!-graphs. In view of well known
examples of convex functions, this result is sharp; cf. Remark 5.3.5. In this chapter we use
the symbols D; and DZZ]- (respectively D; and D?) for the distributional partial derivatives of
a Sobolev function (respectively the classical partial derivatives of a function) with respect
to the standard basis {ey, ...,e,} of R".

5.1 Nabelpunksatz for C>-graphs

Let U C R" be a connected open set and let f € C2(U). We define I' := {(x, f(x)) : x € U},
andv: T — §" C R"*! 50 that

o)) e (EVF(),1)
v(F(x)) = VIR (5.1.1)

for every x € U. Differentiating (5.1.1) we get

— —D(Vf)(x)(v),0 . —
Dy(7(0) (0D (x)0) = (= PCTIO0)  TICI 2 DA

for any v € R". We recall that I' is umbilical if and only if there exists a function A : I' — R
such that
Dv(z) = A(z)id|Tan(T,z) foreveryz eT.

Therefore, since Tan (T, f(x)) = { (v, Df(x)(v)) : v € R"}, we conclude that:
I is umbilical if and only if
A(f D;if(x)D = D)
(f(x))[eioe;+ Dif (x)Djf (x)] = _W/

for every x € U and for every i,j € {1,...,n}.

(5.1.2)

It follows from [57] (see also [34]) that:

if U C R" is a connected open set,
feC?(U)and A : T — R is a function such that (5.1.2) holds for every x € U,
then either f(U) is contained in an n-dimensional plane,

or f(U) is contained in an n-dimensional sphere.

The next theorem extends this result to functions f € leog u).
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5.2 Nabelpunksatz for leo’g-functions

Suppose U C R" is an open set, v € $"~! and 7, is the orthogonal projection onto v+.
Then, we define
u, := m,(U)

and
U,:={teR:y+tve U} CR fory € Uy.

Notice that U, is an open subset of v and Uy is an open subset of R for every y € Uy

R

]Rnfl

Lemma 5.2.1. Suppose U C R" be an open set, g € WY (U) and k € {1,...,n} such that

loc

Dyg(x) =0 for L"ae. x € U.

Then, for L' -a.e. y € U,,, the function mapping t € U;" into g(y + tey) is L1-a.e. equal toa
constant function.

Proof. It follows from [61, Theorem 2.1.4] that there exists a representative g of g such that

the restriction of g on Ll;k is absolutely continuous and

Dig(y +tey) = %g(y +tep) for Llae.te U;k ,

for £ l-a.e.y € U,,. By the hypothesis, we have

d .
78y +te) =0
for Ll-ae. t € U;" and for £" l-a.e.y € U, and we readily obtain the conclusion from the

absolute continuity hypothesis of g. O

We now prove the first result of this chapter.

Theorem 5.2.2. Suppose that U C R" is a connected open set, f € me}(u) and y: U — Risa
function satisfying

(x) [e. ec; —i—D-f(x)D-f(x)] = _ﬂ

rEE TR VIFIVIGP

for L™-a.e. x € U and for every i, j € {1,...,n}.
Then, either f is L"-a.e. equal to a linear function on U, or there exists a n-dimensional sphere S
in R" such that f(x) € S for L"-a.e. x € U.

(5.2.3)

Proof. Recall the diffeomorphism 1 from Remark 2.1.12 and define 7 := o Vf. By the
classical chain-rule formula for Sobolev mappings (cf. [20]), # € wh(u, R"+1) and

loc
Dy(x)(v) = [Dp(Vf(x)) oD(Vf)(x)] (v)
_ (=D(Vf)(x)(v),0) Vf(x) eD(Vf)(x)(v) (x)
1+ [Vf(x)]2 1+ [Vf(x)[]?
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for L"-a.e. x € U. In particular, noting that 77(x) e (e;,D;f(x)) = 0 for every j € {1,...,n}
and for £"-a.e. x € U, we employ the umbilicality condition to obtain

D2f(x)
Din(x) e (ej/Djf(x)) = —W
= u(x) (e, Dif (x)) ® (¢, D;f (x))

for L"-a.e. x € U and for every i,j € {1,...,n}. Consequently, for everyi € {1,...,n} and
for L"-a.e. x € U, there exists A;(x) € R such that

Din(x) — u(x) (e, Dif (x)) = Ai(x) y(x). (5:24)

On the other hand, since # is a unit-length vector, it follows (again from the chain-rule for-
mula for Sobolev mappings) that 77(x) e D;y(x) = 0 for L"-a.e. x € U and fori € {1,...,n}.
Thus, from (5.2.4), we deduce that A;(x) = 0 and

Diy(x) = #(x) (e Dif (x)) = p(x) DiF (x) (525)
for L"-ae.x € U. Forke {1,...,n},letg € Wllocl(ll) be defined as
D, f

SMRV/ES 70

From (5.2.5), we observe that

D;gi=0  wheneveri,je€ {l,...,n}andi #j, (5.2.6)
D;gi=p  wheneveri e {1,...,n}. (5.2.7)

Now, we fix an open cube Q C U with sides parallel to the coordinate axes, a function
¢ € C®(Q) and fixk € {1,...,n}, we prove that

/Q uDppdL" = 0. (5.2.8)

Letj € {1,...,n} be chosen with k # j. Since, by (5.2.6), we have Dyg; = 0, it follows from
Lemma 5.2.1 that for L'~ !-a.e. y € Up, there exists vj(y) € R such that

gj(y + tey) = v]-(y) for Ll-ae. t € U;k.
Next, we use (5.2.7) to obtain
/Q uDpdLl" = /Q Djg;j DygpdL"

= — /ng D;(Dx¢) dL"

=—/Q v]-<y>/Q

The last 'equa}zlity follows since the function mapping ¢ € Qi into Dj¢(y + te;) has compact
support in Q..

Since (5.2.8) holds for every open cube Q with sides parallel to the coordinate axes and
for every ¢ € CX(Q), and since U is connected, we infer from [5, Proposition 3.2 (a)] that

Dy (D) (y + tex) dL (t)dL" (y) = 0.

Y
k €k

w is L-a.e. equal to a constant function on U. (5.2.9)

Considering that U is connected, we combine (5.2.9) and (5.2.5) to infer that there exists
c € Rand w € R"*! such that

n(x)—cf(x) =w forL"-ae xeU.
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If ¢ # 0 the last equation evidently implies that f(x) € E)B{’;rlg‘ (—w/c) for L"-a.e.x € U.
If c = 0, we have thatwee, 1 = (1+ |V f]?)"1/2 and

D;f(x) = —D%%  forLhae.xeUandic {1,...,n}.
wee, 1
This implies that f is £"-a.e. equal to linear function on U, since U is connected. O

5.3 Nabelpunksatz for Sobolev graphs

Suppose X C R™"*! is H"-measurable and H"-rectifiable of class 2. We say that X is ap-
proximate totally umbilical if there exists an (H" L X)-measurable mapping v such that v(x) €
Nor" (H" L X, x) N S" and there exists a function y : X — R such that

ap Dv(x)(t) = pu(x)t forevery v € Tan"(H" L X, x), (5.3.10)

for H"-a.e. x € X (keep in mind Lemma 3.1.2).

Moreover, if U C R" isan opensetand g : U — RF (k > n) then we say that g satisfies
the Lusin’s (N) condition if H" (g(Z)) = 0 for every Z C U with £"(Z) = 0.

We are now ready to prove the second result of this chapter.

Theorem 5.3.3. Suppose U C R" is a bounded and connected open set, f € leocl (U), and f satisfies
the Lusin’s (N)-condition, with T := f(U).

Then T is H"-rectifiable of class 2. Moreover, if I is approximate totally umbilical, then, up to a
‘H"-negligible set, either I is a subset of a n-dimensional plane or a subset of an n-dimensional sphere.

Proof. By virtue of [9, Theorem 13] and [14, 2.10.19 (4), 2.10.43] we can find a sequence
{gi}ien C C2(R") such that £"(U \ U2,{g; = f}) = 0 and Lip(g;) < o for every i € N.
Hence, thanks to the Lusin’s (N) condition, we readily infer that I' is H"-rectifiable of class
2. We define V; as the set of x € {g; = f} such that

O (LML UN{gi = f},x) =0, Dgi(x) =Df(x)

and Tan" (" LT, f(x)) is a n-dimensional plane. Since Dg;(x) = ap Df(x) for every x € V,
it follows from [14, 2.10.19 (4), 3.2.19] and Lemma 2.1.8 that

L"{gi=f}\Vi)=0 foreveryic N.

Since Tan" (L" L{g; = f},x) = R" for every x € V;, and noting that g, : R" — g;(R") is a
bi-lipschitz homeomorphism, we use [51, Lemma B.2] to conclude

Df(x)[R"] = Dg;(x) [Tan" (L£" .{g; = f},x)] C Tan" (K" T, f(x)),
for every x € V;. Since Df(x) is injective whenever it exists, we conclude that
Df(x)[R"] = Tan" (K" LT, f(x))

and
p(Vf(x)) € Nor"(H" T, f(x)),

for every x € V;andi € N. Let V := [, V; and notice that %" (I'\ f(V)) = 0 (again by
Lusin’s (N) condition). Let v be the (#" L I')-measurable map defined by

v:i=9poVfo(nl),

where 77 : R" X R — R is the orthogonal projection onto R. We observe that if z € (V)
and @"(H" T\ f(V;),z) = 0, then v is (X" LT)-approximately differentiable at z (since

v|f(Vi) = (¥ o Vgiom)|f(V;)) and

ap Dv(z) = D(y o Vg; o 71)(2)
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D(y o Vg;)(n(z)) o (m|Tan" (H" LT, z))
apD(p o Vf)(r(z)) o (m|Tan" (H" LT, z))
=D(ypo Vf)(n(z)) o (m|Tan" (K" LT, z)),

whence we infer B
ap Dv(z) oDf (7t(z)) =D(p o Vf)(7(z)) . (5.3.11)

By [14, 2.10.19 (4)] we conclude that (5.3.11) is true for H"-a.e. z € I'.
If T is approximate totally umbilical, it is easy to see that the unit normal vector field v
defined above fulfils the umbilicalilty condition in (5.3.10) with some function y. Hence

H(f(x)) (ei e ¢;+Dif (x)Djf(a)) = (ap Dv(f(x)) e Df(x)) (i) o (¢;, Djf (x))
=Dj(po Vf)(x) (¢, Djf (x))
5f(x)
VI \Vf(ﬂ)l
for every i,j € {1,...,n} and for L"-a.e. x € U. By Theorem 5.2.2 and by the Lusin’s (N)-

property we deduce that, up to a H"-negligible set, I' is either a subset of a n-dimensional
plane, or a subset of a n-dimensional sphere of R"*!. The proof is complete. O

Remark 5.34. If f € Wl P(u ) with & < p < n, the Sobolev embedding theorem [20, The-
orem 7.26] ensures that f ew, ’P (LI) with p* > n. Therefore, f satisfies the Lusin’s (N)-
condition by [35, Theorem 1. 1]

Remark 5.3.5. It is easy to find convex functions f € C*(R") such that the approximate
principal curvatures of their graph are zero H"-almost everywhere, and the conclusion of
Theorem 5.3.3 fails (notice that such a graph is H"-rectifiable of class 2 and f satisfies the
Lusin’s (N)-condition). Indeed, the gradient of these functions are continuous maps of
bounded variation, whose distributional derivative is not a function. An example of such a
functions is given by the primitive of the ternary Cantor function. Let C C [0, 1] be the Can-
tor ternary set and f : [0,1] — [0,1] the Cantor-Vitali function. Recall that f € C%*(]0,1])
with & = log, 2 and f(C) = [0,1], in particular it is also increasing with f(0) = 0, f(1) =
and, finally, f’(x) = 0 for every x in the open set [0,1] \ C. The function f provides an ex-
ample of a BV-function that is not absolutely continuous, namely f € BV(0,1) \ W'1(0,1).
In fact, since f is increasing, we deduce that the total variation of f is 1. Furthermore, since
L1(C) = 0and f(C) = [0,1], we infer that f does not satisfy the Lusin (N)-property and
hence is not absolutely continuous (cf. [31, Theorem 3.41]). If we now consider the primitive
of f, denoted by F, we deduce that F € C*([0,1]) \ W?1(0, 1) and since F is piecewise linear
in [0,1] \ C, we infer that the approximate principal curvature of graph(F) are zero H'-a.e.,
but the conclusion of Theorem 5.3.3 fails.
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