ON A WEIGHTED VERSION OF THE BBM FORMULA
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Dedicated to Silvia, on the occasion of our marriage.

ABSTRACT. We prove a weighted version of the Bourgain—Brezis—Mironescu (BBM)
formula, both in the pointwise and I'-convergence sense, together with a compactness
criterion for energy-bounded sequences. The non-negative weights need only be L
convergent to a bounded and uniformly continuous limit. We apply the BBM formula to
show a Poincaré-type inequality and the stability of the first eigenvalues relative to the
energies. Finally, we discuss a non-local analogue of the weighted BBM formula.

1. INTRODUCTION

This is a spin-off of the recent work [19] by L. Gennaioli and the author concerning
sharp conditions for the validity of the Bourgain—Brezis—Mironescu (BBM, for short)
formula [4,12,22]. Our main aim is to show that the sufficiency part of the BBM formula
proved in [19] remains true even if the energies under consideration are modified in order to
include some suitable weights. As an application of our results, we prove a Poincaré-type
inequality and the stability of the first eigenvalues relative to the energies. Finally, we
also discuss the validity of a non-local analogue of the weighted BBM formula.

1.1. Weighted functionals. Throughout the paper, given p € [1,00), we consider a
family of kernels (pg)ren C Li.(RY) such that p, > 0 for every k € N and, unless otherwise
stated, we assume that

. Pr(2)
sup lim sup R? ——dz < 1.1
R>I()) iHoop RN RP 4 |z|P (1.1)
and, for some a > 0,
v = N 2 ady  in M (RY) as k — oo (1.2)
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Moreover, we fix a family of non-negative weights (wy)reny C L (R*Y) such that wy — w
in L*(R*Y) as k — oo for some non-negative limit weight w € Cy(R*). We assume that

() — (e, y)| <wllz — 2| + [y —y)), forall m,a,y,y €RY,  (L3)
for some non-decreasing modulus of continuity w: [0, 00) — [0, 00) such that

li t) =w(0) =0. 1.4
lim w(t) = w(0) (1.4)
Observe that we do not impose any symmetry assumption on the weights (wy )ren and w,
as one may be interested in possibly non-symmetric interactions [13].
With the above notation in force, we define the weighted functionals 7% : LP(RY) —
[0, 00] by letting

Fip (1) = /RN /RN Wﬁk(x_y) wi(z, y) dz dy

1.5
42 oy (15)
- z)dz
RN |Z|p Pk )
for all u € LP(RY) and k € N, where, for each z € RY,
ullppy = [ @) P wia.a)de = [ fu(@) e, +2) da. (1.6)
The functionals (F" )ren, as well as the norm || - ||zr(w=), are analogously defined. The

unweighted functionals in [19], where wy, = w = 1 for all k € N, are given by (]} )ren.

1.2. Local framework. As proved in [19] (also refer to [14] for the case p = 2 and to [18]
for radially symmetric kernels), the unweighted functionals (ﬂk{p) ken converge to

D) = [ llo Dully, du(o) (L.7)

in the pointwise and I'-sense on SP(RY) with respect to the LP topology for some Radon
measure j € 4 (SV7!) defined on the (N — 1)-dimensional unit sphere S¥~! if and only if
the non-negative kernels (pg)ren statisfy (1.1) and (1.2) (possibly, up to a subsequence).
For the notion of I'-convergence, refer to [19, Sec. 2.5] for an account and to [5,11] for a
complete treatment. Above and in the rest of the work, as in [19], we set

SP(RY) = {

and, for each u € SP(RY) and o € SN,

WLP(RN)  for p > 1,
BV (RY)  forp=1,

/RN|0-Du|pdx for p > 1,
lo- Dullz, = (1.8)
o - Du|(R") for p = 1.

As customary, in (1.8) above Du denotes the distributional gradient of u € SP(RY). In
particular, if p = 1, then Du may be a finite (vectorial) Radon measure on RY.
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We underline that the measure u € .# (SV~!) appearing in (1.7) is uniquely determined
by the family (pg)ren (possibly, up to a subsequence) and can be (formally) defined as

w(E) = lim lim i (/06 pp(or)r¥ ! dr) d#A"N (o) (1.9)

6—0t k—o0

for every set £ C SV~! measurable with respect to the (N — 1)-dimensional Hausdorff

measure V1. We refer to [19, Lem. 2.9] for the precise construction of y. Because
of (1.9), the nature of the limit measure p in (1.7) does not depend on the chosen
weights (wy)gen and w. For this reason, from now on we tacitly assume that the measure
w € A (SN71) is uniquely identified by (1.1) and (1.2).

Our first main result, Theorem 1.1 below, proves that (1.1) and (1.2) are still sufficient
for the pointwise and I'-convergence of the functionals (.’ )ren in (1.5) to a weighted
version of the energy in (1.7); namely,

D) = [ Nl Dully ) du(o). (1.10)
where p € .4 (SV7!) is as in (1.9) and, for every o € S¥71 as in (1.8),

w’|o - DulPdz for p > 1,
RN
lo - Dul[Zp 0y = (1.11)
/Nw0d|a~Du| for p = 1.
i

In (1.11) above, the function w® € Cy(RY) is defined as w’(x) = w(z,r + 0) = w(x, ) for
every # € RY according to the notation introduced in (1.6). Moreover, here and in the
following, given any R > 0, we define the (L? closed) subspaces

LH(RY) = {u € IP(RY) : suppu C Br}, SHRY) = 8" (RY) N L4 (RY).

Theorem 1.1 (Weighted BBM formula). Let p € [1,00) and (pr)ken be as above. The
following hold:
(i) if u e SP(RY), then limsup F (u) < D, (u);
k—oo
(ii) if (ug)pen C LP(RY) is such that up — w in LP(RY) as k — oo for some u € SP(RY)
and limsup ., (ux) < oo then liminf ;% (uy) > 24, (u);
k—00 ’ k—oo T ’
(iii) if w > 0 on R*® R > 0 and (ug)reny C LR(RY) is such that up — u in LP(RY)
as k — oo for some u € SP(RYN), then limsup.#; (u;) < oo and therefore

o w k—o0
hgggjlf Fpxug) = DI, (u).

As a consequence, as k — oo, the functionals (ﬂ,ﬁ'ﬁ;)keN converge to 9}, pointwise on
SP(RYN) and in the T-sense on SH(RY) for every R > 0.

We underline that the functionals (1.5) are not invariant under translations, due to
the presence of the weights (wy)reny and w. However, despite this lack of regularity,
assumptions (1.1) and (1.2) are still sufficient for the validity of a BBM formula in this
case. Besides, we observe that the assumptions (1.1) and (1.2) cannot be weakened as, in
fact, by the main result of [19], both ones are also necessary for the validity of Theorem 1.1
in the unweighted case wy = w =1 for all k£ € N.
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Finally, we remark that the validity of the statements (i), (ii) and (iii) in Theorem 1.1
for some measure pu € .#(SN1) cannot imply the conditions (1.1) and (1.2), unless one
imposes some additional (strong) assumptions on the weights, at least by requiring that
infrenv w > 0. Indeed, at the level of generality we are presently working, one may choose
wy, = w for all k € N and w(z,y) = w(|z —yl|) for all z,y € RY, where w: [0,00) — [0, c0)
is a bounded non-decreasing function satisfying (1.4). In this case, we may rewrite

u(- + 2) — ully ——
mw = [, P G = A
where pp = prw(|-|) for all £ € N. Note that the functionals (%} ,)ren above are precisely
the ones considered in [19], so the validity of the BBM formula (in our case, the validity
of Theorem 1.1) is equivalent to the conditions (1.1) and (1.2) for the family (pg)ren. In
other words, by assuming (1.1) and (1.2), we are implicitly deciding the roles of the players
in the game: (pi)ren play as the kernels and (wy)ren play as the weights.

1.3. Compactness. Our second main result, Theorem 1.3 below, is a simple compactness
criterion for sequences of functions with bounded energy.

Definition 1.2. Let p € [1,00). A sequence (ug)ren C LP(RY) is p-energy bounded if
sup (HukHLp + 9,6110(1%)) < o0.
keN

Moreover, the family (pg)ren is p-compact if any p-energy bounded sequence in LP(RY) is
compact in LP(E) for every compact set £ C RY.

Theorem 1.3 (Compactness). Let (pg)ren be p-compact, w > 0 on R?*N and R > 0. If
(ug)ren C LE(RYN) is such that

sup ([|ug ]| e + Z% (ur) ) < o0,
keN

then (uy)ren is compact in LP(RYN).

Examples of p-compact families of kernels (py)ren can be found for instance in [2,4,19,23].
Here we only refer to [4, Th. 5] and to [23, Ths. 1.2 and 1.3] for the case of radially
symmetric kernels, and to [19, Th. 1.3] for possibly non-radially symmetric ones. We also
refer to [3, 18] for the purely non-local framework.

In the references above, the family (px)ren is not only p-compact (for some or for all p),
but also yields that any L (RY) limit of a p-energy bounded sequence is a more regular

loc
function; namely, it may belongs to SP(R¥). This motivates the following terminology.

Definition 1.4. Let p € [1,00). The family (px)ren is strongly p-compact if it is p-compact
and such that any LY (RY) limit of a p-energy bounded sequence is in SP(RY).

loc
As well-known (e.g., see [22,23]), the family of standard fractional kernels, defined as

1—s

Ps(Z) = m, for z € RN and s € (0, 1), (112)

is an example of strongly p-compact family for every p € [1, 00).
By combining Theorems 1.1 and 1.3 with Definition 1.4, we obtain the following result.
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Corollary 1.5. Let p € [1,00), w > 0 on R*" and R > 0. Assume that (pi)ren s a
strongly p-compact family. Then, the following hold:

(i) if (ur)ken C LE(RY) is such that
sup (HukHLp + ﬁ,ﬁ"g@@) < 00, (1.13)
keN

then (ug)ren is compact in LP(RY) and any of its LP(RYN) limits is in SP(RY);

(ii) if (up)pen C LE(RY) is such that u, — u in LP(RY) as k — oo for some u €
LP(RYN), then lilgn inf 7,.°F (u) > D8, (u);
—00 i ’

(iii) if u € SP(RY), then limsup %% (u) < 2., (u).
k—o0

A particular case of Corollary 1.5 has been recently obtained by A. Kubin, G. Saracco
and the author in [21], with a completely different proof, for the fractional kernels (1.12)
and weights defined as wi(z,y) = fi(x) fi(y) for all £k € N and w(z,y) = f(z) f(y), for
every .y € RY, where (fi)gen C L¥(RY;[0,00)), f € Lipy(RY;(0,00)) and fi — f
in L®(RY) as k — oo (for the unweighted case, refer to [10, Th. 2.1] for p = 2 and
to [6, Th. 3.1] for p € (1,00)). For strictly related results, see [8,15] for the fractional
Gaussian case, and [20] for weights depending on negative powers of the distance from the
boundary of the domain of integration.

Remark 1.6 (A generalization of [21, Th. 1.2]). Corollary 1.5 can be exploited to prove
the stability of the gradient flows relative to the Hilbertian energies (.5 )ren and 2y,
thus generalizing [21, Th. 1.2] to the present setting. Indeed, it is enough to follow the
strategy outlined in [21, Sec. 4] line by line up to the natural (minor) adaptations.

1.4. Poincaré inequality. Motivated by [23], we exploit Corollary 1.5 to estalish a
Poincaré-type inequality for the energies (ﬁ,;“ ]’;)keN, see Theorem 1.8 below.

In order to state our result, we need to introduce some notation. From now on, we fix a
(non-empty) bounded open set Q C RY and, for each p € [1,c0), we define the subspaces

Ly(Q) = {u € LPRY):u=0a.e on RV \ Q}, SH(Q) = {u € SPRY) 1 u € Lg(Q)}.
(1.14)
As well known, if © has Lipschitz regular boundary, then S (Q) coincides with the closure
of C°(Q) functions with respect to the energy u — ||Dul|r», but we do not need such
equivalence in the following.

Definition 1.7. Let p € [1,00). The measure p € .Z(SN¥71) is (p, Q)-Poincaré if there
exists C' > 0 such that, for every u € S{(), it holds

lullzr < CZ5(w). (1.15)
In this case, we let A, , o > 0 be the optimal constant for which (1.15) holds.

If p € A#(SV1) is (p,Q)-Poincaré for some p € [1,00), then there exists C' > 0,
depending on A, , o and infqw? > 0, such that

[ullzy < C Zy(u) (1.16)
for all u € S§(€2). We thus let A, , . > 0 be the optimal constant for which (1.16) holds.
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Theorem 1.8 (Poincaré inequality). Let p € [1,00). Assume that (py)ren is a strongly
p-compact family and p € A (SV71) is (p,Q)-Poincaré. Then, for every e > 0, then exists
k. € N such that

[ullZr < (Appgw +€) Fpp(u)

k.p
for allw € L{(QY) and k > k..

It is worth observing that u € .#(SV™') is (p,Q)-Poincaré as in Definition 1.7 for
every p € [1,00) if span(supp p) = R, due to [19, Lem. 2.1]. This latter property, in
turn, is ensured for example by assuming that the family (px)ren has mazimal rank as
in [19, Def. 2.8], see [19, Lem. 2.9] for the proof. As remarked in [19, Sec. 1.2], any
radially symmetric family has maximal rank, but non-radially symmetric families with
maximal rank are known (examples can be found in [22]). In particular, as a consequence,
Theorem 1.8 applies to the radially symmetric family of fractional kernels (1.12).

1.5. Spectral stability. Inspired by [6], we make use of Corollary 1.5 to also show a
stability result for the first eigenvalues relative to the energies (%, )ken and 2, and of
the corresponding eigenfunctions, see Theorem 1.9 below.

Letting p € [1,00) and 2 C R be as above, and keeping in mind the subspaces defined
in (1.14), for each k € N we let

A (Q) = inf{ 2% (u) - u € LE(Q) such that [lul|» = 1} € [0,00) (1.17)

be the first eigenvalue relative to the energy ., on €, and we call any u € L{(Q)
attaining the infimum in (1.17) an eigenfunction relative to ;% (€2). Analogously, we let

A o) = inf{.@z’)’:w(u) cu € 8§(Q) such that [Ju||» = 1} € [0, 00) (1.18)

be the first eigenvalue relative to 2, on 2, and we call any u € SH(Q) attaining the
infimum in (1.18) an eigenfunction relative to A5 (€2).

It is worth observing that A\;*(€2) < oo for all k£ € N because, owing to (1.1), we have
that .Z;"%(u) < oo for any u € C°(92). Analogously, we also have that A\ (€2) < oco. In
addition, if pu € .#(SY") is (p, Q)-Poincaré as in Definition 1.7, then M (€2) > 0 by (1.16)
and also A% (€2) > 0 for all k& € N sufficiently large by Theorem 1.8.

Theorem 1.9 (Spectral stability). Let p € [1,00) and assume that (py)ren is a strongly
p-compact family. Then, it holds

lim \}*
k—o0 k.p

(€2) = Ap o, (8). (1.19)

Moreover, if up € L§(Q) is an eigenfunction relative to X% () for each k € N, then there
exist (ur;)jen and an eigenfunction u € S§(2) relative to My, (Q2) such that

ur; = w in LP(RY) as j — cc. (1.20)

In the unweighted setting wy = w =1 for all £ € N, and assuming that (p)ken is the
family of fractional kernels (1.12), Theorem 1.9 corresponds to [6, Th. 1.2] for m = 1, the
substantial (and natural) difference between the two results being that the convergence
in (1.20) holds in a stronger sense in [6] (besides, observe that p > 1 in [6]).
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Remark 1.10 (A generalization of [6, Th. 1.2]). Corollary 1.5 allows to recover [6, Th. 1.2]
also for m > 2 for the unweighted energies (ﬂkl’p)keN and 2} for p € (1,00). Indeed, up
to assuming that pg/| - [P ¢ LY(RY) for all sufficiently large & € N, one can exploit the
compactness criterion proved in [3, Th. 2.11] and follow the proof of [6, Th. 1.2 (based on
the general results achieved in [16]) line by line up to the natural (minor) adaptations.

1.6. Non-local framework. We end up with a generalization of the non-local BBM
formula obtained in [19, Ths. 1.4 and 1.5], see Theorem 1.11 below. Here and in the
following, we let A C RY be an open set and Ji, J: A> — [0,00], with & € N and
A? = A x A C R* | be measurable functions. We thus let

o) = [ [ Ju(@) = u()l (e, y) do dy

for all £k € N and, similarly,

o) = [ [ fu@) = u) I (. y) de dy.
for every u € LP(A), and we define
WPP(A) = {u € LP(A): _Z,(u) < o}

Theorem 1.11 (Weighted non-local BBM formula). Let p € [1,00) and let Ji, J: A% —
[0,00], k € N, be as above. The following hold.

(i) Assume that, for every e > 0, there exists § > 0 such that

. L 2N _ 2 —
]ilgg Je(z,y) > 5N for LV -a.e. (z,y) € A® s.t. | —y| <. (1.21)
If (ug)ken C LP(A) is such that
sup (||uk||Lp(A) + /kp(uk)) < 00, (1.22)
keN

then (ug)ken is compact in LP(E) for every compact set E C A.
(ii) Assume that
lilgninf Je >J ZL*N-ae in A% (1.23)
— 00
If (ug)ren C LP(A) is such that u, — u in LP(A) as k — oo for some u € LP(A),
then lilgninf Fip(ug) > _Zp(u).
—00

(iii) Assume that

J = klim Jo L*N-a.e. on A (1.24)
—00
and that etther there exist C' > 0 such that
sup J, < CJ  L*N-a.e. on A?, (1.25)
keN

or that there exist Hy, H_ C A%, with Z*N(H. N H_) =0 and £*V(A?\ (H, U
H_)) =0, such that

Jp < Jpy1 a.e. on Hy  and  Jy > Jyyq a.e. on H_ (1.26)
for all k € N. If u € LP(A) is such that Z,(u) < oo, then klim Fipu) = _Z,(u).
—00
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Therefore, under (1.24) and either (1.25) or (1.26), as k — oo, the functionals (_Zxp)ken
converge pointwise and in the I'-sense to _# with respect to the LP topology in W'P(A).

Theorem 1.11 may be already known to experts, but we were not able to trace it in
the literature. Some particular instances of Theorem 1.11 can be found in [1, Th. 1.1(iii)]
and [9, Th. 5.9]. Moreover, note that the statements (ii) and (iii) of Theorem 1.11 can be
verbatim stated and proved in any measure space (A, m), while the statement (i) requires
some extra caution. In fact, we underline that (1.21) is only prototypical and can be
relaxed or variated in many ways, although we do not insist on this technical point.

We exploit Theorem 1.11 to obtain a weighted counterpart of [19, Ths. 1.4 and 1.5], see
Corollary 1.12 below (in which we do not assume (1.1) and (1.2)). Similarly as in [19],
given a measurable function x: RY — [0, 00), we let

War(RY) = {u € LP(RY) : [ulypr < oo},
where
g = ([, [, 1ole) ~ u(o) stz — ) wie,g) dray)

Corollary 1.12. Let (pg)ren C L (RY) be such that py, > 0 for all k € N. Assume that,

loc

for every € > 0, there exist & > 0 such that

Pk 1 N
_— > — -a.e. .
IgelN’-’p = 5N £ -a.e. on By, (1.27)

and that, moreover, for some C > 0, the family (py)ren satisfies

sup& <Ck and lim Pr_
keN | - |p koo ’ . |p

Then, the following hold:
(i) if (u)ken C LP(RY) is such that

=k a.e onRY. (1.28)

sup ([|ug]| e + Z% (ur) ) < oo,
keN
then (up)ren s compact in LP(Bg) for every R > 0 and any of its L} (RYN) limit
belongs to WEP(RN);
(ii) if (up)ken C LP(RYN) is such that u, — u in LP(RN) as k — oo for some u €

N . . w .
LP(RY), then hglolgf F e () = [ulpyms;

(iii) if u € WEP(RY), then Jim Ty (W) = [ulf e

As a consequence, as k — oo, the functionals (tgz,f}’;)keN converge pointwise and in the

[-sense to [- ]V, with respect to the LP topology in W*P(RN).

2. PROOFS OF THE RESULTS

The rest of the paper is dedicated to the proofs of the results. The main notation and
the conventions adopted here are identical to the ones introduced in [19, Sec. 2.
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2.1. Proof of Theorem 1.1. We begin by observing that it is enough to prove the
statements (i) and (ii) of Theorem 1.1 only in the case wy = w for all k£ € N. Indeed, this
follows by combining [19, Th. 1. 1] with the simple inequality

(T (w) — Fit ()| < P () [lwg — w]| < (2.1)

valid for all £ € N and u € L”(RN ). Moreover, since we can rescale all the functionals by
a positive constant factor, it is not restrictive to further assume that ||wl/p~ = 1.

We are going to take advantage of the following generalization of [19, Lem. 2.2], whose
proof is briefly detailed below for the ease of the reader.

Lemma 2.1. If u € SP(RY) and z € RY, then the following hold:

(1) [[u(- + 2) = ull Lo ey < [z - DullLp o) + w(I2]) [217 | DullL, ;

2
z
< B D2uls + 12l (el | Dl

(i) [lu(- + 2) = ull oy — 17 - Dt o)

In the proof of Lemma 2.1 we exploit the following result. Here and below, we let
(n;)jen C C(RN), n; = jVn(j-) for all j € N, be a family of non-negative molhﬁers with
n € C*(RY) such that n > 0, suppn C By and [pn ndz = 1.

Lemma 2.2. If 2 € RN, uw € SP(RY) and v/ = ux*n; for all j € N, then

lim ||z D[, ) = 12 - DullLo0)- (2.2)
Proof. Let us set D,u = z - Du for brevity. For p = 1, the validity of (2.2) follows from
the fact that |n; * Du| N = |D,u| in 4 (RY) as j — oo and w® € Cy(RY). For p > 1,

instead, on the one hand, owing to Jensen’s inequality and the Dominated Convergence
Theorem, we easily infer that

timsup |1 D-07 |}, oy < Jim [ (o 5 0) Dol e = Dl 0

On the other hand, since (n; * D,u)(x) — D,u(x) as j — oo for a.e. z € RY, owing to
Fatou’s Lemma, we also get that

lim inf In; * DoulP w’dz > / |D.ulP v’ du,
RN RN

J]—00

concluding the proof of (2.2) in the case p > 1. O

Proof of Lemma 2.1. By Lemma 2.2 and an approximation argument, we can assume
u € C°(RY) N SP(RY) without loss of generality. We prove the two statements separately.

Proof of (i). We can estimate
1
/ lu(x + 2) — u(z) P w?(z) de < / / |Du(x +tz) - z|Pw(z, z + 2z) dz dt
RN 0 JRN
1
< / /N |Du(x 4+ t2) - z|Pw(x + tz,x + tz) de dt
0 Jr

1
+/ / |Du(x + tz) - 2P |w(z,z + 2) —w(x + tz,z +tz)| de dt
< ||z - DullLp(o) + w([2]) |27l DullZ
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by the Fundamental Theorem of Calculus, Jensen’s inequality and (1.3).
Proof of (ii). Letting ¢(t) = u(x + tz) for every ¢ € [0, 1], we can write
1
o(1) = 6(0) +¢/(0) + [ ¢/(t) (1 -1t

As a consequence, we infer that

P
< lul- +2) = uw =z - Dull7p 0

[la(- + 2) = ll ooy = [12 - Dul ooy

_ ;p/RN [ (e + )] =) 20— pyar

0
|2

1 ‘2219
2 P _ _ = 2,.1|P
A /0 (/RN \D%u(e + t2)] dx) 21— t)dt = E— | Dull,

by Jensen’s inequality. The conclusion hence follows by combining the simple inequality

p
w’(x) dz

ol/p
(s

(- + 2) = ull ey = U + 2) = ullzoo)| < llul-+ 2) = wlwllw* —w
with (1.3) and [19, Lem. 2.2(i)] (or, equivalently, statement (i) for w = 1). O

We can now prove the pointwise lim sup inequality in Theorem 1.1(i) in the case wy = w
for every k£ € N and ||w|[p~ = 1.

Proof of Theorem 1.1(7). It is enough to show how the proof of [19, Th. 3.2(ii)] adapts
to the present setting. From now on, the notation is the same one used in [19], with the
obvious modifications. In particular, we let

. -+ 2) =l
FeswA) = [ N GOLE (2.3)

for every k € N and every measurable set A C RY. By Lemma 2.1(i), we can estimate
Fity i By) < [ N0+ Dull o) diih(0) + () | Dul

for every k, I € N (recall the notation in [19, Lem. 2.9]). Since o — ||~ Dul[7, 0y € C(SN
and 9; — 0% as [ — oo, we then get

lim lim sup ., (u; Bs,) < hm lim ||0 Dul|7p 0y dpk (o) = Dy (1),

=00 koo 00 k—o0
Moreover, since

lul- + 2) = ull L@
2P

€ C(RY\ {0}), (2:4)
we get that (observe that now v = ady for some o > 0 by (1.2))

lim lim sup Jkp(u A < hm lim / Juwdvg = a/ Juwddo = 0.
A RN\ {0}

=00 koo l—00 k—00

2 fuw(z) =

Finally, we can estimate

lim lim sup %’ (u; By 5,) < 2 ||ul|f, hm lim sup pi(z) dz =0,

=00 ko k—o0 Bi/‘sl ’Z‘

and the conclusion readily follows. 0
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We now pass to proof of the I'-liminf inequality in Theorem 1.1(ii) in the case wy, = w
for every k € N and ||w|[p~ = 1. We let

wlyl(@.y) = [ wle+zy+2)n(z)ds
for all j € N and z,y € RY. It is not difficult to see that, by (1.3),
lwlny) — wlie < 1Bl fnllzew (2) forall j € N. 2.5)

In the proof of Theorem 1.1(ii), we also need the following lower semicontinuity result,
which immediately follows from (2.2) owing to Fatou’s Lemma.

Lemma 2.3. If u € SP(RY) and v/ = uxmn; for all j € N, then

lijrr_1>i£f 2 () = DY ().
Proof of Theorem 1.1(ii). It is enough to show how the proof of [19, Th. 3.2(iii)] adapts
to the present setting. From now on, the notation is the same one used in [19], with the
obvious modifications (also recall the notation (2.3)). We set uj, = ug * n; and v/ = u xn;

for every k,j € N. We replace the use of Minkowski’s inequality at the beginning of the
proof of [19, Th. 3.2(iii)] with

Ty (ue) = T (ul) = [Bil [nllpe w (2) FL, (we)
for all k,j € N, which readily follows by combining (2.1) and (2.5). Hence

liggiogf Fro(ug) > h,ﬁii}gf f,;”p(ufg) - Chw (%) lirlgl_)sogp T (ug) (2.6)

for all j € N. As in [19], we now just have to show that
lim 7 (ud) = 22, () 2.7)

for every j € N, from which the conclusion follows by letting j — oo in (2.6), thanks to
Lemma 2.3. The proof of (2.7) goes as in [19] so we only sketch it. We first notice that

lim lim .7 (uk, f5,) < 20 M |||, lliglo o =0

=00 k—o00

for every j € N, where M > 0 depends on (1.1) only. Moreover, with the same notation
n (2.4), since fUi — fui w locally uniformly on RY \ {0} as k — oo, we also have that

(recall that now v = ady for some a > 0 by (1.2))

fim Jim 0,0 A) = fim fim [ o= [ S dd =0

for every j € N. Besides, since 0 — ||o - DuiH’zP(wo) converges uniformly on S¥~! to
o |lo-Du|}, (w0) 8 k — oo for every j € N, we can infer that

. . z jllP l
fim Tim s, |1 D ||y oy Qn(2) = Jim Jim | lo- Duf |70y bt (o)
: l
=lm | o D |7 0y dii' (0) = / lo - D |17, 0y dia(0)
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for every j € N (recall the notation in [19, Lem. 2.9]). Hence the claim in (2.7) reduces to
lim lim ¢, (ul: By) = [ llo DIl ) dp(o)

l—00 k—00
or, equivalently,
p

Lr(wO)

z J

- Dug dvg(2)| =0 (2.8)

l—00 k—00

lim lim |ﬂgp(u§;;35l) - /
B B(Sl
for every j € N. To show (2.8), we observe that, by Lemma 2.1(ii), we can estimate

Juf, (- + 2) — wl || Lo ()

pEdl ~
B 1D?u || o + w(|2)7 || Duef || o

Z Dyl
|2| k

Lr(w9)

for every z € RN. Hence, since |a? — b| < pmax{a, b}’ '|a —b|, for all a,b > 0, and
[ (- + 2) — wh | oo A
{ - o | < 1Pl

||
for every k,j € N and z € RY by Lemma 2.1(i), we can estimate

Z Dyl
|2| k

max

J

g (- +2) = wtllfopy

J
|z|P Du Lp(wo)
J J
ip—1 g (- + 2) — up || o) = J
< p||Dugl7s E Tel k] Lo (w0)
plz|
< 5 1Dl [1DPullle + peo(|2) 7 | Duf |,

for every 7,7 € N and z € RY. We thus obtain that

ﬁtkyp(ui:;BfSl) _/
Bgl

ﬁ . DuiHip dvg(2)

p . _ .
<5 1D |17 (1Dl o b1 vi(Bs,)

+pw(8)"?|| Dug ||, vi(Bs,)
for every k, j,1 € N, from which the claimed (2.8) readily follows, concluding the proof. O

We finally prove Theorem 1.1(iii) by reducing to Theorem 1.1(ii) by means of the
following simple estimate.

Lemma 2.4. Assume that w > 0 on R?*", let R > 0 and set
lr=inf{w(z,r+2):x € Br, 2 € Bag} > 0. (2.9)
Ifu € LE(RY) and k € N is such that |[wy — w||r= < &, then

2 Pr(2)
Wi P
Fep(t) < gyk,ﬁ(u)ﬂﬂp”u”m B |2lp dz

Proof. Note that, if z € By and x € B, then also x + z € Bj. Therefore, we have

u(-+ z) —ullh 2
Tk (u )</B Jud |Z>|p Iz pr(2) dz + 27 ||ull, /B p’;;(‘p) dz
2R 2R
lu(- +2) — ullr sy, pi(2)
= d 2Pl ul|h d
Bor |Z|p pk(Z) z+ ||u||Lp |Z|p %
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The conclusion hence follows in virtue of the definition in (2.9), since the assumption that
|wy — wl[p= < % implies that

l l
w(z,x+ 2) > w(x,z+ 2) — |wg(z, 2 + 2) —w(z,z + 2)| EER—?R = ?R

for every x € Bgr and z € Bapg. O

Proof of Theorem 1.1(ii7). Without loss of generality and possibly passing to a non-rela-
belled subsequence, we can assume that

. . w . w
llgg}lf Fenlug) = klgg} Fps(uy) < oo.

By applying Lemma 2.4 to each uj, € LL(RY) for every k € N sufficiently large depending
on R > 0, we get that (where £ > 0 is defined as in (2.9) in Lemma 2.4)

2 M
. a1 < . or Wi - p
imsup 7 ) < 7 Jim F ) + 7l < oo

where M > 0 depends on (1.1) only. The conclusion hence follows by Theorem 1.1(ii). O

2.2. Proof of Theorem 1.3. The proof of Theorem 1.3 is a simple combination of
Definition 1.2 and Lemma 2.4.

Proof of Theorem 1.3. Let R > 0 be fixed and let £z > 0 be given by (2.9). Let kr € N
be such that |Jwy — wl|r= < ‘& for every k > kp. By Lemma 2.4, we can thus estimate

2
sup Z (ug) < —— sup Fk (ug) + M sup |lug|» < o0,
k>kr R k>kRr keN

where M > 0 depends on (1.1) only. Therefore, we get that
sup (||ug]| e + Z, (ur)) < 0o
keN

and thus, by Definition 1.2, we infer that (uy)gen is compact in LP(E) for every compact

set E C RN and any of its L} _(RY) limits is in SP(R”). The conclusion hence immediately

follows by recalling that (ug)reny C SH(RY). O

2.3. Proof of Theorem 1.8. We establish Theorem 1.8 by exploiting Corollary 1.5.
Proof of Theorem 1.5. By contradiction, we can assume that there exists ¢ > 0 and
(ug)ken C LE(Q) such that [Jug||}, = 1 for all k£ € N and

1
Appow e

for all £ € N. By (i) and (ii) in Corollary 1.5, up to passing to a subsequence, there exists
u € S5(Q) such that up — u in LP(RY) as k — oo and

Fpn(ug) <

1

2*¢ (u) <liminf .7 " (up) < ————.
P,w( )— ( k) — Ap“LL,Q,w"i_g

k—o00 k.p

This, in turn, in combination with (1.16) with the optimal constant C' = A, , o..,, implies
that Ay, 0.0 + ¢ < Ap 0w, Which is a contradiction, since € > 0 by assumption. O
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2.4. Proof of Theorem 1.9. The proof of Theorem 1.9 is a plain application of Corol-
lary 1.5 and exploits a simple argument which is at heart of many results of [17,24].

Proof of Theorem 1.9. We split the proof into two parts, proving the convergence of the
eigenvalues in (1.19) and of the eigenfunctions in (1.20) separately.

Part 1: proof of (1.19). On the one hand, given ¢ > 0, we can find u € SJ(£2) such that
|lul|» =1 and

D p(u) <A (Q) + e
Since A% () < F% (u) for all k € N, by Corollary 1.5(iii) we thus infer that

lim sup A% (Q2) < limsup #7% (u) < 25, (w) < A0 (Q) +¢

k,
k—o00 k—o00 P

from which we immediately get that

lim sup A% () < AL, (€2). (2.10)
k—o0 ' ’
In particular, we deduce that
sup A5 () < oo. (2.11)
keN

On the other hand, for each k£ € N, we can find u € L§(Q) with ||ug||z» = 1 such that
1
i
Owing to (2.11), we thus get that (ug)reny C L§(Q2) satisfies (1.13). Therefore, by (i)

and (ii) in Corollary 1.5, there exist (ug,)jen and u € SP(2) such that uy, — u in LP(RV)
as k — oo, and thus u € S§(Q2) with |Ju||z» = 1, and, also owing to (2.12) and (2.10),

T (w) < APS(Q) + (2.12)

D8, (u) < lijlgglf ?kj}j; (ug,) < li}zr_l)gf Fpen(ug) < hl?—kglf A (€2) <AL (). (2.13)

Since u € §5(€2) is such that [|ul|» = 1, we must have that M () < 24, (u) and thus
all inequalities in (2.13) are equalities, yielding

X2 () = lim inf AP (©) (2.14)

k—o00

which, combined with (2.10), yields (1.19).

Part 2: proof of (1.20). By assumption, we have [ux||» = 1 and F. s (ug) = A% (€2) for
all £ € N. Owing to (1.19), we thus infer the validity of (1.13), and so, by Corollary 1.5(i),
there exist (uy,)jen and u € S5(Q) satisfying (1.20). We are thus left to prove that
u € S§§(Q2) is an eigenfunction relative to A, (). Indeed, by (1.20), we know that
|u||L» = 1. Moreover, by Corollary 1.5(ii), we also infer that

. . Wi ; . . w . . w
Dyw(u) <liminf Z 0 (uy;) < h,?iiﬂf Fpn(ug) = hir_l)glf A (€2) = A (), (2.15)

J—00

from which we obtain 2}, (u) = b (€2), concluding the proof. O
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2.5. Proof of Theorem 1.11. We now pass to the proof of Theorem 1.11. Since the
argument follows the one of the proof of [19, Th. 5.1] with minor changes, we only sketch
it for the ease of the reader.

Proof of Theorem 1.11. We prove the three statements separately.

Proof of (i). Let E C A be a compact set and let ¢ > 0. Let § > 0 be given by (1.21)
and also such that E5 C A, where

E5 = U B(;(I)

zelR

Letting s = xB,/|Bs| and arguing as in the proof of [19, Lem. 5.3, we can estimate

1
]|n5*v—v\|’£p(E < \B|// lv(z + 2) — v(x)P dzdz

|Bl|//35 ) VO (2.16)
|Bl|/ /Ba(m (@) Je(x,y) dy dz < & Fip(v)

for every v € LP(RY) and k € N, owing to (1.21). Now, if (ug)reny C LP(A) satisfies (1.22),
then the sequence (vE)ren C LP(RY), where, for all k € N,

5 {uk on F,

Uk‘ —
0  otherwise,

is bounded in LP(RY). Therefore, by [7, Cor. 4.28], for every § > 0 sufficiently small,
(s * vE)ken is compact in LP(E), and thus totally bounded in LP(E). By (2.16), also
(ug)ken C LP(E) is thus totally bounded in LP(E), and therefore compact in LP(E).

Proof of (ii). If (ug)keny C LP(A) is such that uy — w in LP(A) as k — oo, then, up to a
subsequence, by (1.23) we get that

liminf fus () — e (o) Ju(er. ) = [u(z) = u(y) [ I (. v)
for #£?"-a.e. (z,y) € A%, so that the conclusion follows by Fatou’s Lemma.
Proof of (iii). 1f w € LP(A) is such that _#,(u) < oo, then
(z,y) = [u(x) —u(y)PJp(2,y) € L'(A%).

Therefore, by (1.24), the conclusion follows either by the Dominated Convergence Theorem
under (1.25), or by the Monotone Convergence Theorem under (1.26). O

2.6. Proof of Corollary 1.12. We conclude with a brief sketch the proof of Corollary 1.12
for the ease of the reader.

Proof of Corollary 1.12. To prove statements (ii) and (iii) of Corollary 1.12, we can directly
apply the corresponding statements (ii) and (iii) of Theorem 1.11 with the choices

ARV, Jk<x,y>=mwk<x,y> and  J(,y) = r(r — ) w(z.y)
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for all z,y € RY and k € N, since clearly (1.28) implies the validity of (1.24) and (1.25).
To prove statement (i) of Corollary 1.12] instead, it is enough to observe that

1
inf{wy(z,y): x € Bg, y € By(z)} > §inf{w(x,y) :x € Bg, y € Bi(z)} >0

for all £ € N sufficiently large whenever R > 0 is fixed, and then argue as in the proof of

statement (i) of Theorem 1.11. We omit the analogous computations. U
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