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Abstract

We consider manifolds with almost non-negative Ricci curvature and strictly positive
integral lower bounds on the sum of the lowest k eigenvalues of the Ricci tensor.

If (M™, g) is a Riemannian manifold satisfying such curvature bounds for k = 2, then
we show that M is contained in a neighbourhood of controlled width of an isometrically
embedded 1-dimensional sub-manifold. From this, we deduce several metric and topo-
logical consequences: M has at most linear volume growth and at most two ends, it has
bounded 1-Urysohn width, the first Betti number of M is bounded above by 1, and there
is precise information on elements of infinite order in 71 (M).

If (M",g) is a Riemannian manifold satisfying such bounds for k£ > 2, then we show
that M has at most (k — 1)-dimensional behavior at large scales.

If k. = n = dim(M), so that the integral lower bound is on the scalar curvature,
assuming in addition that the (n — 2)-Ricci curvature is non-negative, we prove that the
dimension drop at large scales improves to n — 2.

From the above results we deduce topological restrictions, such as upper bounds on the
first Betti number.
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1 Introduction

A renowned conjecture by Yau asserts that if (M™, g, p) is a pointed Riemannian manifold of
dimension n with Ricy; > —A, then

/ RdVol < C(A,n),
Bl(P)



where R denotes the scalar curvature. Under the assumption of non-negative sectional curva-
ture, the aforementioned bound on the scalar curvature was obtained by Petrunin in [47]. A
non-collapsed version of Yau’s problem was then proposed by Naber in [45], where he conjec-
tured that if (M™, ¢, p) is a pointed Riemannian manifold with Ricp; > —\ and Vol(Bi(p)) > v,
then fBl(p) RdVol < C(A, n,v). If true, Naber’s version of Yau conjecture would allow to define

a scalar curvature measure on non-collapsed Ricci limit spaces (see again [45]).

These conjectures are still open and, more generally, the geometric interplay between Ricci
and scalar curvature bounds is still not fully understood. A step forward in this direction
was carried out in a series of recent papers showing that 3-manifolds with non-negative Ricci
curvature and scalar curvature bounded from below by a strictly positive constant have at
most linear volume growth at infinity (see [44, 17]). This is a particular case of a more general
conjecture by Gromov [29] stating that a non-compact pointed Riemannian manifold (M™, g, p)
of dimension n with non-negative Ricci curvature and scalar curvature bounded below by a
strictly positive constant should satisfy

Vol(B(p))

lim sup =

t——+o0o

< +o0. (1)

Without the condition on the Ricci curvature, manifolds with uniformly positive scalar cur-
vature can have arbitrarily large volume growth (by the surgery results in [31, 30]). Nevertheless
such 3-manifolds have been shown to have bounded Urysohn 1-width (see [36, 32, 40, 41] and,
assuming also non-negative Ricci curvature, [62]). This class of results enters in the framework
of another more general conjecture by Gromov [32], stating that a manifold of dimension n with
scalar curvature bounded below by a strictly positive constant should have bounded Urysohn
(n — 2)-width.

Motivated and inspired by the above conjectures and results, we next discuss the framework

and the main findings of the present work.
Given a manifold (M",g) and k € N, &k < n, we denote by Ry the sum of the lowest k
eigenvalues, counted with their multiplicity, of the Ricci tensor Ricps. In analogy with the
terminology used in [50], if Ry > ¢, we say that the k*"-scalar curvature of M is bounded below
by ¢ (note that this is different from the convention used in [60], where the Ricci curvature
is said to be k-positive if R > 0). In this paper, we study the geometry of manifolds with
almost non-negative Ricci curvature and k'-scalar curvature bounded from below in integral
sense by a positive constant (see [20, 38, 56, 22, 26] for previous literature on manifolds with
Rr > ¢). As a byproduct, we also obtain new results on manifolds with almost non-negative
Ricci curvature and a positive lower integral bound on the scalar curvature.

Broadly speaking, we show that a lower Ricci curvature bound combined with a positive
lower bound on the k*"-scalar curvature forces the manifold to have (k — 1)-dimensional be-
havior at large scales. Moreover, if k coincides with the dimension of the manifold (so that the
lower bound is on the scalar curvature), the dimensional bound on the geometry at large scales
can be improved to (k — 2), matching in this way the dimension-drop appearing in the afore-
mentioned conjectures by Gromov. Our approach relies on techniques from metric geometry in
which a limit space arises from a sequence of manifolds (see the foundational papers [8, 9, 10,
11)).

The first main result of the paper is Theorem 1.1, which shows the continuity of certain
integral functionals of R under Gromov-Hausdorff convergence. We recall that, if Yau conjec-
ture holds, given a sequence (M;, g;,p;) — (X, d, z), one can define a scalar curvature measure
pon X as a weak limit Rz, Vol; — u (see [45, Conjecture 2.18]). Hence, continuity results for
J Runder GH convergence would ensure that, if X is itself a smooth manifold, then p = Rx Vol.
Theorem 1.1 proves a result along these lines when X = R"™ (see Remark 3.5). Other continuity
results for the integral of the scalar curvature were previously obtained in the presence of a
lower bound on the sectional curvature in [48, Theorem B3] (after Perelman) and [39]. We refer
to Definition 2.5 for the definition of (k, §)-symmetric and d-regular balls in a manifold. Given
a,b € R, we denote a A b := min{a,b} and a V b := max{a, b}.



Theorem 1.1. Let L, k,n € N with k <n and s € (0,1) be fized. Then
sup {][ Ri A LdVol : (M, g,x) has Ricyr > =90, and Byo(x) is (k,é)-symmetric},
Bl(m)
sup {][ IR|? dVol : (M, g,z) has Ricpyr > =6, and Bio(x) is 6—regular}
By (z)

converge to 0 as d N\, 0.

The previous result is the technical tool that will be used to study manifolds with a positive
uniform lower bound on Ry.

As a first application of Theorem 1.1, in Theorem 1.2 we show that manifolds of any di-
mension with integrally positive Ry (and almost non-negative Ricci curvature) are contained in
a neighbourhood of controlled width of an isometrically embedded 1-dimensional manifold.

The result applies also to 3-manifolds with integrally positive scalar curvature and, assuming
either an integral sectional curvature lower bound or a strong non-collapsing assumption, gives
a new precise description of the macroscopic behavior of these spaces. Let v,€,d, L € (0, +00),
n €N, s € (0,1), and consider the following sets of conditions on a manifold (M™, g).

(i) n > 2, Ricpy > =4, and

][ Ro A LdVol > €, Ve M.
Bl(x)

(ii) n =3, Ricpr > —0, and

][ Secys A 0dVol > —6, ][ Ry A LdVol > €, Ve M.
Bl(r) Bl(m)

(ili) n =3, Ricpr > —4, and

][ [Ra|?dVol > €, Vol(By(z)) > v, Va € M.
Bl(ib)

Given r > 0 and a subset A C M, the r-neighbourhood of A in M is the set of points whose
distance from A is less than 7.

Theorem 1.2. Let v,e,L € (0,4+00), n € N, s € (0,1) be fized. There exist C,é > 0 with the
following property. If a manifold (M™, g) satisfies one of the conditions (i), (ii), (iii), then there
exists a 1-dimensional connected manifold I (possibly with boundary) and a distance preserving
map ¢ : I — M, such that M is contained in the C-neighbourhood of ¢(I).

Theorem 1.2 has far reaching implications both for the metric and the topological properties
of manifolds satisfying (i), (ii), or (iii). These are collected in Theorem 1.3 below. We denote by
b1 (M) the first Betti number of M. Given a loop v in M, we denote by [v] its equivalence class
in the fundamental group 71 (M). We recall that a metric space (X, d) has 1-Urysohn width < d
if there exists a 1-simplex Y, and a continuous map 7 : X — Y, such that diam(f~!(y)) < d
for every y € Y.

Theorem 1.3. Let v,e,L € (0,+00), n € N, s € (0,1) be fized. There exist C,6 > 0 with the
following property. Let (M™,g) be a manifold satisfying one of the conditions (i), (ii), (iii).
Then,

1. sup,cpr Vol(By(x)) < Ct, for allt > 0.
2. If Ricps > 0, then inf,ep Vol(By(x)) > 0.



8. M has 1-Urysohn width < C.

4. M has at most two ends.

5. by(M) <1.

6. m (M) is infinite if and only if M is compact and its universal cover is non-compact.

7. If there exists a loop v C M such that [y] € w1 (M) has infinite order, then M is contained
in a C'-neighbourhood of ~y.

The previous two theorems are part of a series of recent results where positive lower bounds
on the (scalar) curvature imply 1-dimensional behavior at large scales both from the metric and
the topological viewpoint. For instance, a linear volume growth bound for 3-manifolds with
Ric > 0 and R > 1 was obtained in [44], and was then generalized in [17, 4, 61]. Similarly,
3-manifolds with R > 1 have been recently shown to have bounded Urysohn 1-width (see [36,
32, 40, 41]).

We highlight that an analog of Theorem 1.2 is not to be expected in the higher dimensional
case (see Remark 5.9) and that the result fails without the lower bounds on the Ricci curvature
(see Remark 5.7). The proof of Theorem 1.2 relies on the study of a geometric condition on
length minimizing geodesics in a metric space that was first studied in [34] (see Section 4).

We now turn our attention to manifolds with an integral lower bound on Ry, possibly for
k > 3. Theorem 1.4 shows that non-negative Ricci curvature, coupled with a sufficiently slow
asymptotic integral decay of Ry, implies a dimension-drop for the tangent cones at infinity. An
analogous result (under different assumptions) was recently proved in [64, Theorem 1.6]. We
recall that if a pointed non-compact manifold (M™, g, p) has non-negative Ricci curvature, then
Gromov’s pre-compactness theorem ensures that, for every sequence (M™, g/r;,p) as r; — 400,
there exists a subsequence converging in pointed Gromov-Hausdorff sense to a metric space
(X,d,poo). Such space obtained via blow-down is called a tangent cone at infinity of M.
Finally, we refer to Section 3.2 for the definition of the (n — 2)**-Ricci curvature Ric,_o (after
[50))-

Theorem 1.4. Let (M™,g,p) be a Riemannian manifold and let L > 0, « € (0,2).

1. Assume that Ric > 0 and

lim 0V (r*”*Ry) A LdVol = L.

r—-+00 B, (p)

Let (X,d,zo) be any tangent cone at infinity of M. If (R%,d.,) is a tangent space to X
at a pointx € X, thend <k —1.

2. Assume that Ric,,_o > 0 and

lim 0V (r*”*R) A LdVol = L.

=+ ) B,.(p)

Let (X,d, zo) be any tangent cone at infinity of M. If (R%,d.y) is a tangent space to X
at a point x € X, thend <n — 2.

The previous theorem is sharp in the sense that it fails for & = 0 (see Remark 3.11). A
biproduct of Theorem 1.4 is that, if a manifold has non-negative Ricci curvature and sufficiently
slow integral asymptotic decay of the Ricci tensor, then it is compact (see Remark 3.12).

We now consider the topological implications of non-negative Ricci curvature and asymp-
totically positive k'"-scalar curvature. This is the content of Theorems 1.5 and 1.6 (compare
with [64, Theorems 1.3 and 1.7], after [46]).

Theorem 1.5. Let (M",g,p) be a non-compact Riemannian manifold with n > 3 and let
a € (0,2). Let 2 <k <n be a natural number.



1. If Ricpy > 0 and
lim sup <r2_o‘ min Rk) >0,
r—4oo Br(p)
then by (M) < k — 2.

2. If Ric,,_o > 0 and
lim sup (7“2_0“ min R) > 0,
r—+00 B (p)
then by(M) <n —3.

The proof of Theorem 1.5 follows the lines of [64, Theorem 1.3] by replacing the use of [64,
Theorem 1.6] with Theorem 1.4. We remark that Theorem 1.5, unlike [64, Theorem 1.3], allows
for the scalar curvature to converge to zero at infinity.

Theorem 1.6. Lete,s,v € (0,1), let L, D € (0,400), and let k,n € N with k < n. There exists
0 > 0 such that for every manifold (M™, g,p) with Ricpr > =6, diam(M) < D, Vol(B1(p)) > v,
the following holds.

1. IffBl(p) Rx A LdVol > €, then by (M) < k — 1.
2. 1If fBl(p) [R|* dVol > €, then by (M) <n — 2.

If the manifold in the previous theorem has non-negative Ricci curvature, the previous result
follows immediately from the splitting theorem [12]. We remark that Theorem 1.6, unlike [64,
Theorem 1.7], only requires a local bound on the scalar curvature.

Finally, we mention that Theorem 1.1 can be combined with the results of [15] to prove a
result from Jiang and Naber (see Theorem 1.7 below). This result was announced in [45]
without proof; we sketch one in the appendix.

Theorem 1.7 (Jiang-Naber). Let K €e R, n € N, v > 0, s € (0,1) be fized and let (M™,g,p)
be a manifold with Ricyr > K and Vol(By(p)) > v. There exists a constant C(K,n,v,s) > 0
such that

][ |Ric|® dVol < C(K,n, v, s).
Bi1(p)

The previous theorem is the best available result concerning the non-collapsed Yau conjec-
ture mentioned at the begininning of the introduction.

The paper is organized as follows. Section 2 contains preliminaries. In Section 3, we prove The-
orems 1.1, 1.4, 1.5, and 1.6. In Section 4, we study a property of length-minimizing geodesics
in metric spaces which is then used to prove Theorem 1.2. Finally, in Section 5, we prove
Theorems 1.2 and 1.3.
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2 Preliminaries

We start by recalling some basic notation and terminology about metric spaces. Throughout
the section, (X,d) denotes a proper, separable, length metric space. A metric measure spaces
(X,d,m) is a triple, where (X,d) is a metric space and m is a non-negative Borel measure
on X which is finite on bounded sets and whose support is the whole X. We denote by H*
the k-dimensional Hausdorff measure induced by d on X. Given a smooth manifold (M, g) we
denote by d and Vol respectively the Riemannian distance and volume measure induced by g.
Given an open set 2 C X, we denote by Lip(Q), Lip;,.(€2) and Lip.(€2) respectively the set of
Lipschitz, locally Lipschitz and compactly supported Lipschitz functions in 2. We denote the
slope of f € Lipy,.(R2) at z € Q by

i (f)(z) = limsup W

We say that two pointed metric measure spaces (X,dx, mx,z) and (Y,dy, my,y) are iso-
morphic if there exists a bijective distance preserving map i : X — Y such that iyzmyx = my
and i(Z) = 7.

We next recall the main definitions concerning the pointed Gromov-Hausdorff convergence,
referring to [7], [55], and [25] for an overview on the subject.

Definition 2.1 (0-GH maps). Let (X,dx,Z) and (Y,dy, %) be pointed metric spaces and let
0>0. Amap f: X — Y is a 6-GH map if:

o f(7)=1;

e the image of f is a d-net in Y, i.e. for every y € Y there exists x € X such that
dy (y, f(x)) < 6;

e the distortion of f is less than §, i.e.

sup |dx(zo,71) — dy (f(20), f(z1))| < 0.

z0,T1€X

Definition 2.2 (pGH-convergence). A sequence of pointed metric spaces (X, d;, Z;) converges
to (X,d, ) in pointed Gromov-Hausdorff-sense (pGH, for short) if for every 6, R > 0 there
exists N > 0 such that, for every j > N, there exists a §-GH map fJR : (Br(z),d;,Z;) —

(Br(z),d, 7).

The previous definition of pointed Gromov Hausdorff convergence is slightly different from
the one given in [7, p. 272]. Nevertheless, they coincide when considering the convergence of
length spaces (as it will be, throughout the paper).

Definition 2.3 (pmGH-convergence). We say that a sequence of pointed metric measure spaces
(X;,d;,m;,Z;) converges to (X,d, m,Z) in pointed measured Gromov-Hausdorff-sense (pmGH,
for short) if it converges in pointed Gromov-Hausdorff-sense and, for every R > 0, the maps
fJR : Br(Z;) — Bgr(Z) given by Definition 2.2 satisfy (fJR)#(mj L Br(z;)) — mL Bgr(z), as
j — oo, weakly in duality with continuous boundedly supported functions on X.

Both pointed Gromov-Hausdorff and pointed measured Gromov-Hausdorff convergence are
metrizable. The corresponding distances are denoted by dpgm and dpmgr. We recall that,
in the case of a sequence of uniformly locally doubling metric measure spaces (X;,d;, m;, Z;)
(as in the case of RCD(K, N) spaces), pointed measured Gromov-Hausdorff convergence to
(X,d,m,z) can be equivalently characterized by asking for the existence of a proper metric
space (Z,d,) such that all the metric spaces (X;,d;) are isometrically embedded into (Z,d.),
Z; —  and m; — m weakly in duality with continuous boundedly supported functions in Z
(see [25]).

Next, we recall the fundamental notion of (k,d)-splitting map (see [18, 8, 9, 16]) on a
Riemannian manifold with Ricci curvature bounded below.



Definition 2.4 ((k, ¢)-splitting maps). Let (M™, g) be a Riemannian manifold and let 1 < k <
n. A harmonic map u : B,.(z) — R¥ is a (k, §)-splitting map if:

1. For every i,j € {1,---,k}, it holds fBr(x) Vu; - Vg — 6;;] dVol < 6.
2. supp, (o) [Vul < 144
3. 12 {5 (4 [Hess(u)|* dVol < .

Definition 2.5 ((k,d)-symmetric balls). Let (M™,g) be a Riemannian manifold. A ball
B,.(p) € M is said to be (k,J)-symmetric if there exists a pointed metric space (Y,dy,%)
such that dGH(BT(p),BP?kXY(O,g)) < ér. If a ball is (n,d)-symmetric, we will say that it is
d-regular.

The next theorem corresponds to [14, Theorem 4.11] (after [8] and [9]).

Theorem 2.6. Letn € N. For every e > 0, there exists do(e,n) > 0 with the following property.
Let 6 € (0,00) and let (M™,g,p) be a pointed Riemannian manifold with Ricpyr > —4.

1. If there exists a (k,8)-splitting map u : Bo(p) — R¥, then Bi(p) is (k, €)-symmetric.
2. If By(p) is (k,8)-symmetric, then there exists a (k,€)-splitting map u : By (p) — RF.
The next result was proved in [8] (see also [2]).

Theorem 2.7. Let K € R andn € N. Let (M™, g) be a Riemannian manifold with Ricpyr > K.
For every p € M and R > 2r > 0, there exists a function ¢ € C°(Br(p)) which is identically
equal to 1 on B,.(p), with support contained in Ba,.(p), and such that

r?|Ag| +r|Ve| < C(K,n, R).
The next theorem follows from [9, 18, 8].

Theorem 2.8. Let n € N. For every € > 0 there exists 6 = d(n,€) > 0 such that if (M™,g)
has Ricpr > —0 and Bio(x) C M is 6-regular, then By.(y) is e-regular for every r € (0,5) and
every y € Bs(x).

Definition 2.9 (Ricci limit space). A pointed metric measure space (X,d, m, ) is a Ricci limit
space if there exists a sequence of pointed Riemannian manifolds (M, g;, p;) with Ricys, > K
for some fixed K € R and n € N, such that

(M}, dg,,Vol;(Bi(p;)) " Volj,p;) — (X,d,m,Z) in pmGH-sense.
The limit space is said to be non-collapsed if Vol;(By(p;)) > v > 0 for some fixed v > 0.
The next theorem was proved in [18, 9].

Theorem 2.10. Let (M]"7 9j,p;) be a sequence of pointed Riemannian manifolds with a uniform
lower bound on the Ricci curvature converging in pGH-sense to a metric space (X,d,Z). Then
precisely one of the following holds.

1. Either: limsup,_, ., Vol;(Bi(p;j)) > 0. In this case the limsup is a limit and the pGH
convergence can be improved to pmGH convergence to (X,d,H™ Z).

2. Or: limj_ 1 Vol;j(Bi(pj)) = 0. In this case the Hausdorff dimension of X is bounded
above by n — 1.

Definition 2.11 (Tangent space). Let (X,d,m,Z) be a Ricci limit space. A metric space
(Y,dy,y) is a tangent space at T if there exists a sequence 1 > r; > 0, r; N\, 0 that satisfies

_, pGH
(X,d/rj,x) p_> (Yde7y)'



Gromov pre-compactness theorem implies that the set of tangent spaces at a point is always
non-empty. Moreover, in [9] it was shown that for non-collapsed Ricei limit spaces all tangent
spaces are metric cones.

Definition 2.12 (k-singular stratum). Let (X, d, m,Z) be a Ricci limit space. For every k € N,
the k-singular stratum is defined to be

Sy = {z € X : no tangent space is isometric to R¥*! x Y, for any (Y,dy)}.
The next theorem was proved in [9].

Theorem 2.13. Let (X,d,Z) be a non-collapsed Ricci limit space of dimension n > 2. Then
Snfl \Sn72 = @

We next recall some properties of RCD spaces and of finite perimeter sets thereof, which will
be useful later in the paper. We assume the reader to be familiar with the subject and we refer
to the surveys [1, 53, 23] for an account of the theory. Let us just recall that an RCD(K, N)
space is a metric measure space (X, d, m) with Ricci curvature bounded below by K € R and
dimension bounded above by N € [1,00] in a synthetic-sense, and whose Sobolev space W12
is Hilbert. For the present work, it will suffice to consider the finite dimensional case; thus, if
not otherwise specified, N > 1 will be a real number. Recall that such a class is stable under
pmGH convergence, it contains Ricci limit spaces and finite dimensional Alexandrov spaces.

The next result follows from [42, 6] (after the seminal works for Ricci limits [9, 11, 19]).

Theorem 2.14. Let (X,d, m) be an RCD(K, N) space. Then there exists k € NN[1, N], called
essential dimension of X, such that for m-a.e. x € X all tangent spaces in x are isometric to

(R, d, 0).

The next proposition, from [37, Theorem 1.1], characterizes the RCD spaces having essential
dimension 1.

Proposition 2.15. Let (X,d,m) be an RCD(K, N) space of essential dimension equal to 1.
Then (X,d) is isometric to a closed connected subset of R or to S'(r) := {x € R? : [z| = r}.

We now recall some topological properties of RCD spaces. The next proposition is a special
case of [49, Theorem 5], in the non-collapsing scenario. We denote by by (X) the first Betti
number of X.

Proposition 2.16. Let ((Xj,dj, Hé\[7jj))jeN be a sequence of pointed RCD(0, N') spaces with

H;V(Bl (;)) > v > 0 converging in pGH-sense to a compact metric space (X,d). If b1(X;) >r
for every j, then by (X) > r.

The next proposition, proved in [57, Corollary 1.2] (see also [58, Theorem 1.2]), establishes
the converse inequality in higher generality.

Proposition 2.17. Let ((Xj7dj,mj,fj))jeN be a sequence of pointed RCD(K, N) spaces con-
verging in pmGH -sense to a compact metric measure space (X,d,m). If by (X;) <r for every
J, then by (X) <r.

Definition 2.18 (Covering space and universal cover). Let (X,dx) be a connected metric
space. We say that (Y,dy) is a covering space for X if there exists a continuous map 7 : ¥ — X
such that for every point z € X there exists a neighborhood U, C X with the following property:
7~ 1(U,) is the disjoint union of open subsets of Y each of which is mapped homeomorphically
onto U, via .

A connected metric space (X,dz) is said to be a universal cover for (X,dxy) if it is a covering
space with the following property: for any other connected covering space (Y,dy) of (X,dx),
there exists a continuous map f : X — Y such that the triangle made with the projection maps
onto X commutes.

The next result proved in [43] establishes the existence of the universal cover for an RCD(K, N)
space.



Proposition 2.19. Let (X,d,m) be an RCD(K, N) space. Then, it admits a universal cover
(X,dg). Moreover there exists a measure @ on X such that (X,d ¢, ) is an RCD(K, N) space.

Since RCD(K, N) spaces are semi-locally simply connected thanks to [57] the universal
is simply connected. The next proposition follows from [43, Theorem 1.3|, after taking into
account that the revised fundamental group mentioned in the reference coincides with the
usual fundamental group thanks to [57].

Proposition 2.20. Let (X,d,m) be a compact RCD(0, N) space with by(X) > k. Then, its
unsversal cover splits the Euclidean R isomomorphically as metric measure space.

The next proposition from [52, Corollary 4.11] shows that the universal cover of a Ricci
limit space is a Ricci limit space, as well.

Proposition 2.21. Let K € R and n € N. Let (M}, g;,%;) be a sequence of Riemannian
manifolds with Ricy;, > K converging in pGH-sense to a compact metric space (X,d). Let

(f( a) be the universal cover of X and fix & € X. Then, there is a sequence of coverings
(Mj,g],:cj) of M; converging in pGH-sense to (X, d ,Z).

The next proposition follows combining [3, Theorems 1.1 and 1.3] with the fact that each
covering of a fixed manifold has volume growth controlled from above by the one of the universal
cover.

Proposition 2.22. Let k,h € NU {0} with k < h. Let (M,g,%) be a pointed Riemannian
manifold with Vol(B;(Z)) > c1t* for some c¢1 > 0 and whose universal cover (M, §, %) satisfies

\76I(Bt(§:)) < coth for some co > 0. Then by (M) < h — k.

3 Integral estimates on scalar curvature and first geomet-
ric applications

3.1 Proof of Theorem 1.1

Throughtout the section, (M™,g) will be a smooth, complete (in some cases compact), n-
dimensional Riemannian manifold, with n > 2. We denote by R; : M — R the sum of the
lowest k eigenvalues, counted with their multiplicity, of the Ricci tensor. We first prove a few
lemmas that will be used to establish Theorem 1.1 from the Introduction.

Given a matrix A € R™** we denote by AT € R¥*" its transpose.

Lemma 3.1. Let k,n € N with k < n, and let ¢,e > 0 be fixred. There exist c1(n,e), € (n,e) >0
arbitrarily small satisfying the following. Let A = (a;;) € R™** be a matriz with |AT A—1Ii| < ¢1
and |A|? < c. Consider real numbers —e’ < Xy < --- <\, with \y > ¢/2k. Then

k n
OVZZ j JZZ\F()W-I- “+ Ag).

i=1 j=1

Proof. Assume by contradiction that the statement fails. Hence, we find sequences Ch, eh J 0and
Ay = ( ) € RF with |AT Ay, — I | < cp, |An]? < ¢ and real numbers —¢) < A < ... < \!
with \g 2 €/2k, with

ovZZAh D2 <\ J 4+ M), forall he N,

=1 j=1

In particular, dividing both sides by )\Z, it holds

kk—1>\h kE n
S5 L sud

Ne]



where the first summand in the Lh.s. is to be considered zero if k = 1.
Moreover, since |Ap|? < ¢, —€), < AP <o <A and )\Z > €/2k, it holds

/
J o h\2 2 €
. E —)\Z (aj ;)" > —2k e

7

k k-1 AP
=1j=1
Combining with (2), we obtain

n /
g g (a?i)2 < ki€, + %2k
’ €
—k

i=1j

Taking the limit as h — oo, we obtain a matrix A = (a;;) € R"** such that

k n
ATA = Ik and Z Z(aj7i)2 =0.

i=1j=k

The last two identities are clearly in contradiction: indeed, the former states that the columns
of A are k orthonormal vectors in R™, while the latter implies that their span is at most & — 1
dimensional. [

The next lemma will be key to prove Theorem 1.1.

Lemma 3.2. Let k,n € N, with k < n, and let s € (0,1) be fized. For every e > 0 there
exists d(n,e,8) > 0 such that if (M™,g) has Ricpy > —6 on Baog(z), and Bio(x) C M is
(k, d)-symmetric, then:

o There exists E C By1(z) such that
/ Rk dVol < eVol(By(z)); (3)
E

e There exist x; € Bi(z) and r; € [0,1/2], with j € N, such that

By(z)\ E C | By, (x;) with > Vol(B,, (x;))r;>* < eVol(By(x)). (4)
jEN jJEN

In particular, Vol(Bi(z) \ E) < eVol(By(x)) and f. Ry dVol <

l1—e-
Proof. Let € > 0 be fixed. Let 0 < ¢/(n,¢€) < € be given by Lemma 3.1 and let 0 < § < ¢ be

small enough so that if Big(z) C M is (k,d)-symmetric, there exists a harmonic (k, € )-splitting
map u : Bs(x) — R*. Plugging the j-th entry u; of the map v into the Bochner Formula yields

A|VUj|2 -1

5 = |Hess(u;)|* + Ric(Vuj, Vu;), on Bs(z). (5)

Theorem 2.7 ensures the existence of a non-negative function ¢ € C°(Bz(x)), with ¢ =1 on

Bj(z) and such that
|AG| + V| < ¢(n).

Multiplying (5) by ¢, integrating, and recalling Definition 2.4, we obtain
][ #Ric(Vu;, Vu;) dVol < c(n)e’.
BQ (:E)

Since Ricpyr > —6 > —¢€ and SUP g, () |[Vu| < 2, it holds

f Ric(Vu;, Vu;) dVol < c(n)][ #Ric(Vu;, Vu;) dVol + c(n)e’ < ¢(n)e’.
Bi(z) Ba(z)
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Summing over j € {1,...,k}, we get

k
][ Z Ric(Vu;, Vu;) dVol < c(n)e’. (6)
Bi(z) j—1

We now define E C By () to be the set of points where {Vu;}%_, are almost orthonormal.
For each point p € M, we fix an orthonormal basis so that 7,/ = R™ and we use the convention
that Vu € R™** (i.e., each Vu; is a column of Vu). Let ¢1(n,€) > 0 be the constant given by
Lemma 3.1, and set

E:={yecBi(z): |Vu!'Vu—I}| < e1}.

Observe that the condition in the previous definition is independent of the chosen orthonormal
basis for T, M. Fix now an orthonormal basis in 7}, M such that Ricy; in T, M is represented
by the diagonal matrix A € R™*", whose eigenvalues are —¢’ < Ay < --- < A\,

Consider now the subsets of F defined by

E, =En{Ry>¢/2} and FE_:=FEN{R; <¢/2}.

At every point of E, we have A\ > €¢/2k. Hence, by Lemma 3.1, it holds

k k
0V ) Ric(Vuy, Vi) =0V Y Vu] AVu;
j=1 j=1
kK n
=0V Y (Vi) = Ve (M + -+ M) = VR,

j=1i=1

Combining with (6), we obtain

/devm:/ Ry, dVoI+/ Ry, dVol
E Ey

< (¢/2)Vol(By(x)) +/ Rk dVol < (c(n)Ve + ¢/2)Vol(By (). (7)

By

Choosing € > 0 small enough, we obtain (3).
To conclude the proof, we need to show that By (z)\ E is contained in a union of sufficiently
small balls. Let n(e,n,s) > 0 to be chosen later and consider the set E' C B;(x) given by

E = {y € By(z) : 7"25][ \Hess(u)|2 dVol <7, for every r € (0, 1/10)}.
B (y)

We claim that

E'CE and
2)\ E' C | By, (z;) with Y Vol(B,, (x;))r; > < eVol(Bi(x)). (8)
1€EN 1€N

The thesis (4) will follow by combining the claim (8) with (7).

We first prove that £/ C E. It is sufficient to show that at every point of E’ the quantity
|VuTVu — I| is smaller than the constant c; (e, n) appearing in the definition of E. We prove
it by a telescopic argument (cf. [5]). Set £ := >, [Vu; - Vu; — d;5|. For every j € N and
y € By(z), we have

][ EdVoI:‘][ SdVoI—][ é’dVoI—l—][ 5dVo|—...+][ £ dVol
B,—;(y) Bi(y Bi1(y) Bi/2(y) B,—j(y)

e +Z‘][ EdVoI—][ SdVoI‘
2 j+1 (y B2*j (y)
<c(n)e +c(n 22 ]][ |Hess(u)| dVol,

jEN Bg—j (y)

11



where in the last inequality we used the Poincaré inequality. Using Holder inequality and the
definition of E’, we infer that

][ &€ dVol <C E —|—c ZQ Jj(1— é)(2—25]][
B,—;(y)

jEN By-3i ()
< c(n)e + c(n,s)y1.

Choosing 1 and € to be sufficiently small, and letting j go to +oo, we conclude that E' C E.
From now until the end of the proof, n > 0 is fixed by the previous step. To complete the
proof, we need to show that

1/2
|Hess(u)|? dVoI)

Bi(z)\ E' C U B, ()
i€N
with
> Vol(B,, (x;))r; > < eVol(By(x)), and r; € [0,1/2].
i€N
To prove this, we use a Vitali covering argument coupled with a scale-picking (cf. [5]). For
every y € Bi(x) such that

sup 7"25][ |Hess(u)|? dVol > n,
0<r<1/10 B (y)

we set 7, € [0,1/10] to be the maximal radius such that

rgs][ |Hess(u)|? dVol > 7.

By, (v)

Clearly,
/ |Hess(u)|? dVol > Vol(B,, (y))nr, >*.
ry (Y)

By Vitali covering theorem, we can cover E’ with a countable collection of balls {Bg,ryj (yj)}jen
with 7, € (0,1/10], such that {Bryj (y;)}jen are disjoint. Hence

Vol(Bsy,, y
Z (Bsr,, (v Z/ |Hess (u)|? dVol

51y,
jEN ( y] JEN

c(n) 2 c(n)
< U/BQ(L)|Hess( u)|? dVol < , ——Vol(By (z))€'.

Observe that, by construction, 5r; € [0,1/2] for every j € N. Since n > 0 is fixed, we can
choose ¢ = enc(n)~! > 0 to conclude the proof. O

Corollary 3.3. Let k,n € N with k < n and s € (0,1) be fized. For every e > 0 there exists
d > 0 such that if (M™,g) has Ricpy > —6 and Bio(x) C M is (k,d)-symmetric, then there
exists E C By(z) such that

/ |IRk|® dVol < eVol(By(x))
E
with

By(z)\E C | B, (x;) and
1€EN
> Vol(B,, (x;))r; > < eVol(Bi(x)), r; €[0,1/2] for all j € N.
jEN
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Proof. Let 0 < § < €1 < € be sufficiently small and let E be the set given by Lemma 3.2 relative
to €1. Since by assumption Ricy; > —4d, then clearly

R > —kd. (9)

By Holder inequality applied to the conjugate exponents p = s~! >1and ¢ = (1 —s)"! > 1,
using Lemma 3.2 and (9), we obtain

/ (Rk V 0)5 dVol < (/ Ry Vv 0dVO|)SVO|(B1($))1—s < 61VO|(Bl(£L')).
Hence,
/ IRy|* dVol < / (R, V 0)° dVol + (k8)*Vol (B, (z)) < (1 + (k6)*)Vol (B ().

We conclude by choosing €1,d > 0 such that e; + (k0)® < e. O
We now prove Theorem 1.1 from the Introduction.

Theorem 3.4. Let L, k,n € N with k <n and s € (0,1) be fized. Then
sup {][ Ri A LdVol : (M, g,x) has Ricpr > —0, and Byo(x) is (k,é)—symmetm’c}, (10)
Bl (x)
sup {][ |R|? dVol : (M, g,x) has Ricpy > =9, and Bio(x) is 5—regular} (11)
BI(I)

converge to 0 as § \, 0.

Proof. Let k,n € N with k < n. We show that for every 0 < e < 1/2 there exists § > 0 such
that if (M™, g) has Ricps > —d and Bjo(x) C M is (k, §)-symmetric, then

][ Re A LdVol < e. (12)
BI(I)

This would imply the first part of the statement. Fix €;(e,n) > 0 — to be chosen later — and
let 0 < &(€1) < €1 be given by Lemma 3.2 so that there exists £ C By(x) such that

/ Ry dVol < 1 Vol(Bi (x)),
E
and Vol(Bi(z) \ E) < €1Vol(B1(z)). Hence,
/ Rk/\LdVolg/deVol—l—/ 0V R A LdVol
B (x) E By (z)\E
< (61 + L€1)VO|(B1(I‘)),
which implies (12) if €; is chosen small enough.

We next show (11). To this aim, fix s € (0,1) and consider the case k = n. We want show that
for every 0 < € < 1/2 there exists 6 > 0 such that if (M™, g, z) has Ricpy > —d and Bjo(x) C M

is d-regular, then
][ IRI® dVol < e.
B (x)

Let 6’ > 0 be as in Lemma 3.2 relative to €. Let 0 < § < & be small enough such that if
(M™, g,2) has Ricpy > —d and Bjg(xz) C M is §-regular, then B,(y) is §'-regular for every
r € (0,5) and every y € Bs(z). This is possible thanks to Theorem 2.8. Define the measure

1= |R|* dVol L By ().
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Consider the set Eq C By (z) given by Corollary 3.3 such that

u(Er) < eVol(By(x)), Bi(z)\ By C | Br, ()
€N
with
> Vol(B,, (x:))r; > < eVol(Bi(x)) and r; € [0,1/2].
€N
In particular, it holds
Vol(By(z) \ E1) < eVol(By(z)).

In each ball B,,(z;), we can apply the scale invariant version of Corollary 3.3 to obtain a set
E,; C By, (x;) such that

p(Ea) < er;**Vol(By, (2:)), By, (i) \ B2 € | By, , (i)

JEN

with

S VoI(B,, | (wi)))ri 7 < ery 2 Vol(By, () and 7 ; € [0,7:/2].

JEN
Defining

By :=Ey U By,
ieN

we obtain

p(E2) < eVol(By(x)) + Z 1(E2,)

< eVol(By(x)) + € »_ ;> Vol(B,, (x;)) < (e + €)Vol(Bi (z)).
€N

Moreover, it holds

Vol(B1(z) \ E3) < Z Vol(B,, ,(zi;)) < €Vol(Bi(z)).

i,jEN
If we keep iterating this argument, we obtain increasing sets Ej such that

w(Ey) < (e + ... + €°) Vol(By ().

E= UEk,

keN

Denoting by

we obtain that
u(E) < ceVol(By(x)),

where ¢ > 0 is a universal constant. To conclude the proof, it suffices to show that
u(Bi(z) \ E) = 0.
To this aim, observe that Vol(Bi(z) \ E) = 0, since Vol(By(z) \ Ex) < €Vol(By(z)). O

Remark 3.5. Inspecting the proof of Lemma 3.2, one realizes that a priori LP estimates on
harmonic splitting maps for p > 2 would imply that

sup {][ |IR|dVol : (M, g, z) has Ricys > —6 and Byg(z) is d-regular } -0
B (x)

as 6 — 0. This would allow to obtain a priori integral bounds on the scalar curvature out-
side of the quantitative singular set of a manifold with Ricci curvature bounded from below.
Unfortunately, it is shown in [21] that such estimates cannot exist in such generality.
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3.2 First geometric applications in almost non-negative Ricci and
integrally-positive scalar curvature

We now obtain the first geometric applications of the results of the previous section. We
introduce some notation first (cf. [50]).

Definition 3.6 (k*" Ricci curvature bounds). Let (M™, g) be a manifold, let 1 < k < n — 1,
let x € M, and let ¢ € R. We denote by Ras(,,+,) the Riemann curvature tensor of M. We
say that Ricar, > ¢ (resp. < ¢) in T, M if, for all (k + 1)-dimensional subspaces V' C T, M, it
holds

k+1
Z RM(eiv v, v, ei) >c (resp. < C)
i=1
for every v € V' and every orthonormal basis {ej,...,exr1} of V.

One can check that:

1. Ricask > ¢ implies Ry, > c.

2. Ricpr,i > ¢ implies Ricps 41 > %c.
3. Ricprn—1 > cif and only if Ricys > c.
4. Ricy apr > cif and only if Secys > c.

Definition 3.7 (Integral k" Ricci curvature bounds). Let (M",g) be a manifold, let 1 < k <
n—1,let A C M be measurable, let ¢ € R, and let F' : R — R be a measurable function. We
say that

/14F(RicM7k) dVol > ¢
if there exists a measurable function f : A — R such that:
1. [, fdVol > c.
2. For all x € A and (k + 1)-dimensional subspaces V' C T, M, it holds

k+1

F(ZRM(%%U,&)) > f(z)
i=1
for every v € V and every orthonormal basis {e1,...,ex11} of V.

We say that [, F(Secyr)dVol > cif [, F(Rici ar) dVol > c.

The next theorem should be compared with [59, Theorem 1.1], where similar conclusions
were obtained under stronger assumptions: non-negative Ricci curvature (below, almost non-
negative Ricci curvature) and scalar curvature greater than 2 (below, a local integral lower
bound on the scalar curvature). Whenever we consider a sequence of manifolds (M}, g;), we
write Ry, x instead of Ry for the sake of clarity.

Theorem 3.8. Let s € (0,1), let ,v, L € (0,+00) and let k,n € N with k < n.

1. There exists § > 0 such that the following holds. Let (M™,g,p) be a manifold with
Ricyr > =6 on M and

][ |[Ra|®dVol > €, Vol(Bi(p)) > v.
Bi(p)

Then dpcu(M,Y) > 6, for any metric space (Y, dy,y) splitting R"~! isometrically.
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2. There exists 6 > 0 such that the following holds. Let (M™,g,p) be a manifold with
Ricps > —6 on M, and

][ Ricarn—2 A 0dVol > -4, ][ Ryr A LdVol > e.
Bi(p) Bi(p)

Then dpau(M,Y) > 6, for any metric space (Y, dy,y) splitting R"~! isometrically.

Proof. Proof of 1. Assume by contradiction that there exist ey > 0, vo > 0, §; | 0 and pointed
Riemannian manifolds (M}, g;,p;) with Ricys, > =45, Vol;(B1(p;j)) > vo, and

f |RM].\SdVon > €0,
B1(pj)

such that M; — X in pGH-sense, where (X, d, p) splits R"~! isometrically. Thanks to Propo-
sition 2.15 and Theorem 2.13, then either X = R™ or X = R"~! x S} for some r > 0.

Case X = R". Applying the second assertion of Theorem 1.1 to (M;,g;,p;,), for j large
enough, we reach a contradiction.

Case X = R" ! x S}. Let s € (0,1). We claim that for every j there exists p} € Bi(p;)
such that

][ |Raz,|° dVol; > c(n, s)eo. (13)
Bs(p3)

If (13) holds, we reach a contradiction by applying the second assertion of Theorem 1.1 to the
rescaled sequence (M;, s 2g;,p;), for s € (0,1) small enough independent of j.

We prove (13). Let j be fixed. Let {g;}\_; C Bi(p;) be such that {B;(g;)}._; covers By (p;),
while the balls { B, /5(qi)}§:1 are disjoint. Assume without loss of generality that

/ IRy, |* dVol,; = max/ IR, |* dVol.
Bs(Ql) v BS(Q'L)

Then,

/ |R1VIJ|S dVO|j S l/ |R]VIJ|SdVO|j.
Bi(pj) Bs(q1)

Hence, to conclude, it suffices to show that | < ¢(n, 5)%. To this aim, note that
J El

l
Vol;(Bi(pj)) = c(n)Volj(Ba(p;)) = c(n) ZVOlj(Bs/S(Qi))
> ¢(n, s)iVol;(Bs(q1))-

This concludes the proof of item 1.
Proof of 2. By contradiction, assume there exist numbers ¢; | 0 and pointed Riemannian
manifolds (M}, gj,p;) with Ricys, > —d; on Mj, and
f RiC]\/[jyn_Q A OdVolj Z 763‘, f RM]. A LdVO|] 2 €, (14)
Bi(pj) ' Bi(p;)

such that M; — X in pGH-sense, where (X, d,p) splits R"~! isometrically.
By the first assertion of Theorem 1.1, it holds

][ RMj,n—l A LdV0|j — 0, as j — oo. (15)
Bi(p;)

Consider an orthonormal base {eq,-- - , e, } for the tangent space of the manifold M; in a point
m € Mj, and assume that Ricy; in this basis is represented by a diagonal matrix A = (an;) €
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R™*™ guch that ap p < apt1 1 for every h € {1,---,n —1}. It holds

n—1

RMj = ZSech (eh,el) = RI\/Ij,n—l —+ Z Sech (en,eh)

h#l h=1
=2Rum;m1 — g Secys, (en, €r).
h#n
l#n
Hence,
n—1

RMJ- ANL < 2(0\/ RM]A_’nfl /\L) — Z (ZSGCM]. (eh,61)> A 0.

h=1 l#h
l#n

By the first inequality of (14), for every h € {1,--- ,n — 1}, it follows

]{Bl(pj) (ZSGCMJ' (eh,el)> A 0dVol > —4;.

I#h
l#n

Combining with (16), it holds

][ RMj A LdV0|j < 2][ RMj,nfl A\ LdVO'j + c(n)éj.
B1(p;) B1(p;)

From (15), we infer that

limsup][ RMj A LdVol; =0,
Bi1(pj)

Jj—+oo

contradicting the second inequality of (14).

O

We now establish some first results of “dimension drop” in general dimension. Building on
top of Section 4, in Section 5 we will obtain stronger conclusions in dimension 3, or in general

dimensions under positivity conditions (in an integral sense) on Ry, k < 2.

We recall that if a pointed non-compact manifold (M, g, p) has non-negative Ricci curvature,
then Gromov pre-compactness theorem ensures that, for every sequence (M, g/rj,p) as r; —
+00, there exists a subsequence converging in pGH sense to a metric space (X,d,ps). Such
spaces obtained via blow-downs are called tangent cones at infinity of M. We now prove

Theorem 1.4 from the Introduction.

Theorem 3.9. Let (M™, g,p) be a Riemannian manifold; let L > 0 and « € (0,2).

1. Assume that Ric > 0 and

lim 0V (r*”*Ry) A LdVol = L.

r—-+00 B, (p)

Let (X,d,zo) be any tangent cone at infinity of M. If (R%,d.,) is a tangent space to X

at a pointx € X, thend <k —1.

2. Assume that Ric,,_o > 0 and

lim 0V (r*”*R) A LdVol = L.

T+ ) B,.(p)

Let (X,d,x.) be any tangent cone at infinity of M. If (R d.,) is a tangent space to X

at a point x € X, thend <n — 2.
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Proof. Proof of 1. Let r; T +oo and consider the rescaled spaces (M, g/rZ,p). We consider
the manifolds (M, g, p;), where M; = M, g; = g/r?, and p; = p. We denote by B! (p;) and Vol;
respectively balls and volumes in M;. By the scaling properties of curvature, these manifolds
satisfy
][ 0V (r;*Rus, k) A LdVol; = f 0V (r?"*Rarx) A LdVol,
Bi(p:) Br; (p)

so that by hypothesis

. lim oV (Ti_aRMi,k) A LdVoIZ = L. (17)
10 B (pi)
Let (X,d, zo) be a pGH limit of a (non-relabeled) subsequence of (M;, g;,p;). Let € By (o)
be a point where R? is a tangent space of X. We claim that d < k — 1. If this holds, then a
rescaling argument implies the same dimensional bound on tangent spaces for every x € X.
Fix € > 0, and let s > 0 be small enough so that (X,d/s, ) is e-close in pGH sense to R
Then, there exists points p; € M; converging to = such that, for i large enough, (M;, g;/s?,p})
is 2e-close in pGH sense to R%. Modulo reducing s, we may assume that B:(p}) C Bi(p;) for i
large enough.
We claim that, for ¢ large enough, it holds

][ (s*Ras, 1) A LdVol; > L/3. (18)
Bi(p})
If this is true, by choosing € > 0 small enough, we deduce that d < k — 1 by Theorem 1.1.

To prove (18), it is enough to show that

Voly (Bi(p;) N {Raz, e > s~2L/2})
Vol (B{(p}))
Assume by contradiction that (19) fails. Then there exists § > 0 such that, up to a non-relabeled
subsequence:

—1, asi— +oo. (19)

Voly (B (p}) N {Ruar, e = s7°L/2}) < (1 = §)Voli(BL(p}))-
Hence, for i large enough:
/ 0V (Ti_aRMi7k)/\LdVO|i
Bi(p:)
< LVoli(Bi(pi) \ By(p})) + L(1 = 6)Voly (B (p})) +r; “s~>L/2Vol; (B (p})).

Using that Bi(p}) C Bi(p;) for i large enough, we infer that

/ 0V (r; “Ras, 1) A LdVol;
Bi(p:)
< LVol;(Bj(p;)) + (r;*s™2L/2 — §L)Vol;(B4(pl)).

By Bishop-Gromov’s inequality, we conclude that for a positive constant ¢(s,n) > 0 it holds

][ OV (r; “Ras, k) A LdVol; < L+ (r; *s™2L/2 — §L)c(s,n).
Bi(p:)
Since r; 1 0o, this contradicts (17), proving item 1.
Proof of 2. Bounds as in (18) follow repeating the previous argument for the integral
appearing in item 2. To conclude, one then uses Theorem 3.8 instead of Theorem 1.1. O

Remark 3.10. In Theorem 3.9, if we replace the limit symbols with lim-sup symbols, we
obtain that there exists a tangent cone satisfying the corresponding dimensional condition.
Moreover, one can replace r2~% in the statement with an arbitrary positive measurable
function f: R, — Ry sucht that f(r)/r? — 0 as r 1 +oc.
The proofs of this facts are the same as the one of Theorem 3.9.
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Remark 3.11. Theorem 3.9 fails for « = 0. We give a counterexample for £k = 1, and all
the other cases follow by taking products with real factors. Indeed, consider the paraboloid
Y= {(x,y,2) € R®: 2z = 2% + y?}. The sectional curvature of ¥ is K(z) ~ 1/42? as z — +0o0.
For every r > 0, the subset {z < r} C X is a ball of radius f(r) > r. Hence, on the paraboloid,
for a positive constant ¢ > 0, it holds f(r)2K(z) > ¢ > 0 for all points in {z < r}. Hence,

. 2 o
TEIJPOO e ‘)(0)(f(r) K) AcVol = c.

At the same time, the tangent cone at infinity of the paraboloid is a half line.

Remark 3.12. Let L > 0 and « € (0, 2) be fixed. Another immediate consequence of Theorem
3.9 is that if a manifold (M, g) with non-negative Ricci curvature has Ricys > f for a function
f such that

lim OV (r**f) A LdVol = L,
r—+400 Br,-(p)

then M is compact. A similar result was obtained in [13, Theorem 4.8], where also the case
a = 2 was addressed, under a pointwise (rather than integral) bound on Ricy,.

We now turn our attention to the topological implications of Theorem 3.9. The next result
corresponds to Theorem 1.5 from the introduction.

Theorem 3.13. Let (M™,g,p) be a non-compact Riemannian manifold with n > 3 and let
a € (0,2). Let 2 <k <n be a natural number.

1. If Ricps > 0 and

lim sup (rQ_O‘ min Rk) > 0, (20)
=400 B:-(p)
then by (M) < k — 2.
2. If Ric,,_o > 0 and
lim sup (7,2701 min R) > 0, (21)
r——4o00 BT(P)

then by (M) <n — 3.

Proof. Proof of 1: Let (M, J,D) be a covering of M, and let 7 : M —s M be the covering map.
We claim that M has a tangent cone at infinity of dimension < k — 1.

_ We first show that M satisfies condition (20). Let 7 > 0 and let & € M be a point with
d(z,p) < r. Then, (&) € B,(p), so that

r27% min RMyk > r27% min Ras k-

B,-(p) B;-(p)

Hence, also M satisfies (20).
Let now r; 1 400 and let € > 0 be such that

lim (7“1270‘ min R,y k) =€
i—>+00 Br, (D) ”

It follows that
li 2-oR Vol = e.
Jim Bn.(ga)(rl i1.x) N €dVol = e
As a consequence, by item 1 of Theorem 3.9 and Remark 3.10, M has a tangent cone at infinity
of dimension < k — 1. The statement now follows by repeating the argument of [64, Theorem
1.3], where instead of using [64, Theorem 1.6] one uses that M has a tangent cone at infinity
of dimension < k — 1.

Proof of 2: The argument is analogous to the proof of item 1, now using item 2 of Theorem
3.9. O
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Next, we prove Theorem 1.6 from the Introduction.

Theorem 3.14. Let ¢,s,v € (0,1), let L,D € (0,+00), and let k,n € N with k < n.
There exists 0 > 0 such that for every manifold (M™, g,p) with Ricpy > =6, diam(M) < D,
Vol(B1(p)) > v, the following holds.

1. IffBl(p) Rx A LdVol > €, then by(M) < k — 1.

2. 1If fBl(p) [R|* dVol > €, then by (M) <n —2.

Proof. We consider case 1 first. Assume by contradiction that the statement fails. Hence,
there exist v, D, ¢y > 0, a sequence d; | 0 and pointed Riemannian manifolds (M 7295 p;) with
RiCMj Z —(Sj, dlam(MJ) S l)7 VOlj(Bl(pj)) Z v,

][ RMi,k/\LdVolj > €,
Bi(pj) '

and by (M;) > k. Up to a subsequence, M; GH-converge to a metric space (X,d). Thanks
to the non-collapsing assumption, the metric measure space (X,d,H™) is an RCD(0,n) space
while, thanks to Proposition 2.16, it holds by (X) > k. By Proposition 2.20, the universal cover
(X,d) of X splits R¥ isometrically. .

Let p € X. By Proposition 2.21, the pointed metric space (X,d,p) is the pGH-limit of a
sequence (Mj, gj,P;), where each Mj covers M;. These covering spaces satisfy

/ RMj,k/\Ld\/}\o/lj > / RMJ.’]C/\LdVO'j > veg > C(n)ervE'j(Bl(ﬁj)),
By (ﬁ]) By (pj)
contradicting Theorem 1.1.

Assertion 2 follows in an analogous way, using Theorem 3.8 instead of Theorem 1.1. O

4 Thin metric spaces

The goal of this section is to show that thin metric spaces (see Definition 4.2, after [34]) are
contained in a neighbourhood of controlled width of an isometrically embedded 1-dimensional
manifold (see Theorem 4.16). This will be a key step to prove Theorem 1.2.

In [34, Section 5], it is shown that a non-compact thin metric space is contained in a finite
neighbourhood of a ray or a line. Comparing with [34, Section 5], Theorem 4.16 treats the
compact case as well, and provides explicit uniform bounds on the width of the aforementioned
neighbourhood. These bounds are needed for the applications in the subsequent sections and,
in particular, to prove Theorem 1.2. On the other hand, unlike [34, Section 5], we only consider
metric spaces (X,d) that are proper, separable, and geodesic.

If not otherwise specified, all curves are assumed to be of finite length and parametrized by
arc-length. The length functional is denoted by L().

Definition 4.1 (Ray, segment, line). Let (X, d) be a metric space. A function r : [0, +00) = X
is called a ray if d(r(t),7(s)) = |t — s| for every ¢, s € [0, +00). Similarly r : [a,b] — X is called
a segment if d(r(t),r(s)) = |t — s| for every t,s € [a,b] and r : R — X is called a line if
d(r(t),r(s)) = |t — s| for every t,s € R.

When considering a ray (resp. a segment or a line) r in X, by a slight abuse in order to keep
notation short, we denote by r both the function r : [0, +00) — X and its image. Moreover,
[r(a),r(D)] denotes the set r([a,b]) C X, for every 0 < a < b.

Given a closed set K C X and a point z € X, we call the projection of x into K the subset
7wk (r) C K defined by

mr(x) ={y e K:d(z,K) =d(x,y)}.

Given a subset A C X, we call the projection of A into K the subset 7mx(A) C K defined by

i (A) = U T ().

T€EA
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Moreover, for every y € K, we denote by ng(y) C X the subset
7l () = {x € X d(z, K) = d(z,)}. (22)

Definition 4.2 (Thin metric spaces). Let R, D > 0 with R > 20D. Let (X,d) be a proper,
geodesic and separable metric space. We say that (X,d) is (R, D)-thin if for every segment r
of length greater than 2R in X, and for every t € (R,L(r) — R) and z € m, (r(t)), it holds
d(z,r) < D.

In [34], a metric space is defined to be R-thin if it is (R, R)-thin according to Definition 4.2.
We consider the extra parameter D > 0 and we restrict ourselves to the case R > 20D as this
will be sufficient for the subsequent applications.

Remark 4.3. Let (X,d) be (R, D)-thin (see Definition 4.2) and let r be a ray in X. If a
point z € X satisfies 7.(z) N (r(R), r(c0)) # 0, then d(z,r) < D. This fact follows by applying
Definition 4.2 to the segments [r(0),r(7T")] for T > 2R.

The next lemma is needed to prove Lemma 4.5, which is the key technical tool to study
(R, D)-thin metric spaces.

Lemma 4.4. Let (X,d) be a geodesic metric space and let C; C Cy C X be closed sets. The
set
K:={zeX :mc,(z)NC; # 0}

is closed.
In particular, if o : [0,b] — X is a curve, then the set

I:={se[0,b]:7c,(a(s))NCy #0}
1s closed as well.

Proof. Let {z;}ieny € K be a sequence converging to zo, € X. We claim that z,, € K. For
every i € N, let ; be a segment from z; to a point ;(L(7;)) € C; such that d(z;, C2) = L(y;).
If L(;) — 0 as i — 400, then x4 € C1, so that z, € K.

If instead L(~;) 4 0, modulo passing to a subsequence, the segments ~; converge to a finite
segment v from z, to a limit point of the sequence {v;(L(7V;))}ien. Since C; is closed, all limit
points of {v;(L(7;))}ien lie in Cy, so that also y(L(vy)) € Cy1. By lower semicontinuity of the
length:

d(200, C2) < L(y) < lirl%li\lnfL('yi) = h%%\;nfd(xi’ Cy) = d(2o0, Ca).
In particular, d(z~,C2) = L(7), so that zo, € K. Hence, K is closed. Being the preimage of
K via the continuous function «, also I is closed. O

The next lemma contains the key technical properties of (R, D)-thin metric spaces (see
Definition 4.2).

Lemma 4.5. Let (X,d) be an (R, D)-thin metric space (see Definition 4.2). Let « : [0,L(a)] —
X be a unit speed curve.

1. Letl be a segment with L(l) > 2R. Lett € (R,L(I)—R), and let u € [0, RJU[L(I)— R, L(1)].
If I(t) € m(a(0)) and l(u) € m(a(L(a))), then the set m(a) contains a 3D-net of either
[L(R), 1(t)] or [I(2), l(L(I) — R)].

2. Let | be a segment with L(l) > 2R. Let t,u € (R,L(I) — R) with t < u. IfI(t) €
m(a(0)) and l(u) € m(a(L(®))), then m(a) contains a 3D-net of either [I(t),1(u)] or
[[(R), 1(B)] U [I(w), I(L(I) — R)].

3. Let r be a ray, let t > R and let uw € [0, R]. If r(t) € m-(a(0)) and r(u) € 7,.(a(L(a))),
then m-(«) contains a 3D-net of [r(R),r(t)].
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Proof. We consider item 1 first. Assume by contradiction that the claim fails. Hence, there are
x1 € [R,t] and x2 € [t,L(I) — R] such that

m(@) N Bsp(U(z1)) = m(a) N Bsp(l(x2)) = 0. (23)
Consider
5 := max {s € [0,.L(@)] : m(a(s)) N [l(a1), l(z2)] # (z)}.

In order to show that s is well-defined, it is sufficient to observe that the set appearing in its
definition is:

e closed, thanks to Lemma 4.4;
e non-empty, since by assumption [(t) € m(a).
We claim that § < L(«). If this is not the case, then, combining with (23),
m (a(L(e))) N [l[(z1 4 3D), (2 — 3D)] # 0.
Since X is (R, D)-thin, a(L(«)) is D-close to [I(z1 + 3D),l(z2 — 3D)], so that
mi(a(La))) N1([0. B U L) — RLO)J) =0,

a contradiction. This shows that § < L(«).

Hence, for every € > 0, there is p. € m (a5 +¢€)). Let p € m((3)) N [I{(x1),1(z2)]. Since
X is (R, D)-thin, it holds d(p, «(8)) < D. It follows that d(p., (5 +€)) < D + e. Combining
these facts, it holds

d(p.pe) < d(p, a(8)) + d(@(3), a5 + ) + d(a(5),p.) < 2D + 2e.

This contradicts the fact that p. € [I(0),1(z1 — 3D)] U [l(xz2 + 3D),1(L(1))] by (23).

The proof of item 2 is very similar to the one of item 1, and for this reason it is only
sketched. Assume by contradiction that the claim fails. Hence, there are z; € [t,u] and
x2 € [R,t] U [u, L(l) — R] such that, as in (23),

mi(a) N Bsp(l(z1)) = m(a) N Bsp(l(z2)) = 0.

One can now assume without loss of generality that xo > 1 (the other case being analogous),
and the proof can be carried out in the same way as for item 1.

We now consider item 3. Since the image of « is compact, m;(«) is a bounded subset of [.
Hence, m(a) C [r(0),r(T")] for some T' > 0. We consider now the segment [ := [r(0), (T +2R)].
It is easy to check that m;(a) = 7.(«). By item 1, m;(a) contains a 3D-net of either [I(R),1(t)]
or [I(t),l(L(l) — R)]. This last case cannot happen as [I(t),l[(L(l) — R)] = [r(t),7(T + R)] and
m(a) C [r(0),r(T)]. Hence, m(«) (which again coincides with 7,.(«)) contains a 3D-net of
(R, 1) = [r(R), r(2)) 0

The next few lemmas are needed to prove Proposition 4.10, which gives the macroscopic
description of (R, D)-thin non-compact spaces.

Lemma 4.6. Let (X,d) be an (R, D)-thin metric space (see Definition 4.2). Let r be a ray in
X and let y € X with d(r,y) > D. Let t > 0 and let v be a curve connecting y and r(t). Then,
for every s € [0,t], it holds d(r(s),7v) < 2R.

Proof. We parametrize -y by arc length in such a way that v(0) = r(¢) and y(L(v)) = y. Since X
is (R, D)-thin and d(y,r) > D, it follows that 7. (v(L(v))) € [r(0),7(R)]. By Lemma 4.5, 7,.(v)
contains a 3D-net of [r(R),r(t)]. Using again that X is (R, D)-thin, it follows that [r(R), r(t)]
is in a 7D-neighbourhood of «. The statement then follows. O
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Definition 4.7 (Divergent rays). We say that two rays 71,72 in a metric space (X,d) are
divergent if

limsupd(ri(t), r2(t)) = +o0.

t—+o00
Lemma 4.8. Let (X,d) be an (R, D)-thin metric space (see Definition 4.2). If there are two
divergent rays in X, then X contains a line.

Proof. Let 71,72 be divergent rays. Consider a sequence t; 1 +oco such that d(ri(¢;),72(t;)) —
+oo and let [; be segments from r1(¢;) to r2(t;). By Lemma 4.6, each one of these segments
satisfies

d(lj, 1 (0)) S C(}z7 D) (24)
Since d(r1(0),71(t;)) — +oo and d(r1(0),7r2(t;)) — +oo, condition (24) implies that {; con-
verges (modulo passing to a subsequence) to a line. This concludes the proof. O

Lemma 4.9. Let (X,d) be an (R, D)-thin metric space (see Definition 4.2). Let r be a ray
in X. Let y € X be a point such that d(y,r) > D. Let ry, be a ray obtained as a limit of the
segments connecting y and r(t;), for some sequence t; — +o00. Then, r is contained in the
2R-neighbourhood of .

Proof. 1t follows immediately from Lemma 4.6. O

The next proposition shows that an (R, D)-thin non-compact metric space is contained in a
neighbourhood of controlled width of a ray or a line. We recall that a similar result is proved in
[34, Section 5]. The main difference is that Proposition 4.10 below also gives an explicit bound
on the width of the aforementioned neighbourhood.

Proposition 4.10. Let (X,d) be an (R, D)-thin metric space (see Definition 4.2). Assume
that X is non-compact and it does not contain a line. There exists a ray r in X whose 10R-
neighbourhood contains X .

Proof. We first show that, given any ray r in X, there exists D’(X,r) > 0 such that X is
contained in the D’-neighbourhood of r.

If the claim were false, we would find points p; at arbitrarily large distance from r. For each
point p;, let r; be a ray obtained as a limit of the segments from p; to r(¢;) for some sequence
t; — +o00. By Lemma 4.6, each ray r; has a point ¢; whose distance from r(0) is less than 2R.
Since the distance between p; = r;(0) and g; goes to infinity as j increases, and the sequence
(gj) is contained in a compact subset of X, then, up to a subsequence, the rays r; converge to
a line [ contained in X, a contradiction.

We now prove the statement of the lemma. If X is contained in the 10R-neighbourhood
of r, there is nothing to prove. Otherwise, we claim that there exists an element y € X at
maximal distance from r. Let y; € X be a sequence maximizing the distance from r. We can
assume that 9R < d(y;,r) < D’(X). Since X is (R, D)-thin, m,.(y;) C [r(0),7(R)]. It follows
that the sequence {y;};en is precompact, so that there exists a limit point y € X at maximal
distance from 7.

Let 7, be the ray which is the limit of the segments joining y and r(¢;) for a sequence
t; T +o00. By Lemma 4.9, for every t > 0, it holds d(r(¢),r,) < 2R. Since d(y,r) > 10R, it
follows that . (r) C [ry(5R),ry,(400)).

Assume now by contradiction that there exists ¥’ € X such that d(y’,r,) > 10R. Let
be a segment realizing the distance between y’ and r. Let r(¢,) be the endpoint of . Let
ry(t9) € my, (r(ty)). By our previous remarks, t¥ > 5R. By Lemma 4.5, 7, (7) contains a
3D-neighbourhood of [r,(R),r,(5R)]. Hence, v contains a point p; which is 7D-close to ry(R).
Recall that we also have d(y’,r,) > 10R. Hence,

d(y/,”f') = L(’Y) = d(ylvpl) + d(plﬂ’) Z d(y’,ry) - 7D + d(y,?”’) —R-17D
>d(y,r) +9R — 14D > d(y,r)

Hence, y was not an element maximizing the distance from r, a contradiction. O
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We now turn our attention to the study of compact (R, D)-thin metric spaces. The key
result in this sense is Proposition 4.15. We first need a few lemmas.

Lemma 4.11. Let (X,d) be an (R, D)-thin metric space. Let 1 be a segment in X and assume
that length(l) > 10R. Let | be a segment starting from 1(0) with m(I(L(1))) C [1(0),l(R)] U
(L) — R),L(LM)]. If m(l) N [I(3R),I(L(I) — 3R)] # 0, then m(l) contains a 3D-net of
[[(R), [(L(I) = R)].

Proof. Let to € [0,L(1)] be such that m (I(to)) 3 I(t) for ¢t € [BR,L(I) — 3R]. Let Iy := g 4]
and lp := 1,7 Hence, both [; and I have an endpoint whose projection on [ lies in
1(0), 1(R)] UL — R), UL,

By item 1 of Lemma 4.5, m;(l1) contains a 3D-net of either [[(R),I(t)] or [I(¢),{(L(I) — R)],
and the same holds for m;(ls).

Assume by contradiction that both m;(l;) and m;(l3) contain a 3D-net of [I(R),{(t)]. In this
case, there exist t; < to < to such that [(t;) and I(t5) are 7D-close to [(R). Hence,

d(l(t1),1(t2)) < 14D. (25)
Since [(tg) is D-close to a point I(¢) in [I[(3R),I(L(I) — 3R)], it follows

to —t1 = d(I(to),(t1)) > d(I(R),(t)) — 8D > 2R — 8D,

so that d(I(¢1),1(t2)) > 2R — 5D. This violates (25). B B
By the same argument, it is not possible that both m;(l1) and m;(l2) contain a 3D-net of
[1(t),I(L(I) — R)], concluding the proof. O

Lemma 4.12. Let (X,d) be an (R, D)-thin metric space. Let | be a segment in X and assume
that length(l) > 10R. Let p € X be a point with d(p,1) > 10R and let | be a segment connecting

p to 1(0). Ifm, (1) N [I(3R),1(L(1) — 3R)] # 0, then L(I) > L(1).

Proof. Since d(p,1) > 10R and X is (R, D)-thin, it follows that m(p) C [1(0),{(R)] U [[(L(]) —
R),I(L(1)]. By Lemma 4.11, there is a point [(sg) which is 7D-close to I[(L(I) — R). Using
triangle inequality, this implies

L(1) = d(p,{(s0)) + d(I(50),1(0)) = d(p,1) = 7D +d(1(0), (L(}) — R)) — 7D.
Using that d(p,1) > 10R and that [ is a segment, it follows L(l) > 9R — 14D +L(I) > L(l). O

Lemma 4.13. Let (X,d) be a compact (R, D)-thin metric space. Letl be a segment of mazimal
length in X and assume that length(l) > 10R. Let p € X be a point with d(p,l) > 10R and
let v1,7v2 be segments connecting p respectively to [(L(1)) and 1(0). Let by,by € {y1,72,1} with
b1 7’5 b2. Then Ty (bz) - [bl (0),b1 (3R)} U [bl (L(bl) — 3R), b1 (L<b1>]

Proof. If by =1, the statement follows by Lemma 4.12.

We now consider the case by € {v1,7%} and by = [. If the statement fails, m, (l) N
(b1(3R),b1(L(b1) — 3R)) # 0. Consider the orientation of [ such that {(0) € b;. Then,
b, (L(L(1))) C [61(0),b1(R)] U [b1(L(b1) — R), by (L(b1)] since otherwise, using that X is (R, D)-
thin, it follows that [ is shorter than b;. Hence, by Lemma 4.11, there exists s > 0 such that
l(s) is R+ 7D-close to p. This contradicts that d(p,!) > 10R.

Finally, we consider the case by = v; and by = 72 (the case by = 71 and by = 75 is identical).

We consider orientations such that 1 (L(71)) = 72(0), v2(L(v2)) = 1(0) and I(L(l)) = v1(0).

Assume by contradiction that vq(t) € 7, (72), with ¢t € (3R,L(y1) — 3R). By Lemma 4.11,
there exists s > 0 such that v2(s) is R + 7D-close to v1(0) = I(L(l)). It follows that

)
L(72) = d(p,72(s)) +d(12(s),1(0)) 2 d(p,l) = R—=7D + L(I) - R—7D > L(l).
This is a contradiction. O
Corollary 4.14. Let (X,d) and 71, 72,1 be as in the previous lemma. Let {b1,by,b3} =
{71,72,1}. If b1(0) ¢ by, the follows happen.

24



1. d(b1(0), ba(L(bs)/2)) > min{L(by),L(b3)} + L(bs)/2 — 10R.
2. d(by(L(b1)/2)), ba(L(b2)/2)) > L(b1)/2 + L(b2)/2 — 10R.

Proof. We only prove the first point, the proof of the second one being analogous. Let v be a
segment connecting by (0) and ba(L(by)/2). If v has a point which is 5R-close to either ba(3R)
or ba(L(b2) — 3R), the statement follows by triangle inequality.

By the previous lemma, 7, (b1(0)) N [b2(3R), ba(L(b2) — 3R] # 0. If m, (b1(0)) intersects
[b2(R), b2(3R)] or [b2(L(b2) —3R), ba(L(b2) — R)], then « has a point which is 5R-close to either
b2(3R) or ba(L(b2) — 3R) (because X is (R, D)-thin), otherwise the same conclusion follows by
Lemma 4.5. O

Proposition 4.15. Let (X,d) be a compact (R, D)-thin metric space (see Definition 4.2). Let
I be a segment of maximal length in X and assume that L(l) > 200R. If X is not contained in
a 200R-neighbourhood of 1, then there exists L > 0 and a distance preserving map ¢ : S} — X,
such that X is contained in the D-neighbourhood of ¢(S1). In particular, L > 50R.

Proof. Let p € X with d(p, X) > 200R. Let v; and 72 be segments from p to [(L(l)) and I(0)
respectively. Note that both these segments have length greater than 200R.
On 1, we consider the subsegment

I = (L(m)/2 = 5R)), (L) /2 + 5R))].

We also consider subsegments 172 and I' defined in the same way. Observe that these subseg-
ments are independent of the chosen parametrization by arc-length of v1, 72 and I.

To construct the map ¢ of the statement, we will consider the shortest loop passing near
each one of the previously defined segments. To this aim, let

A= {¢ 0, L(y1 492 + )] = X | ¢ is 1-Lipschitz, ¢(0) = ¢(L(y1 + 2 +1)),
37, 172, ¢ € [0, L(y1 + 42 4 1)] such that
T (qb(tb)) N 1Y+ § for every b € {y1,72, l}}

Notice that A # @ since v +72 +1 € A. We claim that if {¢; }ieny C A and ¢; — oo uniformly,
then ¢oo € A. First of all ¢, is 1-Lipschitz and satisfies ¢oo (0) = (oo (71 + 72 +1) trivially. Let
b € {71,72,1}. Consider for every i € N the corresponding 2. Modulo passing to a subsequence,
there exists t% € [0,L(y1 + 72 + 1)] such that t? — ¢% . By Lemma 4.4, m,(¢oo(t2)) N I" # 0.
It follows that ¢, € A as claimed.

Consider now a sequence ¢; € A minimizing the length functional. Each image of ¢; satisfies
7, (Im(¢;)) NI7* # 0. Since X is (R, D)-thin, the image of each ¢; has a point which is D-close
to I7'. Hence, all the images of the maps ¢; are contained in a bounded set of X. Since the ¢;
are all 1-Lipschitz, by Ascoli-Arzela theorem, there exists (modulo passing to a subsequence)
¢oo such that ¢; — ¢ uniformly. By the previous part of the proof, ¢, € A. Since the length
functional is lower semicontinuous w.r.t. uniform convergence, ¢, is an element of minimal
length in A.

Let T := L(¢) and consider the reparametrizaion ¢ : [0,7] — X by arc-length, and the
induced map (denoted again by ¢oo) ¢oo : S} — X, where L := T/2w. By Corollary 4.14, it
follows that 7' > 60R, and that the distance in S} between any two points of {t71,#72 !} is at
least 20R (in particular they are all distinct).

We claim that ¢ : S — X is distance preserving and that X is contained in the D-
neighbourhood of ¢o.(S}). We divide the proof of the claim in steps.

Step 1. We claim that, for b € {y1, 72,1}, the projection m,(¢oo(S})) contains a 3D-net of
[b(3R), b(L(b) — 3R)].

Let by,by € {71,72,1} with by # bo. Let t*,t*2 € [0,T] be the numbers given in the
definition of A relative to ¢o,. Modulo reparametrizing ¢, and v, + v + [, we can assume
that by (L(b1)) = ba(0) and ¢ < P2 with % ¢ [t¥ t%2], i.e. [tP*,¢%2] corresponds to the arc of
St that connects t** and t*2 without crossing t%.
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Let by (%) € 1" Ny, (oo (t°1)). Similarly, let by(t%2) € 1% N my, (oo (t72)). We show that
T, (oo (S1)) contains a 3D-net of [by (£°1), b1 (L(by) — 3R)], while 7, (¢oo(S1)) contains a 3D-
net of [ba(3R), ba(#°2)]. The claim then follows by repeating the same argument for all pairs of
segments in {v1,v2,1}.

By definition of ¢, the restriction ¢oo|p1 427 is a segment. By Lemmas 4.13 and 4.5,
Tp, (oo ([t71, 172])) contains a 3D-net of either [by (3R), by (£°1)] or [by (£°1), b1 (L(by) — 3R)]. If the
former case happens, ¢ ([t’",t%2]) has a point which is 7D-close to b1 (3R), so that it also con-
tains a point ¢ which is 5R-close to by (0). By Corollary 4.14, b1(0) is at least min{L(b1 ), L(b3) }+
L(b2)/2 — 20R distant from ¢ (t"2). Hence,

L(¢oo|[tb17tbz]) = d(¢w(tbl)v q) +d(g, bQ(tbQ))
> L(b1)/2 + min{L(b1), L(b3)} + L(b2)/2 — 50R
> L(b1)/2 + L(bs)/2 + 100R.

This is a contradiction, because we would obtain a shorter curve between ¢o, (1) and ¢o (£°2)
by first joining them to their projections by (#*1) and b;(#°2), and then joining the projections
along b; and by themselves.

Hence, 7y, (¢oo ([t°1,t%2])) contains a 3D-net of [by (£°1), b1 (L(by) — 3R)]. The same argument
shows that 7, (¢oo ([t?*,1%2])) contains a 3D-net of [ba(3R), ba(#2)]. This concludes the proof
of Step 1.

Step 2. For every by, by € {71,72,}, with by # by, assuming as before that t** < #*2 in
[0, 7] with ¢¥s ¢ [t 2], it holds 7y__ (01 sv2]) (Goo (872 + 3R)) = {¢oo (t*2)}.

Modulo reparametrizing, we assume by (L(b1)) = b2(0) and t** < t¥2 < %3 in [0, T]. By Step
1, there exist t1 2 € [th1,%2] and tos € [t¥2 %3], such that ¢o. (t1,2) is TD-close to b (L(bs) —20R)
and @oo(t2,3) is 7D-close to ba(L(bs2) + 20R). Let v be a segment connecting ¢oo(t12) and
¢oo(t2,3). By item 2 of Lemma 4.5 and the fact that X is (R, D)-thin, either m,(y) intersects
I'2, or « contains points that are 7D close to by(R) and by(L(b2) — R). In the latter case,
since L(bs) > 200R, v would not be a segment. Hence, m, () intersects 1%2. It follows that
v+ ¢m‘si\[t1,2,t2,3] belongs to A. In particular, ¢oo( ] is shorter than ~, so that it is itself
a segment.

At the same time, since Poo|[tv1 4v2] 18 @ segment, it follows

t1,2,t2,3

T ([t t02]) (Poo (B + BR)) = Ty _ (11, 1027y (Doo (¢ + 3R)).

Combining with the fact that ¢oo|[t1,27t2,3] is a segment, we obtain the statement.

Step 3: Let by,by € {71,72,1} with by # ba. We claim that

the two arcs of S} defined by St \ [Bag(t"') U Bag(tb2)] are sent by ¢o, in different path
connected components of X \ [Bar(¢eo(t°1)) U Bagr(deo (t°2))].

As before, w.l.o.g. we can assume that t* < 2. Consider the segment Goo|[tb1 402]- We
assume by contradiction that there exists a curve o connecting ¢ (t** +3R) and ¢ (t2 + 3R)
in X which does not intersect Bor(doo(t"1)) U Bar(¢oo(t??)). By item 1 of Lemma 4.5 applied
to the segment ¢o ([t**,1%2]) (this can be applied thanks to step 2), T ([tb1,¢v2]) (@) contains a
3D-net of either [poo (1 + R), oo (1" + 3R)] T [oo (1" + 3R), ¢oo (t2 — R)]. In both cases a
intersects Bap (oo (")) U Bag(¢oo (t°2)), a contradiction.

Step 4. We claim that ¢o : S} — X is distance preserving and that X lies in a D-
neighbourhood of ¢ (S} ).

We show first that ¢, preserves distances. Assume that this is not the case. Then, there
exist 7,y € Si, and a segment [, connecting ¢oo () and ¢ (y), where L(l) is less than the
length of the shortest arc of S connecting x and y. Let 71,72 C St be the two arcs connecting
x and y.

We would like to show that one between the loops [ + Poo|y, and I+ Poo)y, belongs to A If
this is the case, we obtain a contradiction since ¢, was length minimizing.

By step 1, for every b € {y1,72,1}, we can assume that ¢ (t*) is 7D-close to b(L(b)/2).
This implies that, if a loop has length less than L(7y; + 72 + 1), and it intersects Bag(¢oo(°))
for every b € {71,72,1}, then it admits a reparametrization that belongs to A.
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Hence, it suffices to show that one between [ + Poolp, and I+ $oo|p, intersects all the balls
Bag(¢oo(t")) for every b € {v1,72,1}.

We consider all the possible cases. If ¢os,, intersects all the balls Bag(¢oo(t”)), then there
is nothing left to prove. Let now {b1,b2, b3} = {71,72,73}. Assume that ¢o,, intersects only
Bor(doo(t?*)) and Bagr(¢eo(t°2)). By Step 3, either I intersects Bap(¢oo(t?2)), or it intersects
both Bor(deo(t?)) and Bag(deo(t??)). In either case, one between [ + Pooly, and I+ Poo s
intersects all the balls. The case when ¢oo),,, intersects exactly one of the aforementioned balls
is analogous.

It follows that ¢, : S. — X preserves distances. Since 2rL > 2R, the fact that X is
(R, D)-thin implies that X is in the D-neighbourhood of ¢, (S}). Since X contains a segment
of length greater than 200R, it follows that L > 50R, concluding the proof. O

The next theorem summarizes the results of this section.

Theorem 4.16. Let (X,d) be an (R, D)-thin metric space. There exists a 1-dimensional
manifold I, possibly with boundary, and a distance preserving map ¢ : I — X, such that X is
contained in the 200R-neighbourhood of ¢(I).

Proof. If X is non-compact, the statement follows from Proposition 4.10. Let X be compact.
By Proposition 4.15, either X is contained in the 200R neighbourhood of a segment, or it is
contained in the D-neighbourhood of a loop which is mapped isometrically into X. In both
cases, the statement holds. O

A consequence of Theorem 4.16 is that (R, D)-thin metric spaces have 1-Urysohn width
bounded from above by a constant ¢(R) > 0 depending only on R (see Corollary 4.18). We
recall that the notion of Urysohn width was introduced by Gromov in [28, 27, 29].

Definition 4.17. A metric space (X,d) has 1-Urysohn width < d if there exists a 1-simplex
Y, and a continuous map f : X — Y, such that diam(f~1(y)) < d for every y € Y.

Corollary 4.18. Let (X,d) be an (R, D)-thin metric space. Then, there exists ¢(R) > 0, a 1-
dimensional connected manifoldY , and a continuous map f : X — Y, such that diam(f~1(y)) <
¢(R) for everyy € Y. In particular, X has 1-Urysohn width < ¢(R).

Proof. Let ¢ : I — X be the map given by Theorem 4.16.

Case 1: I =[0,1), with [ € [0, 4o0].
Let f: X — R be the distance from ¢(0). Let z,y € f~!(¢) for some ¢ > 0, and let t,,t, € [0,]
be such that ¢(t;) and ¢(t,) are projections of x and y on ¢(I). Since X is in the 200R-
neighbourhood of ¢(I), it holds ¢,,t, € [0,{] N[t — 200R,t + 200R], so that d(z,y) < 1000R,
which implies diam(f~!(¢)) < 1000R for every ¢ > 0.

Case 2: I =R.
Let B := Biooor(¢(0)) and consider the map f: X — R given by

f(z) = d(B,x)  if myn (@) NG(Ry) # 0
—d(B,z) if 7y (z) NG(R-) # 0.
)

First of all, f is well-defined, since if 74(r)(z) N (R4 ) NG(R_) # (), then
To(r)(2) N G([—200R, 200R]) # 0,

so that z € B. We now check that f is continuous. This is trivial at points in B, so let us
assume that = ¢ B and, without loss of generality, that ms()(z) N ¢(Ry) # 0. Let z; — a.
Since z ¢ B, my(py(x) N @([500R, +00)) # @ so that, for i large enough, 7y (z;) N G(Ry) # 0.
It follows that f is continuous at x, which implies that f is continuous.

Let now t € R and let z,y € f~1(¢). If t = 0, then d(z,y) < 1000R. Assume now that
t >0, and let t,,t, € R be such that ¢(t,) € 7y (x) and ¢(t,) € Ty (y). Since t > 0, it
follows that t,,t, > 0, so that t,,t, € [d(¢(0),z) — 200R,d(4(0),z) + 200R], which implies
d(x,y) < 1000R. The case t < 0 is analogous, concluding the case I = R.
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Case 3: [ = S} =[0,27wL]/ ~, where ~ identifies the endpoints of [0, 27 L].
If L < 10°R, the zero map f : X — R defined as f(x) := 0 gives the desired 1-Urysohn width
estimate. So, we can assume L > 10°R. Let By := Biogor(¢(0)), Ba := Biooor(¢(rL)), and
consider the map f : X — [0,2d(By, Bz)]/ ~, where ~ identifies the endpoints of [0, 2d(B1, Bs)],
given by

f(z) = § ABL2) N d(By, Ba) if o) () N $([0, 7L]) # 0
(d(Bl, Bg) + d(BQ,IE)) AN 2d(Bl, BQ) if ’/T¢(]) (I’) n QS([WL, 27TL]) 7& @

The map [ is well-defined, since if w41y (2) N ¢([0,7L]) N ¢([wL,27L]) # 0, then x € By U By.
We now check that f is continuous. This is trivial at points in B; U Bs. So, we consider
x ¢ B; U By and we assume, without loss of generality, that myy () N ¢([0,7L]) # 0. Let
x; — x. Since x ¢ By U By, my(r)(x) N ([500R, 7L — 500R]) # (), so that, for i large enough,
Tory(xi) N ([0, 7L]) # 0. It follows that f is continuous at x, so that f is continuous.

Let now ¢ € [0,2d(B, Bs)), and let z € f~(t). If t = 0, then x € By or d(x, Bs) =
d(Bi1, B2). It follows that d(x, By) < 2000R, showing that diam(f~1(0)) < ¢(R). A similar
argument holds for ¢ = d(By,Bs). So, let t ¢ {0,d(By, B2)}, and assume without loss of
generality that ¢t € (0,d(Bi, B2)). Let z,y € f~%(t), and let t,,t, € [0,2rL) be such that
¢(ty) and ¢(t,) are projections of x and y on ¢(I). Since t € (0,d(B1, By)), it follows that
tz,ty € [0,mL]. Hence, tg,t, € [d(¢(0),z) — 200R, d(¢4(0), z) + 200R], so that d(x,y) < 1000R.
This concludes the proof. O

5 Large scale geometry of almost non-negative Ricci and
integrally-positive scalar curvature

In this section we draw the main geometric results of the paper, by combining the integral
curvature estimates of Section 3 with the technical metric results of Section 4.

5.1 Sufficient curvature conditions for a manifold to be thin

In this section, we show that manifolds with almost non-negative Ricci curvature and a positive
lower integral bound on Ry (or R, if the manifolds are 3-dimensional) fit into the framework of
Section 4.

The next theorem studies spaces of the form R” ™3 x X arising as limits of n-manifolds with
almost non-negative Ricci curvature and positive scalar curvature in integral sense. One should
compare also this result with [59, Theorem 1.1], where limit spaces of the form R"~2 x X were
studied.

We refer to Definitions 3.7 and (22) for the notation used in Theorem 5.1.

Theorem 5.1. Let v,e, L € (0,400), n,k € N with2 <k <n, s € (0,1) be fized. There exist
R,D,6 > 0 with R > 20D satisfying the following. Let (X,d,p) be a metric space such that
R? x X is a pGH limit of manifolds (M]”,gj,pj) satisfying one of the following conditions.

1. d=k -2, and

Ricy, > =9, f Ra; 6 A LdVoly > €, Vre M;. (26)
Bl(x) ’
2. n2>3,d=n-3, Ricyy, > -6, and
f RiCMjm,_g A OdVOb Z 75, ][ R]y[j A LdVO|J 2 €, Vo € Mj. (27)
BI(I) Bl(z)
3. n>3,d=n-—3, and

Ricy;, > -9, ][ |Rag;|*dVolj > €, Volj(Bi(x)) > v, Voe M;. (28)
. By
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Let r be a segment of length greater than 2R in X. For every t € (R,length(r) — R) and
x € w7 Y(r(t)), it holds d(z,7) < D, i.e., (X,d) is (R, D)-thin (see Definition 4.2).

In particular, there exists a 1-dimensional connected manifold I (possibly with boundary)
and a distance preserving map ¢ : I — X such that X is contained in the 200R-neighbourhood

of ¢(I).

Proof. First, consider the condition (26). Suppose by contradiction that the statement fails.
Hence, there exist ¢g > 0, R;, D; T 400, §; | 0, metric spaces (X;,d;, x;), such that RF=2 x X
arise as limits of manifolds (M; ;);en satisfying

RiCMl.)]. > —6j, ][ RMi,;’,k AN LdVO'i’j > €, Vo € Mi,jv (29)
Bl(w) ’

and segments r; C X; with L(r;) > 2R;, such that d;(g;,7;) > D; for some ¢; € ﬂ;jl(rj (Rj))-
In particular, there exist points ¢;, whose distance from r; is greater than D;, and whose point
realizing the distance from r; is 7;(R;). Let v, be the segment connecting ¢; and r;(R;).

By Gromov pre-compactness theorem, up to subsequences, the sequence (Xj;,d;,r;(R;))
converges in pGH-sense to a Ricci limit space (X,d,p). Moreover, there exists a measure
m € M(X) — arising as a limit of the renormalized volume measures of M;; — such that
(X,d,m,p) is an RCD(0,n) space.

In addition, X contains a line which arises as a limit of the segments r; centered in r;(R;),
since R; 1 co. Hence, by the splitting theorem [24], X splits isomorphically as a metric measure
space as X = Y xR for an RCD(0, n—1) space (Y,d,, m,). Moreover, ¥ cannot be compact since
the segments 7y;, which realize the distance from r;, have arbitrarily large length. In particular,
Y contains itself a ray. Hence, repeating the argument above, there exists a sequence p;. ey,
such that (Y,d,, p;) converges in pGH-sense to a metric space R x Y’. In particular, there
exists a sequence pj € X; such that (X;,d;,p}) converges in pGH-sense to R? x Y”. Applying
Theorem 1.1 to M; ; for ¢ and j large enough, we arrive to a contradiction, since §; | 0 and
€0 > 0 is fixed in (29).

If we assume conditions (27) or (28), the proof is analogous, by using Theorem 3.8 instead
of Theorem 1.1.

Finally, by Theorem 4.16 , there exists a 1-dimensional connected manifold I (possibly
with boundary) and a distance preserving map ¢ : I — X such that X is contained in the
200R-neighbourhood of ¢(I). O

As an immediate consequence of the previous theorem, we deduce the following key corollary.
Corollary 5.2. Let v,e,L € (0,+00), n € N, s € (0,1) be fivzed. There exist R,D,6 > 0
with R > 20D satisfying the following. Let (X,d,p) be a pGH limit of manifolds (M}, g5,p5)
satisfying one of the following conditions.

1. n>2 and
RiCMj Z 75, ][ RMj72 AN LdVO|J Z €, Vo € Mj. (30)
Bl(l’)
2. n= 3, RiC]V[j Z -0 and
f SECMj /\OdVO|j > —4, ][ RMj /\LdVO|j >e¢ Vre Mj. (31)
Bl(it) Bl(ib)
3. n=3 and
RiCMj > —57 7[ |R]\/[J|9 dVO|J > €, VOlj(Bl(J?)) >v, Vre Mj (32)
Bi(x)

Let r be a segment of length greater than 2R in X. For every t € (R,length(r) — R) and
x € m, Y(r(t)), it holds d(z,7) < D, i.e., (X,d) is (R, D)-thin (see Definition 4.2).

In particular, there exists a 1-dimensional connected manifold I (possibly with boundary)
and a distance preserving map ¢ : I — X such that X is contained in the 200R-neighbourhood

of ¢(I).
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The remaining part of the section is devoted to showing that if a manifold satisfies one of the
conditions (26), (27), (28), so do its coverings (modulo a rescaling by dimensional constants).
This is the content of Propositions 5.3 and 5.4. The proof of the next proposition follows from
[35, Lemma 1.6]; we report it for completeness of presentation.

Proposition 5.3. Let n € N and let K € R. Let (M™, g,p) be a pointed Riemannian manifold
with Ricyr > K. Let (M™, g,p) be the universal covering of M, with covering map 7 : M — M
such that ©(p) = p. Let F : M — Ry be a measurable locally bounded function and let
F:=Fom.

1. It holds
f FdVol > ¢(K, n)][ F dVol.

B3 (p) Bi(p)
2. There exists p' € M such that

f FdVol < ¢(K, n)][ FdVol.
B3 (p) By (p’)

Proof. Consider a measurable function j : B;(p) — Bi(p) such that 7(j(z)) = z for every
x € Bi(p). Let T := j(B1(p)), so that diam(7T") < 2 and

][ F dVol :7[ F dVol.
T Bi(p)

Let S C M be the union of the sets g(T') for every deck transformation g : M — M of
m: M — M such that g(T) N B1(p) # 0. Tt follows that

Bi(p) C S C Bs(p) and ][ F dVol :][ F dVol. (33)
S Bi(p)

Proof of 1. Using that \76'(33(]5)) < (K, n)\%l(él (p)) and (33), it holds

VOB [ pe o o
JimFdV lg\?&(él@)) fBS(ﬁ)FdV < (K, )f F aVol.

B3(p)

Proof of 2. Arguing as for (33), we find S’ C M such that

By(j) C ' C Bo(p) amd 4 FdVol = ][ Favol. (34)
S’ Bs(p)

Let {B1(p:)}ier be a covering of Bz(p) with I C N, such that {By/5(p;)}ier are disjoint. By
(34), it holds

][ FdVol < M][ F dVol < ¢(K,n)
Bs(p)

— FdVol. 35
Bi(p) Vol(B3(p)) Z]{%(m) .

iel

By Bishop-Gromov’s inequality, it holds #1I < ¢(K,n). Setting p’ € {p; }ics such that

][ F dVol = maX][ F dVol,
Bi(p) €l JBi(ps)

and combining with (35), the statement follows. O

Proposition 5.3, together with the fact that covering maps reduce volumes of balls, imply
the following proposition.

30



Proposition 5.4. Let v,¢6,0,L € (0,400), n € N, s € (0,1) be fized. Let (M™, g,p) be
a manifold satisfying one of the conditions (26), (27), (28). Let (M™,§,p) be the universal
covering, with covering map m : M — M such that w(p) = p. Then (M,g/Sz,ﬁ) satisfies
the corresponding condition among (26), (27), (28), where the constants have been rescaled by
factors depending only on the dimension n.

Corollary 5.5. Let v,e,L € (0,400), n € N, s € (0,1) be fized. There exist R,D,0 > 0 with
R > 20D satisfying the following. Let (M™,g) be a manifold satisfying one of the conditions
(30), (31), (32). Let (M,§,p) be the universal covering of M and let @ : M — M be the
covering map. Then, both (M,g) and (M, §) are (R, D)-thin (see Definition 4.2).

Proof. The statement follows combining Proposition 5.4 and Corollary 5.2. O

5.2 Large scale geometry of thin manifolds

In this section, relying on Theorem 4.16, we prove metric and topological properties of manifolds
satisfying one of the conditions (30), (31), (32). The next result is an immediate consequence
of Theorem 4.16 and Corollary 5.2.

Theorem 5.6. Let v,e,L € (0,+00), n € N, s € (0,1) be fized. There exist C,6 > 0 with
the following property. Let (X,d,p) be a limit of pointed Riemannian manifolds satisfying one
of the conditions (30), (31), (32). Then, there exists a 1-dimensional connected manifold I
(possibly with boundary) and a distance preserving map ¢ : I — X such that X is contained in
the C-neighbourhood of ¢(I).

Remark 5.7. The previous result fails if we remove the lower bounds on the Ricci curvature
in conditions (30) and (32), thanks to the gluing results in [31, 30, 60]. Indeed, consider the
gluing of four copies of S? x [0, +0c0) to S* minus four disjoint small balls. By [60], we can
equip this space with a Riemannian metric g with the following properties:

1. g coincides with the metric on S® and with the metric on each of the branches 52 x [0, +00)
outside of a small neighbourhood of the surgery.

2. g has Ry > 0.

Hence, there exists € > 0 such that the glued manifold M satisfies

][ Ro dVol > € for every = € M.
By (z)

At the same time, Theorem 5.6 fails on M. With a similar construction using [31, 30], one
shows that also the Ricci bound in (32) cannot be removed.

The next result concerns volumes of manifolds satisfying one of the conditions (30), (31),
or (32).

Theorem 5.8. Let v,e,L € (0,400), n € N, s € (0,1) be fized. There exist C,0 > 0 satisfying
the following. Let (M™,g) be a manifold satisfying one of the conditions (30), (31), or (32).
Then

1. sup ey Vol(Bi(z)) < Ct, for all t > 0.
2. If Ricpy > 0, then inf cps VO|(Bl(J?)) > 0.

Proof. By Theorem 5.6, there exists a 1-dimensional connected manifold I (possibly with
boundary), a distance preserving map ¢ : I — X, and a constant C’ > 1, such that X is
contained in the C’-neighbourhood of ¢(I).

Proof of 1. For t € (0,1], the claim is a consequence of the classical volume comparison
results for manifolds with Ricci curvature bounded from below by —1. Hence, we only consider
the case t > 1.
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Let x € X and let ¢(s;) € my)(x). Let {sl}g1 be a l-net of Bf(s;). By triangular
inequality, B;(z) is contained in the 10C"-neighbourhood of ¢(B/(s,)). Hence, again by triangle
inequality and our choice of {sl}gl, it follows

[t]
Bi(z) C U Baocr (¢(s4)).

By the aforementioned volume bounds for manifolds with Ricci curvature bounded from below
by —1, there exists a constant C' > 0 (depending only on the dimension), such that Vol(B;(x)) <
C[t] < 2Ct.

Proof of 2. If the manifold is M is compact, there is nothing to prove. If M is non-compat
and it contains a line, then M = R x N, where N is a compact manifold. Hence, also in this
case the statement follows.

So we only need to consider the case when M is non-compact and it is contained in the
C’ neighbourhood of a ray. Fix © € M and let t, > 0 be such that x € Beo(r(ty)). By
Brunn-Minkowski inequality [54],

Vol(Ay/2(2t:)) = (1/2)" Vol (B (r(0))), (36)

where A;/5(2t,) is the set consisting of the intermediate points of segments connecting points
in By (r(0)) and in By (r(2ty)).

We claim that A;/5(2t,) is contained in Bigc/(r(t;)). Assume for the moment that the
claim holds. In this case, by the doubling property and (36), it holds Vol(Bi(x)) > v' > 0 for
some v" depending on Vol(B1(r(0))),n and C”.

To conclude the proof, we are left to show that A;,5(2t,) is contained in Bigcr (r(tz)). To
this aim, consider a segment ! connecting points a € By(r(0)) and b € By(r(2t,)). Let ¢ > 0
be such that r(¢;) € 7 (I(L(1)/2)) on r. Since X is in the C’-neighbourhood of r, by triangle
inequality, it holds

d(r(0),r(t;)) <1+ C"+L(1)/2, d(r(te),r(t;)) <1+C" +L(1)/2.

Since L(l) < t, + 2 again by triangle inequality, it follows that ¢; € [t,/2 — 4C',t,/2 4+ 4C"].
Since I(L(1)/2) is C’-close to r(t;), it follows I(L(1)/2) € Bioc (r(tz)), as claimed. O

The previous result, in particular, shows that the manifolds in question, when Ricy; > 0, fit
into the framework of [63].

Remark 5.9. An analog of Theorem 5.8 is not to be expected in higher dimension. Indeed a
manifold with Rg > 1 and almost non-negative Ricci curvature might have exponential volume
growth at infinity (consider rescalings of products of the hyperbolic plane and a sufficiently
small 2-sphere). Similarly, there exists a manifold with R > 1 and non-negative Ricci curvature
with unit balls of arbitrarily small volume (consider a product of a 2-sphere and the manifold
constructed in [51, Example 26]).

Let us recall some properties of covering spaces. Let 7 : X — X be a covering between
metric spaces. Let p € X and p € 71 (p). Given a loop 7 in p, we can consider its lift 5 on X
with starting point p. This lift is unique, and homotopic loops give rise to homotopic lifts (see
[33, p.60]).

In particular, one can consider the endpoint of 4, which we will denote M (p,~). This way of
obtaining new points, given an element [v] € 71(X) and a point p € X, is called the monodromy
action of v on p. Since homotopic loops give rise to the same monodromy action, if [y] is the
identity in 1 (X), then M (p,~) = p.

Theorem 5.10. Letv,e,L € (0,400), n € N, s € (0,1) be fized. There exist C,d > 0 satisfying
the following. Let (M™, g) be a manifold satisfying one of the conditions (30), (31), or (32).
The following hold.

1. M has 1-Urysohn width < C.
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2. M has at most two ends.
3. b1 (M) < 1.
4. m (M) is infinite if and only if M is compact and its universal cover is non-compact.

5. If there exists a loop v C M such that [y] € w1 (M) has infinite order, then M is contained
in a C'-neighbourhood of ~y.

Proof. Proof of 1. The claim follows by Corollary 5.2 and Corollary 4.18.

Proof of 2. Let C' > 0 be the constant given by Theorem 5.6. If X has more than one end,
then it is contained in a C-neighbourhood of a line by Theorem 5.6 and cannot have a third
end.

Proof of 3. Let M the universal cover of M. By Proposition 5.4 and Theorem 5.8, the
volume of balls in M grows at most linearly, so that by Proposition 2.22, it holds by (M) < 1.

Proof of 4. It is clear that if M is compact and its universal cover M is non-compact, then
m1(M) is infinite. We next show the converse. Since 71 (M) has infinitely many elements, the
universal cover M is not compact. Hence, it suffices to show that M is compact.

Assume by contradiction that M is not compact. We denote by d and d respectively
distances in M and M. Let C' > 0 be the constant given by Theorem 5.6, and let rpy C M and
Ty C M be the rays or lines whose C-neighbourhoods contain respectively M and M.

Let p € M be a preimage of r3,(0) in M via the covering map. Since 71 (M) has infinitely
many elements, there exists a sequence {v;};en C m1 (M) such that d(M(p,v;),p) — —+oo.
Combining this with the fact that M is contained in the C-neighbourhood of T, We get that
there exist o, t1,t2 in the domain of r; (i.e., R if ry; is a line and Ry if 7 is a ray) such that
to > 100C +t1 > to + 200C, and 1,72 € 7T1(M) with

d(pa TM(tO)) S Ca d(M(p7’yl)aTM(t1)) S Cv d(M(pa ’72)77/.]\2(752)) S C (37)

Consider a lift 75, of ry; to M such that 73,(0) = M(p,v1). Clearly, 75 is a ray in M. By
(37), Lemma 4.5, and our choice of g, 1, ta, there exists ¢ > 10C such that 75 (t) is 2C-close
to either 7y (to) or 7y (t2). Assume without loss of generality that

d(7ar(t), 77 (to)) < 20. (38)

Recall that each v € 71(M) induces an isometry ¢ of M defined by ¢(z) = M(&,~) for
every & € M, and that M is isometric to the quotient of M by such isometries. Hence:

10C <t = d(ra(0), 7 (t) < d(p, 7ar (t) + d(M(p, 1), 711 (0)) = d(p, 7 (£)).
Since, by (37) and (38),
d(p, Far(t)) < d(p, ryp(to)) + d(ryy (to), Far (t)) < 3C

the combination of the last two inequalities yields a contradiction. Hence, M is compact.
Proof of 5. Let v C M be a loop such that [y] € w1 (M) has infinite period. Let 4 be a lift
of v to M, and let 3N : [0, +00) — M be a lift of the infinite curve > ien?- Since [y] € w1 (M)
has infinite period, it holds
lim sup d(3™(0), 7(t)) = +oo. (39)
t—+o00
Let r,; be the ray or the line in M whose C’ -neighbourhood contains M (which exists combining
Theorem 5.6 and Proposition 5.4). By (39) and Lemma 4.5, there exist 1,5 in the domain of
7y with o > 100C" 4 100L(7) + ¢1 such that m, _ (") contains a 3C"-net of [y (t1), 7 (t2)].
Assume now that there is a point p € M such that d(p,v) > 10C’. Let [ be a segment realizing
the distance from p to v and let p; be the footpoint of [ on 7. The set of preimages of p; in M
via the covering map form a L(v)-net of ¥ in M. In particular, there is a preimage p; which
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is 10C" + L(v) close to 7 ((t1 + t2)/2). Let I be the lift of I to M starting from p; (we are
orienting ! from p; to p). Then,

d(p1,7") = d((L(D), 7") = d((L(1),7) = 10C". (40)
At the same time, since py is 10C" 4 L(y) close to r;((t1 +t2)/2), it holds ry (t) € m_ (51) for
some t € [t1,t2]. Using that r;(t) is 7C’-close to a point in 4" and (40), it holds
d(pr, ) = d(Br, 7y () = d(pr, 37) = 7C" = 3C".

This is a contradiction. O

Appendix

The appendix shows how to obtain a result by Jiang-Naber [45, Theorem 2.17]. Since the
result was claimed in [45] without proof, for the reader’s convenience, we provide an argument
consisting in a combination of Theorem 1.1 with [15, Theorem 1.3]. The result is not used
anywhere else in the paper, and it is included as a further application of the techniques developed
in the manuscript.

Definition 5.11. Let (M™, g, x) be a pointed Riemannian manifold. The quantitative singular
strata are defined, for r € (0,1), as

S(’{T :={y € Bi(x) : Bs(y) is not (k + 1,d)-symmetric, for any s € (r,1)},

S¥ .= {y € Bi(x) : By(y) is not (k + 1,6)-symmetric for any s € (0,1)}.

We use the abbreviated notation Ss ;- for Sg;l, and S; for Sgil. The set By (z)\Ss,» is denoted
by R(;)T.

Proposition 5.12. Let K € R and n € N be fixzed and let (M™, g,x) be a manifold with
Ricpr > K. For every 6 > 0 there exists n(K,n,d8) > 0 such that S5, C 877;2, for every
r € (0,1].

Proof. The statement follows arguing by contradiction and using Theorem 2.13. O

The next theorem corresponds to [15, Theorem 1.3].

Theorem 5.13 (Cheeger-Naber). Let K € R, n € N, v,0,n > 0 be fized and let (M™,g,x) be
a manifold with Ricpr > K and Vol(Bi(x)) > v. Denoting by T,«(S(’{T) the r-neighbourhood of

Sgr, there exists C = C(n,v,d,n) > 0 such that
Vol(T,.(S5,.)) < Cr=F.

Theorem 5.14. Letn € N, v > 0, s € (0,1) be fized. There exist §(n,s),C(n,v,s) > 0 such
that, if (M™,g,x) has Ricyr > —6 and Vol(Bi(x)) > v, then

][ |R]* dVol < C(n,v, s).
Bl(w)

Proof. By Theorem 1.1 and a standard rescaling, there exists d(n, s) > 0 such that if (M, g, z)
has Ricys > —46, then any §-regular ball Byg,-(y) C M with y € Bi(x) and r € (0, 1] satisfies

][ |R|* dVol < r72¢, (41)
B,-(y)

Without loss of generality, for the rest of the proof we will assume that § < (n — 1).
Let o € (0,1) be fixed, and consider the disjoint union

Bi(z) = Rsa U | (Ssar \ Ssarr).
keN

Consider a covering {B,, /10(7;)}jen of Bi(x) such that each B, (x;) is é-regular and satisfies
the following.
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1. If ; € Rs., then rj € [a, 1).
2. If 2; € S5 41 \ S5.ar+1, then r; € [0F T aF].

By refining the covering, we may assume that {B, /50(7;)} en consists of disjoint balls. We
will bound

> / IRI*dVol and > 3 / IR|* dVol

TjERS, o Brj/lo(wj) keN z; €85 1k \S; yh+1 Brj/10(93j)

separately.

We treat the case x; € R first. Combining the assumption that 0 < v < Vol(B;(z)) <
C(n) and condition 1 with Bishop-Gromov’s volume monotonicity, we deduce that the number
of balls in the aforementioned covering such that z; € Rso is bounded above by c(n,v,s).
Hence, (41) yields

Z IR|* dVol < 10*a~2¢ Z Vol(B,., j10(z;)) < c(n, v, s). (42)
Z;€ERs,a Brj/lo(zj) T;ERS, o

We now consider the case x; € Ssak \ Ssar+1. Again using (41) and Bishop-Gromov’s
volume monotonicity, we infer that

3 IR|* dVol < 10 3 Vol(B,, j1o(x;))r; >
T;ESs (ki \Ss k41 Bra‘/lo(z-") T;ESs (ke \Ss o ht1
< Y c(m)Vol(B,, jso(y))a 2T (43)

TESs (k \Sg gk+1

We note that the balls { B, /50(7;)} en are disjoint and

U By, (5) C Tor (Ss.an)-

T ES&uk \Sé,uk’+1

Hence, choosing 7 := 1 — s in Theorem 5.13, and combining with Proposition 5.12 and (43), we
deduce

Z IR|* dVol < ¢(n, v, s)at =)k,
T5E€Ss (b \Ss qk+1 By /10(25)
Hence,
Z Z / IR|® dVol < ¢(n, v, s),
kEN ;€85 1 \S; okt By, /10(25)
giving the statement. O

One can now deduce Jiang-Naber’s result [45, Theorem 2.17].

Theorem 5.15 (Jiang-Naber). Let K e R, n € N, v >0, s € (0,1) be fized and let (M™,g,x)
be a manifold with Ricpr > K and Vol(Bi(x)) > v. There exists a constant C(K,n,v,s) > 0
such that
][ |Ric|® dVol < C(K,n, v, s). (44)
Bl(z)
Proof. By Theorem 5.14 and a standard rescaling, there exists ro(K,n,v,s) > 0 such that

][ IR|* dVol < ¢(K,n,v,s), forall y € Bi(x). (45)
By, (z)
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Consider a covering {By,(z;)}jen of Bi(x) such that the balls {B,,/3(x;)} en are disjoint.
Then, the combination of (45) with Bishop-Gromov’s volume monotonicity yields

/ IR|* dVol < Z/ IR dVol < ¢(n, K, v,5) Y Vol(B,, 3(;))
By (z) By (z5)

JEN jJEN
< ¢(n, K, v, s)Vol(B;(x)). (46)

The assumption that Ric > K allows to promote the integral bound (46) on the scalar cuvature
into the claimed integral bound (44) on the Ricci curvature. O
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