DERIVATION OF KIRCHHOFF-TYPE PLATE THEORIES FOR ELASTIC
MATERIALS WITH VOIDS
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ABSTRACT. We rigorously derive a Blake-Zisserman-Kirchhoff theory for thin plates with material
voids, starting from a three-dimensional model with elastic bulk and interfacial energy featuring a
Willmore-type curvature penalization. The effective two-dimensional model comprises a classical
elastic bending energy and surface terms which reflect the possibility that voids can persist in the
limit, that the limiting plate can be broken apart into several pieces, or that the plate can be
folded. Building upon and extending the techniques used in the authors’ recent work [34] on the
derivation of one-dimensional theories for thin brittle rods with voids, the present contribution
generalizes the results of [57], by considering general geometries on the admissible set of voids and
constructing recovery sequences for all admissible limiting configurations.

1. INTRODUCTION

The rigorous derivation of variational theories for lower dimensional elastic objects, e.g., mem-
branes, plates, shells, beams, and rods, has been one of the fundamental and challenging questions
in the mathematical development of continuum mechanics. A common aspect in the analysis is
always an appropriate model of three-dimensional nonlinear elasticity, and the key feature for the
resulting theory is the energy scaling with respect to the thickness parameter of the initial do-
main. Despite the longstanding interest in such questions [0] [7], early results were usually relying
on some a priori ansatzes, often leading to contrasting theories. Over the last decades though,
modern techniques from the Calculus of Variations and Applied Analysis have been implemented
very successfully for the rigorous derivation of effective models for thin elastic objects. From a
technical point of view, the fundamental ingredient to perform these rigorous justifications has been
the celebrated geometric rigidity estimate in the seminal work by G. FRIESECKE, R.D. JAMES,
and S. MULLER [36], which has had a striking number of applications in dimension-reduction prob-
lems in the context of pure (hyper)elasticity. The interested reader is referred for instance to
[18, 25 36l 37, 44, 47, [48] 52| B3], (8|, [59], for a by far non-exhaustive list of references regarding
dimension-reduction results related to plate or rod theories in the bending regime.

However, concerning the investigation of phenomena beyond the perfectly elastic regime, for
instance the behavior of solids with defects and impurities such as plastic slips, dislocations, cracks,
or stress-induced voids, the mathematical understanding is far less well settled. In the case of thin
elastic materials with voids, the natural variational formulation involves energies driven by the
competition between bulk elastic and interfacial energies of perimeter type. Such variational models
describe stress driven rearrangement instabilities (SDRI) in elastic solids, and have recently been a
focal point of considerable attention both from the mathematical and the physics community, see
for example [111, 13} 20, 26}, B2 33|, 34}, B8], [40], 411, [45], [46], [56] [61].

As far as dimension-reduction results beyond the purely elastic setting are concerned, we now
present a concise summary of some important recent developments. In the framework of plasticity,
we refer the reader, e.g., to [I5], 23] 24] [49] [5I]. Regarding models for brittle fracture, despite a
significant recent progress on brittle plates and shells in the linear setting [Tl [3, @ [39], the theory
in the nonlinear framework is mainly restricted to static and evolutionary models in the membrane
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regime [2, [8 [[4]. Smaller energy regimes are less well studied, the only rigorous available result for
now appearing to be for a two-dimensional thin brittle beam [60]. The main result in that work is
the derivation of an effective Griffith-Euler-Bernoulli energy defined on the midline of the possibly
fractured beam, which takes into account possible jump discontinuities of the limiting deformation
and its derivative. From a technical perspective, the key tool in [60] is an appropriate generalization
of [B6], namely a quantitative piecewise geometric rigidity theorem for SBD functions [35]. Up
to now, such a general result is available only in two dimensions, which is the main obstruction
for the generalization of dimension-reduction results to settings of three-dimensional fracture. Let
us mention, however, that similar rigidity results in higher dimensions are available in models for
nonsimple materials [31], where a singular perturbation term depending on the second gradient of
the deformation is incorporated in the elastic energy.

In the setting of SDRI models for solids with material voids, a first analysis on plate theories
with surface discontinuities in the bending (Kirchhoff) energy regime has been performed in [57].
However, the results therein are conditional in two aspects. Firstly, only voids with restrictive as-
sumptions on their distribution and geometry (satisfying the so-called minimal droplet assumption)
are considered, which allows to resort to the classical rigidity theorem of [36]. Secondly, recovery se-
quences are only constructed under a specific regularity property for the outer Minkowski-content of
voids and discontinuities. In our recent work [34], a related result for thin rods without restriction on
the void geometry was accomplished, generalizing the results of [52] from the purely elastic setting.
The cornerstone of our approach was a novel piecewise rigidity result in the realm of SDRI-models
[32], which is based on a curvature regularization of the surface term.

The goal of the present article is to extend the methods used in [34] in order to show that the
Blake-Zisserman-Kirchhoff model of [57] is the I'-limit of the three-dimensional model, without
restricting the void geometries and without restricting to a special class of configurations for the
construction of recovery sequences.

We now describe our setting in more detail. We consider a three-dimensional thin plate with
reference configuration

Q= 8 x (~h 1) CR3

of thickness 0 < h < 1, where the midsurface is represented by a bounded Lipschitz domain S C R2.
Variational models for thin plates describing the formation of material voids which are not a priori
prescribed, fall into the framework of free discontinuity problems [4], leading to an energy of the
form

Fhpa, E):=[  W(Vv)da+ B / p(vp)dH?. (1.1)

Qn\E OENQy,

Here, E C Qy, represents the (sufficiently regular) void set within an elastic plate with reference
configuration €, C R3, and v is the corresponding elastic deformation. The first term in
represents the nonlinear elastic energy with density W (see Section [2| for details), whereas the
second one depends on a parameter 5 > 0 and a possibly anisotropic norm ¢ evaluated at the
outer unit normal vg to OFE N Q. For purely expository reasons, we restrict our analysis to the
isotropic case, i.e., p(-) = | - |2, see Remark for some comments.

At a heuristic level, it is well known that an elastic energy scaling of the order h? corresponds to the
bending Kirchhoff theory, leaving the midsurface S unstretched. At the same time, the surface area
of voids completely separating the plate is of order h. Now, depending on the choice of the parameter
Br, one can expect different limiting models, after rescaling with max{h=3, (8,h)~'}: the case
B > h? will result in a purely elastic plate model, while the choice 8;, < h? will lead to a model
of purely brittle fracture. The critical regime £j, ~ h? is the most interesting and mathematically
most challenging one, since the elastic and surface contributions in this case compete at the same
order.
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Hence, from here on we set for simplicity 3
h~3, our aim is to rigorously derive effective

[12, 21]. As in [34], the presence of a priori

. After rescaling the total energy in by
ensional theories by means of I'-convergence
Htribed voids in the model hinders the use of
the classical rigidity result [36]. Indeed, the tion of voids in the material might possibly
exhibit highly complicated geometries, for ing ensely packed thin spikes or microscopically
small components with small surface measure fin djffirent length scales, see Figure [I]

Figure 1. Densely packed thin spikes and microscopically small components leading to loss of
rigidity. For simplicity, the figure illustrates a two-dimensional example.

To remedy these phenomena, motivated by our recent works [32], [34], we introduce a curvature
reqularization of the form
Fhoo(E) = h%h/ |A]?dH?, (1.2)
OENQy,
where A denotes the second fundamental form of OE N Qj, and k), satisfies kK, — 01 as h — 0F
at a sufficient rate (see for details). The presence of this additional Willmore-type energy
penalization allows us to use the piecewise rigidity estimate [32, Theorem 2.1] in the analysis. It is a
singular perturbation for the void set E and not for the deformation v, i.e., no higher-order derivatives
of v are involved in the model. We also refer the interested reader to [33], where a related atomistic
model is studied and additional explanations for the presence of a microscopic analog of the term in
are given, see [33, Subsection 2.5]. As mentioned therein, curvature regularizations of similar
type are commonly used in the mathematical and physical literature of SDRI models, for instance
in the description of heteroepitaxial growth of elastically stressed thin films or material voids, see
[, 27, 28, [42], 43}, [55], [61]. Despite the possible modeling relevance, we mention that the presence of
the curvature contribution in our model is only for mathematical reasons as a regularization term.
In particular, it does not affect the structure of the effective limiting model.
The total energy of a pair (v, E) is then given by the sum of the two terms in and , ie.,

]:h(UaE) ::‘Fh (U7E)+]:churv(E)’

el,per

having set 35, := h% and p(v) = 1 for all v € S2. The main outcome of this work is then Theorem [2.3]
where we show that the rescaled energies (h_3f (., -))h>0 I'-converge in an appropriate topology
to an effective two-dimensional model that is of the form

i " Qs (I, (2")) da’ + H*(9*V N S) + 21 (Jiy vy \ O*V) . (1.3)
Here, V' C S denotes a set of finite perimeter in S C R? and represents the void part in the limiting
two-dimensional plate. As in [57], the limiting admissible deformations turn out to be possibly
fractured and creased flat isometric immersions, i.e., y € SBViifn(S; R3), see Sectionfor precise
definitions. The approximate gradient of y is denoted here by V'y and II,, denotes the induced second
fundamental form on y(S). The density of the limiting elastic energy, which should be conceived
as a curvature energy on isometric immersions of the midsurface S, depends on a quadratic form

Q, which is defined through the quadratic form D?W (Id) of linearized elasticity via a suitable
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minimization problem, see for its precise definition. The second term in accounts for
the presence of limiting voids by measuring the total length of their boundaries. The last term in
takes the fact into account that, in the limit, voids might collapse into discontinuities of the
limiting deformation y or its derivative V'y, corresponding to cracks or folds of the limiting plate,
respectively. Exactly due to their origin, the length of those should be counted twice in the energy.

Let us once again mention that one fundamental difference between our work and that of [57]
lies in the assumptions on the admissible void sets. While we allow for voids with general geometry
employing a mild curvature regularization, [57] is based on specific restrictive assumptions on the
void geometry, namely the so-called ¢-minimal droplet assumption, cf. [57, Equation (6)]. This can
be interpreted as an L°°-diverging bound on the curvature of the boundary of the voids in the initial
thin plate. In our setting, the curvature penalization term can be thought of as imposing an
L2-diverging bound on the curvature: its nature allows for the voids to concentrate at arbitrarily
small scales (independently of h), while also allowing for a diverging (with A) number of connected
components of voids, see Remark iv). Of course, our more general model comes at the expense
of using more sophisticated geometric rigidity estimates [32] compared to the classical one of [36].
As in [34], our strategy relies on modifying the deformations and their gradients on a small part
of the domain such that the new deformations are actually Sobolev except for the boundaries of a
controllable number of cubes, with a good control on the elastic energy. Concerning the derivation
of compactness and I'-liminf, the estimate for the surface parts in is the most delicate step
and requires a fine control on the jump height of these modifications. By means of a contradiction
argument based on a blow up method, we are able to reduce the problem to the setting of thin rods,
which allows us to directly use the compactness result from [34, Theorem 2.1].

Besides the geometry of voids, our work differs from [57] by the fact that therein recovery se-
quences are only provided under specific regularity properties for the outer Minkowski-content of
0"V and J(, vry). By means of the coarea formula, the latter assumption allows to construct a se-
quence of three-dimensional voids with the required regularity, in particular satisfying the minimal
droplet assumption. In the general case, however, a density result for boundaries of void sets and
jump sets of SBV-functions appears to be required. Although many results are available in this
direction, see, e.g., [19], to the best of our knowledge they are all incompatible with the isometry
constraint, i.e., with y € SBVii’)fn(S ;R3). As approximation results are usually built on convolution
techniques, it indeed cannot be expected to obtain a density result satisfying exactly an isometry
constraint. Yet, we are able to obtain a density result which can control the deviation from an isom-
etry in a controlled way, quantified in terms of the thickness h. This is then enough to construct
recovery sequences by adapting the ansatz from the purely elastic case [36]. We regard this part as
the most original technical novelty of the current paper, and we believe that the technique may be
applicable also in other related settings.

1.1. Organization of the paper. Our paper is organized as follows. In Section [2| we introduce
the model and state the main compactness and I'-convergence results, i.e., Theorems and
respectively, together with some additional modeling remarks. In Section [3] we collect the necessary
technical ingredients for the proofs, namely the nonlinear piecewise rigidity estimates from [32] and
the Korn-Poincaré inequality for SBV2-functions with small jump set from [16] adapted to our
setting, see Subsection [3.1] as well as the construction of almost Sobolev replacements for sequences
of deformations with equibounded energy, see Subsections Section [] contains the proof of
Theorem while Sections [5] and [6] contain the proof of Theorem [2.3)i),(ii) respectively. Finally,
in Appendices [A] and [B] we give the proofs of some auxiliary facts that are themselves not new but
that are presented here for completeness only.
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1.2. Notation. We close the introduction with some basic notation. Given d € N, U C R open,
we denote by 9M(U) the collection of all measurable subsets of U, and by P(U) the one of subsets
of finite perimeter in U. Given A, B € M(U), we write x4 for the characteristic function of A,
AAB for their symmetric difference, A CC B iff A C B, and disty (A, B) for the Hausdorff distance
between A and B. For v € R? we denote by [v]o := max{|vy|: k =1,...,d} its foo-norm, while for
the | - |oo-distance of a point z (respectively a set B) to a set A, we write disto,(z, A) (respectively
distoo (A, B)). For every A C R? and 6 > 0, we define

(A)s == {x € R?: dist(z, A) < 5} . (1.4)

For E € P(U) we denote by 0*F the essential boundary of E, see [4, Definition 3.60]. For d = 3 we
also denote by Aeq(U) the collection of all open sets E C U such that 0ENU is a two-dimensional
C?-surface in R3. Surfaces and functions of C?-regularity will be called C?-regular or just regular
in the following. For E € A,es(U) we denote by A the second fundamental form of 90E N U, i.e.,
|A| = \/k? + k3, where k1 and k2 are the corresponding principal curvatures. By vp we indicate
the outer unit normal to OENU.

The inner product of two vectors a,b € R? will be denoted by a - b, and their exterior product by
a A'b. We further write S? := {v € R3: |v| = 1}. By id we denote the identity mapping on R? and
by Id € R*3 the identity matrix. For each F € R**3 we let sym(F) := 1 (F + FT) and we also
introduce SO(3) := {F € R®*3: FTF = 1Id, det F = 1}. Moreover, we denote by R2x3 and R3:?
the space of symmetric and skew-symmetric matrices, respectively. For o > 0, we denote by T, the
linear transformation in R3 with matrix representation given by

T, := diag(1,1,0) (1.5)

with respect to the canonical basis {ej,es,e3} of R®. For d,k € N, we indicate by £¢ and H* the
d-dimensional Lebesgue measure and the k-dimensional Hausdorff measure, respectively.

For U C R"™ open, for p € [1,00] and d,k € N we denote by LP(U;RY) and W*P(U;R?) the
standard Lebesgue and Sobolev spaces, respectively. Partial derivatives of a function f: U — R?
will be denoted by (0;f)i=1,2,3. We use standard notation for SBV-functions, cf. [4, Chapter 4]
for the definition and a detailed presentation of the properties of this space. In particular, for a
function u € SBV (U;R%), we write Vu for the approximate gradient, .J,, for its jump set, and u*
for the one-sided traces on .J,,. Finally,

SBV(U;R?) := {u € SBV(U;R%): / |Vaul? dz +HT (T, NU) < +oo} .
U

2. THE MODELS AND THE MAIN RESULTS

In this section we introduce the model and present our main results.

2.1. The three-dimensional model. We denote the reference configuration of the thin plate by

Q=9 % (-4 L4)cRr?, (2.1)

where S C R? is a bounded Lipschitz domain describing the midsurface of the thin plate, and

0 < h < 1 denotes its infinitesimal thickness. For a large but fixed constant M > 1, the set of
admissible pairs of function and set is given by

Ap i ={(v,E): E € Aweg(), v € W\ E;R?), vl =id, |[v]|peq,) < M} . (2.2)

The third condition in (2.2} is for definiteness only. While the last one therein is merely of technical
nature to ensure compactness, it is also justified from a physical viewpoint since it corresponds to
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the assumption that the solid under consideration is confined in a bounded region. For each pair
(v, E) € Ay, we consider the energy

F'(v,E) := ~ W(Vv)dz + RPH*(OE N Q) + Bk, / |A|2dH?. (2.3)
Qp\E OENQY,

The first two terms correspond to the elastic and the surface energy of perimeter-type, respectively,
while the third one is a curvature regularization of Willmore-type, where A denotes the second
fundamental form of OE N Q) and ky, is a suitable infinitesimal parameter specified in below.
The factor h? in front of the surface terms ensures that the elastic and the surface energy are of
same order, since the elastic energy per unit volume is of order h2, see the introduction for some
heuristic explanations of the model.

The function W: R3*3 — R, in represents the stored elastic energy density, satisfying
standard assumptions of nonlinear elasticity. In particular, we suppose that W € CO(R3*3;R,)
satisfies

Frame indifference: W(RF) = W(F) for all R € SO(3) and F € R3*3

Single energy-well structure: {W =0} = SO(3),

Regularity: W is C?-regular in a neighborhood of SO(3),

Coercivity: There exists ¢ > 0 such that for all F € R3*3 it holds that (2.4)
W (F) > cdist®(F, SO(3)),

(v) Growth condition: There exists C' > 0 such that for all F' € R**? it holds that

W(F) < Cdist?(F, SO(3)) .

We note that condition (v) excludes the natural assumption W(F) — +oo as det ' — 0%, but
it is needed in our analysis for the construction of recovery sequences. The choice of an isotropic
perimeter energy is purely for simplicity of the exposition, and more general anisotropic perimeters
can be chosen in the model without substantial changes in the proofs, see also Remark below.
As for the parameter x;, > 0 in the curvature regularization, we require

knh™2 =0, kRph Y% 5 400 ash —0. (2.5)

Similarly to its role in [34] Equation (2.5)], it is a technical assumption that has been chosen
for simplicity rather than optimality. Its choice is related to the application of suitable piecewise
rigidity results [32] and Korn inequalities [16], and will become apparent along the proof, see in
particular .

As is by now customary in dimension-reduction problems, we perform an anisotropic change of
variables to reformulate the problem in a fixed reference domain: recalling , we rescale our
variables and set

D=0, V=T E)={zcQ:ThzcE}. (2.6)
Accordingly, the rescaled deformations are defined by y: Q — R? via
y(x) == v(Thx) . (2.7)
The total energy is rescaled by a factor h%, hence we set
EMy, V) = h3F' (v, E), (2.8)

where the pair (y, V) is related to (v, E) via (2.6)) and (2.7)). In this rescaling, one factor h corresponds
to the change of volume and the other factor h? corresponds to the average elastic energy per unit
volume in the bending regime for plates.
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The corresponding rescaled gradient will be denoted as usual by

Viy(x) = (31y, 0oy, %831/) (z) = Vo(Thz) .

Therefore, by a change of variables we find

Ey,V)=h=2 [ _W(Vpy(z)) da +/ | (1 (2), 1 (2), 103 (2) | dH2 (2) + E8u (V) (2:9)
AV avNQ

where vy (2) := (v} (2), V2 (2), 3 (2)) denotes the outer unit normal to &V N at the point z. Note

that for the rescaling of the perimeter part of the energy, one can test with smooth functions and

use the divergence theorem, as we also commented in [34] Equation (2.10)].

Regarding the term S(f‘urv( ) which denotes the curvature-related energetic contribution for the
rescaled set V| its precise expression after the change of variables will not be of specific use in the
subsequent analysis. Hence, we refrain from giving its explicit form.

In view of and , the space of rescaled admissible pairs of deformations and voids is

given by
leh = {(ya V) Ve Areg(ﬂ) y Y € W1’2(Q \Va R?)) ) y|V = Th(ld) ) ||yHL°°(Q) < M} . (210)

2.2. Limiting model and main result. As in the purely elastic case considered in [36], the density
of the limiting elastic energy will depend on the quadratic form Qsz: R3*3 — R, which is defined as

Q3(G) == D*W(1d)[G, G]. (2.11)
Due to (2.4), Q3 vanishes on R**? and is strictly positive-definite on R3X3. We also define

skew sym”*
Q,: R?*2 5 R as R
QQ(A) = ZIEI%{I% Qg(A+C®€3) y (212)

by minimizing over stretches in the z3-direction. Here, for a matrix A € R?*? we denote by A its
extension to a (3 x 3)-matrix by adding zeros in the third row and column.
As in [57], where a similar model under more restrictive geometric assumptions on the voids was
studied, the limiting energy will be defined on the space
A= {(,V) € SBVZ2(S:R?) x P(S): ylv =idlv , |yl (o) < M}, (2.13)

where
SBV22 (S;R?) := {y € SBV?(S;R?): V'y € SBV?(S;R**?), (V'y, 01y A day) € SO(3) ae.},

1som

and V'y := (01y, 02y), i.e., the limiting admissible deformations are isometric away from the jump
set

Ty, vry) = Jy U Jvry. (2.14)
We denote by 7: Q@ — R3 maps of the form
¥(z) = y(x1,72) Vo € Q, for some y € SBV,22 (S;R?), (2.15)

and, similarly, by V C € sets of the form
~ 11
V=Vx (—2,2> for some V € P(S). (2.16)

In what follows, the pair (¥, YN/) will always be associated to (y,V) via and ( whenever
it appears. For a mapping y € SBV22 (S;R?), we also introduce its second fundamental form via

IL, == (Qiy - 0;(Dry A Doy)) (2.17)

1<i,j<2”
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With the definitions (2.12) and (2.14) in mind, for each (y,V) € A, the limiting two-dimensional
energy of Blake-Zisserman-Kirchhoff-type (cf. also [10, [I7, 57]) is defined as

Ey, V) : 24/ Qo (I (")) da’ + H' (0" V N S) + 2H" (Jiy vy \ V). (2.18)

As mentioned also in the introduction, the limiting two-dimensional model features the classical
bending-curvature energy derived in [36] and two surface terms related to the presence of voids. The
middle term on the right-hand side of corresponds to the energy contribution of the limiting
void V', whereas the last one therein is associated to discontinuities or folds of the deformation,
represented by J, and Jy,, respectively. The origin of this term is due to the fact that voids may
collapse into discontinuity curves in the limit, and thus appears with a factor 2, see Figure

h—0 h—>0

L

Figure 2. Bending a plate with voids and cracks: Collapsing voids lead to discontinuity curves
for Jy. Folds corresponding to the presence of Jy/, are not depicted for simplicity.

With these definitions and notations, our main results can be summarized as follows.

Theorem 2.1. (Compactness) Let (h;)jen C (0,00) with h; \, 0 and (yn;, Va,) € fthj (cf. (2.10))
be such that

sup EMs (Yn,» Vi,) < +o00. (2.19)
JEN

Then, there exists (y,V) € A (cf. ) such that, up to a non-relabeled subsequence,
(i)
(i) yn, — ¥ in L'(QR?), (2.20)
(ili)  Vi,yn, — (V7,019 A 02y)  strongly in L*(Q;R**?)
where (3,V) is associated to (y,V) via [2:15) and (2.16).
Definition 2.2. We say that (yn,, Vi,) - (y,V) as j — oo if and only if holds.

Note that (2.10) implies that sup;cy [|yn, || (@) < M, and therefore the convergence in ([2.20)(ii)
actually holds in LP(Q;R3) for every p € [1,4+00). We are now ready to state the main I'-convergence
result.

XVi, — Xy in LY(Q),
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Theorem 2.3. (I'-convergence) Let (h;)jen C (0,00) with h; N\, 0. The sequence of functionals
(M) jen T(7)-converges to the functional E® of (2.18)), i.e., the following two inequalities hold true.

(i) (T-liminf inequality) Whenever (yn;, Va,) — (v, V), then
liminf €™ (yn,, Vi) = E%(y, V).

Jj—4oo

(ii) (D-limsup inequality) For every (y,V) € A there exists (yn,, Va,) € Ahj for each j € N such
that (yYn,, Va,) RLIY (y7V) and

limsup £ (Yn,» Va,) < &Y (y, V) )

j—+oo
Remark 2.4 (Possible extensions and variants). (i) One could consider more general perimeter
energies of the form

B / o) AH?.
OENQ,

where limj,_,o(h™28,) = 8 > 0 and ¢ is a norm in R3. Similarly to [34], for simplicity of the
exposition we have chosen 3, := h? and ¢ to be the standard isotropic Euclidean norm in R3. The
general case is analogous in its treatment, where the limiting surface energy in (2.18)) is given by

/ polvy) dH +2 / o1y, o) AH2,
8*vNs Tiywrm\O*V ‘
with

QOO($17£L'2) = Iglelﬂ% Qo(xla T2, C) )

see [57), Sections 2 and 6] for details, especially related to some technical adjustments needed in the
construction of recovery sequences for the void sets in the presence of anisotropic surface energy
densities.

(ii) Completely analogously to [34, Remark 2.1(ii)], any singular perturbation of the form

Rk / |A|7dH?
OENQ,

with ¢ > 2 would be a legitimate choice for a curvature regularization, up to adjusting the condition
for kp, in (which would then depend also on ¢). Let us nevertheless also mention here that the
choice ¢ > 2 is essential, see [32] Lemma 2.12 and Example 2.13]. For simplicity, we have chosen
q = 2, which corresponds to a curvature regularization of classical Willmore-type.

(iii) We also remark that compressive boundary conditions and body forces can be included into
the I'-convergence statement. Although we omit the details here, we refer the interested reader to
[36, Section 6] for a discussion in this direction, in the purely elastic case.

(iv) Finally, [34, Example 2.1] can easily be adjusted to our setting, the only difference coming
from the energy rescaling by a factor A3 instead of A% in this case. This allows to exhibit
configurations (v, Fy) € Ap with

sup h =3 F"(vy,, Ep,) < 400,

h>0
where E}, consists of balls which concentrate on arbitrarily small scales (independently of h), and
whose number is diverging at a rate faster than h=!. In contrast, in the setting of [57] and for void
sets consisting of a disjoint union of balls, the minimal droplet assumption implies a lower bound of
order h on the radius of each ball and an upper bound of order h~! for the total number of balls,
cf. [57, Remark 3.1].
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3. PIECEWISE RIGIDITY AND SOBOLEV MODIFICATION OF DEFORMATIONS

In this section we collect some preparatory ingredients which are of utter importance in the proofs
of the compactness result of Theorem in Section [f] and the I'-liminf inequality of Theorem
in Section 5] Our reasoning follows in spirit the analogous one in [34, Section 3] and relies on the
approximation of a sequence of deformations with equibounded energy by mappings which enjoy
good Sobolev bounds on a large portion (and asymptotically all) of the bulk domain of the thin
plate, while still retaining a good control on their total jump set in the full domain. This will
allow us to use tools from the theory of SBV functions, in particular Ambrosio’s compactness and
lower semicontinuity theorems (cf. [4, Theorems 4.7 and 4.8]), together with the proof strategy from
[36, 57].

In this and the following sections, we will use the continuum subscript h > 0 instead of the
sequential subscript notation (h;);en purely for notational convenience. To state the main results
of this section, we need to introduce some further notation. Recall the definition of €}, in . As
the estimates provided by the rigidity result stated in Theorem below are only local, we need to
introduce a slightly smaller reference domain. To this end, for every p € (0,1), we define

O, = {2’ € §: dist(a/,85) > p} x (— L52h, U520h). (3.1)

Eventually, in Sections we will send p — 07T, after the convergence h — 07. In what follows,
for every i € Z2, we introduce cubes and cuboids of sidelengths proportional to k > 0, namely

Qn(i) = (hi,0) + (=2, 2% and  Qn(i) := (hi,0) + (=32, 30)2 x (~L b)), (3.2)
which will serve to cover €, up to the negligible skeleton of the covering. In particular, we set

Q= {Qu(i): Qnli) C Qu}.

Similarly, for every p € (0,1) we set

Qnp(i) = (hi,0) + (1= p)(=5,5)* . Qn,li) = (hi.0) + (1 = p) (=5 F)* x (=5.4)) . (33)

Given a measurable set K C R? and v > 0, we introduce the localized version of the total surface
energy as

(B K) = H(OENK) +7/ |A[? dH?, (3.4)
dENK

using a general parameter v in place of x; for later purposes. The total rescaled energy is then

given by

1

. h3 Qp \E

G" (v, E)

1
W(Vv) de + 5-Gil (B3 Qn) = h3F" (v, E), (3.5)
for (v, E) € Ay, cf. (2.2), where F" is as in (2.3). Note again that one factor h in the rescaling of
the elastic energy corresponds to the volume of €2, while the extra factor h% corresponds to the
average elastic energy per unit volume.

Proposition 3.1 (Sobolev modification of deformations and their gradients). Let 0 < p < pg for
some universal pg > 0. Then, there exist constants C := C(S, M) > 0 and hg = ho(p) > 0 such that
for every sequence (vp, Ep)p>o with (vy, Ep) € Ay and

sup G (vp, E) < 400, (3.6)
h>0
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and for every 0 < h < hy there exist fields r, € SBV?(Q, ,;R?) and Ry, € SBVZ(y, ,; R3*3)
satisfying the following properties:

(1) Mrallze(n.,) + 1BrllL=(@,,,) < C,

(i) H2(J.,) +H2(JR,) < Ch,

(iii) /QW

(iv) R71L(Qn, N {|on(@) — il > 0n}) — 0, K L3 (Q, N {|Von — Ru| > 0,}) — 0,
where (0p)n>0 C (0,400) is a sequence with
0, — 0 and 0,h~' = co. (3.8)
Moreover, there exists wy, € SBV?(2, ,;R?) such that
(i) A 'C({wn #on}NQn,) = 0ash—0,

|Vrh|2d:c+/ |VRy|>dx < Ch,

Q’up

(ii) / |Vwy, — Ry|*dz < Ch?,
Q

h,p

- _ 3.9
(iil)  [lwnllze (e, ,) +h U2 (Jy,) + R |Vwy|?dz < C, (39)

Qh,p

(V) Ju, Cpn | 0Qu(i), for some Q,, C Qp with #Q,, < Ch™".
Qh(i)egvh

The maps r,, R can be thought of as regularized piecewise affine/constant approximations of
v, Vup, respectively, see (3.7)(iv). These approximations enjoy good SBV2-bounds provided by
(3.7) (1)—(iii), which will be crucial later to employ compactness and lower semicontinuity results
in SBV? on their appropriate T} /n-rescalings. The role of the maps wy, in the second part of the
proposition is analogous, with the extra advantage that wy is obtained by changing the map vy
on an asymptotically vanishing portion of the volume, see (3.9))(i), while having a more precise
information on the geometry of the jump set, the latter being in a sense cubic, see (iv).

We note that r;,, Ry, and wy, depend on p which we do not include in the notation for simplicity.
In the rest of this section, we focus on proving Proposition [3.1] so that starting from Section [4 we
can give the proofs of our main compactness and I'-convergence results. In the proofs, we will send
the parameters h, p to zero in this order. Thus, for the sake of keeping the notation simple, generic
constants which are independent of h, p will be denoted by C, and we will use a subscript notation
in order to highlight the dependence of a particular constant on a specific parameter.

3.1. Rigidity results. This subsection is devoted to recalling some rigidity results which are the
basis for our proofs, as was also the case for the derivation of effective theories for elastic rods with
voids in our previous work [34].

Geometric rigidity in variable domains: We first recall the result [32, Theorem 2.1], see also
[34, Section 3.1]. As mentioned in the introduction, the behavior of deformations v on connected
components of Qj, \ E might fail to be rigid, cf. [32, Example 2.6]. The main result in [32] consists in
showing that rigidity estimates can be obtained outside of a slightly thickened version of the voids.
We omit the proofs of the next two results, since they are identical to the ones of [34, Proposition 3.3
and Theorem 3.1].

Proposition 3.2 (Global thickening of sets). Let h,p > 0 and v € (0,1). There exists a universal
constant Co > 0 and n9 = no(p) € (0,1), such that for every n € (0,m0] the following holds:
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Given E € Areg(Q), we can find an open set Ej 5, o such that E C Ej, ) C Qp, OEy 5 N8y, is
a union of finitely many C?-regular submanifolds, and

2
(1) L3(Enyy \ B) < iy 2620 (B; ), disty(E, Eny~) < hiy'/?,

surf

(i) H2OBny N ) < (1+ Con) G113 (B; ).

surf

(3.10)

On the complement of Qy, ,\ E}, ,, 4 one can obtain good quantitative piecewise rigidity estimates,
as provided by the following theorem. For its statement, we recall 7, and mention that
this version is specific to our purposes compared to the more general one of [34], Theorem 3.1], from
which it actually follows by a direct application.

Theorem 3.3 (Geometric rigidity in variable domains). Let h,p > 0 and v € (0,1). There exist a
ungversal constant Cy > 0, 19 = no(p) > 0, and for each n € (0,n0] there exists C,, > 0 such that
the following holds:

For every E € Ayeq(Qn), denoting by E, ,, 4 the set of Pmposition for every Qn(i) € Qp, for
the connected components (U;); of Qn.p(i) \ En.n~ and for every y € WY2(Qy, \ E;R3) there exist
corresponding rotations (R;); C SO(3) and vectors (bj); C R3 such that

0 3, [ lvml(R)TVy-10) de < o1+ |

dist*(Vy, SO(3)) dz,

Qr(i)\E
(ii) Z/ |(R;)"Vy —1d|* de < 07,7*3/ dist*(Vy, SO(3)) dz,
iJu; QuNE
1
(i) Z_/ 72|y—(ij+bj)}2dxgcw*5/ dist2(Vy, SO(3)) dz | (3.11)
iJu; h Qn(NE

where for brevity ¢ := th(i)\E dist?(Vy, SO(3)) dz.

In the subsequent proofs we will choose the parameters 1 and v depending on the regime of the
elastic energy ¢ such that C,y'%/2h73¢ < 1 and C,,y° < £~ for some 6 > 0 small. With these
choices, we obtain a sharp control on symmetrized gradients with repect to €, see (3.11))(i), while
the estimate in (3.11))(ii) and the Poincaré-type estimate (3.11))(iii) yield a suboptimal control in
the exponent, of the order ¢'~?.

Korn and Poincaré inequalities in SBV?: As in [34], the issue of the suboptimal exponent in the
gradient estimate can be remedied in case the surface area of the void set is small. This relies on
sophisticated Korn and Poincaré inequalities in the space GSBD? [22]. Since we will here need the
results only for SBV2-functions, we formulate the corresponding statements of [16, Theorem 1.1,
Theorem 1.2] in a simplified setting. In the sequel, we call a mapping a: R? — R3 an infinitesimal
rigid motion if a is affine with sym(Va) = 0.

Theorem 3.4 (Korn-Poincaré inequality for functions with small jump set). Let U C R? be a
bounded Lipschitz domain. Then, there exists a constant ¢ = c(U,d) > 0 such that for all u €
SBV?(U;R?) there exists a set of finite perimeter w C U with

HITVO W) < cHPTH (L), LU w) < e(HY(J,) V4L (3.12)
and an infinitesimal Tigid motion a such that
(diam(U)) !l — all g2 + Ve = Val 2y < ellsym(Tu)llza) -
Moreover, there exists v € WY2(U; R?) such that v=u on U\ w and
lsym(Vo)|[ L2y < cllsym(Vu)llL2w) -

Furthermore, if u € L= (U;R?), one has ||[v||p @) < [Jull 1= w)-
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Remark 3.5. We refer the reader to the discussion below [34, Theorem 3.2] on the derivation of
the above theorem from the results in [16]. Note that the result is indeed only relevant if H4=1(J,)
is small, since otherwise w = U 1is possible and the statement is empty. Moreover, it is easily seen
that the constant ¢ = ¢(U,d) of Theorem is invariant under dilations of the domain U.

An easy consequence of the above theorem is a version of the Poincaré inequality in SBV in
arbitrary codimension, namely the following.

Corollary 3.6. Let U C R be a bounded Lipschitz domain and m € N. Then, there exists a
constant ¢ = c¢(U,d,m) > 0 such that for all u € SBV?(U;R™) there exists a set of finite perimeter
w C U with

HITH (0 w) < HETUTL),  LYw) < e(HITH(,)) @ (3.13)
and a constant vector b € R™ such that
. -1
(dlam(U)) [l — b||L2(U\w) < c||Vu||L2(U) . (3.14)

Proof. The statement is a simple consequence of Theorem Without restriction we can assume
that m > d, as otherwise we add (d—m)-components to u which are identically zero. We denote by
the collection of all strictly increasing multi-indices of length d from {1,...,m}, so that #% = (7}).
For every o € ¥ and t € R™, we denote by 7,t € R™ the orthogonal projection of ¢ onto the
components indicated by o. In a similar fashion, we define m,u: U — R™. We apply Theorem
on m,u (which is essentially R?-valued) to obtain w, C U satisfying (for w, in place of w)
and b, € R™ such that

: —1
(diam(U)) ||mot — bo || L2(0\w,) < cl|Vull 2wy -
We define w := |J, 5, ws and observe that (3.13|) holds. Defining
1
bi= v > by ER™,
(d—l) oeY

it can be easily verified that (3.14]) holds, noticing that also u = T%H) Y oy Mol O

As in Theorem [3-4] we emphasize that the application of the previous corollary is only meaningful
if H9=1(J,) is smaller than a sufficiently small constant depending on U.

Difference of affine maps: We close this subsection with the statement of the following elementary
lemma, cf. [34, Lemma 3.1], whose proof can be found therein. By B,(x) C R® we denote the open
ball centered at 2 € R? with radius r > 0.

Lemma 3.7 (Estimate on affine maps). Let 6 > 0. Then there exists a constant C > 0 only
depending on & such for every G € R33 b € R3 x € R3, and E C B,.(x) for some r > 0 with
L3(E) > 6r3,we have

|G - +bll L (B, (x)) < Cr*2IG - +bll 2y, |G < Cr=>2|G -+ L2y -

3.2. Local rigidity estimates and Sobolev replacement on good cubes. In this subsection
we first introduce some extra necessary notation and definitions for the rest of the section. We start
by introducing the thickened void sets and then partition our reference domain €2y, ,, see into
cubes, where the partitioning is with respect to the surface area of the boundary of the thickened
void and the size of the local elastic energy in each cuboid of the partition.
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Let us start with a sequence (vp, Ep)p>o of admissible deformations and void sets in the thin
plate . Recalling (3.5, we suppose that

sup G" (vp, Ep) < +00. (3.15)
h>0
We fix
0<p<po:=1—(127/128)/3 (3.16)

as in Proposition and recall the choice of (kp)p>o in (2.5). Let g = no(p) € (0,1) be the
minimum of the constants in Proposition and Theorem In view of (2.5, we can choose a

sequence (np)np>0 C (0,79) converging slowly enough to zero, so that the constant C,, in (3.11]),
obtained by applying Theorem for p, n = nn € (0,7m0(p)), and v = Ky /h?, satisfies

h2\5
limsup Cy, (—) R% <1, (3.17)
h—0 Kh

Applying Proposition [3.2] with the above choice of p, 7 and =, for all & > 0 we find open sets Ej
with Ej, C E} C Qy, such that 0E; Ny, is a union of finitely many C2-regular submanifolds and

() h2L3(E;\ Ep) — 0, h~tdisty (Ef, Ep) — 0 ash— 0,
(i) liminf A "H2(OE; N Q) < liminf h71G"" (Ep; Q) .
h—0 h—0

surf

Here, we made use of 77h — , and the fact that hilg;’u}i(Eh; Qpn) = hil(]:uhrf(Eh; Qn)
is uniformly bounded by (3.5) and (3.15). In the estimates (3.11f), the behavior of the deformation
inside E; cannot be controlled. Thus, in accordance to definiteness only we can without
restriction assume that the deformation is the identity also inside Ej, i.e., we define v} : Q) — R3
by

(3.18)

In view of and (3.18)) (i), we get
h2L3({vf #wvp}) <h 2LYEf\EL) -0 ash—0. (3.20)
In view of Remark set exp := ¢(Q1(0)) and also introduce the (small) parameter
o= (% max{2¢isop, cKp}) e , (3.21)

where cisop denotes the relative isoperimetric constant of the cuboid Ql(O) in R3, the latter being
also scaling invariant, cf. [4, Equation (3.43)] for a version stated on balls instead of cuboids. For
every Qn(i) € Qp, we also introduce the localized elastic energy

cip = /  dist3(Vop, SO(3)) da . (3.22)
Qn(i)\Ep

We now divide the family of cubes Q) into two subfamilies: first, we consider the family of indices
associated to good cubes, defined by

"= {z € 72 : Qi) € Qn, HXOE: N Qn (i) < ah?, eip < h4}. (3.23)

For each cube in this subfamily, Theorem[3.4]is applicable without introducing a too large exceptional
set, cf. (3.12). The complementary family of indices will correspond to the bad cubes, namely we set

I'={i € Z*\ I}: Qu(i) € Qu}.
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We also remark that, for each i € Z2,
#{i' € Z%: Qn,p(i) N Qn (i) #£ 0} < 25. (3.24)
By (3:23)-(3:24), B.18)(ii), 2-4)(iv), (3.5), and (3.15), for 2 > 0 small enough, we obtain
#I < o'W HAOE; N Qn () + B0 e

iell iell
<Ca'hWTPHEOEEN QL) +Ch [ W(Vuy)de < ChTIG" (o, Ey) < ChTE,
Qh\E
i.e., we deduce that
#I <on? (3.25)

for an absolute constant C' = C(a) > 0, independent of h. Moreover, by using again ([2.4))(iv),
(13.24)), (3.5), and (3.15)), we also obtain the estimate

Y ean<C / _ dist?(Vug, SO(3)) da < Ch3. (3.26)

Proposition 3.8 (Local rigidity and Sobolev approximation). Let 0 < p < po. There exist an
absolute constant C > 0 independent of h and hg = ho(p) > 0 such that for all 0 < h < hgy and for

every i € I there exists a set of finite perimeter D, C Qp. (i), satisfying
g s P

A . . A . A 1 A
L3(Qn,p(i) \ Din) < ChH?(OE;; N Qu(i)), L2(Qn(i)\ Din) < @EB(Qh(Z)) ; (3.27)
H2(0" Dy p N Qnpli)) < CH*(OE; N Q. p(3)) (3.28)
and a corresponding rigid motion r; p(x) = R; px + by p, where R;p € SO(3) and b; ), € R?® with
bin| < CM (recall (2.2))), such that

h? /
Din

with v} defined as in (3.19).

Furthermore, there exists a Sobolev map zi, € WH2(Qn.,(i); R?) such that

vi(x) = rin(@)| de + / IVoii(z) — Rip|*de < Cey, (3.29)
i,h

i

(i) zn=v;, on Dy,

(i) n2 [ |zin(x) — 7“i,h(90)}2 dz +/ |Vzin(z) — Ri,h|2 dr < Ceip, (3.30)
Qh,p(i) Qh,p(i)

(iii) ||Zz‘,h||L<x>(Qh,p(i)) < OM.

Since £3(Qn (i) \ Di5) is small, we will be hereafter referring to D; , as the dominant component,
and in a similar fashion r; 5, will be referred to as the dominant rigid motion which approximates
v}, in QAhyp(i). Of course, it is still possible that D;; C Ej}, which should be interpreted as the void
having large volume in Qj, ().

The reader might have already noticed that the estimate for the full gradient and also for
the deformations v} comes with the optimal exponent in the local elastic energy €; 5, which at first
glimpse might be in contrast to 7 as v~ = (kp/h?) 71 is diverging with A — 0%, cf. . As
shown in the proof, such an improvement is possible by applying the Korn-Poincaré inequality of
Theorem [3.4] in the case of void sets with small surface area.

The proof of Proposition is basically a repetition of the analogous one in [34, Proposition 3.5].
For the sake of completeness, we include it in Appendix [A] The main difference is the additional
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requirement &; 5 < h* in the definition of Ig in . We refer to Remark for a comment in
this direction.

By a standard argument, which is again repeated in Appendix [A] an immediate consequence of
the previous proposition is an optimal estimate for the difference of two dominant rigid motions on
neighboring good cubes.

Corollary 3.9 (Difference of rigid motions). Let i,i’ € I be such that |i —i'|sc < 1. The rigid
motions ri j,, T, of Proposition satisfy

_ 2 _
h 2||Ti7h - ri/’h||i“(Qh(i)UQh(i’)) + ’Ri,h - Ri’,h| <Ch S(Ei,h + Ei’,h) . (331)

3.3. Construction of almost Sobolev replacements and proof of Proposition In this
subsection we construct the fields (r,)p>0, (Rr)r>0, and (wp)n>o of Proposition and afterwards
give the proof of the proposition.

First of all, recalling and , we introduce index sets related to interior good cubes by

o= {iell:i eIl forevery i € Z* with |i' — il <1}, (3.32)

int
and extertor good cubes by
It = {i € I} \ Iiy: Qu(i) N # 0}

Note that, for h > 0 small enough, if ¢ € I(’f’

»P_ then there exists at least one i’ € Z2 with |i' —i|, < 1
such that i’ € I'. By (3.25) this yields

41 < ot (3.33)

ext

for a universal constant C' > 0.
For the construction of the sequences (r,)n~0, (Rr)r>0, and (wp)n>0, we consider a partition of
unity subordinate to I}, cf. (8.32). For every h > 0, we introduce (¢});cn € C2°(R?) such that

dowh=1, (3.34)

iell,
and, for every i € I,
% i ~ . i -~ ) ; C
0<v, <1, o, =1onQopo(i), ¥ =0o0nR>\ Quinso(i), [IVY}|peme) < T (3.35)
where for s > 0 we have used the notation
~ ; sh sh , h h
Quti= 0+ (-7 ) (-5:3).
Then, we define 7, € SBV2(, ,;R3), Ry, € SBV2(Q, ,;R3*3) and wy, € SBV2(Q,:R3) as
() = T _ ifxe Qh(z) N Qy,, for some i ¢ I, (3.36)
z:iel.ht P} (x)rin(x)  otherwise,
Ra(x) = 1d | ifxe Qh(z) NQy,, for somei ¢ I, (337)
Zie I, Y (x)R;p,  otherwise,
wp () = v , ifz e Qh(i) N Qy,, for some i ¢ I}, , (3.38)
Yierr, Yn()zin(z)  otherwise,
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where the fields 7; 1, R; 5, and z; j, are given in Proposition The construction and the definition
of Qy, , in (3.1) implies that r), € SBVZ(thp;R3), Ry € SBV (th;RSXS), wy, € SBVQ(QhVP;RS),
and the jump sets satisfy, for h > 0 sufficiently small,

Jry UJR, Udw, € | 0Qn(i). (3.39)

ierhuIle

ext

We are now ready to give the proof of Proposition [3.1} following the strategy of the proof of the
corresponding result in the setting of rods, namely HBZL Proposition 3.1].

Proof of Proposition[3.1] First of all, the bounds in (3.7)(i) follow from the definitions (3.36)-(3-37),
3.7) (if)

the bound |b;, h| < CM for i € I}, and the fact that SO( ) C R3*3 is compact. Next, (3.7)(ii) follows

directly from , ‘ and -

We proceed to show (3.7) (iii), which we verify first for the fields (Rp,)n>0. For this, we first obtain
a control on ||th||Loo(Qh(l )nQ,.,) for every i € I .. Indeed, in view of (3.37), (3.34)—(3.35), and
([3-31), for i € I, fixed, x € Qu(i) N QU p, and k € {1,2,3}, we can estimate

|0k Rp (z |—‘Zak1/1j gh‘—’zawh Rjn — zh)‘
JeIl, jerh,
j c _ 1/2
< 3 0l | Rin = Rinl < Th72 3 elfE
JEN (1) JEN (i)
where
NG ={j€Z* |j—ile < 1}. (3.40)
Therefore,
HVRh”LOO(Qh(z)ﬁQh ) S Ch™? Z S (3.41)
JEN(P)
Using (3.37)), (3.41), and (3.26)), we can thus estimate
/ |VR,|>dz < Z / |VRy|?dz < Ch™°h? Z gin < Ch. (3.42)
Qh P Elh h )mQh I3 iEIh’

Analogously, for i € Il',, x € Qp (i) N Qyp, and k € {1,2, 3}, using (3:36), (3-34)—([B-35), and (3-31)),

we estimate

Drn(@) = | D @td@rin(e) + 9@ Riner)| < | D2 0] (@) (rsn(@) = rinle))] +1

FEL, JELf,
< > ot lirin = rinllLe @y + 1< CRT32 Y 51/2 +1.
JEN(3) JEN(3)
Thus,
||vrh||%oo(Qh(i)ﬁQh’p) <Ch3 Z €jn+1. (3.43)
JEN (D)

In a similar fashion as before, using (3.36)), (3.25)), (3.33)), (3.43)), and (3.26)), we can estimate

/ VrnPde =3 > L3(Qn(i) NQn,) + Z/ |V |? da
Q.o

Ny
ierpuIly il (NS,
ot (3.44)

O[(#Ib AR+ Y slh+h} < C(h?+h® + h) < Ch.
zeIh
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Collecting (3.42) and (3.44)), we conclude the proof of (3.7)(iii).
We now proceed to verify (3.7)(iv). Using (3.25), (3.33), (3.27), (3.24), (3.15), (3.18), (3.4), and

(3.5) we first estimate for h > 0 sufficiently small,

[,S(Q}%p\ U Dth) < Z E th Z ['3 th \Dz h)

€Il ierhuIle ielh,
< C(#IL +#IE0R + Ch Y HA(OE; N Qn(i)) (3.45)
i€l

int

< Ch? + ChH*(OE; N Q) < Ch2.

Choose a sequence (0p)p~0 C (0,400) as in (3.8). Then, using Chebyshev’s inequality, (3.36)),
(3-34)-(3.35), (3.29), (3-31), and (3.26)), we find

2 ({oh @) il > 030 | Din) <067 Z/ S (@) — i)

ielh iell, FJEN(4)

<ao, 2 Z Z / |vh ri’h|2dx
1h

ze[h FEN(4)
nt

+CQQZ Z/ |rzh—rjh| dz

icI, JEN (i)

int

2
‘dx

< CO;2h? ein < Ch°6,2. 3.46
h > h

icTh
lEIg

Combining now ([3.20)), (3.45), and ([3.46)), we obtain

L3 0 {Jon(x) = rul > 0n}) < L2({vi #on}) + L3(Qnp\ | Din)

ZEI";t
L3 ({Joi@) =l > k0 | Din)
Zelznt
< Ch? + Ch°0; 2. (3.47)
Using the same estimates as for (3.46]), we also get
53({|w;;<x) — Ry >0} | Di,h) < Ch36;2,
zEIl’;t
so that, in the same way as for (3.47)), we obtain
L2, N {|Vup(z) — Ry| > 0,}) < Ch* + Ch®0; 2. (3.48)

Now, (3.7)(iv) follows from (3.47)—(3.48)) and (3.8]). Similarly, we observe that
{wn # ok 0y < {on #oitu U Qup()U U (@np(0)\ D),

ieIPuIle iell

ext int
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so that (3.9)(i) follows from (3.20)) and (3.45)). We proceed with (3.9))(ii). By (3.37)), (3.38]), (3.34)—
(3-35), and (3.40), we can estimate

/ |th—Rh| dx < Z/
Qn,p

Y 2n@VeL+ Y Yh(Vaa - Rj,h)]2

ierh 7 @ne() " en(i) JEN (D)
2
=2 / (zin = 7in) @ VUL + D (Vagn — )’
ierh 7 Qn. o JeN FEN ()
<Ch7* Z Z / |2j,n — Tzh| dl""'CZ/ ‘vzi,h—Ri,h\de
icIh, JEN (i) ielh Qn,p(3)
- 3 2
SCR™ > 3, Wlrin- Tl @ 00n ()
i€l JEN ()
+C ) / (h*|zin = rinl® + |V2in = Rinl*) da. (3.49)
ierh? @np(®)

Using (3.30)) (ii), (3.24)), (3.31), and (3.26)), we therefore estimate

/ [Vwy, — Ry|*de < C ) e < ChP,
h

e ieh

which proves (3.9))(ii). Then, the gradient bound in (3.9)(iii) follows from (3.9)(ii) and (3.7])(
L*>-bound in (3.9)(iii) follows from the definition (3.38 and the uniform control in (3.30))(iii). The
surface area bound therein is a consequence of (|3.39)), , and - Finally, (3.9)(iv) follows

directly from for Q,, == {Qun(i) € Qn:i € 'V Ie);f} where we recall once again (3.25) and
(13.33)). The proof is now complete. O

i). The

4. PROOF OF THEOREM [2.1]

We again use the continuum subscript k2 > 0 instead of the sequential subscript notation (h;);en
for convenience.

Proof of Theorem[2.1 We split the proof into two steps.
Step (1): Compactness for the voids. By the energy bound (2.19) and (2.9) we have that

W2 [ W) da + / (A, ()2 (20,708, ()| dH2(z) < C, (4.1)
Q\Vi VLN

where vy, (2) := (v, (2), 17, (2), v}, (2)) denotes the outward pointing unit normal to 9V, NQ at the

point z. Note that implies
sup (L2(Vi,) + H2(0V, N Q) < C.

h>0

Hence, by the standard compactness result for sets of finite perimeter, cf. [4 Theorem 3.39], there
exists V' € P(Q) such that, up to a non-relabeled subsequence, we have

Xv, = Xy in Lt Q). (4.2)

Invoking also Reshetnyak’s lower semicontinuity theorem, cf. [4l Theorem 2.38], applied to the lower
semicontinuous, positively 1-homogeneous, convex function ¢ : R? — [0, +00) with ¢(v) := |v3|, and
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using again (4.1]), we obtain

/ W2 dH? < liminf/ vy |dH* < Climinfh =0,
8*‘7ﬂQ h—0 BWLOQ h—0

where v denotes the measure-theoretic outer unit normal to d*V. This implies that
V%(l‘) =0 for H*ae z€dVNQ. (4.3)
In order to prove that the set Vis cylindrical over a two-dimensional set, we proceed as follows. Let

V= {(z1,22) € S: H (((w1,22) x R)NV) > 0} . (4.4)
Our aim is to prove that
c(Va(vx(-4,4)) =o. (4.5)
In view of Fubini’s theorem, for the verification of it is enough to show that
7{1<[X7A(V x (=1, )] N (21, 22) x R)) — 0 for L2-ace. (x1,22) € S. (4.6)
Trivially, for every (z1,x2) ¢ V we have by
HU([VAWV x (=3, )] 0 ((@1,22) x R)) < HH(V N ((21,22) x R)) =0. (4.7)

272
On the other hand, if (1, 22) € V, we can use (4.3) and the coarea formula, cf. [50, Formula 4.36],
to obtain

0=/ - |u§|dH2:/HO((a*f/mQ)m((xl,xg)xR))dxldxz.
I*VNQ S

In particular, for £2-a.e. (z1,25) € V we find that H°((0*V NQ) N ((z1,22) x R)) = 0, which further
implies that

HY[VAV x (=3, )] N ((z1,22) x R)) = 0. (4.8)

Now, (4.7)—(4.8)) imply (4.6). As discussed above, this in turn gives (4.5)), which in particular implies
that V' € P(S). Then, (4.2)) yields (2.20))(i).

Step (2): Compactness for the deformations. Let (vp, Ep)n>o be the sequence related to the
sequence (yp, Vi)n>o via —7 and let us fix p > 0 sufficiently small. In order to show
([2-20)(ii),(iii) for the sequence (yj)n>0, We first consider the fields (74)n>0 C SBV?(4 ,;R?) and
(Rp)nso C SBV2(Qy,; R3*3), defined via

Pn(x) := rp(Tha) and Ry (x) := Ry(Thz), (4.9)

where we recall ((3.36)), , and ([L.5). Let us mention once again that 77, R, may depend also
on p, which we do not include in the notation for simplicity. By (3.7))(i),(iii) we can estimate

I7nllLo . ) + IVTRllz29, ) < ITrllee@.,) + VTRl 204 ,)
_1
< |lrallee(an,,) + P 2IIVrallLz@, ) < C. (4.10)
By (3.7)(ii) and a simple change of variables (analogously to (4.1)), we also get

W) < [ 105, 03, b I AHE = h () £ O (1.11)

Th

Exactly in the same fashion, we also have

[ Rnllzoe @) + IV R BAl L2 (00 ,) + H (J5,) < C. (4.12)
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Thus, we can apply Ambrosio’s SBV compactness theorem, cf. [4, Theorems 4.8], to obtain fields
r, € SBV%(Q4,;R?) and R, € SBV?(Q;,,;R3*3) such that, up to subsequences (not relabeled),

(i) 7 — 7, strongly in L?(Q; ,;R?), V7, — Vr, weakly in L?(Q; ,; R¥*3)

- - (4.13)
(ii) Ry — R, strongly in L*(Q1,,;R**?), VR, — VR, weakly in L?(€ ,; R**3*3).
We now verify that
(i) Osr,=0 L3-ae. in Q,, R,€SO(3)with 3R, =0 L3-ae. in Qi p. (4.14)
(i) V'r, =R, where R, := (R,e1|Rpe2) € SBV?(y ,;R*?) '
where we recall the notation V' := (91,0;). Indeed, by the lower semicontinuity of the L2-norm

under weak convergence, (4.10)), and (4.12)) we obtain

1057pll22(0,) + 103 Rpll 22021 ,) < Hminf [[057 L2, ,) +limint (|05 Rallz2(a, )

< liznj{)lf (h”VhFhHL%QLp)) + 1i£nj61f (h”vth”LHQl)p))

< Climinfh =0.
h—0

Moreover, by ([@.9), (3-37), 8-34)-(3-35), (3.40), (331), and (3.26),
/ dist?(Rp, SO(3)) dz = h™* dist®(Rp, SO(3))dz < h™' / |Ry — Rip|?*da
Q

1.0 Qnp iell, Qnr ()N,

IDIRTAC: m)’de

il QuDNnp e n(4)
<Ch'R YT ST R R <Ot Y > (mintein)
iell, JEN(i) ieIl, JEN(i)

SCh™' ) ein<CR®. (4.15)

iell
By passing to the limit as h — 0 in (4.15)), and using ([4.13))(ii), we obtain
/ dist*(R,, SO(3)) dz = lim dist?(Rp, SO(3)) dz = 0 = dist(R,, SO(3)) = 0 a.e. in Qy,.
Q

1.p h—0 Ql,p
This concludes the proof of (4.14)(i). We now get that
Yn — 7, in measure on €y ,, Vjyyr — R, in measure on Q ,, (4.16)

which follows easily from (4.13)(i),(ii), .7 (2.7), and ( . iv) via a change of variables. In
particular, using (2.10)), (2.4)(i ) , and ([2.19)), we obtain

sup (||Vyh||L2<Ql,p) + 12 (Jy,) + llynll L= (an,)) < C,

so that (4.16]) and Ambrosio’s closure theorem [, Theorems 4.7] lead to (4.14))(ii).
Recalling (3.1)), the convergence in (4.16)), together with a monotonicity argument as p — 0,
allows us to define fields » € SBV?2(2;R?) and R € SBV?(Q; R3*3), such that

(i) O3r=0 L3-ae inQ, ReSO(3) with B3R =0 L3-a.e. inQ,
(i) V'r=R', where R := (Rei|Res) € SBV?(Q; R**?),

so that in particular Res = 017 A Oqr, and

(4.17)

yp — r in measure on 2, Vj,y, — R in measure on . (4.18)
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We next prove that
Viyn — R strongly in L*(Q;R3*3). (4.19)

Indeed, defining Ly, := {x € Q : |[Vpyn(z)| > 2v/3}, by (@.1) and (2.4)(iv) we get

3 1
3L°(Lp) < i/

|Viyn|? do < / dist®(Vyyn, SO(3)) dz < Ch?. (4.20)
Ly Q

This shows that xqo\z, — 1 boundedly in measure on {2 and thus, in view of , we get
X\, Viyn — R strongly in L?(Q; R3*3). By we further get ||xz, Viynllr2(Q) < Ch, which
concludes the proof of (4.19).

Hence, setting 4 := r, collecting (4.17)-(#.19) and recalling the uniform bound on deformations
assumed in (2.2)), we derive (2.20))(ii)-(iii). This concludes the proof of compactness. O

Corollary 4.1. In the setting of Proposition let (Wp)n>0 C SBV2(4 ,;R?) be defined by
wp(z) := wp(Thz), (4.21)
where wy, € SBV?(Q,,;R?) is as in and Ty, as in (LF). Then, for (y,V) € A given in
Theorem we also have, up to subsequences (not relabeled),
(i) wn — g in L'(Q1,,;R?),
(i) Vawn = (V7,019 A 02y)  strongly in L*(Qy ,;R¥?) .

Proof. Using (4.10)—(4.11) with wy, in place of 7, (cf. (3.9)(iii)) and once again Ambrosio’s SBV
compactness theorem, the corollary follows from (3.9)(i),(ii) and (3.7)(iv), after a simple change of

variables, together with (4.9)) and (4.13])(ii). O

(4.22)

5. PROOF OF THEOREM [2.3(i)

In this section we give the proof of the lower bound of Theorem [2.3] for which we prove separately
the lower bound for the bulk and the surface part of the energy. Recalling Definition [2.2] we consider
(Yn, Va)nso and (y,V) € A such that (ys, Vi) — (y,V), ie., ([2:20)(i)—(iii) hold true. We start
with the lower bound of the elastic energy.

Proposition 5.1. Suppose that (yn, Vi) — (y, V) for some (y,V) € A, cf. 2.13). Then,

Q,(IL,(2")) da’, (5.1)

h—0

lim inf (h—2 Q\vW(Vhyh)dm) 251 o
h

where we also recall the definition of 11, in (2.17)).

Proof. Since it is not restrictive to assume that the sequence of total energies (£"(yn, Vi))nso is
bounded, i.e., that (3.6) holds, we can apply Proposition for p > 0 small and the sequence

(Vn, En)n>o related to (yn, Va)n>o via (2.6)—(2.7).
Recalling the definition of I/, in (3.32)), we introduce the sequence of piecewise constant rotation

fields (Rp)p>0 C SBV?(Qy,; R3*3), defined by

Ro(x) Id if v € Ty, (Qn(i)) NQy,, for somei ¢ If,
z) =
4 Rin ifx € Ty/p(Qn(i)) NQy,, for some i€ I/, .
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With a similar argument as in (3.49)), recalling (4.9)), (3.37)), (3.34)—(3.35), (3.40), (3.31)), and (3.26]),

we estimate
(X virin)-R

h~2 |Rh—Rh|2d$—h / |Rh—Rh|2 h3 Z /

@, ielh, ., pNQn(4) FEN(3)
<h Y /

Z Ui (R Ri,h)‘zgcz Z |Rj.n — Rinl?

‘ 2

ierr @) T ien() ieIh JEN(i)
<SCh Y N (ginten) SCh?Y en<C. (5.2)
iell, JEN (i) ierh
Thus, combining with (il ) and using a change of variables, we deduce
sup [~ (R Vi — 1)l 12(0 ) < (5.3)

where wy, is defined as in (4.21)). In particular, we deduce that there exists G € L*(Qy ,; R3*?) such
that, up to a subsequence (not relabeled),

BRIV, —1d

Gy = W

— G weakly in L?(Qq ,; R¥%). (5.4)

We can then proceed with a classical linearization argument, cf. [36], [57], which we nevertheless
detail in Appendix [B] for the reader’s convenience. This leads to

W (Vhyn) dx) S @=L 0@ ar, (5.5)
N 2Ja,, 2 Ja,,

where we recall (2.12), and where for a matrix F' € R¥*® we use the notation F’ € R?*? for its
upper-leftmost (2 x 2)-block.

Hence, as in the purely elastic setting, we are confronted with identifying the upper-left block G’
of the weak limit G in (5.4). Although the sequence (wp)r>0o is not Sobolev in the entire domain,
due to its construction, and , it does not exhibit jumps in the transversal xs-direction,
so that the strategy originally devised in [36, Proof of Theorem 6.1(i)] is applicable. We next give
the details of the proof.

Let Gy = (Gre1|Grez) € R3*2 denote the matrix of the first two columns of G, and similarly
G for the weak L2-limit G. In the slightly smaller domain 2 2,, we consider the finite difference
quotients in zz-direction, (Hp)p>0 C L*(Q1,2,; R3*?), defined by

lim inf (h_2

h—0

Gn(2' 25 + 2) — Gp(2/, 2 _ o EV'wy (2, 3 4 2) — 2V a2,z
n(z', 3 ; n( 3):(Rh)Th n( 3 i h n( 3)7 (5.6)

where |z| < p (z # 0). In view of (5.4), we have
G2 x5 + 2) — G(2/, x3)

z

By (5.3) and ([4-:22))(ii), (R5)n>0 converges boundedly in measure to (V'y|bz) € SBV?(Qy 2,; R3*3),
where

Hy (2!, x3) =

Hh—\HIZ

weakly in L?(Q 2,; R¥*?). (5.7)

bg = 811]/\ 82@“, (58)
so that by (5.6)—(5.8) we obtain
%V’@h($/7.’173 +2z)— %V’ﬁh(x’,mg)
z

— (V'ylbz)H weakly in L?(Qy 2,; R¥*?). (5.9)
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In order to identify the weak limit H, we can then argue as in the end of the proof of the lower
bound for the elastic energy in [57, Section 5]. Setting
Wi (2, 23 + 2) — wi (2, @
fula! ) o= T D) O, )
z
we observe that, by (3.9)(iv) and a slicing argument,

€ SBV?(Q1,9,;R?), (5.10)

1
1, -
fh(.’IJ/,.Tg) :/ E(’)gwh(x',m —‘rtZ) dt.
0

By Corollary see ([4.22) and (B.8), we have that +0sw, — by strongly in L?(Qy ,;R?), and
therefore

fn — / -+ tz)dt = by strongly in L? Q2R ) )

where the last equality follows from the fact that by is independent of z3. By (5.9), (4.22)(ii), and
(3-9) (iii), we have

sup |V fnllr2(0,..,) < +oo  and sup'HQ(th) < 400,
h>0 h>0

so that, by the basic closure theorem in SBV| cf. [4, Theorem 4.7], we deduce that
V' fr — V'by weakly in L?(Qq 9, R**?). (5.11)

Combining (5.9)), (5.11)), the fact that (y,V) € A (see (2.13)), and recalling the identification (2.15)),
and ([2.17)), we obtain

Thus, (5.7)) implies

= (V'glby)T V'by € SBV?(Q 2, R¥*?) .

G(2, xg) = é(x' 0) +a3H(x') for (¢/,23) € Qap. (5.12)
Using the bilinearity of QQ in , , that flﬁzfg xgdxs = 0, and the definition of the

second fundamental form , we obtaln

1 1 1
- Q(GYdx = = Q2 (G'(«',0)) dz + f/ x%QQ(IIy(I’))dz,
2 Q1 2 Q12 2 Q1,2
* 1 = o (5.13)
>5[ o).
2 Q1,2

Then, (5.1) follows from (5.5) and (5.13)), after letting p — 0. O

We now proceed with the lower bound for the surface part of the energy, namely

gsurf( ) g (yh7 Vh) - h_2 N, W(Vhyh) do = gsurf(Eh; Qh) )
h
where we refer to and . Our approach deviates significantly from the proof of lower bounds
in relaxation results for energies defined on pairs of deformations and sets, cf. [13], [20], [57], the
main reason being that our piecewise nonlinear geometric rigidity result allows for a control only in
a large part of Q\ Vj.

While the justification for the middle term on the right-hand side of is standard, for the last
one therein the argument is based on a fine blow-up analysis around jump points of Ji,, v+, \0*V. In
particular, a delicate contradiction argument is employed to obtain the desired density lower bound
of the surface energy. For technical reasons, the latter is augmented with a vanishing contribution
of the elastic energy, see and below. A suitable (two-dimensional in nature) blow-up
of the deformations, their derivatives, as well as the void sets (cf. ), together with a De-Giorgi
type argument, will allow us to identify, up to translations, an appropriate three-dimensional thin
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rod on which the sequence (vy, Er)n>o enjoys uniform energy bounds, related to the bending energy
for thin rods with voids, see [34, Equations (2.3) and (2.8)]. Finally, our compactness result from
[34, Theorem 2.1] and the particular structure of the limiting pair will allow us to conclude the
contradictory argument.

Proposition 5.2. Suppose that (yn, Vi) — (y,V) for some (y,V) € A. Then,

lim inf ELe(Vn) = HYHO*V N S) + 21 (Jiy vy \ V). (5.14)
—

Proof. Let (Ep)n>o be the void sets associated to (V3 )n>0 according to (2.6]). Let (g, 17) be the pair

associated to (y,V) as in (2.15) and (2.16) respectively.
Step (1): Blow-up argument. In order to prove (5.14), we perform a blow-up argument. Let

h >0 and n > 0 (n will be eventually sent to 0 after we send h — 07). We introduce the family of
Radon measures p, , : M(S) — R, defined by

h h
fign(K) = nh_?’/ _ W(Vu)dz +hIGE, (Eh;K X (—)) : (5.15)
(Kx(~5.5)\Bn 22

where we recall (2.7) and (3.4). By the assumption that the sequence (£"(yn, Vi))n>o is bounded
(cf. also the proof of Lemmal/5.1)), and after passing to a subsequence (not relabeled), we may suppose
that (fin,n)n>0 converges weakly™ to some Radon measure p,. Let also

oyl
Ai=H (0" VU wryy)NS

and d,/dX be the corresponding Radon-Nikodym derivative. In view of the lower semicontinuity of
the mass under weak*-convergence, the equi-boundedness of the total energy, and the arbitrariness
of n > 0, the estimate in will follow by proving that for every Lebesgue point of i, with
respect to A there holds

1, if .
du,,(xo)z{ , ifz €8V NS, (516)

dA 2, if xTo € J(y,V'y) \ o*V.

Now, fix g € (9"V U J(y,vry)) NS such that a generalized unit normal at the point xq exists,
which we denote by v(zo). Since this property holds for H!-a.e. point, it suffices to prove (5.16)
in this case. Without loss of generality we assume that 2o = 0 and v(zg) = e;. For r < 1 we let
Qr = (-3, g)g Noting that A\(Q,) = r + o(r) as r — 0, in order to prove (5.16), it suffices to show
that

lim inf lim in (5.17)
r—0  h—0 r

fM S )1 iz edvVins,
o 2, lf i) S J(y,vry) \a*v

Step (2): Boundary of voids. Regarding the first case in ((5.17)), for 0 € 9*V N S, with a change
of variables, cf. (2.9, we can estimate from below

Hn(Qr) = W1 (aEh " (QT * (‘Z ;»)

- (5.18)
-/ o) 0 29 (v (@0 x (5.3 )
OVaN(Qrx (-~ ’ 22

33))
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Since Vj, — V in L(Q), the L -lower semicontinuity of the perimeter, (5.18), (2.16)), and the fact
that 0 € 0*V N S imply

2 _11
tim inf lim inf “22(97) S Jin inf lim inf 72 (OVh 0 (@r x (3.3)))
r—0  h—0 T r—0  h—0 r
2 *1/ 11 1 «
> timing L OV O(Q X (23:5))) _ 5 HOVOQ)
r—0 r r—0 r

Step (3): Jump points. Regarding the second case in (5.17), let 0 € J,, vry) \ 9*V, in particular

we have 0 € VO, where by V° we denote the set of points with two-dimensional density 0 with
respect to V. We now define the auxiliary fields Y;,: Qn, — R® x R3*3 and Y: § — R3 x R3*3 as

Yy i= (vn, Vop) and Y := (y, (V'y, 01y A Da2y))

respectively, and observe that

Sy = Jyvy) -
The assumption 0 € VO N Jy, vy = VO N Jy together with (2.20))(ii),(iii) and a scaling argument
implies

£ (En N (Qr x (=5, 3)))

© o, o =0,
(5.19)
(i)  lim lim |V, — Y¥|dz =0,
r—0 h—0 QT»x(f%,%)
where
Y+ if
y . VO, ife >0 (5.20)
Y=(0), ifz <0,

with Y*(0) = (y*, RT) and Y~ (0) = (y—, R™) being the one-sided traces of Y at 0 € Jy. Suppose
by contradiction that the desired assertion was false, i.e., there exists 0 < § < 1 such that

lim inf lim inf M <2-9.
r—0 h—0 r

We will proceed to show a contradiction, namely we will show that
(a) yt=9y~ and (b) R"=R". (5.21)

This implies that Y (0) = Y~ (0) and thus 0 ¢ Jy: a contradiction. Up to passing to subsequences
in r and h, for all 0 < r < ry(d) and 0 < h < ho(r) small enough,

Ly (@) < (2= 8)r . (5.22)

Step (4): Preparations for the proof of (5.21). The following arguments will be performed for
fixed » > 0, which will be chosen sufficiently small along the proof. For j € Z we define the
(pairwise disjoint) stripes

. ) T h h
Si0) = e+ (= 5.5) x (= 53).
and note that Sy, (j) C @, for all |j| < 7 — 3. We set N}, := | 5> — 1] and define

00 - . . 6
S8 4= {j €Z:|j| < Nin, pyna(Sn(y)) < (2 — 2) h} , (5.23)
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and Sp*d .= {j € Z: |j| < Ny} \ S£° In view of lj and ([5.23)), we can estimate

—20r
bmd
# <
Therefore, for h € (0, ho(r)] small enough, we obtain
1 4-20r _dr
2000 — ONj + 1 — #8pd > 2 = —>-—. 24
#5 ht 1= #S %3 @—0)h = 1h (5:24)

We note that (5.24) and (5.19))(i),(ii) imply that there exists jj, € 824 such that

L3 (Eh N (Sh(jh) X (—h, h))) +/ [V, —Y*| < 7mh27 (5.25)
2°2 Sn(in)x (—5.%) y

for all 0 < r < rp and O < h < hy, for a modulus of continuity o, — 0% as r — 0F. Since j, € SSOOd,

by the definition in and ( - we immediately have

W(VU}L) dz +h™ 2g$‘rf (Eh;Sh(jh) X (—h h)) <2- é . (5.26)

22 2
ror h h\?2
an= (5% (-4
ot 2'2) *\ 723

up to translation of Ej, and the domain of v, by —hjres (not relabeled), (5.26) is equivalent to

6
h™ / (Vvh) dx + h™ ngurf(Eh; Sr,h,h) <2—--—. (5.27)
Sr.h, h\Eh 2

"
(Sn(in)x (=% %))\En

Introducing the notation

For r > 0 fixed, we now apply [34], Theorem 2.1] to obtain
(7 ldalds). ) € SBVE,, (—5.5) ¥ P (=5 5)
(cf. the definition in [34] (2.13)]) such that, up to a subsequence in h (not relabeled),
Xyod — Xyrod in LY(Sr11),
yiet — 0% in LY(Sp115R?) (5.28)
where y5°4(z) = vy (71, hae, hrs) and §od(z) = yod(
Vied = {2 € Sp11: (z1, hao, has) € By},

x1) for x € S,.1,1, as well as

and Vrod =

I x (—%,%)?* (see also [34, Equations (2.6) and (2.14)] for the notations). By definition
of SBVZ  (—%,%), we particularly have that
R4(zy) = (9197 ds|ds) (z1) € SO3) for Llace. a1 € (—g g) . (5.29)

Moreover, by [34] Theorem 2.1] we get
Xs,1 vred (D193 50205, 1030i°%) = X,y \vrea RO weakly in L2(S,,1,1;R*?) . (5.30)
where R™4(z) = R™4(z1) for z € S,.11 (see also [34, Equations (2.9) and (2.15)] for the notations).
By the lower semicontinuity result in [34] Lemmata 5.2 and 5.3] and (5.27)), we then get

0*77/ [(RONT 0, RO day + HO (AT N (=5, %)) + 2H  ((Jyroa U Jgroa) \ OT) < 2 — g (5.31)
r %)

for some ¢, > 0. Here, we observe that the quadratic form on the right-hand side of [34] Equa-
tion (5.3)] is coercive, which can be seen by comparison to its form in the isotropic case addressed
in [52, Remark 3.5].
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Now, (5.31) implies
(Jyroa U Jgroa) \OI =0 and H® (01N (—5,%)) <1. (5.32)
From (5.25) and a change of variables we get £!(I) < 5, provided that r > 0 is small enough

such that o, < g%. This and ((5.32) imply that I C (—%,—%) or I C (%,g) Furthermore, for

yrod .= (yrod Rred) by (5.25), and (5.28)(5.30), the lower semicontinuity of the L'-norm under
weak convergence, and a change of variables, we have

—_rr
676

4
[yred — v dzy < <ro,, (5.33)
(~5:%) 0

where we recall ([5.20)).
Step (5): Proof of (5.21)). First, we show (5.21))(a), i.e., y™ = y~. Assume by contradiction that

ly™ —y~| > 0, and choose r > 0 such that

_ d _
r<lyT —y | and ar<@|y+—y | (5.34)
Let 2~ € (—§,0), 7 € (0, §) be such that

Iro 6 Tro ro — — 6 ro —
1y d<x+>y+|sr/(or)|y C_yHde and i) —y 'ST/( e
'8 — 6

Then, by (5.33) and ([5.34]) we obtain
(@) =yl @) 2yt -y =yl T) —y T el T) —

., 6 ro 1 _
>yt —y |f;/ Y dei|dx12§|y+fy |>7r/2,  (5.35)

6°6

ly

where the last step follows from the choice of 7 in (5.34). On the other hand, as Jywa N (=5, §) = 0,
cf. (5.32), by the Fundamental Theorem of Calculus and ([5.29)), we obtain

i) i< [ e =t - el <13, (5.36)
(2= t)
Now, (5.35) and (5.36)) contradict each other, which shows that y*+ = y~.
Now, in a similar manner, we show (5.21))(b), i.e., Rt = R~. Assume by contradiction that
|[R* — R™| > 0 and choose 7 > 0 small enough so that

5
r/* < |R* —R7| and 0, < @|R+ ~R7|. (5.37)
Let 2~ € (—§,0), 7 € (0, §) be such that
6 6
R4 (o) — BH| < f/ vl _y+dz; and |R(z—)— R-| < 7/ vred _y | da, |
rJo.5) rJ-£.0)

This, along with (5.33)) and the choice of r in ((5.37)), shows
|RY(z?) = RYz7)| > [RT — R™[ — [R™Y(a*) = RT| = |R™(z) = R™|

Z|R+fR*|,§/ 1/4 (5.38)
r
(,

1 1
[yred — v+ dz, > 5|R+ — R[> or
)

r r
676
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On the other hand, using (5.31)) we get that |91 R*||12((~z,z)) < C for a constant C' > 0 depending
on 7, but independent of r. Using this L?-bound, together with the Fundamental Theorem of
Calculus along with the fact that Jgwa N (=, §) = 0, cf. again (5.32)), shows

|Rd(2F) — R (z7)| < Crl/2. (5.39)
For r > 0 sufficiently small (depending on n > 0), (5.38)) and (5.39) contradict each other, which
shows RT = R~. This concludes the proof. O

6. PrROOF OF THEOREM [2.3(ii)

In this last section we construct recovery sequences for admissible limits (y, V) € A, see (2.13)),
for which we proceed in several steps.

Step (1): Preparations. The first step is devoted to the smoothening of the void set V' and
covering most of the jump set Ji, v+,) by a suitable smooth void set. We fix an arbitrary error
parameter n € (0,1), which we will send to zero only at the end of the proof by means of a diagonal
argument. We choose a smooth set Z, C R? such that

L2(VAZ)NS)<n, — HYOZ,NS)<HY(O'VNS)+n  HY(V\Z,) <n. (6.1)

Indeed, we first apply [54, Theorem 3.1, Remark 3.2(i)] to find a relatively open set Z; € P(S) such
that 9Z; N S is a 1-dimensional C'-submanifold, with

2 n 1 *
LAVAZy) < 2 and H'(0"VAIZ,) <

NES]

Then, for (6.1), it suffices to choose a smooth set Z,, D Z; with

£2(Z,,\Z,’7)§g and  H'(9Z,NS) < H'(9Z, N S) +

RS

Let
J"7 = (J(y,v/y) U 3*V) \ Z77 .
By a standard Besicovitch covering argument (see, e.g., [29, Equations (2.3), (2.6)] for details), we

can find a finite number of pairwise disjoint closed rectangles (R;)¥,, so that for every i = 1,..., N,
R; cC S\ Z,, with length I; and height nl;, and

N N
H1 <J77 U Ri> <, Y L<AHmH(T,). (6.2)

We can also pick pairwise disjoint smooth sets T; CC S\ Z,, i =1,..., N, so that
T, DRy, LXT)<Q+4+n)L*R;), and HYOT;) < (1+n)H'(OR;). (6.3)
We define V,, := Z, UUN, T; and y, € SBV,22 (S;R?) by

isom

(@) = {yfz’) for 2’ € S\ V,, (6.4)

x for ' €V, .

We also denote by ,,: © — R? the corresponding deformation indicated by the identification (2.15)).
By the fact that the jump set of (y,, V'y,) is contained in J,, U9V, (6.2) and (6.3) yield

H! (T, 97y, N (S\V2)) <. (6.5)
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Moreover, (6.1))—(6.3]) also imply that
N N
H 0V, N S) <HY0Z, N S)+ D H'OT;) <H'(O'VNS)+n+ > (1+n)2+ 2
i=1 =1
<HNO*VNS)+2H (J,) + Cn < HN(*V N S) + 2H(J, \ 0*V) + Cn

<HY OV NS) +2H (Jy v \O*V) +Cn, (6.6)
where C' > 0 depends only on H!(J,) and thus only on (y, V). Using again (6.1))—(6.3]), we also find
N

LA((VAV,)NS) < L2(VAZ)NS)+ Y L3(Ty)

N =1 (6.7)

<n+(L+mnd 17 <n+CnH'(J,) < Cn,
i=1
where we employed that I; < (1 +n)H'(J,) < C for every i =1,...,N.
Baring this construction in mind, our goal now is to construct sets (V},)n>0 and functions (yp)n>o

as follows (for the sake of not overburdening the notation in the following, subscripts h will indicate
that the objects depend on both h and 7): we need to find smooth sets (Wy°4),~o C Areg(R?) with

lim £2(W) =0, H(OW) < O, (6.8)
—

such that also the set Vj, := int(V;, U Wy°4) is smooth, and Vi := Vi x (—3,3) C Q satisfies

1) xy, — Xy, in LY(Q) ash—0
(ii) ﬁh/ |A?dH? -0 ash—0, (6.9)
AViNQ

where ‘7,] =V, x (=3, 2). Moreover, we need to find a sequence (yp,)n>0 with yj, € WL2(Q\ Vs R3)
such that

(i) yn — Yy strongly in LY(Q;R3) ash — 0,
(ii) Vpyn — (V’ﬂn, O1yn A 823777) strongly in L*(Q;R**?®) as h — 0,
1 (6.10)
(iii) limsup [ A2 W (Viyp(x))de | < — Qo (1L, (")) da’ + 1,
h—0 AV, 24 S\Vy
(iv) lynllze@) < M.
Then, recalling (2.3)), (2.8), (2.9), by (6.10)(iii), ,, and the fact that 9V}, \ 9V, € OWy°ld,

we find

~ 1

lim sup £ (yn, Va) < (7 Qy(IL,, (2/)) da’ + H 3V, N 5)) el
h—0 24 S\Vy,

where we used that (6.9)(ii) is equivalent to

h_lﬁh/ N |A?dH? -0 ash—0,
O(Th(Vr))NQ,

since OVj, N is cylindrical over 9V, N S. Recalling (2.18)), we also observe that

1
lim sup (ﬂ Q, (I, (2)) dz’ + H'(0V;, N S)) <&%y, V) asn—0,
n—0 S\Vy
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by (6.4) and (6.6),(6.7). As £2({y, # y}) < Cn by (6.4) and (6.7)), using a diagonal argument in
the theory of I'-convergence, we obtain the desired recovery sequence. Here, we also use (6.9)) (i) and
(6.10)

(6-10) (i), (ii) to see that the convergence 7 defined in Definition [2.2]is satisfied, and we use (iv)
to guarantee that y;, (extended by Ty (id) inside V},) is admissible, cf. (2.10).
Summarizing, in the sequel it suffices to construct the sets (W}‘L’Oid)h>0 and the functions (yp)n>0

such that (6.8)—(6.10) hold.

Step (2): Meshes and auxiliary regularization of the jump set. In view of (6.5), the jump set

Jty, vy, inside S\ V,, has small #'-measure. To be in the position to repeat the arguments from
the elastic case [36, Section 6], it would be necessary to replace y,, by a Sobolev function on S\V,,. A
first idea could be to apply Corollary (or the corresponding Sobolev replacement in Theorem [3.4))
on S \7,7 Yet, this approximation is not compatible with the nonlinear rotationally invariant elastic
energy, and would provide inadequate estimates. Better approximations can be obtained by applying
Corollary on meshes of scales smaller or equal to h. To this end, for n € Ny and some A > 1,
we partition R? up to a set of negligible measure into the squares

wo={Qr(p) :==p+ A27"h(—3,3)% p€A2T"RZ?}. (6.11)

The parameter A will be chosen eventually in (6.70) (depending only on ) and plays a role in an
extension procedure, which will become clear in Steps 7-8 below. We write

U, = S\ T; (6.12)

for notational convenience. Our strategy consists in defining a Whitney-type covering related to
U, such that the jump set is covered by squares with small area, see Proposition below for the
precise statement and particularly . For technical reasons in this construction, it is convenient
to regularize the jump set of y,. For notational convenience, we write

(Fysby) := (V'yy, Oryy A O2yy) - (6.13)

By the density result [I9, Theorem 3.1] we can find functions (z)p>0 C SBV?(U,;R?®) and
(Fh,bn)ns0 € SBV?(Uy; R**?) such that J., and Jig, p,) consist of a finite number of segments,
and

() llzn = ynllerw,) + 1V'20 = Vyll2w,) < b2,

(i) [[(Fn,bn) = (Fpsbo)ll2qw,) + IV (Fhy b)) — V' (Fy, by) | 2w,y < R,
(ili) H'(Tn) <2n, for Ty = J., UJ(p, 00 -
(iv) NznllLe@,) < lynllce@,) >  Nonllzew,) < byllz<w,)

where for (6.14) (iii) we used (6.5)) and (6.12). Note that the jump sets of z, and (Fj,bs) depend
on h and therefore this regularization does not appear to be helpful yet, as it does not allow for

uniform estimates. The only reason for this approximation is that it guarantees that the Whitney-
type covering in Proposition terminates at some finite scale Q,Ifh for K} € N depending on h,
see the discussion below (6.33]).

Step (3): Construction of Wg"id. Recalling , we denote generic squares in Qp, n € Ny, by
q. By £(q) we indicate the sidelength of the square, i.e., £(q) := A27™h for some n € Ny. Moreover,
by ¢’ and ¢ we denote squares with the same center as ¢ and

(6.14)

fe)=Sta), ") =210, (6.15)

(The value 21 is chosen for definiteness only and could also be any odd number sufficiently large.)
Since we consider squares of size ~ h, the jump set I'j, see (6.14)(iii), is not necessarily small
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compared to £(q) in each square ¢, which might prevent the application of Corollary To this
end, we define

o :={qe Q:qcU,}, (6.16)

and given some universal 6 € (0, =) small to be specified later (see below (6.44))), we introduce the
collection of bad squares defined by

oprdi={qe Q) : H'(TxNq') > OAR}. (6.17)

We define the sets
Uy = U 7, Upad = U q". (6.18)

qe¥ qeQh>d

From the definition of QP* in (6.17) and (6.14) (iii) as well as (6.15]), we get
L2(UPM) < C(AR)*#Q5* < CARH(T,) < CAh,

6.19
HH(OUR™) < C(AR)#Qp*! < CHN(T,y) < Cn (6:19)

for a constant C' > 0 depending only on #, where we used that each z € R? is only contained in a
(universally) bounded number of squares ¢/, for ¢ € QY.

Then, recalling the notation in , we can choose a smooth W}L’Oid D (U}fad)Ah, satisfying .
More precisely, since U ,E’ad consists of at most Cn(Ah)~!-many squares of sidelength Ah, this can
be done in such a way that

Al L (owyeiay < C(AR) T,
cf. also [33, Lemma 3.5 for a similar construction. Therefore, by a careful choice of the sets Wy°id
so that also V}, := int(V;, U Wy°') is smooth, in view of (6.8), the set V,, = V}, x (—3, 1) satisfies

/ |AI2dH? < / |A|2 dH? + CH (OW ' YR =2 < O, + Cnh ™2,
oViLNQ OV,N8)x(—3%,%
where C,, > 0 depends on V;, and thus on 1. By ([2.5) this shows (ii). Clearly, implies
(6-9) ().

For convenience, we define UE**? := U, \ UP#1. For later purposes, we extend the set U2*°? by
adding two extra layers around it. More precisely, we define

vt =Ugtu | 7, (6.20)
qe QR
where
Q5 = {q € Q0 g ¢ U disto (g, U € {o,Ah}}. (6.21)

Using the definition of UP*? in (6.18]), and the fact that Wy°id 5 (UPad),,, it is elementary to check
that
Ut uwyed 5 (Un)a=va)an - (6.22)

Step (4): Construction of a Whitney-type covering. We now construct a covering of U EOOd. The
main point is that Corollary (for d = 2) is then applicable in all squares and that the entire jump
set I'y, cf. (iii), can be covered by a set with small area, see 7. In the covering we
also ensure that the squares at the boundary of U, ,gLOOd are in @Y, which later will allow us to easily
extend the covering to the set U™ defined in . For the next statement we recall the notations
q,q,q" introduced before , and refer to Figure [3| for an illustration of the covering the next
Proposition describes.
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Proposition 6.1. There exists a covering of Whitney-type Wy = (q;)icz C U Lo QF for some
K}, € N such that the squares (q;)icz are pairwise disjoint, and satisfy

U E _ UEOOd ’
ieZ
. 1 2
(i) ¢nNg;#0 = S lai) < az) < 2(ai) (6.23)
(iil) #{j€Z: ¢ing; #0} <12 forallicT.
Moreover, defining
Wbdy ={q: 0¢; N 8Ug°°d £ 0},
WP = {g; ¢ WY 0°0(g) < HN (TN g))}, (6.24)
6.24
WPt — Lg; ¢ WPV HYT, N gl) = 0},
W}r:elgh W \ ( bdy U W}ilump U W}e;mpt)
it holds that
(i) e Q) forallgewW™,
(ii) H'(Thnq) <0lq) for all g € WYY UWI™P U pypeieh (6.25)
(iii) ¢ C Wg*Y  for all q; € Wnelgh,
where
WY = U q . (6.26)
gewpduwinme
In particular, the set Wi°V satisfies
L2(WFY) < Ch, (6.27)

for C > 0 only depending on A, 0, and 7.

Proof of Proposz'tion [61 First, all ¢ € Q) with ¢ C U,%OOd and dg N 8U}%O°d # ) are collected in
W};’dy Note that (6.25))(i) holds and by the definition of Q}*® in (6.17)), property (6.25))(ii) is satisfied
for each q € Wbdy

Step 1: Induction. The rest of the covering is constructed inductively. We first construct the
collections W)™ and W}r:e‘gh. Alge Q). qCU }%OOd, with

HY T NG > 0%(q) = 6°Ah, (6.28)

orqe€ W}fdy are collected in V1", and we define Yj := Ugeyiume 7. (Note that for later purposes
0
it is convenient to also add the squares at the boundary to this set.) For definiteness, we also define
ynelgh (Z)
Suppose that for some k € N the collections yg“mp, yfeigh CQ,0<j<k and

k
U U 7 (6.29)

qeyjump Uyuelgh
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Figure 3. An illustration of the dyadic construction giving the covering Wp,. The jump set I'j,
is depicted by the black segments.

have already been constructed such that

k
. jum nei 1
i) 4Ny #0 for g€ JY™ UV = Slla) < lar) < 2(g2)
=0
k .
(i) 0%0(q) <H'(TnNg) forall ge | J Y™™\ Wy,
§=0
k . .
(i) H'(ThNq') <00(q) forall ge | )PP UYIPE" and g € Yt (6.30)
=0
k—1
iv) for each g € Y i€ {0,....k—1}, § € V"™ 5o that disteo(gq, ) < -
iv) for each ¢ € V" 3j € {0,... .k VNP 50 that d ARY 27
I=j
k . .
(v) forall g € JQI™P U VI \ Wy 0gn oY, £0 = q€ QF,
=0

where we have set
yiest .= {ge QF: g U,%OOd \ Yi}.
Clearly, by construction all the above properties are satisfied for k& = 0, see (6.17)), (6.28), and (6.29)).

Before we proceed with the induction step, let us briefly explain the relevance of these properties.

First, (6.30])(i) will be needed for (6.23))(ii),(iii), and (6.30))(ii),(iii) are essential for (6.25)(ii) and for
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the definition of WI"™  respectively. Next, (6.30)(iv) will lead to (6-25)(iii), and finally (6.30)(v)
is needed to obtain ((6.30))(i) in the next iteration step.

We now come to the step k + 1. We define }.lel'p and y;f%h as follows: recalling (6.29)), we let
Vit = {q e Ot q C U\ Vi, 9gN Yy # 0} (6.31)
Then, we let
= (g€ QTS g C U\ Y, ’H1<rh mq'> > 0%((q)} - (6.32)

We now confirm the properties for the step £ + 1. First, ) for step k guarantee
(6.30) (i) for step k + 1. Moreover, the construction in and dlrectly shows (6.30) (ii),(v)
in step k + 1.

Next, we address (6.30)(iii). To this end, fix ¢ € y};fl‘p u y;’i%h U Vi, and choose the unique
square ¢, € OF with ¢ C g.. Note that H1(I';, N ¢}) < 02(g.), as otherwise g. would have been
added to y,i“mp in the previous iteration step. This shows

H'(ThN¢') <H'(ThNd)) < 0%(q.) = 292€(61) < 0((q),

where we used that 0 < 6 < 1/2, recalling the choice before .

It remains to show (1v) in step k+1. For q € ygf;% , in view of the definitions
and (6.29), property - in step k yields that there exists ¢ € Y™™ U ppoiet such that
distoo( §)=0.1fG e yJ“mP the statement follows for ¢ = . Otherwise, if § € ym‘gh by (6-30) (iv)
in step k, we find j € {0,...,k — 1} and q € y;“mp such that diste(q,q) < Ah Zk '9- l. Since
distoo (¢, ¢) < distoo (G, ) + Ah27F, the statement also follows in this case.

Step 2: Definition of the covering. We now show that we can terminate the iteration at some
step Kj,. To this end, we claim that there exists K}, € N such that for all ¢ € Q{fh, qC U,’fOOd \Yx,,
we have

HY(TLNg)=0. (6.33)

In fact, choose K}, large enough such that A2~ %*h is smaller than each of the length of the finite
number of segments forming I'y,, cf. (iii). (This is the only point where we use the regularity
and polygonal structure of the jump set.) Suppose by contradiction that there exists ¢ € QhK" such
that ¢ C Ugoocl \ Yk, and H' (T, N¢') # 0. Choose ¢. € Q7" " with ¢. D ¢, and observe that
g« € :)i;?:t_l As T'j, consists of line segments whose length exceed A2~ %" h_ it is elementary to verify
that

1 1
H (w0 gl) > 7Ha) = 5lg-)
which contradicts (6.30) (iii) as 0 < 6 < 1.

We now come to the definition of Wy, cf. (6.24). First, W}l)dy has already been defined, and we

let
Kp

Wit =y oW (6.34)
j=0

Moreover, we introduce the auxiliary collection

Ky,
neigh,aux | neigh
Wy = | ypeish

Jj=0
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In view of (6.30)(i),(v), we can cover of UE**?\ Yk, with cubes in QX" denoted by W™ " such
that Wy UWINP [ ppeishans  ppemptans gatisty (6.23)), where we use that (6.23)(iii) is a simple
consequence of ((6.23))(ii). Eventually, we define

Wzmpt — W}clmpt,aux U {q c W’Illcigh,aux: %1(1_‘}1 A q/) — 0}, W}Illcigh — W;Llcigh,aux \ W}clmpt. (635)
. The

We note that the covering W, consisting of the four families in ([6.24) still satisfies
collections satisfy the respective properties stated in (6.24) by (6.30))(ii) and (6.33))—(6.3

It remains to show (6.25)-(6.27)). Property (6.25))(i) holds by construction and
from (6.30))(iii). Next, (6.25)(iii) follows by an elementary computation using (6.29), (6.34)—(6.35)),

property (6.30)(iv), and the fact that £(¢”) = 21¢(q). Finally, using the property of Wibump in (6.24)),

as well as (6.17)—(6.19) we compute
LCWey= > LA)<Ch Y o)

qew}zdyuw)ilump qew}zdyuwiump
<CO2h Y H'(ThN)+ ChHYOUE™Y) < CO2hH (Ty) + Ch < Ch,
qgewimmp

for a constant C' > 0 depending on A, 6 and 7, where in the penultimate step we have employed
(6-23) (iii), the definition of U before (6.20), and the fact that (by the regularity of U,)

H' (0U) < CH'(0U,) < C,,.
The last step follows from (6.14))(iii). This concludes the proof of the proposition. O

Step (5): Auxiliary estimates on the Whitney-type covering. Before we can come to the defi-
nition of the deformations (yp)p>0, we need some preliminary estimates on the squares of the
Whitney-type covering W;, defined in Proposition which allow us to control the behavior on
adjacent squares. Recalling the notation in 7, for notational convenience, we define

ap = h_2(|V/Zh = V'yy| + |(Fh, bn) — (Fmbn)D < Lz(UW) ’ (6.36)

which is bounded in L?(U,,), uniformly in & > 0, by (6.14)). For every i € Z we apply Corollary [3.6/on
q. for the function (Fj,by) to find a set of finite perimeter w} C ¢/ and a matrix field (F;, b;) € R3*3
such that

(i) H'(0"w;) <CH'(ThN4g)),
(i) [1(Fn,bn) = (Fi, bi) | 2wty < CUGIV' (Fry bn)llL2(qr) »

where we recall the definition of I'y, in (6.14) (iii). (Clearly, the objects w?, (F},b;) also depend on h
which we do not include in the notation for simplicity.) In view of (6.36)), (6.37)), and the fact that

V'y, = F,, see (6.13)), we also get
V"2 = Fill L2ty < CU@)IV' (Fr, bl 22 () + CB® llanl L2(qr) - (6.38)

(6.37)

Then, we define
ui(x') = Xgnwt (&) (2n(2) — Fia")  for 2’ € q;. (6.39)
We note that u; € SBV?(q}; R?) with
IV'uill L2 g1y = IV 20 = Fill L2 (gpwty < CRIV' (Fns bi) || 22(qr) + Ch?llanl|L2(qr) »
and

H' (Ju,) SCH (ThN ), (6.40)
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where we also used that ¢(g;) < Ch for a constant C' > 0 depending on A, together with (6.37))(i)
and the fact that

Ju, € (Jo, N U w! C (ThNgl)Ud w; .

By applying Corollary on ¢; once more, this time for the function u;, we obtain another set of
finite perimeter w? C ¢} with H1(0*w?) < CHY(T) N4q)), see (6.40), and ¢; € R? such that

lwi = eill 2 gz < CUaIIV will L2(q1) < CU@) (PIV' (Fns bi) |22 () + P2 lanllz(q) - (6.41)

For later reference, we note that the estimates (6.37)—(6.38) and (6.41)) are true for w} = w? = 0,
whenever ¢; € W;™P", see (6.24). Now, we define the affine function

yi(a') == Fia' + . (6.42)
Recalling , we note that
(@) = ui(2') + yi(2') —¢; for 2’ € ¢\ w;, (6.43)
where we set w; 1= w! Uw?. By the isoperimetric inequality and (ii) we get
£2(w) < C(HNO"! V%))’ < O (T M) < COH(a)? < 15000 (6.44)
for 0 € (0,1/16) sufficiently small. Given i € Z, we define
Ni={g: ;g #0}, N = {J 4 (6.45)
q; EN;

It is then easy to deduce that for each i € 7
lvi = yillze(qry + Rl (Fi b)) — (Fy,05) | 22q0)
< CE(QZ')(hnv/(Fh,bh)HLZ(N(qi)) +h2||ahHL2(N(qi))> for all q; enN;. (646)

Indeed, since y; is affine, by Lemma [3.7, (6.44), (6.43), (6.41),(6.23)(ii), and ¢} N ¢} C N(g;) for all
q; € N;, we obtain

lyi = willz2q)) < Cllvi = ysllL2((qna\@iuwy)) < Cllvi = 2nllL2(gp\wi) + Cllzn = Y5l L2g)\w))
< Cllus = cill 2w + Cliug = ¢ill L2 gp\wy)
< (g (BIIV' (B b)) + B2 lan oo ) - (6.47)
Similarly, using that (F;,b;), (F},b;) are constant, (6.44)), and (6.37))(ii), we get
Al (F5, i) = (Fj, bj) | 2(q) < ChII(Fis bi) — (Fj, b5) [ L2 (g0 (wi b))
< Chl|(F3,b5) = (Fhy bl 2 (g\wr) + CRII(Fr, br) = (F,05)1 2 (g7 \w;)
< Chl(@)IV' (Fy bw)l 22(N(q0)) - (6.48)
Combining (6.47)) and (6.48]), the estimate (6.46) follows.

By a similar argument, using (6.44), that (F,),b,) € SO(3) (see (6.13) and (6.4)), (6.37)(ii), and
(6.36), we get

|| dist((F3, b:), SO3))l|L2(qy) < Cll dist((£5, ), SOB3))| L2 (gp\wr) < CIEG, bi) = (£ o)l L2 (g\w01)
< C|[(Fi, bi) = (Fhy )l 22 (gp\wty + Cll(Fny br) = (Fy byl 22 (g \01)
S Ch||V’(Fh,bh)||L2(q£) + Ch2||ah|\L2(q£) . (649)
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For notational convenience, recalling ((6.14)), we also introduce the functions

{yi(as’) = zp(2), bii=by(2') fora’ €ql, ¢ € Wzmpt ,

6.50
gi(z") = yi(2), b= for ' € ¢, ¢ ¢ W™, (6.50)

Note that for every ¢; ¢ Wzmpt, the functions @;, b; are affine or constant, respectively. The fact
that w} = w? = 0 for ¢; € W;™", along with (6.37)(6-38), (6.41)(6-43), and (6.46) also implies,
for all ¢; € \V;,

15: — DsllL2qy + BRIV Gis i) — (V85,09 L2qr) < CUa) (RIV (Fry b0) | 22 (v (q0)) + P2 lanl L2 vq)) -
(6.51)

We are now ready to proceed to the next step, namely the definition of the approximating sequence

(yn)n>o satisfying (6.10). Recall the definition of U, }%OOd and U™ before and in (6.20). Following
the notation in ([2.16f), we also define

rrgood | rrgood 1 1 ext .__ yrext
Uy =U" x(=3,3), ne=URS x (=

1 —Ah, 2 +Ah), (6.52)

where for the second set it will turn out to be convenient to thicken slightly also in the x3-direction.
Our next steps (Steps 6 and 7) consist in defining yj, first on UE°°? and then on Ug**. As during
the extension we slightly change the function, we denote the functions in Step 6 by g5 and in Step 7
by yp, for a better distinction.

Step (6): Definition of g5 on [7;%00(1. Recalling the covering Wy, := (g;)iez provided by Proposi-
tion we choose (p;)ier C C2°(R?;]0,1]) with

(i) Y _wila) =1 Ve €U, (i) supp(vi) Cgf, (i) [|Vepillow < Clq) ™" VieT. (6.53)
i€l

As the proof of the existence of such a partition is very similar to the construction of a partition of
unity for Whitney coverings (see [62, Chapter VI.1]), we omit it here. We also refer to [30, Proof of
Theorem 4.6] for similar arguments.

Fix d € C¢(S;R?) to be specified later, see the choice before below. Recalling , we
define g, € W12(UE° R3) by

B 2
i€l
We further introduce
wpr = U q, WPt = Ugeed \ (6.55)

geEWP Y uwinmeyyneish

We again use the notation W}}fj“ and Wﬁmpt for the corresponding cylindrical sets in R3, see also
(6.52). We also note that W}E’jn C Wg°¥ by (6.25)(iii). Observe that the definition of U;fOOd in
Step 3, the definition of Qf in (6.16), and shows that £2(U, \ UE*Y) — 0 as h — 0. By the
definition of W;™P" in (6.55)), together with and the previous observation, we find

L2(U, \ W™ =0 ash — 0. (6.56)

In view of (6.53)) and (6.54)), on W;mpt, the definition of the deformation is similar to the ansatz for
the recovery sequence in [36, Equation (6.24)], namely, using also (6.50)), we have

2 —
gh(l‘) = zh(x') + hxgbh(l‘/) + hQ%d(l‘/) for x’ € W;mpt 5 (6.57)
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with
Vign(z) = (Rh(x') + has(V'by(2'), d(x'))) + hz%‘g’(V'd(x'), 0), (6.58)

where Rp(2') := (V'zp(2),br(2")). Here, we can repeat the estimate from the purely elastic case
[36, Proof of Theorem 6.1(ii)], which we perform here for the sake of completeness. In view of (6.58]),
we obtain

2
RIV g —1d = hasR] (V'by, d) + hQERf (V'd,0)+ RIRy —1d =: Ay, (6.59)

where we set R, := (F,,b,) € SO(3), cf. (6.13). Define xp, := Xgpempt for brevity. In view of
h
(6.14])(1),(ii) and (6.56)), we get that, up to subsequences in h (not relabeled),

%XhAh — x3R] (V'by, d) pointwise L£3-a.c. on Q\ V. (6.60)

Moreover, - the growth from above on W in , and - (ii) yield

h~? XhW(thjh) < Ch7 2 A2 < O(IV'by)* + \d|2 + |V d| )+ O(h) on W,fmpt ,

1
EXh(RTRh —1Id) - 0 and

where O(h) has to be understood in the L!-sense. Therefore, by the Dominated Convergence
Theorem, a Taylor expansion of W, see (2.4) and (2.11)), (6.56)), (6.59), and (6.60)), we obtain

1

lim ifQ/ W(Vpgn(z))dz = 7/ 23Q3(RI(V'by,d)) da . (6.61)
h—0 Jirempt 2 Jaw,

h n

Now, recalling (2.12) and (2.17)), we can choose a function d € C§(S;R?) such that
1

lim h~? W (Viyn(z))de < — Qo (11, (2')) da’ + 7. (6.62)
h—0 W empt 24 S\V, K

h n

We now come to the integral over f/[v/;jn. On this set, the derivative of gj, reads as

£C2
Viugin(@ JEZI% (2'), 5; (")) + ha(V'h; (2'), d(a')) + W22 (V'd(2), 0)
+ 3 (@) + hasb; () @ (V'ip5(2"),0). (6.63)
JjeET

Fix ¢; € W,]fdy U W,J;Lump U W;Lleigh, and set ¢} := ¢} x (=3, 3). Since V'(Zjez ©;) =0, see (6.53) (i),
we get

H > (55 + hash;) @ (Vg0 ’

jez

By (6.51)) and the fact that ||V/¢;]le < Cl(g;)~" for all j € T with supp(y;) Nq; # 0, see (6.23) (ii)
(6-53)

= HZ ;= 5i) + has(B; — 5) @ (5, 0)|

L)

and (ii),(iii), we thus find

HZ U + hasb;) @ (V'g;, )‘
JET
This along with (6.63), (6-50), (6.51)), the fact that V'b; € {0,V’by}, and £(g;) < Ch, shows
IVaGn = (V'G5 b) |l 2@y < ChIIV' (Frs bi) | 22(n(q0)) + CP llanll 2w (g + CRIdllwr2(qr) -
Then, by (6.36]), (6.42)), and (6.49| m, we get

| dist(Vign, SOB3)) 2@y < ChIV' (Fr,bi)ll 2N (q0)) + Ch?lanll 2 (v (a.)) + Chlldllwr2(q) -

@) < Ch|V'(F,b0) |2 (v (q)) + Ch2llanll L2 (v (q,)) -
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Summing over all ¢; € Wy UWI™PUW*8" and using (6.55)), (6-23) (iii), and (6-25)(iii), we deduce

|| dist(V ,7n, SO(3)) < Ch2||V'(Fp, bh)||iQ(Wﬁov) + Ch2||d||%vl,2(wﬁov) + C’h4||ah\|%2(whgov) ,

(6.64)
where we also used N(¢;) C ¢}, see - Now, by (6.14))(ii), (6.27)), and (6.36) we find that
h™2||dist(V,gn, SO(3))

||L2 Wan

||L2 i7iny —0 ash—0.

This, along with (6.55)), (6.62)), and (2.4))(v) shows

1
lim h~? W(Vhgn(z))dz < — Qx(11,, (') da’ + 1.
h—0 [‘jgood 24 S\V K

h n

Step (7): Definition of y;, on U ext . We now come to the definition of y;, on the extended set

(}e"t defined in (6.52). Recall that Wbdy C 99, see (6.25)(1). We can thus extend the Whitney-
type covering Wh given by PrOpOblthIl 1| to a new covering, denoted by W', by adding all
squares of QX see - On each of these squares ¢; € W'\ Wj,, we pick one of the squares
q; € Wsdy which is closest to g; and define F; := F; and b; := b;, where F} and b; are given in
. Accordingly, we also define the affine function Ui, SCE , and as in we introduce
the notation g;(2’) := y;(«') and b; := b;. Exploiting the fact that for neighboring squares the
difference of these objects can be controlled, see and its justification in and (| -7 it
is elementary to check that (| - ) still holds for the extended covering.

We let (¢;)iczr be a partition of unity related to Wg** satisfying (6.53). Then, choosing a field
d € C(S;R3) as in Step 6, we define yj, € WH2(U; R3) by

2
=3 i (Ti(a’) + hasbi(x)) + hQ%d(x’). (6.65)
€L’
The estimate holds still true for yj, in place of g, and W™ x (=2 — Ah, 1 + Ah) in place
of W;mpt. In particular, the limit is not affected by the thickening in the z3-direction. In a similar
fashion, arguing as in Step 6, by replacing the estimate on W,l; ™ in accordingly by a calculation
on Wy == (W U (U \ UE°Y)) x (=2 — Ah, 3 + AR), we get

h72||diSt(VhyhaSO@))H%?(W;;) < C||V/(Fh,bh)|iiz(w,j°“*) + C”d”?/VLZ(W;‘“”*) + Ch2||ah||iz(wg°w*) ;

where we set W™ := Weov U (U \ UE*?). Hence, repeating verbatim the argument after (6.64)),
we obtain

h=2||dist(Vayn, SO(3))||22(W;) —0ash— oco. (6.66)
A combination of these estimates as before, shows
1
lim A2 W(Vpyn(z))de < — Qo (1L, (z'))da’ + 7. (6.67)
h—0 cht 24 S\VT,

Step (8): Conclusion. We define y;: Q@ — R3 by y, = Tj(id) on Vj, (recall its definition before

(6.9)) and otherwise as the restriction of the function in (6.65) to 2\ V,. Here, we use (6.22), recall
also (6.12), to ensure that Q\ Vi, C Up**. We first treat the case that [|y[|ze(s) < M. In view of

(6.4]), (6.14)(iv), and (6.65)), we find [|ya|| 1) < M for h sufficiently small, i.e., (6.10)(iv) holds.

Here, recalling the estimates in Step 5 it is indeed not restrictive to assume that ||7;]lco < ||2n /oo
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and [|b; s < ||bn||s- From the representation of y;, and Vy;, on Wsmpt, see (6.57)—(6.58)), by using
69 (@), (6-14), and the fact that £3((Q\ V3) \ W™") — 0, see (6-56), we find

Xqirempt Y — Yp i LY(Q;R?), and Xiiemet Vayn = (V'Un, 017y A 027, strongly in L(Q;R3*3)
h h

This together with |lyp||z=@) < M and shows (6.10)(i),(ii). Eventually, (6.10])(iii) follows
from (6.67).

We close the proof by explaining the necessary adaptations in the case that ||y~ (s) = M. Note
that the sequence (yp)n>o as defined in Step 7 might not satisfy ||yn||L~ < M in this case. Using

(6.22) and recalling the definition of U £t in (6.52) we find
(Q\ Vi) o—yvpan € UR
Then, choosing a universal C' > 0 large enough such that Q C B¢ (0) C R?, and defining

1
=14+ —Ah 6.68
Oh + 20 ) ( )
it is elementary to check that
opr € USY forallz e Q\ V. (6.69)

We define the sequence deformations (Jx)ns0 with g, € WL2(Q\ Vi:R3), by 95 := Ty (id) on V,
and
gn(z) := o}, tyn(onz) on O\ Vp,

where yy, is given in (6.65). By this is well defined. From (6.65) and (6.14))(iv) we obtain
lynll Lo (@) < M 4 Dh, where D := ||d||oc + ||by]|co- Recalling the choice (6.68)) and choosing further
2C'-D

M b
which clearly only depends on 7, we find ||§n| ) < M. This shows (6.10)(iv). As oj — 1 for
h — 0, we easily get that also (6.10])(i)—(iii) are satisfied. This concludes the proof.

A=

(6.70)

APPENDIX A. PROOFS OF PROPOSITION [3.8] AND COROLLARY [3.9]

Proof of Proposition 3.8 We recall once again that by C' > 0 we denote generic constants which
are independent of h, p. We fix i € I}'. Let

Pin = {(Pfh)] the connected components of Qj, (%) \aE;} )

with the enumeration being such that £3 (th) is always maximal. We can use the maximality of
P}’h in terms of its volume, the relative isoperimetric inequality, and (3.23]) to estimate

LQnp@)\ Ply) = LYP) < cisop Y_[H*(OP], 0 Qn,p(0)))*/?
Jj=2 Jj=2
< Cisop@'/?h Y H(OP!, 0 Qu (i) < ChH? (OE; N Qi) ,
Jj=2
for C' := 2¢isopa’/?. Furthermore, by (3.2), (3:3)), (3-23), (A1), and the choice of a in (3.21)) and p
in (3.16),
9h%  9h3 1

53(Qh(i) \ Pil,h) < ﬁg(Qh(i) \ Qh,p(i)) + 2Cisop0‘3/2h3 < 128 T 128 = @53(6%("))- (A.2)

(A1)

We now distinguish between the two cases, namely
(a) Pil,hCE;:a (b) }Dil,hmEZ:@'
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Case (a): If P!}, C Ej, we just define D; j, := P}, Ri , :==1d, b; p, := 0, and 2; 5, € Wh2(Qp ,(1); R?)
by 25 = id. Then (3.27) holds by (A1) and (A.2), while (3.28), (3.29), and (3.30) are trivially
19)).

satisfied, recalling (3.

Case (b): Suppose now that leh NE;}; = (. Then, we apply Theoremto the map v}, for p > 0,

v = kp/h%, and n, — 0 satisfying (3.17). Property (3.11)) provides a rotation R}’h € SO(3) and
blh € R3 such that

(i) / ’sym((RZ{h)TVv;‘L — Id) ’2 dz < C(l +Cy, (h_2mh)_15/2h_35i,h)€i,h ,
Pilh

) 172 [ i = (Rl bR o+ [ (RL)TV — 1 do < €y (h) e,
ih

i,h

where we recall (3.22) and we have set v = k5, /h?. Our choice of (1;)n>0 in (3.17), the definition in
(3.23), and ([2.5) ensure that, for A > 0 small enough depending on p,

(i) / ‘Sym((Ril’h)TVvZ — Id) |2 dz < Coeip,
Pilh

(A.3)
(i) h_Q/ [vi, = (R + by )| da +/ |(R; )" Vr, — Id}z dz < Coh™ /%y,
Pil,h Pil,h
for a universal constant Cy > 0. It is also easy to verify that
|bj | < CM (A.4)

for a universal constant C' > 0 that is independent of A > 0. Indeed, since ||vy||L~(q,) < M for
M > 1, using the triangle inequality we obtain

L3(P)Ibi p]* < C/ o (@) = (R + b} )1 + CLY(PL) (Ilvnl|E o) + (diam(24))?) . (A.5)

Using further (A.2)), (A.3)(ii), and (3.23), we get
b u|* < Ch™R2h=%Pe; ), + C(M? 4+ C) < C(M?* + C), (A.6)

hence |b; | < CM.
We now show that we can use Theorem to obtain a Sobolev function satisfying (3.30]). Intro-
ducing the function w; , € SBV?(Qy,,(i); R?) by

uin(®) == xpp, () [(Ri,h)TvZ(x) —x = (Ri,)"bi,] (A7)
win COELN th . Now, (A7), (A-3), and (3:23) imply that

we observe that J,
(i) / lsym(Vu; p)|? dz < Ce;p
@D (A.8)
(i) h~2 i, nl? dx +/ \Vui,h\Q dz < Ca?,/hm.
Qh p( i) Qn, p(l)

Applying Theorem to the map u; p, in view of Remark and (3.23)), we obtain a set of finite
perimeter w; , C Qp,,(7) that satisfies

H2(0*win) < cxkpH*(Ju,,) < ckpH2(OE); N Qn (i) . (A.9)
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and

Lwin) < exp (H2(u,,)) Y < exp (HAOE; N Qi >>)3/2

(A.10)
< CKpOél/QhrHQ(aEZ n Qh,p( )) < CKpa3/2h3

< 128h3 < *53(Qh( )

where we used again (3.21]). Theorem provides also a Sobolev function ¢; , € W12 (Qh,p(i); R3)
such that
(i) Grn=uin on Qu,(i)\win,
(11) ”Sym(VCi,h)HL2(Q,LW(Z‘)) < CKP||Sym(vui,h)HL2(QA}WJ(Z‘)) , (A].].)
(iil)  [1Gi,nlloe < lluinlloe < CM,

where the final estimate in (A.11))(iii) follows from ||v}]|cc < M, (A.4), and the definition of u; ; in
(D).

We then define as dominant component the set
D = Pil,h \ win (A.12)
so that by (A.1)), (A.2), and (A.10) we indeed verify that ) holds. The estimate (| - ) follows

directly from the definition (A.12), the fact that 9P}, N Qh,p( ) C AE; N Qn (i), and
Applying the classical Korn’s inequality in W2, we find A, € R3X3 such that

skew
/ |V¢in — Ainl?dz < Ckp / lsym(Vu; 5)|? de < CCxpeip, (A.13)
Qh p(‘) Qh,p(i)
for a universal Cxp > 0, where we used (A.11))(ii) and (A-8))(i). We now set
Zin = REGin + R hld + b)), € WH(Qn,p(i): R?), (A.14)

and observe that by (A.7] , ﬂ , and (A.12) it holds that z; 5, = v} on D, j, which in particular
(3-30]

implies (3 Moreover (iii) follows from (A.11)(iii) and (A.4).
It remains to show ([3.29) and (3.30)(ii). In view of (A.13) and (A.14)), we have

/ ‘VZZ'JL — Ril,h(Id + Ai,h)|2 dz < Cey . (A.15)
Qh p(l)
Next, we substitute Ril’ n(Id+A; ) in (A.15) by a suitable rotation. For this purpose, we prove that
there exists R; , € SO(3) such that
£3(Qh,p(i))‘R})h(1d + Ai,h) - Ri,h|2 S CEi’h . (A16)
Indeed, by (3.27) together with (A.11))(i), , (ii)7 and , we get
W3 Ainl? < L3(Dip)|Ainl® = / |Vuin + Aip — VCi,h‘z dz
D;n
< 2(/ \Vui,h\de—F/ IVCin — zh\de) <CEN +en).
Di,h Di,h
Using that €; , < h*, see (3.23)), we obtain
[Ainl? < Ch3el)0 < On~T/5)2.
A standard Taylor expansion, cf. [36, Equation (33)], gives
dist(G, SO(3)) = |sym(G) — Id| + O(|G — 1d|?),
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which further yields
dist®(Id + A, SO(3)) < ClAin|* < Ch1/5ey
i.e., there exists R;j € SO(3) such that
IR}, (Id + As ) — Ripl® < CRYPh ™3, ) < Ch™2ei < C(L3(Qnp(i))) ein -
This proves which, combined with , gives

/ |Vzi,h —Ri7h|2d$ < C«“:i,h-
Qh,p(i)

This yields the second part of (3.30))(ii). Applying the Poincaré inequality on W1’2(Qh,p(i); R?) we
obtain a vector b; 5, € R3 such that the rigid motion ri.n(z) == R; px + b p, satisfies

P [ o) — @) de < Cein,
Qh,ﬂ(i)

concluding the proof of (3.30)(ii). Moreover, (3.29) is an immediate consequence of (3.30) (i), (ii).
Finally, by repeating verbatim the argument in (A.5)—(A.6) with b, 5, in place of b}, 1, We also obtain
that |b; | < CM. This concludes the proof. O

Remark A.1. Note again that the indices considered in [, g are related to cuboids for which ¢; 5, <
h*. In [34, Equation (3.47)] this additional requirement was not necessary since the global elastic
energy scaling was h*. In contrast, in the present setting, the global elastic energy scaling is A%, and
an additional control is needed for the following reason: Since the proof of Proposition [3.§| relies on
applying Theorem on Qh,p(i), in order to ensure that the constant in (1) can be chosen
independently of h > 0, it is essential that ; , < h3. Thus, using the global energy bound ¢; , < h?
would not be sufficient for this purpose. Yet, considering any bound of the form e;j < h3*#, for
1 > 0, would be sufficient, up to adjusting the curvature regularization parameter x;, in .

The choice p = 1 is canonical, since the cardinality of indices i such that &; 5, > h?* is of the same
order (namely ') as the one of the indices ' for which H2(dE; N Qn.,(i')) > ah?, i.e., for which
the surface area condition in the definition is violated.

Proof of Corollary[3.9. By (3.29) and the triangle inequality we can estimate

/ ’ri,h — Ti/’h|2d.’)3 < 2/ ‘v,’;(x) — ri,h(;v)‘gdx + 2/ ‘v,’i(w) — ri/,h(x)fdx
Di,hmDi/,h

ih Dir

< Chz({;‘i’h + 5i’,h) . (A.17)
Note that £3(Qn (i) N Qn(i")) > 2h3 and L3(Qn(4) \ Djn) < 2h® by (B-27) for j = 4,i’. This yields

L3(Dip N Dy ) > L3(Qn(8) N Qn (i) — L3(Qn(i) \ Din) — L2 (Qn(i) \ Dirp) > %h?’ :

Moreover, Q,(i) U Q(i’) is contained in a ball of radius r = ch for a universal constant ¢ > 0. This

along with (A.17) and Lemma shows the first part of (3.31). The estimate for |R; 5, — Ry 5|?
3.29).

therein follows exactly in the same fashion, using again ( O
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APPENDIX B. A LINEARIZATION ARGUMENT FOR THE ELASTIC ENERGY LIMINF.
We detail the by now classical linearization argument to obtain (5.5). Let (Ay)n>0 C (0,00) be
such that
Ap =00, hAp, -0 ash—0, (B.1)
and define
On,p =1, N{wy = yn} N{|GH| < A} (B.2)

Note that £3({w), # yn} NQ1,) — 0 by @21), 2-7), B-9)(i), and a scaling argument. Combining
this with the fact that supj,-¢ [|GnllL2(q, ) < C, see (5.4), A, — 400, and Chebyshev’s inequality,

we obtain
L’?’(Ql,p \On,) =0 ash—0, (B.3)

i.e., xo,, — 1 boundedly in measure on € , as h — 0. By (2.10), W(Id) = 0, W > 0, and the
definition of ©y, ,, we get

P -2 IR CIN —2
hzn_:gf (h Q\VTW(Vhyh)dx) = hrhn_:gf (h /QW(Vhyh)dx)

> lim inf (h—2 / Xon, W (Vi) dx) .
Q

h—0
1,p

The regularity and the structural hypotheses on W, recall (2.4), imply that
W(Id + F) = 5Q3(F) + ®(F),
where ®: R3*3 — R satisfies

sup{lfél‘g)lz |[F|<o} =0 aso—0. (B.4)

Together with the definition of G}, in (5.4, we obtain

lim inf (h‘2 - W(Vhyh)dx> > lip inf (h—2 /Q X@h’pW(Id—l—hGh)dx)
h

h—0
1,p

> liminf/ Xen., (%Qg(Gh) + h—2<1>(hGh)) dz
Q

h—0 1
Lol l
= llhmﬁl(r)lf 3 o Xen,93(Gr)dx. (B.5)

In the passage to the last line above, we made use of the fact that

lim sup/
h—0 Q
which follows from the fact that (Gp)p>0 is bounded in L?*(Q4 ,;R3*3), (B.2), (B.4), and hA, — 0,

cf. (B.1)). Hence, (B.5), (5.4), the fact that xe, , — 1 boundedly in measure in Q; ,, see (B.3), and
the convexity of Qs imply that

X, h~2@(hGy)| dz < lim sup <sup{'¢,§’g,fjr£': hGal < b} /Q x@h,plGhFdx) 0,

1,p 1,p

05(G) da > %/ Q,(C") dx,

h—0 Ql o

1
lim inf (h—2 Q\fW(Vhyh)dx) >3/
‘/h 1,p

which is exactly (5.5)) .
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