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Abstract

We study the vortex trajectories for the two-dimensional complex
parabolic Ginzburg-Landau equation without well-preparedness assump-
tion. We prove that the trajectory set is rectifiable, satisfies a weak
motion law. In the case of degree +1 vortices, the motion law is satis-
fied in the classical sense. Moreover, dissipation occurs only at a finite
number of times. Away from these times, possible collisions and split-
tings of vortices are constrained by algebraic equations involving their
topological degrees.

Quantization properties of the energy and potential densities play
a central role in the proofs.
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1 Introduction

This paper is a sequel of our previous paper [3] on the two-dimensional
dissipative Ginzburg-Landau equation

Oue
(PGL). ot

1
— Aue = Sue (1 — lus|*)  on R% x R},
£
us(2,0) = u2(2) for z = z + iy = (z,y) € R%.

Of special interest is the asymptotic limit € — 0. In particular, it has been
recognized that for this asymptotics the energy bound

i) e = [ et = [ TER L a7 < g

RN RN 2 482 €
for the initial datum ug, with some constant My > 0 independent of €, allows
the formation of interesting topological defects, called vortices, which will be
described below. It has also been recognized that in the two-dimensional case
that we study here, accelerating time, e.g. considering the time scale s =



uotTa\? is appropriate to investigate the dynamics of these vortices. Therefore

we consider the map u., defined on R? x Rt by
us(z, ) = ue(z, s|logel).

The first result of [3] (which extended in particular earlier works [11, 12])
stated a compactness and rigidity result for limiting maps of (u.)e>0.

Theorem 1 ([3]). For a subsequence £, — 0 we have

s z—a;(s di(s)
U, (2,8) = we(z,8) = [] (|()|> exp[i({(c(s), z) +b(s)], (1)

i \z —ai(s)

~

where, for i =1,....,4(s), a;(s) € R?, d;(s) € Z and where b(s) € [0,27) and
¢: Rt — R? is a lipschitz function. The convergence ! in (1) is uniform on
every compact subset of R? x R* \ 3, where

Dy = Uss0 ULS) {as(s)}.

We proved moreover that the numbers ¢(s) and d;(s) are uniformly
bounded, i.e. there exists a constant C'(My) such that

l(s) < C(Mo),  |di(s)| < C(My), (2)
and that, except for a finite number of times,

di(s) # 0. (3)

We also showed that ¥, is closed, and of locally finite two-dimensional
parabolic Hausdorff measure.

Notice that for fixed s > 0, the limiting map u, is completely determined
by a finite number of parameters, namely the set of points {a;(s)}i1<i<(s);
which are usually referred to as vortices, the integers d;(s) € Z, which
are the degrees of the vortices, the number b(s) € R, which is a constant

Tn [3] the convergence in (1) was stated a little differently, namely u., x Vu., —

d;(s)
wy X Vw, + & and |u.,| — 1. Here wy(z,s) = Has) ( z=aq(s) ) . Moreover, the

i=1 \ Te=as(s)]

convergence (1) holds in C* for the space variables, uniformly in the time variable, away
from X,.



phase shift, and the vector &(s) € R? reminiscent of a wavenumber.? This
reduction in the limit to a finite dimensional situation motivated us to use
the term “rigidity” to describe the limiting map.

The set '
So = Uss0Z5 = Usso U] {ai(s)}

represents the trajectories of the vortices: we will therefore refer to it in
some places as the trajectory set. The next important step in order to
understand the limiting dynamics is to describe carefully 3,: this is one of
the main goals of this paper. In [3] we derived a first, rather weak regularity
property of X, restated here in Lemma 2.3 and 2.5. Our first result in this
paper is

Theorem 2. The trajectory set 3y is a closed, one-dimensional countably
rectifiable subset of R? x RY.

Recall that a set ¥ C RY is said to be 1-dimensional countably rectifiable
if it is contained in a countable union of lipschitz curves, except possibly
for a subset of zero 1-dimensional Hausdorff measure. Since X, describes
the dynamics of vortices, we will actually show that >, is contained in a
countable union of graphs of Lipschitz functions defined from time intervals
of Rt into R2.

If moreover the one-dimensional Hausdorff measure of ¥, were known
to be locally finite, then one would be able to define a (one-dimensional)
tangent space to ¥, in a weak sense at almost every point® (a;(s),s), in
view of general results in geometric measure theory. This would give a
natural meaning to the speed of the vortices. Since we do not have this
information, we adopt the next definition.

Definition 1. Let (a;(s0),s0) € Xp. The vector 7 € R? is said to be an
approzimate speed of the vortex a;(sg) at time sqg if there exists a function
f: RT — R? such that f(so) = ai(so), f(s) € 85 Vs > 0 and f has an
approzimate derivative * at so equal to T.

2Notice that functions & and b depend only on the time variable s, but not on the space
variable z. The function ¢ can be directly deduced from the initial value, for instance by
Fourier transform. It accounts for persistence of low frequency oscillations in the phase
over the diverging time period considered, namely ¢ = s|loge|. The possible presence of
low frequencies is of course related to the fact that the domain R? is unbounded. In case
of bounded domains, the function ¢ would vanish. Whereas we have a good control for ¢,
we do not know if similar properties hold for b. This would require refined estimates for
the time derivative O;u. at the e level.

3with respect to the one-dimensional Hausdorff measure.

“For the notion of approximate derivative, see [9], 3.1.2.



Notice that, if not empty, the set of approximate speeds might well be
not reduced to a singleton (for instance, in case of branching points of the
trajectories). However, we have

Theorem 3. For almost every s > 0 and for any i = 1,...,4(s), the vortex
ai(s) has a unique approzimate speed denoted a;(s) and given by

£(s)
ds)T+2 Y di(s)Va,(loglai(s) —aj(s))| . (4)
itj=1

Ry

Theorem 3 shows that the motion law for the vortices is given by an or-
dinary differential equation, at least in a weak sense, outside an exceptional
set of null measure. The next result shows that the ODE governing the
dynamics is satisfied in a classical sense for degree +1 vortices, and also, for
arbitrary degrees, outside a closed set with empty interior.

Theorem 4. i) There exists an open dense set O in RT such that for every
subinterval J C O, the number of vortices ¢(s) and the degrees d;(s), i =
1,...,4(s), are constant for s € J, and the set ¥, N R2 x J is given by a
disjoint union of smooth curves, which are integral curves of the ODE (4).

ii) If so € R} is such that |d;(so)| = 1 for any i = 1,...,4(s0), then the
mazximal interval of existence Is, = (S0, Smaz) of the ODE (4) with initial
time sg 1s contained in O.

iii) Assume Spmqqp in statement ii) is such that di(Smaz) € {—1,0,+1}
for any i € 1,...,0(Smaz), and consider the the ODE (4) with initial time
Smaz and with points a; such that d;(Smaez) = 0 dropped. Then its mazimal
interval of existence is contained in O.

In other words, statement iii) is a unique continuation principle (gov-
erned by ODE’s) as long as collisions do not lead to multiple degrees.

Statement ii) in Theorem 4 was already proved in [11, 12, 16, 18] in the
case of “well-prepared” initial data, i.e. having [ vortices of degree +1 and
—1 and an energy E.(u?) = wl|loge| + O(1): this is actually the minimal
energy required for such a vortex configuration. In [17], this well-prepared
assumption was somewhat relaxed to E.(u?) < l|loge| + % for
some 3 > 1. In this case ¢ = 0, and the ODE (4) is the gradient flow of the
Kirchhoff function

l
W(al, ...,al) =2 Z didj log |ai — aj|.
i#j=1



We emphasize that equation (4) was shown there to be verified everywhere,
in the classical sense, but only up to the first collision time s;,,4;. Such
collisions are however an unavoidable aspect of the complete dynamics, in
particular when vortices of opposite degrees are present.’

In the general case, when the degrees are not assumed to be equal to
41, one of the main obstacles that we need to face is the fact that the
total number of vortices is a priori not constant, even not locally constant.
Besides collisions, the possible splitting of vortices of multiple degree (i.e.
|di(s)| > 1) into several vortices of different degrees (of arbitrary sign), and
their possible later recombinations represent both a mathematical and
conceptual difficulty.

The language and tools of geometric measure theory are one way to cir-
cumvent these difficulties. However, we believe that the results in Theorem
2 and 3 might be improved, and in particular that set ¥, is a finite union
of smooth disjoint curves with finitely many branching points.

The Radon measures v defined for s > 0 on R? x {s} by

(2) ee(us(z, s)) dr,

ol (zr) =
=T T loge]

as well as the measures

(1 — Jucf?)?

Wids = V(u;)dxds = 122

dx ds,

are central in the proofs. These quantities possess remarkable properties
inherited from the equation (PGL).. It was shown in [3] (Theorem 4 and 5
there) that there exists a subsequence &,, — 0 such that, for each s > 0,

£(s)
vl —op = Zei(s)éai(s) as n — 09, (5)
i=1

for some non negative densities 6;(s). Here we prove that these densities
are actually quantized, and related to the degrees of the vortices. A similar
property holds for the potential V. as well.

®In particular, if u? has two vortices of degree 1 and —1 located at the points a—;(0) =
—1 and @1(0) = 1, then in view of (4), the limiting map u, has two vortices given by
ai(s) = (=1)'v/T=2s, i = —1,1. These two vortices will collide at time s = 5. This is
a special case of collision of vortices with total degree zero. Such a situation is analyzed
in [3], Theorem 3 (see also for bounded domains the more recent paper [17] which gives
in particular a detailed analysis of a single dipole +1 annihilation). In the example given

above the two vortices disappear after collision time and the map u. is then constant.



Theorem 5. For all but finitely many s > 0 we have
6:(s) = md2(s). (6)

Moreover, as n — +o00,
Ff(S) )
Ve s — W = Wds = 5 3 ()i @ s (7)

in the sense of measures on R? x RY.

In particular, the measures %ni and %Wf coincide and are equal to sums
of Dirac masses located at the points a;(s), with integer valued weights.
They are therefore quantized.

Notice that (6) and (7) were already derived in the elliptic case in [2] for
minimizers, and in [7] for critical points: as a matter of fact, a substantial
part of our proof of (6) and (7) relies heavily on the method presented in
[7]. This part, mainly relying on elliptic PDE techniques (the focus is put
on the perturbed stationary Ginzburg-Landau equation), is presented in
the Appendix. Independently, the perturbed stationary Ginzburg-Landau
equation is considered in [17] with quite similar results.

At this stage, it is also worthwhile to notice that as a consequence of
Theorem 5 ii) of [3], the quantity A(s) = ", d;(s)? is non-increasing: since
it is an integer it is also piecewise constant. More precisely, we have

Lemma 1. There exists a finite set {0 =719 <71 < -+ < 7y < Tgq1 = +00}
such that for every s € (T, Tg+1)

£(s)
As) = 3 d2(s) = Lo3(R?) = 2W3(R?) = ny, = Cste,
=1

where n,, € N depends only on k and ng+1 < ny.

An important consequence of Lemma 1 is that the dissipation rate |Opu.|?
vanishes asymptotically on R? x (73, 7¢11) (see Corollary 3.1), yielding a
flavour of reversibility to the evolution equation. This allows us to establish
the ”straight cone property”, stated in Proposition 4.1 ii), which is a major
ingredient in our proofs of Theorem 2 and Theorem 3.

The following theorem is a substantial extension to the x-confinement
result presented in [3] Theorem 3.



Theorem 6. Let so € (1, Tk11), a €R2 r >0 and 0 < k < % be such that
(Hy(a, 7, s0)) 0 # XN Bla,r) C B(a,kr).

There exist constants 0 < k1 < % and v1 > 0 ,depending only on My, such
that if 0 < k < K1 and

diSt(307 {Tlﬁ Tk+1}) > 71'%27“2

then,

2
=Y di(so) - (Z di(30)> =0, (8)

ieJ ieJ
where we have set J = {i € 1,...,4(so) | ai(so) € B(a,r)}. More precisely,

if ' >0 then Tp41 — S0 < 71/{27“2 and if ' < 0 then sg — 1, < 711427'2.

Relation (8) was already proved in [7] for the stationary equation on
a bounded domain. As a matter of fact, it is one of the key ingredients
for proving quantization of the energy. A cluster of vortices {a;(so)}ics for
which I" # 0 is called an unbalanced cluster in [17]: Theorem 6 shows that
unbalanced confined clusters at small scale may only be found close to the
collision times 7.

In particular, given sg € (7%, Tk41) and i € {1,...,€(so)}, there exists
Asg >0 and r = r(sg) > 0 such that

¥y N (B(ai(so), ) \ Blai(so),7/2)) =0

and

2
I'(s) = > d3(s) — ( > dj(s)) =0 (9)
(s0),7) i ( (s0),7)

a;(s)€B(a; aj(s)eB(a;

for every s € (sg — Asg, sop + Asp).

An important consequence is that vortex splittings or recombinations
at times different from the 75’s have to satisfy the algebraic equilibrium
equation (9) for the degrees.

Combining Theorem 6 with scaling arguments and results for the per-
turbed elliptic Ginzburg-Landau equation presented in the Appendix, we
may now improve the quantization result stated in (6) by



Theorem 7. Let 2 C R? be a smooth bounded domain and so & {70, ..., 7,4}
be such that X3° N OQ = 0. Then, if n is sufficiently large, we have

|/Qe,5n(u5n(x,so))dx — nar|logen||
< C(Mo,SO,Q)(Hatugn(.,So‘ 10g€n’)H%2 + 1)’ (10)

where ng = 34, (s9)c0 d?(s0).

In some sense, Theorem 7 is the parabolic generalization of the main
result in [7]: in particular if ||Osuc(., so|logel)|| = O(1), then E.(uc(.,so,<2)
is up to an O(1) error equal to an integer multiple of 7|loge|, as in [7] for
the elliptic case. Notice however that in general this integer is not equal
to the square of the total degree as in [7]. In a forthcoming work, we
will show, under mild compactness assumptions on the initial datum, that
E.(ue(., sollogel), ) is up to an O(1) error equal to an integer multiple of
m|log e| for any sg ¢ {70, ..., 74 }. This kind of result will provide an alternative
proof of the rectifiability of 3, and will moreover show that its 7! measure
is locally finite.

Acknowledgments. We wish to thank Giovanni Alberti, Myriam Comte,
Petru Mironescu and Sylvia Serfaty for fruitful discussions.

2 A brief account on some useful facts

In this section, we recall some formulas and results on (PGL)., recast and
complete them in a form suitable for our further analysis. We begin with
the following well-known evolution formula for the localized energy density,
from which the main results in this paper stem: for y € C2°(R?), we have

d
— d t = —/ € 2d
I /R2 x(z) due RQX{t}x(:E)I@tu | da

+ (D2xVu5 -Vue — Axes(ue)) dr, (2.1)
RZx{t}

where t = s|loge|. Using this formula and the PDE analysis of [3], we derive

Lemma 2.1. Let K C R? x Rt \ ¥, be a compact set. Then
es(ue) < C(K), on K (2.2)

[lue| — 1| < C(K)e on K, (2.3)



and

Oue C(K)
1 < . 2.4
S\ P shogel deds < 17 (24)

Proof. The first statement follows from (5.15) and (5.16) in [3]. For (2.3), we
invoke Theorem 2.1 of [3], inequalities (2.23) and (2.24) there, which asserts
that if |u.| > 1 — o on some parabolic cylinder A = B(z,r) x [T — r%, T},
for some universal constant 0 < og < 1/2, then

11 = Juel || oo (ay ) < C(A, 00)e? log e,

where A% = B(x,7/2) x [T — r?/4,T). Therefore V.(u.) — 0 uniformly on
A/, and the conclusion follows.
Finally, formula (2.4) follows from identity (2.1) and (2.2). O

Next, we have, using the results from Appendix A.

Lemma 2.2. For 0 < s1 < sg and sufficiently small ¢, it holds
/ 1Oy |? dads < C My (2.5)
R2x[51782}

and
/ Vo(ue) dads < CMo(1+ |so — s1]). (2.6)
RQX[Sl,SQ]

Proof. Inequality (2.5) is a direct consequence of the energy identity (2.1)

for y =1,
d

— dpt = —/ |Oyue|? d,
ds Jr2 R2x {t}

and the fact that ¢t = s|loge|.
For (2.6) we invoke Proposition A.2 of the Appendix, with say 5 = 1/2.
We write (PGL). in the elliptic form

1
—Au, = 572“&‘(1 - ‘UE‘Q) + f67 (2'7)

where
fe = —Ouc .
In view of (2.5), Ji;, s1xr2 | fe|? < C My, so that [|fo(-, 9)||r2r2) < e~1/2 for
any s € [s1, s2] \ 4, where meas(A) < C(Mp)e'/2. Tt follows from Proposition
A.2 that
Ve(ue) < C(My) Vs € [s1,s2] \ A,



and therefore integrating, we are led to
/ V(o) < C(Mp)|sz — s1l.
RZx([s1,52]\A)
On the other hand,
/ Ve(ue) < C(Mo)eY?[logel,
R2x A

and the conclusion follows. O

In view of Lemma 2.2, we may assume, passing possibly to a further
subsequence ¢,, — 0 that

|Osue,, (z, s|log e|)|Pdrds — wy (2.8)

and
Ve, (ue, (z, s|loge|))dzds — W, (2.9)

in the sense of measures. It follows also from Lemma 2.1, that w, and W,
are supported in X,.

In another direction, we obtained in [3] the following regularity property®
for X,.

Lemma 2.3 ([3] Theorem 2). Let so > 0 and (a;(so),s0) € Xy, for
i =1,...,4(s0). There exists a neighborhood O of (a;(so),s0) in R? x Rt
such that

Y, NOCY,NC,

where C is the parabolic cone defined by
C={(a,s) € R? x RT such that |s — so| > ala — a;(s0)[?},
and where a > 0 is a constant depending only on M.

In our proofs, we will require in some places a more quantitative version
of Lemma 2.3.

Lemma 2.4. Let so > 0 and r > 0 be given. There exist constants og, Yo
depending only on My, such that if

X C U?:(SlO)B(a:i, ),

SWhich is clearly superseded by Theorem 2

10



where the points 1, .., Tp(sy) € R? werify
lwi —xj| > o0r  Vi#j=1,..,n(s0),

then oo
55 ¢ U B(a, %)
for every so < s < so + Yor>.

Proof. Let R > 0 such that ¥ C B(0, R). Set
15 2 7o
Q% (t) = {x e R*, / ec(us(-,t)) > \loge\} ,
B(:E?TE) 2

where 7. = \logsrl/ % and 79 is some constant provided in [3] Theorem 2

(actually a lower bound on the densities ; which appear in (5)). Since by

assumption Xp° C U?:(‘;O)B (x4,7) it follows that, for ¢ sufficiently small,

O (sollog2|) N B(0, R) € UMY B(ay v +12).

Applying Proposition 4.4 of [3] (also called the cylinders lemma) we obtain

@ (sllogel) N BO, R) € ULy Blay, L (r + 1)

for every sop < s < s9 + 77"2. On the other hand, if z € Xj then for each
neighborhood U, of x one has

/ es(us('vs)) > %|10g5|

x

for sufficiently small e, so that U, N Q°(s[loge|) # 0, and the conclusion
follows. u

A rather direct consequence of Lemma 2.4 is

Lemma 2.5. Set
r(sp) = iinfﬂai(so) —a;(so)], 1 <i<j<A{(so)} (2.10)
We have, for every 0 < r < r(sp)
Yo NR2 X [s0, 50 + ar?] C Uﬁ-(sg)B(aj(so),r) X [s0, o + ar?], (2.11)

where o = ;’—%, and og, Yo are as in Lemma 2.4.

11



Remark 2.1. Consider, for 0 < r < r(sp) and sg < s < sg+ ar?, the total
degree
d(ai(s0),s,7) = deg(u.(-, 5),0B(a;(s0),7))-

It follows from the continuity properties of the degree and Lemma 2.5 that
d(a;(s0),s,7) = di(so).

In particular, if d;(s) # 0, then d(a;(so), s,7) # 0 so that
Yo N Blai(so),r) # 0 (2.12)

for any 0 < r < r(sp) and sp < s < 59 + ar?.

3 Properties of the limiting measures

3.1 Leading order quantization

This section contains a first step towards the quantization result stated in
Theorem 5 and Lemma 1: we establish that the limiting energy density
and potential are quantized”. The argument is mainly of elliptic nature and
is developed in the Appendix. On the other hand, the precise relation of
the densities with the degrees of the vortices will be a consequence of the
dynamical law discussed in Section 3.2 (see Proposition 4.1). We have first

Proposition 3.1. For all but finitely many s > 0 we have
0;(s) € mN. (3.1)

In particular, there exists a finite set {0 =19 < 71 < ... < 7Ty < Tg41 = +00}
such that

0% (R?) = mny, for every s € (i, Tk11), k=0,...,q, (3.2)

where ng € N. Moreover, ng > ngyq1 for allk =0,--- q.

Proof. We write again (PGL). in the elliptic form (2.7) with perturbation
term f; = —0yu.. Our aim is to apply Theorem A.2. In order to do so, we
fix first some arbitrary time S > 0 and then choose R > 0, sufficiently large
so that

¥, C Br for every s € [0, 5]. (3.3)

"The precise value of the quantization will be established later in Section 4.

12



We next check the validity of the bounds (A.5) and (A.6) for some suit-
able constant My independent of . First notice that (A.5) are standard
consequences of (PGL). and assumption (Hp) on the initial datum, and are
actually valid for any time s > 0, on the whole of R?.

On the other hand, by (3.3) and Lemma 2.1,

le=(ue)] < C(Mo,S)  Vz € Bag\ Bg,

so that (A.6) holds (with Bj replaced by Bpg). Finally, we claim that, for
any given o > 0 there exists a subset F. C [0, S] such that

meas([0, 5]\ F:) < o,

and
/ Orucl?(z, 8) + Ve(ue(z, 5)) < C(0,5), Vs € F.

Br

This is an immediate consequence of Lemma 2.2. Consider the set
o0
F= ﬂ U Feys
n=1k>n

where (ex)r € N is the sequence in Theorem 1. It follows that meas(F') =
lim;, 4 o meas Up>, F;, > S — 0, so that

meas([0, 5]\ F) < o.

Next let so € F. It follows from the definition of F' that sg belongs to Fg,
for infinitely many k € N, so that for some subsequence (depending possibly
on sg) denoted &,, we have, for all n € N,

/\w%@%W+%m%@mmmgamw
Br

Leti € {1,...,4(s0)}, r(s0) be given by (2.10), and x; € C>°(R?) such that
0<x:<1,x;=1o0n B(ai(so),r(s0)), and x; = 0 outside B(a;(s0),2r(s0))-
We have, by (5)

v2) (xi) — bi(s0)-
On the other hand, it follows from Theorem A.2 in the Appendix, applied
to ug, (- — a;i(so0), so) with R = r(sg), that there exists n(sg) € N such that

v: (B(ai(s0),7(s0))) = mn(so) + o(1) as n — +00.

13



Moreover, since (B(a;i(s0),2r(s0)) \ B(ai(s0),7(s0))) N Xy° = 0, we have
Ui?z (B(ai(s0),2r(s0)) \ B(ai(s0),7(s0))) = o(1) as n — —+oo.

Hence
2 (xi) — 7™ (s0) as n — 00,

and therefore 6;(sg) = mn(sp). Since S and o were arbitrarily chosen, we
infer that 0;(s) € 7N for almost all s > 0 and for all i = 1, ..., 4(s).

Recall that, by [3], Theorem 5 ii), the function s — ||v$|| is non-increasing,.
On the other hand, we just proved that for a.e. s > 0, ||of|| € 7N. There-
fore, there exists a finite number of times 7 < .. < 7, € R such that ||of]|
is constant on any interval not containing any of the 7;, ¢ = 1,..,q. This
proves the global identity (3.2).

We show next that 0;(s) € 7N for any s ¢ {11,..., 7}, and i € {1,...,£(s)}
(so far we proved that fact only for a.e. s), thus proving the local equality
(3.1). Set r(s) as in (2.10) and define y; € C>°(R?) such that 0 < y; < 1,
Xi = 1 on B(a;(s),r(s)), and x; = 0 outside B(a;(s0),2r(s0)). We have

v (xi) = 0i(s).

On the other hand, by [3], Theorem 5 ii), both of the functions 7 — 07 ()
and 7 — vl (1 — x;) are non-increasing in a right neighborhood of s, whereas
their sum is constant. They are therefore constant on this neighborhood.
Since we already know that vl (x;) € 7N for almost every 7, it follows that
0;(s) € 7N and the proof is complete. O

As a byproduct of the previous discussion, we deduce the following
Corollary 3.1. We have

£(Ty)

Wy = Z /B’i(Tk)é((li(Tk)»Tk)’

k=1 i=1

where Bi(tx) € N for k = 1,...,q and i = 1,....,0(1). In particular, for
every k =0, ...,q,

Wi (]R2 X (Tk,Tk+1)) =0.

The measure W, can be directly deduced from the energy density in view
of the following

14



Proposition 3.2. The following identity holds.

£(s)
L 92(8)
W, =50l @ds = (Zl 5 5%(3)) ® ds.

Proof. We first notice that, as an immediate consequence of Lemma 2.1,
supp (W) C Xy. We next divide the proof into two steps.

Step 1. Let so > 0 and 0 < r < r(sg), where r(sg) is given by (2.10). Then,
for 0 < § < ar?/4, where the constant « is defined in Lemma 2.5, and for
1= 1, ...,f(SO),

0@(80) '

W (B(ai(so), ) x [s0,50 +0]) = & - —

(3.4)
By Lemma 2.5, 5N B(a;(so),3r) C B(ai(so),r/2) for every s € [so, so+ 9.
It follows from Lemma 2.1 that the energy density e.(u.) is uniformly
bounded on (B(a;i(so),2r) \ B(ai(s0),r)) X [s0,s0 + ¢]. Our aim is to ap-
ply® Theorem A.1 and Theorem A.2 of the Appendix to u. restricted to
B(ai(so),2r) x {s}, for s € [sg, s0 + ], in order to prove that

Hi(SO)
2

Vo(ue) =6 - +o(1). (3.5)

/B(ai (50),r)X[s0,50+9]

For that purpose, we split the time interval of integration [sg, sg + J] into
three disjoint parts. Let My > 0 be given, set

e = {s € [s0,80 + 0], ||Opuc(-,8)||2(m2) < Ma},
AT = {s € [s0,50 + 6], M2 < ||Opue(, S)HLQ(RQ) < €_1/2}7

A5 = {5 € [50,50 + 8], ||Bruc(-, )|l 2qme) > /2.

Since [poy g+ |Opuc|? < Mo, we deduce
meas(A5) < C(My) My 2, meas(A5) < Mye.
By Theorem A.1,

/ Va(ue) < C(Mp)meas(AS) < C(Mo)M; 2,  (3.6)
B(ai(SO),QT)XAi

Safter a suitable scaling
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whereas, by (Hp),

/ Vo(ue) < C(Mo)elloge] . (3.7)
B(a;(s0),2r)x A§

We turn finally to F.. It follows from Theorem A.2 that for s € F. we have

C(Mo, M>)
[log £|

) ee(ue)

/B(ai(soxr)x{s} 7 2[loge]

Collecting the previous estimates we obtain, setting Ag = B(a;(so),r) X
[50, 50 + 9],

Gi S
Veu) — 6 20
Ao 2
S/ ee(ue) —6-9i(80) +/ ") — ee(ue)
Ao 2[log el 2 Blai(s0),r)x (FeUASUAS) 2|log €]
ee(ue) 0i(s0)| | C(Mo, M2) 9
< -0 C(My) M. C(Mp)e|l .
|/ 2|loge| 2 [log e| + C(Mo) My ™+ C(Mo)zllog |

We conclude by letting first ¢ — 0, and then My — +oo.

Step 2. Proof of Proposition 3.2 completed. Let y € C°(R? x R*).
We wish to prove that

1) g (g
/XdW* = /R+ Z 92; )X(ai(s))ds. (3.8)
i=1

By Step 2, we know that (3.8) holds when y is the characteristic function
of a cylinder of the form

B(ai(so),m) x [0, 50 + 9], (3.9)

for so > 0, 7 < 7(sg), i = 1,...,£(s0) and § < ar?. The proof of (3.8) in the
general case follows by approximating y with piecewise constant functions,
(constant on cylinders of the type of (3.9))?, the absolute continuity in time
of W, (given by Lemma 2.2) and Step 1. O

%A covering of 3, by a disjoint union of such cylinders is given in [3], Lemma 5.3 .

16



3.2 Motion law for the limiting energy density

Our purpose is to describe the evolution of the energy integral [ xdv, where
X is a smooth test function with compact support. We impose moreover
some special property, which was already introduced in [3], namely that
there exists some r > 0 such that

0?x ¢ r
952 = 0 on Ul(:sf B(a;(s), g)
Proposition 3.3. Let 0 < sy < s1 and assume that x satisfies H,(s) for
any s € [so,s1]. Then, for s € (so,s1),

H,(s)

d s S S S ]
% (/]R2 Xd0*> = Tcore(X) + inter(X) + fdl‘ift(X) + fdissip(X)? (310)

where o) N
Feore(X) = Y_[mdi(s) — 0i(s)] 5~ (ai(s)) (3.11)
i=1

£(s)
mter(X) = 2 D wdi(s)d;(s)Va, (log lai(s) — a;(s)]) - Vx(ai(s))  (3.12)

i#j=1
£(s)
Fisn(0) = X wdi(s) &(s)* - Vlai(s)) (313)
i=1
and
Phuip0) = [, X@)den(z,5) (314)

The first term F3 .(x) on the r.h.s. of (3.10) stems from the fine core
structure of the vortices at the e-level, in the same spirit as the analysis
performed in the Appendix (taking f. = —dwv.). We see for instance that
it vanishes for |d;(s)| = 1, whereas its contribution is more delicate to ana-
lyze in the multiple degree case. The second term F;, . (x) represents the
mutual interaction of the vortices, and was already derived in earlier works
on the subject (see [12], [11], [15], [13], [8]). Finally, the third term Fj i (X)
stems from the interaction of the vortices with the field ¢, the residual, low
frequency part of the phase.

Proof of Proposition 3.3. Using Pohozaev’s identity, formula (2.1) may
be rewritten as (see e.g. Lemma 2.3 of [3])

d
— x dns:f/ z)|Opue|? dz + Fs(s, x, ue),
G o @dor=— [ @l dr+ F (o)
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where

Fs(s, youe) = -/R?x{s} (D*XVie - Vue = Axec(ue)) da.
A little algebra (see [3] Section 2.1) shows that
0%x
Fs(s,x,ue) = — /R%{s} Ax dW? + 2Re/RQX{S}w(u5) 552

where the Hopf differential w(v) is defined by
w(v) = ‘vl‘l‘z - |UI2|2 — 200, - Vg,

Since convergence in (1) holds in C! (for space variables) out of the support
of 32—;2(, by assumption (H,(s)) and Theorem 1, we obtain

; 0°x
Ax dW; + 2Re /R2X{S} w(uy) ﬁ) ds

Fs(s,x,u:)ds — (—/

R2x{s}

as € — 0. An explicit computation shows that

€)oo £0s) s
wu)(z,8) = _(; %)2 _ Q;ié(s)% + le(s))?

Further explicit computations (see e.g. Proposition 7.1 of [3]) then lead to

£(s) 2 £(s)
dl<s) 2 a X 2 AX
Re/IWX{S}(z;Z—CLi(S) 072 ;”dz (s)= (ails))
£(s)
+2 37 wdi(s)dj(5)Va, (l0gai(s) — a;(s)]) - Vx(ai(s)).
i#j=1
Similarly,
£(s)
d(S)
4 _Gi(s) Z
Re [, Do) P S o) Vet
and

0%y
2R / 222 .
e i) |e(s)] 922
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On the other hand, in view of Proposition 3.2 we have

S0
Wids = ; 12 Ax(ai(s)) ® ds,

whereas by (2.8), for any interval I C R™

// x()|0puc|*(x, s|log e|) dxds — X(x)dw.
1 JR2 IxR?

The conclusion follows by summation. O

Formula (3.10) as well as the energy quantization are the starting points
in order to derive the motion law for the vortices. Before we turn directly
to this issue, we emphasize first in the next section some further regularity
properties of X,.

3.3 Backward continuity for 3,

In view of Proposition 3.1 and Corollary 3.1 the energy is conserved and
dissipation vanishes asymptotically on the strips R? x (74, 741). This fact
yields some nice reversibility properties for the limiting equations: in par-
ticular we will derive in this section some backward continuity for X,.

Lemma 3.1. Let sg € (Tx, Tk+1) and 7(so) be given by (2.10). There exists
a constant o depending only on My such that for every 0 < r < r(sp)

2o NR? x (s', 50] € U9 B(aj(s0),7) x (s, 50, (3.15)
where s' = max{sy — aor?, 1.}

The proof is based on the forward continuity property expressed in the
Cylinders Lemma 2.4 and Lemma 2.5, as well as the local conservation of
energy, a consequence of Proposition 3.1.

Proof. Let 0 < r < r(so) be given and define # = (200)~¢M0)=11 and
o = 70(200) 26 Mo)=2 where C(My) is defined in (2) and op,vp in Lemma
2.5. Set s’ = max{sg — aor?, 7} and let s’ < s < so. Applying Lemma 5.2
of [3] to X" = {ai(s"), i = 1,...,0(s") < ly} with o = og and 79 = 7, we
deduce that

¥y CUjesB(aj(s"), ),
for some 7 such that 7 < # < f(QJO)C(MO), and moreover

la;j(s") — ax(s")| > oo for any j # k € J.
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Hence Lemma 2.4 applies to Eﬁu, so that

oot

¥y C UjesB(a;(s"), S ) for any s” < s < 5" + yo(#)?, (3.16)

and in particular, since by definition of «y

Y0(7)? > 70(7)? > aor?,

we obtain
s " O-Of/
£ C UjesBlas(s"), 7).
Set .,
J'={j € J. Bla;(s"), Z5-) Nz = 0},

Assume that J’ # (), and let j € J'. Since s” > 75 by assumption, we obtain
by (3.16)

o (Blay(s"), 720)) = o2 (Blas (")

a contradiction. Therefore, J = () so that

=~/

B oot
UjesBla;(s"), 225) € UV B(ay(so), 22

4

) C UV B(ag(so), ), (3.17)

where we have used the inequality 7 < (209)¢M0)7 and the definition of 7.

Combining (3.16) and (3.17) the conclusion (3.15) follows. O

4 Quantization formula and the cone property

In this section we prove two results which are central in the arguments
of the paper, in particular they will allow us to complete the proofs of
Theorem 5 and Theorem 6. The first one is an explicit formulation of the
quantization, whereas the second deals with the regularity properties of
Yy. More precisely, we have shown so far that near each point a;(sp), for
so & {m1,...,74}, the set of the trajectories ¥, is included in a two-sided
parabolic cone. Here, we improve that property and prove that we may
actually replace the parabolic cone by a straight cone.

Let so > 0 be given such that so ¢ {71, ..., 74}, and r(so) given by (2.10).
In view of the continuity properties of X, stated in Lemma 2.5 and Lemma
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3.1, there exists Asg > 0'°, such that for every s € [sg — Asg, 5o + Asg] and
1e1, ...,Z(SO),

Xg N B(ai(s0),7(s0)) \ Blai(so),7(s0)/2) = 0. (4.1)
For i =1,...,4(s0), we set B; = B(a;(s0),7(s0))-
Proposition 4.1. i) For every s ¢ {r1,...,74},
0;(s) = md2(s). (4.2)

In particular, for s ¢ {11, ... 74}, Firre(x) =0 Vx € C(R?).
ii) There exists K(My, so) > 0 such that for every s € [sg—Asg, so+As)
and every ai(s) € B,

|ar(s) — ai(so)| < K (Mo, so)|s — sol.

Moreover,

K(Mo, s0) = C(Mo)[r(io) il

Remark. Notice however that the parameters of the cone (as well as the
O.D.E.) obey the parabolic scaling. In particular, this is a major obstacle
on the way to prove the finiteness of the H! measure of %,,.

The proof of Proposition 4.1 relies on Lemmas 4.1 and 4.2 below, which
are both consequences of the evolution equation for the limiting energy den-
sity. More precisely, we apply formula (3.10) with test functions with com-
pact support near a given vortex a;(sp). Let us emphasize however that
the test functions allowed are strongly constrained by condition H,(sp).
Therefore, we have essentially to restrict ourselves to two kinds of functions.
First, we consider functions y that are affine near a;(sg), that is of the form
x(x) = (¥, z) +b. This will give us information on the local center of mass of
the measure and its drift. Secondly, we consider functions that near a; coin-
cide with the squared distance to a;(sg), i.e. x(z) = |z —a;(s0)|>. This gives
specific information concerning the core of the vortex (i.e., possible splitting
and recombinations). In particular it allows to relate 6;(so) to d?(so).

Lemma 4.1. With so > 0, a;(so) and Asg as above, for every s € [so —
Asg, s + Asg] we have for the energy

S° 6i(s) = 6ilso), (4.3)

ag(s)€B;

10More precisely, Asg = inf{%ozm“2 (80); 80 — Tk, Tht1 — S0}
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and for the center of mass a;(s) = ei(lso) Dap(ren; W(8) Ok (s)

Lai(s) = o a4 S 24y(5) Vi oglan(s) — ay(s))]. (44
’ Lo,

Proof. Let x € C°(R?) be such that supp x C B; and such that y is affine
near a;(sp), i.e.

x(z) = (v,z) +b on B(a;i(s0),7(s0)/2),

for some 7 € R? and b € R. Since Ax = 0 on B(a;(s0),7(50)/2), from (3.11)
we deduce that F5 ..(x) = 0. By conservation of the degree on B;,

Z dk(s) = di(SO). (45)

ak(s)EBl

Moreover, by antisymmetry,

Y. di(s)d;(s)(Va,(loglar(s) — a;(s)]). 7) = 0, (4.6)

ak(s),aj (s)eB;
ay(s)#a;(s)

so that the interaction term reads

Finter(x) = 21di(s0) Y (dj(s)Va, (loglar(s) —aj(s)]), 7). (4.7)
ay(s)EB;
a; ()¢ B;

By choosing b = 0 we obtain formula (4.4), since the vector ¢ is arbitrary,
while choosing b = 1 and ¥ = 0 yields (4.3). O

Next we consider the second type of test functions. This yields

Lemma 4.2. With so > 0, a;(sg) and Asy > 0 as above, for every s €
[so — Asg, so + Asg| and for every b € R? we have

d
o L =R = 2w (s0) = bi(s0)

FArY ()i ()ar(s) — b, Vo loglan(s) — as(s)])
ap(s)EB;
a;(s)¢B;

+ 27?2 di.(s)(ag(s) — b, &(s)h).

ap(s)EB;

(4.8)
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Proof. We may assume, changing possibly the origin, that b = 0. Let x €
C2°(R?) be such that suppx C B; and x(x) = |z|*> on B(a;i(s0),7(s0)/2).
We have Ax(z) =4 and Vx(z) = 2z on B(ai(so),7(s0)/2). Inserting these
relations in (3.11), (3.12), (3.13) we have, for any s € [so — Asg, so + Aso],

core _2 Z 7rdk _ek ) (4'9)
ay(s)EB;
Finter(0) =41 Y de (Va, loglak(s) — a;(s)], ax(s)), (4.10)
ak(s)EBZ] 1
and
fdrlft _27T Z dk ()L> (411)
ay(s)EB;
Since

ar(s) — a;(s)
|ax(s) — a;(s)[*’

Va, loglak(s) — a;(s)| =

we observe that

S di(5)ds(5)(Va, log ax(s) — aj(s)], ap(s))

ak(.s),aj(s)EBi

ag (s)#a;(s)
— 3" di(3)d;(5) (Vay log ar(s) — a;(s)], ax(s) — a;(s)) = 3 di(s)
k<j k<j
so that

mer () =21 Y di(s)d;(s)
ak(s),aj(s)EB,L-
ag(s)#aj(s)
far S di(s)d()ar(s), Vay loglai(s) — ay(s)))

ap(s)EB;
a;(s)¢€B;

Since

SNoodis)+ Y. di(s)di(s) = (Y. di(s))? = d2(s0),

ap(s)EB; ak(s),aj(s)eBi ap(s)EB;
ay (s)#aj(s)
and 3., (gep, k() = 0i(so), the conclusion follows. O
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Proof of Proposition 4.1. We begin with i). Choose b = a;(sp) and set
f(s) = /B. |z — a;(s0)|*dv?.
By (4.8) we have, for s € [sg — Asg, so + Aso)],

F'(s) = 2(md; (s0) — 6i(s0))

+dr Y di(s)dj(s){ar(s) — ai(s0), Vay log ar(s) —a;(s)])
ag(s)€B; (4.12)

aj(s)¢B;

+ 27 Z di.(s)(ag(s) — ai(so), (s)L).

ap(s)EB;

In view of the continuity properties of ¥y, as stated in Lemma 2.3, the r.h.s.
of (4.12) is a continuous function of s. Therefore f € C!([sg—Asg, 5o+ Aso))
and going back to (4.12) we obtain

f'(s0) = 2(md} (s0) — bi(50))-
Since f(sg) = 0 and f(s) > 0 Vs, f(so) is a local minimum, and therefore
f'(s0) = 0, which yields 1).

ii) Assume now that 6;(sg) = md?(so). Set

2
§) = max |ag(Ss a;(s .
9(s) ax ()6 Z| k(s) (s0)]

Since the measure v is a sum of quantized Dirac masses centered at the
points a;(s), we have
C(Mo)g(s) < f(s)

for some constant C'(My) depending only on M. On the other hand, by
(4.12), we have, for s € [sg — Aso, so + Asg),
1

inf air(s) — a:(s
ak(s)eBi,a]‘(s)¢Bi| k() J( )

1
infk# |ak(50) - aj(So)‘
< K(MO) 80)9(5)7

[F/(s)] < C(Mo)( +11(s)11) g(5)

(4.13)

< C(p)( +[les) 1) g(s)

where we have set K (Mo, sg) = C(Mp)(=~~ + ||¢]|z). Integrating (4.13)

. 7(s0)
we obtain

C(Mo)g(s) < f(s) < K(Mo, s0)|s — sol, | max g(t),

t€[so,9]
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so that

1
< — o )|s —
s gl1) < O(Mo) (s & el — 5o,

and the conclusion follows. O

Proof of Theorem 5. It follows combining Proposition 4.1 i) with Propo-
sition 3.2. O

At this stage we are also able to carry out the proof of Theorem 6, which
is somewhat similar to the proof of Lemma 4.2.
Proof of Theorem 6. If k; is chosen sufficiently small and 0 < k < k1,
then there exists a constant v > 0 such that

2N B(a,r) C B(a,Cy/kr) Vs € [sg — ywr?, so + v6r2] 0 (Thy Thet),
(4.14)
where C depends only on Mj. Indeed, for s > sg, this follows from Lemma
2.4, whereas for s < sy we argue as in the proof of Lemma 3.1, using forward
continuity and conservation of the degree.
We set I = [sg—yx12, s0+vkr2] N (T, Tet1). As a consequence of (4.14),
as well as conservation of the degree and of energy, we obtain

2
I(s)= > di(s)— ( > di(s)) =TI, Vsecl (4.15)
(a,r) ai(s)€B(a,r)

a;(s)EB €B
A computation very similar to the one leading to (4.8) yields, for s € I,

d/ |z — a|?dvs + 27T
ds B(a,r)

Y dy(9)di(5){an(s) — a, Vay log la(s) — aj(s))
ag (s)€B(a,r)
aj (s)£B(a,r)

+ 2w Z di(s)(ap(s) — a,é(s)*), (4.16)

ay(s)€EB(a,r)
so that using (4.14) we obtain

d

—/ |z — af?dvs + 27T < CV/E(1 +7) Vsel. (4.17)
ds B(a,r)

Assume that I" # 0. We show that, for some suitable constant 7 > 0, we
have 711 — s < Y122 if T is positive (resp. so—7 < y1£27r?2 if T negative).
We consider only the case I' positive, the other case being handled similarly.
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First, we choose k1 sufficiently small so that C'y/k;(1 + r) < 7. Inequality

(4.17) yields
d

2 7.8
— x —al*do; < —m 4.18
ds /B(a,r) ‘ | ( )

for all s € I. Let «y; > 0 to be determined later, decreasing k1 if necessary
we may assume that k1 < 7/(7%) so that vk > k2 for 0 < Kk < k1.

Assume by contradiction that 7,1 > so + y1k°r2. Integrating (4.18)
from sg to s, where s; = sg 4+ y1£%r2, we obtain

0< / |z — afdvst < / |z — al?do® — 1y k2 r? < (C — my)K2r2.
B(a,r) B(a,r)

(4.19)
The contradiction follows choosing ~; large enough so that C — 7wy, < 0. O

5 Motion law in the classical sense

As stated in Theorem 4, instead of the weak formulation (4), we are able to
recover the classical motion in a number of cases.

We consider next a time sg ¢ {71, ..., 74} and recall that Asq is defined
in Section 4.

Lemma 5.1. Let so ¢ {71,...,74}. Then for every s € [so — Asg, so + Asg,
0(s) > U(sp).

Proof. This is a consequence of the fact that d;(sg) # 0 and of the conserva-
tion of the degree, so that for i = 1,...0(sp) and s € [sg — Asp, s + Asp| we
have X5 N B(ai(so),7(s0)) # 0, and therefore card [X§ N B(a;(so),7(s0))] >
1. O

We introduce, for i = 1,...,4(sp), the local number of vortices, defined
by B
li(s) = card [2; N B(ai(so),7(s0)) |-

In view of the argument above,
li(s) > li(s0) =1 for any s € [s — Asg, s + Asg.

If we assume moreover /;(s) = 1, then we recover the classical motion law.
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Lemma 5.2. Assume that {;(s) = 1 for all s € [sg,s1] for some sp < s1 <
so+Asg. Then for s € [so, s1] the intersection B(a;(so),T(s0)) N5 is reduced
to a single point, which we may therefore label {a;(s)}, and

d Y )
%ai(s):di(so) c(s) +2i;1dj(5)vai(10g|ai(5)—aj(8)|) (5.1)

for s € (so, s1).

Proof. The fact that the intersection is reduced to a single point is an as-
sumption. Combining equation (4.4) in Lemma 4.1 with (4.2), we are led
to

ai(s) = ——[é(s)* i(s og lar(s) —a;i(s)])].
) = g+ 3 25050Vl o) — (o)
ap(s)EB;

Since in our situation we have to deal with a single point, the center of mass
a;(s) coincides with a;(s); equation (5.1) follows. O

In view of possible splittings and recombinations it is of course difficult
to decide when ¢;(s) is locally constant. At this stage we are only able to
handle the case d; = +1. More precisely, we have

Lemma 5.3. Assume that for some i we have
|di(so)| = 1.
Then for every s € [sg — Asp, so + Aso],
li(s) =1
and therefore (5.1) holds.

Proof. We have, as a consequence of the quantization result (6),

m=0;(s0) = Z 0r(s) > mli(s),

aj (S)GBZ‘
so that the conclusion follows. O

We are now in position to present the proof of Proposition 4.

Proof of Proposition 4. Let so ¢ {7,...,7,}. We claim that for each
0 < & < Asg there exists sog < s1 < sg + 0 such that £(s) = £(s1) for

27



s in a suitably small right hand-side neighborhood of s;. Indeed, if not,
iterating Lemma 5.1 we would be able to construct a sequence sg < s1 <
Sg < v < Sy < v < S+ 0 verifying £(sp41) > l(sp) for all n € N; so
that £(sy) — 400, a contradiction with the bound (2). Proposition 4 i) then
follows from the claim and Lemma 5.2.

In order to prove ii), it suffices to show that if 7, < sp < 741 and if s* de-
notes the maximal time of existence of the ordinary differential equation (4)
starting at sg, then s* < 741. If not, then by closedness of 3, the set Zﬁ* is
included in the union of the £(sg) distinct points @;(7441) = lim, ~, , a;(s).
Moreover, since d;(s) # 0 for all i = 1,...,4(sp) and the points @;(7x+1) are
separated, we infer, by continuity of the degree, that £(s) > £(sg) in a right
hand-side neighborhood of 741, so that limsup ;, ., [[0f[| > 7(sp). On
the other hand, ||vf|| = 7l(sp) for sp < s < 741 and the function s — [|of|
is globally non increasing. The definition of 711 leads to a contradiction.

Finally, iii) is an easy consequence of ii) and the annihilation result
proved in [3] Theorem 3. O

6 Properties of the trajectories in the general case

In this section we prove Theorem 2 and Theorem 3. The main ingredient in
the argument is the cone property stated in Proposition 4.1 ii). This kind
of property has already been used in order to prove rectifiability by slicing
in various contexts (see e.g. [19],[10]). The cone property is of course only
effective if some bound on its width is available. In our case it depends
strongly on the configuration at time s, more precisely the number r(s)
defined in Lemma 2.5. Therefore, for § > 0, we introduce the “truncated”
sets X(9) defined, for 6 > 0 by

5(6) = Us>0X°(6),

where X%(§) = X8 if r(s) > 26, and X%(§) = 0 otherwise. Moreover, let
ke{l,..,q}, s € (T, Thy1) and set

A%(6) = B(6) N R? x [s,5 + o],
where o(5) = min{apé?, (s — 7)/2, (ka1 — s)/2}, and where ag > 0 has
been defined in Lemma 2.3. The main step in the proof of Theorem 2 is

Proposition 6.1. For every 6 > 0 and every 5 ¢ {71, ..., 74}, the set A%(9)
is contained in a finite union of graphs of Lipschitz maps f; : R — R2?,
i =1,...,0. Moreover, there exists a constant K = K(J) depending only on
d such that || fi||Lip < K(6) for anyi=1,...,L.
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Proof of Theorem 2. Observe that if ¢ > ¢ then X(0') C X(d), and that
Yo = Us>0X(0). Hence we may write

q

%= (zgk v U U A5(1/n)> :
seQnN

k=0 (Tk77k+1) neN

In view of Proposition 6.1 A®*(1/n) is rectifiable for every s > 0, n € N,
whereas X3* is a finite set. Therefore X, is a countable union of rectifiable
sets, hence it is rectifiable. ]

In the proof of Proposition 6.1 we will use the following properties of the
sets 3(9).

Lemma 6.1. For any § > 0, the set X(8) is closed in R? x RY, and so are
the sets A*(0) for any s > 0.

Proof. Fix § > 0 and let (s,)nen be a sequence such that s, — so and
¥5n(§) # O for any n € N. We claim that

55 (§) — B0 (6.1)

in the Hausdorff distance. This is a consequence of Lemma 2.5 and Lemma
3.1. Indeed, by (2.11) , (3.15) it follows that if 0 < r < r(sp), then for n
sufficiently large (depending on r)

sen © U Bai(so), 7)

and
B(a;i(sg),r)NX» A0 forany i = 1,...,4(s0),

so that '
230 (@ UiS{l)B(ai(Sn)a 27“)7

this proves the claim. In particular, r(sp) > liminfr(s,) > 2§ so that
Yp! = X%0(§) and the conclusion follows. O

Lemma 6.2. i) For s € (7, Tk+1), we have
A*(8) € U B(as(s0),6) x [s, 5 + o], (6.2)
where so = min{s' € [s,s + 0], X% (8)NA%(8) # 0}.

ii) The balls B(a;(so),d) are disjoint, and for each s’ € [s, s+0], B(ai(so), )N
»%'(8) contains at most one element.
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Proof. Let s € (T, Tk+1). In view of Lemma 6.1 the set A®(d) is compact
and hence its projection on the time axis

S={sels,s+0], ) NA"(5) £ 0}

is a compact subset of [s,s + o]. Therefore its infimum sy is achieved.
Since o < ad? < ar?(sg) and A*(§) C X, x [sg,s + o], this implies that
A*(5) C Ufff)B(ai(so),é) x [s0,5 + o], and since A*(§) NR? x [s,s0] = 0,
(6.2) follows.

Statement ii) is an immediate consequence of the definition of % (d), s’ €

[s,s+ o). O

Proof of Proposition 6.1. Fix s € (74, 7k+1), and let sg be as defined in
Lemma 6.2. For any ¢ = 1,...4(sp), by Lemma 6.1, the sets A = A®(§) N
B(ai(so),9) x [s, s+ o] are closed, as well as their projections S; on the time
axis. Moreover, by Lemma 6.2 ii), for any s’ € S;, the set A3 NY¥ () x {5}
consists exactly of one element (a;(s"),s’).

Let f; : S; — B(ai(s0),d) C R? the function uniquely determined by
fi(s) = a;(s). For s1 < s9 € S;, we have, by definition of S,

s9—81 <0< ad?< ar(sl)Q,
whereas, by the continuity properties of ¥y,
lai(s2) —ai(s1)] < 26 < r(s1).

We are now in position to apply Proposition 4.1, ii), obtaining that f; is
a Lipschitz function for any i = 1,...,4(so), and ||fi||z;p < C(Mo)(6~1 +

|¢]| ). MacShane extension Theorem allows to extend f; to a lipschitz
map f; : Rt — R2. O

Proof of Theorem 3. As for the proof of Theorem 2, the argument relies
heavily on Proposition 6.1 and the constructions related to the sets 3(J).
We first define the set Z of times s > 0 where the statement of Theorem 3
may fail. To that aim, we write

1
EU = UHEN*E(i)a
n
and take advantage of the fact that, by Proposition 6.1, ¥(1/n) is contained

locally in a finite union of lipschitz graphs. Let m be the projection from
R? x Rt onto the time axis R, and consider S,, = 7(3(1/n)).
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Firstly, notice that, by Rademacher Theorem, there exists a set Z9 of
measure zero such that if s € S,,\ Z°, then s is a point of differentiability for
all the lipschitz functions f; given in Proposition 6.1, whose graphs contain
locally ¥(1/n). On the other hand, there exists a set Z! of measure zero
such that every s € S, \ Z} is of density one for S,,, i.e.

. (s = As, s+ As)N Sy
lim =
As—0 2As
This is indeed a consequence of the fact that a.e. s in R" is a Lebesgue
point of 1g,. We finally set Z,, = Z0U Z!. and

Z = Upen+Zn U {Tl,..,Tk},

1.

so that in particular |Z| = 0.

Next consider sg ¢ Z, so € (7q, Tg+1)-
Step 1. There exists ngp € N*, 7 > 0 and a set E,, such that

[so — 7,80 + T] = Spy U Es,,

where s¢ is a point of zero density for the set Ej,.

Proof. Since sg ¢ Z, there exists ng € N* such that sg is of density 1 for Sy, .
Choose 7 < min{sg — 74, Tg4+1 — So}, and set Eg) = [so — 7,50 + 7] \ Spy. O

Next let i € {1,...,€(s0)}. In view of Lemma 6.2 and the proof of Propo-
sition 6.1, there exists a lipschitz function f; : [sg — 7, 80 + 7] — R? such
that

¥%(1/ng) N (B(ai(so),r(s0)) X [so — T, so + 7]) = graphf;. (6.3)
Since sg ¢ Z,, f; is differentiable at sg. We may thus construct a function
f : Rt — R? verifying the assumptions of Definition 1. Indeed, choose
f(s) = fi(s) if s € [so — 7,50 + 7], and arbitrarily in ¥} elsewhere. Hence
fl(s0) is an approximate speed for a;(sp). We show next that this is the
only possible approximate speed.
Step 2. Let f: [so— T, 50 + 7] — R? such that f(s) € ¥ and f(s) — a;(so)
as s — sg. Then f is approximately differentiable at sy and its approximate
derivative at so coincides with f/(sg).

Proof. We have to prove that

ap AlirBOQ(AS) = fi(s0); where Q(As) = flso+ A:i - f(SO),

or, by definition!!, that for any neighborhood W C R? of f!(sg), the set

"See [9] 2.9.12.
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R*\ Q1 (W) has density zero at so. Remark first that, since f(s) — a;(so)
as s — so, in view of (6.3) and Step 1, we deduce that f(s) = fi(s) for
s € Spy N [so — 7,50 + 7], so that in particular

fi(so + AS) - fi(SO)

Q(As) = Qi(As) = s

(6.4)

for any sop + As € [sog — 7,50 + 7] \ Es,- Equation (6.4) implies that RT \
QW) C (R+ \ Q;l(W)) U Eg U(RT\ [so— 7,80 + 7]), and this last set
has density zero at the point sg. The proof is complete. O

7 Quantization revisited

In Section 4, we proved that the energy is asymptotically quantized in the
llog | scale. In the present section we estimate the next term in the expan-
sion of the energy as ¢ — 0, at least locally in space. In contrast to the
results in Section 4, based essentially on elliptic estimates (the perturbed
equation studied in the Appendix), the results in this section use more the
very parabolic nature of the equation, and especially Theorem 6.

We begin with the following e-version of Theorem 6, which may also be
compared with Proposition A.9 in the Appendix.

Proposition 7.1. Let u. be a solution of (PGL). verifying (Hy), and kK1,
Y1 the constants provided in Theorem 6. Let 0 < k < k1 be given. Assume
that there exist €'/ < Ry < Ry, b € R?, and | points {by,...,b;} C R? such
that, for some sy > R3,

1
1. {|ue(., 80)| < 5} N B(b,k 'Ry) c U._,B(b;, Ry) C B(b, Ry),
2. dist(bs, bj) > kYR fori# j,

3. |0y (z, s|log e|)|? deds < T
B(b,s~1Ry)x[s0—v1RZ,s0+71 R3] 2

Then, there exists g > 0, depending only on My, k and Re/Ry such that if

e/Ry < e then
2

zl:df = (zl: di> : (7.1)

i=1
where d; = deg(u(., sp), 0B(b;, Ry)).
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Proof. By scaling '? and translation invariance, we may assume that Ry = 1
and b = 0. The proof goes then by contradiction : we fix 0 < R; < 1 and
assume that for a sequence ¢, — 0 there exist solutions wu., and points
{b? }1<i<1,, which satisfy conditions 1, 2 and 3 but violate equality (7.1). The
points b;* and their number /,, may depend on n, but passing to a subsequence
we may assume that [, = [ is constant and that the points b} converge: we
therefore argue as if they were equally constant. We apply Theorem 1 to the
sequence {ue, nen. This defines in particular the limiting vortices a;(so) and
their degrees d;(sg), whereas Lemma 1 defines the collision times 7. Passing
to the limit n — +o00 in condition 1, we obtain

U0 ai(s0} N Bla, k' Ry) € UL B(bi,R1) C B(b,Ry),  (7.2)

and similarly passing to the limit in condition 3 we infer from the quantiza-
tion of dissipation (see Corollary 3.1) that

dist(s0, {71, ..., 74}) > 11 R3.

We apply Theorem 6 first with a = b; and r = Ry and then with a =0
and r = Ry. This yields first

2
Y. dis0) = S dilso)| =2, (7.3)
ai(so)€B(bi,R1) ai(s0)€B(b;,R1)
and then
2 . 2
> d3 (so) = ( > di(SO)) = <Z di> : (7.4)
ai(SO)EB(b7R2) az‘(SQ)EB(b,Rz) =1

Since by (7.2)
> Y. &)= Y diso),
=1 ai(SO)EB(bi,Rl) ai(so)GB(b,Rz)

we obtain from (7.3) and (7.4) that equality (7.1) is satisfied, a contradiction
since we assumed it to be violated. O

12Under the change of scale - — Rax, t — R3t, the new function @z(x,t) = uc(Raz, R3t)
satisfies (PGL): where é = £/Ra. Notice in particular that ¢ < & < £'/? so that
E:(us(.,0)) = E:(us(.,0) < Mol|loge| < 2Mp|logé| and (Ho) remains valid after dou-
bhng Mo.
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Proof of Theorem 7 Without loss of generality, we may assume that
1 = B(1) and that B(2) \ B(1/4) N Xy = 0, the general case following by
scalings and suitable coverings.

It follows from Lemma 2.1 that e.(u.) is uniformly bounded on (B(1) \
B(1/2)) x {so|loge|} so that we are in position to apply Theorem A.2 of the
Appendix. Writing f. = %ug(- , sollog e]), this yields the estimate

oy cotuc)de = wmlogel] < M)+ 112 +10g(2+ [l llog <)),
X180

(7.5)
for some n € N. We first notice that if | f-||7. > C|loge|, there is noth-
ing to prove since we may choose the constant C'(Mp) in (10) sufficiently
large. On the other hand, if ||f:[|?. = o(|loge]), then it follows from our
first quantization results (Theorem 5 and Lemma 1) that necessarily n =
> ai(s0)eB(1) d?(so) = ng. Finally, we observe that if || fz||2. > log [log e[ then
(7.5) implies (10) so that it remains to study the case [|f:||3. < log[loge]
which we assume throughout the rest of the proof.

In order to improve estimate (7.5) to (10), we have to recast the machin-
ery of the proof of Theorem A.2 of the Appendix in the parabolic situation
considered here: in particular we will show that Proposition 7.1 allows to
improve the estimates of Proposition A.10. For that purpose, recall first
that by Proposition A.4

)rvw < O(Mo)(1+ [If=lZ2())-  (7-6)

1
doe — =
/B(l)x{so} ec(ue)da 2 Ja.(1/2

We show next that

1
5 [ VUL = nglloge]
2.(1/2)

The starting point is again the expansion (A.80) of [|VW,.|?, using once
more the clustering process of Lemma A.9. The improvement here comes
from the fact that whereas we had to stop the iterations in Proposition
A.10 at the scale Rpyax given by (A.92), we may now continue thanks to
Proposition 7.1.

More precisely, from the scale € to the scale Ry.x we proceed with the
clustering process of Lemma A.9, with the constant kK = k¢ given by (A.84).
This leads to an error term of order |logkg| (see inequality (A.93)). In
contrast, from scale Rpax to scale O(1), we use Lemma A.9 with k = K.
We notice firstly that Rpax > €'/2, since 1f=l13. < log|loge|. Secondly,

< C(Mo)A+ [ fellFoy)- (77
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conditions 1 and 2 in Proposition 7.1 are automatically satisfied for the
clusters obtained. Finally, s is not a collision time, so that setting 6 to be
half the distance between sy and the set of collision times we have

/ 2 < o(1)
B(2) X [80—§,So+5]

and condition 3 of Proposition 7.1 is satisfied for € small enough. We may
therefore apply this proposition to conclude that

> did; =0,
i#jETn
so that from scale Ryax to scale O(1) we obtain an error term of order O(1).

Combining the two steps, we are led to

1

5 [ I9R —nallogel] < C(Mo)(1 + | Tog o),
Q:(1/2)

and we obtain (7.7) from the definition of k. O

Appendix A : Core analysis for perturbed elliptic
Ginzburg-Landau equations

In this Appendix'3, we consider solutions v, of the perturbed elliptic Ginzburg-
Landau equation

1
—Av, = 6—21}5(1 — |ve|?) + f- on . (A.1)

We assume throughout that the following additional condition is satisfied,
for some constants M :

E.(v.) = E.(v.,Q) = / ee(v.) < Molloge|. (A.2)
Q
Our first result is

Theorem A.1. Assume v. satisfies (A.1), (A.2), |ve] < My on Q = By and
fe the bound

fellr2my) <77, (A.3)
for some constant 0 < B < 1. Then, for every 0 < R < 1,
1 — |v|?)?
[l + B < o5 m), (24)
R

13 A related analysis of (A.1) is carried out in [17].
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Whereas our first result shows in particular that, under mild assumption
on f., the potential remains bounded, our second result asserts a quantiza-
tion for the energy and the potential when (A.3) is replaced by a stronger
assumption.

Theorem A.2. i) Assume that ve verifies (A.2) on Q = By and

M,
lve] <1+ Moe, |V < ?0 on Q, (A.5)
ec(ve) < My on B\ B%. (A.6)

Then there exists an integer n € N such that

| Be(ve) — mnflogel| < C(Mo)(1 + || f]172(q) +108(2 + [ fell12(0)y/ llog )

(A.7)
A—Juel?)?  m | _ C(M) 2
CZel)m T < X0 e A.
/Q 42 2" = loge| (1+e ||f€”L2(Q)) (A.8)
where the constants C'(My) and o depend only on M.
i1) Moreover, if n = 1, then we have
|Ex(ve) — mlloge| | < C(Mo)(1 + || fll72(0)- (A.9)

This result is a variant of the main result in [7], where the ball B; is
replaced by a bounded simply connected domain €, f. = 0, and moreover
some smooth boundary value g of modulus 1 was imposed on 0f). In this
case they obtained the remarkable identity

n = d* = deg (g, 0Q)>. (A.10)

This result however does not remain valid if the equation is perturbed, (i.e.

fe # 0) even by a term f. of order O |11 ‘) in L?. Indeed, take the
oge

parabolic equation with initial data having two vortices of degree +1 and

—1 at distance of order 1, they will not collide before a time s of order 1, so
. . . < c__

that one may find some intermediate time such that ||Oyul|r2 < o]

A.1 Proof of Theorem A.1

We start with the now classical observation (see e.g. [5], Proposition 1 and
Lemma B.2).
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Proposition A.1. Assume v, satisfies (A.2) and (A.3) on Q = By. Then,
for every 0 < R < 1 and 0 < o9 < 1/2, there exist constants £y > 0 and

A > 0 depending only on My, 3,00 and R and at most £y points af, ..., a3,
(¢ < {y) such that

11— |ve|] < o0 on Br \ Ui_, B(d, \e).

Moreover, for every z € Br and every 0 < f < o < 1,

(1— [ue]?)?
LT < oMy, o, R). Al
/BW) S5 < C(Mo,00R) (A.11)

Notice that (A.11) holds for every z € Bpg, in particular on the vorticity
set. The next result yields an improved estimate when z is far from the
vorticity set, the proof is adapted from [4].

Proposition A.2. Assume v verifies (A.1) on Q = B;. There exists a
positive constant oo < 1/2 such that if

11— |vel| < oo on By, (A.12)

then, for any 0 < R < 1,

\VALTAIE w < O(R E% E 2
5 |V ]vel|” + ) < C(R)eEZ (ve)(Ee(ve) + HféHLQ(Bl))‘
R

Proof of Proposition A.2. By assumption (A.12), we may write v. =
pe exp(ip:) on By, and changing ¢, possibly by a constant, we may impose

the additional condition )

’Bl, B
Vector multiplication of (A.1) by v, leads to the elliptic equation

@ = 0. (A.13)

—div(p2Ve) = fo X ve in Bj. (A.14)

We will handle (A.14) as a linear equation for the function ¢., p. being
considered as a coefficient. In the sequel, we write ¢ = . and p = p. when
this is not misleading. In order to avoid boundary conditions, we consider
the truncated function ¢ defined by ¢ = ¢ x, where x € C2°(Bj) is a smooth
cut-off function such that y =1 on Bitr. The function ¢ then verifies the
equation ’

—div(p*V@) = div(p*eVx) + p°Vx - Vo + (f- X vo)x  in Bl (A.15)
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Since by assumption p is close to 1, it is natural to treat the Lh.s. of (A.15)
as a perturbation of the Laplace operator, and to rewrite (A.15) as follows

—Ap =div((p® — 1)VP) + div(p®eVX) + p*°Vx - Vo + f- x v.x  in By.

We introduce the function ¢y defined on Bj as the solution of

(A.16)

—Apy = div(p?eVx) + p*Vx - Vo + fo X vex in By,
v =0 on 0B;.

We set 1 = @ — ¢y, i.e.
= @0+ ¢1.

We will show that ¢ is essentially a perturbation term. At this stage, we
divide the estimates into several steps. We start with linear estimates for

$0-
Step 1 : Estimates for ¢g. We claim that

HVSOOH%Q(BQ < Gy [HQE(UE)HLl(Bl) + erSHZL?(Bl)} V2 < q<+oo.
(A.17)

Proof. The estimate follows from the linear theory for the Laplace operator
and (A.13) O

Step 2 : The equation for ;. The function ¢ verifies the elliptic
problem

~Ap; = div((p? = 1)Vp) in By,
{ p1 =0 on 0Bj. (A.18)

It is convenient to rewrite equation (A.18) as
— Ay = div((p? — 1)V1) + div (go), (A.19)

where we have set go = (p? — 1)Vp. Since |p:| < C on By, we obtain, for
any g > 2 the estimate for gg

lgo0llza(By) < CqllVepol|La(my)- (A.20)

We now estimate ¢; from (A.19) through a fixed point argument.

Step 3 : The fixed point argument. Equation (A.19) may be rewritten
as
p1 =T (div((p® — 1)Ve1)) + T (div go),
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which is of the form
(Id = A)p1 =b

where 7 = A™!, A is the linear operator v — 7 (div((p? — 1)Vv)) and
b = 7 (div go). Consider the Banach space X, = Wol’q(Bl). It follows from
the linear theory for 7 that A : X; — X is linear continuous and that

1Al £(x,) < C@IL = pllpe(By)-

In particular, we may choose the constant oy > 0 such that
1

Calll = plles) < Cyo0 < 5.

With this choice of 0g, we deduce that I — A is invertible on X, and
lerllx, < Cqllbllx,- (A.21)
Finally, by (A.20) we obtain
1bllx, = 17°(div go)llx, < CyllgollLas,) < CallVepollLapy)-

Going back to (A.21) we deduce

IVerllLaa) < CollVeollLasy)- (A.22)
We now combine the estimates for ¢g and ;.
Step 4 : Improved integrability of V. Combining (A.17) and (A.22),
we obtain

1
IV@llLapy) < Colllec(ve)lZy g,y + I fellz(ay)), Vg=>2. (A.23)

Step 5 : Estimates for the modulus and potential terms.
Recall that the function p satisfies the equation

1— 2
—Ap+p|Ve|* = p( 62;) )4 feve. (A.24)

Let £ € C°(Bgr/), R’ = (1+ R)/2, be such that £ =1 on Bpg, so that ¢ = ¢
on suppé. Multiplying (A.24) by (1—p?)¢ and integrating by parts we obtain
?)

9\
J2olVolero" e = [Vo V- +ol1-PIVEPE— L=,

supp§
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and since |1 — p| < 3 on B; we obtain

1
2

ot vt < €= ([ Vi) ([ 191l 4+ vl + 11 )
Br B B

The conclusion follows using (A.23).
Proof of Theorem A.1 completed.

Stepl: Global estimates for the potential. Let oy < 1/2 be given by
Proposition A.2 and consider the points ai,..,a; provided by Proposition
A.1 for this choice of og. Consider a point xg € B such that

dist(xo, {af,...,az}) > 10e%,

where o = (1 + (3)/2. Consider the rescaled function o.(z) = v.(e%x + x0)
which verifies

Ab= (-l )+ o By,
where fz(z) = 2 f.(e%x + x0), and & = ¢!, In particular,
1F=1Z2 () = €=l (o .co))-
Applying Proposition A.2 we are led to
/BR |V]5e|* + Va(@:) < C(R)é”eé(f)a)”%1(3(1))(Heé({’a)HLl(B(l)) + 1 f2ll72),
so that going back to v. we obtain,

loo ey
/( IV [vel|? + Ve(v:) < C(R)E 2 (Jlec(va)ll L (Bag,eny) + €I Fel 122 (Bag con)-

B(zo,Re®)
By a standard covering argument we obtain
2 (1-a) 2a 2
/BR\%B(L\I?V’II&%I)! + Vo (v2) < C(R)EM Y (Jlec(vo)ll i sy + N Fol 723 1)))-
(A.25)
N

Adding (A.25) and (A.11) for a suitable e*-covering of U¢_; B(a;, 10e®), we
are led to

Ve(ve) < C(Mo, 5, R).

Br
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Step 2: Global estimates for V|vc|. The starting point is the elliptic
equation for the function § =1 — p2 = 1 — |v:|?, namely

2
A0+ 2%9 =2V 2 +2f-v. on B. (A.26)

We proceed as in Step 5 of the proof of Proposition A.2 and multiply (A.26)
by 8&. By the same computation we obtain

[P [ B1vel + I£0) + 62 (A27)
Br BR’
In view of Step 1, we deduce from (A.27) that
2 2
[, 1910l < Ce (e + 190l )+ el

The conclusion follows from the next lemma. O

Lemma A.1. Under the assumptions in Theorem A.1 we have

Js

where C' > 0 is a constant and R" = (1+ R')/2.

1
‘VU€‘4 <C (1 + Hng%Q(BR//) + ? /; ‘/a('Ua)> ) (A28)
R//

R/

Proof. On the ball Br» we decompose the function v, as v, = v; +w,, where
w, is a harmonic function and verifies w. = v. on the boundary 0Bg». In
view of the bound on |ve|, w; is uniformly bounded on dBgw, so that, since
it is also harmonic,

|Vw:| <C on Bp. (A.29)

Turning to vg, we notice that by construction UEI =0 on dBpgw, and that
1 2 1/2
At = |ZVe(0) 2 + £
Hence by standard elliptic theory

HU;H%p(BR,,) < C(||fs||%2(BR,,) +e? . Ve(ve)). (A.30)
R//
Moreover, since v. and w,. are uniformly bounded on Bpgr, the same holds
for v}, i.e.

\|Uel||Loo(BR,,) <C. (A.31)
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We next invoke a classical Gagliardo-Nirenberg type inequality which asserts
that

IV02 |78, < Cllv2ll 28 102 Lo (8- (A.32)
Combining (A.30), (A.31) and (A.32), we obtain

1
va;H%‘l(BR//) S C (HfEH%Q(BR//) + ? /B ‘/5(“5)> . (A33)

R//

Invoking finally (A.29) together with the decomposition v. = v! + w. we
complete the proof. ]

As a straightforward consequence of the clearing-out property (Lemma
B.4 in [3]) and proposition A.2, we may also consider the case 2 = R? and
deduce, by a covering argument

Proposition A.3. Assume v satisfies (A.1) and (A.2) on Q = R? and f.

satisfies the bound
[ fellL2@ey < eP

for some 0 < B < 1. Then
1 — |v|?)2
[t + C= D < o, )
R2 €
The rest of this Appendix is devoted to the proof of Theorem A.2

A.2 Confinement of the vorticity set

Our first purpose is to cover the vorticity set by balls of radius r, proportional
to e, whose mutual distance is larger than x~'r, with x arbitrarily small.
We have

Lemma A.2. Let X be a metric space, and consider ¢ distinct points

ai,..,ap in X. Let 6o > 0 and 0 < Kk < % be given. Then there exists

6 > 0 such that

o <6 < ()"0 (A.34)
and a subset {a;};cs of {ai}i<i<e such that
U1 B(ai, d0) C UjesB(as, d) (A.35)
and
dist(a;,aj) > k16 Vj#kin J. (A.36)
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Proof. The proof is by iteration, in at most ¢ steps. First, consider the
collection {a;}1<i<¢. If (A.35), (A.36) is verified with § = Jy there is nothing
else to do. Otherwise, take two points, say ai,as such that dist(ai,as) <
k180, consider the collection as, as, ...,a;, and set § = 2k~ 16y. If (A.35) is
verified, we stop. Otherwise we go on in the same way. If the process does
not stop in ¢ — 1 steps, at the /" step we are left with one single ball of
radius § = (£)7%do, and (A.35) is void. O

Combining Lemma A.2 and Proposition A.1 we are led to

Lemma A.3. Assume v satisfies (A.1), (A.2) and (A.3). Then, for 0 <
Kk < % there exists A\, > 0 such that

A< A< (57
: e . e .
and points {a5}je. . C {a;}i1<i<e such that
1= Jve(2)l[ <00 on Bi\Ujes. . B(aj, Ane)

and
a5 — ag| > K\ forj #kin Je . (A.37)

Here, oy is given by Proposition A.2, and the constants £, A and the points
ag, ...,a; € B1 are obtained by Proposition A.1 with R =1/2.
2

A.3 The harmonic potential ¥,

In this section we choose k = %, and, fori € J; 1/, weset di =deg (125, 0B (a5, \1¢)).
’ 2

[ve|?

Let
U (z)=— Z d; log |z — af|, (A.38)
i€Je1
so that
—AU, =21 Y diée, onR? (A.39)
i€Je1/2

and therefore
0 Vg ov. OV, 0 Ve ov. OV,

7 (5 o) o (3 o)
on %(1/2) = B1\Ujey, , , B(a5, )\%5). Since by (A.38) the circulation around
each circle 0B (a5, A 1 €) is zero, it follows from (A.40) that there exists some
real-valued function ®., defined on Q.(1/2) such that

(A.40)

X V. = VYU, + V.. (A.41)
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Since

div (ve X Vue) = feo X ve on By, (A.42)
we are led to the elliptic equation for ®,
div (ju-2V®.) = fo x v +div (1 [0)VIE.)  on Q.(1/2).  (A43)

Since ®. is defined up to an additive constant, we may moreover impose

/ ®. = 0. (A.44)
2.(1/2)

We will show that e (v.) is close in some suitable sense to |V¥.|?, more
precisely, we have

Proposition A.4. Assume v, satisfies (A.1), (A.2), (A.5) and (A.6). Then
there exists a constant C(My), depending only on My, such that

1
E.(ve,By) — = VW, |?

< 2 )
2 Jo.ye) < C(Mo)(1 + [ fell720))

In order to establish Proposition A.4, we need to show that the contri-
bution to the energy of V®., V|v.| and the potential remain controlled. For

that purpose, we consider the external domains
3

O (k) = B1 \ Uje. . B(aj, A\gx™e),

for 0 < pu < 1. Clearly, Q¥(x) C Q¥ (r) if u > p/. Moreover, it is possible
to perform the above construction so that the function x — A, is non-
increasing. We have

Proposition A.5. The function V&, decomposes as
Vo =gl +g2  onQY%(x),

where
Hg;HLAL(Q;/Q(H)) < C(MO)(l —+ ”fEHLQ(Q))

and
_ 1
16212 72y < COMDY(lom A|™" + £3)(1+ | ell 2

In the same spirit,

Proposition A.6. We have

1 _p2 2 3
Ly, 190+ W20 < o) tognl =2 + €)1+ el
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A.4 Estimates far from the vorticity set

In this section we present the proofs of Propositions A.4, A.5 and A.6. We
begin with

Lemma A.4. There ezists a constant C'(My) such that
[ Ve < Co) L+ Lol (A.45)
Q:(1/2)

Proof. We multiply first equation (A.43) by ®. and integrate by parts on
Q.(1/2). This yields

/ P2V, 2 = —/ fe X 0B, +/ (1—p?)VET. VO,
Q:(1/2) Q:(1/2) Q:(1/2)

0P
_ _ oavoly  ed 2 0%
Z [/GBi(l PV - i, / p on (I)€:| )

ZEJE’I/QU{O} 9

(A.46)
where B® = B(a$,\i¢) for i € J, 1/2 and B? = B;. On the other hand,
2 b

integrating equation (A.42) on B! gives, using (A.41)

0P .
/ VPQ o S (1= p)VH, i = - fe xve
0B n Bi
so that
[ PIVRS = Ay Ao+ g+ Ay
where

Ay :/ fs X v D
Qe(1/2)

Ay = / (1-p?) VIO Vo,
Q:(1/2)
5 0D,

TR S A ([ SR S

ieJ£71/2U{O}

A= Y [ e

. Bt
ZEJEJ/QU{O}

and where ®; = @ /. 0B, ®.. We estimate each of the terms separately.
Firstly, we have
|A1| < || fellL2B)l @l 2. 1/2))»
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so that

1
Ay| < 10| f-|I7 7/ o[, A4
A <100 LIy + 55 [, 199 (A47)
For A,, we write, since |V, < € on Q.(1/2),
1—p?

|A2| <[V @||r2(q.1/2))] z2(0.(1/2)) < C(Mo)|[VPellr2(0.(1/2))s

(A.48)

3

where we used Proposition A.1 for the last inequality.

For Az, since |V+W.| + |[V¥.| < C/e on 0B; for i = 1,...,n, we have
|®.—®;| < C on the same set. On the other hand, on 9B all these quantities
are bounded. Therefore

|As| < C(My). (A.49)

For A4, we write

[Ag] <C D fellzpiel®il + CMo)| fll 2 (5y) (A.50)

iEJ571/2
and since |V®,| < %, it follows that |®;| < % on OB, and therefore
[As| < C(Mo)l| f=llz2(0)- (A.51)
Combining (A.47), (A.48), (A.49) and (A.51), we derive the conclusion. [

Our next purpose is to provide higher integrability of the gradient of the
phase, in order to prove Proposition A.5. To that aim, we consider three
elliptic problems on By, firstly

~Apt=0  on B
¢l =®. onoBy,

secondly,

~A@?=f. xv. on B
@2 =0 on 0By,

and finally
~div(P?V@E) = div (1 - 2)[VI0. + VEl + VeZ])  on By
952 =0 on 0Bj.

Here the function p is defined as

p=p onQYx)
p=1 on Uy, B(a;, Aok 4e).
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We set

b. =g +@2+ @ on By
so that

div(p?V®,) = f. x ve +div((1 — P2 )V1¥,)  on B; (A.52)
and hence

{ div(7°V(®: — @:)) =0 on /() (A.53)

b, —P. =0 on 0B;.

We estimate each of the terms ¢! separately on Bi, and then the difference
= 1/2
O, — &, on Q77 (k).

Lemma A.5.
[, (V& + V@) < COm) + 1 £l ).
Proof. For p! by standard estimates for the Laplacian we have
IV &2 L4y < Cll®ellyis/anpyy < ClIVOlr2om,) < C(Mo).  (A.54)
Similarly for %2 we have

VB2 za) < ClIG2 a2y < Cllfllr2(B)-

Lemma A.6. We have
V@I 22(my) < C(Mo) (Y5 +2) (1 + || fell z2(0))-

Proof. It suffices to estimate the quantity (1—5?)(V+¥, + V@l +V@2,) in
L2(By). Since 1 — 32 = 0 on Use ., B(a§, 2\.x~/4€) we have

(1= 5*) (VT + V&L + V@) | r2a)

<O~ Pl IV Zell g ay, + IVE () + V@ o)

<O(Mo)e"? [IV el o 173y + C(Mo)] -
(A.55)
On the other hand,
1 1
/Q " )\wsy‘* <o Srar<COPRT RN (A)
The conclusion follows. O
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Summarizing Lemma A.5 and A.6 we obtain

Vo, =gl +3  onBy, (A.57)
where
G| za(r) < C(Mo) (1 + || fellr2 (o) (A.58)
and
1321 r2(py) < C(Mo) (K + %) (1 + || fell L2(e))- (A.59)
Lemma A.7. We have
C(My)

oy V(@ = @2 < o (4 Ul

|log x|

Proof. At this stage, we already know, in view of Lemma A.4, (A.57), (A.58)
and (A.59), that

and that ®, — ®, is solution of the (outer) boundary value problem (A.53).
In order to add an inner boundary condition, we first claim that for every
/\,{lfl/Zs >r> )\,{/1*1/46, we have

/ pQM =0 for any ¢ € J. . (A.61)
0B (a ) on

Indeed, (A.52) yields

)
/ /02% = / Je X ve + (1- 102)87\1/57
oB(as,r) On JB(agr) OB(at 1)

whereas (A.43) yields the same estimate for ®.. Next, by an averaging ar-
gument (in logarithmic scale) we may choose some r, in (Aok~ /4 Aor1/2)
such that

: C(Mo) 2
: ¢ — @) < 1+ |/ . A.62
1o ey (V@ = P S 0 Il g) (A2

Coing back to (A.53) we deduce, multiplying (A.53) by (®. — ®.) and inte-
grating by parts,

= (P — D) -
pz‘v(‘bs—q)s)’Z: Z /GB(E )p2(88)<¢6_¢)6)-

/B1\U¢GJE,KB(afvT~) 1€Je 1 on
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In view of (A.61) and Poincaré inequality we deduce (here m; denotes the
mean-value of ®. ,, — ®. ., on 0B(aj,ry))

AP, — ®,) -
/ Pzg(@a - 9)
0B(a$,rs)

on
§||V(<i)€ - ‘I)e)’|L2(aB(a§,m))||<i>s - o, — mi||L2(aB(a§,rH)) (A.63)
§7“n||v((i)s - ‘I)e)H%?(aB(ag,m))-
The conclusion follows from (A.62). O

Proof of Proposition A.5. It follows combining Lemma A.7, (A.57),
(A.58) and (A.59). O

We now turn to the modulus p = |v.|. It satisfies the equation

Lol =)+ 1.

(%
—Ap+ p_3|U€ X vUz—:|2 =3 .
9 (%

[ve]”
so that in view of (A.41) we have

Ve

1
—Ap+p(VIU, + VP, )2 = ol - p2) + f-- on Q2(k). (A.64)

|ve
Proof of Proposition A.6. For r € ()\,{5_1/25, )\,{5_3/45) we have, mul-
tiplying (A.64) by (1 — p), integrating by parts, and using the fact that
| > 1/2 on Q2% (k),

o (1-— P2)2 2 2 2
/ v+ L <o (1— ) (VD + V. %)
Bi\Uie e, B(ag,r) € Bi\Uie e, B(ag,r)
+ C ’f&| : |1 - P’
Bl\UiEJanB(afvr)

dp
B — g
n 1 —pl

+Z/

i€ Je,, Y OBlaim)

(A.65)
By an averaging argument in logarithmic scale, we choose some radius r =
re € (Anﬁ_1/25, ek 3/4¢) so that

op 1
r R g M\
0B(az 1) |log k| /B,

on
1 1/2 1/2
<o (fwer) ([ -er) Ao
|log x| \/B, By
C(M0)€

= [logkl
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where we used Theorem A.1 for the last inequality. Since r > A\.x~1/2¢, it

follows that
/83((11? ,T)

For the first term in (A.65), we write, decomposing V®. = g! + ¢2 as in
Proposition A.5,

Lo a-Ave.,p
Bl\uiEJs,nB(a?/r')

<C (1= p)(If: 12+ [ f2)
Bi\Uies. o Blair) : (A.68)

< Ol = Plliacany (IR gz 12y
< C(My) ([ 1og | + €)1+ el

ap
on

C(Mo)
k12| log k|

-l

(A.67)

Finally, arguing as in (A.56),

| = IV < L= Pl [V, ey, < COMN K2,

1/2
1\Ui€J5,/-z e (H))

and the conclusion follows. O

A.5 Estimates near the vorticity set

The purpose of this section is to show that the integral of the potential is
(almost) quantized near the vortices.

Proposition A.7. Let a € B, r > )\)5¢, and 0 < k < 1/2 be given such
that
B(a, s 'r/2)\ B(a,r) C Q.(1/2). (A.69)

Then, we have

Jo Yol = 5etan)

a,k—3/4r)
< C(Mo)((Jlog |71 + €2 (1 + 2| fo)|22) + 7347 £ p2llog e]/?),
where

d(a,r) = deg(—=,8B(a,r)) = 3 .

U,
[ve] i€J. 1 /2, aE€EB(a,r)
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The proof relies on Pohozaev’s identity, which we recall next, and the
decay estimates obtained in the previous section.

Lemma A.8. We have, for any r > 0 and a € By such that B(a,r) C By,

T v, |? T v, |
2 / Ve(ve) + = dr = = d
B(a,r)a( 6> 2 OB(a,r) or T 0B(a,r) or ’
+/ a: Ve fe —H“/ 2V (ve).
OB(a,r)

(A.70)

The proof is standard and follows by multiplication of the equation by
z - Vve and then integrating by parts.

Proof of Proposition A.7. We apply Lemma A.8 with some r = rg €
(k=3/*r,2k73/*r) to be determined later. We handle next each of the terms

on the r.h.s. separately: firstly,
/B( 93) Ve fe| < 7l|[Vvellpzsp |l fellz2s,) < ’i_3/4|10g5|1/2T||fa||L2(Bl)-
a,ro
(A.71)

For the boundary terms, denoting by 9 = 9. the directional derivative in an
arbitrary direction e, |e| = 1 we first expand

2
+0p|? = [0:]|0" U400 +]0p|* = |01 U+ R..,
(A.72)

\81}6\2:

Ve
ve|?

where the remainder term R, is given by

Re = (1 — |ue[)|01 0 2 + v 2[00, + 2|v 20T, - 0D, + |9p|?,

so that |R.| < C-

<|Vp|2 Lol oo Jg2 4 g2+ 9916+ b2

(A.73)
Invoking (A.56) (or similar computations), Proposition A.5 and A.6, we
obtain, by various Holder inequalities, for every e, |e| =1,

Re| < C(My)(|log k| + £Y2)(1 + 17 N
/B(a 2k—3/4y )\’B(a‘n*3/ T() 0)(‘ Og’%’ +e )( +r HfEHLQ) ( )
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In view of (A.74), we are now in position to choose a value of radius ry €
(k=3/*r, 2k3/*r) such that for every e, |e| = 1,

1— 2\2
n [ 1R+ B < o) iogst + 2004210 0). (AT

B(a,ro)

In order to complete the estimates of the boundary terms in (A.70), it
remains, in view of (A.72), to estimate |0.V.| on 9B(a,rp). Recall that
VU, is explicitly given by formula (A.38). Moreover, in view of (A.69), for
r € 0B(a,r0) and i € J, 19,

K <o — af| < 26734 for ai € B(a,r)

whereas

1
|z —af| > 5/517" for a; ¢ B(a,r).

Therefore, explicit computations show that on dB(a,rg),

ov ov d C —as C
‘ E‘+| 67 €(a7r)’§7 Sup |a az|+i
or or ro 0 ateBlas) 1O r
CK3/4 051/4 C:‘il/4
< + < .
7o 7o To

Hence, on 0B(a,r) we are led to

/4

—.
)

oV,
or

2 oV,
+1 (A.76)

or

d?(a,r
P- =50 < con)

Combining (A.70), (A.71) with e = 7 and e = e,, (A.72), (A.73), (A.74),
(A.75) and (A.76), we deduce

/B Ve(ve) — §d€(a,7°)2

(a,ro)

< C(Mo)((|log 6] ™1 + V2 (A + 2| fo)122) + 5~ r[log e| /2| £l 2).
On the other hand

(1 — Joe[*)?

/B( 2—3/4r)\ B(a,—3/4r) 4> < C(Mo)(|log s~ +£'%)(1 + 72 fe1Z2),

so that the conclusion follows.
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A.6 First global estimates
As a consequence of the results of the two previous sections we have

Proposition A.8. There exists n € N and a > 0 such that

/ (1- |U€|2)2 m
— - —n
B 4e2 2

Proof. Let 0 < k < % to be determined later, af € J; , and set r = A\.e. By
(A.37) and the fact that )\, is non-increasing with «, we have

B(a,x1r/2) \ Blai,e,r) C Q(1/2).

< O(Mo)[loge| ™" (1 + e[| f:1Z2).

Therefore, we may apply Proposition A.7, which yields, for d; . = d(ai, Axe),

s
Ve(ve) — —d?
‘/B(ai7>\nf$3/4€) a(Ua) 9 ik

< C(MO)((‘ 10gn|—1 —}-81/2) 1 +7"2Hf5”%2) + Ii_3/4)\56|10g5‘)
< CM)([log Al + £V2)(L 4 12| fo|2a) 4 /200,

(A.77)
(
(
Here we have used the inequality A\, < Ck~%/2, so that co(Mp) > 0. Next

choose k = €7, with 7 = —L—, so that £1/25x~0(Mo) < /4 Therefore,
4co(Mp)

setting m = ) ,c; dfﬂ we are led to

< O(Mo)[loge| ™" (1 + || f:1Z2).

s
Ve(ve) — —d?
Z /B(ai,ANHS'/“a) a(Ue) 9 ik

i€Je n

(A.78)
The conclusion then follows using the external estimate given in Proposition
A.6. O

Proof of Proposition A.4.
Expanding |Vov.|? as in (A.72) and (A.73), we may write on Q.(1/2)

1
lee(ve) — i‘vq’eﬁ

< O (Va(oe) + Vo2 + 2V + g2 + 922 + [0 (g2 + 192])) -
(A.79)

We then argue as in (A.74) to conclude that

1 2 2
_ < .
Lo 650 = IV P < CORY+ 1l 0)
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On the other hand, since e.(v.) < C(Mp)e~2 and | By \ Q:(1/2)| < C(My)e?,
the conclusion follows. O

The rest of this Appendix is devoted to the computation of [, [VW_[*.
In view of its definition, it follows from (A.38) that

r—a
VU= > A
1€Jc 1/2 z Qe
and therefore, for every 0 < k < 1/2, there exists some constant C(My, k)
such that

/ V2 =2r( S @ )lloge| —2r Y dind;nlog|a; — aj] + Rep,
Qe i€Jen iAETe
(A.80)
where |R. .| < C(My, k). Here d;, = deg(ﬂz',aB(af,)\HE)), for i € J; k.
The constant x will be fixed thanks to Proposition A.9. We will then show
that the contribution of 27 Zi#e‘]m d; xdj . log |a; —a;| + Re  is small com-

pared to |loge|.

A.7 Confinement and algebraic equilibrium relation

The central idea in this section is borrowed from [7] (see also related result
n [14]). Our first result deals with a “two-scale” confinement.

Proposition A.9. Let a € By, Ry > Ry > Ay)2¢, and consider £ points
ai,...,ag, and 0 < k < 1/2 such that

a; € B(a, Ry) fori=1,..,¢ (A.81)
la; —aj| > v 'Ry fori#j (A.82)
|1 —|ve|| < o9 on B(a,k ' Ry) \ U'_; B(a;, Ry). (A.83)

There exist constants v9 > 0 and €1 > 0 depending only on My such that if
0<e<eq,
1+ R3|fo17e

0 < k < Ko = exp( ) (A.84)
70

and

k%4 Ry|log ] /2| fel | 2 < 0, (A.85)
then

¢ ¢
O di)* =Y di, (A.86)
i=1 i=1
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where

d; —deg(m ,0B(a;, Ry)).

Proof. We apply Proposition A.7 on the two different scales, first with r =
Ry and a = a;, for some ¢ =1, ..., ¢, then with r = Ry and a. This yields

<

s
Ve(ve) — —d?
/B(ai7n3/4R1) E(Ua) 9

C(Mo)((|log v " + ') (1 + Ri||fe]172) + 5~ *Ruflog e[/ £l )

and

¢
T
Ve(ve) = = (O di)?
/B(a,m?’/‘*Rz) o{e) 2(i:1 N\

C(Mo)((|log k| ™F + Y2) (1 + R3||f-|122) + k™34 Roflog e|?]| f2 | 12),
since
v ¢
deg(ﬁ,aB a,k 1Ry)) Zdeg (a,k 1Ry)) = Zdi'
€ i—1

On the other hand, by Proposition A.6 and scaling,

V.
/B(a,ﬁ_3/4R2)\Ue (v6>

< O(Mo)(|log k[ + ) (1 + R3|| fe[172)-
i_1B(aik 3/4R1)

Therefore, combining the three inequalities we obtain

S - (S d <

= =1

¢
1

C(Mo)(([log k|~ + ") (1 + B3| fel[72) + ™%/ * Raflog e]'/2| | 2)-

Since the left-hand side is an integer, it vanishes if in particular

_ _ 1
C(Mo)((|log k|7 + V2 (1 + B3| f-|122) + £~/ * Rollog e| /|| fo|| 12) < 2
The conclusion follows. O

Our next result is of purely combinatorial nature
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Lemma A.9. Let X be a normed space, let 0 < k < 1/2 and 0 < r < Rpaq
be given. Consider £ distinct points aq, ...,ap in X such that

la; — aj| > k.
Then one of the following two situations holds
Z) infi;,gj ’CLZ' - ij| > Rmaax

ii) There exists a partition {1,...,0} = UE_Jp with k < ¢, and for each
ie{l,....k} someb; € Ujcs{a;} andr < R < (%)_K/QRWH such that

Ut B(as, ) € UE_ B(b;, R) (A.87)

b; — bj| > k'R, foranyi # j € {1,...,k}, (A.88)
and, for every di, ...,d; € RY,

¢ k
Z didj log |al- — aj| — Z DZ'Dj log |bl — bj|
i#j=1 i#j=1

( > didj) log R

i£j€Jn

\ (A.89)
< C(O(sup|dif*)|Tog | + -

n=1
where D =3, ;. dn, and where the constant C' depends only on £.
Proof. If i) holds there is nothing left to prove. Otherwise set
6o = inf |a; — a;].
0 7;;léj| J|
Applying Lemma A.2 we obtain a subset {b1,...,bx} of {a1,...,as} and 6y <
§ < (k/2)7%6¢ such that
UL, B(aj, 6o) C UE_ | B(b;,0). (A.90)

and
b; —bj| > K716 Vi (A.91)

We choose R = §. It follows from the definition of §y and (A.91) that
k < ¢, whereas (A.87) and (A.88) follow directly from (A.90) and (A.91)
respectively. We set, for i =1, ..., k,

Jy={i: a; € B(by,R)}
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and turn finally to (A.89). For i # j in {1, ..., ¢} we distinguish two cases:
- 1, belong to the same J,,, for some n € {1,...,k}: then

|log|a; — aj| —log R| < ¢(¢)|log k|
which follows from the fact that dy < |a; — aj| < 2R < 2(k/2)*do.
-t € Jy,and j € Jy,, n# m. Then
|log |a; — aj| — log |b, — by, || < Ck.
The proof of (A.89) follows by summation. O

We are now in position to state, going back to (A.80),

Proposition A.10. We have, for some constant C(My) depending only on
MO}

3" disgdyng 108 |ai — 0yl < COM) (14 [ fol3a +108(2 +] /el og )
i#§€Je g
Proof. We set

VOES/ !
Rz = min{1, 0 } (A.92)
" (24 [I/fellr2v/logel)

where the constants kg and g are provided in Proposition A.9 with Ry = 1.
We apply Lemma A.9 with the points a; in J; ., and r = A e. If case i)
occurs then for each i #£ j

log |a¢ — Clj| > log(Rmax)

and the conclusion follows. Otherwise, (A.89) holds. Expanding (A.86) in
Proposition A.9, we have, for each n € {1, ..., k},

> did; =0.
i#jE€In
Therefore
l k
Z dl‘dj log \ai — aj| - Z DZ‘D]' log |bZ — bj’

i#j=1 i#j=1
< C(Mp)|log k| < C(Mo)(1+ || fellZ2)-

(A.93)

If inf;z; |b; — bj| > Rpae we have finished. Otherwise we use lemma A.9
with the b;’s instead of the a;’s and r = R, the number provided in Lemma
A9, ii). We iterate this procedure until i) is met. Since at each step the
number of balls decreases, we are done in at most £ steps. ]
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A.8 Proof of Theorem A.2 completed

Proof of 1). Combining (A.80) (for k = k¢) with Proposition A.10 we are
led to

V[ 2 &2 )|l
/95(1/2) | €| 7T( Z z,no)‘ 0g5|

iEJa,nO

< C(Mo) (1+ [|£-132 + log(2 + || f-l| 2/ log e]) ).

On the other hand, by Proposition A.4,

1
‘/ es(vg)—f/ Vw2
B, 2 Ja.

and (A.7) follows with

< C(Mo)(1 + || fell72 +log(2 + || foll 224/ Nlog e]))
(A.94)

n = Z d?m.

ier,nO

Concerning (A.8), Proposition A.9 shows that

[ Qb 7Tm|<C(M0)
B1

(1 + €[l fell2)

4e2 2|~ loge

for some m € N. The important point is that m = n. This can be checked
by choosing k = kg in the proof of Proposition A.9.

Proof of ii). If n = m = 1, then one checks that there is actually only
one ball at level k = kg. In this case, 3 [|V¥.[* = w|loge| + O(1) and the
conclusion follows from (A.79). O
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