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ON THE I'-LIMIT OF WEIGHTED FRACTIONAL ENERGIES
ANDREA KUBIN, GIORGIO SARACCO, AND GIORGIO STEFANI

ABSTRACT. Given p € [1,00) and a bounded open set 2 C R? with Lipschitz boundary,
we study the I'-convergence of the Weighted fractional seminorm

|p
s = [ [ TR ) s dsa,

as s — 17 for u € LP(Q), where & = u on Q and @ = 0 on R?\ Q. Assuming that
(fs)se(o,1) C L>(R%[0,00)) and f € Lip,(R? (0,00)) are such that f, — f in L>®(R?)
as s — 17, we show that (1 — s)[u}f;n 7. I'-converges to the Dirichlet p-energy weighted by
f2. In the case p = 2, we also prove the convergence of the corresponding gradient flows.

1. INTRODUCTION

1.1. Framework. We let d € N, s € (0,1), and p € [1,00). Given a nonnegative
weight f € L®(R%;[0,00)), our aim is to study the I-convergence as s — 1~ of the

non-homogeneous (or weighted by f) s-fractional p-seminorm

|u(z) —uly)[
7pf /Rd /Rd Hx — deJrsp f(x) f(y) dz dy,
for u € LP(R?).

The convergence as s — 17~ of (1.1) in the case f = 1—for which we use the shorthand
[-]2, = [-]%,1—has been deeply studied in recent years, both in the pointwise and in the

S7p

I'-sense. Since the literature is very vast, here we limit ourselves to a non-comprehensive

list of results which are closer to the spirit of the present work.

The pointwise limit of the seminorm [-]?  as s — 1~ is a notable instance of the

S7p

celebrated Bourgain—Brezis—Mironescu (BBM, for short) formula [4,10], yielding that
(1 —s)[-]sp converges to the Dirichlet p-energy up to a multiplicative constant. After the
seminal contributions [4, 10], the BBM formula has been extensively studied in several
directions, see [11,26,27] for more general results and [20,21] for extensions to arbitrary
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domains. We also refer to [15,23,24] for anisotropic fractional energies and to [12,16] for
sharp conditions for the validity of the BBM formula.

The I'-convergence of (1—s)[- ]2, to the Dirichlet p-energy as s — 17 has been established
in [5] for every p € (1,00), in [9] only for p = 2, and in [16] for every p € [1,00). We also
refer to [4,26] for similar results on bounded open sets.

The geometric case p = 1 deserves special mention, due to the link with the (relative)
fractional perimeter, see [1,2,16,18,22 25] for closely related results in this direction. We
also refer to [8,13,19] for higher-order convergence results.

Beyond the case f = 1, the asymptotic behavior of (1.1) and of similarly-defined energies
has been studied for some particular weights, see [7,14] for the Gaussian framework and [17]
for weights depending on negative powers of the distance from the boundary.

The aim of the present paper is to investigate the asymptotic behavior of the weighted
seminorm (1.1) as s — 1~ as the weight f is also allowed to vary with respect to the
parameter s. This is motivated by the recent interest in the extension of BBM-type
formulas beyond the isotropic setting in order to address possible applications to non-
isotropic frameworks [12]. Besides, our I'-convergence result can be interpreted as a
suitable extension to the weighted setting of the ones obtained in [5,9].

Our main result, Theorem 1.1 below, deals with the I'-convergence of the energy (1.1)
with respect to a uniformly converging family of weights (f,,)nen in L®(R%; [0, 00)), whose
limit f is in Lip,(R%; (0, 00)). Precisely, we prove that the I-limit is given by

Kap|[Vull, o = Kay [ f2[Vull"dz, for p € (1,00)

u —
K@ﬂDume:B@{éjawDuL for p— 1,

where, for every p € [1,00) (and here I' being Euler’s Gamma function),

1 orst T (5
Kqp = /8B1 |z - eqP dH(z) = Wp - (<Nz+p)),

p
see [3, Lem. 2.1]. Here and below, given a measurable function u: @ — R on an open set
Q) C R4, we define i: R? — R be such that @ = u on Q and @ = 0 on R\ Q.

Theorem 1.1 (I'-convergence with weights). Let p € [1,00), (fu)nen C L®(R%; [0, 00))
and f € Lipy(R% (0,00)) be such that f, — f in L¥(R?), Q C R? be a bounded open set
with Lipschitz boundary and (S, )neny C (0,1) be such that s, — 1~.

(i) (Compactness) If (u")n,en C LP(QY) is such that

Sp (1= )@, + 10" o) < 0, (1.3)

(1.2)

then, up to a subsequence, u™ — u in LP(Q) for some u € WyP(Q) if p > 1 or
we BV(Q) ifp=1.

(7)) (I-liminf inequality) If (u™)nen C LP(QY) is such that u™ — u in LP(S2) for some
weWyP(Q) if p>1, orue BV(Q) if p=1, then

KapllVullf » < liﬁ&}f(l —sa)[a"} L forp>1,

1.4
Kaal|Dully,p2 < liminf(1 — s,)[@"]s, 1., forp=1. (1.4)
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(iii) (T-limsup inequality) If u € WyP(Q) if p > 1, or u € BV(Q) if p = 1, then there
exists (U™ )peny C LP(Q2) such that u” — u in LP(2) and
Kapl|Vull? o = lim (1 — s,)[a"]2 forp>1,

p7f2 n—oo S”lvp:fn (1 5)
Kqil|Dully g2 = lim (1 — s,)[@"]s, 1,5, forp=1. '

n—oo

1.2. Convergence of flows. In the case p = 2, the I'-convergence result obtained in
Theorem 1.1 can be complemented with a stability result for the corresponding parabolic
flows associated to the energies, see Theorem 1.2 below. Here and below, given a weight
f € L®(R%[0,00)), we define the weighted Laplacian of u € H}(£2) as

(—D) u = —2div(f*Vu) (1.6)

in the distributional sense in duality with C°(£2) functions. Moreover, given u € L?(£2)
such that [u]s2 5 < 0o, we define the weighted fractional s-Laplacian of u as

PR G Bt (),
() (o) = tf @) [ T dy (L7)

again in the distributional sense in duality with C2°(£2) functions. Note that, in the
unweighted case f = 1, up to a multiplicative constant, the operators (1.6) and (1.7)
become the usual Laplacian and fractional s-Laplacian operators, respectively.

Theorem 1.2 (Stability of parabolic flows). Let (fn)nen, f, 2, and (sp)nen be as in
Theorem 1.1. If (ud)nen C L*(Q) is such that ul — ui® in L*(Q) for some function
u € L2(Q), [ah]s, 2., < 0o for everyn € N, and

Sup(l — Sn)[ag]gn,lfn < 00,
neN

then the following hold:
(i) u§® € Hy();
(ii) for every T > 0 and for every n € N, the problem
w(t) = (1 = 8,)(=D)Iu(t), for a.e. t € (0,T),
{U(O) = ug,
admits a unique solution u, € H'([0,T]; L*(?)) such that
(=D)Iru, (t) € L2(Q)  for a.e. t € (0,T);
(iii) the problem
u(t) = Kgo(—=D) u(t), for a.e. t €[0,00),
o
admits a unique solution u., € H*([0,T); H}());
(iv) (Un)nen weakly converges to us in H'([0,T]; L*(Q)).
Moreover, if

Jim (1 — s,)[@0]3, 2.5, = Ka2ll Vil g2,
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then (uy)nen strongly converges to us, in H'([0,T]; L*(Q?)) and also

un(t) L—2> Uso(t) and (1 — s,)[Un(t)]s, 2.5, = Kazl|[ Vi (t)|2, 2 for every t € [0,T].

1.3. Organization of the paper. The paper is organized as follows. The notation and
some useful preliminary results are detailed in Section 2. The proof of Theorem 1.1 is
given in Section 3, while that of Theorem 1.2 can be found in Section 4.

2. PRELIMINARIES

2.1. Notation. We briefly detail the main notation used throughout the paper.

The symbol C(x, -+ ,*) indicates a generic positive constant that depends on *,---
only and may change from line to line.

We let d € N and work in the d-dimensional Euclidean space R?. We let z - y be the
Euclidean inner product between z,y € R? and ||z|| be the Euclidean norm of z.

We let B,(x) be the open ball in R? of center z € R? and radius r > 0, and we use the
shorthand B, = B,(0). Given an open set A C R?, we let A° = R?\ A be the complement
of A, A be the topological boundary of A and, for every ¢t > 0,

Ay ={x € R?: dist(z; A) < t}. (2.1)

Throughout the paper, we let  C R? be a bounded open set with Lipschitz boundary.
We let £2 be the d-dimensional Lebesgue measure and H® be the a-dimensional Hausdorff
measure for every a € [0,d]. We set wy = L4(By), so that H¥"1(0B;) = dw,. Throughout
the paper, all functions and sets are tacitly assumed to be £%-measurable.
Let p € [1,00) and f € L>®°(R% [0,00)). Given m € N and v:  — R™, we let

ol = ([ lo@)P £ de)” € [0, o], 22)
and we use the shorthand ||v||, = [|v]|,1. We thus let
[L?(Q)]m ={v: Q= R":||v|ps < o0}

When m = 1, we simply write L(€2). We point out that if additionally f takes values
n (0,00), under our standing assumptions on f and €2, the spaces LP(§2) and L%(€2) are
equivalent, with
(essinfo f) [[ol[; < [[olly ; < Ifllsclloll}- (2.3)
Given u: Q — R, we define 7: R? — R by letting @ = u in Q and @ = 0 in R?\ Q. Thus,
given s € (0,1), we define

o= ([ LG 0 st aoan) (2.0

for every u: Q2 — R and we use the shorthand [u]s, = [u]sp1-

Finally, we let W, ?(Q) for p > 1, be the closure of C°(2) functions with respect to the
Sobolev p-norm u + |[u|b + [ga [|Vul/} dz, while BV (Q2) the weak* closure of CZ°(Q2) with
respect to the Sobolev 1-norm. We also set

|Dull,.; = /R f£d|Dul, (2.5)
whenever u € BV () and f € L>(R%; (0, 00)).
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2.2. Compactness and characterization. We recall the following well-known compact-
ness result, see [6, Thm. 4.26] for example. Here and below, we let m,w(-) = w(- + h) for
every h € R? and w € LP(R?).

Theorem 2.1. Let p € [1,00). If (v")nen C LP(Q) is such that

n : ~n o ~n —
iléIN)Hv |, < oo and }lllg(l)ilelgHThv " || Lr ey = 0,

then, up to a subsequence, v — v in LP(QQ) for some v € LP().

We also recall the following well-known characterization of Sobolev and BV functions,
see [6, Prop. 9.3 and Rem. 6] for example.
Theorem 2.2. Let p € [1,00) and v € LP(RY). The following are equivalent:
(i) v e WYP(R?) for p>1 orv e BV(RY) forp=1;

(i7) SUpP|p<1 | Tho — ]|, < o0.

3. PROOF OF THEOREM 1.1

Throughout this section, we let p € [1,00), (8,)nen C (0, 1) be such that s, — 17, and
(f)nen C L>®(R%[0,00)) and f € Lip,(R% (0,00)) be such that f, — f in L=(R?).

We preliminarily prove Theorem 1.1 in the case f,, = f for every n € N. We restate our
result in this particular case for better clarity.

Theorem 3.1. The following hold.
(i) (Compactness) If (u")nen C LP(QY) is such that

sup (1= su) i1, g + 1" [0y < o0, (3.1)

then, up to a subsequence, u™ — u in LP(Q) for some u € WyP(Q) if p € (1,00) or
we BV(Q) ifp=1.

(77) (D-liminf inequality) If (un)neny C LP(Q2) is such that u, — w in LP(QQ) for some
u € LP(Q), then

Kup|Vull, o < liminf(1 - s,)[@"], ,, forp€ (1,00),

3.2
Kaa|[Dully g2 < liminf(1 — sp)[@"]s, 1,5 forp=1. (3:2)

(ii) (D-limsup inequality) If u € WyP(Q) if p> 1, oru € BV(Q) if p = 1, then there
exists (u")peny C LP(Y) such that u, — u in LP(Q) and

Kd,PHquz,fQ = 71114)%(1 - Sn)[an]gn,pj fO’I"p S (17 OO), (3 3)
Kaal|Dully,p> = lim (1 — sp)[@"]s, 1 forp=1. ’

The proof of the three statements (i), (ii), and (iii) of Theorem 3.1 is split across
Sections 3.1 to 3.3. The proof of Theorem 1.1 is given in Section 3.4.
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3.1. Proof of Theorem 3.1(i). We adapt the strategy of [1] to our setting. To this aim,
we need two preliminary results. The first one is the following, which generalizes [1, Prop. 5]
to any p € [1,00) and weighted LP norms. We also refer to [9, Prop. 2.4] for the case p = 2
without weights.

Proposition 3.2. Let f € Lip,(R%; (0,00)). There exists C = C(d,p) > 0 such that
172}
Qd+p BQ

| Thv — UH%(E) < | yv — UH%(EM”) dy (3.4)

for every v € LP(RY), h € R?, g € (0,]|h]|], and every bounded open set E C RY, where
Ejn) is defined according to the notation in (2.1).

Proof. The proof closely follows the one of [1, Prop. 5]. Let ¢ € C}(Bj) be such that

v >0 and / o(r)dr = 1. (3.5)
B1

For every o > 0, we let U, and V,, be defined as

Uy(z) = Qld/B v(r +y)e (Z) dy,

o

1 y
V,(z) = f/ - Y ay,
)= 3 [, o) ol i)e (2) ay
for every x € R% Owing to (3.5), we have that v(x) = U,(z) + V,(z) for every ¢ > 0 and
r € R?, so that

mv(e) = v(@)P < 3 ([Ug(x + k) = Up(@)]P + [Vo(@)” + Vol + 0)P). (36)

We now estimate each term in the right-hand side of (3.6) separately. Concerning the
second and third term, by Jensen’s inequality, we can estimate

V&P < G llell. [ (€)= mu(©) dy, (3.7

for every ¢ € R?. Instead, concerning the first term, by the change of variables z = x + v,

we can rewrite
1 Z—T
U,(x :—/ v(z dz.
=l <>so( Q )

Thus, owing to the fact that ¢((z —-)o™') € C}(B,(x)), we can integrate by parts and get

1 / Z—x
— v(z)V dz
0" JB, (@) (2) Ve 0 )

_ le+1 /Bg@(“(Z) — o(2)) Ve (Z ; "’“”) de
= 91 [, 0l +9) = o) Vi (Z) dy.

Therefore, by the Fundamental Theorem of Calculus and by Jensen’s inequality, we obtain

VUy(z) =

1
Uy + 1) = Up(z)[" < IIhII’y/0 VU, (z + th)| dt
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117
<ot Vel / / iryo(@ + th) — v(@ + th) [P dy dr. (3.8)
Now, using that ¢ < ||h|| and combining (3.6), (3.7), and (3.8), we get that

p
|Thv(z) — v(z)|P < CHZL/ / |Tyv(x + th) — v(z + th)[P dy dt

Rl
FO iy [, Irela) o) dy
Lol

P

7 /i |7yv(x + h) —v(x + h)|P dy, (3.9)

where we have set

C = C(d,p) = Bmax{|[¢]loo; [Velleo})? wa
Multiplying inequality (3.9) by f(x) and integrating with respect to z € F, the claim
immediately follows by Fubini’s Theorem. We omit the simple details. U

We can now pass to the following result, which extends [1, Prop. 4] to any p € [1,00)
also in the case of weighted LP norms.

Proposition 3.3. Let f € Lip,(R%; (0,00)). There exists C = C(d,p) > 0 such that

o p
“Tyv UHL?}(E”,L”)

0 = vl ) < COL= )R [

By |y || =P

for every v € LP(RY), h € R?, and every bounded open set E C R, where Eyp is defined
according to the notation in (2.1).

The proof of Proposition 3.3 requires the following Hardy-type inequality, which is taken
from [1, Prop. 6].

Lemma 3.4. If p: R — [0,00) is a Borel function, then

R L [melt)
/0 QCHM/O p(t)dtde < A Wdt, (3.10)

for every l,r > 0.

Actually, in the proof of Proposition 3.3 we use the weaker estimate

r 1 0
/OW/ (1) dt do <d/ th ‘, (3.11)

that is, we can ignore the dependence on [ in the prefactor in the right-hand side of (3.10).
Proof of Proposition 3.3. We let ¢, : [0, ||h||]] = R be defined as

_ p d—1
oot = [l = ol ) (3.12)
for all t > 0. Owing to (3.4) and to the definition in (3.12), we can estimate
o — o 1R 7 o 1y a (3.13)
h Lh(B) = o7 Jo Pu 5 .
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for some C' = C(d, p) > 0. We now multiply both sides of (3.13) by ¢~ '*?~*? and integrate
in the interval [0, ||h||]] with respect to o, getting

DN 1 N B COP
I = vl < ol =) [ [0 dede
By exploiting (3.11) with [ = sp and ¢ = ¢,, we thus obtain that

101 g (t)
td+sp ?

70 = ol ) < CC1 = IR |
and the conclusion follows from the very definition of ¢,. O
We are now ready to detail the proof of the compactness statement (i) in Theorem 3.1.

Proof of Theorem 3.1(i). Given h € R® such that ||h|| < 1, we have Q) € Q1 € ()
(recall the notation in (2.1)). We can hence set

c = c(€, inf > 0,
(€, f) = ant f

and observe that
2 2Um ~n o~ _
I = T gy = " = g, < el = 02 0
By Proposition 3.3 applied on €2; and by the previous inequality, we have

?

Cllrnd = @y < C(1 = s [0l

b By [[y[|¢+ene
where C' = C(d,p) > 0. Now, explicitly writing down the L% norm on the right-hand side,
swapping order of integration, performing the change of variables y = £ — x, and bounding
c with f(§), we obtain that

j@"(x +y) — a"(=)]”
[ly[[+=

o "(§) — @ ()P
< O = sa)ll] /Ql in] /Bh (z) H£ x||dtenp Q@) e

< O(1 = sp)|[Rf[*"P[a"];, -

it = @[ oy < COL= s) [0l | /Q cf () de dy
HhH )iinll

Dividing by ¢? and owing to our equiboundedness assumption (3.1), we get that
700" — 0" o(ray < C(d, p, M, )[R, (3.14)

for all h € R? such that ||k < 1. Thus, owing to (3.1) and to (3.14), we can apply
Theorem 2.1 and find v € LP(RY) such that, up to a subsequence, @" — u in LP(R?).
Furthermore, since 4" = 0 for all n € N on R?\ €, we also have that u = 0 on R?%\ €.
Finally, letting n — oo in (3.14), we have

||Thu - UHLP(Rd) < O(d7p7 M7Q7 f)||h||7
for all h with ||h|| < 1, so that u € W'P(R?) for p > 1 or u € BV(R?) for p = 1

by Theorem 2.2. Since u = 0 on R%\ © and Q has Lipschitz boundary, we get that
ulg € WyP(Q) for p > 1, or ul|g € BV(Q) for p = 1, concluding the proof. O
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3.2. Proof of Theorem 3.1(ii). We adapt the strategy of the proof of [9, Thm. 2.1] to
our setting. To this aim, we need some preliminaries.

Let us begin with some notation. We let Q = (—1,1)% Consequently, given v > 0, for
every i € yZ and a > 0, we let Q% = i +aQ. Note that, if a = ~, then the family of cubes
(Q7); is a tiling of R%. Moreover, since §2 is bounded, the set

I, ={ieqZ": £LYQ7 N Q) > 0}

is finite. In addition, given f: R? — R, we let f? = infge f. Notice that, whenever
f € Lip(R% (0,00)), then f& > 0. Finally, we let n € C>°(B;) be such that n > 0 and
Jp, ndx =1 and, for every e > 0, we set 7.(-) = (- /e). Accordingly, we let u. = w1,
for every ¢ > 0 and u € L _(R9).

We can now prove the following preliminary estimate.

Lemma 3.5. Letp € [1,00), f € Lip,(R%; (0,00)). There existe, 3,y > 0 withe < [ < v

such that
|ﬂ5(x _ﬂa( )l v
/Q(um /Q(um [z — yl[d+er (f7)" de dy

< [ e @) ) e dy

(3.15)

holds for all i € vZ* and u € LP().
Proof. Clearly, we can choose ¢, 3, and v such that
Q2 cQ) (3.16)
for all z € B. and all i € yZ?. Indeed,
QU 42 c {y e R : dist(y, Q") < e} c Qe

and therefore, to get (3.16), it is enough to choose € < f7v to ensure (1 — 5)y + ¢ < 7.
Using the definition of convolution, Jensen’s inequality, changing order of integration,
performing the change of variables z — z = £ and y — z = (, owing to (3.16), changing
once again order of integration, using the fact that . has unit L' norm, and finally owing
to the definition of f; = infm f, we obtain

|t () — a(y)|”,
/Qu 8)y /Qu 8)y ||x y||d+sp (f)?dzdy
|u(z — 2) —u(y 2)|P N
/Qu 8)y /Qu ﬁ)v/ |z —2—(y )Hd+sp ne(2)(f])? dz dz dy
[a(§) — a(Q)P y
—/ /Qu ﬂ)w+ /Qu By, T,g C’Td—l—sp ne(2)(f7)? d€d¢ dz

/v/v ||£ CHd+5p|p f(f)f(C)dde,

concluding the proof. 0

We are now ready to prove the liminf statement (ii) in Theorem 3.1.
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Proof of Theorem 3.1(ii). Let (u™)nen C LP(€2) be such that u” — w in LP(Q2) for some
u € LP(Q)). As a consequence, sup,,y ||u"||, < co. Furthermore, we can also assume that

lm (1~ 5,) (3], < o

otherwise inequality (3.2) is trivially true. Therefore, we can assume the validity of (3.1),
which, in turn, implies that « € W, ?(Q) for p > 1, or u € BV(Q) for p = 1. By Lemma 3.5,
there exist €, 5,7 > 0 With £ K 5 < 7y such that

/7/7|U y”d+s 2|pf($)f(y)dydx

z) = (@):-W)" v
/Qu By /Qu By ||x _de-‘rSnp (f7)* dy da,

for every i € yZ* and n € N. We now perform a first-order Taylor expansion of (ii")..
Precisely, owing to the uniform bound on the p-norms granted by (3.1) and the boundedness
of €2, we can estimate

IV(@")e(z) - (x = y)]

(3.17)

IN

@) = (@)e)] + /D)) — ), (o~ )]
@)el@) = @) + COI ez e — 2
@)ele) — @) + Ce, M, — P, (318)

where & belongs to the segment from z to y. Now, assuming ||z — y|| small enough (which
is always possible by taking v small enough), since @ is locally Lipschitz, we have

|(@"):(2) — (@")=(y)| + Cle, M, Q)|lz — y|*
< IV(@)elloollz = yll + Cle, M, Q) [l = yl|*
= Cu" [ llnell ool = yll + Cle, M, Q)| — yl*
=Cl(e, M, Q)||z — y]|. (3.19)
Taking p-th powers in (3.18), using that (to + ¢)? = t§ + p(to + 7)P~'t with 7 € (0,¢), and
finally owing to (3.19), we get
V(@")e(2) - (z = )" < |(@")(2) = @ ))I" + Cp,e, M, Q) ]2 — y"".
Therefore, plugging the above inequality in the inner integral in the right-hand side
of (3.17), we get that

IAIA

/wa ‘(an)ﬁfz;ﬁzzzp( i (f1)dy>T1'+1", (3.20)

having set

o NEE) @yl o,
I'= [y (f)d

[l — yl|Fsn

po_of el
- Q(l B8)vy ||x i y|’d+snp
We now estimate the two terms in (3.21) separately. On the one hand, we have

dg
I">—C(p,e, M,Q go/
> —C(p WAL f,, T

(3.21)
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5 do C(d,p,e, M, f) 1up
= — M Q d / - — ki S (5 pmonb
C(p; £, ) 7f) Wd 0 anp_p 1 + P — SaP !

for x € lef’g)w, where we have set 6, = 2\/3(1 — B)7. Integrating the above inequality
over the cube lef’g " With respect to x, we obtain

/ I"dz > _C(d7p757M797f>’QEI—B)V‘éi—i—p—SHp’
Qi T4 p—sup
so that
. . "
hgllgolf(l — Sp) /Q(l—ﬁh I"dx > 0. (3.22)

On the other hand, calling §, = d»(x) = dist (x; 8@51_/8 M), taking the normalization
v(z) =V (a"):(z)/||V(a")(x)], applying the change of variables z = x — y, exploiting the
invariance of the integral on By, with respect to rotations, applying the change of variable
2 — 20, ', and observing that, for every v € S%!

|z - vl b s
(1_8n)/31||ZHd+S"de:<1_8n>/0 QP np—1 /831 ’n-V’pd?]dQ:Kd,p, (323)

we get that

1= (V@)@ PEY [, ST

A PR

v . ~|P Ko IV (an . p(sg(lfsn) 7\2
P, B - BT

1—s,

Multiplying the above inequality by (1 —s,,), integrating over the cube le_ﬁ "

to x, taking the liminf as n — oo, owing to Fatou’s lemma, we get that

with respect

liminf(1 — s,,) /Q(lﬁ)w I'dx > de/Q lim inf (|V(ﬂ”)€(x)|p5§(1_5")>(f])Q dx

n—00 —B)Y n—oo

Since (u™). — u. in any Sobolev norm as n — 0o, up to passing to a suitable subsequence,
V(i").(x) — Vi (z) for a.e. z € R?. Therefore, we get that

n—o0

liminf(1 — s,,) /Q o T > K, /Q o, IVE@P(f7) . (3.24)

Thence, by taking the liminf as n — oo of (1—s,) times (3.17) and owing to (3.20)—(3.24),
we have

liminf(1 — s,) /V/7 @) = @ (y)I” f(z)f(y)dydz

B e
> Ky [ ooy, V(@) (1] do
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whenever ¢ < < v < 1. Now first letting e — 0", and then 8 — 07, we get
" )|”
liminf(1 — s,) / / [ f(z)f(y) dydx
1o ||$ - yH‘“Sp

n—0o0
> Ky [, V()P ()2 de, it p € (1,00),

(3.25)

liminf(1 — s,) /V/VluHx—de*s >|f($)f(y)dydx

n—oo
> Ky /@( 2 d|Dul(x),  ifp=1.
We notice now that, by the Lebesgue’s Dominated Convergence Theorem,

lim, 3 Ky [ VAP e = Ky [Vl

+
=0 1€l

and  lim ) Kdl/w(fi'y)2 d|Du| = Kq.1||Dul|y 2.

+
=0 i€l

Pairing this with (3.25) allows to conclude. Indeed, if p € (1,00) (the case p = 1 being
analogous and thus omitted), then we have

Kay [ [Vu(@)Pf(x) da

an P
< 71561 thmf (1—s, /7/7 @ y|’d+sn2| f(x)f(y)dydz
Iu (y)I”
= Wlighhggg}f Z (1—s, /7 /7 |x _y||d+snp f(z)f(y)dyde
"(y)l”
< lim liminf(l —s,) ||5€ - y||d+snp f(@)f(y)dydz
= timinf(1 —s,) [ [ |“ W ) f(y) dyda,
n—00 Re JRd Hx — y”dJFSnp y
which is exactly the claimed inequality. 0

3.3. Proof of Theorem 3.1(iii). We begin with the following preliminary result, es-

tablishing the lim sup inequality (iii) in Theorem 3.1 for smooth functions supported

in Q.

Theorem 3.6. If v € C2(RY), then

i (-9 [, [ OO ) aca

im ( x x

s—1— Rd JRd |2 —?J||d+5p Y Y (3.26)
= Ky [, IV0(:)[f2(2) d=

Proof. Let us write

vlx P
/Rd /Rd i lz — deﬂp’ f@)f(y)dedy =L + I + I, (3.27)
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where

n=f [ OO ) aray
Re J{Jo—yl<1} II:v—yII +sp

. ole) =)
I = Aglmyku,x_wﬂwf@xﬂ> F() dwdy, (3.23)

- z) — o)’
= /Rd/{nx yl>1} IIx—y||d+8p Tl — e | @F ) dzdy.

We estimate the three terms separately. Concerning I3, we have that

p p
pewip [, [ RO OE,,,,
{llz—yll>1}

B de“p
<2MfIL [ / B IO
<o [, ) ey
dwd 2 p+1
= Mol e de = I el (3.29)
For I instead, we can write, recalling the notation in (2.1),
vy
VNN Hx__y“dmldxdy
1
< )|Vl / / dzd
<cpIvel | b [T
< C(f,v)dwq|(sptv) |/ pErm— do
d, f,v
< ALY < (ap. g0 (3:30

We are thus left with estimating ;. To this aim, let us observe that
[o(z) = v(¥)|” < [Vuly) - (z = y)IP + | D*0]|2E [l — y|I*.
Thus I; < I] + I{, where, owing to the fact that v has compact support and recalling the

notation in (2.1),
Vo(y) - (2 —y)IP
dz dy,
n=lolo IM—WHW F(y) dr dy

D%v||?»
[// :/ / || o0 2 d d '
(sptwv)1 J/Bi(y) Hili' - y”dJrSprpf (y) ray

Now, on the one hand, we have that

1
n< st [ da dy
e L R e

1
S C(fv U)dwd‘(spt ’U)1|/O Qp_1+p(1—s) dQ

C(d, f,v
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By the non-negativity of I{, I5, I3, and by (3.29)—(3.31), we thus get that
lim (1 —s)(I{ + I+ I3) = 0. (3.32)

s—1—

Therefore, in order to conclude, we are left with showing that lim, ,;- (1 — s)I] equals
the right hand side of (3.26). Indeed, by the change of variables z = z — y, by setting
v(y) = Vo(y)/||[Vu(y)|l, and using (3.23), we have

/]Rd/ |V|yl;|d+sp f*ly)dzdy
= LIl ) f, S day

K
o [ Ve P £y) dy. (3.33)
s) Jra
The conclusion hence follows by combining (3.32) and (3.33). O

Remark 3.7. We underline that, in the chain of inequalities leading to (3.30), the Lipschitz
regularity of the weight f is crucial in order to ensure the finiteness of the integral in
o. If f were only a-Hélder, for some a € (0,1), one would end up with ¢ to the power
—(a— 1 —p+ sp), which is not integrable in a neighborhood of the origin.

We are now ready to prove the lim sup statement (iii) in Theorem 3.1.

Proof of Theorem 3.1(iii). Let u € Wy ?(Q) for p > 1, or u € BV(Q) for p = 1. By the
density of C°(€) in W, ?(Q) for p > 1, or in BV(Q) for p = 1, we can find (v*)zeny € C(Q)
such that v* — w in Wy(Q) for p > 1, or in energy in BV (Q) for p = 1. In view of
Theorem 3.6, we thus get that

Jim (1= ), = tm (1 =s) [ [ 'UHI . y||d+5n2'pf<x>f<y> da dy
= Kay [ IV @)2/*(x) da
= Ky [ V0 (@) (@) da

for every k € N. The conclusion hence follows by a standard diagonal argument. 0

3.4. Proof of Theorem 1.1. We can now prove Theorem 1.1 in full generality. Indeed,
the result easily follows by combining Theorem 3.1 with Lemmas 3.8 and 3.9 below (under
the same standing assumptions as stated at the very beginning of Section 3).

Lemma 3.8. If (u")neny C LP(QY) is such that

sup (1= sn)[@"]2,  + 16" [5(0)) < o0 (3.34)
ne
then

Jimn (1= o) |[@°12, 5.5, = [0, ps| = (3.35)

Proof. Since we can estimate

@ = @ g S S0 @) fale) = @)
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< 2[a"Z, psup{llfullo : m € N}H|fo = flloo

the conclusion immediately follows from (3.34). O
Lemma 3.9. If (u"),en C LP(QY) is such that
sup (1= s (@12, g, + lu" ey ) < 0o, (3.36)
then
sup(l — sn)[@"]5, ) + [[u" [0y < o0
neN

Proof. On the one hand, by the inequality (a + b)? < 2P(a? + bP) for a,b > 0, exploiting
symmetry, and passing to the d-dimensional spherical coordinates, we can estimate

p p p
// \u d()! dxdygpf/ [a" (= |+LU()\ dedy
R JB1(y — y[HHonr Bl(y)c [l — yl[*+enr

<2p+1 am P/
<ot [ |

i [ dwa C(dop)|an .
=ty [ de = =T < O )

dy (3.37)

T — de“"p

for all n € N, since s,, — 17, thus we can assume s,, > % On the other hand, recalling the
notation in (2.1), since @"(y) is supported on €, then @™ (z) for € By(y) is supported on
4, and since f, — f uniformly and f > 0, we have

ja"(x) — a"(y)[” (" () — @ ()|
JeJo \x—yndm drdy= [ [ R ey
" (z) —@" (W) fol) faly)
/91 /Ql ||x_de+Snp 1nf EQ1><Nf ( )dl‘dy (3.38)

[U ]s D, f
— n n Q , n .
inf (o myeqxn f2(@) Ot L g

Since f,, — f uniformly and f > 0, the constant C' can be made independent of n, and
only dependent on the uniform limit f. The conclusion hence follows by combining (3.37)
and (3.38), multiplying by (1 — s,), and owing to the assumption (3.36). We omit the
plain details. U

4. PROOF OF THEOREM 1.2

4.1. Stability of Hilbertian gradient flows. We briefly recall some abstract machinery
from [9] concerning Hilbertian gradient flows.

Let J# be a Hilbert space endowed with scalar product (-, ) and norm || - || . Given
F . H — (—o0,+00], we let D(F)={xe€ A F(xr)<+oo} and

o _ g _ _
0F(x) = {"U € A liminf Fly) = F (@) = vy = w)or > O}
y=e ly — ]l

be the subdifferential of F at v € P(.F).

We recall the following result, which is a particular case of [9, Prop. 3.7]. Here and
below, given any vector space ¥, we let ™ be the algebraic dual space of ¥ and ¥” the
topological dual space of ¥.
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Proposition 4.1. Let # be a dense subspace of H. Let F: H# — (—o0,+00| be a
proper, convez, and strongly lower semicontinuous functional and let x € P(F). If there
exists T' € ™ such that
F ty) —

L Pty - F@)

t—0 t
then either 0.7 (x) =0 or 0.7 (x) = {v}, where v is the (unique) element in A satisfying
T(y) = (v,y)r for everyy € . In particular, T € A" and v is its unique continuous
extension to .

=T(y), foreveryye X,

We also recall the following stability result, which is contained in [9, Thm. 3.8].
Theorem 4.2. Let F#,: H# — (—o0,+00| be a proper, strongly lower semicontinuous,
convex, and positive functional for every n € N. Assume the following:

(a) (Fn)nen T-converges to some proper functional %o, : A — (—00, +00] with respect
to the strong F€-convergence;

(b) any bounded sequence (x,)nen C H such that sup F,(x,) < oo admits a strongly
neN
FC-convergent subsequence.

If (xf)nen C F€ is such that xy € D(F,) for every n € N, sup.Z,(z5) < oo and
neN
xy — xl strongly in FC for some xX € €, then the following hold:

(1) 25> € D(Fe);
(ii) for every T > 0, the problem
z(t) € —0F,(x(t)), fora.e. t €(0,T),
{iﬁ(o) = x5,
admits a unique solution x,, € H'([0,T]; ) for every n € NU {oo};

(1ii) (Tn)nen weakly converges to xo, in H([0,T); 7).
Moreover, if lim F(x5) = Foolx3), then actually (x,)nen strongly converges to xo in
HY([0,T]; #) and also

xn(t) 2y 2o(t)  and Fn(Tn(t) = F(x(t)) for everyt € [0,T].

4.2. Proof of Theorem 1.2. The validity of Theorem 1.2 follows by combining the
abstract results above with the following proposition. Here and below, (-, -) denotes the
standard scalar product in L?(R9).

Proposition 4.3. Let p € C(Q) and u € L*(Q). The following hold:
(i) if u € H}(Q), then
2 2
IV R~ [Tul e

lim : (=) u, ¢); (4.1)
(1) if [t]so0,; < 00 for some s € (0,1), then
TG Y C Y ST Y (4.2)

t—0 t
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Proof. We only prove (4.2), the proof of (4.1) being straightforward. We note that
[u+tel2y = [ul3yf +t[p ]st

+ 2t‘/Rd /Rd y))(cp(m) — ('O(y))f(x)f(y) dxdy

|ZL’ _ y||d+25

for every t € R, and thus we easily get that

N L Y el y))(s&(w) — )
_ - p@) — ¢y)
=4 Rd (x)f(m)r—>0+ /Rd\B ||$_y”d+28 f(y) dydl’
= (u, (=2)"p) = ((=D)"u, p)
in virtue of the distributional definition in (1.7), concluding the proof. O

We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2. Since f,, — f uniformly and f > 0, the functionals given by
Fn(u) = (1=s,)[@]?, 5 ; arepositive for n > 1. Further, they are easily shown to be convex.
By Theorem 1.1(ii)~(iii), (% )nen T-converges to the functional 7 (u) = Kya|Vull; ;> in
the strong topology of L?(2), whereas by Theorem 1.1(i) every sequence (u,)nen C L*(Q)
such that sup,,cy Fn(u,) < 0o admits a strong L2-limit u € L*(2). The conclusion hence
follows by Theorem 4.2 and Proposition 4.1 combined with Proposition 4.3. U
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