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ARTICLE INFO ABSTRACT

Communicated by Matteo Novaga We establish the local boundedness of the local minimizers u : £ — R™ of non-uniformly elliptic
integrals of the form [ o f(x, Dv)dx, where Q is a bounded open subset of R" (n > 2) and the

Iz\t/gsl\?éa integrand satisfies anisotropic growth conditions of the type
49J40 i
35160 D AIE < f(x,8) < p(x) {1+1€1)
35A23 =l
for some exponents ¢ > p, > 1 and with non-negative functions A, u fulfilling suitable
Keywords:

Degenerate anisotropic growth summability assumptions. The main novelties here are the degenerate and anisotropic behavior
Local boundedness of the integrand and the fact that we also address the case of vectorial minimizers (m > 1). Our
p,q-growth conditions proof is based on the celebrated Moser iteration technique and employs an embedding result
Anisotropic Sobolev spaces for anisotropic Sobolev spaces.

1. Introduction

In this paper we are interested in the regularity of local minimizers u : 2 — R”, u € W1(2; R") with m > 1, of non-uniformly
elliptic functionals of the form

F(v) =/ f(x,Dv)dx, (1.1)
Q

where 2 is a bounded open subset of R”, n > 2. We assume that the energy density f = f(x,¢), x € 2, £ € R™" is a Carathéodory
function, convex and of class C' with respect to & and satisfying the following degenerate and anisotropic behavior: for some exponents
pi» i € {1,...,n}, and g with 1 < p; < ¢ and for some measurable functions 4;,u : 2 — [0,0), i € {1,...,n},

Z A)NE P < f(x, &) < u(x) {l + |§|q} for a.e. x € Q and for every & € R™", (1.2)

i=1
where

), ie{l,....,n}, ueLl (Q) (1.3)
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for some r; € [1, 0] and s € (1, o0]. Throughout this paper ¢;, i € {1,...,n}, denotes the i-th column of the m X n-matrix & = (&),
ie{l,....,n},a €{l,...,m},ie.

fi .52; 5’;
=16 8) = {1 5:2 - z;:"
SO
In particular, if £ = Du, then ¢ = (vli, Uy )T. In addition, we assume that there exists a function g : 2 x [0, 0)" — [0, c0) such
that
Fx,8) = g 1&gl -5 18D »

for a.e. x € 2 and every & € R™".

In the case p := min{p;} < g, with 4; > 1 for every i and y € L*®(£2), the functional (1.1) belongs to the class of variational
problems with p, g-growth conditions, introduced by Marcellini [1-4] and since then widely investigated. As for the case of
anisotropic p;, g-growth, we recall e.g. Boccardo-Marcellini-Sbordone [5], Stroffolini [6], Fusco-Sbordone [7] and Marcellini [8-10].

Anisotropic elliptic equations have been considered under many different aspects, for instance with respect to the maximum
principle and the multiplicity of solutions: see e.g. Pucci, Radulescu et al. [11-13].

Actually, the research on problems satisfying p, g-growth conditions is so intense that it is impossible to give an exhaustive and
comprehensive list of references; for an overview on the subject and a detailed bibliography, see Mingione [14], Marcellini [15]
and Mingione-Radulescu [16].

In the vector-valued case, as suggested by well-known counterexamples by De Giorgi [17], Giusti-Miranda [18], Necas [19] and
Sverdk-Yan [20], the structural assumption f(x, Dv) = F(x, |Dv|) on the integrand is generally required for everywhere regularity.
We point out that the condition f(x, Dv) = F(x, |Dv|) is more specific than (1.4).

For the L™ regularity in the vectorial framework, see for example [21-24], where the authors established the local boundedness
of solutions for some classes of quasilinear systems, which — in the variational context — may correspond to integrals as in (1.1).
In particular, in [22] local L*®-estimates were obtained for the local minimizers of (1.1), by assuming (1.2) and (1.4) with positive
constants in place of the functions 4;(x) and u(x), i.e. without imposing growth conditions on the integrand that are degenerate in
X.

In the context of non-uniform ellipticity, starting from the celebrated paper by Trudinger [25], in [26] the authors proved the
local boundedness for local minimizers of integrals of the form (1.1) under p, g-growth conditions of the type

M) €17 < f(x,8) < px) {1+ ¢},

for some exponents g > p > 1 and with non-negative functions 4, u satisfying suitable summability conditions. We also refer to [27],
where the local boundedness is established for scalar-valued quasi-minimizers of non-uniformly elliptic integrals of the form

S() = / f(x,v, Dv)dx,
Q
where f : 2 x RxR" - R is a Carathéodory map satisfying a non-uniform growth condition of the type

A €17 < fxau,8) < p() {1E1° + lul?} + a(x),

for g > p > 1 and non-negative functions a, A, 4 fulfilling appropriate summability assumptions.

In this paper we carry on the research conducted in the previous articles, extending the (local) L*®-regularity results to the case
of vectorial local minimizers (m > 1) of non-uniformly elliptic integrals under the anisotropic growth conditions (1.2), which may
possibly be degenerate with respect to the x-variable. Precise assumptions and statements are given in Section 2, where we also
impose some restrictions to the growth exponents {p;} and ¢ in (1.2) and to the integrability exponents {r;} and s in (1.3). These
restrictions are the natural generalizations of the various bounds that must be satisfied to ensure the regularity of local minimizers;
for a knowledge of some of these bounds, we limit ourselves to pointing out the works [5,22,26-32] and the references therein,
since there is a vast literature on this topic. In this regard, see also Remark 2.4 below, where we compare the main result of this
paper (Theorem 2.2) with those obtained in [22,26,28,29].

The main novelty of our Theorem 2.2 is the degenerate and anisotropic behavior of the integrand (1.2) in the vector case m > 1. In
this respect, we wish to mention the very recent work [33]: there, Feng, Gao and Zhang establish the local boundedness of vectorial
local minimizers for a class of integral functionals with rank-one convex integrands and specific structural conditions. In particular,
their result is applicable to integrals of the type

/ {ZM 1DO"? + u(x) |Du|’} dx, (1.5)
o \ea=1

with suitable A(x), u(x) > 0 and p,r > 1. However, the result in [33] is not comparable to ours, since the functionals of the form
(1.5) do not satisfy conditions (1.2) and (1.4), noteven if n=m>2, A, =--=1,=4and p;, = =p, =p.
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Before describing the structure of this paper, we also want to point out the recent article [32], where Feo, Passarelli di Napoli
and Posteraro prove the local boundedness of scalar minimizers of non-uniformly elliptic integrals of the form (1.1), assuming that
the left inequality in (1.2) holds with monomial weights of the type

A (x) = |x;|%P for some a; € [0,1) for every i € {1,...,n}.

The proof methods used in [32,33] adapt the renowned De Giorgi iteration technique. Moreover, the approach employed in [32]
relies essentially on an anisotropic Sobolev inequality with respect to the weights |x;|% 7.

It is worth noting that, to deal with the anisotropic behavior of the integrand, we base our estimates on an embedding result
for anisotropic Sobolev spaces due to Troisi [34]. Other key ingredients in the proof of our result are the derivation of the Euler’s
equation for the functional (1.1) and a suitable Moser iteration procedure.

The paper is organized as follows. In the next section we give the complete statement of the main regularity result. Section 3 is
devoted to the preliminaries: after a list of some classic notations and some essential lemmas, we recall the definition and properties
of the anisotropic Sobolev spaces that will be needed to prove our result. In Section 4 we prove that an Euler’s equation holds true.
This is a main step in the proof of Theorem 2.2, which is given in Section 5. Finally, in Section 6 we present interesting examples
of applicability of our main result.

2. Assumptions and statement of the main result

Let us define the integral functional
F) := / f(x, Du(x))dx, (2.1)
Q

where 2 is a bounded open subset of R”, n > 2, and v € W1 (Q;R™), m € N.
In the sequel, we denote by R, the set [0, o). Moreover, we assume that f : QxR™" — R, is a Carathéodory function satisfying
the following conditions:

(A1) f = f(x,€), x € 2, £ € R™" is convex and of class C! with respect to &;
(A2) there exists a function g : 2 x (R,)" — R, such that

f(x, &) = glx, &, s &l -, [E,])  for ae. x € 2 and every & € R™; (2.2)
(A3) there exists 7 > 1 such that

fx18) <17 f(x,6)

for every ¢t > 1, for a.e. x € 2 and every & € R"™;
(A4) there exist some exponents p;, i € {1,...,n}, and g with 1 < p; < g and some measurable functions 4,4 : 2 > R,,i € {1,...,n},
such that

n

Z L& < f(x,8) < p(x) {1417}  for ae. x € Q and every £ € R™", (2.3)

i=1

where

ilteLl (@), iel{l,...n), ueL(Q

loc

for some r; € [1,00] and s € (1, o0].

For every i € {1, ...,n}, we denote
Dir’ .
L if r; €[1,00),
;= ri+l ! (2.4)
Di if r; =00,

and additionally require that o; > 1, i.e. we require that r; > ﬁ if 1 <p; <2.
We set l

wWhI (@R = {ve WI(QR™) : F(v) < +0)
and define a local minimizer of (2.1) as follows.
Definition 2.1. A function u is a local minimizer of (2.1) if u € W7 (2;R™) and

Fw) < F(u+ @)

for all p € W7 (2;R™) with supp ¢ € 2.
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Given a real number ¢ > 1, #* is its Sobolev exponent, i.e.
nt .
. —7 if Z<n, (2.5)
any value in (£, 00) if £ >n,
and ¢’ is the conjugate exponent of 7, i.e. ¢’ = % if £ > 1, while #/ = o0 if # = 1. We set
P =P, sDp)s pr = (pirys .. Paln)s o =(0,...,0,)

and let p be the harmonic average of {p;}, i.e.

n
1 1 1
Z == —. (2.6)
5T X
Similarly, we will denote by pr and & the harmonic average of {p;r;} and {o;}, respectlvely As usual, — has to be read as 0.
Therefore, in the particular case r| = --- = r, = o0, we have = = 0. Likewise, L-0ifs=

As we anticipated earlier, to prove the local boundedness of the local minimizers of (2 1), we need some restrictions on the
exponents {p;},q, {r;} and s. More precisely, our main result reads as follows.

Theorem 2.2. Let us assume that (A1), (A2), (A3) and (A4) hold under the summability conditions

—1 ri .
AlelL) (@), ie{l,....n), Q).

loc
for some r; € [1,0] and s € (1, oo] such that max {c;} < 5" and

1 1 1 1 1
=+ —+=--<

-. 2.7)
pr 45 p 4 n

For every i € {1,...,n}, if 1 < p; <2 we also require r; > ﬁ. Then, every local minimizer u of (2.1) is locally bounded. Moreover, for
every ball By (xg) € 2 with Ry € (0,1], '

(1) there exists a constant ¢, > 1, depending on m, n, p, g, r, s, 7 if ¢ <n, and also on R, if ¢ > n, such that for every R € (0, Ry) we
have

9
9
1 nm 2
el o) < e [1 + ||u||LA(B )H 14777 )] et + 1] o, 2.8)
(2) there exists a constant ¢, > 0, dependmg on m, n, p, g, ¥, s, T and Ry, such that for every R € (0, R,) we have
9
1y m0i
= urll o con < Zor [1 + ||u||m H 147 ||L,,(B w]
92
1
1+ (1 +/B f(x, Du) dx> Z A7 ||L,I(BR) , (2.9)
Rr(x0)
1 . e i )
where ug := [Br(xo)] jBR(xo)udx’ p-= 1211'12;1{1”} and
& 9@ —ps) 5" [4°s' +n(qg—P)]
Y =57, =07\ Hhi=—g———
o —qs p(c —gs) pgs’ (6 —gqs')
Remark 2.3. If n > o, then condition (2.7) is equivalent to
qs' <. (2.10)

In the case n < G, we can still suppose that gs’ < 5", provided we choose a sufficiently large value for ". For our purposes, in the
sequel we will always assume that g5’ <5".
Also note that if p=g¢ (i.e. py =--=p,=¢q), then 9, =1 and 9; = 9,.

Remark 2.4 (Comparison with Other Results). In the previous paper [26], the authors assume that there exist measurable functions
Ap i 2 - R, such that

{ A IEP < f(x.8) < ux) {1+ €]}

(2.11)
Iltell (@), nel] (2)

loc
for 1 < p < g, for some exponents r € [1, ], s € (1, o] and for every & € R™*". Therefore, the left-hand side of (2.3) is an anisotropic
version of the left inequality in (2.11). Furthermore, condition (2.7) in Theorem 2.2 is the evident counterpart of condition (2.6)
in [26, Theorem 2.1], which reads as follows:

1,1 1 1 1
+ =+

pr qs p q n
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In this regard, also observe that (2.10) is a generalization of the restriction ¢ < p* adopted, for example, in [22,28,29], where the
authors assume that y is a positive constant and 4; = 1 for any i € {1, ...,n}. Moreover, the requirement max {¢;} < o in Theorem
2.2 is the natural generalization of the condition max {p;} < p* in [29, Theorem 2.3]. In fact, if | = - = r, = o0, then ¢, = p, for
every i € {1,...,n}, and therefore ¢ = p.

3. Notations and preliminaries

In this paper we shall denote by C or ¢ a general positive constant that may vary on different occasions. Relevant dependencies
on parameters and special constants will be suitably emphasized using parentheses or subscripts. The norm we use on R¥, k € N,
will be the standard Euclidean one and it will be denoted by |- |. In particular, for the vectors v,w € R¥, we write (v,w) for the
usual inner product and |v| := (v, v)% for the corresponding Euclidean norm.

In what follows, B,(xy) = {x € R" : |x — x| < r} will denote the n-dimensional open ball with radius r > 0 and center x, € R".
We shall sometimes omit the dependence on the center when all balls occurring in a proof are concentric. Unless otherwise stated,
different balls in the same context will have the same center.

If E C R¥ is a Lebesgue-measurable set, then we will denote by |E| its k-dimensional Lebesgue measure. When 0 < |E| < oo, the
mean value of a function v € L!(E) is defined by

ﬁv(x)dx 1= %/Ev(x)dx.

Now we gather some results that will be needed later on. Let us start with a lemma on the properties of the functions f and g
considered in Section 2.

Lemma 3.1. Assume (A1) and (A2). Then, for a.e. x € Q2 and every i € {1,...,n},

() g(x,t(,....1,) is of class C' with respect to (t, ...,t,) € (R,)";

() g,(x, 21,5 221,0, 2141, 0, 2,) = 0 for any (zy, ..., zi_1, 24y, -0, 2,) € R
(i) D;f(x,0)=0;

(iv) g(x,t,...,t,) is convex with respect to t; € R ;

(v) g(x,ty,...,t,) is non-decreasing with respect to t; € R,;

(vi) p = f(x,p&) is non-decreasing in R, for every & € R™",

Proof. We first prove (i), (ii) and (iii). Let {e,}| <, <,, be the standard basis of R”. Fix « € {1,...,m} and let § : 2 xR" - R, be the
function defined by

g0t ty, .ty = f(x (h el el tel)),  xe, (t....1)eR" 3.1)
Then, for a.e. x € @, the function g(x, -) is of class C' on R”, since it is a composition of C! functions. Moreover, for every i € {1, ..., n}
and every (zi, ..., z,) € R", we get

. _ of T T T 2

&6 21 2y e 2,) = % (x,(z18L, ...z, ..., z,el)). (3.2)

1

Now observe that, for a.e. x € 2, the partial map
(... 1) € R — g(x,1q,...,1,)

is the restriction of g(x,-) to (R,)". Indeed, by (A2) and (3.1), for a.e. x € 2 and every (¢,...,7,) € (R,)" we have
gty oty = f(x (tel, . a,el)) = o1y, .t

Therefore, for a.e. x € 2, the map g(x, ) is of class C! on R".
Now also fix i € {1,...,n}, (&, .. &1, Eips-on 5 &) € R™U-D and x € Q, and consider the function F : R — R, defined by

F0) = [, optel Eyps o), TER,

with the usual modifications in the limit cases i € {1,n}. Then F is of class C' on R, because it is a composition of C! functions.
Furthermore, F is an even function, since

F@t) =g, |1, 1&m 15 1L 1&gt | -5 160D

=g, &1, - 1E LI =1l 1&g | oo s 16 1) = F(=1)  for every 1 €R.
Hence,
FO = 2@t 0 G b)) =0, 33)
o0&} ~——
eRm
Since (&, ..., &1 &p1s - » ) € R™U-D s arbitrary, from (3.3) and (3.2) with z, = 0 we deduce
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for every (z,...,2;_1,2j41-.-,2,) € (R+)"’1, where we have used the fact that g(x,-) is the restriction of g(x,-) to (R,)". The
conclusions (ii) and (iii) then follow from the arbitrariness of x € 2, i € {1,...,n}, a € {1,...,m} and (z{,...,2;_(,Z;31>...,2,) €
(RJr)nfl.

We now prove (iv) and (v). Let w € R™ with |w| =1 and fix i € {1, ...,n}. Moreover, let
(tys ooty @Dy tpys o 1,) € (R,
(=, ... iy wT,awT,tH_l w', .. .1, w’y,
n=( wT, cting wT,bwT,tiH wT, R wT).
Then, for a.e. x € 2 and for all € [0, 1] we have

gXtys ety 0a+ (1= O)b, 11y, ... 1))
= f(x0{+A-0)n)

<OfO+A-0) f(x,n)
= 0glx,ty, ...t a,tiyy,...,0,) + (1 =0)g(x,t,....5;_1,b, 1y, ....1,).
This implies that g(x,1,,...,1,) is convex with respect to each variable ¢; € R, . Therefore, the partial maps
zeR, +— &, (Xt i 2 e ) ie{l,...,n},
are non-decreasing and this monotonicity property, together with (i) and (ii), entails that g(x,7,, ...,t,) is non-decreasing with respect

to each variable 1, e R,.
Finally, let us prove (vi). Fix p;, p, € R, with p; < p,. Then, for a.e. x € 2 and every ¢ € R"™" we have

fxp18) = g0, piléyls piléals oo s p1l&utl p11E,D)
< g(x, paléil prl&als s pi 1St s 1 1ERD
< o 28(xpalgilmalals s ol ] p11ELD
< g(x, paléilpl&als - p2lSumtls p2lED) = f(X,028),

where, in the last three lines, we have repeatedly used the property (v). This concludes the proof. []

If f is as in Section 2, then W7 (@2;R™) is a vector space; this is a consequence of the following lemma.

Lemma 3.2. Assume (Al), (A2) and (A3). Then, for a.e. x € Q,
1) f(x,7E) <max {1,y"}f(x,&) for every y > 0 and every & € R™";
() f(x.E+n) <27 [f(x. &) + f(x.n)] for every &,n € R™,

where = > 1 is the constant in (A3).

Proof. Let us prove (i). If ¢ = 0, then f(x,y¢) = f(x, &) for every y > 0 and the conclusion immediately follows.
Assume |¢| > 0. We consider the cases y > 1 and 0 < y < 1 separately.
Let y > 1. Then (A3) implies f(x,y¢) <y* f(x,&).
If instead 0 < y < 1, by Lemma 3.1 (vi) we get f(x,y&) < f(x,¢) and the conclusion follows.
Let us now prove (ii). If £, 7 € R™" by (A1) and (A3) we obtain

fx,&+m) < % [F(x,28) + £ 2] <277 [f(x,€) + fCx,m)].
This completes the proof. []

We now recall the following elementary result, whose proof can be found, for example, in [28, Lemma 3.1].

Lemma 3.3. Consider h : R, — R, of class C'. Assume that there exists > 1 such that
h(yt) <y"h(t) forally>1andt>0.

Then
W@t<zh{) forallt>O0.

3.1. Anisotropic Sobolev spaces

Let g; > 1 for all i € {1, ...,n}. For any open subset 2 of R", we consider the anisotropic Sobolev space

6
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endowed with the natural norm

n

10l izmy = 101 1 cgmmy + D 0yl i mm) -
i=1

Sometimes, when no confusion may arise, we will omit the target space R™. Let us denote q = (¢, ..., q,) and
I/Vol’(ql““’q”)(g; R™) = VVO]'] (Q;R™ N Wl’(qlw»«‘in>(_Q; R™).

These spaces are studied in [34] (see also [35]). We now report an embedding theorem for this class of spaces, whose proof can be
obtained by a straightforward adaptation of that of [34, Theorem 1.2].

Theorem 3.4. Let 2 c R” be a bounded open set and let v € Wl Lran) (. omy, g;>1fordlie{l,...n}. Then,
(1) if q < n, we have

ol 5 (ugemy < H ||vx,||Lq,<QRM)

for a constant ¢ = c¢(m,n,q) > 0, where q" is defined by (2.5)—(2.6) withp=q and ¢ = q;
(2) if Q> n, for every 1 < y < co we have
111" 1

ol Lec@mm < e 1217777 [T log I o gmm

i=1

for a constant ¢ = c¢(m,n,q, y) > 0.

The following embedding result is proved in [35].

Theorem 3.5. Let Q C R" be a cube with edge{ parallel to the coordinate axes and consider a function v € W@ (Q; R™), ¢; > 1 for
all i € {1,...,n}. Let max {g;} < q". Then v € LY (Q; R™). Moreover, there exists a positive constant ¢ depending on n and q if q < n, and
additionally on Q if q > n, such that

n
ol ;5% o0y < € § WollLigy + 2, lox i) ¢ -
LY (Q) i

i=1

The next proposition is a consequence of the above theorem.

Proposition 3.6. Forevery i€ {1,...,n}, let p; € (1,), r; € [1, 0], With r; lf 1 < p; <2, and let o, be defined according to (2.4).

Moreover, assume that max {c;} <G" and that the left inequality in (2.3) holds under the summability conditions

i =

-1 ri .
Atel] (@), ie(l....n).

If u e WhI(Q;R™), then we get |u| € L% ().

loc

Proof. Let O € 2 be a cube with edges parallel to the coordinate axes and fix j € {1,...,n}.
Let us first assume that r; < co. Recalling that o; = %, by Holder’s inequality we obtain
j

rj+l

i pirj  _ i "
rj+l ey rj+l -1 . D
i, 1%, ) = ( A7 17 dx> < W oy [ 4yl 1 . 34

Combining the previous estimate with the left inequality in (2.3), we have

n
I 170, 147 00 2 /Q Al P dx < 10 0 /Q F(x. Duydx.

and the last term is finite, because 4; e L7 (@) and u € WHI(Q;R™).

loc
If r; = co, then ¢; = p; and we flnd

i = [ 3, 7 475 < 14 o [ b P, 35
which combined with the left inequality in (2.3) gives

g 1%, < 147 g0 / £(x. Duydx < +oo.

L) —

We have thus proved that u € W “1--9%)(Q;R™). Since 6; > 1 for all i € {1,...,n} and max {¢;} < &, by Theorem 3.5 we get
uel® (Q;R™). The conclusion then follows from the arbitrariness of Q. []

We conclude this section with the following proposition about a Poincaré-Sobolev type inequality.
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Proposition 3.7. For every i € {1,...,n}, let p; € (1,0), r; € [1,00], With r; > # if 1 < p; <2, and let o; be defined according to

(2.4). Consider a bounded open set 2 C R" and let v € W1 1. ””)(Q;]R"’). Moreover, for every i € {1,...,n}, let 4; : 2 — [0,) be a
measurable function such that /1‘ € L"i(R2). Then, there extsts a positive constant c, depending on m, n and ¢ = (64, ...,0,), such that

1 1
—x i 7 npi
([wrax)™ < czme TE ([ atogirias)™.

1 if o<n,
m = L+l_l _
|25 "n e ifo>n.

Proof. Notice that the assumptions imply o; > 1 for all i € {1, ...,n}. Therefore, by Theorem 3.4 we get

where

ol 7 g < ¢ M H llv,, ”m)

for a positive constant ¢ depending on m, n and . Arguing as in (3.4)—(3.5), we obtain

€1
i . npj
loll 7+ (g < ¢ Hnu ||LE,(Q> <ce Hw '||L€,(Q) (/Q Ai log, 1P dx) :
This concludes the proof. []

4. The Euler’s equation

In this section, we prove that an Euler’s equation holds true. This equation will be our starting point in the proof of Theorem
2.2.

Proposition 4.1. Assume (A1)—(A3) and let u be a local minimizer of (2.1). Then

/ Z Z 05“ (x, Du) (pii dx =0 4.1)

i=1 a=1
for dll ¢ € WHF(Q2;R™) with supp ¢ € Q.
Proof. Let ¢ € W7 (Q;R™) with supp ¢ € Q. By (2.2) also —¢ is in W7 (2;R™). By Lemma 3.2 we get u + tp € W7 (2;R™) for
every t € R. By the local minimality of u,
Fw) < Fu+tep) vVt eR.

To prove (4.1) it suffices to prove that

d d
E?(u+t(p)'t=0 —/Q Ef(x,Du(x)+th;(x)) dx.

t=0

Therefore, we need to prove that

|Zza§“

i=l a=

<H(x Vte(-1,1)
with H € L'(Q). By the convexity of f(x,-), we obtain

F6) — f(x,28 - &) < Z Z

i=1l a=

If & = Du(x) +t Dp(x) and & = Du(x) + (1 + 1) Dep(x), we have

28y — & = Du(x) + (1 = 1) Do(x)

e S — @) < D)~ S (5.8

and

f(x, Du+1Dg) — f(x, Du+(t—1)D(p)<Zz?(x Du+1 Dp)¢,

tlalz

< f(x,Du+(1+1)Dgp)— f(x,Du+tDgp).

Therefore, since f is non-negative,

IZE@@ Du+1D@)@% | < f(x, Du+(1+1) D)+ f(x, Du+(t = 1) Dg).

i=1l a=
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Moreover, since t € (-1, 1), we can use Lemma 3.2 to estimate the first term on the right-hand side of the previous inequality, thus
obtaining
f(x,Du+(1+1) Do) < 271 [f(x, Du) + f(x,(1 +1t) Dp)]
<27 | f(x, Du) + 27 f(x, Do)] .

To estimate f(x, Du + (t — 1) D), we now consider the cases ¢ € [0, 1) and 7 € (—1,0) separately. Let us first assume ¢ € [0, 1). Then,
using again the convexity of f(x,-) and Lemma 3.2, we get

f(x,Du+(t—1)Dep) <t f(x, Du)+ (1 — 1) f(x, Du— D)
< f(x, Du) + f(x, Du— Do)
<A +277Nf(x, Duy+ 277! f(x,— D).
Now assume ¢ € (—1,0). Since 1 < 1 —1¢ < 2, by Lemma 3.2 we have
f(x,Du+(t—1) Do) <27' [f(x,Du) + f(x,(t — 1) Dg)]
<277 [f(x, Du) + 27 f (x, - Do)
=277 f(x, Du) + 2%~ f(x, - Dg).
We have so proved that
| zn: Zm: %(x, Du+1 Do)

i=1 a=1

<A +29f0x, Du) + 277 [ £ (x, D@) + f(x,~De)] =: H(x).

Since u, , —p € W17 (2;R™), we conclude. [
5. Proof of the main result
We first state a lemma useful for the proof of Theorem 2.2. In the statement, the functions 4;, 4 and the exponents {p;},q, {r;},s

are the same as in the statement of Theorem 2.2. Moreover, x, € £ and R, € (0,1] are such that Bg := Bg (xg) € L. Fixed
0 < p < R < Ry, the function 1 € CZ®(Bg(x)) denotes a cut-off function satisfying

_ 2
0<n<l, n=1 on B,(xq), |Dy| < Ry (5.1)

Lemma 5.1. Let us assume that (A1)—(A4) hold under the summability conditions

teLl (@, ie{l,...n}, peL(Q),

loc

for some r; € [1,00] and s € (1, 0] such that

max {0;} <o  and é+i+é—l<l.
pr ¢ p 4 n
For every i € {1,...,n}, if 1 < p; < 2 we also require r; > +1 Moreover, let u be a local minimizer of (2.1). Then, for every y > 0 and
every i € {1,...,n} we have '
/ A0 [l Juy |PrnTdx < ;/ w(x) (max { |u], 1T dx (5.2)
Bg ! (R—=p) /By

for a positive constant ¢ depending on n, q and =, but independent of y, u, R and p.

Proof. We begin by defining a class of suitable test functions for the Euler’s equation (4.1). Let us approximate the identity function
id : R, — R, with an increasing sequence of non-decreasing C' functions 4, : R, — R, having the following properties:

h()=0 Vie [o, %] h =k Vi€lk+1,00), 0<A(H<2 inR,.
Fixed k,i € N, i <n, and y > 0, let Qg’” : R, = R, be the increasing function defined as follows
@U7(1) 1= hy(1P7).
Define (pg’y) ! Br(xp) = R™ by
0" () 1= &7 (o) u() (01,

From now on, we omit the dependence of @, and ¢, on i and y, i.e. &, = dvg‘” and ¢, = (pg'y). We have that @, is in C!(R,),
bounded and with bounded derivative. Precisely, define g, and b, positive real numbers, such that ai"y = i and bz"y =k+1.In
particular,

0 if seR\lay, b,
QL(S) = I (sPiv)sPiv=1  if
DY hk(s i7)sPi if s €la,b],
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and

piv—1 bm 1

||d> ||Lm(R+) < 2p;y max {a; } < +00.

As a consequence, taking into account that u € WI1(Q;R"), we have that @, (|u|)u is in W1(@2;R™). This implies that ¢, €
W L1(Q;R™) too. Moreover, supp @, € Bg(x,). Therefore, by Lemma 3.2 (ii), ¢, is a test function for the Euler’s equation (4.1) if we
prove that

I = @, 0, (ful) A
! /BRn(ak<|u\<bk}f (x il l) <u ux‘M k(b Ju(x)|

I ;=/ F(xn? @, (|u]) Du) dx < +oo,
Bp(lul > ay)

(u, ux")nq> dx < +o0,

I :=/ FO @ (uDugn®™ ne .., @ (ulugn®™" n, )dx < +eo.
Brn!lul > ay}

Of course, by the definitions of @, g, b, and by (2.3), we have

. @ i " ) >
./Bkn<|u|¢(ak,bk>>f<x ) Gt @) 2
= | fe0ydx < / 4(x)dx < +co.
JBp JBgr

/ fx,n? @ (lu]) Du) dx =/ f(x,0)dx <+,
Brn(lul <ag) By

/ G Dlubugnt™ n s o @ (uugn®™ 1, ydx = [ f(x,0)dx < +oo.
Brn{lu| <ay} Br

We now estimate I, I, and I; separately. Let us first consider /. Using Lemma 3.2 (i), (A2), the Cauchy-Schwarz inequality, Lemma
3.1 (v) and (A3), we find
I < max {1, |0} [} os )} f (x, (TN R A >> dx
+ Brn{ay < |ul <by |M| |u| "

<max {1, ||®} |}

1) g0x ul g, |, oo Jul 1) dx

Brn{ay <|u| <by}

< max (119 [z ) €0 by g, | oo b ) dx
Brnfay <|ul <by}

= max (1, [ D} 17z ) F(x, by, D) dx

Brn{ay < |u| <by}

< (112 ) 6 [ 05 D
R

and the last integral is finite, since u € W7 (2; R™). To prove that I, is bounded, we apply Lemma 3.2 (i) and the definition of @,,
thus obtaining

I, = / S, n? @ (Jul) Duydx < kT/ f(x,Du)ydx < +0.
BrN{|u|>ay Br
We now turn our attention to I;. Using Lemma 3.2 (i), the definition of @,, (A2), (5.1), Lemma 3.1 (v) and (2.3), we get
I < (qk)’/ fGoung ... uny )dx
Bg

= (qk)f/B g0, lul g 1ol I, 1 dx
R

2|u 2|u
< [ g(x,—R' L 2 )
Br -p"""R-p
2 T
S(Lk> / ,u(x){l+n%|u|"}dx,
R-p Bg

where we have also used Ri_ > 2. Since |u| € LIE;(.Q) by Proposition 3.6 and ¢s’ < 5* by assumption (see Remark 2.3), the last
integral in the preceding estimate is finite. Indeed, by Holder’s inequality,

X)|ulfdx < < +400.
./Bkm Ml dx < Ul I <400

Let us now consider the Euler’s equation (4.1) with test function ¢,. We obtain

I+ 15 = 22/ @(x ,Duyug D (lu)n dx

j=la=1

10
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i : ub
+Z Z / ﬂ(x,Du)u uﬂ d5'(|u|)r]"dx

e ot [, 08 ful

.

n o m

2

j=la=1

<a| XX [ SL e Duouat e, ax| = 1. 5:3)
By 9¢;

At this stage, we estimate I, I5 and I, separately.
ESTIMATE OF I,
As far as I, is concerned, we use the convexity of f(x,-), (2.3) and (5.1). Thus,

142/3 [f (x, Du) = f(x,0)] @ (|ul) n? dx
R

> / £ Du) @y (ul) n dx — / () By (ful) dx 5.4
Br

Bg
ESTIMATE OF /5
We claim that 75 > 0. Indeed, by (2.2) and the properties (i) and (v) in Lemma 3.1, we get

2
n m u® u®
9g (Zomwer)
_— D by = —(x, . _ >0.
>y agm Wt = 3 TG g el ) A 2

Jj=1a,p=1 j=1"J J
Thus, by the monotonicity of @, we have

2
(Zmlu ux)
15—/ 2 e el D~ 9L ! (ulyn? dx 2 0. 5.5)
5 & D g Tl

ESTIMATE OF I
Using again (2.2), the properties (i) and (v) in Lemma 3.1 and (5.1), we have

(u,
2 / 98 o Nt o it [)

)
@ (lul)n" n,, dx

Is=q
¥ | x/|
og _
<q Z/B (;(x,wxl|,...,|uxn|)|u|a>k<|u|)n" Dyl dx
2/ o, b D2 . 5.6)
where
_ 2qLlu|
AR =BR”{'1¢0|14 | < TR=p)
and

2qL|u|
AT :=Bp,n 0, > —
Rj TR {" 20 by 1> k=

with L > 0 to be chosen later.
For a.e. x € A;z,j define Hy(x,) : Ry = Ry,

Hy(x,0) = g%, [y, (), oo Lty ()]0, Lty ] i, (D,

of class C! w.r.t. o due to Lemma 3.1 (i). By the properties (i) and (iv) in Lemma 3.1 and by the assumption x € A, I the following
inequality holds:

a—(x e 15 e D) (5.7)

2qlul laH/< 2qLIMI) 29Lu|
ot

MR-p) = L 00 \"nR=-p)) nR=-p)"

Now, let @ > 1 and denote by e, the vector (1,0, ...,0) in R™. By the definition of Hj, (2.2), (A3) and Lemma 3.1 (v), for a.e. x € AI‘U
and for every ¢ € R, we have

uy (%) uy,_, (%) uy ., () u, (x)
H;(x,w0) = f<x,a) Bl B ! ,a)gelr,a) L,...,w n
1) 1) 1)

(0]

uy (x) u,  (x) uy. (%) u, (x)
<o f <x, LR ,pelT, AR
® ® ® ®
: luy, ()] lug, COI - uy GO luy, ()]
=wg|\x PR >0, seees
® ® ® @

11
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< 0 g0 (s Lty (L0l Ol (D) = 0 H(x,0).

Therefore, we can apply Lemma 3.3 with & = H/(x, ), thus obtaining
1 0H, 2qLlu| \ 2qL|ul T 2gL1u|
-\ < - Hj (X, —/— |
L oo nR-p)) n(R-p) — L n(R—p)

Using again the definition of H ;» Lemma 3.1 (v) and (2.2), we get

Xj+1

2qL|ul 2qL|u|
H; <x7m S g X% fuy b ug 1 lug |+ M7|ux/+llyn~sluxnl

2qLJu| \ r
f <X,MX],...,MXJ_], <|MXj|+ m € ’qu+l""’an .

2qLlu| \ 1
(uxl, ’uxj—l’ ('ule + m € ’quH’ ’ux,,

A

Since

1
= 5(2uXI,...,214,</,71,2|qu|e]T,2uxjH,...,2uxn)
4qL
+l o’ s o’ ,q—lulelT, r s o’ =: lv+lw,
2 "~~~ n(R - p) —— 2 2
€ERm €ERm eRm eRm

by the convexity of f(x,-) we obtain

2qL|u| T 1 1
f<x7“x1’---’“x/,l’<|ux‘/|+ TR=2) € sl ooty | S Ef(X,V) + Ef()%W)-

Of course, using (2.2) and (A3) we have
SO, v) = g(x, 2]uy, |,---,2|ij|,---,2luxn|) = f(x,2 Du(x)) < 27 f(x, Du(x)).
Let us deal with f(x,w). By (2.2), Lemma 3.1 (v) and (A4), we deduce

Faw) = g|x0,...0, 224 o of < g<x, tallul | 2aLld )
—— NR=p) — — n(R—-p) n(R - p)
j-1 n—j
¢ [ 4qL]u| ‘1} { [ Liu| ‘1}
< 1 _ < 4 9 1 _— .
< u(x){ +n2 [”(R_p) < (g ux) {1+ ZR—7)
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(5.8)

(5.9

(5.10)

(5.11)

(5.12)

Without loss of generality, we can assume L > 1 so that RL_’) > 1. Therefore, collecting (5.7)—(5.12) and using 0 < < 1, we get

2 ¥ Jg -
ol 3 [ S g e, D il gl
=17 A% T

(4g+/m)? Tn L9~
2(R - p)

< 27l tn
- L

/Bf(x,Du)tbk(|u|)nqa’x+ /I;M(x){1+|u|q}d>k(|u|)dx.

Let us now deal with A;j. By the properties (v), (i) and (iv) in Lemma 3.1 we have

806, 2y 1,2l 1o 2l D

Z g(xS|uX]|""’2|MX/|""’|MX”|)

> %

2 gl fuy oo luy 1o ug D) + a—lj(x,luxll,...,lux/l,-..,qunl)lule
9g

> a—tj(x,qu,l,..‘,luxll,...,qunl)lule.

Using the above inequality together with (2.2) and (A3), for a.e. x € A;J we obtain

Jg 2q|u| 1 Jg
sz(x’luﬂl"“"“"nl)m < z0—fj(x,qull,...,luxnl)lule
1
< 7862y | 2 |20 )
= L f2Due) < Z fix, Dutx))
- L 9 —_ L 9 .
Thus
2q c ag _ 2'n
7 ;}/A; Ej(x,luxl|,...,|uxn|)|u|(15k(|u|)n" Tdx < T Ja, f(x, Du) @ (|ul)n dx,
=174,

12

(5.13)

(5.14)
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and joining estimates (5.6), (5.13) and (5.14), we get
27 1
o< 200t / £(x, Du) @, (|ul) 19 dx
L BR

(4g+/n)? tnLa~!

2Ry /BR u() {1+ |ul?} D (lu) dx. (5.15)

Collecting (5.3), (5.4), (5.5) and (5.15), and using RL_p > 1, we find

/' e Dy Byl dx < 20+ D / F(x. D) @, (lul) n dx
J By L /B,

(4q\/;)q L4 41
(R—p)
Now we choose L = 27! n(z + 1) > 1 and reabsorb the first integral in the right-hand side of (5.16) by the left-hand side, thus
obtaining

/ u) {1+ |ul®} & (|ul) dx. (5.16)
Bg

. c .
/ e, Duy @ (uly n? dx < ——— / #) {1+ [ul} @ (Jul) dx, (5.17)
J By (R-p) /B,

where ¢, is a positive constant depending only on n, ¢ and z. Inequalities (2.3) and (5.17) imply

, » _S% q
[, At @ttt dx s G0 [ o {1+ 1ty oy

At this point, we recall that @, = tbg’”. Using the monotone convergence theorem, we let k — +oco and, by definition of @,, we get

" ) ) [} ' :
24CO 1l Jug 1P dx < —/ ) {1+ Jul?) Jul?? dx
/BR ' N (R—=p)7 /B, { J

2¢, ' ;
< W/B ) max ] 1) d, (5.18)

where, in the last line, we have used
|u|q+1’iy + |ulP? < 2(max {|u], 1})!1‘*'/11}'.
In a similar way to what has been done up to now, it is easy to prove that ¢ := un? is a test function for the Euler’s equation (4.1).

Moreover, using this test function and arguing exactly as above, we obtain

/BR 2,00 luy, 1P dx < %/B p(x) (max {[u], 1))? dx,

so that (5.18) also holds for y = 0.
Therefore, for every y > 0 and every i € {1, ...,n} we have

c
A0 [ulP Juy P dx <
/BR ' i (R~ p)

where ¢ = ¢(n, g,7) > 0. This concludes the proof. []

/ u(x) (max {|ul, 1?7 dx,
Bg

We are now in a position to prove Theorem 2.2.

Proof of Theorem 2.2. Let u € W9 (Q;R™) be a local minimizer of (2.1) and consider xg € 2 and R, € (0,1] such that
Bpg, = Bg,(xp) € £. Also fix 0 < p < R < R, and consider a cut-off function n € C*(Bg(x,)) satisfying (5.1). To shorten our
notation, we now set

G(x) := max {|u(x)], 1}. (5.19)

We split the proof into three steps.
Step 1. First we prove that, if § > 1 and |u|® € W]’("l’“'"’n)(BRU), then

1 a_q n €
3 P P 5 1 npi
1% < — g s NG 16y LT 00 (5.20)
i=1

for a constant C > 1 depending on m,n,p,q,r, 7 if 6 < n, and also on Ry, if 5 > n.
To prove the above inequality, we notice that for every y :=6—1>0 and every i € {1,...,n} we have

[t e,
J By i

" ) dx < 20! / (@n* | Dl (Jul ! + 1P 2,060 dx
Br

+ 217/'—| (r + 1)17( / ,li(x)”qm |u|YPi |ux,»|p' dx
Br

13
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= Jt o (5.21)
To estimate J; ;, we observe that

22q qu

J 23q71qq
Li = i
(R p)Pi

1 1 —_—
/ (lu"™ + 1)P 4;(x)dx < Ry

/ GTPi j,(x)dx,
Br

where we have used p; < g, E > 1 and
(Jul*' + 1P < QG < 21 GItTPE
From (2.3) it easily follows that

q
A £2n2p  ae. in Q

for every i € {1, ...,n}. Therefore,
234449
I, < (R" ")Zq / u(x) GT7Pi dx. (5.22)

Since #%i < n?, we can estimate J,; using inequality (5.2). Thus,
Dy € 2 G [ A G
Br

< E’I’;’ D)q / () G i, (5.23)

where C, = Cy(n,g,7) > 0. By Proposition 3.7 applied to v = (lu]"*' + 1) %, we obtain

< ! +1)an*dx>3 <G HIM N, B </ |[ut*" + 1], | *f“‘“") ’

for a positive constant C; depending on m,n,p,r if ¢ < n, and also on R, if 6 > n. Collecting this inequality, (5.21), (5.22) and
(5.23), we get

1
1 G 1 1+(}’+1)pi ; i
< / [l + 1) 7] dx> c2H|M ||U,<BR) [W / Wl dx] ,

where C, is a positive constant depending on m, n,p, g,r, 7 if ¢ < n, and additionally on R, if ¢ > n. Using (5.1) and (2.6), we then

find
/ (ul*' + 1% dx
B,
L
pi
<G H — 147 l”Lr,(B ) (/ u(x) G4*rhi dx>
I (R=p) Br
G (r + 1)" - : b
< SOV e, [ weogrmax)” (5.24)
(R- p) p i=1 Br
for a different constant C, > 0. By Holder’s inequality and y € Lj (£2), we obtain

1
L 1

1
I
< / (x) GHHP dx) ||u|lLA(B>< / G“””"‘”X)' : (5.25)
Br

If p; = g for some i € {1,...,n}, the above estimate gives

1
. - 1
(r+1)g a q 7+1
< /B MG dx) < Al g NG W -

If p; < q for some i € {1, ...,n}, we apply Holder’s inequality again to the last integral in (5.25). We thus obtain

i L
s g )" = (@-p)s’ Gar+Dms’ ! +1
</BRG" 7P dx> = ([, 6o e ax)" < UGN NG ety (5.26)

Then, up to redefine the constant C, > 0, estimates (5.24), (5.25) and (5.26) give

G +1)

1 n
=t +1) e < —||u||"A(BR) ||G||;,S o IIGV”‘IIU:/(BR)llIM 1||;;;(B -
(B,) (Br)
(R—-p)?®

where we have used (2.6) again. Since 6 = y + 1 and G® < [ul® +1, inequality (5.20) holds true.

14
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Step 2. Now we prove the local boundedness of G, and then of u, using the Moser iteration technique. To simplify our notation
even more, we introduce the function

1 1 n
II A7
(Br)l- |” i I

Observe that A(r) is non-decreasing, since

.
np;
L"i(B,)’

a_
P

AW = s 5, IGI7 r€ (0, Rol.

(5.27)
l<p;<q Vie{l,...,n}

implies g -1>0.

1Y
Using (5.27), inequality (5.20) reads as follows:
q

1
5
”G”L‘SE*(B’,) < q ”G”L&;s/(BR) s
(R-p)7

where C > 1. For all 7 € N, we define
—%

= h-1
6, = — , Ry, : (
" (qS’> "

C 6 A(R)

(5.28)
R

2

14—

S ) Pp = Rpyy -

(5.29)

G e LE"‘“’(BRh) implies G e

More precisely, the inequality

Notice that §, has been chosen in such a way that 6, = 1 and 6, 6" = 6, ¢s’. Moreover, §, diverges to +co as h — oo, since gs’ <"
by assumption. By (5.28), replacing 6, R and p with §,, R, and p,, respectively, we have that

Cé, A(Ry,)
IGll —h

4
Ry — pp)®

<
Spy1as’ <
LOHT (Bry, )

holds true for every h € N.

Cé;, A(R)
1GI iprer . .
Rpt1 H

(R, — pp)P

for every h € N. In particular, if » =1 we get

1
P
(.

sl

4v» C
1G5 (g0 <

4
RP

define

M,

so that inequality (5.30) turns into

q n
G|I°’ a7
I ||w,(BR)g||, I

Sp1as’
L (BRh+l

).

Gl

Lonas’ (BR,, )

oh

Gl

Spas’
L0 (B, )

€1
npj
L'i(Bp) "

Since A(R;,) < A(R) for all 4 € N, we obtain

(5.30)

(5.31)
Notice that the right-hand side of (5.31) is finite, because |u| € L% (B r,) Dy Proposition 3.6 and gs' <" by assumption. Now, we

1
. , Spas’
/ G5 dx , heN,
J B,

(5.32)
1
a
C 8, A(R) (20 )1
Mh+l < h—i (5.33)
Rp
Iterating the above estimate, we get
h Lk *
Cé, A(R)(2P)
My < My [[§——F— (5.34)
k=1 RP
for any h € N. Now we observe that
$L_%() -
e &\e G —qs’
so that
h = T 3 T3 =
CA(R) \ * CAR) \ ™" % C(1+AR) \ ' % CU+A®R)\™ ¢
H( g)) :< 3)) (cu+ary <(curam) , 5.35)
k=1 RP RP RP RP
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where we have also used C > 1 and R < 1. Moreover, by the definition of §, in (5.29), we have
k —k
ho L =5\ Zhet 5 —o\ k(L) =t \ T
15" = <"_,> * < <"_,> = <0_,> (@ =as') (5.36)
qs qs qs

(* )3

h - 1\ k Fi k
H(Q%)W = 2%(%) k(&) < 2?’(*/) DRREC S ) = 20 (7 -a') (5.37)

and

Combining estimates (5.34)—(5.37), recalling the definitions (5.27) and (5.32), and letting 4 — +o0, we obtain

—%

1 = _ T e
1 P ll 1 np, 7 as’ qs’
—,,<1+||u|| s 16117 (B)an [ .BRG dx| ",

||G||L°°(BR/2) ¢ [
RP

\'%
o

where ¢; > 1 is a constant depending on m,n,p,q,r,s, 7 if 6 < n, and also on R, if 6 > n. Now, using the fact that G > 1, % -1
and R < 1, we deduce

1
o
1< [][ G’ dx]
Bg

-1 1
617, < —L—iG? )
th’( 1)

where w, denotes the n-dimensional Lebesgue measure of the unit ball B,(0). Joining the three previous estimates and recalling the
definition of G in (5.19), we get

—
Tl
Tl

: Py
! = 1w (78) gy i
R L4"<B) 2 (e-

and

9
1 P 1 nm
el s ) < e [1+||u|| V(B)Hna 1% s |\|u|+

L' (Bg)’
for a different constant ¢; > 1 and

—k

o

= =
G —gqs

q@" ~ps')
192 .—19 ——1 +1= — >
P p(c —gs")

=k 2./ =
83 := 9, [2+L,<g_1>]=f’ £qsi-*n(q Pl
P45 AP pgs’ (6" —qs")

We have thus proved that u € L®(By /2(x0); R™) and estimate (2.8).

Step 3. Here we prove estimate (2.9). Fix Bg(x() C Bp,(xp) € 2 with R, € (0, 1]. Notice that if Q,(x,) denotes the cube with
edges parallel to the coordinate axes, centered at x, and with side length 27, then B, / \/;(xo) C O, / \/;(Xo) C Bg(xq)-

Define uy := fBR(XO) udx. Since u — uy is a local minimizer too, by (2.8) and Holder’s inequality we have

[l — uR”LW(BR/(zﬁ)(xO))
9 9
c 1y mpi
< =% [ + ||u||U(B >H 147 llm ] [1 +llu— uRuLg*(BRW] : (5.38)
where ¢ = ¢(m,n,p, q,r,s,7, Ry) > 0. By Proposition 3.6 and Theorem 3.5, we get
n
[l — ugll 5+ < llu—ugll 5 < e | llu—urlipigyy + 2 llux, Nl o .
RIlf (BR/\/Z) Rl (Qk/ﬁ(xo)) RILY(Bg) ,:Z] x; WL (BR)
Now we apply the Poincaré inequality as in [22, page 185] (see also [28, page 84]). Thus we obtain
n
[l — uR”Ll(BR) <c |:1 + 2 ””x‘v”Ll(BR):| 5
i=1
and combining the two previous estimates, we find

n
=gl < e |1+ X Mg lloiay | - (5.39)
R/ =1
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At this point, arguing as in the proof of Proposition 3.6, we deduce

n n 1 L

1 E pi
2 e isisg < 214, [ /B D0 dx]
= =

IN

: Loy |
P -
[1+ /B f(x,Du)dx] 2147 g (5.40)
R i=1

where p = 11<n1r<1 {p;}. The final estimate (2.9) follows by collecting (5.38), (5.39) and (5.40). [J

6. Examples of applicability

In this section, we provide two examples of integrals to which Theorem 2.2 is applicable. Before presenting these examples, we
need to make some preliminary considerations.

Let ©2 be a bounded open subset of R”, n > 2. For every i € {1,...,n}, let ¢; € (0,+0), k; € [0,4), p; € (1,+0), a; € [0,n/p;)
and

A(x) 1= ¢ |x|%P, x € Q. (6.1)

For any fixed i € {1,...,n}, 47" € L"(2) whenever

e [15) if o, > 0,

(6.2)
r; €1, 00] if @; =0.
Now let g = max {p;}, Cy = max {¢;}, K, = max {k;}, € [0,n) and assume that:
« 0€Qif Ky=0or =0
+ 0 eR"\ Q2 (possibly 0 € 02) if K, > 0 and g > 0.
We now consider the functions y : 2 — [0,00) and f : @ X R™" - [0, ), m € N, defined respectively by
u(x) 1= 2971 n{CO max |x|%P + K |x|_ﬂ} (6.3)
1<jzn
and
n n
[0 = Y A@IE + xI7P Y w51 (6.4)
i=1 i=1

The function f in (6.4) trivially satisfies the assumptions (A2) and (A3) with = = max {p;}. Moreover, if p; > 2 for every i € {1, ...,n},
then f also fulfills (A1).
We are now ready to give our two examples, using (2.4), (6.1)—(6.4) and the considerations above.

Example 6.1. Let K, = 0 or g = 0. In this case, the function y in (6.3) belongs to L*(£2) for all s € [1, co]. Therefore, if (6.2) is in
force for every i € {1,...,n} and if s = o, the map f in (6.4) satisfies (A4) with the weights 4, 4 defined as in (6.1) and (6.3). In
light of what has just been said, choosing

n=2, p =2, pp=q=1t=4, alzi a, 16l _6 11

=400, 71—5, "2=E7 § =00, (6.5)

it is easy to verify that the function
3 2 s 4 mx2
F8 = (a5 + 0 ) aP +(alx® + k) o, xee eR™

and the parameters in (6.5) fulfill all the assumptions of Theorem 2.2. Therefore, in the case n = 2, the main result of this paper is
applicable to integrals of the form

8 ) 161 4
?1(u>=/g{(cl 515+ K1) [og, 12+ (2 Ix1® + 1) log, [* dx.

Example 6.2. Let us now consider the case K, > 0 and f# € (0,n). In this case, the function u in (6.3) belongs to L*(£2) for all
s € (1, 2). Hence, if (6.2) holds true for every i € {1,...,n} and 1 < s < %, the function f in (6.4) fulfills (A4) with the weights 4, u
definedﬂ by (6.1) and (6.3). Thanks to the previous considerations, choosing

4 161 6 11 1
n=2, py=2, pp=q=1=4, =g, Bm=gees NS5, =10 =<, s=35, (6.6)
it is immediate to realize that the function

8 1 161 1
£ = (ealxls + w1375 ) G P + (e 510 + k575 ) 1&]%, xe @ ¢ RS,
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and the parameters in (6.6) also satisfy all the assumptions of Theorem 2.2. Therefore, in the case n = 2, our main result can also
be applied to integrals of the type

o) = [ {(erlds + el )l 1P+ (e 10+ 173 ) o 1 e
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