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We establish the local boundedness of the local minimizers 𝑢 ∶ 𝛺 → R𝑚 of non-uniformly elliptic 
integrals of the form ´𝛺 𝑓 (𝑥,𝐷𝑣) 𝑑𝑥, where 𝛺 is a bounded open subset of R𝑛 (𝑛 ≥ 2) and the 
integrand satisfies anisotropic growth conditions of the type

𝑛
∑

𝑖=1
𝜆𝑖(𝑥)|𝜉𝑖|

𝑝𝑖 ≤ 𝑓 (𝑥, 𝜉) ≤ 𝜇(𝑥)
{

1 + |𝜉|𝑞
}

for some exponents 𝑞 ≥ 𝑝𝑖 > 1 and with non-negative functions 𝜆𝑖, 𝜇 fulfilling suitable 
summability assumptions. The main novelties here are the degenerate and anisotropic behavior 
of the integrand and the fact that we also address the case of vectorial minimizers (𝑚 > 1). Our 
proof is based on the celebrated Moser iteration technique and employs an embedding result 
for anisotropic Sobolev spaces.

. Introduction

In this paper we are interested in the regularity of local minimizers 𝑢 ∶ 𝛺 → R𝑚, 𝑢 ∈ 𝑊 1,1(𝛺;R𝑚) with 𝑚 ≥ 1, of non-uniformly 
lliptic functionals of the form 

F(𝑣) =
ˆ
𝛺
𝑓 (𝑥,𝐷𝑣) 𝑑𝑥, (1.1)

here 𝛺 is a bounded open subset of R𝑛, 𝑛 ≥ 2. We assume that the energy density 𝑓 = 𝑓 (𝑥, 𝜉), 𝑥 ∈ 𝛺, 𝜉 ∈ R𝑚×𝑛, is a Carathéodory 
unction, convex and of class 𝐶1 with respect to 𝜉 and satisfying the following degenerate and anisotropic behavior: for some exponents 
𝑖, 𝑖 ∈ {1,… , 𝑛}, and 𝑞 with 1 < 𝑝𝑖 ≤ 𝑞 and for some measurable functions 𝜆𝑖, 𝜇 ∶ 𝛺 → [0,∞), 𝑖 ∈ {1,… , 𝑛}, 

𝑛
∑

𝑖=1
𝜆𝑖(𝑥)|𝜉𝑖|

𝑝𝑖 ≤ 𝑓 (𝑥, 𝜉) ≤ 𝜇(𝑥)
{

1 + |𝜉|𝑞
}

for a.e. 𝑥 ∈ 𝛺 and for every 𝜉 ∈ R𝑚×𝑛, (1.2)

here 

𝜆−1𝑖 ∈ 𝐿𝑟𝑖
𝑙𝑜𝑐 (𝛺), 𝑖 ∈ {1,… , 𝑛}, 𝜇 ∈ 𝐿𝑠

𝑙𝑜𝑐 (𝛺) (1.3)
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for some 𝑟𝑖 ∈ [1,∞] and 𝑠 ∈ (1,∞]. Throughout this paper 𝜉𝑖, 𝑖 ∈ {1,… , 𝑛}, denotes the 𝑖-th column of the 𝑚 × 𝑛-matrix 𝜉 = (𝜉𝛼𝑖 ), 
𝑖 ∈ {1,… , 𝑛}, 𝛼 ∈ {1,… , 𝑚}, i.e.

𝜉 = (𝜉1, 𝜉2,… , 𝜉𝑛) =

⎛

⎜

⎜

⎜

⎜

⎝

𝜉11 𝜉12 ⋯ 𝜉1𝑛
𝜉21 𝜉22 ⋯ 𝜉2𝑛
⋮ ⋮ ⋱ ⋮
𝜉𝑚1 𝜉𝑚2 ⋯ 𝜉𝑚𝑛

⎞

⎟

⎟

⎟

⎟

⎠

.

In particular, if 𝜉 = 𝐷𝑣, then 𝜉𝑖 = (𝑣1𝑥𝑖 ,… , 𝑣𝑚𝑥𝑖 )
𝑇 . In addition, we assume that there exists a function 𝑔 ∶ 𝛺 × [0,∞)𝑛 → [0,∞) such 

that 

𝑓 (𝑥, 𝜉) = 𝑔(𝑥, |𝜉1|,… , |𝜉𝑖|,… , |𝜉𝑛|) (1.4)

for a.e. 𝑥 ∈ 𝛺 and every 𝜉 ∈ R𝑚×𝑛.
In the case 𝑝 ∶= min {𝑝𝑖} < 𝑞, with 𝜆𝑖 ≥ 1 for every 𝑖 and 𝜇 ∈ 𝐿∞(𝛺), the functional (1.1) belongs to the class of variational 

problems with 𝑝, 𝑞-growth conditions, introduced by Marcellini [1–4] and since then widely investigated. As for the case of 
anisotropic 𝑝𝑖, 𝑞-growth, we recall e.g. Boccardo–Marcellini–Sbordone [5], Stroffolini [6], Fusco–Sbordone [7] and Marcellini [8–10].

Anisotropic elliptic equations have been considered under many different aspects, for instance with respect to the maximum 
principle and the multiplicity of solutions: see e.g. Pucci, Rǎdulescu et al. [11–13].

Actually, the research on problems satisfying 𝑝, 𝑞-growth conditions is so intense that it is impossible to give an exhaustive and 
comprehensive list of references; for an overview on the subject and a detailed bibliography, see Mingione [14], Marcellini [15] 
and Mingione–Rǎdulescu [16].

In the vector-valued case, as suggested by well-known counterexamples by De Giorgi [17], Giusti–Miranda [18], Nečas [19] and 
Šverák–Yan [20], the structural assumption 𝑓 (𝑥,𝐷𝑣) = 𝐹 (𝑥, |𝐷𝑣|) on the integrand is generally required for everywhere regularity. 
We point out that the condition 𝑓 (𝑥,𝐷𝑣) = 𝐹 (𝑥, |𝐷𝑣|) is more specific than (1.4).

For the 𝐿∞ regularity in the vectorial framework, see for example [21–24], where the authors established the local boundedness 
of solutions for some classes of quasilinear systems, which – in the variational context – may correspond to integrals as in (1.1). 
In particular, in [22] local 𝐿∞-estimates were obtained for the local minimizers of (1.1), by assuming (1.2) and (1.4) with positive 
constants in place of the functions 𝜆𝑖(𝑥) and 𝜇(𝑥), i.e. without imposing growth conditions on the integrand that are degenerate in 
𝑥.

In the context of non-uniform ellipticity, starting from the celebrated paper by Trudinger [25], in [26] the authors proved the 
local boundedness for local minimizers of integrals of the form (1.1) under 𝑝, 𝑞-growth conditions of the type

𝜆(𝑥) |𝜉|𝑝 ≤ 𝑓 (𝑥, 𝜉) ≤ 𝜇(𝑥)
{

1 + |𝜉|𝑞
}

,

for some exponents 𝑞 ≥ 𝑝 > 1 and with non-negative functions 𝜆, 𝜇 satisfying suitable summability conditions. We also refer to [27], 
where the local boundedness is established for scalar-valued quasi-minimizers of non-uniformly elliptic integrals of the form

G(𝑣) =
ˆ
𝛺
𝑓 (𝑥, 𝑣,𝐷𝑣) 𝑑𝑥 ,

where 𝑓 ∶ 𝛺 × R × R𝑛 → R is a Carathéodory map satisfying a non-uniform growth condition of the type

𝜆(𝑥) |𝜉|𝑝 ≤ 𝑓 (𝑥, 𝑢, 𝜉) ≤ 𝜇(𝑥)
{

|𝜉|𝑝 + |𝑢|𝑞
}

+ 𝑎(𝑥) ,

for 𝑞 ≥ 𝑝 > 1 and non-negative functions 𝑎, 𝜆, 𝜇 fulfilling appropriate summability assumptions.
In this paper we carry on the research conducted in the previous articles, extending the (local) 𝐿∞-regularity results to the case 

of vectorial local minimizers (𝑚 > 1) of non-uniformly elliptic integrals under the anisotropic growth conditions (1.2), which may 
possibly be degenerate with respect to the 𝑥-variable. Precise assumptions and statements are given in Section 2, where we also 
impose some restrictions to the growth exponents {𝑝𝑖} and 𝑞 in (1.2) and to the integrability exponents {𝑟𝑖} and 𝑠 in (1.3). These 
restrictions are the natural generalizations of the various bounds that must be satisfied to ensure the regularity of local minimizers; 
for a knowledge of some of these bounds, we limit ourselves to pointing out the works [5,22,26–32] and the references therein, 
since there is a vast literature on this topic. In this regard, see also Remark  2.4 below, where we compare the main result of this 
paper (Theorem  2.2) with those obtained in [22,26,28,29].

The main novelty of our Theorem  2.2 is the degenerate and anisotropic behavior of the integrand (1.2) in the vector case 𝑚 > 1. In 
this respect, we wish to mention the very recent work [33]: there, Feng, Gao and Zhang establish the local boundedness of vectorial 
local minimizers for a class of integral functionals with rank-one convex integrands and specific structural conditions. In particular, 
their result is applicable to integrals of the type ˆ

𝛺

{ 𝑚
∑

𝛼=1
𝜆(𝑥) |𝐷𝑣𝛼|𝑝 + 𝜇(𝑥) |𝐷𝑣|𝑟

}

𝑑𝑥 , (1.5)

with suitable 𝜆(𝑥), 𝜇(𝑥) > 0 and 𝑝, 𝑟 > 1. However, the result in [33] is not comparable to ours, since the functionals of the form 
(1.5) do not satisfy conditions (1.2) and (1.4), not even if 𝑛 = 𝑚 ≥ 2, 𝜆 = ⋯ = 𝜆 = 𝜆 and 𝑝 = ⋯ = 𝑝 = 𝑝.
1 𝑛 1 𝑛
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Before describing the structure of this paper, we also want to point out the recent article [32], where Feo, Passarelli di Napoli 
and Posteraro prove the local boundedness of scalar minimizers of non-uniformly elliptic integrals of the form (1.1), assuming that 
the left inequality in (1.2) holds with monomial weights of the type

𝜆𝑖(𝑥) = |𝑥𝑖|
𝛼𝑖 𝑝𝑖 for some 𝛼𝑖 ∈ [0, 1) for every 𝑖 ∈ {1,… , 𝑛}.

The proof methods used in [32,33] adapt the renowned De Giorgi iteration technique. Moreover, the approach employed in [32] 
relies essentially on an anisotropic Sobolev inequality with respect to the weights |𝑥𝑖|𝛼𝑖 𝑝𝑖 .

It is worth noting that, to deal with the anisotropic behavior of the integrand, we base our estimates on an embedding result 
for anisotropic Sobolev spaces due to Troisi [34]. Other key ingredients in the proof of our result are the derivation of the Euler’s 
equation for the functional (1.1) and a suitable Moser iteration procedure.

The paper is organized as follows. In the next section we give the complete statement of the main regularity result. Section 3 is 
devoted to the preliminaries: after a list of some classic notations and some essential lemmas, we recall the definition and properties 
of the anisotropic Sobolev spaces that will be needed to prove our result. In Section 4 we prove that an Euler’s equation holds true. 
This is a main step in the proof of Theorem  2.2, which is given in Section 5. Finally, in Section 6 we present interesting examples 
of applicability of our main result.

2. Assumptions and statement of the main result

Let us define the integral functional 

F(𝑣) ∶=
ˆ
𝛺
𝑓 (𝑥,𝐷𝑣(𝑥)) 𝑑𝑥, (2.1)

where 𝛺 is a bounded open subset of R𝑛, 𝑛 ≥ 2, and 𝑣 ∈ 𝑊 1,1(𝛺;R𝑚), 𝑚 ∈ N.
In the sequel, we denote by R+ the set [0,∞). Moreover, we assume that 𝑓 ∶ 𝛺×R𝑚×𝑛 → R+ is a Carathéodory function satisfying 

the following conditions:

A1) 𝑓 = 𝑓 (𝑥, 𝜉), 𝑥 ∈ 𝛺, 𝜉 ∈ R𝑚×𝑛, is convex and of class 𝐶1 with respect to 𝜉;
A2) there exists a function 𝑔 ∶ 𝛺 × (R+)𝑛 → R+ such that 

𝑓 (𝑥, 𝜉) = 𝑔(𝑥, |𝜉1|,… , |𝜉𝑖|,… , |𝜉𝑛|) for a.e. 𝑥 ∈ 𝛺 and every 𝜉 ∈ R𝑚×𝑛; (2.2)

A3) there exists 𝜏 ≥ 1 such that

𝑓 (𝑥, 𝑡𝜉) ≤ 𝑡𝜏𝑓 (𝑥, 𝜉)

for every 𝑡 > 1, for a.e. 𝑥 ∈ 𝛺 and every 𝜉 ∈ R𝑚×𝑛;
A4) there exist some exponents 𝑝𝑖, 𝑖 ∈ {1,… , 𝑛}, and 𝑞 with 1 < 𝑝𝑖 ≤ 𝑞 and some measurable functions 𝜆𝑖, 𝜇 ∶ 𝛺 → R+, 𝑖 ∈ {1,… , 𝑛}, 

such that 
𝑛
∑

𝑖=1
𝜆𝑖(𝑥)|𝜉𝑖|

𝑝𝑖 ≤ 𝑓 (𝑥, 𝜉) ≤ 𝜇(𝑥)
{

1 + |𝜉|𝑞
}

for a.e. 𝑥 ∈ 𝛺 and every 𝜉 ∈ R𝑚×𝑛, (2.3)

where

𝜆−1𝑖 ∈ 𝐿𝑟𝑖
𝑙𝑜𝑐 (𝛺), 𝑖 ∈ {1,… , 𝑛}, 𝜇 ∈ 𝐿𝑠

𝑙𝑜𝑐 (𝛺)

for some 𝑟𝑖 ∈ [1,∞] and 𝑠 ∈ (1,∞].

For every 𝑖 ∈ {1,… , 𝑛}, we denote 

𝜎𝑖 =

{ 𝑝𝑖𝑟𝑖
𝑟𝑖+1

if 𝑟𝑖 ∈ [1,∞),

𝑝𝑖 if 𝑟𝑖 = ∞,
(2.4)

and additionally require that 𝜎𝑖 ≥ 1, i.e. we require that 𝑟𝑖 ≥ 1
𝑝𝑖−1

 if 1 < 𝑝𝑖 < 2.
We set

𝑊 1,F(𝛺;R𝑚) ∶= {𝑣 ∈ 𝑊 1,1(𝛺;R𝑚) ∶ F(𝑣) < +∞}

and define a local minimizer of (2.1) as follows.

Definition 2.1.  A function 𝑢 is a local minimizer of (2.1) if 𝑢 ∈ 𝑊 1,F(𝛺;R𝑚) and

F(𝑢) ≤ F(𝑢 + 𝜑)

for all 𝜑 ∈ 𝑊 1,F(𝛺;R𝑚) with supp𝜑 ⋐ 𝛺.
3 
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Given a real number 𝓁 ≥ 1, 𝓁∗ is its Sobolev exponent, i.e. 

𝓁∗ ∶=

{

𝑛𝓁
𝑛−𝓁 if 𝓁 < 𝑛,

any value in (𝓁,∞) if 𝓁 ≥ 𝑛,
(2.5)

and 𝓁′ is the conjugate exponent of 𝓁, i.e. 𝓁′ = 𝓁
𝓁−1  if 𝓁 > 1, while 𝓁′ = ∞ if 𝓁 = 1. We set

𝐩 ∶= (𝑝1,… , 𝑝𝑛), 𝐩𝐫 ∶= (𝑝1𝑟1,… , 𝑝𝑛𝑟𝑛), 𝜎 ∶= (𝜎1,… , 𝜎𝑛)

and let 𝐩 be the harmonic average of {𝑝𝑖}, i.e. 
1
𝐩

= 1
𝑛

𝑛
∑

𝑖=1

1
𝑝𝑖

. (2.6)

Similarly, we will denote by 𝐩𝐫 and 𝜎 the harmonic average of {𝑝𝑖𝑟𝑖} and {𝜎𝑖}, respectively. As usual, 1
∞  has to be read as 0. 

Therefore, in the particular case 𝑟1 = ⋯ = 𝑟𝑛 = ∞, we have 1
𝐩𝐫 = 0. Likewise, 1

𝑞𝑠 = 0 if 𝑠 = ∞.
As we anticipated earlier, to prove the local boundedness of the local minimizers of (2.1), we need some restrictions on the 

exponents {𝑝𝑖}, 𝑞, {𝑟𝑖} and 𝑠. More precisely, our main result reads as follows.

Theorem 2.2.  Let us assume that (𝐀𝟏), (𝐀𝟐), (𝐀𝟑) and (𝐀𝟒) hold under the summability conditions
𝜆−1𝑖 ∈ 𝐿𝑟𝑖

𝑙𝑜𝑐 (𝛺), 𝑖 ∈ {1,… , 𝑛}, 𝜇 ∈ 𝐿𝑠
𝑙𝑜𝑐 (𝛺),

for some 𝑟𝑖 ∈ [1,∞] and 𝑠 ∈ (1,∞] such that max {𝜎𝑖} < 𝜎∗ and 
1
𝐩𝐫

+ 1
𝑞𝑠

+ 1
𝐩

− 1
𝑞

< 1
𝑛
. (2.7)

For every 𝑖 ∈ {1,… , 𝑛}, if 1 < 𝑝𝑖 < 2 we also require 𝑟𝑖 ≥ 1
𝑝𝑖−1

. Then, every local minimizer 𝑢 of (2.1) is locally bounded. Moreover, for 
every ball 𝐵𝑅0

(𝑥0) ⋐ 𝛺 with 𝑅0 ∈ (0, 1],
(1) there exists a constant 𝑐1 > 1, depending on 𝑚, 𝑛, 𝐩, 𝑞, 𝐫, 𝑠, 𝜏 if 𝜎 < 𝑛, and also on 𝑅0 if 𝜎 ≥ 𝑛, such that for every 𝑅 ∈ (0, 𝑅0) we 

have 

‖𝑢‖𝐿∞(𝐵𝑅∕2(𝑥0)) ≤
𝑐1
𝑅𝜗3

[

1 + ‖𝜇‖
1
𝐩
𝐿𝑠(𝐵𝑅)

𝑛
∏

𝑖=1
‖𝜆−1𝑖 ‖

1
𝑛𝑝𝑖
𝐿𝑟𝑖 (𝐵𝑅)

]𝜗1
‖

‖

‖

|𝑢| + 1‖‖
‖

𝜗2

𝐿𝑞𝑠′ (𝐵𝑅)
, (2.8)

(2) there exists a constant 𝑐2 > 0, depending on 𝑚, 𝑛, 𝐩, 𝑞, 𝐫, 𝑠, 𝜏 and 𝑅0, such that for every 𝑅 ∈ (0, 𝑅0) we have

‖𝑢 − 𝑢𝑅‖𝐿∞(𝐵𝑅∕(2
√

𝑛)(𝑥0))
≤

𝑐2
𝑅𝜗3

[

1 + ‖𝜇‖
1
𝐩
𝐿𝑠(𝐵𝑅∕

√

𝑛)

𝑛
∏

𝑖=1
‖𝜆−1𝑖 ‖

1
𝑛𝑝𝑖
𝐿𝑟𝑖 (𝐵𝑅∕

√

𝑛)

]𝜗1

⋅
⎡

⎢

⎢

⎣

1 +
(

1 +
ˆ
𝐵𝑅(𝑥0)

𝑓 (𝑥,𝐷𝑢) 𝑑𝑥
)

1
𝑝

𝑛
∑

𝑖=1
‖𝜆−1𝑖 ‖

1
𝑝𝑖
𝐿𝑟𝑖 (𝐵𝑅)

⎤

⎥

⎥

⎦

𝜗2

, (2.9)

where 𝑢𝑅 ∶= 1
|𝐵𝑅(𝑥0)|

´
𝐵𝑅(𝑥0)

𝑢 𝑑𝑥, 𝑝 ∶= min
1≤ 𝑖≤ 𝑛

{𝑝𝑖} and

𝜗1 ∶=
𝜎∗

𝜎∗ − 𝑞𝑠′
, 𝜗2 ∶=

𝑞 (𝜎∗ − 𝐩𝑠′)
𝐩 (𝜎∗ − 𝑞𝑠′)

, 𝜗3 ∶=
𝜎∗ [𝑞2𝑠′ + 𝑛 (𝑞 − 𝐩)]

𝐩𝑞𝑠′ (𝜎∗ − 𝑞𝑠′)
.

Remark 2.3.  If 𝑛 > 𝜎, then condition (2.7) is equivalent to 
𝑞𝑠′ < 𝜎∗. (2.10)

In the case 𝑛 ≤ 𝜎, we can still suppose that 𝑞𝑠′ < 𝜎∗, provided we choose a sufficiently large value for 𝜎∗. For our purposes, in the 
sequel we will always assume that 𝑞𝑠′ < 𝜎∗.

Also note that if 𝑝 = 𝑞 (i.e. 𝑝1 = ⋯ = 𝑝𝑛 = 𝑞), then 𝜗2 = 1 and 𝜗3 = 𝜗1.

Remark 2.4 (Comparison with Other Results). In the previous paper [26], the authors assume that there exist measurable functions 
𝜆, 𝜇 ∶ 𝛺 → R+ such that 

{

𝜆(𝑥) |𝜉|𝑝 ≤ 𝑓 (𝑥, 𝜉) ≤ 𝜇(𝑥)
{

1 + |𝜉|𝑞
}

𝜆−1 ∈ 𝐿𝑟
𝑙𝑜𝑐 (𝛺), 𝜇 ∈ 𝐿𝑠

𝑙𝑜𝑐 (𝛺)
(2.11)

for 1 < 𝑝 ≤ 𝑞, for some exponents 𝑟 ∈ [1,∞], 𝑠 ∈ (1,∞] and for every 𝜉 ∈ R𝑚×𝑛. Therefore, the left-hand side of (2.3) is an anisotropic 
version of the left inequality in (2.11). Furthermore, condition (2.7) in Theorem  2.2 is the evident counterpart of condition (2.6)
in [26, Theorem 2.1], which reads as follows:

1 + 1 + 1 − 1 < 1 .

𝑝𝑟 𝑞𝑠 𝑝 𝑞 𝑛

4 
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In this regard, also observe that (2.10) is a generalization of the restriction 𝑞 < 𝐩∗ adopted, for example, in [22,28,29], where the 
authors assume that 𝜇 is a positive constant and 𝜆𝑖 ≡ 1 for any 𝑖 ∈ {1,… , 𝑛}. Moreover, the requirement max {𝜎𝑖} < 𝜎∗ in Theorem 
2.2 is the natural generalization of the condition max {𝑝𝑖} < 𝐩∗ in [29, Theorem 2.3]. In fact, if 𝑟1 = ⋯ = 𝑟𝑛 = ∞, then 𝜎𝑖 = 𝑝𝑖 for 
every 𝑖 ∈ {1,… , 𝑛}, and therefore 𝜎 = 𝐩.

3. Notations and preliminaries

In this paper we shall denote by 𝐶 or 𝑐 a general positive constant that may vary on different occasions. Relevant dependencies 
on parameters and special constants will be suitably emphasized using parentheses or subscripts. The norm we use on R𝑘, 𝑘 ∈ N, 
will be the standard Euclidean one and it will be denoted by | ⋅ |. In particular, for the vectors 𝐯,𝐰 ∈ R𝑘, we write ⟨𝐯,𝐰⟩ for the 
usual inner product and |𝐯| ∶= ⟨𝐯, 𝐯⟩

1
2  for the corresponding Euclidean norm.

In what follows, 𝐵𝑟(𝑥0) =
{

𝑥 ∈ R𝑛 ∶ |

|

𝑥 − 𝑥0|| < 𝑟
} will denote the 𝑛-dimensional open ball with radius 𝑟 > 0 and center 𝑥0 ∈ R𝑛. 

We shall sometimes omit the dependence on the center when all balls occurring in a proof are concentric. Unless otherwise stated, 
different balls in the same context will have the same center.

If 𝐸 ⊆ R𝑘 is a Lebesgue-measurable set, then we will denote by |𝐸| its 𝑘-dimensional Lebesgue measure. When 0 < |𝐸| < ∞, the 
mean value of a function 𝑣 ∈ 𝐿1(𝐸) is defined by 

𝐸
𝑣(𝑥) 𝑑𝑥 ∶= 1

|𝐸|

ˆ
𝐸
𝑣(𝑥) 𝑑𝑥 .

Now we gather some results that will be needed later on. Let us start with a lemma on the properties of the functions 𝑓 and 𝑔
considered in Section 2.

Lemma 3.1.  Assume (𝐀𝟏) and (𝐀𝟐). Then, for a.e. 𝑥 ∈ 𝛺 and every 𝑖 ∈ {1,… , 𝑛},
(i) 𝑔(𝑥, 𝑡1,… , 𝑡𝑛) is of class 𝐶1 with respect to (𝑡1,… , 𝑡𝑛) ∈ (R+)𝑛;
(ii) 𝑔𝑡𝑖 (𝑥, 𝑧1,… , 𝑧𝑖−1, 0, 𝑧𝑖+1,… , 𝑧𝑛) = 0 for any (𝑧1,… , 𝑧𝑖−1, 𝑧𝑖+1,… , 𝑧𝑛) ∈ (R+)𝑛−1;
(iii) 𝐷𝜉𝑓 (𝑥, 0) = 0;
(iv) 𝑔(𝑥, 𝑡1,… , 𝑡𝑛) is convex with respect to 𝑡𝑖 ∈ R+;
(v) 𝑔(𝑥, 𝑡1,… , 𝑡𝑛) is non-decreasing with respect to 𝑡𝑖 ∈ R+;
(vi) 𝜌 ↦ 𝑓 (𝑥, 𝜌 𝜉) is non-decreasing in R+ for every 𝜉 ∈ R𝑚×𝑛.

Proof. We first prove (i), (ii) and (iii). Let {𝖾𝛼}1≤ 𝛼 ≤𝑚 be the standard basis of R𝑚. Fix 𝛼 ∈ {1,… , 𝑚} and let 𝑔̃ ∶ 𝛺×R𝑛 → R+ be the 
function defined by 

𝑔̃(𝑥, 𝑡1, 𝑡2,… , 𝑡𝑛) ∶= 𝑓
(

𝑥,
(

𝑡1 𝖾
𝑇
𝛼 , 𝑡2 𝖾

𝑇
𝛼 ,… , 𝑡𝑛 𝖾

𝑇
𝛼
))

, 𝑥 ∈ 𝛺, (𝑡1,… , 𝑡𝑛) ∈ R𝑛. (3.1)

Then, for a.e. 𝑥 ∈ 𝛺, the function 𝑔̃(𝑥, ⋅) is of class 𝐶1 on R𝑛, since it is a composition of 𝐶1 functions. Moreover, for every 𝑖 ∈ {1,… , 𝑛}
and every (𝑧1,… , 𝑧𝑛) ∈ R𝑛, we get 

𝑔̃𝑡𝑖 (𝑥, 𝑧1,… , 𝑧𝑖,… , 𝑧𝑛) =
𝜕𝑓
𝜕𝜉𝛼𝑖

(

𝑥,
(

𝑧1 𝖾
𝑇
𝛼 ,… , 𝑧𝑖 𝖾

𝑇
𝛼 ,… , 𝑧𝑛 𝖾

𝑇
𝛼
))

. (3.2)

Now observe that, for a.e. 𝑥 ∈ 𝛺, the partial map
(𝑡1,… , 𝑡𝑛) ∈ (R+)𝑛 ⟼ 𝑔(𝑥, 𝑡1,… , 𝑡𝑛)

is the restriction of 𝑔̃(𝑥, ⋅) to (R+)𝑛. Indeed, by (𝐀𝟐) and (3.1), for a.e. 𝑥 ∈ 𝛺 and every (𝑡1,… , 𝑡𝑛) ∈ (R+)𝑛 we have
𝑔(𝑥, 𝑡1,… , 𝑡𝑛) = 𝑓

(

𝑥,
(

𝑡1 𝖾
𝑇
𝛼 ,… , 𝑡𝑛 𝖾

𝑇
𝛼
))

= 𝑔̃(𝑥, 𝑡1,… , 𝑡𝑛) .

Therefore, for a.e. 𝑥 ∈ 𝛺, the map 𝑔(𝑥, ⋅) is of class 𝐶1 on (R+)𝑛.
Now also fix 𝑖 ∈ {1,… , 𝑛}, (𝜉1,… , 𝜉𝑖−1, 𝜉𝑖+1,… , 𝜉𝑛) ∈ R𝑚×(𝑛−1) and 𝑥 ∈ 𝛺, and consider the function 𝐹 ∶ R → R+ defined by

𝐹 (𝑡) ∶= 𝑓 (𝑥, (𝜉1,… , 𝜉𝑖−1, 𝑡 𝖾
𝑇
𝛼 , 𝜉𝑖+1,… , 𝜉𝑛)) , 𝑡 ∈ R,

with the usual modifications in the limit cases 𝑖 ∈ {1, 𝑛}. Then 𝐹  is of class 𝐶1 on R, because it is a composition of 𝐶1 functions. 
Furthermore, 𝐹  is an even function, since

𝐹 (𝑡) = 𝑔(𝑥, |𝜉1|,… , |𝜉𝑖−1|, |𝑡|, |𝜉𝑖+1|,… , |𝜉𝑛|)

= 𝑔(𝑥, |𝜉1|,… , |𝜉𝑖−1|, | − 𝑡|, |𝜉𝑖+1|,… , |𝜉𝑛|) = 𝐹 (−𝑡) for every 𝑡 ∈ R.

Hence, 

𝐹 ′(0) =
𝜕𝑓
𝜕𝜉𝛼𝑖

(𝑥, (𝜉1,… , 𝜉𝑖−1, 0𝑇
⏟⏟⏟
∈R𝑚

, 𝜉𝑖+1,… , 𝜉𝑛)) = 0 . (3.3)

Since (𝜉1,… , 𝜉𝑖−1, 𝜉𝑖+1,… , 𝜉𝑛) ∈ R𝑚×(𝑛−1) is arbitrary, from (3.3) and (3.2) with 𝑧𝑖 = 0 we deduce

𝑔𝑡𝑖 (𝑥, 𝑧1,… , 𝑧𝑖−1, 0, 𝑧𝑖+1,… , 𝑧𝑛) =
𝜕𝑓

𝛼
(

𝑥,
(

𝑧1 𝖾
𝑇
𝛼 ,… , 𝑧𝑖−1 𝖾

𝑇
𝛼 , 0

𝑇 , 𝑧𝑖+1 𝖾
𝑇
𝛼 ,… , 𝑧𝑛 𝖾

𝑇
𝛼
))

= 0

𝜕𝜉𝑖

5 
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for every (𝑧1,… , 𝑧𝑖−1, 𝑧𝑖+1,… , 𝑧𝑛) ∈ (R+)𝑛−1, where we have used the fact that 𝑔(𝑥, ⋅) is the restriction of 𝑔̃(𝑥, ⋅) to (R+)𝑛. The 
conclusions (ii) and (iii) then follow from the arbitrariness of 𝑥 ∈ 𝛺, 𝑖 ∈ {1,… , 𝑛}, 𝛼 ∈ {1,… , 𝑚} and (𝑧1,… , 𝑧𝑖−1, 𝑧𝑖+1,… , 𝑧𝑛) ∈
(R+)𝑛−1.

We now prove (iv) and (v). Let 𝑤 ∈ R𝑚 with |𝑤| = 1 and fix 𝑖 ∈ {1,… , 𝑛}. Moreover, let
(𝑡1,… , 𝑡𝑖−1, 𝑎, 𝑏, 𝑡𝑖+1,… , 𝑡𝑛) ∈ (R+)𝑛+1,

𝜁 = (𝑡1 𝑤𝑇 ,… , 𝑡𝑖−1 𝑤
𝑇 , 𝑎𝑤𝑇 , 𝑡𝑖+1 𝑤

𝑇 ,… , 𝑡𝑛 𝑤
𝑇 ) ,

𝜂 = (𝑡1 𝑤𝑇 ,… , 𝑡𝑖−1 𝑤
𝑇 , 𝑏𝑤𝑇 , 𝑡𝑖+1 𝑤

𝑇 ,… , 𝑡𝑛 𝑤
𝑇 ) .

Then, for a.e. 𝑥 ∈ 𝛺 and for all 𝜃 ∈ [0, 1] we have
𝑔(𝑥, 𝑡1,… , 𝑡𝑖−1, 𝜃𝑎 + (1 − 𝜃)𝑏, 𝑡𝑖+1,… , 𝑡𝑛)

= 𝑓 (𝑥, 𝜃 𝜁 + (1 − 𝜃) 𝜂)

≤ 𝜃 𝑓 (𝑥, 𝜁 ) + (1 − 𝜃) 𝑓 (𝑥, 𝜂)

= 𝜃 𝑔(𝑥, 𝑡1,… , 𝑡𝑖−1, 𝑎, 𝑡𝑖+1,… , 𝑡𝑛) + (1 − 𝜃) 𝑔(𝑥, 𝑡1,… , 𝑡𝑖−1, 𝑏, 𝑡𝑖+1,… , 𝑡𝑛) .

This implies that 𝑔(𝑥, 𝑡1,… , 𝑡𝑛) is convex with respect to each variable 𝑡𝑖 ∈ R+. Therefore, the partial maps
𝑧 ∈ R+ ⟼ 𝑔𝑡𝑖 (𝑥, 𝑡1,… , 𝑡𝑖−1, 𝑧, 𝑡𝑖+1,… , 𝑡𝑛) , 𝑖 ∈ {1,… , 𝑛},

are non-decreasing and this monotonicity property, together with (i) and (ii), entails that 𝑔(𝑥, 𝑡1,… , 𝑡𝑛) is non-decreasing with respect 
to each variable 𝑡𝑖 ∈ R+.

Finally, let us prove (vi). Fix 𝜌1, 𝜌2 ∈ R+ with 𝜌1 < 𝜌2. Then, for a.e. 𝑥 ∈ 𝛺 and every 𝜉 ∈ R𝑚×𝑛 we have
𝑓 (𝑥, 𝜌1 𝜉) = 𝑔(𝑥, 𝜌1|𝜉1|, 𝜌1|𝜉2|,… , 𝜌1|𝜉𝑛−1|, 𝜌1|𝜉𝑛|)

≤ 𝑔(𝑥, 𝜌2|𝜉1|, 𝜌1|𝜉2|,… , 𝜌1|𝜉𝑛−1|, 𝜌1|𝜉𝑛|)

≤ … ≤ 𝑔(𝑥, 𝜌2|𝜉1|, 𝜌2|𝜉2|,… , 𝜌2|𝜉𝑛−1|, 𝜌1|𝜉𝑛|)

≤ 𝑔(𝑥, 𝜌2|𝜉1|, 𝜌2|𝜉2|,… , 𝜌2|𝜉𝑛−1|, 𝜌2|𝜉𝑛|) = 𝑓 (𝑥, 𝜌2 𝜉) ,

where, in the last three lines, we have repeatedly used the property (v). This concludes the proof. □

If 𝑓 is as in Section 2, then 𝑊 1,F(𝛺;R𝑚) is a vector space; this is a consequence of the following lemma.

Lemma 3.2.  Assume (𝐀𝟏), (𝐀𝟐) and (𝐀𝟑). Then, for a.e. 𝑥 ∈ 𝛺,
(i) 𝑓 (𝑥, 𝛾𝜉) ≤ max {1, 𝛾𝜏}𝑓 (𝑥, 𝜉) for every 𝛾 > 0 and every 𝜉 ∈ R𝑚×𝑛;
(ii) 𝑓 (𝑥, 𝜉 + 𝜂) ≤ 2𝜏−1 [𝑓 (𝑥, 𝜉) + 𝑓 (𝑥, 𝜂)] for every 𝜉, 𝜂 ∈ R𝑚×𝑛,

where 𝜏 ≥ 1 is the constant in (𝐀𝟑).

Proof.  Let us prove (i). If 𝜉 = 0, then 𝑓 (𝑥, 𝛾𝜉) = 𝑓 (𝑥, 𝜉) for every 𝛾 > 0 and the conclusion immediately follows.
Assume |𝜉| > 0. We consider the cases 𝛾 > 1 and 0 < 𝛾 ≤ 1 separately.
Let 𝛾 > 1. Then (𝐀𝟑) implies 𝑓 (𝑥, 𝛾𝜉) ≤ 𝛾𝜏𝑓 (𝑥, 𝜉).
If instead 0 < 𝛾 ≤ 1, by Lemma  3.1 (vi) we get 𝑓 (𝑥, 𝛾𝜉) ≤ 𝑓 (𝑥, 𝜉) and the conclusion follows.
Let us now prove (ii). If 𝜉, 𝜂 ∈ R𝑚×𝑛, by (𝐀𝟏) and (𝐀𝟑) we obtain

𝑓 (𝑥, 𝜉 + 𝜂) ≤ 1
2
[𝑓 (𝑥, 2𝜉) + 𝑓 (𝑥, 2𝜂)] ≤ 2𝜏−1 [𝑓 (𝑥, 𝜉) + 𝑓 (𝑥, 𝜂)] .

This completes the proof. □

We now recall the following elementary result, whose proof can be found, for example, in [28, Lemma 3.1].

Lemma 3.3.  Consider ℎ ∶ R+ → R+ of class 𝐶1. Assume that there exists 𝜏 ≥ 1 such that
ℎ(𝛾𝑡) ≤ 𝛾𝜏ℎ(𝑡) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝛾 > 1 𝑎𝑛𝑑 𝑡 ≥ 0.

Then

ℎ′(𝑡) 𝑡 ≤ 𝜏 ℎ(𝑡) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 ≥ 0.

3.1. Anisotropic Sobolev spaces

Let 𝑞𝑖 ≥ 1 for all 𝑖 ∈ {1,… , 𝑛}. For any open subset 𝛺 of R𝑛, we consider the anisotropic Sobolev space

𝑊 1,(𝑞1 ,…,𝑞𝑛)(𝛺;R𝑚) ∶=
{

𝑣 ∈ 𝑊 1,1(𝛺;R𝑚) ∶ 𝑣 ∈ 𝐿𝑞𝑖 (𝛺;R𝑚), for all 𝑖 = 1,… , 𝑛
}

𝑥𝑖

6 
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endowed with the natural norm

‖𝑣‖𝑊 1,(𝑞1 ,…,𝑞𝑛 )(𝛺;R𝑚) ∶= ‖𝑣‖𝐿1(𝛺;R𝑚) +
𝑛
∑

𝑖=1
‖𝑣𝑥𝑖‖𝐿𝑞𝑖 (𝛺;R𝑚) .

Sometimes, when no confusion may arise, we will omit the target space R𝑚. Let us denote 𝐪 = (𝑞1,… , 𝑞𝑛) and
𝑊 1,(𝑞1 ,…,𝑞𝑛)

0 (𝛺;R𝑚) = 𝑊 1,1
0 (𝛺;R𝑚) ∩𝑊 1,(𝑞1 ,…,𝑞𝑛)(𝛺;R𝑚) .

These spaces are studied in [34] (see also [35]). We now report an embedding theorem for this class of spaces, whose proof can be 
obtained by a straightforward adaptation of that of [34, Theorem 1.2]. 

Theorem 3.4.  Let 𝛺 ⊂ R𝑛 be a bounded open set and let 𝑣 ∈ 𝑊 1,(𝑞1 ,…,𝑞𝑛)
0 (𝛺;R𝑚), 𝑞𝑖 ≥ 1 for all 𝑖 ∈ {1,… , 𝑛}. Then,

(1)  if 𝐪 < 𝑛, we have

‖𝑣‖𝐿𝐪∗ (𝛺;R𝑚) ≤ 𝑐
𝑛
∏

𝑖=1
‖𝑣𝑥𝑖‖

1
𝑛
𝐿𝑞𝑖 (𝛺;R𝑚)

for a constant 𝑐 = 𝑐(𝑚, 𝑛, 𝐪) > 0, where 𝐪∗ is defined by (2.5)−(2.6) with 𝐩 = 𝐪 and 𝓁 = 𝐪;
(2)  if 𝐪 ≥ 𝑛, for every 1 ≤ 𝜒 < ∞ we have

‖𝑣‖𝐿𝜒 (𝛺;R𝑚) ≤ 𝑐 |𝛺|

1
𝜒 + 1

𝑛 − 1
𝐪

𝑛
∏

𝑖=1
‖𝑣𝑥𝑖‖

1
𝑛
𝐿𝑞𝑖 (𝛺;R𝑚)

for a constant 𝑐 = 𝑐(𝑚, 𝑛, 𝐪, 𝜒) > 0.

The following embedding result is proved in [35]. 

Theorem 3.5.  Let 𝑄 ⊂ R𝑛 be a cube with edges parallel to the coordinate axes and consider a function 𝑣 ∈ 𝑊 1,(𝑞1 ,…,𝑞𝑛)(𝑄;R𝑚), 𝑞𝑖 ≥ 1 for 
all 𝑖 ∈ {1,… , 𝑛}. Let max {𝑞𝑖} < 𝐪∗. Then 𝑣 ∈ 𝐿𝐪∗ (𝑄;R𝑚). Moreover, there exists a positive constant 𝑐 depending on 𝑛 and 𝐪 if 𝐪 < 𝑛, and 
additionally on 𝑄 if 𝐪 ≥ 𝑛, such that

‖𝑣‖𝐿𝐪∗ (𝑄) ≤ 𝑐

{

‖𝑣‖𝐿1(𝑄) +
𝑛
∑

𝑖=1
‖𝑣𝑥𝑖‖𝐿𝑞𝑖 (𝑄)

}

.

The next proposition is a consequence of the above theorem.

Proposition 3.6.  For every 𝑖 ∈ {1,… , 𝑛}, let 𝑝𝑖 ∈ (1,∞), 𝑟𝑖 ∈ [1,∞], with 𝑟𝑖 ≥ 1
𝑝𝑖−1

 if 1 < 𝑝𝑖 < 2, and let 𝜎𝑖 be defined according to (2.4). 
Moreover, assume that max {𝜎𝑖} < 𝜎∗ and that the left inequality in (2.3) holds under the summability conditions

𝜆−1𝑖 ∈ 𝐿𝑟𝑖
𝑙𝑜𝑐 (𝛺), 𝑖 ∈ {1,… , 𝑛}.

If 𝑢 ∈ 𝑊 1,F(𝛺;R𝑚), then we get |𝑢| ∈ 𝐿𝜎∗
𝑙𝑜𝑐 (𝛺).

Proof.  Let 𝑄 ⋐ 𝛺 be a cube with edges parallel to the coordinate axes and fix 𝑗 ∈ {1,… , 𝑛}.
Let us first assume that 𝑟𝑗 < ∞. Recalling that 𝜎𝑗 =

𝑝𝑗 𝑟𝑗
𝑟𝑗+1

, by Hölder’s inequality we obtain 

‖𝑢𝑥𝑗 ‖
𝑝𝑗
𝐿𝜎𝑗 (𝑄)

=

(ˆ
𝑄
𝜆

𝑟𝑗
𝑟𝑗+1
𝑗 |𝑢𝑥𝑗 |

𝑝𝑗 𝑟𝑗
𝑟𝑗+1 𝜆

−
𝑟𝑗

𝑟𝑗+1
𝑗 𝑑𝑥

)

𝑟𝑗+1
𝑟𝑗

≤ ‖𝜆−1𝑗 ‖𝐿𝑟𝑗 (𝑄)

ˆ
𝑄
𝜆𝑗 |𝑢𝑥𝑗 |

𝑝𝑗 𝑑𝑥 . (3.4)

Combining the previous estimate with the left inequality in (2.3), we have

‖𝑢𝑥𝑗 ‖
𝑝𝑗
𝐿𝜎𝑗 (𝑄)

≤ ‖𝜆−1𝑗 ‖𝐿𝑟𝑗 (𝑄)

𝑛
∑

𝑖=1

ˆ
𝛺
𝜆𝑖 |𝑢𝑥𝑖 |

𝑝𝑖 𝑑𝑥 ≤ ‖𝜆−1𝑗 ‖𝐿𝑟𝑗 (𝑄)

ˆ
𝛺
𝑓 (𝑥,𝐷𝑢) 𝑑𝑥 ,

and the last term is finite, because 𝜆−1𝑗 ∈ 𝐿
𝑟𝑗
𝑙𝑜𝑐 (𝛺) and 𝑢 ∈ 𝑊 1,F(𝛺;R𝑚).

If 𝑟𝑗 = ∞, then 𝜎𝑗 = 𝑝𝑗 and we find 

‖𝑢𝑥𝑗 ‖
𝑝𝑗
𝐿𝑝𝑗 (𝑄)

=
ˆ
𝑄
𝜆𝑗 |𝑢𝑥𝑗 |

𝑝𝑗 𝜆−1𝑗 𝑑𝑥 ≤ ‖𝜆−1𝑗 ‖𝐿∞(𝑄)

ˆ
𝑄
𝜆𝑗 |𝑢𝑥𝑗 |

𝑝𝑗 𝑑𝑥 , (3.5)

which combined with the left inequality in (2.3) gives

‖𝑢𝑥𝑗 ‖
𝑝𝑗
𝐿𝑝𝑗 (𝑄)

≤ ‖𝜆−1𝑗 ‖𝐿∞(𝑄)

ˆ
𝛺
𝑓 (𝑥,𝐷𝑢) 𝑑𝑥 < +∞ .

We have thus proved that 𝑢 ∈ 𝑊 1,(𝜎1 ,…,𝜎𝑛)(𝑄;R𝑚). Since 𝜎𝑖 ≥ 1 for all 𝑖 ∈ {1,… , 𝑛} and max {𝜎𝑖} < 𝜎∗, by Theorem  3.5 we get 
𝑢 ∈ 𝐿𝝈∗ (𝑄;R𝑚). The conclusion then follows from the arbitrariness of 𝑄. □

We conclude this section with the following proposition about a Poincaré–Sobolev type inequality. 
7 
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Proposition 3.7.  For every 𝑖 ∈ {1,… , 𝑛}, let 𝑝𝑖 ∈ (1,∞), 𝑟𝑖 ∈ [1,∞], with 𝑟𝑖 ≥ 1
𝑝𝑖−1

 if 1 < 𝑝𝑖 < 2, and let 𝜎𝑖 be defined according to 
(2.4). Consider a bounded open set 𝛺 ⊂ R𝑛 and let 𝑣 ∈ 𝑊 1,(𝜎1 ,…,𝜎𝑛)

0 (𝛺;R𝑚). Moreover, for every 𝑖 ∈ {1,… , 𝑛}, let 𝜆𝑖 ∶ 𝛺 → [0,∞) be a 
measurable function such that 𝜆−1𝑖 ∈ 𝐿𝑟𝑖 (𝛺). Then, there exists a positive constant 𝑐, depending on 𝑚, 𝑛 and 𝜎 = (𝜎1,… , 𝜎𝑛), such that

(ˆ
𝛺
|𝑣|𝜎

∗
𝑑𝑥

)
1
𝜎∗

≤ 𝑐M
𝑛
∏

𝑖=1
‖𝜆−1𝑖 ‖

1
𝑛𝑝𝑖
𝐿𝑟𝑖 (𝛺)

(ˆ
𝛺
𝜆𝑖 |𝑣𝑥𝑖 |

𝑝𝑖 𝑑𝑥
)

1
𝑛𝑝𝑖

,

where

M ∶=

{

1 𝑖𝑓 𝜎 < 𝑛,

|𝛺|

1
𝜎∗

+ 1
𝑛 − 1

𝝈 𝑖𝑓 𝜎 ≥ 𝑛.

Proof. Notice that the assumptions imply 𝜎𝑖 ≥ 1 for all 𝑖 ∈ {1,… , 𝑛}. Therefore, by Theorem  3.4 we get

‖𝑣‖𝐿𝜎∗ (𝛺) ≤ 𝑐M
𝑛
∏

𝑖=1
‖𝑣𝑥𝑖‖

1
𝑛
𝐿𝜎𝑖 (𝛺)

for a positive constant 𝑐 depending on 𝑚, 𝑛 and 𝜎. Arguing as in (3.4)−(3.5), we obtain

‖𝑣‖𝐿𝜎∗ (𝛺) ≤ 𝑐M
𝑛
∏

𝑖=1
‖𝑣𝑥𝑖‖

1
𝑛
𝐿𝜎𝑖 (𝛺) ≤ 𝑐M

𝑛
∏

𝑖=1
‖𝜆−1𝑖 ‖

1
𝑛𝑝𝑖
𝐿𝑟𝑖 (𝛺)

(ˆ
𝛺
𝜆𝑖 |𝑣𝑥𝑖 |

𝑝𝑖 𝑑𝑥
)

1
𝑛𝑝𝑖

.

This concludes the proof. □

4. The Euler’s equation

In this section, we prove that an Euler’s equation holds true. This equation will be our starting point in the proof of Theorem 
2.2.

Proposition 4.1.  Assume (𝐀𝟏)−(𝐀𝟑) and let 𝑢 be a local minimizer of (2.1). Then 
ˆ
𝛺

𝑛
∑

𝑖=1

𝑚
∑

𝛼=1

𝜕𝑓
𝜕𝜉𝛼𝑖

(𝑥,𝐷𝑢) 𝜑𝛼
𝑥𝑖
𝑑𝑥 = 0 (4.1)

for all 𝜑 ∈ 𝑊 1,F(𝛺;R𝑚) with supp𝜑 ⋐ 𝛺.

Proof. Let 𝜑 ∈ 𝑊 1,F(𝛺;R𝑚) with supp𝜑 ⋐ 𝛺. By (2.2) also −𝜑 is in 𝑊 1,F(𝛺;R𝑚). By Lemma  3.2 we get 𝑢 + 𝑡𝜑 ∈ 𝑊 1,F(𝛺;R𝑚) for 
every 𝑡 ∈ R. By the local minimality of 𝑢,

F(𝑢) ≤ F(𝑢 + 𝑡𝜑) ∀ 𝑡 ∈ R.

To prove (4.1) it suffices to prove that
𝑑
𝑑𝑡

F(𝑢 + 𝑡𝜑)
|

|

|

|𝑡=0
=
ˆ
𝛺

𝑑
𝑑𝑡

𝑓 (𝑥,𝐷𝑢(𝑥) + 𝑡 𝐷𝜑(𝑥))
|

|

|

|𝑡=0
𝑑𝑥 .

Therefore, we need to prove that
|

|

|

𝑛
∑

𝑖=1

𝑚
∑

𝛼=1

𝜕𝑓
𝜕𝜉𝛼𝑖

(𝑥,𝐷𝑢 + 𝑡 𝐷𝜑)𝜑𝛼
𝑥𝑖
|

|

|

≤ 𝐻(𝑥) ∀ 𝑡 ∈ (−1, 1)

with 𝐻 ∈ 𝐿1(𝛺). By the convexity of 𝑓 (𝑥, ⋅), we obtain

𝑓 (𝑥, 𝜉0) − 𝑓 (𝑥, 2𝜉0 − 𝜉) ≤
𝑛
∑

𝑖=1

𝑚
∑

𝛼=1

𝜕𝑓
𝜕𝜉𝛼𝑖

(𝑥, 𝜉0)(𝜉𝛼𝑖 − (𝜉0)𝛼𝑖 ) ≤ 𝑓 (𝑥, 𝜉) − 𝑓 (𝑥, 𝜉0) .

If 𝜉0 = 𝐷𝑢(𝑥) + 𝑡 𝐷𝜑(𝑥) and 𝜉 = 𝐷𝑢(𝑥) + (1 + 𝑡)𝐷𝜑(𝑥), we have
2𝜉0 − 𝜉 = 𝐷𝑢(𝑥) + (𝑡 − 1)𝐷𝜑(𝑥)

and

𝑓 (𝑥,𝐷𝑢 + 𝑡 𝐷𝜑) − 𝑓 (𝑥,𝐷𝑢 + (𝑡 − 1)𝐷𝜑) ≤
𝑛
∑

𝑖=1

𝑚
∑

𝛼=1

𝜕𝑓
𝜕𝜉𝛼𝑖

(𝑥,𝐷𝑢 + 𝑡 𝐷𝜑)𝜑𝛼
𝑥𝑖

≤ 𝑓 (𝑥,𝐷𝑢 + (1 + 𝑡)𝐷𝜑) − 𝑓 (𝑥,𝐷𝑢 + 𝑡 𝐷𝜑) .

Therefore, since 𝑓 is non-negative,

|

|

|

𝑛
∑

𝑚
∑ 𝜕𝑓

𝛼 (𝑥,𝐷𝑢 + 𝑡 𝐷𝜑)𝜑𝛼
𝑥𝑖
|

|

|

≤ 𝑓 (𝑥,𝐷𝑢 + (1 + 𝑡)𝐷𝜑) + 𝑓 (𝑥,𝐷𝑢 + (𝑡 − 1)𝐷𝜑) .

𝑖=1 𝛼=1 𝜕𝜉𝑖

8 
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Moreover, since 𝑡 ∈ (−1, 1), we can use Lemma  3.2 to estimate the first term on the right-hand side of the previous inequality, thus 
obtaining

𝑓 (𝑥,𝐷𝑢 + (1 + 𝑡)𝐷𝜑) ≤ 2𝜏−1 [𝑓 (𝑥,𝐷𝑢) + 𝑓 (𝑥, (1 + 𝑡)𝐷𝜑)]

≤ 2𝜏−1
[

𝑓 (𝑥,𝐷𝑢) + 2𝜏𝑓 (𝑥,𝐷𝜑)
]

.

To estimate 𝑓 (𝑥,𝐷𝑢 + (𝑡− 1)𝐷𝜑), we now consider the cases 𝑡 ∈ [0, 1) and 𝑡 ∈ (−1, 0) separately. Let us first assume 𝑡 ∈ [0, 1). Then, 
using again the convexity of 𝑓 (𝑥, ⋅) and Lemma  3.2, we get

𝑓 (𝑥,𝐷𝑢 + (𝑡 − 1)𝐷𝜑) ≤ 𝑡 𝑓 (𝑥,𝐷𝑢) + (1 − 𝑡)𝑓 (𝑥,𝐷𝑢 −𝐷𝜑)

≤ 𝑓 (𝑥,𝐷𝑢) + 𝑓 (𝑥,𝐷𝑢 −𝐷𝜑)

≤ (1 + 2𝜏−1)𝑓 (𝑥,𝐷𝑢) + 2𝜏−1𝑓 (𝑥,−𝐷𝜑) .

Now assume 𝑡 ∈ (−1, 0). Since 1 < 1 − 𝑡 < 2, by Lemma  3.2 we have
𝑓 (𝑥,𝐷𝑢 + (𝑡 − 1)𝐷𝜑) ≤ 2𝜏−1 [𝑓 (𝑥,𝐷𝑢) + 𝑓 (𝑥, (𝑡 − 1)𝐷𝜑)]

≤ 2𝜏−1
[

𝑓 (𝑥,𝐷𝑢) + 2𝜏𝑓 (𝑥,−𝐷𝜑)
]

= 2𝜏−1𝑓 (𝑥,𝐷𝑢) + 22𝜏−1𝑓 (𝑥,−𝐷𝜑) .

We have so proved that
|

|

|

𝑛
∑

𝑖=1

𝑚
∑

𝛼=1

𝜕𝑓
𝜕𝜉𝛼𝑖

(𝑥,𝐷𝑢 + 𝑡 𝐷𝜑)𝜑𝛼
𝑥𝑖
|

|

|

≤ (1 + 2𝜏 )𝑓 (𝑥,𝐷𝑢) + 22𝜏−1[𝑓 (𝑥,𝐷𝜑) + 𝑓 (𝑥,−𝐷𝜑)] =∶ 𝐻(𝑥) .

Since 𝑢, 𝜑,−𝜑 ∈ 𝑊 1,F(𝛺;R𝑚), we conclude. □

5. Proof of the main result

We first state a lemma useful for the proof of Theorem  2.2. In the statement, the functions 𝜆𝑖, 𝜇 and the exponents {𝑝𝑖}, 𝑞, {𝑟𝑖}, 𝑠
are the same as in the statement of Theorem  2.2. Moreover, 𝑥0 ∈ 𝛺 and 𝑅0 ∈ (0, 1] are such that 𝐵𝑅0

∶= 𝐵𝑅0
(𝑥0) ⋐ 𝛺. Fixed 

0 < 𝜌 < 𝑅 ≤ 𝑅0, the function 𝜂 ∈ 𝐶∞
𝑐 (𝐵𝑅(𝑥0)) denotes a cut-off function satisfying 

0 ≤ 𝜂 ≤ 1, 𝜂 ≡ 1 on 𝐵𝜌(𝑥0), |𝐷𝜂| ≤ 2
𝑅 − 𝜌

. (5.1)

Lemma 5.1.  Let us assume that (𝐀𝟏)−(𝐀𝟒) hold under the summability conditions
𝜆−1𝑖 ∈ 𝐿𝑟𝑖

𝑙𝑜𝑐 (𝛺), 𝑖 ∈ {1,… , 𝑛}, 𝜇 ∈ 𝐿𝑠
𝑙𝑜𝑐 (𝛺),

for some 𝑟𝑖 ∈ [1,∞] and 𝑠 ∈ (1,∞] such that

max {𝜎𝑖} < 𝜎∗ 𝑎𝑛𝑑 1
𝐩𝐫

+ 1
𝑞𝑠

+ 1
𝐩

− 1
𝑞

< 1
𝑛
.

For every 𝑖 ∈ {1,… , 𝑛}, if 1 < 𝑝𝑖 < 2 we also require 𝑟𝑖 ≥ 1
𝑝𝑖−1

. Moreover, let 𝑢 be a local minimizer of (2.1). Then, for every 𝛾 ≥ 0 and 
every 𝑖 ∈ {1,… , 𝑛} we have ˆ

𝐵𝑅

𝜆𝑖(𝑥) |𝑢|
𝑝𝑖𝛾

|𝑢𝑥𝑖 |
𝑝𝑖 𝜂𝑞 𝑑𝑥 ≤ 𝑐

(𝑅 − 𝜌)𝑞

ˆ
𝐵𝑅

𝜇(𝑥) (max {|𝑢|, 1})𝑞+𝑝𝑖𝛾 𝑑𝑥 (5.2)

for a positive constant 𝑐 depending on 𝑛, 𝑞 and 𝜏, but independent of 𝛾, 𝑢, 𝑅 and 𝜌.

Proof.  We begin by defining a class of suitable test functions for the Euler’s equation (4.1). Let us approximate the identity function 
id ∶ R+ → R+ with an increasing sequence of non-decreasing 𝐶1 functions ℎ𝑘 ∶ R+ → R+ having the following properties:

ℎ𝑘(𝑡) = 0 ∀ 𝑡 ∈
[

0, 1
𝑘

]

, ℎ𝑘(𝑡) = 𝑘 ∀ 𝑡 ∈ [𝑘 + 1,∞), 0 ≤ ℎ′𝑘(𝑡) ≤ 2 in R+ .

Fixed 𝑘, 𝑖 ∈ N, 𝑖 ≤ 𝑛, and 𝛾 > 0, let 𝛷(𝑖,𝛾)
𝑘 ∶ R+ → R+ be the increasing function defined as follows

𝛷(𝑖,𝛾)
𝑘 (𝑡) ∶= ℎ𝑘(𝑡𝑝𝑖𝛾 ) .

Define 𝜑(𝑖,𝛾)
𝑘 ∶ 𝐵𝑅(𝑥0) → R𝑚 by

𝜑(𝑖,𝛾)
𝑘 (𝑥) ∶= 𝛷(𝑖,𝛾)

𝑘 (|𝑢(𝑥)|) 𝑢(𝑥) [𝜂(𝑥)]𝑞 .

From now on, we omit the dependence of 𝛷𝑘 and 𝜑𝑘 on 𝑖 and 𝛾, i.e. 𝛷𝑘 = 𝛷(𝑖,𝛾)
𝑘  and 𝜑𝑘 = 𝜑(𝑖,𝛾)

𝑘 . We have that 𝛷𝑘 is in 𝐶1(R+), 
bounded and with bounded derivative. Precisely, define 𝑎𝑘 and 𝑏𝑘 positive real numbers, such that 𝑎𝑝𝑖𝛾𝑘 = 1

𝑘  and 𝑏
𝑝𝑖𝛾
𝑘 = 𝑘 + 1. In 

particular,

𝛷′
𝑘(𝑠) =

{

0 if 𝑠 ∈ R+∖ [𝑎𝑘, 𝑏𝑘] ,
′ 𝑝𝑖𝛾 𝑝𝑖𝛾−1
𝑝𝑖𝛾 ℎ𝑘(𝑠 )𝑠 if 𝑠 ∈ [𝑎𝑘, 𝑏𝑘] ,

9 
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and

‖𝛷′
𝑘‖𝐿∞(R+) ≤ 2𝑝𝑖𝛾 max {𝑎𝑝𝑖𝛾−1𝑘 , 𝑏𝑝𝑖𝛾−1𝑘 } < +∞ .

As a consequence, taking into account that 𝑢 ∈ 𝑊 1,1(𝛺;R𝑚), we have that 𝛷𝑘(|𝑢|) 𝑢 is in 𝑊 1,1(𝛺;R𝑚). This implies that 𝜑𝑘 ∈
𝑊 1,1(𝛺;R𝑚) too. Moreover, supp𝜑𝑘 ⋐ 𝐵𝑅(𝑥0). Therefore, by Lemma  3.2 (ii), 𝜑𝑘 is a test function for the Euler’s equation (4.1) if we 
prove that

𝐼1 ∶=
ˆ
𝐵𝑅∩{𝑎𝑘 < |𝑢|<𝑏𝑘}

𝑓
(

𝑥,𝛷′
𝑘(|𝑢|)

𝑢(𝑥)
|𝑢(𝑥)|

⟨𝑢, 𝑢𝑥1 ⟩ 𝜂
𝑞 ,… , 𝛷′

𝑘(|𝑢|)
𝑢(𝑥)
|𝑢(𝑥)|

⟨𝑢, 𝑢𝑥𝑛 ⟩ 𝜂
𝑞
)

𝑑𝑥 < +∞ ,

𝐼2 ∶=
ˆ
𝐵𝑅∩{|𝑢|>𝑎𝑘}

𝑓 (𝑥, 𝜂𝑞 𝛷𝑘(|𝑢|)𝐷𝑢) 𝑑𝑥 < +∞ ,

𝐼3 ∶=
ˆ
𝐵𝑅∩{|𝑢|>𝑎𝑘}

𝑓 (𝑥,𝛷𝑘(|𝑢|) 𝑢 𝑞𝜂𝑞−1 𝜂𝑥1 ,… , 𝛷𝑘(|𝑢|) 𝑢 𝑞𝜂𝑞−1 𝜂𝑥𝑛 ) 𝑑𝑥 < +∞ .

Of course, by the definitions of 𝛷𝑘, 𝑎𝑘, 𝑏𝑘 and by (2.3), we haveˆ
𝐵𝑅∩{|𝑢|∉ (𝑎𝑘 ,𝑏𝑘)}

𝑓
(

𝑥,𝛷′
𝑘(|𝑢|)

𝑢(𝑥)
|𝑢(𝑥)|

⟨𝑢, 𝑢𝑥1 ⟩ 𝜂
𝑞 ,… , 𝛷′

𝑘(|𝑢|)
𝑢(𝑥)
|𝑢(𝑥)|

⟨𝑢, 𝑢𝑥𝑛 ⟩ 𝜂
𝑞
)

𝑑𝑥

=
ˆ
𝐵𝑅

𝑓 (𝑥, 0) 𝑑𝑥 ≤
ˆ
𝐵𝑅

𝜇(𝑥) 𝑑𝑥 < +∞ ,
ˆ
𝐵𝑅∩{|𝑢|≤ 𝑎𝑘}

𝑓 (𝑥, 𝜂𝑞 𝛷𝑘(|𝑢|)𝐷𝑢) 𝑑𝑥 =
ˆ
𝐵𝑅

𝑓 (𝑥, 0) 𝑑𝑥 < +∞ ,
ˆ
𝐵𝑅∩{|𝑢|≤ 𝑎𝑘}

𝑓 (𝑥,𝛷𝑘(|𝑢|) 𝑢 𝑞𝜂𝑞−1 𝜂𝑥1 ,… , 𝛷𝑘(|𝑢|) 𝑢 𝑞𝜂𝑞−1 𝜂𝑥𝑛 ) 𝑑𝑥 =
ˆ
𝐵𝑅

𝑓 (𝑥, 0) 𝑑𝑥 < +∞ .

We now estimate 𝐼1, 𝐼2 and 𝐼3 separately. Let us first consider 𝐼1. Using Lemma  3.2 (i), (𝐀𝟐), the Cauchy–Schwarz inequality, Lemma 
3.1 (v) and (𝐀𝟑), we find

𝐼1 ≤ max {1, ‖𝛷′
𝑘‖

𝜏
𝐿∞(R+)

}
ˆ
𝐵𝑅∩{𝑎𝑘 < |𝑢|<𝑏𝑘}

𝑓
(

𝑥, 𝑢
|𝑢|

⟨𝑢, 𝑢𝑥1 ⟩,… , 𝑢
|𝑢|

⟨𝑢, 𝑢𝑥𝑛 ⟩
)

𝑑𝑥

≤ max {1, ‖𝛷′
𝑘‖

𝜏
𝐿∞(R+)

}
ˆ
𝐵𝑅∩{𝑎𝑘 < |𝑢|<𝑏𝑘}

𝑔(𝑥, |𝑢| |𝑢𝑥1 |,… , |𝑢| |𝑢𝑥𝑛 |) 𝑑𝑥

≤ max {1, ‖𝛷′
𝑘‖

𝜏
𝐿∞(R+)

}
ˆ
𝐵𝑅∩{𝑎𝑘 < |𝑢|<𝑏𝑘}

𝑔(𝑥, 𝑏𝑘 |𝑢𝑥1 |,… , 𝑏𝑘 |𝑢𝑥𝑛 |) 𝑑𝑥

= max {1, ‖𝛷′
𝑘‖

𝜏
𝐿∞(R+)

}
ˆ
𝐵𝑅∩{𝑎𝑘 < |𝑢|<𝑏𝑘}

𝑓 (𝑥, 𝑏𝑘 𝐷𝑢) 𝑑𝑥

≤ max {1, ‖𝛷′
𝑘‖

𝜏
𝐿∞(R+)

} 𝑏𝜏𝑘

ˆ
𝐵𝑅

𝑓 (𝑥,𝐷𝑢) 𝑑𝑥

and the last integral is finite, since 𝑢 ∈ 𝑊 1,F(𝛺;R𝑚). To prove that 𝐼2 is bounded, we apply Lemma  3.2 (i) and the definition of 𝛷𝑘, 
thus obtaining

𝐼2 =
ˆ
𝐵𝑅∩{|𝑢|>𝑎𝑘}

𝑓 (𝑥, 𝜂𝑞 𝛷𝑘(|𝑢|)𝐷𝑢) 𝑑𝑥 ≤ 𝑘𝜏
ˆ
𝐵𝑅

𝑓 (𝑥,𝐷𝑢) 𝑑𝑥 < +∞ .

We now turn our attention to 𝐼3. Using Lemma  3.2 (i), the definition of 𝛷𝑘, (𝐀𝟐), (5.1), Lemma  3.1 (v) and (2.3), we get

𝐼3 ≤ (𝑞𝑘)𝜏
ˆ
𝐵𝑅

𝑓 (𝑥, 𝑢 𝜂𝑥1 ,… , 𝑢 𝜂𝑥𝑛 ) 𝑑𝑥

= (𝑞𝑘)𝜏
ˆ
𝐵𝑅

𝑔(𝑥, |𝑢| |𝜂𝑥1 |,… , |𝑢| |𝜂𝑥𝑛 |) 𝑑𝑥

≤ (𝑞𝑘)𝜏
ˆ
𝐵𝑅

𝑔
(

𝑥,
2|𝑢|
𝑅 − 𝜌

,… ,
2|𝑢|
𝑅 − 𝜌

)

𝑑𝑥

≤
(

2𝑞𝑘
𝑅 − 𝜌

)𝜏 ˆ
𝐵𝑅

𝜇(𝑥)
{

1 + 𝑛
𝑞
2
|𝑢|𝑞

}

𝑑𝑥 ,

where we have also used 2
𝑅−𝜌 > 2. Since |𝑢| ∈ 𝐿𝜎∗

𝑙𝑜𝑐 (𝛺) by Proposition  3.6 and 𝑞𝑠′ < 𝜎∗ by assumption (see Remark  2.3), the last 
integral in the preceding estimate is finite. Indeed, by Hölder’s inequality,ˆ

𝐵𝑅

𝜇(𝑥)|𝑢|𝑞 𝑑𝑥 ≤ ‖𝜇‖𝐿𝑠(𝐵𝑅0 )
‖𝑢‖𝑞

𝐿𝑞𝑠′ (𝐵𝑅0 )
< +∞ .

Let us now consider the Euler’s equation (4.1) with test function 𝜑𝑘. We obtain

𝐼4 + 𝐼5 ∶=
𝑛
∑

𝑚
∑

ˆ
𝜕𝑓
𝜕𝜉𝛼

(𝑥,𝐷𝑢) 𝑢𝛼𝑥𝑗 𝛷𝑘(|𝑢|) 𝜂𝑞 𝑑𝑥

𝑗=1 𝛼=1 𝐵𝑅 𝑗

10 
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+
𝑛
∑

𝑗=1

𝑚
∑

𝛼,𝛽=1

ˆ
𝐵𝑅

𝜕𝑓
𝜕𝜉𝛼𝑗

(𝑥,𝐷𝑢) 𝑢𝛼 𝑢𝛽

|𝑢|
𝑢𝛽𝑥𝑗 𝛷

′
𝑘(|𝑢|) 𝜂

𝑞 𝑑𝑥

≤ 𝑞
|

|

|

|

|

|

𝑛
∑

𝑗=1

𝑚
∑

𝛼=1

ˆ
𝐵𝑅

𝜕𝑓
𝜕𝜉𝛼𝑗

(𝑥,𝐷𝑢)𝛷𝑘(|𝑢|) 𝑢𝛼 𝜂𝑞−1𝜂𝑥𝑗 𝑑𝑥
|

|

|

|

|

|

=∶ 𝐼6 . (5.3)

At this stage, we estimate 𝐼4, 𝐼5 and 𝐼6 separately.
Estimate of 𝐼4
As far as 𝐼4 is concerned, we use the convexity of 𝑓 (𝑥, ⋅), (2.3) and (5.1). Thus,

𝐼4 ≥
ˆ
𝐵𝑅

[𝑓 (𝑥,𝐷𝑢) − 𝑓 (𝑥, 0)]𝛷𝑘(|𝑢|) 𝜂𝑞 𝑑𝑥

≥
ˆ
𝐵𝑅

𝑓 (𝑥,𝐷𝑢)𝛷𝑘(|𝑢|) 𝜂𝑞 𝑑𝑥 −
ˆ
𝐵𝑅

𝜇(𝑥)𝛷𝑘(|𝑢|) 𝑑𝑥 . (5.4)

Estimate of 𝐼5
We claim that 𝐼5 ≥ 0. Indeed, by (2.2) and the properties (i) and (v) in Lemma  3.1, we get

𝑛
∑

𝑗=1

𝑚
∑

𝛼,𝛽=1

𝜕𝑓
𝜕𝜉𝛼𝑗

(𝑥,𝐷𝑢) 𝑢𝛼 𝑢𝛽 𝑢𝛽𝑥𝑗 =
𝑛
∑

𝑗=1

𝜕𝑔
𝜕𝑡𝑗

(𝑥, |𝑢𝑥1 |,… , |𝑢𝑥𝑛 |)

(

∑𝑚
𝛼=1 𝑢

𝛼 𝑢𝛼𝑥𝑗

)2

|𝑢𝑥𝑗 |
≥ 0 .

Thus, by the monotonicity of 𝛷𝑘 we have 

𝐼5 =
ˆ
𝐵𝑅

𝑛
∑

𝑗=1

𝜕𝑔
𝜕𝑡𝑗

(𝑥, |𝑢𝑥1 |,… , |𝑢𝑥𝑛 |)

(

∑𝑚
𝛼=1 𝑢

𝛼 𝑢𝛼𝑥𝑗

)2

|𝑢𝑥𝑗 | |𝑢|
𝛷′

𝑘(|𝑢|) 𝜂
𝑞 𝑑𝑥 ≥ 0 . (5.5)

Estimate of 𝐼6
Using again (2.2), the properties (i) and (v) in Lemma  3.1 and (5.1), we have

𝐼6 = 𝑞
|

|

|

|

|

|

𝑛
∑

𝑗=1

ˆ
𝐵𝑅

𝜕𝑔
𝜕𝑡𝑗

(𝑥, |𝑢𝑥1 |,… , |𝑢𝑥𝑛 |)
⟨𝑢, 𝑢𝑥𝑗 ⟩

|𝑢𝑥𝑗 |
𝛷𝑘(|𝑢|) 𝜂𝑞−1 𝜂𝑥𝑗 𝑑𝑥

|

|

|

|

|

|

≤ 𝑞
𝑛
∑

𝑗=1

ˆ
𝐵𝑅

𝜕𝑔
𝜕𝑡𝑗

(𝑥, |𝑢𝑥1 |,… , |𝑢𝑥𝑛 |) |𝑢|𝛷𝑘(|𝑢|) 𝜂𝑞−1 |𝐷𝜂| 𝑑𝑥

≤ 2𝑞
𝑅 − 𝜌

𝑛
∑

𝑗=1

ˆ
𝐴−
𝑅,𝑗 ∪𝐴+

𝑅,𝑗

𝜕𝑔
𝜕𝑡𝑗

(𝑥, |𝑢𝑥1 |,… , |𝑢𝑥𝑛 |) |𝑢|𝛷𝑘(|𝑢|) 𝜂𝑞−1 𝑑𝑥 , (5.6)

where

𝐴−
𝑅,𝑗 ∶= 𝐵𝑅 ∩

{

𝜂 ≠ 0, |𝑢𝑥𝑗 | ≤
2𝑞𝐿|𝑢|
𝜂(𝑅 − 𝜌)

}

and

𝐴+
𝑅,𝑗 ∶= 𝐵𝑅 ∩

{

𝜂 ≠ 0, |𝑢𝑥𝑗 | >
2𝑞𝐿|𝑢|
𝜂(𝑅 − 𝜌)

}

with 𝐿 > 0 to be chosen later.
For a.e. 𝑥 ∈ 𝐴−

𝑅,𝑗 define 𝐻𝑗 (𝑥, ⋅) ∶ R+ → R+,

𝐻𝑗 (𝑥, 𝜚) ∶= 𝑔(𝑥, |𝑢𝑥1 (𝑥)|,… , |𝑢𝑥𝑗−1 (𝑥)|, 𝜚, |𝑢𝑥𝑗+1 (𝑥)|,… , |𝑢𝑥𝑛 (𝑥)|) ,

of class 𝐶1 w.r.t. 𝜚 due to Lemma  3.1 (i). By the properties (i) and (iv) in Lemma  3.1 and by the assumption 𝑥 ∈ 𝐴−
𝑅,𝑗 , the following 

inequality holds: 
𝜕𝑔
𝜕𝑡𝑗

(𝑥, |𝑢𝑥1 |,… , |𝑢𝑥𝑛 |)
2𝑞|𝑢|

𝜂(𝑅 − 𝜌)
≤ 1

𝐿
𝜕𝐻𝑗

𝜕𝜚

(

𝑥,
2𝑞𝐿|𝑢|
𝜂(𝑅 − 𝜌)

)

2𝑞𝐿|𝑢|
𝜂(𝑅 − 𝜌)

. (5.7)

Now, let 𝜔 > 1 and denote by 𝖾1 the vector (1, 0,… , 0) in R𝑚. By the definition of 𝐻𝑗 , (2.2), (𝐀𝟑) and Lemma  3.1 (v), for a.e. 𝑥 ∈ 𝐴−
𝑅,𝑗

and for every 𝜚 ∈ R+ we have

𝐻𝑗 (𝑥, 𝜔𝜚) = 𝑓

(

𝑥, 𝜔
𝑢𝑥1 (𝑥)
𝜔

,… , 𝜔
𝑢𝑥𝑗−1 (𝑥)

𝜔
,𝜔𝜚 𝖾𝑇1 , 𝜔

𝑢𝑥𝑗+1 (𝑥)

𝜔
,… , 𝜔

𝑢𝑥𝑛 (𝑥)
𝜔

)

≤ 𝜔𝜏𝑓

(

𝑥,
𝑢𝑥1 (𝑥)
𝜔

,… ,
𝑢𝑥𝑗−1 (𝑥)

𝜔
, 𝜚 𝖾𝑇1 ,

𝑢𝑥𝑗+1 (𝑥)

𝜔
,… ,

𝑢𝑥𝑛 (𝑥)
𝜔

)

= 𝜔𝜏𝑔

(

𝑥,
|𝑢𝑥1 (𝑥)| ,… ,

|𝑢𝑥𝑗−1 (𝑥)| , 𝜚,
|𝑢𝑥𝑗+1 (𝑥)| ,… ,

|𝑢𝑥𝑛 (𝑥)|
)

𝜔 𝜔 𝜔 𝜔

11 
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≤ 𝜔𝜏𝑔(𝑥, |𝑢𝑥1 (𝑥)|,… , |𝑢𝑥𝑗−1 (𝑥)|, 𝜚, |𝑢𝑥𝑗+1 (𝑥)|,… , |𝑢𝑥𝑛 (𝑥)|) = 𝜔𝜏 𝐻𝑗 (𝑥, 𝜚) .

Therefore, we can apply Lemma  3.3 with ℎ = 𝐻𝑗 (𝑥, ⋅), thus obtaining 
1
𝐿

𝜕𝐻𝑗

𝜕𝜚

(

𝑥,
2𝑞𝐿|𝑢|
𝜂(𝑅 − 𝜌)

)

2𝑞𝐿|𝑢|
𝜂(𝑅 − 𝜌)

≤ 𝜏
𝐿

𝐻𝑗

(

𝑥,
2𝑞𝐿|𝑢|
𝜂(𝑅 − 𝜌)

)

. (5.8)

Using again the definition of 𝐻𝑗 , Lemma  3.1 (v) and (2.2), we get

𝐻𝑗

(

𝑥,
2𝑞𝐿|𝑢|
𝜂(𝑅 − 𝜌)

)

≤ 𝑔
(

𝑥, |𝑢𝑥1 |,… , |𝑢𝑥𝑗−1 |, |𝑢𝑥𝑗 | +
2𝑞𝐿|𝑢|
𝜂(𝑅 − 𝜌)

, |𝑢𝑥𝑗+1 |,… , |𝑢𝑥𝑛 |
)

= 𝑓
(

𝑥, 𝑢𝑥1 ,… , 𝑢𝑥𝑗−1 ,
(

|𝑢𝑥𝑗 | +
2𝑞𝐿|𝑢|
𝜂(𝑅 − 𝜌)

)

𝖾𝑇1 , 𝑢𝑥𝑗+1 ,… , 𝑢𝑥𝑛

)

. (5.9)

Since
(

𝑢𝑥1 ,… , 𝑢𝑥𝑗−1 ,
(

|𝑢𝑥𝑗 | +
2𝑞𝐿|𝑢|
𝜂(𝑅 − 𝜌)

)

𝖾𝑇1 , 𝑢𝑥𝑗+1 ,… , 𝑢𝑥𝑛

)

= 1
2
(2𝑢𝑥1 ,… , 2𝑢𝑥𝑗−1 , 2|𝑢𝑥𝑗 | 𝖾

𝑇
1 , 2𝑢𝑥𝑗+1 ,… , 2𝑢𝑥𝑛 )

+ 1
2

⎛

⎜

⎜

⎜

⎝

0𝑇
⏟⏟⏟
∈R𝑚

,… , 0𝑇
⏟⏟⏟
∈R𝑚

,
4𝑞𝐿|𝑢|
𝜂(𝑅 − 𝜌)

𝖾𝑇1 , 0𝑇
⏟⏟⏟
∈R𝑚

,… , 0𝑇
⏟⏟⏟
∈R𝑚

⎞

⎟

⎟

⎟

⎠

=∶ 1
2
𝐯 + 1

2
𝐰 ,

by the convexity of 𝑓 (𝑥, ⋅) we obtain 

𝑓
(

𝑥, 𝑢𝑥1 ,… , 𝑢𝑥𝑗−1 ,
(

|𝑢𝑥𝑗 | +
2𝑞𝐿|𝑢|
𝜂(𝑅 − 𝜌)

)

𝖾𝑇1 , 𝑢𝑥𝑗+1 ,… , 𝑢𝑥𝑛

)

≤ 1
2
𝑓 (𝑥, 𝐯) + 1

2
𝑓 (𝑥,𝐰) . (5.10)

Of course, using (2.2) and (𝐀𝟑) we have 
𝑓 (𝑥, 𝐯) = 𝑔(𝑥, 2|𝑢𝑥1 |,… , 2|𝑢𝑥𝑗 |,… , 2|𝑢𝑥𝑛 |) = 𝑓 (𝑥, 2𝐷𝑢(𝑥)) ≤ 2𝜏𝑓 (𝑥,𝐷𝑢(𝑥)) . (5.11)

Let us deal with 𝑓 (𝑥,𝐰). By (2.2), Lemma  3.1 (v) and (𝐀𝟒), we deduce

𝑓 (𝑥,𝐰) = 𝑔

⎛

⎜

⎜

⎜

⎝

𝑥, 0,… , 0
⏟⏟⏟

𝑗−1

,
4𝑞𝐿|𝑢|
𝜂(𝑅 − 𝜌)

, 0,… , 0
⏟⏟⏟

𝑛−𝑗

⎞

⎟

⎟

⎟

⎠

≤ 𝑔
(

𝑥,
4𝑞𝐿|𝑢|
𝜂(𝑅 − 𝜌)

,… ,
4𝑞𝐿|𝑢|
𝜂(𝑅 − 𝜌)

)

≤ 𝜇(𝑥)
{

1 + 𝑛
𝑞
2

[

4𝑞𝐿|𝑢|
𝜂(𝑅 − 𝜌)

]𝑞}

≤ (4𝑞
√

𝑛)𝑞 𝜇(𝑥)
{

1 +
[

𝐿|𝑢|
𝜂(𝑅 − 𝜌)

]𝑞}

. (5.12)

Without loss of generality, we can assume 𝐿 ≥ 1 so that 𝐿
𝑅−𝜌 > 1. Therefore, collecting (5.7)−(5.12) and using 0 ≤ 𝜂 ≤ 1, we get

2𝑞
𝑅 − 𝜌

𝑛
∑

𝑗=1

ˆ
𝐴−
𝑅,𝑗

𝜕𝑔
𝜕𝑡𝑗

(𝑥, |𝑢𝑥1 |,… , |𝑢𝑥𝑛 |) |𝑢|𝛷𝑘(|𝑢|) 𝜂𝑞−1 𝑑𝑥

≤ 2𝜏−1 𝜏𝑛
𝐿

ˆ
𝐵𝑅

𝑓 (𝑥,𝐷𝑢)𝛷𝑘(|𝑢|) 𝜂𝑞 𝑑𝑥 +
(4𝑞

√

𝑛)𝑞 𝜏𝑛𝐿𝑞−1

2 (𝑅 − 𝜌)𝑞

ˆ
𝐵𝑅

𝜇(𝑥)
{

1 + |𝑢|𝑞
}

𝛷𝑘(|𝑢|) 𝑑𝑥 . (5.13)

Let us now deal with 𝐴+
𝑅,𝑗 . By the properties (v), (i) and (iv) in Lemma  3.1 we have

𝑔(𝑥, 2|𝑢𝑥1 |,… , 2|𝑢𝑥𝑗 |,… , 2|𝑢𝑥𝑛 |)

≥ 𝑔(𝑥, |𝑢𝑥1 |,… , 2|𝑢𝑥𝑗 |,… , |𝑢𝑥𝑛 |)

≥ 𝑔(𝑥, |𝑢𝑥1 |,… , |𝑢𝑥𝑗 |,… , |𝑢𝑥𝑛 |) +
𝜕𝑔
𝜕𝑡𝑗

(𝑥, |𝑢𝑥1 |,… , |𝑢𝑥𝑗 |,… , |𝑢𝑥𝑛 |) |𝑢𝑥𝑗 |

≥ 𝜕𝑔
𝜕𝑡𝑗

(𝑥, |𝑢𝑥1 |,… , |𝑢𝑥𝑗 |,… , |𝑢𝑥𝑛 |) |𝑢𝑥𝑗 | .

Using the above inequality together with (2.2) and (𝐀𝟑), for a.e. 𝑥 ∈ 𝐴+
𝑅,𝑗 we obtain

𝜕𝑔
𝜕𝑡𝑗

(𝑥, |𝑢𝑥1 |,… , |𝑢𝑥𝑛 |)
2𝑞|𝑢|

𝜂(𝑅 − 𝜌)
≤ 1

𝐿
𝜕𝑔
𝜕𝑡𝑗

(𝑥, |𝑢𝑥1 |,… , |𝑢𝑥𝑛 |) |𝑢𝑥𝑗 |

≤ 1
𝐿

𝑔(𝑥, 2|𝑢𝑥1 |,… , 2|𝑢𝑥𝑗 |,… , 2|𝑢𝑥𝑛 |)

= 1
𝐿

𝑓 (𝑥, 2𝐷𝑢(𝑥)) ≤ 2𝜏
𝐿

𝑓 (𝑥,𝐷𝑢(𝑥)) .

Thus 
2𝑞

𝑅 − 𝜌

𝑛
∑

ˆ
+

𝜕𝑔
𝜕𝑡

(𝑥, |𝑢𝑥1 |,… , |𝑢𝑥𝑛 |) |𝑢|𝛷𝑘(|𝑢|) 𝜂𝑞−1 𝑑𝑥 ≤ 2𝜏𝑛
𝐿

ˆ
𝑓 (𝑥,𝐷𝑢)𝛷𝑘(|𝑢|) 𝜂𝑞 𝑑𝑥 , (5.14)
𝑗=1 𝐴𝑅,𝑗 𝑗 𝐵𝑅

12 
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and joining estimates (5.6), (5.13) and (5.14), we get

𝐼6 ≤
2𝜏𝑛(𝜏 + 1)

𝐿

ˆ
𝐵𝑅

𝑓 (𝑥,𝐷𝑢)𝛷𝑘(|𝑢|) 𝜂𝑞 𝑑𝑥

+
(4𝑞

√

𝑛)𝑞 𝜏𝑛𝐿𝑞−1

2 (𝑅 − 𝜌)𝑞

ˆ
𝐵𝑅

𝜇(𝑥)
{

1 + |𝑢|𝑞
}

𝛷𝑘(|𝑢|) 𝑑𝑥 . (5.15)

Collecting (5.3), (5.4), (5.5) and (5.15), and using 1
𝑅−𝜌 > 1, we find

ˆ
𝐵𝑅

𝑓 (𝑥,𝐷𝑢)𝛷𝑘(|𝑢|) 𝜂𝑞 𝑑𝑥 ≤ 2𝜏𝑛(𝜏 + 1)
𝐿

ˆ
𝐵𝑅

𝑓 (𝑥,𝐷𝑢)𝛷𝑘(|𝑢|) 𝜂𝑞 𝑑𝑥

+
(4𝑞

√

𝑛)𝑞 𝜏𝑛𝐿𝑞−1 + 1
(𝑅 − 𝜌)𝑞

ˆ
𝐵𝑅

𝜇(𝑥)
{

1 + |𝑢|𝑞
}

𝛷𝑘(|𝑢|) 𝑑𝑥 . (5.16)

Now we choose 𝐿 = 2𝜏+1 𝑛(𝜏 + 1) > 1 and reabsorb the first integral in the right-hand side of (5.16) by the left-hand side, thus 
obtaining ˆ

𝐵𝑅

𝑓 (𝑥,𝐷𝑢)𝛷𝑘(|𝑢|) 𝜂𝑞 𝑑𝑥 ≤
𝑐0

(𝑅 − 𝜌)𝑞

ˆ
𝐵𝑅

𝜇(𝑥)
{

1 + |𝑢|𝑞
}

𝛷𝑘(|𝑢|) 𝑑𝑥 , (5.17)

where 𝑐0 is a positive constant depending only on 𝑛, 𝑞 and 𝜏. Inequalities (2.3) and (5.17) implyˆ
𝐵𝑅

𝜆𝑖(𝑥) |𝑢𝑥𝑖 |
𝑝𝑖 𝛷𝑘(|𝑢|) 𝜂𝑞 𝑑𝑥 ≤

𝑐0
(𝑅 − 𝜌)𝑞

ˆ
𝐵𝑅

𝜇(𝑥)
{

1 + |𝑢|𝑞
}

𝛷𝑘(|𝑢|) 𝑑𝑥 .

At this point, we recall that 𝛷𝑘 = 𝛷(𝑖,𝛾)
𝑘 . Using the monotone convergence theorem, we let 𝑘 → +∞ and, by definition of 𝛷𝑘, we getˆ

𝐵𝑅

𝜆𝑖(𝑥) |𝑢|
𝑝𝑖𝛾

|𝑢𝑥𝑖 |
𝑝𝑖 𝜂𝑞 𝑑𝑥 ≤

𝑐0
(𝑅 − 𝜌)𝑞

ˆ
𝐵𝑅

𝜇(𝑥)
{

1 + |𝑢|𝑞
}

|𝑢|𝑝𝑖𝛾 𝑑𝑥

≤
2𝑐0

(𝑅 − 𝜌)𝑞

ˆ
𝐵𝑅

𝜇(𝑥) (max {|𝑢|, 1})𝑞+𝑝𝑖𝛾 𝑑𝑥 , (5.18)

where, in the last line, we have used
|𝑢|𝑞+𝑝𝑖𝛾 + |𝑢|𝑝𝑖𝛾 ≤ 2 (max {|𝑢|, 1})𝑞+𝑝𝑖𝛾 .

In a similar way to what has been done up to now, it is easy to prove that 𝜑 ∶= 𝑢𝜂𝑞 is a test function for the Euler’s equation (4.1). 
Moreover, using this test function and arguing exactly as above, we obtainˆ

𝐵𝑅

𝜆𝑖(𝑥) |𝑢𝑥𝑖 |
𝑝𝑖 𝜂𝑞 𝑑𝑥 ≤

2𝑐0
(𝑅 − 𝜌)𝑞

ˆ
𝐵𝑅

𝜇(𝑥) (max {|𝑢|, 1})𝑞 𝑑𝑥 ,

so that (5.18) also holds for 𝛾 = 0.
Therefore, for every 𝛾 ≥ 0 and every 𝑖 ∈ {1,… , 𝑛} we haveˆ

𝐵𝑅

𝜆𝑖(𝑥) |𝑢|
𝑝𝑖𝛾

|𝑢𝑥𝑖 |
𝑝𝑖 𝜂𝑞 𝑑𝑥 ≤ 𝑐

(𝑅 − 𝜌)𝑞

ˆ
𝐵𝑅

𝜇(𝑥) (max {|𝑢|, 1})𝑞+𝑝𝑖𝛾 𝑑𝑥 ,

where 𝑐 = 𝑐(𝑛, 𝑞, 𝜏) > 0. This concludes the proof. □

We are now in a position to prove Theorem  2.2.

Proof of Theorem  2.2.  Let 𝑢 ∈ 𝑊 1,F(𝛺;R𝑚) be a local minimizer of (2.1) and consider 𝑥0 ∈ 𝛺 and 𝑅0 ∈ (0, 1] such that 
𝐵𝑅0

∶= 𝐵𝑅0
(𝑥0) ⋐ 𝛺. Also fix 0 < 𝜌 < 𝑅 < 𝑅0 and consider a cut-off function 𝜂 ∈ 𝐶∞

𝑐 (𝐵𝑅(𝑥0)) satisfying (5.1). To shorten our 
notation, we now set 

𝐺(𝑥) ∶= max {|𝑢(𝑥)|, 1} . (5.19)

We split the proof into three steps.
Step 1. First we prove that, if 𝛿 ≥ 1 and |𝑢|𝛿 ∈ 𝑊 1,(𝜎1 ,…,𝜎𝑛)(𝐵𝑅0

), then 

‖𝐺𝛿
‖𝐿𝜎∗ (𝐵𝜌)

≤ 𝐶 𝛿

(𝑅 − 𝜌)
𝑞
𝐩
‖𝜇‖

1
𝐩
𝐿𝑠(𝐵𝑅)

‖𝐺‖

𝑞
𝐩 −1

𝐿𝑞𝑠′ (𝐵𝑅)
‖𝐺𝛿

‖𝐿𝑞𝑠′ (𝐵𝑅)

𝑛
∏

𝑖=1
‖𝜆−1𝑖 ‖

1
𝑛𝑝𝑖
𝐿𝑟𝑖 (𝐵𝑅)

(5.20)

for a constant 𝐶 > 1 depending on 𝑚, 𝑛, 𝐩, 𝑞, 𝐫, 𝜏 if 𝜎 < 𝑛, and also on 𝑅0 if 𝜎 ≥ 𝑛.
To prove the above inequality, we notice that for every 𝛾 ∶= 𝛿 − 1 ≥ 0 and every 𝑖 ∈ {1,… , 𝑛} we haveˆ

𝐵𝑅

|

|

|

[

(|𝑢|𝛾+1 + 1) 𝜂𝑞
]

𝑥𝑖
|

|

|

𝑝𝑖 𝜆𝑖(𝑥) 𝑑𝑥 ≤ 2𝑝𝑖−1
ˆ
𝐵𝑅

(𝑞𝜂𝑞−1|𝐷𝜂|)𝑝𝑖 (|𝑢|𝛾+1 + 1)𝑝𝑖 𝜆𝑖(𝑥) 𝑑𝑥

+ 2𝑝𝑖−1 (𝛾 + 1)𝑝𝑖
ˆ

𝜆𝑖(𝑥) 𝜂𝑞𝑝𝑖 |𝑢|
𝛾𝑝𝑖

|𝑢𝑥𝑖 |
𝑝𝑖 𝑑𝑥
𝐵𝑅

13 
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=∶ 𝐽1,𝑖 + 𝐽2,𝑖 . (5.21)

To estimate 𝐽1,𝑖, we observe that

𝐽1,𝑖 ≤
22𝑞−1𝑞𝑞

(𝑅 − 𝜌)𝑝𝑖

ˆ
𝐵𝑅

(|𝑢|𝛾+1 + 1)𝑝𝑖 𝜆𝑖(𝑥) 𝑑𝑥 ≤ 23𝑞−1𝑞𝑞

(𝑅 − 𝜌)𝑞

ˆ
𝐵𝑅

𝐺𝑞+𝛾𝑝𝑖 𝜆𝑖(𝑥) 𝑑𝑥 ,

where we have used 𝑝𝑖 ≤ 𝑞, 1
𝑅−𝜌 > 1 and

(|𝑢|𝛾+1 + 1)𝑝𝑖 ≤ (2𝐺𝛾+1)𝑝𝑖 ≤ 2𝑞 𝐺𝑞+𝛾𝑝𝑖 .

From (2.3) it easily follows that
𝜆𝑖 ≤ 2 𝑛

𝑞
2 𝜇 a.e. in 𝛺

for every 𝑖 ∈ {1,… , 𝑛}. Therefore, 

𝐽1,𝑖 ≤
23𝑞𝑞𝑞𝑛

𝑞
2

(𝑅 − 𝜌)𝑞

ˆ
𝐵𝑅

𝜇(𝑥)𝐺𝑞+𝛾𝑝𝑖 𝑑𝑥 . (5.22)

Since 𝜂𝑞𝑝𝑖 ≤ 𝜂𝑞 , we can estimate 𝐽2,𝑖 using inequality (5.2). Thus,

𝐽2,𝑖 ≤ 2𝑞−1 (𝛾 + 1)𝑝𝑖
ˆ
𝐵𝑅

𝜆𝑖(𝑥) 𝜂𝑞 |𝑢|
𝛾𝑝𝑖

|𝑢𝑥𝑖 |
𝑝𝑖 𝑑𝑥

≤ 𝐶0
(𝛾 + 1)𝑝𝑖
(𝑅 − 𝜌)𝑞

ˆ
𝐵𝑅

𝜇(𝑥)𝐺𝑞+𝛾𝑝𝑖 𝑑𝑥 , (5.23)

where 𝐶0 = 𝐶0(𝑛, 𝑞, 𝜏) > 0. By Proposition  3.7 applied to 𝑣 = (|𝑢|𝛾+1 + 1) 𝜂𝑞 , we obtain
(ˆ

𝐵𝑅

[(|𝑢|𝛾+1 + 1) 𝜂𝑞]𝜎
∗
𝑑𝑥

)
𝑛
𝜎∗

≤ 𝐶1

𝑛
∏

𝑖=1
‖𝜆−1𝑖 ‖

1
𝑝𝑖
𝐿𝑟𝑖 (𝐵𝑅)

(ˆ
𝐵𝑅

|

|

|

[

(|𝑢|𝛾+1 + 1) 𝜂𝑞
]

𝑥𝑖
|

|

|

𝑝𝑖 𝜆𝑖(𝑥) 𝑑𝑥
)

1
𝑝𝑖

for a positive constant 𝐶1 depending on 𝑚, 𝑛, 𝐩, 𝐫 if 𝜎 < 𝑛, and also on 𝑅0 if 𝜎 ≥ 𝑛. Collecting this inequality, (5.21), (5.22) and 
(5.23), we get

(ˆ
𝐵𝑅

[(|𝑢|𝛾+1 + 1) 𝜂𝑞]𝜎
∗
𝑑𝑥

)
𝑛
𝜎∗

≤ 𝐶2

𝑛
∏

𝑖=1
‖𝜆−1𝑖 ‖

1
𝑝𝑖
𝐿𝑟𝑖 (𝐵𝑅)

[

1 + (𝛾 + 1)𝑝𝑖
(𝑅 − 𝜌)𝑞

ˆ
𝐵𝑅

𝜇(𝑥)𝐺𝑞+𝛾𝑝𝑖 𝑑𝑥
]

1
𝑝𝑖
,

where 𝐶2 is a positive constant depending on 𝑚, 𝑛, 𝐩, 𝑞, 𝐫, 𝜏 if 𝜎 < 𝑛, and additionally on 𝑅0 if 𝜎 ≥ 𝑛. Using (5.1) and (2.6), we then 
find

(ˆ
𝐵𝜌

(|𝑢|𝛾+1 + 1)𝜎
∗
𝑑𝑥

)
𝑛
𝜎∗

≤ 𝐶2

𝑛
∏

𝑖=1

𝛾 + 1

(𝑅 − 𝜌)
𝑞
𝑝𝑖

‖𝜆−1𝑖 ‖

1
𝑝𝑖
𝐿𝑟𝑖 (𝐵𝑅)

(ˆ
𝐵𝑅

𝜇(𝑥)𝐺𝑞+𝛾𝑝𝑖 𝑑𝑥
)

1
𝑝𝑖

≤
𝐶2 (𝛾 + 1)𝑛

(𝑅 − 𝜌)
𝑛𝑞
𝐩

𝑛
∏

𝑖=1
‖𝜆−1𝑖 ‖

1
𝑝𝑖
𝐿𝑟𝑖 (𝐵𝑅)

(ˆ
𝐵𝑅

𝜇(𝑥)𝐺𝑞+𝛾𝑝𝑖 𝑑𝑥
)

1
𝑝𝑖
, (5.24)

for a different constant 𝐶2 > 0. By Hölder’s inequality and 𝜇 ∈ 𝐿𝑠
𝑙𝑜𝑐 (𝛺), we obtain 

(ˆ
𝐵𝑅

𝜇(𝑥)𝐺𝑞+𝛾𝑝𝑖 𝑑𝑥
)

1
𝑝𝑖

≤ ‖𝜇‖
1
𝑝𝑖
𝐿𝑠(𝐵𝑅)

(ˆ
𝐵𝑅

𝐺(𝑞+𝛾𝑝𝑖)𝑠′ 𝑑𝑥
)

1
𝑝𝑖𝑠′ . (5.25)

If 𝑝𝑖 = 𝑞 for some 𝑖 ∈ {1,… , 𝑛}, the above estimate gives
(ˆ

𝐵𝑅

𝜇(𝑥)𝐺(𝛾+1)𝑞 𝑑𝑥
)

1
𝑞
≤ ‖𝜇‖

1
𝑞
𝐿𝑠(𝐵𝑅)

‖𝐺𝛾+1
‖𝐿𝑞𝑠′ (𝐵𝑅)

.

If 𝑝𝑖 < 𝑞 for some 𝑖 ∈ {1,… , 𝑛}, we apply Hölder’s inequality again to the last integral in (5.25). We thus obtain 
(ˆ

𝐵𝑅

𝐺(𝑞+𝛾𝑝𝑖)𝑠′ 𝑑𝑥
)

1
𝑝𝑖𝑠′ =

(ˆ
𝐵𝑅

𝐺(𝑞−𝑝𝑖)𝑠′ 𝐺(𝛾+1)𝑝𝑖𝑠′ 𝑑𝑥
)

1
𝑝𝑖𝑠′ ≤ ‖𝐺‖

𝑞
𝑝𝑖

−1

𝐿𝑞𝑠′ (𝐵𝑅)
‖𝐺𝛾+1

‖𝐿𝑞𝑠′ (𝐵𝑅)
. (5.26)

Then, up to redefine the constant 𝐶2 > 0, estimates (5.24), (5.25) and (5.26) give

‖

‖

‖

|𝑢|𝛾+1 + 1‖‖
‖𝐿𝜎∗ (𝐵𝜌)

≤
𝐶2 (𝛾 + 1)

(𝑅 − 𝜌)
𝑞
𝐩

‖𝜇‖
1
𝐩
𝐿𝑠(𝐵𝑅)

‖𝐺‖

𝑞
𝐩 −1

𝐿𝑞𝑠′ (𝐵𝑅)
‖𝐺𝛾+1

‖𝐿𝑞𝑠′ (𝐵𝑅)

𝑛
∏

𝑖=1
‖𝜆−1𝑖 ‖

1
𝑛𝑝𝑖
𝐿𝑟𝑖 (𝐵𝑅)

,

where we have used (2.6) again. Since 𝛿 = 𝛾 + 1 and 𝐺𝛿 ≤ |𝑢|𝛿 + 1, inequality (5.20) holds true.
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Step 2. Now we prove the local boundedness of 𝐺, and then of 𝑢, using the Moser iteration technique. To simplify our notation 
even more, we introduce the function 

𝐴(𝑟) ∶= ‖𝜇‖
1
𝐩
𝐿𝑠(𝐵𝑟)

‖𝐺‖

𝑞
𝐩 −1

𝐿𝑞𝑠′ (𝐵𝑟)

𝑛
∏

𝑖=1
‖𝜆−1𝑖 ‖

1
𝑛𝑝𝑖
𝐿𝑟𝑖 (𝐵𝑟)

, 𝑟 ∈ (0, 𝑅0] . (5.27)

Observe that 𝐴(𝑟) is non-decreasing, since
1 < 𝑝𝑖 ≤ 𝑞 ∀ 𝑖 ∈ {1,… , 𝑛} implies

𝑞
𝐩
− 1 ≥ 0 .

Using (5.27), inequality (5.20) reads as follows: 

‖𝐺‖𝐿𝛿 𝜎∗ (𝐵𝜌)
≤

{

𝐶 𝛿 𝐴(𝑅)

(𝑅 − 𝜌)
𝑞
𝐩

}
1
𝛿

‖𝐺‖𝐿𝛿𝑞𝑠′ (𝐵𝑅)
, (5.28)

where 𝐶 > 1. For all ℎ ∈ N, we define 

𝛿ℎ ∶=
(

𝜎∗

𝑞𝑠′

)ℎ−1
, 𝑅ℎ ∶= 𝑅

2

(

1 + 1
2ℎ−1

)

, 𝜌ℎ ∶= 𝑅ℎ+1 . (5.29)

Notice that 𝛿ℎ has been chosen in such a way that 𝛿1 = 1 and 𝛿ℎ 𝜎∗ = 𝛿ℎ+1 𝑞𝑠′. Moreover, 𝛿ℎ diverges to +∞ as ℎ → ∞, since 𝑞𝑠′ < 𝜎∗

by assumption. By (5.28), replacing 𝛿, 𝑅 and 𝜌 with 𝛿ℎ, 𝑅ℎ and 𝜌ℎ, respectively, we have that
𝐺 ∈ 𝐿𝛿ℎ𝑞𝑠′ (𝐵𝑅ℎ

) implies 𝐺 ∈ 𝐿𝛿ℎ+1𝑞𝑠′ (𝐵𝑅ℎ+1
) .

More precisely, the inequality

‖𝐺‖𝐿𝛿ℎ+1𝑞𝑠′ (𝐵𝑅ℎ+1 )
≤

⎧

⎪

⎨

⎪

⎩

𝐶 𝛿ℎ 𝐴(𝑅ℎ)

(𝑅ℎ − 𝜌ℎ)
𝑞
𝐩

⎫

⎪

⎬

⎪

⎭

1
𝛿ℎ

‖𝐺‖𝐿𝛿ℎ𝑞𝑠′ (𝐵𝑅ℎ )

holds true for every ℎ ∈ N. Since 𝐴(𝑅ℎ) ≤ 𝐴(𝑅) for all ℎ ∈ N, we obtain 

‖𝐺‖𝐿𝛿ℎ+1𝑞𝑠′ (𝐵𝑅ℎ+1 )
≤

⎧

⎪

⎨

⎪

⎩

𝐶 𝛿ℎ 𝐴(𝑅)

(𝑅ℎ − 𝜌ℎ)
𝑞
𝐩

⎫

⎪

⎬

⎪

⎭

1
𝛿ℎ

‖𝐺‖𝐿𝛿ℎ𝑞𝑠′ (𝐵𝑅ℎ )
(5.30)

for every ℎ ∈ N. In particular, if ℎ = 1 we get 

‖𝐺‖𝐿𝜎∗ (𝐵3𝑅∕4)
≤ 4

𝑞
𝐩 𝐶

𝑅
𝑞
𝐩

‖𝜇‖
1
𝐩
𝐿𝑠(𝐵𝑅)

‖𝐺‖

𝑞
𝐩

𝐿𝑞𝑠′ (𝐵𝑅)

𝑛
∏

𝑖=1
‖𝜆−1𝑖 ‖

1
𝑛𝑝𝑖
𝐿𝑟𝑖 (𝐵𝑅)

. (5.31)

Notice that the right-hand side of (5.31) is finite, because |𝑢| ∈ 𝐿𝜎∗ (𝐵𝑅0
) by Proposition  3.6 and 𝑞𝑠′ < 𝜎∗ by assumption. Now, we 

define 

𝑀ℎ ∶=

(ˆ
𝐵𝑅ℎ

𝐺𝛿ℎ𝑞𝑠′ 𝑑𝑥

)
1

𝛿ℎ𝑞𝑠′

, ℎ ∈ N, (5.32)

so that inequality (5.30) turns into 

𝑀ℎ+1 ≤
⎧

⎪

⎨

⎪

⎩

𝐶 𝛿ℎ 𝐴(𝑅) (2
𝑞
𝐩 )ℎ+1

𝑅
𝑞
𝐩

⎫

⎪

⎬

⎪

⎭

1
𝛿ℎ

𝑀ℎ . (5.33)

Iterating the above estimate, we get 

𝑀ℎ+1 ≤ 𝑀1

ℎ
∏

𝑘=1

⎧

⎪

⎨

⎪

⎩

𝐶 𝛿𝑘 𝐴(𝑅) (2
𝑞
𝐩 )𝑘+1

𝑅
𝑞
𝐩

⎫

⎪

⎬

⎪

⎭

1
𝛿𝑘

(5.34)

for any ℎ ∈ N. Now we observe that
∞
∑

𝑘=1

1
𝛿𝑘

=
∞
∑

𝑘=0

(

𝑞𝑠′

𝜎∗

)𝑘
= 𝜎∗

𝜎∗ − 𝑞𝑠′
,

so that 
ℎ
∏

(

𝐶 𝐴(𝑅)
𝑞

)
1
𝛿𝑘

=

(

𝐶 𝐴(𝑅)
𝑞

)

∑ℎ
𝑘=1

1
𝛿𝑘

<

(

𝐶 (1 + 𝐴(𝑅))
𝑞

)

∑ℎ
𝑘=1

1
𝛿𝑘

<

(

𝐶 (1 + 𝐴(𝑅))
𝑞

)
𝜎∗

𝜎∗− 𝑞𝑠′

, (5.35)

𝑘=1 𝑅 𝐩 𝑅 𝐩 𝑅 𝐩 𝑅 𝐩
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where we have also used 𝐶 > 1 and 𝑅 ≤ 1. Moreover, by the definition of 𝛿ℎ in (5.29), we have 

ℎ
∏

𝑘=1
𝛿

1
𝛿𝑘
𝑘 =

(

𝜎∗

𝑞𝑠′

)

∑ℎ
𝑘=1

𝑘−1
𝛿𝑘 <

(

𝜎∗

𝑞𝑠′

)

∑∞
𝑘=1 𝑘

(

𝑞𝑠′
𝜎∗

)𝑘

=
(

𝜎∗

𝑞𝑠′

)
𝜎∗𝑞𝑠′

(

𝜎∗− 𝑞𝑠′
)2

(5.36)

and 
ℎ
∏

𝑘=1
(2

𝑞
𝐩 )

𝑘+1
𝛿𝑘 = 2

𝑞
𝐩

(

𝜎∗
𝑞𝑠′

)2
∑ℎ+1

𝑘=2 𝑘
(

𝑞𝑠′
𝜎∗

)𝑘

< 2
𝑞
𝐩

(

𝜎∗
𝑞𝑠′

)2
∑∞

𝑘=1 𝑘
(

𝑞𝑠′
𝜎∗

)𝑘

= 2

(

𝜎∗
)3

𝐩𝑠′
(

𝜎∗− 𝑞𝑠′
)2 . (5.37)

Combining estimates (5.34)−(5.37), recalling the definitions (5.27) and (5.32), and letting ℎ → +∞, we obtain

‖𝐺‖𝐿∞(𝐵𝑅∕2) ≤ 𝑐1

[

1

𝑅
𝑞
𝐩

(

1 + ‖𝜇‖
1
𝐩
𝐿𝑠(𝐵𝑅)

‖𝐺‖

𝑞
𝐩 −1

𝐿𝑞𝑠′ (𝐵𝑅)

𝑛
∏

𝑖=1
‖𝜆−1𝑖 ‖

1
𝑛𝑝𝑖
𝐿𝑟𝑖 (𝐵𝑅)

)]
𝜎∗

𝜎∗− 𝑞𝑠′ [ˆ
𝐵𝑅

𝐺𝑞𝑠′ 𝑑𝑥
]

1
𝑞𝑠′

,

where 𝑐1 > 1 is a constant depending on 𝑚, 𝑛, 𝐩, 𝑞, 𝐫, 𝑠, 𝜏 if 𝜎 < 𝑛, and also on 𝑅0 if 𝜎 ≥ 𝑛. Now, using the fact that 𝐺 ≥ 1, 𝑞𝐩 − 1 ≥ 0
and 𝑅 ≤ 1, we deduce

1 ≤
[ 

𝐵𝑅

𝐺𝑞𝑠′ 𝑑𝑥
]

1
𝑞𝑠′

(

𝑞
𝐩 −1

)

= |𝐵𝑅|
1
𝑞𝑠′

(

1− 𝑞
𝐩

)

‖𝐺‖

𝑞
𝐩 −1

𝐿𝑞𝑠′ (𝐵𝑅)
=

𝜔
1
𝑞𝑠′

(

1− 𝑞
𝐩

)

𝑛

𝑅
𝑛
𝑞𝑠′

(

𝑞
𝐩 −1

) ‖𝐺‖

𝑞
𝐩 −1

𝐿𝑞𝑠′ (𝐵𝑅)

and

‖𝐺‖

𝑞
𝐩 −1

𝐿𝑞𝑠′ (𝐵𝑅)
≤ 1

𝑅
𝑛
𝑞𝑠′

(

𝑞
𝐩 −1

) ‖𝐺‖

𝑞
𝐩 −1

𝐿𝑞𝑠′ (𝐵𝑅)
,

where 𝜔𝑛 denotes the 𝑛-dimensional Lebesgue measure of the unit ball 𝐵1(0). Joining the three previous estimates and recalling the 
definition of 𝐺 in (5.19), we get

‖𝑢‖𝐿∞(𝐵𝑅∕2) ≤
𝑐1
𝑅𝜗3

[

1 + ‖𝜇‖
1
𝐩
𝐿𝑠(𝐵𝑅)

𝑛
∏

𝑖=1
‖𝜆−1𝑖 ‖

1
𝑛𝑝𝑖
𝐿𝑟𝑖 (𝐵𝑅)

]𝜗1
‖

‖

‖

|𝑢| + 1‖‖
‖

𝜗2

𝐿𝑞𝑠′ (𝐵𝑅)
,

for a different constant 𝑐1 > 1 and

𝜗1 ∶=
𝜎∗

𝜎∗ − 𝑞𝑠′
,

𝜗2 ∶= 𝜗1

(

𝑞
𝐩
− 1

)

+ 1 =
𝑞 (𝜎∗ − 𝐩𝑠′)
𝐩 (𝜎∗ − 𝑞𝑠′)

,

𝜗3 ∶= 𝜗1

[

𝑞
𝐩
+ 𝑛

𝑞𝑠′

(

𝑞
𝐩
− 1

)]

=
𝜎∗ [𝑞2𝑠′ + 𝑛 (𝑞 − 𝐩)]

𝐩𝑞𝑠′ (𝜎∗ − 𝑞𝑠′)
.

We have thus proved that 𝑢 ∈ 𝐿∞(𝐵𝑅∕2(𝑥0);R𝑚) and estimate (2.8).
Step 3. Here we prove estimate (2.9). Fix 𝐵𝑅(𝑥0) ⊂ 𝐵𝑅0

(𝑥0) ⋐ 𝛺 with 𝑅0 ∈ (0, 1]. Notice that if 𝑄𝓁(𝑥0) denotes the cube with 
edges parallel to the coordinate axes, centered at 𝑥0 and with side length 2𝓁, then 𝐵𝑅∕

√

𝑛(𝑥0) ⊆ 𝑄𝑅∕
√

𝑛(𝑥0) ⊆ 𝐵𝑅(𝑥0).
Define 𝑢𝑅 ∶=

ffl
𝐵𝑅(𝑥0)

𝑢 𝑑𝑥. Since 𝑢 − 𝑢𝑅 is a local minimizer too, by (2.8) and Hölder’s inequality we have

‖𝑢 − 𝑢𝑅‖𝐿∞(𝐵𝑅∕(2
√

𝑛)(𝑥0))

≤ 𝑐
𝑅𝜗3

[

1 + ‖𝜇‖
1
𝐩
𝐿𝑠(𝐵𝑅∕

√

𝑛)

𝑛
∏

𝑖=1
‖𝜆−1𝑖 ‖

1
𝑛𝑝𝑖
𝐿𝑟𝑖 (𝐵𝑅∕

√

𝑛)

]𝜗1 [

1 + ‖𝑢 − 𝑢𝑅‖𝐿𝜎∗ (𝐵𝑅∕
√

𝑛)

]𝜗2
, (5.38)

where 𝑐 = 𝑐(𝑚, 𝑛, 𝐩, 𝑞, 𝐫, 𝑠, 𝜏, 𝑅0) > 0. By Proposition  3.6 and Theorem  3.5, we get

‖𝑢 − 𝑢𝑅‖𝐿𝜎∗ (𝐵𝑅∕
√

𝑛)
≤ ‖𝑢 − 𝑢𝑅‖𝐿𝜎∗ (𝑄𝑅∕

√

𝑛(𝑥0))
≤ 𝑐

[

‖𝑢 − 𝑢𝑅‖𝐿1(𝐵𝑅) +
𝑛
∑

𝑖=1
‖𝑢𝑥𝑖‖𝐿𝜎𝑖 (𝐵𝑅)

]

.

Now we apply the Poincaré inequality as in [22, page 185] (see also [28, page 84]). Thus we obtain

‖𝑢 − 𝑢𝑅‖𝐿1(𝐵𝑅) ≤ 𝑐

[

1 +
𝑛
∑

𝑖=1
‖𝑢𝑥𝑖‖𝐿1(𝐵𝑅)

]

,

and combining the two previous estimates, we find 

‖𝑢 − 𝑢𝑅‖𝐿𝜎∗ (𝐵 √ ) ≤ 𝑐

[

1 +
𝑛
∑

‖𝑢𝑥𝑖‖𝐿𝜎𝑖 (𝐵𝑅)

]

. (5.39)

𝑅∕ 𝑛 𝑖=1

16 



P. Ambrosio et al. Nonlinear Analysis 261 (2025) 113897 
At this point, arguing as in the proof of Proposition  3.6, we deduce
𝑛
∑

𝑖=1
‖𝑢𝑥𝑖‖𝐿𝜎𝑖 (𝐵𝑅) ≤

𝑛
∑

𝑖=1
‖𝜆−1𝑖 ‖

1
𝑝𝑖
𝐿𝑟𝑖 (𝐵𝑅)

[ˆ
𝐵𝑅

𝑓 (𝑥,𝐷𝑢) 𝑑𝑥
]

1
𝑝𝑖

≤
[

1 +
ˆ
𝐵𝑅

𝑓 (𝑥,𝐷𝑢) 𝑑𝑥
]

1
𝑝

𝑛
∑

𝑖=1
‖𝜆−1𝑖 ‖

1
𝑝𝑖
𝐿𝑟𝑖 (𝐵𝑅)

, (5.40)

where 𝑝 ∶= min
1≤ 𝑖≤ 𝑛

{𝑝𝑖}. The final estimate (2.9) follows by collecting (5.38), (5.39) and (5.40). □

6. Examples of applicability

In this section, we provide two examples of integrals to which Theorem  2.2 is applicable. Before presenting these examples, we 
need to make some preliminary considerations.

Let 𝛺 be a bounded open subset of R𝑛, 𝑛 ≥ 2. For every 𝑖 ∈ {1,… , 𝑛}, let 𝑐𝑖 ∈ (0,+∞), 𝜅𝑖 ∈ [0,+∞), 𝑝𝑖 ∈ (1,+∞), 𝛼𝑖 ∈ [0, 𝑛∕𝑝𝑖)
and 

𝜆𝑖(𝑥) ∶= 𝑐𝑖 |𝑥|
𝛼𝑖 𝑝𝑖 , 𝑥 ∈ 𝛺. (6.1)

For any fixed 𝑖 ∈ {1,… , 𝑛}, 𝜆−1𝑖 ∈ 𝐿𝑟𝑖 (𝛺) whenever 
⎧

⎪

⎨

⎪

⎩

𝑟𝑖 ∈
[

1, 𝑛
𝛼𝑖 𝑝𝑖

)

if 𝛼𝑖 > 0,

𝑟𝑖 ∈ [1,∞] if 𝛼𝑖 = 0.
(6.2)

Now let 𝑞 = max {𝑝𝑖}, 𝐶0 = max {𝑐𝑖}, 𝐾0 = max {𝜅𝑖}, 𝛽 ∈ [0, 𝑛) and assume that:
∙ 0 ∈ 𝛺 if 𝐾0 = 0 or 𝛽 = 0;
∙ 0 ∈ R𝑛 ∖𝛺 (possibly 0 ∈ 𝜕𝛺) if 𝐾0 > 0 and 𝛽 > 0.
We now consider the functions 𝜇 ∶ 𝛺 → [0,∞) and 𝑓 ∶ 𝛺 × R𝑚×𝑛 → [0,∞), 𝑚 ∈ N, defined respectively by 

𝜇(𝑥) ∶= 2𝑞−1 𝑛
{

𝐶0 max
1≤ 𝑗 ≤𝑛

|𝑥|𝛼𝑗 𝑝𝑗 + 𝐾0 |𝑥|
−𝛽
}

(6.3)

and 

𝑓 (𝑥, 𝜉) ∶=
𝑛
∑

𝑖=1
𝜆𝑖(𝑥) |𝜉𝑖|

𝑝𝑖 + |𝑥|−𝛽
𝑛
∑

𝑖=1
𝜅𝑖 |𝜉𝑖|

𝑝𝑖 . (6.4)

The function 𝑓 in (6.4) trivially satisfies the assumptions (𝐀𝟐) and (𝐀𝟑) with 𝜏 = max {𝑝𝑖}. Moreover, if 𝑝𝑖 ≥ 2 for every 𝑖 ∈ {1,… , 𝑛}, 
then 𝑓 also fulfills (𝐀𝟏).

We are now ready to give our two examples, using (2.4), (6.1)−(6.4) and the considerations above.

Example 6.1.  Let 𝐾0 = 0 or 𝛽 = 0. In this case, the function 𝜇 in (6.3) belongs to 𝐿𝑠(𝛺) for all 𝑠 ∈ [1,∞]. Therefore, if (6.2) is in 
force for every 𝑖 ∈ {1,… , 𝑛} and if 𝑠 = ∞, the map 𝑓 in (6.4) satisfies (𝐀𝟒) with the weights 𝜆𝑖, 𝜇 defined as in (6.1) and (6.3). In 
light of what has just been said, choosing 

𝑛 = 2, 𝑝1 = 2, 𝑝2 = 𝑞 = 𝜏 = 4, 𝛼1 =
4
5
, 𝛼2 =

161
400

, 𝑟1 =
6
5
, 𝑟2 =

11
10

, 𝑠 = ∞ , (6.5)

it is easy to verify that the function

𝑓 (𝑥, 𝜉) =
(

𝑐1 |𝑥|
8
5 + 𝜅1

)

|𝜉1|
2 +

(

𝑐2 |𝑥|
161
100 + 𝜅2

)

|𝜉2|
4, 𝑥 ∈ 𝛺, 𝜉 ∈ R𝑚×2,

and the parameters in (6.5) fulfill all the assumptions of Theorem  2.2. Therefore, in the case 𝑛 = 2, the main result of this paper is 
applicable to integrals of the form

F1(𝑣) =
ˆ
𝛺

{(

𝑐1 |𝑥|
8
5 + 𝜅1

)

|𝑣𝑥1 |
2 +

(

𝑐2 |𝑥|
161
100 + 𝜅2

)

|𝑣𝑥2 |
4
}

𝑑𝑥 .

Example 6.2.  Let us now consider the case 𝐾0 > 0 and 𝛽 ∈ (0, 𝑛). In this case, the function 𝜇 in (6.3) belongs to 𝐿𝑠(𝛺) for all 
𝑠 ∈ (1, 𝑛𝛽 ). Hence, if (6.2) holds true for every 𝑖 ∈ {1,… , 𝑛} and 1 < 𝑠 < 𝑛

𝛽 , the function 𝑓 in (6.4) fulfills (𝐀𝟒) with the weights 𝜆𝑖, 𝜇
defined by (6.1) and (6.3). Thanks to the previous considerations, choosing 

𝑛 = 2, 𝑝1 = 2, 𝑝2 = 𝑞 = 𝜏 = 4, 𝛼1 =
4
5
, 𝛼2 =

161
400

, 𝑟1 =
6
5
, 𝑟2 =

11
10

, 𝛽 = 1
5
, 𝑠 = 5 , (6.6)

it is immediate to realize that the function
𝑓 (𝑥, 𝜉) =

(

𝑐 |𝑥|
8
5 + 𝜅 |𝑥|−

1
5
)

|𝜉 |

2 +
(

𝑐 |𝑥|
161
100 + 𝜅 |𝑥|−

1
5
)

|𝜉 |

4, 𝑥 ∈ 𝛺, 𝜉 ∈ R𝑚×2,
1 1 1 2 2 2
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and the parameters in (6.6) also satisfy all the assumptions of Theorem  2.2. Therefore, in the case 𝑛 = 2, our main result can also 
be applied to integrals of the type

F2(𝑣) =
ˆ
𝛺

{(

𝑐1|𝑥|
8
5 + 𝜅1 |𝑥|

− 1
5
)

|𝑣𝑥1 |
2 +

(

𝑐2 |𝑥|
161
100 + 𝜅2 |𝑥|

− 1
5
)

|𝑣𝑥2 |
4
}

𝑑𝑥 .
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