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ABSTRACT. We provide an adaptive finite element approximation for a model of quasi-static crack growth
in dimension two. The discrete setting consists of integral functionals that are defined on continuous,
piecewise affine functions, where the triangulation is a part of the unknown of the problem and adaptive
in each minimization step. The limit passage is conducted simultaneously in the vanishing mesh size and
discretized time step, and results in an evolution for the continuum Griffith model of brittle fracture with
isotropic surface energy [33] which is characterized by an irreversibility condition, a global stability, and
an energy balance. Our result corresponds to an evolutionary counterpart of the static I'-convergence
result in [3] for which, as a byproduct, we provide an alternative proof.

1. INTRODUCTION

The fracture behavior of brittle materials has been a central focus of research in mechanical engineer-
ing, beginning with GRIFFITH’s pioneering work in the 1920s [41]. Griffith’s theory revolutionized the
understanding of crack formation and propagation by framing it as a competition between the elastic bulk
energy of a material and the energy needed to increase the area of the cracked surface. Building on this
foundation, FRANCFORT and MARIGO [27] introduced a variational approach to fracture, where displace-
ment fields and crack paths are determined by minimizing so-called Griffith energies. They proposed an
evolutionary model in the framework of rate independent systems, called an irreversible quasi-static crack
evolution, which is governed by three fundamental principles: irreversibility of the crack, static equilibrium
at every time, and an energy balance that ensures that ensures that the process is non-dissipative. Unlike
traditional fracture theories, this framework does not rely on prescribed crack paths and provides a more
effective description of crack initiation. The present paper is devoted to an approximation result of such
fracture evolutions based on adaptive finite elements. We start by giving a nonexhaustive account on the
relevant literature.

Existence of quasi-static crack evolutions: The mathematical well-posedness of the model from
[27] was initiated in [24] for a 2d antiplane model with restrictive assumptions on the crack topology.
The topological restrictions have then been removed in the breakthrough result [26] by passing to the
so-called weak formulation, i.e., expressing the problem in the functional setting of SBV-functions [2] and
replacing the crack by the jump set of the displacement u. This study was subsequently generalized to
nonlinear elasticity [21, 22], including the setting of non-interpenetration [23]. We also refer to [25] [43] for
some results based on local minimization. All such existence results are derived from solving certain time-
incremental problems where one fundamental challenge consists in proving that the static equilibrium
property at all times is conserved in the passage to time-continuous solutions. The extension of this
strategy to the Griffith energy in linearized elasticity gives rise to several additional difficulties inherent to
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the presence of symmetrized gradients. Indeed, due to the lack of Korn’s inequality, there is only control
on the symmetric part of the gradient e(u) = %(VuT + Vu) but not on the full gradient Vu, leading to an
analytically more intricate formulation in the larger space of special functions of bounded deformation.
Ounly recently, departing from DAL MASO’s seminal paper [20] on the generalized space GSBD, there
have been significant developments for the analysis of linear Griffith models. We refer the reader to static
existence results, both in the weak [Il 13, [30] and the strong [10, 12| 29] setting. In [33], the existence of
quasi-static crack evolutions has been established in dimension two, generalizing the seminal work [26] to
the vectorial, geometrically linear setting.

Approximation of the Griffith functional: Due to the presence of unknown surfaces, minimization
problems for the Griffith functional are notoriously difficult to be solved numerically in an efficient and
robust way. Consequently, the regularization of free-discontinuity problems by computationally more
viable models is of fundamental importance. With the aim of rigorously proving convergence of such
approximation schemes, one usually resorts to the variational notion of I'-convergence [19] that ensures
convergence of minimizers. Over the last years, a variety of different ways to approximate the Griffith
energy has been proposed, including so-called phase-field approximations where the sharp discontinuity is
smoothened into a diffuse crack in terms of an auxiliary phase-field variable. This well-known approach was
not only extensively studied from a mathematical point of view, see [8, 9] [TT], 42] for recent results in the
linearly elastic setting, but constitutes also one of the most popular computational methods for simulating
brittle fracture. Practically, this approach is combined with an additional spatial discretization of both
variables in terms of finite-difference or finite-elements (for rigorous results by means of I'-convergence see
[4, 5] [18]). One major drawback lies in the fact that the two-parameter approximation in terms of the
diffuse crack and the mesh-size parameter gives rise to a multiscale numerical problem requiring the use of
a very thin mesh. Similar issues may appear for approximations by non-local functionals, where the energy
density depends on some ‘averaged behavior’ of w in a neighborhood of vanishing size, see [44], 46, [49] for
results in the setting of linear fracture models. To avoid dealing with a further approximation parameter,
one therefore searches for discrete approximations of single-scale type, see [28] [47) 48].

In this paper, we want to focus on one prominent example of those, namely a discrete finite-element
approximation that makes use of adaptive mesh-refinements and was first introduced for the Mumford-
Shah functional by DAL MASO AND CHAMBOLLE [14]. The main feature of this approach is that it involves
an implicit mesh-optimization and hence gives enough flexibility to approximate isotropic crack energies.
As described in [6], this is a real advantage as this method does not require to use very fine meshes. In [45],
this approximation scheme was then generalized to the Griffith functional in linearized elasticity. Yet, in
this result, the approximating sequence of functionals still depends on the full gradient Vu in an unnatural
way. Only recently, BABADJIAN AND BONHOMME [3] succeeded in extending the results from [I4] to the
linear case which is exclusively written in terms of the symmetric gradient e(u) of the displacement u. We
refer to [3, Introduction] for more details and for a review of related discrete-to-continuous approximations.

Evolutionary approximation results: All the aforementioned results are purely static and do not
take into account the irreversible nature of crack growth. In fact, the literature on approximation of
evolutionary fracture models is comparably scarce. In [36], a phase-field approximation of quasi-static
fracture evolution was provided for the antiplane case, and in the setting of finite elasticity a result on
discontinuous-finite-element approximation is available [38], [39]. Additionally, crack evolutions have been
identified as the effective variational limit of sequences of problems in various settings of applicative
relevance such as atomistic models [32], homogenization [40], linearization [35], or a cohesive-to-brittle
passage in the limit of infinite specimen size [37]. However, rigorous approximation schemes for quasi-
static crack growth in the framework of linearized elasticity are still pending. In the present paper, we
move a first step in this direction by providing a discrete-to-continuous passage for the adaptive finite
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element model analyzed in [3, 14]. Besides providing a first approximation result for an evolutionary
Griffith model, we believe that the techniques developed in this paper may also contribute to tackle other
relevant approximation schemes in the future, such as (spatially discretized) phase-field models.

The present paper: Following the setting in [3] [14], we call a triangulation of the reference domain
Q C R? admissible if the angles of all contained triangles exceed a given value 6y and the size of their
edges lies between ¢ and a given function w(e) > e, with w(e) — 0 as € — 0. We consider functionals
defined on the family A.(2) of continuous functions u:  — R? which are piecewise affine on admissible
triangulations of €2, and take the form

E (u) = %/Qf(g Ce(u): e(u))dx.

Here, f is a nondecreasing function behaving as the identity near 0 and as a constant near oo, see , and
by C we denote a fourth order elasticity tensor, bounded from above and below, see . For simplicity,
we will mainly focus on the special case f(t) =t A k and C = Idaxaxaxe. For any function u € A (),
we regard a triangle T as ‘cracked’ if the absolute value of the constant symmetric gradient |e(u)r| on
the triangle exceeds the threshold m This criterion enables us to set up a time-discrete evolution by
incrementally minimizing the energy at discrete time sets (t¥); C [0, 7] depending on a time-discretization
parameter 6. In each step t’g , the energy should depend on the displacements (ui s)j<k at all previous
time steps. To this end, we consider the union of all ‘cracked triangles’ at previous time steps as the

discrete crack set nggfkk, and define the energy

| s
B, (e 5)j8) :/ le(u)|? + rooedh ] (1.1)
QK €

This corresponds to the energy E., accounting additionally for ‘cracked triangles’ at all the previous time
steps. In order to implement an irreversibility condition, we however have to require additional properties
for the admissible triangulations, depending on the previous time steps. More precisely, for each t§, we
assume that all triangles that have been ‘cracked’ at previous time steps tf; < t’g are contained in the
triangulation. This requirement restricts the flexibility in the choice of the mesh and gives rise to a notion
of an increasing crack set on the time-discrete level. Secondly, we need an additional technical condition
related to a background mesh, which is inspired by the construction of recovery sequences in [14].
Starting from an incremental minimization scheme of the history-dependent energy in , we obtain
a time-discrete evolution that is piecewise constant in time and piecewise affine in space. In our main
result (Theorem , we show that in the simultaneous limit § — 0, — 0 this evolution converges to an
irreversible quasi-static crack evolution in the sense of [27]. This means that we find a pair t — (u(t), K (t))
for t € [0,T], where u(t) lies in the space GSBD?*(Q), see [20], and K (t) is a rectifiable set containing
the jump set of u(t), such that ¢ — (u(t), K(¢)) satisfies: (a) an irreversibility condition, (b) a global
stability at all times (sometimes referred to as unilateral minimality), and (c) an energy balance law, see
Definition for details. As a byproduct, we get that the energies converge at all times. Moreover, we
show the convergence of crack sets in the sense of o-convergence introduced in [40] (see Definition
and we obtain strong convergence of the linear strains. Besides providing an approximation result for
fracture evolution, our main theorem also provides an alternative proof of the existence result in [33].
Proof strategy: In the proof, we essentially face three challenges: (1) we need a suitable compactness
argument to identify the continuum crack K (¢). (2) This notion needs to be compatible for deriving a
lim inf-inequality for the history-dependent energy FE. in (L.I). (3) Eventually, we need to show the
stability of the unilateral minimality property, which corresponds to constructing a mutual recovery
sequence for displacements and crack sets. We now briefly sketch our strategies to tackle these issues.
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(1) A suitable notion for convergence of crack sets, the so-called o-convergence, is already available
and has been employed successfully for proving the stability of unilateral minimality [40]. We adapt this
notion to the GSBD-setting by resorting to tools developed in [31] which allow to separate effects of bulk
and surface energies for linear Griffith functionals, see Section [5.2]

(2) The proof of the lower bound in the I'-convergence result [3] relies on a careful blow-up analysis. As
it appears to be incompatible to combine this strategy with o-convergence, we approach the problem from
a different perspective: we consider the energy as split into a bulk and a surface part, called displacement-
void representation, where the surface part is essentially of the form cHl(an{gf) for a suitable constant
c> 0, cf. . Since then the energy can be represented as a pair of function and set, we can resort to
recent results on such functionals [17], obtained in connection with models for material voids in elastically
stressed solids. Note that a similar proof strategy was adopted already in [6] for the Mumford-Shah
functional. Roughly speaking, the proof therein relies on the fact that the ‘averaged volume’ of the set
of ‘cracked triangles’ can be bounded from below by the boundary of a slightly smaller set of triangles,
where the deformation gradient can still be controlled on the removed triangles. We are able to derive an
analogous statement for the vector-valued case and the symmetric gradient e(u) which provides a sharp
lower bound for the boundary of void sets after a suitable modification, see Theorem The original
argument in [6] strongly relies on a scalar-valued displacement field and consists in locally controlling the
gradient in ‘cracked triangles’, see [I4, Remark 3.5] or [3, Introduction]. Our proof instead is considerably
more involved as it is inherently nonlocal and uses some techniques from planar graph theory. This
theorem on ‘void modifications’ lies at the core of our analysis and, in our opinion, represents the crucial
novelty of our work. As a byproduct, this result also allows us to give an alternative short proof of the
I-convergence result in [3], see Theorem

(3) The third major issue in the proof of the main result lies in showing the stability of unilateral
minimizers. Here, relying on some arguments from [32], we adapt the jump-transfer construction from
[26] to our discrete setting. One challenge is to find an admissible triangulation for the construction of a
piecewise affine interpolation of the function with ‘transferred jump’. As this triangulation has to contain
the ‘cracked triangles’ of previous time steps, we set up a triangulation by combining the triangulation of
the former time step with the construction of [14]. Since our crack set consists of boundaries of voids, we
also have to make sure to choose the correct interpolation of v on these triangles.

Organization of the paper: The paper is organized as follows. In Section [2] we introduce the finite-
element approximation for the Griffith functional and we state the result on modification of voids, which
is fundamental for our analysis. With this at hand, we then give a short proof of the (static) I-liminf
inequality from [3]. Section [3|is devoted to the proof of the void modification by combining results from
planar graph theory with extension arguments relying on suitable Korn-type inequalities. Then, in Section
[] we introduce the quasi-static adaptive finite-element model. After setting up a time-discrete evolution
by inductively minimizing the history-dependent energy, we state our main result on the approximation
of quasi-static crack growth. Subsequently, in Section [5] we establish some preparatory compactness
and semicontinuity results in our functional setting and recall the notion of o-convergence, together with
proofs of the corresponding irreversibility and compactness properties. Section [f] is devoted to the proof
of our main result, where we first derive properties of the time-discrete evolutions and then pass to the
continuum limit. To confirm that the latter is indeed a quasi-static crack evolution, we depend critically
on the aforementioned stability of unilateral minimality, whose proof is deferred to Section [7}

Notation: We close the introduction by introducing some notation: The 2-dimensional Lebesgue and
the 1-dimensional Hausdorff measures in R? are denoted by £2 or |- | and H! respectively. Depending on
the context C stands for inclusions up to sets that are negligible with respect to either H! or £2. The
interior and closure of a set A C R? are denoted by int(A) and A, by 9* A we denote its reduced boundary,



ADAPTIVE FINITE ELEMENT APPROXIMATION FOR QUASI-STATIC CRACK GROWTH 5

and by ya the corresponding characteristic function. By AAB we indicate the symmetric difference of
two sets A, B C R2. The set of 2 x 2 matrices is denoted by R?*? and the subset of symmetric and
skew-symmetric matrices by ngxrz, respectively Rzkxefv For an open and bounded set U C R?, we denote

by L°(U;R?) the £?-measurable functions from U to R?. By a A b we denote the minimum of a,b € R.
Finally, in the following C' > 0 denotes a universal constant that may change from line to line.

2. FINITE ELEMENT APPROXIMATION OF GRIFFITH: THE DISPLACEMENT-VOID APPROACH

In this section we revisit the recent I'-convergence result [3] on the approximation of the Griffith
functional by adaptive finite elements. We follow a different approach, based on a displacement-void
representation of the energy, which will form the basis for our study for quasi-static fracture evolution
starting in Section [

Let © C R? be a bounded domain with Lipschitz boundary. We call a triangulation of  a collection
of closed triangles that only intersect on common edges or vertices and whose union contains 2. The
vertices of the triangles are called nodes of the triangulation. For a given angle 6y > 0 and a function
w: RT — RT with w(e) > 6e for all ¢ > 0 and lim._,ow(g) = 0, we denote by T2(Q) := T:(£2,6p,w) all
triangulations of Q whose edges have length between ¢ and w(e) and whose angles are greater than or
equal to §y. We say that u is piecewise affine on a triangulation T € T-(Q) if u is affine on each triangle
T € T. The corresponding constant symmetrized gradient of u on each T is denoted by e(u)r. We then
define

A () = {u: Q — R? continuous: there exists a T € 7:(Q) such that u is piecewise affine on T}. (2.1)

We will associate to each function u € A.(£2) a possibly non-unique triangulation T(u) € T:(Q) as the
ambiguity in the choice of T(u) does not pose any issues in the following.
Let f: [0,00) — [0,00) be a nondecreasing continuous function, which is differentiable at 0 and satisfies

1(0) =0, tl—i>I(§l+ @ =1 tliglo )= (2:2)

for some x > 0. Moreover, let C € R2X2%2%X2 he a symmetric fourth order tensor such that

cilé]? S CE: € < epf€]? for all € € R2S? (2.3)
for some constants 0 < ¢; < c3. We define an energy E.: L°(;R?) — R by
1 : if Q
by o [0 TECe: et ifue ), o
+00 if ue LO(;R?)\ A(Q).

In [3], the authors showed that E. I'-converges to the Griffith functional E: L°(€;R?) — R defined by

B(u) = {fQ Ce(u): e(u)dz + ksin(fo) H(J,) if u € GSBD?*(Q), (2.5)

400 otherwise,

in terms of the topology induced by measure convergence. For basic notation and properties of GSBD
functions, we refer the reader to [20]. Our first goal is to rederive this result based on a different technique.

2.1. Displacement-void representation and modification of voids. To explain the idea, we consider
the special case

f(t) =tAKR fOI‘tZ 0 and C:Idgxgxgxg. (26)
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For a function u € A.(Q) and a corresponding triangulation T(u) € Tz(u), we define TP®(u) = {T €
T(u): ele(u)r|?> > K}, corresponding to the set of triangles where |e(u)r| is big. We define their union in
Q as

Qb8 (4)) ::int( U T)rm. (2.7)
TeT2e(u)

Note that x corresponds to the point where f is not differentiable. With this choice, the energy can be
split into

Qbig
E.(u) = > T N Qe(u)r|* + 0B (2.8)
TET (u)\ T2 (u)
Our idea relies on rewriting this as an energy featuring bulk and surface terms of the form
o 4
Baw)~ [ el o+ TSN 002 w), (29)
Q\QLE (u)

This will allow us to directly apply I'-convergence results for a class of energies defined on pairs of function-
set [I7]. Since in [I7] the main motivation was a model for material voids inside elastically stressed solids,
we call this a displacement-void representation of the energy. ‘

However, in general is not an identity as one can only guarantee @ > %c%l(aQ?ig) for
some 0 < ¢ < 1. Our first main result states that a sharp lower bound up to an arbitrarily small error
can be achieved by a suitable modification of QP8. In the following, we say that a set E is induced by (a

subset of triangles) Tr C T if it is given by the interior of the union of Tg intersected with Q, i.e.,

E:int( U T)mQ. (2.10)

TeTE

Theorem 2.1 (Void modification). Let u € H'(;R?) be a function which is piecewise affine on a
triangulation T € T.(Q), and suppose that, for a given subset T4 C T and A induced by T 4, it holds that

2
2d Al < Co. 2.11
o e+ Al < C (211)

Then, given n > 0 there exist Amoq induced by some subset of triangles in T and umoq € Hl(QE,n;RQ)
such that

|Amod| < Che, Hu # tmod} N Qe | < Cpe (2.12)

and

lle(Umod) |2 (2 )\ Amoa) < Ch»s H' (0Amoa) < |A| 4 Cn, (2.13)

esin 6

where C > 0 depends only on Cy in (2.11), C,, is a constant times a negative power of n, and Q¢ , =
{x € Q: dist(x,00) > 2w(e) + 75} Furthermore, if C(Amoa) denotes the set of all connected components
of Amod, we have

#C(Anod) < C1. (2.14)

The result will be proven in Section [3] We now show that this allows to obtain a short proof of the
I-liminf inequality in [3].
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2.2. T-convergence. The upper bound follows from a density result (see [I1], [I6]) and an explicit con-
struction, relying on the construction of the recovery sequence in [I4]. The lower bound in [3] is based on
a careful blow-up analysis. We provide an alternative proof based on Theorem [2:1]

Theorem 2.2. Let (u.). C L°(;R?) with ue — u in measure on Q. Then it holds

liminf B, (u:) > E(u) . (2.15)

e—0
Proof. Tt is not restrictive to assume that E.(u.) < Cj for some Cy > 0. We start by expressing the
energy similarly as in (2.8)) for general densities f. To this end, given R > 0, we define TP (u) C T(u) by
The(u) = {T € T(u): ele(u)r|% > R},

where for shorthand we set |e(u)r|c := (Ce(u)r: e(u)r)'/?. Correspondingly, we define the set QP (u)
as in . Since f is non-decreasing, we obtain the estimate

Q
gwz Y T e + s
TET(u)\ T (u)

1225 w)] (2.16)

Note that in the general case we will need to consider the limit R — oo whereas in the special case (2.6

one can fix R = k.
We first deal with the second term in (2.16). We let n > 0, &9 > 0, and fix Q, CC Q such that
Qe O forall 0 < e < go, with Qe = {z € Q: dist(z,092) > 2w(e) + ;5}. We apply Theorem [2.1) for

ue and A = QP (u,) to obtain (ue)moa and Q2°4(u.) := Apoq. Then, we define v.: Q. — R? by

0 if z € Qmod(u) N Q..
Then, in view of the energy bound and (2.13]), we have

sup ([le(ve)llzz(@.) +H () < oo,
0<e<eg
Since u. — u in measure, and {v. # u.} < [Q2°(u. )|+ [{ue # (Ue)moa}| < Cpe by ([2:12), we obtain v, —
u in measure on (), and then by compactness (see e.g. [17, Theorem 3.5] or [13]) that u € GSBD?*(Q.).
Moreover, from [Q1°4(u.)| < Cpe we have Xamod(y,) — 0 in LY(Q). Therefore, we can apply the lower
semicontinuity result for surface measures of voids stated in [I7, Theorem 5.1]. This together with the

second estimate in (2.13)) gives
big :
lim inf w + Cp = Tim inf %Hl(mf;w(%) NQ.) > sin(0o)H (J. N Q). (2.17)
e— e—

Now, we prove the lower semicontinuity of the elastic part of the energy. By (2.2) and a Taylor expansion
we obtain, for s > 0,

ve(z) = {(ug)mod(;v) if z € Q,\ QMo (),

f(s) = f(0) + f1(0)s + 7(s) = s +(s),

where v: RT — Rt with @ — 0 for s — 0. For any subset T/ C T(u.) this leads to

DRI YIERTRRY

TeT/\TL8 (u.)

ITNQ
= Y ITnQle@)R+ Y S ele(u)rlR)-
TET\T2"® (uc) TET/\T2*® (u,)

(2.18)
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We define the function x. = x[g.-1/4)(|e(uc)|c) and observe that, for € small enough, we have e~/ <
€~ /%, 1.e., In particular x. < xo\ opie . Altogether, trom (2. we thus obtain
VRe Y2 e, i icul 0\Qvi5 (- Altogether, from (2.18) we thus obtai
TN 1
S EE e 2 [ xletuiRdr +1 [ xoel@)Bas.  @19)

TeT(“e)\TEig(ue) * "
We first deal with the second term in (2.19). Note that we can write
1 > / 2 V(ele(ue)[2)
- ele(u dz = e(ues)|ec——F—5=dz
| xerelet e = | xelea TS5

y(ele(ue)|2)
efe(ue)[2

the energy bound x.|e(u.)|c is bounded in L?(£2), we conclude

By the definition of x. and « we get that x. converges uniformly to zero as € — 0. Since by

1
lim = [ xov(ele(us)|z)dz = 0. (2.20)
Q.

e—=0 ¢

By the energy bound on u. we know that |QP2(u.)| < Ce and that XQ\QEag(UE)e(ug) is bounded in
L2(;R2X2). We hence conclude that y. — 1 in measure and y.e(u.) — e(u) weakly in L?(Q; R2X2) by

sym Sym
[I'7, Theorem 3.5, (3.7)(ii)]. In view of (2.19) and (2.20), we obtain
.. |T N Q| 2 . . 2 2
_— > >
lmint — Celetu)rl?) > migt | xle(u)pde > [ le@lRde. gan)

TeT (ue)\TEE (ue)
Finally, combining (2.16)), (2.17)), and (2.21]), we see that, for any R > 0, it holds
lirrijglf E (u:) > / le(u)| da + sin(6p) f(R) H' (J. N Q) — C.
€

*

Sending R — oo and 7 — 0, by using (2.2)) and the arbitrariness of Q. CC Q we conclude u € GSBD?()
and that (2.15) holds. O

We mention that with this technique we could prove also I'-convergence under Dirichlet boundary
conditions and the convergence of minimizers, as done in [3, Section 4]. We omit this here but refer to
Proposition [6.6] and Corollary [6.8] later where this is performed in the evolutionary framework.

3. VOID MODIFICATION: PROOF OF THEOREM [2.1]

This section is devoted to the proof of Theorem In this section, we will also show the following
corollary on the inclusion of modified void sets.

Corollary 3.1. Let A', A% be induced by T a1 and T a2. Suppose that T 41 C T a2. Then, the sets AL 4,
Afnod in Theorem can be chosen such that Aﬂnod C Afnod and T‘X?d C T‘X;’d, where T%’d ={T €

Ty T CA Y forj=1,2.

We start by presenting the main idea of the proof of Theorem For T € T, we denote by N (T)
the three nodes (corners) of T and by ¢’T, j = 1,2, 3, the three edges of T. Using that ¢ is the minimal
length on an edge and 6 is the minimal interior angle, an elementary computation shows

1 .
|T| > iasinﬁo jr:nlagc?)’r'-[l(a]T). (3.1)
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Fixing ideas, for the moment we assume for simplicity that the sidelength of all triangles is ~ ¢, and that
A CC €. Then, by using (3.1]) one can estimate

2
esin by

Al > H'(94) - Ce# TS, (3.2)

where TS C T 4 denotes the triangles for which more than one side is ‘exposed’ to R?\ A, see the triangles
highlighted in Figure|ll Now, to validate the second inequality in it would be enough to show that
#T < Cn/e, which however in general does not hold. Another option is to ‘heal’ the triangles TS, i.e.,
we define Apoq = A\ UTET%x T and observe that indeed it holds

2
esin by

|A| > H (0 Amoa)-

Yet, in order to do so, we need to ensure that

lle(u)ll 2@\ Amoa) < Clle(u)]l L2\ 4)-

Such a strategy has been implemented in [6] for a scalar-valued problem. In the present vectorial setting,
however, this procedure only works partially. For ‘good’ exposed triangles T € Ti(’gOOd (highlighted
dark blue in Figure , one can show that |[e(u)|/z2(r) < Clle(u)]|z2(nyy for a suitable neighborhood

Nr C R?\ A, see Lemma @ below. For ‘bad’ exposed triangles T' € Tii(’bad (highlighted in light blue
in Figure , in contrast to [6], the fact that only the symmetric gradient e(u) is controlled prohibits to
obtain a similar estimate.

Therefore, roughly speaking, our argument will feature both: (1) healing of triangles in and
(2) estimating the number #Ti"bad in terms of Cn/e which allows to obtain a small error in . The
latter counting argument will borrow some arguments from planar graph theory and will be based on
healing small components, see Lemma

ex,good
TA

3.1. Preparations. We start by introducing some notions. First, we define the saturation of a connected
set Z C R2, denoted by sat(Z), as int(Z U hyz), where hz denotes the union of the bounded connected
components of R? \ Z. Note that sat(Z) arises from Z by ‘filling its holes’. We call a connected set Z
saturated if it holds sat(Z) = Z. In the following, we consider generic sets H of the form . We
extend the notation for specific triangles introduced for A to a generic set H of the form . Whenever
H, K are of the form , with H C K, we set T}, := T% N Tpy, with e a standpoint for ex, ex, bad,
ex, good.

Graph related to a set H: We denote the (open) connected components of H by C(H) = {Hy,..., H,}.
(Here, note that the connected components of H are in general different from the ones of H, see e.g.
Figure[l]) We introduce a graph related to H. We define the vertices V(H) and the edges E(H) of the
graph as

V(H) = {veN(T): TeTy, ve U;; OH,}, E(H):={0'T: T € Ty, &'T C U; OH,}.

Note that any saturated connected component H; with 0H; N 0Hy = () for all k # j is represented by
a closed cycle where each vertex has exactly two edges. Whenever for two components H; and Hj, the
boundaries 0H; and 0H}) have a nonempty intersection, this is related to a vertex with four edges, see
Figure [l More generally, if [ different connected components meet at a vertex, this vertex has 20 edges.
Let us denote

Vor(H) :={v e V(H): n(v) =2}, forn(v):=#{Se€&H):veS} (3.3)
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ex,good
A A

FIGURE 1. An example for H consisting of three components and the corresponding
graph (V(H),E(H)). Note that H, instead, is connected. The triangles highlighted in
blue are part of TS = T?’gwd U Ti’;’bad. The vertices depicted in red are part of V4 (H)
whereas the vertices depicted in black are all part of Vo(H). £(H) is the set of edges of
triangles contained in OH. Here and in the following figures, we always use subsets of a
regular triangular lattice for illustration purposes.

We can understand (V(H),E(H)) as a planar graph. Denoting by F(H) the bounded faces of this
graph (i.e., the bounded planar regions delimited by edges in £(H)), we observe that each component in
C(H) corresponds to such a face, and additional faces come from the bounded connected components of
R?\ H, see Figure

We recall the Fuler formula for planar graphs:

#V(H) — #E(H) + #F(H) = v(V(H),E(H)), (34)

where v(V(H),E(H)) denotes the number of connected components of the planar graph (V(H),E(H)).
We cover 9H by cycles in the graph. To this end, fix H; € C(H). For two vertices vi,v2 € V(H)NOH;,
we denote by 7 v3 the segment with endpoints v; and v5. We now consider vertices Uf € V(H)NOH; that

fulfill {v] v/t 3’;11 C E(H) and v v} C E(H). If OH; is connected, we can choose a tuple in such a way
that the points in the tuple (v},...,vJ) coincide with V(H) N OH;. Note that (v},...,v/) can contain
the same vertex multiple times, which corresponds to additional cycles in the graph, see the first example
in Figure [2| If 0H; consists of several connected components (see e.g. the second example in Figure ,
we repeat the argument for each component, and for simplicity collect all tuples in a single tuple, still

denoted by (v},...,v/). For I > 0, we define

Dy(H) = {H EC(H): #{j=1,...,J: n(v]) >4} = l} . (3.5)

Roughly speaking, D;(H) collects the set of components which touch other components at [ different
vertices. (Also self-intersections of one component are possible and taken into account depending on how

often the vertex appears in (v} v!) , see Figure ) By an elementary computation we have that

iy Ug

D H#DIH) = k##Var(H). (3.6)

1>1 k>2

Indeed, the left-hand side can be written as Y, #{j =1...J: n(vf) >4}, and each v € Vor(H), k > 2,
appears k-times in these cycles.
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(S

L /
AN A

FIGURE 2. The first graphic depicts an example for a self-intersecting component H; €

Dy(H) and the corresponding graph. Note that the vertex ¢ is contained twice in the

corresponding tuple (v}, ...,v;] ) and that R? \ H; consists of two components. In the

second example, the two components Hy, Hy € Di(H) have boundaries 0H;, 0Hs that
consist of two connected components each.

In the proof of Theorem our strategy will be to bound #Va(H) for k > 2 since these vertices

are related to triangles in T?}(’bad (see Figure . In view of (3.6)), this can be achieved by finding a
suitable bound on #l)l(H ), L > 1. The following lemma shows that, under suitable assumptions on the
components of R? \ H, it actually suffices to control Dy (H) and Do(H).

Lemma 3.2. Let H satisfy H'(OH) < M and, denoting by (F;); the connected components of R? \ H,
assume that |F;| > &2/n? for every i. Then,

S I#Dy(H) < C#D1(H) + cg, (3.7)
>3

where C' > 0 only depends on M.

Proof. By the assumption on F;, using that (F}); are pairwise disjoint and the isoperimetric inequality,
we get S7£(Fi); < 3, |F;|/2 < O, HY (OF;) < CHY(OH). Noticing that F(H) = C(H) U (F;);, we thus
have

LF(H) < #C(H) + cg"ﬂl(aﬂ) < #C(H) + cg. (3.8)
Further, we note that
HE(H) =y k#tVar(H) (3.9)
k>1

as each edge is associated to exactly two vertices. Then, from ([3.4) we obtain
#V(H) + (#F(H) — #C(H)) + #C(H) = v(V(H),E(H)) + #E(H).



ADAPTIVE FINITE ELEMENT APPROXIMATION FOR QUASI-STATIC CRACK GROWTH 12

Using the definition of (Vo (H))) and (D;(H)); in this formula, as well as (3.9), we get
> #Vap(H) + (#F(H) — #C(H)) + > _#Dy(H) = v(V(H),E(H)) + > k#Var(H).
E>1 1>0 k>1
As k—12>E/2 for k > 2, this yields
k
(#F(H) = #C(H)) + > #Di(H) > v(V(H), E(H)) + Y _ S #Var(H).
1>0 k>2
This along with shows
l
(#F(H) = #C(H)) + >_#Di(H) > v(V(H),E(H)) + ) | #Di(H),
1>0 1>1
and thus, as {/2 — 1 >1/6 for | > 3, we deduce
1 l
(#F(H) = #C(H)) + #Do(H) + 5#D1(H) = v(V(H),E(H)) + > g#Di(H).
1>3
Eventually, we observe that clearly v(V(H),E(H)) > #Dy(H) as each component in Dy(H) induces a
connected component of the planar graph. This along with shows (3.7]). O

Healing of suitable sets. Let N(T'; H) denote the triangles in H \ T sharing an edge with 7' € T. We
let

M;(H) = {T € Ty: #N(T;H) = j} for j =0,1,2,3. (3.10)
In other words, M;(H) consists of triangles in H that expose 3 — j edges to Q\ H (see Figure [3)). We let

TGMg(H) TGMQ(H) TGMl(H) TEM()(H)

FIGURE 3. Triangles in the sets M,;(H). If we suppose that in all four pictures the other
triangles which are not depicted are contained in Q\ H, the green vertices correspond to

the vertices given in (3.11)).

M} (H) := {T € M;(H): there exists v € N(T) s.t. v ¢ N(T") for all T' € Ty \ {T}} for j =0,1.
(3.11)
We notice that for T € Mb2!(H) the vertex v as in is necessarily the one which is not contained
in the edge shared with any other (different) triangle in Tg, while for Mb®!(H) there could be more
vertices satisfying the condition v ¢ N (T”) for all T/ € Ty \ {T}, see Figure[3| In Figure|[l] there is a set
H with six triangles in M (H), of which two (the external ones in dark blue) are in M}e*'(H).
We also define the triangles which ‘cannot be healed’ (in the sense of Lemma below) by

M (H) := M;(H) \ M}**(H) for j =0,1, (3.12)
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and

Hyear := H \ U U T. (3.13)

7=0.1 TeMbeI(H)
Each T € Mbea(H) satisfies H!(Hyeat N T) = 0 which yields
H'(OH)= > H'(OHNT)
TeT
H' (0Huea) + Y (H'OHNT) = H'(0Hwea NT)) + > HY(OHNT).
Ttheal(H) Ttheal(H)

For T € Mheﬂ( ) we have that T N Hyea coincides with one edge of T or is empty, and thus by . we
get HY(OHpea NT) < 9 |T|, so that

— esin

H'(OH) > H' (OHyea) — D D (68m9| = (aHnT)). (3.14)

7=0,1 Ttheal(H

Moreover, we observe that
#ME"(H) + #M"(H) < 3 kit Vor(H). (3.15)
k>2

In fact, setting V' (H) = Uiso Var(H), for each T € M3 (H), the set V'U'(H)NN(T) contains the unique
vertex v of T which is contained in both edges exposed to R? \ H, otherwise T would lie in M}*® (H) by
(3.11). Similarly, any 7' € MEP(H) necessarily contains at least one vertex in V*'(H), by definition.

Recall that in Theorem one considers a function u € H'(2;R?) that is piecewise affine on T with
le(u)|lz2(o\ay < C. The symmetric gradient of such a function can still be controlled on €\ Hycai, as the
following lemma shows.

Lemma 3.3 (Healing of triangles). Let u € H(£;R?) be piecewise affine on T and let H be induced by
Ty, for a given subset Ty C T. Suppose that dist(H, Q) > w(e). Then, there exists a uniform constant
C > 0 such that

le(w)|| L2 @\ Hyew) < Clle(w) |22\ m)-

/NN NN\
NN NN
\VAVAVAVAVA

FIGURE 4. The sets Z (violet), Y (green), Nz \'Y (red), and {p, ¢} =Y N Z.

This result will be crucial in the proof of Theorem as it enables us to ‘heal away’ the triangles in
H \ Hyca without loosing control on the symmetric gradient. The condition on dist(H, 9§2) ensures that
a suitable neighborhood of H lies in 2. We will also employ the following result, allowing to even heal
suitable unions of triangles.
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Lemma 3.4 (Healing of entire components). Let Tz C T be such that the set Z induced by Ty is
connected with |Z| < €2/n* and Z = sat(Z), i.e., Z has no holes. Suppose that dist(Z,0Q) > w(e). Let
Ty, C T denote the set of all T € T\ Tz with TN Z # 0, and let Ny be the set induced by Ty, .
Moreover, let Ty C Ty, be such that Y N Z consists of at most two points, where Y is induced by
Ty, see Figure . Then, given u € HY(Nz \ Y;R?) being piecewise affine on Tx, \ Ty, there ezists
Uneal € HY(int(Z U (Nz \ Y)); R?) with upeat = u on Nz \'Y such that

C
lle(unean)ll L2(zu(va\v)) < 77*a||6(7vt)||L2(z\rz\Y)
for a universal constant C' > 0 and some o € N.

Note that the case Y = () corresponds to the situation that e(u) is controlled in an entire neighborhood
Nz of Z which allows to extend u inside Z according to classical extension theorems. The main point of
this lemma is that such an extension of u from Nz to Nz U Z is still possible in the presence of Y, as
long as Y N Z consists of at most two points (see Figure . Already for #(Y N Z) > 3, the situation is
less rigid and a statement as in Lemma cannot be expected. Note that we will apply this result for
sets Z which are connected components H; € C(H) for suitable H. In particular, we observe that the
lemma can be applied for all components in H; € D;(H), | = 0,1, 2, which satisfy |H;| < ¢*/n? and have
no holes. For convenience, we postpone the proofs of Lemma [3.3] and Lemma [3.4] to Section [3.3] below.

3.2. Proof of Theorem and Corollary We proceed with the proof of Theorem [2.1]

Proof of Theorem[2.1] For convenience, we first prove the result under the additional assumption that
dist(A, Q) > w(e). We indicate the necessary adaptations for the general case at the end of the proof.
Moreover, it is not restrictive to prove the result only for n < 7 for some universal 7y chosen in
below.

First relation between area and boundary of A: From and - we find

2
5511190‘ = Z; »ssin90|T|Z Z Hl(aAﬂT Z Z 8511190

TeM;(A) 7=0,1TeM;(A)
1
+3 <581n9 7| — H (AN T)). (3.16)
J=0,1 TeMJ(A
At this point, the energy bound ( and (3.1) already give us the (unsharp) bounds
#TA < C/a, H'(0A) < C (3.17)

for some C' > 0 depending on Cy, where we used that |T| > c£2 for some ¢ > 0 depending on 6.

Modification 1: Connected components and filling holes: We recall that A is an open set by
definition. In the sequel, we will consider connected components of A and its complement. We will also
consider connected components of A and its complement which may lead to different objects: while in
connected components of A adjacent triangles share an edge, in connected components of A triangles may
be linked solely by a vertex, see Figure

For technical reasons related to Lemma and Lemma we need to avoid that A contains small
holes. Therefore, we fill small holes of A as follows. We denote by Asman the collection of connected
components A, of R? \ A satisfying |A.| < €2/n?. We define

B:=int (Z v U AC>, (3.18)

Ac E«Asxnall
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and denote by Tp the triangles contained in B. (For the illustration of a hole, we refer to Figure )
Then, we clearly have that B is induced by Tp, ie., B = int(pcyp, 7). Moreover, each connected
component of A is contained in a connected component of B. Note that by the definition of B we have

M;(B) C U/_oM;(A) for j =0,1,2. From , OB C 0A, and arguing as in the first line of we
then obtain
2 2
Al > "O0BNT) + T
5sin00| = Z A Z Z ssin00| |
TeM(B) 7=0,1TeM;(

> > (Ebmgl |- H (8BﬂT)). (3.19)

j=0,1TeM,(B)

The isoperimetric inequality along with (3.17) and /|A.| < e¢/n for all A, € Asman yield
> ladss 3 VAlse, 3 WeA)sc
ACEAsmall 77 ACEAsmall A 6«/élsmall
Again using (3.17) and the fact that |T| > ce?, this shows
1 1
HTp <#Ta+C—<C—, |B|<C, H'(9B)<C (3.20)
en en n

for some C' > 0 depending on Cy and 3. We also note that, by the assumption on A, it clearly holds
B C Q with dist(B, 082) > w(e).
Motivation of next steps: For motivating the next steps of the proof, let us also introduce By, related

to B as defined in (3.13)). Taking H = B in (3.14)), along with (3.12)) and (3.19) we deduce

ESmeOIA\>H (OBuea) + Y Y (gsme‘ |- H'(OT N B)).

J=0,1TeM™(B

We observe that

|T| — HY(OT) > —Ce for each T € M{)‘h(B) UM(B). In fact, it is elementary to

€ 1n0
show that |T'| > c(H! ([“)T))2 for ¢ only depending on 6. Then, it suffices to observe that the minimum of
the function = — Esii n cx? — x is larger than —Ce. Therefore, we obtain
2
AL > H(OBhn) — C(#ME(B) + #ME(B)). (321)

and Lemma [3.3| gives the corresponding control of the function on Q\ Bpear. By and (3.15), in order
to control #MB1(B) + #M4E(B), it would be enough to control I#D; for every | € N. At this stage, one
could use Lemma (which applies to B in view of Modification 1) to control [#D; for [ > 3 in terms
of #D,. Concerning the components in D; and Ds, we will treat them differently depending on whether
they are small or large, according to the following definition: for a generic set H and for [ = 0,1, 2 we let
2

D) = {H; € DUH): fat(H) < S}, DP™S() == DU\ DI (H), (322
where sat(-) is defined at the beginning of Section Now the idea is that, to bound #D; and #Ds,
it suffices to apply Lemma to treat the small components in D§™all Dsmall gince the cardinality of
the remaining ones is less than Cn/e. In fact, for H with H'(OH) < C (as it holds for B, see and
(13.20)) it follows that

4D () < Cg, 1=0,1,2. (3.23)
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FIGURE 5. Schematic illustration of different components of B. Note that B is connected
and #C(B) = 12. The red dots depict the separating vertices. In this example the green
parts correspond to the 7 elements in Q'Ssé?)a“. The component with magenta border depicts

a possible component in D™ (Bg,,).

To see this, for each H; € D;arge(H ), we apply the isoperimetric inequality to obtain H!'(0H;)
HY(9sat(H;)) > clsat(H;)|'/? > ce/n for some universal ¢ > 0. Then, #D/"°(H) < CH'(9H)n/e
Cn/e.

This program, however, cannot be pursued for B because #D1(B) explicitly appears on the right-hand
side of , so simply healing the small components would not be enough. Unfortunately, in general,
there is no direct bound available for #D;(B) and we need to perform another preliminary modification
to control a priori #D; on a suitable subset of B. Roughly speaking, we need to get rid of D™ before
applying Lemma Therefore, we will never actually use Bpea in the proof but only the object
below which is obtained after the following preliminary modification.

2
<

Modification 2: Dealing with unions of components in D;(B) in terms of separating vertices.
A vertex v in Jj~q Vor(B) is called a separating vertex if removing v and the associated edges from
(V(B),&(B)) would increase the number of connected components of the graph (V(B),&(B)). Equiv-
alently, in the topology of subsets of R?, this corresponds to considering the connected components of
B\ {v} whose number would increase compared to the number of connected components of B. We denote
the set of separating vertices in B by Vsep(B) C V(B), see Figure

For v € Veep(B) let Gsep(v) be the connected components of B\ {v}. We define

gsep = U gsep (’U) U C(E) .

VEVsep (B)

Here, we explicitly add also C(B), i.e., all connected components of B. (Note that this is redundant
whenever there are at least two vertices in Veep(B) in different components of C(B).)

Note that each element in Ggep, consists of unions of components in C(B) = (B;), (up to a set of negligible
measure). We observe that two elements G, G2 € Gsep satisty |G1 NG| = 0 or, up to relabeling, G1 C Gs.
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We define
gs;;;a“ i= {G € Gyop: [sat(G)| < %/n?, there is no G € Geep with [sat(G)| < e?/n? and G C G}. (3.24)
For each G € Gsmall it holds H!(0G) < 6/773 In fact, G = sat(G) by the definition of B, see (3.18]). As

sep
ce? < |T| for some ¢ > 0, we obtain #T¢ < —5. Thus, by the discrete Holder inequality
19 19 1/2 1/2 € €
G < Y HED<C Y \/\T|sc(#TG) (X m) <cz<s 62
TeTa TeETa TeTa

where we used that H!(9T)? < C|T| for some C' > 0 only depending on 6, and the last step holds for
n < no with ny small enough. Note that on each element in G5! the assumptions of Lemma are

sep

satisfied: if G € g:g;a“ N Gsep(v), in the notation of Lemma G = sat(G) corresponds to Z and Y is the
union of the triangles containing v and included in (B \ G) U {v} (therefore Y NG = {v}) (see Figure [5).
The COHdlthn dist(B, 09) > w(e) ensures that Ng \Y C Q\ B. If G € G52l N C(B), the assumptions of

sep
Lemma [3.4] are fulfilled with Y = 0. We define
Bwp:=B\ J G, (3.26)

Geggéri)all

and modify u on each G € G5Ma!l as in Lemma This leads to a function usep, € H'(2;R?) with

sep
C
lle(usep) |22 (@\ Buep) < njHE(U)HL?(Q\B)- (3.27)

Above, we used that the neighborhoods Ng in Lemma related to different components G € g;g;ﬁ“
overlap only a bounded number of times depending on 6y: in fact, a triangle belongs to Ng if it has
nonempty intersection with some triangle in G, and for every G # G’ € gemall it holds GN G’ = (). Thus,
since any T' € T has nonempty intersection with at most ¢ (¢ depending only on ) different triangles in
T, then any T' € T belongs to at most ¢ different neighborhoods Ng.

Moreover, we have 0B, C 0B and by using (3.19) we get

esin 00 4] = H (0Bsep) + Z Z (551110 | - (aBsep n T)) (3.28)

J=0,1TeM;(Bscp)

This simply follows from the fact that we remove entire components from B: indeed, it holds that
M;; (Bsep) = M;(B) N Tsep for Tyep := {T' € T: T C Bsep}. Moreover, for j = 0,1,2, we have that
HY(OBNT) =H (OBsep NT) for every T € M;(Bsep) and HH(OBNT) = H'((0B\ 0Bsep) NT) for every
T e M;(B)\ Mj(Bsep). Therefore, H'(0B) — H'(0Bsep) = H' (OB \ Bsep) and hence

1 a1
H'(OB) + (asm 5T = (aBmT))
j= OlTeM (B)
_ 1 e
(H (0Bsep) + 2 E( (Esm P (8Bseme)))

= H'(9B\ 0Bep) + > (g T 108\ 0B NT))
X ESlIl
J=0,1TeM;(B)\M; (Bsep)

2
= > H'((0B\ 0Bup) NT) + ) > —|T| > 0.

. esin 6y
TEMZ(B)\MZ(Bsep) j:O’lTEMJ'(B)\MJ'(Bsep)
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This along with (3.19)) shows (3.28)). By Lemma applied to H = Bgep, we get
> I#Dy(Baep) < C#D1(Bep) + cg. (3.29)
1>3

Here, by using (3.20]), the constant C' only depends on Cjy. The crucial point is that, differently from
D1 (B), now D;(Bsep) satisfies the additional fundamental property

#D1 (Byep) < C/c. (3.30)
Indeed, recalling definition (3.22)), by (3.20) and (3.23]) we have
#D,"8 (Beep) < Cpfe for 1 =0,1,2. (3.31)

Now, consider a component B, € Di™!(Byp,) and the corresponding v € V(B,,,) with v € 9Bl and
n(v) > 4, see (3.5). Note that v is a separating vertex of the set B considered above, i.e., v € Viep(B).
Then, the only reason why this component has not been removed from B in the construction of B is

the fact that there is some G; € Geep(v) With G; D Bl and [sat(G;)| > £2/n?. For an example of such

sep

Bécp, see the magenta-bordered component in Figure|5| As the sets (G;); are pairwise disjoint for different
Bi,, € D™ (Byp), by (3.20) and repeating the argument below (3.23) we can compute
#pmall(p ) < 3 lsat(Gy)[V/2 < C 3 HL(0G,) < CH'(OB) < C,
g B;ep Epimau(Bsep) Biep Epima“(Bsep)
and thus, together with (3.31) we get (3.30). Summarizing, in view of (3.29)—(3.31)), we obtain
#D%)arge<Bsep) + #Dl (Bsep) + #Dlgarge (Bsep) + Z Z#Dl(Bsep) < Cg (332)
1>3

Modification 3: Healing. Eventually, we define
Bsep = Bsep \ U Bgep7
step eD;mall (Bscp)

i.e., we remove the small components D5™!!(By,,), and, recalling (3.13)),
Amod = (§S6p>

Note that by construction Ap,.q cannot have ‘holes’ smaller than 2 /n2. Hence, we can use first Lemma
for components in D5 (B,,) and then Lemmafor triangles in M;’CE‘I(BSQP)7 j = 0,1, to find a function
Umod € H(2;R?) with

- (3.33)

C
lle(umoa)ll L2 (2\ Amoa) < njlle(usep)llmm\lam)-
(Here, for Lemma we again use that neighborhoods only overlap a finite number of times, see the
argument below (3.27)).) Using that A C B and then |[e(u)||2\B) < lle(uw)||L2(o\a), With (3.27) we get

C
lle(umod) || L2 (@\ Ammoa) < n@He(U)HL%Q\A)- (3.34)

Since we assumed (2.11]), this gives the first part of (2.13]).
Let us now confirm the second part: in view of (3.32]), the main property of Bgep, is that

3 1#Dy(Beep) < Cg. (3.35)

1>1
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Therefore, taking H = Esep in (3.14)), along with (3.28) and (3.12), by arguing as in (3.21)), we deduce

|A] > HY(DAmod) — Ce(#MBEY (Bep) + #ME(Byep)). (3.36)

esin 90

Taking BSep as H in and ( -7 we then get

|A] > H' (0Amod) — Ce Y I#Di(Becp)- (3.37)

1>1

581n9

This along with shows the second part of . Next, follows from the fact that {u #
Umod} C (B\A)UA = B, Apnoqa C B, and . Finally, to validate (2.14), in view of (3.35)), we are
left to estimate the number of components Dy (Bsep). First, #Dg“gc(ésep) is already controlled by (3.32).
Each A € nga“(gsep) is either some element of G5!, see the definition in (3.24)), or a component in

sep
Uis1 Di(Bsep) \ D™ (Bsep). In the first case, such small isolated components were already removed in
Modification 2 (see (3.26)), i.e., it holds D(S)ma“(ésep) C Ujs1 Di(Bsep) \ D5™*(Byep). Then, the desired
control follows from . -

General case: Components close to 9. Recall that, so far, we assumed that dist(A4,9Q) > w(e)
as this allowed us to apply Lemmas [3:3H3:4] throughout the proof. In particular, we have healed the
components QSS;TI’J&“ in Modification 2 and the components D§™*!!(By,) in Modification 3. If such com-
ponents have distance from 9 smaller than w(e), the extension in Lemma cannot be performed.
Yet, we observe that all such components have diameter smaller than /13, see - for gg;lﬁ“ (the
computation for D§P(Bg,,) is exactly the same). Thus, such components are contained in {z €
Q: dist(z,09Q) < w(e) +¢/n}, ie., have empty intersection with . ,. In a similar fashion, triangles
in Lemma cannot be healed if their distance from 0 is smaller than w(e) which means they are
contained in {z € Q: dist(z,00) < 2w(e)} C 2\ Q. ,. Summarizing, for sets A C  which do not satisfy

dist(A, 09) > w(e) we get that (3.34)) holds with Q. , \ Amoa in place of @\ Apmoq which shows (2.13)). O

Remark 3.5. The construction implies that 0T N 9 Ayeq =0 for all T C Apoq with T ¢ Ta. In fact, for
the set B defined in Modification 1 (see (3.18])) it clearly holds T NIB = for all T € T with T' C B\ A.
Then, we recall that in Modifications 2 and 3 we only remove entire saturated components or heal away
triangles.

We now proceed with the proof of Corollary
Proof of C’orollary @ Let T 41 C T 2. First, we apply Theoremto A" and A% and obtain AL 4, A2 4
as well as u oq and umod We note that in general the monotonicity is not preserved in all the different
modlﬁcatlon steps carried out in the proof of Theorem [2.I] In fact, as will will explain below, this is the
case for Modifications 1-2 of the construction above, but in Modiﬁcation 3 one might remove components
D e Dsmau(Bfep) with AL . N D # (. However, as we will point out, such components could have been
‘healed away’ already before in the construction of AL ..

Before we start, we observe that it suffices to show Al , C A2
Al g C A2 4, T € Th¢? implies T € T4, and thus Tmod T724 directly follows.
Modification 1: For each connected component A. € Al of R?\ Al with |A.| < £2/n?, we have
that either A. € A% or A, \ A2 is a connected component of R? \ A2 with |A. \ A2| < £2/5?. Thus,

AN\A2 € A2 By the definition of B and B? in Modification 1, see (3.18]), we hence obtain B* C B2.

sod- Indeed, due to T 41 C T 42 and

mod’

small*
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Modification 2: Next, we need to show that leep - Bfep Recalling the definition in (3.26]) it is enough
to show that
U ¢nBc |J @ (3.38)

11,2 11,1
GEGSY GEeGay

For notational convenience, we formally denote the connected components C(B?) of Bi = B\ §) with
g;'ep(@). Then, by a slight abuse of notation, we add {{)} as a placeholder for a vertex to the set of separating

vertices, i.e., Vsep(B?) = Vsep(B') U{0} and write G € G, = Uve.., (i) Geep (v), and accordingly Gomalli

as in .

Let z € G N B! for some G € Ginah2. By definition we know that G = sat(G) € G2 (v) for some
v € Veep(B?), i.e., G is a connected component of B2\ {v} with |G| < €2/n?. Note that, as B C B2,
the set G'N B! possibly consists of different connected components of B\ {v}, i.e., GN B! = Uj G; for
suitable components (G;);.

If v € Viep(B'), i.e., v is also a separating vertex of B!, we can conclude by definition that Gj € Gaop
for all j. As [sat(G;)| < |sat(GNBY)| < |G| < &?/n?, we get G; € Gamall! for all j. Since GNB! = U; Gj.
we have z € G; for some j.

If instead v ¢ Viep(B'), the connected components of Bl intersected with R? \ {v} are exactly the
components of BT\ {v}, ie., G; as above are components of BT intersected with R? \ {v}. Hence, by
setting accordingly G; = G or Gj = G U {v} for all j we find a set G; € Gaop(0) C G- Since
|G U {v}| = |G|, we have in particular that [sat(G;)| < |G| < €2/n? and thus G; € Gsmalll for all j. As
GNB! = U; G, \ {v}, we have x € G, for some 5, which concludes the proof of (3:33).

Modification 3: Note that Bl C B2 _ is in principle not true as for a component D € D§mall(B2 )

sep sep sep
we might have AL . N D # 0. However, because D € ’D;ma“(Bfep) we know that DN Bi,, touches
BL_\ (DN BL ) at most at two points. Since D = sat(D), we further get |sat(D N BL )| < |D| <: £ In

sep sep sep

particular, sat(D N leep) DnN Béep due to the construction of B!, and the set DN BSep (or, 1respectlvely7
all its connected components) fulfill the assumptions of Lemma This means we could have healed
DNB} already in the construction of BL_, which then ensures BL_ C B2, . Since the healing of triangles

sep sep? sep sep*

as in also preserves the monotonicity, we have Al mod C Amod ]

3.3. Proof of healing lemmas. It now remains to prove Lemma [3.3 and Lemma [3.4]

Proof of Lemma[3.3. For each T € M (H)UMYea(H), let N be the union of triangles in Q\ H having
nonempty intersection with 7". Then, let N7 be the connected component of N7, containing the vertex in
the definition . Moreover, let T and T? be two adjacent triangles to T (i.e., sharing an edge with
T) that are contained in N7. (Notice that the choice is unique for M}**(H), and that there are up to
three different choices of pairs {7, T2} for Mi°*(H).) For every u affine on any triangle T', we denote
by e(u)r and (Vu)r the constant matrices e(u) and Vu on T, respectively.

By Korn’s inequality we get a function z(x) = u(z) — Az, where A € R2X2 | such that

skew?

IV2lZe vy < EnvllelZa vy - (3.39)

We notice that the Korn constant K, corresponding to Np depends only on the parameter 6y associated
to the family of admissible triangulations. Defining

AV = (V)i — e(u)ps
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for j = 1,2, we deduce
A= AP = | A= A Tagpsy < 20V 2Ty + 2lle(w)|F20rs) < 20BNy + Dlle(u)l|72ny)  (3.40)

by the identity ||e(u)||2L2(Tj) = |T7||e(u)7s|?, the triangle _inequality, and (3.39)). Denoting by [; the unit
vectors parallel to the edge in common between T and TV for j = 1,2, we get

le()32(r) = ITlle@)rl? = Tlle()r[* < ITN(V2)22 < CITI([(T2)r - 12 + (V=) - af?)
= OT|(I(V2)rs - b +1(V2)ge - o)

for C' > 0 depending only on 6, where we used that by the continuity of z it holds (V)7 -1; = (V2)1s - ;
for j = 1,2. Since (Vz)7; = (Vu)ps — A = e(u)p; + A7 — A, we hence obtain by (3.40)

le()I3ary < CITI(|(V2)rs - b? + [(V2)ra - 1) < OIS (leu)as [ + 14 - A7)

7j=1,2

1T s
Z L T ( ||L2(TJ) +2(Kn, +1)le(u )H%Z(NT)) < O/||e(u)||2L2(NT)a

where C’ > 0 just depends on 6y, recalling that both K,. and the volume ratio between adjacent triangles
depend only on 6. We conclude by summing over T' € Mgea!( H) UM}l (H), observing that each triangle
in 2\ H could belong at most to a bounded number (depending on 6y) of different Np. O

Proof of Lemma[34. Along the proof we denote by N, Ty the sets Nz, Ty, and by C a universal
positive constant, possibly varying from line to line, depending only on the parameter of the triangulation
0y. Moreover, C,, denotes a generic constant of the form Cn~¢ for some o € N.

We first show that

HTy < n% IT| < Ce?/n? for all T € Ty . (3.41)

Indeed, recall that each edge in T has at least length ¢, so that we obtain e#£V(Z) < H'(8Z). Using |Z| <
2 /n?, by repeating the calculation in (3.25)), we get #!(0Z) < Ce/n?, and thus #V(Z) < e 'H'(0Z) <
C/n?. Since each vertex in V(Z) is contained in only a bounded number of triangles in T (depending
on 6), we obtain the estimate # Ty < C/n?. Each T € T, T C Z, satisfies |T'| < £2/n?. Thus, as the
area of adjacent triangles is comparable by a constant depending on 6y, we conclude the second part of
(13.41)).

Since Z has no holes, we can suppose (up to enlarging Y) that N \ Y consists of two connected
components N7 and N, whose closures contain the two touching points p, ¢ € Y N Z (see Figure ' In
fact, if N\ Y had further components, their closure would only intersect with Z at one of the touching

points and not share an edge with a triangle in Z. We now claim that there are A, Ay € Rkacfv such that

[Vu — Ajllz2(ry < Cylle(uw)|lL2(n;) for each triangle T C N, j=1,2. (3.42)

To see this, for every T C N, let
(Vu)r = e(u)r + Ar, (3.43)
for (Vu)r, e(u)r, and Ar suitable matrices representing the constant values of Vu, e(u), and Vu — e(u)

on T. Given two adjacent triangles 77,75 € Ty in Nj, i.e., sharing an edge, let us consider the circle
(1,2 with the maximal radius among those circles centered on a point of the common edge and included
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in Ty UT,. The radius of any C o is larger than ¢/C, where C' depends only on 6. Applying Korn’s
inequality on C o, we find A; 5 € R2*2 and K > 0 (the Korn constant for a circle) such that

skew

||vu - A1>2||L2(Cl,2) < K||e(u)HL2(Cl,2)7

and then
A7, — A12l|L2(cy o)) < (K + 1)[le(u)llzz(cy )
Since A7, are constant matrices, noticing that ||Az, — ALQH%"‘(Cl,mTj) _ \Cé,zl |Ap, — A 2)?, we deduce
by the triangle inequality that
8
|Aq, — Ap, |2 < m(K +1)2le(w) 20 - (3.44)

Being N; connected, given any Ty, Ty C Nj, there are triangles T := (Tj);’:l C T included in WJ with
T = Ti, T, = Ts, such that Tj, Tj+1 are adjacent for all j = 1,...,n—1. We apply the estimate (3.44]) for
pairs of adjacent triangles a finite number of times (less than #T ). Then, using the triangle inequality
and also noting that the sets Cy o are such that |Cq o] > £2/C and that circles corresponding to different
pairs overlap at most twice, we find that

C C
Ag, = Ag,| < TVFTNe(@)lzaovy < “le(@)zav,), (3.45)

where in the last step we used (3.41). We now confirm (3.42) by fixing A; as one of the Ap, T C Nj.

Notice that for every T' C N, recalling the notation (3.43: , we indeed have by (3.41) and ({3.45)
IVu—Ajllrery < [Vu—Arllre) + 145 — Arllzy = lle()llz2ir) + 1145 — Arllze(r) < Chlle(w)lr2(v;)-

This concludes the proof of (3.42]).
By the fact that u is affine on each T € Ty, |T| > ¢2/C, and by (3.42)) it also follows that

C .
(Va)r = Al = IVu = Ayl ry < Hle()llezn;)  forj = 1,2, (3.46)
The fundamental point in the proof is now that
C
Az = Au) = —Hle(w) 2y (3.47)

In fact, recall that p and ¢ are connected by a path consisting of less than #T y edges of triangles in T .
Then, by and the Fundamental Theorem of Calculus applied on any edge of the path connecting p
and ¢ to the scalar-valued functions (v — A;-);, j = 1,2, ¢ = 1,2 (here, (u — A;-); are the two components
of x — u(z) — Ajx for j =1,2), we get

|(u(g) —u(p) — Aj(q = p)),| < Cylle(w)llz2(,), (3.48)
where we used that the path of edges has a length of order ~ %, because H1(0Z) < Ce/n?, see below
(3.41). Subtracting the two terms in (3.48)) for j = 1,2 and for fixed i, we get

(A2 = A1) (g = p)),| < Cylle(u) |2y,

which confirms (3.47)) since A4; are skew symmetric and |g — p| € [, Cn~2e].
Combining (3.46) and (3.47)) we deduce that
C
[Vu — A1l|pe(ny) < f”e(u)HL?(N\yy (3.49)
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By McShane’s theorem we find a Lipschitz extension @ of u — A;- from N \'Y to int(Z U (N \ Y)) whose
components have the same Lipschitz constant as © — Ay-. In particular,

- C ~ -
va”LOO((N\Y)UZ) S ?WHG(U)HLQ(N\y), w=1u— Al - on N \ Y. (350)
We set

Uheal ‘= w + Al .
The second condition in (3.50)) immediately gives that upea = u on N \ Y. Moreover,
le(unear) L2 ((N\yyuz) = le(@)]lL2((nyyvz) < IV L2 ((v\y)uz)
<|(N\Y)UZ|M2| VB L= ((nyvyvz) < Colle()lpevyy,

where in the last inequality we used (3.50) and the fact that |Z| < £2/n? by assumption as well as that
|N| is controlled by Ce?/n* due to (3.41)), respectively. This concludes the proof. O

4. APPROXIMATION OF QUASI-STATIC CRACK GROWTH

This section is devoted to the formulation of our main result. We present a convergence result for an
evolutionary problem with respect to the adaptive finite-element approximation introduced in Section
More precisely, we set up a time-incremental minimization scheme and prove the convergence to a contin-
uum quasi-static crack growth in the spirit of FRANCFORT AND LARSEN [26]. In particular, we recover
the existence result of a fracture evolution in linearized elasticity [33]. The main issue compared to the
I'-convergence result in Section consists in dealing with the irreversibility of the fracture process.

4.1. Quasi-static adaptive finite element model. We define an arbitrary sequence (g,), C (0,00)
with €, — 0 as n — oo. Instead of considering general densities f with properties , we consider for
simplicity only the special case f(t) =t A k and C = Idaxaxax2. The case of general C can be treated in
the same way, adjusting the notation accordingly. Moreover, we assume that the function w: Rt — Rt
is given by

w(ey) = 10%,,. (4.1)

The constant 10° is chosen for definiteness only. This assumption could be removed at the expense of
additional estimates which we omit for simplicity.

In order to introduce boundary conditions on a part dp{2 C 92 of the boundary, we impose boundary
conditions in a meighborhood of the boundary. More precisely, we suppose that there exists another
Lipschitz set Q' D Q with 9pQ = 92N Q' such that also '\ Q is Lipschitz. For a given boundary datum
g € W2(V;R?) and a triangulation T,, € Tz, ('), we define

gT, as the piecewise affine interpolation of g on T,,. (4.2)
Recalling (2.4), we then consider the energy
E,(u) = / le(uw)]* A Bz (4.3)
Q En

if u € A.,(€) and if for the (possibly non uniquely chosen) triangulation T, (u) € Tz, () (see [2.1))) it
holds u = gr,, () on each triangle T € Ty, (u) such that 7N Q = @. Otherwise, we set E,(u) = +00. We
emphasize that the energy is still defined as an integral over € although the functions u are defined on
the larger set §2'.

Now we introduce a time discrete evolution which is driven by time-dependent boundary conditions
g € WH(0,T; W22 (Q';R?)). Given a sequence (8,,), C (0,00) with §,, — 0 and for each §,,, we consider
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the subdivision 0 =9 < ... < tz/g" =T of the interval [0, 7] with step size &,,. (Without restriction, we
assume that T'/6,, € N.) Correspondingly, let (g(t*))x be the sequence of boundary data at different time
steps k € {0,...,T/d,}.

We assume for the moment that a displacement history (u,) ;< at time steps (#},) j<x is given, and intro-
duce admissible competitors and the energy for the next time step, taking into account the irreversibility
of the process.

Consider u € A, () and the corresponding triangulation T,(u). Recall the definition of TP =
{T € T,(u): eple(u)r* > k} and the definition of QP'8(u) in (2.7). In place of QP'8(u), we now define
a possibly larger ‘crack set’ Qrak(y) by considering also trlangles that are very far away from a regular
background mesh. More precisely, let Z, be the triangulation that is based on the square grid of size
gl = 2e, cos(fp) with nodes contained in &/, Z? N ', where each square is then cut into two triangles
along the diagonal (see [14], Figure 5.11]). For a function u € A, () with triangulation T, (u), we define
Z,(u) = T,(u) N Z, as the part of the triangulation that belongs to this regular background mesh and
let dist(T, Zy, (u)) = min{dist(T,T): T € Zy(u)}. We then define

Terack(y) = {T € Ty(u): eple(u)r|* >k or dist(T,Z,(u)) > 10%,}. (4.4)
The associated crack set is then defined as the union of all such triangles in €, this means
Qi) =int( J  T)ne. (4.5)
TET%ra“k(u)

Note that, additionally to the condition on the gradient, we also regard triangles as ‘cracked’ if they are
far away from a fixed background mesh. This means in particular that, if Z,(u) = , we would have
Qerack(y) = . This condition is inspired by the construction of recovery sequences in [14, Appendix]
where all triangles are close to a background mesh, i.e., in that situation the additional condition is not
active. In our evolutionary setting, we expect the same, and thus the condition is merely of technical
nature. Let us also emphasize that the constant 10° is chosen for definiteness only and could be chosen
arbitrarily large, but fixed. Both requirements in will turn out to be crucial for our proof of the
stability of the static equilibrium property, see Theorem below.
Given a displacement history (u?,);<, we define

crack — crack ] crack .__ crack/, j
n k—1 — U T u Qn,kfl T U Qn (un) . (46)
i<k i<k

For a given displacement u € A, (') we also set
T;:lr,chl( ) r:[\cmck1 U Tcrack( ) Q;:lr,zci(l( ) _ Qcmck1 U chack< )
Similar to the splitting in (2.8)), we define the corresponding history-dependent energy by

IQ%’“?fkl( )|

En(u, (uf)j<n) = /Q\Q le(u)|* + = £ (u, (ul) jan) + E7 (u, () j<n). (A7)

erack (u) En

Note that the set QCTaCkl and thus the energy take the ‘cracked triangles’ of all previous time steps into
account. In general, the triangulations at each time could be different and without additional requirements
it is not guaranteed that the union Q”aCkl is consistent with an admissible triangulation. In particular,
T‘"aCk1 is not necessarily a triangulation partitioning ch“kl. For this reason, we introduce a further
restriction as we set up the time-incremental minimization scheme. More precisely, recalling , we set

A% (Q) := A, (Q) and for k > 1 we introduce the set A* () € A, (©') that depends on the displacement
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history (uf,) ;<) and consists of all functions u: ' — R? such that there exists a triangulation T,, € Tz, (')
with u being piecewise affine on T,, and such that T,, fulfills
T4k, C T (4.8)

We then define

Al = {ve AF(Q') and v = g(t8)p, iy on all T € T, (v) with TNQ = 0}. (4.9)
Inductively, provided that u), € AJ for 0 < j < k — 1, we see that A¥ (/) # 0 and then also AF #  for
all k > 1 since the triangulation T, (uf~!) satisfies Tff‘,‘fl‘l C Tp(uk—1).

We suppose that the initial value u, € A% is a minimum configuration in the sense that

ul) € argmin{ E,(v): v € A%}, (4.10)
with E,, given as in (4.3). We inductively define an evolution as follows: given (u,)o<j<k—1, we let
uf € argmin {&(v, (ul)jer) v E .A’fl}, (4.11)

i.e., the minimization problem involves the previous time steps, according to the definition in . The
existence of minimizers in immediately follows from the direct method since A* # {), the problem
is finite dimensional for a fixed triangulation, &, (-, (u/,);<k) is continuous, and the set of admissible
interpolations Afl is compact.

4.2. Quasi-static fracture evolution. We consider the Griffith energy
E(u, K) := / le(u)|* dz + & sin(fy) H(K) , (4.12)
Q

for each u € GSBD?*(Q') and each rectifiable set K C QUIp with H!(K) < +oo, where e(u) denotes the
approximate symmetric gradient and .J, is the jump set of u, which is subject to the constraint J, C K.
(Here and in the following, C stands for inclusions up to H!-negligible sets.) We highlight that, although
the elastic energy is defined on 2, the functions are defined on the larger set ' and the crack sets K may
intersect the Dirichlet boundary dpf2.

By AD(g, H) we denote all functions v € GSBD?(') such that

v=gonQ\Q, J,CH. (4.13)

Definition 4.1. We define an irreversible quasi-static crack evolution with respect to the boundary
condition g € W11(0, T; W2°(Q/; R?)) as any mapping t — (u(t), ['(t)) with u(t) € AD(g(t),T'(t)) for all
t € [0, 7] such that the following four conditions hold:
(a) Initial condition: u(0) minimizes &(u, J,,) given in among all v € GSBD?*(Q') with v = g(0)
on '\ Q.
(b) Irreversibility: T'(t1) CT(t2) for all 0 < ¢y <ty <T.
(c) Global stability: For every t € (0,T], for every H with I'(¢t) C H, and for every v € AD(g(t), H) it
holds that
E(u(t),T() <&(v,H). (4.14)

(d) FEnergy balance: The function ¢t — £(u(t),T'(t)) is absolutely continuous and it holds that
d
&E(U(t),F(t)) = / e(u(t)) : Voyg(t)dz for ae. t € [0,T], (4.15)
Q

where by 9; we denote the time derivative of g.
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In [33] (see [26] for the scalar case), the existence of an irreversible quasi-static crack evolution with
respect to the boundary displacement g has been shown. In this present work, our goal consists in
approximating such an evolution with the time-discretized evolution defined in Section

4.3. Main result: Approximation of quasi-static crack growth. To formulate our main result,
we need to introduce some further notation. First, we associate a ‘crack surface’ to the finite element
evolution (u¥);. To this end, we choose 7,, — 0 depending on &, such that

(Cy)en — 0 asn — oo, (4.16)

where C),, > 1 denotes the constant in Theorem and we apply Theoremto N, ul, and A = fo"’;‘fk.
(Here, we consider ' as the ambient space in place of ), in particular we replace Q with Q' in (2.10]), see
also (4.5)).) We obtain a set Q?‘,’cd and a function u;‘“}f satisfying

9 < Cpoens Hub w3 QL | < Cyen,
mod <C le anod < chack C (417)
le(un ) L2 \Qmed) < Oy, (O%7) < 12557 4+ Cnin,s

En Sin by

nsTn

where the constants C' and C,, also depend on maxo<x<7/s, En (uk, (ul)j<k)-
We define the evolution u,: [0,7T] x " — R, piecewise affine in space and piecewise constant in time,
by

Up(t) := uﬁXQ,\ka for t € [tF, tF+1). (4.18)
The crack set K, is defined by
Kn(t) = 00wt for t € [th thth). (4.19)

For the crack sets, we use the notion of o-convergence recalled in Definition [5.1] below, which is a suitable
notion of convergence for crack sets. In particular, below we will obtain the existence of K (t) C QN for
t € [0,7] such that K, (t) o-converges to K (t) for ¢t € [0,T].

As a final preparation, we identify sets on which convergence of displacement fields can be guaranteed.
For a crack set I'(t) € QN with HY(T'(t)) < oo, by B(t) C Q we denote the largest set of finite perimeter
(with respect to set inclusion) which satisfies 0* B(t)NQ)’ CT'(¢). This set represents the ‘broken off pieces’,
and by G(t) := Q' \ B(t) instead we denote the ‘good set’, which in particular satisfies Q' \ Q C G(¢).
Note that convergence of the displacements can only be expected on G(t), see [35, Subsection 2.4] for a
thorough discussion. Moreover, we note that for an evolution ¢ — (u(t), I'(¢)) in the sense of Definition [4.]
it holds that

e(u(t)) =0 on B(t) forallte|0,T]. (4.20)
In fact, this follows by applying with test set H = I'(t) and test function v = u(t)xq()-
The main result of this paper is the following convergence theorem.

Theorem 4.2 (Approximation of quasi-static crack growth). There exists a quasi-static crack evolution
t — (u(t), K(t)) with respect to the boundary condition g such that, up to a subsequence, we have that

K, (t) o-converges to K(t) for allt € [0,T) (4.21)
as n — 00, K(0) = Jy), and that, for each t € [0,T],
un(t) = u(t) as k — oo in measure on G(t), e(un(t)) — e(u(t)) in LQ(Q;RE}ﬁ), (4.22)

where G(t) is the set corresponding to K (t) defined before (4.20). Moreover, for allt € [0,T] we have that

En(un(t), (U%)j<k(t)) — E(u(t), K(t)) asn — oo, (4.23)
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. . k(t) k()41
where for each n the (n-dependent) index k(t) € N is chosen such thatt € [tn ', tn ).

Remark 4.3. We proceed with two comments on the result:

(i) The energy convergence (4.23) can be improved to separate energy convergence in the sense that,
for all t € [0, 7],

£ (un (1) () <a0) > | Je(u(®)?da
Q
(recall (4.7)) and
lim £ (u,, (£, (ud)j <)) = %(90) lim H (K (t)) = rsin(6o) H (K(t)) . (4.24)

n—oo n—oo
(ii) The identity (4.24) is the reason why crack sets along the sequence are defined in terms of 892’%‘1
and not in terms of aQ;{zck. In fact, for the latter the identity (4.24]) does not hold in general.

5. PREPARATIONS

In this section, we collect some tools and remarks that we will need to prove Theorem in the
next section. Before providing the necessary compactness and semicontinuity statements, we recall a
suitable notion of convergence for crack sets and prove, respectively recall, the necessary compactness and
irreversiblity results.

5.1. Convergence of sets. Let Q C R? for d > 2 and denote by e; the first unit vector. We let
PC(Q) := {v € L' (% RY): v = ey xr with T C Q of finite perimeter} (5.1)

be the collection of piecewise constant functions taking values in {0,e;}. In this subsection, by A(£2) we
denote the family of open subsets of 2. We recall the notion of o-convergence from [40].

Definition 5.1. [40, Definition 5.1] A sequence of rectifiable sets (K,), in £} o-converges in 2 to K if
the functionals H;, : PC(Q)x.A(Q) — [0, +00) defined by

H,y (u, A) == HIH (T, \ Kn) N A) (5.2)

are such that, for every A € A(Q), H,, (-, A) T-converges with respect to the strong topology of L!(Q) to
H~ (-, A), where H™: PC(Q)xA(Q) — [0, +00) is given by

H™ (u, A) := / h™(x,v,) dH " (z), (5.3)
JuNA
and K is the maximal (with respect to C) rectifiable set in Q such that
h™(x,vg(x)) =0 for H' lae. z € K. (5.4)

Remark 5.2. (i) More precisely, if H?~1(K,) < C for all n € N, by [40, Proposition 3.3] the density h~
in (5.3)) is characterized by
m}C (U, Q4 (x))
h~(,v) = limsup lim inf —*2——— "% ) (5.5)

0—0+ n—-+4oo Qd_ 1

for z € @ and v € S = {y € R?: |y| = 1}, where Q%(x) denotes a suitable cube with sidelength ¢ and
two sides orthogonal to v, Ty, = e1X gy~ (,) (With Q™ (z) = {y € Q¢(z): (y — =) - v < 0}), and

mb (@, A) = 1}Eli)%f(A){?‘-l(v, A): v =7 in a neighborhood of A} for v € PC(4), A€ A(Q). (5.6)
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In particular, using u, , as competitor, we get h™ < 1.

(ii) Let (K,), be a sequence of rectifiable sets in € such that K, o-converges to K in Q and let (K,),
be another sequence of rectifiable sets such that K, o-converges to K in Q, and K, C K,, for all n € N.
Then, we have K C K.

(iii) If F is a closed set such that K, C F, then the o-limit K of (K,),, satisfies K C F: in fact,
H (u, Q\ F) = HI7Y(J, N (Q\ F)) for every n € N, and thus H~(u, 2\ F) = H¥"1(J, N (Q\ F)), i.e.,
h~ cannot be 0 on a subset of Q\ F of positive H%~!-measure.

In the following, we need the compactness and lower semicontinuity properties of o-convergence, see
[40, Propositions 5.3, proof of Theorem 8.1].

Proposition 5.3 (Compactness and lower semicontinuity). Let (K,), be a sequence of rectifiable sets in
Q with HY1(K,,) < C. Then there exists a subsequence (ny), and a rectifiable set K in Q such that K,,
o-converges in ) to K. Moreover,

HYK) < liminf HOY(K,) .

n—oo

Theorem 5.4 (Variant of Helly’s theorem for o-convergence). Let t — K, (t) be a sequence of increasing
set functions defined on an interval I C R with values contained in 2, i.e., K(s) C K(t) C Q for every
s,t € I with s < t. Assume that HY"1 (K, (t)) is bounded uniformly with respect to n and t. Then, there
exist a subsequence (K, )i and an increasing set function t — K(t) on I such that for every t € I we
have

(a) Kp, (t) = K(t) in the sense of o-convergence,
(b) HIN(K(t)) < liminfy_, oo HE (K, (1)).

For definition and properties of SBVP(Q), p € (1,00), we refer the reader to [2]. In the following, we
say v, — v weakly in SBVP?(Q) if v, — v in L}(Q) and sup,, (| Vo || r@) + H (o, )) < +oo. We will
also make use of the following property of o-convergence (see [40, Proposition 5.8]).

Proposition 5.5. Let (K,), be a sequence of rectifiable sets in Q such that K,, o-converges to K in €.
Let (vn)n be a sequence SBVP(Q) with v, — v weakly in SBVP(Q) and H*1(J,, \ K,) — 0. Then
Jy CK.

We close this section with a lower semicontinuity result for the boundaries of void sets.

Lemma 5.6 (Lower semicontinuity for void sets). Let K,, be a sequence of rectifiable sets of the form
K, = 0V, for closed sets V,, C R% n € N, with finite perimeter and |V,,| — 0. Suppose that K,
o-converges to K. Then

liminf HH(K,) > 2HI1(K).

n—oo

Proof. Given p > 0, by a covering argument there exist an open and smooth set U C 2 and a function
v € PC(Q) such that

HHKN\U) <p,  HTW((KAJ)NU) <p. (5.7)
Let (v,)n C PC(U) be a recovery sequence in L' (U;R?) for the restriction of v to U with respect to the
functionals and . Since h~ < 1, see Remark i), we have

n—-+4oo

limsup H4 (T, \ K,,) NU) < /(J o h™(x,v,) dH Y z) < HEW(J,\NK)NU) <p.  (5.8)

We notice that the function
Up = XU\V,, Un
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is such that

Oy — v in LYU;RY), (5.9)
since |V,| — 0. Notice that the function 9, might also jump outside of dV,, because J, N(U\V,) # 0
is in general possible. Therefore, we apply [7, Proposition 9] to the open set €, := U \ V,, (in place of

Q therein) to obtain a sequence of approximating pairs ((zx, F,))n, with z;, € SBV2(Q,;R%) and Fj, of
class C°°, such that

J., COF,, 2z, =0in Fy, 2z, — 0y = v, in LY(QuRY, F, — 0,

and
limsup HO™H(OF,) = 2H Y (J5, N Q) < 2HY((J,, \ Kn) N U). (5.10)

h—o0

For h, € N such that

1
2 = vnll s, + [Fhal + HOTHOFR,) = 2K (o, \ Kn) NU) < —, (5.11)
setting
Wn 1= Zp, Xg, € SBV*(U;RY), G, :=F,, U(V,NnU),
it holds that
w, =01in G, Ju, COG,, w, —v in LY(U;R?).
Therefore, [7, Proposition 3] gives
2T, NU) < liminf HH(OG,,). (5.12)
n——+0oo
By (5.8) and (5.11)) it holds that
limsup H 1 (OF;,,) < limsup 2K ((J,, \ K,)NU) < 2u.
n——+oo n—-4o0o
Since H¥"1(0G,,) < H¥ YK, NU) +HI"Y(OF},), we get
A d—1 . . d—1 _
E@i{if% (K,NnU) > ngl}rgg% (0Gy) — 24 (5.13)
By (7). (5-12), and (5.13) we deduce
lim nf HIYK,) > lim +mmdfl(z;fn NU) > 21" YT, NU) = 2u > 2HH(K) — 64,
n——+0o0o n—-+0o0o
and we conclude by the arbitrariness of p > 0. g

5.2. Compactness. From now on we restrict ourselves to the case d = 2. For technical reasons, we need
to consider the space of GSBDP functions (with p € (1,00)) which may also attain a limit value oco.
Following [I7, Subsection 4.4], we define R? := R? U {00}, and for U C R? open, we let

GSBD? (U) = {u € LO(U;R?): A%® := {u = oo} satisfies H!(9* A%) < +o0,
it := uxi Az + txae € GSBDP(U) for all ¢ € ]RQ}. (5.14)

Symbolically, we also write
U= UXU\Ag T 00X Age,
and for any v € GSBDY (U), we set

e(u) =01in A", Ju =,

UXQ\ AL

U (9" A% NT). (5.15)



ADAPTIVE FINITE ELEMENT APPROXIMATION FOR QUASI-STATIC CRACK GROWTH 30

We also define the subspaces PR(U) C GSBDP(U) and PR (U) C GSBD? (U) as the functions in
u € GSBDP(U) and u € GSBD?_(U), respectively, with e(u) = 0. Functions a € PR, (U) are piecewise
rigid in the sense that they can be represented as

a= ZanPJ' + 00X Age,
jEN
where @’ are affine mappings with e(a’) = 0 and (P7);ey is a Caccioppoli partition of U \ AX. If
a € PR(U), then A% = 0.
There exists a metric d on GSBD?_(U), see [I7, Equation (3.13)], which induces the following conver-
gence: d(un,u) — 0 if and only if

Up, = u  in measure on U \ A, |un| — 00 on ASC.
In the following, we say that a sequence (up), C GSBDZ2_ (U) converges weakly to u € GSBD?_(U) if
sup,en ([le(un)llLr@y +H' (Ju,)) < +o0 (5.16)

and
d(tp,u) — 0, e(u,) — e(u) weakly in LP(U \ AS;R2X2).

sym

Proposition 5.7 (Compactness). Let (un), C GSBDP(U) satisfy (5.16). Then there exists u € GSBDE_(U)
such that, up to a subsequence, u, converges weakly to u in GSBD? (U). If additionally u, € PR (U)
for alln € N, we get u € PRy (U).

Proof. The result follows from [I7, Theorem 3.5 and Lemma 3.6] which itself is a consequence of [13|
Theorem 1.1]. The closedness of PR, follows by repeating the argument in [34, Lemma 3.3]. ]

For the next result, we again consider Lipschitz sets Q C ' C R? such that Q' \ Q is Lipschitz, as
considered in Section [l

Proposition 5.8. Let (K,), be a sequence of rectifiable sets in Q' N Q, with H'(K,) < C which o-
converges to K C Q. Let (vy)n be a sequence converging weakly in GSBDE_ (V) to v € GSBD? ()
such that H'(J,, \ Kn) = 0 as n — 00 and vy|ong s a bounded sequence in WHP(Q'\ Q;R?). Then the
following hold:
(i) J,CKCQNa.
(ii) It holds that |A° NG k| = 0, where G denotes the smallest set of finite perimeter with |\ (QU
GK)| =0 and 8*GK ﬁQ/éK.

(
t
Q

Later we will apply this proposition to sequences satisfying Dirichlet boundary conditions which guar-
antees the boundedness assumption on €'\ Q. The set G(t) introduced before will play the role of
G k. The result ensures the compatibility of the notion of o-convergence with the weak notion of GSBD?_-
convergence for the displacement fields, and can be seen as the GSBD-analog of [40, Proposition 5.8].
More precisely, it enables us to show that limiting evolutions ¢ +— w(t) fulfill J, ) C K(t) and are thus
admissible with respect to t — K(t). Before we come to the proof, we show the following preliminary
result.

Lemma 5.9. Let (K, ), be a sequence of rectifiable sets in Q' NQ, with H' (K, ) < C which o-converges
to K C Q. Consider the functionals

& (u) = el de + M1 (Ju \ Kn) (5.17)
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if u € GSBDP(QY) and +oo otherwise in L°(Y';R?). Then &/ (u) I'-converges, with respect to the conver-
gence in measure in §)', to the functional

E'(u) : (u)[? das—|—/] h™(z,v,) dH (x) (5.18)

= |e

Q/
if u € GSBDP(Y) and +oo otherwise in L°(Y;R?), where h™ is the density given in Remark (Z) for
d=2.

Proof of Lemma[5.9. Our strategy is to apply the abstract I'-convergence result in [31] to the sequence &,.
As a pointwise lower bound on the density of the surface integral is needed, cf. [31, Assumption (2.12)],
we consider a suitable perturbation. Precisely, given € > 0, let us define the functionals 5,’175(1;) =
& (u) + eH (J, N Ky), ie.,

Enew) = [ le(w)Pde+H (J, \ Kn) +eH (Ju N Ky)
Q/

if u € GSBDP(Y) and +oo otherwise in L%(Q';R?). The characterization of the I'-limit of &, _ with

n,e
respect to the convergence in measure follows from [31, Theorem 2.4, Remark 3.15]: the I'-limit of &, _ is

EL(u) = [ |e(u)|P dz +/ hZ (x,vy,) dH (2), (5.19)
ol w
if ue GSBDP(Q') and +oco otherwise in L(Q; R?), with
_ 3 . . m/icni E(ﬂw,llv QZ("‘U))
hZ (x,v) = limsup lim inf : (5.20)

0—0t n—+00 0

for # € ' and v € S', where H,, _(u, A) := H,, (u, A) + eH'(J, N K, N A). Here, we recall the definition
of ‘H, and miﬁ in (5.2) and (5.6[), respectively.

We notice that [31, Theorem 2.4] proves an integral representation result for the I-limit of 57’1’5, and
[31, Remark 3.15] shows that the surface density is exactly h_. Strictly speaking, the result has been
explicitly detailed for p = 2, but it holds with minor changes in the proof also for any p > 1, cf. [31]
Remark 5.3].

As H, <H, . and H, _ is increasing in ¢, it is immediate that

h™ <lim h_,
e—0

for b~ defined in (5.5). We observe that H(z) := limsup, ,q+ iminf, o 07 "H' (K, N Q4(x)) is finite
up to a set of negligible H!-measure. Indeed, if H(z) = +o0o on B with H!(B) > 0, then the weak* limit
of i, := H' g, , denoted by u, would satisfy u(B) = +oo by [2, Theorem 2.56], which contradicts the
weak™ lower semicontinuity of the total variation (') < liminf,, o pn(€') < +00. Recalling and
this yields
hZ(z,v) < h™ (x,v) +cH(x) forallz € Q and v € S,
and then
h™ > lim hZ.
e—0

Therefore, for any A € A(§Y'), the functionals (-, A) pointwise (and monotonically) converge to £'(-, A),
&, . — &, € (0,Me) for M := sup, H'(K,), and then the representation result holds true also for the
functional £’ given in (5.18). O
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Proof of Proposition[5.8. (i) We first remark that K C Q' N Q by Remark iii). By assumption we get
v|Q,\§ € WhP(Q\Q;R?) and v, — v € LP(2'\Q; R?), up to a subsequence. Let us apply the compactness
result [31) Theorem 3.8] to v, (which, similarly to the integral representation result employed in the proof
of Lemma has been proven only for p = 2 but holds for every p > 1, with minor changes in the
proof). Recalling the precise form of the modifications, see [33], Theorem 6.1] and also [35, Theorem 3.1],
there are functions y, with y, = v, on Q' \ Q, r, with |{r, # 0}/ < %, a, = > Q%Xp,{ € PR(Y), and
u € GSBDP() such that

Yn = Un + Ty + Gn, (5.21)
and

1 1
H ((Ja, U )\ o) < =, E (yn) < & (vn) + —, Yn — u in measure on €', (5.22)
n n

where &, is defined as in (5.17)). Since a,, € PR($') and (5.22) holds, there exists a = 3, a;xp, € PRoo (')

such that d(a,,a) — 0 by Proposition We notice that a = 0 on '\ by (5.21) and since y,, = v,, on
'\ Q as well as |{r,, # 0}| — 0. Next, we observe that

AP = A%, (5.23)

Indeed, otherwise |y,| — 400 a.e. on ASPAAS® since AS° = {|v,| — +oo}, A° = {|an| — 400}, and
[{rn # 0}| — 0. This contradicts the third property in (5.22). Since a,, a are piecewise rigid functions,
denoting by B,, := J{PJ: P N A% # ()}, it holds that

IB,AA®| =0, B,NQEJ,, (5.24)

where for the second property we assumed without restriction that the affine mappings (a?)) j are pairwise
distinct, cf. [34 (3.1)]. Then, for every b € R?,

yz =Yn + bXBn — nXQ'\B,
is such that, by (5.21)—(5.24) and the fact that v,, converges weakly in GSBDZE_()) to v,

Yl —ub = vXanax + (u+b)xax ae. in Q) (5.25)
and
DA NQ CJ, for ae. be R (5.26)
Let us fix some b satisfying . Recalling and combining 7 we get
Jp C Ty (5.27)

We now apply the result [3I, Lemma 7.1] to (the surface parts of) £, and € as in Lemma [5.9] and to the
converging sequence 3% — u?, see ([5.25)): this gives that

h™(x, v ) dH (z) < lini)ianl(Jyg \ K,).

Jb

Using the definition of 32, by the first property in (5.22), (5.24)), and the assumption that H(J,, \ K,) — 0,
we get

/ h™ (2, vp) dH (z) = 0.
Jub

By Definition we find J,» C K and by we conclude the proof of (i).

(ii) Since v,, — v in LP(2\ Q;R?), up to a subsequence we have v, — v a.e. in '\ Q and |v,| — 400
a.e. in A, by definition of weak convergence in GSBD?_(£'). This shows |(2'\ Q) NAX| = 0. Moreover,
the fact that J,» C K and give 9* A N CK.
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Let Gk be the smallest set with (a) [\ (QUGK)| =0 and (b) 0*GL N C K. As [(Q\Q)NAX| =0,
also G \ A is a set satisfying (a) and (b). Therefore, the minimality of Gk implies |A° NG| =0. O

6. PROOF OF THE MAIN RESULT

This section is devoted to the proof of Theorem [4.2] We start by establishing a uniform energy bound
on uy,(t), defined in , which will enable us to pass to the limit by the compactness and semicontinuity
results that were established in the previous section. In order to conclude that holds, we need a
result on the stability of unilateral minimizers (Theorem whose proof is deferred to Section |7 With
this result at hand, we are finally able to conclude the proof of Theorem

6.1. Energy bound. In this section, our goal is to show that the energy of the evolution is bounded
uniformly in time. For this, we need to prove an energy estimate on the time-discrete level, which will be
also crucial to establish the energy balance.

We recall the notation for the time discretization {0 =0 <L < ... < ¢/on = T} of the interval [0, T
with step size §,, and introduce the following shorthand notation. leen an arbitrary v € AX we write

EX(v) = E,(v) and  EF(v) =&, (v, (ul)j<r) fork >1, (6.1)

where E,, and &, are defined in (4.3) and (4.7)), respectively, and (u?,);< denote the displacements that
have been found at previous time steps (#/,);<x. We start by proving a bound on the elastic part of the
energy.

Proposition 6.1 (Elastic energy). Let t — uy,(t ) be the discrete evolution defined in (4.18)). There exists
a constant C > 0 depending on g such that £2(ul) < C and

le(un(t))|?dz < C  for allt € [0,T] and for all n € N.
Q/

Proof. For the time step t = 0, we consider the background mesh Zn € To() as introduced before
(4.4) and the test function ¢g® := g(0)z,, see (4.2). We then have g0 € A% see (4.9). Since g €
W0, T; W2 (Q;R?)), we can deduce that e(g0)r is uniformly bounded on each triangle T, hence we
obtain £° (gn) < C for some C > 0 independently of n. By (4.10] - this implies that £9(u?) < C uniformly
in n.

In a similar fashion, we can test with a function g¥ € AF, namely g¥ = g(t¥)r,, where T, is
given by T, (uf~1). As before, the regularity of g implies that e(g¥)7 is uniformly bounded and thus
enle(gf)r|? < k for all T € T,, for n large enough. In partlcular recalling (4.4)-(4.5) this means
Qerack (k) € Q5K (uk). As Ef(uy) < Ex(gh) by (&.11)), using we can deduce for all t € [th th+l)

chack chack uk
[ tetwntinzar= | < [ e(gh)P? o o D00 1 )
Q QTR (uf) Q\QSE, (a8) €n En

</ le(gh)Pde < C.
Q\chaCkl((]ﬁ)

Eventually, we have |le(un(¢ ))||L2(Q,\§ < C by the definition of A¥ in and the regularity of g. In
fact, if TNQ =0, then uy(t) = g(t¥)r, (4, (1)) in T by the definition of Ak Instead, for T2 (u,,(t)) =
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{T € Tp(un(): TN (Q\Q) # 0, TNQ # B}, it holds #TPY (u, (1)) < g with C' depending on the

Lipschitz constant of 9€). Therefore, in view of (4.4)), ||e(un (¢ ))||L2 (@5 (o (1)) < C, where

QLY (y,, (1)) == int( U T) .
TeTY (un(t))
This concludes the proof. O
As an immediate consequence, we obtain the following corollary.

Corollary 6.2. Let t — u,(t) be the discrete evolution defined in (4.18). Then, there exists a constant
C > 0 depending on g, but independent of k and n, such that

tk
/ / e(un (7)) : €(0rg(r))dedr < C  forallk=0,...,T/6,. (6.2)
Proof. By Holder’s inequality we find
tk
|| etuate)) s et@rar)) dwdr < @)l o micziy letwn)llim ooty
Using Proposition [6.1]and g € W11(0,T; W?2°°(Q2; R?)) we deduce (6.2)). O

We continue with the following discrete energy estimate that will be fundamental to establish a uniform
bound on the energy and to prove the energy-balance law.

Lemma 6.3 (Discrete energy estimate). Let t — u,(t) be the discrete evolution defined in (4.18]). Let
k=0,...,T/,. Then, there exists (Bn)n independent of k with B, — 0 as n — oo such that

Eﬁ(uﬁ) ) < 2/ / e(un (7)) : e(0eg(7)) dedr + B,,. (6.3)

Proof. The argumentation follows a well-known strategy, see e.g. [26] Section 3.2], [2I Lemma 6.1], or [32]
Lemma 4.3] for an application in a discrete setting. We notice that we have a quadratic bulk energy as in
[26], which simplifies the computations. We start by introducing a notation: for the boundary function
g € WHL(0,T; W (Q; R?)) and a time step 0 < I < T'/3,,, we define g, (t) := g(t)T, (u) as the piecewise
affine interpolation of g(t) with respect to T, (ul,).

Given the time ¢!, we define the test function &, = ul~! + gl=1(¢!) — gh-1(t\=1). Note that ¢, is
piecewise affine with respect to T,,(ul"!) and by definition we have &, € Al . In view of 7 we obtain
EL(ul) < EL(€L). Our goal is to prove that there exists a bounded sequence (4,,), in L= ([0, 7] x Q) with
[95(7)|l22() — 0 uniformly in 7 such that, for each [, we have

en(eh) - <2 [ [ eluntr) + 0u(r): delolr) drar - Cole, (6.4

where ol = fl 1 ||6tg||Wz oo(0) ds. Once this is shown, we can deduce as follows. Note first that

EF(ull) = &l L (ul=1) for each step I. Since £ (ul) < EL(€L), we can sum up over all time steps 1 <1 < k
to obtain a telescoplc sum on the left-hand side of (6.4)) which leads to

Er(ul) - <2/ / e(Un (7)) + V(7)) : re(g(7)) dzdr + Cep, (6.5)
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l

where we used ), o,

< C. Since [|9(7)]|12(q) — 0 uniformly in 7 € [0,T7], we get by Holder’s inequality

k k
[ [ 10a0) - dctselarar < [ oallzle(o)lize e —o.
In view of , setting
Bn = Ce, + /OT/Q |95 (7) : Ore(g(7))| dz dr,
we obtain .

It now remains to prove (6.4). By definition we have Q‘;L’?ikl (ull) = Q‘;f‘;ﬁkl C Q‘;Lr?ikl(fé) and hence

(recall (£.7)) !
e - e = [

Q\QTE (€L)

K |Q%r,?ik1 (5%) \ Qfmr,?ikﬂ (6.6)

le(€1) 2 da - / (=) dz +

QTR n

We can split the first term into

/ ePdo= [ fe)Pde- [ e€)Pde. (67)
Q\Qerack (e 2\Qere, Qcrack, (€4)\ Qe

=

Note that Qfﬁ*ﬁkl (fi)\Qfﬁ?ﬁkl consists of all triangles T" € T%ﬁ?ﬁkl (SL)\T%Y?SIE, i.e., it holds that &, |e(ul )7 |* <
& and dist(T, Z, (u})) < 10%!, for all 0 < j < I — 1 such that T € T, (u}). Since T, (&) = T, (ul1),

we hence have dist(7T, Z,(&,)) = dist(T, Z, (ul71)) < 10%!, for all T € Tgr';‘f‘l(gﬁl) \ Tﬁ:?ﬁkl. Therefore we
conclude by ([#.4) that e,|e(&l)r|?> > k for all T € T;‘;?ﬁkl (€) \Tf:?ikl- This leads to

chack 1 chack
/ |€(§L)‘2d$21‘$| n,lfl(gn)\ n,l71| )
Qerack, (€L)\Qer3e n
Combining this with and we obtain
ee < [ (e - fetul P o (6.8)
NG

Next, recalling the definition &}, = ul ' + gl (¢,) — g, (t,71), we apply the mean value theorem to the
function h: [0,1] — R; s — |e(ul 1) + s (e(gh 1 (t,) — gh1(#1)))|? to obtain some pl1 € [0,1] with

/ (le(€))? — Je(ulrM)[?) da
Q\Qeracky

(6.9)
= 2/ (e(up )+ pi M e(@n M (t) — g " (671)) + (e(@n H(t) — g 't 1)) de.
O\
We can now define the function 9, : [0,T] — L*(Q; RZ%2) by setting, for s € [t} ¢!),
th
Do) = A (G ) — @) = [ del e mevagis . 610)
i1 ’

n

and 0 outside of it. Since g € W1(0,T; W2>(Q;R?)), the function 7 + ;e(g, (7)) belongs to
LY(0,T; L (£2;R2%2)) and we can use the absolute continuity of the integral and [¢!, — t/=1| = §,, — 0 to

sym
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conclude that ||, (s)||2(q) — 0 uniformly in s. Moreover, we write
tn
e(gn ' (t) —e(@y () = [ Oeelg(r) dT + G (6.11)
tﬂ,

l
with (=1 = ftf;l Ore(gl t(r) — g(7)) d7 . By the regularity of g and the definition of g, (t) we obtain

I16h iz () < Coy w(en) < Coy e, (6.12)

where o, is given in (6.4)), and the last step follows from (4.1). Noting that 1, is piecewise constant in
time, we deduce from (6.9)—(6.11) and by Fubini’s theorem

t
[ el€oP =l tde =2 [ 7 [ (el )+ 0a(7) s el@iglr) dodr
e it Javagse (6.13)

2 / (e(ulY) + 9, (r)) : (11 de
Q\Qeracky

By Proposition [6.1} the definition in (4.18), and the fact that ||, (s)| 12(q) — 0, we can estimate the last
term by (6.12) and obtain

/ (e(ul=1) + (7)) : (L dz < Col ey (6.14)
Q\Qerak
By (4.18)), (6.8), (6.13)), and (6.14) we obtain

th
e~ e <2 [ [ (elunlr)) + 9(r)  clOr9(r) dodr + Cole,.
-t Ja
This yields (6.4) and concludes the proof. O

As a direct consequence, we obtain the following bound on the energy.

Corollary 6.4 (Energy bound). Let t — wu,(t) be the discrete evolution defined in (4.18]). Then, there
exists a constant C' > 0 only depending on g such that

EFwky < C  forallk=0,...,T/5, and n € N.
Proof. The proof follows by combining £9(u?) < C (see Proposition 7 (6.2), and Lemma O

6.2. Compactness and lower semicontinuity. Based on the energy bound in Corollary we can
pass to the limit in the crack sets and displacements by compactness arguments. We start with the crack
sets.

Proposition 6.5 (Convergence of crack sets). Let t = (un(t), Kn(t)) be the evolution defined in (4.18)
and (4.19). There exists an increasing set function t — K(t) in Q' NQ and a subsequence (not relabeled)
such that, for every t € [0,T], the set K, (t) o-converges to K(t).

Proof. By (4.17), , and the energy bound in Corollary we have that H(K,,(t)) < C for all
t € [0,7]. We therefore can apply Proposition for each t € [0,T] to obtain the limiting set function

K (t) C Q' such that K,,(t) o-converges to K (t) for a t-dependent subsequence. Since K, (t) C Q' N, the
definition of o-convergence directly implies K (t) C Q' N€Q, see Remark (iii). Our goal is to apply Helly’s
theorem in the version of Theorem [5.4] to show that the subsequence can be chosen independently of ¢
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and that ¢ — K(t) is increasing. This is however impeded by the fact that K, (¢) is not an increasing set
function. As a remedy, we define

K(t)= |J oT fortelththt),

n’»'n
TeTmsd
where T?‘,’f ={T € TCraCk T C QmOd} As foa,fk Q%”}fk, see (4.6)), we get Tﬁ%d_l - Tg‘f,’f by
Corollary E and thus the set function ¢ K,(t) in fact fulfills K, (s) C K,(t) for s < t. Moreover,

HY (K, (t)) < C for all t € [0,T], again by the energy bound in Corollary |6.4 (Use |T| > ceH'(9T)
for all triangles T" for ¢ depending on g to get #Tm"d < C/en, as well as (4.1).) Hence, we can apply

Theorem . to obtain an increasing set function ¢ — K (t) such that K, (t) o-converges to K (t) for every
€ [0,T], up to extracting a subsequence (not relabeled). We now want to show that K (t)=K(t ) for
each t € [0, T]. Note that each triangle T' € {T ¢ T¢ak: T Qm9d} fulfills 97 N K, =0, by Remark [3

Therefore, we have K, (t) C K, (t) because
K.(t) =0\ |J oTc |J oT=K.().

T TCQmr?
TET™ TET™

By Remark .(ii this implies K (t) C K(t). To show the reverse inclusion, we fix a time ¢ € [0, 7.
We denote by H - the [-limit of H glven by He (u,A) =HY((J, \ Kn(t)) N A), and let hf((t
be the correspondmg density function from . In the analogous way, we denote H;{( £ and h; K@)

We suppose by contradiction that Hl(K(t) \ K(t)) > 0. As K(t) is the maximal set on which P (s 18
H!-a.e. equal to 0 (cf. Definition , we find > 0 such that

/ B (@ Vi () dH () > 3 (6.15)

K(t)
We use a covering argument to find an open set U C Q' and a function v € PC(U) such that
HEO\D) <p  H((R()AL)NU) <p. (6.16)

Let (v,,)n, be a recovery sequence for v with respect to the functional H U), i.e., particularly

K(t)(

n—oo

timsupH! (o, \ Kn(t) 10 < / i (0 0) K1 (@) < g
T.NU
by (6.16) and the fact that h_ < 1, see Remark [5.2(i). We define a modified sequence by

K(t)
- vp(z) € Q\ Qmed,
Op () = {O v e med ok (6.17)

Then, recalling ({#.19) we have J;_ \ K, (t) C J,, \ K,(t) and thus limsup,, . H*((Js, \K t)NU) < p.
In view of (4.16)—(4.17)), we obtain [{,, # v, }| < |Qm°d| < Cy.en — 0. As v, — v in L (U;R?), we thus
get ¥, — v in LY(U;R?). Using the [-liminf inequality for the o-convergence of K, (t) to K (t) we get
Hic o (0,U) = / B (. v0(2)) dM () < limsup W ((Jo, \ Kn () NU) <. (6.18)
JoNU

n—oo
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Now, (|6 and the fact that hK(t) < 1 show

/. | P iy (0) A ) i (0,0) 20 5 3
which contradicts (6.15]) and concludes the proof. O

In the sequel, it will be convenient to express some of the quantities considered so far in terms of
the time ¢ in place of the iteration step. As before, let {0 = 0 <t} < ... < th/on = = T} be the time
discretization of the interval [0,T], and let (u});<x be a corresponding dlsplacernent history. We define
the set of functions A, (t) == A% for ¢ € [tk tFT1), see ([1.9). Recalling ([£.7) and (6.1)), we define

n»'n

En(vnit) := EF(vn) = Enlvn; (ud)j<x) fort € [tk thtly (6.19)

for each v,, € A, (t). We use similar notation for the parts of the energy introduced in (4.7). Recall also
the Griffith energy defined in (4.12)).

Proposition 6.6. Let t — (un(t), K,(t)) be the evolution defined in and ([A19). Let K(t) be the
o-limit of K,(t) given by Proposition [6.5, and let G(t) be the set correspondmg to K(t) deﬁned before
(4.20). Then, there exists a function u(t) € AD(g(t), K(t)) with u(t) =0 on Q' \ G(t), and a subsequence
(n7); depending on t, such that uy,(t) — u(t) in measure on G(t) and e(un,(t)) — e(u(t)) weakly in
L?(G(t); R2x2). Moreover,

lim inf £ (u,, (t); 1) > rsinOgH (K (1)) . (6.20)

n—oo

Proof. We fix t € [0,T] and for each n € N we choose k,, such that ¢ € [tk» tkn+1) Recall the definition of
ch“k and Qf‘,’ci in (4.6) and (4.17), respectively. By um°d we denote the function given by Theorem
apphed on uy,(t), which by (2.13) and the energy bounds in Proposition and Corollary satisfies

le(un® L2y, \amea ) < C,. (6.21)

Choose Q. CC € and suppose that n is large enough such that Q, C QL . We define v,, € GSBD?({.)
by v, = (1 — Xamed Jumed. Then, by (£.16), (4.17), and Corollary.we get

|Dn| < Cy, e+ Cep <Cp 6, =0, where D, := ({un( )£ v, N ) U ch‘“k (6.22)

For p := 3/2 we have by Holder’s inequality, (6.21)—(6.22), and the energy bound in Proposition that
lle(vn)llzo(.y = le(a)llzr(p,) + le(ur) Loz
< C‘Dn|1/6”€(u7f§10d)HLZ(Dn\Qz’f)k(:L) + CH@( )||L2 Q/ \chack) < 07/6 1/6 +C< 07
where in the last step we used (4.16). By (4.17) and the energy bound we get H!(J,, ) < H (K, (t)) < C.
Thus, by Proposition [5.7| we find u(t) € GSBD?_(€).) such that (up to a subsequence, not relabeled)
vy, — u(t) in measure on O, \ A7g,). (6.23)
By Proposition (1) and the o-convergence of K, (t) to K(t), we get Jy) N Q CK(t). Then, by a
diagonal argument (letting . A~ @), we find u(t) € GSBDE () such that v, — u(t) in measure on
94 \ A% u(t) with Ju(t) c K(t).
Note that g(tﬁ")T(uﬁn) — g(t) in WH2(Q/; R?) by the regularity of g (recall (4.2). As u,(t) € A, (t) (see
[4.9)), it is elementary to check that u(t) = g(t) on '\ Q. In particular, we ﬁnd A%y € Q. Then, we can
apply Proposition ii) which along with the definition of G(t) before 0) implies |[A%,) NG(t)| = 0.
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Thus, in view of (6.23]), we conclude v, — u(t) in measure on G(t). Next, by (6.22]) we get u, (t) — u(t)
in measure on G(t). Moreover, by Proposition |fo}€ik| — 0, and by weak compactness we get

e(u,(t)) — e(u(t)) weakly in L?(G(t); R2%2). Up to replacing u(t) by 0 in Q' \ G(¢) (not relabeled), we

sym

thus obtain u(t) € GSBD?*(Y'), and J, ) C K(t) as well as u(t) = g(t) on Q" \ Q2 still hold. Summarizing,

we have shown that u(t) € AD(g(t), K(t)), see (4.13).
It remains to show (6.20). We recall from (4.17)) and (4.19)) that

2
1 K, (t < chack C < 5crack t):t Cn. .
H( n())_snsineo‘ n,k |+ nn_ﬁsineo o (un(t);t) + Cnn
For n — oo we have 7, — 0 and |Qf{“}€d| — 0 (see (4.16)—(4.17)). Then, in view of K,(t) = 8Q$‘,’€d, by
means of Lemma [5.6] we derive

2H (K () <

: : crack .
S 117{r_1>£f EST (U (t)5 1)

This concludes the proof of (6.20]). O

6.3. Proof of Theorem In this section we give the proof of the main result. We need a final
preparation. Recall the Griffith energy £ defined in (4.12)).

Theorem 6.7 (Stability). Let t — (un(t), Ky (t)) be the evolution defined by (4.18)~(4.19) and let K(t)
be the o-limit of K, (t). For any 1 € GSBD*(Y) with ¢ = g(t) on Q' \ Q there exists a sequence (P )n
of piecewise affine displacements with v, € A, (t) converging to ¥ in measure on Q' such that

lim sup ( gerack (g 1) — gf;ack(un(t);t)) < rsin(fo) H' (Jy \ K (1)), (6.24)
and
lim E85 (4,5 1) < / le(¥)|? da. (6.25)
n— oo Q

Corollary 6.8 (Recovery sequence). For each ¢p € GSBD?(Y') with ¢ = g(0) on Q' \ Q there exists a
sequence (Vn)n with 1, € A% such that 1), converges to 1 in measure on ' and
lim sup €3(n) < E(6, Jy).
n— oo

This result is essential to pass from the minimality condition in the finite element model to
the global stability in . For this reason, estimates of this kind are often referred to as stability of
unilateral minimizers, see e.g. [40]. The proof of Theorem [6.7] will be deferred to the next section; it could
be directly adapted (indeed, simplified: it is enough to drop the dependence on ¢ and formally consider
K, = 0) to prove Corollary which in turn confirms the upper bound in the I'-convergence result [3]
Theorem 3.1]. The strategy follows the one of the jump transfer lemma introduced by FRANCFORT AND
LARSEN in [26], see the works [21] 23] B2] [33] B7] for several variants. Our situation is slightly different
and more delicate because we have to construct an admissible mesh associated to the recovery sequence.
For this, we will exploit the ideas by DAL MASO AND CHAMBOLLE [I4] for the explicit construction of a
minimizing adaptive mesh.

We are now in the position to prove the main result of this paper.

Proof of Theorem[{.2 We split the proof into five parts. First, we prove the existence of a limiting evolu-
tion and validate the irreversibility of the crack sets. Subsequently, in a second step, we use Theorem
to prove the stability property . Afterwards, we show the convergence of displacement fields with-
out the necessity of passing to t-dependent subsequences, see Step 3. Next, we want to confirm that the
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mapping ¢t — (u(t), K(t)) actually fulfills the energy balance which is content of Step 4. In the last
step, we then prove the convergence of energies and thus the strong convergence of the linear strains.

Step 1: Limiting evolution. Let K (t) be the o-limit of K, (¢) for ¢ € [0, T] given by Proposition[6.5] Note
that ¢t — K(t) is an increasing set function. For each fixed time ¢ € [0,7], by virtue of Proposition
there exists u(t) € AD(g(t), K(t)) with u(t) = 0 on Q" \ G(¢) and a subsequence n; depending on ¢ such
that u,, (t) converges to u(t) in measure on G(t) and e(uy, (t)) — e(u(t)) weakly in L*(G(t); RZ%2).

Step 2: Stability (£.14). Fix t € [0,T). Let H with K(¢t)C H and ¢ € AD(g(t),H). We employ
Theorem [6.7] to obtain a sequence of piecewise affine displacements v, € A, () approximating ¢ and
satisfying (6.24)(6.25). By the minimality property of the solution w,(t), see (&.10)-(&.11), (18], and
the shorthand notation in (6.19) we have

En(un(t);t) < E(Ynit).

We now split the energy on both sides like in (4.7): subtracting the crack energy on the left-hand side
gives us

gelast (un (t) t) < 5elast (¢na t) gcrack(d)n; t) _ 5crack(un (t); t). (626)
Passing to the limit in , by employing (6.24) and (6.25) -, we find
lim sup £9%5 (u,, (t); 1) < / le(v)|? dz + wsin(fo) H' (Jy \ K(1)). (6.27)
n—oo Q

By Proposition Proposition and a compactness argument, we get e(uy, (t)) — W (t) in L*(Q'; R2%2)
for some W (t) € L?(Q/; R2X2) with W (t) = e(u(t)) on G(t). As u(t) =0 on Q' \ G(t), we derive

sym

/ le(u \2dm+/ W ()2 d < / ()2 dr + ki sin(8o) H(Jy \ K (1)). (6.28)
O\G(t) 0
Since ¥ € AD(y, H), we have J;, C H, and thus

/| |2dx</| D) de + rsin(fo) HL(H \ K(1)). (6.29)

Because K (t) C H we conclude that (4.14) holds. By particularly choosing v = u(t) in and recalling
Ju) C K(t), we get W(t) =0 on Q \ G(t), and thus e(up, (t)) — e(u(t)) weakly in LQ(Q' Rﬁ;j)

Step 3: Uniqueness of limiting displacements. We argue that the obtained limit u(¢) is uniquely
determined on G(t) and satisfies e(u(t)) = 0 on Q' \ G(t) for all ¢ € [0,7]. This along with Uyrsohn’s
principle shows that the subsequence (n;); in Step 1 can be chosen independently of ¢. This shows (4.22))
except for strong convergence, which we defer to Step 5.

Let us suppose that 4(t) € AD(g(t), K(t)) denotes another limit of the sequence w,,(¢) found in Step 1.
As in Step 2, one can show that (6.29) holds for @(t) in place of u(t). This shows that both u(t) and
a(t) are minimizers of the strictly convex minimization problem v — [, [e(v)|? dz for v € AD(g(t), K(t)).
Consequently, e(u(t)) = e(a(t)) on €. Moreover, e(u(t)) = e(a(t)) = 0 on Q' \ G(t), see (4.20). By a
piecewise rigidity argument (see [I5]), taking the definition of G(t) and the fact u(t) = 4(t) = g(t) on
'\ Q C G(t) into account and using the fact that adding infinitesimal rigid motions is only admissible
on the connected components of Q' \ K (t) inside B(t), we then see that u(t) = 4(t) on G(t). We refer to
[35, Proof of Theorem 2.2] for details.

Moreover, arguing as in Step 2 and above in Step 3 (cf. also [26, Lemma 3.8] and [33] Theorem 7.5]),
we can ensure that, for each ¢ € [0, 7] outside of an at most countable subset and every t,, * t, we have
that u(t,) — u(t) in measure on G(t) and e(u(t,)) — e(u(t)) in L?(Q/;RZX2).

sym
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Step 4: Energy balance: From Step 1 and Step 3 we recall that e(u, (7)) — e(u(r)) in L?(€2;R2X2)
for all 7 € [0,T]. As e(dig(7,-)) € L*(Q,R%%2) is uniformly bounded in time, using Proposition [6.1| we

sym
can apply the reverse Fatou’s lemma to deduce that

limsup/ / e(un (7)) : (Oeg(r dq:d7'</ / : (Oeg(7)) dadr. (6.30)
n—oo

By Lemma [6.3| we find (3,), with 8, — 0 such that for any t € [t tk+1) we have

n»’n

£ (un(t):t) — E9(u0) < 2/ / e(un (7)) : e(Dug(r)) dz dr + .

By passing to another sequence (5, )n, still satisfying 8, — 0, for every ¢ € [0,T] we have

Enl <2/ / e(un(7)) : e(9g(7)) dzdr + CB, + E2(u2) , (6.31)

where we have used e(u,,) € L>(0,T; L*(Q, ngxn%)) (see Proposition[6.1) and g € Wh1(0, T; W*>(Q; R?))
to estimate the integral from ¥ to ¢ in terms of 3,. Recalling (4.10)), (6.1)), and Corollary [6.8 we have

£(u(0), K(0)) < limsup £ (u) = limsup mlng < EW, Jy)
n—oo

n—oo

for all 1 € GSBD?(Y) with ¢ = g(0) on '\ Q, where the first 1nequahty follows from Proposition |6.6
and weak lower semicontinuity of norms. As J,,y C K(0), this shows that condition (a) in Definition

holds. By choosing ¢ = u(0) and using again J,,(o) C K(0), we get J, o) = K(0) and limsup,, _, EV(uY) §
E(u(0), K(0)). Combining this with Proposition [6.6] i and (| - d we get
E(u(t), K(t)) < liminffn(un( )it) < hmsupé' (un(t);t) < hmsup EX(ul) (6.32)

+limsup2/ / e(un (7)) : €(0rg(7)) dedr < E(u( +2/ / e(Org(r))dzdr.

n—oo

Thus, it remains to prove the reverse inequality

E(u(t), K(t)) > E(u( +2/ / e(Org(r))dzdr. (6.33)

Fixed t € [0,T], let (s%); be a partition of [0, ¢] with

lim max (st —si71) = 0.
k—>+ool<1<k( Fsk )

For any i and k, we take H = K(sk) and v = (u(s}) — g(si) + g(si ")) € AD(g(sy "), K(si)) as an
admissible competitor at time s} . This yields

E(ulsy ), K(si 1) < E(ulsy) + (9(sih) = alsh), K (s1))
that is

E(u(sh), K(sk)) > E(u(sit), K(si1) + 2 / e(u(sh)): e(g(sh) — glsi)) da — / e(g(sh) — g(si1))I2 da

Summing over i, and observing that g(si) — g(s} ') = fsz’il 9,g(7) dr are functions on L?(Q);R?) (where

the integral is in the Bochner sense), we get

E(ult), K(t)) > &(u( +2/ / e(9,9()) dz AT + 0y o0 (1),
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with w(7) = u(s}) for 7 € (st ', st]. Now, we use g € W1 (0, T; W2(Q'; R?)) together with the uniform
bound from Proposition [6.1] and the weak convergence in L*(;R2%2), as k — oo, of e(u(7)) to e(u(r))
for all 7 € [0, ], except for at most countable many (see end of Step 3). This shows and concludes
the proof of the energy balance (4.15).

Step 5: Energy convergence and strong convergence of displacements. Gathering with , and
recalling we deduce . Moreover, since the two parts of the energy are separately lower semi-
continuous, we obtain the statement in Remark (1) In particular, [[e(un(t))|lz2) — lle(u(t))|r2(),
which shows e(u,(t)) — e(u(t)) strongly in L*(€;R2%2) and concludes the proof of (4.22). O

Sym

7. UNILATERAL STABILITY: PROOF OF THEOREM

This section is entirely devoted to the proof of the stability result in Theorem
7.1. Preparations. We start with some preparations for the proof.

Density argument. We first observe that it suffices to prove the statement for functions ¢ with more
regularity, employing a suitable density argument. Let W(Q') C GSBD?(Q') be the collection of functions
v such that .J, is closed and included in a finite union of closed and connected pieces of C'-curves and v
lies in W2°°(Q/\ J,; R?). By the density result [35, Theorem 3.2] we can choose a sequence (vy, ), C W(Q')
with v, = g(t) on Q" \ Q such that

vp, — v in measure on
lle(vn) = e(v)l| L2y = 0, (7.1)
H (T, AT,) — 0.

Bearing in mind this density result, by a diagonal argument it suffices to construct a sequence as in
Theorem for a function v € W(Q') with ¢ = g(t) on Q' \ Q. Furthermore, for simplicity we only
treat the case that Jy, N 9pQ = @ (no jump along the boundary), for the general case follows by minor
adaptations of the construction at the boundary (see [26]) which would merely overburden notation in
the sequel.

Choose k(t) € N such that ¢ € [tfl(t), tlf,,(t)ﬂ) and define AX(") (g9(t)) asin with g(t) in place of g(t¥).
We fix § > 0 and observe that it suffices to construct a sequence (1), € Aﬁ(t)(g(t)) of displacements
such that

limsup [{|¢p, — 9| >} < CO foralld >0, (7.2)
n—oo
limsup E(n;t) — E7H (un(t); 1) < msin(bo) H' (Jy \ K (1)) +C8, (7.3)
n—oo
limsup £ (¢),,: 1) < / le(4)|* dz + €4, (7.4)
n—oo Q

where C' > 0 is a universal constant. Strictly speaking, we need to construct a sequence 1, that attains
the boundary values g(tﬁ(t))7 i.e, liesin A, (t) = ARD) = pFO (g(tﬁ(t))). Therefore, we eventually need to
replace the sequence (¢,)n by ¥ — g(t)1(y,) + g(tﬁ(t))T(wn). Due to the regularity of g, this still leads to
(7.2)—(7.4). Then, the statement follows again by a diagonal argument, sending 6 — 0.
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Besicovitch covering. We follow the procedure from [32], which in turn stems from [26], i.e., we intro-
duce a fine cover of Jy with closed squares satisfying certain additional properties. By vy, we denote a
measure-theoretic unit normal at Jy,. We split our considerations into (1) K (t) N Jy and (2) Jy \ K(¢).

(1) By a covering argument, for given 6 > 0 there exists an open set U C 2 and a function v € PC(U)
such that

HYK®)\U) <0, H(KGHAT)NU)<O. (7.5)
By the o-convergence of K, (t) to K (t), there exists a sequence (v,,),, € PC(U) with v,, — v in L'(U) and
limsup H' (J,, \ Kn(t)) < H'(J, \ K(t)) <0, (7.6)

n—00

see (5.8)) for a similar argument. We can choose a suitable subset G; C J, as done preceding [26, (2.2)]
with H!(J, \ G;) < 6 such that

HY K@)\ G)) <HN(KO\G)NU)+0 <H (I, \Gj)+20<30. (7.7)

For each x € G; N Jy, we consider closed squares @Q,(x) with sidelength 2r and two sides orthogonal to
vy () which are contained in U and satisfy [20] (2.3), (2.5)].

(2) For closed squares Q,(x) C € with a center x € Jy, \ K (), still oriented in direction vy (x), we can
assume that for H'-a.e. z € Jy, \ K(t) and for r sufficiently small it holds

H (K () NQy(z)) < or. (7.8)

Here, we use the fact that K (t) has H'-density 0 in a subset of Jy, \ K(t) of full H! measure.
As Jy is contained in a finite union of closed C'-curves, for a.e. z € Jy, possibly passing to smaller r,
the above squares in cases (1) and (2) can be chosen such that they also satisfy

2r <H'(Jy N Qy(z)) < 4r, (7.9)
Sy N Qr(z) C{y: |(y — 2) - vy ()| < Or}. (7.10)
With this, we obtain a fine cover of I' := (G; N Jy) U (Jy \ K(¢)) to which we can apply the Besicovitch

covering theorem with respect to the Radon measure £2 + H!|p. For 6 > 0 fixed as above, we hereby find
a finite and disjoint subcollection B := (Qy, (z;))i, or shortly denoted by (Q;);, such that (Q;); satisfy the

properties (7.8)—(7.10) ((7.8) only for z; ¢ K(t)) as well as
2 . 1 4
(U, @) <0, H(T\ @) < 0. (7.11)

Here and in the following, we use (Jgz Q; as a shorthand for Ug _(,,)ep @r: (%i). Using (7.7), , and
the definition of " we get '
1
) < 46. .
H (T \ [, Qi) <40 (7.12)
Without further notice, we will frequently use that the squares are pairwise disjoint.

By Bgooa C B we denote the collection of closed squares Q; = Qy,(z;) with x; € Jy \ K(t), and
similarly we let Bpaa C B be the collection of all squares Q; = Qr,(z;) with x; € J, N G;. Clearly, we
have B = Bgood U Bhaa- We also define the sets

Bgood = Ungd Qi Bpaa = UBbad Qi-
Note that by construction we have Bp,q C U. In order to construct a sequence 1, : ' — R? of piecewise
affine functions satisfying (7.2)—(7.4), we need to specify the triangulation T, (¢,,) that is associated to
. For this, we split ' into three different subsets Bgood, Bbad and Brest = '\ (Bgood U Bhbad). Inside
of Bgood and Braq we will need two kinds of a transfer of jump sets which we discuss next.

Jump transfer. We again consider the good and bad squares separately.
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Bad squares. The sequence (v,,), C PC(U) defined above, satisfying limsup,,_, . H*(J,, \ Kn(t)) < 0

and v, — v in L} (U;R?), can be used to transfer the jump set of v inside Byaq. First, we recall the main

points from [26], for any Q; = Q,,(2;) € Bpaa: there are two lines H;"" and H]"~ with normal vy(z;)

which lie above and below the middle line H; containing the point z;, also with normal v4(x;), such that

R D Qin{y: [(y — x;) - ve(z:)| < 201}, (7.13)

H L) <06 7.14

(U,, L)< (7.14)

for a universal constant C' > 0, where R} denotes the rectangular subset that lies between H;"" and

H"~,and L} := OR? \ (H"* UH]"") denotes its lateral boundaries, cf. [26] (2.10)~(2.11)] and Figure @
Moreover, the construction provides a set of finite perimeter P* C Q; = Q,,(2;) € Bpaa such that

I":=0"P'NQ; C R (7.15)

satisfies
HY(TF UL\ J,) < Chri. (7.16)

Note that, without restriction, P{* can be chosen such that both P/* and Q; \ P/* are connected sets and
hence I'? is a curve, see [32, below (5.17)] for the precise argument. We refer to [26, Section 2] or [32]
Section 5] for more details and also refer to Figure |§| for an illustration of the construction. We mention
that the construction is simplified compared to [32] 26] as the sequence (vy,), lies in PC(U) and thus
Vo, =0.

In [26], the approximating functions ¢,, are defined by ¢, = ¥ on '\ Bpaq and, in Bpaq, as ¢, = ¢
outside of | Jg, ., R} and inside (Jgz,_ R} by reflection ensuring that

Jqsn N Ql C F;L ] L;L for all Qi € Bpag- (717)

Here, we will use a variant of this construction, see [32) Section 5], which is based on a cut-off construction
and further ensures that, for a constant C > 0,

IVénllLee (@) < ClIVY| L= (o), (7.18)
Vo, € SBV(V;R**?) with |[V(Vén)| =@y < CO™Hmin, r;) [V e @) + CIV(VY)| L (0
and that, for a sufficiently small constant ¢y > 0 depending on 0,

() (Jrrurycd,,, (ii) H'({z € Js, N Braa: |[¢n](z)] < cp}) < CO. (7.19)
Bhad
We refer the reader to [32) (5.16), (5.21), (5.22)].

For later purposes, we stress that we can assume without restriction that each connected component of
T\ K (t))NQ; connects two different connected components of 2794, (Here and in the sequel, we write k
in place of k(t).) In fact, if the start and endpoint of a component lie in the same connected component of
fo,’ﬂ in the construction of ¢,, the curve I'?’ could be replaced by a curve that lies inside K, (t), i.e., on the
boundary of Qg]f,)cd, and such that would still hold. For the same reason, it is not restrictive to assume
that each connected components of 294 meets at most two connected components of (I} \ K,,(£)) NQ; as
otherwise the curve could be replaced accordingly without affecting . Furthermore, we can assume
that for each component H of ny‘;ﬁ, the set H is not self-intersecting (cf., e.g., Figure , since otherwise
we could modify K, (t) (and thus J,, ) such that no self-intersections appear but (7.16)) still holds.

For future notational purposes, we denote the two connected sets P* and Q; \ P* and the restriction

of the function on these sets by
Pt =P, PP =Q;\ P O = | o (7.20)

K2
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Qi Qi Qi
HM HMT ,
) 0 Pi'l/,-ﬁ-
K (t) Ju, 5
0 i
1
Il,”'7 l[,“‘f

FI1GURE 6. Construction of the continuous curve I'} C R} from J,, , for Q; € Bpaq. In
general, the curve I'}" is a subset of J,,, that is almost contained in K,,, which in turn is
the boundary of the ‘modified crack set’ QmOd Note that the figure is only a schematic
illustration: in fact, the actual thickness of L” is much smaller.

Good squares. In the good squares we employ a similar construction to guarantee that the jump sets of the
approximating functions are flat in suitable squares of Bgooa and that also Ve, lies in W (Q'\ Jy, ; R?).
Such additional properties will be crucial in our following constructions.

First, we define the collection of squares

Bst = {Qi € Byooa: |75 N Qil > 07 "rien}, By = Baooa \ Byocs (7.21)

good " good good?
and the sets
largc . small
good U QZ? Bgood . U QZ .

large small
Bgood Bgoo“l

(We notice that the sets defined above depend on n and k, but we neglect this dependence in the notation.)
We state a technical lemma, whose proof is deferred to Section

Lemma 7.1. Let 0 > 0, let E C Q' be induced by a union of triangles Tg € Tc () (cf -), and

Qi € Bgooa with [ENQ;| < 0~ Yrien. Then, there exists & € (—0r;,0r;) and a constant C > 0 such that
the set

ANEGE) ={y € Qi: (y— xi) - vy(x;) € (€ —10%,,£ +10%,) }
fulfills

Sl

#{TeTp: TNANGE) £0} < (7.22)

For Q; € B;g‘jjl, we define

R ={y€Qi:|(y—2) - vyp(@)| <Or},  H'" ={ye€Qi: (y—2) vy(z) =20},
(The sets are actually independent of n. Yet, n is added to have the same notation as for bad squares.)

For any Q; = Q,, (z;) € Bsmall let AT := AP(¢P; Q%“,‘fk) from Lemma and for

good

[P ={yeQi: (y—z) vylz) =&}, PP i={yeQi £(y—mz) vyla:) > &'}, (7.23)
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we apply the reflection lemma [35, Lemma 3.4] to the (restriction of the) function ¢ € W2 (' \ Jy; R?)
to @; \ R, which has Sobolev regularity by (7.10). The line {z3 = 0} in the lemma corresponds to each
of the two lines H*" and H;"~. By this, we get ¢I'~, ¢ of class W2>° and set

$n = O Xpn- + O Xpnt (7.24)
see also Figure [§| for an illustration. By the above construction we get that
Jo,NQi CTFULY, [[Voullrey < ClIVY|Le@ry,  lonllwez@irr) < Cpoll¥llwe<gns,), (7.25)

where L} denotes the lateral boundary also for @; € B‘Zgﬁl, ie., L := OR?\ (H"" UH;""), and where

for shortness we denote by Cy, ¢ the constant on the right-hand side of (|7.18)). Following again the strategy
of [32, Section 5] as done for squares in Byaq, we get that for a small constant ¢y only depending on 6 it
holds

G) U rruLrcd,,, ) H ({z € Js, NBEE: [[dn)(2)] < co}) < CO. (7.26)
Bymal!

Definition of ¢,. Eventually, we define the function ¢, on Bp.q and B;‘;loa(}l as discussed above, and let

b =1 on Q' \ (Bpaq U BSma), (7.27)

good

Let us collect some of the main properties that we will use in the following. First, by the above construction
it also holds for all Q; € Bpaq U B2l that

good
on =1 inQ;\R}. (7.28)
In view of (7.18]) and (7.25]), there is Cy, > 0 depending on v and Cy, ¢ additionally depending on 6 such
that

IVénllLos @iy, < Cou, IV2¢nll L @\, ) < Copro- (7.29)
By (7.19) and (7.26)), for a sufficiently small constant ¢y > 0 depending on 6, it holds that
0 U TruLrcg,,. (i) ®H'({z € Jy, N (Boaa UBsmad): |[¢n] (@) < co}) <CO. (7.30)

Braa B
Moreover, by construction and recalling , we find
Js, Nint(Q;) €Ty, Jy, NOQ; C L} for any Q; € Byaa U Bime! (7.31)
such that by it holds
HYTPULY) < (L+20)H (Jy N Q;) for all Q; € Bymy' . (7.32)

7.2. Definition of 1, and T,(v,), and proof of . We now proceed with the definition of the
sequence of displacements (,,), and the corresponding triangulations T, (¢, ). For k = k(t) such that
t € [tF,tkT1), we consider u,(t) = uf € AF and the corresponding triangulation T,,(u¥). In the following,
we will use the identity T%‘%‘i‘l (uk) = Tff"’;‘fk. Recalling the partition of €' into Bgood, Bbad, and Brest,

we let

T = {T € Tp(ul): TN Braa #0}, T = {T € T,(uF): TN (Byooa U Braa) = 0},
and define the set Biooq 1= '\ UTeTﬁz’iguTﬁ: T'. Note that By,,q N Bpaa = () and for n small enough we
have Bgood C Bgood. We will define the triangulation T, (1,,) as

Ty (¢n) = oA UTES U TS (7.33)

n,k
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where Ti‘?zd denotes a suitable triangulation of B, 4, which will be specified below. On every T' € T}
we choose 1, as the affine interpolation of .
The main steps consist now in (a) defining ¢, on the triangles of Th%! and in (b) defining Tio;sd and

the interpolation 1, on Ti‘?zd.

(a) Bad squares. We define the sequence of displacements (1,,),, on triangles in T‘ff,?. We fix Q; € Bpad,
and define the set of vertices

Vin={z € V(T): TeT), TNQ;#0}, (7.34)

where we denote the three vertices of the triangle T by V(T'). We specify the value 1, (x) on each z € V; ,
in order to compute the piecewise affine interpolation on each triangle formed by the vertices V; ,,. Recall
that inside the closed set @; the jump Jy, is included in the curve I'? and the two lines L7, see (7.17).
For any vertex € V;, with « ¢ I'? U L?, we simply set ¢, (z) = ¢, (). Instead, if € T? U LY, we
proceed as follows. Since ¢, € Wh°(Q\ Jy,;R?), we know that ¢;""(x) and ¢}"~ (z) are well defined
as boundary traces for each € I'}', and as boundary traces also on PZ-"’i N L7}, respectively, cf. .
For z € L N P, we set ¢, (z) == ¢"F(x). For z € I\ K,(t), we choose one of the values, e.g.,
Yn(2) = ¢ (2). For & € T} N K, (t), there exists at least one triangle T with = € T and |T' N Qﬁf,’ﬂ =0

because K, (t) = 392‘,’@‘1. We collect all such triangles in the set
T ={T €T TN =0}, where T :={TeTi:zeT}. (7.35)
Moreover, we let N3 = Upcpe . T be the neighborhood of = consisting of these surrounding triangles.
If N2, C P we set ¢, () = ¢/"" (2) (see the point x; in Figure (7). If N2, & P/~ we set 9, (z) =
@7 (x) (see the point z4 in Figure . Otherwise, we again choose an arbitrary value, e.g., ¥, (z) :=
¢ (2) (see e.g. the point x3 in Figure . For later purposes, we also define

Nowt(T)= |J N (7.36)
zeV(T)

Now, we can define v, on the union of the triangles in Tg?g (and thus in particular on Bpaq) by taking
the piecewise affine interpolation on each triangle T € TEL?,?.

(b) Good squares. We come to the definition of Tiozd and the corresponding interpolation ¢, on By, 4.
As the argument is local, without restriction we suppose that Bgooa consists of a single square ();. In the

remaining part of this section, we will therefore drop the index 4 for simplicity, and write Q, r, as well as

A™ (see before (7.23)).

For Q € B;rfdc, we set Ti?,?d ={T € T,(uk): TNQ # 0}, and we define ), as the piecewise affine

. . rood
interpolation of ¢ on each T' € T}

Let us now come to the construction in the second case Q € B;g‘jél, ie., |Qfl“}fk NQ| < 0 tre,.

As the underlying triangulation in Q \ A" we will use T, (u¥), whereas inside A™ we use the explicit
construction of an optimal triangulation from [I4]. However, in order to ensure that the triangulation

T, (v,) is admissible, it has to fulfill the condition Tflfaci‘l C T, (¢n), see (4.8). Therefore, we need

to treat the parts of A™ that are contained in the ‘pre-crack’ Q‘;fjfk

involved construction, see Figure
We start by considering neighborhoods of Q’fﬁfk in Q, by adding a buffer zone of order 107¢/, with

, differently, which leads to a more

el = 2, cos(fp) around each ‘broken triangle’. More precisely, we define the ‘enlarged crack sets’ Nﬁfzd‘
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n,+ n,+
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FIGURE 7. Construction of 9, depending on the position of N7, relative to I'}', for
Q; € Bpaa. In this case, we have e.g. ¥, (z1) = ¢?’+(m1) and ¢, (z4) = ¢;" (24). For x4
and z3 we choose one of the two values.

and the corresponding collection of triangles as

ThoE = {T € Tp(uf): dist (T,(25*NQ)) <107, } and Ni*= (] T. (7.37)

TeThoE"

By the definition of Qﬁl’i‘}fk, we know that outside of Nflf,?Ck the triangles in T,,(u¥) are part of a regular
‘background triangulation’ Z,, with size €),. By the construction of I'? in B;f)“oac}l and due to Lemma 7.1
the set (Jp, \ Nf;,?"k) N A™ consists of at most M := C9~2 4 1 straight segments (S7)M . According to
[14, Proof of Proposition 4.1] (see in particular [I4, (4.9) and Figure 4.10]) there exists a triangulation
T, € 7z, (R?) such that, setting T/, .= {T' € T,,: TN UQ/[:1 Si # 0}, we have

(1) Jy, NV(T) =0 for all T € T,,.

(2) All triangles T' € T,, with dist(7, UkM:1 Sp) > bej, are part of the ‘background’ triangulation Z,,.

(3) It holds

. |T| : : 1 M n . 1
hrrlrLS;ip Z - < llrIiSOl;p sin(6o)H <Uk:1 Sk) < (1+20)sin(bo)H" (Jp N Q), (7.38)
Tt

where the second inequality in (7.38]) follows from the construction of the segments (S}), and (7.32)).
We now define Ti‘?gd as the set of triangles of the following type, see also Figure 8| for an illustration:
(i) T € Tn(uy) with TNQ # 0 and TN A™ = 0
(i) T € Tp%" with TN A™ # §;
(ii) 7€ T\, with TN A" # 0 and T ¢ T0".
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Recalling (7.37)), we notice that this leads to a triangulation of Bgooa- In fact, by construction all triangles

T € T, with dist(7, U}ICV=1 Sp) > be;, are part of Z,, (see point above) and by the definition in (4.4))
all triangles of T,,(uk) inside {x € Ng}j‘:k: dist(z, fo%‘:k) > 10%! } are part of Z,.
Eventually, on the triangles in Ti(?gd, we can define 1, as the interpolation of ¢,, on Ti(?gd. Note that

also for T' € Tiogd N'T, the interpolation is well defined because by construction none of the vertices of
T belongs to |J, S} (see point above).

(¢) Conclusion. We have now concluded the definition of the function t,, and of the triangulation Ty, (¢y,).
As by construction T, (1) fulfills T;‘i"l‘l C Ty (¢) (actually, it even holds Tffj‘fk C Tn(¢n)), we have

Uy, € AZ(Q’), see before (4.8). For later purposes, we note that
enle(n)r> >k for all T € TUGX (4,) \ TOE-. (7.39)

Indeed, since T ¢ Tff’?jk, by ({@.4) we know that e,le(ul)r|? < k and dist(T,Z,(u})) < 10%, for
all j < k such that T € T,(u)). As T € Tf;"}fi‘l(z/}nL we can conclude that either e,|e(v,)r|?> > &

or dist(T, Zy (1)) > 10%¢,. If T ¢ T,(u*) we have, by the construction of T, (¢,), that T € T,
and thus by it holds dist(T,Z,(¢)) < 10%¢,. However, if T € T,(uk), we have by the above
argument that dist(7, Z, (uk)) < 108¢,,, which leads to dist(T, Z, (1)) < 10%,,. In both cases, this yields
enle(n)r|? > K, ie., holds.

Since we assumed that dpQ2 N Jy, = (), we can also suppose that for n large enough we have (Bpag U
B q) N0pQ = 0. Therefore, we obtain ¢, = g(t)r, (y,) on all T € Ty, (¢,) with TNQ = ), which yields
¥, € AF(g(t)), see the definition before (7.2)). Moreover, by the regularity of ¢ € W(Q') we have that
1n, — 1 in measure on ' \ (Bgood U Buad). Therefore, by the first estimate in it follows that, for
all § > 0,

limsup |{|¢n — 1/)| > 5}| < |(Bg00d U Bbad)| <46.
n— o0

We thus have validated that (7.2)) holds for v,,.

7.3. Proof of (7.3): Stability estimate of the crack part. We now proceed with the proof of (|7.3).
Again let t € [0,7] be given and, for each n € N, choose k = k(t) such that ¢ € [tF t*+1). Let (), be

n»'n

the sequence defined above with the associated triangulation T, (1,). Note that by definition we have
NEl

En

Ex N (nst) = EX N (un(t);t) < >

TETS, (4 \ T3

(7.40)

We split T4, (1) into three different parts, namely T 8 (1), Tf:)’,:’(z/)n), and T} (¢n,), which corre-
sponds to the intersection of Tf;"};cfl(wn) with Tiozd, T';’f,?, and T}, respectively, see (7.33).

Bad squares. We start with the bad squares and aim at estimating

T
lim sup Z 7l <Cé (7.41)
n— cr,b
TETT P (1) \ Terack
for a universal constant C' > 0. This will rely on the following two lemmas whose proofs will be deferred
to Section[7.5| below. For their formulation, we recall the definition of the neighborhood Noy(T) in (7-36)
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0 ?
Voo R e

F1GURE 8. Construction of T, (¢,) in @ € ngloaél. First, we transfer the jump from Jy,

to the flat set Jy, , whose vertical coordinate is determined by Lemma[7.1} In the golden
neighborhoods Nk of connected components of Q%{}?k (which are actually of size much

larger than the triangles), we keep the triangulation T, (u%), and in the red region we
use the triangulation T, given by [14].

and of the sets PZ-"’i in (7.20]), see also Figure [7| We then introduce the set of triangles, where Noyu;(T')
is contained in one of the sets P;** or P/*~, namely

Tside — {T € Tfflf: Nouwt(T) € P or Nywi(T) € P~ for some Q; € Bbad}. (7.42)
We also recall the definition of L? and I'? in (|7.14) and (7.15)), respectively.

Lemma 7.2. Consider T € Tl'f,‘ci satisfying one of the conditions

(a) TN (LPUTE) =0,

(b) TNLY =0 and T € T\ T3k
Then, it holds |(Vipn)r| < C for some C only depending on 1, and in particular, for n large enough, we
have by (7.39)) that T ¢ Tfl”;‘ccfl(z/;n) \T%r,?fk'

Lemma 7.3. For n large enough, the curves I'?' satisfy the properties

> #H{TeTu(hn): 0£TNATY CKy(t), T¢ THUTT*} < ? : (7.43)
Qi€Bbaa n
S BT e Tuln): M\Ka(O)NT £0 or LI AT £0} < g . (7.44)
Qi€Bvaa "

With these auxiliary results we can prove (7.41)). In view of (7.43), (7.44), and the fact that |T| < Ce2
for all T € Tff”,f(z/}n) (recall (4.1)), it is enough to confirm that each T € TZif(@bn) \ Tk lies in the
collection of triangles estimated in (7.43) or (7.44). Indeed, all triangles not lying in these collections
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either satisfy (a) or (b) of Lemma ﬂ or fulfill T € Tf;"}fk. In both cases, it holds T' ¢ Tf:’,?(z/}n) \ T‘;;f;fk
for n large enough, and thus we obtain a contradiction.

Good squares. For the good squares, our goal is to prove

T
lim sup Z L—' < sin(Bo)H' ((Jy \ K (£)) N Bgood) + CH. (7.45)
n—o00 T€Tir”,€g(1/1n)\T2i1Ck n

We define the ‘cracked triangles’ in Q); € Bgooa according to 1, by
T, (Y, Qi) = {T € Tp(ty): TN (Jy, NQ;) #0}. (7.46)
We state an important property whose proof is again deferred to Section [7.5]

Lemma 7.4. It holds that
T ) \ T | Th(n, Qi) (7.47)

Qi EBgood

Recalling the distinction in (7.21)), we first address squares Q; € Bgfg. In fact, we want to prove that

T
ooy Hew (7.48)
QieBEs TET] (¥n, Qi) "

By definition we find that for each Q; € B¢ we have r; < fe;,* Q4% N Qi such that the energy bound

good
in Corollary implies ZQ_EBlaxgg 7y < 09 By (7.9) we find
v goo
H'(JyN Qi) <Cri and H(J, N BEE) < CO. (7.49)

Then, by construction and the regularity of J;, we have #T), (¥, Q;) < Cr;/e, for all Q; € € B (see

ood
[F2D), ice., by (1) we get ’
171 / | ,
> Y. < ) Ca#T,nQ)< ) Cri<O9,

Q eBla:rge TGT/ wn Qz) n Q eBlarge Q eBlarge

good good

and hence (7.48). We now proceed with Bzgload“. Recall that Jy, N Q; C I'P U LY, see (7.23)—(7.25).
Recalling also the construction of T, (,,) in Q;, in particular the definition of Tn,i for each @;, we have

T, (Yn, Qi) C T, , U{T € TROE: TOTT NAT £ 0} U{T € Tp(h): TNLY # 0} (7.50)
Here, T?Le,‘f? and ’i‘;” are defined as in ((7.37) and above ([7.38)), where we also include the subscript i in
the notation since the objects are related to ;. We estimate the energetic contribution for each of the
three families of triangles in ([7.50)): for the first family, we can make use of (7.38) and we obtain, for any
Qz Bsmall

good

lim sup Z (1 +20) sin(Bo)H' (Jy N Q) - (7.51)
n— o0
TGT’

For the second family, by definition of Tze,’f? in and Lemma we get

#{T e TN TNTPNAT # 0} < CH#{T € TS TNAP £0} < C’C (7.52)

n,k,i
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where the C' depends on the constant 107. For the third family, since H!(L?) < Cr;0, we deduce

LT € Tp(tbn): TOLY £ 0} < 09”

Therefore, in view of the fact that |T| < Ce2 by (4.1]), collecting (7.51] and using we get that

for each Ql Bzgloau and for n large enough it holds

(7.53)

Z 7l < sin(fo)H' (J, N Q) + CCEn + Cor,.

TeT, (1@ "
From Lemma and the fact that ), r; < C we can conclude that
T
lim sup Z | < limsup Z Z 17l < Z sin(0)H' (Jy N Q;) + CO.
e TGT;r,g(’l/)n)\Tcrdck nree QleBgood TET”(wn,Q ) &n QleBgood
(7.54)
In view of (7.8) and using again that ). r; < C, this implies (7.45).
The remaining part. Finally, we want to show that
T
lim sup Z Tl <Ch. (7.55)

n—oo €n

TET,  (Yn)\T5"

Recall that for all T € Ti%5' we have ¢, = ¢ on the vertices of T, see below (7.33). In particular,
for all triangles T € T, with T N J, = 0 we have |e(¢n)r| = le(¥)r] < [Vi¢r| < C and hence,
T ¢ T (¥n) \ TCthCk for n large enough by (7.39). Therefore, it suffices to consider all T' € T} with
TN Jw 7$ (). Due to and the regularity of Jy, we obtain

#{T € T’Cebt TN Jw 7& (Z)} < g (Jw n Brest) < C’i . (7.56)

’IL € n

Altogether, we obtain #(T, () \ Tys™) < O % 0. This along with ([{.1) yields (7-55).
Conclusion. By putting together ([7.41)), (7.45)), and (7.55) we conclude

T
lim sup Z 7l <sin(fo)H' (Jy \ K(t)) + CO. (7.57)
" el T

By (7.40) this finally validates (7.3)).

7.4. Proof of (7.4): Stability estimate for elastic part. Finally, we come to the proof of (|7.4). Recall
the definition of approximating functions ¢,, from the paragraph ‘Jump transfer’ in Section We define
the collection of triangles which do not intersect the jump by

Dy(¢n) = {T € Tu(yn): TNJy, =0}, Dulén)= |J T.
TED, (¢n)

Next, we introduce the set of triangles T outside Tff‘}fkl (¥,) where |e(1),,)r|? is potentially not uniformly
controlled. To this end, we let

Gur(n):= |J T

TEGn, k(tn)
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where

Gnto(n) 1= {T € Tp(thn) \ TE4E (W) : TN (TP ULY) # 0 for Q; € Boaa UBA or T ¢ Dy () }-
We split the elastic energy £51%5%(¢),,, ) into the two parts

/ e(thn) 2 dz = / () ? da + / () Pdz.  (7.58)
N\QTIH () O\ (G i () U2TE (461) G (m)

k—1

In order to estimate the second term, we need the following lemma.

Lemma 7.5. For e, small enough, it holds that

Yo #UT € Tu@n): TNTY # 0} \ T ($n)) < Cbe (7.59)

Qi€Bvaa UBZ';’(?&I

We defer the proof to Section In view of ([7.44]) and (7.53]), we have
> #{T € T,(¢p): TNL}# 0} < Che; L. (7.60)

Qi€Bbaa UBZg’fél

Let Ti‘?gdhrge ={T € T,(uF): Tn B;’fg # 0}. From (7.27), , and the argument in (7.56) we

deduce
#((TH3 UTEE) \ Do(90)) < Cbiey " (761

By Lemma (7-60), (7.61)), and (7.31)), recalling |T| < Ce2 for any T € T, (1,) by (1) and using
le(Vn)r]? < K/ey, for all T ¢ Tfﬁffl (1), we obtain

(G (tn)] < CB2n and / le(n)|2 dz < CO. (7.62)
Gn,k(wn)

Therefore, we are left to estimate the elastic energy contribution on Q\ (G, k(¥n) U fo"}ffl(wn)) We
first show that for each T" € Ty (¢y,) \ (T%“}fi‘l(wn) U Gnk(1n)), the function ¢, |7 has W*>-regularity.
Indeed, if T intersects @); € Bpaq U Bzgloadn with TN (TP U L) = ) and T C Q, it follows that either
TCP" orT C P (see and (7-23)), and thus ¢, coincides with ¢}~ or ¢"" in T', respectively
(see and (7.24)). T NP ULY) =0 and T\ Q; # 0, then ¢,, coincides with ¢ in T by (7.28). If
T e (T U Tff,‘jd’large) N D, (¢n), we have that ¢,, =1 on T, see (7.27).

In all cases, we get ||V, |1y < Cypo by (7.29). Since on all such triangles 1, is the piecewise
affine interpolation of ¢,,, using (4.1) we derive

le(vn) = e(dn)llz=(ry < IVeon = Vénllre(r) < Cpoen  for all T € T (vhn) \ (T (¥n) U Gni(¥n)).

By summing over all triangles this gives

e(Un) — e(n)?dz < |Q|C? , 2. 7.63
P,0 =n
O\(Grn i (Y )UQETSEE (Y1)

k—1

By the bound on V¢, in (7.29), the first property in (7.11)), and (7.27) we further find
[l s [ lewPas+co
Q Q

This and ([7.63)) control the limsup of the first integral on the right-hand side of ([7.58]). Therefore, in view
of (7.62)), the proof of (7.4) is concluded.
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7.5. Proof of lemmas. Finally, we prove the lemmas used in the previous subsections.

Proof of Lemma[71. We consider &; = (—0r; + 25 - 10%,,) for j =0,...,N = flg%;] and observe that

for n large enough
N—2

N
U AP D RY and |ENQi > ) [ENAPE),
§=0 j=1
denoting, here and below, A7 (&;; E) by A'(§;). Therefore, we find J € {2,..., N — 3} such that
J+1
D IENANE) < CNTHEN Q| < Cey /67
j=J—1
for some universal C' > 0, where we used the assumption that |ENQ;| < 0 'rie,. As |T| > ce2 for ¢ only
depending on 6y, we obtain

J+1
#{T eTp:Tc |J AXE) } < /92
j=J—1
In view of (4.1]), this shows the statement for £ = ;. O

Proof of Lemma[7.3, We first consider the case that TN(L}UT}) = 0. As it holds |V, || L@, ) < Cy
by (7.29)), we find by (7.31)) that

|6n(2) = dn(2)] < [Voull(rlz — 2’| < Cyla — 2|
for vertices z, 2’ € V(T). In particular, as ¢, (z) = ¢, (z) and 1, (2') = ¢, (2), this implies

[(Vipn) (2 = 2')| = [¥n(2) = ¢n(2))] < Cylz — 2’| (7.64)
Since this holds true along all three edges of T, we deduce that also |(Vi,)r| < C for some C > 0, as
desired.

Now, we assume that TNL? = but TNT? # @ and T € Tijde\T%ﬁCk. By definition of T%4¢ in (7.42),

we find that either Nyu(T) E P/ or Now(T) C P/ and Now (T) € P if and only if T C P ie.,
1, is the piecewise affine interpolation of gb?’i. Arguing as above, we deduce that |(Vi,)r| < C. |

Proof of Lemma[7.3. We start with the proof of (7.43). Consider T' € T2 such that ) £ TNI'? C K, (¢
and T ¢ Tside y Tflrjfk. As 0T N 302‘,’@‘1 #Qand T ¢ T;f?CCk, we first notice that, in view of Remark
we have |T' N fo,’cd\ = 0. Then we may assume that 7' C NZ, for all z € V(T), hence Ny (T) is a

out
connected set. As ) # T NTT C K, (t), we get Now (T) N 8(27“;‘,1‘1 # (). However, since T ¢ T$9¢ we also
have Nou(T) N P»" % § and at the same time Nyu(T) N P/»~ # §. This implies that T is either close to

the intersection of a component of I'? \ K,,(¢) and a component of Qf";ﬁd or it is close to the intersection

of two different components in Q?f,’cd (see, e.g., xo in Figure|7|or x3 in this picture, respectively).

Recall that each connected components of Q‘E‘,’ﬁd meets at most two connected components of I'l"\ K, (¢),
see the discussion before . For the same reason, we can assume that for each connected component
H of fo,;d, the set H NI} intersects at most two other components in Qg"‘;ﬁd. Summarizing, the number
of triangles T' of the above form is controlled (up to a multiplicative constant) by the total number of
connected components C (Q?%d) By and Corollary H we thus obtain

AT e T J£TATY C Ku(t), T ¢ TS UTSx) < ch. (7.65)

n
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Since n,, < 0 for n large enough, we conclude the proof of .

We now come to the proof of . The triangles T with L N'T # () can be controlled exactly as in
(7.53). By (I'?;); we denote the connected components of (I'}' \ K, (¢)) N @i, and recall that we assumed
without restriction that I'}'; connects two different connected components of fo}vd, see the discussion before
(7:20). Note that K,(t) is the boundary of a union of triangles in T, (u¥), and thus different connected
components of K,,(t) have distance at least ce,, for some ¢ > 0 only depending on 6y. Therefore, each g

fulfills 7—[1(1“21) > cep,. The key point consists in showing

C
#{T € T(n): TNIY, # 0} < 8—7—[1( ") (7.66)
Once this is shown, by summing over all components (F:’ i, we get
C
Y. H#HT eTaWn): TP\NK()NT#0}< Y —H((TF\ Kn(1)) N Q:) - (7.67)
Qi €Bbaa Qi€Bpaa "

By using (7.6) and (7.16) we have limsup,,_, o H'((T? \ K, (t)) N Bpaa) < CO, which concludes the proof

of (T2d).
To prove (7.66)), we consider the w(e,)-neighborhood of T7,, i.e., N, (T7,) == {z € R*: dist(x,T};) <

w(en)}. As Hl(f‘?’l) > cep, an elementary geometric argument yields the existence of a universal constant
C > 0 such that

[Ne, (O] < Cw(en)H (T]) < CenH(T7),
where we used (4.1). Since |T'| > ce2, we hence obtain

Ne, (17 C
(T € Tu()s TN T £0) < #{T € Tu(w): 7 v, () < el < Copny,
n n
which validates ([7.66]). This concludes the proof. O

Proof of Lemma[7. We argue by contradiction and assume that there exists T' € T, % (¥n) \ T;’lrf}fk with
T ¢ T, (Y, Qi) for all Q; € Byooa. In view of , we have |e(¥,)r|> > K/e, for T € Tiﬁf(wn)\Tfﬁ*}c‘Ck.
Since T' ¢ T/, (¢n, Q;), i.e., TN(Jy, NQ;) = 0, we can deduce ||¢y,[[yw1. () < Cy by (7:29). Now, consider
vertices x, 2’ € V(T) and recall that by definition ¢, (z) = ¢, (z) and ¥, (z') = ¢, (z"). We obtain

[(Vipn)1 (2 = 2')| = [¥n(2) = ¥n(2))] = [$n(x) = ¢n(2)] < [Vl L)l — 2'| < Cyen. (7.68)

Since this holds along all three edges of T', there exists a constant C' > 0, such that |e(¢,)r| < |(Vipn) 7| <
C, which for large n € N contradicts the fact that |e(1,)r|> > K/e,. Hence, (7.47) holds.

Proof of Lemma[7.5. We follow the argumentation in [32, Lemma 5.2], which relies on the fact that the
measure of jump points with small jump height is small, cf. (7.30). Fix T € T, (¢n) \ Tff?ﬂ‘l(z/}n) such
that T NT? # (), for some Q; € Bpag U B2l By (7.30)(i) we then get that also Jp, NT # 0. Let

good *
&€ TnJy, and choose z € TNP" and 2/ € TNP"~ (recall (7.20) and (7-24)) in such a way that  lies

on the segment between z and #’, and |z — 2’| > ce,. (If T C P/, we choose &' = &, and if T € P/,
we choose x = . In the following, we assume that  # x,z’. In the other case, the argument is similar
using the one-sided traces of ¢, at Z.) From T ¢ Tff‘}ﬁ‘l (1), we have that |e(¢,)r| < \/K/en. Since ¢y,
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is Lipschitz on Q; \ T (see (7.29) and (7.31))), we get |pn(z) — 1n ()], |0 (') — ¥n(2')| < Cyen + Cy/fEn
by ., and therefore

x—a
|z — 2|

By this fact and |z — 2'| < w(ey) < Cey, (see (4.1))), we hence can estimate

T —

(0n0) = 0nl) T200) < (o) = )y ) 4 OV < (el (o =), o) 4 OV

X

L20Y < el en + CVEr < O (7.69)

On the other hand, by the Fundamental Theorem of Calculus we have that

(6n(@) = 6nla),

/ /! !/

r—x xT

|x_x,|>:/01 <V¢n(x+s(x’—x))~(x’—m),|i7|>ds+<[¢n(5c)] e _m|> (7.70)

By (7.29) and |z — 2’| < Ce,, the first term on the right-hand side is of order &,. Putting together (7.69)
and ([7.70)) we thus obtain

(én(2) = dnla"),

:L,/

(lon@) ;1) < OVEn + Cen < O

Letting 14 = é%zl this means ([¢,(Z)],v1) < C\/,. Now we can repeat the procedure for different &

and Z’, where the segment between & and &’ intersects J,, also exactly at  and vy = \i%iil satisfies
(v1,v2) > ¢ for a universal ¢ > 0. We then have ([¢,(Z)],v;) < Cy/E, for i = 1,2, which leads to

|[on (2)]] < Cv/En.

We consider N, (T) := {x € R?: dist(z,T) < &,}, where we use IVénllLoe (., (T)\J,,) < Cy to find
[[on(2)]| < C\fen +CCyey forallz e J,, NN, (T).

(In fact, Z and each z can be connected by two different curves on different components of N, (T) \ Jy,
of length ~ e,.) As H'(Js, N N, (T)) is at least e, we get for ,, small enough depending on 6

H! ({2 € Jy, N Ne, (T): |[$a)(2)] < co}) = H' (Jp, N Ne, (T)) = e

Summing over all T' of the form described above, observing that each neighborhood N. (T') intersects
only a bounded number of neighborhoods N. (T"), T" # T, and using (7.30) we conclude that (7.59)
holds. g
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