VARIATIONAL FORMULATION OF PLANAR LINEARIZED
ELASTICITY WITH INCOMPATIBLE KINEMATICS
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ABSTRACT. We present a variational characterization of mechanical equilibrium in the planar
strain regime for systems with incompatible kinematics. For non-simply connected domains,
we show that the equilibrium problem for a non-liftable strain-stress pair can be reformulated
as a well-posed minimization problem for the Airy potential of the system. We characterize
kinematic incompatibilities on internal boundaries as rotational or translational mismatches,
in agreement with Volterra’s modeling of disclinations and dislocations. Finally, we establish
that the minimization problem for the Airy potential can be reduced to a finite-dimensional
optimization involving cell formulas.
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1. INTRODUCTION

The study of compatibility conditions in elasticity has played a fundamental role in the
mathematical formulation of continuum mechanics, with roots tracing back to the mid-19th
century through the works of Beltrami, Saint Venant, Michell, among others. These condi-
tions guarantee that the mechanical strains within a material are consistent with the assumed
displacement field, which is typically considered to be single-valued. Historically, these con-
ditions were first examined in simply connected domains, such as R3, where the elasticity
theory was initially developed. In contrast, non-simply connected domains, which possess
topological features like voids or holes, introduce significant complexity to the problem. In
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such domains, the strain and displacement fields must be carefully examined to ensure that
they are compatible with the topology of the material.

The importance of understanding elasticity in non-simply connected settings has grown sig-
nificantly with the emergence of modern applications, including the modeling of porous mate-
rials, fracture mechanics, additive manufacturing (3D printing), and materials with complex
microstructures, such as metamaterials. These materials frequently exhibit internal loops,
voids, and dislocation structures that demand compatibility conditions capable of accounting
for nontrivial topology.

A systematic mathematical treatment of compatibility in non-simply connected domains
has been developed in recent years, particularly through the work of Yavari and collaborators
[8, 145, [46], 47, [48]. In the nonlinear setting, their analysis addresses compatibility conditions
for both the deformation gradient F' and the right Cauchy-Green strain tensor C' = F'' F' [45]
(see also [46]), while related work by Acharya addressed compatibility conditions formulated
in terms of the left Cauchy-Green tensor B = FF'" [1]. Further developments have extended
these ideas to L? deformation fields in multiphase materials with internal voids, highlighting
the interplay between compatibility conditions and material microstructure [§].

In this paper, we revisit the classical setting of linearized elasticity in two dimensions,
focusing on non-simply connected planar domains. In this context, the classical question
of determining the necessary and sufficient conditions for the existence of a single-valued
displacement field u such that the compatible strain tensor € is given by V¥™y = %(Vu +
(Vu)") was first addressed by Michell in 1899 [31I]. Our goal is to establish a rigorous
variational formulation to characterize the mechanical equilibrium conditions in non-simply
connected domains, by extending Michell’s results to non-compatible strain fields. Specifically,
we identify the equations that characterize displacement fields that are not globally single-
valued on the boundaries of the domain, when the system is in mechanical equilibrium.

We rigorously demonstrate that the violation of these compatibility conditions gives rise to
precisely two types of kinematic incompatibility: translational and rotational. Importantly,
we show that the translational incompatibility corresponds to the classical distortion induced
by an edge dislocation, the canonical translational lattice defect introduced by Volterra in his
seminal 1907 paper [44] (see also [23] B4] [51]). The rotational incompatibility, on the other
hand, corresponds to a wedge disclination, which reflects rotational irregularities caused by the
failure of rotation closure around a loop in the crystal lattice in the undeformed configuration.

Let Q C R? be a bounded, open, and simply connected domain, with J dislocations and K
disclinations located at z', ..., 27 € Qand y',...,y® € Q, respectively. Let € > 0 sufficiently
small such that the disks B.(z7) and B.(y*) are mutually disjoint, let 0 = Ce denote the
mechanical stress, and let v denote the Airy stress function of the system, linked to o via the
classical relations 011 = Vgypy, 012 = 021 = —VUgyzy, 22 = Ugyq, - Our main result, Theorem
establishes the following equivalence: the pair € — o solves

(Divo =0 in €,
on =20 on 02,
curl Curle =0 in Q.
(1.1)
/ (Erq,c - ch,T) dxq = s fork=1,..., K,
oBk
/ [ere — 24(€reg — €cqr)]dve =1l forj=1,...,Jand r = 1,2
\ J/9B!

where s* (k= 1,..., K) are the Frank angles of the disclinations and ¥/ (j = 1,...,J) are the
Burgers vectors of the dislocations, if and only if v minimizes the functional Z: H?(Q.) — R
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defined by

11
Z(v) =3 ;I//Q [[V*0]? = v(Av)? dm+Z][ (Vo, II(Y dH1+Zf s v dH!

where Q. = Q\ (U, B:(27)) U (Ui_;B(y*))), in a suitably defined functions space that
accounts for stress-free boundary conditions. More specifically, the minimization of Z is taken
over a set of H?-Sobolev functions, whose traces on the internal boundaries B? and 9B¥ are
parametrized by coefficients of undetermined affine functions. These conditions ensure zero
normal stress on these boundaries. This set was introduced in [I4], and these conditions are
fully consistent with Michell’s result [31].

This equivalence establishes a direct correspondence between the mechanical equilibrium
conditions expressed in terms of stress and strain tensors and a variational minimization
problem formulated in terms of the Airy stress function.

This functional Z consists of two parts: a bulk term, representing the elastic energy stored
in the system; and a finite sum of surface integrals, which quantifies the work required to
create kinematic incompatibilities at the boundaries of the holes. We emphasize that, in line
with classical defect theory, Volterra disclinations and dislocations emerge from Z only in the
limit as ¢ — 0. In this asymptotic limit, the forcing term for disclinations converges to a
Dirac delta supported at the disclination core, modulated by the Frank angle s*. Similarly,
the forcing term for dislocations converges to a term proportional to partial derlvatlves of
a Dirac delta, modulated by the Burgers vector . Consequently, the model Z studied in
this paper for fixed € > 0, should be regarded as a regularized model, where the singularities
are replaced by smooth boundary integrals, and the fully singular defect structure emerges
only in the vanishing limit. This regularization framework is fully consistent with the earlier
asymptotic analysis of Cermelli and Leoni for dislocations [13], later generalized by [14] for
disclinations, and directly inspired by the extensive literature on Ginzburg-Landau vortices,
including the work of Bethuel, Brezis, and Hélein [9].

In the system , the first two equations describe the conservation of linear momentum
in the absence of body forces, for a material with zero boundary stress. The final three
conditions govern the kinematics, characterizing the displacement and strain incompatibilities.
In particular, when s* = 0, b = 0, these conditions reduce to the classical compatibility
conditions derived by Yavari [45], which are necessary and sufficient for the existence of a
single-valued displacement field in non-simply connected domains €. . We further note that,
in the case of simply connected domains, the final two line integrals disappear, and the
system reduces to the classical Saint-Venant compatibility condition: curl Curle = 0 which is
necessary and sufficient to guarantee kinematic compatibility in the absence of defects.

We emphasize that, in this paper, we specifically focus on incompatibility arising from
violations of single-valuedness of the displacement field along the boundaries of holes, 0B’
or OBF. As a result, the material occupying the open set €. is assumed to be free of bulk
defects. For a complementary analysis addressing incompatibility due to bulk disclinations
and dislocations, we refer to [14].

Finally, we highlight that, relying on our variational formulation and leveraging on the lin-
earity of the problem and on some properties of the Monge-Ampere operator, we characterize
the minimum point of the functional Z by explicit cell formulas, which result from an auxiliary
finite-dimensional minimization problem. This has the two-fold advantage of complying with
homogeneous Neumann boundary conditions in the internal boundaries and of reducing the
computational complexity.
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The paper is structured as follows. In Section 2 we provide background on kinematic
compatibility in linearized elasticity and the modeling of disclinations and dislocations. Our
main results are presented in Section [3] We conclude the paper with an Appendix containing
technical results and proofs.

2. PRELIMINARIES

We recall the standard framework of linearized elasticity, considering infinitesimal kine-
matics in the planar strain regime. Throughout this work, our reference domain is given

by
(2.1) Q C R?, a bounded, open, simply connected set.

Let u: © — R? be the displacement field. Let € := V¥™u = L(Vu + (Vu)") be the 2 x 2
symmetric strain tensor and let ¢ be the 2 x 2 symmetric stress tensor; we will consider a
linear dependence of o on ¢, in such a way that the application (¢,0) — o : € be a bilinear,
positive-definite, symmetric form. One way to model this is to consider the operator

mypr myz 0
R2X2 DM m = | Mo Moo 0] e RSXS
0 0 0

that completes a 2 X 2 matrix into a 3 X 3 matrix, and to consider the elasticity tensor
C: R3x3 — R3%3? of three-dimensional linearized elasticity with the request that it enjoys the
major and minor symmetries for o : € := Ce : € to be a bilinear, positive-definite, symmetric
form.

Throughout the paper, we will make the assumption that whenever we write Cm (with
m € R**?) we mean Cm. In the context of plane strain elasticity, though, there is a well-

known expression for o € R?*? as a function of € € R?*2, which is the following

Ev
2.2 =Ce = f
(2.2a) o € (1_V)<1_2V)co e+1_2ye
together with its inverse
1—02 1
(2.2b) e=Clo= Yo (1+ y)ycofa,

E E

where £ > 0 is the Young’s modulus and v € (—1,1/2) is the Poisson’s ratio. In (2.2)), the
cofactor operator cof : R?*? — R2*2 acts on 2 x 2 matrices in the following way

mir Mz _ m — cof (m) _ [ M22 —M2 7
Mo1 Moo —Mia M
and notice that the operations in (2.2]) preserve the symmetry of the 2 x 2 matrices involved.

Still in the context of plane strain elasticity, the Poisson effect might arise so that we will
always consider

on o012 0
(23) (Cg =0 = 012 0929 0 s
0 0 033

where 033 # 0. To summarize, the matrices we will deal with (including their 3 x 3 extensions)

are
€11 €1 o1 O €11 €12 0 o1 o2 0
€= and o = €= |€12 €90 0] ando= |02 092 0

€12 €22 012 022
0 0 0 0 0 033
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and we will write 0 = Ce and ¢ = Ce indifferently (only in the latter case we will consider
the presence of os3). Notice that the equality o : € = o : € holds true, as an immediate
computation reveals.

The elastic energy for a planar body in planar strain regime reads

(2.4) fwﬂn:%IZVKJWF—WUWDﬂML

If the body is in mechanical equilibrium in absence of body forces, then the equilibrium
equation, i.e., the balance of linear momentum, Dive = 0 in 2 must be satisfied. The Airy
stress function method assumes the existence of the Airy potential or Airy stress function
v: 2 — R in terms of which the stress can be written as

(2.5a) o = o] = A(v),
where A: CH(Q) — CF2(Q; R2%2) is defined by
(25b) A(U) -— cof (V2U) _ (_7];21’2 _vamg) '

The main advantage of introducing such a function v is that, by virtue of (2.5b)), the equilib-
rium equation

(2.6) Dive[v] = Div(cof (V?v)) =0
is automatically satisfied as an identity at all points x € 2. Moreover, the elastic energy ([2.4)
is now expressed as

_11—|—y

(2.7) G(v; Q) = F(ov]; Q) = 5 F /Q [[V*0]* = v(Av)?] dz.

2.1. Compatibility in non-simply connected domains: stress-strain formulation.
For a displacement u: Q — R? of class C3, we have that

(2.8) ince := curl Curle =0,

as it can be easily verified by a simple computation. Here recall for a vector field V' =
(VL V%): Q — R? we define curl V == 9,,V? — 9,,V!, and for a 2 x 2 matrix M, we define
Curl M := (curl My, curl M), M, being the r-th row of Mﬂ The operator inc is called the
incompatibility operator and returns the zero value when the displacement is compatible, i.e.,
it is single-valued. The celebrated Saint-Venant principle [35] states the converse: if
holds, then there must exist a field u € C3(Q; R?) such that ¢ = V™. We refer the reader
to [5, 19, 27] for extensions of this result to Sobolev spaces on simply connected domains §2;
we resume the result in the following proposition.

1An alternative way to carry out the computations is to perform them on the trivial extension u of u to
three dimensions and use the CURL operator defined row-wise on 3 X 3 matrices. First, let (x1,2zq,23) —
w(wy, w2, w3) = (ul(z1,22),u?(21,72),0), then construct the corresponding ¢ = V¥™y € R3*3, and finally
apply twice CURL in the sense of matrices. In formulas, we have, for a matrix M € R3*3, that (CURL M),., =
€rpmOz, Msm (€rpm being the Levi-Civita alternating symbol), revealing that (CURLM),; = (CURL Mj)".
Therefore, in our case we have

0 0 curlg 0 0 0
CURLe= |0 0 curle and INCe:=CcURLCURLe= [0 O 0 ,
0 0

0 0 0 curl Curl e

showing that, in the two-dimensional case, there holds ince = (INC¢)3s.
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Proposition 2.1. Let Q@ C R? be as in [2.1)) and let € € L*(;R5Y). Then (2.8) holds in

H=2(Q) if and only if there exists u € H'(2;R?) such that e = V¥™u. Moreover, u is unique
up to rigid motions.

The Saint-Venant principle requires the simple connectedness of the domain €2 to work; at
the very core of it, there is the application of the Poincaré Lemma, which cannot dispensate of
this topological condition. To treat the case of non simply connected planar domains Q C R2,
in which the inc = curl Curl operator cannot be inverted, additional compatibility conditions
have been identified that are both necessary and sufficient to establish the Saint-Venant
principle. We are looking, here, at domains Q"¢ C R? of the kind

N
(2.9) o= =0\,
=1

where Q C R? is as in (2.1]) and the open sets Q' C Q (i = 1,..., N) are the pairwise well

disjoint (i.e., Q' N0"% =0 for i1 # i) “holes” that make the domain non simply connected.
According to |45, Proposition 2.8, Eqs. (2.44) and (2.45)], the necessary and sufficient
kinematic compatibility conditions that the strain € must satisfy are:

(i) the Saint-Venant condition ({2.8) in the bulk, namely

(2.10) ince =0 in Q"¢
(i) the additional conditions on the internal boundaries
( 2
/ Z(€rq,c — €ger)dzy =0 fori=1,...,N,and ¢,r = 1,2.
Wi q=1

(2.11) ,
/_ Z l€rc — Tg(€rcqg — €cqr)]dre =0 fori=1,...,N,and r = 1,2,

7 cq=1

\

Regarding the first equation in ([2.11]), we observe that the integrand vanishes identically when
¢ =r =1 and when ¢ = r = 2 (by the symmetry of ¢) and that the integrand for ¢ = 1 and
r = 2 is the opposite of that for ¢ = 2 and r = 1; thus, out of the four equations contained in
1, only one is meaningful. Notice that the second equation in actually contains
two equations, corresponding to the two possible values of r € {1, 2}.

To describe the mechanical equilibrium of the system, conditions and should
be complemented by

(iii) Dive = p in Q™

(iv) on = 0, on 9OQ™°,
where n is the outer unit normal to 9Q™¢ = UY 00 = UY 4%, Here we have defined
70 = 900 := 9Q; notice that Q™ is the (disjoint) union of N + 1 Jordan curves.

Conditions (i)—(iv) describe the equilibrium configurations of a body occupying a domain
Q"¢ subject to body forces p: Q"¢ — R? and surface tension o,: 90" — R2. In what fol-
lows, we will see that equilibrium configurations in our problems for incompatible kinematics
are attained for p = 0 and o, = 0 and non-trivial solutions will emerge due to kinematic
incompatibility violating .

We adopt the approach of intrinsic elasticity [6l [18] 20], formulating mechanical equilibrium
conditions directly in terms of strains and stresses rather than in terms of the mechanical dis-
placement. This choice is natural in the present context for two main reasons. Firstly, the
mechanical displacement is explicitly not required to be one-to-one due to the presence of
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kinematic incompatibility constraints; this makes it more convenient to formulate the prob-
lem directly in terms of strains and stresses, which are the physically observable quantities.
Secondly, we are particularly interested in Neumann-type boundary conditions, where equi-
librium is imposed directly in terms of stresses at the boundary, without requiring explicit
access to the displacement field. Nonetheless, as part of our main results in Section [3, we
establish that once the inelastic strain component is isolated and removed, the remaining
mechanical strain field can be lifted to a single-valued elastic displacement field.

2.2. Compatibility in non-simply connected domains: Airy potential formulation.
In his 1899 paper [31], Michell writes that for the displacement to be single-valued, i.e.,
kinematically compatible, the associated Airy function must satisfy the conditions (see [31]
formulas (11) and (12)])

A% =0 in Qnse,
(2.12) v(A) :/ (Hydzy + Hydao) + ajzy + asza +ay  on v, for i =0,1,..., N,
0
el .d il el .
o,v = Hj 2 i &0 i 12 i 11 on~', fori=0,1,..., N,

Yo Ty T T P an
where A? := AA is the bilaplacian operator, and the 3(N + 1) compatibility conditions on
the boundaries

'/ Op(Av) dH! = 0
’Yi

Vit
(2.13) / (m@t(Av) — 190, (Av) + (VZoi) )1) dH'=0  fori=0,1,...,N.
,Yi

1—-v
/ (xlﬁn(Av) + 220,(Av)
(i

4 (VQU t)g
—v
In (2.12), A € [0,|7']] for each of the N + 1 equations in the second line, where H{ and
H} are given functions on ', and af, a},a} € R are undetermined for each i = 0,1,..., N.
Notice that (dzy/dA, —dxy/dN\) = (ny, ny), so that the third equation in can be written:
Onv = (Hi 4 a})ny + (Hs + ab)ny on 4%, for i = 0,1,..., N.

We set here the general notation for affine functions: the coefficients are denoted by
ab,ai,ab € R, so that

)d%lzo

a'(z) = a'(z1,12) = ab + ((a},ab), ) = af + alx, + abry, for every i =1,..., N.

Remark 2.2. We notice here the following facts:

(1) There is the freedom to choose one triplet ai ,ai ,ay of the 3(N+1) constants ai, ai, ab
m , corresponding to a certain boundary %, since the function (xy,x2)
v(x1,22) — @b Ty — ab wy — aly still solves (2.12)—(2.13)).

(2) The conditions in are obtained from [31], equations (6), (7), and (8)] under the
assumption that the body forces vanish. The last summand in the second and third
boundary integrals in is obtained from [31, equations (7) and (8)] recalling that

(see (2.5) and also the second equation in (2.19)) below)
(2.14) (on); = (V2ui), and (on)y = —(Vvi);.

This set of compatibility conditions is also given in |36, Theorem 8.8].
(3) If Q"¢ = Q (it is simply connected), so that 90 =~° (N =0), the corresponding set
of conditions in (2.13)) is trivially satisfied.
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In the next proposition, we prove that the boundary integrals in (2.11)) are the same as the

boundary integrals in ([2.13)), up to the constant —F /(1 — v?).

Proposition 2.3. Let Q be as in [2.1)), let Q1,..., QN C Q be N pairwise disjoint simply
connected subsets with boundaries v* :== 9Q¢. Then, if e = C*'A(v), fori=1,...,N

Tz /Zelqg €g2,1) dzg = /8 (Av)dH',

2

Vit
T3 / [€ac — Tg(€20.qg — €cq2)] dTe = / (a:lan(Av) + 220;(Av) + M) aH!,
7 e,g=1 ok

7

1—v

2

—F
1 — 12 / Z [610 - 'rq(elc,q - Ecq,l)] dl’c: /
7,

q:l vt

(xlat(m;) — 290 (AV) + Wg—”)l) A

1—v

Proof. The thesis follows from a direct computation, recalling the relationship between € and o
(see (2.2))) and that between o and v (see (2.5))). The computations below hold for ever ~*,
1=1,..., N, so we will denote by = the generic curve; we illustrate the computation for the
second equality: letting r = 1, we have

/{ €11 — Ta(€112 — €12,1)] dwy + [e12 — y(e12,2 — €221 d$2}

1— 2

1 — / { szarz VUgpizy — :172((1 - V)Uzzwzxz — VUgyqqzy T Uﬂmdfzm)] dz,
—Ugizy — x2<_vxlz212 - (1 - V>v$1931901 + vamrzzl)] dx?}

=T /{ Vgyzy A1 — Vg, Ao} — / {[Av — 220,,(Av)] dz1 + 220,, (Av) dzs }
ol

2
_ /MdHI _ /man(m) dH! +/x18t(Av) dH*,
8

l=v v v

where the last equality follows from using and - We have obtained the first
relationship in the thesis. Letting » = 2 in the first equation in (2.11)), and performing
analogous computations we have the last equality. Finally, letting »r = 1 and ¢ = 2 in ,
and performing once again the same computations, we obtain the first equality. U

2.3. Modeling disclinations and dislocations via kinematic incompatibility. The
study of dislocations and disclinations has attracted significant attention from both modelers
[2, 3], 16], 291 [49] [50] and mathematicians [4], 10] [11], 2T), 22] 28] 32]. For a more comprehensive
overview, including references on statistical theories of disclinations and dislocations, we refer
readers to [14] and [49]. Additional insights into their dynamics can be found in [12] [15] [43].
For more work in modeling topological defects in linearized elasticity, see also [7], 41l [42].

In this work, we adopt the couple stress theory framework [39, 40] to model disclinations
and dislocations. This approach allows us to account for rotational deformations and moment
stresses at small scales, effects that are not captured by classical elasticity [24), [37].

Equation emerges then as measures of kinematical incompatibility: in a simply con-
nected domain 2, the displacement « is incompatible if and only if the right-hand side of
does not vanish. In the presence of isolated dislocations and disclinations in the material, we
have (invoking the Closed Graph Theorem, see the discussion in [14, Section 1.2])

(2.16) ince = curl Curle = curla — 6 in D'(Q),
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where o € £2(2) and 0 € # Z(f2) are the measures concentrated on edge dislocations and
wedge disclinations, respectively, and

J

ED(Q) ::{a = ijéxj cJeN B € R*\ {0}, 27 € Q, 27 # 27 for j; %jQ},
j=1
K

W D(Q) ::{9 => %6, K € N, s" € R\ {0}, 4" € Q.M # ¢ for ky # kg}.
k=1

We will always suppose that the supports of disclinations and dislocations are disjoint,
supp(«) Nsupp(f) = 0, namely

(2.17) {xj} -1 N {3/ }k =0
For such « and 6, (2.16) reads

K
(2.18a) ince = curl Curle = curl o — Z "8 in D'(Q),
k=1

where curl o can be expressed in the following three equivalent ways

(2.18b) curla = —Z 0710 iy1 005 = —Z (1) 0y 005 — (V)?04,0,5) = —

[67]

(b] X V)émy .

1

J J J
J=1 Jj=

Jj=1

Considering v:  — R, defining o[v] = A(v) by (2.5)), and letting €[v] := C'o[v] (see (2.2)),
we have the formal transformations

1— 2
(2.19) inc e[v] = curl Curl e[v] = EV A%y and olvln = (V0 i),
where n and ¢ are the outer unit normal and unit tangent vector, respectively, to 0€2, and on
evaluated on 0f) is the traction at the boundary; here, we use II to denote the rotation by
—7/2, that is [I(wy, ws) = (wy, —w,), for every w = (wi;wy) € R% In view of (2.19), we write
the two equivalent formulations for the traction-free equilibrium problem in the presence of
defects

ince =curlaa — 0 in Q 1—v?
7 A%y = la — 0 in Q
(2.20) Dive = 0 in Q, and g oo oma S
on =20 on 897 Vvt =0 on 0f).

It has been proved in [I4, Corollaries 1.5 and 1.9] that the two formulations for the traction-
free equilibrium problem in the presence of disclinations are equivalent.

From the linearity of the bilaplacian operator A2, we can additively decompose the Airy
function v into elastic and plastic contributions,

v =0+,

where the plastic contribution v? is given by the superposition of the Green’s functions cor-
responding to a defect located at a point 27 (in case of dislocations) or at a point 3* (in case
of a disclination). Therefore, we write

(2.21)  oP(x) = Z( V x vp(x — 27) +Z —stug(z —oy*)) = Zv%(m) —|—Zv§(m),
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where vg: R? — R and vp: R? — R? are the functions defined on R? by

(2.22a) val) = - Eyz ‘1"2’2 loglz? (x#0),  v4(0) =0,
(2.22Dh) vp(x) = : fjﬂg—ﬂ(log 2> +1) (2 #0) vp(0) =0,

see [14], equations (1.21) and (3.32)]. From (22.22)), it is immediate to verify that
1—12 1—12

i5 A%y, = 6 and

for every unit vector e € S', so that the functions v}, and v% defined in ([2:21) for all j =
Jand k=1,..., K satisfy

1—p2 . . . 1—v?
G AQ’UJD =—(V x V)4, and G A*h = —skéyk

We can now define, via ([2.5)) and (2.2)), the plastic stress and strain

(2.24) of = oP[vP] = cof (V0P), e = P[vP] == C1oP[uP] = C teof (V20P),

and notice that, by (2.23)), the plastic strain e” solves ([2.18]).

2.4. Core radius method. The core radius approach to study the equilibrium configuration

for a defected planar body with dislocations and disclinations is set up by cutting away

small disks (the cores) centered at the defects. We choose the radius € > 0 of the cores

Bl =B.(2/) (j=1,...,J) and Bf = B.(y*) (k=1,..., K) centered at the defects with the

only constraint that neither any two cores overlap nor a core crosses the boundary 0f2 of the

domain. Collectively, we let N := J 4+ K and we let

(2.25) D= {gz i=1 "= {xj} 1U{y }k 1
denote the ensemble of all defects in the body. The corresponding cores will be denoted by
' = B.(&), for & € D. Moreover, for i = 1,..., N, we set, for simplicity of notation,

b=0 ifé =y*forsomek=1,..., K,
sti=0 if & =a’ forsome j=1,...,J,

A?(e x vp) = (e x V)dg,

(2.23)

(2.26)

and we define the extended measures of defects & € £2(Q) and 6 € # 2(Q) as

N N
(2.27) Q= Z V'3, 0 = Z s'0¢i .
: i=1
Notice that, since b* = 0 if & ¢ {SL’]}J 1, namely if £’ is not a dislocation, then @(Q) = a();
likewise, since s' = 0 if & ¢ {y*}X_ |, namely if £ is not a disclination, then () = 6(Q).
(0. With the

Finally, notice that, owing to (2.17) and to (2.26), we have supp(&) Nsupp(d) =
positions ((2.25)), (2.26), and (2.27)), we fix € € (0, ), where

1 . o
(2.28) go = min{ min {|§“ €2 :£,6% e D,iy # iz} min {dlst £,00): &€ D}}
and we consider the perforated domain

(2.29) Q. =Q.(D):=Q\ (L_NJEZ), with Q. = 0Q U (0335’) U (Qagf).

j=1
Notice that €, is a bounded, connected but not simply connected, open subset of R?, whose
boundary 0f). is made of N +1 = J + K + 1 connected 1-dimensional components.
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We now study the properties of v” and highlight the effects of the defects on the boundaries
of the cores B! (i =1,...,N).
Proposition 2.4 (properties of v?). Let Q C R? be as in 1.' and let « € ED(QY) and
0e€WD(Q) be such that holds true. Let D be as in and let Q.(D) be defined as
mn ; let v == OB.. The function vP defined in enjoys the following properties:
(i) it solves, in D'(QY), the equation

1 — 12

E

N
(V' x V)8 — > '8,

i=1 i=1

WE

(2.30) A%y =curla — 0 = —

where the measures & € ED(Q) and 0 € W D(Q) are defined in ([2.27);
(1) it verifies
1—12

(2.31a) =0 in Q.(D);

(iii) for everyi=1,..., N, it satisfies

(107 p 1 _ 30y
= /vian(m )dH! = 0(Q),
(2.31b) ! ;5” / (xlat(Avp) — 220, (A0") + @) dH! = (a(Q)
\ ! _E” /7 i (xlan(mp) + 220, (AV) + W) dH' = (&(QY).,

where n is the outer unit normal to 0Q.(D) and t points clockwise.

The proof follows from a direct computation and is presented in Appendix [B]
The following proposition translates the properties of v listed in Proposition to the
associated strain €.
Proposition 2.5 (properties of €P). Let the hypotheses of Proposition hold. Then the
strain €@ defined in (2.24) enjoys the following properties:
(i) it solves, in D'(QY), the equation
N
(b x V)i — > 5'8:
i=1 i=1
where the measures & € ED(Q) and 6 € W 2(Q) are defined in [2.27);
(i1) it verifies
(2.33a) inc e’ = curl Curl €’ = 0 in Q.(D);
(iii) for everyi=1,..., N, it satisfies

WE

(2.32) ince = curl Curle = curl@ — § = —

2
/ Z J1g.2 = (€")q2, 1} dz, = o),
(2.33b) :2
D L@ = (@) = (@)eg)] e = @@, Jorr=1,2,
7 cq=1
where the boundaries v* are oriented counter-clockwise.

Proof. The proof of (2.32)) and (2.33a]) is an immediate consequence of (2.19), and ([2.30)) and

1) from Proposmon u the proof of (| m ) follows from , [2.31Db) from Proposi-
tion 2.4] and Proposition O
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3. MAIN RESULTS

In this section we present our results establishing the existence of solutions for the mechan-
ical equilibrium problem in an elastic material containing prescribed rotational and trans-
lational incompatibilities, subject to homogeneous Neumann boundary conditions (see the
system in ([1.1))). Specifically, Theorem below demonstrates the equivalence between this
equilibrium problem (referred to as the stress-strain mechanical equilibrium formulation) and
the minimization problem for a functional defined in terms of the Airy potential (see
below). Furthermore, we clarify that these solutions, whether expressed through the stress-
strain pair or the corresponding Airy potential, can be lifted in a specific sense, that is,
after removing an inelastic term that solely accounts for the incompatibilities, they yield the
existence of a single-valued displacement field.

Recalling (2.7)), we define the energy functional Z(;€2.): H*(Q) — R as

(3.1)  Z(v;Q.) =G(v; Q) +sz/ (Vo, (K d’H1+22m/ vdH,

which we seek to minimize in the class
(3.2) €((D)) = {ve H;(Q) :v=ad"in B., for some affine functions a', i =1,...,N}.

This class of functions provides the appropriate framework for identifying mechanical equi-
librium solutions. It was first introduced in [I4] and encodes unknown affine boundary condi-
tions on the internal boundaries. It was proved in [14, Proposition A.2] that these boundary
conditions characterize the fact that

(3.3) Vvt =0 on 0€).,

provided that 902 € C*. Owing to (2.14)), this condition ensures zero normal stress on 9. (D),
and was first recognized by Michell [31], see also ([2.12]).
The following is the main theorem of this work.

Theorem 3.1. Let 2 be as in (2.1) and let us assume that 05 is smooth. Let a € &P(S2)
and 0 € W 2(Q2) satisfy (2.17), and let D be as in (2.25)). Let T and € (2(D)) be defined as
in (3.1) and (3.2)), respectively. Then

(I) the strain ¢ € C*(Q.(D); R2X2) is the unique solution to

sym
(Div Ce = 0 in €,
Cen =0 on 0L, ,
curl Curle =0 n Qe
(34) < / (€rgec — €qer) day = é(B;) fori=1,...,N,
oB:
/ ere — (€reg — €op)] de = (@(BI))s fori=1,...,N andr = 1,2,
oBi

where the boundaries JB! are oriented counter-clockwise, if and only if v € € (Q(D))N
C>(§2(D)) is the unique solution to

(3.5) min {Z(v;2.(D)) : v € €(Q(D))},
where € and v are related by
(3.6) Cé = cof (V?D).
In other words, [€ solves (3.4) < o solves (3.5))] < holds.
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(1I) The strain and the Airy potential found in (1) are liftable in the following sense.
There exists a unique (up to rigid motions) displacement ¢ € C*(Q.(D);R?) such
that € = Vgymt®, where € is defined by ¢ = CA(0) — of] = Ccof (V?0) — o7],
for o = A(vP) = cof (V2vP), as in (2.5).

Proof. We present here the structure of the proof, that is articulated into several propositions
proved in the rest of the paper.

(I.1) This is contained in Section [3.2f we prove that if ¢ € € (Q.(D)) N C®(Q.(D)) is the
unique solution to (3.5), and (3.6) holds, then é € C*(Q.(D);RZ:2) is the unique
solution to .

In Proposition ﬂ we show that the minimum problem has a unique solution
v € €(Q:(D)) and characterize it in terms of the Euler-Lagrange equations in weak
form; the strong form is obtained in Proposition [3.6| under the assumption that ¢ €
% (92.(D)) N H*(Q.(D)). In Proposition [3.7, we show that the strain ¢ defined by
is the unique solution to . The regularity of v, and therefore of €, is a consequence
of the smoothness of the boundary 0f2.

(I.2) This is contained in Section : we prove that if € € C>°(Q.(D); R2:?) is the unique
solution to (3.4)), and holds, then ¢ € € (Q.(D)) N C®(Q(D)) is the unique
solution to (3.5)).

The strategy hinges on the superposition principle thanks to the linearity of the
equations. From a € £2(Q) and 0§ € # 2(R), we can define v* € C®(Q.(D))
as in (2.21) (the regularity is immediate to verify); from (2.5, we can define the

corresponding stress tensor of = A(vP) = cof (V*P); finally, we let ¢# = C loP.
Notice that €, 0” € C*(Q.(D); RZ%Y). The existence, uniqueness, and regularity of

the solution to (3.4]) are proved in Theorem [3.10} where the elastic part é¢ is found as
the unique solution to (3.35)). Letting © be the solution to (3.5)), we define 0¢ = 0 —vP
and construct the corresponding € via (3.6]). The proof is concluded by a uniqueness
argument, once we show, in Step 3 of the proof of Theorem [3.10] that €° also solves
(13-35)).

(II) This is contained in Proposition O

Remark 3.2. The proof of Theorem bears significant mechanical implications, which we
highlight here.

We find an important characterization of the unique minimizer v: the Fuler-Lagrange equa-
tions for problem in the set € (Q(D)) are derived in Proposition and presented in
. In particular, represents the compatibility of the Airy potential in the open set
Q.(D), in the absence of bulk defects. Interestingly, the boundary integrals in , which
represent incompatibility conditions formulated in terms of the Airy potential, arise as a direct
consequence of the natural minimality conditions.

Furthermore, after proving a useful orthogonal decomposition of the space of competitors
% (Q:(D)), we show that the minimization problem (3.5)) can be formulated in terms of a finite-
dimensional minimization involving cell formulas, which we present in the next subsection.

3.1. Orthogonal decomposition of % (2.(D)) and cell formulas. In this section, we
prove structural properties of the space of admissible competitors € (€2.(D)) introduced in ((3.2)).
We define the bilinear, symmetric, homogeneous, and strictly positive definite form (-,-):

% (Q:(D)) x ¢ (Q2:(D)) — R by
1+v

(3.7) (v1,v9) — /Q (1 = v)V?01 : Vg — vfvg, v9]) da,
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where [-,-] is the Monge-Ampere operator (see Definition [C.1)). The form (-,-) defines an
inner product and induces the norm ||v||:= \/(v,v) over € (€2(D)) which is equivalent to the
H? norm. Let us consider now the orthogonal complement to HZ(2.(D)) in € (.(D)) with
respect to the scalar product just defined:

(H§(92:(D)))" = {v1 € €(92:(D)) : (vo,v1) = 0 for every vy € Hg(2(D))}.

The generic element v, € (HZ(£.(D)))* must have affine boundary conditions, i.e.,

v, =0ww, =0 on 052,
(3.8) v) =ah+alx) +ayry on OBL, for every i =1,..., N,
Opv) = ajng + ayns on 0B!, for every t =1,...,N.
where A = (a},al,al,... a) al¥,a)) € R3 is the vector containing the coefficients on

the N af‘ﬁne functions on the inner boundaries OB! (i = 1,...,N) of Q.(D). Given A € R3
we will denote by v7 the function in (H2(Q.(D)))* that satisfies (3.8). Moreover, for any
vo € HZ(€.), by orthogonality

(3.9) (vlv) =0 o (1-v) [ Vu:Vide- 1// [vo, v4] dz = 0.

QE €
By applying Lemma with € = vy, n = v{, and x = 1, the term fﬂe [vg, v{] do vanishes;
therefore, the orthogonality condition (3.9) reduces to

(3.10) (v, ) =0 < Vi : V2uitda =0, for every vy € Hg(92(D)).

Qe
Since the second condition in (3.10) is the weak formulation of the biharmonic equation,
it follows that the generic element v € (H2(€.(D)))* is the unique weak solution to the
following Dirichlet problem

A%y =0 in H%(Q.(D)),
=0,v =0 01,
(3.11) v ot = o e ,
v =ay+ajr, +ayry on OB for everyi=1,..., N,
0,0 = alny + ainy on OB! for everyi=1,..., N.

For any A € R3V, the function v{ belongs to H™(2.(D)) if 9Q € C™ for m > 4 (see [25|
Theorem 2.20]). Since %' (2.(D)) = HZ(2.(D)) & (H2(22.(D)))*, any v € € (2.(D)) can then
be uniquely decomposed as

(3.12) v =vy+ v,

where v¢! which is the unique solution to problem ([3.11)) (and is determined by the values of
v on 99.(D)), and vy € HZ(2.(D)) is determined by orthogonality.

Owing to the linearity of problem , we may deduce that v¢ depends linearly on the
coefficients A € R3V. Then it can be expressed as

N 2
(3.13) vi() =) alki(z) = (A k(x)),  forx € Q. (D),

i=1 1=0
where k == (k}, ki, k3, ... kY, KN KY): Q.(D) — RN is the vector whose elements are ob-

tained from the following cell problems: for every i = 1,..., N, the functions &} and &
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(r = 1,2) are the unique solutions to, respectively,

(A%ky =0 in Q.(D), ( A%k, =0 in Q.(D),
ko = Opko =0 on 09, Kp = Opky =0 on 09,
(3.14) Ko =1 on 0B, and Ky = Ty on B!,
Opkio =0 on B!, Opky = Ny on OB,
ko= Onko =0 on OBl if I # 1, kr = Opki, =0 on OBl if I # 1.

These cell formulas depend on the geometry and topology of the domain but not on the
mechanical parameters of the problem. One advantage of these cell formulas is that they
simplify the treatment of the boundary conditions for the stress: by ensuring homogeneous
Neumann conditions, they transform the minimization problem in € (€2.(D)) into a finite-
dimensional algebraic minimization, see also [30, B3]. As a consequence of , we have
the following remark.

Remark 3.3. Regularity results for higher order Dirichlet problems (see again [25, The-
orem 2.20]) ensure that for every i = 1,...,N and every r = 0,1,2 the function k' €
H™(Q.(D)) if 0Q € C™ for m > 4. By (3.13)), the same regularity is inherited by v?' .

We conclude by computing two crucial ingredients for Proposition [3.5] below: the norm of
V2v{ and the matrix M € R33N Letting K == V2l : Q.(D) — R2X2, from (3.13)) we have

sym sym)?
that

N 2
(3.15)  VAui(x) =) a.Ki(x), for z € Q.(D), and [|V*01 |72, goxey= (MA, A),

i=1 r=0

where M is the (3N) x (3N) block matrix, whose blocks M;; (i,j =1,...,N) are the 3 x 3
matrices defined as

(3.16) (M), = / Ki(x) : Ki(z)da, for r,s =0,1,2;
Qe
notice that M is symmetric and, thanks to (3.15)), it is positive definite.

3.2. Mechanical equilibrium in the Airy potential formulation.

Proposition 3.4. Let Q C R? be of class C* and as in (2.1)). Leta € &2(Q) and 0 € # D(Q)
satisfy (2.17)), let D be as in (2.25)), and let € € (0,2¢). Then the minimum problem (3.5)) has

a unique minimizer U, which is characterized by

(3.17) 0= 1;”/ (V%6 : V2o—vAD Ad] dx—i—z (Vo TI(1)) dH +Z 7[ s*¢ dn!

oB!

for every ¢ € € (2.(D)).

Proof. We start by applying the direct method of the calculus of variations to prove the
existence of a minimizer for Z in € (€2.(D)). Let {v,,} C € (£2:(D) be a minimizing sequence;
by the coercivity of G and thanks to the Friedrich’s inequality, there exists M > 0 such
that ||v,,||? w2y < M. Consequently, owing to the fact that ¢'(€2-(D)) is weakly closed with
respect to the H? convergence, they converge, up to the extraction of a subsequence to a
function v € € (Q(D)) which is a minimizer of Z. This minimizer is unique, thanks to the
strict convexity of Z. To prove the characterization , it suffices to impose that the first
variation of Z vanish. O
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Relying on the orthogonal decomposition from Section and on the structure (3.13)) of
v, we now prove that the minimization problem (3.5) is equivalent to minimizing the energy
Z(-,) over a 3N-dimensional class of competitors.

Proposition 3.5. Let Q C R? be as in (2.1 and let us assume that O is of class C*. Let
a€ D) and 0 € W D) satisfy (2.17), let D be as in (2.25)), and let € € (0,e0). Then
the unique solution ¥ to the minimum problem (3.5) is given by

E
(3.18) 0(z) = 3 2<M_1/<(:E), D), for xz € Q.(D),

—v
where ® = (s*, by, —bi, s, 03, —b%, ..., sV, bY, —bN). Moreover, ¥ inherits the reqularity of the
solutions to problems (3.14)).
Proof. Let us consider v € € (€2.(D)); by plugging the additive decomposition ((3.12)) into the
energy in (3.1), we get

I(U; Qa) :I(UO + Uf? Qa)

J K
1 ; sk
_ A. A 1 A g1
=G(vo + v Q) +Z%/Bj<v%,n(bv)>d7{ +22—m/3k ot dH
j=1 9B: k=1 0B
By the identity [v,v] = (Av)? — |V?v|?, holding true a.e. in .(D), and recalling (3.7), we
have that G(v; Q) = 1||v||?; then

(3.20) G(vo +v15 Q) = Gvo; Q) + (vo,v1) + G(vi; Q) = Glug; Q) + G(u ),

by orthogonality. Invoking that 9Q € C*, we obtain that v{* € H*(Q.(D)) (see Remark
and we may employ Lemma with € = n = v{ and x = 1 to conclude that

(3.19)

(3.21) / (v, v{]dz =0, for every A € R*",
so that, by (3.15)), the elastic energy in (3.20]) reduces to

1 — 2
(3.22) G(vo 4+ v Q) = G(vo; Q) + 5E (MA, A).

We now turn our attention to the boundary integrals in (3.19). Since membership in ¢ (Q2.(D))
means having an affine trace on 9. (D), we have

Z 2m/ (Vo,TI(Y)) dH' = > ((af, ), TI(V)) = (Bp, A),
(3.23) j‘l

SRR Y

k=1
where we set, recalling 7
®p = (0,by, —by,0,03,b7,...,0,by, —bY) T € RN
dq = (s,0,0,5%0,0,...,57,0,0)" € R3,
Combining and and defining = & + P4, the expression in becomes

1—12
2F

(3.24) Z(v; Q) = G(vo; ) + (MAA) + (D, A).
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Denoting by ¢ the unique minimizer of Z in € (Q.(D)) (see Proposition [3.4)), owing to (3.11)),
(3-12), and (3.24), we have

Z(0;Q.) = min {I(U;QE> NS %(Qa(D))}
= min {I(Uo + Uf; Q.) : vy € Hj(Q(D)), A € R3N}
1 —1?

2K

= min {g(vo;Qg) + (MA, A) + (D, A) 1 vy € H3(Q.(D)), A € R?’N}

1— 12

2K

= min {G(vo; Q) : vy € HF(Q:)} + min{ (MAA) + (P, A): Ae RSN}

)
_ min{12E” (MA, A) + (D, A) : A€R3N}.

Indeed, since we noticed that G(-;€) is a norm in HZ(€.), then min{G(vy; %) : vy €
HZ(9Q.)} =0 and vy = 0. Furthermore, it can be easily verified that

) 1— 1?2 E 4
which is attained at
(3.26) A=a i L0 (MAAY + (P, A) p = — £ Mo
' TSN 2B ’ R > '

Therefore, recalling (3.13]), we have that v = Uf = — 25 (M™1®, k), which is (3.18).
The regularity of v is a consequence of its linear structure and Remark Il

We now give the strong form of (3.17)), relying on the improved regularity of © from Propo-
sition 3.5l

Proposition 3.6. Let Q C R? be as in (2.1)), let « € £D(Q) and 0 € W () be such that
(2.17) holds true, and let D be as in (2.25). If the solution v to the minimum problem ({3.5))
belongs to H*(Q.(D)) N € (Q2(D)), then the conditions (3.17) read

1—v° 24 )
(3.27a) A0 =0 in L*(Q.(D))
and
(112 o
Yo a.(Av) AR = 09,
b 2 0B 2
1-— N . Vot o
(327b) v / (.Tlat(AU) — xQ&L(Av) + ( Y )1) dHl = (a(Qz))17
FE OB 1—v
1—v? V20t .
v / (xlﬁn(Aﬁ) + 220 (AD) + M) dH' = (a(QY),,
L E 832 1—v
for everyi=1,..., N, where n is the outer unit normal to (D), the boundaries are oriented

clockwise, and & and 0 are defined in ([2.27).
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Proof. Equation (3.17)), © € H*(Q.(D)), ¢ € €(Q.(D)), and integration by parts (the details
of which can be found in Lemma [A.2)) imply that

1— 12 1-? & (V20 1, TI(V))
= A2} AD _ A% ’ 1
0= 5 o dr+ — ;/@B< D00 — ¢0, (AD) + = )d%

J K
1 , s*
— TI()) dH! - au'.
+j§1 5 /é)Bg(Wﬁ, (0")) dH +k§1 5 /Bngﬁ H

We can now apply the fundamental lemma of the calculus of variation to obtain .
Moreover, recalling that any ¢ € € (Q.(D)) is such that ¢|gp: = a’|gp: and and 0,¢ = Va'-n
on @ B! for some affine functions a’, for every i = 1, ..., N, we can choose specific test functions
that are zero on all but one of these boundaries, so that the boundary terms above yield

_1—V2

o
0= = /63;' (Av@ngb dOn(AD) +

1—v
(3.28) ;

+ L (Vo, I(b")) dH' + pdH',

foralli=1,..., N, and for all ¢ € € (Q2.(D)). By choosing ¢(x1,xs) = ag and plugging it in
(13.28]), we obtain

1 — 12

8, (AD) dH! Sl/ dH!
z /832@0 (U>H+27re aBéao’H,

which gives the first equation in (3.27b). By choosing ¢(z1,x2) = asxs and plugging it in

(3.28)), we obtain

0=-—

1 _V2 (v2@t)1 1 .
0= AU ng — 290, (A dH — — bt dH?
z /QB;'GQ( Ung — 290, (AD) + T ) H 27T€/832a21 H
1 — 12 25t ,
= Qa9 v / (xlﬁt(Aﬁ) — l‘gan(AlA)) + (V Y )1)dH1 — agbzl,
E  Jopi —v

where we have used that ny = —dz; (see (A.1])) and with » = 1. Rearranging the terms,
this gives the second equation in . Finally, by choosing ¢(z1,x2) = ajz; and plugging
it in (3.28)), and by using that n; = dzy (see (A.1))) and with » = 2, we obtain the third
equation in . The proposition is proved. Il

In the following proposition we translate the results of Proposition [3.6]in the stress-strain
formulation.

Proposition 3.7. Let Q be as in (2.1)) and let us assume that 0 € C*°. Let « € EP(QY) and

0 € WD) satisfy (2.17)), let vP be defined as in (2.21) and let D be as in (2.25). Let 0 €
€ (Q.(D)) be the unique solution to the minimum problem in (3.5)). Let 6 = A(0) = cof (V?0),
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as in (2.5)), and let ¢ .= C16. Then the following conditions are satisfied

(Divé =0 in .,
on =20 on 0S),
curl Curlé =0 in €,
3.29 ° . o 4
( ) / 2(61%2 — €g21) dz, = 0(Q") fori=1,...,N,
9Bi =
2
/ S [(Ere — g Ereg — begr)] de = (B(9) . fori=1,...,N, andr=1,2,
| JoB: £

where the boundaries are oriented counter-clockwise, and & and 0 are defined in (2.27)).

Proof. Thanks to the regularity of the boundary 0€2.(D), by Proposition v € C=(0.(D)).
The first condition in is immediate from the definition of & via the Airy operator ,
whereas the third condition comes from thanks to the first identity in (2.19). The
second identity in , the smoothness of the boundary 0f)., and put us in a position
to apply [14, Proposition A.2] which implies, by , the second condition in . Finally,
conditions (3.27b)) and Proposition yield the last two conditions in . Il

As a direct consequence of the previous proposition, we are now in a position to clarify the
compatibility of the elastic part of the strain, upon the introduction of an additive elasto-
plastic decomposition.

Proposition 3.8. Let Q2 be as in (2.1) and let us assume that 02 € C>®. Let o € ED(N)

and 0 € W 2(Q) satisfy (2.17)), let vP be defined as in (2.21)) and let D be as in (2.25)). Let
0 € €(2:(D)) be the unique solution to the minimum problem in (3.5)). Then there exists a

unique (up to rigid motions) function @ € C*(Q.(D); R?) such that ¢ = Vyma®, where
(3.30) ¢ = C'A(9) — o] = C*[cof (VD) — 7],

where o? = A(vP) = cof (V2P), as in (2.F).

Proof. Thanks to the regularity of the boundary 0€Q.(D), by Proposition v € C>®(Q.(D)).

The function 0 =0 —v? € C*(Q2.(D)) satisfies the following conditions

1—1?

A*° =0 in Q(D),

which follows from (3.27a)) and (2.31al), and, for every i = 1,..., N,

( 1 2
v On(AG°) dH =0,
b 2 op: 25
! ;7” / (xlat(mae) — 220, (AD°) + M) dH' =0,
OB -
1 — 12 25e
v / (xlﬁn(Aﬁe) + 220, (AT + M) dH' =0,
L E OBi 1—v

which follow from and . Notice that ¢ is subject to the boundary condition
V2pet = —V20Pt on 9Q.(D). Let us define 6¢ := A(9¢) = cof (V?99), so that é¢ .= C15°
can be represented as in (3.30). By [36, Theorem 8.8] there exists 4¢ € C>®(Q.(D); R?) (the
regularity follows from that of 0¢) such that € = V™4, and this concludes the proof. [
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3.3. Mechanical equilibrium in the stress-strain formulation. We start by recalling
a theorem by T. W. Ting on a weak formulation of the Saint-Venant principle (see Proposi-
tion in three dimensions. We use this to show the existence of solutions to the mechanical
equilibrium problem in the stress-strain formulation. We do so by adapting Ting’s Theorem
to our planar setting.

Theorem 3.9 (Ting [38]; see [26, Theorem 3] for this formulation). Let Y C R? be a bounded,
connected, open set with Lipschitz-continuous boundary Y. Let E € L*(Y;R3%3) be such that

sym
(3.31) / E(z):S(x)de =0 for every S € ¥aq,
Y
where Yaq is the closure in L*(Y;R3S3) of the linear space
(3.32) V:={SeDY;R)}) :DivS=01inY}.

Then there exists a vector field U € H'(Y;R3) that satisfies E = V¥™U.

We remark that the domain Y need not be simply connected for the result to hold true.
For sets Y C R? as in the hypothesis of Theorem and 0 C R? bounded, connected, and
open with Lipschitz boundary, we define the spaces

K(Y):={E € L*(Y;R2:) : (3.31) holds true},

sym

K'(Q) :={ee€ L*(G;R¥?) : e € K(Q x (0,1))},

sym

and notice that (i) the constraint (3.31) is weakly closed in L*(Y;R2%?), so that K(Y) is a

Sym

weakly closed subspace of L2(Y;R3%3): (i) K'(f2) is a linear subspace of K (2 x (0,1)), so

Sym

that K'(Q) is a weakly closed subspace of L*(2 x (0,1); R3x3).

Sym

Theorem 3.10. Let € be as in and let us assume that 0 € C*. Let a € &2(N)
and 0 € W 2(Q) satisfy (2.17] - let vp be defined as in (2.21) and let D be as in (2.25)). Let
o? = A(vP) = cof (V*?), as in ([2.5), and let € .= C'o?. For every e € L*(Q(D); RE:2),
let us define the energy functianal

1
(3.33) E(e) = 5/ (Ce(x) + oP(x)) : (e(x) + €’(x)) du.
=(D)
Then there exists a unique solution €¢ to the minimum problem
(3.34) min{&(e) : e € K'(Q%)},
which satisfies the following necessary conditions
(DivCe® =0 n Q.
Cen=—-Celn on 0€). ,
curl Curle® =0 n Q.
(3.35)
/ [(6)rge — (€)gerr] dzg =0 fori=1,...,N
aBi
/ [(€)re — 4 ((€)reg — (€9)eqr)] dwe =0 fori=1,...,N andr =1,2,
OB

where the boundaries are oriented counter-clockwise. Moreover, € is the symmetrized gradient
of a field u¢ € H(Q.;R3) of the form
ui(21, 22) — C1373
(3.36) u(x1, To, x3) = | u§(z1,22) — cozz3 | ;
C13T1 + C237%2
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Finally, the field € == € + €P satisfies the following conditions

(DivCe = 0 n Q.

Cen =0 on €.,

curl Curle =0 in Q.

(3.37) -
/ (€rge — €ger) Ay = 0(BY) fori=1,... N,
oBi
[€rc — Ty(€reqg — €cqr)] dTe = (A(BL)), fori=1,...,N andr = 1,2,

\ /OBL

where the boundaries are oriented counter-clockwise, where & € £2(Q) and 6 € W D(Q) are
defined in (2.27)).

Proof. The proof will rely on three ingredients: (i) a suitable extension to the three-dimensio-
nal setting by considering the cylindrical domain ¥ = . x (0,1) C R3, in which we will be
able to apply Ting’s Theorem (ii) the structure of the energy, which will be the same for
fields e € L*(Q; RZ2) and for their extensions € € L*(Q; R3%}), and (iii) the properties of
(see Proposition [2.5). We break the proof down into four steps.

Step 1 (solution to a minimum problem in K(Q. x (0,1))). Let us consider the energy

functional

1
338 LB OD)=; [ (CE@)+ @) (B + @) ds;
=% (0,1)

by applying the direct method of the calculus of variations, the minimum problem
(3.39) min{E(F;Q. x (0,1)) : B € K(2. x (0,1))}
has a unique minimizer E € K(Q. x (0,1)). For every H € K(Q. x (0,1)), we compute

d ~ ~

0=— §(E+tH;Q€X(O,1)):/ (CE+¢”) : Hdx

di],_, Q=% (0,1)
(3.40) = / (CE +¢?) : VV da

Qe %x(0,1)

_ / ((CE + 0")n, V') dH? — / (Div (CE), V) da .
9(Qe%(0,1)) «x(0,1)

where we have applied Ting’s Theorem with Y = Q. x (0,1) to H (obtaining V €
HY( x (0,1); R?) such that H = V¥™V) and used the symmetry of CE + ¢” to substitute
V™V with VV; to obtain the last line, we have integrated by parts and used that Divg? =0
(by construction of o?; see , and by the fact that it is independent of the z3-variable).
This yields the Euler-Lagrange equations

Div(CE)=0 in Q. x (0,1),

CEn=—Céen on (09.) x (0,1),

CEn =ofes  on Q. x {0},

CEn = —okses on Q. x {1},

which characterize the unique minimizer E € K(Q. x (0,1)) to (3.39). Notice that in the

second equation the outer unit normal n to (0€2.) x (0, 1) has vanishing third component, so

that only the upper left 2 x 2 block é of E' and €” contribute to the boundary condition, which
can be rewritten as

(3.41)

Cé(ny,ny)" = —Ce(ny,ng)" on 0f..
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Moreover, by Ting’s Theorem there exists a vector field U € H'(Q. % (0,1); R?) such that
E = V™, this implies that

CURLCURLE =0  in H 2(Q. x (0,1); R3*3).

Sym

Step 2 (solution to the minimum problem (3.34)). Given e € L*(Q.(D); R2X2), by applying
the direct method of the calculus of variations and by the weak closedness of K’(€2.) in
L3(92. x (0,1)), we obtain the existence and uniqueness of a minimizer ¢ € K’(€.) for the
minimum problem . In order to find the necessary conditions for minimality, we first

notice that an immediate computation yields the equality, for every e € K'(£).),
1
E(e; 2 x (0,1)) = 5/ (Ce(x1, w2) + aP (w1, 12)) : (e(z1, 22) + €' (21, 22)) do1daodrs
Q:%x(0,1)
1

= 5/ (Ce(xy, x2) + 0P (x1,x2)) : (e(x1,x2) + (21, x2)) drrdas = E(e),

where £ is the energy defined in (3.33)), from which we obtain that
min{&(e) : e € K'(Q.)} = min{&€(¢; Q2 x (0,1)) : e € K' ()},
> min{E(E;Q x (0,1)): B € K(Q. x (0,1))};

inequality (3.42)) is a consequence of the monotonicity of the minimum with respect to the
size of competitors. Then, for every h € K'(£2.), we can compute

€

(3.42)

d
0= EE+th) = | E@+thifx (0,1),

dt],_g t=0

which, since h € K (€. x (0,1)) is an admissible variation H for (3.40), yields that ¢ satisfies
the Euler—Lagrange equations . Therefore, we have proved that the unique minimizer ¢
of the minimum problem is such that € is the unique minimizer (3.39)), and this makes
the inequality in an equality.

From now on, we call €® this minimizer. By Ting’s Theorem [3.9] there exists a vector field
u® € HY(Q. x (0,1); R3) (we prove the structure in Lemma [A.3)) such that ¢ = V¥™y°
in Q. x (0,1); it follows that INC ¢ = CURL CURL ¢® = 0 in H2(€).; R3%3), which amounts to

sym
(3.43) ince® = curl Curle® =0 in H2(5).

Step 3 (necessary conditions of the minimality of €¢). The first two lines in and
are the first three lines of (3.37]). The existence of u obtained from Ting’s Theorem [3.9) means
that the strain €® is compatible, so that, by the smoothness of 92 and by [45, Proposition
2.8] also the conditions on the boundary integrals in hold true.

Step 4 (necessary conditions for ¢ = €° + €?). The linearity of the differential operators
involved and the properties of €” from Proposition give ; the proof is complete. [
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APPENDIX A. SOME USEFUL RESULTS

We start by stating and proving a simple integration lemma which will be useful in the pa-
per. For a curve 7: [0, L] — R? parameterized by arch-length and oriented counter-clockwise,
the unit tangent and the unit normal vectors are

(A1) t0) = ~(\) = (28%) _ (gi;) and n(\) = Ti()) = (f;f&) _ (fj;l) |

Lemma A.1. Let v: [0,L] — R? be a Jordan curve parameterized by arc length, and let
f:R? = R be a (single-valued) function. Then we have

(A.2) /fdxr = — /xratf dH? forr=1,2.
v v

Proof. Let v(X) = (z1(A\), z2(X)) for every A € [0, L]. Equalities (A.2) follow from the fact
that, thanks to the single-valuedness of the maps (x1,zs) — z, f(x1,22) (for r = 1,2), we
have (recalling that 0, = d/d\)

0- [ Senin= [raas [aFa- [rans [saroe. o
'Yd)\ v v d)\ v vy

We prove here a technical lemma about integration by parts.

Lemma A.2. Let U C R? be an open set and let v € C*(U). If ¢: U — R is a reqular enough
function, we have

L ;” / (V20 : V26 — vAvAS) dz
(A.3) 1—v2 - (V2 t, TI(V
T ) ¢)>
— UU dAZy dz + /w (Av Bt — GO (AV) + TR~ ) dHl] .

Proof. The proof is a matter of a simple computation, using the Gauss—Green formula a few
times. Recalling that

VQU : V2¢ = ’Um:¢a:x + Umy¢xy + ny¢y:t: + Uyy¢yy )
AUA¢ = U:m¢xz + Ua::c¢yy + Uyygbcca: + Uyy¢yy )

we can integrate by parts each of the terms above and obtain

(
U oU U

(A.4b) / Vyy Pyy d = / (VyyPymy — Vyyyny®) dH' + / Vyyyy@ de,
U U U

(A.4c) / Vay Py A = / (Vay Py — VN P) dH + / Vg @ A,
U U U

(A.4d) / Vya Oy dT = / (Vay Gy — Vapary Ty @) dH! + / Vg ® Az,
U U U

(A.de) / Vg yy dz = / (VeaPyny — Vaayny®) dH' + / Vg @ A,
U U U

(A.4f) / Vyy Gz A = / (Vyy PNz — VyyaNz®) dH + / Vg @ dz.
U U U
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By using (A.4a)-(A.4d) and by adding and subtracting v,,¢,n, and v, ¢,n, , we have
/ Vv : Vipdr = / (VazPua + Vay Dy + Uy Py + Vyyy ) A
U U
_ / A%y pdz + / (A0 0,6 — 60, (Av)) A
U ou
"’ /a (nyny¢x + nynx¢y - Uxxny¢y - Uyynx¢x) dHl
U

:/ A2v¢dx+/ (Av 9,0 — 90, (Av) + (Vv 1I(V¢))) dH';
U oUu

by using (A.4a)), (A.4b)), (A.4e), and (A.4f), and by adding and subtracting v,,¢,n, and

Ve Pyny , We have

/ AvA¢pdx = / (VazPrz + VazPyy + VyyPua + Vyy@yy) do
U

U

:/A2v¢dx+/ (Av 0,0 — ¢0,(Av)) dH".
U

oU
Formula ((A.3)) follows. 0

In the next lemma, we show that a field u: R* — R3 whose symmetrized gradient has the
form

ajn(z1,z2) app(xrr,z2) 0
(A.5) E(x1,22) = | a1a(x1,22) age(x1,22) 0
0 0 0

has a special dependence on the x3-variable.

Lemma A.3. Let us suppose that the symmetrized gredient E: R? — R3X3 of a vector field

sym

U:R* = R® has the form as in (A.F), for a certain symmetric matriz e: R> — RZ<2. Then
there exist functions u: R? — R? such that V¥™u = € and u°: R? — R3 such that V¥™u° = 0
uy (71, T2) — C1373 u1 (21, T2) —C13%3
(A6) U(wy, w9, 23) = | ua(1,72) — co3w3 | = | uz(w1,72) | + —C233
' C13%1 + C23%2 0 C13%1 + C23%2

o
:fl—L(‘/Eh .1'2) +u (xb T2, .’13'3),
where c13, co3 € R are some constants.

Proof. Let us suppose that

a11($1,$2) a12($17$2) 0
a12(I17$2) CL22($1,$2) 0] = Vsme(Ihxm%),
0

0 0
for some U € H'(Q. x (0,1); R?). We make the following observations

all(x17x2) =0
age (1, x2) = 0y, Us (21, 29, x3) = Us(x1,x9,23) = Gg(x1, 22) + Co(x1, T3),

Oy Us (1, g, x3) = Us(z1, 22, 23) = Cs(x1, 22).

e Ut (21, T2, 3) = Ui(z1, 22, 23) = U1 (21, 22) + C1 (22, 23),

0= CL33($175€2)
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Moreover,

0 = 2a13(x1, 9) = O, C3(1, T2) + Oy (U1 (21, 22) + C1 (22, 23))
= 0., Cs(1, x2) + 04, C1 (22, 73)
= 0,,C1 (22, x3) does not depend on z3, so that
= O (9, x3) = — 04, C3(x1, T2) w3 + di(72),

0 = 2a93(x1, 9) = 0py Cs(1, T2) + Oy (Ua(x1, 22) + Co(x1, 23))
= 0, C3(x1, 22) + 02, Ca(x1, 3)
= 0, Co(21, x3) does not depend on z3, so that
= Co(x1, 23) = =04, Cs(21, 22)x3 + da(21),

Therefore

Finally,

2a19(21, T2) = Op, (U2(21, 22) — 02, C3(21, 22) 23 + da(21))
+ Oy (U1 (21, 22) — O, C3(1, 22) 3 + dy(22))
= Oy, Un (21, T2) + Oyl (@1, T2) — 205,02, C3(21, T2)x3 + dy(w1) + dy ()
= 81181203(901, ZL’Q) = 0,
so that 0,,C3(x1,x2) = co3 and Cs(xq,T2) = cogwe + ds(w1); similarly, by performing the

integrations on the reversed order, we obtain Cs(x1,z3) = ci3w1 + d3(x2), which allows us to
conclude that

Cs(1,22) = 1321 + Ca3%2.

Thus,
Ur(w1, 02, 03) =11 (71, 12) — c1373 + dy(22) = w1 (21, 12) — 1373,
Us(1, T2, w3) = U (71, T2) — o33 + do(11) =t U (w1, 2) — Ca373,
Us(w1, 9, T3) = C1371 + C2372.
The lemma is proved. U

APPENDIX B. PROOF OF PROPOSITION [2.4]

Before proving the proposition, we present a technical lemma which contains the essential
details of the proof of . We will consider a sample domain with the topology of an
annulus. We will suppose, without loss of generality, that 2 = B;(0), that p < 1, and that
D = {0}, so that Q"¢ = B,(0) \ B,(0); finally, we let T := 9B,(0).

Lemma B.1. Let A C R? be as above. Fors € R\{0} and b € R*\{0}, let 0 = s8y € # ()

and o = bdy € ED(Q); moreover, let v§ = —svg: R? = R and v = —b x vp: R? — R,
respectively, where vy and vp are defined in (2.22)), that is

s sE |z E bxzx
(B.1) vi(r) = — T2 Tom log |z|? and Y (z) = — - (log|z* +1).
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Then we have

1—12 s 1
z On(Avy)dH = s =0(Q),
2 p V? st
(B.2) ! _EV / (:plat(Avj) — 290, (Av)) + %) dH! =0,
. _
_ 12 2,8
! EV / (xlﬁn(Avfl) + 220, (AvY) + w> dH' =0,
\ r -
and
(1_ .2
! E” /an(mg)d%l =0,
r
1 — 12 20 ¢
(B.3) - / <xlat<mg) ~ 200n(A0h) + M) AH = by = (),
. _
1 — 12 2,b
Y / (mlﬁn(Av%) + 220, (Avh) + W) AH = by = (a(Q)),,
\ r -

where n is the outer unit normal to O™ and t points clockwise.

Proof. We start by noting that the function v; and v}, defined in the statement of the lemma
solve

1— 12 1— 12

(B4) TAQUZ = —550 and A2’UbD = —(b X V)(S() = bzam(S() - blam(S(),

in H2(B;(0)) and in D'(B;(0)), respectively. In order to draw information on the contribu-
tion on I', the internal boundary of the annular domain 2"%¢, we can test the equations in
(B.4) against functions in € (2({0})), namely we consider test functions ¢ € HZ(B;(0)) such

that ¢ = a in B,(0), for a certain affine function a. These test functions are such that
elr =alr = (a0 + a121 + azx2)|r 4 Iplr = Opalr = —ain,1 — azn,
. an .

= ao+a1pcos%+a2psm% = —alcos%—agsln%

for A € [0,27p], where n, = (n,1,n,2) is the outer unit normal to 0B,(0).

For v = v5,0% and for any ¢ € € (Q:({0})), up to the factor (1 — v?)/E, we have, by
integration by parts (here we must choose the normal to I' pointing outwards of Q"¢ that is
towards the origin, that is —n,),

/A%cpdmz/ A%gpdx—l—/ A%y pdx
o B,(0)

_ / By, (A0)p dH! — / (V(Av), Vi) do
r B,(0)
(B.5) :/8%(Av)<pd7-[1 —/Av@npgadHl
r r
:/8np(Av)[ao + a1 21 + apas] dH! —/Av[alnm + agn, o] dH!
I I

= / 8% (AU)[CL() + a1 + CLQJZQ] dHl + / ﬁtp(Av) (G1I2 — CLQJ]l) dHl,
r r

since A%y vanishes in Q"¢ and since (being ¢ affine in B,(0)) Ay = 0; also, we have used
and with f = Aw in the last equality. In the case of a disclination, v = v, by
choosing alternatively only one coefficient of ¢ not to vanish, from the first equation in
and from (B.5)) we obtain that
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(1) if ag # 0 = ay = ay, then —say = —sp(0) = /aoé?np(Avj) dH';
r

(2) if a3 # 0 = ag = ag, then 0 = —sp(0) = /[x10p7n(Av§) + 290, (Av)| dH* ;
r

(3) if ag # 0 = ag = ay, then 0 = sp(0) = /[annp(Av;) — 210, (Av)] dH' .
Moreover, a straightforward computation yieldg
R 4 TN
167(1 — v2) \ —2x1(1 + log |z]?)
so that
(B.6) /(V%j t,)dH' =0, forr=1,2.
r

The three relations above and (reinstating the factor (1 — v?)/F and recalling that
n = —n, and t = —t,) yield the necessary conditions .

Let us now turn to the case of the dislocation, for which v = v% . By testing the right-hand
side of the second equation in (B.4) with a test function ¢ which is affine on B,(0), we obtain

<—<b X V)(S[), (,0> = <b26x160 — 6189@50, g0> = bl(?m(p(()) — bga;m@(()) = 61&2 — b2a1 .

By choosing alternatively only one coefficient of ¢ not to vanish, from (B.5)) and the chain of
equalities above, we obtain that

(1) if ap # 0 = a; = ag, then 0 = /anp(m;g) d#H';
r

(2) if a3 # 0 = ag = as, then —by = /[xlanp(Av%) + 290, (AvY)] dH! ;
T

(3) if ag # 0 = ap = a1, then —b; = /[mganp(Av%) — 210, (AvY)] dH" .
r
Moreover, a straightforward computation yields

bl (%g — JZ'%) — 2b2£ll'1.%'2

E 2 2
2. b _ xr*+y
v YD tp|F o 1 — 2 b2<l’% — LL’%) + 21)11311’2
x? + y?
so that
(B.7) /(v%g t,),dH' =0, forr=1,2.
r

The three relations above and (B.7) (reinstating the factor (1 — v?)/E and recalling that
n = —n, and t = —t,) yield the necessary conditions (B.3]). d

Proof of Proposition 2.4 From the discussion in Section 7 in particular from (2.18]), (2.19),
and ([2.23)), we know that the function v” verifies (2.30). Moreover, ([2.31a}) follows immediately

from (2.16) and (2.19)), since supp(a) U supp(f) = D N Q. (D) = @ by construction of (D).
To prove (2.31bf), we notice that, by linearity, it suffices to look at one defect site & € D
alone, where we place once a disclination of Frank angle s and once a dislocation of Burgers
vector b. The proof in the prototypical situation £ = 0 is dealt with in Lemma [B.1], and the
result in the general case can be obtained by superposition and translations, as in . The
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only thing that needs to be verified is that

(102 ; 1
On(Av?)dH" =0,
b 2 . ( ) 2,0
(Bg) 1 _EV / (xlat(AuiQ) — QZ‘Qan(AUi2) —|— M) dHl = 0,
ra -
2 ) ‘ 2, io
L—v / (xlan(Av”) + 290, (Av'?) 4+ M) dH! =0,
\ E i1 — UV

whenever i; # iy, and where we denote by v either one of the functions v{) or vk defined in
(2.21)), but this is an immediate consequence of the compatibility of v*? away from £*. The
proof is concluded. [l

APPENDIX C. USEFUL PROPERTIES OF THE MONGE-AMPERE OPERATOR

We recall here the definition of the Monge-Ampere operator and present two properties of
interest.

Definition C.1 (Monge-Ampere operator). Let @ C R? be an open set; for any &,n € H?*(),
the Monge-Ampére operator is defined as

(C.1) [€,n](x) = cof (V*E(z)) : V2n(z) for a.e. x € Q.

Lemma C.2 ([I7, Theorem 5.8-2]). Let Q@ C R? be a bounded, connected, open set with
Lipschitz boundary. Let £,n,x € H*(Q) and assume that at least one of them belongs to
H3 (). Then [,[&,n](z)x(x) dz is symmetric, that is

(C2) 1fﬂ@mmm=lyﬂ@wwmzlyﬂumwm

We prove that a slightly weaker version of symmetry property (C.2)) holds when one gives
up the request that one of the functions be in HZ(f2), provided that it is in H*(2) and has
affine trace on the boundary 0f2.

Lemma C.3. Let Q C R? be a bounded, connected, open set with C* boundary 0. Let
n,x € H*(Q) and let £ € HY(Q) be such that € is affine on 0Q. Then

(C3) memmquzémn@MWMm

Proof. By definition of the Monge-Ampere operator,

/[{,n]xdx :/ x cof (V2€) : Vi dz = / x(cof (VZ&)n, V) dH!
— /Q (Div(xcof (V*€)), V) dz = — /Q<cof(V2§)Vx, Vn)dz,

where the second line follows from integration by parts, and the third line is a consequence of
[T4, Proposition A.2] applied to & (upon noticing that cof (M) = IIT MII for any M € R2x?

sym

and that IIn = —t) and (2.6). Realizing that the right-hand side of (C.4)) is a symmetric
(C.3)

expression in 7 and Yy, follows. U
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