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Abstract. We present a variational characterization of mechanical equilibrium in the planar
strain regime for systems with incompatible kinematics. For non-simply connected domains,
we show that the equilibrium problem for a non-liftable strain-stress pair can be reformulated
as a well-posed minimization problem for the Airy potential of the system. We characterize
kinematic incompatibilities on internal boundaries as rotational or translational mismatches,
in agreement with Volterra’s modeling of disclinations and dislocations. Finally, we establish
that the minimization problem for the Airy potential can be reduced to a finite-dimensional
optimization involving cell formulas.
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1. Introduction

The study of compatibility conditions in elasticity has played a fundamental role in the
mathematical formulation of continuum mechanics, with roots tracing back to the mid-19th
century through the works of Beltrami, Saint Venant, Michell, among others. These condi-
tions guarantee that the mechanical strains within a material are consistent with the assumed
displacement field, which is typically considered to be single-valued. Historically, these con-
ditions were first examined in simply connected domains, such as R3, where the elasticity
theory was initially developed. In contrast, non-simply connected domains, which possess
topological features like voids or holes, introduce significant complexity to the problem. In
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such domains, the strain and displacement fields must be carefully examined to ensure that
they are compatible with the topology of the material.
The importance of understanding elasticity in non-simply connected settings has grown sig-

nificantly with the emergence of modern applications, including the modeling of porous mate-
rials, fracture mechanics, additive manufacturing (3D printing), and materials with complex
microstructures, such as metamaterials. These materials frequently exhibit internal loops,
voids, and dislocation structures that demand compatibility conditions capable of accounting
for nontrivial topology.

A systematic mathematical treatment of compatibility in non-simply connected domains
has been developed in recent years, particularly through the work of Yavari and collaborators
[8, 45, 46, 47, 48]. In the nonlinear setting, their analysis addresses compatibility conditions
for both the deformation gradient F and the right Cauchy-Green strain tensor C = F⊤F [45]
(see also [46]), while related work by Acharya addressed compatibility conditions formulated
in terms of the left Cauchy-Green tensor B = FF⊤ [1]. Further developments have extended
these ideas to L2 deformation fields in multiphase materials with internal voids, highlighting
the interplay between compatibility conditions and material microstructure [8].

In this paper, we revisit the classical setting of linearized elasticity in two dimensions,
focusing on non-simply connected planar domains. In this context, the classical question
of determining the necessary and sufficient conditions for the existence of a single-valued
displacement field u such that the compatible strain tensor ϵ is given by ∇symu = 1

2
(∇u +

(∇u)⊤) was first addressed by Michell in 1899 [31]. Our goal is to establish a rigorous
variational formulation to characterize the mechanical equilibrium conditions in non-simply
connected domains, by extending Michell’s results to non-compatible strain fields. Specifically,
we identify the equations that characterize displacement fields that are not globally single-
valued on the boundaries of the domain, when the system is in mechanical equilibrium.
We rigorously demonstrate that the violation of these compatibility conditions gives rise to

precisely two types of kinematic incompatibility: translational and rotational. Importantly,
we show that the translational incompatibility corresponds to the classical distortion induced
by an edge dislocation, the canonical translational lattice defect introduced by Volterra in his
seminal 1907 paper [44] (see also [23, 34, 51]). The rotational incompatibility, on the other
hand, corresponds to a wedge disclination, which reflects rotational irregularities caused by the
failure of rotation closure around a loop in the crystal lattice in the undeformed configuration.

Let Ω ⊂ R2 be a bounded, open, and simply connected domain, with J dislocations and K
disclinations located at x1, . . . , xJ ∈ Ω and y1, . . . , yK ∈ Ω, respectively. Let ε > 0 sufficiently
small such that the disks Bε(x

j) and Bε(y
k) are mutually disjoint, let σ = Cϵ denote the

mechanical stress, and let v denote the Airy stress function of the system, linked to σ via the
classical relations σ11 = vx2x2 , σ12 = σ21 = −vx1x2 , σ22 = vx1x1 . Our main result, Theorem 3.1,
establishes the following equivalence: the pair ϵ− σ solves

(1.1)



Div σ = 0 in Ωε ,

σn = 0 on ∂Ωε ,

curl Curl ϵ = 0 in Ωε ,∫
∂Bk

ε

(ϵrq,c − ϵqc,r) dxq = sk for k = 1, . . . , K,∫
∂Bj

ε

[ϵrc − xq(ϵrc,q − ϵcq,r)] dxc = bjr for j = 1, . . . , J and r = 1, 2

where sk (k = 1, . . . , K) are the Frank angles of the disclinations and bj (j = 1, . . . , J) are the
Burgers vectors of the dislocations, if and only if v minimizes the functional I : H2(Ωε) → R
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defined by

I(v) := 1

2

1 + ν

E

∫
Ωε

[
|∇2v|2 − ν(∆v)2

]
dx+

J∑
j=1

∫
∂Bj

ε

⟨∇v,Π(bj)⟩ dH1 +
K∑
k=1

∫
∂Bk

ε

skv dH1 ,

where Ωε = Ω \
(
(∪J

j=1Bε(x
j)) ∪ (∪K

k=1Bε(y
k))

)
, in a suitably defined functions space that

accounts for stress-free boundary conditions. More specifically, the minimization of I is taken
over a set of H2-Sobolev functions, whose traces on the internal boundaries ∂Bj

ε and ∂Bk
ε are

parametrized by coefficients of undetermined affine functions. These conditions ensure zero
normal stress on these boundaries. This set was introduced in [14], and these conditions are
fully consistent with Michell’s result [31].

This equivalence establishes a direct correspondence between the mechanical equilibrium
conditions expressed in terms of stress and strain tensors and a variational minimization
problem formulated in terms of the Airy stress function.

This functional I consists of two parts: a bulk term, representing the elastic energy stored
in the system; and a finite sum of surface integrals, which quantifies the work required to
create kinematic incompatibilities at the boundaries of the holes. We emphasize that, in line
with classical defect theory, Volterra disclinations and dislocations emerge from I only in the
limit as ε → 0. In this asymptotic limit, the forcing term for disclinations converges to a
Dirac delta supported at the disclination core, modulated by the Frank angle sk. Similarly,
the forcing term for dislocations converges to a term proportional to partial derivatives of
a Dirac delta, modulated by the Burgers vector bj. Consequently, the model I studied in
this paper for fixed ε > 0, should be regarded as a regularized model, where the singularities
are replaced by smooth boundary integrals, and the fully singular defect structure emerges
only in the vanishing limit. This regularization framework is fully consistent with the earlier
asymptotic analysis of Cermelli and Leoni for dislocations [13], later generalized by [14] for
disclinations, and directly inspired by the extensive literature on Ginzburg–Landau vortices,
including the work of Bethuel, Brezis, and Hélein [9].

In the system (1.1), the first two equations describe the conservation of linear momentum
in the absence of body forces, for a material with zero boundary stress. The final three
conditions govern the kinematics, characterizing the displacement and strain incompatibilities.
In particular, when sk = 0, bj = 0, these conditions reduce to the classical compatibility
conditions derived by Yavari [45], which are necessary and sufficient for the existence of a
single-valued displacement field in non-simply connected domains Ωε . We further note that,
in the case of simply connected domains, the final two line integrals disappear, and the
system reduces to the classical Saint-Venant compatibility condition: curl Curl ϵ = 0 which is
necessary and sufficient to guarantee kinematic compatibility in the absence of defects.

We emphasize that, in this paper, we specifically focus on incompatibility arising from
violations of single-valuedness of the displacement field along the boundaries of holes, ∂Bj

ε

or ∂Bk
ε . As a result, the material occupying the open set Ωε is assumed to be free of bulk

defects. For a complementary analysis addressing incompatibility due to bulk disclinations
and dislocations, we refer to [14].

Finally, we highlight that, relying on our variational formulation and leveraging on the lin-
earity of the problem and on some properties of the Monge-Ampère operator, we characterize
the minimum point of the functional I by explicit cell formulas, which result from an auxiliary
finite-dimensional minimization problem. This has the two-fold advantage of complying with
homogeneous Neumann boundary conditions in the internal boundaries and of reducing the
computational complexity.
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The paper is structured as follows. In Section 2, we provide background on kinematic
compatibility in linearized elasticity and the modeling of disclinations and dislocations. Our
main results are presented in Section 3. We conclude the paper with an Appendix containing
technical results and proofs.

2. Preliminaries

We recall the standard framework of linearized elasticity, considering infinitesimal kine-
matics in the planar strain regime. Throughout this work, our reference domain is given
by

(2.1) Ω ⊂ R2, a bounded, open, simply connected set.

Let u : Ω → R2 be the displacement field. Let ϵ := ∇symu = 1
2
(∇u + (∇u)⊤) be the 2 × 2

symmetric strain tensor and let σ be the 2 × 2 symmetric stress tensor; we will consider a
linear dependence of σ on ϵ, in such a way that the application (ϵ, σ) 7→ σ : ϵ be a bilinear,
positive-definite, symmetric form. One way to model this is to consider the operator

R2×2 ∋ m 7→ m :=

m11 m12 0
m21 m22 0
0 0 0

 ∈ R3×3

that completes a 2 × 2 matrix into a 3 × 3 matrix, and to consider the elasticity tensor
C : R3×3

sym → R3×3
sym of three-dimensional linearized elasticity with the request that it enjoys the

major and minor symmetries for σ : ϵ := Cϵ : ϵ to be a bilinear, positive-definite, symmetric
form.

Throughout the paper, we will make the assumption that whenever we write Cm (with
m ∈ R2×2) we mean Cm. In the context of plane strain elasticity, though, there is a well-
known expression for σ ∈ R2×2 as a function of ϵ ∈ R2×2, which is the following

(2.2a) σ = Cϵ =
Eν

(1− ν)(1− 2ν)
cof ϵ+

E

1− 2ν
ϵ

together with its inverse

(2.2b) ϵ = C−1σ =
1− ν2

E
σ − (1 + ν)ν

E
cof σ ,

where E > 0 is the Young’s modulus and ν ∈ (−1, 1/2) is the Poisson’s ratio. In (2.2), the
cofactor operator cof : R2×2 → R2×2 acts on 2× 2 matrices in the following way(

m11 m12

m21 m22

)
= m 7→ cof (m) =

(
m22 −m21

−m12 m11

)
,

and notice that the operations in (2.2) preserve the symmetry of the 2× 2 matrices involved.
Still in the context of plane strain elasticity, the Poisson effect might arise so that we will
always consider

(2.3) Cϵ =: σ =

σ11 σ12 0
σ12 σ22 0
0 0 σ33

 ,

where σ33 ̸= 0. To summarize, the matrices we will deal with (including their 3×3 extensions)
are

ϵ =

(
ϵ11 ϵ12
ϵ12 ϵ22

)
and σ =

(
σ11 σ12

σ12 σ22

)
; ϵ =

ϵ11 ϵ12 0
ϵ12 ϵ22 0
0 0 0

 and σ =

σ11 σ12 0
σ12 σ22 0
0 0 σ33


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and we will write σ = Cϵ and σ = Cϵ indifferently (only in the latter case we will consider
the presence of σ33). Notice that the equality σ : ϵ = σ : ϵ holds true, as an immediate
computation reveals.

The elastic energy for a planar body in planar strain regime reads

(2.4) F(σ; Ω) :=
1

2

1 + ν

E

∫
Ω

[
|σ|2 − ν(tr(σ))2

]
dx .

If the body is in mechanical equilibrium in absence of body forces, then the equilibrium
equation, i.e., the balance of linear momentum, Divσ = 0 in Ω must be satisfied. The Airy
stress function method assumes the existence of the Airy potential or Airy stress function
v : Ω → R in terms of which the stress can be written as

(2.5a) σ = σ[v] = A(v),

where A : Ck(Ω) → Ck−2(Ω;R2×2
sym) is defined by

(2.5b) A(v) := cof (∇2v) =

(
vx2x2 −vx1x2

−vx2x1 vx1x1

)
.

The main advantage of introducing such a function v is that, by virtue of (2.5b), the equilib-
rium equation

(2.6) Divσ[v] = Div(cof (∇2v)) = 0

is automatically satisfied as an identity at all points x ∈ Ω. Moreover, the elastic energy (2.4)
is now expressed as

(2.7) G(v; Ω) := F(σ[v]; Ω) =
1

2

1 + ν

E

∫
Ω

[
|∇2v|2 − ν(∆v)2

]
dx.

2.1. Compatibility in non-simply connected domains: stress-strain formulation.
For a displacement u : Ω → R2 of class C3, we have that

(2.8) inc ϵ := curl Curl ϵ = 0 ,

as it can be easily verified by a simple computation. Here recall for a vector field V =
(V 1, V 2) : Ω → R2, we define curlV := ∂x1V

2 − ∂x2V
1, and for a 2 × 2 matrix M , we define

CurlM := (curlM1, curlM2), Mr being the r-th row of M .1 The operator inc is called the
incompatibility operator and returns the zero value when the displacement is compatible, i.e.,
it is single-valued. The celebrated Saint-Venant principle [35] states the converse: if (2.8)
holds, then there must exist a field u ∈ C3(Ω;R2) such that ϵ = ∇symu. We refer the reader
to [5, 19, 27] for extensions of this result to Sobolev spaces on simply connected domains Ω;
we resume the result in the following proposition.

1An alternative way to carry out the computations is to perform them on the trivial extension u of u to
three dimensions and use the curl operator defined row-wise on 3 × 3 matrices. First, let (x1, x2, x3) 7→
u(x1, x2, x3) := (u1(x1, x2), u

2(x1, x2), 0), then construct the corresponding ϵ = ∇symu ∈ R3×3, and finally
apply twice curl in the sense of matrices. In formulas, we have, for a matrix M ∈ R3×3, that (curlM)rs :=
εrpm∂xp

Msm (ϵrpm being the Levi-Civita alternating symbol), revealing that (curlM)rs = (curlMs)
r.

Therefore, in our case we have

curl ϵ =

0 0 curl ϵ1
0 0 curl ϵ2
0 0 0

 and INC ϵ := curlcurl ϵ =

0 0 0
0 0 0
0 0 curl Curl ϵ

 ,

showing that, in the two-dimensional case, there holds inc ϵ = (INC ϵ)33.
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Proposition 2.1. Let Ω ⊂ R2 be as in (2.1) and let ϵ ∈ L2(Ω;R2×2
sym). Then (2.8) holds in

H−2(Ω) if and only if there exists u ∈ H1(Ω;R2) such that ϵ = ∇symu. Moreover, u is unique
up to rigid motions.

The Saint-Venant principle requires the simple connectedness of the domain Ω to work; at
the very core of it, there is the application of the Poincaré Lemma, which cannot dispensate of
this topological condition. To treat the case of non simply connected planar domains Ω ⊂ R2,
in which the inc = curl Curl operator cannot be inverted, additional compatibility conditions
have been identified that are both necessary and sufficient to establish the Saint-Venant
principle. We are looking, here, at domains Ωnsc ⊂ R2 of the kind

(2.9) Ωnsc = Ω \
N⋃
i=1

Ω
i
,

where Ω ⊂ R2 is as in (2.1) and the open sets Ωi ⊂ Ω (i = 1, . . . , N) are the pairwise well

disjoint (i.e., Ω
i1 ∩ Ω

i2
= ∅ for i1 ̸= i2) “holes” that make the domain non simply connected.

According to [45, Proposition 2.8, Eqs. (2.44) and (2.45)], the necessary and sufficient
kinematic compatibility conditions that the strain ϵ must satisfy are:

(i) the Saint-Venant condition (2.8) in the bulk, namely

(2.10) inc ϵ = 0 in Ωnsc;

(ii) the additional conditions on the internal boundaries

(2.11)



∫
γi

2∑
q=1

(ϵrq,c − ϵqc,r) dxq = 0 for i = 1, . . . , N , and c, r = 1, 2.

∫
γi

2∑
c,q=1

[ϵrc − xq(ϵrc,q − ϵcq,r)] dxc = 0 for i = 1, . . . , N , and r = 1, 2,

Regarding the first equation in (2.11), we observe that the integrand vanishes identically when
c = r = 1 and when c = r = 2 (by the symmetry of ϵ) and that the integrand for c = 1 and
r = 2 is the opposite of that for c = 2 and r = 1; thus, out of the four equations contained in
(2.11)1, only one is meaningful. Notice that the second equation in (2.11) actually contains
two equations, corresponding to the two possible values of r ∈ {1, 2}.
To describe the mechanical equilibrium of the system, conditions (2.10) and (2.11) should

be complemented by

(iii) Divσ = ρ in Ωnsc,
(iv) σn = σo on ∂Ωnsc,

where n is the outer unit normal to ∂Ωnsc = ∪N
i=0∂Ω

i =: ∪N
i=0γ

i. Here we have defined
γ0 = ∂Ω0 := ∂Ω; notice that ∂Ωnsc is the (disjoint) union of N + 1 Jordan curves.
Conditions (i)–(iv) describe the equilibrium configurations of a body occupying a domain

Ωnsc subject to body forces ρ : Ωnsc → R2 and surface tension σo : ∂Ω
nsc → R2. In what fol-

lows, we will see that equilibrium configurations in our problems for incompatible kinematics
are attained for ρ = 0 and σo = 0 and non-trivial solutions will emerge due to kinematic
incompatibility violating (2.11).

We adopt the approach of intrinsic elasticity [6, 18, 20], formulating mechanical equilibrium
conditions directly in terms of strains and stresses rather than in terms of the mechanical dis-
placement. This choice is natural in the present context for two main reasons. Firstly, the
mechanical displacement is explicitly not required to be one-to-one due to the presence of
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kinematic incompatibility constraints; this makes it more convenient to formulate the prob-
lem directly in terms of strains and stresses, which are the physically observable quantities.
Secondly, we are particularly interested in Neumann-type boundary conditions, where equi-
librium is imposed directly in terms of stresses at the boundary, without requiring explicit
access to the displacement field. Nonetheless, as part of our main results in Section 3, we
establish that once the inelastic strain component is isolated and removed, the remaining
mechanical strain field can be lifted to a single-valued elastic displacement field.

2.2. Compatibility in non-simply connected domains: Airy potential formulation.
In his 1899 paper [31], Michell writes that for the displacement to be single-valued, i.e.,
kinematically compatible, the associated Airy function must satisfy the conditions (see [31,
formulas (11) and (12)])

(2.12)


∆2v = 0 in Ωnsc,

v(λ) =

∫ λ

0

(H i
1 dx1 +H i

2 dx2) + ai1x1 + ai2x2 + ai0 on γi, for i = 0, 1, . . . , N ,

∂nv = H i
1

dx2

dλ
−H i

2

dx1

dλ
+ ai1

dx2

dλ
− ai2

dx1

dλ
on γi, for i = 0, 1, . . . , N ,

where ∆2 := ∆∆ is the bilaplacian operator, and the 3(N + 1) compatibility conditions on
the boundaries

(2.13)



∫
γi

∂n(∆v) dH1 = 0∫
γi

(
x1∂t(∆v)− x2∂n(∆v) +

(∇2v t)1
1− ν

)
dH1 = 0∫

γi

(
x1∂n(∆v) + x2∂t(∆v) +

(∇2v t)2
1− ν

)
dH1 = 0

for i = 0, 1, . . . , N .

In (2.12), λ ∈ [0, |γi|] for each of the N + 1 equations in the second line, where H i
1 and

H i
2 are given functions on γi, and ai0, a

i
1, a

i
2 ∈ R are undetermined for each i = 0, 1, . . . , N .

Notice that (dx2/dλ,−dx1/dλ) = (n1, n2), so that the third equation in (2.12) can be written:
∂nv = (H i

1 + ai1)n1 + (H i
2 + ai2)n2 on γi, for i = 0, 1, . . . , N .

We set here the general notation for affine functions: the coefficients are denoted by
ai0, a

i
1, a

i
2 ∈ R, so that

ai(x) = ai(x1, x2) = ai0 + ⟨(ai1, ai2), x⟩ = ai0 + ai1x1 + ai2x2 , for every i = 1, . . . , N .

Remark 2.2. We notice here the following facts:

(1) There is the freedom to choose one triplet ai
∗
0 , a

i∗
1 , a

i∗
2 of the 3(N+1) constants ai0, a

i
1, a

i
2

in (2.12), corresponding to a certain boundary γi∗, since the function (x1, x2) 7→
v(x1, x2)− ai

∗
1 x1 − ai

∗
2 x2 − ai

∗
0 still solves (2.12)–(2.13).

(2) The conditions in (2.13) are obtained from [31, equations (6), (7), and (8)] under the
assumption that the body forces vanish. The last summand in the second and third
boundary integrals in (2.13) is obtained from [31, equations (7) and (8)] recalling that
(see (2.5) and also the second equation in (2.19) below)

(2.14) (σ n)1 = (∇2v t)2 and (σ n)2 = −(∇2v t)1 .

This set of compatibility conditions is also given in [36, Theorem 8.8].
(3) If Ωnsc = Ω (it is simply connected), so that ∂Ω = γ0 (N = 0), the corresponding set

of conditions in (2.13) is trivially satisfied.
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In the next proposition, we prove that the boundary integrals in (2.11) are the same as the
boundary integrals in (2.13), up to the constant −E/(1− ν2).

Proposition 2.3. Let Ω be as in (2.1), let Ω1, . . . ,ΩN ⊂ Ω be N pairwise disjoint simply
connected subsets with boundaries γi := ∂Ωi. Then, if ϵ = C−1A(v), for i = 1, . . . , N ,

−E

1− ν2

∫
γi

2∑
q=1

(ϵ1q,2 − ϵq2,1) dxq =

∫
γi

∂n(∆v) dH1,

−E

1− ν2

∫
γi

2∑
c,q=1

[ϵ2c − xq(ϵ2c,q − ϵcq,2)] dxc =

∫
γi

(
x1∂n(∆v) + x2∂t(∆v) +

(∇2v t)2
1− ν

)
dH1,

−E

1− ν2

∫
γi

2∑
c,q=1

[ϵ1c − xq(ϵ1c,q − ϵcq,1)] dxc =

∫
γi

(
x1∂t(∆v)− x2∂n(∆v) +

(∇2v t)1
1− ν

)
dH1.

Proof. The thesis follows from a direct computation, recalling the relationship between ϵ and σ
(see (2.2)) and that between σ and v (see (2.5)). The computations below hold for ever γi,
i = 1, . . . , N , so we will denote by γ the generic curve; we illustrate the computation for the
second equality: letting r = 1, we have

−E

1− ν2

∫
γ

{
[ϵ11 − x2(ϵ11,2 − ϵ12,1)] dx1 + [ϵ12 − y(ϵ12,2 − ϵ22,1)] dx2

}
=

−1

1− ν

∫
γ

{
[(1− ν)vx2x2 − νvx1x1 − x2((1− ν)vx2x2x2 − νvx1x1x2 + vx1x2x1)] dx1

+ [−vx1x2 − x2(−vx1x2x2 − (1− ν)vx1x1x1 + νvx2x2x1)] dx2

}
=

−1

1− ν

∫
γ

{−vx1x1 dx1 − vx1x2 dx2} −
∫
γ

{
[∆v − x2∂x2(∆v)] dx1 + x2∂x1(∆v) dx2

}
=

∫
γ

(∇2v t)1
1− ν

dH1 −
∫
γ

x2∂n(∆v) dH1 +

∫
γ

x1∂t(∆v) dH1,

where the last equality follows from using (A.1) and (A.2). We have obtained the first
relationship in the thesis. Letting r = 2 in the first equation in (2.11), and performing
analogous computations we have the last equality. Finally, letting r = 1 and c = 2 in (2.11),
and performing once again the same computations, we obtain the first equality. □

2.3. Modeling disclinations and dislocations via kinematic incompatibility. The
study of dislocations and disclinations has attracted significant attention from both modelers
[2, 3, 16, 29, 49, 50] and mathematicians [4, 10, 11, 21, 22, 28, 32]. For a more comprehensive
overview, including references on statistical theories of disclinations and dislocations, we refer
readers to [14] and [49]. Additional insights into their dynamics can be found in [12, 15, 43].
For more work in modeling topological defects in linearized elasticity, see also [7, 41, 42].

In this work, we adopt the couple stress theory framework [39, 40] to model disclinations
and dislocations. This approach allows us to account for rotational deformations and moment
stresses at small scales, effects that are not captured by classical elasticity [24, 37].

Equation (2.8) emerges then as measures of kinematical incompatibility: in a simply con-
nected domain Ω, the displacement u is incompatible if and only if the right-hand side of (2.8)
does not vanish. In the presence of isolated dislocations and disclinations in the material, we
have (invoking the Closed Graph Theorem, see the discussion in [14, Section 1.2])

(2.16) inc ϵ = curl Curl ϵ = curlα− θ in D′(Ω),
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where α ∈ E D(Ω) and θ ∈ W D(Ω) are the measures concentrated on edge dislocations and
wedge disclinations, respectively, and

E D(Ω) :=

{
α =

J∑
j=1

bjδxj : J ∈ N, bj ∈ R2 \ {0}, xj ∈ Ω, xj1 ̸= xj2 for j1 ̸= j2

}
,

W D(Ω) :=

{
θ =

K∑
k=1

skδyk : K ∈ N, sk ∈ R \ {0}, yk ∈ Ω, yk1 ̸= yk2 for k1 ̸= k2

}
.

We will always suppose that the supports of disclinations and dislocations are disjoint,
supp(α) ∩ supp(θ) = ∅, namely

(2.17) {xj}Jj=1 ∩ {yk}Kk=1 = ∅.

For such α and θ, (2.16) reads

(2.18a) inc ϵ = curl Curl ϵ = curlα−
K∑
k=1

skδyk in D′(Ω),

where curlα can be expressed in the following three equivalent ways

(2.18b) curlα = −
J∑

j=1

|bj|∂ (bj)⊥
|bj |

δxj ≡ −
J∑

j=1

(
(bj)1∂x2δxj − (bj)2∂x1δxj

)
≡ −

J∑
j=1

(bj ×∇)δxj .

Considering v : Ω → R, defining σ[v] = A(v) by (2.5), and letting ϵ[v] := C−1σ[v] (see (2.2)),
we have the formal transformations

(2.19) inc ϵ[v] = curl Curl ϵ[v] =
1− ν2

E
∆2v and σ[v]n = Π(∇2v t),

where n and t are the outer unit normal and unit tangent vector, respectively, to ∂Ω, and σn
evaluated on ∂Ω is the traction at the boundary ; here, we use Π to denote the rotation by
−π/2, that is Π(w1, w2) = (w2,−w1), for every w = (w1;w2) ∈ R2. In view of (2.19), we write
the two equivalent formulations for the traction-free equilibrium problem in the presence of
defects

(2.20)


inc ϵ = curlα− θ in Ω,

Divσ = 0 in Ω,

σn = 0 on ∂Ω,

and


1− ν2

E
∆2v = curlα− θ in Ω,

∇2v t = 0 on ∂Ω.

It has been proved in [14, Corollaries 1.5 and 1.9] that the two formulations for the traction-
free equilibrium problem in the presence of disclinations are equivalent.

From the linearity of the bilaplacian operator ∆2, we can additively decompose the Airy
function v into elastic and plastic contributions,

v = ve + vp,

where the plastic contribution vp is given by the superposition of the Green’s functions cor-
responding to a defect located at a point xj (in case of dislocations) or at a point yk (in case
of a disclination). Therefore, we write

(2.21) vp(x) =
J∑

j=1

(−bj × vD(x− xj)) +
K∑
k=1

(−skvd(x− yk)) =:
J∑

j=1

vjD(x) +
K∑
k=1

vkd(x),
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where vd : R2 → R and vD : R2 → R2 are the functions defined on R2 by

vd(x) :=
E

1− ν2

|x|2

16π
log |x|2 (x ̸= 0), vd(0) = 0,(2.22a)

vD(x) :=
E

1− ν2

x

8π

(
log |x|2 + 1

)
(x ̸= 0) vD(0) = 0,(2.22b)

see [14, equations (1.21) and (3.32)]. From (2.22), it is immediate to verify that

1− ν2

E
∆2vd = δ0 and

1− ν2

E
∆2(e× vD) = (e×∇)δ0 ,

for every unit vector e ∈ S1, so that the functions vjD and vkd defined in (2.21) for all j =
1, . . . , J and k = 1, . . . , K satisfy

(2.23)
1− ν2

E
∆2vjD = −(bj ×∇)δxj and

1− ν2

E
∆2vkd = −skδyk .

We can now define, via (2.5) and (2.2), the plastic stress and strain

(2.24) σp = σp[vp] := cof (∇2vp), ϵp = ϵp[vp] := C−1σp[vp] = C−1cof (∇2vp),

and notice that, by (2.23), the plastic strain ϵp solves (2.18).

2.4. Core radius method. The core radius approach to study the equilibrium configuration
for a defected planar body with dislocations and disclinations is set up by cutting away
small disks (the cores) centered at the defects. We choose the radius ε > 0 of the cores
Bj

ε = Bε(x
j) (j = 1, . . . , J) and Bk

ε = Bε(y
k) (k = 1, . . . , K) centered at the defects with the

only constraint that neither any two cores overlap nor a core crosses the boundary ∂Ω of the
domain. Collectively, we let N := J +K and we let

(2.25) D = {ξi}Ni=1 := {xj}Jj=1 ∪ {yk}Kk=1

denote the ensemble of all defects in the body. The corresponding cores will be denoted by
Bi

ε = Bε(ξ
i), for ξi ∈ D. Moreover, for i = 1, . . . , N , we set, for simplicity of notation,

(2.26)

{
bi := 0 if ξi = yk for some k = 1, . . . , K,

si := 0 if ξi = xj for some j = 1, . . . , J ,

and we define the extended measures of defects α̃ ∈ E D(Ω) and θ̃ ∈ W D(Ω) as

(2.27) α̃ :=
N∑
i=1

biδξi , θ̃ :=
N∑
i=1

siδξi .

Notice that, since bi = 0 if ξi /∈ {xj}Jj=1 , namely if ξi is not a dislocation, then α̃(Ω) = α(Ω);

likewise, since si = 0 if ξi /∈ {yk}Kk=1 , namely if ξi is not a disclination, then θ̃(Ω) = θ(Ω).

Finally, notice that, owing to (2.17) and to (2.26), we have supp(α̃) ∩ supp(θ̃) = ∅. With the
positions (2.25), (2.26), and (2.27), we fix ε ∈ (0, ε0), where

(2.28) ε0 := min

{
1

2
min

{
|ξi1 − ξi2| : ξi1 , ξi2 ∈ D, i1 ̸= i2

}
,min

{
dist(ξ, ∂Ω) : ξ ∈ D

}}
and we consider the perforated domain

(2.29) Ωε = Ωε(D) := Ω \
( N⋃

i=1

B
i

ε

)
, with ∂Ωε = ∂Ω ∪

( J⋃
j=1

∂Bj
ε

)
∪
( K⋃

k=1

∂Bk
ε

)
.

Notice that Ωϵ is a bounded, connected but not simply connected, open subset of R2, whose
boundary ∂Ωε is made of N + 1 = J +K + 1 connected 1-dimensional components.
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We now study the properties of vp and highlight the effects of the defects on the boundaries
of the cores Bi

ε (i = 1, . . . , N).

Proposition 2.4 (properties of vp). Let Ω ⊂ R2 be as in (2.1), and let α ∈ E D(Ω) and
θ ∈ W D(Ω) be such that (2.17) holds true. Let D be as in (2.25) and let Ωε(D) be defined as
in (2.29); let γi := ∂Bi

ε. The function vp defined in (2.21) enjoys the following properties:

(i) it solves, in D′(Ω), the equation

(2.30)
1− ν2

E
∆2v = curl α̃− θ̃ = −

N∑
i=1

(bi ×∇)δξi −
N∑
i=1

siδξi ,

where the measures α̃ ∈ E D(Ω) and θ̃ ∈ W D(Ω) are defined in (2.27);
(ii) it verifies

(2.31a)
1− ν2

E
∆2vp = 0 in Ωε(D);

(iii) for every i = 1, . . . , N , it satisfies

(2.31b)



1− ν2

E

∫
γi

∂n(∆vp) dH1 = θ̃(Ωi) ,

1− ν2

E

∫
γi

(
x1∂t(∆vp)− x2∂n(∆vp) +

(∇2vp t)1
1− ν

)
dH1 = (α̃(Ωi))1 ,

1− ν2

E

∫
γi

(
x1∂n(∆vp) + x2∂t(∆vp) +

(∇2vp t)2
1− ν

)
dH1 = (α̃(Ωi))2 ,

where n is the outer unit normal to ∂Ωε(D) and t points clockwise.

The proof follows from a direct computation and is presented in Appendix B.
The following proposition translates the properties of vp listed in Proposition 2.4 to the

associated strain ϵp.

Proposition 2.5 (properties of ϵp). Let the hypotheses of Proposition 2.4 hold. Then the
strain ϵp defined in (2.24) enjoys the following properties:

(i) it solves, in D′(Ω), the equation

(2.32) inc ϵ = curl Curl ϵ = curl α̃− θ̃ = −
N∑
i=1

(bi ×∇)δξi −
N∑
i=1

siδξi ,

where the measures α̃ ∈ E D(Ω) and θ̃ ∈ W D(Ω) are defined in (2.27);
(ii) it verifies

(2.33a) inc ϵp = curl Curl ϵp = 0 in Ωε(D);

(iii) for every i = 1, . . . , N , it satisfies

(2.33b)



∫
γi

2∑
q=1

[
(ϵp)1q,2 − (ϵp)q2,1

]
dxq = θ̃(Ωi) ,∫

γi

2∑
c,q=1

[
(ϵp)rc − xq

(
(ϵp)rc,q − (ϵp)cq,r

)]
dxc = (α̃(Ωi))r , for r = 1, 2,

where the boundaries γi are oriented counter-clockwise.

Proof. The proof of (2.32) and (2.33a) is an immediate consequence of (2.19), and (2.30) and
(2.31a) from Proposition 2.4; the proof of (2.33b) follows from (2.2), (2.31b) from Proposi-
tion 2.4, and Proposition 2.3. □
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3. Main results

In this section we present our results establishing the existence of solutions for the mechan-
ical equilibrium problem in an elastic material containing prescribed rotational and trans-
lational incompatibilities, subject to homogeneous Neumann boundary conditions (see the
system in (1.1)). Specifically, Theorem 3.1 below demonstrates the equivalence between this
equilibrium problem (referred to as the stress-strain mechanical equilibrium formulation) and
the minimization problem for a functional defined in terms of the Airy potential (see (3.1)
below). Furthermore, we clarify that these solutions, whether expressed through the stress-
strain pair or the corresponding Airy potential, can be lifted in a specific sense, that is,
after removing an inelastic term that solely accounts for the incompatibilities, they yield the
existence of a single-valued displacement field.

Recalling (2.7), we define the energy functional I(·; Ωε) : H
2(Ω) → R as

I(v; Ωε) :=G(v; Ωε) +
J∑

j=1

1

2πε

∫
∂Bj

ε

⟨∇v,Π(bj)⟩ dH1 +
K∑
k=1

sk

2πε

∫
∂Bk

ε

v dH1 ,(3.1)

which we seek to minimize in the class

C (Ωε(D)) :=
{
v ∈ H2

0 (Ω) : v = ai in Bi
ε , for some affine functions ai, i = 1, . . . , N} .(3.2)

This class of functions provides the appropriate framework for identifying mechanical equi-
librium solutions. It was first introduced in [14] and encodes unknown affine boundary condi-
tions on the internal boundaries. It was proved in [14, Proposition A.2] that these boundary
conditions characterize the fact that

(3.3) ∇2v t = 0 on ∂Ωε,

provided that ∂Ω ∈ C4. Owing to (2.14), this condition ensures zero normal stress on ∂Ωε(D),
and was first recognized by Michell [31], see also (2.12).

The following is the main theorem of this work.

Theorem 3.1. Let Ω be as in (2.1) and let us assume that ∂Ω is smooth. Let α ∈ E D(Ω)
and θ ∈ W D(Ω) satisfy (2.17), and let D be as in (2.25). Let I and C (Ωε(D)) be defined as
in (3.1) and (3.2), respectively. Then

(I) the strain ϵ̂ ∈ C∞(Ωε(D);R2×2
sym) is the unique solution to

(3.4)



DivCϵ = 0 in Ωε ,

Cϵn = 0 on ∂Ωε ,

curl Curl ϵ = 0 in Ωε ,∫
∂Bi

ε

(ϵrq,c − ϵqc,r) dxq = θ̃(Bi
ε) for i = 1, . . . , N ,∫

∂Bi
ε

[ϵrc − xq(ϵrc,q − ϵcq,r)] dxc = (α̃(Bi
ε))r for i = 1, . . . , N and r = 1, 2,

where the boundaries ∂Bi
ε are oriented counter-clockwise, if and only if v̂ ∈ C (Ωε(D))∩

C∞(Ωε(D)) is the unique solution to

(3.5) min
{
I(v; Ωε(D)) : v ∈ C (Ωε(D))

}
,

where ϵ̂ and v̂ are related by

(3.6) Cϵ̂ = cof (∇2v̂).

In other words, [ϵ̂ solves (3.4) ⇔ v̂ solves (3.5)] ⇔ (3.6) holds.
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(II) The strain and the Airy potential found in (I) are liftable in the following sense.
There exists a unique (up to rigid motions) displacement ûe ∈ C∞(Ωε(D);R2) such
that ϵ̂e = ∇symû

e, where ϵ̂e is defined by ϵ̂e := C−1[A(v̂) − σp] = C−1[cof (∇2v̂) − σp],
for σp = A(vp) = cof (∇2vp), as in (2.5).

Proof. We present here the structure of the proof, that is articulated into several propositions
proved in the rest of the paper.

(I.1) This is contained in Section 3.2: we prove that if v̂ ∈ C (Ωε(D)) ∩ C∞(Ωε(D)) is the
unique solution to (3.5), and (3.6) holds, then ϵ̂ ∈ C∞(Ωε(D);R2×2

sym) is the unique
solution to (3.4).

In Proposition 3.4 we show that the minimum problem (3.5) has a unique solution
v̂ ∈ C (Ωε(D)) and characterize it in terms of the Euler–Lagrange equations in weak
form; the strong form is obtained in Proposition 3.6 under the assumption that v̂ ∈
C (Ωϵ(D))∩H4(Ωϵ(D)). In Proposition 3.7, we show that the strain ϵ̂ defined by (3.6)
is the unique solution to (3.4). The regularity of v̂, and therefore of ϵ̂, is a consequence
of the smoothness of the boundary ∂Ω.

(I.2) This is contained in Section 3.3: we prove that if ϵ̂ ∈ C∞(Ωε(D);R2×2
sym) is the unique

solution to (3.4), and (3.6) holds, then v̂ ∈ C (Ωε(D)) ∩ C∞(Ωε(D)) is the unique
solution to (3.5).

The strategy hinges on the superposition principle thanks to the linearity of the
equations. From α ∈ E D(Ω) and θ ∈ W D(Ω), we can define vp ∈ C∞(Ωε(D))
as in (2.21) (the regularity is immediate to verify); from (2.5), we can define the
corresponding stress tensor σp := A(vp) = cof (∇2vp); finally, we let ϵp := C−1σp.
Notice that ϵp, σp ∈ C∞(Ωε(D);R2×2

sym). The existence, uniqueness, and regularity of
the solution to (3.4) are proved in Theorem 3.10, where the elastic part ϵ̂e is found as
the unique solution to (3.35). Letting v̂ be the solution to (3.5), we define v̂e := v̂−vp

and construct the corresponding ϵ̃e via (3.6). The proof is concluded by a uniqueness
argument, once we show, in Step 3 of the proof of Theorem 3.10, that ϵ̃e also solves
(3.35).

(II) This is contained in Proposition 3.8. □

Remark 3.2. The proof of Theorem 3.1 bears significant mechanical implications, which we
highlight here.

We find an important characterization of the unique minimizer v̂: the Euler-Lagrange equa-
tions for problem (3.5) in the set C (Ωε(D)) are derived in Proposition 3.6 and presented in
(3.27). In particular, (3.27a) represents the compatibility of the Airy potential in the open set
Ωε(D), in the absence of bulk defects. Interestingly, the boundary integrals in (3.27b), which
represent incompatibility conditions formulated in terms of the Airy potential, arise as a direct
consequence of the natural minimality conditions.

Furthermore, after proving a useful orthogonal decomposition of the space of competitors
C (Ωε(D)), we show that the minimization problem (3.5) can be formulated in terms of a finite-
dimensional minimization involving cell formulas, which we present in the next subsection.

3.1. Orthogonal decomposition of C (Ωε(D)) and cell formulas. In this section, we
prove structural properties of the space of admissible competitors C (Ωε(D)) introduced in (3.2).
We define the bilinear, symmetric, homogeneous, and strictly positive definite form (·, ·) :
C (Ωε(D))× C (Ωε(D)) → R by

(3.7) (v1, v2) 7→
1 + ν

E

∫
Ωε

(
(1− ν)∇2v1 : ∇2v2 − ν[v1, v2]

)
dx,
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where [·, ·] is the Monge-Ampère operator (see Definition C.1). The form (·, ·) defines an

inner product and induces the norm ∥v∥:=
√

(v, v) over C (Ωε(D)) which is equivalent to the
H2 norm. Let us consider now the orthogonal complement to H2

0 (Ωε(D)) in C (Ωε(D)) with
respect to the scalar product just defined:

(H2
0 (Ωε(D)))

⊥ :=
{
v⊥ ∈ C (Ωε(D)) : (v0, v⊥) = 0 for every v0 ∈ H2

0 (Ωε(D))
}
.

The generic element v⊥ ∈ (H2
0 (Ωε(D)))

⊥ must have affine boundary conditions, i.e.,

(3.8)


v⊥ = ∂nv⊥ = 0 on ∂Ω,

v⊥ = ai0 + ai1x1 + ai2x2 on ∂Bi
ε , for every i = 1, . . . , N ,

∂nv⊥ = ai1n1 + ai2n2 on ∂Bi
ε , for every i = 1, . . . , N .

where A := (a10, a
1
1, a

1
2, . . . , a

N
0 , a

N
1 , a

N
2 ) ∈ R3N is the vector containing the coefficients on

the N affine functions on the inner boundaries ∂Bi
ε (i = 1, . . . , N) of Ωε(D). Given A ∈ R3N ,

we will denote by vA⊥ the function in (H2
0 (Ωε(D)))

⊥ that satisfies (3.8). Moreover, for any
v0 ∈ H2

0 (Ωε), by orthogonality

(3.9) (vA⊥, v0) = 0 ⇔ (1− ν)

∫
Ωε

∇2v0 : ∇2vA⊥ dx− ν

∫
Ωε

[v0, v
A
⊥] dx = 0.

By applying Lemma C.2 with ξ = v0 , η = vA⊥ , and χ = 1, the term
∫
Ωε
[v0, v

A
⊥] dx vanishes;

therefore, the orthogonality condition (3.9) reduces to

(3.10) (vA⊥, v0) = 0 ⇔
∫
Ωε

∇2v0 : ∇2vA⊥ dx = 0, for every v0 ∈ H2
0 (Ωε(D)).

Since the second condition in (3.10) is the weak formulation of the biharmonic equation,
it follows that the generic element vA⊥ ∈ (H2

0 (Ωε(D)))
⊥ is the unique weak solution to the

following Dirichlet problem

(3.11)


∆2v = 0 in H−2(Ωε(D)),

v = ∂nv = 0 on ∂Ω,

v = ai0 + ai1x1 + ai2x2 on ∂Bi
ε for every i = 1, . . . , N ,

∂nv = ai1n1 + ai2n2 on ∂Bi
ε for every i = 1, . . . , N .

For any A ∈ R3N , the function vA⊥ belongs to Hm(Ωε(D)) if ∂Ω ∈ Cm for m ≥ 4 (see [25,
Theorem 2.20]). Since C (Ωε(D)) = H2

0 (Ωε(D))⊕ (H2
0 (Ωε(D)))

⊥, any v ∈ C (Ωε(D)) can then
be uniquely decomposed as

(3.12) v = v0 + vA⊥ ,

where vA⊥ which is the unique solution to problem (3.11) (and is determined by the values of
v on ∂Ωε(D)), and v0 ∈ H2

0 (Ωε(D)) is determined by orthogonality.
Owing to the linearity of problem (3.11), we may deduce that vA⊥ depends linearly on the

coefficients A ∈ R3N . Then it can be expressed as

(3.13) vA⊥(x) =
N∑
i=1

2∑
r=0

air κ
i
r(x) = ⟨A, κ(x)⟩, for x ∈ Ωε(D),

where κ := (κ1
0, κ

1
1, κ

1
2, . . . , κ

N
0 , κ

N
1 , κ

N
2 ) : Ωε(D) → R3N is the vector whose elements are ob-

tained from the following cell problems: for every i = 1, . . . , N , the functions κi
0 and κi

r
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(r = 1, 2) are the unique solutions to, respectively,

(3.14)



∆2κ0 = 0 in Ωε(D),

κ0 = ∂nκ0 = 0 on ∂Ω,

κ0 = 1 on ∂Bi
ε ,

∂nκ0 = 0 on ∂Bi
ε ,

κ0 = ∂nκ0 = 0 on ∂BI
ε , if I ̸= i,

and



∆2κr = 0 in Ωε(D),

κr = ∂nκr = 0 on ∂Ω,

κr = xr on ∂Bi
ε ,

∂nκr = nr on ∂Bi
ε ,

κr = ∂nκr = 0 on ∂BI
ε , if I ̸= i.

These cell formulas depend on the geometry and topology of the domain but not on the
mechanical parameters of the problem. One advantage of these cell formulas is that they
simplify the treatment of the boundary conditions for the stress: by ensuring homogeneous
Neumann conditions, they transform the minimization problem in C (Ωε(D)) into a finite-
dimensional algebraic minimization, see also [30, 33]. As a consequence of (3.14), we have
the following remark.

Remark 3.3. Regularity results for higher order Dirichlet problems (see again [25, The-
orem 2.20]) ensure that for every i = 1, . . . , N and every r = 0, 1, 2 the function κi

r ∈
Hm(Ωε(D)) if ∂Ω ∈ Cm for m ≥ 4. By (3.13), the same regularity is inherited by vA⊥ .

We conclude by computing two crucial ingredients for Proposition 3.5 below: the norm of
∇2vA⊥ and the matrix M ∈ R3N×3N

sym . Letting Ki
r := ∇2κi

r : Ωε(D) → R2×2
sym, from (3.13) we have

that

(3.15) ∇2vA⊥(x) =
N∑
i=1

2∑
r=0

air Ki
r(x), for x ∈ Ωε(D), and ∥∇2vA⊥∥2L2(Ωε,R2×2)= ⟨MA,A⟩,

where M is the (3N)× (3N) block matrix, whose blocks Mij (i, j = 1, . . . , N) are the 3× 3
matrices defined as

(3.16)
(
Mij

)
rs
:=

∫
Ωε

Ki
r(x) : Kj

s(x) dx, for r, s = 0, 1, 2;

notice that M is symmetric and, thanks to (3.15), it is positive definite.

3.2. Mechanical equilibrium in the Airy potential formulation.

Proposition 3.4. Let Ω ⊂ R2 be of class C2 and as in (2.1). Let α ∈ E D(Ω) and θ ∈ W D(Ω)
satisfy (2.17), let D be as in (2.25), and let ε ∈ (0, ε0). Then the minimum problem (3.5) has
a unique minimizer v̂, which is characterized by

(3.17) 0 =
1 + ν

E

∫
Ωε

[
∇2v̂ : ∇2ϕ−ν∆v̂∆ϕ

]
dx+

J∑
j=1

∫
∂Bj

ε

⟨∇ϕ,Π(bj)⟩ dH1+
K∑
k=1

∫
∂Bk

ε

skϕ dH1

for every ϕ ∈ C (Ωε(D)).

Proof. We start by applying the direct method of the calculus of variations to prove the
existence of a minimizer for I in C (Ωε(D)). Let {vm} ⊂ C (Ωε(D) be a minimizing sequence;
by the coercivity of G and thanks to the Friedrich’s inequality, there exists M > 0 such
that ∥vm∥2H2(Ω) ≤ M . Consequently, owing to the fact that C (Ωε(D)) is weakly closed with

respect to the H2 convergence, they converge, up to the extraction of a subsequence to a
function v̂ ∈ C (Ωε(D)) which is a minimizer of I. This minimizer is unique, thanks to the
strict convexity of I. To prove the characterization (3.17), it suffices to impose that the first
variation of I vanish. □
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Relying on the orthogonal decomposition from Section 3.1 and on the structure (3.13) of
vA⊥, we now prove that the minimization problem (3.5) is equivalent to minimizing the energy
I(·,Ωε) over a 3N -dimensional class of competitors.

Proposition 3.5. Let Ω ⊂ R2 be as in (2.1) and let us assume that ∂Ω is of class C4. Let
α ∈ E D(Ω) and θ ∈ W D(Ω) satisfy (2.17), let D be as in (2.25), and let ε ∈ (0, ε0). Then
the unique solution v̂ to the minimum problem (3.5) is given by

(3.18) v̂(x) = − E

1− ν2
⟨M−1κ(x),Φ⟩, for x ∈ Ωϵ(D),

where Φ := (s1, b12,−b11, s
2, b22,−b21, . . . , s

N , bN2 ,−bN1 ). Moreover, v̂ inherits the regularity of the
solutions to problems (3.14).

Proof. Let us consider v ∈ C (Ωε(D)); by plugging the additive decomposition (3.12) into the
energy in (3.1), we get

I(v; Ωε) = I(v0 + vA⊥; Ωε)

=G(v0 + vA⊥; Ωε) +
J∑

j=1

1

2πε

∫
∂Bj

ε

⟨∇vA⊥,Π(b
j)⟩ dH1 +

K∑
k=1

sk

2πε

∫
∂Bk

ε

vA⊥ dH1.
(3.19)

By the identity [v, v] = (∆v)2 − |∇2v|2, holding true a.e. in Ωε(D), and recalling (3.7), we
have that G(v; Ω) = 1

2
∥v∥2; then

(3.20) G(v0 + vA⊥; Ωε) = G(v0; Ωε) + (v0, v
A
⊥) + G(vA⊥; Ωε) = G(v0; Ωε) + G(vA⊥; Ωε),

by orthogonality. Invoking that ∂Ω ∈ C4, we obtain that vA⊥ ∈ H4(Ωε(D)) (see Remark 3.3)
and we may employ Lemma C.3 with ξ = η = vA⊥ and χ = 1 to conclude that

(3.21)

∫
Ωε

[vA⊥, v
A
⊥] dx = 0, for every A ∈ R3N ,

so that, by (3.15), the elastic energy in (3.20) reduces to

(3.22) G(v0 + vA⊥; Ωε) = G(v0; Ωε) +
1− ν2

2E
⟨MA,A⟩.

We now turn our attention to the boundary integrals in (3.19). Since membership in C (Ωε(D))
means having an affine trace on ∂Ωε(D), we have

J∑
j=1

1

2πε

∫
∂Bj

ε

⟨∇v,Π(bj)⟩ dH1 =
J∑

j=1

⟨(aj1, a
j
2)

⊤,Π(bj)⟩ = ⟨ΦD, A⟩,

K∑
k=1

sk

2πε

∫
∂Bk

ε

v dH1 =
K∑
k=1

skak0 = ⟨Φd, A⟩,

(3.23)

where we set, recalling (2.26),

ΦD := (0, b12,−b11, 0, b
2
2, b

2
1, . . . , 0, b

N
2 ,−bN1 )

⊤ ∈ R3N

Φd := (s1, 0, 0, s2, 0, 0, . . . , sN , 0, 0)⊤ ∈ R3N .

Combining (3.22) and (3.23) and defining Φ := ΦD + Φd, the expression in (3.19) becomes

I(v; Ωε) = G(v0; Ωε) +
1− ν2

2E
⟨MA,A⟩+ ⟨Φ, A⟩.(3.24)
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Denoting by v̂ the unique minimizer of I in C (Ωε(D)) (see Proposition 3.4), owing to (3.11),
(3.12), and (3.24), we have

I(v̂; Ωε) = min
{
I(v; Ωε) : v ∈ C (Ωε(D))

}
= min

{
I(v0 + vA⊥; Ωε) : v0 ∈ H2

0 (Ωε(D)), A ∈ R3N
}

= min

{
G(v0; Ωε) +

1− ν2

2E
⟨MA,A⟩+ ⟨Φ, A⟩ : v0 ∈ H2

0 (Ωε(D)), A ∈ R3N

}
= min

{
G(v0; Ωε) : v0 ∈ H2

0 (Ωε)
}
+min

{
1− ν2

2E
⟨MA,A⟩+ ⟨Φ, A⟩ : A ∈ R3N

}
= min

{
1− ν2

2E
⟨MA,A⟩+ ⟨Φ, A⟩ : A ∈ R3N

}
.

Indeed, since we noticed that G(·; Ωε) is a norm in H2
0 (Ωε), then min{G(v0; Ωε) : v0 ∈

H2
0 (Ωε)} = 0 and v0 ≡ 0. Furthermore, it can be easily verified that

(3.25) min
A∈R3

{
1− ν2

2E
⟨MA,A⟩+ ⟨Φ, A⟩

}
= − E

2(1− ν2)
⟨M−1Φ,Φ⟩

which is attained at

(3.26) Â := argmin
A∈R3N

{
1− ν2

2E
⟨MA,A⟩+ ⟨Φ, A⟩

}
= − E

1− ν2
M−1Φ.

Therefore, recalling (3.13), we have that v̂ = vÂ⊥ = − E
1−ν2

⟨M−1Φ, κ⟩, which is (3.18).
The regularity of v̂ is a consequence of its linear structure and Remark 3.3. □

We now give the strong form of (3.17), relying on the improved regularity of v̂ from Propo-
sition 3.5.

Proposition 3.6. Let Ω ⊂ R2 be as in (2.1), let α ∈ E D(Ω) and θ ∈ W D(Ω) be such that
(2.17) holds true, and let D be as in (2.25). If the solution v̂ to the minimum problem (3.5)
belongs to H4(Ωε(D)) ∩ C (Ωε(D)), then the conditions (3.17) read

(3.27a)
1− ν2

E
∆2v̂ = 0 in L2(Ωε(D))

and

(3.27b)



1− ν2

E

∫
∂Bi

ε

∂n(∆v̂) dH1 = θ̃(Ωi) ,

1− ν2

E

∫
∂Bi

ε

(
x1∂t(∆v̂)− x2∂n(∆v̂) +

(∇2v̂ t)1
1− ν

)
dH1 = (α̃(Ωi))1 ,

1− ν2

E

∫
∂Bi

ε

(
x1∂n(∆v̂) + x2∂t(∆v̂) +

(∇2v̂ t)2
1− ν

)
dH1 = (α̃(Ωi))2 ,

for every i = 1, . . . , N , where n is the outer unit normal to Ωε(D), the boundaries are oriented
clockwise, and α̃ and θ̃ are defined in (2.27).
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Proof. Equation (3.17), v̂ ∈ H4(Ωε(D)), ϕ ∈ C (Ωε(D)), and integration by parts (the details
of which can be found in Lemma A.2) imply that

0 =
1− ν2

E

∫
Ωε

∆2v̂ ϕ dx+
1− ν2

E

N∑
i=1

∫
∂Bi

ε

(
∆v̂ ∂nϕ− ϕ∂n(∆v̂) +

⟨∇2v̂ t,Π(∇ϕ)⟩
1− ν

)
dH1

+
J∑

j=1

1

2πε

∫
∂Bj

ε

⟨∇ϕ,Π(bj)⟩ dH1 +
K∑
k=1

sk

2πε

∫
∂Bk

ε

ϕ dH1 .

We can now apply the fundamental lemma of the calculus of variation to obtain (3.27a).
Moreover, recalling that any ϕ ∈ C (Ωε(D)) is such that ϕ|∂Bi

ε
= ai|∂Bi

ε
and and ∂nϕ = ∇ai ·n

on ∂Bi
ε for some affine functions ai, for every i = 1, . . . , N , we can choose specific test functions

that are zero on all but one of these boundaries, so that the boundary terms above yield

0 =
1− ν2

E

∫
∂Bi

ε

(
∆v̂ ∂nϕ− ϕ∂n(∆v̂) +

⟨∇2v̂ t,Π(∇ϕ)⟩
1− ν

)
dH1

+
1

2πε

∫
∂Bi

ε

⟨∇ϕ,Π(bi)⟩ dH1 +
si

2πε

∫
∂Bi

ε

ϕ dH1 ,

(3.28)

for all i = 1, . . . , N , and for all ϕ ∈ C (Ωε(D)). By choosing ϕ(x1, x2) = a0 and plugging it in
(3.28), we obtain

0 = −1− ν2

E

∫
∂Bi

ε

a0∂n(∆v̂) dH1 +
si

2πε

∫
∂Bi

ε

a0 dH1 ,

which gives the first equation in (3.27b). By choosing ϕ(x1, x2) = a2x2 and plugging it in
(3.28), we obtain

0 =
1− ν2

E

∫
∂Bi

ε

a2

(
∆v̂ n2 − x2∂n(∆v̂) +

(∇2v̂ t)1
1− ν

)
dH1 − 1

2πε

∫
∂Bi

ε

a2b
i
1 dH1

= a2
1− ν2

E

∫
∂Bi

ε

(
x1∂t(∆v̂)− x2∂n(∆v̂) +

(∇2v̂ t)1
1− ν

)
dH1 − a2b

i
1 ,

where we have used that n2 = −dx1 (see (A.1)) and (A.2) with r = 1. Rearranging the terms,
this gives the second equation in (3.27b). Finally, by choosing ϕ(x1, x2) = a1x1 and plugging
it in (3.28), and by using that n1 = dx2 (see (A.1)) and (A.2) with r = 2, we obtain the third
equation in (3.27b). The proposition is proved. □

In the following proposition we translate the results of Proposition 3.6 in the stress-strain
formulation.

Proposition 3.7. Let Ω be as in (2.1) and let us assume that ∂Ω ∈ C∞. Let α ∈ E D(Ω) and
θ ∈ W D(Ω) satisfy (2.17), let vp be defined as in (2.21) and let D be as in (2.25). Let v̂ ∈
C (Ωε(D)) be the unique solution to the minimum problem in (3.5). Let σ̂ = A(v̂) = cof (∇2v̂),
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as in (2.5), and let ϵ̂ := C−1σ̂. Then the following conditions are satisfied

(3.29)



Div σ̂ = 0 in Ωε,

σ̂n = 0 on ∂Ωε

curl Curl ϵ̂ = 0 in Ωε,∫
∂Bi

ε

2∑
q=1

(ϵ̂1q,2 − ϵ̂q2,1) dxq = θ̃(Ωi) for i = 1, . . . , N ,∫
∂Bi

ε

2∑
c,q=1

[(ϵ̂rc − xq(ϵ̂rc,q − ϵ̂cq,r)] dxc =
(
α̃(Ωi)

)
r

for i = 1, . . . , N , and r = 1, 2,

where the boundaries are oriented counter-clockwise, and α̂ and θ̂ are defined in (2.27).

Proof. Thanks to the regularity of the boundary ∂Ωε(D), by Proposition 3.5, v̂ ∈ C∞(Ωε(D)).
The first condition in (3.29) is immediate from the definition of σ̂ via the Airy operator (2.5b),
whereas the third condition comes from (3.27a) thanks to the first identity in (2.19). The
second identity in (2.19), the smoothness of the boundary ∂Ωε, and (3.3) put us in a position
to apply [14, Proposition A.2] which implies, by (2.14), the second condition in (3.29). Finally,
conditions (3.27b) and Proposition 2.3 yield the last two conditions in (3.29). □

As a direct consequence of the previous proposition, we are now in a position to clarify the
compatibility of the elastic part of the strain, upon the introduction of an additive elasto-
plastic decomposition.

Proposition 3.8. Let Ω be as in (2.1) and let us assume that ∂Ω ∈ C∞. Let α ∈ E D(Ω)
and θ ∈ W D(Ω) satisfy (2.17), let vp be defined as in (2.21) and let D be as in (2.25). Let
v̂ ∈ C (Ωε(D)) be the unique solution to the minimum problem in (3.5). Then there exists a
unique (up to rigid motions) function ûe ∈ C∞(Ωε(D);R2) such that ϵ̂e = ∇symû

e, where

(3.30) ϵ̂e := C−1[A(v̂)− σp] = C−1[cof (∇2v̂)− σp],

where σp = A(vp) = cof (∇2vp), as in (2.5).

Proof. Thanks to the regularity of the boundary ∂Ωε(D), by Proposition 3.5, v̂ ∈ C∞(Ωε(D)).
The function v̂e := v̂ − vp ∈ C∞(Ωε(D)) satisfies the following conditions

1− ν2

E
∆2v̂e = 0 in Ωε(D),

which follows from (3.27a) and (2.31a), and, for every i = 1, . . . , N ,

1− ν2

E

∫
∂Bi

ε

∂n(∆v̂e) dH1 = 0 ,

1− ν2

E

∫
∂Bi

ε

(
x1∂t(∆v̂e)− x2∂n(∆v̂e) +

(∇2v̂e t)1
1− ν

)
dH1 = 0 ,

1− ν2

E

∫
∂Bi

ε

(
x1∂n(∆v̂e) + x2∂t(∆v̂e) +

(∇2v̂e t)2
1− ν

)
dH1 = 0 ,

which follow from (3.27b) and (2.31b). Notice that v̂e is subject to the boundary condition
∇2v̂e t = −∇2vp t on ∂Ωε(D). Let us define σ̂e := A(v̂e) = cof (∇2v̂e), so that ϵ̂e := C−1σ̂e

can be represented as in (3.30). By [36, Theorem 8.8] there exists ûe ∈ C∞(Ωε(D);R2) (the
regularity follows from that of v̂e) such that ϵ̂e = ∇symûe, and this concludes the proof. □
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3.3. Mechanical equilibrium in the stress-strain formulation. We start by recalling
a theorem by T. W. Ting on a weak formulation of the Saint-Venant principle (see Proposi-
tion 2.1) in three dimensions. We use this to show the existence of solutions to the mechanical
equilibrium problem in the stress-strain formulation. We do so by adapting Ting’s Theorem
to our planar setting.

Theorem 3.9 (Ting [38]; see [26, Theorem 3] for this formulation). Let Y ⊂ R3 be a bounded,
connected, open set with Lipschitz-continuous boundary ∂Y . Let E ∈ L2(Y ;R3×3

sym) be such that

(3.31)

∫
Y

E(x) : S(x) dx = 0 for every S ∈ Σad ,

where Σad is the closure in L2(Y ;R3×3
sym) of the linear space

(3.32) V :=
{
S ∈ D(Y ;R3×3

sym) : DivS = 0 in Y
}
.

Then there exists a vector field U ∈ H1(Y ;R3) that satisfies E = ∇symU .

We remark that the domain Y need not be simply connected for the result to hold true.
For sets Y ⊂ R3 as in the hypothesis of Theorem 3.9 and Ω ⊂ R2 bounded, connected, and
open with Lipschitz boundary, we define the spaces

K(Y ) := {E ∈ L2(Y ;R3×3
sym) : (3.31) holds true},

K ′(Ω) := {e ∈ L2(Ω;R2×2
sym) : e ∈ K(Ω× (0, 1))},

and notice that (i) the constraint (3.31) is weakly closed in L2(Y ;R3×3
sym), so that K(Y ) is a

weakly closed subspace of L2(Y ;R3×3
sym); (ii) K ′(Ω) is a linear subspace of K(Ω × (0, 1)), so

that K ′(Ω) is a weakly closed subspace of L2(Ω× (0, 1);R3×3
sym).

Theorem 3.10. Let Ω be as in (2.1) and let us assume that ∂Ω ∈ C∞. Let α ∈ E D(Ω)
and θ ∈ W D(Ω) satisfy (2.17), let vp be defined as in (2.21) and let D be as in (2.25). Let
σp := A(vp) = cof (∇2vp), as in (2.5), and let ϵp := C−1σp. For every ϵ ∈ L2(Ωϵ(D);R2×2

sym),
let us define the energy functional

(3.33) E(ϵ) := 1

2

∫
Ωε(D)

(Cϵ(x) + σp(x)) : (ϵ(x) + ϵp(x)) dx.

Then there exists a unique solution ϵe to the minimum problem

(3.34) min{E(ϵ) : ϵ ∈ K ′(Ωε)},
which satisfies the following necessary conditions

(3.35)



DivCϵe = 0 in Ωε ,

Cϵe n = −Cϵp n on ∂Ωε ,

curl Curl ϵe = 0 in Ωε ,∫
∂Bi

ε

[
(ϵe)rq,c − (ϵe)qc,r

]
dxq = 0 for i = 1, . . . , N∫

∂Bi
ε

[
(ϵe)rc − xq

(
(ϵe)rc,q − (ϵe)cq,r

)]
dxc = 0 for i = 1, . . . , N and r = 1, 2,

where the boundaries are oriented counter-clockwise. Moreover, ϵe is the symmetrized gradient
of a field ue ∈ H1(Ωε;R3) of the form

(3.36) ue(x1, x2, x3) =

ue
1(x1, x2)− c13x3

ue
2(x1, x2)− c23x3

c13x1 + c23x2

 ;
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Finally, the field ϵ := ϵe + ϵp satisfies the following conditions

(3.37)



DivCϵ = 0 in Ωε ,

Cϵn = 0 on ∂Ωε ,

curl Curl ϵ = 0 in Ωε ,∫
∂Bi

ε

(ϵrq,c − ϵqc,r) dxq = θ̃(Bi
ε) for i = 1, . . . , N ,∫

∂Bi
ε

[ϵrc − xq(ϵrc,q − ϵcq,r)] dxc = (α̃(Bi
ε))r for i = 1, . . . , N and r = 1, 2,

where the boundaries are oriented counter-clockwise, where α̃ ∈ E D(Ω) and θ̃ ∈ W D(Ω) are
defined in (2.27).

Proof. The proof will rely on three ingredients: (i) a suitable extension to the three-dimensio-
nal setting by considering the cylindrical domain Y = Ωε × (0, 1) ⊂ R3, in which we will be
able to apply Ting’s Theorem 3.9, (ii) the structure of the energy, which will be the same for
fields ϵ ∈ L2(Ωε;R2×2

sym) and for their extensions ϵ ∈ L2(Ωε;R3×3
sym), and (iii) the properties of ϵp

(see Proposition 2.5). We break the proof down into four steps.
Step 1 (solution to a minimum problem in K(Ωε × (0, 1))). Let us consider the energy
functional

(3.38) E(E; Ωε × (0, 1)) :=
1

2

∫
Ωε×(0,1)

(CE(x) + σp(x)) : (E(x) + ϵp(x)) dx ;

by applying the direct method of the calculus of variations, the minimum problem

(3.39) min{E(E; Ωε × (0, 1)) : E ∈ K(Ωε × (0, 1))}

has a unique minimizer Ê ∈ K(Ωε × (0, 1)). For every H ∈ K(Ωε × (0, 1)), we compute

0 =
d

dt

∣∣∣∣
t=0

E(Ê + tH; Ωε × (0, 1)) =

∫
Ωε×(0,1)

(
CÊ + σp

)
: H dx

=

∫
Ωε×(0,1)

(
CÊ + σp

)
: ∇V dx

=

∫
∂(Ωε×(0,1))

〈(
CÊ + σp

)
n, V

〉
dH2 −

∫
Ωε×(0,1)

〈
Div

(
CÊ

)
, V

〉
dx ,

(3.40)

where we have applied Ting’s Theorem 3.9 with Y = Ωε × (0, 1) to H (obtaining V ∈
H1(Ωε × (0, 1);R3) such that H = ∇symV ) and used the symmetry of CÊ + σp to substitute
∇symV with ∇V ; to obtain the last line, we have integrated by parts and used that Div σp = 0
(by construction of σp, see (2.5), and by the fact that it is independent of the x3-variable).
This yields the Euler–Lagrange equations

(3.41)


Div (CÊ) = 0 in Ωε × (0, 1),

CÊ n = −Cϵp n on (∂Ωε)× (0, 1),

CÊ n = σp
33e3 on Ωε × {0},

CÊ n = −σp
33e3 on Ωε × {1},

which characterize the unique minimizer Ê ∈ K(Ωε × (0, 1)) to (3.39). Notice that in the
second equation the outer unit normal n to (∂Ωε)× (0, 1) has vanishing third component, so

that only the upper left 2×2 block ê of Ê and ϵp contribute to the boundary condition, which
can be rewritten as

Cê(n1, n2)
⊤ = −Cϵp(n1, n2)

⊤ on ∂Ωε.
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Moreover, by Ting’s Theorem 3.9, there exists a vector field Û ∈ H1(Ωε× (0, 1);R3) such that

Ê = ∇symÛ ; this implies that

curlcurl Ê = 0 in H−2(Ωε × (0, 1);R3×3
sym).

Step 2 (solution to the minimum problem (3.34)). Given ϵ ∈ L2(Ωε(D);R2×2
sym), by applying

the direct method of the calculus of variations and by the weak closedness of K ′(Ωε) in
L2(Ωε × (0, 1)), we obtain the existence and uniqueness of a minimizer ϵ̂ ∈ K ′(Ωε) for the
minimum problem (3.34). In order to find the necessary conditions for minimality, we first
notice that an immediate computation yields the equality, for every e ∈ K ′(Ωε),

E(e; Ωε × (0, 1)) =
1

2

∫
Ωε×(0,1)

(Ce(x1, x2) + σp(x1, x2)) : (e(x1, x2) + ϵp(x1, x2)) dx1dx2dx3

=
1

2

∫
Ωε

(Ce(x1, x2) + σp(x1, x2)) : (e(x1, x2) + ϵp(x1, x2)) dx1dx2 = E(e),

where E is the energy defined in (3.33), from which we obtain that

min{E(ϵ) : ϵ ∈ K ′(Ωε)} = min{E(ϵ; Ωε × (0, 1)) : ϵ ∈ K ′(Ωε)},
≥ min{E(E; Ωε × (0, 1)) : E ∈ K(Ωε × (0, 1))};

(3.42)

inequality (3.42) is a consequence of the monotonicity of the minimum with respect to the
size of competitors. Then, for every h ∈ K ′(Ωε), we can compute

0 =
d

dt

∣∣∣∣
t=0

E(ϵ̂+ th) =
d

dt

∣∣∣∣
t=0

E(ϵ̂+ th; Ωε × (0, 1)),

which, since h ∈ K(Ωε × (0, 1)) is an admissible variation H for (3.40), yields that ϵ̂ satisfies
the Euler–Lagrange equations (3.41). Therefore, we have proved that the unique minimizer ϵ̂
of the minimum problem (3.34) is such that ϵ̂ is the unique minimizer (3.39), and this makes
the inequality in (3.42) an equality.

From now on, we call ϵe this minimizer. By Ting’s Theorem 3.9, there exists a vector field
ue ∈ H1(Ωε× (0, 1);R3) (we prove the structure (3.36) in Lemma A.3) such that ϵe = ∇symue

in Ωε × (0, 1); it follows that INC ϵe = curlcurl ϵe = 0 in H−2(Ωε;R3×3
sym), which amounts to

(3.43) inc ϵe = curl Curl ϵe = 0 in H−2(Ωε).

Step 3 (necessary conditions of the minimality of ϵe). The first two lines in (3.41) and (3.43)
are the first three lines of (3.35). The existence of ue obtained from Ting’s Theorem 3.9 means
that the strain ϵe is compatible, so that, by the smoothness of ∂Ω and by [45, Proposition
2.8] also the conditions on the boundary integrals in (3.35) hold true.
Step 4 (necessary conditions for ϵ = ϵe + ϵp). The linearity of the differential operators
involved and the properties of ϵp from Proposition 2.5 give (3.37); the proof is complete. □
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Appendix A. Some useful results

We start by stating and proving a simple integration lemma which will be useful in the pa-
per. For a curve γ : [0, L] → R2 parameterized by arch-length and oriented counter-clockwise,
the unit tangent and the unit normal vectors are

(A.1) t(λ) = γ′(λ) =

(
x′
1(λ)

x′
2(λ)

)
=

(
dx1

dx2

)
and n(λ) = Πt(λ) =

(
x′
2(λ)

−x′
1(λ)

)
=

(
dx2

−dx1

)
.

Lemma A.1. Let γ : [0, L] → R2 be a Jordan curve parameterized by arc length, and let
f : R2 → R be a (single-valued) function. Then we have

(A.2)

∫
γ

f dxr = −
∫
γ

xr∂tf dH1 for r = 1, 2.

Proof. Let γ(λ) = (x1(λ), x2(λ)) for every λ ∈ [0, L]. Equalities (A.2) follow from the fact
that, thanks to the single-valuedness of the maps (x1, x2) 7→ xr f(x1, x2) (for r = 1, 2), we
have (recalling that ∂t = d/dλ)

0 =

∫
γ

d

dλ
(xrf) dλ =

∫
γ

f x′
r dλ+

∫
γ

xr
df

dλ
dλ =

∫
γ

f dxr +

∫
γ

xr∂tf dH1 . □

We prove here a technical lemma about integration by parts.

Lemma A.2. Let U ⊂ R2 be an open set and let v ∈ C4(U). If ϕ : U → R is a regular enough
function, we have

1 + ν

E

∫
U

(∇2v : ∇2ϕ− ν∆v∆ϕ) dx

=
1− ν2

E

[ ∫
U

ϕ∆2v dx+

∫
∂U

(
∆v ∂nϕ− ϕ∂n(∆v) +

⟨∇2v t,Π(∇ϕ)⟩
1− ν

)
dH1

]
.

(A.3)

Proof. The proof is a matter of a simple computation, using the Gauss–Green formula a few
times. Recalling that

∇2v : ∇2ϕ = vxxϕxx + vxyϕxy + vyxϕyx + vyyϕyy ,

∆v∆ϕ = vxxϕxx + vxxϕyy + vyyϕxx + vyyϕyy ,

we can integrate by parts each of the terms above and obtain∫
U

vxxϕxx dx =

∫
∂U

(vxxϕxnx − vxxxnxϕ) dH1 +

∫
U

vxxxxϕ dx,(A.4a) ∫
U

vyyϕyy dx =

∫
∂U

(vyyϕyny − vyyynyϕ) dH1 +

∫
U

vyyyyϕ dx,(A.4b) ∫
U

vxyϕxy dx =

∫
∂U

(vxyϕxny − vxyynxϕ) dH1 +

∫
U

vxxyyϕ dx,(A.4c) ∫
U

vyxϕyx dx =

∫
∂U

(vxyϕynx − vxxynyϕ) dH1 +

∫
U

vxxyyϕ dx,(A.4d) ∫
U

vxxϕyy dx =

∫
∂U

(vxxϕyny − vxxynyϕ) dH1 +

∫
U

vxxyyϕ dx,(A.4e) ∫
U

vyyϕxx dx =

∫
∂U

(vyyϕxnx − vyyxnxϕ) dH1 +

∫
U

vxxyyϕ dx.(A.4f)
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By using (A.4a)–(A.4d) and by adding and subtracting vyyϕxnx and vxxϕyny , we have∫
U

∇2v : ∇2ϕ dx =

∫
U

(vxxϕxx + vxyϕxy + vyxϕyx + vyyϕyy) dx

=

∫
U

∆2v ϕ dx+

∫
∂U

(
∆v ∂nϕ− ϕ∂n(∆v)

)
dH1

+

∫
∂U

(vxynyϕx + vxynxϕy − vxxnyϕy − vyynxϕx) dH1

=

∫
U

∆2v ϕ dx+

∫
∂U

(
∆v ∂nϕ− ϕ∂n(∆v) + ⟨∇2v t,Π(∇ϕ)⟩

)
dH1;

by using (A.4a), (A.4b), (A.4e), and (A.4f), and by adding and subtracting vyyϕxnx and
vxxϕyny , we have∫

U

∆v∆ϕ dx =

∫
U

(vxxϕxx + vxxϕyy + vyyϕxx + vyyϕyy) dx

=

∫
U

∆2v ϕ dx+

∫
∂U

(
∆v ∂nϕ− ϕ∂n(∆v)

)
dH1.

Formula (A.3) follows. □

In the next lemma, we show that a field u : R3 → R3 whose symmetrized gradient has the
form

(A.5) E(x1, x2) =

a11(x1, x2) a12(x1, x2) 0
a12(x1, x2) a22(x1, x2) 0

0 0 0


has a special dependence on the x3-variable.

Lemma A.3. Let us suppose that the symmetrized gredient E : R3 → R3×3
sym of a vector field

U : R3 → R3 has the form as in (A.5), for a certain symmetric matrix ϵ : R2 → R2×2
sym. Then

there exist functions u : R2 → R2 such that ∇symu = ϵ and uo : R3 → R3 such that ∇symuo = 0

U(x1, x2, x3) =

u1(x1, x2)− c13x3

u2(x1, x2)− c23x3

c13x1 + c23x2

 =

u1(x1, x2)
u2(x1, x2)

0

+

 −c13x3

−c23x3

c13x1 + c23x2


=u(x1, x2) + uo(x1, x2, x3),

(A.6)

where c13, c23 ∈ R are some constants.

Proof. Let us suppose thata11(x1, x2) a12(x1, x2) 0
a12(x1, x2) a22(x1, x2) 0

0 0 0

 = ∇symU(x1, x2, x3),

for some U ∈ H1(Ωε × (0, 1);R3). We make the following observations

a11(x1, x2) = ∂x1U1(x1, x2, x3) ⇒ U1(x1, x2, x3) = ũ1(x1, x2) + C1(x2, x3),

a22(x1, x2) = ∂x2U2(x1, x2, x3) ⇒ U2(x1, x2, x3) = ũ2(x1, x2) + C2(x1, x3),

0 = a33(x1, x2) = ∂x3U3(x1, x2, x3) ⇒ U3(x1, x2, x3) = C3(x1, x2).
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Moreover,

0 = 2a13(x1, x2) = ∂x1C3(x1, x2) + ∂x3(ũ1(x1, x2) + C1(x2, x3))

= ∂x1C3(x1, x2) + ∂x3C1(x2, x3)

⇒ ∂x3C1(x2, x3) does not depend on x3, so that

⇒C1(x2, x3) = −∂x1C3(x1, x2)x3 + d1(x2),

0 = 2a23(x1, x2) = ∂x2C3(x1, x2) + ∂x3(ũ2(x1, x2) + C2(x1, x3))

= ∂x2C3(x1, x2) + ∂x3C2(x1, x3)

⇒ ∂x3C2(x1, x3) does not depend on x3, so that

⇒C2(x1, x3) = −∂x2C3(x1, x2)x3 + d2(x1),

Therefore

U1(x1, x2, x3) = ũ1(x1, x2)− ∂x1C3(x1, x2)x3 + d1(x2),

U2(x1, x2, x3) = ũ2(x1, x2)− ∂x2C3(x1, x2)x3 + d2(x1),

U3(x1, x2, x3) =C3(x1, x2).

Finally,

2a12(x1, x2) = ∂x1(ũ2(x1, x2)− ∂x2C3(x1, x2)x3 + d2(x1))

+ ∂x2(ũ1(x1, x2)− ∂x1C3(x1, x2)x3 + d1(x2))

= ∂x1ũ2(x1, x2) + ∂x2ũ1(x1, x2)− 2∂x1∂x2C3(x1, x2)x3 + d′2(x1) + d′1(x2)

⇒ ∂x1∂x2C3(x1, x2) = 0,

so that ∂x2C3(x1, x2) = c23 and C3(x1, x2) = c23x2 + d3(x1); similarly, by performing the
integrations on the reversed order, we obtain C3(x1, x2) = c13x1 + d3(x2), which allows us to
conclude that

C3(x1, x2) = c13x1 + c23x2.

Thus,

U1(x1, x2, x3) = ũ1(x1, x2)− c13x3 + d1(x2) =: u1(x1, x2)− c13x3,

U2(x1, x2, x3) = ũ2(x1, x2)− c23x3 + d2(x1) =: u2(x1, x2)− c23x3,

U3(x1, x2, x3) = c13x1 + c23x2.

The lemma is proved. □

Appendix B. Proof of Proposition 2.4

Before proving the proposition, we present a technical lemma which contains the essential
details of the proof of (2.31b). We will consider a sample domain with the topology of an
annulus. We will suppose, without loss of generality, that Ω = B1(0), that ρ < 1, and that
D = {0}, so that Ωnsc = B1(0) \Bρ(0) ; finally, we let Γ := ∂Bρ(0).

Lemma B.1. Let A ⊂ R2 be as above. For s ∈ R\{0} and b ∈ R2\{0}, let θ = sδ0 ∈ W D(Ω)
and α = bδ0 ∈ E D(Ω); moreover, let vsd := −svd : R2 → R and vbD := −b × vD : R2 → R,
respectively, where vd and vD are defined in (2.22), that is

(B.1) vsd(x) = − sE

1− ν2

|x|2

16π
log |x|2 and vbD(x) = − E

1− ν2

b× x

8π
(log |x|2 + 1).
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Then we have

(B.2)



1− ν2

E

∫
Γ

∂n(∆vsd) dH1 = s = θ(Ω) ,

1− ν2

E

∫
Γ

(
x1∂t(∆vsd)− x2∂n(∆vsd) +

(∇2vsd t)1
1− ν

)
dH1 = 0 ,

1− ν2

E

∫
Γ

(
x1∂n(∆vsd) + x2∂t(∆vsd) +

(∇2vsd t)2
1− ν

)
dH1 = 0 ,

and

(B.3)



1− ν2

E

∫
Γ

∂n(∆vbD) dH1 = 0 ,

1− ν2

E

∫
Γ

(
x1∂t(∆vbD)− x2∂n(∆vbD) +

(∇2vbD t)1
1− ν

)
dH1 = b1 = (α(Ω))1 ,

1− ν2

E

∫
Γ

(
x1∂n(∆vbD) + x2∂t(∆vbD) +

(∇2vbD t)2
1− ν

)
dH1 = b2 = (α(Ω))2 ,

where n is the outer unit normal to ∂Ωnsc and t points clockwise.

Proof. We start by noting that the function vsd and vsD defined in the statement of the lemma
solve

(B.4)
1− ν2

E
∆2vsd = −sδ0 and

1− ν2

E
∆2vbD = −(b×∇)δ0 = b2∂x1δ0 − b1∂x2δ0 ,

in H−2(B1(0)) and in D′(B1(0)), respectively. In order to draw information on the contribu-
tion on Γ, the internal boundary of the annular domain Ωnsc, we can test the equations in
(B.4) against functions in C (Ω({0})), namely we consider test functions φ ∈ H2

0 (B1(0)) such
that φ = a in Bρ(0), for a certain affine function a. These test functions are such that

φ|Γ = a|Γ = (a0 + a1x1 + a2x2)|Γ
= a0 + a1ρ cos

λ
ρ
+ a2ρ sin

λ
ρ

and
∂nφ|Γ = ∂na|Γ = −a1nρ,1 − a2nρ,2

= −a1 cos
λ
ρ
− a2 sin

λ
ρ

for λ ∈ [0, 2πρ], where nρ = (nρ,1, nρ,2) is the outer unit normal to ∂Bρ(0).
For v = vsd, v

b
D and for any φ ∈ C (Ωε({0})), up to the factor (1 − ν2)/E, we have, by

integration by parts (here we must choose the normal to Γ pointing outwards of Ωnsc, that is
towards the origin, that is −nρ),∫

Ω

∆2v φ dx =

∫
Ωnsc

∆2v φ dx+

∫
Bρ(0)

∆2v φ dx

=

∫
Γ

∂nρ(∆v)φ dH1 −
∫
Bρ(0)

⟨∇(∆v),∇φ⟩ dx

=

∫
Γ

∂nρ(∆v)φ dH1 −
∫
Γ

∆v∂nρφ dH1

=

∫
Γ

∂nρ(∆v)[a0 + a1x1 + a2x2] dH1 −
∫
Γ

∆v[a1nρ,1 + a2nρ,2] dH1

=

∫
Γ

∂nρ(∆v)[a0 + a1x1 + a2x2] dH1 +

∫
Γ

∂tρ(∆v)(a1x2 − a2x1) dH1,

(B.5)

since ∆2v vanishes in Ωnsc and since (being φ affine in Bρ(0)) ∆φ = 0; also, we have used
(A.1) and (A.2) with f = ∆v in the last equality. In the case of a disclination, v = vsd , by
choosing alternatively only one coefficient of φ not to vanish, from the first equation in (B.4)
and from (B.5) we obtain that
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(1) if a0 ̸= 0 = a1 = a2, then −sa0 = −sφ(0) =

∫
Γ

a0∂nρ(∆vsd) dH1 ;

(2) if a1 ̸= 0 = a0 = a2, then 0 = −sφ(0) =

∫
Γ

[x1∂ρ,n(∆vsd) + x2∂t(∆vsd)] dH1 ;

(3) if a2 ̸= 0 = a0 = a1, then 0 = sφ(0) =

∫
Γ

[x2∂nρ(∆vsd)− x1∂tρ(∆vsd)] dH1 .

Moreover, a straightforward computation yields

∇2vsd tρ|Γ = − sE

16π(1− ν2)

(
2x2(1 + log |x|2)
−2x1(1 + log |x|2)

)
,

so that

(B.6)

∫
Γ

(∇2vsd tρ)r dH1 = 0, for r = 1, 2.

The three relations above and (B.6) (reinstating the factor (1 − ν2)/E and recalling that
n = −nρ and t = −tρ) yield the necessary conditions (B.2).

Let us now turn to the case of the dislocation, for which v = vbD . By testing the right-hand
side of the second equation in (B.4) with a test function φ which is affine on Bρ(0), we obtain

⟨−(b×∇)δ0, φ⟩ = ⟨b2∂x1δ0 − b1∂x2δ0, φ⟩ = b1∂x2φ(0)− b2∂x1φ(0) = b1a2 − b2a1 .

By choosing alternatively only one coefficient of φ not to vanish, from (B.5) and the chain of
equalities above, we obtain that

(1) if a0 ̸= 0 = a1 = a2, then 0 =

∫
Γ

∂nρ(∆vbD) dH1 ;

(2) if a1 ̸= 0 = a0 = a2, then −b2 =

∫
Γ

[x1∂nρ(∆vbD) + x2∂tρ(∆vbD)] dH1 ;

(3) if a2 ̸= 0 = a0 = a1, then −b1 =

∫
Γ

[x2∂nρ(∆vbD)− x1∂tρ(∆vbD)] dH1 .

Moreover, a straightforward computation yields

∇2vbD tρ|Γ = − E

1− ν2


b1(x

2
2 − x2

1)− 2b2x1x2

x2 + y2

b2(x
2
1 − x2

2) + 2b1x1x2

x2 + y2

 ,

so that

(B.7)

∫
Γ

(∇2vbD tρ)r dH1 = 0, for r = 1, 2.

The three relations above and (B.7) (reinstating the factor (1 − ν2)/E and recalling that
n = −nρ and t = −tρ) yield the necessary conditions (B.3). □

Proof of Proposition 2.4. From the discussion in Section 2, in particular from (2.18), (2.19),
and (2.23), we know that the function vp verifies (2.30). Moreover, (2.31a) follows immediately
from (2.16) and (2.19), since supp(α) ∪ supp(θ) = D ∩ Ωε(D) = ∅ by construction of Ωε(D).

To prove (2.31b), we notice that, by linearity, it suffices to look at one defect site ξ ∈ D
alone, where we place once a disclination of Frank angle s and once a dislocation of Burgers
vector b. The proof in the prototypical situation ξ = 0 is dealt with in Lemma B.1, and the
result in the general case can be obtained by superposition and translations, as in (2.21). The
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only thing that needs to be verified is that

(B.8)



1− ν2

E

∫
Γi1

∂n(∆vi2) dH1 = 0,

1− ν2

E

∫
Γi1

(
x1∂t(∆vi2)− x2∂n(∆vi2) +

(∇2vi2 t)1
1− ν

)
dH1 = 0,

1− ν2

E

∫
Γi1

(
x1∂n(∆vi2) + x2∂t(∆vi2) +

(∇2vi2 t)2
1− ν

)
dH1 = 0,

whenever i1 ̸= i2, and where we denote by vi either one of the functions vjD or vkd defined in
(2.21), but this is an immediate consequence of the compatibility of vi2 away from ξi1 . The
proof is concluded. □

Appendix C. Useful properties of the Monge-Ampère operator

We recall here the definition of the Monge-Ampère operator and present two properties of
interest.

Definition C.1 (Monge-Ampère operator). Let Ω ⊂ R2 be an open set; for any ξ, η ∈ H2(Ω),
the Monge-Ampère operator is defined as

(C.1) [ξ, η](x) := cof (∇2ξ(x)) : ∇2η(x) for a.e. x ∈ Ω.

Lemma C.2 ([17, Theorem 5.8-2]). Let Ω ⊂ R2 be a bounded, connected, open set with
Lipschitz boundary. Let ξ, η, χ ∈ H2(Ω) and assume that at least one of them belongs to
H2

0 (Ω). Then
∫
Ω
[ξ, η](x)χ(x) dx is symmetric, that is

(C.2)

∫
Ω

[ξ, η](x)χ(x) dx =

∫
Ω

[χ, ξ](x)η(x) dx =

∫
Ω

[η, χ](x)ξ(x) dx.

We prove that a slightly weaker version of symmetry property (C.2) holds when one gives
up the request that one of the functions be in H2

0 (Ω), provided that it is in H4(Ω) and has
affine trace on the boundary ∂Ω.

Lemma C.3. Let Ω ⊂ R2 be a bounded, connected, open set with C2 boundary ∂Ω. Let
η, χ ∈ H2(Ω) and let ξ ∈ H4(Ω) be such that ξ is affine on ∂Ω. Then

(C.3)

∫
Ω

[ξ, η](x)χ(x) dx =

∫
Ω

[ξ, χ](x)η(x) dx.

Proof. By definition of the Monge-Ampère operator,∫
Ω

[ξ, η]χ dx =

∫
Ω

χ cof (∇2ξ) : ∇2η dx =

∫
∂Ω

χ⟨cof (∇2ξ)n,∇η⟩ dH1

−
∫
Ω

〈
Div

(
χcof (∇2ξ)

)
,∇η

〉
dx = −

∫
Ω

⟨cof (∇2ξ)∇χ,∇η⟩ dx,
(C.4)

where the second line follows from integration by parts, and the third line is a consequence of
[14, Proposition A.2] applied to ξ (upon noticing that cof (M) = Π⊤MΠ for any M ∈ R2×2

sym

and that Πn = −t) and (2.6). Realizing that the right-hand side of (C.4) is a symmetric
expression in η and χ, (C.3) follows. □
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