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TO THE OCTAGONAL ANISOTROPIC PERIMETER

G. DEL NIN AND L. DE LUCA

ABSTRACT. We consider a variant of the sticky disk energy where distances be-
tween particles are evaluated through the sup norm |||« in the plane. We first
prove crystallization of minimizers in the square lattice, for any fixed number N
of particles. Then we consider the limit as N — oo: in contrast to the standard
sticky disk, there is only one orientation in the limit, and we are able to compute
explicitly the I'-limit to be an anisotropic perimeter with octagonal Wulff shape.
The results are based on an energy decomposition for graphs that generalizes the
one proved by De Luca-Friesecke [10] in the triangular case.

1. INTRODUCTION

The sticky disk is a very simple model of interacting particles in the plane. Given
a (finite) configuration of distinct points X = {z1,...,2x} C R? the sticky disk
energy is defined:

1
(1.1) Enr(X) = 5 > V(i — ).
1<i,j<N
i#]
Here, the symbol | - | denotes the Euclidean norm and V' : (0,00) — [—1, 4+00] is the
sticky disk (or Heitmann-Radin) potential

+o0o fO0<r<l1
(1.2) Viry=¢-1 ifr=1
0 ifr>1.

This model was introduced and studied in 1980 by Heitmann and Radin [17], who
proved (building upon previous work by Harborth [16]) that for a fixed N minimizers
of the energy £yg are crystallized, i.e., they form a subset of the unit-step triangular
lattice. An alternative proof based on an energy decomposition for graphs was
given more recently in [10]. Radin later proved that crystallization holds also for
the slightly less singular soft disk potential [20], and also in this case the energy
decomposition from [10] was recently used by the authors to prove a sharp version
of this result [12].

In the present work we analyze a specific anisotropic variant of the sticky disk
model, where distances are evaluated by means of the norm || - oo (also called square
norm) in the plane:

1
(1.3 EX) =g 3 Vlllni— il
1<i,j<N
i#j
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Such a functional has been first studied in [5] where it has been shown that for every
NeN

min £(X) = min &£(X),

BX=N BX=N

Xcz?

namely that there always exists a minimum that is a subset of Z2. This suggests a
finite crystallization result in the square lattice Z?, namely that every minimum is
a subset of a copy of Z2. In Section 4, we prove this property (called finite crystal-
lization), for N > 6, for the energy £. Furthermore, in Section 5, we develop also an
asymptotic analysis (as the number N of particles diverges) for quasi-minimizers,
in the spirit of what was done in [11, 14] for the Euclidean norm, that is, for the
regular triangular lattice.

Let us now describe our results a bit more in detail. It is not hard to see that the
maximum number of interactions for every particle is 8. Hence, ground states of the
energy £ should have as many points with 8 neighbors as possible. Such information,
together with the rigidity of the interaction potential and of the norm |||, allows to
show that in optimal configurations most of the particles lie on square crystallized
faces, which, in turns, yields that all the faces are actually crystallized: they are
either squares or triangles, corresponding to half squares.

By construction, any of the “inner” particles (i.e., surrounded by 8 neighbors)
in an optimal configuration gives an energy contribution equal to —4; therefore,
the leading order of the minimal energy is —4N. The remaining particles are thus
“boundary” particles (surrounded by less than 8 neighbors) and their number is of
the order of a perimeter, i.e., of V' N (being N the “volume”). In other words, it can
be shown that

—4N + VN < Join E(X) < —4AN + VN
for some positive constants c1, co. It is thus natural to check whether (local or global)
crystallization takes place in the limit as N — oo also for low-energy sequences,
namely to sequences { Xy }nen with #Xy = N and satisfying

(1.4) E(Xy) < —4N + CVN

for some constant C. To this end, we associate with every (finite-energy) configura-
tion X the finite perimeter set

(1.5) Ax(X):= |J R
FeFg(X)

where Fg(X) denotes the family of all the crystallized square faces of X. In Propo-
sition 22, we provide a compactness result for the energy £, which states that if a
sequence { Xy} yen satisfies (1.4) then, up to a subsequence, the sets N /2 Ax(Xy)
converge to a finite perimeter set E. In view of the rigidity highlighted above, the
limit set E presents a single orientation; in other words, sequences satisfying (1.4)
still exhibit asymptotic crystallization. Such a behavior is somehow in contrast with
the isotropic case of the Euclidean norm, where the crystallization is only “local”,
since polycrsytalline structures may arise [11, 14].

Finally, as one may expect, the compactness theorem stated above is accompanied
with a I'-convergence result (Theorem 21). Such a result shows that the I'-limit of
the energy &, once renormalized with the volume term —4 N and scaled by the length
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factor N'/2, is the anisotropic perimeter

(1.6) P4(E) = . d(vg) dH?

associated with the anisotropy ¢ defined by
(1.7) (1, v2) = 1| + [va] + [1 + vo| + |11 — val.

The construction of the recovery sequence is quite standard (see Section 5.2), hence
we only briefly describe the strategy for the proof of the lower bound. Despite the
rigidity mentioned above, low energy sequences do not exhibit exact crystallization
(i.e., they are not subsets of a square lattice), hence the proof of the I'-convergence
still requires some fine combinatorial arguments and is thus based on an energy de-
composition for graphs that generalizes the one proved in [10]; such a decomposition
is derived in Section 3 and is used also in Section 4 to prove finite crystallization.

As customary, we associate to a finite energy configuration X = {z1,...,xy} its
bond graph G(X), whose vertices are the points of X, and where edges are considered
between any pair of points z,2’ € X with ||z — 2/||cc = 1. In order to make the
presentation self-contained, in Section 2 we have included a (not too) short recap
on graph theory.

Contrary to the isotropic sticky disk, the procedure described above does not
necessarily define a planar graph. However, the only source of non-planarity comes
from square faces having both diagonals, that are actually the faces that one wants
to observe when proving crystallization.

Recalling that the (G)-degree of a point = € X is defined as deg(x) = degg(x) :=
#{{z,y} € Ed(X)}, the energy decomposition, stated in Theorem 3, allows us to
rewrite the excess energy

(1.8) F(X) :=2E(X) + 84X = ) (8 — deg(x))
zeX

as a sum of different contributions. The most important ones are a combinatorial
perimeter-type term, and a contribution due to the angular defect of a face. The
latter is a notion that we introduce here and that measures in some sense how far
is a face from being crystallized. The main feature of our energy decomposition is
its local character, which makes its application very powerful. Indeed, with such
a tool, in order to prove the lower bound we select a family of faces whose union
has the same limit of Ax(Xy) and whose crystalline perimeter Py behaves, up to
an asymptotically vanishing error, as the energy of X . We can thus appeal to the
lower semicontinuity of Py to deduce the sought liminf inequality.

In conclusion, some comments are in order. In this paper, we have proven fi-
nite (and “infinite”) crystallization in Z? for the Heitmann-Radin potential acting
through the distance induced by the norm || - || between the particles. To the best
of our knowledge, this is the first finite crystallization result in the square lattice
for a pairwise interaction energy. A finite crystallization result in the square lattice,
for a functional combining a pairwise potential with a three-body interaction, has
been obtained in [19]. Despite the absence of the three-body term, our setting is
sensitively more rigid than that treated in [19], as the orientation of the square faces
in our case is uniquely determined. For what concerns the pairwise interactions and
the square lattice, another crystallization result in the sense of thermodynamic limit
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has been obtained in [3]. In that case the chosen norm is the Euclidean one and the
interaction potential is given by

4+oo f0<r<i1
(19) ‘/équare(r) =< —1 Hfi1<r< \/5
0 if 1> V2.

We hope that some of the combinatorial tools developed here could be useful to
treat the finite crystallization problem in this more general setting.

As commented in Remark 5, our decomposition of the energy is purely combina-
torial and applies to other potentials for which crystallization in the lattice Z? is
expected, such as that considered in [3]). Moreover, in Subsection 3.5, we show that
a similar decomposition applies also to the case of triangular lattice.

The Wulff shape for the I'-limit P, of the energy N~1Y2(€ + 4N) is the regular
(with respect to the norm || - ||o) octagon; therefore, in view of our I'-convergence
analysis, minimizers of £ converge to the regular octagon. It is a natural question to
investigate the values of N for which minimizers are uniquely determined (as done
in [9] for the triangular lattice) as well as to check if the so-called N*/* law holds
true also in this case (see [6, 7, 8, 18, 21] for proofs of this fact in several contexts).

Finally, having studied the cases of the Euclidean norm and of the square norm
Il || oo, We could ask what happens for general norms in the plane. In this respect, the
recent paper [4] provides interesting insights on the problem in the case of general
|| ||, norms. We plan to investigate this issue in the future; in a nuthsell, for general
strictly convex norms, minimizers crystallize in a triangular lattice (see [5]) but for
non-strictly convex ones they may “choose” between different crystalline structures.
This aspect makes the analysis of quasi-minimizers more intriguing, since in such a
case polycrystalline structures may arise as a mixture of different lattices.
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NOTATION
Symbol | Meaning Appearence
X Set of points (particles) Intro
E(X) Total energy (1.3)
F(X) | Excess energy: F(X)=E&(X)+8N (1.8)
E(X) Set of all edges of X Sec. 2
G Graph Sec. 2
Ed Set of edges of a specific graph (subset of E) Sec. 2
I1(G) Union of all segments associated with its edges Sec. 2
F(G) Set of all faces of G Sec. 2
Fx(G) | Family of non planar faces under condition (CE),
i.e., family of quadrilateral faces having both diagonals Sec. 2
Fplanar(G) | Family of planar faces of G Sec. 2
F'"4(G) | Unbounded face of G Sec. 2
Fpad Family of bounded faces of G Sec. 2
Edint Interior edges Sec. 2
EdVireext | Exterior wire edges Sec. 2
EdVreint | Tnterior wire edges Sec. 2
Ed? Boundary edges Sec. 2
Ed%(G) | Boundary edges associated to Ag(G) (3.6)
EdE*(G) | Exterior edges associated to Ag(G) (3.7)
0X Boundary of X (2.2)
Peomb(G) | Combinatorial perimeter of G, equal to HEd? 4 24EdVIre.ext (2.3)
A(G) Union of all bounded faces of G (2.1)
As(G) | Union of all bounded faces appearing in S (2.4)
Ax(X) | Union of all crystallized square faces of G (1.5)
c(T) Family of connected components of a closed set T Subsec. 2.1
u(T) Unbounded connected component of R? \ T, for compact T Subsec. 2.1
Fill(T) | Filling of T, given by R?\ U(T) Subsec. 2.1
C®Y(9T) | Exterior component of T' Subsec. 2.1
C™(9F) | Family of interior components of T Subsec. 2.1
0(a) Angular defect: 2o — 1 (3.2)
5a(a) | Angular defect for the triangular case: 2o — 1 (3.11)
O(F) Defect of a face (sum of the defects of its internal angles) (3.4)
OA(F) | Same as above but for the triangular case (3.11)
A, An | Admissible configurations with/without a cardinality constraint
AZz,AJZ\,z and with/without the constraint of being subsets of Z? Sec. 4
1 Anisotropy given by ¢(v) = |v1] + |va| + [v1 + va| + |11 — 12 (1.7)
P, Anisotropic perimeter (1.6)

Cyle]

1

¢-length of a segment e: H!(e)p(Sr)

e

Subsec. 5.2
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2. PRELIMINARIES ON PLANAR GRAPHS

Here we collect some notions and notation on graphs that will be adopted in this
paper. Let X be a finite subset of R? and let Ed be a given subset of E(X), where

E(X):={{r,y} CR? : z,y € X,z #y}.

The pair G = (X, Ed) is called graph; X is called the set of vertices of G and Ed is
called the set of edges (or bonds) of G.
For any graph G we set

(G) = {[,y] : {my} B} and  1G) = |J [w4]
{z,y}ekEd
In what follows, for every e = {z,y} € Ed we will denote by [e] the (closed) segment
[z, y] belonging to I(G).

Given X' C X, we denote by Gy the subgraph (or restriction) of G generated by
X', defined by Gx/ = (X', Ed’) where Ed’ := {{z/,y'} € Ed : 2/,y/ € X'}.
Definition 1. Let G = (X,Ed) be a graph. We say that two points z,z € X
are connected, and we write x ~ z, if there exist a number M € N and a path
x =70,...,ypm = 2z such that {ym—1,ym} € Ed for every m=1,..., M — 1.

We say that Gx,,...,Gx, with K € N are the connected components of G if
{X1,..., Xk} is a partition of X and for every k, k" € {1,..., K} with k # k' it
holds

Tk ~ Yk for every xp,yr € Xi,
Tk o Ty for every zp € X, xp € Xpo.
If G has only one connected component we say that G is connected.
Let G = (X,Ed) be a connected graph. We say that G is planar if closed edges

only intersect at vertices. For every z € X we denote by deg(z) = degg(x) the
degree of z (in G), i.e., the cardinality of bonds in Ed that contain x.

F1GURE 1. An admissible graph: the graph has straight edges and is
planar, with the only possible exception of convex quadrilateral faces
having both diagonals.

Throughout the paper we will focus on graphs G = (X, Ed) satisfying the following
properties
(MD) deg(z) <8 for any = € X;
(CE) if {1,235}, {z2, x4} € Ed and #((z1,x3) N (x2,24)) =1,
then {x;, 21} € Ed for every j,k=1,...,4 with j # k.
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In other words, the assumption (MD) (mazimum degree) provides an upper bound
for the degree of each vertex, whereas the assumption (CE) (crossing edges) states
that the only admissible non-planarity comes from (convex) quadrilateral faces hav-
ing both diagonals. In what follows we call admissible any graph satisfying the
assumptions (MD) and (CE).

We denote by F(G) the family of non-planar faces, i.e., those quadrilaterals whose
vertices fulfill the condition expressed in (CE). By a (finite) planar face, we mean

any open, bounded, connected component of R?\ (XUI(G) UU ferg (o) clos(f)) , and

we denote by Fpjanar(G) the class of finite planar faces of G. Finally, we denote by
F"P4(G) the unbounded face, i.e., the (only) open unbounded connected component
of R?\ (X U J(G)).

We denote by F(G) := Fg(G) U Fpjanar (G) U {F"™4(G)} the set of all faces of G,
and by Fpqq(G) := F(G) \ {F"4(G)} the set of bounded faces. In the following
we might omit the dependency on G for notational simplicity. We define the Euler
characteristic of G as

X(G) = #X — #Ed + #F(G).

We set

(2.1) AG) = |J clos(F).

FeFp44(G)

With a little abuse of language we will say that an edge {z,y} lies on a set E C R?
if the segment [x,y] is contained in E'. We classify the edges in Ed in the following
subclasses:

o Ed™ is the set of interior edges, i.c., of edges lying on the boundary of two
(distinct) faces;

o EdVr®eXt ig the set of exterior wire edges, i.e., of edges that do not lie on the
boundary of any face;

o EdVeint is the set of interior wire edges, i.e., of edges lying on the boundary
of precisely one face but not on the boundary of its closure;

e Ed? is the set of boundary edges, i.e., of edges lying on dA(G).

We also define the set of wire edges as Ed"*® := EdVr®int J EdVree<t  With little
abuse of notation, we denote by 0X the set of boundary particles, i.e.,

(2.2) 0X :={z € X :Jy € X such that {z,y} € Ed? UEd"reet}.
We define the combinatorial perimeter of G as
(2.3) Peomb(G) := #Ed‘9 + 2#Edwire,ext .

According with the definitions introduced above, if A(G) has simple and closed
polygonal boundary and if #Ed""**** = 0, then Peomp(G) = #0X .
Furthermore, for any S C F,4q(G) , we define

(2.4) Ag(G) := | J clos(F).
FesS
Notice that, if S = Fp4q(G), then Ag(G) = A(G). We denote by Pcomp(As(G)) the
combinatorial perimeter of Ag(G), that is, the number of boundary edges of Ag(G):
Peomb(As(G)) := #{{x,2'} € Ed(G) : [z,2'] C 0As(G)},
where 0Ag(G) denotes the topological boundary of Ag(G).
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Let F be a planar face of G. We denote by Ed(F') the set of edges of F, i.e., the
set {{z,y} € Ed : [z,y] C clos(F)}. Moreover, we split the class Ed(F') into two
subfamilies: the family of interior wire edges Ed"®™(F), i.e., those edges from
Ed(F) that are not contained in the boundary of clos(F'); the family of boundary
edges, EdY(F) := Ed(F) \ Ed"""(F). We call combinatorial perimeter of F the
quantity

Peomb (F) := #Ed?(F) + 2#Ed™ V" (F).

2.1. Components of a face. For any closed set T C R?, we denote by C(T) the
family of connected components of T. If T is a closed and bounded set, we let
U(T) be the only unbounded connected component of R? \ T and we denote by
Fill(T) := R?\ U(T) the filling of T. For every bounded, closed and connected set
T, we introduce the following concepts (see also Figure 2):

o O(9T) denotes the exterior component of AT, i.e., the connected compo-
nent of C(9T') containing 9T N AU (T);

o CY(QF) := C(OT) \ {C*™*(OT)} denotes the family of interior components
of OT.

We highlight that C***(9T') does not coincide with T N OU(T). Trivially, if T is
either a tree or a point, then T' = 9T and C(T) = {C®*(T)}. Finally, given an
admissible graph G, we set C**(9F"?4) := () and C'™*(9F"Pd) .= C(9FuPd).

We record here the following lemma, which states that, given any selection of

faces S, every interior component of an unselected face corresponds to a connected
component of Ag(G)UI(G)U X.

Lemma 2. Let G = (X, Ed) be an admissible graph, and let Fg(G) C S C Fpq4(G)
be a set of (bounded) faces of G. Then, we have

(2.5) D #CM(OF) = #C(As(G)UI(G) U X).

FEF(G)\S

Proof. We first notice that, by construction, any element C € J FEF(GN\S C"(QF) is
the exterior boundary of a connected component of Ag(G) U I(G) U X. This proves
the inequality “<” in (2.5).

Analogously, for any connected component E of Ag(G) Ul(G) U X we have that
CIE) € Uper(e)\s C™(9F). This implies the inequality “>” in (2.5) and con-
cludes the proof of the lemma. O

3. ENERGY DECOMPOSITION ON GRAPHS

The aim of this section is to prove an energy decomposition for graphs arising as
bond graphs for the square sticky disk. The statement is quite flexible and combina-
torial in nature, and indeed holds under the mere assumption that “topologically”
the graph looks like one arising from such a bond graph, namely satisfying (MD) and
(CE) (see Fig. 1). Moreover, it can be adapted to other settings, and for this reason
we also state a version for the standard sticky disk (that is, when the underlying
ideal lattice is the triangular one). The latter is a generalization of a similar energy
decomposition obtained in [10]. The main difference is that our decomposition can
be in a sense localized, as one is allowed to select any subset of faces, and gets
a corresponding decomposition involving the perimeter of the union of only those
faces (see Remark 7). The proof is based on the notion of angular defect, that we
introduce here and that allows to somewhat simplify the original argument in [10].
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Another difference is the following: in the original energy decomposition the defect
of a face was defined as the number of additional edges needed to triangulate it;
instead, here the defect of a face is the sum of all the angular defects at its vertices.
These concepts coincide for a simply connected face, but they differ in general.

3.1. The graph. Let G = (X, Ed), with X C R? finite and with straight edges, be
a graph satisfying the admissibility properties (MD) and (CE). We define the ezcess
energy as

(3.1) F(G) =) Flx),

zeX

where F(z) is the local excess defined for every vertex = to be
F(x) =8 — deg(z).

Loosely speaking, the energy F counts the total number of missing bonds, as com-
pared to the ideal situation where each particle has 8 neighbors.

3.2. Angular defects. Given an angle «, we call
(3.2) 5(a) == 2a—1
the angular defect of . This measures by how many multiples of 7 the angle «

exceeds 7. Now let z € X. Let us call a;(z), i = 1,...,deg(x), the angles between

consecutive edges appearing around z (all with a positive sign), and §;(x) := §(a;(z))
the corresponding defects. We have the following simple but key identity:

deg(x) deg(@)
(3.3) §(z) =Y diz)= ) (Wai(ﬂz) — 1) =8 — deg(z) = F(z).
=1 =1

In other words, the excess energy F(x) coincides with the sum of the angular defects
at z.

FIGURE 2. Example of a possible face F' (shaded in grey). The angles
that contribute to §(F') are highlighted in red. In this case 0(F) =
3P comb (F) — 8 4+ 8#C™(F) = 3Pcomp(F) + 8, and Peopp,(F) = 27.
Notice that in #C"*(F) we count the number of interior connected
components of OF (2 in this case), and not the number of interior
connected components of R? \ F' (3 in this case).
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3.3. Defect of a face. Given a simple polygon P with k sides, let us call §;,
j =1,...,k the internal angles (all considered to be positive). Then we define the
defect of P as

5(P) = 5(8;)-
j=1
Since the sum of the internal angles of any polygon with k sides is (k — 2)7w, we
obtain

4
0(P)=—(k—2)t —k=3k—28.

T

We observe that, as a consequence,
o(P)=1 if P is a triangle.

Now, given an admissible graph G = (X, Ed), for every F' € F,44(G) and for every
C € C(OF), let v(C) be the curve describing C. If C' is not made of only wire edges,
we can orient y(C) in such a way that for every edge in OF \ EdV"™™(F) whose
corresponding segment lies in the support of v(C'), the curve v(C) finds F on its
right. This means that the orientation of y(C') is oriented clockwise if C' = C**(9F)
and counter-clockwise whenever C' € C™(JF) is not a tree; by relaxation, we can
extend the counter-clockwise orientation also to the case where C' € C™(JF) is a
tree, and hence to any C' € C™(9F).

We now define the defect §(F') of a face F' as the sum of the defects of all the
angles facing the inside of F', and we will get an alternative expression in the next
few lines. For every C' € C(OF) we denote by £(v(C)) the graph-length of the curve
~v(C) (that is, the number of boundary edges it is made of plus twice the number of
wire edges); it follows that

D 8(8) = 30(v(C)) + 8e(v(C)),
B

where the sum runs among all the angles between consecutive edges in Ed(F') facing
the interior of F' (see Fig. 2) and €(y(C')) represents the orientation of the curve
7v(C), that equals —1 if C = C**(9F) and equals +1 otherwise. By summing over
C we can see that the defect of the face F' can be rewritten as

S(F)= Y (3(+(C)) +8€(+(C)))
(3.4) CeC(F)
=3P comb(F) 4 8(#C™(OF) — 1),

Analogously, if F' is the unbounded face F'Pd there is no external connected
component of JF, so that

(3.5) S(F"P%) = 3Pcomp (F"P?) 4 8#C™ (F**Y).

Note that #C™(F1Pd) coincides with the cardinality of the connected components
of
Aded(G) UI(G) U X.

In particular, 6(F) > 3P(F') — 8 > 1 for any planar face. See also Figure 2.

Finally, we set §(F) := 0 for every non-planar face, namely for F' € Fg(X).
Observe that this is consistent with the sum of the internal angular defects at the
4 vertices. In conclusion, §(F') is non-negative for every face F', and at least 1 for
every planar face.
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3.4. Energy decomposition. Let G = (X, Ed) be an admissible graph. Let S be
any subset of the bounded faces of G that includes all the non-planar ones, namely,
Fr(G) € S C Fpqa(G), and let Ag(G) be the set defined in (2.4).

Moreover, we define

(3.6) Ed%(G) := {{z,2'} € Ed(G) : [z,2] C DAs(G)}
as the family of edges lying on the boundary of Ag(G) and
(3.7) EdE"(G) := Ed(G) \ {{z,2'} € Ed(G) : [z,2] C As(G)}

as the family of edges of X that intersect Ag(G) in at most 2 points (that is, those
edges that on neither side touch a face from 5).

Recall that F(G) = > cx F(z) = > cx(8 — degg(x)). We are now ready to
state the central energy decomposition result.

Theorem 3 (Energy decomposition for 8 neighbors). Let G = (X, E ) be a graph

satisfying (CE). Let S be any subfamily of faces satisfying Fx(G) C S C Fpqq(G).
Then we can rewrite the total energy as

F(G) =3Peomn(A5(G)) + 8#C(As(G) UI(G) U X)
(3.8) — 8#(Fuaa(G) \ ) + Y 8(F) + 6#Edg"(G).

Fes

Proof. First, recalling (3.3), we use a double counting to write the sum of the angular
defects among all vertices as the sum of the defects over all faces, and we split the
sum according to S:

(3.9) F(G) =) ()= Z S(F) = 4(F) Z §(F
zeX FeF(G FesS FeF(G

The first sum on the right-hand side term of (3.9) is already one of the parts of the
final energy decomposition, so we just need to expand the second one. Recalling
(3.4) and (3.5) we obtain

Y 6F)= D BPemp(F)+8 > #C™(OF)
(3.10) FEF(G\S FEF(G\S FEF(G\S
— 84 (Fpaa(G) \ 9).
For the first summand in (3.10) we obtain
> 3Peomn(F) = 3#Ed3(G) + 6#EdFT(G) = 3Pcomp(As(G)) + 6#EdF(G),
FeF(G)\S

since the edges in EdZ(G) are exactly those that appear in the perimeter of Ag(G)
(and are thus counted only once), while EdZ*(X) are those counted twice. For the
second summand in (3.10), Lemma 2 yields

ST HCM(F) = #C(A5(G) UI(G) U X).
FEF(G)\S
Putting all the terms together we obtain the desired decomposition. O
Remark 4. In what follows we will apply the energy decomposition (3.8) to the
graph “generated” by configuration whose energy £ (1.3) is finite (see formula (4.1)).

By Lemmas 10 and 11 below, such graphs are admissible, i.e, satisfy both properties
(CE) and (MD). We stress that to get Theorem 3 it is enough to assume that only
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property (CE) is satisfied. On the other hand, property (MD) guarantees that the
angular defect of a face is nonnegative and such a property is crucial when proving
crystallization.

Remark 5. We highlight that the energy decomposition (3.8) is purely combina-
torial and is not related to the choice of a particular energy functional. It can be
applied for instance to the pairwise interaction energy defined in (1.9). As an ex-
ample of its ductility, we will see, in Subsection 3.5 below, how this formula can be
adapted also to the case of a graph arising from the standard (isotropic) sticky disk.

3.5. Energy decomposition in the triangular case. We report here also a ver-
sion of the energy decomposition (3.8) that works for the “triangular” setting. We
omit the proof because it is virtually identical to the one above.

Let then G = (X,Ed) be a planar graph with straight edges, with maximum
degree 6. Given an angle «, define its triangular defect as

(3.11) ola) = %a Y

Accordingly, we let da (F') be the defect of the face F', computed replacing §(a)) with
oA (). Define as above F(G) as the set of faces of G, and given S C F(G) let Ag(G)
and Ed%*(G) and C(Ag(G) U 1(G) U X) be defined as in Subsection 3.4. Defining
F(G) := 3> ,cx(6 —degg(x)), we have the following energy decomposition.

Theorem 6 (Energy decomposition for 6 neighbors). For every planar graph G
with mazimum degree 6, and any choice of a subset S C F(G), the following equality

holds:
F(G) =2Pcomb(A4s(G)) + G#C(AS(G) ul(G)u X)

— 6#(F(G)\ S) + Y 0a(F) + 4#EdS*(G).

FeS

Remark 7 (Relation with the energy decomposition in [10]). We observe that the
energy decomposition given in [10] corresponds to the choice S = F(G) in Theorem
6, whenever the faces are all simply connected: in this case we obtain

F(G) = 2Peomb(A(G)) + 6#C(A(G) UNG) UX) + > da(F) + 4#EdFH(X)
FeF(G)
= 2Pcomb (G) + 6#C(A(G) UI(G) U X) + 2u(G).

Here, following the notation in [10], u(G) stands for the number of additional edges
needed to triangulate all the bounded faces of the graph (indeed, notice that §(F') =
2kp — 6 is twice the number of sides needed to triangulate F'), and Pcomp(G) is the
combinatorial perimeter that counts exterior wires twice. This corresponds exactly
to the energy decomposition obtained in [10, Theorem 3.1] (notice also that in
their notation, under the assumption that all the faces are simply connected, x(X)
coincides with the number of connected components of the graph G, namely, with
#C(A(G) UI(G) U X); moreover F(G) = 68X + 2Eur(X)).

Clearly, the decomposition of the energy in Theorem 6 must be equivalent to that
obtained in [10, Theorem 3.1], also without assuming that all the faces are simply
connected, since both decompositions are a rewriting of F(G); however, in such a
general case the analogy is less easy to see, since the notion of face in [10] does
not coincide with that given here, and this choice clearly affects A(G), and, in turn,
both the perimeter term and the number of connected components of A(G). In other
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words, the sum between the perimeter, the cardinality of connected components and
the defects of the faces is the same in both the decomposition, although there is no
correspondence between each of the single terms of the sums.

4. CRYSTALLIZATION

We now specialize the discussion to the square sticky disk. Our aim in this section
is to prove that minimizers of £ are crystallized for N > 6. We will follow very closely
some ideas introduced by Brass [5]. He showed that every finite energy configuration
Xy can be deformed into a crystallized configuration X n without increasing the
energy. In particular, this proves that there exist crystallized minima, but does not
immediately show that all minima are necessarily crystallized. We analyze Brass’s
proof to show that, if the starting configuration is a minimum, and if it is not already
crystallized, then the deformation strictly decreases the energy (thus contradicting
the minimality assumption).

We define the space of admissible configurations by

A={XCR®: #X €N, |z —yllsc > 1 for every z,y € X with z # y},

and we observe that A = {X C R? : £(X) < oo}. Moreover, for every N € N, we
define

Av ={X e A: #X =N},
so that A = [Jyey An - Analogously, we set

AP = {XeA:Xcz? and AL =A¥NAy.
Our main result in this section is the following.

Theorem 8. Let N € N and let Xy be a minimizer of £ in Ay. Then G(Xy)
is connected. Moreover, if N > 3, then G(Xy) has no wire edges. Furthermore, if
N > 6, then Xy € AJZVQ (up to a translation), A(Xy) has simple and closed polygonal
boundary, and 6(F) € {0,1} for every bounded face F € FPdd(X ).

Remark 9. Notice that the assumption N > 6 is necessary as the result is not
satisfied for N = 2,3,5. Indeed, the minimizers of £ for N = 2 are the pairs of
points {z,y} with ||z — y|]lcc = 1 and for N = 3 are the triple of points {x,y, z}
forming an equilateral (with respect to || - ||« ) triangle with sidelength (with respect
t0 || ||oo) equal to 1. Therefore, for N = 2 and N = 3 minimizers do not necessarily
lie on a copy of Z? (see Figure 9 below for an example for N = 3).

One can easily check that the unique (up to a translation) minimizer of the energy
& in the case of 4 particles is the configuration X4 = {(0,0), (1,0), (1,1),(0,1)}, so
in this case the minimizer is in .A4Z2. Finally for N = 5, one has two classes of
minimizers. The first one, belonging to in A%Z, is given —up to a translation— by the
configuration {(0,0), (1,0),(0,1), (—1,0), (0, —1)}; the second class is given by the
configurations X4 U {Z}, where the point z ¢ [0,1]? is positioned in such a way that
it forms an equilateral (with respect to || - ||oo) triangle with sidelength (with respect
to || - |leo) equal to 1 with one of the horizontal or vertical bonds of X4 (see Figure
3).

In order to prove Theorem 8 above we need to introduce some notation and to
prove some auxiliary results. For every X € A we consider the graph G(X) =
(X,Ed(X)) generated by X taking

(4.1) Ed(X) := {{z, v} : z,y € X, |z —ylloo = 1}.
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FI1GURE 3. The two types of minimizers of the energy for N = 5. On
the left: the configuration {(0,0), (1,0),(0,1),(—1,0),(0,—1)}. On
the right: the configuration X4 U {z}, where z € I := {(2,¢) : ¢ €
[0,1]}; the segment I is represented by the dashed line.

In what follows, the dependence on G of some objects (such as, for instance, F) might
be replaced, with a little abuse of notation, by the dependence on X. We start with
a simple but crucial observation: Minimizing £ in Ay is equivalent to minimizing
2€ + 8N. By construction, for every X € Ay,

28(X) + 8N = Fn(X),

where Fy is the excess energy defined in (3.1). Therefore, we will use all the objects
and results introduced in Section 3 to prove our main theorem.

To this end, we prove Lemma 10 and Lemma 11 below, showing that for every
X € A, the graph G(X) = (X,Ed(X)) satisfies property (CE) and (MD), so that
G(X) is an admissible graph for every X € A.

Lemma 10 (Crossing edges). Let X € A and let x1,x9,x3,24 € X be such that
{z1, 23}, {22, 24} € Ed(X) and #((x1,23) N (x2,24)) = 1. Then the points x; are
the vertices of a unit square with sides parallel to the cartesian azes.

Proof. Setting |a| := /]a1]? + |az|? for any a € R?, we start by noticing that
(4.2) lalloo < |al < v2||also for every a € R?,

where the first inequality is an equality if and only if either a = Aey or a = Aes for
some A € R.

For any j,k =1,...,4 with k # j, we set [}, := |z; — x|. By assumption, the
quadrilateral @) having vertices at the points =1, x2, x3, x4 is convex. Moreover, we
denote by «; ;1 the convex angle with vertex in z; that is spanned by the segments
(xi, ;) and (xj, ). Since X € A, by the Cosine Theorem and by (4.2), we have

2= 2”331 — xg”io Z lig = li2 + l%,3 — 2l172l273 COSs a1,273
(4.3) > [l — @3 + [lw2 — @35 — 2l 2l23 cos 23
>2—2l1pla3cos 123,

whence we deduce that 0 < aj23 < §. Analogously, one can show that 0 <
234, 0341, 0412 < 5, whence we deduce that the internal angles of the quadri-

lateral @ are all equal to 5. It follows that @) is a rectangle and that all the
inequalities in (4.3) are actually equalities. In particular, l1 2 = |21 — 22]|ec = 1 =
|22 — 73]lco = l2.3 and I3 3 = /2; therefore, @ is a unit square with sides parallel to
the cartesian axes. O

Lemma 11 (Minimal angle). Let X € A. The following facts hold true.



THE SQUARE STICKY DISK 15

(1) A triangular equilateral face (with respect to || - || ) necessarily has either a
horizontal or a vertical side (or both).

(2) Let 2’ ,x,2" € X be such that {z,2'},{x,2"} € Ed(X). Then 2z’ > T
and equality holds if and only if ', z,x" are the vertices of an isosceles right
triangle, with horizontal and vertical catheti of length 1.

(3) Given x € X, we have that F(x) > 0. Moreover, if F(x) = 0 then x is crys-
tallized, namely it is surrounded by four crystallized square faces belonging to

Fr(X). In particular, x does not belong to any planar face F' € F(X)\Fg(X).

Proof. (1) Up to symmetries, we can assume that two vertices of the face are the
origin and the point x = (1,x2), with 0 < zo < 1. We can assume that the first
inequality is strict otherwise we are already done. It is easy to see that then the
third point y must be either (1,22 — 1), or (0,1). In the former case the side [z, ]
is vertical, in the latter the side [0, y] is vertical, and in either case the conclusion
follows.

(2) Up to symmetries, we can assume that © = 0 and 2/ = (1, z2) with 0 < 29 < 1.
Then the minimal angle between [z, ] and [z, 2”] appears when ||z”||oc = 1, namely
when the points 0,  and y form an equilateral triangle (with respect to the distance
| - [lco). Therefore we can assume that ' and x” are sides of an equilateral triangle,
which - by item (1) - necessarily has at least one horizontal or vertical side. Let
us assume without loss of generality that ' = (1,0). Then, either z” = (¢,1) or
2’ = (t,—1) with 0 <t < 1. Let us assume the former case by symmetry. Then the
two angles at the base are given by a; = arctan% and ag = arctan %_t It is easily
seen that oy > 7, with equality if and only if ¢ = 1, and viceversa as > 7, with
equality if and only if ¢ = 0. In either cases the conclusion follows. The third angle
measures instead

1
m — arctan — — arctan ——.
1-—1¢

It is easy to see that this is a strictly concave function on [0, 1], and thus can reach
its minimum only at the extremes, both of which correspond to an isosceles right
triangle.

(3) By item (2), we have that deg(z) < 8 for every x € X, so that F(z) > 0. Now
F(x) = 0 if and only if deg(z) = 8, which, again by item (2), implies that every
angle between two edges at  must be equal to 7. It follows, again by item (2), that
around x eight isosceles right triangles appear, and thus x is crystallized. O

Proposition 12 below proves the first part of the statement of Theorem 8.

Proposition 12. Let N € N and let Xy € argminy. 4 Fn(X). Then G(Xy) is
connected. Moreover, if N > 3 then G(Xy), has no wire edges.

Proof. Assume by contradiction that G(Xy) has (at least) two connected compo-
nents C and C'. Then, there exists a translation 7 such that 7(C’) is connected by
(at least) one edge to C, thus contradicting the minimality of X . Therefore, all
minimizers are connected.

Assume now that NV > 3. Assume by contradiction that there exists a wire edge
{z,2'} € Ed(Xy). Without loss of generality we can assume that deg(z) > 2 and
deg(z’) > 2. Furthermore let C and C’' be the two connected components of the
graph G(X ) obtained by removing from G(Xy) the wire edge {x,2'} but keeping
the vertices x and z’. We can assume without loss of generality that x € C and
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C/

FIGURE 4. Reference for the proof of Proposition 12. The wire edge
is {x,2'}. By “sliding” the whole component C" along S(z) (dot-
ted) we can create a new bond (shown in red) thus proving that the
original configuration is not minimal.

2’ € C'. Therefore, setting S(x) := {z € R? : ||z — z||c = 1} and letting z’, and

consequently C', move along S(z) we can create a new edge connecting C’' to another

connected component of G(Xy), thus contradicting the minimality of Xy . O
The next statement is a rewriting of Brass’s results [5] in our notation.

Proposition 13. Let X € A. Then there exists a map T = Tx : X — R? such that
TX € A7,

(4.4) |2 — Ty|loo > 1 for every x,y € X with || — yljco > 1
and
(4.5) 1Tz — Ty|loo = 1 for every z,y € X with ||x — yl|lec = 1.

Moreover, if Xy € argminyc 4, Fn(X), then also TXy € argmin e 4, Fn(X) and
% is an isomorphism between G(Xy) and G(TXy), that is, for every x,y € Xy

(4.6) |z —ylloo =1 if and only if ||Tx — Tyl = 1.

Proof. The first statement follows by the argument in [5, page 209]. Now, if Xy
minimizes Fy in Ap, in view of (4.4) and (4.5), we have that

(4.7) Fn(EXN) < Fn(Xn) < Fy(TXn),

and hence also TX is a minimizer of Fy in Ay. Finally, one implication in (4.6) is
exactly (4.5) whereas, in order to prove the opposite implication, we adopt a simple
contradiction argument. Indeed, if there exist z’,3’ € X such that ||T2' — Ty ||oc =
1 and ||z’ — /|l > 1, then, by (4.7), there should exist z”,y” € X such that
|T2" — Fy"||o0 > 1 and [|2” — y"||co = 1 thus contradicting (4.5). O

With Proposition 13 in hand, we proceed as follows: we first prove (Proposition
15) the analogue of Theorem 8 in AZQ; then, we prove some qualitative rigidity prop-
erties on the minimizers of Fy in A%, with N > 6, (from Lemma 16 to Lemma 19)
which show that, given a minimizer Xy of Fy in AZQ, then Fn(TXy) = Fn(Xn)
if and only if X € AJZVQ . This argument is rigorously formalized at the end of this
section. The next lemma shows the monotonicity of the minimal value of the energy
Fn with respect to the number N of particles.
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Lemma 14. The function
N — min Fy(X)

XeAn
18 non-decreasing in N. Equivalently, the mazximum number of edges for finite energy

configurations with N points can increase by at most 4 when we pass from N — 1 to
N.

Proof. Let X be any minimizer of Fy in Apn. There exists a vertex x € Xy with
deg(z) < 4. Indeed, it is sufficient to take = as a vertex of the convex hull of Xy: by
Lemma 11(2) such vertex cannot have degree bigger than 4. Then X' := Xy \ {z}
is a competitor in Ax_1 and

#Ed(X') = #Ed(Xy) — deg(z) > #Ed(Xy) — 4.
This proves the last part of the statement. It follows that
min Fy(X) = Fn(Xn) =8N — 2#Ed(Xy)
XeAn

> 8N — 2(#Ed(X') + 4)
= 8(N — 1) — 24#Ed(X)
= Fn_1(X")

> in Fy_1(X).
_Xén./éllzle—l Nl( )

The proof is complete. U

As a consequence of Lemma 14, we prove that, for every N > 3, minimizers of
Fn in A]ZV2 have only triangular and crystallized square faces.

Proposition 15. Let N € N with N > 3, and let

Z2fN(X).

XN € argmin . 42

Then every bounded face of Xy is either a triangle or a crystallized square.

Proof. By Proposition 12, we find that G(X ) is connected and has no wire edges.

Assume by contradiction that there exists a face Fy that is neither a triangle nor
a crystallized square. Since, for any given X € AZ Peomb(F') # 5 for every face
F € F(X), we have either P(Fy) > 6 or P(Fp) = 4.

Assume first that P(Fp) = k with k > 6. Let {2/(Fp)}j=1,..s denote the set
of points in Z? that do not belong Xy but are contained in the (interior of the)
face Fy. Since P(Fp) > 6, we have that J > 2. We consider the configuration
X' =XyU {.Clj‘j(Fg)}j:L._”J. We claim that

(4.8) .FN+J(X/) < fN(XN),

which contradicts the monotonicity proven in Lemma 14. From the energy decom-
position of Theorem 3, by choosing S = Fpqq(Xx) as the set of all bounded faces,
we obtain
Fn(Xn) =3P(AXN) +8+ > o(F),
FeF(Xn)

A similar decomposition holds for X’. Observe that all faces of X’ coincide with
those of X, except possibly for those that intersect Fy. Moreover, the perimeter
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term is the same for X and X’. We deduce that

FN(XN) = Frnes(X) > 6(F) — Y 8(F

FeF(X')
FCFO
On the one hand, we have 6(Fy) = 3k — 8. On the other hand, all faces of X’
contained in Fy are either crystallized squares or triangles, because we added all
interior points. But there can be at most one triangle for every edge in the boundary
of Fy. Together with the fact that, for a triangle T', 6(T') = 1, and using that k > 6,
it follows that

— ) (F)=3k-8-k=2k—8>4,
FeF(X')
FCFU
i.e., (4.8). This excludes the existence of a face in X with P(Fp) > 6.

Assume now that P(Fy) = 4. The only possible case (since Fj is not a crystallized
square) is that Fj is a diamond, i.e., (up to translations) the square D with vertices in
(1,0),(0,1),(—=1,0), (0,—1). We first observe that neither of the four points (£1,+1)
can belong to X, since, otherwise, by adding the origin we would add five edges, and
thus contradict Lemma 14. Then we observe that X cannot consist of diamonds
only: if this were the case we could find a vertex of degree 2 (just take a convex
angle of the outer boundary polygon); suppose without loss of generality that this
is the vertex (1,0) of D. Then by removing this vertex and adding it back in the
origin we would gain at least one edge, thus contradicting the minimality of X . By
connectedness, we can thus assume that there is some triangle or some crystallized
square that shares a vertex with a diamond face, which we can assume to be Fy = D,
and we assume that the shared vertex is (1,0). Then the point (2,0) belongs to Xy,
and either (2,1) or (2, —1) must belong to X as well. Assume by symmetry that the
first case happens. Then we can add the points (0,0) and (1, 1) to the configuration,
and the total number of edges increases by at least 9. This contradicts again Lemma
14.

In conclusion, the only faces that can appear in X are triangles and crystallized
squares.

0

Lemma 16 below shows that a minimizing configuration cannot have concave
angles equal to 5

Lemma 16. Let N € N with N > 6 and let X be a minimizer of Fn in .A]ZVQ. Let
x € 0Xn. The following facts hold true.
o Assume that x+(0,1) ¢ Xn (resp., v —(0,1) ¢ Xy ). Then, x+(1,1) € Xy
(resp.  — (1,1) € Xn) if and only if x + (—1,1) ¢ Xy (resp. z —(—1,1) €
Xn).
o Assume that x+(1,0) ¢ Xn (resp., v — (1,
(resp. © — (1,1) € Xn) if and only if x + (1
Xn).

Proof. By symmetry, it is enough to prove only one implication in one of the case
listed above.

Assume by contradiction that 2’ := z + (1,1) and 2” := z + (—1,1) are both in
Xn. We set 2 :=x + (0,1). By Proposition 12 and by Proposition 15 we have that

)¢XN) Then,x—i—(l,l)eXN
,—1) ¢ Xy (resp. x —(1,-1) €
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z+(—1,1) r+(1,1)
x + —1,1)_9%“049 r+(1,1)
// l \\
|
// l \\
z+ (5507 z+(1,0)

FIGURE 5. Proof of Lemma 16.

z+(1,0) € Xn. Let y € 0Xn \ {z £ (1,0),2', 2"} with deg(y) < 4; by Proposition
15, we have that the configuration Xy := (Xn \ {y}) U {Z} belongs to A]ZV2 and is

such that deg(z) > 5. It follows that Fy(Xy) < Fn(Xn) — 2, thus contradicting
the minimality of X . This concludes the proof of the result. O

Lemma 16 ensures the absence of “bow points” in minimizing configurations,
which allows to prove the “regularity” of the boundary of minimal configurations.

Proposition 17 (Minimizers in Z? have simple and closed polygonal boundary).
Let N € N and let Xy be a minimizer of Fn in A]ZVQ. Then A(Xp) has simple
boundary.

Proof. The minimizers of Fy in .AJZV2 with N < 5 are explicit (see Figure 6). Let

FIGURE 6. All the minimizers (up to a 7§ rotation) of the energy &
in AZ for N = 2,3,4,5.

N > 6 and assume by contradiction that there exists Z € Xy such that A(Xy) \
is disconnected. Let IV,T” be the two connected components of A(Xy) \ {Z} and
set Xy :=I"NXy and X3, :=T"N Xy.

Since Xy € AZZ, in view of Lemma 16 we can assume, without loss of generality,
that the points £ £(1,0),z£(1,1) are all in 0X y whereas the points £ (—1,1),z+
(0,1) ¢ Xn. We set Xy := X} U{Z+ (0,—1)} U (X} + (0,—1)). By construction,
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Xy € .A%Q and F(Xy) < F(Xy). If the previous inequality is strict we have
obtained a contradiction with the minimality of Xx; if Fx(X ) = Fn(Xn), we have
that Xy is a minimizer of £ in .A]Z\,2 that satisfies z + (—1,0),z+ (0, —1),z+ (1,0) €
0Xn, thus contradicting Lemma 16. O

Lemma 18 and Lemma 19 allow to prove that the triangular faces appearing in
energy minimizers in Z? are rigid; more precisely, either both the catheti lie on two
squared crystallized faces, or if a cathetum is shared with a triangular face, then the
union between the two adjacent triangles forms a triangle.

Lemma 18. Let N € N with N > 6 and let Xx be a minimizer of Fn in .A]ZVZ.
Then, deg(x) > 3 for every x € Xy.

Proof. Assume by contradiction that there exists z € X with deg(z) = 2 and let
X]/V =Xy \ {i‘} Then, ﬁXEV > 5 and ]:N—l(XEV) = .FN(XN) —4. If FA(X],\[) = (Z),
then, since §X}, > 5, the polygon A(X);) has a horizontal (resp., vertical) side with
length > 2. Assume, without loss of generality, that the points (—1,0), (0,0), (1,0) €
0X); and that the set {(¢,s) : —1 <t < 1,—1 < s < 0} is contained in A(X});
then, the configuration X := X\, U{(0,1)} has energy Fn(Xn) = Fy_1(X})+2 =
Fn(XnN) — 2, thus contradicting the minimality of Xy .

On the other hand, assume that there is a triangular face T' = (1, z2,23) €
FA(XY), and let & be such that the quadrilateral (xy,x2,x3,2) is a unit square
with vertices in Z2. Then, taking Xy := X\ U {2} where Z we have again that
Fn(Xy) = Fn-1(X}§)+2 = Fn(Xn) — 2, which still contradicts the minimality of
Xn.

This concludes the proof. U

Lemma 19. Let N € N and let Xy be a minimizer of Fn in .A%Q.

Assume that there are two triangular faces T',T" sharing the edge {z,z + (1,0)}
for some x € Xyn. Then, either T" = {z,z + (1,0),z 4+ (1,1)} and T" = {z,z +
(1,0),z + (1,—1)} (and viceversa) or T' = {z,z + (1,0),x + (0,1)} and T" =
{z,2 4 (1,0),z + (0, —1)} (and viceversa).

Analogously, assume that there are two triangular faces T',T" sharing the edge
{z,2+ (0,1)} for some x € Xy. Then, either T' = {z,z + (—1,0),z + (0,1)} and
T" ={z,2+(1,0),2+(0,1)} (and viceversa) or T' = {x,x+ (=1,1),2+(0,1)} and
T" ={z,x+ (1,1),2 4+ (0,1)} (and viceversa).

Proof. Assume by contradiction that 7" = {z,z+ (1,0),2+(1,1)} and 7" = {z,z +
(1,0),z + (0,—1)} and let G, and G be the connected components of the graph
GN = (XN,E(XN)), where Q(XN) = Ed(XN)\{{QZ, x+(1, 1)}, {a:, x+(1, 0)}, {a:—i—
(—1,0),z+(1,0)}}. Let X} and X}, be the set of vertices of Gy and G, respectively.
We can assume without loss of generality that = + (1,0),z + (1,1) € X}, and = +
(0,—1),z € X},.. Notice that, by assumption, z + (1,—1) ¢ Xy.

We define Xy = X% U (X + (0,-1)). Then, Xy € A]ZVQ and ]-"N()?N) <
Fn(Xn) — 2 (see Figure 7), thus contradicting the minimality of X . O

Remark 20. By Lemma 18 and Lemma 19 we have that, given a minimizer of
Fn in .AZZVQ (with N > 6), its triangular faces may satisfy only one of the following
conditions: either both its horizontal and vertical edges belong to two distinct (crys-
tallized) square faces or the triangular face shares one edge with another triangular
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z+(1,1)
. 4 (1,0) x y z+(1,1)+ (0,-1)
24 (0,—1) £ (0,=1) #+ (1,0) + (0, ~1)

FIGURE 7. Proof of Lemma 19.

face in such a way that the union of the two faces is still a triangle; i.e., up to 3

rotations, only the situations depicted in Figure 8 can occur.

F1GURE 8. The triangular crystallized faces of minimizers of the en-
ergy Fy in .A]ZVQ .

Now we have all the ingredients to prove Theorem 8.

Proof of Theorem 8. Let N € N and let Xy be a minimizer of Fy in Ay. By
Proposition 12 we have that G(X ) is connected and, if N > 3, G(Xx) has no wire
edges.

Assume now that N > 6. Let T = Tx, be the map provided by Proposition 13;
we set Zy := TXn. Then, by Proposition 13, Zy is a minimizer of Fy in A]ZV2 and,
for every z € Xy, we have F(z) = F(%x). By Proposition 15, we have that the faces
of Zn are either (crystallized) triangles or crystallized squares and, by Proposition
17, A(Zy) has simple boundary. Hence, also A(Xx) has and all the faces of Xy are
either triangles or crystallized squares.

Since ¥ maps crystallized square faces in crystallized square faces, the only thing
to check is whether there is some triangular face in F(Xy) whose vertices do not
belong to (any translation of) Z2. But this cannot happen since, in view of Lemma
19 and Remark 20, the triangular faces of Zy are rigid. This concludes the proof of
Theorem 8. g

5. I'-CONVERGENCE

In this final section we prove the I'-convergence result for the energy Fn(-) =
£(:) + 4N. We will show that the T-limit of the functionals N~'/2Fy as N — +o0
will be given by the anisotropic perimeter

(51) Po(E) = [ olup(a)) aH! ()
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where the map ¢ is defined in (1.7). To this end, we recall (see(1.5) and (2.4)) that
for every X € A,
Ag(X) = | F=Apx(X).

FEF@(X)

Theorem 21. The functionals N~Y2Fy T'-converge to Py, namely:
(1) (T-liminf inequality) For every sequence of configurations {Xn}nen C A,
with Xy € An (for every N), such that the sets N*1/2A|Z|(XN) converge
locally in measure to some finite perimeter set E C R?, it holds

Py(E) < liminf N™V2Fy(Xy);
N—o0

(2) (T-limsup inequality) For every finite perimeter set E, there exists a se-
quence {Xn}nen C A with Xy € An (for every N ), such that the sets
N~12Ag(Xy) converge locally in measure to E and

Py (E) > limsup N™V2Fy (X ).
N—oo

We remark that, by constraining the particles to the lattice Z?2, this result was
already known (see, e.g., [13, Theorem 1.1]). Indeed, in that setting our potential
becomes equivalent to considering an energy that activates both first and second
neighbors. The strength of our result is that we do not require any constraint on
the particles.

Before proving Theorem 21, we state and prove the corresponding compactness
result.

5.1. Compactness.
Proposition 22 (Compactness). Let {Xn}nen C A be a sequence such that X €
AN with
(5.2) Fn(Xy) < CON'2,
for some constant C' (independent of N ). Then:

(1) #Fg(X)> N — CN/2.

(2) There exists a subsequence {Ny}ren such that

N, P An(Xy,) — E
locally in measure for some finite perimeter set E.

Proof. We prove the two properties in order.
(1) For every N € N we have the following chain of inequalities:

CON'2 > Fy(Xn)= Y Flo)= Y Flx)>#{zreXy: deg(x) <T}.
zeX N zeXN
deg(z)<7

Therefore, all points of Xy, except for at most C N'/2, have 8 neighbors. By Lemma
11(3) it descends that all such points are crystallized. In particular, to each such
vertex x, we can associate the crystallized square face whose lower left vertex is x.
This association is injective; hence it follows that #Fg(X) > N — CN/2,

(2) We aim to show that P(Ag(Xy)) < CNY2 (for every N € N). Now observe
that if a point x € X has degree 8, then the edges containing x cannot be part
of 0Ax(Xn), because the configuration is crystallized around x by Lemma 11(3).
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Therefore, for every edge e = {x,2'} satisfying [z,2'] C 0Ax(Xy) we must have
that both x and z’ have degree at most 7. Moreover, for the same reason, a vertex
x cannot be part of more than 7 distinct edges in 0Ax(Xy) (in fact even less, but
7 is good enough for the proof). Hence by Point (1)

P(An) = #{e € BEd(Xn) : [e] € 0Ar(XN)}
< T#{x € Xy : deg(z) <7}
< 7TCN'Y2.

It follows that the sets N~'/2Ag(Xy) have uniformly bounded perimeter. By the
compactness of finite perimeter sets (see [1, Theorem 3.39]) we deduce that, up to a
subsequence, they converge locally in measure to some finite perimeter set E. This
finishes the proof. O

5.2. Proof of Theorem 21. This subsection is devoted to the proof of Theorem
21. We start by proving the lower bound inequality Theorem 21(i).

The idea is to construct a link between Fn(Xy) and the ¢-anisotropic perimeter
of Ag(Xy), for a suitable choice of S C F(X), in order to deduce our result from the
lower semicontinuity of Py. We start with the following observation: From Theorem
3, by neglecting positive terms, we immediately obtain that

FN(XN) 2 3Peomb(As(Xn)) — 8#(F(Xn) \ Sn).

By suitably choosing Sy to be the family of “small perimeter faces”, we will en-
sure that the negative term (when rescaled by N'/2) goes to zero. This almost
gives the desired lower bound inequality, but with 3Pcomp(As, (Xn)) instead of
P4(Asy (Xn)). Observe that the anisotropic ¢-length of every unit segment in the
norm || - ||c always lies in the interval [3, 4], reaching value 3 only for horizontal and
vertical segments and the value 4 only for the “diagonal” ones. The inequality is
thus not optimal, as we are losing something on every diagonal edge. The key result
to fix this is the following lemma, which proves that we can replace the combina-
torial perimeter with the anisotropic one by exploiting the defect of the faces. In
the following, for any given segment I we denote by £4([) its ¢-length, that is its

Euclidean length multiplied by ¢>(ﬁ).

Lemma 23. Let X € A and let F € F(X). Let E := {e1,...,en} C Ed(F), with
1 < M < HEd(F), be any collection of distinct edges of OF. Then it holds

M
(5.3) BM +6(F) > > Ly([em]).
m=1

Proof. Observe first that, if F' € Fr(G), then §(F) = 0 and £4([e]) = 3 for every
boundary edge e € Ed?(F). Thus, the inequality holds as equality.

First suppose that Peomp(F) > 4. By construction, this implies that ijda(F) > 4.
Then, by (3.4), we have §(F) > 3Pcomb(F') — 8. Moreover, by the very definition of
¢, we have £y4([e,,]) < 4 for every m =1,..., M. It follows that

M
3M + 6(F) > 3M + 3Peomn(F) — 8 > 3M + Peomp(F) > 4M > > Ly([em)),
m=1

and the conclusion is reached.
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We are left with the case Peomp, (F') = 3, that is when F' is a triangle. In this case
0(F) = 1. There are three subcases:

(5.4)

o If M =1, then trivially 3 + §(F) = 4 > £4([e1]), which proves (5.3).

o If M = 3, then we are going to show that Py(F) = 10, from which (5.3)
follows with an equality. By Lemma 11(1) one of the sides of F' must be
orthogonal. Up to symmetries we can assume that the vertices of F' are the
points (0,0), (1,0) and (¢,1) for some t € [0,3]. Set ey := {(0,0),(1,0)},
ez = {(0,0), (£, 1)}, ez := {(¢,1),(1,1)} and call o the angle between [e;]
and [e2] and (3 the angle between [e1] and [e3]. Then, (see Figure 9)

1 1
el = 5 and el = 5o
Also
1 1
=1- .
tan 3 tan «

We have that

d(Ve,) = 3 cos (g — ) +sin (g —a) = 3sina + cosa.

P (Vey) = 3COS(g —B) + sin(g — ) = 3sin f + cos 5.

Using that £4([e]) := |[e]|¢(ve) we deduce

1 1
ly([ea]) = ——(3sina +cosa) =3 +

9
sin o tan «

and similarly
1

folleal) = 3+ .

We conclude that
Py(F) = Ly([e1]) + €y ([e2]) + Ls([es])

1
=34+3+ —+3+
tan o

tan 8
=10

by (5.4). This concludes the proof in the case M = 3.
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e Finally, if M = 2 then - adopting the notation in the previous case (see
Figure 9) - either at least one of the tWO selected bonds is orthogonal, and
the conclusion follows using that 3 + tana < 4; or instead both sides are
diagonal, and then from the above computation £4([e2])+€4([e3]) = 7, which
implies the thesis. O

Using the previous lemma on all the faces in S, we can finally prove that the term
with Peomb(As(X)) and the sum of the defects of the faces bound from above the
anisotropic perimeter Py(Ag(X)).

Lemma 24. Let X € A. Let S be a family of faces of G(X) with Fg(X) C S C
ded(X). Then

3P comb AS + Z 6 > P¢ AS(X))
FeS

Proof. For every face F, let us call Edg(F) the family of the edges e of F' that
contribute to the perimeter of Ag(X), namely, those satisfying [¢] C 0As(X). We
apply Lemma 23 to every face F € S with E = EdZ(F), and to the edges in Ed%(F):

BPeomb(As(X)) + D 8(F) > Y (3#EAY(F) + 8(F))

Fes Fes

>3 > ty(le])

FeS [e]eEd}(F)
— Py(As(X)). O
We are finally able to prove the I'-lim inf inequality.

Proof of Theorem 21(i). We can assume without loss of generality that (5.2) holds
true. Fix some € (0, %) Define Sy to be the family of all crystallized square faces
together with all the faces F' € F(X ) such that P(F) < N®. Accordingly, let

U F
FeSy
First we claim that
(5.5) N~YV2Ay - E locally in measure.

Indeed, by the isoperimetric inequality we have that |F'| < ¢P?(F) (for some constant
¢ independent of F'), which, together with (5.2), implies the following estimate:

Av\As(Xw)= Y Fl< Y PAF)

F:P(F)<XNP F:P(F)<N#
FgFr(X) FgFr(X)
< ). PFE)N°
F:P(F)<N#
FgFg(X)

< cNP Z Z F(v)

F:P(F)<NP veclos(F)NX
FgFg(X)

< 8NP Fn(Xy) < 8CNPH/2,



26 G. DEL NIN AND L. DE LUCA

and by the choice < % this implies
(N2 AN) \ (N2 Am(XN)| S NP2 =0,
which proves (5.5).
Next we claim that
(5.6) #{F € F(Xy) : P(F) > N’} < 8CN'?-F,
This follows from the following Chebishev-type estimate:
#{F:P(F)> NN’ < " P(F)
{F:P(F)>N#}
< Y Y. F)
{F:P(F)>N#B} veclos(F)NX
< 8Fn(Xn) < 8CNY2,

Now we apply the energy decomposition given by Theorem 3, with S = Sy, to
obtain that

FN(Xn) > 3P(AN) = 8#(F(X)\ Sn) + Y 8(F)
FeSn
> 3P(Ay) — 64CN'27F 1+ N " 6(F)
FeSn
> Py(Ay) — 64CNY/275,
The last inequality follows from Lemma 24. In particular, by a rescaling we obtain
(5.7) Py(N"Y2AN) < NTV2Fy(Xy) + 64CN 5.

By the lower semicontinuity of the anisotropic perimeter, (5.5) and (5.7) we finally
obtain

Py(E) < liminf Py (N~Y2Ay) < liminf N~Y2Fy(Xn).

o(E) < liminf Py ~) < limin N (XN)

This concludes the proof. O

We conclude this section by providing (a sketch of ) the proof of the upper bound
in Theorem 21.

Proof of Theorem 21(ii). By density in perimeter of polygonal sets in the space of
finite perimeter sets, it is sufficient to construct a recovery sequence when the set
is a polygon E with area 1. In this case, the procedure is quite standard (see, for
instance, [15] and [2]): Xy is obtained by considering Xy := NY/2E N Z2, and by
adjusting the number of particles by removing or adding some to reach cardinality
N. This procedure has been performed many times, and we report here only the
computation to show that
(5.8) Py(E) > limsup N~V2Fy(Xy).
N—o00

It is not difficult to show that #)N( N = N+o0(N), and so to adjust the cardinality one
can just add (or subtract) an “almost square” patch of particles, whose perimeter
contribution will be o(v/N) and therefore negligible in the limit.

In order to prove (5.8), we can reduce ourselves to compute the energy density
per unit length of a single boundary edge with normal v. The idea is to further split
the missing-bond energy contributions depending on the direction of the missing
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bonds: horizontal, vertical, diagonal NE-SW or diagonal NW-SE. We refer also to
Fig. 10, where the missing bonds have been colored in red and split according to
their direction. Over a length L, the number of horizontal bonds coincides with
|Lcosa| = L|vq|, where a is the angle between the side and the vertical axis or,
equivalently, between the normal v and the horizontal axis. Therefore the number
of horizontal bonds per unit length is |vq|. Similarly, the number of vertical bonds
per unit length is |v2|. Concerning the NW-SE diagonal bonds, there is one for every
boundary point that is “directly visible from west” (density —v1), plus another one
for every concave corner, or equivalently, for every point “directly visible from north”
(density ). In conclusion, the density in this case is |v; — v»|. The last case is
similar, giving density |v; + 12|. By summing all these contributions we get precisely
¢(v), which is what we wanted. O

Ficure 10. To compute the excess energy F due to missing bonds
it is useful to view it as a superposition of different directional con-
tributions: it is elementary to compute that the number of missing
bonds per unit length in the four cases shown above is, respectively,
1|, |val, |v1 — 1o, |v1 + v2]. The sum of these contributions gives
the anisotropy ¢.

Remark 25. We finally observe that the Wulff shape associated with Py is an
octagon whose sides have unit length with respect to ||-||oo, and hence their Euclidean
length is 1 for horizontal and vertical sides, and v/2 for diagonal sides. To see this,
besides computing explicitly the polar body, we note that there is a simple way to
find out Wulff shapes of anisotropies that are the sum of terms of the form |v - v;],
for some v;: one can just take the Minkowski sum of the v;’s. We refer to, e.g., [13,
Corollary 1.3] for a similar result in a periodic and quasiperiodic setting.
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