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ABSTRACT. We investigate the formation of singularities in a baby Skyrme type energy model,
which describes magnetic solitons in two-dimensional ferromagnetic systems. In presence of a
diverging anisotropy term, which enforces a preferred background state of the magnetization,
we establish a weak compactness of its topological charge density, which converges to an atomic
measure with quantized weights. We characterize the I'-limit of the energies as the total variation
of this measure. In the case of lattice type energies, we first need to carefully define a notion
of discrete topological charge for S?-valued maps. We then prove a corresponding compactness
and I'-convergence result, thereby bridging the discrete and continuum theories.
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1. INTRODUCTION

Magnetic solitons are localized, stable solutions to nonlinear equations governing magnetic
systems which play a central role in materials science. These solitons, such as vortices, domain
walls, and chiral magnetic skyrmions, are characterized by a nontrivial topology that prevents
them from being continuously deformed into a uniform state (a trivial ground state of all such
models). Very recent real space observations of these structures on the plane (see for instance
[28, B8, [43]) have generated considerable theoretical interest. In two dimensional models for
magnetic solitons, one typically considers a magnetization field v :  C R? — S2, where 2 C R? is
open and bounded and S? denotes the unit sphere in R®. An energy functional is then associated
to u to drive the system toward equilibrium. The choice of the energy model is often made
in order to single out one or more physical phenomenon one aims to focus on. In particular
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2 L. BRIANI, M. CICALESE, AND L. KREUTZ

energy concentration on topological singularities can be effectively captured by the so-called baby
Skyrme model. This model encapsulates the interplay between energy minimization, localization,
and topological properties of solitons, and provides insight into the behavior of more complex
systems where additional interactions may be present. Its energy can be written as

1
(1.1) FBS(u) = 5

=- \Vu\zdx—F/f/u-(qu)dx—F/\ lu —n|*dz,
Q Q

Q

where n € S? is a fixed unit vector representing the background state and x and A are two positive
constants. The Dirichlet energy of u physically models the so called exchange interaction, which
favors a uniform (or slowly varying) magnetization. The second term, known as the Dzyaloshinskii-
Moriya interaction (DMI), favors twisting of the magnetic texture and stabilizes chiral structures
in magnets. The third term, associated with the Zeeman interaction, penalizes deviations of u
from the uniform state n. In this context, a soliton is characterized by a topological charge defined
as the Brouwer degree of the map u o o, where o is the stereographic projection mapping n to oo,
and given by

deg(u) = % /Q u- (Opu x Oyu) dx.

This integer corresponds to the number of times (with sign determined by the orientation) the
domain € is ”wrapped” around the target sphere S?2. The quantization of the topological charge
translates the physic idea of topological protection: solitons cannot simply ”unwind” without en-
countering a discontinuity, which would cost an infinite amount of energy.

Topologically non-trivial energy minimizers of have been recently associated to local min-
imizers of the micromagnetic energy [14], 15l 16, 7], and as such they have been recognized as
attractive candidates for information technology applications (see for instance [29] [42]). From a
mathematical perspective, instead, the appeal of models like the baby Skyrme one described above
lies in their balance of simplicity and richness: while the energy functionals are relatively straight-
forward, their minimizers exhibit intricate patterns and nontrivial topological features. As a result,
over the past decades, much effort has been devoted to understanding both the existence and the
qualitative properties of solitons in such models, employing tools from the calculus of variations
and geometric measure theory. In this framework the first rigorous mathematical studies of chiral
magnetic skyrmions driven by an energy of the type goes back to [35] (see also [34]) in which
the existence of degree-one global energy minimizers in the whole plane is established. However,
a comprehensive mathematical characterization of solitons remains incomplete. Recently some
relevant results concerning the existence (under confinement or in specific topological classes) or
the optimal profile of solitons have been obtained (see for instance [23] [30} BT [8], 27, 9] 36}, 22, 37]).
Continuum models for magnetic solitons, like the baby Skyrme model, not only provide a fertile
ground for new mathematical developments and have significant practical applications, but they
also serve as crucial benchmarks for numerical simulations. The latter have already been very
helpful in uncovering a vast array of possible local minimizers (see [25, 32, B3]). However, a
mathematically rigorous transition from theoretical models to numerical applications necessitates
discretizing the problem and thus passing to a lattice formulation. The discrete framework is also
interesting in its own right, as it offers insight into the energetic behavior of classical lattice spin
systems and their variational coarse graining that occurs as the lattice spacing vanishes (see for
instance [I] and the reference therein for a recent account of this topic when the energy concen-
trates at the surface scaling). In both cases, ensuring that the discrete formulation accurately
captures the energetic structure and topological invariants of the continuum theory is a challeng-
ing task. A particularly delicate issue in the discrete setting is the definition of the topological
charge. For S'-valued maps this has been successfully done in several recent papers concerning
the variational analysis of classical spin systems like the ferromagnetic and antiferromagnetic XY
models ([2, 3], [ 08, 19 20} [6]), simple models for nematic liquid crystals [12] and even models
describing the emergence of dislocations in microplasticity ([B, [39]). In all these cases one can
take advantage of the well-understood description of the energy concentration phenomenon in the
Ginzburg-Landau setting (see for instance [10, 40]) and relate the computation of the degree of the
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relevant order parameter of each model to the winding number of a field defined on a lattice. This
discrete winding number is then obtained by summing the oriented phase differences along the
lattice edges, an approach that leverages the natural cyclic order of S'. By contrast S? lacks such
a canonical ordering, making such a task harder. In this paper, our construction aims at assigning
to each lattice triangle a signed area and defines the degree as the sum of these contributions.
However, such an assignment becomes ambiguous in the case that neighbouring lattice points are
mapped into antipodal vectors on the two-dimensional sphere. We point out that such an ambi-
guity is the result of the finite resolution of the reference lattice and that more work is required
to take care of such ambiguities. To make this task even more difficult, our discrete topological
charge of a lattice spin field u needs to match the degree of its continuous interpolation leaving
both energies (of the discrete and of the continuum field) essentially unchanged. To this end,
we make use of a refined interpolation constructed on a finer lattice. The definition of discrete
topological charge is discussed in Section [5| and is one of the main contribution of this paper. To
the best of our knowledge, such a general construction appears here for the first time (see [7] for
a definition when non ambiguites occur).

In the rest of the introduction we summarise the main results of the paper. We are interested in
the onset of topological singularities and in their description through energy concentration. More
precisely, we study baby skyrmion-type energies in both continuum and discrete settings. In the
continuum formulation, for a bounded open set @ C R? and n € S?, we consider the space of
admissible spins

UQ) = {uc H (R?*S?) : u(z) = n for a.e. 2 € R?\ Q},

and define the energy obtained, for ¢ > 0, from (I.1)) when x = 0 and A = 1/¢%, namely

1 1
(1.2) F.(u,Q) = 7/ |Vu\2dx—|—f/ lu —n|*dz.
2 Q 52 [e)

As explained in Section [3.1] one can incorporate in the analysis below also the case k. = k # 0,
since the additional DMI term [, u - (V X u)dz is a continuum and vanishing perturbation in
the topology chosen to perform the I'-limit (for a detailed presentation of this notion we refer to
the monographs [11], 21I]). Our first main result is the compactness Theorem asserting that
if a sequence (u.) C U() satisfies sup, Fr(ue, ) < 400, then the associated topological charge
densities
q(ue) = ue - (Dpue X Oyu.)

converge (in the weak* sense of measures) to an atomic measure u € M(Q) such that p/(4m)
has integer coefficients. This result suggests that to track energy concentration one can define an
energy which depends on the concentration measure itself, namely %, : M(Q) — [0, +o0]:

Fe(p) =inf {F.(u, Q) : u e U(Q), g(us)dx = p} .

In Theorem we prove that, as ¢ — 0, %, I'-converge with respect to the weak* topology of
M(Q) to F : M(2) — [0, +o00] which is finite on those atomic measures y = 47 Zf;l dids,, di € Z,
on which it takes the value

() = [ul(%).
Theorem can be seen as the extension to low energy configurations of one of the results proved
for minimizers in [37, Theorem 2.5].

In the discrete setting, the analysis becomes considerably more intricate. We consider a regular
triangular lattice £. C R? of spacing ¢ and define the set of admissible spin fields
SFA) ={u:L. —S*: uc=nin L(R*\Q)}.
For u € SF (), we introduce its discrete energy E.(u, Q) given by

E(w®) = Y (H(wT)+2uT1),
TeT()
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where the sum is extended to all elementary triangular cells T' := [i, 5, k] C Q of the lattice L.,
and where

1, T) = 5 (1uli) = u() P + [u) — (W + ulk) - u)?)
and
2, T) = 5 (1u(i) = nl? + ) = nf? + (k) —nf?)

are the exchange and anisotropy discrete energies, respectively. If on one side the form of H. and
Z. is suggested by the straightforward discretization of the corresponding continuum energies in
, on the other side the function space where we want to consider the discrete energies requires
a nontrivial definition of discrete topological charge. As already discussed in this introduction, the
latter turns out to be one of the major challenges in this framework and it is analyzed in Section
Based on that, one defines a family of admissible discrete topological charges associated with a
spin configuration u (see Definition . With that at hand, in Theorem one proves that if a
sequence (u.) C SF(Q) satisfies sup, F: (ue, ) < +00, then, up to subsequences, any associated
discrete topological charge pe € Maam (2; ue) converges (in the weak* sense) to an atomic measure
1€ M(Q) of the type p = 4w Ef\il d;dz,;, d; € Z. Also in this case, the compactness result suggests
to define a concentration energy obtained optimizing a certain charge over all possible spin fields
associated to the same admissible measure. Hence we set & : M(Q2) — [0, +00] to be the family
of functionals defined by

&:(p) = inf{E.(u): u € SF(Q), such that u € Magm(Q;u)},

and in Theorem [3.4] we show that the sequence &. I'-converges with respect to the weak* topology
of M(Q) to the functional & : M(Q) — [0, +00] which turns out to be finite on measures p of the
type p = 4r Ziil didz,, d; € Z where it takes the form

N
£ =3 v(dy).
=1

Here 1)(d) is given by the cell formula in and can be interpreted as the minimal discrete baby
Skyrme energy associated with the formation of a singularity of degree d. Also in this setting our
result is actually more general (see Section as it extends to energies including antisymmetric
exchange interactions, namely a sum over all the elementary triangles T' = [i, j, k] of the lattice of
terms of the type

Ae(u, T) = %(D? (ul@) x u(f)) + DL - (u(j) x u(k)) + DE" - (u(k) x u(i))),

provided the (material dependent) interaction coefficients are of the type DY = eD(i — j). We
observe that an appropriate choice of D makes the antisymmetric exchange interaction energy
contribution the lattice analogue of the DMI interaction term considered in the continuum setting.

As a final remark we find it worth stressing that in both the continuum and the discrete set-
ting our I'-convergence result does not give information on the optimal value of the degree of
minimizers. This appears to be a delicate question which requires a better understanding of the
interactions between the degree one minimizers, namely the magnetic skyrmions.

The rest of the paper is organized as follows. In Section |2| we introduce the basic notation
and recall essential background material on Sobolev maps, Radon measures, and the topological
degree. In Section [3] we state our main results precisely, both in the continuum and in the discrete
setting. In particular, Theorem provides the compactness and concentration properties of the
continuum energy F., while Theorem establishes its I'-convergence. These two theorems are
then proved in Section [4 using blow-up and covering arguments. In Section [§] we develop the
discrete framework by introducing admissible interpolation regions and surfaces, which are crucial
for defining a discrete notion of topological charge (see Definition . Section |§| is then devoted
to the proof of the compactness and I'-convergence results in the discrete setting (Theorems
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and . Finally, Appendix [A| and Appendix [B| collect several technical lemmas that underpin
the analysis throughout the paper.

2. BASIC NOTATION

Basic Notation. We denote with S? = {y € R3: |y| = 1} the set of unit vectors of R® and we set
n = (0,0,1). Given p,q € S?, we say that p, q are antipodal if p = —¢q. If p and ¢ are not antipodal
we denote by 7p.4: [0,1] — S? the unique lenght minimizing geodesic curve satisfying v(0) = p
and v(1) = ¢. With a slight abuse of notation, we denote by 7, 4 also the image of the curve in
S2.

We denote by {e;, s} the standard basis of R? and for every x € R? we set 2+ = (—z-ea,7-€1).
For 0 < r < s, we denote

B.={z€R? |z—z|<r}, Ap,={z€R? r<|z—2z| <R},
Qr:{zeRzz |z~ei|§g, fori:1,2},
and for z € R? we set B,.(z) = B, + 2, A, p(z) = A, g+ and Q,.(z) = Q, + .

Given Q an open set of R?, we denote by M () the set of real valued Radon measures on )
endowed with the usual notion of weak* convergence, and we call p € M(Q) an atomic measure if

M:Zcm5z7

zeE

for some finite set £ C R? and some family of coefficents ¢, € R. We also say that u has integer
coefficents if ¢, € Z for every z € E. We observe that the set

{Z c,0,: F finite, ¢, € {il}}

zeFE

is weakly* dense in the set of Dirac measures with integer coefficents. Given u € M(2) and U C Q2
an open set, we define its flat norm ||y gat,v as follows:

il =sup { [ odu: &€ C2W), Iolliwwy < 1 190l < 1]
U

Whenever ||p|laat,r is finite, we can equivalently compute the right hand side of the previous
identity by taking the supremum among Lipschitz functions compactley suported in U. Note that
if (11n) € M(Q) is such that sup,, |ptn| < oo then ||, ||gac.0 — 0 if and only if 4, = 0.
Topological charge. Throughout the paper, as it is customary, we set

H'(R?%S?) = {u € H'(R*}R?), |u| =1 a.e. in R?}.
Given © C R? a bounded open set we then define U(Q) C H'(R?;S?) as follows
(2.1) U = {uec H (R?%S?), u(z) = n for a.e. x € R*\ Q}.
For u € U(Q2) we define the the topological charge density as

q(u) =u- 0yu X Oyu.

The topological charge or Skyrmion number of u is then given by

1 1
deg(u) = yym /R? q(u)dz = p Qq(u) dz.
For u € U(Q) N C1(Q;S?), the quantity deg(u) corresponds to the Brouwer degree of the self map
of S?, uoo : S? — S2, where ¢ is the stereographic projection mapping n to co. In particular,
deg(u) € Z. This remains true for a general u € U(Q2) by approximation, see [41] (see also [I3]
Lemma A.1]). Moreover notice that for u € U(£) it holds, by Schwarz inequality, ¢(u) € L'(Q) so
that ¢(u)dz € M(Q).
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Remark 2.1. For a Lipschitz map v : R? — R3, with |u| = 1, a simple algebraic computation
shows that the Jacobian determinant,

J(u) = /det(Vu*Vu)

J(u) = |8zu x Byu| = |q(u)| -

In particular, by the area formula it holds

can be expressed as

(2.2) #{rx e R: u(z) =y}dH3(y) = / lg(u)|dx, for every measurable set R C R?.

u(R) R
Simple regions. In the sequel we will use the follwing notion of simple region, see for instance
[24, Sec. 4.5]. Given an orientable surface M (in this paper M = S?), a relatively open and
connected subset S C M is said to be a simple region on M if it is homeomorphic to the disk and
its boundary 0S5 is the trace of a simple closed piecewise regular curve a : I — 95, being I C R
some closed interval. In this case, it is customary to say that « is positively oriented with respect
to S, if the vector h(t) = npr(a(t)) x o'(t), where nps(a(t)) is the normal vector field of M at
a(t), points toward S, that is: for every ¢ > 0 and every differentiable curve g : (0,¢) — S such
that 5(0) = a(t) and 5'(0) # o/(t) it holds

h(t) - B'(0) = 0.

The curve « is said to be negatively oriented with respect to S if the previous inequality holds
with the opposite sign. When M = R2, the curve « is positively oriented with respect to S, if it
parametrizes 05 counterclockwise.

We notice that the following are simple regions of S:

- Given three linear independent unitary vectors p1,p2,ps € S?, the geodesic triangle with
vertices p1, p2, P3, given by

S A 2

===\ >0 C 57

S = S(P17P27P3) =
‘Zle Aipi

In this case 05 = U, 4; ¥pi.p,-
- Given four unitary vectors p1, pa, p3, p4 € S?, such that respectively p1, ps, ps and po, p3, ps
are linearly independent, the union of the two adjacent geodesic triangle

S = S(p1,p3,p4) U S(p2,p3,04) -

Here 0S5 = Yp1.p3 Y Vps,p2 U Vpa,ps U Vi pa-
- For a unitary vector h € S?, any hemisphere centered in h, that is

S={qeS* q-h>0}.

In this latter case S = {q € S? : ¢- h = 0}, is commonly called a great-circle of S%.
Triangular lattice. We consider the triangular lattice £ C R2, given by
. . 1
(2.3) L ={ae; +bés: a,b€Z}, where é; = 5(61 + \/362).

For i, j, k € R? we denote by [i, j, k] and [, j] the closed convex hull of 4, j, k and of 4, j respectively.
We set T to be the family of triangles subordinated to the lattice £

T:{[i7j7k]:iaj7k€£a |Z_]|:|Z_k|:|j_k|:1}7
and & to be the family of edges subordinated to the lattice £
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For £ > 0 we consider the rescaled versions of £, T and &, namely L. = L, T. = T and & = €.
For A C R? we use the following notation:

L(A)={ic L(R?:ic A},
To(A) ={T € T:(R?): T C A},
E(A)={T €& (R?):T C A}.
In what follows, we say that a closed subset R C R? is a e-triangular region, or simply a

triangular region, if it is obtained as finite union of triangles in 7.
We denote by SF. the set of spin fields:

SF.={u: L. — S*}.

Given © C R? a bounded open set, we define, in analogy with (2.1)), the following set of spin fields
satisfying a discrete Dirichlet boundary condition

SF(Q) ={u: L. +S*: u.=nin L(R*\Q)}.
3. STATMENT OF THE MAIN RESULTS

In this paper, for a given bounded open set Q C R? and for € > 0, we consider two different
types of energies: one defined for maps in H!(R?;S?) and one defined for spin fields in SF..
More precisely, for u € H'(R?;S?) we define

1 1
(3.1) F.(u,Q) = 7/ |Vu\2dm+—2/ lu —n|?dz.
2 Ja € Ja
Instead, for u € SF., we define
(3.2) E.(w,Q= Y H@uT+ > Z(uTl),
TET.() TET(Q)
where for T' = [i,j, k] € T-(R?), H.(u,T) and Z.(u,T) are respectively given by

He(u,T) = %(IU(Z') —u(§)? + [u(s) = ulk)]* + |u(k) — u(D)]?)
and
Ze(u,T) = %(IU(Z') —nf* +[u(j) — nf* + |u(k) — nf*).

For notation convenience, when in the right hand side of (3.1f), respectively (3.2)), Q is replaced
by some measurable set A C R? we write F.(u, A), respectively E.(u, A).
Our first result is as follows.

Theorem 3.1. Let Q C R? be a bounded open set and let (u.) C H'(R?;S?) satisfy

sup Fy(ue, ) < 400.
e>0

Then, there exists an atomic measure p € M(Q) such that (up to subsequences) q(u.)dz weak*
converge to p. Moreover ﬁ has integer coefficents.

Building up from Theorem we deduce the following I'-convergence results for the family of
functionals %, : M(Q) — [0, +o0]:

(3.3) Fe(p) = inf {F(u): w € UQ), que)de = p} []

Theorem 3.2. Let Q C R? be a bounded open set. Let F : M() — [0,00] be the functional
defined as

F () = |ul(Q) if 4= is an atomic measure with integer coefficents,
400 otherwise.

Then, the sequence of functionals Z. T'-converge with respect to the weak* topology of M(Q) to
F ase — 0.

IHereinafter the convention inf ) = oo is adopted .
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Theorem provides the protototypical result that we aim to achieve in the discrete setting.
However, in this setting a major difficulty appears already in order to give a rigorous notion of
topological charge density for a spin field u € SF.. We do this by partioning the plane into
triangular regions whose boundaries do not contain pairs of nearest neighborhoods on which the
spin field u assumes antipodal values. On each of such region it is then possible to define a
proper continuos inteprolation and accordingly a notion of topological charge. Nevertheless, this
procedure cannot be free from a certain level of arbitrariness as explained below. As a consequence
we end up defining, for each u € SF., a set of admissible topological charges Mqm (Q; u.) C M(Q)
(see Definition . We then prove the following compactness result.

Theorem 3.3. Let Q C R? a bounded open set and let (u.) C SF-(Q) satisfy
sup F.(ue, Q) < +00.
e>0

Let (pe) € M(Q) be a family of atomic measures such that for every ¢ > 0 it holds p. €
Moaam (5 us). Then, there exists an atomic measure p € M(Q) such that (up to subsequences) p.
weak® converge to . Moreover £- has integer coefficents.

At last, letting &% : M(2) — [0, 4+00] to be the family of functionals defined by
(3.4) &:(pn) = inf{E.(u): ue SF.(Q), such that p € Mgam(Q;u)},
we show that, for every d € Z, the following quantity is well defined

w e 5‘7:5(31735)7 s.t. there exists ¢ € Madm(Q§w)
inf { E.(w, By): ’

(35) 4¢(d) = lim with ¢(By) = 4rd

e—0
and we prove the following convergence result.

Theorem 3.4. Let Q C R? be a bounded open set. Let &: M(Q) — [0,+0o0] be the functional
defined by

+00 otherwise.

&) = {Zi\il U(d;) if = =22;didg,,di €7,

Then, the sequence of functionals & T'-converge with respect to the weak* topology of M() to &
as e — 0.

3.1. The baby Skyrme model with diverging Zeeman term. In this paragraph we briefly
show how to extend the results stated above to cover the full baby Skyrme model both in the
continuum and in the discrete setting.

For u € H'(R?;S?) the DMI energy D(u,(Q) and the full baby Skyrme energy FFS(u,(Q) are
given by

D(u,Q) = / u-(Vxu)de.
Q
and
Ffs(u, Q) = F.(u,Q) + D(u,Q),
respectively. We observe that by Young’s inequality
1
|D(u, Q)| < EFE(UE,Q) + 4|9,
hence
1
FES(UE, Q) > §Fa(u£a Q) —41Q].

As a result Theorem applies with FEBS in place of F.. We further observe that for sequences
(ue) with sup,~ F-(ue, ) < +00, by the weak L? convergence of Vu. and the strong L? conver-
gence of u. to n, D(u.,(2) vanishes. As a result Theorem [3.2 holds with F25 in place of F..
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As for the discrete setting, for u € SF., we define the DMI interaction, or antisymmetric exchange
term, as

Ac(w, ) = > A(u,T),
TeT-(Q)
where for T' = [i, j, k] € T we have set

1 . . .
Ac(u, T) = 5(DZ - (u(i) x u(5)) + DI* - (u(s) x u(k)) + DI - (u(k) x u(i))),
being D% a family of vectors in R®. Furthermore, we introduce the discrete baby Skyrme functional
EBS(u,Q) = E.(u, Q) + A (u, Q).

Similarly to what was noted above we have

A7) < 2a )+ 22 D, 2 ),
which implies
A 9] < L) + 22 D 0.
Assuming
DY =¢eD(i —j), forsome D : {+e;,+éy,+(eq —é2)} — R?,
one can argue as above and conclude that both Theorem and Theore apply with EBS in
place of E..

4. CONCENTRATION OF TOPOLOGICAL CHARGE

We prove Theorem [3.1] by combining a blow-up argument, proved in Lemma [£.I] and a suitable
covering argument. Throughout the section we assume ) to be a bounded open set and (u.) C
H'(Q,S?) to be a sequence satisfying
(4.1) sup F (ug, ) < 400.

e>0
Within the proofs of the results of this section we use the symbol C' to denote some universal
constant C' > 0 which may depend on © and on sup,-q F:(u.,§2) and whose value may change
from line to line.

Lemma 4.1. Let (u.) C HY(R%S?) satisfying [@.1), be such that q(uc)dz = u for some p €
M(Q). Then, u({x}) € 4nZ for every x € Q.

Proof. Let € Q and suppose without loss of generality that x = 0. We set v, = |Vu.|?dz €
M(€), and observe that implies sup |v.|(Q) < 4+o00. Up to a not relabelled subsequence, we
have that v — v, for some v € M(Q). We select a sequence of balls (B, ) with vanishing radii
such that B, C Q for every m € N. We also require that

(4'2) M(aBrm) =0,
and
(4.3) v(8B,,) =0,

for every m € N. Thanks to (4.2]), we have

) = i iy [ atu)de = it [ o) g

where u™ : By — S? is defined by u™(x) = u.(r,z). Thus in order to conclude it is enough to
show that right hand side of the previous identity belongs to 47Z.
For the sake of brevity we set ™ = |Vu"|?dz, and denote v™ the measure on By, defined on
every measurable set A C B as
v (A) =v(r,A).
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It is straightforward to check that v -~ ™ when & — 0. Furthermore (£.3) implies
(4.4) v"™(0B1) =0,

for every m € N.
Let us introduce a second familiy of parameters (p,,) C (0,1/4), chosen in such a way that

pm N\ 0 and
(45) I/m(aBl_me) =0, and I/m(zzll,l_me) <2™m ,

for every m € N. We employ for the sake of brevity the following notation

2
fm,a : (1_2pm71_pm> - R, fm,a(s) ::/ <|vum‘2 m‘ m n|2> dHt.
7]

s

Notice that the coarea formula together with a simple change of variables and (4.1)) give
1—pm

(4.6) C > Fo(ue,rmAi—p,, 1-2p0) = / fme(s)ds

1_2p'm

For every t > 0, we let
I = {8 € (1 = 20m, 1 — pm): fm@(s) < t} .
Markov-Chebyshev inequality gives:

L 1 1—pm
HE) 2 =7 [ hncle)ds
1

—2pm
. 1—pm
By letting t,, . = fl 2 fm,e(8) ds, the previous inequality and . 4.6|) respectively give
2C
(4.7) H (L, )2 22 <

By applying again the coarea formula we select p,, . € (1= pm,1—2pm) NI, . such that

m,e

1
Vu?2d7—[1§7/ / Var' [ dH ds.
/8 5 e W(To) Jr, Jom

m,e

In particular, thanks to (4.1)), (4.4), (4.5) and (4.7), for £ > 0 small enough, we get

(4.8) / Va2 dH! < Com.
OB

Pm,e m

Moreover, since p,, . € Iy,, ., by (4.7) we also have

mi2 1 7"7277 m 2 1 - 2C
Vg ["dH” + 5 [ul® =" dH = fone(Pe) < tem < ——.
9B _

Pm,e Bpm75 m

This, implies

2
(4.9) m -t < <
€ OB Pm

Pm,e

Let @™: OBy — S? be the rescaled maps defined by 4™ (z) = u(py, ). From we deduce
that, as ¢ — 0, the sequence (@™ — n) converges to 0 strongly in L?(9B;). Moreover, thanks to
([48), we have that the sequence (42" — n) is bounded in H'(9B;), uniformly in e. In view of
the embedding H'(9B;) < C%'/2(9B;), we thus have that (@7 — n) converges up to some not
relabelled subsequence uniformly in 9By, as € — 0. This in turn implies that ||@* —n|| L~ @p,) — 0
as € — 0 and therefore that

(4.10) lug® = nllz>~o8;, ) = 0

as e — 0. Let @, € C°(B1) be such that ¢, =1on By_, and [V, [[L=) < Cppt. We
then define v.: A15 = — R? to be

02(0) = e e (Z55) 4 (1= g (.
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From (4.10) we have |[v*] > % for € small enough. In particular, for € small enough, the map
Vm e HY(B1;R?) given by
i@ L2 € Apnt
V') ={n if z € OBy,
ul(x) ifxze€ Bj

€ Pm,e *

is well defined and we have V)™ € U(By). As noticed in Section |2} this provides

/ q(V™)dx € A7Z.
By

/Bl q(u?)dxz/& a(vyds = [

Hence to conclude it is enough to prove that the last two terms of the previous identity vanish in
the limit as first ¢ — 0 and then m — oo. With this aim, we first observe that, Schwarz inequality,

and give

/A q(u?") da

1,pm,e

Note that

g(Vm) dz + / g(ur) d,
A

1,pm,e 1,pm,e

lim lim

< lim lim |Vu™[?dz = lim v™ (4, 1-2p,,) = 0.
m—o00 e—0 m— oo ’

m—o00 e—0

At 1-2p,

Additionally, note that for every x € Ay 5 _ we have

_ oz
Uge pm@m -n

2

2 A ?
|z

Vo (2)]” < 2|V, (2)?

_ T
Vue <pm,e |{E|>

2

x x
<—u(* —)—n CVU(* —) .
<z [ve Pnegy) =] +0[7c ey
Integrating the previous inequality on A 5, . and using the coarea formula and (4.8]) we get
C
[ Iverde < S =l on,, o+ Con [ VP an
A11577L,6 pm e aBﬁvu,e
C _
< —Jflul - ”||2Loo(aB;m£) +C027™.
m :
This implies
lim lim Vo' |?dz = 0.

m—o00 e—0 Ay,
sPm,e

This in turn provides

lim lim / q(V")dz| < lim lim VvV ? da
m—oo e—0 Ax 5 e m—o0 e—0 A1 gy o
<4 lim lim |Vv;”|2dx:0
m—ro0 e—=0 A1 5 .
and concludes the proof. O

Proof of Theorem[3.1] The existence of u follows by weak* compactness. Thanks to Lemma [£.1]
to show the desired result, it is enough to prove that there exist N € N and {x;,...,z2x} C Q
such that

(4.11) @\ {1, . an}) = 0.

Furthermore, we can assume that (u.) C C°°(R?;S?). This follows at once, using a standard diag-
onal argument, being C*°(R?;S?) dense into H'(R?;S?) with respect to the strong H! topology,
see [41] (see also [I3, Lemma A.1 ]). For the sake of readability, we divide the proof into several
steps.
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STEP 1. We show that there exists ¢g > 0, which depends on Q and sup,.q F:(u., €2), such that
for every € < €¢, we can construct a family of disjoint balls B* such that

(4.12) {zeQ:|uc(x)—n)*>Verc |J B

BeB#

and

(4.13) > r < CVeF(ug5Q),

BeBe

where C' > 0 is a constant depending only on €2 and for B € B¢, rp denotes the radius of B. We
proceed as follows. We apply Young inequality to get

1 1
2eF (ug; ) > s/ |Vu|? dz + 7/ lu. — n|? dz > / [(ue —n)Vu.|da = f/ IV|ue — nl?|dz.
Q €Ja 0 2 Ja
By coarea formula, the latter provides
/ P({Juc —n|* > t};Q)dt < 4eF.(us; Q).
0

Thus, there exists 7. € (v/£/2, /) such that
(4.14) P({lue —nf* > 7.};Q) < 8VeF.(us; Q).

Furthermore, by Sard’s theorem we can assume 7. to be such that the open set {|u. —n|? > 7.}
has smooth boundary. By the very definition of F. we also have

(4.15) Hlue —n|* > 7.} < 2evEF.(us;9Q).
Let ¢9 be such that
2e0+/€0sup Fe(ue; Q) < ]/2.

Let M. be the number of connected components of {|u. —n|? > 7.} and denote by {|u.—n|?> > 7.},
denote the n-th. Then, for every € < g¢, (4.15)) and the relative isoperimetric inequality give

(4.16) VHlue =12 > 73] < CP({lue — nf? > 7.},59).

Since, for every connected open set of finite perimeter F C €, it holds

(4.17) diam(E) < C(\/|E| + P(E;9)),

by combining and , we deduce that there exists C' > 0 depending only on 2 such that
(4.18) diam({|uc — n|* > 7.},) < OP({|Juc — n|* > 7.}.; Q).

Notice that achiving the inequality is standard when Q = R2, while we refer to Lemma
in Appendix [A] to treat the slighty more delicate case when Q is a regular bounded open set.

We follow a standard merging procedure. We denote by r, the left hand side of and for
every n=1,..., M. we select z,, € {|uc —n|?> > 7}, and let

B ={B, (zn): n=1,...,M.}.

Note that by construction we have {|uc —n|*> > 7}, C B, (z,). If B is made of disjoint balls we
set B = BS. If this is not the case, we take any pair of indices ny,ne € {1,..., M.}, ny # na, for
which B,., (¥n,) N By, (%4,) # 0 and we consider the ball B, . (Zn, n,), where

Tny Tno

Tnymg = Tp, +
Tny + Tny Tny + Tny

ny -
It is easy to verify that
BTnl (Tny) U Brn2 (Tn,) C Bm1+rn2 (Tni,na) -

We then define
B; = {Brnk (Tng): k#1,2}U {Brnl +Tny (Tnyma)}
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If BS is made of disjoint balls we set B = B§. Otherwise we repeat the merging procedure. We
iterate this scheme m times until we find a family of disjoint balls. We then set B* = B,. By
construction we have

M.
Z rg = Zdiam(ﬂug —n)>>7},; Q).

BeB® n=1

By combining the latter inequality with (4.14)) and (4.18)) we deduce (4.13]). Moreover, by recalling
that 7 < /e, we have

{lue —n|* > e} € {jue —n|* > 7} C U B.
BeB:

So (4.12)) holds as well.

STEP 2. For every n > 0 we define a sub-family of B¢ as follows:
(4.19) B, ={BeB": F.(u; B) >n}.
Notice that, by a simple energetic consideration, the number of balls in Bf is finite. Taking into

account (.13)) we conclude that the Hausdorff limit, as € — 0, of the set | Jg. B consists of a finite
n
family of points. We call them {z1,...,zn, }.

STEP 8. We fix ¢ € C(Q\ {x1,...,2n,}). Let 0 >0 and

Nn
Q, = Q\UBU(%-).

be such that the spt¢ € .. By Hausdorff convergence, there exists 0 < 1 < € such that
Nﬂ
B C U By(x;), for every e <e1, Be€By.
i=1
Being spt¢ € Q,, we also select 0 < €1 < gg to be such that for every B € B¢, with B Nsptg #
it holds B € 2, and we relabel &g = min{eq,e2}. Note that at this stage 9 may depend on 7 and
¢. We now deduce a preliminary estimate, see (4.24)) below.

In the rest of the proof we will write | J B and ) without subscript to denote respectively the
union and the summation taken among balls in B \ B;, that intersect spt¢, and we will indicate
by u!l and u? the first two components of the vector field u.. By using the identites

q(ue) = q(us — n) + n(Opus X Oyue)

(4.20) . . wrVu? — u?Vul
n(dzue X Oyue) =V x J( U, g) with ](ui,ug) ==

and Stoke’s theorem we get

/UBQ(ue)fbdx:/UB(J(ug—n)tbdx—/U j(ul Vl¢dx+2/ di(ul, u)op dH! .

Similarly,

/ q(us)pdx =
Q.,\UB

/ q(ug—n)qﬁdx—/ (€7 E)Vl(bdx— / oj(u 6, 6)7'53d7-[
Q,\UB Q,\UB

Notice that in the previous equalities, the sign in the last terms kept track of the boundaries
orientations. Adding up the two previous identities we obtain:

(4.21) /Qq(ug)qﬁdx:/Q g(ul, E)Vl(bdx—i—/ga\UB (ue —n qﬁdx—i—Z/ c—n)pder.

o
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Denoting by ¢p the average of ¢ in the ball B, for every x € B we have

|p(x) — 5| < 2r|| V| Lo (o) » |¢B| <@l () -
In particular, on adding and subtracting ¢p and using (4 we get

S [ atue =06 ds| < CIVol )P, VE + 0] mz]/ c-mds)

On the other hand the second term in the right hand side of (| is easily estimate thanks to
the definition of B®:

/ (ue —n)(Orpue X Ozue)dda
Q\UB

(4.22)

< 51/4H¢”L°°(Q)Fs(us§ Q) .

Thanks to the energetic bound and up to subsequences (not relabelled), u. satisfies
/Q|u£\2dm < /Q lue —n|*dz < e?F.(ue,Q), fori=1,2,

so that, Holder inequality gives

(4.23) ‘/ ul, u)V+teda

By combining (4.22)-(4.23)) with (4.21]), we can conclude

] /Q 4(u:)é da

< OV poe () Fe(ue, Qe

< OF.(ue, ) (|VY| () (e + VE) + |l = () VE)

+ ||¢’|Loc(9)2'/ e —n)dz| .

(4.24)

STEP j. We refine (4.24)), by estimating the last term in the right hand side, assuming 7 small
enough. More precisely, we introduce for every B € B® \ B;, the rescaled map ul: B — §?
defined as

uP(z) = uc(rp(z +xp)).
where x5 denotes the center of B. Notice that, conformal invariance and (4.19)) give

/ q(uffn)dx:/q(ugfn)dx and/ \Vuf|2dz:/|Vue\2dx§n.
By B By B

Furthermore, by the very definition of B¢, we have

[uB(z) —n| <e'/*  for every x € 9B, .
We extend (uZ(z) —n) to a map UZ: By — R? in such a way that
UB=uP —non B,

UB constant on 0B, ,
[ vuPRas<c [ [VuPde < CR.GEB) . (Ui < Cluf ~ 0l o, < CEV2.
Bo Q

This can be done for instance by using a suitable reflection and cut-off procedure on the harmonic
extension of (uZ(z) —n) on By, see Lemma for the details. By possibly taking a smaller g
we can define V.2: By — S? as

VB

€

() u () ifze By,
€T)= BCL‘ n .
ﬁ}gﬁ lfl'EA271.

Since V.2 assume a constant value on 9By we have that

/ q(VB)dx € 4nZ.
Ba
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On the other hand we have |[VVZ| 12(5,) < CF.(uZ, B) < Cn. Therefore, up to chosing Cn < 1
it holds

| av)as=o.
Ba
Exploiting ([#.20) (with V.2 instead of u.) we deduce

/Bq(us—n)dx = /qu(uf—n)dx

=] Vxj(VHL(VE)?) da
B>

< +

| - ns
B

/ g(VE —n)dz
Az 1

+

[ av? -nas
Az 1

-/ j<<v;B>1,<nB>2>raBdH11+
OB»

/ g(VE —n)dz
Az

~|[ av? s
Az 1

where in the last equality we used the fact that V.2 is constant on 9B,. Observe that easy
manipulation leads to
VE(z) —n| < Cet/* for x € Ay,

which, plugged into the previous chain of inequalities, provides

/B 4(ue — n) dz /A P

<

(4.25)

< Ce'/*F.(u.,B).

[P v < o,vE
Az

STEP 5. By combining (4.25)) and (4.24]), and by taking the limit for € — 0, we deduce that

/¢du’ =;g%‘/¢q(ue)dx

By the arbitrariness of ¢ € C°(Q\ {z1,..., 2N, }) we conclude

|‘LL|(Q \ {xlv s 7an}) =0.
This proves (4.11)). O

=0.

Proof of Theorem[3.3 Let (u:) C M(Q) be such that p. = p and liminf. Z. (uc) < C, for some
C > 0. Then by Theorem [3.1] p is an atomic measure with coefficent in 47Z. The lim inf inequality
then follows from the weak lower semicontinuity of the total variation of . in € once observed
that, for every u. € U(Q) for which p. = g(uc) dx one also has

(@) = [ Jafus)|ds < Fufuss).
Q
so that, by the very definition (3.3]), it holds
e () < Fe(pe) -

To prove the lim sup inequality it is enough to adapt some computations in [35, Lemma 3.1].
We first assume p = 478y. Let 0: R? — S? be the inverse stereographic projection mapping
400 to n, that is

1
0(z) = —F= (22 - . 2-1).
(x) 1+ |l’|2 ( X - €1,T - €2, |l" )
A straightforward computation shows that
1 4 4
4.26 ZIVO(2)]2 = ———— 0(z) — nl2 = )
(426) 5IV0)F = e @) - =
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We let € > 0 and select an auxiliary parameter A > 0 such that lim._,ge\. = +00. We set

() = 00r), 0ulw) =+ (Z) (0. (F2) ).

]

€
and
P ()
O (x) = for x € Ac ..
O fota
Notice that, by (4.26))
2
ex 4
4.27 0 (—) — =— .
(4.27) “\|z| " 14+ A2e2
Hence, for ¢ small enough we have
1

(4.28) |pe ()| > 3 for z € A¢ 2e ,

which implies that ®. is well defined and takes values on S?. We define u. € U(Q) as

0)\5(27) ifx e B,
ue(x) = () ifw e Ao,

n ifz e\ By
By (#.26)), (#27) and (4.28)) we have
(4.29) /E|V95|2dx:47r—1+4:g€2, 812/36|95—n|2dx:W,
(4.30) /A Vo dr < O +4Ag€2 +05 ji&%;)Q ,
(4.31) E% . ¢ —n|” dz < 1+CAY§<92

Thanks to (4.29)-(4.31)) we conclude
lim F,(u., Q) = 47 = |p|().
e—0

We first check that q(u.)dz = ddy for some d € R. This immediately follows from the fact that,
being sptg(u.) C Bae, for every ¢ € C°(€2) such that 0 ¢ spte, it holds that

tim ( | atwe ar) = 0.

To identify d we choose ¢ € C.(2) to be constant in some ball B centered at the origin and € so
small that By, € B. We have

/ a(us)éd = 6(0) / g(us) dz = pu)deg(ue) = dr(0)
Q B

since the Brower degree of u. is 1. Taking the limit for ¢ — 0 we deduce d = 47 as expected.

Replacing § with 0: R? — S, §(x) = ﬁ (22, |x|? — 1) permits to build a recovery sequence
for u = —4nwdy. The full I'-lim sup result follows by a standard density argument. O

5. A DISCRETE NOTION OF TOPOLOGICAL CHARGE

The goal of this section is to define a proper notion of topological charge for a spin field, this
is done in Definition We fix throughout this subsection € > 0 and u € SF.().
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5.1. Admissible interpolation region. The spin field u introduces a natural selection of edges
on the lattice L.:

Ne(u) ={[i,j]: i, € Le, i —jl=¢, u(i) = —u(j)} S &, Ce(u)=E \Ne(u).

Notice that since it is not possible to have three mutually antipodal points on the sphere, we
have that every triangle in 7 contains at least one edge in C.(u). We introduce some terminology.
We say that two triangles T, 7" € T; are neighbors if their intersection belongs to N (u), and that
are connected, if there exist triangles T1,...,Tny € 7z with Ty = T and Ty = T” and such that
T, and T, 41 are neighbors. Similarly, a triangular region is said to be connected if it is union
of pairwise connected triangles. We call a triangular region R C R? an admissible interpolation
region for the spin field wu, if it is connected and maximal with respect to the set inclusion and we
set

R.(u) = {R C R?: admissible interpolation region for u} .
Being u € SF:(2) we have that every T' € 7 not compactly contained in  is an admissible
interpolation region for u, being u = n on the vertices of T'. In particular, being Q2 bounded, every
admissible interpolation contains finitely many triangles. Also, it is clear from the definition that
every T € T, is contained in a unique R € R.(u). Given R € R.(u) we say that [i,j] € C.(u) is
a boundary edge of R if it is the common edge of two triangles T, T’ € 7., such that T C R and
T' C R?\ int(R).

Before proceeding further we need to show few elementary properties for the triangular regions
defined above.

Figure 1. Examples of the different possible interpolation regions R according to
Lemma The dashed and the continuous lines denote edges in N:(u)
and C.(u), respectively.

Lemma 5.1. Let R € R.(u). Then, one of the following mutually exclusive conditions hold:
(1) Re T
(17) every triangle T € T, T C R has two edges in N (u);
(#i2) there are exactly two triangles T € T., T C R with two edges in C.(u), all the others
triangles have two edges in N (u).

Proof. Suppose that R is not a triangle, so that (i) does not hold. Replacing every triangle T'
with a vertex and every edge A (u) with an arc, we obtain a connected planar graph (see Figure
with finitely many arcs in which every vertex has at most degree two (being the degree of a
vertex the number of edges that are incident to that vertex). For such a graph it is easy to show,
by induction, that the set of vertices with degree one is either empty or contains two elements. If

the first case occurs then (i7) holds, otherwise (ii7) holds.
(]

Lemma 5.2. Let R € R.(u).
Then, the set
{u(@): i€ Le, i €T for someT € No(u), I C R}.

is either empty or contains exactly two antipodal points of S2.
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Figure 2. Construction of the planar graph in the proof of Lemma (same notation
as in Figure [1]).

Proof. Suppose that R is not a triangle, since otherwise the statement is trivial. We consider the
same planar graph as defined in the proof of Lemma above. For every pair of adjancent arcs of
such a graph the corresponding edges in N, must intersect in some point of £.(R). By exploiting
this property, toghether with the connectedness of the graph and the definition of N (u), it is easy
to conclude. O

Lemma 5.3. Let R € R.(u). Then u(L:(R)) contains at most four points.

Proof. Tt follows immediately by combining Lemma [5.1] and Lemma [5.2 O

Lemma 5.4. Let R€ R.(u) and T € T, T C R. The the following facts hold:

(a) if T has a single edge in N:(u), then it contains at least a boundary edge of R;
(b) if T has a single edge in N-(u) and u(L.(R)) contains four points, then T contains two
boundary edges of R.

Proof. We prove (a). To fix the notation we suppose T' = [i,j,k] and 'y = [i,5], T2 = [i, k],
u(j) = —u(k) and u(i) ¢ {u(j),u(k)}. We need to show that at least one between I'y or T's is a
boundary edge of R. Assume by contradiction that this is not the case. This means that given
Ty, T5 € 7. such that

TNT=T,, TbNT =T,

we have T1,T, € T:(R). By Lemma [5.1] either T} contains exactly two edges in N (u) or T does.
In any case i is the endpoint of some edge in N (u), contained in R. By Lemma this implies
u(i) € {u(j),u(k)} which is a contradiction.

Let us prove (b). With the same notation as above and by (a), we can assume that, for instance,
T, C R? \ intR. Then, suppose by contradiction 7o C R. Arguing as above we deduce that T
cannot contains exactly two edges of M. (u). On the other hand, suppose that it contains exactly
one edge of M(u). Then by Lemma T and T5 are the only two triangles having only one edge
in M:(u). By Lemma this implies that u(L.(R)) contains three elements, which is not the
case. Therefore, Ty contains no edges of N (u). But this contradicts 7' C R. Hence, the lemma is
proved. O

Lemma 5.5. Let R € R.(u) and assume that u(L:(R)) contains four points. Suppose i,j € L.
are such that [i,7] C R and u(i) ¢ {u(j), —u(y)}, then [i, 7] is a boundary edge for R.

Proof. Let k € L. be such that [i,j,k] C R. Notice that it cannot be [i, k] € N:(u) and [j,k] €
N:(u) since otherwise we would have u (i) € {u(j), —u(j)}. The conclusion then follows by point

(b) in Lemma O
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5.2. Admissible interpolations surfaces. For every R € R.(u), we consider the cone generated
by the set u(L(R)), that is:

coner(u) = Z ApW: Ay >0
weu(Le(R))

We call Sg(u) C S? an admissible interpolation surface for u in R if one of the next conditions is
satisfied. If coneg(u) is not a linear subspace of R?, we require

Zwéu(LE(R)) AwW

(5.1) Sp(u) = P A >0, > A >0

‘Zwéu(ﬁs(R)H Aw“" weu(Le(R))

If coneg(u) is a linear subspace of R3, we require

weu AW + Th
Zrueu(cc() W SR
‘Zweu R))| Aw w+7h‘ weu(Le(R))

for some h € S? orthogonal to coner(u).

(5:2) Sr(u) =

The next lemma deals with the elementary characterization of the admissible interpolation
surfaces.

Lemma 5.6. Let R € R.(u) and Sgr(u) C S? be an admissible interpolation surface for u in R.
Then Sg(u) is either a semi great-circle or an arc of geodesic or a geodesic triangle or the union
of two adjacent geodesic triangle or an hemisphere.

Proof. Let N be the number of points in u(L¢(R)). Assume N = 1, then Sr(u) is a single point.
Assume N = 2. Here we distinguish two cases. Either u(L.(R)) = {p, —p} for some p € S%. Then
Sgr(u) is determined as in ([5.2)), for some h € S?, such that h-p = 0, and it is straightforward to
verify that

Sp(u) = {

This provides

Ap+Th
|)\p+Th|

—Ap+Th

AT >
= Ap—kTh\ T, A OT—|—/\>O}

,)\ZO,T+/\>O}U{

Sr(u) =Ypn Uv=p,h
that is Sg(u) is a semi great-circle. Otherwise, u(L.(R)) = {p, q} for some p,q € S? with p # —q.
In this case, Sg(u) is an arc of geoedesic, precisely:

SR(u) = Yp.q -

Assume N = 3, then u(L.(R)) = {p1,p2,p3} for some p, € S?. If the p,’s are linearly
independent then holds, and Sg(u) is uniquely determined as the geodesic triangle with
vertices p1, p2, p3, that is:

Sr(u) = S(p1,p2,p3) -
If the p,’s are not linearly independent, then we distinguish again two cases: either coneg(u) is
an hyperplane or it is not. In the first case Sg(u) is an hemisphere centered at h € S?, where h
is orthogonal to coneg(u), otherwise we have that Sg(u) is a semi great-circle or a geodesic arc,
specifically:

Sn(u) = 4 waVrpa HulLe(R) =1{=p.p.a},
Vpipi otherwise, where p; - p; < pi - p for all [ # k.

Recalling Lemmal5.3] it remains only to discuss the case where u(L.(R)) = {p1,p2,p3, pa} for some
pn € S?. By definition of R we can assume that p; = —py. Then, if coner(u) is an hyperplane,
Sgr(u) is an hemisphere centered at h € S?, where h is orthogonal to coneg(u). If coneg(u) is
not an hyperplane, but it lies on an hyperplane then Sgr(u) is the semi great circle connecting pq
to —p1 and passing through ps and ps. At last, if coneg(u) does not lie on a hyperplane, then
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P1, D3, P4 are linearly independent as well as po, p3, p4. In this case (5.1]) holds, and being p; = —pa,
it holds

A1p1 + A3p3 + Aapy }
N >0, M A A 0
IMip1 + Asps + Aapa| - T T 1A AL

Aop2 + A3ps + Aaps }
A >0, A+ A3+A>0p,
{ [Xap2 + A3ps + Aapa] e

Sr(u) = {

which gives
Sr(u) = S(p1,ps, pa) US(—p1,p3,p4) -

that is Sg(u) is the union of two adjacent geodesic triangles. O

Figure 3. The region Sg(u) in the cases N = 2,3,4.

In view of Lemma [5.6] above and recalling the discussion in Section [2] we have that the relative
interior of every admissible surface Sg(u) for u in R with H2(Sg(u)) > 0 is a simple region on S%.
In fact, the spin field « induce a natural orientation on dSgr(u) as we show below.

We find it convenient convenient to introduce some more terminology. Let R € R.(u) and
I’ = [i,j] € C.(u) a boundary edge of R. We say that [i, j] is oriented from ¢ towards j, and we
write [, 4] = (i,7)r, if the lattice point k € L. obtained by rotating counterclockwise the edge
[i, 7] around ¢ is such that the triangle [7, j, k] lies in R (see Figure . Otherwise we say that it is
oriented from j to ¢ and we write [i, j] = (4,7)gr. We define the geodesic curve

. Yy ) T =(i,5)r,
(53) YR, u - [0, 1] — 82, ’YF,R,u(t) = { ) e
Yu()u@y(t) T =(4,9)r.

Given two oriented boundary edges of R, (i,7)r and (j, k)r we say that (4, j) r precedes (4, k)r,
and we write (i,7)r <r (j,k)r, if [¢,j] can be obtained by rotating in the counterclockwise
direction [j, k] around j without intersecting R? \ R. It is then easy to verify that for every I'
boundary edge of R there exist unique I'; I's boundary edges of R such that I'y <z I' <z I's, and
that it is not possible to have I' <z I'.

Figure 4. The edge (¢, 7)r precedes the edge (j, k)r.
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Lemma 5.7. Let R € R.(u) and Sgr(u) C S? be an admissible interpolation surface for u in R.
Assume H?(Sr(u)) > 0. Then, the relative interior of Sg(u) is a simple region on S?. Moreover
there exist T'1,..., Ty € Cc(u) boundary edges of R with N = 3,4, and

' <---<I'y<T'yq,
such that, the curve
YR.u: [0, N] = S%,
YRu(t) =y Rou(t—m), iftemm+1], 0<m<N-1.
is a parametrization of the relative boundary of Sr(u).

Proof. The first part of the lemma can be deduced by Lemma [5.6] as already noticed. In particular
either Sg(u) is a geodesic triangle or the union of two adjacent geodesic triangles or an hemisphere.
Let N be the number of points in u(L.(R)). We can assume that either N = 3 or N = 4, since
otherwise the condition #2(Sg(u)) > 0 is violated (see the proof of Lemma [5.6)).

We discuss the first case, in particular either Sg(u) is a geodesic triangle or an hemisphere and

u(L:(R)) = {wy,ws,ws}, with w, # —w,, for n,m € {1,2,3}.

The latter implies that R € 7. (since it does not contains edges in N (u)). In particular R = [i, 7, k],
for some lattices points 4,j,k € L. and [i,7], [,k], [i,k] are all boundary edges of R. Up to
relabelling indices we can assume [i,j] = (¢,)r, [J, k] = (4,k)r, [i,k] = (k,i)r. By setting
'y =[4,4], 'y = [4, k] and T's = [i, k], we conclude.

Assume instead that N = 4. By referring again to the proof of Lemma we deduce that

u(L:(R)) = {wr, w2, w, —w}.

with w, # +w for n € {1,2} and that Sg(u) is either the union of the geodesic triangle with
veritces S(w,wy,ws) and S(—w, w1, w2) when coner(u) is not a linear subspace, or an hemisphere
when coneg(u) is an hyperplane.

By definition of R, there exist 4,j,k € L. such that [i,j,k] C R and [i,k] € N:(u), with
u(j) = wy, u(i) = w and u(k) = —w. Exploiting Lemma we deduce that [, j] and [j, k] are
boundary edges of R. Similarly, there exist ¢’,j', k" € L. such that [i',j, k'] C R, u(j') = wo,
u(i’) = w and u(k’) = —w, and we can infer that [¢/,j'] and [j’, k'] are boundary edges of R as
well. Moreover, Lemma gives {u(i),u(k)} = {u(i’),u(k’)}, while combining Lemma and
Lemma [5.2) we get u(L.(R)) \ {u(j),u(j")} = {~w,w}. Up to relabelling indices, we can assume
that [Z’j] = (iaj)Rv []7 k} = (.7) k)R and [i/’j/] = (ilvj/)R’ [jl?kl] = (jlvk/)R'

Now, we consider the sequence (T'y) of boundary edges, inductively defined as

Fl = [ja k] 9 Fn _<R Fn+l .

Since R contains a finite union of boundary edges, it has to be I',, <g I'1, for some ny > 0, that
is 'y, = (4,j)r. On the other hand u does not take antipodal values on the endpoints of each I'y,.
Hence, there exists n; < ng—1such that T',,, = (m, ) g, u({m,}) = {u(i),q} and ¢ ¢ {u(k),u(7)}.
This forces ¢ = u(j’) and so I'y,, = (j',k')r. As a consequence I'y,, 1 = (', j’)r. In conclusion
the following order holds true:
Iy =Gk)r<r - <rTni—1= (.7 )r <r Tn,
=" K)r <r - <R Tny = (4,))r <r (J,k)r =T1.
Notice that for every 1 < n < ng,n ¢ {1,n1—1,n1,n0} the set u(L(T,,)) is a singleton. Therefore,
by setting
Fpyo1=T2, Ty =T3, Iyy=T4,
we get
’YR,u([Ov 4]) = Ywiw U Ywwa U Y—wws U Y—wwi s

which proves the lemma. O
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5.3. Discrete topological charge. This subsection is devoted to the definition of discrete topo-
logical charge and to prove some properties of the spherical extension of a spin field having such
charge.

Definition 5.8 (Discrete topological charge). Let ¢ > 0 and v € SF-(€2). An atomic measure
€ M(Q) is called an admissible topological charge for the spin field w, briefly g € Maam (),
if

and the following conditions holds:
(i) zg € int(R);
(ii) cr = o(YRou, Sr(u))H?(Sr(u)), where Sg(u) is an admissible interpolation surface for u
in R, o(yr,Sr(u)) € {1,—1} and whenever H2(Sg(u)) > 0 it holds o(yr, Sr(u)) = 1
if the curve g, given in Lemma is positively oriented with respect to Sg(u), while
0(YRru, Sr(u)) = —1 otherwise.

In what follows we show that if g € M,am (€2, u) we can construct an interpolation vector field
u € U(Q), such that u = wu on L. and for which ¢(u)dx is close in flat norm to p.

Theorem 5.9. Let Q C R? be a bounded open set, u € SF.() and 1 € M agm(Q;u), be given,
according to Definition[5.8, by

p= Y o(ru Sr(wW)H (Sr()d,y

ReR.(u)

Then, there exists u € U(SY), such that uw =u on L. and

(5.4) %/Q |Va|> de < C1H-(u,), and ;2/Q [u —n|?dz < Cy Z-(u, ),
where C1 > 0 is a universal constant. Moreover, for every R € R.(u) we have

(55 | @ de = o, )1 (Sn(w).

Finally, n(R?) € 47Z and
(5.6) lg(w)dz — pllgat,o < C2e(He(u, Q) +1)He(u, ),
where Cy > 0 is a universal constant.

Proof. For the sake of readability we split the proof into different steps; the symbol C' denotes a
universal constant, which may depend on 2 and whose value may change from line to line.

STEP 1. First, we define a linear interpolation v : R? — R? of the spin field u. For every edge
[ = [i,j] € Cc(u) we define ur € S? as

o ) +ul)
|u(i) + u(j)|

Note that ur is well defined being I" € C.(u) and that it holds

(5.7) up - uw(i) > 0 and ur - u(j) > 0.

Then, for every R € R.(u), we select ur € Sr(u) in such a way that

(5.8) ugr -z >0, for every z € Sg(u).

This can be done by exploiting Lemma We consider an auxiliary lattice of points £, C R?
(see Figure o))

LL=L.ULLULr,

where

Li={ar:TeT}, LI={wr:Te&}.
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and above xzp and xr denote respectively the center of the triangle T' and the midpoint of the
edge I'. Correspondingly, we define the family of triangles 7/ subordinated to L. as

ARAN

Figure 5. Subdivision of an elementary cell of L. into cells of £.. The points of LI* are
indicated in white, while those in £¢ are indicated in gray.

D [T et kerm ik =€ e & '—k:i}.
T = {ldikl s i€ Loje L2 ke L, li=k = 5 .li=il = == i~k = ;=

We extend, without relabelling it, the spin field u to a map u : £. — S? defined by setting for
every i € L]

u(i) ifie L.,

up iftie LS i€ R, with R € R:(u),
ur itiell, iel', andI' € C.,
UR ifiel™ iel, and T € N;.

(5.9) u(i) =

Note that taking advantage of (5.7) and (5.8)), for every [i1, i2,43] € T, with i1 € L., i2 € LE, i3 €

LT, we have

(5.10) w(in) - u(iym) >0

for every n,m = 1,2,3. We define v : R> — R? to be the continuous and piecewise affine map
defined in every T € T! as the unique affine map that satisfies v = u on the vertices of T'. For
every x € R? we have

(5.11) |v(x)] >

Sl

Indeed, for every T = [i1, io,i3] € T/, with i1 € L., is € LE, i3 € LT and for every z € T it holds

3
v(z) = Z Anti(in) ,

where A1, Ao, A3 € (0,1) and A; + A2+ A3 = 1. In particular, Jensen’s inequality and ([5.10]) provide

. . 1 ) _ 1
lv(z)|? = Zn: A2+ T;ﬂ)\n/\mu(zn) i) > 5 + %Ammu(zn) ulin) 2 3,
which is (5.11]). Moreover, we note that
(5.12) \Vo(z)| < Ce™! for x € R?,

which follows since v is a piecewise affine interpolation on the lattice £. of values in SZ.
Now, let us show that the following hold:

1

1
(5.13) §/Q|Vv|2dx§C’1H€(u,Q), and g—z/ﬂ\v—n|2dx§01 Ze(u, ).
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With this aim let R € R.(u). We distinguish two cases. Suppose that for some T = [i, j, k] € T¢,
T C R there holds u(i) - u(j) < 0. Then, an explicit computation shows 1 < H.(u,T) and
% < Z.(u,T). Summing over all triangles T' C R, using (5.12) we get

1 1
(5.14) 7/ |Vo|?dz < C H.(u, R), —/ |v—n*de < CZ.(u,R).

2 Jr e? Jr
Suppose instead that R € R. and that for every T = [i,j, k] € 7., T C R it holds u(7) - u(y) >
0. Then R = [iy,i2,43] for some iy,is,i3 € L. and coner(u) is not a linear subspace of R3.

Accordingly, for 77 € T/, T’ C T, given as
. A R ) ' '
T" = [iv, j1, k1] where]1:5+§,k1:§+—+—,
taking into account of ([5.9)), we have

. 3
Zi=1 pnu(in)

u(j1) = u(in) + u(ia) , u(ky) = ’ , where 0 < uq, o, u3 < 1 and Z“” =1.

u(ir) + u(iz)] S iy n=1

An elementary computation shows that
u(in) — ()| < Cluli) —uliz)l,  |ulia) = u(k)] < Cuin) — uliz)| + |u(i) — ulis)]) -
The latter implies

C , . : , C
Vo(@)]® < 5 (Ju(i) = w(GOl + fulin) = ulk) P + u() = u(k)®) < 5 He(w, T).
for every z € T. On the other hand
[o(z) = nf* < Clu(in) = nl* + Ju(ji) = nf* + |u(k) = n|*) < CZ(u,T).

These inequalities provide
1 1
(5.15) 3 /R |Vo|?dz < C H.(u,R), and = /R |v —n|?dz < C Z.(u,R).

By combining ((5.14) and (5.15)) we get ([5.13).

STEP 2. We define 4 : R2 = S as 4 = ﬁ Taking into account ((5.11)), (5.12)) and (5.13)) we have

that u is a well defined Lipschitz continuous map, u € U(Q) and (5.4) holds. Furthermore, we
have that u restricted to every R € R.(u) satisfies

(5.16) u(R) = Sg(u), and #{r € R: u(z) =y} =1 for H*-a.e. y € Sr(u).

as it can be deduced by the definition of Sg(u) (we refer the reader to Lemma for a detailed
proof of these latter elementary identities).

Next we prove (5.5). Let R € R.(u). When H?(Sg(u)) = 0, formula follows at once by
using (5.16)) and the area formula . Hence, we can assume H?(Sgr(u)) > 0. Notice that for
every A € R3*2? and b € R3, one has

Am—i—b) b (A x A2)
= flA .
Az 1 0] v g 1 lAe+b>0

Thus, for every T' € T/, q(u) is either identically null or has constant sign. In fact, we claim the
following

(5.17) for every T' € T., T' C R either g(u) = 0 in T’ or sign(q(u)) = o(yr, R) in T".

q(Az +b) =b- (A* x A?) and q(

To prove the claim, assume o(yg, Sg(u)) positive (the other case being similar) and 7" € T/ (R).
By construction, there is a unique I € & such that T' = [i, j] contains one edge of T’. We thus
have three possibilities. If T' € N (u), taking into account , we note that v interpolates in 7"
between only two values. This implies g(v) = 0 on 7”7, hence ¢(z) = 0 on 7" as well. Similarly,
if T' € C.(u) and u(i) = u(j), we deduce q(u) = 0 on T’. Suppose instead that I' € C.(u) and
u(i) # u(j). Notice that being H?(Sg(u)) > 0 either R is a triangle or u(L.(R)) contains four
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points (see Lemma. Therefore, by Lemma I' is a boundary edge of R. Using the notation
from the previous subsection we suppose for instance that I' = (4, j) g, and we let

j—i

lj =il
Let 2 be a point in the relative interior of T' with z € T”. For § > 0 small enough and i = 1,2 we
consider the curves o : (0,0) — R and 3; : (0,6) — S? defined as

a1(s) =z + 57, as(s) =z + sT+
Bi(s) =u o a;(s) fori=1,2.

Note that the curve 3, is a geodesic and in particular there exists ¢t € (0,1) and A > 0 such that

ra(t) =0x), 0 pu(t) =AV(x)r

being Y1, g, defined as in . Note moreover that the curve gs takes values in Si(u) and satisfies
B0) =a(x), F'(0) = Va(a)r*

Recalling our assumption on the coefficent o(yg, Sg) we have

0 < (o Ralta) X Y gu(ta)) - B0) = (u(x) x AVa(z)7) - Va(e)r = Nr*q(u)(z).

By the arbitrariness of x, ¢(u) is positive on I'NT" and from what noticed above, it is positive on
T’. Thus, (5.17) is proved.
The identity (|5.5)) is now a simple consequence of (5.16]) and ( :

/ l¢(w)| dx = Z /slgn (u) dz

TGT’ TCR
= Y otmR) / ¢(@) dz = o(1, R) / ¢(@) dz.
TeT!, TCR T R

This implies also that p(R?) € 47Z.

STEP 3. At last we show (j5.6). Let ¢ € Lip(Q2) with ||V@||L~(q) < 1. From the previous step of
the proof we have

/Qﬂéq(ﬁ)dm—/gaﬁdu‘ Py

- ¥

ReR(u)
> diam (R \qu)HLoo(Q/\Vﬁ\de.
RER.(u) R

Since diam(R) < Ce(#{l' e M. : T C R} +1) and #{I' € M. : T' C R} < H.(u,R) we get
(-6)- O

/ 6 (@) dz — o (yr, Sp)H? (Sr)b(x )

/ 9(@) (2)(6(z) — d(wr)) dz
R

IN

6. CONCENTRATION OF DISCRETE TOPOLOGICAL CHARGE

The aim of this section is to prove Theorem and Theorem Therefore, for a given Q C R?
bounded and regular open set, we consider sequences of spin fields (u.) € SF.(Q) such that
sup Ee (ue, Q) < co.
e>0
Within the proofs of the results of this section we use the symbol C' to denote some universal
constant C' > 0 which may depend on € and on sup,. E:(ue, Q) and whose value may change

from line to line. We start with the proof of the compactness result, which is an easy consequence
of Theorem and Theorem [3.1]
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Proof of Theorem[3.3 Let u. € U(Q2) be defined from u. as in Theorem By (5.4), we have
sup Fe (e, ) < 00.
e>0

By Theorem up to subsequences, q(u.)dr — p as e — 0, where yu € M(Q) is an atomic
measure with coefficents in 47Z. By taking the limit as ¢ — 0 in (5.6) written for u = u. and
p = pe, we deduce that, up to subsequence, p. — p as well. This concludes the proof. O

We define ¢ : (3g, +00) x Z x R? — [0, +o0] as
(6.1)
w=mn, in L(R*\ By_s.(z)),
,d,x) =inf < E.(w, By w e SFe, s.t.
¢ (s,d,x) = in { e(w, Bs(2)): w e S ((Bs(x)) =d, for some ¢ € Mygm(Q2;w)
In order to prove Theorem we begin with the following Lemma.

Lemma 6.1. ¢.(s,d,z) does not depend on x. Moreover the limit lim._,q ¢.(s,d,x) exists, and
it does not depend on s.

Proof. First, we notice that ¢.(T,d, x) < ¢.(t,d, z), for every T >t > 3e. On the other hand, for
every x € R? let us set a?,a% € R to be such that z = a¥e; + a%éy, where é; is given as in (2.3))

and set x. € L. to be
aw a/iE
1 2 | 4
Te =€ {—J e +¢ {—J €s .
€ €

Notice that |z — x| < 2e. In particular we get that, every spin field which is admissible for
o< (s,d, z) is admissible also for ¢ (s + 2¢,d, x.), and viceversa every admissible test spin field for
o (s,d, z.) is admissible for ¢.(s + 2¢,d, z). This and the aforementioned monotonicity imply:

¢E(8ﬂ da (E) S ¢€(S + 257 d7 xE) S ¢E(sa dv xE) )
and

¢E(87 da xE) S QSE(S + 257d7 517) S ¢€(87 d?‘r) )
A simple translation argument also shows that

¢E(sa da .135) = ¢)s(57 d7 O) .
Hence, for every s > 0 and = € R?, it holds

¢5(57 d, CL‘) = ¢E(sv d, 0) )
proving that ¢.(s,d, z) does not depend on z.
From now on, we assume x = 0. Now we select (¢.) and (¢2) vanishing sequences such that

lim ¢.1(s,d,0) =liminf ¢.(s,d,0), lim ¢.2(s,d,0) = limsup ¢.(s,d,0),
n—00 " e—0 n—00 " e—0

and

5,11 > 531 .
Let w1 € SF.1 be admissible for ¢.1 (s,d,0). We consider the rescaled spin field wy, 2 € SFcz,
defined by ' '

&n
W 2(k) = wy, (6%16) .

For every k € L.(Bs_3.2) we have w, 2(k) = n, being

1

e
7;]{;
€n

1
5
>—;sf35;23735721.
5
n

Moreover

Ea}l (wn,laBs) = Ee% (wn,QyBs}lS> )

2
n

and, given ¢, 1 € Maqm(Bs, Wy 1), with {, 1(Bs) = d, the measure ¢, » € M(Q), defined by setting

6ra(B) = Gua (22)
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for every E C R, is such that

Cn,2 € Madm (Bg;s7wn,2> , and G2 <BE;> =d.
e e

1
Hence, wy, 2 is admissible for the minimization problem ¢.2 (E—”s, d, O), Therefore

o

1
€
Oe1(s,d,0) > @2 (—;s,d, 0) .
n n €n
By taking into account of the monotonicity with respect to the first argument we deduce
d’e}l (5; d, 0) > QSE% (Sa d, O) :
By passing to the limit as n — 400, the latter entails

lim inf ¢. (s, d,0) > limsup ¢.(s,d, 0) .
=0 e—0

This proves the existence of lim._,q ¢.(s,d,0). To conclude the proof we are left to show that
lim ¢.(t,d,0) = lim ¢.(T,d,0),
e—0 e—0

for every ¢t,T > 0. Assume without loss of generality that ¢ < 7. We can use the same rescaling
argument as above. More precisely, for every w € SF. which is admissible for ¢. (T, d, z) we define

v € SF . by letting
T

As above v is admissible for the minimization problem (b% <(t,d, %J;), and

t

E.. <v,Bt (fx)) = E(w, Br(z)).

The latter in turn entails
t
¢%5 <ta da Tx> S ¢5(T, d> (L‘) .
Now, exploiting the independence from the third argument, we get
¢%s(t7 d7 :E) < (bE(T? d7 {IJ) .
By taking the limit as € — 0 on both sides of the previous inequality we deduce
gl_% Pe(t,d,x) < 81% ¢<(T,d, ).

The conclusion follows observing that the opposite inequality is a consequence of the monotonicity
of ¢ (-, d, x). O

We are now in a position to prove Theorem [3.4 For reader convenience we recall that &; :

M(Q) — [0, 00] are defined (see[3.4) as
E(p) =inf{E.(u): uveSFe, € Maam ()},

where the convention inf ) = co is adopted. Furthermore, we notice that the existence of the limit
in (3.5) is a consequence of Lemma above, which also implies

9(d) = lim 6.(s,d, ),
for every s > 0 and x € R2, being ¢.(s,d, ) defined as in (6.1]).

Proof of Theorem[34) T'-liminf inequality. Let (uc) C M(Q) be such that g, — p and assume
&-(pe) < 00, since otherwise there is nothing to prove. This implies that we can select, for every
€ > 0, a spin field u. € SF. () such that

Ue € Madm(Q;Us) y é‘;(ﬂs) < Es(us) < (g‘)s(/f'a) +e.
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The first condition above also provides the existence of points {*r}rer. () and a selection of
admissible interpolation regions for u., {Sr(u:)}rer. () such that

(6.2) pe =Y o(Yru., Sr(u))H*(Sr(ue))day, ,

RER(ue)

according to Definition [5.8] Furthermore, Theorem [3.3] gives that for N > 0, and for some subset
{z1,...,zny} CQand dy,,...,dy € Z it holds:

p=4rd10y, + - +4AndNOyy -
Let v. € M(Q) be defined as
v.(G) = E.(u.,G) for every measurable set G C R?.

Up to subsequences it is not restrictive to suppose that v, — v € M(Q). We fix R > 0 to be such
that:

(6.3) R <min{|z, —zm|:n,me{l...,N},n#m}.
and
(6.4) v(0Bgr(x,)) =0, forne{l,...,N}.

Notice that thanks to and it holds Pel Bp(zn) N 4dnd,d,, for everyn=1,...,N. We
now fix x, € {x1,...,xn}. Our goal is to construct a spin field w., € SF. which is admissi-
ble for the minimization problem ¢.(R,d,,z,), and whose energy E.(we n, Br(z,)) is close to
E.(uc, Br(zy)). In order not to burden the notation we suppose z,, = 0, and we do not write the
dependence on n, when it is does not generate confusion. For every 0 < § < % welet r,0 <r <R
be such that

(6.5) v(0B,) =0

and

(6.6) v(Ar,) <96.
Combining , and we deduce

(6.7) lim E (ue, Ap,) < 6.

We define two additional parameters r1 < ro as

. —r+R_T . _T+2(R—r)
1 — 3 ) 2 — 3 )

and consider a radial cut-off funtion h € C°(B,.,) such that

0<h<lforeveryx € B,,, h=1forevery € B, , [[Vh|L~w,,)< I .
—r

Note that A, ,, CC Agr,. Moreover for ¢ < R;’" we have that if i € L£.(A,, ) then all the

nearest neighborhoods of ¢ lie in Ag,. This means that for every ¢ € L.(A,, ) it holds
|u6(7f) - n|2 < Z Es(usvT) < Ee(ussz,r) .
{TeT. ieT}

For ¢ < g9 = eg(R, 1, 0), by exploiting (6.7)), the latter implies

|ue(2) — n\2 <4, for every i € EE(/L%TI),
so that

(6.8) |h(i)ue (i) + (1 — h(i))n| >1— V6 > % , foreveryi€ L.(A, ).
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This justify the following definition: w, : £, — S?

ue (i) ifie L£.(B,,),
. h(i)ues(i)+(1—h(i))n ep . 1
wei) = § fduc a1 € Le(Ann).
n ifie Lo(R2\B,,).

Notice that
(6.9) lwe (i) — n|? < 4|u.(i) —n|*> for every i € L. .

This is trivial whenever i € L.(B,,) or i € L(R?\ B,,), while if i € L.(A,, ,,) it is a consequence
of the Lipschitzianity of the projection to the sphere Projgs. far away from the origin and as
follows

|we (i) — nf* = [Projgz (A(i)uc (i) + (1 — h(i))n) — Projs.n|?
< 4|(h(i)ue (i) + (1 — h(i))n) — n|> < 4|(h(i)(ue(i) — n)|* < 4|uc(i) — n|*.
From we also deduce

(6.10) lwe (1) — w:(§)|? < 2Juc(i) — n|* + 2|uc(j) — n|?* for every i,j € L. .
By combining , 6.10) and we get
(6.11) lim E. (we, Ap,) < C9.
e—0
and
(6.12) lim F. (w., Bg) < lim E.(us, B,) + C9.
e—0 e—0

Now, the inequalities (6.7) and (6.11) in particular show that, for ¢ < g¢(R,,d) whenever
R € Re(ue), R CC Bp, is such that for some T € T:(R) it holds T' CC Ag,,, we have that

ReT., ReR(we),

and also that Sg(u.) and Sp(w.) are both uniquely defined. Thus, thanks to the fact that u. and
w, coincides B, , we deduce that

{R € R.(u:): RCC Br(z;)} ={R € Re(w.) : R CC Br(z;)}.

We define the following family of Radon measures (.:

G = > o (yr, St (we) HA(Sr(w:)) ey + > Felr-

TE€R:(we), TNBE, #0 ReRc(ue), RCCB, ,RCCBRr
By construction it holds (; € Mgam (€2;w,) (recall that w. = n outside B,,). We claim that
(6.13) G = dpdy ase — 0.

To prove the claim we evoke again Theorem to get that, as ¢ — 0 and up to subsequences, it
holds

M
%
(. —4m E AmOy,, ,
m=1

for some M > 0, {y1,...,ym} C Q and {a1,...,an} € Z\ {0}. Assume by contradiction that,
for some m = 1,..., M it holds y,,, € Q\ By, and choose ¢ € C(Bs(ynm)), with ¢(y,,) = 1 and
s > 0 such that Bg(ym,m) CC R?\ B,,. Let W., 4. € U(S2) defined as in Theorem and set, with
a slight abuse of notation

Acr, = J{T: T € Ro(w2); TNBE, # 0}
We have

CELAE,TI o 'uzsl_AE’r1

flat, AR,

CLa,,, —a(We)da_, + s, —a@e)da,

flat, Ag,» ‘
+ ”q(@s)dwl_,qam1 - Q(ﬁs)dfcl_,qayrl ||ﬂat7AR,r

- e,7] £,71

ﬂat,AR,T
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and therefore by using (5.6]), and (6.11]) we deduce

— <(9).
<'-€|_AE,,.1 /’LELAEW1 flat, An., —
Thus
|am] < lim / pdl| < lim / pdu| +C6 <C6.
e—0 B, e—0 B,

Being a,, € Z, the latter implies a,, = 0. Therefore every y,, has to lie into B,,. On the other
hand (| p =p.| p ,hence (6.13)) follows. By exploiting ([5.5)) we can also show that (.(Bgr) = d

for € small enough. In conclusion the spin field w, , € SF. is admissible for the minimization
problem ¢(R,d,,x,). Finally, localizing the construction for every Bg(zy), we have

N
lim inf & (pe) > liminf B (us, Q) > Z lim E.(uc, Br(2,))
e—0 e—0 e—0

> thlnfE (We n, Br(zn) + thlnf < (te, Br(zy)) — Ec(we n, Br(zn)))
n=1

N N
Z 1m1nfE (We n, Br(zn)) — C6 > Z lim ¢ (R, dyp,x,) — C6
— - e—0

where we also used - Passing to the limit for § — 0 we obtain
N
llggélf & (ﬂe) > z:l glj}(l) be (R7 dp, xn) .
n—=
By exploiting Lemma it is now easy to infer that

hm 1nf E-(phe) Z P(d

which conclude the proof of the I'-lim inf 1nequahty.

I-limsup inequality. Let p € M(Q) be such that &(u) < oo, otherwise there is nothing to prove.

This entails
N
- = Z dnéa:n 5
n=1

for some dy,...,dy € Z and {x1,...,xny} C Q, and

N
E(p) =Y v

Let R > 0 be given by
R =min{|z, —xm|:n,me{1...,N},n#m}.
For every n = 1,..., N we select a sequences (r) and (wer,n) C SFe such that r. \, 0 and
0 < 7. <R, and we ,_p is an admissible test spin field for ¢.(r., d, z,,) satisfing
Ee(We,r. s Br(wn)) < ¢ (re, dpy p) + €.

This provides also the existence of a sequence of Radon measures ((ern) € Madgm (2, We r. n),
such that

Ce,re,n(Brg (xn)) =d,.
Exploiting this latter identity, Theorem and the fact that w,,_, is constantly equal to n
outside B,_(x,,), it is easy to show that (. ,_n A 47d;0,,. We set W, € SF.(Q) by letting

(k) We . (k) ifke B, (zn),
w =
c n otherwise.
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We also set (. = Zf:]:l el Br(en): Clearly (. € Maam (2, w,). Moreover it holds

N
B (we, Q) = Z Ee(we yon s By (7y)), and (¢ = u.
n=1

Thanks to Lemma[6.1] we get

N N N
éa(:u’) = Z ¢(dn) > lim (Z ¢5(r6> dp, mn)) = lim (Z Es(we,rg,ru B, (l'n))> = h_r}%) E{-:(ws7 Q) .
n=1 n=1 n=1

e—0 e—0
By the very definition of &; in (3.4) this implies
& (1) = limsup &:(¢.)
e—0

and concludes the proof. O

APPENDIX A.

Lemma A.1. Let u € HY(By;R3). There exists U € H'(Ba;R?), such that U = u on By, U is
constant on 0By and

/ VUPdr < © / Vul?de, and Ul < Cluli~om
B2 Bl

where C' is a dimensional constant.

Proof. By arguing component-wise we can assume that u is scalar valued. Let H(u) be the H!
harmonic extension of u|pp, into By, namely

AH(u)=0in By, H(u)=won dB.

Minimality and the maximum principle give
| va@P < [ [9uPde, 1H@ @) < ol on,)-

We extend H(u) to By via spherical inversion, that is

H(u)(z) = (H(u) o k)(z) for € By \ By, with k(z) = ﬁ .
Then, routine computations show
(A1) [ ova@Pw e [ viPar 1H@ ) < o
2 1
for some dimensional constant C > 0. By the coarea formula we select p € (4, 3) such that
(A.2) / |VH(u)|?dH' < 3/ |VH(u)* dz,
0B, 144
and we let ]
Uy = —— H(u)dH?!.
"= %15 o, (u)

Notice that (A.1]) gives also
(A.3) luo| < [lullL=(a8,) -
We define ¢, : 4,2 — [0,1] and 1, : R?\ {0} — 9B, to be
2 — |z

o= (2=

2—p

T

). o) =0t

]

)

respectively and we set

v(z) = ¢p(x)H(u)(¥p(z)) + (1 — dp(x))uo, for x € Bo\ B,,.
Thanks to (A.1)) and (A.3) we have
(A.4) [0l (4s,,) < CllullL=(om,) -
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Moreover, it holds

(A.5) V(@) < CIVH)? (6,(x)) + C [H(u) ((2)) — uof?
and the following estimate
(A.6) (oscop, H(u))* < C / |VH (u)|* dH".

oB,

Therefore, integrating over A, , the inequality (A.5)), taking into account (A.2)), and (A.6), we
obtain

(A7) / |Vo|?2dz < C |Vul>dz .
Apz Bl

At last, the lemma is proved by setting U : Bo — R to be
u(x) ifx e By,
U(r) = H(u(z)) ifzed,,
v(z) ifeed,,.

and by combining (A1), (A4), (A7) d

Lemma A.2. Let Q C R? be a Lipschitz open set. There exists a constant C = Cq, such that for
every £ C Q connected open set of finite perimeter, it holds

diam(E) < C(|E|"* + P(E;Q)),
where C = C(Q) >0
Proof. We argue by contradiction, assuming that the statement it false, so that for every n € N|
there exists a connected open set with finite perimeter F,, C (Q, satisfying
diam (E,,) < diam (2)
n - n

STEP 1. Let D > 0 be a constant to be fixed. We prove that for D large enough, for
every x € E, it holds E, C Qo (z) for every n > max{4D,diam (2)}. Indeed, assume that
(Q \ Qo ) N E, is nonempty. Then being F,, connected we have that

(A.8) (|En|"? + P(Ey; ) <

D
0Qi(x)NE, #0 forevery t € (0, E) .
In fact, being 0Q:(x) connected and having  Lipschitz boundary, one easily infers that there

exists a constant Co > 0 such that for every t € (0,2) satisfying H'(8Q.(z) N E,) < Cqt there
holds 2 N OQ¢(x) NIE,, # 0. We set

e (22) i .
Igz{te(% %) HOQ N 0Qu(x) N OE,) > 1 }

From the above observations we have that |I1| + |I2| > £. Let f : R? — R!, be given by
f(z) =max{|(z — z) - e1], |[(z — ) - e2|}. It holds |V f| < 1. The coarea formula gives

|E|>/D($)|Vf|xE dx>/ /HW () dH (z)

z D
:/ Hl(aQt(x)ﬂEn)dtz/ Catdt > ColL| 2 > Cal 1.
0

Iy
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Similarly, denoting by v(y) € S? the outer unit normal to E at y € 0*E, by the slicing-property
of sets of finite perimeter, we have

V2HY (OE, N Q) 2/ lv-ei| +|v-eo| dH > /” HO(OE, N QN OQ;(x))dt > |I],
AE,NQNQ p (x) 0

where in the last inequality we used that n > 4D. Combining these two inequalities we get

1 D
\/EJFH 0E, NQ) >/ CollL| + —= |IQ|>m1n{\/CQ7\/§}2n,

-1
By choosing D > 2 min {\/CQ, %} diam (), the latter contradicts (A.8)).

STEP 2. We show that for every x € E, there exists z € 9 such that z € Qb (z). This
easily follows from the previous point. Indeed, let = € E,,. We have E,, C Qb (x). Assume that

dist(z, Q) > V22 so that E,, cC Q. The standard Perimeter-diameter estimate then imply

C diam (Q) < \/|En| + P(En) = \/|En| + P(E,; Q)

for some C' = Cq. For n~! < C this yields a contradiction to (A.g).

STEP 3. We now show, that (A.8]) leads to a contraddiction. Clearly, it is enough to prove that,
for some ni > 0 and for every n > n; it holds:

(A.9) HY(E,N0Q) < CP(E,; Q)

for some constant C' = Cgq, since this implies P(E,) < P(F,;) and, again by the standard
Perimeter-diameter, estimate contradicts . We prove again with a slicing argument.
We select 7 = rq in such a way that, for every z € 99, we have that 9Q N Q,.(2) is the graph of
some Lipschitz function. Let n; > 0 be such that n% < 7. Let n > ny. Pick z € E,, and let
zz € Qb () NON obtained as in the previous point. Up to translation we can suppose z, = 0. Let
v be a Eositive Lipschitz function ¢ : (—r/2,r/2) — (0, 00), such that 9Q N Q,(0) is the graph of
. Furthermore we can suppose that ey is the normal vector to 92 in 0. Thus we have

QNQ, ={(t,s):te(=11),s>e)}.
We set
wp, ={t e (=L1):(tpt) € OE,},
and note that the area formula and the fact that ¢ is Lipschitz-continuous imply
HYOE, NdQ) < CLY (wy,).

For every x = (t,¢(t)) € wy, we have that E, C Qb (z) thanks to the first step of the proof. This

entails that there exists a point (¢, s;), such that the vertical line passing trough (¢,0) and (¢, ¢(t))
meets F,, NQ). Furthermore by construction it holds (¢, s¢) € @, and hence by the graphicality of
0N inside @, it cannot be (¢, s¢) € 9. Therefore, the slicing-properties of sets of finite perimeter

imply

L (wy) < / HO(OE, NQN{(t,s): s € R})dt < / lvo| dH' < H'(OE, N Q).
Wn OE,NQ
We therefore have
HYOE, NdQ) < CHY(OE, NQ),

proving (A.9)). This concludes the proof. O



34 L. BRIANI, M. CICALESE, AND L. KREUTZ

APPENDIX B.
In this section we prove two elementary facts that we used in the proof of Theorem

Lemma B.1. Let R € R.(u) and Sr(u) C S? be an admissible interpolation surface for u in R.
Then, there exists ur € S® such that

ugr € Sr(u), wugr-z2>0, for every z € Sg(u).

Proof. If coner(u) is a linear subspace of R3, then Sg(u) is given as in (5.2) and it is enough to
set ug = h. If instead coneg(u) is not a linear subspace of R3, we can consider the so-called polar
cone:

conelp(u) = {z € R*: 2w >0 for all w € conegr(u)}.
Then, it is a known fact, see for instance [26, Theorem 2.1], that there exists
x € (coneg(u) Nconeg(u)) \ {0}.
By letting up = ﬁ and recalling we conclude. O

Lemma B.2. Let u € SF.(Q). Let R € R.(u) and let i: R — S* be defined as in (5.9). Then,
the following statements hold true:

(i) u(R) = Sr(u);
(ii) for H?-a.e. y € Sr(u) there holds

#{reR:ulz)=y}=1.

Proof. Let N = #u (L.(R)). By Lemma[5.3| we have that N € {1,2,3,4}.

In the cases where either N =1 or N = 2 or coneg(u) is not a plane but it lies on a plane, the
conclusion is straightforward. In fact, in all these cases (ii) is trivial being H?(Sgr(u)) = 0. Thus
suppose that we are not dealing with one of the aforementioned cases. In particular it has to be
N =3 and N = 4. We describe only the latter case, the other being similar. To fix the notation
we have

u(Le(R)) = {p1,p2, 3, pa}

with p1 = —ps. By Lemma there exist two triangles Ty = [i1,42,13], T2 = [Jj1, Jo2,J3] € Te(R)
such that w(L:(Th)) = {p1, —p1,p3}, w(L(T1)) = {p1,—p1,p4} and all the other triangles T €
Te(R) such that T ¢ {T1,T>} satisfy u(L.(T)) = {p1,—p1}. For all T ¢ {T1,T»} we can easily
argue that 4(T) = Yp,up U Y—prun- For such T we have H*(u(T)) = H*(Vpyun Y V—pr.urn) = O
In order to treat the triangles 77, T» we distinguish the two possible cases:

Case 1: p1,ps3, ps are linear independent;

Case 2: p1,ps,ps are linear dependent, coneg(u) is a plane.
Case 1. In this case, by Lemma we have Sg(u) = S(p1,ps,ps) U S(—p1,ps3,p4). Notice that
ur € Sg(u) satisfies ug-p1 =0, ug-p; > 0 for i = 3,4. We assume without loss of generality that
the triples (p1,ur,ps) and (p1,ugr,ps) are linear independent. We show (i) and (ii) for u|rur,-
Once this is done, this concludes the proof. Using the definition of u we have that

_ + +
a(Th) :S(pl,w UR) Us(p&u " )

5 R
Ip1 + p3| lp1 + ps|’
US(_pla Ps — P1 auR> US<p37 Ps — D1 7UR) .
|P3 - p1| |P3 —Pﬂ

Lemma applied with A = L and the triples (py,ps,ur) and (—p1, ps, ur) respectively, implies

2
(B.1) u(T1) = S(p1,p3; ur) U S(=p1,p3, ur) -
Similarly, we obtain

(B.2) u(Tz) = S(p1,pa,ur) U S(—p1,pa, ur) -



CONCENTRATION IN MAGNETIC SKYRMIONS 35

Note that for every T € T (T1UT5) the function u|r- is either bijective or u(T") C Vp, wrUY—p1 urY
Yps.pa- Furthermore, it is easy to verify that H2(u(T") Na(7")) = 0 for all 7', T" € T/(Ty U Ty).
This shows (ii) once (i) is proven. In order to do so, using (B.1) and (B.2]), it suffices to show
S(p1,p3;ur) U S(=p1,p3; ur)
U S(p1,pa, ur) U S(—=p1,pa, ur) = S(p1,p3,pa) U S(—p1,p3, pa) -

Assume without loss of generality that ur € S(p1,ps,pa), i.e., ugp = A\1p1+ Aaps + Agpg for A; > 0.
Now, let y = p1p1 + pops + pusps with p1 € R and po, us > 0. We have

—(%)\1—M1>P1+%UR+(M3—‘,\%)\3>]94 <K<,

g )7 (M =)ot Rue+ (e = f2de)pa i < B2 <82,
(=5 X0) pr+ (2 — 52 00) ps + fBup i 4 <min {§:i=1,2,3}
(Hl— %/\1>p1+%uR+ (MQ—%)\:%)]M if §2 < min {%1i:17273} ;

which is to say

S(=p1,ps,ur) i 5 <2 <52

)< S(=p1,p3,uR) if%é’ﬁé’ﬁ,
S(p1,p3,ur) ifﬁ—;gmin{‘;—:;izl,zg} ,
S(pl,p4,uR) if%gmin{%:i:l’l?)} i

This shows

S(p1,p3,p4) U S(=p1,p3,p4) € S(p1,p3,ur) U S(=p1,ps,ur) U S(p1,pa, ur) U S(=p1,ps, ur) -

In order to show the reverse inclusion, observe first, as ug € S(p1,ps,ps), that S(p1, ps,ur) U
S(p1,p3,ur) C S(p1,p3,p4a). It remains to show that

S(=p1,p3,ur) U S(—p1,p4,ur) C S(p1,p3,pa) US(—p1,p3,p4) -

Let y € S(—p1,p3,uRr), ie., y = —pip1 + pops + psur with g1 € R and po, u3 > 0. Then
y = (u3A1 + p1)p1 + (p2 + p3A2)ps + p3Azps which is to say that

y {S(—pl,p3,p4) if pishy + 1 <0,
S(p1,p3,pa) if ugAy +p1 > 0.

proving the desired inclusion.
Case 2. In this case, there exists h € S? such that Sg(u) =S*N{z € R3: z-h > 0} and ug = h.
Following the same argument as in the previous step we have that

S (p17p47h) us (_p17p47h') U S(plap?nh') U S(_php?nh) g SR(U) .

and that, in order to conclude, it is enough to show the opposite set inclusion. This comes
as a conseugence of Caratheodory’s Theorem: indeed given y € Sg(u), ¥ = ym + Aur with
yn € {zx € R®: h-2 =0} and X\ > 0, we have that yg = A\1q1 + Aaq2 with q1,¢2 € {—p1,p1,p3,p4}
and A\; > 0. O

Lemma B.3. Let p1,pa,ps € S? be linear independent and such that p; # —p; for all i # j. For
all A € [0,1] there holds

Ap1+ (1= N)p2 ) ( Ap1+ (1= N)p2
S ( , , us ,
PO Do+ =) 7 P D (0= 2
Proof. We can assume that A € (0,1) as otherwise there is nothing to prove. For the remainder

of this proof we set p) = %. As py € S (p1,p2,p3) we have

,ps) = S (p1,p2,p3) -

S (p1,px,p3) US (P2, 0, 03) C S (p1,p2,13) -
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It remains to show the opposite inclusion. To this end let y € S(p1, p2, p3), i.e. there exist A; > 0

such that w, = >, \;p; and -

\wy| =y. We can write
Y

_Jmap1 A papa 4 Asps - with iy = Ay — 2o, o = 7|/\plﬁ(i;/\)p2|>\2, if Ay >
p1p1 + pepx + Asps with uy = 7"\““1_’\)”2')\1 Jp2 =X — 2N i A < A5

In other words this shows that

H
3
>
> >
\V)

[N~}

Y= & c {S (plap)\ap3) if Ay
|wy‘ S(anp)\ap:i) if >\1

IN IV
-

This concludes the proof. O
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