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ABSTRACT. We show that the Hellinger—Kantorovich distance can be expressed as the metric infimal
convolution of the Hellinger and the Wasserstein distances, as conjectured by Liero, Mielke, and Savaré.
To prove it, we study with the tools of Unbalanced Optimal Transport the so called Marginal Entropy-
Transport problem that arises as a single minimization step in the definition of infimal convolution.
Careful estimates and results when the number of minimization steps diverges are also provided, both in

the specific case of the Hellinger—Kantorovich setting and in the general one of abstract distances.
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1. INTRODUCTION

Given a complete and separable metric space (X, d), the L2-Kantorovich-Rubinstein (also: Wasserstein)
distance W between two probability measures g, 1 € P(X) is given by the following minimization problem
W2(uo, 1) =  inf / d?d~ , 1.1

2o, )= inf - d7dy (L.1)

where T'(ug, 1) C P(X?) is the set of couplings between po and 1, i.e. probabilities on the product
space with marginals po and pq. Problem (1.1) belongs to the class of optimal transport problems, with
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cost function given by d?: the clever choice of the cost, connected to the underlying distance on the
space X, ensures that, when restricted to the set of probabilities with finite second moment P2(X), the
Wasserstein distance Wy is complete and separable, length (resp. geodesic) if d is a length (resp. geodesic)
distance. Moreover, the map = — ¢, becomes an isometric embedding of (X,d) into (P2(X), Ws). All
these remarkable properties make Wy the ideal candidate for metrizing the set Po(X) and studying its
analytical and geometrical properties. We refer to the classic monographs [2, 42, 43, 39, 36, 37] and the
more recent [1, 16] for a thorough picture of optimal transport and the Wasserstein distance.

The extension of the optimal transport problem to the unbalanced setting (i.e., the scenario where pg
and pq may have different total non-negative masses) has been investigated in several works. For instance,
the adaptation of the dynamical approach from balanced optimal transport [4] to the unbalanced case is
discussed in [31, 34, 35, 10]. Static extensions related to the Kantorovich formulation have been studied in
[8, 15], while [14] introduces the concept of optimal partial transport. A broad framework for unbalanced
optimal transport problems is presented in [41], where methods from [40] are employed to expand upon
ideas initially explored in [28, 11].

We concentrate here on the distance HK, which was simultaneously introduced in [28, 11, 25] and is
referred to as the Hellinger—Kantorovich or Wasserstein—Fisher—Rao distance. This metric can be defined
in multiple ways (see Section 4.2.3 for one such approach) and is widely recognized as the natural extension
of the Wasserstein distance to M (X), the space of non-negative, finite Radon measures on X.

The metric space (M4 (X), HK) is complete and separable, with a topology corresponding to the weak
convergence of measures. It retains the geodesic and length-space properties of the underlying space while
allowing the map €[X] 3 [z, r] — rd, € M (X) to be an isometric embedding. Here, the geometric cone
¢[X] is equipped with the standard cone distance

de([z, 7], [y, s]) = (r2 + 52— 2rs cos(d(z,y) A w))%,

which serves as an appropriate setting for unbalanced optimal transport. This cone structure is simply the
quotient space X x [0, 4+00), where all points of the form (z,0) are identified as a single vertex, representing
the null measure. Further details can be found in Section 2.3.

A particularly intuitive way to understand the Hellinger—Kantorovich distance is through its dynamical
formulation in the Euclidean space R?. Given g, 1 € M, (R?), we have

1
H (j10, 1) :inf{/ /R [lvel? + awr]?] dutdt}, (1.2)
0

where the infimum is taken over all triplets (u.,v.,w.) satisfying the boundary conditions p¢|s—; = p; for
t = 0,1 and solving the continuity equation with reaction

6t/,l,t + diV(UtMt) = Wt -

This formulation, which generalizes the classical Benamou—Brenier theorem [4], highlights how the KK
geometry incorporates both transport of mass via v and a growth/shrinking effect represented by w.
Indeed, on the one hand, we have that for the Wasserstein distance it holds

1
W3 (0, 1) = in {/ JRCRT dt} . o € Pa(X), (1.3)
0o Jr
where the infimum is taken among all pairs (p.,v.) with p¢|;—; = p; for ¢ = 0, 1, and solving
Opper + div(vep) =0 .

On the other hand, a similar dynamical formulation holds also for a third classical distance on measures:
the Hellinger distance (see also Section 4.2.2):

He2 (1o, ) mf{ / /dlw#dutdt}, o i1 € M (RY), (1.4)
R

where the infimum is taken among all pairs (u.,w.) with p|=; = p; for ¢ =0, 1, and solving

Btut = W¢lt - (].5)
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It has been suggested in [28, Remark 8.19] that the interplay between formulas (1.2), (1.3), (1.4) can be
described by saying that the Hellinger—Kantorovich distance is the infimal convolution of the
Hellinger and the Wasserstein distances. This idea comes from the fact that, if M is a Riemannian
manifold and g, gy are two metric tensors on M, we can define the inf-convolution of the Riemannian
distances associated to g; and go as

1
dzv(io,xl) = ll’lf{\/0 {'”1(8)@1(90(5)) + |U2(8)|§2(z(s)):| ds :
z € CH[0,1]; M), x(i) = 24, i = 0, 1, (1.6)
#(s) = v1(s) 4+ va(s) for a.e. s € (0, 1)}, To, 71 € M.

In order to give a purely metric counterpart of this construction, in the same remark, the authors present a
metric notion of infimal convolution between two distances d; and ds on a space X: for points zg, 21 € X
they set

N
(d1Vd2)? (20, 21) = lim inf inf {NZ(df(xf‘il,y{V) +d3(y, 2)) s al ) € @(Zo,zl;N)} ;o (17)
i=1

where P(2g, 21; N) is the set of 2N + 1 points of the form
{ZO = xévvyivaxivayévv e 7y%,1,x%,1,y%,x% = Zl} cX. (1.8)

They finally conjecture that, applying the above construction to d; = Hey and ds := W5, the resulting
distance d; Vdsy should be the Hellinger—-Kantorovich distance HK.

The above ansatz, or at least the use of the term inf-convolution to describe the Hellinger-Kantorovich
distance, has appeared in a variety of papers [29, 21, 45, 26, 19, 20, 32, 23, 27, 17, 18] but, up to our
knowledge, it has never been proved rigorously. The aim of the present paper is precisely to prove this

conjecture, in the following sense:
Theorem 1.1. Let (X,d) be a complete, separable, and geodesic metric space. Then
HK (10, p1) = (HeaVWa) (o, p11) — for every po, 1 € My (X).

A first step to see how in general the Hellinger and Wasserstein distances combine to produce the
Hellinger—Kantorovich distance has appeared in [21, Pages 1109-1111] and we report it here since, in
part, it is the starting point of our analysis. Suppose pg = rodz, and py = rid,, with |rg —r1| < 1 and
d(zg,x1) < 1 for some ro,71 > 0 and zg,z; € X. Forcing to interpolate between p and p; with another
Dirac measure of the form fiy = rd,, and using a Taylor expansion, we have that

He3 (1o, fio) = |V — vrol?,  W2(jig, 1) = r1d* (0, 21) (1.9)

d A
M i, 1) = B[, VT o, VL) = VAT = VAP + dyrarsin? ((SE20AT)

= He3 (1, fio) + W3(fio, 1) + O (d (w0, 21)|v/r1 — v/Tol) - (1.11)

Roughly speaking, this means that the two reaction and transport processes from g to fig and from fig to

(1.10)

141 can be considered as occurring simultaneously and independently at the infinitesimal level, following the
words of [21], where it is also stated “justifying or quantifying the above discussion for general measures
is an interesting question”.

To answer this question, we start our analysis with the study of the problem

WHe(po, p1) = Vej\i}llf(x){Heg(ﬂ07y)+wg(yaﬂl)}v to, i1 € M4.(X), (1.12)

which corresponds to one elementary step in the construction of the inf-convolution defined in (1.7), and
fits in the category of marginal Entropy-Transport problems analyzed in [28, Section 3.3. E8]. We recast
the above problem as a general Unbalanced Optimal Transport problem (see Section 4.1) for a suitable
cost function H : €[X]? — [0, +00] which can be already inferred by (1.9), namely

H([zo,70], [x1,71]) = [v/To — Vr1]? + r1d2(x07m1)X(07+oo)(r0), [0, r0], [21,71] € €[X]. (1.13)
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This function encodes the fact that both a change in density and a movement in space are allowed, with
the latter being constrained to happen precisely at the same mass-level of the target point. The expression
of H in (1.13) resembles very much a discretized (and unbalanced) version of the metric speed of a curve
in the cone €[X]: if y is an absolutely continuous curve with values in the geometric cone, it holds

[ (O)]5e = Iy + [ry 0P|z (1) for ae. t € (0,1), (1.14)

where [y/(t)[3, is the metric speed of the curve y w.r.t. the cone distance dg, 7, and x,, are the projections
of the curve on [0, 4+00) and X, respectively, and |z (t)[3 is the metric speed of z, w.r.t. d. We are going
to use this fact together with a useful characterization of the Hellinger—Kantorovich distance (see Theorem
4.4): if (X,d) is a complete, separable, and geodesic metric space, then, for every pg, u1 € My (X), it
holds

1
H i ) = min | Ao(9)de(o)  where Aa(y) = [ I, . (1.15)

where the minimum runs over all the plans 7 € P(AC?([0, 1]; (€[X],de))) suitably connecting pg to p1.
To exploit the form of H in (1.13) and the characterization of HK in (1.15), we consider the discretized
action of a curve y € AC?([0,1]; (€[X],d¢)) defined as

N
A (9) == N> H(y((i — 1)/N),n(i/N)),
=1

and we use it in the following strategy to prove separately the two inequalities that give Theorem 1.1.
(1) HeaVW4y < HK: we consider an optimal plan 7 as in (1.15) and, for every N € N, we use it to
induce an admissible partition as in (1.8) in a way to get that

N
2 . . N N . . N
(HeaVW2)" (o, p1) < liminf N E_l WHe(pi=y, ;") < liminf [ A5 drr.

We will show that the limit inferior in the right-most term above can be estimated from above
with the integral of the action of curves on the cone w.r.t. 7w, and thus recover the result. This
requires comparing AY with the time-integral of the squared metric derivative as in (1.14) and
involves, in particular, the careful study of the properties of the support of 7 and of its interaction

with AY.
(2) Hea VW5 > HK: we consider a minimizing sequence of partitions as in (1.7) (denoting z = N
and y¥ = oV) and, upon replacing each oV with v/ € argmin WHe(uY ;, u¥) fori=1,..., N,

)

we suitably interpolate these points with a plan ¥ € P(C([0, 1]; (¢[X], de))) which is “piecewise’
optimal for the primal formulation of the unbalanced optimal transport problem (see Theorem
4.3) related to H, so that

(Hea¥Wa)2 i ) =t [ AY ar™.

Then we prove that the above limit can be bounded from below by the integral of the action of a
curve on the cone w.r.t. some admissible plan as in (1.15), thus recovering the desired inequality.
This is technically challenging since the lack of compactness of the underlying metric space and
the fact that both AY and w" depend on N make it difficult to infer the tightness of the family
N

)

of plans (7*¥)y and also the behavior of the above limit. These difficulties are overcome by a

compact approximation procedure and a fine study of the properties of ALY

We refer the interested reader to the beginning of Sections 6 and 7 for a more detailed description of the
strategy adopted for the proofs of the two inequalities.

The study carried out to prove Theorem 1.1 has revealed the mathematical richness of this problem.
Apart from the analysis strictly needed for the proof of the conjecture, in the paper we also investigate
the abstract properties of the infimal convolution between general distances. Among other results, we
show that this construction leads to a symmetric, non-negative function, though it can be degenerate (i.e.,
being null between different points) and may fail to satisfy the triangle inequality. A more structured
behavior emerges in the case the inf-convolution is performed between (Hilbertian) norms, where the
problem aligns naturally with the infimal convolution in convex analysis [38]. This raises the compelling
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question of whether there exist other purely metric examples, similar to the Hellinger—Wasserstein case,
where this construction yields meaningful distances.

In another direction, we also thoroughly examined the properties of the single-step minimization
problem (1.12) between the Wasserstein and Hellinger distances. This problem corresponds to an iteration
step of the associated Minimizing Movement scheme, making it interesting to explore how our analysis
could be connected to the theory of gradient flows [2]. Notice that a peculiarity of our situation is that
the Hellinger distance corresponds to a non-superlinear entropy functional, and thus deviates from the
conventional framework usually adopted in the huge literature originated by the JKO-approach [24].

Finally, throughout the whole manuscript we restricted ourselves to the study of the inf-convolution
between the 2-Hellinger and 2-Wasserstein distances, but it is natural to wonder whether a result analogous
to Theorem 1.1 holds for any arbitrary exponent p € (1, +00). Namely, if also the p-Hellinger-Kantorovich
distance, introduced in [9, Section 1.2] and far less studied than the p = 2 counterpart, can be regarded as
the (p-version of the) inf-convolution of He, and W,,. A positive answer in this direction would shed some
light on the infinitesimal structure of p-Hellinger-Kantorovich distances. However, let us mention that the
strategy sketched above for the case p = 2 is not directly applicable when p # 2: in fact, in the former
case we strongly leveraged the fine properties of HK-geodesics, established in [28, 29] and not yet available
for p # 2. Nonetheless, we believe that many of our techniques could be adapted to this latter case.

Plan of the paper. In Section 2 we report a few preliminaries related to metric spaces and
measures therein, with a particular focus on the geometric cone. In Section 3 we discuss the abstract
properties of the infimal convolution construction. Section 4 is devoted to the presentation of the
general framework of Unbalanced Optimal Transport and, in particular, to the definition of the Hellinger,
Wasserstein, and Hellinger—Kantorovich distances, and to the proof of a few properties of these distances.
In Section 5 we investigate the marginal Entropy-Transport problem between the Hellinger and the
Wasserstein distances. Section 6 and Section 7 contain the proofs of the two inequalities mentioned
above, leading to the proof of Theorem 1.1. Finally, in Appendix A we discuss the measurability of the
geodesic selection map, and in Appendix B we report some computations related to geodesics on the
metric cone.

Acknowledgments. The authors warmly thank G. Savaré for proposing the problem and for
his many valuable suggestions. LT is also thankful to T. Titkos for useful discussions. NDP and LT
acknowledge financial support by the INAAM-GNAMPA Project 2024 “Mancanza di regolarita e spazi
non lisci: studio di autofunzioni e autovalori”, CUP # FE53C23001670001#. NDP is supported by the
INdAM-GNAMPA Project “Proprieta qualitative e regolarizzanti di equazioni ellittiche e paraboliche”,
codice CUP # FE5324001950001#.

2. PRELIMINARIES

In this section we collect some basic notions related to metric and measure spaces we are going to use
in the paper, focusing then on the geometric structure of the cone on a metric space, and curves and
measures therein.

2.1. Metric spaces

An extended metric space is a pair (X,d) where d : X x X — [0, +00] is a symmetric function (called
extended distance) satisfying the triangle inequality and such that d(z,y) = 0 if and only if ¢ = y. An
extended metric space is called a metric space when d takes only finite values, and in such a case we refer
to d as a distance. A curve in a (possibly extended) metric space is a continuous map 7 : I — X, where
I C R is an interval, and a curve is called absolutely continuous if there exists m € L'(I) such that

t1
d(’y(to),’y(h)) < / m(t) dt for to,t1 € I,tg < tq. (21)

to
We denote by C(I;(X,d)) (resp. AC(T;(X,d))) the class of all curves (resp. absolutely continuous curves)
from I to (X,d) endowed with the topology of uniform convergence. The metric derivative of an absolutely
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continuous curve is the Borel function

|7/(t)‘d = lim sup M

, tel. 2.2
n s 7 (22)

The class of all absolutely continuous curves v : I — X with |y/(+)]q € L?(I) will be denoted by
AC?%(I;(X,d)); when I is not compact, we also consider the local space AC}, (I; (X,d)), consisting of
curves in C(I; (X,d)) whose restriction to every compact subinterval J C I belongs to AC?(J; (X,d)).
If (X,d) is a complete and separable metric space, then AC?([0,1]; (X,d)) is a Borel set in the space
C([0,1]; (X,d)). A curve v: [0,1] — X taking values in the extended metric space (X,d) is a (minimal,
constant-speed) geodesic if

d(v(to),v(t1)) = [to — t1ld((0),7(1)) ~ Vito,t1 €[0,1].

We denote by Geo((X,d)) the space of minimal, constant-speed geodesics in the space (X, d), which
is a closed subset of C([0,1];(X,d)). The extended metric space (X,d) is a geodesic space if for every
x,y € X there exists a geodesic connecting them, while it is called length space if the distance between
arbitrary pairs of points can be obtained as the infimum of the length of the absolutely continuous curves
v :10,1] = X connecting them, where the latter is defined as

)= [l at.

The length extended distance induced by the extended distance d on X is the function dy : X x X — [0, +00]
defined as

de(,y) = nf{la(7) : v € AC([0, 1]; (X, d)),7(0) = 2,~(1) = y}, (2.3)

and it can be proved that (X, dy) is an extended metric space.
We also introduce the evaluation map e, : C(I;(X,d)) — X, t € I, which is the map defined as

() = ().

2.2. Measures

Let (X, 7) be a Hausdorff topological space. We denote by M (X) the space of non-negative finite
Radon measures on X, while B(X) is the Borel o-algebra of X. By P(X) C M4 (X) we denote the space
of probability measures. We endow M (X) with the narrow topology, i.e. the coarsest topology such
that all the maps p — [ ¢ du are lower semicontinuous for every ¢ € LSCy(X), the space of bounded
lower semicontinuous functions.

We recall that whenever (X, 7) is a Polish space, then M (X)) coincides with the set of all non-negative
and finite Borel measures and the narrow topology coincides with the weak topology induced by the
duality with continuous and bounded functions. We write p,, — i to denote the weak convergence of p.,
to p.

The support of a measure p € M (X) is the set

supp(p) ={x € X |VBer : 2z € B= u(B) >0},

and we say that p is concentrated on A € B(X) if u(B) = p(A N B) for every B € B(X).

If AC X is a Borel set and g € M, (X), we denote by L A € M (X) the restriction of u to A.

If e M4 (X) and Y is another Hausdorff topological space, a map T : X — Y is Lusin p-measurable
if for every € > 0 there exists a compact set K. C X such that pu(X \ K.) < ¢ and the restriction of T' to
K. is continuous. We denote by Ty € M (Y) the push-forward measure defined by Tyu(B) = u(T~1(B))
for every B € B(Y). Recall that Borel measurable maps are Lusin p-measurable for every p € M (X),
whenever Y is Polish.

For every pi,v € M (X) there exist o € L (X, ) and v+ such that

v=op+uvt, vt lu. (2.4)

We call such a decomposition the Lebesgue decomposition of the measures v w.r.t. .
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A Dirac measure centered at a point 2 € X is the measure §, € M (X) defined as

1 ifzeA,
0,(A) = {O oA A € B(X). (2.5)

2.3. The geometric cone

We define the geometric cone €[X] on X as the set of pairs (z,7), z € X, r > 0, identifying all the
pairs with r = 0; more precisely, we set

CX] =X x[0,4+00)/R, (z,7)R(y,s)if [(x=yand r=3s)or (r=s=0)].

Points in the cone are usually denoted by gothic letters y or equivalence classes [z,7], x € X, r > 0. The
vertex of the cone is the point o corresponding to the equivalence class [z,0], z € X. The quotient map
sending a point (z,7) € X X [0,+00) to its equivalence class [z, 7] is denoted by p. On the other hand,
the projections on [0,+00) and X are simply defined as

r: Qt[X] - [O,+OO), I’([I‘,TD =T,
and
xz ifr>0
z ifr=0,

x: C[X] = X, x([x,r})::{

where € X is some fixed point. We omit the dependence of x on T since in the constructions where x is
involved this will be irrelevant. If 0 < ¢ < R < +00, we also introduce the sets

CrlX] ={[z,r] € €[X] : 0 <r <R}, (2.6a)

CrelX] = {lz,r] € €[X] : e <r < R}. (2.6b)

On the cone €[X] there is a natural notion of topology: for a point [z,r] with x € X and r > 0

a fundamental system of neighbourhoods is given by the image through p of a fundamental system of
neighbourhoods at (z,r) in X x [0,400). A fundamental system of neighbourhoods at o is given by the

family of sets {€g[X], R > 0} . Equivalently, the topology of the geometric cone is induced, for every
a € (0, 7], by the distance dg ¢ : €[X] x €[X] — [0, 4+00) defined as

da,e([z,7], [y, 8]) = (r2 + 52— 2rs cos(d(z,y) A a))% (2.7)
= (|r — 5|? + 4rssin? <d(:1:,y2)/\a>> : , [x,7], [y, s] € €[X]. (2.8)

The geometric cone €[X] serves as a model for weighted Dirac measures in X, i.e. measures of the form
rd, where z € X and r > 0, see also (2.5); in fact, it can be checked that €[X] is homeomorphic to this
space when endowed with the weak topology (see [41, Lemma 2.4] for the precise statement). Separability
and completeness of the space (X,d) are inherited by (€[X],ds ¢). Whenever (X,d A a) is a length
(resp. geodesic) space, also (€[X],d,,¢) is a length (resp. geodesic) space (e.g. see [7, Theorem 3.6.17]).
Moreover, notice that the canonical choice d¢ := dr ¢ gives that (€[X],d¢) is a length (resp. geodesic)
space whenever (X,d) is a length (resp. geodesic) space ([7, Theorem 3.6.17]).

2.4. Curves on the cone

For a curve y € C([0,1]; (€[X],d¢)) we write

ry(t) =r(0(1),  @y(t) =x(n(1), te€[0,1],
and we denote by 7y (t) the derivative of 7, at time ¢ and by |y (¢)|4 the d-metric derivative (cf. (2.2)) of
xy at time ¢, t € [0,1]. By [28, Lemma 8.1] we have that

ry € AC*([0,1];Ry)

Ty € AC? (rn_l(O, +00); (X,d)), (2:9)

loc

v € AC*([0,1]; (€[X],de)) = {

and moreover it holds

|t)’(75)|3Lr = |r;(t)|2 + |rn(t)|2|xg(t)|g for a.e. t € (0,1). (2.10)
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Let us assume that (X,d) is a geodesic metric space, so that (€[X], d¢) is too. We now describe the
structure of geodesics in the geometric cone:

(1) In the trivial case ny = y1, then a geodesic connecting yg to ny is given by y(t) = 9o, ¢t € [0,1].
(2) If yo = 0 and by # o, then
n(t) = [x(n1), tr(vy)], ¢ €[0,1]

is a geodesic connecting 1o to y1; the case 1 = 0 and yy # o is analogous.
(3) If both 9,91 # 0 and d(x(90),x(91)) > 7, then

[x(10); r(90) = (r(vo) + r(n1))t] if 0 <t < e
[x(91), (r(no) + r(v1))t — r(no)] if % <t<1,

is a geodesic connecting g to ;.
(4) If both yo,n1 # 0, no # v1, and 0 < d(x(no),x(91)) < 7, then a geodesic connecting yy to by is

n(t) =

given by

n(t) = [=(0(2), r(t)] ¢t <[0,1],
where z : [0,d(x(90),x(91))] — X is a constant speed geodesic in X connecting x(1g) to x(y1) and
0 :[0,1] — [0,d(x(90),x(n1))] and r : [0,1] — R are given by

r(t) = (1 -
cos(0(t)) = (1=

£)2r* (o) + t2r* (1) + 2¢(1 — t)r(no)r(n1) cos(d(x(no), x(n1))) t € [0,1],

r(9o) + tr(n1) cos(d(x(90), x(91)))
r(t)

Remark 2.1 (Minimal radius of non-degenerate geodesics). In case o = [zo,70], 91 = [x1,71] are both

different from o and 0 < d := d(x(90),x(91)) < 7, the radius r, of the geodesic y connecting yo to 1 is

t)
t)

€ [0,1].

bounded from below by a strictly positive constant depending on )g and ;. This is trivial if yg = 1, as
by Case (1) above 7y (t) = ro. If instead 1y # 91, then it is just a matter of computations (postponed to
Appendix B in order not to burden the presentation) to show that r, attains its minimum at

0 if cos(d) > 72,
r8 — ror1 cos(d) 1
tmin (9o, ={9 2 -7 if cos(d) < Lo AL 2.11
(UO Ul) d%(l)o,lh) ( ) r1 0 ( )
1 if cos(d) = I*,
with value
o AT1 if cos(d) = 72 AL,
Tmin ) = Ty (tmin y = i . 2.12
(90, 91) = 7y (tmin (905 91)) rory sin(d) if cos(d) < A 1. (2.12)
de (o, 91) Lo
We deduce that
Tmin(UO,Ul) >0 ifrgry>0and0<d<m.
We can also infer (see Appendix B) that
1
Tmin(90,91) > —=(ro Ary) ifror; >0and 0 <d < w/2. (2.13)

V2

2.5. Measures and functions on the cone

We define the set of measures on the cone with finite g-radial moment, ¢ € [1,+00), as

me (C[X]) = {a € ML (C[X]): /C[X] rfda < +oo} ,

and the map
he - ML (C[X]) = ML (X), bi(a) =x(rla).

Note that the map h? does not depend on the point Z in the definition of x.

N+1

For N € N>, we consider the product cone €[X] endowed with the product topology. On the

product cone we can consider the projections on the components ¢ : €[X]V*! — €[X] sending
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([xo,70]s-- -, [N, TN]) tO [x4, 73], the projections on the N 4 1 copies of [0,400), and on the N + 1
copies of X defined as r; := row’ and x; == xo«?, for i = 0,..., N. Note that x; depends on the choice
of points Z; € X, but this will be irrelevant. We introduce the set of measures with finite g-the radial
moment, g € [1,4+00), in the product cone as

MY (XN = {a € My (e[X]VHy . /(rg o4 rd)da < +oo} ,

and the maps
b7 - ML(E[XN) My (X)), b7(@) = (x)s(Pa) i=0,...,N.
Note that the map h? does not depend on the point Z; € X in the definition of x;.
Finally, when N = 1, we set €[X, X] := €[X]? and we define, for every (o, 1) € M4 (X) x M4 (X), the
set
99(po, 1) = {e € ML(E[X, X)) : 62(ex) = pusy i = 0,1} (2.14)

If a € H% (o, 1), we say that po and p; are the g-homogeneous marginals of a.

We say that a function H : €[X]V¥+1 — [0, +00], N € N>, is
(1) radially g-homogeneous, ¢ € [1,4+00), if

H([l‘o,)\ro}, ey [.%‘N,/\’I"N]) = )\qH([.’I?(),’I“O]7 ey [$N7’I"N])

for every [zo,70],--.,[zN,rN] € €[X], A > 0;
(2) radially g-convex, if the map

1 1
(ro,- - ) = H({zo, 7g ), - [en, R Y))
is convex in [0, +00)V*! for every z¢,..., 2y € X.
In the sequel, we will always assume to work with functions H proper and lower semicontinuous. Under
these assumptions, if H is g-homogeneous, it satisfies H(o,...,0) = 0.
Finally, let us also provide a simplified definition of dilation tailored to our purposes (see [28] for

the general definition): given N € N>1, ¢ € [1,+00), and a constant ¢ > 0, the (¢, ¢)-dilation of
a € M, (€[X]NH1) is defined as

M (E[XIVH) 5 dily (@) = (prdy)y(9ar) (2.15)
where
pl"dﬁ([.’ﬂo,?"()], R [xNa'rN]) = ([1'0,7’0/19], ) [xNa 7ﬂN/’lg]) :

The marginal constraints have a natural scaling invariance w.r.t. dilation maps, in the sense that for every

a € M, (€[X]V+1) it holds
h(dily ¢(ax)) = h(ax) for every i =0,...,N, (2.16)

see [41, Lemma 2.8]. It is also immediate to see that, whenever H : €[X]N*1 — [0, +00] is radially
g-homogeneous, N € N>1, ¢ € [1,400), then

/Hda :/Hd(dﬂﬁ,q(a)). (2.17)

3. INF-CONVOLUTION BETWEEN GENERAL COSTS

In this section we study the inf-convolution generated by two general cost functions, giving sufficient
conditions for the resulting cost to enjoy relevant properties. Since the main aim of this paper is to
prove that, for specific choices of the involved costs, one gets the Hellinger—Kantorovich distance as
inf-convolution, we focus in particular on the properties satisfied by a distance. We will show how, in
general, finiteness, non-degeneracy and the triangle inequality may fail, even if one starts from very regular
cost functions. This also highlights how nicely Hellinger and Wasserstein distances interact to produce
the KK distance, and motivates the investigation of other possible well-behaved examples.

In order to avoid possible misunderstandings, let us state precisely the terminology we shall use
throughout the whole section. Given a non-empty set U,
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e a cost is a non-negative function ¢ : U x U — [0, 4+00); if ¢ is allowed to take the value +oo, then
we will refer to it as an extended cost; an extended cost is null on the diagonal if c(z,z) = 0 for
all z € U; a cost is symmetric if c(zo,21) = c(z1, 20) for all 2z, 21 € U.

e an (extended) semi-distance satisfies all axioms of an (extended) distance but non-degeneracy;
that is, for an extended semi-distance g it may happen p(zg, z1) = 0 for some 2y # 21 € U;

e an (extended) semi-norm satisfies all axioms of an (extended) norm but non-degeneracy; that is,
for an extended semi-norm | - || on a vector space V it may happen ||v|| = 0 for some 0 £ v € V.

Let U be a set and let c; and cy be extended costs on U; let 29,21 € U be fixed and let N € N>;.
We say that P = (20,21,...,ZN;¥1,---,yn) € UNTE x UN is an N-path from zg to 21 if 29 = 29 and
xn = z1. The collection of N-paths from 2y to z; is denoted by &?(zp, 21; N). The energy of an element
P € P(zp,21; N) between the costs ¢; and ¢y is defined as

N
En(P):=N>_(cH(zi-1,ui) + 3 (yi i) - (3.1)
i=1
Notice that £x depends on ¢; and co even if this is not explicit in the notation. Sometimes, we represent
an N-path P as in the diagram below, with the arrows giving a natural orientation to the points in the
path:

Cc1 Co C1 C2
P To —> Yyp —> X1 ... IN—1 — YN —> TN

Definition 3.1. The infimal convolution (inf-convolution, for short) between ¢; and cg is defined as the
quantity
1/2
(c1Vea)(z0,21) = (liminf inf{EN(P): P € 9(20721;N)}> , 20,21 €U.
N —+oc0

For reasons that will be apparent in Section 3.1, we will sometimes refer to the previous definition
as the “metric infimal convolution”. Let us also stress that, more precisely, (3.1) and ¢; Vcg should be
referred to as 2-energy and 2-infimal convolution, respectively; the choice of the exponent 2 is motivated
by the main example of infimal convolution discussed in this paper: the inf-convolution between the
squared 2-Hellinger and 2-Wasserstein distances. However, a priori other choices of exponent are possible,
so that more generally (and with obvious adaptations) one could define the p-infimal convolution between
two extended costs.

First of all, let us discuss some basic properties of the infimal convolution.

Proposition 3.2. Let c1,co be extended costs on U. Then the inf-convolution c1Vcg satisfies the following
properties:
(i) Non-negativity: (c1Vca)(2z0,21) > 0 for all zg,21 € U.
(i) Monotonicity: if ¢} and c are extended costs on U such that ¢; < c} fori=1,2, then c;Veca <
c| V.

If ¢1,¢co are null on the diagonal, then it also holds:

(iii) (c1Veo)(z,2) =0 for any z € U.

(iv) Symmetry w.r.t. costs: c;Vey = caVey.
If c1,co are null on the diagonal and symmetric, then it also holds:

(v) Symmetry w.r.t. arguments: (c1Vca)(z0,21) = (c1Vea) (21, 20) for all zg,21 € U.

Proof. (i) Non-negativity is clear since for every zg, 21 € U, N € N and every P € £(z, z1; N) it holds
En(P) > 0.

(ii) The property follows since for every zp,21 € U, N € N and every P € (zp,21;N) it holds
En(P) < EN(P), where &' denotes the energy computed between the extended costs cf, c5.

(iii) From (i) we know that c; Vca(z, 2) > 0. By considering for every N € N the N-path Py = (2, 2,...,2) €
UNtL x UN we have that Ex(Py) = 0 and thus (¢;Veg)(z,2) = 0.

(iv) Given Py € Z(zp,21;N), the idea is to add ‘costless’ initial and final points to Py getting the
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(N + 1)-path Py in the diagram below:

(1 Ca C1 C2
Py : g — Y1 — 1 ... TN-1 —> YN — TN
P . C1 C2 C1 C2 C1 C2
N+1: Zo Zo Y1 1 ... ITN-1 YN TN TN

and observe that
N

N
EN(PY) = v (Prin) 2 mlnf{5N+1(P) . Pe Pla,21; N+ 1)},

where 811\,’2,52’1 denote the N-energies associated with (c1,cq) and (ca,cq1), respectively. This implies
(c1Vea) (20, 21) > (c2Ver) (20, 21) and switching the roles of ¢;, co the opposite inequality follows.

(v) The argument is similar to (iv). Indeed, for a given N-path Py € & (20, 21; N) between two fixed
points zg, z; € U, we define the path Py as in the previous point (iv) and then its ‘reverse’ path PN+1

Pyii: IN41 4 UN41 $o— BN 45— N o 4o &1 ¢ 1 < o
More explicitly, given the N-path Py = (zg,...,ZN;Y1,---,YN) With ro = 20 and xy = z1, we define
PN+1 € P(z1,20; N + 1) by setting T := xny = 21, Tn41 = To = 20, T; = YN+1—; for i =1,..., N, and
¥i = xN41—; for i =1,...,N 4+ 1. As a consequence,

- N
En(Pn) = & P, > inf {€ P): Pec P(z1,2z0;N +1
~N(PN) Nl N ( N+1)_N+1IH{N+1( ) (21,20 N +1)}
whence (¢1Vca)(z0,21) > (c1Vee)(z1,20). By swapping the roles of zg and 21, the reverse inequality
follows. O

In order for the inf-convolution to be a distance, it remains to discuss sufficient conditions to get
finiteness, the triangle inequality, and non-degeneracy. Let us start from a sufficient condition to have a

finite inf-convolution.
Proposition 3.3. Let 01, 02 be two extended distances on U. Then

01Vo2 <min{p1 ¢, 00},

where p; ¢ denotes the length (possibly extended) distance induced by o;, see (2.3). In particular, 01V 2 is
finite-valued whenever o; is a length distance, 1 =1 or i = 2.

Proof. Using property (iv) of Proposition 3.2 it is enough to show 01 Vs < g1 ¢. Since g1 < 914, using
property (ii) of Proposition 3.2 we can also assume without loss of generality that o; is an extended length
distance. So, let g1 be an extended length distance, zg, 21 € U and let us prove 91 Vo2 (20, 21) < 01(20, 21).
If 01(20,21) = 400 there is nothing to prove, so let us suppose p1(2p,21) < 400, let ¢ > 0 and let
7 :10,1] = U be a constant-speed rectifiable curve joining zy to z; and such that ¢, (v) < p1(20,21) + €.
Since ~y is of constant-speed, notice that for every 0 < s <t <1

a1 (v().7(®) _ Lo (V1s.11)

=/ . 3.2
t_s — t_s pl(,}/) ( )
Let N € N and let (zg,21,...,25) be N + 1 points defined as z; = y(4). Notice that P =
(vo,T1,...,2N;T1,...2N) € UNTL x UN is an N-path from zy to z;. We thus have

inf {Ex(P): P € P(z0,21;N)} < En(P NZQl Ti 1, Ti)

- A0 (%) S
Z al Ni N2 <, () D or(@im, ) < £,(7) < (e1(20,21) +€)°,

ﬁ N i=1
where we have used (3.2) and the definition of length of a curve. The result follows by sending ¢ | 0 and
by taking the limit inferior with respect to N. U

However, even starting from finite distances, the resulting inf-convolution may be infinite, as the
following simple example shows.
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Ezample 3.4 (Inf-convolution of distances may take the value +00). Consider a space U with at least 2
distinct points and the discrete metrics on U, i.e.

0 ifZQ:Zl7

01(20,21) = 02(20,21) =
1 ifZO#Zl.

Then (01V2)(20,21) = oo for every zg # 21 € U. To see this, it is sufficient to notice that for every
N € N and every N-path P = (zg,21,...,2N;Y1,...yn) € UNTL x UN with 2;_1 # y; or y; # x; for
some i € 1,..., N, we have Ex(P) > N. Since every N-path P connecting two distinct points must be of
this form, the proof is concluded.

We give now a sufficient condition for the inf-convolution of general costs to enjoy the triangle inequality.

Proposition 3.5. Let ci,co be extended costs on U. Assume that for every zg,z1 € U, the infimal
convolution (c1Vca)(20, 21) is realized as a limit, that is

for every zy,z1 € U the limit Nlim inf {En(P) : P € P(z0,21;N)} exists.
—+o0
Then c1Vcy satisfies the triangle inequality.

Proof. We will prove that for every ¢ € (0,1) and for every 2o, 21, 20 € U we have
(C1 VC2)2(2’0, 21) (C1VC2)2(Z1, 22)
+ )
t 1—-1¢
then obtaining the triangle inequality by optimizing with respect to t € (0,1).
Let t € (0,1) and let us take {N1 g, P11 }72 1, {Nok, Poi 152, be such that P,y € P(zi—1,2;; Nig), i =1,2,

(c1Vea)? (20, 22) <

No 1 1—1¢
lim &y, , (Pig) = (c1Ve2)(zi1, 2), i=1,2 and lim ——= = —.
k—o0 N (Pik) = (@Vea) ™ (zio1, 21) ’ k=00 Ny 1 t
Notice that if Py = (2o, 21,..., TN, 3 Y15, YNy ,) and Pog = (20,21, 2y, 191, -, Yy, ) then
Py = (20,21, oy TN s T, T Ty YL YN YL Y ) € P20, 223 Nik + Nag), so that

inf{En,  +Na, (P) 1 P (20, 22; N1 + Nog)} < Eny s g (Pr)

N N- N N.
_ 1,k + Nog 1,k T+ Q’ngg,k(Pz,k)

& P;
Nl,k Nl,k( 1,76) + NQ,k

and the conclusion follows by taking the limit as k£ — 400 on both sides. O

We provide here an involved counter-example showing that, in general, even starting from distances,
the triangle inequality may fail. In view of Proposition 3.5, it also provides an example where the
inf-convolution is not realized as a limit.

Ezample 3.6 (Triangle inequality may fail). We construct in steps a space X and distances g1 and g9
such that the triangle inequality for the inf-convolutions fails.
1st step. (Definition of the framework) For every n € N>q, let A, = {am}fgo, B, = {bm}?go, and

?Z: |_| A, U |_| B, .

n€N>y n’€Nx,

We define Y := 17/9%, where the equivalence relation R is defined as follows: given z,y € Y, we declare
xRy provided

e * = ap,, and y = ag,m, for some n,m € N>i; the equivalence class of all these points will be
denoted by zo;

® & = as,, and y = by, or vice versa, for some n,n’ € N>1; the equivalence class of all these
points will be denoted by z1;

o = = by s and y = oy s, for some n',m’ € N>q; the equivalence class of all these points will
be denoted by zs;

o =y
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When it does not create confusion, we still denote by a;, and b;,/ the equivalence classes [a;n] and
[bjn] €Y of the elements a; ,, and b, € Y.
We endow Y with a graph structure by declaring the neighbors of each point (recall that the neighborhood
relationship ~ is symmetric):
® 20~ a1y, N € Nx>y;
® 21 ~ agp_1,, and z1 ~ by pr, n,M € N>q;

o 2y ~ b1, N € Nxy;

® Qi 1n~Gn NENSy 1=2...,2n—1;
. bi—l,n' ~ bi,n/7 n € NZQ, 1=2,.. .,271/ — 1.
20 a1 z1 bi1 22
1,2 az 2 a3 2 b172 bg’z b3’2
Ain -------- anmn - ------ a2n—1,n bl,n/ ”””” bn’ n’ ------ b2n’71 n’

FIGURE 1. A representation of the space Y.

2nd step. (Definition of the distances) We now define two distances g1, 02 on Y starting from costs g1
and 0.
We let 9, (y,y) =0 for every y € Y, u = 1,2. We then define, for every n € N>y and i =1, ..., 2n,

~ \f% if ¢ odd ~ 1 if ¢ odd
Ql(ai—l,na ai,n) = n o y QZ(ai—l,na ai,n) = 1 e .
1 if 7 even T if 7 even
In an analogous fashion, for every n’ € Nand ¢ = 1,...,2n' we define
B ﬁl , if i odd R 1 if 7 odd
01(bi—1,n7, binr) = " ) 02(bi—1,n7, binr) = L o
1 if 7 even NeTY if 7 even
2n

The distances 01, 02 between two arbitrary points in Y are then defined by length minimization. Namely,
forall z,y € Y and u =1, 2,

m
Qu(xay) = inf Z@u(y]—layj) : mENZhyO:xa Ym =Y, Yj—1 Nij]:17am . (33)
j=1
We call chain a collection of points {y; }?’:0 connecting x and y as in the previous definition, and notice
that every x,y € Y are connected by a chain and the infimum above is a minimum.

3rd step. (Explicit value of g,) Let x,y € Y be such that all the following conditions are violated
C.1 z=y;
C2 z~y;
C.3 z=a1,, and y = a; ,,, for some n # m € N>y;
C.4 z=ay_1, and ¥y = agm_1,m for some n # m € N>y;
C.5 = by, and y = by, for some n' # m’ € N>q;
C.6 x = by —1 and y = bayy—1,m for some n’ # m’ € N>q.

We call distant two points z,y as above, and we claim that
if z,y € Y are distant, then g, (z,y) > 1, u=1,2. (3.4)

To show this, first of all note that, if © = ag,—1,, and y = b1,y (or the other way around) for some
n,n’ € N>i, then z,y are distant and, for every chain {y; j—o connecting them, there are indexes
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i*,7* € {1,...,m} such that {y;-_1,y;-} = {z, 21} and {y;-_1,y;-} = {z1,y}, so that o,(z,y) > 1.
If instead z and y do not have this form and are distant, for every chain {y; Lo connecting them,
there exists an index j* € {1,...,m — 1} such that {y;«_1,yj~,yj++1} = {@i—1,n, @i n,aiy1,n} for some
n € N>y and i€ {1,...,2n — 1}, or {yj~—1,¥j*, Yj*+1} = {bi—1,n/,bin, bix1,n } for some n’ € N> and
i€{1,...,2n’ — 1}. This proves (3.4).

Now we show that

Qu(ai—l,na ai,n) = @u(ai—l,nyai,n) Vn € N217 1= 1a ceey 2”, U = la 2; (35)

and

Qu(bi—l,n/7 bi,n’) = éu(bi—l,’nlv bi,n/) Vn’ S N217 7 = 1, ey 272,/, u = 1, 2. (36)
We actually show the equality 01(ai—1n,@in) = 01(@i—1n,a:in), the other cases being analogous. By
the definition of g1, it is clear that §1(ai—1,n,ain) > 01(@i—1,n,a; ). For the converse inequality, notice
that for every chain {y; 7o connecting a;—1,, to a;, we must have an index j* € {1,...,m} such that
Yj*—1 = @i—1,n and y;= = a; , or indexes j*,j* € {0,...,m} such that y;+ = 29 and Y = 21 In the first
case the inequality is immediate, while in the second case we have Z;nzl 01(yj—1,y;) > 01(20,21) > 1>
01(ai—1 pn,a; n), where we used that zp, z; are distant.

4th step. (Bound on 01Va(z0,21) and g1V a(21,22)) We introduce the space X as the subset of ¥V
defined as

X = |_| A(Qk)!l_l |_| B(Zk’+1)! /ER
keN>y k’€N>q

We still denote by g1, g2 the restrictions of p; and g3 to X. Notice that what we have proven so far still
holds on X.
Let us also introduce the sets

Xa = |_| Ay | /R, Xp = |_| Beow i1y | /R
kEN>, k€N
We claim now that 91Ve2(z0,21) <1 and 01Va(z1,22) < 1. We prove p1Va(20,21) < 1, the other
case being analogous. Notice that it is sufficient to prove that limy oo Eary1 (P2ry) = 1, where Egpyr is
the energy between o1 and g2 and Pagy € (20, 21; (2k)!) is the (2k)!-path from 2z to z; defined as

P(zk)! = (207a2,(2k)17a4,(2k)!a <oy 215 A1 (2K A3,(2k)!5 - - ';a2(2k)!—1,(2k)!)'
We have
(2k)!
5(2k)!(P(2k)1) = (2k)! Z (Q%(Q%—Q,@k)la a2i—1,(2k)!) + 93(021‘—1,(%)!,azi,(%)!))
1=1

(2k)!

Y (vm) + (mm) —*

for every k € N>1, where we have used (3.5) and (3.6), and thus the claim is proved.
5th step. (01Vo2(z0,22) = +00) In this final step we will show that

01V 02(20, 22) = +00 on X, (3.7)
so that

01V 02(20, 22) = +00 > 2 > 01V2(20, 21) + 01V 02(21, 22)
thus providing an example where the inf-convolution fails to satisfy the triangle inequality.
By definition of inf-convolution, we can find Py, = (x},z},. .. ,a:évl;yll, .. ,yﬁvl) € P(zp, z2; Ni) such

that N; — +o00 as | — +oo and

1V 02(20,22) = lim £ (Pry).-
Let [ € N be fixed; it will be useful also to denote

Lol . £ L S
Zo; =a;, t=0,...,N;, 2z9,_1=vy;, t=1,...,N.

79
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We call consecutive two points v, w € Py, such that v = zﬁ, w = zﬁ_H for some i € {0,...,2N; —1}. If Py,
contains two consecutive distant points, then from (3.4) it immediately follows that En,(Pn,) > N;. If
Py, contains only non-distant consecutive points, this means that for every pair of consecutive points
(v,w) in Py, it holds that (v, w) satisfies one among C.1 — C.6. Therefore, only two cases are possible:

(1) Each pair of consecutive points (v, w) in Py, satisfies one between C.1-C.2 (and thus does not
satisfy any among conditions C.3-C.6);

(2) Py, contains only non-distant consecutive points and there exists at least one pair of consecutive
points (v,w) in Py, that satisfies one among conditions C.3-C.6.

We show that case (2) can be excluded: let us call bad a pair of consecutive points satisfying one among
conditions C.3-C.6; we show that any path Py, as in (2) above can be replaced by a path le with lower
energy containing no consecutive bad or distant points, that is IE’NZ falls under case (1) above. We show
how to do that in a very specific case, that is, when Pp, as in (2) contains a unique pair of bad points of
the form (v, w) = (zl.,zL ) for some index i* € {0,...,2N, — 1}, satisfying C.3 (resp. C.4); the other
cases C.5-C.6 for a single point can be treated in a similar way, and the general case can be achieved
with a simple induction argument. Thus, suppose that

e (v,w) as above satisfies C.3: we set Py, = (2,2}, .. SN AL By 1) € P20, 22 Ni) defined
as ZL = 2z for every index i € {0,...,7*}, and z! = 2! for every i € {i* +1,...,2N;}; to see
that &y, (pNz) < &n,(Py,) it is enough to observe that 9,(a1n,a1,m) > 0u(20,01,m) for every
n#méeNs, u=12.

e (v,w) as above satisfies C.4: let j* be the minimal value of j such that z € Xp \ {#z1}. We set
Pn, = (24,2, JEhN B ZhN, 1) € P20, 223 Np) defined as Z! = 2] for every i € {0,...,3*}U
{5*,...,2N;}, and 2! = 2 for every i € {i* +1,...,j* — 1}; to see that En,(Py,) < En, (PNZ) it is
enough to observe that o, (a2n—1,n, G2m—1,m) > 0u(@2n—1n,21) for every n #m € N>1, u=1,2.

We are left to consider only case (1). It is also easy to see that we can assume that the following does
not occur: there are indexes 0 < ¢* < 5* < [* < 2N; such that zzl = zll* #* zé We call ordered the
paths avoiding this behaviour. Therefore, we are left to consider the case in which Py, is an ordered path
for which every pair of consecutive points (v, w) is such that v ~ w or v = w. In particular, there exist
indexes k, k’,i* € N>; such that

2 e Ay \ {21} for every i € {0,...,i" —1}  and Zte Bapr 41y for every i € {i*,... 2N},

Let j;, j| be the largest numbers in N> such that 2(2j;)! < ¢* and 2(2j]+1)! < 2N;—4*, and set ¢; = (2j;)!,
q; = (2j; + 1)!; note that k < j;, k¥’ < j/, and ¢; + ¢; < N;. Using the values of g, computed in the 3rd
step, u = 1,2, it holds

Ny N,
En(Pn) =N (@l y oy + 03(whah) = (@ +a) Y (i@l 1 uh) + 03 (), b))
=1 =1
(2k)! (2k'+1)!

2 (@+q) 22 2R " Z SICEESE 2k/+1>)

S I S
T o T 2k + 1)
1 1 (2:)! (257 + 1)!
> (@ +q [+}=2+ . ‘
(@ +a) @ q i+ (2h)!
where the last inequality is elementary. Note that to pass from the first to the second line we have used
that the part of Py, in X4 must contam at least 2(2k)! pairs of consecutive points (v, w) with v # w and

> 2 + 2max{j;, j; }

0. (v, w) is bounded from below by m for every u = 1,2. The same holds for the part of Py, in Xp,
replacing 2k with 2k’ + 1.
We conclude that, in general, we have

En,(Pn,) > min{N;, 2 + 2max{j;, j;}} = +oo asl— +oo.

This shows (3.7), and concludes the example.
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We introduce now a definition of stability for a cost, which will be relevant to understand when a single
step of inf-convolution is already sufficient to determine the inf-convolution (see Lemma 3.8). We also
show that the prototypical example of a stable cost is given by a length distance (see Lemma 3.9).

Definition 3.7. An extended cost c: U x U — [0, +0o0] is stable provided

c?(20,21) = liminf inf Fy(P), (3.8)
N—o0
where
N
]:N(P) = NZC2(£L'Z',1,.’EZ')
i=1
and the infimum runs over all P = (xg,21,...,2N) € UN+1 such that zg = zp and oy = 2.

Lemma 3.8. Let ci,co be two extended costs on U. If
c(20,21) = (Inf {€2(P) : P e @(20,21;1)})1/2, 20,71 €U
defines a stable extended cost (where £1 is the energy introduced in (3.1) for N = 1 with costs c1,¢z), then
c1Vey =c.

Proof. Let zy,21 € U be fixed. The stability of ¢ and its very definition yield the first and the second
identity below, respectively

N
C2(ZO7 Zl) = 1}\I[ri>1£10flnf {NZC2<3%1, xl)}
i=1

N

= liminfinf{N E infU CHETRRT +c§(yi,zi)}}
; Yi €
=1

N—oc0

N
s e g . 2 2
= fpinfind {NZ 1{°1<mw>+c2<wi>}} ,
i=1,....N 1=

where, as in Definition 3.7, the outermost infimum runs over all (2, x1,...,zyx) € UM such that zg = 2o
and zy = 2;. It is now sufficient to remark that minimizing over all (zg,21,...,zx) € UNT! as above
and over all (yy,...,yn) € UV is equivalent to minimizing over all P € (2, z1; N), so that (taking also
(3.1) into account) the last line above becomes

l%ninfinf {En(P) : P € P(20,21;N)}

—00

and this is exactly (c;Vea)?(20, 21). O
Lemma 3.9. Let ¢ be an extended length semi-distance on U. Then g is a stable extended cost.

Proof. Let 29,21 € U be fixed. If N € N>y and P = (zg,...,2n) € UNT! is such that zo = 29, n = 21,

then
N

2 N
0*(20,21) < (Z Q(xihxi)) <SNY (w1, ) < Fn(P). (3.9)

i=1 i=1
Taking the infimum over all (N + 1)-tuples P such that xg = 29, £x = 21 and then passing to the lim inf
as N — +oo, we get the ‘<’ inequality in (3.8).

For the converse inequality, by definition of length semi-distance we can find, for every ¢ > 0, a
Lipschitz curve (which we may assume to be parametrized by arc-length) v° : [0, £,(7%)] — U such that
L,(¥¢) < o(20,21)+¢€. Let N € N>q be arbitrary and let us consider points z; = v*(¢¢/N) fori =0,..., N,
where ¢ := £,(¢) for ease of notation. Defining P := (o, ..., zn), we have

N
2 2
0 (Ti—1, 1) < NZ£9(75|[(¢_1)1€/N,7:4/N])
=1

NE

Fn(P)=N

=1
N
1=

Nz; </(:6/1];/N 15°1(¢) dt>2 = Né (Jff)z
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— 0y(7)? < (olz0,21) + £)?.

Considering again the infimum over all (N 4 1)-tuples P such that xg = 29, zy = 21 and passing to the
liminf as N — 400, we deduce that

lim inf inf Fn (P) < (0(20, 21) +€)?.

N—+oc0

Since € > 0 was arbitrary, we obtain the ‘>’ inequality in (3.8) and thus the conclusion. O

From the combination of the previous two lemmas we can describe the inf-convolution of an extended
(length) semi-distance with itself. The following result also gives a sufficient condition for the inf-convolution
to be finite and, under stronger assumptions, to enjoy all the properties of a distance.

Corollary 3.10. Let p be an extended semi-distance on U. Then % < oVo. If in addition o is a length

semi-distance, then oV = %.

Proof. The first part of the statement follows from a variant of (3.9). If we fix 29, 21 € U, take N € N»;
and P = (zg,Z1,...,ZN; Y1, --,YUN) € P(20,21; N), then

N N
0*(20,21) SN Y 0% (@imn, @) S2N Y (0% (wim, i) + 0* (g, 20)) = 2N (P). (3.10)
=1 =1

It is now sufficient to take again the infimum over £(zg, z1; N) and then pass to the liminf as N — 400
to get 0 < v20Vo.

Assume now that o is a length semi-distance. It suffices to show that
. 1
ereltf] {0*(20,2) + 0*(2,21) } = 592(20,21). (3.11)

Indeed, by Lemma 3.9 we know that (the square root of) the right-hand side above is a stable cost. Hence,
if this identity holds true, then Lemma 3.8 ensures that the left-hand side is equal to (0V)?, whence the
conclusion.

In order to prove (3.11), the ‘>’ inequality is a particular case of (3.10) for N = 1. As regards ‘<’,
we argue similarly to Lemma 3.9. By definition of length semi-distance we can find, for every € > 0, a
Lipschitz curve (which we may assume to be parametrized by arc-length) 7° : [0, €,(v%)] — U such that
Lo(7%) < o(z1,22) + €. Let us consider the point z := v°(¢/2), where ¢ = {,(7°) for ease of notation.
Setting P := (xo,y1,21) = (20, 2,21), we have

gl(P) = 92(x07y1) + QQ(ylazl) < 69(76“07[/2])2 +€Q(76‘[4/275])2

(/Om f|(t>dt>2 + (/; |f|<t>dt>2 (&) + ()

1 g
— Stl) <

Taking the infimum over all P € Z(zg, 21;1), namely over all z € U, and then letting ¢ | 0 gives the

(0(20,21) +€)%

|~

conclusion. O

3.1. Metric infimal convolution vs. convex infimal convolution

In this section we compare our notion of (metric) infimal convolution with the convez infimal convolution
that we are going to recall.

Definition 3.11. Let V be a vector space and f,g: V — (—o00, +00] be extended real-valued functions.
Their convex infimal convolution (convex inf-convolution, for short), denoted by (f O g) : V — [—o0, +o0],
is defined as

(fOg9)w) =inf{f(w)+g(z) : w,zeViw+z=v}=mf{f(z)+glv—2) : z€V}. (3.12)

We use the terminology convez infimal convolution to distinguish it from the metric infimal convolution
that we have introduced in Definition 3.1. Notice that the convex inf-convolution corresponds to the
classical infimal convolution in the sense of convex analysis (e.g., see [38]), and in this field it is well known
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that the convex inf-convolution of two proper, lower semicontinuous and convex functions is again a proper,
lower semicontinuous and convex function. The same operation is also called epi-sum or epi-addition,
since the epigraph of the convex inf-convolution of two functions is the Minkowski sum of the epigraphs of
those functions.

Proposition 3.12. Let V be a vector space and || - ||1,] - ||2 be two (extended) semi-norms on V. Then
(-120-13)Y?: V = R is an (estended) semi-norm on V.

Proof. To simplify the notation, let us put ||v||g = (|| - |2 O | - |12)"/?(v).
It is clear that || - ||g is non-negative and finite in case the two norms are finite. Let A € R and v € V,
we have ||[Av||g = |A||Jv||g since the absolute homogeneity holds for || - ||; and || - ||2, and

IMolly = inf{Mwllf + [IXz]3 :w, 2z € Vw+ 2 = v}

It remains to prove that || - ||g satisfies the triangle inequality, which is equivalent to show that for any
v,w € V and for any ¢ € (0,1) it holds

2 2
||vl|D + le_H? > ||lv + w3
Let € > 0. By definition of || - ||g we can find vq, ve, w1, wy € V, with v1 + vy = v and w; + we = w, such
that
ol e, Dols+e Dol +lold |, ol sl | e
t 1-1¢ t 1-1¢
where in the second inequality we have used that || - ||; and || - ||2 satisfy the triangle inequality, and again

the definition of || - ||g in the last inequality since vy + wy + v2 + wy = v + w. The proof is concluded by
sending ¢ | 0. O

In the next theorem we obtain that the convex infimal convolution and the metric infimal convolution
coincide when computed between norms.

Theorem 3.13. Let V be a vector space and || - ||1, || - |2 be two extended semi-norms on V. Then for
every v,w € V it holds
(- 13 O 1920 = w) = (|- L V] - l2) (0, w).

Proof. By Proposition 3.12 we know that (|| - |2 O || - ||3)*/? is an extended semi-norm, and thus the
function
(IO V<V —=0,00], (-1 O - 113 (w,w) = (|- 17 O [ - 15?0 — w)

is an extended semi-distance on V. It is also a length extended semi-distance since the curve
() [0,1] =V, y(t) =v+t(w—v)

is a length minimizing geodesic connecting two arbitrary vectors v,w € V, as a consequence of the
absolute homogeneity of the extended semi-norm (|| - || O || - ||2)'/2. In particular, Lemma 3.9 ensures
that (|| - |7 O | - |3)'/2 is a stable cost. We are thus in position to apply Lemma 3.8 which concludes the
proof. ([

The following example is inspired by [44] and shows that the conclusion in Proposition 3.12 is sharp, in
the sense that we cannot infer that the infimal convolution is a norm even when it is computed between

two norms.
Ezample 3.14 (Inf-convolution may be degenerate). Let V' be a vector space and || - |1, || - ||]2 be two
complete but not equivalent norms on V' (one can take for instance V = ¢2, || - ||; be the norm induced by

the following scalar product
1 oo
(v,w) = n Zlvnwn v = (Vn)p1s W= (Wn)nty s
n=

and || - |2 be the standard ¢2-norm). Then || - |1 V|| - ||2(v,w) = 0 for some v # w € V. Indeed, suppose by
contradiction that || - ||1 V|| - ||2 is not degenerate and thus a length distance induced by a norm thanks
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to Proposition 3.12 and Theorem 3.13. Let us consider the identity map id : (V,| - ]1) = (V, ]| - ||2).
By Proposition 3.3, the product topology of (V.|| - ||1) x (V|| - ||2) is finer than the product topology of
(V, |l - [1V]| - |l2)?, which is Hausdorff. It follows that id has a closed graph, and thus it is continuous by
the closed graph theorem. This gives the desired contradiction, since || - ||; and || - ||2 were supposed to be
not equivalent.

In the next proposition we show, under suitable assumption, an explicit representation of the infimal
convolution of two Hilbertian norms. The formula we obtain is strongly connected to the so-called parallel
addition of two operators, introduced in the finite-dimensional setting in [3] and further extended to the
case of infinite-dimensional Hilbert spaces in [33, 13].

Proposition 3.15. Let V be a vector space and A,B :V xV — R be two scalar products with induced
norms ||+ || a, || - || B, respectively. Let us suppose that (V, A) is a Hilbert space and that there exist C1,Co > 0
such that

lvllz = Cillvlla,  |B(v,w)] < Cofvllallwllz Vo,w e V. (3.13)
Then

U 1LV ll2) (v, w) = o = wllp = B(v = w, TP (v —w)), (3.14)
where TP .V — V is the unique map such that

AT Py, w) + B(T*Po,w) = B(o,w) Yw e V. (3.15)

In particular, if V =R?* and we are identifying A and B with two symmetric and positive definite d x d
matrices, we have

(- VI ll2) (v, w) = (v = w)T(A™H + B™H) ™o — w).

Proof. We start by noting that the (bijective and linear) map 745 is well defined as a consequence of
the Lax—Milgram lemma, since the form b(v, w) := A(v,w) + B(v, w) is continuous and strongly coercive
and the map w — B(v,w) is linear and continuous with respect to the normed space (V, || - ||4)-

The last conclusion follows from (3.14) up to noticing the matrices identities

T4 =(A+B)"'B, B-B(A+B) 'B=A"'+B1H),

where the second one is a consequence of the Woodbury matrix identity.
It remains to prove (3.14). By Theorem 3.13 it is sufficient to show

in‘f/A(z,z) + B(v — z,v — 2z) = B(v,v) — B(v, T*Pv) YweV
z€

or, equivalently, that

1g‘f/ A(z,2) —2B(v,2) + B(z,2) = —B(v, T*Bv) Ww eV, (3.16)

which follows easily since z = T4Bv is a minimizer in the left hand side of (3.16). O

Notice that, under the assumptions of Proposition 3.15, the resulting infimal convolution is always a
norm since, up to a constant, it is bounded from below by the norm | - || 4.

4. THREE DISTANCES ON MEASURES

In this whole section (X, d) is a metric space. We are going to introduce the Hellinger (or Matusita),
the (Kantorovich-Rubinstein—)Wasserstein and the Hellinger-Kantorovich (or Wasserstein-Fisher-Rao)
distances on the space of non-negative, finite and Radon measures M, (X) on X. To do so, we adopt the
approach of [41] to Unbalanced Optimal Transport in order to introduce these distances as particular
instances of costs on measures.
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4.1. Unbalanced Optimal Transport

Definition 4.1 (Unbalanced Optimal Transport cost). Let g € [1,+00) and let H : €[X, X] — [0, +00]
be a proper, lower semicontinuous, and radially g-homogeneous function, see Section 2.5. We define the
q-Unbalanced Optimal Transport cost associated to H as

UOTH,q(p0, p1) = inf {/ Hdo: a e YJq(ﬂo,Ml)} s Mo, 1 € My (X).
¢

(X, X]
Remark 4.2 (2-homogeneity and g-homogeneity). Given ¢ € [1,+00), we define the map T, : €[X, X] —
C[X, X] as

Ta(lwo. rol. [1,71)) = ([wo, 75", [0, 7)), (4.1)
It is easy to check that (T,)y is a bijective transformation from $2(p, pt1) to $H(po, 1) for any pair
(to, p1) € M4 (X) x M4 (X). Moreover, if H, : €[X, X] — [0,+00] is radially g-homogeneous, then
H = H, o T, is radially 2-homogeneous and

UOTw, o = UOTH.. (4.2)

For this reason, we will simply use the notation UOTy in place of UOTh 2 and limit our exposition to
2-homogeneous cost functions H.

The following result contains the main properties of the Unbalanced Optimal Transport cost [41,
Theorem 1.1].

Theorem 4.3. Let H: €[X, X]| — [0, 4+00] be a proper, lower semicontinuous, and radially 2-homogeneous
Sfunction.

(1) For every (po, p1) € My(X) x M4 (X) such that UOTy(po, 1) < 400, there exists an optimal
2-homogeneous coupling o € H% (o, 1) such that

UOTH (o, 1) = / Hdeo.
¢[X,X]

Such coupling can be chosen to be a probability concentrated on {0 <r; < R, i=0,1} where R >0
only depends on po(X) and py (X).
(2) UOTy is a lower semicontinuous, subadditive, convex function and satisfies

UOTH(r002,,710x,) = €02 (H) ([0, o], [21,71]) < H([zo, v/To], [21, v/r1])
for every xo,x1 € X and every ro,m1 > 0, where Tos (H) is the l.s.c. convex envelope of (rg,71) —
H([xo, /7ol [21, /1))
4.2. The three choices of cost function

We now consider three specific choices of cost function H as above inducing the three distances that
will play a crucial role in the sequel.

4.2.1. The LP-Wasserstein (evtended) distance. Let p € [1,+00) and let Hw, , : €[X, X] — [0, +-00] be
the proper, lower semicontinuous, and radially 2-homogeneous function defined as

r%dp(mo, x1) if rg =71,

Hw, o ([z0, 7o), [21,m]) = { [0, 70, [w1,m] € €[X]. (4.3)

400 else,

The resulting UOT cost induced by Hw, , is the p-th power of the LP-Wasserstein (extended) distance
Wp.a [2, 43, 39] which can be also characterized as

1/p
Wp,d(,u’(%,u'l) = <11’1f{/ dpd’)l:’yer(um:ul)}) y Mo, M1 GMJr(X)a
XxX
where T'(ug, pt1) denotes the set of couplings between pg and 1 defined as
(o, ) = {y € My (X x X) s 7wy = s, i = 0,1},

being 7 : X x X — X the projection 7¢(xg,z1) := w; for every (xg,71) € X x X, i =0, 1. Notice that,
whenever (X)) # p1(X), then I'(uo, 1) = 0 so that Wp, 4(p0, 1) = +00. When W,, (g0, 1) < +o0 it is
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well known that the set of optimal couplings T', (o, 1) of elements v € T'(ug, 1) realizing the infimum
above is not empty (convex and weakly compact), see e.g. [40, Theorem 3.5]. When we consider the subset
of P(X) (the Borel probability measures in X) given by

Pp(X) = {u eP(X): / dP(zg,z) du(z) < 400 for some (hence for every) zg € X} ,
b

then (P,(X), W, q4) is a metric space. If (X, d) is separable, then (P,(X), W, 4) is separable. If, additionally,
(X,d) is complete (resp. a length space, resp. a geodesic space), then (P,(X), W, 4) is complete (resp. a
length space, resp. a geodesic space). In case (X, d) is complete and separable, the topology of (Pp(X), W, 4)
is induced by the following notion of convergence

Hn — o in Wy 4 <= p,, — p and / d?(zg, z) dpn (z) — / d?(zo, z) dp(z), zo € X.
X p's

For the above properties, see e.g. [2, Chapter 7).
Finally, notice that Hy, , is radially 2-convex, so that

rodP(xo, 1) ifrg=mr
Wgwd(’l"O(SwOaTl(swl) = {+ ’ ) ’ zo,x1 € X, 19,71 > 0.
00 else,

4.2.2. The p-Hellinger distance. Let p € [1,+00) and let Hye, : €[X, X] — [0, +00) be the proper, lower
semicontinuous, and radially 2-homogeneous function defined as

2/p 2/p . _
(rg"" —r’")? if zg = x1,

Zo, 7o), |Z1,71] € €| X]. 4.4
224 i 20 % 21, [z0, 70, [71,71] € €[X] (4.4)

HHe,,([l”o, 7’0}7 [l’lﬂ“l]) = {

The resulting UOT cost induced by Hye, is the p-th power of the p-Hellinger distance He,, which can be
also characterized as

dNO)l/p (dﬂl)l/p
He s = / < — | £
p (Ko, 111) ( e a

where n € M (X) is any measure such that y; < n for i = 0, 1. Notice that the above characterization

P 1/p
dn) ) Mos M1 €M+(X)7

does not depend on 7. The p-Hellinger distance is a complete and geodesic distance and induces the
topology of the total variation on M, (X), see e.g. [30]. By introducing the function

Ur 1) if s >0,
M, :R—[0,+00]  My(s) = (s yroifs 2 (4.5)
400 otherwise,
it is easy to show (e.g., see [12, Lemma 3]) that He, can be equivalently defined as
Hel (110, 1) = D, (pollpn) = /X My(9) dpn + pg (X)), po =V + pgy (4.6)

where we have used the Lebesgue decomposition of p; w.r.t. pg, see (2.4), and thus corresponds to the
Csiszér divergence generated by the convex and lower semicontinuous function M), M)-divergence for
short.

Finally notice that Hye, is 2-radially convex, so that
(g =iy

7"0+’l"1 ifiﬂo#(tl,

if o = T,

Heg(roéoarlcsﬁh) = { Zo,T1 S X7 To,T1 2 0

4.2.3. The Hellinger-Kantorovich distance. Let Hyk, : €[X, X] — [0,400) be the proper, lower semicon-
tinuous, and radially 2-homogeneous function defined as
Hi, ([0, 70, [£1,71]) = d2 5 ¢ ([0, 0], [21,71])

y (4.7)
=ri+ 71y — 2rorycos(d(zo, 1) AT/2), [zo,r0], [x1,71] € C[X],

where d? Jo,¢ IS as in (2.7). The resulting UOT cost induced by Hi, is the square of the Hellinger—
Kantorovich distance HKq. Whenever (X, d) is separable, then (M (X), Hq4) is separable. If, additionally,
(X,d) is complete (resp. a length space, resp. a geodesic space), then (M (X), Hq) is complete (resp. a
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length space, resp. a geodesic space). In case (X, d) is complete and separable, the topology of (M (X), HKq)
coincides with the weak topology. The above properties can be found in [28, Sections 7,8].
Notice that Hy, is radially 2-convex, so that

I‘K2(7“0507T'1($1) :di/z@([l'o,\/’f'_o],[l'h\/ﬁ}). (48)

Moreover, it is not difficult to check that the squared canonical distance on the cone d% is a proper, lower
semicontinuous, and radially 2-homogeneous function whose l.s.c. convex envelope €02 (d%) coincides with
the function

d?r/2,€([x07 \/%]7 [zla \/T_l])a

so that (see e.g. [41, Corollary 3.18] for a proof) the Hellinger—Kantorovich distance can be recovered

minimizing w.r.t. the canonical cone distance i.e.

mg(uo’ul):inf{/[ ]déda:aeﬁQ(uo,ul)}, Ho, M1 €M+(X>.
X, X

Let us also recall a useful dynamic formulation of HK, consequence of [28, Theorem 8.4]:

Theorem 4.4. Let (X,d) be a length complete and separable metric space and let us define the lower
semicontinuous functional (the 2-action functional) As : C([0,1]; (€[X],de)) — [0, +00] as

As(y) = /0 In¢lg, dt if n € AC*([0,1]; (€[ X],d¢)), wo)
+00

else,

where |9}]3, is the metric derivative of the curve v at time t, see (2.2) and (2.9). Then, for all po,pu €
M (X) it holds

M (0, 11) = inf / As(y) d(y) (4.10)

where the infimum runs over all ® € P(AC?([0,1]; (€[X],d¢)) such that (eg,e1)ym € H2(po, p1)- If (X, d)
is additionally assumed to be geodesic, then the infimum is attained.

We conclude with a slight improvement of [28, Theorem 8.6].

Theorem 4.5. Let (X,d) be a geodesic, complete and separable metric space. For every (constant speed,
length-minimizing) HKq-geodesic (j1¢)ie(0,1) there exists a measure w € P(Geo((€[X],d¢))) such that:

(a) H?((et)ym) = e for all t € [0,1];

(b) it holds

o, = / v/ (6)2, dre(n) = / (PO + Iy OP 12 (O)3) dn(y)  for ae. t€0,1];  (4.11)

(¢c) (e¢)ym is concentrated on €r[X] = {[z,r] € €[X] : 0 <r < R}, for allt € [0,1], where R > 0 is
a constant depending only on g and py;

(d) m is concentrated on
™

{n € Geo((€[X],de) : Ty (0)ry(1) > 0 = d(ay(0),2y(1)) < T } -
Proof. By [28, Theorem 8.6], we can find w € P(Geo((€[X],d¢))) satisfying points (a)-(c) as above. We
show that also point (d) must hold: we argue by contradiction, assuming that 7 (B) > 0, where

B = {1) € Geo((€[X],de)) : 7 (0)ry (1) > 0 and d(,(0), z,(1)) > g} :

and we produce a curve (fit):e[0,1] € AC?([0,1]; (M4 (X), Hq)) connecting g to p; whose length is strictly
less than HKq(po, 11). Let T, Th : Geo((€[X],d¢)) = Geo((€[X],d¢)) be defined as

To(n)(t) = [2y(0), (1 = )2y (0)],  Ta(n)(t) := [y(1),0v2ry (1)), ¢t € [0,1], y € Geo((€[X], de)).

Note that, by construction, Ty(y) is the geodesic connecting v/2n(0) to o and Ti(v) is the geodesic
connecting o to v/2n(1) so that

T5(n) 5, (t) = 2r; (i), forae te(0,1), i=0,1. (4.12)
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Observe also that every element 1 € B satisfies
o (0) + 7 (1) < dg(n(0),n(1)) = |v'(t)|3, for a.e. t € (0,1). (4.13)
We define
- o1 1 - -
®=nwL B+ §(T0)u(7rl_B) + E(Tl)ﬂ('?TLB), fie = b2 ((er)s7), te€[0,1].

By construction 7 € P(Geo((€[X],d¢))); we show that fi; = h?((e;)37) = p; for i = 0, 1: indeed, for every
p € Cp(X), we have

/X # db?((e0)s) = / (1)) (i) d7e () = /B plag(i))ry (0) dre ()
+ % /B @(xTo(n)(i))T%o(U)(i) dw(y) + % /B o7y (m) (2 ))rT () d7r(n)

= [ etas@riyanto) + [ plan@)rii) dmlo) = [ oan?(eiem).

If ¢ € (0,1) belongs to the (full measure) set of times where point (b) is satisfied for 7 and both (4.12),
(4.13) hold true, we have

@k aw) = [ @ ant)+ 5 [ 2d0)an+ 5 [ 2riyan
< | Wk, ant) + [ 1@, ao

/\U \deW |Ut|H<d mg(ﬂo,ul)-

Integrating the above inequality in [0, 1] we deduce that (fit)ie[0,1] € AC?([0,1]; (M (X), HKq)) (see the
discussion above [28, Formula (8.20)]) and that

1 1
(ieon) < [ it < [ [ 100 ai(o) < WG G0,
namely the sought contradiction. O

4.3. Contraction and invariance properties of UOT
The following is a simple contraction property of these three distances w.r.t. Lipschitz transformations,

see also [28, Lemma 8.22].

Lemma 4.6 (Contraction property of UOT). Let (X,dx) and (Y,dy) be metric spaces and let f: X =Y
be a 1-Lipschitz function, i.e.

dy (f(20), f(21)) < dx(wo,z1)  for every zo, 1 € X.
Then for every po, 1 € M4 (X), we have

o Ky (fyrro, fopn) < Hax (po, 1),
e Hey, v (fio, farn) < Hep x (1o, p11),
o Wydy (feros fipn) < Wy dx (ko p1),
where we added a subscript X (resp. Y ) to denote the p-Hellinger distance in M (X) (resp. M4 (Y)).

Proof. Let Hz be any among prydz, Hhe, , or HH<dZ for Z equal to X or Y (again we added a subscript
in the notation for Hep). Let T} : €[X, X] — €[Y, Y] be defined as

Tf([x()?r()]a [:171’ 7’1}) = ([f(»fo)ﬂ”o], [f(xl)vrl])'

It is easy to check that Hy o Ty < Hx and, if a € $2(uo, p1) for measures pg, p1 € My (X), then
(T )pex € H2(fopto, frpn). We deduce that for any o € $H2(uo, p11), we have

UOTHY (fﬁ/iOa fﬁ/il) < / Hy d[(Tf)ﬁa] = (HY o Tf) da < / Hy da.
ClY,Y] C[X,X] ¢[X,X]

Passing to the infimum in a € $2(po, 1), we conclude. O
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As a consequence we get that any of the above three distances is invariant for isometric embeddings,
when the metric spaces are complete.

Proposition 4.7. Let (X,dx) and (Y,dy) be metric spaces, (X,dx) complete, and let 1 : X =Y be an
isometry onto its image, in the sense that

dy (¢«(20), t(z1)) = dx(z0,21)  for every xo,z1 € X.
Then for every ug, p1 € M4 (X), we have

o }-Kdy (Lﬁ:L"O? Lﬁ.u“l) = I_de (:U'Oa Ul)?
b HepY(%HOvLﬁMl) = Hep,X(M07M1)7
® Woay (tgh0, tgp1) = Wop,dy (o, 1),
where we added a subscript X (resp. Y ) to denote the p-Hellinger distance in My (X) (resp. M (Y)).

Proof. As in the proof of Lemma 4.6, we denote by Hz any among Hw, , , Hye, , or H"Kdz for Z equal to

p,dy

X,Y or «(X) CY (again we added a subscript in the notation for He,). Since ¢ is 1-Lipschitz, we have
by Lemma 4.6 that

UOTwh, (¢gp0, tgp1) < UOTwy (o, 1) for every po, pn € Mo (X).
We are left to prove the reverse inequality. We observe that
supp(a) C €[u(X), (X)) for every a € $%(typ10, Lppt1) C M4 (€[Y,Y]). (4.14)

Indeed, ¢ is an isometry and (X,dx) is complete, so that it is a closed map, hence supp(¢gp;) C
t(supp(p;)) C ¢(X), @ = 0,1. Therefore, (4.14) follows if we prove supp(a) C Vp x Vi, where we have
introduced

Vi= {[Z—,I,’I”], ye Supp(L)iin)v r> 0} U {UY}v i1 =0,1.
Let (90,91) € supp(e) and let us prove w.l.o.g. that no € Vp: if pg = oy, then yy € V by definition. If
instead o # oy, then ny = [yo, ro] for some yy € Y and some ro > 0. Assume by contradiction, that
Yo ¢ supp(typuo). Hence we can find a Borel function ¢ : Y — [0, 1] and a radius € > 0 such that ¢ =1 on
the open ball By, (yo,€) and

/ @ d(ugp0) = 0.
Y
However, setting A = p(Bq, (y0,¢) x (10/2,3/2r¢)) x €[Y], we have

1
0= / pd(egpo) = / (¢ ox0)rp dex > / (¢ 0 x0)rg dax > <rgax(A) > 0,
Y e[y,Y] A 4

where we have used that A is an open neighbourhood of (y9,91) € supp(a). The proof of (4.14) is thus
concluded and we can immediately derive that

UOTw, (tgp0, typ1) = UOTHh, ., (tgfto, typn)  for every po, i € M4 (X)

by definition of Unbalanced Optimal Transport cost. We now consider the map ¢! which is 1-Lipschitz as
a map from (¢(X),dy) to (X,dx) and thus, using again Lemma 4.6, for every pug, 1 € M4 (X) we have

UOTHX (:U'Oa /Ufl) = UOTHX (Li?l(bﬂMO)a Lgl(%ul)) < UOTHL(X)(Lﬁ:u‘O? Lﬁﬂl) = UOTHY (Lu,u,o, Lﬁ/il)

which gives the desired reverse inequality and concludes the proof. ([l

5. MARGINAL ENTROPY-TRANSPORT PROBLEMS

In this section we assume a metric space (X,d) to be fixed and we use the notation He := Hes,
W =Wy 4, KK := HK4. We devote this section to the study of the energy & in (3.1) when N =1, ¢; = He
and co = W. This leads to the following definition.

Definition 5.1 (He — W minimizing movement). We define the marginal He — W problem between
fo, 1 € My (X) as

WHe(po. ) = _int  HE? (a0, ) + W2 (v, ). (5.1)



THE INF-CONVOLUTION STRUCTURE OF THE HK DISTANCE 25

The terminology is inspired by [28, Section 3.3 E.8], since (5.1) enters in the framework of the marginal
Entropy-Transport problems in the sense of Liero, Mielke, and Savaré, with transport cost given by d?
and relative entropy generated by the function My as in (4.5).

We collect in the following result a few immediate properties of WHe.

Proposition 5.2. The function WHe has the following properties:

(1) WHe(po, p1) < +o0 for every po, p1 € M4.(X);
(2) if u; is the null measure, then WHe(uo, 1) = p1—:(X) realized by v = p;, for i =0,1;
(8) introducing Hwhe : €[X, X] — [0, +00) defined as

(ro —11)? + 72d?(x0, 71) if ro > 0,

2

(5.2)
1 Zf To = 07

Hwhe ([0, o], [z1,71]) = {
then Hwue is a well defined, proper, lower semicontinuous and radially 2-homogeneous function
such that WHe = UOTw,,,,.. In particular, for every pair (po, p1) € M4 (X) x M4 (X) there exists
a € H%(uo, 1) such that

WHe( g, pi1) :/ Hwhe dey;
¢[X,X]

(4) for every pair (po, p1) € M4 (X) x M (X) the set of v € M (X) realizing the infimum in the
definition of WHe is not empty.

Proof. Claim (1) follows by considering the competitor v := p1 and the finiteness of He.

Claim (2) is obvious from the definitions of He and W.

To prove claim (3) we start by noticing that for r; = 0 we have (rg — r1)? + r$d?(xg, x1) = 73. Since
for rg = 0 Hwpe is also independent on the spatial variables, this implies that Hypne is well defined on
¢[X, X]. Tt is clear that Hwpe is proper, while the radially 2-homogeneity can be easily checked since for
every A > 0 we have

Arg — Arp)? + A2r2d?(zo, if rg >0
HWHe([rTO,)\TOL [371,)\7“1]) _ {( 7o Tl) 7‘1 (.’L'() xl) 1L g

A2r? ifro=0
B A2(rg —11)? + N2r?d?(xg, 21) ifrg >0
A2r? if ro =0

= MHwte([xo, 0], [z1,71]).-
To prove the lower semicontinuity of Hype, we note that in general
Hwhe([zo, 7o), [#1,71]) > [ro — r1|*  for every [xo, 7o), [21,71] € €[X] (5.3)
with equality if ror; = 0. We consider any sequence (93, 97)n = ([F, 73], [T, r7])n C €[X, X] converging
to (9o, 91) = ([x0,70], [71,71]) € €[X, X] as n — +oo. Using the description of the topology on €[X, X]
we can infer that r!* — r; as n — 400, i = 0,1. Thus, if ror; = 0, we can use (5.3) and see that
|2

lim inf Hwhe (g, 1) > E@ifolf rg —r71? = [ro — r11> = Hwhe (Do, 91)-

n—-+4oo

If, on the other hand, ror; > 0, for n large enough we have rgr? > 0 so that

i (o, 07) = Tim (g — 2 4 ()2 g, )

= |ro — 71]* + r1d* (20, 71) = Hwre (90, 91).

We now show that UOT,,,, = WHe. We prove separately the two inequalities, starting with UOTy,,,, <
WHe. Let v € M4 (X); if W(v, 1) = 400 there is nothing to prove, so let us assume W(v, p11) < +00 and
let

po = pgc + py =9 + g
be the Lebesgue decomposition of pg w.r.t. v. Let v € T',(v, 1) (cf. Section 4.2.1) and let us define

a = ([Wovﬁ o WO]? [le 1])ﬂ'7 + ([ian 1]7 O)ﬁM(J)_ﬂ
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where 7* are the projections from X x X to X and idx is the identity map on X. It is not difficult to
check that o € $2(uo, 1), so that

UOTHy. (110, f21) S/ Hwhe da
¢[X,X]
_ / Hute([0, 9(o)]. 21, 1]) dy(o, 1) + / Ldud
XxX X

:/ <|1907r0—1’2+d2) d~y+/ Ldy + py (X)
{9¥>0} {9=0}

:/ W —1) du+u§(X)+/ d?dy
X {9>0}
< HGQ(M07V) +W2(V7M1),

where we have also used (4.6). This gives the desired inequality since v is arbitrary. To prove the converse
inequality, let now a € $2(ug, pt1) be optimal for the definition of UOTpy,, (1o, 1) (cf. Theorem 4.3(1))
and let us define

py = (a)g(rfal{ro =0}), = (xo,x1)s(rfexl{ro > 0}) + (idx, idx )13 ,
V= 7rﬁ’)/, & = ([xo, ro], [xo, r1])g (@ L {ro > 0}) + (o, [idx, 1])4p - (5.4)
It is not difficult to check that v € T'(v, 1) and & € $H2(po,v). Moreover we have

/ Hue dé — / o — 12 dex, (5.5)
¢[X,X] ¢[X,X]

where Hye is as in (4.4); indeed:

/ HHeddZ/ Hue([z0, 0], [z0,71]) dae([xo, 7], [x1, 1] +/ Hue (0, [z, 1]) dp) ()
X, X] {ro>0} X

~ [ o-nPaa [ 1a(estal (o -o)
{ro>0} X

:/ |r0—r1|2da—|—/ r{ da
{ro>0} {ro=0}

:/ Iro — r1]? de.
e[X,X]

Then we have

UOTHWHe (MOv Ml) = / Hwhe da
¢[X,X]

:/ (Iro = 1> + rid®(x0,x1)) da+/ r? da
{ro>0} {ro=0}

:/ \ro—rl\Qda—I—/ rde(xo,xl)da
¢lX,X] {ro>0}

:/ HHHed&—i—/ d*dy
¢[X,X] XxX
> He2(;¢0,y) —|—W2(u,u1).

Moreover, the above computations show that the measures v defined in (5.4) satisfies claim (4). O

Remark 5.3. We notice that the function Hwne defined in (5.2) is not the square of a distance on €[X].
Indeed, it is not symmetric since Hwue([Zo, 70], [*1,71]) # Hwhe([21,71], [0, T0]) whenever rg = 1,7 = 2
and d(xzg,z1) = 1. Also the triangle inequality fails: for this, one can consider a triple of points
[0, 70], [T1,71], [X2, 2] satisfying the admissible constraints

ro=rqg >0, 71 =0, d(l’o,xg) < d($071'1) + d(xl,xg), d2(x07x2) > 4.

It is immediate to see that for these points

VHwee([zo, 7o), [£2,72]) > v/ Hwhe([z0, 70], [21,71]) + v/ Hwhe ([£1, 71], [22, 72]).
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Lemma 5.4. Let Hix be as in (4.7) and let Hwpe be as in (5.2). Then

Hix < d2 < 2Hwpe -

Proof. The first inequality is obvious, we only consider the second one. If ryp = 0 both functions are equal
to r1 so that we have only to consider the case rg > 0:

2.8

d A
d%([xo,ro], [x1,71]) 28 |ro — 7“1|2 + 4rory sin? <W>

2

2
d A
=|ro—r1*+2(ro — 1) [27“% sin? ((aco,xl) W)}

2
d(zg, 1) A 7r>
2

d A
= |ro — 1> + 4(ro — 11 +r1)ry sin? (Wl)ﬁ)

+ 47% sin? (

o, T1) AT

. d
< ‘7”0—7‘1‘2+|7"0—7"1|2+47"%Sln4 ( ( 5 ) +r%d2(xo,x1)

d A
7(:60’:;1) W) + r2d*(zg, 1)

<2|rg — 7“1|2 + rld (zo,21) + r%dQ(mo,xl)

< 2|rg — 7"1|2 —|—47"% sin® (

= 2Hwre([z0, o], [z1,71]).

O

Although the following results are not needed in the proof of the equality HK = HeVW, we believe they
are of interest for future investigations on Marginal Entropy-Transport problems and help to better clarify
the properties of the WHe cost. The first result describes minimizers in the definition of WHe in (5.1).

Proposition 5.5. Let pg, p1 € M (X) and let v be a minimizer for WHe, i.e. such that
Hez(uo, v) + W2(V7 p1) = WHe(po, p1)-

Let v = v + vt be the Lebesgque decomposition of v w.r.t. po. Then for every v € Ty(v, 1) (that is, ~ is
optimal for W(v, u1)) we have that its disintegration {v,}zex w.r.t. v satisfies

~N, =0, forvt-ae xcX.

Remark 5.6. This is to say that the singular part of v w.r.t. ug does not need to be moved when matching
v to pp in an optimal way.

Proof. Let v € T',(v, u1); we assume by contradiction that there exists a Borel set A C X such that
v+(A) > 0 and v, # 6, for every x € A. Let us denote by ) the density of v%¢ w.r.t. uo and let us define

i =} (/ %dﬂw)), R B TRy S T (R R A0
X X X

We have for every ¢ € Cp(X) that

[eamn= [ womav= [ [ e@anmar@+ [ [ owas,@anm
:/Xgodz/“c—i-/ <,0d,tf1=/ pdp,

[oamn = [ worav= [ [ ewanmar@+ [ [ o an)
= /X /X o(y) dv,(y) dv*“(z) + / o diin
:/X/X@()d% () // y) dy, (y) dv (@)
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We deduce that 4 € T'(7, u1). Notice that

/ d*(z,y) dv,(y) = / d*(z,y) dv,(y) >0 for every x € 4,
X {y#z}

since v, ({y # z}) = v, {y : d*(z,y) > 0}) > 0 being ~, # 6,. We deduce that

// (z,y) dvy,(y)dvt // (x,y) dv, (y) dv (z) >

Therefore, using (4.6), we have

2
He(i0,7) + W2 ) < [ (1= VITFT) duotint () + [
X X

x X

:/ (1+19+q9’—2\/19+19’) dpo + i = (X)
X

//d%yd% ) dvoe(x //da:ydé x) dfin (y)

g/X(1+19+19’f2\/?9) duoﬂzﬁ(x)+/X/Xd2(x7y)dvx(y)dvac(x)
:/ (1+0+9" —2v0) dpo + it (X)

+ [ [ eenanmue - [ [ Eeninmate)

< [ (1040 2) ot it )+ [ [ P dvm )
<[ (=) ot [ vt 0+ [ [ @)
= [ (1-V9) dho (30 + W)
X
:/)((1—\/5)2d,u0+W1/u1 //1d’)’z y) dvt ()
/ (1—\/@)2 dpio + vH(X) + W(v, 111)
s
= Hez(uo, v) 4+ W2 (v, py)
This contradicts the minimality of v. (I

Thanks to Proposition 5.5 we can explicitly compute the optimal v in case of Dirac measures.

Proposition 5.7. Let xg,x1 € X, 19,71 € [0,4+00) and let pg = 1oz, and py = r10,,. Then the unique
optimal v for WHe(ug, 1) is given by
1 AN W

if o # x1
vV =500z + (r1 — $0)0zy, S0 = 20,21) ' 7,
r1 if vo = x1.

In particular

(\/7— \/7) +7‘1d2(1'0,$1) ifT1d4(1‘0,171) S To,

WHe(roéx ,’1“15z ):
’ ! ro+11— m if rid* (o, 1) > 1.

Proof. We know that in case g = 0 or r; = 0 the minimizer is v = u1; let us assume that both r¢ and 7,
are strictly larger than 0. Let v be a minimizer for WHe (0, f11), let (v%¢, v+) be its Lebesgue decomposition
w.r.t.uo and notice that v*¢ = rd,, for some r € [0,7], since v < po and v(X) = p1(X) = r1. The
unique optimal transport plan v € T'(v, u1) is simply v = v ® §,, so that its disintegration {7y, }secx
w.r.t. v is simply given by ~, = 6., for every x € X. By Proposition 5.5, we know that v is concentrated
on the set

{reX: v, =0} ={z€X:d,, =,} ={x1}
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We deduce that v+ = (r1 — )by, In case xyp = x1 we thus get sop = r1; let us assume that zg # z1: we
can explicitly compute He? (o, ) and W3 (v, p11):

2

dyac
He? (po,v) = /X <1 “\ > dpo +vH(X) = ro(1 — \/1r/r0)* + (r1 — 1) =70 + 71 — 2\/T0T,

W) = [

X

d?>dy = / d*(z, 1) dv(z) = rd*(zo, z1).
x X b's
We are then left with the minimization problem
minimize  rd*(xg,21) — 2\/ror  subject to 0 <7 <7,
which gives the desired result. O

Remark 5.8. By Theorem 4.3(2), we have that the lower semicontinuous and convex envelope of the
1-homogeneous version of Hwpe is thus given by

(V7o — )2 +md*(zo, 21)  if rad* (o, 21) < 7o,

s s 4
ro—i—rl—m if r1d*(zg, 1) > 70.

@02 (Hwre) ([0, 0], [x1,7m1]) = (5.6)

The same result could be obtained directly: let zq, 21 € X and set d := d(xg,x1) > 0; by Fenchel-Moreau
duality Theorem, we need to compute the (restriction to [0, +00)? of the) biconjugate of the function

(\/7"» — \/7“71)2 + ’I"1d2X(0,+oo)(’/‘0) if ro,r1 > 0,

fa(ro,r1) = {
+00 else.

Since fy is 1-homogeneous, it is not difficult to see that

Fi(s0,81) = sup {roso + 1151 — (V70 — V/71)% + 71d*X(0,400) (10) : 70,71 > 0} = Ic,

that is, f7 is the indicator of the set

1
Cdl{(80,51)250<1,81§1,511d2< }
S0 — 1
Therefore the biconjugate function f;* is obtained by computing
fa*(ro,m1) = sup {roso + r151 : (s0,51) € Ca} =710 + 71 — inf{roz + ry: 2z >0,y >0,y +d* > 1/z}.

The infimum above is clearly equal to 0 in case r1rg = 0, so that we can restrict to the case rgr; > 0; in
this case, the constrained minimization problem in two variables is solved looking at the behaviour of
the objective function on the boundary of the domain of minimization, that is, one has to minimize the
function b : (0, +00) — R given by

b(x)_{rox—i-rxl—rldQ if0<x§d%,

0T ifx > d%,

where we mean that, in case d = 0, only the first case occurs. In case d = 0, we have that the minimum is
attained at © = \/r1/rg equal to 2,/ror1. In case d > 0, we have two cases:

(1) If r1d* < ry , then b is decreasing in (0,/r1/r9) and increasing in (/r1/7o, +00). Thus the
minimum is attained at = /r1/ro equal to 2,/rory — r1d?.

(2) If r1d* > rg, then b is decreasing in (0,1/d?) and increasing in (1/d?,+00). Thus the minimum is
attained at x = 1/d? equal to ro/d>.

Putting together this information, one obtains precisely the expression in (5.6) for f;*.
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6. HeVW < K

In this section we assume (X, d) to be a geodesic, complete and separable metric space; we adopt the
same notation He, W, HK, WHe of the previous section, removing the dependence on the exponent p = 2
and on the distance d when this does not cause confusion. In this section we also use the notation &y as
in (3.1) meaning that ¢c; = He and co = W.

Let po, 1 € M4 (X) be fixed; we aim to show that

(HeVW)? (a0, 1) < H (1o, 1) (6.1)

By Theorem 4.5, given a (constant speed, length minimizing) HK-geodesic (pi¢)¢cjo,1) connecting po to g1,
we can find a plan 7 € P(Geo((€[X],d¢))) such that

|‘K2(u0, /141) = /.AQ dﬂ', (6.2)

where As is as in (4.9); therefore, the natural strategy is to consider, for every N € Ny 1, a family of N —1
equidistributed points along (4¢)¢c[o,1] and, then, to construct an N-path by interpolating those points
with WHe minimizers: we aim then to show that the corresponding energy £y can be controlled in the
limit by HK? (0, f21). More in detail, we set

=bh%((eiyn)im) € My(X), i=0,....,N (6.3)
and
aﬁv = (ei—717el)ﬁ7T€M+(¢[X,X]), i=1,...,N
and, for every i = 1,..., N, we select v € M, (X) minimizer for WHe(co¥ ;,o¥), whose existence is
given by Proposition 5.2(4). We thus define Py = (of,0d,...o¥;v¥, ... ,vY) and note that Py €
P (o, p1; N).

Observe that it holds

NZHG 1171)+W2(1N75V))

N
NS WHe(o o) < NY [ Hunedal
1=1 =1

¢[X,X]

where Hwpe is as in (5.2). By definition of infimal convolution, therefore, the final inequality (6.1) is
achieved if we prove that

N

(HeVW)?(pu, p11) < 1imSUpNz Hwhe da)’ < /Az dm, (6.4)
No+too i Je[x,X)

where we also used (6.2). Rewriting the term in the middle in terms of 7w we have

Né/c[x,x] Hwhe dalY = /Nii_v;HWHe (U (Z_Nl) ) <Ji7)> dm(y)
<[ [|r:,<t>|2+ ()

1
:;/ DY (t,y)dtdr =: Iy,
0

Iwi,(t)lﬁl dt d(y)

where we have employed the explicit expression of Hwne (cf. (5.2)), and we have also used Jensen’s
inequality (more details will be given in the proof of Theorem 6.3). What makes DY different from the
metric derivative on the cone (cf. (2.10)) is the fact that the term multiplying |} (¢)|3 should be replaced
by ry (t)2, but one can infer that, as N — +oc and by continuity of v, the latter will indeed appear, so
that

lim sup Iy :hmsup/ DY (t,y)dtd=m(y // \T \Q—I—r ()] zy ()4 3] dtdﬂ':/.Agdﬂ',

N——+oco N—+oco
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which leads precisely to (6.4). To make this strategy rigorous, however, one would need a (uniformly in

Ty (%)
ry(t)

in order to apply e.g. the Lebesgue dominated convergence theorem (notice that a constant bound on
Ty <%) would not suffice since we do not know whether (v,t) — |} (¢)|5 belongs to L' (7w @ L' L[0,1])).

To control the ratio in (6.5), we consider the set of ‘non-degenerate’ geodesics

N) integrable control on the ratio

(6.5)

A= {n € Geo((€[X],de)) : 0 < d(xy(0), zy(1)) < g and 7(0)ry(1) > o} (6.6)
and, for any £ > 0, that of ‘e-good’ geodesics
A = {l) €A |:U((3|| < 2 for all t,s € [0, 1] such that |t — s| < 5} . (6.7)
y
Therefore, on the set A, the dominated convergence theorem can be applied, obtaining
limsup/ DY (t,y)dtdm(y / Ay dmr. (6.8)
N—+oo JA. JO

We will observe that on the set Geo((€[X],d¢))\ A both the metric derivative and D3’ are equal to |r (t)[?
so that no limit in N is actually necessary, hence

limsup/ / DY (t,p)dtdn(y) = / Ay dr. (6.9)
N—+o0 JGeo((€[X].de))\A Geo((€[X],de))\A

It remains to control the integral of DY on the set A\ A.: unfortunately, no uniformly integrable control
of DY is available on this set, so that we need to modify the plan 7 into an ‘approximated’ plan 7.
defined as

7o = mL (A, U (Geo((€[X], de)) \ A)) + Ty(mL (A A)), (6.10)
where T': Geo((€[X],de)) — ACZ([0, 1]; (€[X], de)), § — T(y), is defined as
[24(0), (1 — 2t)ry(0)] ift € [0,1/2],
[2(1), (2t — )ry(1)] if ¢ € (1/2,1].

We can thus repeat the above construction from (6.3) to (6.9) word by word replacing 7« with 7. (and

)
T(y)(t) = {

)
thus oV with 0, & with a™%, v with )%, Py with Py ., and Iy with I%): the argument to reach
the inequalities (6.8) and (6.9) on the sets A, and Geo((€[X],de¢)) \ A), respectively, is indeed the same.

On the other hand, on the set T'(A\ A.), we can show that D} (¢,9) is bounded by |r}(¢)]* + o(N), and
that the metric derivative coincides with |7} (¢)|?, therefore obtaining also

lim sup / / DY (t,y)dtdr.(y) < / Az dmr..
N—+oo JT(A\A,) T(A\A:)

Putting together this latter inequality with (6.8) and (6.9) written for 7. one finally arrives to

1

(HeVW)? (pug, p11) < limsup 1§, = limsup // DY (t,p)dtdm. < /.,42 dm,.
N—+o00 N—+o00 0

It is then sufficient to show that lim, g f.Ag dr, = f Ao dm, see Lemma 6.2.

We now detail the above strategy: as said at the beginning, we fix measures pg, 1 € M4 (X) and we
select a (constant speed, length-minimizing) HK-geodesic (ut)¢ejo,1) connecting po to py. By Theorem 4.5
there exists m € P(Geo((€[X],d¢))) satisfying conditions (a)-(d) in the statement of the same theorem.

Let us point out that the definitions of A and A, in (6.6) and (6.7) are meaningful since for a geodesic
y € A the radius 7 (t) is positive at any t € [0, 1], as explained in Remark 2.1. As a consequence of the
same observation we have that A. C A.s C A whenever 0 < ¢/ < ¢ and U.s9A: = A. Finally, we briefly
remark that both A and A, are Borel sets: indeed, A can be expressed as intersection of the pre-images
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of the intervals (0, 5] and (0, +o0) via the Borel maps d(xoeg,xoe1) and roeq - roe; respectively; on the

other hand, since ¢t — ry(t) is continuous on [0, 1],

A= N {t)eA: wiol 32}
t,s€QN[0,1] 7y (s)l
[t—s|<e

and each set on the right-hand side is Borel being the pre-image of [0, 2] via a well-defined (by Remark
2.1) Borel map, thus settling the measurability of A..
As a first step, let us prove that . (when projected) still joins pg to pq.

Lemma 6.1. Let 7. be defined as in (6.10); then w. € P(AC?([0,1]; (€[X],de))) and h%((e;)sme) = i
fori=0,1.

Proof. The fact that 7r. is concentrated on AC?([0, 1]; (€[X],de)) follows by the fact that 7 is concentrated
on Geo((€[X],d¢)) and (2.9). Moreover, since the total mass is preserved by push-forward, we also see
that 7. (AC%([0,1]; (€[X],d¢))) = 1.

As for h%((e;)ym:) = pi, fix ¢ € Cp(X) and note that, for i = 0,1,

/dehQ((ei)ﬁﬂa) ZL[X](WOX)rzd(ei)uﬂe = /w(wo(i))fﬁ(i) dme(v)

— [las@riinm = [ (poxrdem

e[X]

= [ warenm = [

where on the fourth line we used the fact that xpy)(i) = 2(i) and rpy)(i) = ry(i) by construction and
on the last line the fact that h2((e;)ym) = p;. O

0)r2(i) dm(y) + / (e (1))r2(6) ATy(m L (A A2)) ()

@(xn( ))
(o (D))r2(i) dm () + /A P O () ar()
@(xn( ))

D@ dmo) + [ ol da(y)

A\AE

Lemma 6.2. Let Ay : C([0,1]; (€[X],d¢)) — [0, +00] be defined as in (4.9) and let . be as in (6.10).

Then
lim/Az dm, = /A2 dm.
el0

Proof. Since 7 and 7. are concentrated on AC?([0,1]; (¢[X],d¢)), Az only takes finite values on the
support of these probabilities. We then rewrite

/Agdm:/ A2d7r+/A2dTu(1rI_(A\AE))
A:UAc

and observe that the first term on the right-hand side converges to [ As;dm as ¢ | 0 by monotone
convergence: indeed, Az > 0 and A. T A ase | 0.

Thus, we are only left to prove that the second term vanishes as ¢ | 0. To this end, noticing that
T(n) € AC*([0, 1); (€[X], de)) with 1) (8)] = 2lry(0)] on [0,1/2], [}, (O] = 2lry(1)] om (1/2,1], and
|27 () (H)|a = 0 a.e. in [0, 1], yields

[ Aeatm v A = [ . | (i OF + o) (0Pl (0 (o

- / (Iry ()% + [y (1)) dr(y) < 4R2m(A\ A.),
A\

where in the last inequality we used the fact that, by Theorem 4.5(c), (eg)s7, (e1)y7 are concentrated on
€r[X]. The fact that w(A\ A.) — 0 as € | 0 then follows again by A. T A as ¢ ] 0. O

We are now in the position to prove the main result of this section.
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Theorem 6.3. Let (X,d) be a complete, separable and geodesic metric space and let ug, 1 € My (X).
Then

(Hea VWa g) (po, p1) < HKg(po, pi1)-

Proof. Fix € > 0 and consider . as defined in (6.10). For every N € N>; with NV > 1/e we also define

oV = 0 ((eyn)pm) € My(X), =0, N

and

a)f = (ei]_v1,e%)ﬁ7r8€M+(€[X,X]), i=1,...,N
and, for every i = 1,..., N, we select Z/Z-N’E € M (X) minimizer for WHe( fv I UZN’E) whose existence is
given by Proposition 5.2(4). We thus define Py, = (00,01, ...on; v, ...,vN'F) and note that

Pne € P(po, pa; N).
After this premise, we start observing that by construction

N (Pye) NZ(He (005, 00%) + W2 (Y5, oY)
(6.11)
:NZWHe oNe oNe <NZ/ Hwhe ey ™,
=1

¢[X,X]

where Hwpe is as in (5.2). If we introduce for ease of notation the functions H,H” : €[X, X] — [0, +00)
defined as

if rp >0

H/([xo,To], [.’El,Tl]) = (7”0 —7‘1)27 H//([me'O]a [1’1,7"1]) = { gld (xo’zl) if To = 0 ’

so that Hyne = H + H”, then we can rewrite the last term above as

N

N;/@[XX] HWHedaﬁv’EZ/NiH’ (U (z]—vl )
L))
+/ACN;H” (n(’_]vl)n<

+/N§;H” (r(55) 0 () antmt 4\ a9,

Let us now discuss separately the four integrals, that for sake of brevity we shall denote IV, IV, IV, and

I} respectively. As regards the first one, by (2.9) first and Jensen’s inequality then we obtain
al i i 1
N Z - Z
Il :/N TU<7)_TU(T ‘ dﬂ'g /N

/ Z / P wan.)= [ [ phioraran)

and observe that the right-hand side does not depend on NV any longer, so that

1
limsuprvg// ry (£)]* dt dmw(v).
N—+oco 0

(t)|dt| dm-(y)
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As for IV, note that for any geodesic 1) € A, and a fortiori in A., both 19,91 # o0, so that by Remark 2.1
it holds min,co 1) y(t) > 0. This fact, together with (2.9) and Jensen’s inequality again, implies that

2= [ ()] ¢ () (5 o
< /AE Né T“(]if)’2 ‘/; |2y (8)]a dt
</ Vl_i rn(]z)r / [ (8)3 dtd(n)

S

|y (1) 3 dt dme (y).
Dividing and multiplying the integrand function by |ry(¢)|* (which is possible since, as already pointed

dm(n)

out, for any geodesic y§ € A. we have minsc[g,1)7y(t) > 0), we can exploit the definition of A, because
|L]1\>ﬂ — %| < % < e for every t € [0,1], and this yields

(%)

Since xa, |1y (8)]* |2y (1[5 < |ry (8?2 (1)]5 € L' (w @ LML [0,1]) as a consequence of (4.11), by Lebesgue’s
dominated convergence theorem we conclude that

2
g (013 < dxalry@)Plzy(O)E, ¥t € [0,1], ¥y € A..

1
limsup I < /A / o (8) P ()12 e ().
e JO

N—+oo

For the third integral in (6.12), by Theorem 4.5(d), if y € A€, then only two situations may occur:

e either 7, (0)ry(1) = 0, so that x,(¢) is constant in time (since y falls within case (1) or case (2)
discussed in Section 2.4);
e or 7y(0)ry(1) > 0 and d(xy(0), 2, (1)) = 0, so that x,(t) is constant in time.

In both cases

1 .
rﬁ(t)|x§)(t)|§ =H" <t) <Z I ) .0 <]if)> =0 for every i =1,..., N, and a.e. t € (0,1),
so that

1
lim sup 2 — 0 — /A / I (8) 21, (8)2 de(n).

N—+o00
Finally, the fourth integral in (6.12) is given by
N . i—1 i
-/ o (ro) (54) 700 (7)) amo)

and we will now discuss separately the case when N is even and when N is odd. In the latter, we
first remark that for all h € A (which ensures rp(y)(0) = r,(0) > 0 and 77 (1) = 7y(1) > 0) it holds
Tr@y)(i/N) >0 for all i =0,..., N by definition of T'. Thus, by definition of H”

Iy = /A\AsNi TT(n)(X,)rdQ (W(n)(;,)’xT(n)(i_Nl)) dm(v)

and we observe that all but one terms d(zp(y)(i/N), Z7@y) ((i — 1)/N)) equal 0; more precisely, since

N is odd we have exactly one non-zero summand which corresponds to the unique index ¢* such that
(i* —1)/N < 1/2 < i*/N, namely the unique index i* such that zp(, is discontinuous in [i*lgl,%).
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Therefore
al N i i—1
N e ()| 4 (o0 (57)or (F5)
i=1
(2 . .
7* 5 7" -1 (6.13)
=N jrro ()| @ (ww (5) oo (5 ))
4R? 7?2 R2n?
<N—— L T
- N2 4 N’
where the inequality is due to Theorem 4. 5(d) and to the fact that, by definition of 7" and Theorem 4.5(c),
2R
7”T(n)( ‘ N max{ry(0), ry(1)} < N

If we now plug (6.13) into the expression of I}, we get the estimate I} < 3 R*r? for N odd.

If instead N is even, there exists exactly one index i* such that (i* —1)/N = 1/2, which implies rp ) ((¢* —
1)/N) = 0; for all the other indexes i = 0,..., N, i # i*, we have d(zp(y)(i/N), zpw)((i —1)/N)) = 0 and
thus I}V = 0 for N even.

Overall,

1
tmsup ¥ <0= [ [ e (OF el (0 ded(v),
N—+o00 A\A. Jo

since |xif(n)(t)|d =0 a.e. in [0, 1], for any n € A\ A..

In conclusion, combining the above estimates on IV, I3V, IV IV with (6.12) and (6.11) we deduce that
(HeVW)? (g, j11) = liminf inf {En(P) : P € P(po,p1;N)} < lim inf EN(PNJ)
< hmmf{f1 + I+ IV + 1Y} <limsup {I\¥ + I + I + I}V }
N—+oo N—+oco

< limsup I + limsup I + limsup I + lim sup I}
N—+oc0 N—+o00 N—+o0 N—+o00

< [ [ moraamo [ [ moroseo)
//m )2, (8)13 ey // ro (0) 2y (83 ATy (L (A AL))

/ A2d7'l'+ Azdﬁ+/A2dTﬁ TFL(A\A))
Ar

/AQ dTl'E

As this inequality holds true for any fixed € > 0, passing to the limit as € | 0 and applying Lemma 6.2
yield

1
(HETW)? o, ) < lim [ s, = [ s — | / Iy (D13, dt dre(y)

1
= /0 | i dt = K (a0, 1),
thus concluding the proof. ]
7. KK < HeVW
Aim of this section is to prove the converse inequality to (6.1), namely the following
Theorem 7.1. Let (X,d) be a complete and separable metric space and let ug, 1 € My (X). Then
Ha (o, p1) < (HeaVWa g ) (o, 1) -

Unlike in Theorem 6.3, notice that for this inequality we do not even require the space to be geodesic.
For ease of notation, in what follows we drop the dependence on the exponent p = 2 and on the distance
d in He, KK, W. Moreover, as the proof of Theorem 7.1 is rather involved, we present here the strategy.
Again, we denote by €y the energy as in (3.1) where ¢; = He and co = W, unless otherwise stated. In
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comparison with the previous section, to prove it we need to adopt a rather opposite approach. Indeed, in
Section 6 we started with a HK-geodesic between pg and pq and by time discretization we were naturally
led to an optimal family of N-paths between the same measures. Now we start with an optimal family of
N-paths and we need to find a way to interpolate between them: this will first require a gluing procedure
and a subsequent lifting to P(C([0, 1]; (€[X],de))).

More explicitly, assuming without loss of generality that (HeVW) (o, p1) < +00, by definition of HeVW
there exist a sequence (Ni)ren and Ng-paths (P} )ren such that

P, € P(po, p1; Ni), Ni 1400, En, (Pl) — (HeVW)?(uo, 1) as k — +oo.
By Proposition 5.2(4) we can replace every Ny-path P} = (uf,uf,... ,u’ka;ﬂf, . .,Djli,k) with P, =
(b ph, ..., M?Vk;yf, cee V]’i,k), where v is such that
WHe(uf |, ¥y = He®(uf_,, vF) + W2 (uF, uF)  for every 1 <i < N, k € N.
For the new paths it clearly still holds
En, (Py) — (HeVW)?(uo, p11)  as k — +o0, (7.1)

so that the inequality HK(j0, 111) < (HeVW)(po, 111 is proven if we show that HC? (g, 1) < limp s 4 o0 En, (Pr).
Moreover, by (7.1) there exists a constant C' € (0, +00) such that

En,(Py) < C  for every k € N. (7.2)

By Jensen’s inequality this implies

Ny
(Z WHe(ufl,uf)> <&n,(P,)<C for every k € N,

whence
Ny
Vio(X) + >\ /WHe(uF_, 1F) < V/io(X) +VC = 0, (7.3)

so that the left-hand side is bounded by a finite positive constant independent of k. By (a simple adaptation
of) [28, Lemma 7.11] we can thus find probability measures a* € P(€g[X]V++1), see (2.6a), such that

-y
af =m ol € 92 (i, )

for every i =1,..., N, k € N, (7.4)
/ Hwhe daf = WHe(u} ., if)
¢[X,X]

where Hwie is as in (5.2). The energy Ey, then rewrites as

Ny,

En, (Py) = Ny Z/ Hwhe def | (7.5)
1 Jelx,X)

which resembles a discretization of the action Ag, see (4.9). We are thus naturally led to lift a* to

7wk € P(AC?([0,1]; (€[X],de))), because if we prove that

Ny
< . . i s k _ . . )
/Agdﬂ' < lklgl_il_Ig/Nk;HWHeO(eN;,em)dﬂ lziff;ong’“(Pk)’ (7.6)

for some m € P(AC?*([0,1];(¢[X],d¢))) with (eg,e1)y™ € $H%(uo, 1), then the desired inequality
HK (1o, p1) < (HeVW) (20, 1) follows from the dynamical representation (4.10) of HK.

k so that #F — =

However, for the above inequality to hold we need tightness of the measures 7
for some 7, and some sort of uniform convergence of the integrands towards As. To overcome the first
obstacle, we assume X to be compact: this is not restrictive by Proposition 7.4. The second obstacle is
instead more involved. If the supports of the measures 7w* and 7 only contain curves with radii uniformly

bounded away from 0, then (7.6) holds true: the idea is to bound, as in (7.45),

A ) ol = /) /0

N k

HWHeO(ei—l,e i )(U) > (1/\
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and, if 7% is concentrated between the time steps L and N on constant-speed geodesics, then de (2, ((7 —
1)/N), zy(i/Ny)) coincides with the rescaled metrlc speed N, '[9/ (t)|q, - Integrating in time the right-hand
side above thus yields (up to a multiplicative factor tending to 1 as kK — +00) the action A;. Handling
the liminf as k — +0o0 when the above inequality is integrated w.r.t. ¥ is discussed in Proposition 7.6.
Incidentally, the above discussion suggests how to actually lift o to P(AC?([0,1]; (€[X],d¢))). We
define a geodesic interpolation map I'Vr : ¢[X]Ve+1 — AC?([0,1]; (€[X], d¢)) that sends the (N, +1)-tuple
(90, - - -, 9N, ) into an absolutely continuous curve that, on every interval [(i —1)/Ng,i/Ni], i =1,..., Ng, is
a reparametrized constant-speed geodesic connecting y;_; and t; with metric speed equal to Nide(9;—1, ;).
Then, 7% I‘N Falk.

However, we cannot exclude the limit measure 7 to concentrate on curves that either start or end
in 0. This motivates a first splitting of 7% and w. The idea, although slightly different from the
one adopted in the proof of Theorem 7.1 (we will perform the splitting on o* = (eg,e;)ymw" and
o = (eg,e1)ym), is the following: we single out the curves that either start or end in o, namely

D, = {p € AC?([0,1]; (¢[X],d¢)) : n(0) = 0 or (1) = o} and accordingly split 7 into
o = mwlLD, and s =wLD§.

Then, by Lemma 7.5, we build measures 7%, 7% € M, (AC?([0,1]; (¢€[X],d¢))) such that 7* = w% + &
and 8 — m, 7% — 7. as k — +oo. It is not difficult to check that

. . 7 s k > 2
1k1§££ NkZHWHe (eio1,e k)dﬂ-o /G[X,X] d7 /2. d(eo, e1)ymo

(7.7)
> HC (b ((e0)sma), ((e1)s7o))

as a consequence of the definition of the cone distance, see the first step in the proof of Theorem 7.1. A

k

further splitting concerns the measures 7% : we single out a ‘good’ set of curves Dy, C D¢ where it holds

N . .
1 —1 7
neEDN, = Ng ; Hwhe (U <Nk> b (Nk>) > di/z,e(‘)(o)")(l)),

so that, setting 7r = 7r> _Dn,, we also get

k—+o00 N Ny

liminf/NkZHWHe €ic1,€ )dﬂ"gC > /[ ]di/z,c d(eg, e1)pmy (7.8)
C[X, X .

> mz(h((eO)ﬁﬂ-g)v h((el)ﬁﬂ-g))v

where 7 is the weak limit of 7r’5 as k — +oo.
It remains to handle the energy of the plan m}, that is the integral

/Nk Z Hwhe © 3\7 ,€ )dTrbv (7.9)

where 7} = wk L (D¢\ Dy, ) with weak limit 7, as k — ~+o0o. Recalling that if 7} and 7, are concentrated
on curves with radii uniformly bounded away from zero then (7.6) (written for 7§ and ;) holds true,

s

by a cut-off argument we introduce a new family of measures m,”" concentrated on curves y with

1/m < 1y(0),7y(1) < © with a lower energy, and also satisfying
lim HK*(h((eo)ss"), b((e1)smy")) = K2 (b((e0)s7s), b((e1)yms)) - (7.10)

m——+o0o

The cut-off makes the radii bounded away from zero at the initial and final time. We cannot avoid the
radii to become arbitrarily small or vanish at intermediate times. However, we can show that if this
happens, then for any k£ € N we can find a better plan 7Tb ™ (that is, with a lower energy) with the same
initial and final 2-homogeneous marginals, and additionally concentrated on curves with radii uniformly
bounded away from zero at all times: this is achieved by exploiting the specific form of the set Dy, , the
structure of geodesics on the cone, building a map Gy, lifting those curves whose radii are too close to 0
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(see Theorem 7.3 for the precise result), and setting frf’m = (G Nk)ﬁﬂ'llj’m. The latter map is constructed
studying the properties of minimizers of the function

Ny

Ny, Z Hwhe(Di—1,9i) on the set Q:[X]Nk+1 :

i=1
and it is at the core of the arguments used in the proof of Theorem 7.1. We can finally apply Proposition
7.4 and obtain (7.6) for the plan 7rb , that is

H (B ((e0)zmp"), b((e1)gmy")) = K (B((e0)s "), (1)) /Az dmy”

k— 400

Ny,
< liminf / Ny Z HwHe © (ei]%lﬁNLk) dﬁ'f’m )
k
i=1

m

where 7" is the weak limit of ;"™ as kK — +o00, and the first inequality follows from the dynamical

formulation of HK; see (4.10). Smce, as discussed above, the energy of ﬁ";’m lower bounds the one of ﬂf’m
and, in turn, this is less than the one of 7¥ for every m € N, we conclude that

HZ (B((e0)s ™), b((e1)smi)) <hmmkaz:HWHe @il ydnk  for every m € N.
N

k—+o00

Using (7.10), a final passage to the limit as m — 400 gives

Ny,

HKZ (h((e0)sms), h((e1)sms)) < hmlnf/NkZHWHe (e1 1,8 )drk. (7.11)

Ni
=1

Together with (7.5), (7.7), (7.8), and the subadditivity of HKK?, this yields HK < HeVW.

7.1. A priori estimates for the minimization problem

In this section we study, at a discrete level, the minimization problem associated with the inf-convolution
between the Hellinger and the Wasserstein distance. We obtain some a priori bounds on the minimizers
that will be crucial for the convergence results for general measures contained in the next subsection.

Let N € Nyy, and 7o,7x > 0. Let fn(ro,7n;-) : R2V=1 — [0, +00) be the function

N
fN(To,’I”N;T’l, L. ,TN_l,dl, - ,dN) = NZ (‘7’1 - Ti_1|2 -+ T’?d?) . (712)
1=1

Notice that fx(rg,rn;-) is clearly continuous and symmetric w.r.t. the origin in the variables d;. Given
d >0, we also introduce the sets Q¥ Qf € R*N~! defined as

N N
oY, = {m >0, d; >0, Zdi zd}, QY = {m >0, d; >0, Zdid}. (7.13)

i=1 i=1
Lemma 7.2. Let N € Ny and let us set Y := (0, +00)? x [0, +00). The following properties hold:
(1) For every (ro,rn,d) €Y, the set

U(rg,rn,d) == argmin fx(ro,7N; ") (7.14)
af,
1§ non-empty.
(2) For every (ro,rn,d) €Y, if
min fi(ro, i) < [ro = rv|? +rorw(d A m/2)°
>d

then

s N-1 r Jrorn 1Y
U(ro,rv,d) € [(1= T )ro Arwymo V| . 1
(ro,rn,d) C 1 ro ATN,To VTN \FQ—*TO/\TN (7.15)

(3) There exists a Borel measurable map Uy : Y — R2N =1 such that Un (1o, 7N, d) € W(ro, 7y, d) NQY
for every (ro,rn,d) € Y.
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Proof. For every ro,ry > 0, the function fy(ro,7n;-) is increasing in the d;-components in [0, +00), hence
it is immediate to see that the minimization problems of fy(ro,rn;-) on Q% or on Q) are equivalent (in
the sense that they have the same minimizers and the same minimal vah;e); we thus restrict ourselves
to study the problem in the latter set. For every (ro,7n,0) in the Borel set Yy = (0,+00)? x {0},
setting r; = rg +i/N(ry —1r9) for i = 1,..., N — 1, it is also immediate to see that the point p =
(r1,...,7N-1,0,...,0) € Q) is the only minimizer of fy(rg,7n;-) in Q2 and all the statements trivially
hold with Y replaced by Y. It is thus not restrictive to assume d > 0 in the following, and construct a
Borel measurable map Uy : Y \ Yy — R2V-1
(1) We fix (ro,rn,d) € Y \ Yy, we let

N
Q(]j:{’l’iZQdiZO,Zdi:d}

i=1
be the closure of Q4 in R*V~1 and we set
N-1

N(r2 4 12)1/2 _
W”N)] RV CRMN k=T ncC. (7.16)

d
Since fn (70,7 n;+) is continuous and K is compact, fx (70,7 ;) has at least a minimum point in K. For

—N . . .
every z = (r1,...,rny-1,d1,...,dn) € Qy NC°let j € {1,..., N} be an index such that d; > d/N (notice
that such an index j must exist); we have

C = [O,

d2

NS
F(2) 2 NP3 > S (13 4 ) g = NOR +73) = £(6),

2
where ¢ = (0,...,0,d,0,...,0) € K. Thus

argmin fn (ro, rn;-) = argmin fx (o, 7N; ).
i =

Q)
e . =N .
To conclude, we show that any minimizer z* == (r{,...,ry_;,d},....dy) of fn(ro,7n;-) in Q, is such
that r¥ > 0 for every i =1,..., N — 1, so that
argmin fy (ro,rn;-) = argmin fx (7o, 7N; ). (7.17)
K oy
—N
Indeed, for any z == (r1,...,7N-1,d1,...,dN) € £, the map
t— fn(ro,rn;t,re, ..y N—1,d1,...,dN)

is strictly decreasing in [0,79/(2 + d?)) as an immediate consequence of its expression, which implies
r} > 0. Moreover, if z == (r1,...,rn-1,d1,...,dN) € ﬁ;v is such that 7; > 0 for every 1 < j <i—1, with
1 < i < N, then the map

t— fN(To,’I’N; T1,.-. 77ai71;t77’i+17 A ,’I’N,hdl, ey dN)
is strictly decreasing in [0,7;_1/(2 + d?)) which implies r} > 0 and concludes the proof of the first point
of the statement.

(2) We fix (ro,rn,d) € Y \ Yp; notice that fx(rg,rn;-) is a smooth function and the constraint
Zijil d; = d is admissible, thus every z = (r1,...,rN_1,d1,...,dN) € U(rg, 7N, d) satisfies the following
system of equations given by the Lagrange multipliers theorem (here we also used the symmetry in the
variables d; in order to avoid an additional constraint for d; > 0):

ri(2—|—d$)=m_1+m+1 Vi=1,...,N —1,
2rid; = Ay Vi=1,...,N,
Zildi:da

where Ay is the Lagrange multiplier. By the equations in the first line of the system we infer 2r; <
7;—1 + Ti+1, which implies that one (and only one) of the two following situations occurs:
e themap i: {0,...,N} = R, i — r; is monotone (increasing or decreasing);
e there exists an index j € {1,..., N — 1} such that the map ¢ — r; is monotone decreasing in
{0,..., 7} and monotone increasing in {j,..., N}. In particular, r; = min{r; : ¢ =1,..., N — 1}.
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In the first case it is obvious that r; € [(1 — 7/4)ro Arn,ro Vry] for every i =1,...,N — 1.
In the second case we reason as follows: it is clear that r; < ro V ry for every i =1,..., N — 1; moreover,
thanks to the upper bound in the assumption and Jensen’s inequality we have

N
lro — rn|? + rorn(d Amw/2)% > Ig}van(ro,rN;z) > NZ |7 — ri_1|?
d i=1

N , (7.18)
- (Z Iri — 7‘1‘—1|> = (ro +rn —2r7)%,
i=1
whence
ro+ TN — /T2 + 12 —|—1"07'N(L2 -2)
> ’ 2N ! (7.19)

Introducing the function g : [1,00) — R, g(t) = 1+t—+/1 + t2 + t(72/4 — 2), by elementary considerations
one can prove that ¢ is minimized at ¢t = 1 with value g(1) = 2 — w/2. This fact, together with the bound
(7.19), gives that

rj > (1 — %)7‘0 ATN - (7.20)

It remains to prove that

1
dy = di:t1=1,... N} < — .
k max{ il 5 ) }_ \/N2_%TOA7"N

To prove this bound we can reason as in the proof of (7.18) to get

N
lro — rn|? +rorn(d AT/2)2 > (ro —rn)? + NZ’I"?d?
i=1
which implies, using (7.20),

2

T T2 2 2 T2 2 12
TQT‘NIZN(I—Z) (7“0/\7‘]\7) di ZN(l_Z) (To/\TN) dk>

VB

i=1

which gives the desired bound on dj.

(3) The Borel map Uy : Y \ Yy — R?N~1 is constructed as a selection of the multi-valued map
U : (0, +00)% — 28" defined in (7.14). In order to ensure the Borel measurability, we appeal to [5, 6.9.3]
and we have to show that for every U C R2V~1! open the set \i/(U ) is Borel, where we have introduced the
map

G BT 9(0400)° U(U) = {(ro,rn,d) € (0,+00)* : U(ro,rn,d)NU #0}.

It sufficient to show that W(C) is closed for every C' c R2VN=1 closed, since every open set U ¢ R2N—1
is a countable union of closed sets U,,C,, = U and \iJ(UnC’n) = Un\il(Cn). So let 37 = (rg,rf\,, ') be a
sequence of points in \i!(C’) such that y/ — y == (ro, 7N, d) € (0,+00)3; we aim to show that y € \i/(C)
Since (y7); is converging, we can assume it is contained in a compact set K’ = [a,b]* C (0,+00)? and
from the proof of point (1) we know that every sequence (z7); such that 2/ € ¥(y?) N C for every j is
contained in a compact set K C R*¥~! of the form (recalling (7.16) and (7.17))

N
2N
K= {(Tlﬂ"'er—ladlw")dN) 1T € [Ovc b] 7d'i 207 Zdz € [a”b]} .

i=1
Up to a non-relabeled subsequence, we can thus assume that 27 is converging to some x € C; let p =
(81y-++ySN—1,C1,...,cn) € Q. We can consider the sequence p? := (s1,...,sy-1,c1d7/d, ... ,enyd’/d) €
Qfl\g so that p/ — p and

fN(TgJ’ T?V; SL‘]) < fN(r(JN T?V;p])
since 27 € W(y’). Using the continuity of fy(-,-;-) : R2V*+1 — [0, +00), passing to the limit in the last
inequality we obtain

fn(ro,rnsx) < fy(ro, 7 p)

which shows that 2 € W(y) due to the arbitrariness of p, so that y € ¥(C). O
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Let N € N>;. We introduce the function Hy : €[X]V*! — [0, +00) defined as

N
Hy (90,91, -,0n5) == N > Hwre(ni—1,:) - (7.21)

i=1

We also introduce

de : €[X]2 = [0,400),  di([z,7),[y,s]) = |r — s|*> + rs(d(z,y) A7/2)2. (7.22)
Notice that d¢ is well defined on €[X]? with
Hwhe(o, [y, s]) = a%(o, [y, s]) = s and Hwre([z, 7], 0) = a%([x,r], 0) = r2. (7.23)

Using formulation (2.8), it follows immediately that de > dr/2,¢ Where dr /s ¢ was defined in (2.7).
In the next statement

oo ¢V 5 ¢[X]
, i=0,...,N
(Mo, - 9Nn) = b

denote the projection maps on the cone and 77 = (7%, 77), 0 < i < j < N. We use the notation B(Z) for
the Borel sigma-algebra of a complete and separable metric space Z, and B(Z)* for the sigma-algebra of
universally measurable subsets of Z. We refer the reader to Appendix A for the details about universally
measurable subsets.

Theorem 7.3. Let (X,d) be a complete, separable and geodesic metric space, and let N € N>q. There
ezists a map Gy : C[X|VNT1 — ¢[X]|VNFL which is B(C[ XN H)*-B(¢[X]|V*1) measurable such that

oGy =7 7VoGy=a" and HyoGyx <Hy oan[X]N'H, (7.24)

and such that, on the set Dy == {Hy < d2 o 7%V} C €[X|N*1, it holds

romtoGy € Kl—%) I:(roﬂ'o)/\(rO7TN)j|,(rO7TO)\/(I’O7TN):| (7.25)
for everyi=0,...,N, and

(7.26)

d(X(Wifl OGN),X(T(‘i OGN)) c [ 1 s (roﬂo)(roﬂN)]

0. ——
"VN2=% (rom®) A(roxh)

for everyi=1,... N, where Hy is as in (7.21).

Proof. We start by noticing that for every (yo,...,9n5) € Dy we have v; = [x;,7;] # o for i = 0, N. Indeed,

by contradiction, if (9o, ...,9n5) € Dy with [xy,7n] = 0 (the case [xg, 7] = o0 is similar), using (7.23) and
Jensen’s inequality we have

N N N 2
rg =dg(90,0) > N Y Hwhe(i-1,0:) > N Y [rica —mi* > <Z rie1 — Tz'|> >3,

i=1 i=1
which yields the contradiction.
For €[X] 3 o, hn # o we define the function Hy (o, nav;-) : €[X]V 1 — [0, +00) as Hy (Do, D5 D15+ - -, DN _1) =
Hn (9o, 91,...,9n), and the sets
Q:[X]{av_l ={(01,...,0n-1) € @[X]N_1 : Ji=1,...,N —1such that y; = o},
XN = {1, oovo1) €CXIVT Ly £0Vi=1,... N —1}.
We claim that:
if €[X] 290,95 # 0, Y(91,...,95-1)€ C[X]V 71 I(B1,...,0n-1) € €[X]Y; " such that (727
Hy (D0, 9391, -, 98—1) > Hy (Do, 9391, ..., O —1)- .

To show this, we firstly notice that for every [z,7],[y,s] € €[X] with » > 0, we can find a point
0 # [z,t] € €[X] such that

2 + 5% = Hwhe ([, 7], 0) + Hwhe (0, [y, 8]) > Hwhe([z,7], [2,1]) + Hwhe([2, 1], [y, 5]). (7.28)
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Indeed, using the explicit expression of Hyue it is easy to see that if s = 0 we can take z = z and any ¢
satisfying 0 <t < r. If s > 0 then we can take z = y and any ¢ satisfying 0 < t < 2%.

So let vy = [x0,70] and Yy = [zn,7n] With ro,7x > 0, (91,...,9n5_1) € €[X]Y¥~! and we now prove
claim (7.27) by induction on N. The case N = 2 is a direct consequence of (7.28). Let us assume the
result true for N —1 € N, N > 2, and prove the case N. If r; > 0 we can apply the induction assumption

to the function Hx_1(n1, ;) to infer the existence of (§2,...,0n_1) € Q[X]go_l such that
Hy-1(91,98:02, -, 9n—1) > Hy—1(91, 98592, Ov—1)-
It is then immediate to see that (§1,...,9n-1) = (91,92,...,9n8-1) € E[X}évo_l satisfies the claim (7.27).
In the case r; = 0 we firstly apply (7.28) to replace y; with a point §; = [z,¢] # o such that
Hwhe(90, 0) + Hwhe (0, D2) > Hwhe (9o, 91) + Hwhe(D1, 92)

and then to conclude we reason as above using the induction assumption on Hy_1 (91, 9n7; ).

Now, given yg = [zg, ro] and hyy = [z, rn] with 79,7y > 0, we let d == d(xg, zx) and we define a map
Tn(9o,0n;0) « QF — €[X]V=1 (QF being defined in (7.13)) as Tn (90, ON; 15+« "N—1,d1, ..., dN) =
(91,...,9N-1) where for i = 1,..., N — 1 we have set r(y;) := r; and

(Do) if d =0,
X(0;) = i .
2 X (20, ) (E’? di) if d >0,

with TX being the B(X x X)* — B(C([0,1];(X,d))) measurable geodesic selection map constructed
in Theorem A.2. Notice that d(x(p;_1),x(9;)) = d; for every i = 1,...,N. Let Uy : ¥ — R*N-1
be the Borel measurable map defined in Lemma 7.2, with Y = (0, 4+00)? x [0, +00), and we define
Gy : CXNHL = ¢[ XN+ as

(Mo, ---,9N) on C[X]VHI\ Dy,
(90, Tv (90, ov; Un (r(90), r(vv ), d(x(90), x(9n)))), o) on Dy

Since yo,9n # o in Dy and since Uy (1o, rn,d) belongs to Qév, we have that G is well defined. By
definition 7° 0 Gy = 7° and 7 o Gy = V. Let us prove that Hy o G < Hy on €[X]V*!: this is clear

Gn(9o,.--,9N) = { (7.29)

on €[X]V*1\ Dy, so it remains to prove that for every (yo,...,9n) € Dn
Hxv (90, T (0, 9vs Un (r(n0), r(0v), d(x(90), x(03)))), 9v) < Hiv (o, - -, o). (7.30)
As a consequence of claim (7.27) we already know that there exists (1, ...,9n-1) € €[X]Y; " such that

Hn (90,91, - On—1,98) < Hn(D0,91, -+, 9N—1,DN) -
Let 7 :=r(f;) fori=1,..., N —1 and d; == d(x(§;_1),x(9;)) for i = 1,..., N, where we have put §, := 1o

and fy = yy. Notice that (71,...,7n_1, di,..., dN) € di since d satisfies the triangle inequality. Using
the notation fn (7o, ;) for the function defined in (7.12), by definition of fx(ro,7n;-), Hy and Uy, it

holds
Hx (90, T (90, 9w Un (r(00), r(vv), d(x(00), x(0)))), 9w ) = fov (70,755 Un (o, 7, d) )

< fn(rosrns i, oo Pn—1,di, . dy)
= HN(UO7617' .. 76N—17‘)N) S HN(UOaUh .. '7UN—17UN)
which gives (7.30).
The bounds (7.25) and (7.26) are true by construction, as a consequence of the corresponding bounds
contained in (7.15).

It remains to show that Gy is B(€[X]NT1)*-B(¢[X]V 1) measurable. Notice that Dy is a Borel subset
of ¢[X]V*1 so that it is sufficient to show that the map

(M0, ---»98) = (90, T (90, yv; Un (r(9o), r(hn), d(x(90), x(hw))))s hv)

is B(C[X]V*T1)*-B(¢[X]V 1) measurable, and this is a consequence of the B(€[X]?)*-B(¢[X]V*!) measur-
ability of
(90, 9) = T (90, 53 Un (r(n0), r(nv), d(x(n0), x(0v))))-
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The latter follows from the fact that B-B measurable maps and B*-B measurable maps are all B*-B*
measurable (see (A.1)) and that all the involved maps posses such measurability, as a consequence of
Theorem A.2 and Lemma 7.2. O

7.2. Auxiliary results

This subsection contains some of the auxiliary results mentioned in the strategy outline at the beginning
of the section. The first result allows us to reduce, without loss of generality, the proof of Theorem 7.1

to the compact case. This additional assumption will contribute to ensure tightness of the projections

oF = W;J’N’“ak as well as of the liftings 7*.

Proposition 7.4. Assume that, whenever m € N, K,, C R™ is a convex and compact subset and
vo, V1 € M4 (Kpn), we have
(Hez VW2 4, ) (v0,v1) > HKy,, (vo, 1),

being d,, the (restriction to K,, of the) distance induced by the infinity norm in R™ and Heg,, the
Hellinger distance in M4 (Ky,). Then, if (X,d) is a complete and separable metric space, it also holds

(Hea VW2 4) (k0 p11) > HKa(po, 1) for every po, pn € M4 (X).

Proof. Let ¢: (X,d) — (£>°(N),ds) be the Kuratowski embedding [22, Proposition 1.2.12], where do is
the distance induced by the || - || norm in ¢*°(N). For every m € N, we define the sets

Cpr = {(a;); € £°(N) : a; =0 for every i > m and a; € [—m, m] for every i < m} C £*°(N),
K, = [-m,m]™ C R™,
and the maps ¢, : Cp, = Ky, and A, : £2°(N) — £°(N) as
tm((ai)ien) = (a1, ..., am), (a5); € 1°(N),
A ((a3)ien) = (—mVay Am,—mVaz Am,...,—mV amy, Am,0,0,...), (a;); € 2°(N).

Note that ¢ is an isometry from (X, d) to (£°,dw), tm is an isometry from (Cy,,doo) to (K, dy,) and
Ay, is a 1-Lipschitz map w.r.t. doo. We finally define T,, : M (X) = M (K,,) as

Ton(p) = (tm © A 0 L)gp, € My (X).

By Lemma 4.6, T,, is a contraction, both w.r.t. the Wasserstein and the Hellinger distances, in the sense
that, for every po, u1 € M4 (X), it holds

Wad,, (Tm(k0)s T (11)) < Waa(o, ),
Hez im (T (1t0), Ton(111)) < Hea(po, p11)-
Let now po, 1 € M4 (X) and let Py € P (uo, p1; N) with N — +00 be a sequence of paths such that
En, (Pr) = (Hea VWa)? (o, 1),
k k

where Ey, is as in (3.1) with ¢; = Hey and co = Waq. If P, = (ub, u¥, ... ,u’ka; VY.,V ), we define,
for every m, k € N, the paths

P = (T, Ton () Tk ) Ton 00, s T )) € (T (1), Tonpn); N,
By the contractivity of T,,, we deduce that
EN,(PY") < &N, (Py) k,m €N,
where £ is as in (3.1) with ¢; = Heg,,, and co = Wa 4. We thus have, for every m € N, that
(Hes VWa 4)? (0, 1) = lim €, (Pr) > lim inf £, (")
> (Hez,m VWa,d,)*(Tm (10), Tin(p1)) > I—Kc2jm (T (p0), T (1)),

where the last inequality holds by assumption. Applying Proposition 4.7 to X = C,,,, dx = dw, Y = K,
dy =d,, and ¢ == t,,,, and setting

/’L;n = (Am © L)ﬁ/h‘; i = 07 ]-7
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we see that

Hd,, (T (10), T (1)) = Ha,,, ((tm)gt0"s (tm)spt") = Ko, (g", p1")  m e N.

We deduce that
(Hea VW3 q) (1o, 1) > HKa, (pg*, 1i*)  for every m € N. (7.31)

Now we note that p[* — ¢p;, 2 = 0,1, as a consequence of the pointwise convergence (and continuity) of
A, to the identity in ¢°°(N). Passing to the liminf as m — 400 the inequality (7.31) using the lower
semicontinuity of HK coming from Theorem 4.3(2), we deduce that

(HeaVWa 4) (1o, p11) > Ha, (¢4pt0, Lgpn).-

A further application of Proposition 4.7 with X, dx =d, Y = (*°(N), dy = d, and ¢, gives the desired
conclusion. 0

In the second lemma we show that if we are given a weakly convergent sequence of measures (t,)nen
and a splitting of the limit measure p, then we can find a ‘consistent’ splitting for each pu,. This fact will
be pivotal in the first step of the proof of Theorem 7.1, see p.45.

Lemma 7.5. Let (Y,d) be a metric space and p, i, € M4 (Y) be such that p, — p as n — +oo. Assume
that p = v' + v? with v',v? € M (Y). Then there exist a subsequence (ng)ren, nx T +00 as k — +00,
and v}, vi € My (Y), k €N, such that

fin, = Vi + VP and vi—=v' ask— +oo, i=1,2.

Proof. Let us denote by f := % the Radon—Nikodym derivative of v! w.r.t. u and let (fi)ren C Co(Y)
be such that f;, — f in L'(u). Up to replacing fp with fi A1V 0, we can assume without loss of generality
that 0 < fr <1 for every k € N. By continuity and boundedness of fj it holds fxu, — fxu as n — 400
and by construction fru — fu = v' as k — 400, so that the metrizability of weak convergence on
M4 (Y) (cf. [6, Theorem 5.1.3]) and a diagonal argument provide us with a subsequence (ny)ren such
that ny, T 400 and v} = frpn, — v' as k — +oo. As for v?, it is sufficient to consider v7 = (1 — fi)fin, -
The fact that 0 < fj, <1 ensures v}, v € M, (Y). Moreover, i,,, = vj + v holds by construction, and
VE=pin, — Vi = p—vt=1v?ask — 4o0. (]

Finally, in the next result we show that if we have probability measures 7, 7w concentrated on curves
with radii uniformly bounded away from zero and my — 7, then a sort of discretized action (which is
upper bounded by the energy En, (Py), see (7.5) and (7.45)) controls from above in the limit the action
As, thus bridging between inf-convolution and HK.

Proposition 7.6. Let (X,d) be a complete and separable metric space. For some e, R > 0 let 7,7, €
P(AC?([0,1]; (Cre[X],de))), where €g o [X] is as in (2.6b). Assume that m, — 7 and sup, [ Az dmy =
C < +o0. Then )

liminf// wr(y, Ol (D)2, dt drei(n) > /A2 dr,

k—+o00 0

where Az is as in (4.9) and uy is defined as

Ty ([tNg] /Ny)

1) = (N /N

y € C([0,1]; (Co,c[X],de)), t € [0,1] (7.32)
for a sequence N 5 Ni 1 4oc0.
Proof. We set

Az k() = /01 ur(n, Ol ()13, dt, v € AC*([0,1]; (Cre[X], de)) .-

We start by proving the following claim: for every compact subset B C C([0,1]; (€[X],d¢)) and every
~ > 0 there exists K = K(g, B,v) € N such that

| A2,k (0) — A2(n)| < 7 A2(y) for every y € AC?([0,1]; (€g,[X],de)) N B, k > K.

To see this, we observe that, by compactness of B, for every n > 0 there exists a § = §(n, B) > 0 such
that |ry(t) — ry(t')| < n for every t,t' € [0,1] with [t —t'| < § and for every y € B. Choosing n = 7/e, we
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can find K = K (e, B,7) € N large enough such that 2/Nj < §(n, B) whenever k > K. Hence, for k > K,
n € AC?([0,1]; (€g.c[X],de)) N B and t € [0,1], we have

o ([ENk] /NK) | |ro(L/Ni] Ni) = 7y ([t/Ni ] Ni)| <5

DT [ e | = : :

which also proves the claim.

Let us now conclude the proof of the proposition. Let v > 0 be fixed. By tightness of (), we can find
a compact set B, C C([0, 1]; (€[X],d¢)) such that m(BS) < v for every k € N. By the previous claim, we
can find K = K(e, B,,7) € N such that

| A2,k (9) — Aa(n)| < vA2(y)  for every vy € AC?*([0,1]; (€gc[X],de)) N By, k> K.
We fix a threshold m € N and we obtain for every k > K that

/Ag’k dmy > /(Ag,k Am) dmy = /(Ag,k Am— Ay Am) dmy + / (Az Am) dmy,

Z—/|Ag7k/\m—A2/\m\ dﬂ'k—i—/(Ag/\m) d7ry

/Bw

Z—/ | A2 i — As| d7rk—2m”y—|—/(./42/\m) dmy
B

~

| Az Am — Az Am) dTrk*/

| Az Am — Az Am) d7rk.+/(AQ Am) dmy,
B

Z—fy/ Agdﬂk—2m7+/(A2Am) dmy
By

> —~(C + 2m) +/(A2 Am) dmy .

Passing to the limit inferior as k& — +o00, using the weak convergence of 7y, to 7 and the lower semicontinuity

of Ay, we get
liminf/Ang dmy > —y(C +2m) + / (Az Am) dm,
k——+o0
so that passing first to the limit as v | 0 and then to the limit as m 1 +oo conclude the proof. O

7.3. Proof of Theorem 7.1

Let us fix po, 1 € M (X) and let us recall the definition of the measures o provided in (7.4). By
Proposition 7.4 it is not restrictive to assume (X,d) to be a compact geodesic metric space. Moreover,
from (7.1) and (7.5), we only need to prove

k—+oo

liminf/HNk da® > H? (1o, 1) -

As anticipated, this will be achieved in four steps.

0,Nj,

1st step. Let us define o = y af and assume, up to extracting a subsequence, that o — o as

k

k — +oco. This is possible because all measures o* are supported on the compact set €g[X]? (recall that

k Ni+1

a” is supported in €g[X] with © as in (7.3) and X is compact) and are probabilities, hence are tight.

Then, let us decompose o into o~ and o,, i.e. 0 = o~ + o, where
o> =0l (€[X]\ {0} x €[X]\ {0}) and o, = (C[X] x {0} U{o} x C[X]).

Up to extracting a further subsequence, by Lemma 7.5 there exist 0%, 0% € M, (€o[X]?) such that

of = 0"; + ok for every k € N, o"é — o~ and 0% — o, as k — +oo. In order to decompose

each o accordingly, if we disintegrate a* w.r.t. 7%V we obtain a family of probability measures
(ngo,nNk)no,UNkGQ[X] C P(€[X]Ne*+1) such that nfjmwk is concentrated on {ng} x €[X]V=~1 x {yy, } for

oF-a.e. (vo,9n,) € €[X, X] and

af = / ngo,nNk dak<U07UNk) :
¢[X,X]
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Hence, the natural way to decompose o is given by a* = 047; + af with

a’; = / ngOme da']; (1)0, UNk) and a’j = / ngoﬂ)Nk da'lj(l)(), UNk),
¢[X,X] X, X]

: 0,N 0,N, . .
as in such a way 7’ "af = ok and Ty "al = o¥. Let us further split the measure af into
k._ ok c k._ ok
a, =al LDy, and ap = al LDy,

where we recall
Dn, = {HN,C < &’é O’/TO’Nk} C C[X)Nett
see also (7.21) and (7.22). Let us observe, for later use, that if (yo,...,9n,) € Dn,, then r(yy) > 0 and
r(hn,) > 0, as shown at the beginning of the proof of Theorem 7.3. This implies that af is actually
concentrated on
(r(‘)o)a cey r(UNk)) € (Oa @] X [07 @]Nk_l X (07 @]
(D05 -2 9N,,) ) C eXMH L (7.33)
HNk: (UO, o at)Nk) < d2€<007 UNk)

- N, Np, . .
’; = 71';)’ ’“a’g and o} = 7'(';)’ *al are tight families of measures. We

can thus assume that, up to extracting subsequences, a* and their 2-homogeneous marginals u’;p = h2(ak),

As already remarked for (6%)cn, also o

,ui',l = bh3(ok) converge weakly to some o, € H2(1s.0, fte1), Hz0, and fiz 1 respectively as k — +oo,
where x € {g,b,0}. As a consequence,

fhg,0 + Mo t+ fo,0 = Ho and fhg1+ b1+ o1 = fi1 - (7.34)
Indeed, by construction for all k£ € N it holds
fy i+ Hy s+ s =bi(oh +op +ay) =bi(m " ak) =, i=0,1.

After this premise, note that by Jensen’s inequality

Ny Ny,
[t dak =N [ S Humeloisi) dod = N [ 3y i dal
i=1 =1

N, 2
2 / <Z i1 — Ti|> dorg > / 7o — v, |? dexg
i=1

:/ |r0—r1|2d¢7’§7
e[X,X]

so that

liminf/ Hy, da® > lim inf/ lro —ri|? do® = / lro —71)* doy
¢IX,X] C[X,X]

k—+o00 k—4o00

:/ di/z,eﬁ do, > |'K2(#a,o,ua,1),
¢[X,X]

where the last identity comes from the definition of the cone distance (2.7) in the particular case when
one of the two points is the vertex: note indeed that by construction o, is concentrated on points like
(0,19) or (y,0), so that either ry or r1 is equal to zero.

Moreover, on the ‘good’ set DY, we easily get the following lower bound

/HN;c do‘_]qC 2 / 32@ do-_’; 2 / di/2,¢ do'_]; 2 |'K2(H§707u_§71)7
¢[X,X] ¢[X,X]

where d /5 ¢ was defined in (2.7) and, as pointed out right after (7.23), it is dominated by de. Therefore,
if we are able to show that

lim inf / Hy, dak > H (1.0, tio1) 5 (7.35)

k—+oco

then the conclusion immediately follows observing that

lim inf / Hy, da® > liminf / Hy, da + lim inf / Hy, daf + lim inf / Hy, da®
—+o00

k—4o00 k— o0 —+o0

> W% (119,05 f1g.1) + HEE (16,0, 16.1) + HKZ (10,0 fo.1) > HK2 (0, 111)
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where the second inequality relies on the weak lower semicontinuity of HK together with ,u’;’i — lig; as
k — +o00 for i = 0,1; the last inequality exploits (7.34) and the subadditivity of HK® (see Theorem 4.3(2)).
For this reason, let us now focus on (7.35).

2nd step. For every m € N>q, let us consider an increasing function f,, € C*([0,+0o0)) such that

fm =0in [O,l/m}, fm=1in [2/m,+oo),
and let us set
A = (fn o r0m®)(fm o ro ™ )ark

. . . . k
As preliminary considerations, note that af > a;,"™, whence

/HNk daf > /HN,C dey™,  Vk,m € Nxj. (7.36)

k,m

It is also easy to check that a;>™ is concentrated on

(r(o),---,r(hn,)) € [m™1,0] x [0,0)Me~1 x [m~1, 0]

(UO?"'?UNI«) : . C Q[X}N]ﬁ_l' (737)
HNk (007 cee 7UNk) < d%(‘)o, UNk)
Moreover, if we introduce U'lf’m = wS’N ’“a’; ™ and its 2—homogneous marginals
b (ﬂ'ﬁ ab )7 = h ( k ) )

it is not difficult to see that, as k — 400, they converge weakly to measures
a7 = (fmorom®)(fmoront)oy
and
—02(n0aT), = B (e
respectively, satisfying 63" — o and vj" — up i, ¢ = 0,1, as m — +oo. Indeed, by construction o does
not charge the set €[X] x {0} U {0} x €[X], so that (f,, oron®)(fn oron!) = 1 op-a.e. as m — +oo.

Since |fm| < 1 for all m € N1, by Lebesgue’s dominated convergence theorem we deduce that, for every
p e Cb(Q:[Xa X})v

lim pdoy' = lim / O (fmorom®)(fmoromt) do‘b:/ p doy,
m—=+0 Je[x,X] b moeo ¢[X,X] ¢[X,X]
as desired.
We now claim that it is sufficient to prove that
lgmlnf/ Hy, dog ™ > HC (5, v, Vm € N>p. (7.38)
—+oo
Indeed, by (7.36) and (7.38) we have
liminf [ Hy, dad > liminf [ Hy, dap™ > HE (v, v]), Vm € N>q,

k——+oo k—+oco
so that passing to the limit as m — +oco and using the convergence of v;" to p ;, for ¢ = 0, 1, together
with the joint weak lower semicontinuity of HK? lead to (7.35).

3rd step. Thus, we fix m € N and we devote the remaining part of the proof to show (7.38), passing first
of all to a non-relabeled subsequence such that the limit inferior in (7.38) is achieved as a limit. Second,
we observe that the weak convergence of a’;’m towards ;" implies the convergence of the masses:

o™ (C1X, X]) = &(C[X, X)) ask — +00.

If 677 (¢[X, X]) = 0, then v§* and v{" are both the null measure and in this case (7.38) trivially holds.
We can thus assume &}"(€[X, X]) > 0. This implies that (up to passing to a subsequence) the mass of

all O'IZ m

is bounded from below by a strictly positive constant, uniformly in k. As on the other hand
(E[X, X]) <1 (because alg’m is obtained via restriction/cut-off of the probability measure a*), we

conclude that there exists a constant ¢,, € (1,+00) such that

~1/2
1< Cpom = (a’; ™ (e[X, X])) <em, VkeEN. (7.39)
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We now make use of Theorem 7.3 to modify o/g’m: leveraging the map G, introduced therein we define

a new plan

dlg,m = (GNk)ﬁallj’m
and note that W;J’N" ap™ e 52wy ™ vE™), because of 0 0 G, = 70 and 7V o Gy, = 7N, see (7.24).
Using the fact that Hy, o Gy, < Hy,,, again by (7.24), we also remark that

/ Hy, dog ™ > / Ha, dag™ . (7.40)
Finally, observe that d’g’m is concentrated on

(r(t)o),...,r(lek)) c [(5m)717®}Nk+1
(007"'aUNk> :
d(x(ni-1),x(n:)) € [0, &\/N—’ﬂ . i=1,...,N

Indeed, the fact that alg’m is concentrated on (7.37) allows to apply the radial and spatial quantitative
bounds (7.25) and (7.26). For ease of computations, we slightly weaken them, observing that % <1-7%
and Q—Lﬂ/? < 8. Then, since © and m are fixed, up to choosing k sufficiently large we can assume that
d(x(ni—1),x(9;)) € [0,1] for every i = 1,..., Ng.

As next step, we apply to d’;’m a dilation of parameter c ., (with ¢, defined in (7.39), see also (2.15)
for the definition of dil, ,, 2):

~km . 4. ~k,m
oy =il 2(0™).
This further measure is concentrated on

(r(9o),---,r(hn,)) € [(E)mcm)_l7 @]
(007"'7UNk) : ;
d(x(Ui—l)ax(Ui)) € [Ov 1] ;o t=1,..., N
since 1 < ¢gm < ¢ by (7.39) and dilations only act radially: this implies that the conditions
d(x(9i—1),x(n;)) € [0,1], i = 1,..., N, valid in the support of dlg’m
Moreover, let us observe that élg’m € P(¢[X]NeF1), because

s @ = [ddam = [ ddobm—,
e[X,X]

Ne+1
still hold in the support of é&;"™.

Ny Ak k k : . . . I
and w;)’ rap ™ e 9% ()™, v"™), since homogeneous marginals are invariant w.r.t. dilations, see (2.16).

By (2.17) we also have
/HNk dag™ = /HNk dag™

and combining this identity with (7.40) yields

/HNk dog™ > /HNk day™ = /HNk dag™. (7.41)
In view of (7.38), it is thus sufficient to prove
liminf [ Hy, day™ > HC(WZ, ™),  ¥Ym € Ny, (7.42)
and this is the purpose of the fourth and final step of the proof.
4th step. Let us now lift df’m to the path space. To this end, let us define the geodesic interpolation
map ['Ve : ¢[X]Ne+L — AC?([0, 1]; (€[X], de)) as
i—1 i

<t< -
N N (7.43)

FNk (UOa ) UNk)(t) = FX(Ui—h Ui)(th - (7' - 1))7 if

where T'X is the B(X x X)*-B(C([0,1]; (€][X],d¢))) measurable geodesic selection map constructed in
Theorem A.2. Then

wm =T ap™ € P(ACP([0,1); (€[X], de)))
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and note that by construction and by Remark 2.1 the plan 7™ is concentrated on piecewise geodesic
curves taking values in € ., [X] (cf. (2.6b)), i.e. #&™ € P(AC?([0,1]; (Co..,, [X],de))), where

1
€ = ———— .
" 5\/§mcm
Indeed, the fact that d’;’m is concentrated on points (9o, ...,Hn,) € Q:[ Vet with r(y;) > (5me,) ™t >0

)=
for all i = 0,..., Ny and d(x(9;_1),x(n;)) <1 < 7/2 for all i = 1,..., Ny ensures, y (2.13), that the
r(mi1) Ar(y:) >

minimal radlus of any constant speed geodesic connecting 1,1 and 1; is larger than 7

\/5(5mcm) L =ep.

Recalling the definition (4.9) of A, we also have

Ny,
/Agdﬁk’m :/NkZd%(e(i—l)/Nkaei/Nk)dﬂ’k’m

/NkZd ) dabm < 2/HNk dahm < Q/HNk da™ (7.44)

2/Hdealg§2/Hdeak:25Nk(Pk)§2C<+oo,

where we have used, in order, the definition of w%™ Lemma 5.4, (7.41), (7.36), (7.5), and (7.2). This
fact together with the tightness of {(e;)ym*™ : t € [0,1], k € N} C P(€g[X]) (immediate consequence of
the compactness of €g[X]) entail, by [1, Theorem 10.4], that (w*™); is tight. Hence, up to passing to a
subsequence, (wF™); weakly converges as k — +o0 to some ™ € P(C([0,1]; (€[X],d¢))), but a more
accurate statement actually holds.

Indeed, the lower semicontinuity of Az w.r.t. weak convergence together with (7.44) implies that
[Aydn™ < +oo, namely 7™ is concentrated on ACZ([0, 1]' (€[X],de¢)). Moreover, recalling that

7T§)’Nk ap™ e 92w vP™), we see that (eg,er )ymF ™ € H2(vy ™, vi™) as well, so that in conclusion

TR s with @™ e P(ACR([0, 1); (€[X], de))) and  (eg, e )sm™ € H2(T, ).

We are now ready to prove (7.42). Let us start observing that for all v, = [z;,7;] € €o, [X], i =0,1, it
holds

T
Hwhe (0, 91) = |10 — 71]* + T—lror1d2(a:0, x1)
0

-
2 (105 ) (ro = nilt s+ rorad oo 0)
r d(xg,z1) AT 2
=z <1 A r(l)> <|7”0 — 11>+ drory ((021)> ) (7.45)
d A
= <1 A 1) (|7“0 —r|* + 4rory sin® (Wl)ﬁ)>
To 2
r
= (1 A 1) dz(90,91) »
To

so that

Ny,

~ i—1,2 34 km rO’/Ti 7 ~km
/Hdea]b“’ /NkZHWH omi b day /[Nkz<mmi_1>d’éow 1!] déy

i=1

/ /Wk W0, Ol (1) 2, e drm ()

(é 1)/Nk

=/Aumwwm&wmmwm

where we have used the definition of Hy, , the fact that %™ is concentrated on piecewise geodesic curves,

and we have introduced, for ease of notation, the function uy defined as in (7.32) with € = ¢,,,. An
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application of Proposition 7.6 then gives

1
timint [ Hy, dal™ > twint [ [ (o0 0F, aart )
0

k——+o00 k——+o00
> /Ag dne™ > K (g, vy
where the last inequality comes from (4.10). This is precisely (7.42), so that the proof is complete.

APPENDIX A. MEASURABILITY OF THE GEODESIC SELECTION MAP

In some of the constructions involved in the proof of Theorem 7.3, we need to consider a map associating
to a pair of points a geodesic connecting them. If for every pair of points there exists a unique geodesic
connecting them, such map is Borel measurable (see [5, Theorem 6.9.3]). However, in general, this requires
to provide a selection of the possibly multi-valued map sending a pair of points to the set of geodesics
connecting them. This cannot in general be required to be Borel measurable, so that we have to introduce
the notion of universally measurable set. This is only a technical complication, since the push-forward of a
Borel measure via a map which is only universally measurable is still a Borel measure, as discussed below.

Let (X, d) be a complete and separable metric space. Recall that B(X) denotes the Borel sigma-algebra
in (X,d). If p € M (X), we say that a set A C X is p-measurable if there exist E, F € B(X) such that
ECA, A\ ECF and pu(F) = 0. The sigma-algebra of y-measurable subsets of X is denoted by B(X),.

Definition A.1. Let (X,d) be a complete and separable metric space. The sigma-algebra of universally
measurable subsets of X is denoted by B(X)* and it is defined as

BX)" = {B(X), | p€ P(X)}.

Given a measure p € M, (X), it clearly admits a (non-relabeled) extension to B(X)*: if A € B(X)*, it
belongs in particular to B(X), so that it is enough to set pu(A) == pu(E), where E, F' € B(X) are such
that E C A, A\ E C F and u(F) = 0. Notice that if A C B € B(X)* and p(B) = 0, then A € B(X)*
and p(A) =0.

Therefore, if (X,dx) and (Y,dy) are complete and separable metric spaces and f : X — Y is
B(X)* — B(Y) measurable, the push-forward fip defines an element of M (Y) for any measure p €
My (X).

This fact can be used to prove that

any B(X)* — B(Y) measurable map f: X — Y is also B(X)* — B(Y)* measurable. (A.1)

Indeed, if B C B(Y)* and u € M (X), then B belongs in particular to B(Y"),, where v := fyu € M4 (Y),
so that we can find E,F € B(Y) such that E C B, B\ E C F and u(f~*(F)) = v(F) = 0. Thus
f7Y(B) = fFYE)U fYB\ E) with f~1(E) € B(X)*. Since f~Y(B\ E) C f~1(F) € B(X)* and
u(f~H(F)) =0, we deduce that f~1(B\ E) € B(X)*, hence f~1(B) € B(X)*.

Before stating the following measurable selection theorem, let us recall that we denote by Geo((X,d)) C
C([0,1]; (X, d)) the space of (constant speed, length-minimizing) geodesics in (X, d), whenever (X,d) is a
complete, separable and geodesic metric space.

Theorem A.2 (Measurable selection of geodesics). Let (X,d) be a complete, separable and geodesic
metric space. Then there exists a B(X x X)*-B(C([0,1]; (X, d))) measurable map I'* : X% — Geo((X,d))
such that, for every (zo,x1) € X2, I'(zo,21) is a geodesic connecting xo to x1.

Proof. This result is an application of [5, Theorem 6.9.12]. In the notation of such theorem, we are taking
(Q,B) = (X2,B(X x X)) which is clearly a measurable space, X := C([0, 1]; (X,d)) which is a Polish
space (hence Souslin, see [5, Definition 6.6.1]) and as A the set

A= {(z0,71,7) : v is a geodesic connecting xo to z1} C X? x C([0,1]; (X,d)).

It is not difficult to see that A is a closed, hence Borel, subset of X2 x C([0,1];(X,d)) and, in particular,
it belongs to the class S (B(X x X) ® B(C(]0,1]; (X,d)))) (see [5, Definition 1.10.1]). Thus [5, Theorem
6.9.12] gives the existence of a map I'* : 7o (A) = X2 — C([0,1]; (X,d)) whose graph is contained in A
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and which is o(S(B(X x X))) — B(C(]0,1]; (X, d))) measurable. To conclude, it is enough to observe that
o(S(B(X x X))) C B(X x X)* which is equivalent to say that o(S(B(X x X))) C B(X x X), for every
€ M4 (X x X). This is in turn a consequence of e.g. [5, Theorem 1.10.5]. O

APPENDIX B. MINIMAL RADIUS OF CONE GEODESICS

Aim of this appendix is to prove the statements on the minimal radius of geodesics on the metric cone
(¢]X],d¢) contained in Remark 2.1. Thus, given two points yo = [zo,70],91 = [Z1,71], Do # Y1, both
different from o with 0 < d :=d(x(ng),x(91)) < 7, recall that

r2(t) = (1 — t)%r2 + t2r? + 2t(1 — t)ror1 cos(d)
and start observing that
(r2(t)) = —2(1 — t)rg + 2tr? 4+ 2(1 — 2t)rory cos(d)
= 2t(rg 4+ r? — 2rory cos(d)) + 2rory cos(d) — 2r2.
We deduce that

2 _
(7‘2(15))’ >0 - . rg — rory cos(d)

13 4+ 12 — 2rory cos(d)
and the only critical point for 72(¢) is thus given by

. r§ —rorycos(d) r? — rory1 cos(d)

12 + 7?2 — 2rgry cos(d) T8 + 13 — 2rory cos(d)’
If t* € (0,1), this implies that r?(¢) attains its minimum on [0, 1] at ¢ = ¢*; if instead t* ¢ (0, 1), then
72(t) is monotone on (0, 1) and the minimum is therefore attained in one of the interval endpoints. To
determine whether ¢* € (0, 1) or not, it is sufficient to observe that
7 r
>0 < cos(d) <2 and <1 < cos(d) < —
1 To
since 7§ 4+ r} — 2rory cos(d) = d2(no,91) > 0 and rg, 71 > 0 too. As a consequence,
e t* < 0 if and only if cos(d) > 72: in this case, r2(t) is monotone increasing on (0,1) and the
minimum is attained at ¢t = 0;
e t* > 1 if and only if cos(d) > Z: in this case, 72(t) is monotone decreasing on (0,1) and the

T0
minimum is attained at ¢t = 1.

This proves (2.11) as well as the fact that 7min(90,91) = ry(tmin (0, 91)) = ro A7y if cos(d) > 12 A L. To
conclude the proof of (2.12), we are only left to evaluate r2(t*). Thus observe that

r2(t*):< r%—rorlcos(d)(d))2rg+( r%—rorlcos(d)(d)>2r%

r¢ +r? — 2rory cos T3 + 12 — 2rgr; cos

r3 — rory cos(d) r2 — rory cos(d)

+2 rory cos(d)

18 + 12 — 2rory cos(d) ' 18 + 12 — 2rory cos(d)
B rar? R
(12 +7r? —2rgrycos(d))?

where
R = (r1 —rgcos(d))? + (ro — r1 cos(d))* 4+ 2(ro — r1 cos(d))(r1 — 7o cos(d)) cos(d)
=72 —r2cos®(d) +r} — r? cos?(d) — 2rory cos(d) + 2rory cos®(d)
= sin?(d)(r3 + r? — 2rgry cos(d))
Combining this expression with the previous one finally yields
r2r? sin?(d) ~ r3r?sin®(d)
12 +r? —2rgricos(d)  di(o, 1)
As for (2.13), this inequality is trivially true when cos(d) > 12 A 7t. When 0 < cos(d) < 12 A 7L, the

r1

r2(t*) =

bound follows since

27"87“% sinz(d) < 27“3@

> (rg Ar1)2.
73 412 —2roricos(d) ~ rd+1? (ro A1)
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