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ABsTrRACT. We discuss a model for phase transitions in which a double-well potential is singularly
perturbed by possibly several terms involving different, arbitrarily high orders of derivation. We
study by I'-convergence the asymptotic behaviour as € — 0 of the functionals

k

1

Fe(u) := /Q [EW(u) + queyfl\v(au@] dzx, u € HE (),
=1

for fixed k > 1 integer, addressing also the case in which the coefficients qi, ..., qx_1 are negative
and |- |, is any norm on the space of symmetric ¢-tensors for each £ € {1,..., k}. The negativity of
the coefficients leads to the lack of a priori bounds on the functionals; such issue is overcome by
proving a nonlinear interpolation inequality. With this inequality at our disposal, a compactness
result is achieved by resorting to the recent paper [10]. A further difficulty is the presence of
general tensor norms which carry anisotropies, making standard slicing arguments not suitable.
We prove that the I'-limit is finite only on sharp interfaces and that it equals an anisotropic
perimeter, with a surface energy density described by a cell formula.
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1. INTRODUCTION

In the recent paper [10], it is studied a model for phase transitions in which a double-well
potential is perturbed by a singular term involving derivatives of high order. In a one-dimensional
setting, this model is described by the family of functionals defined for € > 0 as

L 2%h—11, (k)|2 : k
-W f H"(I
El(u, 1) = /1[5 (u) +e*" " u |}dt if w e H*(I),
oo if we L2(I)\ H*(I),

where [ is a bounded, open interval, W is a non-negative double-well potential, and k is a fixed
positive integer that can be assumed to be strictly larger than 2, the cases kK = 1 and k = 2 being
already studied by Modica and Mortola in [2I] (see also [20]) and Fonseca and Mantegazza in [17],
respectively. As customary for phase transition models, the study of the functionals is divided
in two parts: first, compactness properties are investigated as € tends to 0, here it is proved that a
family of functions having equi-bounded energy has a sharp interface as a cluster point; then, the
asymptotic analysis is performed, in this case, by I'-convergence. Under some mild assumptions on
the potential W, and, in particular, without requiring any growth condition on W at infinity, it
is proved that (see Theorem below for the precise statement) given {u.}. C H¥(I) satisfying
sup, El(us, I) < +oo, there exists a function u € BV (I;{—1,1}) such that, upon extracting a
subsequence, u. — u in measure as € — 0, having set the two wells of W at —1 and 1. Hence, the I'-
limit as € — 0 computed with respect to the convergence in measure is finite only on BV (I;{—1,1})

(1)
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and it is proved to be equal to mg#(S(u) N I), where S(u) denotes the set of the discontinuity
points of u and my, is a strictly positive constant determined by the optimal-profile problem

—+o0
Mg = inf{/ [W(U) +[o® P dt v e HE(R), Tim v(t) = il}. 2)
— 00

Note that such result generalizes the one by Fonseca and Mantegazza for k = 2 to a wider class of
double-well potentials.

The precompactness of a family with equi-bounded energy {u.}. is obtained by adapting an argu-
ment originally devised by Solci [26] for perturbations giving free-discontinuity functionals, which
relies on local interpolation inequalities on intervals that allow to estimate the L?-norm of an in-
termediate derivative ul”, ¢ € {1,...,k — 1}, in terms of the integral of W (u.), which is related to
the L?-norm of u. — 1 or u. + 1 assuming that W is quadratic close to the bottom of the wells,
and the L?-norm of u( ). In this way, small transition intervals on which u. ‘passes from a well
to the other’ are detected, with the further condition that, at the endpoints, all the intermediate
derivatives are small. These observations lead to considering the minimum problem

mi(n, T) := inf{/_i [W(v) + |v(k)|2} dt :v e H*((~T,T)),

lo(=T) + 1| <, [o(T) — 1] < n, 0O (ET)| < 7 for all € € {1,....k — 1}}

that, once optimized in 1 and T, yields . Since, in turn, is proved to be strictly positive, the

equi-boundedness of the energy implies that the number of the aforementioned intervals on which

a transition occurs is equi-bounded as well, and this property, in broad terms, yields compactness.

Having proved that for every e each transition interval increases the energy E! by the fixed amount

my, which is independent of e, the computation of the I'-limit follows by standard arguments.
The general d-dimensional case deals with the functionals

1
/{fW(u) + Y W2] de it u e HYQ),
Qlté (3)
oo i u e L2(Q)\ B (Q),

E.(u,Q):=

where  is a bounded, open subset of R? with Lipschitz boundary, W and k are as above, and || - ||
is the operatorial norm of a symmetric k-tensor defined as

Tl = [sup{T(E, - &) « le] = 1} (4)
k times
In [10], the study of functionals is confined to the computation of the I'-limit, and it is remarked
that the compactness theorem holds true assuming suitable growth conditions at infinity on W. The
choice of the operatorial norm makes the asymptotic analysis of such functionals a one-dimensional
task since slicing arguments are well suited in this case. Indeed, and the slicing properties of
Sobolev functions imply that

IV o(2)|e > ‘ , for L%a.e. x € Q, (5)

e (t)
where ¢ is a unit vector, y € {z € R?: z- ¢ = 0}, and we set x = y + t£ and v&Y(t) := v(y + t&).
Employing the blow-up argument of Fonseca and Miiller [I8] together with and applying the
I'-limit result previously obtained in dimension 1, it is proved that the I-liminf is estimated by

mpP({u=1};9Q), (6)

where P({u = 1}; ) is the perimeter of the set {u = 1} in the domain (2, representing the measure
of the interface in higher dimension. Finally, the construction of a recovery sequence, that by
density can be confined to the case of a smooth interface H{u = 1} NQ = IE N Q for some E
smooth, open set, is obtained by composing the signed distance function from JF with an (almost)
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optimal-profile for the one-dimensional problem suitably dilated at scale e. In this way, the
energy of such sequence can be computed by slicing in direction of the normal field to 0E N and,
since for every € each slice increases the energy by the fixed amount my, @ is proved to be the
I-limit.

In this paper, we study a more general family of functionals in which possibly several singular
perturbations, and accordingly several order of derivatives, are involved with no restrictions on
the tensor norms. We study the asymptotic behaviour, as the positive parameter ¢ tends to 0, of
functionals defined as

k

1
4 2N Oyl de if ue HA(Q
T I AEORD S A T .

+oo if ue L2(Q)\ H*(Q),

where € is a bounded, open subset of R with C' boundary, W is a non-negative double-well
potential, k is a fixed positive integer larger than 1, the coefficients ¢1, ..., qx—1 are real constants,
possibly negative, g = 1, and | - | is a norm on the space of symmetric ¢-tensors for every
¢ € {1,...,k}. More specifically, we suppose that W : R — [0,4+0c0) is a continuous function
satisfying the following assumptions:

(H1) W(s) =0 if and only if s € {—1,1};

(H2) W(s) > min{(s + 1)?, (s — 1)?} for every s € R;

(H3) W(s) < W(t)+ 1 for every t € R and for every s € R with |s| < [¢].
We remark that, with some minor adaptations in the computations, we could also assume more in
general that, for some positive constants «, 3, the following conditions hold:

(H2') W(s) > amin{(s + 1)2, (s — 1)} for every s € R;

(H3) W(s) < W (t) + B for every t € R and for every s € R with |s| < |¢],

having our main results still holding unchanged.

One of the difficulties in dealing with general tensor norms is the arising of possible anisotropies,
which make slicing techniques inadequate. For this reason, we rely on arguments that are not based
on a one-dimensional analysis. But the main issue of our study concerns the presence of negative
terms in the energy. To overcome this difficulty we combine the approaches of Chermisi, Dal Maso,
Fonseca, and Leoni in [IT], and of Cicalese, Spadaro, and Zeppieri in [12], in which, independently,
it is treated the case k = 2: in particular, in the first work, the analysis is performed also in
higher dimension (with the operatorial norms), while the latter gives a detailed description of the
one dimensional case. Our first step is proving a global interpolation inequality at scale £ that
establishes bounds on the square of the L? norm of V(¥u in terms of [, W(u) dz and the square of
the L? norm of V). This inequality also determines lower bounds for the constants qi, ..., gz—1
for which our asymptotic analysis can be carried out.

Theorem 1.1. Let Q C R? be a bounded, open set with C' boundary, let k > 1 be an integer, and
assume that (H2) is satisfied. Then, for every £ € {1,...,k — 1}, there exists a positive constant q;
independent of Q such that for every q < g there exists eg = (g, ) such that it holds

qg%/ ||V(€)u||%dx§/{W(u)—&—EQkHV(k)uHﬂ dz
Q Q

for every e € (0,&0) and u € H¥(Q). Moreover, for every £ € {1,...,k — 1}, there exists a positive
constant g; independent of Q such that for every q < q; there exists g = €o(q, Q) such that it holds

qaﬂ/ |V(z)u|% dxg/[W(u)—&—aZﬂV(k)uﬂ dx
Q Q

for every e € (0,20) and u € H*(Q). In particular, §; depends on q},| - |¢, and |- |i.
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The above interpolation inequality is proved by, first, adapting the arguments in [I2], which
yield the result in the case d = 1, and then by applying the slicing method as in [I1] to recover the
general case. We remark that assumption (H2), despite not being fully satisfactory in describing
the model as it prescribes the growth rate at infinity of the double-well potential, is needed to apply
classical, global L2-interpolation estimates. Indeed, the presence of negative terms in the energy
seems to prevent the use of the local arguments applied in [I0], as it is not evident to us how to
estimate the energy when far from the bottom of the wells.

Having at disposal such interpolation estimate allows us to find a priori bounds on the functionals
@, provided the coefficients ¢y, ..., qx_1 are not too small, and this is the key ingredient to get the
main compactness result.

Theorem 1.2. Let Q C R? be a bounded, open set with C' boundary, let {F.}. be defined as in
@ with k > 1 an integer, let N :={€ € {1,....,k—1} : qo <0}, and let {e,},, be a positive sequence
converging to 0. Assume that (H1) and (H2) are satisfied and that one of the following conditions
holds:

(1) N =0;

(it) N # 0 and qo > —q, for every ¢ € N for suitable positive constants {q, : £ € N'}.

If {un}n C H*(Q) is a sequence such that

sup F., (un, ) < 400,
n

then there exist a subsequence {un,,}; and a function u € BV (Q;{—~1,1}) such that u,, — u in
L*(Q) as j — +oo. In particular, if N # 0, letting G}, ...,q;_, denote the same positive constants
appearing in Theorem and given {ay : £ € N'} such that oy > 0 for allt € N and y , a0 = 1,
it holds that g, = cuq; for all £ € N'; hence, {g, : £ € N'} are independent of €.

Clearly, if the coefficients ¢, ..., qx—1 are non-negative, the compactness result in [I0] suggests
there is no need to resort to Theorem [I:1]since, by the equivalence of the tensor norms, compactness
of the functionals {F.}. can be inferred by compactness of the functionals {E.}. defined in
through a direct comparison. For this reason, we also prove a compactness result for functionals
{E.}. (Proposition . The first step is enhancing the compactness result for functionals
stated in [I0] taking advantage of assumption (H2). Indeed, this assumption implies that W has
quadratic growth at infinity, and this condition, in turn, allows to improve precompactness in
measure into precompactness in L2. Then, we recover the general d-dimensional case by resorting
to a precompactness criterion in L' by slicing that has been introduced in [2] (see Proposition
below), which in our case is sufficient to obtain precompactness in L.

Afterwards, we compute the I'-limit of the family { F. }. with respect to the strong convergence in
L?(€2). In order to state our result, we introduce some notation. We set S~ := {¢ ¢ R? : |¢| = 1}.
For fixed v € S and T > 0, we let the symbol Q% denote an open cube of side length 7', centred
at the origin, with two faces orthogonal to v,

T T
QY = {x eRY:jz-v| < oL |z - v| < 3 for every i € {1,...,d — 1}}, (8)

where {v1,...,v4-1,v} is an orthonormal basis of R? that we fix arbitrarily.
We fix a function u € HF (R) such that u(t) = —1if t < —1/8, u(t) = 1 if t > 1/8, [u| < 1, and

+o0 k

0< / [W(E) +y |qg||ﬂ(‘>\2] dt < +o0,
-0 =1

then, for fixed v € S?~! we define the function

@ (z) :=a(x-v) forall z € RY,
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and for every € > 0 we further define

ul(x) == ﬂ”(g) = ﬂ(%) for all z € R%.
We introduce a class of admissible functions on unit cubes as
A2 = {v e H¥QY) : v =" near QY }, (9)

where by ‘near 0Q%’, we mean ‘in QY \ Q¥ for some r € (0,1)’.
Finally, for every v € S¥~! we introduce the function

g(v) := inf {/Q

and we state our last main result.

k

1

S )+ Y@ VO da v e AZs € (0,1, (10)
(=1

v
1

Theorem 1.3. Let Q C R be a bounded, open set with C* boundary, let {F.}. be defined as in
(M) with k > 1 an integer, and let N := {¢ € {1,...,k — 1} : gy < 0}. Assume that (H1)-(H3) are
satisfied and that one of the following conditions holds:

(i) N =0;

(1)) N # 0 and q¢ > —q, for every £ € N with the same positive constants {q, : £ € N}

independent of Q@ appearing in Theorem [1.3

Then the family of functionals {F.}. T'-converges, with respect to the strong convergence in L?(£2),
to the functional Fy given by

/ g(va)dHY  ifue BV(Q;{-1,1}), withu=2x4 —1,
Fo(u, Q) == ¢ Joana
+00 if u € L2(Q)\ BV(;{-1,1}),

where A is a set of finite perimeter in 2, 0* A is its reduced boundary, va is its inner unit normal,
and g is defined as in .

In the special case g1 = ... = qx—1 = 0, this result improves the corresponding one in [10] as
it deals with arbitrary norms on the spaces of tensors, upon assuming stronger hypotheses on the
double-well potential.

In order to compute the I'-limit, we follow the strategy presented in [II]. The lower bound is
proved by using the blow-up argument and relying on a method due to De Giorgi that allows to
vary boundary conditions on converging sequences (Lemma . The construction of a recovery
sequence is confined to the case of polyhedra, which are seen to be dense in energy for the limit Fj,
being the surface energy density g upper semicontinuous (Proposition .

As stated below in Remark the density can be described by the following asymptotic
formula

k
EW@) £ 0 VO] de v e ar)

g(v) = lim inf{/
e—0 Qv =1

k
Tgrfw % inf { /Q [W(v) + quv(@)v\ﬂ dr :v € ﬂ%},

v
T /=1

where N
A ={ve H*(QY%) : v =u" near oQ4%},
and the last equality follows by setting 7" := % and a change of variables.
The formula appearing in should be compared with the one in [I1]. In that work such density
is a constant because of the absence of anisotropies, and it is given by

1
inf {/ [fW(v) — ge|| V)2 +€3||V2v||2] dz v e Ae e (0, 1)},
Q 13
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1 1
A::{UEH{ZC(Rd):v:—lnearx-ed:—i,v:1nearx-ed:§,

v(z +e;) =v(z) forall z € R i € {1,....,d — 1}},

where {ey, ..., eq} is the canonical basis of R? and by ‘near x-eq = i%’ it is meant ‘in a neighborhood
of the set {x € R : w-eqg = +1}.
In light of this observation, we expect that our density g could be characterized as

k
inf { / FW(U) + qu52€_1|v(£)v|% dz:ve A’ e € (0, 1)}7

Qe =1
with
1
2 )

v(z +v;) =v(z) for all z e R i € {1,...,d — 1}},

where {v1,...,vq-1,v} is the orthonormal basis that we fixed in the definitions and @D To
prove this fact, we would need to impose boundary conditions resorting to Lemma In turn, to
do this we would need to improve Theorem even just in the case of the operatorial norms, to
the case 2 be an open cube. In [IT], this result is obtained by slicing, which is well suited because,
roughly speaking, the operatorial norm of a 1-tensor, the gradient, coincides with its euclidean
norm as a vector of R?. Because of the higher order of derivatives that our interpolation estimates
involve, such argument seems to be difficult to adapt. As an additional consequence of the lack
of interpolation estimates on cubes, the proofs of Lemma (and its statement) and of the lower
bound (Proposition present several differences with respect to their counterparts in [11]. In
particular, we will need to apply our interpolation inequalities on a C'* subset of the cube QY that
coincides with this cube inside the strip {z € R? : |z - v| < 1} which is close to the interface on
which most of the energy is stored.

We remark that, in the case k = 2, such asymptotic analysis has already been performed for
more general functionals that are bounded from above and from below by positive multiples of the
functionals (7)), allowing, for instance, the dependence of the energy densities on the variable z. In
particular, in [6], Baia, Barroso, Chermisi, and Matias studied the case ¢; = 1; while, in the recent
paper [I5], Donnarumma has addressed the problem of deterministic and stochastic homogenization
of such functionals. As a consequence of their results, the validity of Theorem for generic norms
follows. For a treating of phase transitions models encoding homogenization phenomena we also
refer to [4] and [5].

In the final section, we further discuss the cell problem in in the one-dimensional case, and
we also address the case in which all the norms | - |, appearing in are ‘compatible with slicing’;
that is, satisfying an estimate like , and all the coefficients g¢, £ € {1, ...,k — 1} are non-negative.
In both cases, the function g in is constant, and its value is determined by the one-dimensional
optimal-profile problem

- 1
AV::{UEHIIZC(RCI):v:—lnearx-u:—i,vzlneara:-y:

+oo k
m:= inf{/ [W(u) + quu(@)ﬂ dt :u e HE (R), lim wu(t) = :tl}.
o =t t—too

By a cut-off argument, we are also able to prove, without requiring (H3), that the above infimum
actually is a minimum, determining the existence of optime-profiles for a wide class of phase-
transitions problems on the real line.

We conclude this introductory section by noting that in recent years there has also been a growing
interest in non-local counterparts of the models for phase transitions described above. Starting from
the foundational work of Savin and Valdinoci [24], several works on the subject have been published.
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We mention here the works [14, 22] 23] and the recent paper by Solci [25], in which a non-local
counterpart of the results of [I0] is proved. It would be interesting to extend our analysis to that
context.

Near the completion of our work, we learnt that, independently, Brazke, Gétzmann, and Kniipfer
performed the same asymptotic analysis in the one-dimensional case without requiring (H3) and
with the further assumption that ¢ = ... = ¢x_2 = 0; that is, taking into account a possibly
negative singular perturbation described by the only derivative of order k — 1 (see [9]) using an
argument different from ours for the liminf inequality.

2. NOTATION AND PRELIMINARIES

In this section we collect the main notation and some preliminary results using [3] as main
reference.

Notation. In what follows, we let  be a bounded, open subset of R? with Lipschitz or C!
boundary, for d > 1. We let |¢] and [t] denote the lower and upper integer part of a real number
t, respectively. We let {ey,...,eq} denote the canonical basis of R? and I, the identity matrix in
RX4. Given any z € R? we let |z| denote its euclidean norm. We let £¢ denote the Lebesgue
measure on R? and H?~! denote the (d — 1)-dimensional Hausdorff measure on R¢. Given a Borel
measure p on R? and a Borel subset B of RY, we let y L B denote the restriction of y to B, that
is, the measure defined by L B(A) := u(A N B). For every positive integer ¢, we let || - ||, denote
the operatorial norm of a symmetric /-tensor on R? defined by , while a generic norm will be
denoted by |- |¢. Given v € S9~1, we let the symbol v denote the hyperplane {z € R? : z-v = 0},
and given T > 0 we let Q%(z) denote the open cube of side length T', centred at z, and with two
faces orthogonal to v,

T T
Qr(z) = {x eERY:|(z—2x) V| < 3 l(z — ) v < 3 for every i € {1,...,d — 1}}7

where {v1,...,vq_1,v} is a fixed orthonormal basis of R?. Given r > 0, let B,(z) denote the d-
dimensional open ball of centre z and radius r. We adopt the convention that, both for cubes and
balls, when omitted, the centre is in the origin in accordance with .

Functions of bounded variation. Given u € L!(f2), the variation of u in 2 is defined as
Viu; Q) := sup{/ u divedz : ¢ € CHO;RY), |p] < 1}.
Q

We say that u has bounded variation, and we write v € BV (Q), if V(u;Q) < +o00. For such a
function wu, the singular set S(u) is defined as the complement in € of the set of Lebesgue points;
ie.,
1
S(u) = {xeﬂ:ﬂzeRNsuChtha‘c lim 7/ u(y) — z|d :O}.
=2 38 2B, @) o Y

The distributional derivative of w in € is the sum of three mutually singular vector measures,
Du = p® + i/ + p¢, where p® is absolutely continuous with respect to £, 7, the jump part, is a
(d—1)-dimensional measure concentrated on S(u) with density given by (u™ —u™ )y, where v, u™
are the bilateral traces of u on S(u) defined in accordance with the unit vector field v, while u° is
the so-called Cantor part.

Sets of finite perimeter. Given an L% measurable set A C Q, the perimeter of A in Q is
defined as

P(A4;Q) := sup{/ divpdz : ¢ € CHOQ;RY), |o| < 1}.
A
We say that A has finite perimeter in Q if P(A4;Q) < +oo. Since § is assumed to be bounded, the

set A has finite perimeter in 2 if and only if its characterstic function x 4 is a function of bounded
variation in Q; i.e., x4 € BV(2). Therefore, for such a set A, the distributional derivative of x o



8 GIUSEPPE COSMA BRUSCA, DAVIDE DONATI, AND CHIARA TRIFONE

on ) is a vector measure j14. Denoting by |ua| the total variation of this measure, the reduced
boundary of A is defined as

B, (z
0*A = {:B € R?: there exists v4(x) := lim M,
=0 [pa|(Br(x))
and the unit vector v4(x) stands for the inner unit normal (in the sense of measure theory) to A
at the point z.
We summarize the main properties we need about sets of finite perimeter in the following state-
ments.

with |va(z)| = 1},

Theorem 2.1. If A is a set of finite perimeter in Q C R?, the distributional derivative of x 4 in Q
18

pa=vaHTIL(0*ANQ),
and P(A4;Q) = |pa|(RY) = HILH(0* AN Q). Moreover, setting H, := {y € R% : y-v > 0}, for every
point x € 0* AN, it holds that

Xazs = XH, o) Lo (RY) asr — 0,
d-1(9* A va(zx)
He@ Tdm_?r (=) —1 as r — 0.

We remark that a function u € BV (Q;{—1,1}) is of the form v = 2x4 — 1 for a certain A set of
finite perimeter in . In particular, it holds that S(u) = 9*A N Q up to H? '-negligible sets and
the distributional derivative of u in Q is the measure 2v4H? 1L (9*AN Q).

We shall also recall a well-known result of approximation of sets of finite perimeter via polyhedral
sets, see [I, Lemma 3.6] and [7, Lemma 3.1].

Theorem 2.2. Let A be a set of finite perimeter in Q@ C R%, d > 2. There exists a sequence
{A, }nen of polyhedral sets satisfying

(i) xa, = xa i L*(Q)  asn — oo,
(i) P(An; Q) — P(4;Q) asn— +oo,
(iii) HYH(0* A, N OY) =0 for every n € N.

Moreover, for every non-negative continous function g on S, there holds

i a=1(g) = va(z =1(g).
Jm [ gt = [ g @ (1)

Slicing. Given an open set Q C R?, ¢ € S9!, and y € £+, we define the slice QY as
QY .= {teR:y+t&cQ},
and we define Q¢ the orthogonal projection of Q on &+ as
Q= {y et Q%Y £().
For every function u :  — R and for every y € Qf, we define the function u*¥ : Q%Y — R by
ut (1) = uly +t€).

Using Theorem 11.45 in [I9] one can see that given a function u € H*(Q), for every ¢ € S4=1 and
for Hi 1-a.e. y € £+, it holds that
d‘usY
VOu(y +t&)(&,....6) = ———(t) for Ll-ae. t € Q%Y and for all £ € {1,....k — 1}.
SN—— dtt

£ times

We also mention [3] Remark 3.104] that yields a characterization of functions of bounded variation
with values in {—1,1} in terms of their slices.
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Theorem 2.3. A function u € L*(Q;{—1,1}) belongs to BV (;{—1,1}) if and only if for every
j €{1,...,d} the one-dimensional slices of the function u given by u®Y have bounded variation in

the open set Q%Y for Hi '-a.e. y € ej‘, and

H(S(usY)NQ%9Y) dHI " (y) < +o0.

Q°i

I'-convergence. We briefly recall the definition of I'-convergence in L?(Q2). For a general
introduction to the topic we refer the reader to [, [I3]. Given functionals G : L*(Q) — [—o0, +]
for e > 0 and Gg : L*(Q) — [—00, +00], we say that G is the [-limit of the family {G.}., and we
write Gy = I-lim._,o G, if, for every vanishing sequence {e, }, the following conditions hold:

(i) For every u € L*(Q) and {u,}, such that u, — u in L?(Q) as n — +o0, it holds that

lim inf G, (un) > Go(u);

(ii) For every u € L?(Q) there exists {u,}, such that u, — u in L?(Q2) as n — +oo0 and

limsup G, (un) < Go(u).

n—-+oo
It is also convenient to recall the following definitions:
I-liminf G, (u) := inf{liminf G., (u,) : {en}n vanishing, u,, — u in L*(Q)};
e—0 n—+oo
I-limsup G (u) := inf{limsup G-, (u,) : {€n}n vanishing, u,, — u in L*(Q)}. (12)
e—0 n—-+oo

Both functionals above are lower semicontinuous with respect to the strong convergence in L*(2),
they coincide if and only if I'-lim._,o G exists, and in this case the I'-limit coincides with their
common value.

We conclude this section proving a characterization of the density introduced in . In view of
the asymptotic analysis, the following proposition makes irrelevant the choice of the orthonormal
basis {v1,...,v4—1, v} fixed in the definitions and ([9). In the following we let SO(d) denote the
group of d x d orthogonal matrices with determinant equal to 1.

Proposition 2.4. For every v € S~ and for every R € SO(d) such that Rv = v it holds

k
1
g(v) = inf { /R o (W) + Y e |V Ou drivo Re A% 2 € (0,1)) (13)
1 /=1

3

k
1
= inf { / [*W(v) 1 quezf’l\v(%@} dr:voR € AV, e € (0,1),
R(QY) L€ =1
R’ € SO(d) with R'v = y}. (14)
Moreover, g is upper semicontinuous.

Proof. We first prove (14). Fix v € S%~! and let ¢ € (0,1), R € SO(d) satisfying Rv = v, and
vo R € AZ. We claim that for every n € (0,¢), there exists a function w, € A} such that

lim sup/
n—0 Q

For the sake of exposition, we set T := 1/¢ and 0(z) := v(fx) for all z € R(QY%). For § > T,
we introduce

Z(T,S) :={2=T(z1v1 + ... + 24_1va_1) : 2+ R(Q%) C Q%, (21, ..., 2a_1) € Z471},

k k

1 _ 1 _

[V )+ D a9 O, ] da < /R o WO+ X VOl do. (15
{=1 1

€
7 =1
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where {11, ...,v4-1,v} is the orthonormal basis that we arbitrarily fixed in the definitions and

@D, and
E(T,8):= |J (z+R(@%)).

2€Z(T,S)
Then, we define the function
B(2) v(x—z) ifze€z+ R(QY) for some z € Z(T,S),
wg(x) :=
5 ¥ (x) otherwise in Q%,
and we note that w € H’“(Qg) with wg = u” close to 0Q%. Recalling the notation , we have
Fl({UvSan) _ Fl(ﬁ;SaE(T7 S)) + Fl(iUVSan \ E(T) S))

Gd—1 Gd—1
_ Fi(ws,z + R(Q7))Y | Fi(ws, Q% \ E(T,5))
o Z Gd—1 ) + gd—1
z€Z(T,S)

R RQE) | H (@4 \ BIT.S)

Gd—1 Gd—1 co,
(W (u) + 25:1 (Jg|ﬁ(£)|2] dt and letting 7 denote the orthogonal projection
on the hyperplane v. We observe that

= #Z(T,S)

having set cq := fj:;

. #Z(T,8)
S
and
HI (7 (Q% \ B(T,S)) = 71 — #Z(T, )T,

therefore,

. Fi(ws, Q%) _ F1(v, R(QF))

lims < :

imaup =G < S
that is

1 b 1 b
tmsup g7 [ [Wi@s)+ > al VOS] do < s [ W@+ Y alv T do (10)

Finally, we set

1 - /1 v
n = 5 wn(gg) = w1 (Ea:> for all x € 7,

so that w, € Aj. By applying the change of variables y := nx on the left-hand side and y := ex on
the right-hand side, can be written as
1 k
“W )+ gV O0[F| dy,
r=1

k
. 1 _
hrnsup/ [*W(wn)+ > " am™ 1IV(Z)wnlﬂ dyS/ {
-0 Joy Pt R@y) L€

n
which is . By the arbitrariness of ¢, R, and v, inequality and a diagonal argument yield
[T).
As for the proof of , consider Ry, Ry € SO(d) satisfying Ry = Rov = v and vo Ry € AY.
With a similar argument to the one employed above, we may prove that for every n € (0,¢), there
exists a function wy, such that wy, o Ry € A} and

k K
1 1
lim Sup/ [fW(w,,) n qu”*llv(f)wn@] dx < / [fW(v) + Zqﬁuﬂw(wvﬂ dz,
n—=0  JRy(Qy) " =1 Ri(Qy)-€ =1

which, by the arbitrariness of the rotations Ry, Ry and of the function v, proves ([13)).
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Finally, we prove that g is upper semicontinuous. Let v € S*~! and {v, },, € S%~! such that
v, — v. We aim to show that

limsup g(vn) < g(v).

n—-+o0o

Fix n > 0 and let € € (0,1) and v € AY such that

k
1
g(v)+n= /QV [EW(U) + ZQZEM_HV(Z)U@] d. (17)

1 (=1

For each n € N we can find R, = (Rﬁgj)jjzl € SO(d) such that R,v = v, and R,, — I;. Consider
the cube R, (QY) and, for each n, a rotation S,, € SO(d) such that

Snvn = v and Rn(QF) = Sn(Q1")-

Define v, () := v(RLx) for every z € R,(QY) = S,(Q}") and note that v, o S,, € AY». By
and a change of variables
1 k
g(vm) < / [fW(vn(x)) + qu€2é_1|v(z)vn(;v)|ﬂ dx
Sn(Q7™)

3
{=1

k
1 _
- /R I EUCICIED S

< (=1
/Q

We show that, for each £ € {1,...,k} and L%a.e. z € QY, we have VD, (R,z) — VOu(zx) in
the space of f-tensors as n — +o00. By the equivalence of the norms, to prove this it is sufficient to
show that for £%a.e. z € QY it holds

k

) EW(v(x)) +y qg€2€_1|V(€)Un(Rnx)\ﬂ dz. (18)
1 =1

lim V©uv,(Rux)(ei,, ..., ei,) = VOu(x)(ei,, ..., ei,) for every (iy,...,i¢) € {1,...,d}*.  (19)

n—-+oo

Let us fix (i1, ...,i¢) € {1,...,d}*. For L%a.e. z € QY we have

; . v,
ngr-ir-loo V(Z)Un(Rnx)(eil’ e eié) = ngrfoo W(Rnx)
d d . L 8£U

= lim ST R Riede 2T ()

n_H_OOjlz::l jgz::l 8xj1...6x]—[

d d
ot

= Z Z 5iljl"'5izj27($)

ji=1 je=1 8.%]‘1...83?]'[

0%

=— " (z)=V® , ,
89611...8:1:14(30) V(@) (e - i),

and this equality proves (19).
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To conclude, we first observe that, since R, — I;, we may assume that |R:7| < 2 for all
i,j € {1,...,d} and n € N so that

o

|v(€)vn(Rn$)|l < Cmax{ ‘ ({Maiax
TR g

(Ro)| : (ir, i) € {1, ...,d}f}

d d 4
_ cmax{\ S L3 R Rff’”L(x)‘ L (i, ey ie) € {1,...,d}f}

=1 je=1 &le...asz
v y
< _— (2, et < O
—Cmax{’a%...a%(f)| (i1, eie) € {1, d}'} < CI9O0(a)]s, (20)

where C' is a positive constant (that may very from line to line) which only depends on d and ¢ as
it arises by the equivalence of the tensor norms. Finally, combining with , we apply the
Dominated Convergence Theorem in , so that by we obtain

n—+oo n—=too Jov Le

e

The arbitrariness of n concludes the proof. O

k
1
limsup g(v,,) < lim [*W(U(Z‘)) + Zqﬁﬂ—l‘v(l)vn(}gnaj”ﬂ dx
=1

k
W) + 3 e IVOu@)] dr < o) + 7.
/=1

v
1

Remark 2.5. With the previous proof, we also showed that

g(v) = ;1_{% 1nf{/@

This observation will be useful in the last section in order to study the density g in the one-
dimensional case.

k
V EW(U) £ 0 VO] de v e ar).
1 =1

3. INTERPOLATION

This section is devoted to the proof of Theorem Furthermore, we obtain a useful result
(Corollary that we will use in the proof of Theorem Throughout this section, we keep
track of the dependence of the constants on the involved parameters with the only exceptions of d,
the dimension of the ambient Euclidean space, and k, the highest order of derivation.

We start by mentioning a classical interpolation estimate on intervals (see Theorem 7.41 in [19]).
For simplicity of notation, for every interval I we let |I| denote its length.

Theorem 3.1. Let I C R be a bounded, open interval and let k be a positive integer. Then there
exists a positive constant ¢ independent of I such that

/|u(k_1)\2dt < C\I\_2(k_1)/u2 dt+c/|u<’f>\2dt
I I I

We adapt the argument of Lemma 3.1 in [I2] to bound the square of the L?-norm of the derivative
of order k£ — 1 by means of the integral of the double-well potential and the square of the L?-norm of
the derivative of order k. Then, we deduce the same kind of estimate for any derivate of intermediate
order £ € {1,....k —1}.

for every u € H*(I).

Lemma 3.2. Let I C R be a bounded, open interval, let k > 1 be an integer, and assume that (H2)
is satisfied. Then there exists a positive constant qj,_, independent of I such that

q/|u(k’1)(t)|2dt§ |I|’2(k’1)/W(u) dt+|[|2/\u(k)|2dt
I I I
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for every q < q;,_, and u € H*(I).

Proof. Tt is sufficient to prove the statement for I = (0,1), the general case being obtained by
translating and rescaling. We set
1
z ::/ w1 dt,
0

and by the Fundamental Theorem of Calculus we infer that
1
(1) — 2| < / W)t forall £ € (0,1). (21)
0
As a consequence
1 1
/ luP=D 2 gt < 2/ [u®)|2 dt 4 222;
0 0

therefore, the proof is complete if we prove that

2<C / 1 [W(u) + |u<k>|2} dt (22)

0

for some C' > 0. If 22 < 4f01 |ut®) |2 dt, then is immediately satisfied. Otherwise, by Jensen’s
inequality, we have that |z| > 2 fol |u®)| dt, which together with , yields

|u(k’1)(t)| > % >0 for all t € (0,1). (23)

Consider the intervals (£, 21), j € {0,...,k — 1}. We observe that there exists j* € {0,...,k — 1}
such that v # 0 on (%, 1 *,j ! ). To see this, assume by contradiction that u vanishes on each of these
intervals; then, u has at least k zeros on I. By Lagrange’s Theorem, this implies that «’ vanishes
at k — 1 points of I, and then, iterating this argument, we obtain that «(*~1) vanishes at a point of
I, contradicting . We suppose u > 0 in (%, j*,;H), the case u < 0 being analogous. Applying
Theorem H to the function u — 1 on the interval (%, %) and resorting to (H2), we obtain

YR < ek / (u— 1)2dt+c/* [u®)|2 dt
® F "
i+l j*lj—l
< ck?h=0 W (u) dt + c/ |u®)|? dt,
i i
3 E

therefore, taking into account (23),
22 < 4k/ lu =2 gt
-

k
i1 it 41

§4ck2k_1/* Y W) dt+4ck/ '

. \u(k)|2 dt,

k k

which, by the positivity of W, proves and concludes the proof. (]

Corollary 3.3. Let I C R be a bounded, open interval, let k > 1 be an integer, and assume that
(H2) is satisfied. Then, for every € € {1,...,k — 1}, there exists a positive constant g, independent

of I such that
q/|u<f>\2dtg m—%/W(u) dt + |1|2<’f—f>/|u<k>|2dt
I I I

for every q < ¢, and u € H*(I).

Proof. The thesis follows by applying iteratively Lemma [3.2] O



14 GIUSEPPE COSMA BRUSCA, DAVIDE DONATI, AND CHIARA TRIFONE

Now we adapt the interpolation inequality at scale €, in view of its application to functionals

Proposition 3.4. Let I C R be a bounded, open interval, let k > 1 be an integer, and assume that
(H2) is satisfied. Then, for every £ € {1, ...,k — 1}, there exists a positive constant q; independent
of I such that, for every e € (0,|1|/2), it holds

2f/|u<’v’>\ dt</[ (u) + 2P

for every q < ¢ and u € H*(I).
Proof. We set v(t) := u(et) for t € 11 so that

€2Z71/|u(£)\2dt:/ |v(e)|2dt.
1 =
1]

Then, we set n. := || and we subdivide the rescaled interval 11 in n. pairwise disjoint, open

intervals I7, j € {1,...,n.} each of length s‘%l Then we apply Corollary on each subinterval I?
with ¢ < ¢; and we obtain

525*1/|u(4)|2dt / )2 dt
1

Zq |- %/ W(v)dt + |20~ f)/ 0P dt)
2(k—10)
22[/ W (v 3) / |U(k)|2dt}
i

20 (k—¢
< maX{2 ,(3/2 )} W(u) +€2k—1|u(k)|2] dt
q

where the second inequality follows by the fact |IZ| € (1, %) if e €(0,1]/2).
We multiply the above inequality by € to obtain that

ge>! / a2 dt < / (W) + 2 u® 2] at
1 1

for every ¢ < ¢/ and € € (0, |I|/2), where we set

IN

I /\

g = 9
£ max{2, (3/2)2F-0}

therefore, the proof is complete. O

The following immediate corollary proves Theorem in dimension 1.

Corollary 3.5. Let Q C R be the union of finitely many bounded, open, disjoint intervals, let k > 1
be an integer, and assume that (H2) is satisfied. Then, denoting by |I,| the length of the shortest
connected component of Q, for every £ € {1,...,k — 1} and for every e € (0, |I,|/2) it holds

qs“/ |u(z)\2dt§/[W(u)+€2k|u(k)|2} dt
Q Q

for every q < ¢ and u € H*(Q).
Proof. The proof follows by an immediate application of Proposition [3.4] O

Finally, we prove the main result of this section by using the argument presented in the proof of
Theorem 1.2 in [I1I]. Below, we will make use of notation about slicing that has been introduced
in Section 2.
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Proof of Theorem[1.1] It suffices to prove the part of the statement concerning the operatorial
norms, since the other case follows by the equivalence of the norms. We follow the proof of Theorem
1.2 in [I1]. For r > 0, ¢ € S 1 and y € QF, we define Q%Y as the finite union of the connected
components of the slice Q¥ having length larger than 7. Then we set Q(¢,7) := {y+t£ € R :y €
0%, t € Q5Y} and we observe that (Q(&,7))5Y = Q5v.

Applying Corollary [3.5 we obtain

i [N O [ W+ e E
Qf.‘y QS,?/
for all ¢ < ¢/ and £ < r/2. We integrate the above inequality on &+ to get
[ OO do < [ W)+ VO] de
Q(e,r) Q
and setting A(E,r) := Q\ Q(&,r) we obtain

~2£/ | V(z )| dr — ~2e/ ||V(e)u||§da:§/{W(u)ﬁ-g%uv(k)uﬂi} dx
A(g,r) Q

Averaging this inequality on S?! yields

q _ q _
20 / / |(v([)u)(€7 ’£)|2 dxdf}_[d 1(&-) _ &_2[ / / Ilv([)uHQ dded 1(6)
Od—1 Jsi—1 Jq Od—1 Jsd=1 JA(g,r)

< [ e+ 9@l do
Q

where we set oq_1 := H41(S471).
By a simple compactness argument, there exists a positive constant 7(¢) such that

! / IT(E, . 2 dHI(E) > 7(0)|T2
Sd*l

Od—1
for every symmetric ¢-tensor T'. Therefore, by Fubini’s Theorem,

[ 1500 P deant (9 = w(e) [ 1VOul? e (24)
0d—1 Jsi-1 Jq Q
Again by Fubini’s Theorem, we have
/ / [V Oul|? de dHI () /||v Ju|2HY(D(x, 7)) da,
Td—1 Jgd=1 JA(g,r)

where D(z,7) := {¢£ € St : x € A(£,7)}; hence, to conclude the proof, we have to select r small
enough so that H4~1(D(x,r)) is small uniformly in z. Given z € 0%, we let Cr(x) denote the
cylinder having height 2R and radius R with axis parallel to the normal v(x) to 92 at x.

Let ¢ < 7(¢)gy, and fix ¢ such that (é) < g <gqy. Fix n=n(q) > 0 such that

q < q(r(£) —n); (25)
since 2 has C! boundary, there exists R such that, for every x € 99, it holds Cr(z) N 99 is the
graph of a C' function with respect to the base of the cylinder, and moreover,

HIH({E € ST € € Toa(y), y € Cr(z) NOQ}) < nog-1.
Employing the same argument presented in the proof of Theorem 1.2 in [I1], it holds that,
D(z,r) C{¢ €S : € € Toa(y), y € Crlx) NN}
up to choosing r» < R/2; as a consequence, H?~1(D(x,r)) < n for all x € 9 if r < R/2, and then

1
/ / IVOul? dz dd= (€) < / IVOu|? dz, (26)
Od—1 Jsd=1 J A(g,r) Q
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for all r < R/2.
Gathering and , we obtain that

1O =) [ IVOultde < [ [We)+ < |VOulf] do (27)

for all ¢ < ¢/ and € < R/2, where R = R(n, ().
Recalling , by we get

qg%/ HV“)uH?de/[W(u)—i—s%HV(k)uHﬂ dz.
Q Q

The above inequality is valid for all ¢ < 7(¢)g) and ¢ < R(n,)/2. Then, the thesis holds with
17

q; = 1(0)q) and g := R(n,$)/2, which in turn, since 1 depends on ¢, only depends on ¢ and
Q. O

Remark 3.6. We are not able to prove the interpolation inequality on an open cube. The same
slicing arguments employed in [IT] cannot be applied in our case because of the high order of the
derivatives that we want to estimate. This complicates our arguments in view of the proof of
Theorem since, in what follows, it will be important to apply Theorem on a class of C!
sets {Q, : p € (p1,p2)} for some p1, pa > 0 for which the threshold ey = €¢(g,2,) can be chosen
independently of p € (p1, p2). Inspecting the proof of Theorem this amounts to prove that for
each properly fixed g, given 1 > 0 such that

q < q(r(€) —n),
there exists R > 0 such that, for every p € (p1, p2) and for every x € 09, it holds that
Cr(x) N 0N, is the graph of a C' function (28)

and

HITH{E e ST i€ € Thg, (y), y € Cr(z) NOQ,}) < pHAHET). (29)
We claim that the above conditions are satisfied if we consider € a bounded, open set with C?
boundary, and

Q, = {z € Q:dist(z,00) < p}

for p € (p*, p* + R*), where p* > 0 is fixed and R* = R*(p*) > 0. In particular, we fix p* small
enough so that {z € Q : dist(z,0Q) = p} is a (d — 1)-manifold of class C' and there exists a C*

projection from 2, onto 99 for every p < 2p*.
Let o' = 1’ (n,d) be such that

w ({ee st jgl <o) <mHH s, (30)

Since 0 is of class C!, for every x € 9Q there exist R > 0 and a C' function ¢ defined on the
base of Cr(x) such that
Cr(z) N0 = Cr(x) Ngraph ¢.
By a rotation argument, we can further assume that Vo(2) = 0, and upon taking a smaller R, that
IVollLos(cny <0
Moreover, since 02 is compact, we can select R as above independent of x € 9.
Since 99, is of class C'! and compact, using the same argument, we find a possibly smaller R

with the property that for all z € 9Q,« N Q there exists a C* function ¢, defined on the base of
Cr(x) such that

Cr(x) N0y = Cr(z) Ngraph @, - with  [[Vpe|l Lo (cn)) <0

Finally, we assume without loss of generality that R < p*.
Now, let € 9Q,- NQ and 0 < r < R/4 and note that

{y € Cror(x) : dist(y, graph ¢p) =1} = Cror(2) N OQye i
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Then, letting z,, € 0+, denote the unique point such that |x—x,| = r, we have that Cr_o,(z,) C
Cr—r(z), which implies

{y € Cr—2(z,) : dist(y, graph ¢p«) =1} = Cr_sp(2r) N OQps 1.
We also note that there exists a C' function ¢+, such that
{y S CR—QT(‘TT‘) : diSt(ya graph Qap*) = 7”} = CR—QT(‘TT) N graph Pp*4ry

and

IVopetrllLoe (Croarten)) S IVprllLe(Cnosn@)) < Vel (Cn(a))-
Recalling that there exists a C'! projection from Q, onto 9 for every p € (p*, p* + R/4), the above
observations prove that for every p € (p*, p* + R/4) and for every = € 09, it holds that

Cr—2r(z) N0, = Cr_a-(x) N graph ¢,
where ¢, is a C! function such that
IVl Lo (Crani@)) < NIVPe Lo (Craniay) <17
As r ranges in (0, R/4), in particular we obtain
Cry2(x) N0, = Crya(r) N graph o, (31)

and

IV@ollLo (Cnja(@)) < IV@ Lo (0nja(a)) <1 (32)
At this point, we conclude that our claim is proved with R* = R/4. Indeed, follows by (31),

and we are left with proving that implies (29). To see this, note that for fixed p € (p*, p*+R/4)
and x € 092, implies that

{eestt:¢cc Toq,(y), y € Crya(x) N0Q,}
C {5 €Sl = Ve, (y1s - ya—1) - (€1, €a1)|, y € Crya() ﬁan}

c{ees™ slal <n'}s
therefore, by we conclude that
HTH{E €S 1€ € Toq, (y), y € Cryalx) NON,}) < pHAH(STH).
Being the above estimates uniform in p and z, is satisfied.
The following corollary will come into play in the forthcoming sections.

Corollary 3.7. Let Q C R? be a bounded, open set with C* boundary, let k > 1 be an integer, and
let N :={ € {1,....,k — 1} : ¢ < 0}. Assume that N # 0 and that (H2) is satisfied. There exist
positive constants {g, : £ € N'} independent of Q such that if g > —q, for every £ € N there exist
positive constants eg = eo({qe : £ € N}, Q) and 6 = 5({qe : £ € N'}) such that it holds

k k
1 E 20—1 ©),,12 / 1 § 20—1 ©),,12
— \V/ > 7M/ \V/
/ |:€[/[/ (U)"‘e 1qe€ | U|l:| dx 1) |:€ (U)"‘E 15 | 'U,|£:| dx

for every e € (0,&0) and u € H*(Q). In particular, letting g}, .., Qj_q denote the same positive
constants appearing in Theorem and giwven {ay : £ € N'} such that oy > 0 for all £ € N and
Y ven ¢ =1, it holds that G, = ayq; for all £ € N.

Proof. By Theorem for every ¢ € {1, ...,k — 1} there exists a positive constant g; independent
of Q such that for every ¢ > —g; there exists g = ¢(g, 2) such that it holds

1
/[EW(u) +52k—1\v<k>u|§} dx+q/ 2Oy dr > 0 (33)
Q Q

for every ¢ € (0,e0) and u € H*(Q).
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Let N :={fe {1,...k — 1} : g <0} and consider {ay : £ € N'} such that ay > 0 for all £ € N
and ),y ¢ = 1. Suppose that qo > —aq; for every £ € N and let § be a positive real number

smaller than 1 such that
1g -9

Qy 1-6

> —q (34)
for all ¢ € N'. Note that

w
(e%) éu) + qZ€2Z71|V(e)’UJ|g + ag€2k71|v(k)u‘k

= (1-0)(ar Wg(“) + —?_‘(fﬂ—l\vmuu + e Tl

+ 5(@5@ + 21Oy, + ags%*l\v“)u@).

We integrate the above equality and, taking into account 7 we apply with ¢ = L+ ql"':(;s to

Qy
obtain

w
[ [0 4 et 9O + e 9]
Q

w
> 5/ [Oég# + 271V, + ozgazk*lw(k)um} dz (35)
Q

for every £ € N, € < go(qe, Q).
Clearly, for £ ¢ N the coefficient gy is strictly positive; hence it holds

/ @V Ou|2 do > 5/ gV Ou|? da (36)
Q Q

since § < 1. Therefore, summing over £ € {1, ..., k—1} and gathering and (36)), upon considering
a smaller ¢y depending on {q; : £ € N'} and Q, we get

& k
/Q[WCEU) n ;ngzelw(@uﬂ dx > 5/0{W£u) + ZEQZ*HV(@U% dx,

=1
for every € < g, completing the proof. O

Remark 3.8. The above statement clearly holds (for every ¢) if N' = () with § := min{q, : £ €
{1,...,k}}, which is strictly positive.

4. COMPACTNESS

In this section we prove Theorem[I.2] First, we summarize in a single statement the main results
contained in [10].

Theorem 4.1. Let {El}. be defined as in on a bounded, open interval I C R, let {e,}, be a
positive sequence converging to 0, and assume that W : R — [0,400) is a continuous function such
that the following conditions are satisfied:

(H1) W(s) =0 if and only if s € {—1,1};

(H2) W(s) > aw min{(s + 1)2, (s — 1)2, Bw } for every s € R and for some aw, B positive.
If {un}n C H*(I) is a sequence such that sup, E! (un,I) < +oo, then there exist a subsequence
{un, }; and a functionw € BV (I;{—1,1}) such that un]. — u in measure as j — +o0o. Moreover, the
family of functionals { EL}. T-converges with respect to the convergence in measure to the functional
E} given by
mp#(Sw)NI) ifue BV(I;{-1,1}),

+00 ifu e L?(I)\ BV (I;{-1,1}), (87)

El(u,I):= {

where my, is given by .
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By strengthening the assumptions on W, we improve the result concerning compactness stated
above.

Corollary 4.2. Let {E}}. be defined as in on a bounded, open set I C R, let {e,}n be a
positive sequence converging to 0, and assume that (H1) and (H2) are satisfied. If {u,}, C H*(I)
is a sequence such that sup,, E;n (un, I) < +00, then there exist a subsequence {un; }; and a function

u € BV(I;{—1,1}) such that u,, — u in L*(I) as j — +oo. Moreover, the family of functionals
{EY}. T-converges with respect to the convergence in L*(I) to the functional E} defined in .

Proof. Tt suffices to prove the statement in the case that I be an interval. Let {u,}, C H*(I) be
a sequence such that sup,, E! (u,,I) < +oco. Since (H2) implies (H2), we apply Theorem to
deduce that, up to subsequences, u, — u in measure for some v € BV (I;{—1,1}). Let A C I be
measurable, by (H2) we have

/|un\2dt:/ |un|2dt+/ |un|2dt§£1(A)+2/ (W (un) +1] dt,
A An{|un|<1} An{|un|>1} A

and since sup,, B! (un,I) < 400, it holds that [, W (u,)dt — 0 as n — +oc. Hence, the sequence
{|un|?}, is equi-integrable, which, together with its convergence in measure, implies u, — u in
L3(I).

As for the I'-limit, the lower bound follows again by Theorem while a recovery sequence for
the L?(I)-convergence is obtained exactly as in Proposition 5.3 in [10]. O

At this point, we prove an analogous compactness result for functionals , replacing I with
Q) C R?, d > 1. This is possible by applying a compactness criterion by slicing that appears in [2].
We introduce some notation specific for its statement: here, {2 denotes a 2-dimensional rectangle
which is the product of the bounded, open intervals I,.J, and a point « € Q is denoted by (y, 2),
with y € I,z € J. Given a function u defined on €2, for every y € I we let u¥ denote the function
u¥(2) := u(y, z) for every z € J, and for every z € J we let u* denote the function u*(y) := u(y, z)
for every y € I. We say that two sequences {uy, }, and {v,}, are d-close if ||u, — v, | L1(0) < 9.

Proposition 4.3. Assume that a sequence {u,}, C L'(Q) is equi-integrable, and that for every
d > 0 there exist sequences {vn }n and {wy}, d-close to {un}n, and such that {v¥}, is precompact
in LY(J) for a.e. y € I, and {w?},, is precompact in L*(I) for a.e. z € J. Then {uy, },, is precompact
in LY(Q).

We employ this result exactly as in [I7]. For the convenience of the reader, we sketch the proof,
and for simplicity, we consider only the case d = 2 when needed.

Proposition 4.4. Let {E.}. be defined as in , let {en}n be a positive sequence converging
to 0, and assume that (H1) and (H2) are satisfied. If {un}, C H¥(Q) is a sequence such that
sup,, E., (un, Q) < +00, then there exist a subsequence {uy,}; and a function u € BV (Q;{—1,1})

n

such that, u,, — u in L*(Q) as j — +oc.

Proof. For simplicity, in the first part of the proof we suppose d = 2 and that 2 be the rectangle
I x J, otherwise, it suffices to cover a general ) by essentially disjoint rectangles in order to
reduce the proof to our simpler case. Using the notation previously introduced, we recall that
{u¥}, C H*(J) for a.e. y € I, and, analogously, that {u2}, C H*(I) for a.e. z € J. In particular,
it holds

d*u¥ Fuy, d*u? Fu,
A2k (Z) = Ok (:C)a dyk (y) = 8yk (:Z})
for a.e. x = (y,z) € Q and for all n. As a consequence, by the definition of the operatorial norm,
dk Yy dk z
we have ||[V*u, ||p > max{‘ dzukn , d;:l }, and then

E(un, Q) > / Bl J)dy,  E.(un,9) > / B (u, 1) dz. (38)
I J
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Arguing as in the proof of Corollary we find that that {u,}, and {|u,|?}, are equi-intergable
sequences; therefore, we fix § > 0 and we find ¢’ € (0, ) such that

L2(A) <& LYT) = sgg/{qﬂuﬂ +1)dz < 4. (39)

Letting S denote sup,, E:, (un, ), for every n € N we set

() = 4 () T B2 (uh, ]) < 8/,
| otherwise.

We also put Yy, := {y € I : u¥ — v is not identically 0} and we observe that
LAY) < L ({y e T: BXul, J) > §/6'}) /E (Wl J)dy <,
where the last inequality follows by . This inequality, combined with ( , implies that

|t — vn L1 () §/ (|un] + 1) dz < 0;
Y, xJ

that is, {u,}n and {v,}, are d-close. Moreover, by construction and by (H1), we have that for
every y € I the sequence {vY}, is such that sup, E! (vY,J) < S/§’". Hence, by Corollary this
sequence is precompact in L?(.J), and thus in L(J).

A similar argument allows to find a sequence {w, }, that is d-close to {u,}, and such that, for
a.e. z € J, the sequence {w?},, is precompact in L!(I). Therefore, by applying Proposition we
deduce that {u,}, is precompact in L*(2). Finally, since {|u,|?}, is equi-integrable, we deduce
the precompactness in L?().

To conclude, we prove, without further assumptions on d and €, that if the subsequence {u,, }
converges to u in L2(2) as j — +oo, then u € BV (Q;{—1,1}). To see this, using the notation
introduced in Section 2, we prove that for every m € {1, ..., d}, the one-dimensional slice u®"¥ has
bounded variation on the open set Q¢¥ for H% -a.e. y € Q" and

#(S () N QoY) dHT (y) < +o0.
Qem

Arguing as previously done for , we have that

Be(un,, ) 2 | B (ugp®, Q) dH 7 y).

Moreover, upon extracting a further subsequence that we do not relabel, it holds that uem’y — ufmY

in L2(QemY) for Hi l-ae. y € Q°n. Hence, by Fatou’s lemma and Corollary [4.2] E apphed with
I =Q°Y and u = u®™Y, we get

+00 > S > liminf E. (u,,, Q) > / lim inf B} (ugm ¥, Q°mY) dH* ' (y)
Q

Jj—+oo em J—+00
> Eé(uem,y’ QemY) d”;’-ld_l(y).
Qem
As a consequence, E}(u¢m¥, Q¢m¥) is finite for H? l-a.e. y € Q¢ which implies that

400> 8 > Eg(ucmY,QmY) dH (y)
Qem
> my, #(S(umv) N Qe V) dHT (y).
Qem
Then, since my > 0, for such y it holds that u®¥ € BV (Q°¥;{—1,1}), hence, the conclusion
follows applying Theorem O

Finally, the proof our main result is an immediate consequence.
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Proof of Theorem[1.3. Let S denote sup,, F:, (un, ). If N'= 0, by the equivalence of the norms

n

there exists ¢ > 0 such that F., (un,Q) > cE., (u,,Q) for every n so that
S/c > sup Eg, (un, Q)
n

and the conclusion follows by Proposition [4.4]
If N # (), again by the equivalence of the norms and by Corollary upon restricting to large n,
it holds

S/8" > sup E-, (un, Q)

for some 0’ > 0; therefore, the conclusion follows by Proposition O

5. LOWER BOUND

In this section we prove the liminf inequality of Theorem[I.3] In particular, we prove the following
result.

Proposition 5.1. Let Q@ C RY be a bounded, open set with C' boundary and let N' = {{ €
{1,...,k—1} : ¢ < 0}. Assume that (H1)-(H3) are satisfied and that one of the following conditions
holds:

(i) N =0;

(it) N # 0 and qo > —q, for every £ € N with the same positive constants {q, : £ € N}

independent of Q appearing in Theorem [1.2
Then for every {e,}, positive sequence converging to 0 and {u,}, C H¥(Q) such that u, — u in
L?(Q) it holds
Fy(u) < liminf F; (u,).

n—-+oo

In the following, C' denotes a generic positive constant that may change from line to line, but
which is independent of the relevant parameters. We recall that @ is a function in H_(R) such
that u(t) = —1if ¢t < —-1/8and u(t) =1if t > 1/8, |u] <1, and

+o0 k
0< / W@+ 3l O] di < +oo. (40)
=1

— 00

Moreover, for every € > 0 we have set @Y (z) := u(%%) for all z € R?. We observe that, thanks to
, the definition of @Y, and Fubini’s Theorem, for every open set V' C ) there exists a constant
C > 0 such that for every v € S%~! and € > 0 we have that

+oo k
Fe(u.,V) < C/ / (W@ + 3 lqel[a® 2] de an— (y)
(V) oo =1

+oo k
<c[ W@+ llnP)a<c. (41)
- =1

where 7 denotes the orthogonal projection onto v+ and where we have also used that (u?)"¥(t) =
H(é) for every € > 0, y € v+, and t € R.
We further set
ug(z) = sgn(z - v), (42)

where sgn denotes the sign function and remark that, for every K ¢ R% compact, {u’}. converges
to uy in L?(K) as e — 0.

We start by proving a lemma which allows to modify boundary conditions on a converging
sequence at the cost of an asymptotically negligible amount of energy.
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For every z € R%, v € S¥1, we introduce @”(m) an open subset of Q¥ (x) having C? boundary
and such that

Q') N{yeR: |y v <1} =Q"(x)Nn{yeR?: |y v < 1},

We suppose that all the above sets are congruent, namely, that they are obtained starting by @ed (0)
by a translation and a rotation. Also for the rounded cube Q" () we use the convention that when
x = 0 we simply write Q".

Lemma 5.2. Let {e,}n be a positive sequence converging to 0, v € S™, and let {v,},, C H*(Q)
be a sequence converging to ul in L*(QV). Assume that (H1)-(H3) are satisfied and that one of the
two conditions (i) and (ii) of Proposition holds. Then there exists a sequence {wy}, C H*(QV)
such that
(i) wyn — uf asn — +oo L2(QY),
(i) the support of w, — Uy, is compactly contained in Q¥ for every n € N,
(iii) it holds
liminf F., (wy, Q") < liminf F., (v,, QY).

n—-+o0o n—-+oo

Proof. For the sake of exposition, we only consider the case v = ¢4, the others being analogous. For
simplicity of notation, throughout the rest of the proof we set u, :=uZ?, and we set Q := Q°¢(0).
It is not restrictive to assume that

[vn = Unll 25y > 0 for every n € N

as, if v, = u, for infinitely many n € N, it enough to set w, := %, to conclude. An analogous
argument shows that we may also assume that

liminf £, (v, Q) = lim_F., (v, Q) < C < +ox. (43)

By Corollary , and there exists a constant § > 0, independent of n and @, such that

W (vy,) r 1 ~
/~ {771 + Zsif*Hv(%nﬂ dx < ngn (vn, Q) < C, (44)
Q- &n =1
k
W (3, o .
L[ e e 9 Om ) e < ) < (45)
" (=1

for n € N large enough depending on {g, : ¢, < 0} and C~2 Additionally, as both v,, and u,, converge
to ug? in L?(Q) as n — 400, we have that

/~ |V, — Tp|* dz < C (46)
Q

for every n € N.

Since the set Q is C2, there exists py > 0 such that for every 0 < p < po there is a unique ct
projection from the neighbourhood {z € Q : dist(z,0Q) < p} onto Q. In particular, for every
0 < p < po the sets {z € Q : dist(z, 8@) = p} are (d — 1)-dimensional manifolds in R? of class C*.

Let 0 < p < po/2 and 0 < o < po/2, and let [£,,1] be the smallest integer larger than or equal
to e, !, so that

% <[l <em (47)

for €, < 1. In light of the observations above, the set of class C! given by
{z € Q: dist(z,0Q) < p+ o}
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can be subdivided in [e,,1] open subsets with C'! boundary defined as

Liw’p = {x €eqQ:(i— 1)L + p < dist(z,0Q) < i— p} fori e {1,...,[e;1]}. (48)

B [en']

We observe that
o

LYLE < C—=. 49
( n,oyp) = |—€T_Ll-| ( )
From — we deduce that
fe, '] k
- W (vy,) _
S ([, [Rre e vtni]
i=1 n,o.p £=1
W) | N~ a1t [vn = ?
oot 0 D Lo 100 =Tl )
for every n large enough. Hence, by we find i* = i*(n,0,p) € {1,..., [e,,1]} such that
k
W (vn) 20—1 v (0),, |2
(/i* [7&1 + Zen \% vnw dx
nop =1
W) | § [0 — T ?
+/ {7” +Z€i£—1|v(£)ﬂn|ﬂ dx—i—/ "7—26133 < Ce,
L, L, 1on = Tnlla )
In particular, for every ¢ € {1, ..., k} we have
5721671|||V(£)vn|4||%2(m;w) < Cep, (50)
eff_l|||v(z)ﬂn‘[HiE(L§:g’p) < 05”7 (51)
1 1
L W (o) dz + — / W (@, dz < Cen, (52)
€n Li:mﬂ €n Lg;mp
— 2 — 2
/Li* |vr, — Uy | deCanvn—unHLz@). (53)

n,o,p

‘We now introduce the sets
Anopi={z€Q:dist(z,0Q) < p+ (i* — D2}
Bhop = {x €qQ: dist(m,(?@) >p+ z*#ﬁl]},

and cut-off functions ¢, », € C°(Q;[0,1]) such that

Onoplx) =0 ifxe A, ,,
Onop(x) =1 if x € By o), (54)
VO n,0,plell Lo () < Cloen) ™ for every £ € {1,...,k}.

For z € é we define
wy (7) = Wi () = Gno,p(T)0n () + (1 = Pn,o,p(2))0n (), (55)

and we observe that w,, € H k(@) and that w,, — u, is compactly supported in é Also note that,

since both {v,}, and {%,}, converge to ui* in L?(Q), for every choice of o and p the sequence
{wp}n converges in L*(Q) to ug? as well.



24 GIUSEPPE COSMA BRUSCA, DAVIDE DONATI, AND CHIARA TRIFONE

By and , we have
F, (wn, é) = I, (vn, Bn,o,p) + I, (wn, L::,a,p) + e, (U, An,mp)

Kk
W (w, _
< F., (Vn, Bnyop) +/ [ ( )+ E |‘H|5i£ 1|V(Z)wn|ﬂ dz
Li* 13

n

n,o,p (=1

W) |\
w o [P e O de = 1 B (50)
An,o,p n =1

We now study the asymptotic behaviour of these three quantities.
We claim that

lim sup I,ll =limsup F;, (Vn, Bno,p) < lim F. (vp, @) (57)

n—+o00 n—+o00 n—r+oo

for every fixed o, p small enough. This inequality follows from an application of Remark [3.6] with
Q=Q, p"=p,and 0 < R*(p). The choice of these parameters is allowed by our construction since
we will conclude our proof by letting n — +o00, 0 = 0, and p — 0, in this order.

To prove , we set
Q. = {z € Q : dist(z,0Q) < 7},
for 7 € (p,p+ o). Then, by Remark for every £ € {1,....,k — 1} we find g = so(qg,@,p, o) >0
such that
1
/ {—W(vn) + qgsff_lw(é)vnﬁ} dx >0

Qr -En

holds for every n sufficiently large so that €, < g and for every 7 € (p, p + o). Arguing as in the

proof of Corollary we deduce that there exists a possibly smaller £g = g¢({q¢ : g0 < 0}, @7 0,0)
such that

k
1 _
[ (2w +a ) 2w, do> 0 (58)
Q- "En =1

for every n sufficiently large so that ¢, < &g and for every 7 € (p, p + o). We now apply with
T=p+1i"—%=, so that Q. = Q \ By, and obtain that

[en']’

F. (00, Q) = F., (03, Q\ Bnoo.p) + Fe, (n; Bnop) = Fr (Un, Buop),

which implies .
We now study the term I3. From Fubini’s Theorem, the definition of %,, a change of variable,
and it follows that

+o0 k
B < OH (Ao, Nt ( / W) + > lael[a®?] dt) < C(p+o0),
> =1
so that
limsup I} < C(p + o). (59)
n—-4oo
We now show that I2 is asymptotically negligible. We begin by studying the term involving the
double well potential. We remark that the continuity of W and (H3) imply there exists C' > 0 such
that
Wi(s) <W(t)+C (60)

for every s = (1 — 0)t + 0ty with 0 € [0,1) and |tg] < 1. Indeed, if |¢| < 1, then |s| < 1, so that
Wi(s) < sup,¢i_1, W(7) , while if instead [¢t| > 1 then s < (1 — 0)[t| + 0[to| < ||, so that
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follows from (H3). Thus, recalling that [u,| < 1, from , , , and we deduce that

1 1 drri
], e 2(f, wosiesocts,)
CO’
<Cep+ ———= < Clen +0). (61)
5n[5n1

We now investigate the remaining terms in I2. We note that for every £ € {1, ...,k} and multi-
index « of order || = ¢ we have

O w, =Y (g) (09 Gni0p™ P + 07 (1 = .0,0)0 70 )

BLa

= (bn,(r,paavn + (1 - (bn,a,p)aaﬂn + Z <a> (66¢n,0,p 80_6('071 - ﬂn))

0<B<a

so that, by , we deduce that for every £ € {1,...,k} the following inequality holds

VOwnf? < O(IVO 0l + VO, 7
1
+(0€n)72é|vn _ ﬂn‘z + Z(an)fﬂffj) |V(J) (Un _ ﬂn)@)

Combining this inequality with (50)), (51)), (53)), and we obtain

5%_1”|v(€)wn‘€||%2(m;mp) < Cey, + 00_2857_11 L |vr, — ﬂn|2 dx
n,o,p
=1 o
rey s I S
j
L -1y
S C€n+CU ||'Un unHLz(Q) C(Zm)gn
j=1
Finally, this last inequality, together with (61]), yields
k k 0-1
I? <Cep+Co+C( 20722 ||Un—HnHiQ@) ZZ 2(12 j) (62)
/=1 =1 j=1

Since {v,, — Uy}, converges to 0 in Lz(Q) as n — 400, by (56), (57), (59), and (62)) we infer that
lim sup lim sup limsup F._(w,, Q) < lim F., (vn, Q).
n—+o00

p—0 oc—=0 n—+oo
Recalling that for every fixed o and p the sequence {wy}, = {w™7*}, converges to uj in L2(Q)
and is such that the support of w, — u, is compactly contained in @ for all n € N, we let ¢ and
p vary in two positive vanishing sequences and use a diagonalization argument to conclude the
proof. O

We are now ready to prove the liminf inequality. The proof is based on the blow-up argument
of Fonseca and Miiller [T§].

Proof of Proposition[5.1 Let us fix a positive sequence {&, },, converging to 0 as n — +oo. Without
loss of generality, we may assume that

liminf F; (un,Q) = lim F. (u,,Q) < C < +o0. (63)

n—-+o0o n——+oo
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In light of Theorem this implies that u € BV (;{—1,1}) so that u = 2yg — 1 for E a set
of finite perimeter in  and S(u) N Q = 9*E N Q, where we recall that 0*E denotes the reduced
boundary of E.

For every n € N, we consider the measure p,, defined by

tn(B) = F. (un,B) for every B Borel subset of .
Note that by Corollary [3.7/and (63)), upon assuming n large enough, the sequence {f,, := Wun)

en
Zif:l qee?' =1V Ou, |21, is equibounded in L'(2). Therefore, letting | M| denote the total variation
of a measure M, we have sup,, |u,|(2) < C, so that, up to passing to a not relabelled subsequence,
we may assume that {un }, and {|p,|}n converge weakly* to two finite Radon measures p and A,
respectively. We now show that ¢ > 0. To this aim, we use the Besicovitch Derivation Theorem
(see [16], Theorem 1.153]) to write for |u|-a.e. z €

d B,
() = lim M,
d|u] r—0+ |ul (B (2))
where dpu/d|pu| is the Radon-Nikodym derivative of i with respect to its total variation |p|. Let us
fix a point = such that the previous equality holds. Since the set {r € (0,400) : A(0B,(z)) > 0}

is at most countable, we may choose a sequence of positive real numbers {r,,},, vanishing as
m — +00, such that

dp 1
——(z)= lim lim 7/ fnly) dy.
dlpl m—+oon—too |ul(By,, (7)) Jp,, ()

For every m € N fixed, by Corollary the integral in the right-hand side of the previous equality
is non-negative for n € N large enough, hence, we conclude that du/d|p| is non-negative |ul|-a.e.
and then p > 0.

By the Radon-Nikodym Theorem we write u = fHI 'L (0*ENQ) + o, for f a non-negative
function and for ¢ a non-negative measure which is singular with respect to H?~!L (0*E N Q).

We now show that the function f can be estimated from below in terms of the function g defined
by (10). To see this, for every x € R", v € S%~! we consider Q" (x) an open subset of Q¥ (z) having
C? boundary and such that

Q@) N{y eR:y-v| < {1 = Q") N{y e R :|y-v| < {}. (64)

For every © € 9*E N Q we consider v = vg(x) the inner unit normal to 0*E N at z. By ,
using Theorem one can show that for H% '-a.e. € 9* E N Q we have

d—1/v *
r—0 ’r‘d_l

(65)

where we used the notation Q%(z) = {y € R™ : y/r € Q“(x)}. By the Besicovitch Derivation
Theorem, for H% '-a.e. x € 0*E N we have
f(z) = lim mor) (66)
r=0t HAH(QY (z) N O*E)
Additionally, given x € 9* ENS) such that holds, since { iy, }, weakly*-converges to u, it follows
from and a diagonal argument that there exists a vanishing sequence {r,},, with e, < r,,
such that

(67)

Upon translating the point z, it is not restrictive to assume that x = 0 € 0*E N ); moreover, for
the sake of notation and simplicity of exposition, we only discuss the case and vg(z) = e4, the
other cases being analogous.
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We write Q in place of Q¢ (0) and Q.. in place of @ﬁd (0). Then, we set v,(y) := u,(rpy) for
every y € ) and, by Theorem we have that {v,}, converges in L?(Q) to the function ug?
defined by . We further set 7, := €, /r, and use the change of variables y = z/r,, to obtain

A A k
MH(QTL) _ an(un7Qn) _ i 20—1 (g) 2
pd T a1 = 5 L_n W (vn) + e; qr, |V Unw dy. (68)

Since {v,}, satisfies all the hypotheses of Lemma we can apply such Lemma to obtain a
sequence {wy, },, C H*(Q) which satisfies (i)-(iii) of said Lemma.
Noting that 7, — 0 as n — 400, by (67), and (7ii) of Lemma it follows

k
1
£(0) zliminf/~L—W(wn)+§ qﬂﬁé—wv“)wnﬁ} dy. (69)
n (=1

n—+to /5
Now we observe that, by (i) of Lemma putting
wy =T on Q74(0)\ Q
for all n € N, we have {wy}, C A% . Moreover, since [u®(y)| =1ify € {z : |2-eq| > 1}, it follows

that 7S (y)| = Lify € {z: |z eq| > 22}
Therefore, by , we have

k
£(0) > lim inf/ [iW(wn) + qugl*ﬂvw)wnﬂ dy,
Q1%(0)

n—+00 Tn P
and by the definition of g in , we conclude
f(0) = g(ea).
Since the above argument holds for H¢ -a.e. z € 9*ENQ and every v = vg(z), we obtain
f(@) 2 g(ve(z)). (70)
Finally, by the inequality lim inf,, p,, (2) > ©(Q2) we infer that

lim F. (up,Q)= lim p,(Q)>p)= /3*Erm f(z)dH (2) + o(Q)

n—-+00 n—-+o0o

and, recalling that o(€2) > 0 and exploiting , this last inequality leads to

lim F. (up,Q) > / fz)dH 1 (z) > / g(vp(z)dH¥(z),
n—+oo 9*ENQ 9*ENQ

concluding the proof. O
Remark 5.3. We note that, thanks to , as a by-product of the above proof we have also showed
that

Gra)dH¥t  ifue BV(Q;{—1,1}), with u =2y — 1,
T-lim inf F (u, Q) > /E,*Amg(”f‘) s (@:{=1.1}), with u =2xa
=0 +00 if u e L2(Q)\ BV(Q;{—1,1}),
where
1 k .
g(v) := inf { /~ [EW(U) + qus%—ﬂv“)mﬂ dx:ve A, e (0, 1)}

Q¥ =1
for every v € S%~! and we have set

A= {ve H*(Q) : v = near 8@”}.

Such observation will be useful in order to prove that the I'-limit is strictly positive.
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6. UPPER BOUND

In this section we conclude the proof of Theorem by proving the limsup inequality. As in
Section [f] C' denotes a generic positive constant that may change from line to line, but which is
independent of the relevant parameters. We now state the main result of the section.

Proposition 6.1. Let Q C RY be a bounded, open set with C' boundary. Let {e,}, be a positive
sequence converging to 0 and let u € BV (Q; {—1,+1}). Assume that (H1)-(H3) are satisfied. Then
there exists a sequence {uy }, C H*(Q) converging to u in L*(Q) as n — +oc and such that

limsup F;, (u,) < Fo(u).

n—-+oo

Proof. We subdivide the proof in three parts.
Step 1. First, we consider the case where  has Lipschitz boundary (and not necessarily C*)
and v = 2y — 1, where

A={zeQ:(x—x) -v>0}
for some g € Q and v € S~ such that
va(z) L v for every x € 09 with |(z — ) - v| small enough, (71)

recalling that vo(x) is the inner unit normal to Q at . For the sake of exposition, we assume
xo = 0 and v = eq, the other cases being analogous, so that for every = € £ we have u(z) = ug?(z),
where by definition ug?(z) = sgn(x - e4), and

Fo(u) = gleq) (N {zqg =0}).
For every n > 0, there exist 0 < g9 < 1 and v € AZ¢ such that v = uZ? in a neighborhood of
0Q7¢, and
1 k
LW+ et 90| ds < glea) + . (72
Q! +=0 =1

By Proposition upon rotating Q5¢ leaving e, fixed, we may assume that Q¢ = Q := (-1, 2)4.

22
We then extend v to a function in Hfgc(Rd) which is periodic in the first d — 1 variables; that is,
such that

v(x) =v(x + e;), (73)

for all i € {1,...,d — 1}. We also set Q,, 1= {z € Q: [z4| < 32} for every n € N.

We claim that a recovery sequence for u is given by the sequence of functions {u,} C H*(Q)
defined by

. v(?—f) if x € Q,,
un(@) = { u(x)  ifzeQ\ Q. (74)

To prove the claim, we first show that
|t — ullL2() — 0 as n — +-o0. (75)

To this aim, we set €' := {2/ € R"!: (2/,0) € Q} and observe that by , it holds

QNQ, =0 x {7&&]
280 280

for n sufficiently large.
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Using the change of variables (', zq4) — (', £224), by Fubini’s Theorem and (74) we have

/ |un|2dx / /250 }U(Eol‘ €0£L'd>| da ddx
Q 1) _En En

/ | Eo—x scd) |2dx’dxd.
o En

We observe that, since v € Hf! _(R?), the function f: R?"1 — R defined by
1
3

fly) = / |v(y,:cd)|2 dzy for every y € R4™1
_1

2

is integrable on €’ and that, by definition of v, it is periodic. We may then apply the Riemann-
Lebesgue Lemma to the function f to obtain

lim / / % X | drgdx’ —/ / / (y’,xd)|2dxddy’dm’
n—-4o0o ’ ’ 1 1)d 1)1

= LN oll72 ) (76)

N

which implies

[ unl? do < Z2 ol g (1)

n

From this inequality, , and the fact that u takes values only in {1}, we deduce that
Jun — ullaey <2 [ Junf? do+2£7(0,) < €22 4 2678,
Q, 0

which tends to 0 as n — 4oc0. This inequality proves (75).
We now show that {uy,}, is a recovery sequence for u. To this aim, we first note that for every
x € 2\ Q, we have

un(z) = u(z) € {~1,1} and VOu,(z) =0 for every £ € {1,...,k},
while, if z € ,,, we have

VO, () = (=

En

)L]V(E)v(io—x) for every £ € {1, ..., k}.

Then, we use (H1), , Fubini’s Theorem, and a change of variable to obtain

an(un):/ [ (un, +Zq4525 Hv un\ﬂdx

k

EOLL‘/ £0%d 2£|\7(0),, €0T E0xd /
// En En En " en )>+qu€ v (sn En )lz}dmddx
EOSU 20—1|(0),, [ £0T 2
LR ) S o

for every n € N. Since v satisfies , the function h: R¥~1 — R? defined for y € R%~! by

1 k
2 ]_ _
no) = [ (S Wl m0) + 3 a9 0l w) ] de

1 le
37 0 =1
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is integrable and, by , is also periodic. Therefore, we may apply once again the Riemann-
Lebesgue Lemma to obtain

1 k

3 1 / !
lim // [—W(U(go—m,md))—i—g qgsgéfl‘v(e)v(go—x,xd)’j]dmddx’
n——+oo ’ _% €0 En — En

k

1 _

:NAvaLwa+§ym¥wv@WPx
/=1

Combining this equality with and 7 we conclude that

k
1
1mzg%p%*wn/PW@+ZM%ﬂw%ﬂmg%@+M*mm
Q =1

n—-+oo o

Since 1 was arbitrary, a diagonal argument allows to prove the thesis in this special case.

Step 2. We now assume that u = 2y4 — 1, with A = PN Q and P polyhedral. This means
that OP = Uf\il H; U F, where the sets (H;)M, are pairwise disjoint and relatively open convex
polyhedra of dimension d — 1, while F' is the union of a finite number of convex polyhedra of
dimension d — 2. In particular, there exists v, ...,y € S~ and 21, ..., 23, € R? such that

H; C{zx €RY: (x —x;) -5 =0},

and each v; is the inner unit normal to P on H;. For simplicity, we may also assume that 9QNJP
is the union of a finite number of C'' manifolds of dimension d — 2.

Let us fix 0 < 0 < 1 and let Hi,..., H}, relatively open subsets of Hji, ..., Hy with (d — 2)-
dimensional boundary of class C!, such that

{r e HinQ: dist(z,00UF) > $} C H
Fix 0 <7 < § and define for each i € {1,..., M}
Qi :={z+tvi:zeH,te(-nn)}

<

C H] C H;.

<.

We can choose 1 so small that the sets )y, ...,y are pairwise disjoint. Since each (2;, satisfies
, by the previous step, we obtain sequences {u},},, C H¥(€2;) such that

ul — uin L*(Q), (79)
ul,(z) = u(z) for every z € {z € Q; : dist(z, H;) > o },
and
limsup £, (u,, ) < (9(vi) +n) H'H (2 0 Hy), (80)
n— 00

where for every x € ; it holds

. i .
vz(%) if |(z—ax;) - vy < 256"0,

u(x) if [(x — x;) - 4] > ;;?)’

ul () =

and, for each i € {1,..., M}, v* and €} are such that

k
1 o
L 5w+ e 9O < o)+
toro =1

In order to present the candidate recovery sequence, we let (¥, ).~ be a radial smooth convolu-
tion kernel, with supp¥. C B.(0) and [ ¥.dz =1 for every € > 0. We extend u to the whole R
by setting u := 2xyp — 1 and introduce smooth functions u,, defined for every n € N by

Up =u*x Vg,
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where * denotes the operation of convolution. Observe that these functions satisfy the following
conditions

Un(z) = u(z) for every z € {x € Q : dist(z,0P) > e, }, (81)

~ ~ C
|| poemay <1 and |||V Oy o]l poo (may < = for every ¢ € {1,..., k}. (82)

For 7 € (0,1) we set
Uy i={z € Q:dist(z, FU(0QNIP)) < 7}

and choose cut-off functions ¢, € C2°(R%;[0,1]) such that

do(z) =1 ifxeU,,
by (z) =0 if 2 € RY\ Uy, (83)
H|v(£)¢o—|g||Loo(Rd) < Co™* for every £ € {1, ..., k}.

We claim that the sequence of functions {u,}, C H*(Q2) defined by

- (1 — ¢o)ul, + dotin in Q; for i€ {1,..M},
R in =0\ UM Q,

is a recovery sequence for wu.

The fact that {u,}, C H*(Q) follows from the same argument used in [IT, Theorem 1.3, Substep
2BJ. Also, and the fact that @, — u in L?(Q) imply that u,, — u in L?(Q) as n — +oo.

We now study the asymptotic behaviour of the energy of {u, }. First, we show that F;_(u,,)
is negligible. To this aim, for every n € N we set

Ry = {:c € Q: dist(z,0P) < max {ey, ;—;1), s ;SZW } (84)

We observe that Q' N'R,, C U, for n large enough and that H (0P NU,) < Co. Hence, by the
definition of €, , and , we have

k

1 - -

F. (un, ) = / [S—W(un) + Y lgelet VO, |7 |do < Co. (85)
Q' NRy n —1

We now study the energetic contribution of the remaining terms. We fix ¢ € {1,..., M} and
compute

Fs (una Qz) = Fs (u;, Qz \ UQJ) + Fen (una Ql N (UQU \ Uo)) + Fen (ﬂna Qz N Ua)

n n

k
1 _
[ ) + 3 el 19O 2]
" =1

< P (ul, 0\ Usy) + /
Q’im(U2U\UU)

k

1 - _ -

+/ [—W(un)+2|qg|sff 1|v<f>un|ﬂ dx
Q:NU, “En —

=K, + K2+ K.
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We separately investigate the three terms KL, K2, and K3, starting from K. Recalling that ¢ = 1,
we observe that

KL= /Qi\U% %W(u;) +€ik71|v(k)uil|i} dx+/ [Zq 221 g(0) i |2 }

z\Uza /=1

1
S/Q [E—W(un) 2w Ryl 12 dx+/ Zq 271 WOy |2 ]dx
e & te—1
/ Zqé_zz 1|V(z |2 }
QiNU20 “p—q
<00+ [ 3 e 190 2] (56)

NU2+ (=1

By the periodicity of u!, with respect to the variables tangential to H;, we may argue as in Step 1,
using Fubini’s Theorem and the Riemann-Lebesgue Lemma to deduce that

lim / |qe|e2- 1w ;|ﬂ dx < C’a/ [
n—-4oo Q;NUsz0 ; v

1 /=

k—1
|V ei)2 :|d1'§CU.
1

Hence, it follows from and that

limsup K} < (g(vi) + n)HH(H; N Q) + Co. (87)

n—-+o0o

We now investigate the term 2. We begin observing that for every £ € {1, ..., k} and multi-index
a of order |a| = £, we have

Oun = 3 (Z) (0701 = 65)0° P, + % p0° 7, )

B<a

= (1= ¢0)0%ul, + ¢o0"Un + (ﬂ) (0% 0P (U, — ul)),

0<B<La

which by implies

VOuff < 1V D7 + VO, 7

£—1

o2 i — ul 2+ Y0 o 2D VD @, - ul)2). (88)
Jj=1
Since by (H3) we have that
W (un) < W(uh) +C, (89)

it follows from , , and that

L -1
. | ) A ‘ N
e <o [—W(u;) L Z lgel 26 (‘V(é)uml? + Zgﬂ(@ﬂ)N(J)u;@)} dz
Qiﬁ(Uza\Ua)mRn En En =1 j=1
i -1
e [ baele2 = (199 + 0y = T2 + 302V, )| d
QiN(U2,\Us )R " g7

j=1
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Arguing as in and , we obtain that

iW( )+7+Z\q5\6% 1(|V€) ’\2—1—20 =) |7 | )} dx

lim
j=1
(90)

n=1+%° J0,N(Use \Us )R Ln
< CH¥YH;NUsy,) < Co.

Then, we observe that using , with u,, replaced by uf,, v replaced by v?, and Q replaced by €2,
together with , we have

/Qﬂ(Uzg\U )ﬂRn[;mAE% 1(|V(f)u |g +o 2@|un —un|2+]zla 2(6—j ‘V(]),’L‘L’ ‘ )}
C k -1 2(( )
;(ZO—’—Z 20— ])))Ld(ﬂ N (Uze \ Us) NRy)

™ e=1

k 2@ 1

+CZ( 2€||zﬂHL2(Q) S LY N (Uae \ Us) N Ry, ))

<

-1 (2 7) 220
(91)

<o(L0+X 5k >>a+cz< )

As
-1 2(5 7) k 20 62@

k
5

Z o2(— ])+Z(U2Z+0_2£ 1)—>0 for n — 400,

=1 j=1 (=1

combining with , we obtain that
lim sup IC,% < (Co.

n—-4oo

To conclude, we use to estimate the remaining term K3 as

1 ~
Kié/ [ W (i) +Z|qels” NV O, (7| d
Us{z:|(z—z4) vi|<en} =1

C
< ;Ed {zeU,: |(z —xi) vi| <en}) <CHYYU, N H;) < Co. (93)
Finally, gathering , ,, , and summing over ¢ € {1,...,

limsup F;, (un, Q) < Z lim sup Fv, (un, ;) + limsup F. (u,, Q)
i=1

n—-+00 n——+00 n—-+o0o

M} we obtain that

Z Vz —|—n Hd 1( HZ)+CO'§F0(U)+C(77+U)

i=1

Since > 0 and o > 0 were arbitrary, a diagonal arguments allows to conclude.
Step 3. Finally, we deal with the general case u = 2y4 — 1, for A C Q a set of relatively
finite perimeter in 2. By Theorem we can find a sequence of polyhedral sets {4, }, such that

X4, — Xa in LY(Q). By the previous step, setting u,, := 2xa, — 1,
[-limsup Fe(u,) < Fy(u,) for every n € N,

e—0
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where we recall that the I'-limsup is the functional defined by . By the lower semicontinuity of
the I'-limsup we then infer

I-limsup F.(u) < liminf T-limsup F.(u,) < liminf Fy(uy,).

e—0 n—00 e—0 n—00

Since g is upper semicontinous on S?~! (see Proposition above), by [13, Remark 9.11, Theorem
9.15] there exists a sequence {gm, }m of Lipschitz continuous functions such that ¢ < g1 < gm <
maxga—1 ¢ and

g(v) = ian gm(v) for every v € st
me

Using again Theorem and , we obtain for every m € N that
lim Im(va, (2))dH (@) = / g (va (@) dH (2)
n=+00 Jora,nQ 9*ANQ

so that by monotonicity

n— oo n—oo

lim inf FO(un) = lim iIlf/ g(VAn (x))d?—[dil(x)
9*A,NQ

< lim gm(va, (2))dH¥ ()

N0 J9*A,, N0
= / Gm(va(z))dH  (z).
*ANQ
Finally, by Monotone Convergence we obtain that

lim inf Fy(u,) < lim Gm (va(x))dH ()

n—o0o m—0 J9:4n0
<[ glale)ant i e) = Fafw)
9*ANQ
which concludes the proof. ([l

We conclude this section proving that the surface energy density g is strictly positive. This
observation makes the I'-limit non trivial.

Proposition 6.2. Let g be the function defined in with k > 1 an integer and let N := {{ €
{1,..,k — 1} : o < 0}. Assume that (H1)-(H3) are satisfied, and, if N # 0, further assume that
q > —qp for all ¢ € N, where {g, : £ € N} denote the same positive constants appearing in
Corollary[3.7] Then infga—1 g > 0.

Proof. Similarly to Section 5, we introduce Qv” an open set with C2 boundary contained in Q such
that

Q"N{yeR:ly-v[ <3} =Q" N{yeR:|y-v| <3}
and, letting {v1,...,v4_1,7} denote an orthonormal basis describing @, with the additional prop-
erty that

d—1 d—1
Q"N m{yERd:|y~ui\ gi}:Q”m ﬂ {yERd:\y-ui| < %} = R". (94)
i=1 i=1

Recalling the notation in Remark we note that the function g : S?~! — R given by

k
g(v) :=inf { /@V EW(U) + Zq552f—l|v(€)v‘ﬂ dr:ve Al e e (0, 1)}
=1
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satisfies g(v) > g(v) for every v € S?"!. We combine this observation with Remark and
Proposition [6.1] to infer that

/ Gva)dH™r  ifue BV(Q;{~1,1}), with u=2x4 —1,
I*ANQ

[-liminf F(u,Q) >
=0 00 if u e L2(Q)\ BV(Q;{—1,1}),

/ g(va)dH  ifu e BV(Q;{-1,1}), with u=2yxa — 1,
=>4 Jorano

+00 ifue L?(Q)\ BV(Q;{-1,1})
> I-limsup Fx(u, 2),

e—0
which, in turn, implies that g(v) = g(v) for every v € S¢~!. For this reason, we equivalently prove
that infga—1 g > 0.
Fix v € S%1 and let {e,}n, vy € AZTL, n € N such that

k

— : 1 20—119(0), |2
r=1

Arguing as in Remark it is not restrictive to suppose ¢, — 0 and moreover, we may further

assume that for all n € N it holds €, < eg({qe : £ € N}, @”), the constant appearing in Corollary

B.7
Clearly, the set R” defined in is contained in Q¥; then, we apply Corollary with Q = Q"
and, by the equivalence of the norms, we obtain that

/U[1an +qu5% vy, |£]dx>6/u[1an +Z€2€ Lwt ’un|4

k
> 5/V [iW(un) + ;e%wv“)vnﬁ} dx

En
1 _
25’/V{;W(vn)+sik IV ®0, 7] de

for every n € N and some ¢’ > 0 which is independent of @”. Applying Fubini’s Theorem, , and
a change of variable, we obtain

1 — v, -
/R (W) + 2V P 0, | dx>/R / W (v) + 21 (w) M) 2t a2 y)
vlep vApL %
= 9) + 1w ) B ] dt HE (y)
RYNu+
25n ]_ ].
(k k

2en

1
w(t) = sgu(t) if |[t| > M for some M € (0, ?) },

where we set w"¥(t) := v2¥(e,t) and in the last inequality we used that v, € A, for alln € N. As
(H1) and (H2) are satisfied, we are in position to apply Propositions 4.1 and 4. 2 in [10], deducing
that

!

1 5
5(v) = liminf & [—W(vn)—ksi’“’lHV(k)vnH }dm > o > 0,

n——+oco RvLEn

my, being as in , which concludes the proof. O



36 GIUSEPPE COSMA BRUSCA, DAVIDE DONATI, AND CHIARA TRIFONE

7. ANALYSIS OF THE CELL PROBLEM IN DIMENSION 1

In this final section we analyze the surface energy density g defined in when d = 1. In this
instance, such density clearly is a constant that we prove being determined by an optimal-profile
problem on the real line. It is not restrictive to assume that | - |, coincides with the absolute value
for every £ € {1,...,k} as any norm on R is a multiple of the euclidean one.

By Remark and by a change of variable, we find that

T k
g= inf inf{/ [W(v) +qu|v<e>|z} dt - v e H*((~T,T)),
T>3 -T =1

v(t) = sgn(t) if |t| > M for some M € (O,T)}

= lim inf{/T {W(v)—i—iwmaﬂ dt: ve H*(-T,T)),
T =1

T—+oco

v(t) = sgu(t) if |t| > M for some M € (O,T)},

hence, for T' > 1/2, we set
T k
m(T) := inf {/ [W(v) + qu‘v(f)ﬁ] dz, v e H*((=T,T)),
-T =1

v(t) = sgn(t) if [t| > M for some M € (O,T)},

in such a way that

- I T
g T;Tmm( ),

and we put

lim_u(t) = ﬁ:l}. (95)

o k
m = inf{/Jr [W(u) + quu(mz] dt :u e HF (R),
=1

The main result of this section is that, under the by now usual, suitable assumptions on the coef-
ficients q1, ..., qx_1, the equality g = m holds. In order to prove this, we state the one-dimensional
version of Corollary [3.7] at scale € = 1.

Corollary 7.1. Let I C R be an open interval of length 1, let k > 1 be an integer, and let
N:={le{l,...k—1}:q <0}. Assume that (H2) is satisfied, and, if N # 0, further assume that
qe > —qy for all £ € N, where, letting {q) : £ € N'} denote the same positive constants appearing in
C’orollary and given {oy : £ € N} such that ap > 0 for all £ € N and 3, - = 1, it holds
that G, = ayqy for all £ € N'. Then, there ezists a positive constant 6 = §({qe : ¢ € N'}) such that

/[W(u) + zk:qdu(e)lz} dt > 5/[W(u) + zk: \uw)ﬂ dt
I =1 I =1

for every u € H*(I).

Proof. The proof is obtained by following the same line of the one of Corollary 3.7, with Corollary
used for every ¢ € {1,...,k — 1} in place of Theorem [I.1 O

Proposition 7.2. Let k > 1 be an integer, assume that qo > —q, for alll € N, with N and {q; : ¢ €
N} as in Corollary[7.d], and assume that (H1) and (H2) are satisfied. Then m = limy_, 4o m(T).

Proof. Clearly, m(T) > m for every T hence, limp_, ;o m(T) > m.
To prove the converse, let u € Hf_(R) be such that lim; 4. u(t) = 1 and fj::[W(u) +
S qelu®@ 2] dt < 400, and let T, > 0 be such that |[u(t)| — 1| < 1/2 if [t| > T,.
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Consider a function ¢ € C*°(R; [0,1]) that is supported in (—o0,1/2) and such that ¢(¢) = 1 for
every t < 0. For every n € N we set
un(t) i= ot —nju(t) + 1 = o(t —n),

and we observe that v, coincides with « on (—oo, n) and it is constantly equal to 1 on (n+1/2, 4+00).
As a consequence

+oo k nfé k
[ e+ S an0F]a = [ W+ Y adu®P] ae
- =1

=1 -

n+% k
+ / {W(vn) + Z Qg|v,(f)|2] dt.
1
n—3z (=1
We estimate the energy of the function v, on the interval (n — 1/2,n + 1/2); that is, we estimate

k

/n+ (W) + 3 aelo@P) a. (96)
n =1

2

First, we observe that min{u(t),1} < v,(t) < max{u(t),1} for all £ € R and n € N; therefore, since

u(t) = 1 as t — +oo, for every € > 0 there exists 7. > 0 such that |v,(t) — 1| < ¢ for all ¢ > T,
and n € N. Hence, the continuity of W and (H1) imply that

n+%
nll}r_{loo - W (vy,,)dt = 0. (97)

As for the derivatives of v, we observe that for all £ € {1, ..., k— 1}, there exists a positive constant
C depending on k, ¢, and the function ¢ such that

£
PO WP < ofjut) — 17+ Y WD @)L} forallteR,
j=1

therefore,
n+i K k n+3 ¢
(£)|2 112 (0)(2
/ I wkl]d <ad [ [eflu- 12+ 2} at
n—3 =1 =17""3 j=1
n+% k
< qOCk;/ [W(u) + Z |u(15)|2] dt,
1
nTz =1

where qo := max{|qi], ..., |[gk—1], 1}, and the last inequality follows by (H2) assuming that n—1 > T,
By Corollary [7.1] there exists a positive d such that

n % k n % k
/+ [W(u)Jquelu(f)H dtzé/ i [W(“HZW“)IQ} dt
n=3 0=1 n—% -

2

for every n; therefore

n+i k n+i k
[ ] <0 [ S
2 = 2 =

(98)
which tends to 0 as n — +oo0.

Gathering @ and , we obtain that vanishes as n — 4+o0o0. With a similar reasoning,
we obtain functions {w, }, C HF (R) which coincide with u on (—n,n), which are equal to the sign
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function outside (—n — §,n + 3), and such that
+00 k n+3 k
/ {W(wn) + Z qg|wff)|2] dt = / {W(u) + Z qdumﬂ dt + o, (1).
— =1 -n—3 =1

Since each function w,, is admissible for the minimum problem m(n + 1), letting n — +oo the
conclusion follows by the arbitrariness of u. ]

Finally, we prove the existence of an optimal-profile. We omit some minor details in the proof
as the arguments involved are similar to those that appear in the proofs of Proposition 4.1,4.2 in
[10] and Lemma 2.5 in [I7].

Proposition 7.3. Let k > 1 be an integer, assume that q@ > —q, for all { € N, with N and
{@,: L e N} asin C’omllary and assume that (H1) and (H2) are satisfied. Then, the infimum
(195) is @ minimum.

Proof. Consider {u,, },, a minimizing sequence and, by translation invariance, assume that u,,(0) = 0
for every n € N. Applying Corollary on each interval (4,7 + 1), j € Z and summing over j, we
have

+oo k +o0 k
/ W)+ achuld?] de > 5/ (W) + > [uD)] at (99)
- =1 - =1
for all n € N, and then
+o0 k
sup / (W ) + 3 7] dit < +oc. (100)
n J-oo =1
We apply the Fundamental Theorem of Calculus and Hélder’s inequality to obtain
t
()] < / Wy ()] ds < VAl ey forall £ € R,
0
which, combined with (100), implies that for every T" > 0 there exists a positive constant C(T')
such that
sup [[un || gx((—1,7y) < C(T).
n
Therefore, there exists u € H_(R) such that, up to subsequences, {ug)}n converges locally uni-
formly on compact subsets of R to u(®) for all £ € {0, ...,k — 1}, with the convention that 00 =y,
and ul) — u® weakly in L2(R). Note that, in particular, u(0) = 0.

As for the lower semicontinuity of the energy, we first note that, as a consequence of Corollary [7.1]
we have

— 00

-T k o k
/ [W(un) + qu\u%)ﬁ] dt + /+ [W(un) + Z qg|u$f)\2} dt >0 (101)
=1 T =1

for all n € N and T € N. Then, we observe that Rellich’s Theorem implies that u% ) & u® i
L?((=T,T)) as n — +oo for every £ € {1,....k — 1} and T > 0, which in turn yields

T k—1 T k—1
lim [ ul®) 2} dt = / [ ul® 2} dt 102
[ [ o= [ [l (102)

-T

for every T > 0; moreover, by Fatou’s lemma and the lower semicontinuity of the L?-norm, we have

+oo +oo
lim inf / (W () + [u) ] dt > / [W ) + [u® ] (103)
— 00 — 00

n—-+oo



SINGULAR PERTURBATIONS FOR ANISOTROPIC HIGHER-ORDER MATERIALS 39

Combining (101)), (102)), and (103]), and recalling that g, = 1, we obtain

+oo k T k
m = lim inf/ [W(un) + Z qz|u%)|2} dt > lim inf/ [W(un) + Z qge|ut? ‘2] dt
{=1 {=1

n—-+oo oo n—-+o0o _T

k

T
> / (W () + 3 P (104)
-T =1

for all T' € N.

Recall that {u,}, is a minimizing sequence, hence, by and Fatou’s Lemma, we infer

+o0 k 400 k

— limi (0) 2} > [ @) 2} .

m Bgfgof/_w (W () + D aul?) dt_é/_oo W)+ 3 w2 dt;
=1 =1

therefore, we can pass to the limit as T — +o0 in (104) by Dominated Convergence Theorem to

obtain

— 00

o k
m > /+ {W(u) + Zqﬂu“)ﬂ dt.
=1

If limy £ oo u(t) = £1, the proof is completed; while, if lim;_, 4+ u(t) = F1, a minimizer is u(—t).
For this reason, in order to conclude, we prove that both lim;_, o, u(t) and lim;_, o, u(t) exist,
and that {limg_, o u(t),lim;— oo u(t)} = {-1,1}.

As a first step we prove the existence of the limit at +o0o, the other case being analogous. To
see this, it is useful to observe that v’ € H'(R), which implies

. ’ _
tllgznoou (t) =0. (105)

If limy o0 u(t) exists, it equals —1 or 1, otherwise fj—;j W (u) dt = 400 which is a contradiction.
We are left with considering the case there exist real numbers a, b, with a < b, and two increasing
sequences {Zn }n, {yn }n such that

lim z, =400, lim y,=+4oc0, lm u(z,)=a, lm u(y,) =bh.
n—+oo n—-+o0o n—-+oo n—-+o0o
Without loss of generality, we can suppose
b—a b—a
Tr, < Yn, u(mn)ga—&—T, u(yn)Zb—T for all n € N;

moreover, by the continuity of u, we can also assume that both —1 and 1 are not contained in the
interval (a, b).

If there exists {n;}; such that |[x,; —y,,| <2 for every j € N, then, by Lagrange’s Theorem, there
exists zp; € (Zn;,Yn,) such that

wW(Yn, ) — w(Tn,
o] 1100) 1)
2
hence, limsup,_, | . [v/(t)] > 3(b — a)/8, which contradicts (105)). Otherwise, we may assume that
[Ty, — yn| > 2 for every n € N. We set

>

ool w

(b_a)v

~ b—
Zp = max{t € (Tn,yn) : u(t) <a+ 1 a

}

and

U o= min{t € (Tn, yn) : u(t) > b— : ; )
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If |Z,, — Yn| < 1 for infinitely many n € N, the conclusion follows by Lagrange’s Theorem as before,
otherwise, it holds that |z, — y,| > 1 for all n > N, with some N, € N large enough. Recalling
that the interval (a,b) does not contain the points —1, 1, the above observation and (H1) imply
+OOW(u)dt> 3 /g"W(u)dw > min{W(t):te (a+b_—a b b_a)} = +o0
—oo a n>N, Y Tn a n>N, . 4 4 ’

which is a contradiction, and concludes the proof of the existence of the limits at infinity. We finally
prove that they are different.

By contradiction suppose lim;,yo u(t) = —1. By Lemma 3.2 in [I0] and by the convergence
u, — win HE _(R), we find points {¢;}; and a subsequence of indices {n;}, such that

tj = 400, up,(t;) = —1, ul(t;) 0 asj— +oo, forall e {1,.. . k—1}. (106)

nj
Then we have

+oo k t;
[ v
{=1

— 00

k 400 k
[W(un]) + Z qg|u£f])|2} dt + / {W(unj)—i—z q4|u7(f;_) ‘2} dt
=1

- (=1 J

t; k
> / (W) + 3 aelal® 2] dt+m = i, (), o w0 (2),

- (=1

where we set

1 k
m(ug, ..., Ug—1) = inf{/ [W(v) + quv(@ﬂ dt v (0) =0 for all £ € {0,...,k — 1},
0 =1

0O (1) =y for all £ € {0, ...,k — 1}},

with the convention that v(®) = v. Since m(ug, ..., ur_1) — 0 as (ug,...,ux_1) — 0, by (T06) we
infer that

+oo k
m= Liminf/ [W(un]) + ZCIAU%)I?} dt

—+o0
J e =1

t; k
> 1_iminf/ {W(unj) +) qg|u£f;)|2} dt +m — m(un, (1), . ult (1))

I7H0 S oo =1
t; k
> timint [ [Wia,) + Zz_jlqdu;?ﬂ dt +m,
which implies
v k

But, by Corollary and Fatou’s Lemma, it holds that

. t a 02 o ti a 02

lglinﬁgof - [W(un]) + ;qdu,(”” ] dt > 5ljlin+1{3;f . [W(unj) + ;::1 |u£1])| ] dt

o k
> (5/+ {W(u) + Z \umﬂ dt > 0;
— =1

therefore, we deduce that that u is identically equal to —1. This contradicts «(0) = 0, which
concludes the proof. O
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Remark 7.4. Restoring the general dimension d, we may deal with the case of special norms
on tensors that are ‘compatible with slicing’ upon supposing the non-negativity of the coefficients
q1,---sqk—1- More precisely, we suppose that for every £ € {1,...,k} the norm | - |, satisfies

IT)e > |T(E,...,9)]| for every & € ST, (107)

and we assume that ¢, > 0 for every ¢ € {1,...,k — 1}. Also in this instance, the density energy ¢

defined in is the constant m given by .
The argument is similar to the one in the proof of Proposition For fixed v € S~ and n > 0,
let v and € be such that

Mw+n2/

QY
Applying Fubini’s Theorem, (107)), and the slicing properties of Sobolev functions, we obtain

k

1 _

[EW(U)-F E qee?* 1|V(2)v|3] dx.
=1

MW+W2/

Q

3 k
> [ R e+ S e e OwR] de )

1
2 (=1

k
1
W)+ Y e VD2 da
;[6 )+ e ]

W)
m"‘

k
2inf{/ )+ Y @] d, uer((_%,%)%
b =1

1
v(t) = sgn(t) if [t| > M for some M € (0, 2—5)}

().

where the second inequality also follows by the assumption ¢y > 0 for every ¢ € {1,...,k—1}. By the
arbitrariness of 7 and ¢, the previous chain of inequalities implies g > m. The converse inequality
is obtained using as a test function for g(v) the function v(z) := u(**), with u an (almost) optimal
one-dimensional profile for m(1/(2¢)).
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