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Abstract

In the one-dimensional setting we consider an Ambrosio-Tortorelli functional F(u,v)
which has linear growth with respect to u’. We prove that under suitable conditions on
the fidelity term, minimizers and critical points of F. are Sobolev regular, and that the
same is true for the I-limit F of F.. As a corollary, we obtain that the functional A,,(u)
computing the length of the generalized graph of a function of bounded variation u, under
the same conditions on the fidelity term, admits a unique minimizer of class C'. This solves
a conjecture by De Giorgi [I5] in the one-dimensional case.
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1 Introduction

The Mumford-Shah functional was introduced as a main tool for image segmentation [23] 24],
and after employed for other applications, such as in fracture mechanics [20]; for numerical
implementation it is of utmost importance the work of Ambrosio-Tortorelli [4, [5], where the
authors introduced a phase-field functional that, by mean of I'-convergence, approximates the
Mumford-Shah one. In its best known version, the Ambrosio-Tortorelli functional has the form

—1)2
(v2|Vu]2+ -17 +e\w2)dx, (1.1)

AT (u,v) = / =

Q

valid for (u,v) € HY(Q) x H'(Q), with Q an open bounded subset of R". As ¢ — 0, the
functional AT, (u,v) tends to the Mumford-Shah functional M .S(u) in terms of I'-convergence,
where

MS(u) :/ |Vaul?dz +H"(S,),
Q

where now u is a special function of bounded variation, Vu is its approximate gradient, and
H"1(S,) is the (n — 1)-dimensional Hausdorff measure of its jump set S,. As usual in the
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I’-convergence of Ambrosio-Tortorelli type energies, the I'-limit is +00 when the phase-field
variable v is not constantly 1, and for this reason we omit the dependence on v.

In the years some attention has been payed to several variants of , also with different
powers of the gradient of u; for instance, in [2] the growth of the first term in with respect
to Vu is linear. Besides the applications in mechanics, the Ambrosio-Tortorelli approximation
and related ones have been used successfully also in other fields, as the analysis of liquid crystals
[6], Steiner type problems [12], optimal transportation problem [1T], 25] [18].

Both from the implementation point of view and for studying the corresponding time-dependent
evolution of critical points, or minima, of the I'-limit, it is important that such critical points
can be obtained as limits of critical points of the Ambrosio-Tortorelli approximating energies.
For this type of results, see [19, 2I] and more recently [9] 26] [10].

In this paper we consider the problem of convergence of critical points of the energy F. to
critical points of the corresponding I'-limit. Here F. is an Ambrosio-Tortorelli type energy
with linear growth in v/, namely

b 1 b b b
F.(u,v) :/ V2 f(|u)) dx—|—4€/ (v—1)>2 dx—i—e/ (v’)2dx+/ lu — w|* dz

for (u,v) € Wh((a,b)); R¥) x H'((a,b)). We assume that f : [0, +00) — R is a non-negative
and increasing convex function of class C! satisfying f/(0) = 0 and lim;_,, f(¢)/t = 1. Accord-
ing to [2], F. I'-converges to

—u (x b
/ uds + 3° 1+|u+ u(—()a|c)| (@) + [l wl do

Notice that, due to the linear growth condition of F., existence of minimizers of F; in
H'((a,b); R*) x H'((a,b)) is not guaranteed, as well as the domain of F will be the space
of function of bounded variation. The energy of the form F' can be seen, for instance, as a
prototype energy for a 1-dimensional mechanical model for cohesive fracture in the framework
of nonlinear elasticity. The presence of the fidelity term is crucial for our purpose, which is
twofold. On the one hand we show regularity of minimizers and critical points of F. under
the assumption that w is sufficiently small in L?((a,b)), and on the other hand we show the
convergence of these critical points to critical points of F. More precisely, setting  := (a, b),
we show the following first main result:

Theorem 1.1. There are constants € > 0 and B > 0 depending only on € such that the
following holds: for all ¢ € (0,) and w € L?(;RF) with ||w||;2 < B, there ewist minimizers
(ue,ve) of F- in WH(Q;R¥) x H2(Q) such that, as € — 0, converge to a couple (u, 1), where
u minimizes F, and still belongs to W1 (Q; RF). Moreover, if @ := ﬁ fabwdx, and (ug,vs)
are critical points of F. such that F.(uz,v.) < Fe(w,1) for e < eg, then u. € W (Q; R¥) and
it converges weakly star in W (Q; RF) to u minimizer of F.

In the second part of the paper we notice that, in the special case f(|y|) = v/1 + y2, F is related
to the relaxed area functional A, and as a byproduct of our main result we obtain regularity
of minimizers of A,,. In general, given a map u € C*(£; R¥), the area functional measures the
area of the graph of u; the relaxation of this functional has been attracted attention in the last
years, especially for its application to the Cartesian Plateau problem [I5] [I, [13]. Restricting
our attention to the one-dimensional case, the area functional reduces to the length functional
Ay (u), measuring the length of the generalized graph of a given curve u in R¥. Precisely, for
all u € BV ((a,b); R¥), the relaxed length functional is

/ VIt Pde+ ) Jut( (x)|+|Dcu|((a,b))+/g|u—w|2dx, (1.2)
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where w € L?((a,b); R¥) is a given map acting as fidelity term, and ensuring that a minimizer
of A, exists in BV ((a,b); R¥). Due to the strict convexity of A, such minimizer is unique;
according to De Giorgi [15], its conjecture asserts that this minimizer is of class C! if the
L*>°-norm of w is sufficiently small.

Comparing F' with the length functional A,,, we obtain the following:

Theorem 1.2. There is a constant 5 > 0 depending only on Q such that the following holds:
for all w € L*(Q;R*) with ||w|| 2 < B the unique minimizer u of Ay, is of class C1(2;RF).

The proof of the first part of Theorem [I.1] concerning the regularity of the minimizers of F',
relies on a regularization approach and a I'-convergence argument.

As we have already mentioned, due to the linear growth condition of F., the existence of
minimizers of F. in H'((a,b); R¥) x H'((a,b)) is not guaranteed. To address this issue, we
introduce F.; := F.(u,v) + 3 [, |v/|> dz, a regularitation of F., for which, by employing the
direct method of the calculus of variations, we are able to establish the existence of minimizers
in the desired domain. This is proven in Theorem The added term depending on ¢ allows
us to obtain the crucial bound |[«/||3, < C, a bound that would not otherwise be achievable.
Indeed, while F. already contains a term involving «, namely [, v f(|u']) dz, in cases where
v = 0, we are unable to deduce any information about «’. Even when v # 0, the best we can
conclude is that v € W ¢ BV, which is insufficient for our purposes.

Lemma allows us to deduce that, given (u.gs,v.s) as minimizers of F; s, under suitable
conditions on the L?-norm of the fidelity term w, we have Ves > %. The fact that v, s stays
away from zero will be a crucial ingredient in the proof of what follows. Moreover, the same
result holds even if 6 = 0.

The I'-convergence Theorem ensures that, under the same conditions on the L?-norm of
w, minimizers (u. s, v 5) of the functional F; 5 converge in LY (4 RF) x LY(Q) as § — 0T to
minimizers of the functional F. defined in (Z.1)).

However, in Theorem we prove that, up to subsequences, u.s — u. weakly™ in Wwhee,
ves — v weakly in H' as § — 0. Thus, (ue,v.) are minimizers in Wh(Q; RF) x H(Q) of
F.=F.. Moreover, we show the existence of a constant C independent of £ and §, such that
[uellwroe + [Jve]l < C.

Finally, by using the I'-convergence result from Theorem [2.2] which guarantees that the mi-
nimizers (ug, vs) of F. converge to minimizers (u,v) of F as ¢ — 0, and by applying the above
estimate and the semicontinuity of the norm, we conclude that (u,v) are minimizers of F' in
WL (Q; RF) x HY(Q).

The second part of the theorem, concerning the convergence of the critical points of Fg,
is based on the following observations, which are stated in Corollary and Corollary
The fact that v. > 1/4 and the existence of a constant C' > 0, independent of &, such that
||ue|lwioo + ||vell g1 < C also hold when (u.,v.) are critical points of F., provided that we as-
sume F(u.,v;) remains below a certain threshold. Indeed, this assumption, together with the
use of the Euler-Lagrange equations, is the only essential ingredient. The other key element
is the application of a standard result on maximal monotone operators, which allows us to
conclude that the Euler-Lagrange equation of F. converges to that of F.

Theorem follows from the observation that if u € W1°°(€; R¥) is a minimizer of F', then it
is also a minimizer of A,,. Thus, up to this point, we have shown that the minimizers of A,
are Sobolev regular. Actually, it is possible to gain regularity C'(£; R¥). The idea behind the
proof is as follows. We know that the minimizer u of A,, satisfies the Euler-Lagrange equation
with the boundary conditions as expressed in Theorem |3.1} By integrating this equation we
express the derivative of v in terms of a new function ®, which turns out to be continuous.



2 Notation and preliminaries

We consider a one-dimensional setting, where €2 := (a, b) represents the domain of interest. We
use standard notation for Sobolev and Lebesgue spaces. £! will denote the Lebsegue measure
in R. When p is a measure on €2 and B is a Borel subset of (2, we denote by pB the restriction
of p to the set B, i.e., the measure given by (u.B)(FE) := u(E N B), for every Borel set E C Q.
With |u|(£2) we denote the total variation on €2 of the measure.

2.1 Functions of bounded variation

Let u € L'(2). We say that u is a function of bounded variation in Q if its distributional
derivative is representable by a finite Radon measure in 2; i.e., if

/ucp’dx:—/cpdDu Yo € C°(2),
Q Q

for some Radon measure Du. The space of all functions of bounded variation in € will be
denoted by BV (12).

Given u € BV (Q), we define the jump set of u, denoted by S, as the complement of the set
of Lebesgue points of u. In dimension 1 there is always a precise representative of u, which is
still denoted by u, and it will be continuous expect in its jump set. If z € S, the traces u™ of
u at x are defined as

uF(z) = lim u(y).
y—at

If u € BV(Q), we define the three measures D%, D”u, and Du as follows. By the Radon-
Nikodym Theorem we set Du = D% + D*u, where D% < £' and D*u is the singular part of
Du with respect to £'. Here D% is the absolutely continuous part of Du with respect to the
Lebesgue measure, while D%u = D”u + D where D’u = Du.S,, is the jump part of Du, and
Du = D?u(Q2\ Sy) is the Cantor part of Du. We can write then

Du = D%+ D”u + D°u.

For a detailed study of the properties of BV -functions we refer to [7, [16] [I7]. For an intro-
duction to the study of free-discontinuity problems in the BV setting we refer to [7].

2.2 Relaxation and I'-convergence

Let (X,d) be a metric space. We now recall the concept of a relaxed functional. Given a
function F : X — R U {+oo}, the relaxed functional F' of F, or the relazation of F, is the
greatest d-lower semicontinuous functional less than or equal to F.

We say that a sequence Fj : X — [—o00,+00] I'-converges to F' : X — [—00,400] (as
Jj — +o0) if for all u € X we have

(i) (lower limit inequality) for every sequence (u;) converging to u,

F(u) < liminf Fj(u;); (2.1)

(ii) (existence of a recovery sequence) there exists a sequence (u;) converging to u such that

F(u) > limjsup Fj(uy), (2.2)

or, equivalently by ([2.1)),
F(u) = lim Fj (u;).
j



The function F is called the I'-limit of (F};) (with respect to d), and we write F' = I'-lim; Fj.
If (F.) is a family of functionals indexed by ¢ > 0, then we say that F. I'-converges to F' as
e— 0T if F=T-limj o0 F;, for all g; converging to 0 as j — oo.

The importance of introducing this notion is highlighted by the following fundamental result.

Theorem 2.1. Let F' = T' — lim; F}, and let a compact set K C X ewist such that infx I} =
infg Fj for all j. Then
dmin F' = liminf F}.
X j X

Moreover, if (uj) is a converging sequence such that lim; Fj(u;) = lim; inf x Fj then its limit is
a minimum point for F.

For an introduction to I'—convergence we refer to [14].

2.3 A result of I'-convergence

We recall the following result, proven by Alicandro and Focardi (see [3, Theorem 3.2, Remark
3.4]). As in our case, their framework is vectorial, and generalizes the result of [2, Theorem
5.1], in which the authors consider the particular case k = 1.

[0,4+00) is a C function of ||, convex, increasing with lim; o @ =1; let W : 0,1
[0,4+00) be a continuous function such that W (1) =0 and W(t) > 0 ift € [0,1); let ) : [0, 1]
[0,1] be a lower semicontinuous increasing function with 1(0) = 0, ¥(1) = 1, and (t) > 0 if

t > 0. Suppose that F. : L' (;RF) x LY(Q) — [0, +0c] be defined by

Theorem 2.2. Let Q = (a,b), u € WHH(Q;R*) and v € WH2(Q); suppose that f : [0, +00)
]

[ (050 + )+ e w) e i w0 wis)
Felmo) =7 ) 0<v<1 ae.,

400 otherwise.

Then there exists the T-lim._,o+ Fx(u,v) = F(u,v) with respect to the L'(;RF) x LY(Q) —
[0, 4+00], where

/f(\u’|)dx+/ g(]u+—u|)dH0+Dcu\(Q)+/ |u—w|2 dx
_JJe S. Q

F(u,v) ifu € BV(Q;RY) and v =1 a.e,
400 otherwise,
and
g(z) == min{y(t)z + 2cw (t) : 0 <t < 1},
with

1
cew(t) == Q/t VW (s)ds.

Notice that under the assumptions of Theorem [2.2lon f it holds that there is a constant C' > 0
such that

fpl) < €1+ Ipl), vp € R¥. (2.3)

2.4 Other preliminary results

Theorem 2.3. [22, Theorem 1.8.1] Let F : Q x R x R¥ — R be a non-negative C* function
that is convex in the third variable. Then the functional

/ F(z,v(x),p(x))dx
Q

5



is sequentially lower semicontinuous in L' (Q) x L' (Q;R¥),,. More precisely, if v; — v in L'()
and p; — p weakly in L' (4 RF), then

/F(:L’,U(:B) p(@)) dx<hm1nf/Fa: vy (@), py () da.
Q

j—o0

Theorem 2.4 (see [13]). If u € BV (S;RF) and v € HY(Q), define

I(u,v) = /QUQf(u’|)daz+/ﬂv2 d|Dul| + Z v (x)|ut(z) — u(2))

wESu
with f as in Theorem . Then, for all v € HY(Q), it holds that

I(u,v) < liminf I (u;,v)
k—ro0

whenever uj — u weakly* in BV (Q; R¥).

In the theorem above, the variable v € H'(f2) is held fixed, and the weak* convergence u; — u
in BV (Q; R¥) is the sole variable under consideration. The result establishes that the functional
I(u,v) is lower semicontinuous with respect to the weak* convergence in BV (€; R¥), for a fixed
.

The following corollary generalizes this result by allowing both variables uw and v to vary
simultaneously. Specifically

Corollary 2.5. If v; — v weakly in H* () and uy — u weakly* in BV (Q;R¥), then

I(u,v) <liminf I'(uj,v;).
j—00

Proof. Since H'(2) is compactly embedded in C%(), it follows that
vj — v uniformly. (2.4)

We write

I(uj, v5) = I(uj,v) + (I(uj,v;) — I(uj,v)),
and, since the liminf of the sum is greater than or equal to the sum of the liminf values, we
deduce

lim inf I > liminf I liminf (I(u;,v;) — I(u;
lim inf 1 (uj, v5) > liminf I(uj, v) + Um inf (Z(uj,v5) = I(wj,v))

=1+1IL

We begin by proving that II — 0. Indeed,
I (uj,05) — I(ug,0)| = \ /Q (v2 = ) f(|u}]) da + /Q (v2 = 0?) d| Dfu,|
+ ) (W3 (@) — (@) (2) = uj ()]

xESuj
S/\v?—vﬂfﬂuﬂ)dw—l—/ |v]2~—02|d|Dcuj| (2.5)
+ ) i ()|} (x) = uj (2)]
meSu

< 0% = o ( [ 20y s+ 1070 + |DJuj\<Q>),

6



where in the last inequality we used the fact that [vF — v?| < [[vF — v?|| L.
Now, recalling ([2.3) we obtain

1Ly, 07) — Iy, 0)] < 02 — 02 <c<b —0)+C [ Jujlde + D) + |DJuj|<ﬂ>)
o2 - v2||Looc<<b —a)+ Hujqu),

which tends to zero as j — oo due to (2.4).
By invoking Theorem [2.4] for term I, we obtain the desired result. O

3 Main results

Recall that, in our setting and throughout the following, we consider Q = (a,b), u € Wh1(Q;RF),
2
and v € HY(Q). Moreover, let us refer to Theorem taking w € L2(;RF), W(v) = (=v)

1
2
so that ey (t) = a Zt) and 9 (v) = v2. With these choices, F. can be rewritten as

Fu(u,0) :/Qv2f(|u'|) da:+416/9(1—v)2 dx+s/g(v')2dx+/ﬂyu—w2 da,

while the I'-limit F' becomes

/f(\u’])dx—{—/ g(\u+—u|)dH0+\Dcu|(Q)+/ lu —w|? de  if u € BV(Q;RF),
Q Q

Fu,v) = “ and v = 1;
+00 otherwise.
The function g(z) can be explicitly computed and is equal to
]
z) = . 3.1
96 = o (3.1)

See also [2, Example 4.6].
Here and below we make the following assumptions on f:

e f:]0,00) — [0,00) is of class C, it is increasing and strictly convex;

e f/(0) =1lim;_,g+ f(t);f(o) =0, and limy—, 4 oo @ =1.

Under these hypothesis (2.3]) holds. Our first main result reads as follows.

Theorem 3.1. Let Q = (a,b) C R and = min {wﬁ, m}. Given w € L2(Q;R¥) such

that ||w| 2 < B, there exists a minimizer u of F' in W1 (€; RF) with f’(|u’])‘%| € H' (4 RF),
and satisfying the equation

/

d (.0 U B
~ o () + 20— w) =0,
with the boundary conditions
()
F(u (z)]) =0 forz € {a,b}.
|u/ ()|



We also consider critical points of the functional F.; namely, we say that (u,v) € W1(Q;R¥) x
H?(9Q) is a critical point for F. if the following equations are satisfied

20f(W]) + 5 (v~ 1) ~ 260" =0,
- g (P 2w =0,

||

with boundary conditions

{v’(x) =0 for x € {a, b},

v (z) f'(|Ju' (x)]) |Z:Eg| =0 forx € {a,b}.

Theorem 3.2. Let Q = (a,b) C R, 8 := min {\ / ﬁ, W} and let w € L*(Q; R¥) be such

that w2 < B. Let w = - fabwda:. Then there is a constant € > 0 such that the following

holds: if (ue,ve) are critical points for F. satisfying
F.(ue,v:) < Fe(w, 1), (3.3)

for e <&, then (us,v.) € WH(Q;RF) x H2(Q), and there is u € WH™(Q; R*) minimizer of
F such that

Us — U weakly* in WH(Q; R¥), (3.4)
ve — 1 weakly in H(Q).

Theorem follows by combining the two theorems stated above.

4 Proof of Theorem [3.1] and Theorem [3.2]

The proof of theorems above will be a consequence of the propositions in the rest of the section.
Before entering into the details of the proof, we define a regularization of F. as follows: for
6 >0, let

F. 5(u,v) = F.(u,v) + g/ |u'|2 dx.
Q

We also define

- F.s(u,v) on H'(;RF) x HY(Q) and v > %
Fs(u,v) = , .
+00 otherwise
and
F.(u,v) + Z v(z)?jut —u| —i—/ v(z)?d|D| if u € BV (;RY),
A - Q
Fe(u,v) = &S v E HI(Q)7 v > i; (4.1)

400 otherwise.
Theorem 4.1. The functional F. 5 admits minimizers in H'($; R¥) x H2(Q) for everye,d >0
and w € L*(Q; R¥). Moreover, if (ucs,v.5) € H(;R*) x H2(Q) are minimizers of F. s, then
v 5 f(|ul 5\)% + dul 5 € HY(Q) and they satisfy the Euler-Lagrange equations
K K 676 b
/ ]' "
20e 5 f (Jug 5]) + 2*6(%,6 —1) —2ev, 5 =0,
d /

Ue s
— — 25 (L s ) + 2(ues — w) — dul 5 =0,
dx |ul 4

(4.2)




with boundary conditions

2ev, 5(x) =0 for z € {a, b},
02 (@) f(Jul 5 (@)) et 5l s(2) =0 for a € {a,b}.

[l 5 (@)

Proof. To prove the first part of the theorem, we employ the direct method in the calculus of
variations. Specifically, we prove the coercivity and lower semicontinuity of F; 5.

Coercivity and Compactness. Let m > 0 be such that

F 5(u,v) <m.
o
In particular, we have 5 / |u/|? dz < m and |ju — w||?, < m, which implies respectively
Q

[u'[|7. < C (4.3)

and
ull2 < [lu—wllg2 + |l < Vm+ w2 < C, (4.4)

where in the last inequality we have used the hypothesis w € L?(€;R*). Here and below
C denotes a positive constant, independent of ¢ and §, which may change from line to line.

Combining (4.3)) and (4.4)), we deduce

[ull g < C.

1
Similarly, for v, we have / 1v'|? dz < m and " / (1—v)%dx < m, which implies respectively
Q €Ja

V)7 < C (4.5)
and
lollz2 < 11 =vllz2 + 1] z2 < Vm + (b—a)'* < C. (4.6)
Combining (4.5) and (4.6)), we deduce
V][ < C.

Thus, the desired precompatcness in H'.

Lower Semicontinuity. Let (uj,v;) € H1(Q;R*) x H(Q). We can assume without loss of
generality that for all j
Fes(uj,v) < C,

and thus
luslls <C, ol < C ).

Therefore, up to a subsequence, u; — u and v; — v weakly in H 1. Weak convergence in H'
ensures

. . / !/ . . / /

lmmnf )12 > o2, linind o2 > o'

Moreover, by the Rellich Theorem, weak convergence in H' implies strong convergence in L?,
ie.,
uj — u strongly in LQ(Q;Rk), v; — v strongly in L%(Q),



which in turn implies

1 2 1 2 . 2
L [a-vrae = -l = i -l (47)
2 2 : 2

_ — lu— — w2, 4.

[ = wide = u = wiffs = i, — wlf: (18)
Furthermore
8/ W' |2dz = ¢||v'||3. < ljminfsﬂv;H%g; (4.9)
Q
J "o )
B |u |“dx = fHu 12, < hm_&nf [ 12, (4.10)

Finally, by Theorem for F(:C,v,p) = v2f(|p|) we obtain
/ V2 f(Ju/])dx < Liminf/ v?f(\u“)d:v
Q J=Fee Jo

where we remarked that the weak convergences in H! of vj,u; imply v; — v in L'(Q) and
u; —u' in LY(Q; RF).
In conclusion,

F, <li fF,
eé(u U) Jlg_:n € 5(UJ>UJ)

We now proceed to prove the second part of the statement. Let (u.s,v.5) a couple of
minimizers of the functional. From the computation of the Euler-Lagrange equations, we
obtain the conditions (4.11]) and (4.12) stated below (which are the weak forms of (4.2))). By

comparison, the condition

1
/ 2v57590f(|u'5,5\) dr + % / (Ve,s — 1) dx + 25/ v;(;go' dr=0 (4.11)
Q €J Q

valid for all ¢ € H'(2), shows that v. s € H*(2) and it yields

e 5 f(Jul5) + 5= (ve5 — 1) — 260! 5 =
2ev, 5(z) =0 for x € {a,b}.

Similarly, the condition

/Q( €6f(‘u56|)

valid for all ¢ € H'(Q; R¥) implies vz 2 (Jut. 5|) i dul 5 € H'(Q) and it yields

| + dul 5) ' dx +/ 2(ues —w) - dr =0 (4.12)
Q

€,0

/

_dic< eéf/(“55|)|u55> + 2(ues — w) — dul 5 =0,

e,5(®)
v§75(3:)f’(|u€75(:1:)|)|u ‘5(@‘ + 0ul 5(v) =0 for = € {a,b}.

Adapting the results from [19] and [2I] to our context, we obtain the following lemma:

Lemma 4.2. Let (u.s,v:5) € HY(Q;RF) x H2(Q) be minimizers of F.s. Then the following
properties hold:

0<v.5(x) <1 forallz e, (4.13)
[ue sl < llwllze- (4.14)

Moreover, if (us,v.) € H'(Q;RF) x H?%(Q) are critical points of F., then ([#.14) holds for u..
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Proof. Formulas (4.13]) follows straightforwardly by a truncation argument. Let us prove (4.14])).
Multiplying (4.2) by u. s and integrating between a and b, we obtain

’ " d 2 gy, uleé b 2
/ [5U5,5'ua,5+ua,5- <d:c<v5’5f (Jug ) ))} dx :2/ (Jue s|” — te 5 - w) du,

’u/e,a\

hence

b b b
—/ (5’14:,5\2 + ”3,5\“2,6’f’(|ué,5’)) dx = 2/ |ues|* da — 2/ Ue,s - w d,
a a a
from which we deduce
b b
2 [ ol do <2 [ uesw do < Jucsl e+l
a a
implying the desired result. For critical points, the same argument holds even if § = 0. 0

Lemma 4.3. Let w € L*(Q;RY) with |w| 2 < B where 3 = min{\/ﬁ,m}. Then

there erxists € > 0 depending only on Q and f(0) such that, for all e € (0,2) and 6 > 0, if
(ue5,ve5) € HY(Q;RF) x H2(Q) are minimizers of F. s, it holds that v. 5 > i on €.
Furthermore, the following equalities hold:

inf {F. 5(u,v) s u,v € HY(Q; RF) x H?*(Q)} = inf {F. 5(u,v) 1 u,v € HY(Q;RF) x H2(Q),v > 1/4},
inf { F.(u,v) : u,v € HY(Q; RF) x HQ(Q)} = inf { F.(u,v) : u,v € HY(Q;RF) x HY(Q),v > 1/4}.
(4.15)
1 b
Proof. Let w = b/ wdzx and v = 1. Then we have
—a,
b b
F.5(w,1) = f(0)(b— a) +/ W —w|*dz = f(0)(b— a) +/ (lw]? = 2w w + |w|?) da.

Now,

/ab " do = /ab o= /ab“’ da) ] da < /ab o /ab'“"z de| dz = /ab wl? dz,

and then

b
F.s(w,1) < f(O)(b—a)+4/ lw|? dz < £(0)(b— a) + 45°.

Let (uegs,v-5) € HY(;R*) x H?(Q2) be such that
Fs,&(us,&vs,&) < Fs,zi(il)va 1) < f(O)(b - CL) + 452 = C,B-

Notice that (u.s,v:s) always exists and it may happen that w and 1 are already the global
minimizers of F; 5. In that case u. s = w,v.5s =1 and v > i.
Since v. 5 € H'((a,b)) is continuous and can be extended to a continuous function on [a, b], let
T € argmax v, 5 and ¥ € argmin v, 5. We estimate:
I 5
4— (1 — 05,5) dr < F€75(u575,v575) < Cﬁ,
€ a
which implies

b
/ (1 —ve5)? dr < 4eCy. (4.16)
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In particular,

b b
(b= a)(1 — v.5(7))? = / (1= v (@) dor < / (1= v.g)? de < 4¢C.

Thus,

Now, there exists g9 > 0 such that Ve € (0, ¢9), \/45 (f(O) +4 6_2 ) < %; it follows that

Usé( )Z

r&\w

Next, we will use this inequality to prove, repeating the argument for 7 € argmin v., that
v-5(y) > +. We start from the following estimate:

b b 5 b
Co— [ eEatllutgds = [ lues —wldo =3 [ il gf ds
a a a

b
1
>/ (U v el P do

/ ]1)55 1 —ves)|de

d1

d 1
> — (1 — v 4)?
_/x dar2( 11575) du

Yd1 9
/m %5(1—1)5’5) dx

1 1
= S0 = s @) — 51— ves(@)
1 1
> —(1—v.5(7))2 — —.
> 5 (1 =ve5(9)) e
We have thus obtained
1 b, , 1
Sl —ves(y )? < Cp— | 0Z5f(lulsl) do+ 35 (4.17)

b
Now, let us estimate the term / 06275f(]u’€’5\) dx
a

b b
/ 025 f(|uLgl) do > f(O)/ vls—1+1dax

b
— £(0) / (ve5 — 1)(ve + 1) dz + F(O)(b - a)

> 1060~ 50 s -2 @) (s )

>f(0)(b— a) — f(0)(4eCp) "% 2(b — a) /2, (4.18)
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where the last inequality follows from the bound obtained in (4.16)). Substituting (4.18)) into
[ET7), we find

S (1~ ves(B)? < Cs — FO)(b — a) +2(0)(4C) (b~ 0) 2 4

=48 +2£(0)1/4eCs(b — a) + 5

=442 +2f(0)\/45<f(0)(b a) +4ﬂ2)(b—a) + % =:

Thus,
ves(y) > 1 — V2K.

Let us estimate K: using the fact that g < we find

1
128"
1
4% < —.
o= 32
Additionally, there exists £; > 0 such that for all € € (0,e1),

2f(0)\/45<f(0)(b —a)+ 452> (b—a) < 312
Combining these bounds, we obtain
9
372-
Finally, for £ = min(egg,€1), it follows that Ve € (0,2),

K<

Ves(P) > 11— — = —.
The equalities in follow from the arbitrariness of (u,v), completing the proof. O
Remark 4.4.
(i) Note that F; 5(w, 1) does not depend on § and e.

(ii) For the proof, it is not strictly necessary that (u. s, v. 5) are minimizers of the functional,
but only that they solve the Euler-Lagrange equations and that F; 5(u. 5, v 5) < Frs(w, 1)
is satisfied. Therefore, the following corollary holds.
Corollary 4.5. Letw € L?(Q; RF) with the property ||wl|| 2 < B where 3 = min{\/ﬁls, W}.
Let w := ﬁ f;w dz, and assume that (ue,ve) are critical points for Fy satisfying

Fe(ue,v.) < Fo(@,1). (4.19)

Then there exists € > 0 depending only on (a,b) and f(0) such that, for alle € (0,€) and § > 0,
Ve > i on €.

Theorem 4.6. Let ¢ > 0 be fized. If there exists a constant C' > 0 such that

sup Fs,é(us,éavs,é) < C_', (4.20)
0€(0,1)

then there exists C' > 0 such that

sup |uesllpv + sup vesllg < C".
5€(0,1) §€(0,1)

Furthermore, the functional Fy 5 T-converges with respect to L'(Q; R*) x LY(Q), as § — 0T, to
the functional E..
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Proof. Let us prove the first part of the statement. Given that lims_, | @ there exists

=1,
to such that, for ¢ > to, we have f(|t|) > 1|¢|. Let us define Qo = {z € Q: |u. s )] >to}.
By (4.20) we have that v. 5 > % for every 9, and moreover,

C [ 25t (utghde = g [ flutahdo= g5 [ e
Q Qo

Hence
e sl < C. (4.21)

Additionally, since

/\u575|dx—/]w|d:c§/|u5,5—w|dx
Q Q Q
1
2 1
< (/ |u5,5—w|2dx> (b—a)z

< 2(/ ]usg—wIQdJU) +(b—a)
<C
it follows that
/ lue 5| dx < C +/ |lw|dx + (b — a). (4.22)
Q Q

Combining (4.21]) and (4.22)), we obtain

lluesllBv < Ch

for some constant C; > 0 indipendent of §. Furthermore,
/ €|U;,5|2dm <C, (4.23)
Q

and observe that

4715 (1 —we4)?de < O,

1

= 1—2v55+v€5da:<6’

1 _

™ Ua,é dr < . 2v. 5 dx.

2
E

Applying Young’s inequality 2v. 5 <

b—a 11 b—a
/ €§d$<c— 44/§2v§’5daz+ pat

2 + 4, the inequality above becomes

that is
3 9 - b—a b—-a
2 d _
16e Qve"s v<C 4e + g’
from which it follows that
[vesl172 < Co. (4.24)
Combining (4.23) and (4.24)), we deduce
[ve sl < Cs.
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We have thus established the first part of the statement with C’ = C; + C53. It remains to
address the I'-convergence, specifically proving the I' — liminf and the I' — lim sup inequality.
We may assume, without loss of generality, that

sup F: 5(us;, vs;) < C,
j
which from the first statement implies us;, — u weakly™ in BV (; R*) and vs; — v weakly in
H'(Q) up to subsequences.
For every § > 0, we have FL (us;,vs;) < Fsyg(u(;j ,vs;)- Thus, the I' = lim inf inequality will follow
from
F.(u,v) < liminf F, (us;,vs;),

j—}()o

which is the lower semicontinuity of F.. Using (4.9), (4.7), and (4.8)), it remains to prove the
semicontinuity of

V2 (1)) da v? u’ v3(x)|ut(z) — u (x
[+ [ Rapel+ Y et @) - u @)

xeS(u)

which is assured by Corollary 2.5

Thus, we are left with the construction of a recovery sequence (U5j , v(sj) satisfying the I'—lim sup
inequality.

If u € H'(Q;R¥), we simply set us, = u and vs, = v. Conversely, if u € BV ({; R¥)\ H(Q;R¥),
fixing vs; = v, we have to prove that:

lim [ v2f(|uf.|) de = I(u,v), (4.25)
Jj— Jq J

lim |U5 —w|?dz = / lu — w|?* dz, (4.26)
j—00

lim / |ug, |” d = 0. (4.27)
]4)00

We begin by noting that, for v > i

n—oo

I(u,v) = inf { liminf/ V2 f(|ul,|) dx : up — win LY(Q;R?), u, € Hl(Q;Rk)},
Q

i.e., for a fixed v € H'(Q), I(u,v) is the relaxation of / V2 f(|ul,|) da
Q

Thus, there exists a sequence u, € H'(Q;R¥), n > 0, such that

lim [ v*f(|u))) dz = I(u,v). (4.28)

n—oo Q

For n = 0 set up = 0, and for n > 0 consider the sequence u,, such that (4.28) holds. For each
k, consider the indices in

Jj = {’I’L eN: \unHH1 < —

Note that J; # () because ug € J;. For each j, choose nj := max{n :n € Jj} and set ug; := uy,.

We now prove (4.27): indeed
3jllus, 72 < 8jllus, e = Ojllun, 17 < /35

Therefore (4.26) follows from us;, — u weakly” in BV (£;R¥), which implies us; — u in
L?(Q; RF).
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To establish (4.25)), we must show that wu, ; 1s still a recovery sequence for the relaxation, i.e.,

lim [ v?f(|ul, |)de = I(u,v).

j—oo Jq J
We note that:

nj — 00 asj — 00. (4.29)
1

V5
n € N belongs to some J;. Observe that n; is a non-decreasing sequence of natural numbers,
which cannot stabilize; if it did, there would exist a constant C' such that |J;| < C for all j,
contradicting the fact that [J; J; = N.
Thus, from , we conclude:

Indeed, J; C Jj41 and Uj J; = N, since as j — 00, §; — 0 and — 00, meaning that every

tim [ o2l Do = Jim [ 02 do = T(0.0).

J]—00 (¢}
O

From Lemma [£.3] the following theorem, ensuring that there are regular minimizers of Fy,
follows:

Theorem 4.7. Let Q = (a,b) and € > 0 be as in Lemma and let ¢ € (0,8). Let w €
L2 (S R¥) such that ||w| 2 < B where B = min{\/ﬁlw W}. If (ucs,ve 5) € HY(Q;RF) x

H?(Q) are minimizers of F. s, then there exists a constant C, independent of € and 6, such that

e sllwree + llvesllm < C, (4.30)

and therefore, up to a subsequence,
Ues — U weakly™ in whee, Ves — Ve weakly in H' as 6§ = 0.
Moreover, us and ve are minimizers of F., and
[tellwr.00 + [|vell g1 < C, (4.31)
for all € € (0,2).
Proof. Set P, 5 = 2/I(u575 — w) dt. Integrating between a and z and multiplying by
a

u. 5(z), we obtain

I
ua,é
u

!

Ue s

|u/57 “ug s < U?,af/(|uls,5|)
&,

5]

Since we can estimate P, 5 as

T
258 () g O = [2 [ (s = w) it s < (Pl
a

£,6|

b

1

|Pes] < 2/ e, = w| dt < 2fucs —wlz2(b—a)'? < AJwlp2(b— )2 < =
a

and v, 5 > %, we can write
1 1
gl f(ulgl) < ol

Hence
flluzs) <= <1
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from which we deduce that

/ / 16
jutsl € {t: £t < 32} < 0.,

and hence we have proved the existence of a constant C' > 0 such that
lug 5l < C.

In particular
lul sz < C.

Combining this estimate with , we obtain
||U5,6HH1 <C

with C independent of € and § and due to Sobolev immersions
[ue 5[z < C.

Thus
[ue sllwree < C.

We now prove that (uc,v:) are minimizers of F.. This is equivalent to prove
F.(uc,v:) < Fo(u,v) VY(u,v) € Whe(Q;RY) x HY(Q).
In virtue of , we can restrict ourselves to the case where v > %. Then
F.(u,v) = Fo(u,v)
and
F.(ue,ve) = Fo(ue,ve) < Eo(u,v) Yu e BV(Q;RF), v e HY(Q).
Thus,

R [@33)
F(uz,ve) < Fe(u,v) !Fg(u,v).

(4.32)

(4.33)

(4.34)

O

Corollary 4.8. Let (ue,v:) be critical points for F.. Under the same assumptions of Corollary

[£.5, there exists a constant C > 0, independent of €, such that
[uellwroo + [[ve]l < C.

We are now ready to prove our main results.

(4.35)

Proof of Theorem |3.1l Theorem tells us that the minimizers (u.,v.) of F. converge to
minimizers (u,v) of F. Now, from (4.31)) and the semicontinuity of the norm, it follows that
the minimizers of F are in Wh*°(Q; R¥) x H'(Q2). Moreover, from (£.15)), we have v > 1.

O]

Proof of Theorem We begin by proving (3.5). From assumption (3.3)), it follows that

1 b

Z& . (Us - 1)2 < Fz—:(wa 1):

which implies that v. — 1 uniformly as ¢ — 0.
Next, we proceed to (3.4). Since

[uellpr.00 < C
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for some constant C' independent of ¢ (see (4.35))), and given the assumptions on the function
f (see Theorem [2.2)), we obtain

F(lul]) —=

3

Define the function H : R¥ — R as

H(uz) == f(lul]),
and observe that
ug
|u|

The Euler-Lagrange equation for F;, after integration on (a,x), can thus be rewritten as

[VH (ug)| =

filuch | = fluc) < C. (4.36)

v2(x)VH (ul(z)) = / 2(ue — w) ds, Vz € (a,b).
. 1 .
Since v. > 7 (by Corollary , it follows that

VH((2)) = — /xQ(uE—w) ds.

)
Vg

Denoting by (-,-) the scalar product in L?(£; R¥), multiplying both sides by u., we deduce by
(4.36)) that there exists some 7 € L>°(Q; R¥) such that, passing to the limit as ¢ — 0,

1

2
UE

(VH(ul),ul) = ( /x 2(ue —w)ds,ul)y —  (n,u) = </I2(u —w)ds,u’).

1 xT
The fact that the right-hand side has this form can be seen by observing that — / 2(ue —w)ds
UE a

xX
tends, strongly in L?(Q;R¥), to / 2(u — w)ds. If we now prove that
a

n=VH() (4.37)

then the proof is complete, as we have shown that the Euler-Lagrange equation of F; converges
to that of F.

This follows from a standard result on maximal monotone operators ([8, Lemma 3.57]), whose
assumptions are satisfied because:

(i) The gradient VH is a maximal monotone operator.

(ii) The weak convergences hold:

ul —u weakly in L?, VH(ul) =7 weakly in L?.
(iii) The upper limit satisfies

lim sup(VH (u.),u.) = </1’ 2(u — w)ds, v’y = (n,u).

e—0

Eventually we observe that the functional F' restricted to H'(Q;R¥) is strictly convex, and thus
has a unique critical point which is the unique minimizer, hence v is the minimizer of F. [
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5 Application to the length functional

Let us consider the length functional
Ap(u) = / V14 |W|?de + Z lut —u™| + | DUl () —I—/ lu — w|* de,
Q J?ESu L
defined for u € BV (€;RF). We denote
£(u) ::/ VIt Pds+ 3 [ut — |+ [Dul(@),
& €Sy

0 Ay(u) = L(u) + [ |u—w|?.

Take f(u') = \/1+ [v/|2 and let u € WH(Q;RF) be a minimizer of F. Recalling (3.1), we
have g(z) < |z|. Hence it holds that

F(u) < F() < Ay(@) Vi € BV(Q;RF). (5.1)
Moreover, F'(u) = Ay(u), and thus from (5.1)) we deduce that
Ay (u) < Ay(t) Vi e BV(Q;RF).

Therefore, u is a minimizer of A,, and belongs to W12 (Q; R¥).

We have thus proven the following theorem:

Theorem 5.1. Let Q = (a,b) and f = min{\/ﬁ,m}. Given w € L?(S;RF) such
that ||w|| 2 < B, there exist minimizers u of Ay in WH(Q;RF).

We now show that the minimizer as in Theorem is indeed of class C!. Precisely, the
minimizer u of A, solves, thanks to Theorem the equation

d u
—_ 4+ 2(u —w) = 0.
dz \/1 + (u/)? ( )
with
/ /
(a) O

Vi+ W (@)? I+ W0)?

Integrating on (a,z), for z € (a,b), we infer
u' ()

WO B(z), (5.2)

where ®(x) is a primitive of 2(u — w). Notice that, being the primitive of an L? function, ®
belongs to H! and, consequently, is continuous. Since the left-hand-side of (5.2) is strictly less
than 1, it follows that

O(z) < 1.

Hence we can conclude u'(x)? = %, and then
P ()2
oy~ M) [ o)

[@(@)| | 1= ®(x)*

that is a continuous function. We have then proved Theorem [I.2] with

B = min{\/g,W}. (5.3)
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5.1 An example

We conclude this section with an example showing that in general, if |w|/z2 > 3, the regularity
of the minimizer of A,, is not true.
Following [15], the function u : (—2,2) — R given by

) if x < —1,

—1—vV-2rx—2%2 if —1<x<0,

u(x) = 5.4
(@) 1+V2x — 22 if0<z<l, (5.4)
p if 1<z,
minimizes the functional L(v, (—2,2)) + fEQ |v — g|dz, where
-2 ifx <0,
9(@) {2 if x> 0. (5:5)
We want to modify this example for the functional
2
Au(v) = L(v, (—2,2)) + / v — w|dz, (5.6)
-2

where we choose w as

-3 ifx <0,
w(z) = .
3 if x > 0.

Theorem 5.2. The unique minimizer u of (5.6|) is convex on (—2,0), concave on (0,2), and
has a jump at x =0 of amplitude u*(0) —u=(0) > 2.

Proof. The uniqueness of the minimizer is guaranteed by the strict convexity of the functional.
We will now show some properties of u:
Step 1: the function u satisfies —2 < u(x) < 2 for a.e. x and u is non-decreasing. The first
property follows from the fact that, if not, (—2) V u A 2 would have smaller energy than u,
contradicting the minimality. For the second one, assume that 0 < a < b < 2 and u(a) > u(b);
then the function

_ {u(:):) for x < a,

(z) =

" \u(@) Vu(a) forz > a,

would have smaller energy than wu, again a contradiction. Similarly we can show that wu

is non-decreasing in (—2,0). Observing that the previous argument also works for u(a) =

lim,_,o- u(x), we deduce that u is non-decreasing in the whole domain.

Step 2: wu is conver on (—2,0) and concave on (0,2). Let us show the first assertion, and

assume by contradiction that for some Lebesgue points a,b,y with 0 < a < y < b < 2, there

holds .
u(y) < ua) + (y - ) D1,

Then it is easily seen that
_ u(x) for = ¢ (a,b),
ile) = u(z) V (u(a) + (z — Q)M) for z € (a,b)
b—a LAl
provides a minimizer better than u, absurd.

Step 3: it holds

lim wu(x) > 2, lim wu(x) < -2.
T2~ z——27F
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Again, we prove the first inequality by contradiction (the second being similar) and assume
that ¢ := lim,_,o- u(x) < 2. Then we replace u by

ii(z) = u(x) for z <0,
T\ u()+(2—-10) forze0,2),

and the energy of u will satisfy
2
Ay (U) — Ay(u) = (2—£)+/ lu—342— 0 — |u—3|%dz
0
2
= (2—€)+/ (2—-0)(2u—4—1{)dx
0

§(2€)+/2(2£)(£4)dx
0
<(2-40)—-42-1¢) <0,

where in the first inequality we have used that u < £ and in the last but one that ¢ < 2. This
is a contradiction with the minimality of w.
Step 4: it holds

lim wu(x) > 1, lim u(x) < —1.

z—0t z—0~
Let ¢ := lim,_,o— u(x) assume that lim,_,q+ u(z) < 1. This means that there exists y > 0 such
that u(y) < 1; then we define

u(z) for x <0,
u(z) == qu(z+y) forzel0,2—y),
1 forz €2 —y,2).

We estimate

2 Y
Ap(@) — Ay(u) < y+/2 |€—3|2dfv—/0 lu — 32dx
—y

<y+yll—3F—4dy <2y —4y <0,

where in the last but one inequality we have used that £ > 2. This leads to a contradiction and
the thesis follows. O

Acknowledgements: VL and RS are members of the Gruppo Nazionale per 1’Analisi Matem-
atica, la Probabilita e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matem-
atica (INAAM). RS joins the project 2025 CUP E5324001950001. We also acknowledge the par-
tial financial support of PRIN 2022PJIEFL ” Geometric Measure Theory: Structure of Singular
Measures, Regularity Theory and Applications in the Calculus of Variations”. The latter has
been funded by the European Union under NextGenerationEU. Views and opinions expressed
are however those of the author(s) only and do not necessarily reflect those of the European
Union or The European Research Executive Agency. Neither the European Union nor the
granting authority can be held responsible for them.

References

[1] Acerbi E., Dal Maso G., New lower semicontinuity results for polyconvex integrals. Calc.
Var. Partial Differential Equations 2, (1994), 329-371.

21



[10]

[11]

[12]

Alicandro R., Braides A., Shah J., Free-discontinuity problems via functional involving
the L'-norm of the gradient and their approzimations. Interfaces Free Bound. 1, no. 1,
(1999), 17-37.

Alicandro R., Focardi M., Variational approximation of free-discontinuity energies with
linear growth. Communications in Contemporary Mathematics, Vol. 4, No. 4, (2002),
685-723.

Ambrosio L., Tortorelli V. M., Approximation of functionals depending on jumps by el-
liptic functionals via T'-convergence. Comm. Pure Appl. Math., 43(8), (1990), 999-1036.

Ambrosio L., Tortorelli V. M., On the approxzimation of free discontinuity problems. Boll.
Un. Mat. Ital. B (7), 6(1), (1992), 105-123.

Ambrosio L., Virga E. G., A boundary-value problem for nematic liquid crystals with a
variable degree of orientation. Arch. Rational Mech. Anal. 114, (1991), 335-347.

Ambrosio L., Fusco N., Pallara D., Special Functions of Bounded Variation and Free
Discontinuity Problems. Oxford University Press, Oxford (2000).

Attouch H., Variational Convergence for Functions and Operators, Pitman, London,
(1984).

Babadjian J. F., Millot V., Rodiac R., A note on the one-dimensional critical points of the
Ambrosio-Tortorelli functional, Asymptotic Analysis, vol. 135, no. 3-4, (2023), 349-362.

Bonacini M., Turlano F., Convergence of critical points for a phase-field approximation of
1D cohesive fracture energies, to appear on Calc. Var. (2025).

Bonnivard M., Lemenant A., Santambrogio F., Approximation of length minimization
problems among compact connected sets, SIAM J. Math. Anal. 47(2), (2015), 1489-1529.

Chambolle A., Ferrari L. A. D., Merlet B., A phase-field approximation of the Steiner
problem in dimension two, Advances in Calculus of Variations, vol. 12, no. 2, (2019),
157-179.

Dal Maso G., Integral Representation on BV (Q) of T'-Limits of Variational Integrals,
Manuscripta mathematica 30, (1979/80), 387-416.

Dal Maso G., An introduction to I'—convergence, Birkh&user, Boston (1993).

De Giorgi E., On the relaxation of functionals defined on cartesian manifolds, in “De-
velopments in Partial Differential Equations and Applications in Mathematical Physics”
(Ferrara 1992), Plenum Press, New York (1992).

Evans L.C., Gariepy R.F., Measure Theory and Fine Proprieties of Functions, CRC Press,
Boca Raton (1992).

Federer H., Geometric Measure Theory, Springer Verlag, New York (1969).

Ferrari L., Dirks C., Wirth B., Phase field approximations of branched transportation
problems, Calc. Var. 59, 37 (2020).

Francfort G. A., Le N. Q., Serfaty S., Critical points of Ambrosio-Tortorelli converge to
critical points of Mumford-Shah in the one-dimensional Dirichlet case, ESAIM: Control,
Optimisation and Calculus of Variations, Volume 15, no. 3, (2009), 576-598.

Francfort G. A., Marigo J.-J., Revisiting brittle fracture as an energy minimization prob-
lem. J. Mech. Phys. Solids, 46(8), (1998), 1319-1342.

22



[21] Le N. Q., Convergence results for critical points of the one-dimensional Ambrosio-
Tortorelli functional with fidelity term Adv. Differential Equations. 15, no. 3-4, (2010),
255-282.

[22] Morrey C. B., Multiple Integrals in the Calculus of Variations, Springer-Verlag Berlin
Heidelberg New York, (1966).

[23] Mumford D., Shah J., Boundary detection by minimizing functionals. In IEEE Conference
on Computer Vision and Pattern Recognition, volume 17, San Francisco, (1985), 137-154.

[24] Mumford D., Shah J., Optimal approzimations by piecewise smooth functions and asso-
ciated variational problems. Comm. Pure Appl. Math., 42(5), (1989), 577-685.

[25] Oudet E., Santambrogio F., A Modica-Mortola approzimation for branched transport and
applications, Arch. Ration. Mech. Anal. 201(1), (2011), 115-142 .

[26] Rakovsky M., Critical points of the one dimensional Ambrosio-Tortorelli functional with
an obstacle condition, preprint, https://arxiv.org/abs/2411.02260, (2024).

23



	Introduction
	Notation and preliminaries
	Functions of bounded variation
	Relaxation and -convergence
	A result of -convergence
	Other preliminary results

	Main results
	Proof of Theorem 3.1 and Theorem 3.2
	Application to the length functional
	An example


