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Abstract

Ribbons are elastic bodies of thickness f and width w, where t << w < 1. Many ribbons in nature have
a non-trivial internal geometry, making them incompatible with the Euclidean space; this incompati-
bility, which can be represented as a failure of the Gauss—Codazzi equations for surfaces, often results
in shape transitions between narrow and wide ribbons. These transitions depend on the internal
geometry: ribbons whose incompatibility arises from failure of the Gauss equation always exhibit a
transition, whereas some, but not all, of those whose incompatibility arises from failure of the Codazzi
equations do. We give the first rigorous analysis of this behavior, mainly for ribbons whose first
fundamental form is flat: for Gauss-incompatible ribbons we identify the natural energy scaling of the
problem and prove the existence of a shape transition, and for Codazzi-incompatible ribbons we give
a necessary condition for a transition to occur. The results are obtained by calculating the I'-limits, as
t,w — 0, for narrow ribbons (w? < t), and wide ribbons (taking f to zero and then w), in the natural
energy scalings dictated by the internal geometry.
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1 Introduction

Ribbons are elastic bodies that have two small scales: they are both narrow and thin, but their
thickness is much smaller than their width. Their study has a long history, from Sadowsky in the 1930s
[Sad30], through Wunderlich in the 1960s [Wun62] to a large body of works in the 21st century (e.g.,
[Her06| PS10, [AESK11], [FMP12,[DA14,[CDD14, DA15| [FF16, FHMP16a, PT19, NA21| SLS21], [LSSM21])).
Such bodies are ubiquitous in nature [AESK1I HWQ™18} [ZGDS19], from plants to molecules to
applications in electro- and nano-technology [SB09| [FKS12]. Many ribbons have internal geometries
that are incompatible with Euclidean space, e.g., due to inhomogeneous swelling, plastic deformations
or differential growth. Such ribbons do not have a stress-free configuration: they exhibit stress even
in the absence of external forces or prescribed boundary conditions. Their study aims to understand
the relation between the local intrinsic geometry of the ribbon and the global shape in space they
obtain. This analysis explains the shapes of some molecular assemblies [Her06, ZGDS19] and plants
[AESK11, HWQ*18], and is also used to “design” ribbons of various shapes by prescribing their
intrinsic local geometry [SYU*11}[ADK17,|SLS21| [LSSM21].

One of the most interesting feature of incompatible ribbons is that ribbons with the same intrinsic
geometry often exhibit a sharp shape transition between “wide” and “narrow” ribbons. This phe-
nomenon was observed experimentally [GSD16),[ZGDS19, [SL.S21} [LSSM21]], and was explained using
formal asymptotics in [GSD16|[LSSM21]]. The present work provides the first rigorous analysis of this
shape transition in ribbons: We prove the existence/non-existence of transitions for many physically
relevant geometries, and outline many open questions that arise for geometries and regimes that are
beyond the scope of this work. We hope this will inspire further rigorous investigations into the
behavior of incompatible ribbons.

The reduced shell model, Gauss and Codazzi incompatibilities. We start by presenting the
typical model for incompatible ribbons used in the physics literature: The ribbon is modeled as a
two-dimensional body 8, = (0, L) X (-w/2,w/2), where w < L is the width of the ribbon (we assume
that L ~ 1 is a fixed quantity). We denote the natural coordinates on 8, by z’ = (z1,2). Its midline is
the set € = (0, L) X {0} C 8. The ribbon is associated with two fields:

o Its reference metric, or first fundamental form, a symmetric, positive-definite tensor a : TS;, X
TSw — R¥2, We assume that z; is an arclength coordinate along the midline ¢, and that the z,
direction is always perpendicular to the z; direction. Thus, the metric is of the type

a(zerZ) — (1 + %('ZZD (1)) )

o The reference second fundamental form, a symmetric tensor II : T8, X TS,, — R%<2,

A configuration is a (smooth enough) map f : 8, > R3, whose associated elastic energy is given by

t,w

Ered(f) ZJg |0f _ a|2 dVol, + #? |Hf - H|2 dVol,, (1.1)

w

where t < w is the thickness of the ribbon, and af = VfT'Vf and IIf = =V Vv are the first and
second fundamental forms associated with f, respectively (here v is the normal of f). This model is
sometimes called a reduced shell model, or a Kirchhoff shell model.

The forms a; and IIf are related by a system of three differential equations, the Gauss equation
and the two Codazzi equations, that will be detailed later on. If the reference forms a and II do not
satisfy these equations, then no configuration can relax the energy completely, and in fact inf Ef,eg >0,
as was long assessed by physicists and only recently proved (for a similar form of the energy) in
[AKM22|, [AKM?24]. We say that the ribbon is Gauss-incompatible if a and II fail to satisfy the Gauss
equation, and Codazzi-incompatible if it is Gauss-compatible but a and II fail to satisfy the Codazzi
equations. More precisely, in this work we will be interested in zeroth-order compatibility, meaning
whether the equations are satisfied along the midline ¢ (see Definition|T.1).

Shape transitions in non-Euclidean ribbons. Ribbons interpolate between the behavior of plates
(w =~ L), which is constrained by the Gauss—Codazzi equations, and the behavior of rods (w = t), in
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Figure 1: Examples of shape transitions in ribbons (figure adapted from [LSSM2T])). The first column depicts the reference
forms a (flat figure) and II (curved), that appear in the next two columns. Example (a) is Gauss-incompatible, (b)-(e) are
Codazzi-incompatible. The fourth and fifth columns are experimental pictures of the emerging shape of elastic ribbons with
these reference forms, in the wide and narrow regimes (in example (c) the right end of the wide ribbon is cut in order to
show the second form the body wants to achieve). The sixth column indicates whether there is a (first order) shape transition
between narrow and wide ribbons, and the scaling at which it occurs, as predicted by formal asymptotics and confirmed by
experiments; for (b) and (d), these formal-asymptotics scalings are only approximate, and the exact scaling is unknown, see
§for details. The results in this work yield a rigorous proof of the existence and scaling of shape transitions for (a) (as well
as other Gauss-incompatible ribbons), and proves the transition in (d) and the lack of transition in (c) and (e).

which there are no constraints and thus any given second fundamental form can always be achieved
by an isometry. As such, for the same intrinsic geometry, one may obtain a major difference between
the emerging shapes (i.e., minimizers of (I.I)) depending on the relation between the thickness t and
the width w. As mentioned above, this shape transition was observed in plants [AESK1T], molecules
[ZGDS19], as well as in controlled experiments using various “material-programing”
techniques [LSSM21].

Loosely speaking, when the ribbon is narrow enough, it adopts a shape whose second fundamental
form coincides with the reference form II, at least to a leading order (i.e., along the midline). A wider
ribbon needs to be close to an isometric immersion of the metric a (similar to a plate/shell) to high
enough order, so that the second fundamental form I might not be achieved due to the Gauss—Codazzi
compatibility conditions.

When the reference forms q, II are Gauss-incompatible along the midline, formal asymptotic anal-
ysis of in the small parameters t,w shows that this shape transition indeed occurs when t ~ w?
GSD16][]

As was observed in [SLS21][LSSMZ21], the case of Codazzi-incompatibility is more complicated: for
some (incompatible) geometries there is no transition at all, while for others there is a transition at
t ~ w* for some & # 2, as shown in Figure[T} These various scenarios were studied in [LSSM21], using
a careful formal asymptotic analysis of the energy and the compatibility equations. For a given
geometry, this analysis can predict whether a shape transition will occur, and approximately at which
exponent a.

The three-dimensional model. The aim of this paper is to analyze this phenomenon rigorously,
using I'-convergence, starting from a fully three-dimensional model (rather than a reduced one). In
this model, the elastic ribbon is a smooth Riemannian manifold (M, g), where, for a natural choice

More accurately, one should non-dimensionalize t and w first, e.g., by comparing #/L and w/L; to make notation less
cumbersome we will think of t and w being already non-dimensionalized.



of coordinates, we have that M;,, = (0,L) X (—w/2,w/2) X (-t/2,t/2) and g is given by

(1= x(z1)22)?> = K%(z1,0)22 + O(z3) 0 0
g(z) _ [ 1)42 0 1 2 2 1 0] _ 223 (II(Z%), 22) (O)) + O(Zé) (12)

0 01

We shall assume that g can be smoothly extended to the closure [0, L] X [-w/2,w/2] X [-t/2,t/2].
As shown in § 2.1} this structure is the general form of a metric in which the ribbon is a t-tubular
neighborhood of the mid-surface 8, = {z3 = 0}, which, in turn, is a w-tubular neighborhood of the
midline { = {z, = z3 = 0}. In , « is the geodesic curvature of £ in 8, K3 is the Gaussian curvature
of 84, and Il is the second fundamental form of 8, in M;,,. The first fundamental form a in the reduced
model above is the restriction of g to its main 2 X 2 sub-matrix at z3 = 0.

The energy associated with the elastic ribbon is E 4, : WY2(M; 4; R%) — R U {+00}, defined by

Ev(y) = J(M W(Vyi(2) P(2)) dVoly(2)

fory; € WL2(M; 4; R3), where dVol, is the volume form of g, f is the integral divided by the volume of
the domain, and W : R¥® — [0, o] is the energy density satisfying standard assumptions in elasticity,
described in detail in § Here P : TM;;, — R>® is the so-called prestrain or implant map (or in
context of material defects also plastic strain or crystal scaffold, see [EKM20], [KM23), §2]) and is a given
orientation preserving smooth map satisfying PTP = g.

The analysis is essentially the same for any choice of such P, and thus we will choose one that
slightly simplifies the analysis; see §[3|below.

To quantify the incompatibility we introduce the following definitions.

Definition 1.1 The Gauss-deficit of the ribbon along the midline is
8%(z1) := detlIl(z,0) — K3(z1,0) (1.3)
for z1 € [0,L]. The ribbon is Gauss-incompatible (along its midline) if 5¢ # 0.
The Codazzi-deficit of the ribbon along the midline is

5C(21) =

321111 - 311112 + K(Hn + 1122)) (1 4)

821112 - 811122 - Kle

(21,0)

or z1 € [0,L]. The ribbon is Codazzi-incompatible (along its midline) if 5¢ = 0 but 6€ # 0.
p g

Note that these quantities coincide with the curvatures of g along the midline; more precisely, 8% = Riono
and (SC = —Ruig.
1

Main results. We are interested in the limiting behavior of E;, as

limw =0, lim L =0, (1.5)
t—0 t—0 W
both in terms of the energy scaling and the behavior of minimizers. As w tends to zero more and more
quickly, we expect the ribbon to become less and less constrained, and thus inf E; ;, to decrease to zero
faster. Since for quite general metrics (see [KS14], also Corollary non-Euclidean plates (that is,
when w ~ 1) satisfy infE;,, = O(#?), this bound is expected to hold also in the ribbon case, though it
may not be tight.
On a non-technical level, our main results can be summarized by the following two theorems.

Theorem 1.2 (Narrow ribbons) Consider a narrow ribbon in the sense

t
lim — = 1.
0w (1.6)
that is,
W<t<w<l.
We then have



1. Energy scaling: inf Ey, ~ w* if the ribbon is Gauss-incompatible, and inf E;,, ~ t*w? if it is Codazzi-
incompatible.

2. Approximate minimizers behave as follows:

(a) They tend to an isometric immersion of the midline.
(b) The geodesic curvature of the immersed midline tends to x.
(c) The second fundamental form of the mid-surface along the midline tends to I|,.

(d) The Gaussian curvature of the mid-surface along the midline tends to K®|, if and only if the ribbon
is Gauss-compatible.

Theorem 1.3 (Wide ribbons) For ribbons whose mid-surface is flat (that is, KS = 0), consider the wide ribbon
limit in which we first take t — 0 and then w — 0. We then have that approximate minimizers tend to isometric
immersions of the midline, and the geodesic curvature of the immersed midline tends to x. Moreover,

1. ifthe ribbon is Gauss-incompatible, then inf E; , ~ t2, and the second fundamental form of the mid-surface
along the midline converges to a limit that differs from II|,;

2. if the ribbon is Codazzi-incompatible, then infE;,, = o(t?), and the second fundamental form of the
mid-surface along the midline does tend to 11|, (strongly in L?).

(a) If, furthermore, we assume that
I11(z1,0) #0  for every z; € [0,L], (1.7)

then inf E;,, ~ t*w?, and the fluctuation from 11|, of the second fundamental form of approximate
minimizers is of order < w.

(b) If assumption is violated, there are examples where infE,;,, > 2wt and in addition the
fluctuation from 11|, of approximate minimizers is of order > w+9/2, for any € > 0.

Even though our results for wide ribbons are restricted to flat mid-surfaces, the analysis pre-
sented above covers all the geometries in Figure [1} as well as other physically-motivated geometries
[AESK11]IGSD16,[ZGDS19]ISLS21]. This assumption arises since wider ribbons are more isometrically-
constrained, and our understanding of the space of isometric immersions (of W2? regularity) is much
more complete in the flat case.

Building on Theorems we deduce the following regarding the behavior of the minimal
energy.

Corollary 1.4 For ribbons whose mid-surface is flat, the following holds:

1. For Gauss-incompatible ribbons inf E;,, ~ min{#?, w*} and there is a transition in the behavior of the
second fundamental form between wide and narrow ribbons. The energy scaling statement holds for
non-flat ribbons as well, as long as their mid-surface can be W>*-isometrically immersed in R®.

2. For Codazzi-incompatible ribbons, if condition (L.7) holds, then inf E; ,, ~ t*w? in both regimes we consider
(no transition in the energy scaling). Otherwise, there are examples in which a transition in the energy
scaling occurs.

Condition (1.7) is satisfied in the geometries of ribbons (c) and (e) in Figure [I} while the example
we analyze in which it is violated corresponds to geometry (d) in Figure [I} We thus understand
the vanishing of II;1¢ (i.e., the violation of ) as a necessary condition for a shape transition in a
Codazzi-incompatible ribbon. Note that in all Codazzi-incompatible ribbons (both wide and narrow)
the second fundamental forms converge to 1l|;. However, in wide Codazzi-incompatible ribbons in
which is violated, this convergence is slower and this corresponds to the apparent shape transition
observed in these cases. Our analysis, therefore, reveals a key difference between the transitions of
Gauss-incompatible and Codazzi-incompatible ribbons: In the former, the transition manifests in the
limiting second form along the midline; in the latter, when a transition occurs, it is instead reflected in
the rate at which the second form converges to the reference second form along the midline.

The non-vanishing condition also has a geometric interpretation: Since we assume 8, to be
flat, its isometric immersions are ruled surfaces, whose ruling direction corresponds to the null-vector
of the second fundamental form. Condition implies that these directions intersect the midline
transversally; this, in turn, guarantees the existence of an isometric immersion of &, with II|, as a
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second fundamental form along the midline, which has an elastic energy of order #*w?. This will be
detailed in the proof of Theorem

Theorems|1.2HI.3|are proved by calculating several I'-limits (and by establishing their correspond-
ing compactness results):

e Theorem [1.2)is obtained by computing the I'-limits of #Et,w (for Gauss-incompatibility) and of

ﬁEt,w (for Codazzi-incompatibility), as f,w — 0 simultaneously, under the assumption (1.6).
In both cases we show that the limit energy is finite and strictly positive, thereby establishing
the energy scaling. This analysis is presented in §[d] Furthermore, in §[4.4we build upon these

results to prove the general scaling statement in Corollary [1.4(1).

e To prove Theoremwe first compute (in § the I'-limit of tlZEt,w’ ast — 0, for a fixed w. This
computation follows a similar approach to previous works on non-Euclidean plates and shells
[KS14, BLS16, ILL20]. Next, in § we obtain the ribbon limit by letting w — 0, similarly to
[FHMP16b]. We analyze this limit and show that it is strictly positive if and only if the ribbon
is Gauss-incompatible (Proposition[5.8). Additionally, we establish the behavior of the limiting
second form as stated in Theorem|[1.3(1). For the Codazzi-incompatible case, in §[5.3lwe examine
the behavior of minimizers of the same energy (Proposition [5.9). Under the assumption (1.7),
we compute the finer limit of the functional I'-lim,_,o tlet,w scaled by w?, as w — 0, showing
that it is finite and positive, and conclude the proofs of Theorem [I.3{2b) and Corollary [1.4] (see

Corollary [5.13). Finally (in §[5.4) we analyze the geometry of Figure|I{d) where is violated
and show that it corresponds to a higher energy scaling (Proposition|5.14).

The initial functional in all these I'-limits is the full three-dimensional energy, and the limit is a
one-dimensional model along the mid-line (in the case of the iterated limit, the first limit is a two-
dimensional plate model). The limit energies are one-dimensional like rods, however they retain the
information of the second fundamental form of the two-dimensional mid-surface (along the midline).

Relation to previous works. These I'-limits build upon existing results for incompatible plates
(see [Lew23| for a recent extensive review), and for ribbons, both Euclidean [EMP12], [EFMP13] and
non-Euclidean [FHMP16b]. In this work, several new challenges emerge compared to the existing
literature. We now outline some of these key difficulties and how they are addressed.

For narrow ribbons, the natural energy scaling (either w* or >w?) falls between #? and *, placing it
within the so-called “linearized Kirchhoff regime”. All previous analyses in this regime — Euclidean
plates [FJMO06], weakly-prestrained plates [Lew23, § 14.7], shells [LMP11b], shallow shells [LMP11a],
and Euclidean ribbons [EMP13] — results in limiting energies that involve only bending (out-of-
plane) contributions. This is because in-plane displacements can be neglected in the lower bound,
an assumption that is then matched in the upper bound construction. This is no longer the case
for Gauss-incompatible ribbons in their natural w*-scaling: Gauss-incompatibility manifests in the
stretching energy, and configurations whose stretching are o(w*) do not exist. To address this issue,
we show that the in-plane stresses possess additional structure (Lemma and use this structure to
derive a sharper lower bound, which can be matched by a recovery sequence. As a result, an extra
term that cannot vanish appears in the energy, proving the tightness of the energy scaling.

A new geometric challenge is that the coordinates z = (z1, 2, z3) in M;,, are natural for describing
the ribbon and its geometry (as in (I.2)), but they are insufficient for the analysis in the incompatible
case, as they do not suggest how low energy configurations look like (from a technical viewpoint,
one can see that the metric differs from the identity matrix by terms that are much larger than
our energy scaling). Thus, we need to define an associated Euclidean ribbon to the incompatible ribbon,
which is an embedded ribbon W : M, — R3, such that W(M; ) is a curved ribbon in Euclidean space
whose geometry is “close enough” to the original geometry. The analysis then alternates between the
coordinates z and the Euclidean coordinates on W(M;,).

For wide ribbons, as mentioned before, the analysis is a refinement of the one of [FHMP16b] — our
analysis requires a slightly more general setting, and we make a more detailed analysis of the limiting
energy and the relation of its minimum to the underlying geometry. We then analyze a finer (lower)
energy scaling, for which a more complicated construction of a recovery sequence is required.

Finally, it is interesting to compare our results to [MS19]: there it was shown that for plates (w ~ 1)
the energy scaling is #*> unless the Gauss and Codazzi deficits are zero (see also [Lew23] for the
dependence of the energy scaling of incompatible plates on their curvature), and for rods (w ~ t) it is



t* (generically). This work shows how ribbons interpolate between these two scalings, and how the
Gauss and Codazzi deficits are reflected differently in the energy scaling when ribbons (rather than
plates) are considered.

Future directions. This work is the first to rigorously address shape transitions in non-Euclidean
ribbons. Yet our understanding is far from complete and there are many directions for further inves-
tigation:

o Energy scaling of transitions in Codazzi-incompatible ribbons: In this work we provide a necessary
condition for the occurrence of shape transitions in Codazzi-incompatible ribbons. However, a
full analysis of the energy scaling of a transition, when it occurs, is still missing. These transitions
seem to be geometry-dependent (unlike for Gauss-incompatible ribbons), so an interesting open
direction is to study the transition in specific examples, in particular the ones of (b) and (d) in
Figure (I} Theorem [1.2| provides the energy scaling and asymptotic behavior when the ribbon
is narrow enough. In § 5.4 we summarize the best known ansatzes and the conjectured energy
scalings for wide ribbons in these geometries.

o The wide ribbon limit: In this work we analyze the double limit, as t, w — 0 simultaneously, for a
narrow ribbon (i.e., w? < t < w < 1), and the iterated limit lim,,_,o lim;_,o, which is interpreted
as a “very wide” ribbon (one could think of this iterated limit as implying f < w* for any a > 0).
This leaves a gap of obtaining the wide ribbon double limit + < w? < 1, in particular in the
Gauss-incompatible regime #*. This regime is open even for Euclidean ribbons

o The non-flat case: While our analysis of narrow ribbons is valid for arbitrary geometries, the
(very) wide ribbons analysis is currently valid only for ribbons with flat mid-surface 8;,. Many
ribbons that were studied in the physics literature are of this type [AESK11) I(GSD16) [ZGDS19|
SLS21), [LSSM21], however not all of them are [Efr15} [LS16, HWQ™18]. It would be interesting
to extend this study to ribbons whose mid-surface is elliptic or hyperbolic. Since elliptic (resp.
hyperbolic) isometric immersions are more (resp. less) constrained than flat ones, one might
encounter different behaviors, in particular in the Codazzi-incompatible case.

e Non-smooth metrics: In this work the reference metric g is assumed to be smooth. While this
assumption is common (both in the physics and in the mathematical studies of incompatible
elasticity), in practice many physical examples have non-smooth metrics (in particular piecewise
constant); see, e.g., the bilayer structure in the experiments depicted in Figure [[(a)—(d). Thus, it
would be desirable to extend the analysis to this case as well. There, one should expect that the
energy scaling is ? for all regimes, due to an excess energy that appears in rough metrics (similar
to the #* scaling in multilayered non-Euclidean plates [Sch07] and rods [KO18]); yet, we expect
the behavior of minimizers to be similar to the smooth case and exhibit different “narrow” and
“wide” regimes.

Structure of the paper. In §[2]we analyze the geometry of non-Euclidean ribbons, and define their
associated Euclidean ones. In §[3| we define the elastic energy we analyze in this work. In § i we
analyze narrow ribbons, i.e., the I'-limit under the assumption w? <t < w < 1. From this analysis
we deduce in §[£.4]the general energy scaling of Gauss incompatible ribbons. In § 5| we analyze wide
ribbons, i.e., the double I'-limit, first with respect to t — 0 and then with respect to w — 0.
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2 The geometry of ribbons

2.1 Metrics on ribbons

We abstractly define a non-Euclidean ribbon as follows: Let (M, g) be a three-dimensional Riemannian
manifold and let § € M be a two-dimensional submanifold. Let £ : (0,L) — S be a curve in §, in a
natural parametrization. Let 8, be a w-tubular neighborhood of ¢ in §, and let M;,, be a t-tubular
neighborhood of 8;, in M. The set M}, is then a non-Euclidean ribbon, whose mid-surface is §,, and
its midline is (.

We now present the natural (Fermi) coordinates on M;,, and show the expansion formula in
these coordinates: Let n: § — TM]|s be a unit normal vector field, and forp € 8, letv, : (-t/2,t/2) - M
be the geodesic defined by

vp(0) =p,  vp(0) =n(p).

Let 9t : { — T§|, be a smooth normal vector field in §, and for p € £, let i, : (—~w/2,w/2) — 8§ be the
8-geodesic defined by

mp(0) =p,  1p(0) = N(p).
We now define natural coordinates i : (0,L) X (—w/2,w/2) X (—=t/2,t/2) = My by

1][)(21/ 22, Z3) = Vﬂt(zl)(zz)(z3)‘

That is, in these coordinates z; is the arclength coordinate along ¢ = {z, = z3 = 0}, from which the
direction z; emanates orthogonally along geodesics of 8, = {z3 = 0}, and z3 emanates orthogonally
from 8, along geodesics in M.

Lemma 2.1 The metric g on My, expressed in the natural coordinates given by 1 is given by (1.2).
Proof: By definition, we have that
d

823

= n(Y(z1,22,0)),

(21,22,0)

which is perpendicular to Ty, 2,0)S. Thus

a(le Z2) 0) (21)

g(zerZI 0) = ( 0 1]

Also, we have that % at any point is the 7,(z3) for some p, and thus a unit vector; thus g33 = 1
everywhere. Furthermore, for i, j = 1,2, at a point (z1, z2,0), we have

d3aij = a(V5,0;,9)) + 8(di, V5,9,)
= 9(Von,9)) + g(di, Vo,n) = 211y,

where V is the Levi-Civita connection of g, whose symmetry was used in the transition to the second
line. Similarly,

d38i3 = a(Va,03,9i) + 8(d3, V5,0:) = a(d3, Vy,05)
1
8(d3,V,,03) = 531‘933 =0,

where we used that V,;,d; = 0 since 1 is a geodesic. This last equation holds everywhere. Thus

0= ("G )2 (" )0,

8



where the O(z3) term is only in the upper 2 x 2 minor.

It remains to obtain the expansion of g|s(z1,z2). Since z; is in the direction of normal geodesics to ¢
in 8 (like z3 is with respect to 8 in M), and since « is the second fundamental form of £ in §, the same
argument as before shows that

_ 2
a(z1,23) = 1-2x(z1)z2 + O(z5) 0 '
0 1
Now note that ¢(z1, 22, 0) = 1¢(z,)(22) is a family of 8-geodesics with parameter z;. Therefore, for a fixed

21,
J(z2) == 1y (z1,22,0)

is a Jacobi field along 1., satisfying the initial conditions

J(0) = 91¢(z1,0,0) = d1l(z,,0,0)

and
-2 _D| 2 _D| 2
I (0) L dT] =0 - aT 20 (95 . lp(sr T, 0) - as o T =0 IP(S, T, 0)
=5 N(l(z1)) = V5 02 = —K(21)91,

where £ is the covariant derivative along 7 with respect to the Levi-Civita connection V¥ of §, and
similarly for 2. The change of order of differentiation follows from the symmetry of the connection
[dC92, §3, Lemma 3.4] We can now use the Jacobi equation [dC92, §3, eq. (1)ﬂ

J(©) = RE W0 (O, TN (1),
where RS is the Riemann curvature tensor of 8, to obtain

220(J(0), J(O)| .y = 2 228(J' (1), J(D))lzo = 28(J"(0), J(0)) + 28(J(0), ]'(0))
= 20(RS(9y, 01)d2,01) + 2k%(z1) = —2K>(z1, 0) + 2k(x1).

Since a11(z1,22) = 8(J(22), J(z2)), this completes the proof. |
2.2 Flat mid-surfaces
In this section we specify Lemma[2.1|to the case of a flat mid-surface.

Lemma 2.2 When the mid-surface 8y, is flat, that is, K® = 0, the metric expression ([[.2) simplifies to

(1-x(z1)22)> 0 0
o(z) = 0 1 0= 2z (H(ZB' z2) 8) +O0@). 2.2)
0 01
That is, the induced metric on 8, is given by
_ (1 =x(1)z)* 0
a= ( 0 L (2.3)

Proof: We already know from Lemma that a11(z1,22) = 1 = 2x(z1)z2 + O(z%). As shown in the last
part of the proof of Lemma the Jacobi equation for the Jacobi field J(z;) = d1¢(z1,22,0) is

J'(t) =0, J(0) = diliz,00), I'(0) = —x(z1)d1lz,00),

The expression of J'(0) could also be obtained by noting that g(J'(0), d1l¢, 0) = %82911(21,0) = —«x(z1) and g(J'(0), 92l(z,,0)
= d2012(21,0) — §(d1, Va,02) = 0, where in the last equality we use the fact that V,,d, = 0 since the z, direction is along geodesics.
4The sign convention for the curvature in [dC92] is converse to the one used here (and in most textbooks).




where we used that the flatness of &, implies RS = 0. Noting that for a fixed zi, a11(z1,22) =
a(d1Y(z1,22,0), d1Y(z1, 22,0)) = a(J(z2), ] (z2)), we obtain that

dza(J(v), J(1)) = 207a(J' (z), (7)) = 2a(J'(0), J' (1)) + a(J" (1), ] ()
=2a(J'(v), J' (7))
=2a(J'(0), J'(0)) = 2(z1)*a11(21,0,0) = 2x(21)?,

where in the transition to the second line we used that J”(7) = 0, in the transition to the last line that
J” = 0 implies that |’ is a parallel vector field and thus of a constant norm. Thus we know that

2 a1(z1,22) = 2k(z1)>,  au1(z1,0) =1,  d,0a11(21,0) = —2k(z1),
from which the result follows. [ |
Let P : [0,L] — SO(2) be given by

, 0 -x
P =P(K 0). (2.4)

For wy > 0 small enough we define x : [0, L] X [~wo/2, wp/2] — R? via

x(z1,20) = j(; ] P(t)ey dt + zP(z1)es. (2.5)

It is immediate to check that, for every w € (0, wp), xls, is an isometric immersion of (8, a) into R2.
We denote the image of x|s, by 8., and its midline by ¢, that is,

8w =x(8x), €= x([0,L]x{0}). (2.6)

2.3 The associated Euclidean ribbon

For a given non-Euclidean ribbon (M 4, g) (Whose mid-surface is not necessarily flat) we now construct
aribbon that is embedded in IR%, and agrees with the geometry of the non-Euclidean ribbon to leading
orders. That is, we construct a map

W (0,L) X (—w/2,w/2) X (—t/2,t/2) = R?

such that DWTDV is close enough to g. We call this map the Euclidean ribbon associated with
(M}, 9) and denote its image by € ;. This map will be essential in the analysis of narrow ribbons, as
low-energy configurations will become asymptotically close to W, and the (Euclidean) coordinates on
) » will be required for the analysis.

We start by constructing the two-dimensional mid-surface:

Proposition 2.3 Given a smooth function x : [0,L] — R and a symmetric matrix field 1 : [0,L] » R*?,
there exists w small enough such that there exists an immersion

@:(0,L) X (-w/2,w/2) = R3,
whose first fundamental form is

— detI1°(z1)22

_ 2
D@TD(D(ZLZZ) - (1 K(Zl)ZZ) 0

%)+ o),

and its second fundamental form is
D*® - fi(z1, 22) = I1°(z1) + O(z2),

where ft is the normal to ®.
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Proof: We note that z; = ®(z1,0) has to be a curve immersed in the surface define by ®, and, assuming
that DOTD®d(z;,0) = I, the frame (e1(z1), e2(z1), e3(z1)) = (01D, 9P, )| (z,,0) is the Darboux frame of this
curve, with geodesic curvature x, normal curvature II(l)1 and relative torsion II(l)z. Thus, this frame
satisfies the Darboux frame equations

er) 0 k10 (e
el = -« 0 1,|le]
es -, -1, 0 Jes

We solve this system of ODEs and set

1

Z1
1
D(z1,27) = f e1(s)ds + zxen + 52%112263 - gzgllgz (Ilgzel + ngez) ,
0

where ¢1, e, and II° are evaluated at z;. Noting that the normal to @ at z, = 0 is e3 by construction, a
direct calculation shows that the first and second forms of @ have the correct expansion (the last term
in the definition of @ is chosen to eliminate z% terms from the 12 and 22 terms of the first fundamental
form). |

Note that, even for small w, @ is only guaranteed to be an immersion, not an embedding (i.e., it may
fail to be injective), depending on whether its midline intersects itself or not. In the following we will
assume, for simplicity, that the midline does not intersect itself, and thus @ is indeed an embedding
for w small enough. If this is not the case, one can always find a finite open cover of [0, L] such that
the restriction of the midline to each subinterval is an embedded curve. One can then perform locally
all the subsequent analysis.

Let now (M4, g) be a non-Euclidean ribbon. We apply Proposition 2.3 with « as in (that is,
the geodesic curvature of £ in §,) and

1°(z1) = II(z1, 0),

that is, II” is the restriction of the second fundamental form of S, in My to the midline. We define
W : (0,L) x (~w/2,w/2) X (~t/2,t/2) — R as the three-dimensional ribbon of thickness t associated
with @, that is,

W(z) = O(z1,22) + z37i(z1, 22).

We denote its image by €); , C R3. Since ®isan embedding by assumption, sois WV (for small enough t),
and thus €, is bi-Lipschitz equivalent to (0, L) X (-w/2, w/2) X (—t/2, t/2), with a bi-Lipschitz constant
independent of t and w. A direct application of Proposition 2.3|shows that

DYTDW = 0 1 0
0 0 1 0 0

(1 - k(z1)z2)? — detIl’(z1)z2 0 0
- o ]—23(110(21)+O(Z2) 0)+O(|z2|3). 2.7)

In particular, by Lemma 2.1 we have that

O(23,23) if 6¢ £ 0,

28
Ollzazsl, 2, 22) i 66 =0, 28

DYTDW = g +{

where 8¢ is the Gauss-deficit, according to Definition Furthermore, since the metric DWTDW
satisfies the Gauss-Codazzi equations by definition, the 11 and 12 components of the term of order z,z3
can be expressed in terms of 11° alone. More explicitly, these components are 22,239, (J;P - d111)|(,0,0),
i = 1,2 and the Codazzi equations at (z1, 0, 0) give

02(01®@ - it) = =411, + (119, +119,), 29)
92(02® - Ayit) = —o4 110, — «T1Y,. '

Endow now (0,L) X (—w/2,w/2) X (—=t/2,t/2) with the metric g, as pulled-back by 1 from M (and
whose expression in coordinates is given by (1.2)). Since ¥ is an embedding, we can pushforward this
metric through W to (;,,. Denoting this metric by §, we have

joW = (DY) TgDW) ! =1+ (DY) T(g- DY'DW)(DWY). (2.10)
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Combining this equation with ([1.2), 2.7), and (2.9), we deduce the following coordinate expression
of §in Q4
6C(z1)23 — 205 (21)z225  —205(21)z223 O
(V@) =I+DOW¥) T —265 (z1)2023 —2Xn(z1)z2z3  O|[(DW)™ + O(z3,23), (2.11)
0 0 0

where 6° is the Codazzi-deficit, introduced in Definition whereas Xj; is a quantity depending on
the choice of W (and not only on the given geometric data).

We conclude this section with some estimates that will be useful in the following. We denote by
Qo € C*((0,L);SO(3)) the map

Qo(z1) := DW(z1,0,0) = (1 W[V [)lz,,0,0)- (2.12)
The fact that Qp € SO(3) follows from (2.7). Since W is smooth, we have that
IDW(2) - Qo(z1)llco + (DY (2)) ™! = Qf (z1)llco < Cw (2.13)

for some C > 0. Again by (2.7) we also have that
~ 1
RV il 00 = HBY - 3V, 00) = =02V - 9203W] (2, 00) = —5(93 102W1 (21,0,0) = 119, (z1),
and similarly,
8%‘1’ W00 = (9%‘11 -1 W,00 = 0.

Thus we obtain
B (z) = 119,(21)Qo(z1)es + O(w). (2.14)

Similarly, one can show that
9ai(z) = —I10,(21)Qu(z1)er — 11, (z1)Qo(z1)e2 + O(w).

Remark 2.4 Our analysis in the narrow ribbon case relies on the existence of the map W satisfying
estimates (2.11), (2.13) and (2.14). One could consider a more general model, in which the geometry
of the ribbon changes with t, namely, M;,, = (0,L;) X (3%, 5) X (%t, %), with smooth metrics gf of the
form (T.2), where the geodesic curvature k;, the Gaussian curvature K¢, and the second fundamental
form II; depend on t. Assuming k;, K¢, II; converge strongly enough as t — OE] the derivatives DW!
of the Euclidean ribbons maps W' converge to some rotation map Qp. In this way, the estimates
and hold with an o(1) remainder, and holds with t-dependent deficits 6 and 6, which
converge uniformly to some limits 60G and 6(()7. The analysis in the narrow ribbon limit below will
remain essentially the same in this more general model. For the sake of readability we will present
the results for non-changing geometries, with the exception of § where changing geometries is
essential.

3 Mechanical setting and notation

Let M;,, be a ribbon as defined in the previous section. Via the coordinate map 1, we will henceforth
identify M, with the set (0,L) X (—w/2,w/2) X (-t/2,t/2) endowed with the metric g as in . We
further assume that t, w are small enough such that the map W : (0, L) X (—w/2, w/2) X (—t/2,£/2) = O,
introduced in the previous section, is a diffeomorphism. We denote by z the coordinates on M;,, =
(0,L) X (—w/2,w/2) X (-t/2,t/2) and by C = Y(z) the standard Euclidean coordinates on C; ;.

Let P : TM;, — R®? be an orientation-preserving map such that PTP = g. The elastic energy
associated with M;, (and P) is the functional E;;, : W*(My4; R*) = R U {+oo} defined by

Eiw(y) = ng W(Vy(z)P~}(z)) dVoly(z) = ){2 W(VH(C)P(0)) dVol;(Q)

5More precisely, that «;, Kf, II; and DII; converge uniformly, that Q%IL(-, 0), dix; are uniformly bounded, and that the
remainder terms in (1.2) are uniformly bounded with respect to t.
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for y € W2(M,,; R?), where dVol, is the volume form of g (and similarly for &), f is the integral
divided by the volume of the domain, 7 = y o W1 € W'2(Q;,;R?), P = PodW! : TQ;, — R¥S,
and W : R¥® — [0, o] is the energy density, a continuous function satisfying the following standard
assumptions:

(a) Frame indifference: W(RA) = W(A) for all A € R¥3 and R € SO(3);

(b) W(A) = 0if and only if A € SO(3);

(c) Coercivity: There exists ¢ > 0 such that W(A) > c dist*(A, SO(3)) for all A € R¥3;
(d) Regularity: There exists a neighborhood of SO(3) in which W is C%:

[W(I + B) — Q3(B)| < w(|BI), Q3(B) := %D%W(B,B) (3.1)

where w : [0, 00) — [0, 0] is a function satisfying lim;_ w(t)/#* = 0.
Note that assumptions|[(b)|and [(c) imply that

Q3(B) = Q3 (sym B) > ¢ [sym BJ? (3.2)

for all B € R3*3.

The energy density W represents the archetypical elastic behavior of a single point, and the map
P! indicates how W implants into the body (hence the name implant map [EKM20])). Any two implant
maps P!, P? differ from each other by a rotation, i.e., P> = R(z)P}, where R(z) € SO(3). In particular, we
have that P, = R(z) V4., and similarly for P. For simplicity, and since it does not change the general
behavior of the problem considered here, we will assume that P = v/§ (in the case of an isotropic W,
the energy does not change at all by this choice).

In order to study the I'-limit as ¢, w — 0, we rescale the domain, namely we let

Z1 =X1, Zp=wWXp, Z3=1lx3.

For y € WY2(M, 4; R%) we define u € WY2(U; R%), where U = (0,L) X (=1/2,1/2)?, via u(x) = y(z(x)).
Similarly we define

Wilx) =W(z(),  alx) =a(z(x)),  G(x) =3(We(x)),  Tilry, x2) = fi(xy, wxo).
It follows from (2.11) that §(W;(x)) = I+O(w?), and, when 6¢ = 0and holds, that §(W;(x)) = I+O(wt).
After changing variables, the energy takes the form,

J( W(Viu (V,W,) 75, %) det V, W, dVols,,
u

where

v, = ((91 1,
w

1
395).
;03
By (2.7) and (2.11)) it follows that
det VW, dVol;, = (1 + Or~(w)) dx,

and thus we replace this volume form by dx, as it does not affect the analysis below in any way, but
makes the notation lighter. To conclude, we consider the energy &, : WL2(U; R%) — R U {+00}

£1u(tt) = JE WV (VW) 15, ) dx. (3.3)

We now define several functions that will appear as energy densities in the limiting problems. For
x1 € (0,L) and A € R¥3 we denote

Q5(x1, A) = Q3(Qo(x1)AQo(x1)"),

13



where Q3 is the quadratic form defined in and Q is defined in (2.12). We define two x;-dependent
quadratic forms. For x; € (0,L) and A € R**? let

Qz(xl,A) = min {Q3(X1,B) . B2><2 = A}, (34)
BERBXS
where By, is the upper 2 X 2 minor of B. For x; € (0,L) and a,b € R let

Q3(x1,a,b) = min, {Q2(r1,4) : AT=A, Ay =a, Ap = D).

Additionally, for x; € (0, L) we define the function

Qin) = min {11, 4) : An =1}.

Notation. In the following, for two positive quantities a,b, we write a < b if the limit a/b tends
to zero (typically when t — 0 or w — 0, depending on the context), and a < b if there exists a
constant C > 0 independent of t,w such that 2 < Cb. For a family of functions (f)ie,, we write
fi = Op2(t) if there exists C > 0 such that |||z < Ct for every t € (0,tp). We similarly write Ox(-) for
bounds in a function space X (typically positive or negative Sobolev spaces). Finally, for a function
h:(0,L)x (-1/2,1/2) — R? we denote

B 1/2
(xr) = f e, ) .

1/2

4 Narrow ribbons

In this section we study the behavior of the energy &;,, introduced in (3.3), in the narrow ribbon
regime w? < t < w < 1. We start with a compactness result for deformations with energy of order ¢2,
where ¢ = ¢(t, w) is an appropriate rescaling.

Theorem 4.1 (Narrow ribbons, compactness) Let (us) be a sequence in W'2(U; R®) satisfying
&) < Ce?, (4.1)
where ¢ — 0 is a function of t satisfying the following condition: if 5¢ # 0,
W <e<t,

or otherwise
wt<e<t and w? <t

Then, there exist rotations R, € SO(3) and translations c¢; € R® such that
flt = ﬁtTut —Ct
satisfy
~ 3 n &
12: = Willp2 ) < C; and  ||Viily = ViWi|l2qy < C?/ (4.2)

and
(Vitt))" (Viity) = Slluy < Ce. (4.3)

In particular, il; converges strongly in W2 to W(x1,0,0), and Vi, converges strongly in L? to Qqg. Furthermore,
there exist functions a,B € L*((0,L)) and y € L*((0,L) X (=1/2,1/2)), and a skew-symmetric matrix field
A € W2((0, L); R®*®) satisfying
0 0 —a
QA Qo = [0 0 —ﬁ],
a p 0
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such that, up to subsequences, the following convergences hold:
é(vtaf - VW) = AQy in  L*(U;R¥™3) (4.4)

1/2
#32( (0ot — D, W) dxz |-ty — in W2(0,L) x (-1/2,1/2)).  (4.5)
-1/2

The next two theorems identify the I'-limit of &;,, at the correct scaling for Gauss-incompatible
ribbons and for Codazzi-incompatible ribbons.

Theorem 4.2 (Narrow ribbons, I -convergence — Gauss-incompatibility) Assume (I5)—(1.6) hold. Then the
functional 1€, ;, T-converges, with respect to the convergence notion defined in Theorem or e = w?, to

1" a B 1 ("
G _ L Gy \2
80 (0{,‘6, 7/) - 12\£ QZ (xl/ (ﬁ ,)—/)) dxl + 720f0 Ql (X1)6 (xl) dxl/
where a, B, and y are the functions defined in Theoremand 6% is the Gauss-deficit (T.3).

Theorem 4.3 (Narrow ribbons, I -convergence — Codazzi-incompatibility) Assume (L.5)-(1.6) hold and 6 =
0. Then the functional €&, ., T-converges, with respect to the convergence notion defined in Theorem 4.1|for

e =tw, to
C o1 a B 1" c C
8() (0(/ ﬁ/ 7/) = 1_ 0 QZ X1, ‘B 7—/ dxl + E 0 Qz (xlr 61 (xl)/ 62 (xl)) dX1,

where a, B, and y are the functions defined in Theoremand 6C is the Codazzi-deficit (T.4).

The proofs of these theorems are the content of §
As both the energies €5 and €f are minimized by & = 8 = ¥ = 0, we immediately obtain the
following corollary from the compactness and I'-convergence results.

Corollary 4.4 (Energy scalings for narrow ribbons) Assume [L.5)—-(1.6) hold. Then

lim (inf %st,w) €(0,00)  ifand only if 5 %0,

t—0

that is, if and only if the ribbon is Gauss-incompatible. If the ribbon is Gauss-compatible, we have

. . 1 . oG _ C
ltl_I}g(mf @St,w) € (0, 00) ifand only if 6° =0, 6~ #0,

that is, if and only if the ribbon is Codazzi-incompatible.

In particular, Corollary immediately implies Theorem 1).

From the above results it follows that a sequence of approximate minimizers u; of ;,, satisfies the
conditions of Theorem with ¢ = w? (for a Gauss-incompatible ribbon) or ¢ = tw (for a Codazzi-
incompatible ribbon). The convergence [#.3), together with (2.7), imply that the actual metric of the
ribbon immersed by u; can be expanded as

T _
(Viug)" (Viug) = 0 10 0 0

(1 = x(x1)wx)?> + Op(w?) 0 0
R ' ] — 2tx3 (IIO(xl) O) + O (tw, €).
0 01

For Codazzi-incompatible ribbons, since ¢ < w?, the Op:(w?) term can be written as w?*K® (xy, 0)x3 +
Op.1(¢). This implies Theorem|[1.2)2).

Finally, we have that the second fundamental form of the mid-surface of u;(U) along the midline
u;(£) tends to the reference second form II° along the midline. The limiting variables &, f,7 measure
the leading order deviation of this second fundamental form from 11°, at the scale that contributes to
the limiting energy. This will be seen quite explicitly in the construction of the recovery sequence
below.
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4.1 Compactness: Proof of Theorem 4.1

We start by proving the existence of auxiliary rotation fields R’ along the mid-surface, such that i o W}
is close to R'.

Lemma 4.5 Let (u;) and € satisfy the conditions of Theorem Then, there exists a sequence of rotations
R e C*([0, L] x [-1/2,1/2]; SO(3)) such that

1. ||Vt12t - Rtvt\yt|lL2(U;R3X3) < CE,
2. IR = Illiao,tyxi=1/2.1 /29y < C§,
3. 1101R 20, )x(-1/2,1/2)r) < C%,
4. 102R 20, Lyx(-1/2,1/2)r3) < CEE,
where 01" is a suitable rotation of u'.

Proof: For any Q € SO(3), it follows from (2.11)) that
Ve (VW)™ = QI < V! (V%)™ = Q%+ 18, — 11 < C(IVau (VW) '8, - Q1 + )

where C depends only on g. If 5 = 0, then the error term is wt using the assumption w* < t (otherwise
we would get an error of order w*). Thus we have

f dist?(Vau! (V, )7, SO@3)) dx < c( f dist? (V' (VW) 1a;"/%,50(3)) dx + w4),
u u

or with an error term w?t? if 6¢ = 0. By the coercivity assumption (c) on W the bound (&), together
with the conditions on ¢, imply that

fu dist?(V,u! (V,¥,)7!, SO(3)) dx < Ce2.
Changing variables to #i' = u' o W;!, and using the fact that W is a bi-Lipschitz map, we obtain that
Jg dist?(Vit*, SO(3)) dx < Ce>.
One can now adapt the proof of [FMP1/3, Theorem 3.2] to the sequence i on the domain ;5. Indeed,
one can apply the Friesecke-James-Miiller rigidity estimate [FJ]MO02] to @i’ on the set W(Q(i, j)), where

Qi(i, ) == (= DAL, id) X (—w/2 + (j = 1) Ao, —w/2 + jAz:) X (—t/2,t/2)

fori =1,...,L/A s and j = 1,...,w/Ays and Ay := L/|L/t], Aps := w/|w/t]. Here |x] denotes the
integer part of x. Since the sets W(Q(i, j)) are bi-Lipschitz images of the cube (0, t)* with uniform
Lipschitz constants, the same value of the rigidity constant serves for each of these sets. This provides
a sequence of piecewise constant rotations Rt:(0,L) x (=1/2,1/2) — SO(3) such that

J( IVii' - R|dx < Cé?
wa
and by changing variables back,
f Vit (V,W))™! — RIP dx < Ce2.
u

Arguing as in the proof of [FMP13] Lemma 3.1], one can then deduce the existence of R with all its
stated properties. [

Note that if 5 = 0, the conclusion of Lemma 4.5|also holds when assuming wt < ¢ < tand w® < ¢
(without the stronger requirement w? < t).

We now show that R’ can be well-approximated by rotation fields along the midline. This will be
important when proving the lower-semicontinuity estimates in the next section.
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Lemma 4.6 Let R' beas in Lemmaa 4.5 Then, for each t > 0 there exists x5 € [-1/2,1/2] such that the function
:(0,L) — SO(3) defined by
Ry (x1) := R'(x1,%3)

satisﬁes
- MR 20, 1yx(-1/2,1 /2Ry < C§,
2. |IR" = REll2(0,0)x(-1/2,1/2)r) < CEE,
3. IIsym((RE)TR! = Dllpo,myx(-1/2,1/2)R) < Cw:fz-
Proof: By (3) in Lemma 4.5 we have that
12 AL 2
f fo 01R! (x1, %2) 2 dx ds < c%.

-1/2

In particular, for every f there exists a set S € (=1/2,1/2) of positive measure such that for every x, € S

L 2
f 101R" (x1, x2)[ dxy < Ci—z
0
with the same constant C > 0. Choose x}, arbitrarily in S. This proves the first inequality.

We note that -
Rt(xlIXZ) - Rf)(xl) = f &ZRt(xl/ S) dS,
X

hence by (4) in Lemma
L 1/2 1/2 282
[ R - Ry deadn < f [ oaR e Py <
0 J-172 1/2
which proves the second inequality. Finally, using the equality
(R-DT(R-1) = -2sym(R - I) for every R € SO(3), (4.6)
we have that

w282
12

7

1 1 1
Isym((Rg)"R" = Dl = SI(RY)"R" = D ((R)'R = Dllpx = SI(Ro) R ~1Iff, = SR’ = Ry, <

which concludes the proof. u
We now relate the rotation fields R to the limiting fields a, B, .
Lemma 4.7 Let R' be as in Lemma Then there exists skew-symmetric matrix fields A € W?((0, L); R>®)
and B € L*((0,L) X (=1/2,1/2); R3*®) such that, up to subsequences,
1 LR = 1) = Ain WY3((0,L) x (~1/2,1/2); R¥),
2. Lsym(R' = 1) — 4 in L2((0,L) x (-1/2,1/2); R>®),
3. LR — Bin L3((0,L) x (—1/2,1/2); R>®),

where
A'Qoez = BQoer
and Qo is defined in (2.12). In particular,

0 0 —a(x) 0 0 —B(x1)
QuA’Qo(x1) = [ 0 0 —l3(x1)] QpBQo(x1,x2) = [ 0 0 =y(x1,%2)
a(x;) Plxr) 0 B(x1) y(x1,x2) 0

for some functions a,f € L*((0,L)) and y € L*((0,L) X (=1/2,1/2)). In addition, holds for 0t given by
Lemma
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Proof: From (2-4) in Lemma 4.5|it follows that £(R’ —I) is bounded in W'?((0,L) x (=1/2,1/2); R®4),
hence weakly converging to some A, which must be skew-symmetric. Property (4) in Lemma
implies that A depends only on x;, thus proving (1); it also implies (3). Note that (1) implies that
L(R" - I) strongly converges in L7 for any p < co. This, together with .6), implies (2). From (1) in
Lemmald.5we have that ; ;

- (Vi = vy w,) = SR =DV, +Opa(t),

hence part (1) of this lemma, together with (2.13), implies ({4.4).
All that is left to prove is the relation between A and B. Let ¢ € C2(U; R®). We then have

t t t
(=t =W, 01020) = = (00" = W), drgp) = = (SVili' = Wz, dug)
— —(AQoez, 1) = ((A'Qo + AQ)e2, @) -
On the other hand,
(@ = W), 9agp) =~ (Vi@ = Wijer, 9ag)
—-)ViWe, 0> > <_(Rtvt\pt Viilher, 92(P>

-
=~ {®
(e Dml,a@ of4)

(ZoRViwier, o)+ (SR - D22V ier, p) +0()

we

t
(- w), adap) =

we

<i&2Rt ViWie, > + <2(Rt - I)&Nt‘I/t e, (P> + O(%)

— (BQuer, ) + (AQe2, 9),
where in the lastline we used part (3) from this lemma and (2.13). This shows that QgA’ Qoer = Qg BQoe; .
Since QOTA’QO and QgBQO are skew-symmetric, this completes the proof. |

We can now prove Theorem
Proof of Theorem Let R' and 7' be as in Lemma The derivative estimate in (4.2) follows from
(4.4), which was shown as part of Lemma[.7] The lefthand estimate in (4.2) follows from the derivative
estimate by Poincaré inequality, after translating ii; appropriately.
We now prove the metric estimate (4.3). We have that
(Vell) (Vi) = (R'Viite) (R'V1t,)
= (Vi@ (VW) + Opi(e)
=6t OLl (E)r
where the transition to the second line follows from Lemma the L? boundedness of V;i; and the
uniform boundedness of V;W!, and the transition to the third line follows from (2.8) and the relation

between w, t, and ¢.
We are left to prove (4.5). Note that for ¢ € Wé’z((O, L) x (-1/2,1/2)) we have

¢ 1/2 ¢ 1/2
<%82 (f (azﬁt _ az\yt) dx3) - fig, (p> = — <_ f (azﬁt _ az\yt) dxs, 82((Pﬁt)>

2
-1/2 wee -1/2

_ <i<Rf — VA1, 32, O) ez, D2(pi)) + Ot 0)

(a
(e
<

t 1
—(LR'ViWy(x1,x2,0)) €2 - Ty, (P> + <(E(Rt - I)E&Vtwt(xllxzf 0) ez) 'y §0> + O(t/w)

TR Qo2 ) + (I, (£ (R = DQues) i, ) + Ot/ )

3
we
t
we

Q
0 t T t
(QTa:R'Qu)sz, > <IIZZE(QO(R —1)Q0>33,(p>+0<t/w,w>,

18



where in the second equality we used (1) in Lemma and in the fourth equality (2) and (4) in
Lemma 4.5, (2.13), and (2.14). Now, taking the limit we obtain that the first addend in the righthand
side tends to (y,go) due to (3) in Lemma 4.7} and the second tends to zero due to (1) in Lemma

Thus
; 172
<—92 (f (021 — D) dxs) -, (P> =y, 0),

2
we -1/2

which completes the proof. |

4.2 Lower semicontinuity

In this section we proof the lower semicontinuity estimates for the I'-convergence results in Theo-

rems Throughout this section, R’ and R} are as in Lemma |4.5(4.6|
Let (1) be a sequence in W'2(U; R®) satisfying

Erw(uh) < Ce?,

where ¢ is as in Theorem Let (') be the sequence provided by this theorem and let «, 8,y be the
corresponding limiting fields.
We now rescale and rewrite the energy as

1 o
g_zgt,w(ut) 8tw = _J( W(Vt (Vt‘yt) 1 1/2) dx
- ;f VRNV, (V057 dx @)
~—1/2 _1
- Lfw [1 be (Gt~—1/z D i
5
where
G = (RY'Vd (VW)™ —
€
Note that from (2.11)) and (2.13) it follows that
<-1/2
g -1 1w?
0= —Qo = —5 8 x)e ®er + Ops(w' /e, wt]¢), (4.8)
and if 6¢ =0,
Q_l/Z _ w 6?(9(1) 55(?61) 0
0———Qo=—[85(x1) Xaa(x1) Oxaxs + Ope(w'/e, /e). (49)
0 0 0
Further note that 3 1/ ? — T uniformly.

Lemma 4.8 Modulo a subsequence, we have that G' — G in L>(U; R¥3), where

a B 0 (folx1)+ filx))x2 o012 O
QyGQo(x) = -x3|p ¥ O]+ 021 0 0l+A®e;
0 00 031 o3 0

with fo, fi € [2(0,L), aij € L2((0, L) X (=1/2,1/2)), and A € L2(U;R?),

We note that the affine dependence on x; of the in-plane strain is a feature of ribbons that has not
been observed before. In a sense, it encodes the fact that, along the midline, the (limiting) ribbon
induced by u; satisfies the Gauss equation (a Gauss deficit would have appeared as a quadratic term).
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Proof: The fact that G' is L>-bounded follows from (1) in Lemma By Lemma |4.7|it is enough to
prove that, in a weak sense, the following holds:

93(QyGQo)er = Qg A’ Qoes,
95(QF GQo)e2 = Q3 BQoes, (4.10)
8§(Q§GQ0)11 =0.
Since R' is smooth and independent of x3, we have the following equalities (in a weak sense):
95(G'VWy)e; = %33((Rt)TVtﬁt = ViWe
t 1. .4\ t, (1
= S (G ) 221 o)
= LRVl = ViWes + H(R)T = D9V,

Since d1V;W;e3 = d1ft; — Qes uniformly, ﬁ(Rt -I) = AinL? and 581 (Viit — V,W)) — (AQp) in W12,
we can go to the limit and deduce that

93(G'VWhe — A’'Qoes + AQpes + ATQfes = A’ Qoes.

On the other hand, since G' — G in L? and V;W; — Q uniformly, we obtain the first equality in (4.10).
Similarly, for the second equality in (4.10) we have

1 R 1
93(G'ViWy)e; = E(Rt)Ta3(Vtut - ViWer + g((Rt)T — )d3ViWie,.
t R t 1
= — (R (Vi = ViWpes + =(RN" = 1)=95V, e,
we e t
t t 1
= E(R*)T&((Rt ~ DV W))es + g((R*)T - 1);a3vt\1/te2 + Op-2(t/w).
t - t 1 t 1
= — (R (Q2R)Tiy — —((R)" = ) =02V Wses + =((R")" = )05V W, + Opyra(t/w).
we e w £ t
= —(RY @Ry + Oy (tfw),
and this tends to BQoes since R — [ strongly in ¥ for any p < co, £d,R" — Bin L?, and fi; = Qqes
uniformly.

We now prove the third equality in @.10) (here the assumption w?* < t is crucial). To this end, let
R6 be as in Lemma and consider

ROV -V, W, 1
(Vi P)I(R)TRIG!V W)y = ViWiey [ 0 e

. - sym((R))'R = )V, ¥,

(RE)TViid = VW,

&

=V W - [ ]61 + O (w?e/t?),

where we used (3) in Lemma [4.6]in the transition to the second line. Thus, we have

(RYTV;itt — VW,

&

A (Vi¥) (R)R'G'V, W) = 9, (Vf\ytel : ( ]el] + Opy-11(w?e /%)

R —RHT RYTV, it — V,W
(o )Vtﬁt+( ) Vil t t)el

= (02 ViWy)ey - ( - -

1
+ViWrer - - ((R)T9Vidler — ,V,Wier) + Opy-sa (e /).

Combining (2) in Lemma [4.6|and (1) in Lemma [4.5| with the fact that d,V,¥; is of order w in L, we
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deduce that
H((Ve¥) (R)R'G'V, W)

1
= VilWer - ((R)T9Vidler — ,V,Wier) + Ops (w, w? /1) + Oyy-ra (w?e /1)
=V W, - % ((RE)T1Vid'er — 1V, Wie2) + Ops (w, w? /1) + Oyyera (w?e /1)

=ViWie - %((RS)TC;l(Vtﬁt - Rtvt‘yt)ez + (RS)T(GlRt)Vt\I/teZ + ((RG)TRt - I)alvt\yt@)
+ Opi(w, W? /1) + Opy-11(w?e /12).
Using again (2) in Lemmaf4.6/and (1) in Lemma we obtain
2a((ViW) (R)R'GV W = =ViWrey - (Ry) (GiR)Vires
+ Op-12(w) + Opi(w, w? /) + O (we [12).
Differentiating again, we have

H((Vi¥V) (R)R'G'V,Wy)1y

w w? 1
= 20V e (R OIR) Viier + SV Wier - (RY 21 (0K | ViWies
€ e — —_—— & w
O (w) O,2(e/t) Opa(eft)
+ Yy - (RE)T (91R") 9,V Wy €5 + Opy-22(w) + Opy11 (w, w?/t) + Opy2a (w?e /17)
& ——— ——

Opa(e/t) Ore(w)
= Op(W?/t) + Opy12 (W2 /) + Opy22 () + Opyra (w0, w? /1) + Opyas (wPe /12),

where we used (3) and (4) in Lemma together with the fact that d, V¥, is of order w in L*. Going
to the limit and using the assumption w* < t, we therefore have

AV R)'R'G'V W) >0 in W2

On the other hand, since V,¥; — Qq uniformly, (RS)TRt — Iin L? and are uniformly bounded, and
G! — Gin L?, we obtain that

AV (R)TR'G'V, W) — 95(QFGQy)  in W™,
which completes the proof. [
We are now ready to prove the lower bound for Theorem 4.2}
Proposition 4.9 Let (uy) be a sequence in WY*(U; R%) satisfying
&) < Cwt.
Then . .
N t 1 5 a B 1 5 G(rr)2
hmlnfﬁﬁhw(u ) > E\]g Q, (Xl, (‘8 7—/)) dx1 + %f; Qq (xl)(S (x1) dxl,
where a, B, and y are the functions provided by Theoremand 6% is the Gauss-deficit.

Proof: The sequence (1) satisfies the assumptions of Theorem [4.1} thus all the results of the previous
section hold true. By (4.7), Lemmaf4.8] and standard Taylor expansion arguments (e.g., [FJM06, p. 211])
we have

1 1
liminf = £,,(1) 2 J( Q, (G - 50301 © Qoel) dx
u
) 1
:J( Q3 (xl, QgGQO - Eéc(xl)xéel ® el) dx
u

ZJ( 3, (xl,—x3 (g ﬁ)+(f0(x1)+f1(x1)x2— 165 (x1)x2 012)) .
u

Y 021 022
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Expanding the quadratic form we obtain

f 9, (XL_XB (a ﬁ) + (f‘)(xl) + filxi)xa = 56%(x1)x3 012)) dx
u By

021 022

o, (e f5 9)
= — Q5| x1, dxq dx
1 OLX(-3,3) 2By 1

+J(‘ ( (fo(xl) + filxn)x = 36%(x1)23 012)) dxy dxy
(OL)X(— v

0921 02

v
HlH
£

=

O

N

—_—
=

<
A
=
I

~ 1 2
)) darf @G (o) + Al - 50 dde
OLX(-3.3)
1

1
)) dx1 + ZJ(\ 1
OLXx(=5,3

»m+1f%mmmwm

=
<
—_
R
I

. 1\2
Q1 (x1) 6%(x1)? (x% - —) dxy dx;
) 12

Il
—_
S
=
0
N
—_—
=
<
—_
= R
==
R\
I\)
O

which proves the thesis. u

Similarly, we now prove the lower bound for Theorem
Proposition 4.10 Assume 6° = 0. Let (uy) be a sequence in W2(U; R®) satisfying

&) < Cw*t.

1 1t o ~o
liminf —- stw<uf>>m€ Qz(xl,(ﬁ ﬁ)) dx1+144f Q3 (1, 65 (x1), 05 (1) i,

where a, B, and y are the functions provided by Theoremund 6C is the Codazzi-deficit.

Then

Proof: Arguing as in the proof of Proposition 4.9 we have
6§(JC1) 65(361) 0 ;
05 (x1) Xaa(x1) 0]Qp | dx
0 0 0

6§(x1) 65(x1) 0
J(L; Q3 [xl/ Q) GQo + x2x3 [5 (x1)  Xa2(x1) OJ] dx
0 0

)[ 9, (X1, (a +0S(x)xy P+ 6§(x1)xz) N (fo(xl) + f1(x1)xa 012)) i

lim 1r1f Etw(u ) >J( Q3 [G + x2x3Q0

B+ 5%(351)952 Y + Xxo 021 022

—_

c c
> — - 9, (x1, (a N g& (a)xz o+ 62X(x1)x2)) dx; dx;
12Jonx-3.3) B+005(x1)x2 Y+ Xnxz

1t a ﬁ)) 12\)( ~ ( (5C(x1)x2 65 (x1)x2 ))
= — Q , 21 dxy + — Q , dxi d
2\£ 2 (X1 (5 )/ 1 ]. (O,L)X(—%,%) 2|1 %(xl)xé X22x2 + 7/ y 1

L L
A ol Do af s

—_

4.3 Recovery sequence

In this section we construct the recovery sequences for Theorems.2H4.3} thus completing their proofs.
We start by proving the existence of a recovery sequence for the scaling regime ¢ = w? asin Theorem.
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Proposition 4.11 Assume ¢ = w*. Let a, B, y € L*((0,L)). Then there exists a sequence (1) in WY*(U; R?)
such that (u') converges to (o, B, ) in the sense of Theorem and

i 1 N a B\ oL (Mg Y
im Egt,w(u )= 2, Q| x1, 8y Y+ o ; Q1 (1) 67 (x1)" dxy. (4.11)
Proof: By density arguments we can assume that a, §, and y belong to C*([0, L]). Let A € C*([0, L]; R%)
be such that
o ‘8 Al o
Wlx,|B v A|l=D (xl,( ‘B)) for every x; € [0,L] (4.12)
0 0 A Py
and let 12,173 € C*([0, L]; R®) be such that
} -6 m2 ms }
Olx,| 0 n2 ma||=2()6%(x1)?  forevery x; € [0,L]. (4.13)
0 mn2 73

Let R; be the solution to

Ri(s) = £Ri(s)A’(s) fors €[0,L],
_ _ 4.14
{Rt(O) = exp (3A0), 19
where A is a skew-symmetric matrix satisfying
0 0 -a
A =Qp [o 0 —ﬁ]Qg ) (4.15)
a f 0
Setting
O(x1) = W(x1,0,0), (4.16)
we define
Y ¢ ) ) B
W)= [ REOE (14 533059) ds + R (i) = 0(a1) - ewvnaaRex) Qo) |
0
4.17)

+
N| =

_ w? 0 w X2 1
eR¢(x1)Qo(x1) Tx% 0|— tx3A(x1) + 3 (xi - Z)UZ(xl) + t(x% - E)XBTB(xl) :
Y

As shown below, the first line in (4.17)) gives us the terms that appear in the limiting energy, whereas
the second line serves as a correction: the first addend anti-symmetrizes a = error due to the second
addend in the first line, and the other terms in the second line yield the functions A and 7 that achieve

the equalities (4.12)-(4.13).

Indeed, we have
RIOuu' = 14(x) + 520°(0)6) (x1) + TA'(x1) (W) = 6(x1)) + 0(e)

= NW) + 57070 (1) + LA (k) Qo(x) (wxaea + xaes) + o(e)

206 — x3ax
= Wi(x1) + EQo(xl)[ —x3f ] +0(¢),

Fxap

where in the second line we used the Taylor expansion of W, and in the third line that 6’ = Qoe;. The
derivatives with respect to the second and third variables are more direct:

1 .., 1 —%p , 1
—R; oot = =W + eQo(x1) || —x3y |+ = (x2 - _)772 +0(¢),
w w L3y 2 12

t
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1
:

1
]

_ 1 1 1
RtT33ut = ;83% + eQo(x1) [{—%xzy —x3A + 3 (x% - E)m].

Hence we obtain

0 0 -B a B A1) (%0 0 0

- w 24
RV = VW, + Qo %[0 0 —y|-x|f y Azf+| 0 0 0
0

0 0 0 A 0 0
Py 3 (4.18)
1 1 0 2 M3
+ €Q() E (x% - E) 0 N2 M3+ 0(1) .
0 732 733

We see that RtTVtut — VW, is merely of order O(we/t) rather than O(¢) (as in Lemma}4.5|for the rotations
provided by the rigidity lemma), due to the matrix

00 -B
B=[0 0 —y|.
py O
In a sense R; has the role of the field R}, from Lemma 4.6| We fix it by defining

92Ri(x1,%2) = BER(x1,%2)QoBQg  for (x1,x2) € [0, L] x [-1/2,1/2],
Ri(x1,0) = Ry(x1) for x; € [0,L].

Noting that

_ we _ w?e?
Ri(x1,x2) = Rt(xl)(I + szQoBQg + O( 2 ))’

we obtain from (@.18), the fact that B is skew-symmetric, and that V,W¥; = Qp + O(w), that

2.2
RVt = RIV,u! - %szOBngt\yt + o(wtf )
: 2.
= Rfvtut - %XZQ()B + O(%)
a B A (50° 0 0y 4 12 (0 m2 M3
— VW, +eQo|-xs|p ¥ Aa|+| O 0 0 +§(x§—ﬁ) 0 mm s |+o()],
0 0 Az 0 0 0 0 7132 733
showing that
PRIVl (VW) -1 a p A 2% 0 0 1(, 1 0 m2 ms
Q! Qo=-x3|p ¥y A2|+] O 0 O +§(x2—ﬁ) 0 72 n23|+o0(1).
€ 0 0 As 0 00 0 72 13
By (4.7), Taylor expansion of W, and it is immediate to see that
1 . o ‘B Al
lim —48t,w(ut)=fx§ Qlx1,|B ¥y Az|l|dx
w u 00 A
1 122 -6 N ms
+ZJ((X§— E) Q3 X1, 0 N2 123 dx/
u 0 732 13

which proves (.11) by #.12) and (4.13).
We are left to verify that u' converges to (a,f,7) as in Theorem Indeed, noting that R; =

I+5A+ O(f—j), it is immediate from (4.18) that

Vil — VW, = ?AVt‘IJt +o(e/t) = ?AQO +o(e/t),
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hence the the convergence to (o, ) follows as in (#.4). For the convergence to y, we note that from
Theorem Lemma 3), and the fact that Rthut - ViW; = O(¢), it is sufficient to show that
-0,R" — B, where B = QoBQ!. This is immediate from the definition of R; and the fact that R; — I
uniformly. |

We now construct the recovery sequence for the scaling ¢ = wt as in Theorem

Proposition 4.12 Assume 6¢ = 0 and ¢ = wt. Let a, B, y € L*((0,L)). Then there exists a sequence (uy) in
WLY2(U; IR®) such that (u') converges to (a, B,7) in the sense of Theorem 4.1}, and

1 o1t a p 1 (Mo cpy sc
11mﬁ8t,w(u)=1— ; Q[ x1, B dX1+E ; Qz(x1,61(x1)162(x1)) dx;.

Proof: By density arguments we can assume that a, §, and y belong to C*([0, L]). Let o € C*([0, L]) be
such that
Q, |x 6§ o = 0%(x1,6%,05)  forevery xq € [0,L] (4.19)
21/52 X22+O,_21/1/2 Yy X1 ’ .

and let A € C*([0,L] x [-1/2,1/2];IR%) be of the form A;(x1, x2) = A)(x1) + A} (x1)x, with
a B AZ R
lx,|B ¥ M=% (xl,( ‘B)) for every x; € [0,L], (4.20)
00 Al Py
and
03| x1, H
0 o Al

Similarly as in the proof of Proposition we consider

&€ &€ Al
2 1 _ c C
=Q (Xl, (6 0

6% Xn+o A 6(2L' Xoy + 0)) for every x; € [0, L]. (4.21)

x p
u'(x) = f(; Ri(s)0'(s) ds + Ry(x1) (W(x) — O(x1)) — ewxax3Ri(x1)Qo(x1) [7/ + %xzﬁ]
0

1 . w? 0
+§eRt(x1)Q0(x1) Txg 0 — (A" + xAh) |,

Y+ 3%0
where 6 is defined in (.16) and R; is given by (4.14)-(4.15), as before.
By (2.13), we obtain
a B )\g 00 /\i
RVl = VW, —exsQol|B ¥ A5 +x2(0 0 A [+ogym(D)],
0 0 A3 0 0 A
hence o .
- _ A 00 A
RVt (VW) — 1 a p
Qr—~ V¥ T - alp y Ag ~xx3[0 o % + Osym(1).
¢ 00 AY 00 Al
The rest of the proof is similar to the ¢ = w? case, using (#19)-(&21) and (&.9). u

4.4 Energy scaling of Gauss incompatible ribbons in all regimes

From the results of the previous sections we can deduce the energy scaling of Gauss-incompatible
ribbons in all regimes. This completes the energy-scaling part of Corollary [T.4(1).
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Corollary 4.13 Assume and that lim;_g 5 < co. If the ribbon is Gauss incompatible, that is, 5© # 0, then
lim inf ( inf lzet,w) > 0.
t—0 t
Furthermore, assume that for some wo > O there exists W?2>_isometric immersions of Suw,, that is,
{0 € WSy RY) : V¢V = aaef #0, 4.22)

where a is the induced metric of g on 8, see ,and V' = (01| 02). Then, there exists a constant C > 0 such
that for every w < wy,
inf &, < CF.

Proof: We split the proof into two parts.

Lower bound. Assume that t < Cw? for some C > 0, and let (M;, g) be a Gauss-incompatible
ribbon. Assume, by contradiction, thatinf &;,, < 2 <t In particular, we can assume that there exists
maps u' € WY2(U, R%) such that & ,(u') = €2 < 2.

Let k = k(t) be natural numbers such that ¢ < k2 <t < %, whichis p0531b1e by our assumptions,
and define @ = w/k. Partition M, ,, into k ribbons of width @, and let& _ i=1,...,k be the restriction
of the energy (divided by the volume) to each of the ribbons. Since

t,w’

—_

k
2 _ t__§: it
& —Et,w(u)— 2 L Et,w(u)

there exists j = j(t) such that 8] o (U ") < €2. Now, for each t, the jth ribbon is a ribbon of thlckness t,
width @, hence we can choose natural Ferm1 coordinates adapted to this ribbon, as in § In these

coordinates, the domain is M{w =(0,Ly) x (-@/2,®/2) x (-t/2,t/2), and the metric is given by
(1 - (2122 ~ K(z1, 02+ O() 0 0
i(z) = [ 8 é (l) -2 (Hf(zé' z2) 0) +0(2), (4.23)

and, because g is smooth, and the ribbons” midlines are at distance at most w/2 of the midline of the
original ribbon, we have that |L — L;| < w and

Kt (%Zl) - x(z1)

Sw,
CY([0,L])

S w.
C2([0,LIX[-w/2,@/2])

It follows that all these ribbons are Gauss-incompatible, and that the associated Euclidean ribbons
maps W' converge and that DW! — Q in C°. Therefore we are in the setting of ribbons with varying
geometries, as described in Remark[2.4] It is easy to see that the analysis of this section applies to this
case as well, and in particular we obtain by Corollary .4 that

L
< (T

L
+ ‘ II; (—chZz) —1l(z1, 22)
CO[0,LIX[~/2,®/2]) L

21,22) — K%(z1,20)

ltiilg(lnf 14 &l,)>0,

in contradiction to &/ _(uf) < &2 < @t

Upper bound. Let ¢ € W>¥(8,,;R?) be an isometric immersion, and let vy : 8y, — R’ be its

normal. The normal satisfies vy = |§1;232$|/ where [d1¢ A dr¢p| = deta > ¢ > 0 for some ¢ > 0, and thus

vy € WH(84,; R?). Define a map y € WH* (M, ,; R®) via

Y(2) = ¢(2) + z3vy(2).
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A direct calculation shows that for almost every z € M; 4,
Vy"(2)Vy(z) - 8(2)| < Clzs|

for some uniform C > 0. Therefore, it follows from (2.10) and from the assumptions (a), (b), and (d)
on ‘W that for almost every z € M4,

WVY(VW)™ @0 W) ™) < Clzsf
Therefore, for every w < wy, defining u(x) = y(x1, wxy, txz) € W-(U; R?), we have
W (Vi (V)8 Dl < £,
hence
Erw(u) < £,
which concludes the proof. [
Combining the previous result with Corollary .4, we immediately obtain the following.

Corollary 4.14 For Gauss-incompatible ribbons for which (&.22)) holds we have

inf &, ~ min{t?, w*}. (4.24)

Proof: Assume that (4.22) holds and that the ribbon is Gauss-incompatible. If t < w? < 1, the previous
corollary guarantees thatinf &;, ~ 2. fw? < t < w < 1, Corollaryimplies that inf &; , ~ w*. This

proves (4.24). |

5 Wide ribbons

In this Section we consider the double limit

lim lim L

&
w—0 t—0 2% Laws

in the sense of I'-convergence, for an appropriate power o (depending on the geometry). In §
we consider the first I'-limit (the plate limit), which applies to any geometry, and in the rest of the
section we consider the second T'-limit, restricted to the case of a flat mid-surface, for which the metric

expansion is as by (2.2).

5.1 The plate limit

The first limit lim;_,q tlz&,w is that of non-Euclidean Kirchhoff plate theory, on which a large literature
exists. The case here is very similar to [BLS16|[LL20], though it does not fall precisely under the scope
of these papers. The resulting I'-convergence and compactness statements are described below. As the
proof follows the same lines of [BLS16}[LL20] with very mild changes, we outline them in Appendix@

To describe the results, we first denote the following quantities, for a given w > 0: For x” = (xq,x2) €
S=(0,L)x(-1/2,1/2), we let

N — 15 = 4 _ =\1—-T / =\1—1
Fo(') = im&(x’,0) = (VO[] ., 06", (VRN

(1 — wi(x1)x2)? — w?KS(x1,0)x2 + O(w®) 0 0
0 1 0|(VOIR! 4
0 01

= (VoI

IfT
(2x1,wx2)

where ® and i are given in Proposition[2.3} and
Ao(') = () (VP )],

We omit the dependence of Fy and Ay on w for notational simplicity, and note that Ag — Qp uniformly
as w — 0. We further denote V,, = (91 |w™19,).
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Theorem 5.1 (Plates, compactness) Fix w > 0, and let (u) be a sequence of configurations in W*(U; R®)
satisfying
Erw(u') < CH.

Then, modulo a subsequence and translations, we have

w255 vt S (Vof 1)), G.1)

where f € W?2(S;R%) is a rescaled isometric immersion, that is,
(Vof lvp)AS' € SOQ) ae.,

or, equivalently, Vi, fTV, f(x') = a(x1, wxy) a.e., where a is the restriction of g to 8., see 2.1)), and vy is the
normal to f.

Theorem 5.2 (Plates, I -convergence) Lower bound: Under the assumptions of Theorem we have
li 'fle (’*)>é()~—l Qu (o, ¥ — 11" dx’ (5.2)
11)'&}{1 = tw(U') > wf.—l g w(’, I X', .

where Oy, : S X RP? — R is given by

Qu(x', F) = min {05(45T(v)GA; () + Goa = F}, (5.3)

II;” is the (rescaled) second fundamental form of f, i.e.,

I = tr(V3A)(vp) = =Vaf Vovy,

and
IT%(x1, x2) = I(x7, wxy).

Recovery sequence: For any rescaled isometric immersion f € W?(S;IR3), there exists configurations
uy € WY2(U; R3) such that (5.1) holds and

.1 5
ltl_I)I(} t_28t,w(ut) = gw(f)'

We note that Q,(x’, -) is a positive definite quadratic form on 11{5;;, and that it satisfies
alMP < Qu(x', M) < co]M*  for every M € ]ngﬁ, x €8S, (5.4)

for some constants ¢, > ¢; > 0, which are indgpendent of ¥’ € S and of w. Furthermore, we have that
for all w > 0, the restriction of Q, to x, = 0is Q, as defined in (3.4), independently of w. In particular,

(5.4) applies to Q; as well.
As in [BLS16, MS19], an immediate corollary of Theorems and of the bounds (5.4) is the

following:
Corollary 5.3 Fix w small enough, and suppose that the set
{[f e WS RY) & Vi fTV,f(x') = a(xy, wr) ae.}

is non-empty, and that a and 11 do not satisfy the Gauss—Codazzi equations in 8y,. Then,

. .1
ltl_l’)lg ( inf t—28t,w) € (0, ).

The functional &, is defined on W?2-rescaled isometric immersions; the following proposition
establishes that the Gauss—Codazzi system remains valid in this regularity.
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Proposition 5.4 Let (8, a) be a smooth, complete two-dimensional Riemannian manifold with Lipschitz bound-
ary. Let ¢p € W*2(8;IR®) be an isometric immersion, that is, V¢'V¢ = a a.e.. Then the normal vy of ¢ is in
W2 N L*(8; R®), the Gauss equation det1l, = K® det a holds in L', and the Codazzi equations hold in W12,

Proof: We first note that since ¢ is an isometric immersion and a is smooth, V¢p € W'> N L*, and
01§ A dap| = deta > ¢ > 0 is bounded away from zero. A direct calculation shows that [Vve| <
CIV(01¢ A 029)|/ deta, hence Vv, € L2. Thus vy € W2 N L¥(S; RY).

This implies that the second fundamental form (Ily);; = (dijp,vy) € 12 can also be written as
—(di}, djvy). To prove the compatibility equations we use the formalism of [Mar05} Section 5]. Define
F = (d1¢,029,vy) € W2 N L, then

d;F = FT;
where ) . .
Ta Iy (),
Ii=| I3 I35 —(Iy)?|el?
) p)i2 0

FZ‘ are the (smooth) Christoffel symbols of qa, (qu)f = (II¢),-kakf , and (a¥) denotes the inverse of a. The
compatibility condition d19,F = 9,01 F in W™ then implies 0;(FT;) = 05(FT'1). Since (9;F)I'; € L' and
Fo;I'j € D', we have that the Leibniz rule d;(FT';) = (J;F)I'; + F9,I'; holds in D’. Thus, we can write the

compatibility condition as
F(l"ll”z —ILI + 811"2 - 82F1) =0 in @I,

hence
I =TI + 81F2 - (92F1 =0 inD.

Expanding, this formula implies that the Gauss and Codazzi equations hold in D’ (see [Mar(5, eq.
(28)-(29)] ). Since the expression in the Gauss equation is defined in L! and those in the Codazzi
equations in W12, these equations hold in these spaces as well. u

5.2 Gauss incompatibility

In this section we consider the behavior of the plate energy €, obtained in (5.2), as w — 0, and analyze
its limit. From here we restrict ourselves to flat mid-surfaces, in which the metric has the structure
(2.2), and thus the map F, from the previous section has the explicit form

(1 —wx(x1)x2)> 0 0
Fo(x') = (V(Dlﬁ)l(_x];wxz) 0 L 0j(vVo| ﬁ)mcluwn)'
0 01

While our two-dimensional plate energy (5.2)-(5.3) is slightly different (and more general) from the
one considered in [FHMP16b], the compactness statement and its proof are the same as in [FHMP16b),
Lemma 2], as they only depend on the isometry constraint and on the coercivity of Q. Therefore
we state the result here without proof. The assumption of a flat mid-surface is essential in the
construction of the recovery sequence, while the compactness statement and the lower bound actually
hold for any geometry a of the mid-surface.

Theorem 5.5 (Wide ribbons, compactness) Let (f,,) be a sequence of rescaled isometric immersions in W**(S; IR%)
such that

Eulf) <C
for every w > 0. Then, modulo a subsequence and translations, we have
W22 w2 w L2 d -ds d -ds
fw f/ vaw (dll dz)/ IIfw (di . d3 27/ ) 7 (55)

where f € W?2((0,L); R%), d = (d1,d, d3) € W*((0,L); SOQ)) with dy =y’ and d - d, = x, and y € L*(S).

29



Theorem 5.6 (Wide ribbons, I -convergence) Assume that the mid-surface metric a is flat.
Lower bound: Under the assumptions of Theorem we have

. . o 1 - ) ’ ’
timin Eu(f) > @)= 15f Qo d; -y ) s,

where the enerqy density is defined as

Oy, 1, m) = mfs{Q(M ~ () + ah(v)(det M)" + g (v)(det M) : M= (nlq m)}

with
ag(x1) == sup {a >0 : Qy(x1, M) +adetM >0 for every M € lexz}.

sym

Recovery sequence: For any f € W*2((0,L); R®) and d = (d1,d,,d3) € WY2((0,L); SO(3)) with dy =y
and d}-d, = x, there exists a sequence (f,)) of rescaled isometric immersions in W22(S; R?) such that convergences

are satisfied and i
lim &, (fo) = J(d)-

Theorem thus establishes | as the T-limit of &,. Note that Q; is the pointwise limit of Q,, as
w — 0; thus, Q; inherits the coercivity properties (5.4):

c1lMP? < Qy(x1, M) < co|MJ*  for every M € R®2 x; €(0,L). (5.6)

sym/
In particular, this guarantees that there exist Co > co > 0 such that ¢y < ag(x1) < Co for all x; € (0, L).
Remark 5.7 The compactness result Theoremand the lower bound in Theoremcontinue to hold
(with the same proofs) for arbitrary geometries, that is, not only for ribbons with flat mid-surfaces.
The only change is in the definition of Q(x1,1,m), where det M should be replaced by detM — K3(x1,0).

However, we suspect that in this general case this lower bound is not tight, and cannot be matched by
a recovery sequence.

Proof of Theorem 5.6} We split the proof into two parts.
Lower bound. Letx’ € Sand w > 0. For every F € R>? let Gr = Gp(x’) € R3® be such that

(GF)2x2 = Fand
Qu(x’, F) = Q3(A; T (*')GrAy ().

Thus, we have
Qu(x,F) = Q3(Qo(x1)GrQp(x1) — ¢ (145 (') = Qolxo)l + 145" () — Qg (x1)I) IFP
Oa(x1, F) = ¢ (145" = Qolleo + 145" = Qblleo ) IFP,

%

\%

where we used the definition of Q. Similarly, we obtain the converse inequality and conclude that
|20, ) = 0a(x1, P)| < (1457 = Qolles + 145" = Qlles) IFP? (57)

for every F € R?2. Therefore, writing O5(x1, F) = %L(xl)F - F, we obtain

liminféw(fw) > liminflz\](gz(xl,ﬂw — 1) dx
w—0 w—0 1 S fo

v

lim inf lz\]((Qz(xl, IT%) + Qy(x1, 1) = L (xy)IIY - Hw) dx,
1 S fw fw

w—0

where we used (5.7), the L*-boundedness of IT{ (which follows from (.5)), and the fact that A9 — Qo
uniformly as w — 0. The lower bound now follows from the established convergence for II“I’“, the

Gauss equation for W22-isometric immersion det IIZf‘Z’U = 0 (Proposition , and from [FHMP16b),
Proposition 9].
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Recovery sequence. We follow the proof of [FHMP16b, Theorem 5(ii)]. We set u := d}-d3, 7 := d},-d;,

and
d -ds d-ds
M=} 2
(d/zd:‘, )/ )/

where y € L?(0, L) is chosen in such a way that

Oxy, d - ds, db - d3) = Qp(x1, M — I (x1)) + oy (x1)(det M)* + a (x1)(det M)~

By [FHMP16b, Proposition 9] there exists a sequence (M?) in L*((0, L); RE%,) such that M° LA M, as
6 — 0, detM?® = 0 for every 6 > 0, and

L
lim {8, (e, 8 — 1)y = J(d).
5—0 1 0

For every 6 > 0 let 1 € WH2((0,L); SO(3)) be the frame satisfying the Darboux frame equation

N 5

1 )0 -x —u
Bl =%« o -7
5 5 o T(‘) 0
r s H

with 72(0) = d; for i = 1,2,3, where p® := M, and 1° := M?,. Let

O(xq) = i d
fo(x1) f(O)+f(; r°(t)ey dt

for every xq € (0,L).

Recall that the restriction of x : [0, L] X [-wo/2, wo/2] — R?, as defined in (2.5), to 84, is its isometric
immersion into R?, whose midline is £. By [FHMP16b, Lemma 16 and Proposition 13] for every
6 > 0 there exist a neighborhood Uj of £ and a map u® € W?%(Us; R®) such that (Vu®)"Vu?® = [ in Us,
uol = f°,Vu® ol = re; ® Pey + r’e; ® Pey, and 11, o £ = PM°PT, where P is defined by (2.4). A version
of this construction, with details and intuition, appears below in the proof of Theorem

Now, for every w > 0 let Zﬂ(xl,xz) = u®(x(x1, wxy)) for every (x1,x2) € S. It is immediate to see that
£ is a rescaled isometric immersion and that

fz?) W_ZZ> fél waz?) W_n> (réelr 7’662)/ 1%, LZ) PT(IIu" © Z)P =M,

f
asw — 0. By (5.7) and dominated convergence we have

lim Eu(fo) = %;)( Qo (21, M® — T1°) dx.
w— S

The conclusion follows by a diagonal argument. [
Given d in the domain of ], let M“ : (0,L) — RZS3, be defined by
d -ds d)-d
M= (T 2 3), 5.8
(dz ~d3 Y 8)

where y : (0,L) — Ris a function such that
Qx1, d} - da, dfy - dz) = Qo (xx, M? = TI°(xy)) + oy (x1)(det M) " + ag (xq)(det M)~

The tensor M“ represents the limiting second fundamental form along the midline corresponding to
the configuration d.
Note that if det IIO(xl) # 0, i.e., there is a Gauss incompatibility between g and II at (x1, 0), then
min Q(xy, -, ) > 0.

Indeed, since 9, (x;, M—I1°(x1)) > ¢1]M—II°(x1)]? and a*(x1) > 0, we cannot have both O, (x1, M—II°(x;)) =
0 and af (x1)(det M)* + a (x1)(det M)~ = 0. The following is a more precise estimate, which completes
the proof of part 1 of Theorem[I.3]
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Proposition 5.8 Let k1,%, be the principal curvatures (i.e., eigenvalues) of I1°, and assume that |ic1| < |xal.
Then the limiting energy | satisfies the following bounds:

L L
cf K% dx; <min] < Cf K% dxy, (5.9)
0 0

for some C > ¢ > 0; in particular, min | = 0 if and only if detTl’ = 0. That is, the enerqy scaling &, ~ 1 is
the natural one if and only if the ribbon is Gauss incompatible according to Definition Furthermore, if d, is
a minimizer of |, and M™ is an associated second fundamental form along the midline (defined as in (5.8)), we
have that for some ¢ > 0,

(Md*(xl) - IIO(x1)| > clxi(x1)|  for every x1 € (0,L), (5.10)
hence in the case of Gauss incompatibility the limiting second fundamental form differs from the reference one.
Proof: For every x; € (0,L) and M € RS, let

Flaer, M) := Qa(xc, M = T(x1)) + ad(x1)(det M)* + ag(x1)(det M)~
Minimizing | is equivalent to solving the pointwise minimization problem
min_ f(x;, M) (5.11)
for every x; € (0,L). Since f(x1,-) is continuous and coercive, such a minimum exists.
Let x1 € (0,L) and let M. be a minimizer of . We first show that M, satisfies the bound
IM. — o(x1)] = clicy (x1)] (5.12)

for a constant ¢ > 0 independent of x1, thus proving (5.10).
Assume det M. > 0. Writing Qs(x1, M) = %Lz(xl )M - M and differentiating f with respect to M, we
obtain that M., satisfies the condition

Lo(x1) (M. — TI(x1)) + oy (x1) cof M. = 0,
hence for a uniform constant ¢ > 0
IM.| = | cof M| < c|M. — II°(xy)|

and by triangle inequality
lie1(en)] < I°Ge)l < (e + DM, = T(xp)l-

The same conclusion holds if det M, < 0, since in this case M, satisfies
Lo(x1)(M. = TI(x1)) — ag(x1) cof M. = 0.

Assume now detM, = 0. If [M, — II°(x)| > |x2(x1)l, then (5.12) is trivally satisfied. If M, — II°(x;)| <
[%2(x1)|, the formula for 2 X 2 symmetric matrices det(A + B) = det A + cof A - B + det B gives

0 = det M, = detII’(x;) + cof II°(x;) - (M, — II(x1)) + det(M. — II°(x1)),

so that
lic1 (x1)x2(x1)] = | det I (x)] < [T (xp)| IM = ()| + [ = T (x0) P,
< (V24 1) liabe)l M. TP (n1)l,
which implies (5.12).

By and (5.12) we immediately deduce that for some constant c > 0

min_ f(x1, M) > clxi (x1)?
MeREZ

for every x; € (0,L). This proves the lower bound in (5.9).
For the upper bound, we choose M = PT diag(0, x,(x;))P, where P € SO(2) is such that II°(x;) =
pT diag(x1(x1), x2(x1))P. By we have that f(x, M) < ca|x1(x1)[>. This concludes the proof. |
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5.3 Codazzi incompatibility

In this section we consider the limit of w%gw, where &, is the plate energy obtained in (5.2), as w — 0.
It immediately follows from Proposition 5.8/ that this limit is not infinite only if the ribbon is Gauss-
compatible, i.e., det m° = 0, which we assume throughout this section. To simplify the notation in this
section, we shall write

(! m 0._ [l m 1. (L om
II_(m n), .= H|Zz=0_(m0 ) =k =(,! ).

In this notation, the Codazzi equation (1.4) reads

C ’
5 (63:) _ (11 — my) +/1<(l0 + no))_ (5.13)
62 my —ny, — Kimp

Since we assume that 6¢ = detII° = 0, we have that
detIl = zy(lhng + mly — 2momy) + O(z%).
Thus we define the First order Gauss-deficit (the zeroth order is 6°)
8C1 = Lyng + myly — 2mgmy. (5.14)
We start with the following compactness result.

Proposition 5.9 (Low-energy wide ribbons, compactness) Let (f,) be a sequence of rescaled isometric immer-
sions in W>2(S; R3) such that )
Cw(fw) = 0.

Then detII° = 0 and, modulo a subsequence and translations, we have

LZ
w — IIO,
w

f
where f € W22((0,L); R®) and d = (dy, dy, ds) € L2((0,1); SO@3)) with dy =y and d} - dy = .

o5 Vefo 5 (dy,dy), T

Proof: The fact that det I° = 0 follows from Theorems [5.5/and [5.6| and from Proposition Since
Ew(fw) = 0and IV — 1’ uniformly, we obtain from that II%Y - 1I° strongly in L2. From the

isometry constraint it follows that V,, f,, is bounded in L* and

1 11 1
8%fw = Fﬁalaﬁglﬂu - Ea&zazﬁangw + (ij:v)anw, (515)
R fo= — Lo, fo 4 (T Y (5.16)
12Jw — 2(111”1 w 2U1101 Jw foo 12V £ s .
% fo = (07 vy, (5.17)

where a”(x1,x2) = a(xj, wxz). Since a is bounded in C!, this implies that V2 f,, is bounded in L?.
Therefore, V,, f;,, = (d1, d2), both weakly in W2 and weakly* in L, which in turn implies that v r, = d3
strongly in L? for any p < oo (the fact that d € SO(3) and d; - d> = « follows from Theorem [5.5). In
particular, by (5.15)—(5.17) and dominated convergence we deduce that V2 f,, converges strongly in L?,
which in turn implies the other convergences. u

Remark 5.10 Proposition holds for any metric (not necessarily flat) with condition detIl’ = 0
replaced by 6 = 0. This follows from the fact that £, satisfy the Gauss equation (Proposition [5.4),

hence 6¢ = 0 is a consequence of the strong L2 convergence of the second forms.

We now state and prove the main compactness and I'-convergence results of this section.
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Theorem 5.11 (Codazzi scaling: wide ribbons, compactness) Assume detTl’ = 0 and (L.7), that is, Io(x1) # 0
for any x1 € [0, L]. Let (f,) be a sequence of rescaled isometric immersions in W**(S;R3) such that

Euw(fu) < Cw?, (5.18)
and let ,
By, = — (I —1r°).
Then, modulo a subsequence,
B, 5 B=B+xB, (5.19)
where
a p
B’ = 5.20
(ﬁ T (@mop ~ ”006)) (5:20)

for some a, B € L%(0, L),

5 85
B'=- (5.21)
05 (O = nod§ +2modS) )

and 5€ and 5 are the geometric deficits as in (5.13)~(5.14).

Theorem 5.12 (Codazzi scaling: wide ribbons, I -limit) Lowerbound: Under the assumptions of Theorem

we hﬂve
l.IIl ‘Ilf _1 & > I« '; = _1 QZ (.x BO) dx + _1 QZ (x Bl) dx
lw 10 2 W(fw) ( ’ ) . 1 0 1, 1 14 ) 1, 1,

where B® and B! are defined as in (5.20) and (5.21).
Recovery sequence: For any a, ﬁ € L*(0,L), there exist rescaled isometric immersions f,, € W>2(S;IR®)

such that By, LA B(a, B) as defined in (5.19)-(5.21)), and

m _zgw(fw) = J(a,‘B),

These results, the structure (5.21) of B' and the bounds (5.4) on Q,, immediately implies the
following.

Corollary 5.13 Assume that detTl° = 0 and hold. Then, as w — 0,
P L
inf -5 &w ~ f 6% (e)? + 16 (1) — 110(x1)05 (x1) + 21m10(x1) 55 (x1)[* dxq, (5.22)
0

where 6 and 5% are the geometric deficits as in (5.13)—(5.14). If (fv) is a sequence of approximate minimizers
of &, such that

lim — (w(fw —~inf&,) =0, (5.23)

1 1/2
- f ¥ dx, —11°) 15 0.
w\Joyp Fo

In particular, this implies part 2(a) in Theorem [1.3|and, together with Corollary [£.4, the scaling in part 2 of
Corollary[L.4

Proof of Theorem The fact that By, is bounded in L? follows immediately from (5.4) and (5.18).
Thus, modulo a subsequence, By, converges to B weakly in L? for some B € L(S; ]R2X2)

We now deduce the structure of B from the Gauss-Codazzi compatibility equatlons of the isometric
immersions ¢y, (z1,22) = fu(z1,22/w) associated with f,, (Proposition . The rescaled second forms

then |1}, ~ II°| = Op2(w) and

34



II;‘; satisfy the rescaled Gauss-Codazzi equations. The Codazzi equations hold in W% and read as
follows:

1 ,
(1 - KWXQ)(;&Q(H;{;)H - 81 (HZ)Q) = —K(H;g”)ll + K ZUXQ(H?W)H - K(l - KWXQ)Z(II;%”)Qz, (524)

1
(1- waz)(aaz(ﬂjfw)lz - di (H}fv)zz) = x(II} )1a- (5.25)

By Proposition the righthand side of the first equation converges to —«x(lp + 1p) strongly in L?,
whereas 81(1127)21 converges to m| strongly in W12, Since %82(11;’0)11 converges to doB11 + 1 weakly

in W12 by the weak convergence of By, to B in L?, we obtain that
dB11 = mf) — Iy — k(o + ng) = —55.
Similarly, passing to the limit in yields
02B12 = nj —my + xmy = —62C.
Therefore we deduce that

_sC _sC
bl X2 52 X2

Bx,x ZBX + !
(x1,x2) = B(x1) (_5§x2 X20(x1) + y(x1, X2)

for some functions B € L2((0,L); R%2), o € L?((0, L)), and y € L*(S) with

sym
1/2 1/2

f ydxy = f xpydx, =0. (5.26)
-1/2 -1/2

We now write
1Y = wBy, +1I° + wioIl' + Ope (w?)

v

and consider the Gauss equation

0= detll{ = wtrlltr(xll' + By,) - wtr(° (1l + By,)) + Op (w?)
= wd%'xy + wir I tr B, — wtr(II°By,) + Op: (w?),

where we used the fact that detII’ = 0, the formula for 2 X 2 matrices det(A + B) = detA + detB +
tr Atr B — tr AB, and the definition (5.14). Dividing by w and taking the limit as w — 0, we obtain

0= TloBH - 2m0312 + ZQBZZ + (66’1 - 71055 + loG + ZI’Tloég) X7 + lo]/
By (5.26) and orthogonality in the L? sense, we deduce that
7/10811 - szBu + loBzz = 56’1 - 7’10(3(1: + 10(7 + 271’1065 = lo)/ =0,
which gives the wanted structure of B using the assumptions detII° = 0 and I, # 0. u
Proof of Theorem [5.12} The lower bound follows immediately from (5.7), the convexity of Q,, and

Theorem We now construct the recovery sequence. By a density argument it is sufficient to prove
the result for smooth a and .

Step 1: notation. Leta,p € C*([0,L]). Since [y is smooth and never zero, there exists @ > 0 with the
following property: for every w € (0, @) there is a unique smooth function y,, = y,(x1) such that the

matrix
Ay =T +w|" ﬁ)
“ (ﬁ Ve
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has determinant equal to zero on [0, L]. Note that y,, converges to (2mof—noa)/lp in C}([0, L]), as w — 0.
Furthermore, we can fix some ¢y > 0 and extend ¢, II°, a, B, Yw, and x smoothly to { = [—¢€o0, L + €]
such that all these properties (including Iy # 0) hold on this slightly larger midline. We denote by
Sy i=0x (-w/2,w/2) the slightly enlarged ribbon domain.

Since 0 is an eigenvalue of multiplicity one for II’, for every w € (0,@) we can find a smooth
function gy, : [—€o, L + &0] — R? such that |90l =1, Apgw = 0 on [-¢&g, L + &¢], and g, converge to go in
CY([-e&o, L + ]), as w — 0, where |go| = 1 and Iloqo =0on[—¢p, L + g]. We should think of unit length
gw as vector fields in T8 ;- Note that the assumption (I.7), that Ip(x;) # 0 for every x; € [—¢&o, L + €],
implies that go is never parallel to e; = %. In particular, q,, is never parallel to e; for w € [0, @), if @ is
small enough.

Step 2: the mainidea. Our goalis to construct maps v, : 8, = R3, which are isometric immersions
of a and satisfy II,,, | = Ay. Their rescaled version f,, will then provide the recovery sequence. Let

T = (10w, 020y, 010y X d20y) : (0,L) — SO(3)

be the Darboux frame of the surface v,, (it is indeed a rotation since Vol Vo,|, = I). Denote by # its
restriction to the first two columns. Geometrically, we view 7, as a map 7y, : TSule — R3. Arguing as
in Proposition[2.3} r,, satisfies the Darboux equations

0 -K _(Aw)ll
T =Tw| ¥ 0 —(Auh2|. (5.27)
(A (Aw2 0

Since a is a flat metric, any (smooth enough) isometric immersion of it is a ruled surface; our aim
is to construct such a ruled surface

¢
(t,s) — f 01(7) dT + sv,(f) (5.28)
0

for some unit vectors vy, v,, such that the directrix (the first addend) is the midline (note that the
coordinates (¢,s) are not the coordinates (z1,z,)). From basic theory of ruled surfaces, a ruled surface
is flat if and only if 9, - (v1 X v2) = 0, in which case % is the zero eigenvector of the second fundamental
form (in the coordinates (¢,s)). Thus, as v is the tangent direction of the midline, and v, should be the
image of the unit null-vector of the second form, we have

vy = fyer, Uy = i"\w‘]w-

However, we still need to obtain the correct coordinates (¢, s). Note that this is indeed a surface because
Jw is not parallel to e;, which follows from (1.7).

To this end, recall that we already constructed an isometric immersion x : 8, — R? in , as a
ruled surface. Since 8, = x(8y) is a domain in R?, we can express it as a ruled surface (with the same
midline £) in many ways. The image of the null-direction g,, in 8, is Pg,, and we can choose the ruling
in the direction Pg,,. This is given by the map

t
6ult,9) = [ Pesdr + P00 (5.29)
0

We will show below that for some appropriate domain of (t, s) this map is indeed a coordinate map on

8w (in order to obtain this we needed to extend the various fields to [—¢g, L+¢&(]). With these coordinates,
the map maps the midline to the wanted midline, and the ruling in 8, of null-direction of the
second fundamental form to the wanted ruling direction.

The isometric immersion vy, : 8, — R? is thus given by

Oy = kw °X, (530)

where ky, : 8§;, = R® maps the Pg,,-ruling into the ruling of the image, that is,

t
ky o Pu(t,s) = fo P (T)er dt + sty (t)gew(t). (5.31)

Below we show that this construction is well-defined and provides indeed a recovery sequence.
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Step 3: The coordinate change. We first show that we can define coordinates on 8, via the map

(5:29). Indeed, let ) > 0 and define ¢, : [-€o, L + €0] X [-1/2,1/2] = R via (5.29).
Note that, by we have

Vu(t,s) = P(t) ((e1 + sq5,(t) — skq) ® €1 + gu(t) ® €2), (5.32)

where g3, = (_01 (1)) Jw. Our aim is to show that for a suitable choice of 1 and @ the function ¢, is

invertible and its image Uy, := ¢y ([—¢o, L + &9] X [-11/2,1/2]) contains §,, for every w € (0,@). Arguing
as in [FHMP16b, Lemma 12], one can prove that for n small enough the function ¢y is invertible on
[—eo0, L + €0] X [-n/2,n/2] and its inverse (;551 is Lipschitz continuous on ¢o([—¢o, L + €] X [-1/2,1/2]).
For every (t,s), (t',s") € [=€0, L + &0] X [-1/2,1n/2] and every w € (0, @) we have

|pw(t,s) = Pu(t’, ) = Idolt, s) = Po(t',s)] = Is(qu(t) = qo(t)) = 5" (Gu (') = Go ()]
co(lt =t +1s = 5'l) = |(s = 8")(qu®) = q0(1))]
8" (qw(t) = go(t) = gu (') + go(t))

v

7

where ¢y > 0 and we used the Lipschitz continuity of ¢,;*. The C! convergence of g, to go guarantees
that for @ small

C ’ ’ c /7
) =401 < F/ 1alt) = 9o(8) = dult) + 0t < 51 =¥
forevery t,t’ € [-¢€p, L + €o] and w € (0, @). Therefore, we deduce that

|pult,$) = Pult,s)| = %‘)(u ~f+ls )

for every (t,s), (t',s") € [—¢€o, L + 0] X [-11/2,71/2], hence ¢, is injective on this set for every w € (0, ).
Note also that
det Vo (t,s) = e - gu(t) + Or=(s).

Using again the C! convergence of g, to qo and the fact that gy is never parallel to ¢;, we deduce that
V¢ is an invertible matrix at every point, for 1 small enough.
To prove that U, D &,, we recall that 8, is the image of the map

t
(t,s) — x(t,s) = f(; P(7)ey dt + sP(t)e,, (t,s) € (0,L) X (—w/2,w/[2).

Since g, is never parallel to e, there exists 0y € [0, 71/2) such that |, (t)-e2| > cos O forall t € [—¢g, L+¢&0]
and allw € [0, @). Assume first that P is constant. Without loss of generality we can take P(f) = I. Then,
8w =(0,L) X (—w/2,w/2), and simple trigonometry shows that in this case U, O [0, L] X [-wo/2, wo/2]
where wy = min{n cos 0y, g cot Oy}, hence in particular U, D Sy for all w < wy.

For a general P(t), cover [0, L] with a finite number of subintervals [t; — 9, t; + 6] such that for each i
one has |P(t) — P(t;)| < cos 8y/10 for t € [t; — 36, t; + 36]. Since |q,(t) - e2| > 1% cos Oy for t € [t; —20,t; +20],
a similar argument as above shows that the image of the map

¢
(t,8) — f P(7)e; dt + sP(t)e, (t,5) € (t; —26,t; + 20) X (—w/2,w/2) (5.33)
0

is contained in the image of the restriction of ¢, to [t; — 30, t; + 30] X [-11/2,1/2]. On the other hand, the
image of the map contains the restriction of x to the set (t; — 0, t; + 0) X (—aw/2,aw/2), wherea > 0
is some constant depending only on 6y and 0. Therefore, for a suitable choice of @ we have U, D Sw
for every w € (0, @). Thus the map v, given by is well-defined.

Step 4: Proof that v, € Wizs’s(Sw; R3) and I, lr = Ay. A simple computation using (5.27) shows
that
Poqw = —KPulm + (e{Awqw)rw% = —KkPulip-
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where in the last equality we used that A,q,, = 0. We thus obtain, using and , that
Vku(Pw(t, 8))Vdu(t,s) = #(HPT(H)V (L, s),
and since V¢, is invertible, this implies that
Vko(@u(t, ) = Pu(HP(8), (5.34)

hence (Vk,)Vk, = I and thus, v,, is an isometric immersion of q, that is, v,, € Wizs’(z)(Sw ;R3).
From (5.34) it immediately follows that vi, = diky A dokyy = rpes. By differentiating (5.34) with
respect to f and using (2.4) and (5.27) we deduce that at t = 0 we have

(IIx, o x)Pey = (Aw)11Per + (Ayp)12Pes,

hence
PT(IIy, o x)Pe; = Ayer.

Since PT(Ily, o x)P and A, are both symmetric matrices with zero determinant and (A,)11 # 0, we
conclude that
PT(Tl, o x)P = Ay,

hence II,, = A, on (0,L) x {0}. This concludes the proof of the step.

Step 5: Energy estimates. Letnow f,(x1,x2) := vy (x1, wxy). Since f,, are smooth rescaled isometric
immersions, the Gauss-Codazzi equations (5.24)—(5.25) are satisfied. Passing into the limit in these
equations and using that Iy, — I1° in C' we deduce that
1 ’
Eaz(ﬂfw)n — my — x(lo + np)
and ,
Eaz(ﬂfw)lz - 1’[6 — Kmg

uniformly. Moreover, by differentiating the Gauss equation we obtain

1 1 1
(Hﬁu)naﬁz(ﬂfw)zz =2(I¢, )12 532(1115”)12 - (wa)zzaaz(ﬂfw)u,

so that the above convergence properties yield
1 1 ’ ’ 2
532(1%)22 — E( = nomy + 2mong + kng(lo + ng) — 21<m0)
uniformly. By Taylor expansion we deduce that
1
—(IIy, -1I") -» B
w( fu ) —

uniformly. By dominated convergence we obtain the required convergence of energies. |

Proof of Corollary|5.13f From Theorems and and standard I'-convergence arguments, it follows
that

lim(infié ) =minJ =J(0,0) = 1 LQ (x Bl) dx

0 w2 w ’ 14 A 2\ A1, 1,

where we used the fact that J is obviously minimized at & = f = 0. Now, (5.22) immediately follows
from the structure of B! and from (5.4). This implies that (5.18) holds for approximate minimizers
fw, hence by Theorem we obtain that |IIZ — T = Op2(w). Furthermore, these minimizers satisfy

Bf, — B(0,0) = x,B'(x1). On the other hand, by and (5.23) we have
lim — 9,(x1, B )dx'—nmié (f)—hm(infié )—L LQ (x1,B") dx
=0 2 pcapam Sl T s w2 TN T so N 2 00 T 1ag ]y TR "

Since Q; is a coercive quadratic form in its second argument, this implies that (B, ) converges strongly
in L2, hence

1 1/2 1 1/2 1/2 2
a (f wa dx2 - HO) = — (f wa -1~ dxz) + O (w) = f Bfw dX2 + Op (w) — 0,
_ - /2

1/2 WAJ-172 -1
which completes the proof. u
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5.4 Geometries in which condition (1.7) fails

We now consider two examples of a Gauss-compatible, Codazzi-incompatible ribbon, in which [y = 0
(i.e., fails). In the first one, which corresponds to Figure [I(d), we show that the energy scaling of
&, is indeed different than in the Iy # 0 case considered in § In the second one, which corresponds
to Figure [I[b), we believe this is also true, and we detail a very partial result that suggests it. In both
examples, for completeness, we detail the best known ansatzes in the wide and narrow regimes, and
the resulting conjectured energy scalings. These arguments essentially appeared in [LSSM21]], where
the ansatzes were shown to match the observed minimizers; here we simply represent them in a more
explicit and mathematically-careful way.

5.4.1 The geometry of Figure[1(d)

Consider a ribbon with reference first and second fundamental forms

a(zl,zz):((l _(’;‘22)2 (1)) II:IIO:(g 2) (5.35)

for some constants «,7n # 0. This is the geometry depicted in Figure [I{d). This ribbon is Codazzi-
incompatible: Gauss equation is obviously satisfied, however it is immediate to check that 6¢ = xn # 0,
hence the ribbon is Codazzi incompatible, yet condition is not satisfied.

The following proposition shows that in the wide ribbon regime, the energy of this geometry
satisfies inf &, > t?w!*¢ for every ¢ > 0 (meaning that there is a transition in the scaling compared
to the narrow ribbon scaling of t*w?), and that approximate minimizers converge to II’ in a slower
rate compared to those of Codazzi-incompatible ribbons that satisfy (L.7). This proves part 2(b) of
Theorem[I.3} and completes the proof of part 2 of Corollary[1.4]

Proposition 5.14 For a and 11 as in (5.35) we have

PP
fm(inf Tz ) = o

for any e > 0. Moreover, for any sequence of rescaled isometries f,, we have that
I, ~ 0|2 > w1+9)/2
forany € > 0.

Proof: Let € > 0. To simplify notation, we write § = (1 + €)/2. Assume by contradiction that there is a
sequence of rescaled isometries f,, such that

Ew(fw) < Cw®.

Note that this is equivalent to ||H;ﬁ; —II”||;2 < CwP, and thus also to ”ngu —11°|;2 < CwP. We write

Iy =1 + wPBY.

f;

As in Theorem we can assume that f;, are smooth (hence Hjﬁ; satisfy the Gauss—-Codazzi system),
and that B” converges to some B weakly in L. The first Codazzi equation (5.24) reads

(1 - xwxy) (wﬁ_l(?zB’l”l - wﬁalBﬁ”z) = —xwPBY, — k(1 — kwxy)*(wPBY, + n).

Passing to the limit as w — 0, we obtain that w#~'9,BY, converges to —k#n strongly in W=7,
Now, the Gauss equation reads

0 = detllf = wlnB; +w? detB”,

and thus
0= wﬁ_182B21”1 +w?'n719, det BY.
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Since 25 — 1 > 0, and det B is bounded in L!, we have that the second addend in the righthand side
tends to zero in W=*. Thus, taking the limit as w — 0, we obtain that wf~19,By; tends to 0 in W1,
in contradiction. [ |

Proposition[5.14] provides a lower bound to the energy of wide ribbons of this geometry. However,
the optimal energy scaling is currently unclear. The best known ansatz, which seems to agree well
with the experiments, at least if the ribbon is not too long (see [LSSM21}, Fig. 7]), is the following: For
any 6 > 0, the (rescaled) second forms

(6 + D(wsa - 12 = 1) (1 = xwxy)!

M, = on -1/2
(1 — kway) ! (1 = k)2 (6% + 1)(wxarc — 1) — 1)

satisfy the (rescaled) Gauss-Codazzi system (with respect to a in (5.35)). Thus, II,, corresponds to
some rescaled isometric immersion f;,,, as long as it is well-defined for x, € (-1/2,1/2), that is, if

6 > (xw) 2%. Taking 6 ~ (kw)!/? seems to be the optimal choice, and yields energy
gw(fw) ~ 123228,
This suggests that for wide ribbons we have
inf&; < L.

On the other hand, we know that W; gives the correct energy scaling for narrow ribbons (w? < t). A
simple computation shows that
E1w(Wr) ~ max{w®, w’t?).

This suggests that the shape transition occurs when ?w?/3 ~ w®, thatis, when t ~ w83, which is slightly
better than the t ~ w® obtained by asymptotic analysis (the experiments and numerics [LSSM21], § 3.4]
cannot differentiate between such close exponents).

5.4.2 The geometry of Figure[I(b)

Consider a ribbon with reference first and second fundamental forms

(10 T
a_(o 1), I=1II _(0 xl). (5.36)

This is the geometry depicted in Figure b). Again, it is immediate to see thato® = 0 and 6§ = -1 # 0,
hence the ribbon is Codazzi incompatible, yet condition is not satisfied.

In this case we do not have rigorous results showing that inf €, > w?, yet experiments suggest this
is the case, and that inf &, ~ w (or inf Etw ~ 2w for wide enough ribbons), with an optimal shape that
matches the following ansatz [LSSM21} Fig. 3]: The following (rescaled) second fundamental forms
satisfy the Gauss-Codazzi system with respecttoa = I:

fl, = (0 + \/Z_sz)(% @)

Thus, I, corresponds to some rescaled isometric immersion f;,, whose energy satisfies
Eulfu) ~ .
On the other hand, for narrow ribbons, simple computation shows that
Etw(Wr) ~ max{w®, w?t?}

(the different scaling compared to the previous geometry is due to the fact that the metric in this
case happens to have no zj terms). Assuming these ansatzes give the correct scaling, we expect that a

transition occurs at *w ~ w?, that is, at t ~ w’/? (which is slightly better than the t ~ w* obtained by
asymptotic analysis [LSSM21, § 3.2]).
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Recall that for Codazzi-incompatible ribbons that satisfy (I.7), the recovery sequence in the ?w?
scaling (Theorem is based on constructing isometric immersions for which the second funda-
mental form along the midline is I’ (or small perturbations thereof). These are a solutions for the
Gauss—Codazzi system, as a system of equations for the second fundamental form, given the metric
a, with initial value II°. While, as stated, we do not have a rigorous proof that the geometry has
a different scaling, the following shows that such solutions to the Gauss—-Codazzi system do not exist
for this geometry, at least in the classical sense.

Proposition 5.15 The Gauss—Codazzi system for a = I, which reads

L M L M
ey M=o af)-a(N)-0

L M _ (0 0
M —\0 X1
22:0
Proof: The Codazzi equations, combined with the initial data, imply that

{0

ALlz,0 = 91(92Mlz,—0) = 911 = 0.

with the initial data

admits no C? solutions.

and

On the other hand, differentiating the Gauss equation twice with respect to z, we obtain
NO3L + 29,No,L + LI5N — 2MIZM — 2(9,M)* = 0.

Letting x, = 0 and plugging in the above estimates, we obtain that the first four terms are all 0, whereas
the last term —2(82M)2 is equal to —2, which is a contradiction. |

6 Appendix
In this short appendix we outline the proofs of Theorems[5.1]and

Proof of Theorem Set A; = (Vt\I/t)‘lﬁt_l/ 2 and note that A;, A7l

., and the gradient of A; are all
uniformly bounded with respect to f. Writing

Ero(') = J( WVl A7V dx,
u

one can argue as in the proof of [BLS16, Lemma 2.3] (see also [LP11, Theorem 2.3]) and show the
existence of Qf € W'2(S; R®3) such that

J( V' — Q' dx < C(Epn(u') + 1)
u

and .
J(|VQf|2 dx < c(t—zet,w(uf) ; 1).
S

In particular, we deduce that

J( dist*(Q'A;1,S0(3)) dx < C [Veu! — Q' dx + CE&; ().
u u
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Thus, up to subsequences, Q' = Q weakly in W'? for some Q € W'2(S;IR%) satisfying QA;' € SO(3)
a.e., V! — Q strongly in L?, and, modulo a translation, u' — f strongly in W2 with f € W22(S;R?)
such that V,, f = Qsx,. Since
a(xq, wx: 0
QTQzA(])"AO:( ( 10 2) 1)’
we conclude that f is a rescaled isometric immersion and Qes = v¢, where vf is the normal to f. W

Proof of Theorem For the lower bound we use the same notation as in the proof of Theorem
Write A; = Ao(I + tx3Bg + O1~(?)), where By(x') = %83At(x1,x2, 0). The same argument as in [BLS16|
Theorem 2.1] leads to the estimate

lim inf tlzst,w(uf) > J( (A, T GoAL ) dx,
- u

where (Gg)ax2 = ij + (Ag AoBo)2xz. A direct computation shows that the symmetric part of (AngBo)zxz

coincides with —II. By and the definition of Q,, we deduce the lower bound. The construction
of the recovery sequence is the same as in [BLS16, Theorem 3.1]. u
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