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ABSTRACT. We prove C! regularity for local vectorial minimizers of the non-
autonomous functional

we WEHHQRY) —s / b(z)[| Dw|? + a(z)| Dw[P log(e + | Dw))] dz,
Q

loc

with © open subset of R", n > 2, p > 1,0 < a() < [laflpeo(n) < oo and
0 < v <b(-) < L. The result is obtained provided that the function a(-)
is log-Dini continuous and that the coefficient b(-) is Dini continuous or it
is weakly differentiable and its gradient locally belongs to the Lorentz space
L™1(Q;R™).
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1. INTRODUCTION AND RESULTS

A recent and important object of investigation in the Calculus of Variations is
the study of the regularity of minimizers of non-autonomous functionals of the type

loc

(1.1) we WhQ) — / f(z,u, Du) dz
Q

being 2 a bounded domain in R™ and f: O x R x R™ — R a Carathéodory function
satisfying unbalanced growth conditions of (p, g)-type:

(12) el < flewg) <1 +1dY)  1<p<a,

for almost every z € Q and all (u,&) € R x R™, with ¢ > 1. General energies of
this type (i.e., when no structural assumptions are made) were initially introduced
and studied by Marcellini [41], [42], [43] in the late eighties but the theory has seen
deep and substantial contributions in the recent years, see for instance the Schauder
estimates in [29] B0], the series of regularity results under sharp bounds on p and ¢
by Bella and Schéffner 8, @] 35, 45], the interesting approach developed in [7] also
covering more general cases and the new boundary regularity results in [111 [31].

Starting from [I8] 19, 20], a substantial amount of work has been put in the study
of a special structure having (p, ¢)-growth, the so-called double phase structure,
where the peculiar form of the energy has allowed a much more precise, clean
and careful analysis of several aspects of regularity. We refer with double phase
structure the fact that the energy density has the form

(1.3) f(@,u, &) = |57 + a(w)[¢]?

with p and ¢ as in and a(-) > 0 continuous and sufficiently regular to compen-
sate the non-uniform ellipticity of the functional [28]; see [6] for a regularity theory
for local minimizers in a general framework, [25] [26] for interesting borderline cases,
[27] for extension to manifold-valued minimizers, [44] for w-minimizers, [22], 24] for
the fully nonlinear counterpart of the theory and [33] 4] for far-reaching extensions
of such structures.
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The object of study of this paper is the borderline version of the double phase
functional (1.1))-(1.3) that was introduced in [4]:

(14) ue WEQRY) s P(u, Q) = / b(w)H (&, Du) da
Q

:/Qb(:c)[|Du\P+a(x)|Du|mog(e+|Du|) dx

for p > 1, N > 1, and the aspect of regularity we are interested in is the plain
continuity of the gradient of local minimizers. The basic assumptions we impose
on a(-),b(-) are as follows: a : @ — R continuous and b : Q@ — R measurable with

(1.5) 0<a(z) <lallre <400, 0<v<b(x)<L <400 for a.e. z € Q.

Due to the soft non-uniform ellipticity of the energy in (1.4), the regularity of
minimizers is strictly entangled with the behavior of the quantity

1

(1.6) w10g(R) = wy(R) log (E)

where w, : [0,1] = [0, 2||a|| =] is @ modulus of continuity for a(-): a concave (thus
continuous in (0, 1)) and increasing function, continuous in zero and with w,(0) = 0,
such that

(1.7) la(z) — a(y)| < wa(|lz —y|) for all z,y € Q with |z —y| <1.

We define in a totally analogous way wy : [0, 1] — [0, 2] as the modulus of continuity
of b(+), if b is (uniformly) continuous (note that all the results we are mentioning
and proving are local; it is therefore not restrictive to assume that if b is continuous,
then it has a modulus of continuity):

(1.8) |b(z) — b(y)| < Lwp(|z —y|) for all x,y € Q with |z —y| < 1.

More in detail, schematically summarizing the results in [4, [5, 2T], one has that
scalar local minimizer to (1.4) (i.e., N =1) in the case (1.5 holds are such that

e if limsup ,\ o wWiog(R) < o0, then

we %),  Due XU Rrm)

loc loc

for some constants «, dy € (0, 1) depending on the data and the Harnack’s
inequality holds for positive solutions;
o if lim sup wieg(R) = 0 and b(-) is continuous (i.e., it has a modulus of con-
RN\0

tinuity), then

ue Ch*Q) for every a € (0,1);

loc

o if wigg(R) + wp(R) < ¢ R for some v € (0,1) and ¢ > 1, then
ue CL5(Q)

loc
for some exponent 5 € (0,1) depending on the data.

Note that some of the previous results have also a vectorial counterpart, but some
do not. Other noticeable results for minimizers of the functionals in and
measure data problems associated to its Euler equation can be found in [12] 13}, [14]
by Byun, Youn and collaborators; see also [I] for a significant counterexample.
A natural borderline question would be regarding the assumptions to be imposed
on b(+),a(-) in order to ensure gradient continuity for local minimizers and a first
answer is given in the next theorem:
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Theorem 1.1. Let u € VV&)’?(Q;RN), N > 1, a local minimizer of (1.4)) under
the assumption (L1.5)); suppose moreover that b(-) is Dini continuous and that a(-)
is log-Dini, in the sense, respectively, that both wy(p) and wieg(p) are integrable in

zero with respect to the measure dp/p:

ao [ () Yoo [ lwlog@)dp” -/ () o (5) % <.

Du is continuous in Q and the following local boundedness estimate holds: for every
K € Q, there exists a radius Ry depending on n, N,p, L/v,wp(-),wq(-), dist (K, Q)
and ||H (-, Du)| p1 (k) such that for almost every xo € K and each ball Br(zo) C K
with radius R € (0, Ro] it holds

(1.10) H(xo, Du(z)) < ¢(n, N, p, L/V)][ H(z, Du(x)) dz .
Br(zo)

Note that the scalar case of the previous result is a consequence of [I3, Theorem
1.2] and the fact that an energy, weak solution to the Euler equation of P is also a
SOLA; the extension of the results in [I3] to the vectorial case is completely non-
trivial and therefore we decided to present and prove Theorem [I.I} which follows
without effort from the approach we developed to prove the forthcoming Theorem
Dini continuity of the coefficient is a natural assumption ensuring gradient
continuity and pointwise potential estimates whose best possible consequence is
gradient continuity, see [I3] [38], [39] and the counterexample in [36]; the log-Dini
continuity of a(-) is also quite natural in view of the fact that, at least heuristically,
it is simply needed a logarithmic correction on the assumption on b(-) for the
regularity of a(-) [13]; see also [3] for a declination of this principle from the point
of view of Sobolev-like assumptions.

Maybe more interesting and less expected of the previous one is the forthcoming
Theorem [L.2] where we replace the assumption of Dini continuity of b(-) with an
assumption of integral-Sobolev type. In particular we shall assume that b(-) is
weakly differentiable and that its gradient belongs to the Lorentz space L™ locally
in ©, which means that for every K & 2 there holds

/Oo|{x6K:|Db(x)| >)\}|%d,\< 00
0

We emphasize that a by-now classic Sobolev-type sharp embedding in Lorentz
spaces ensures that in this case b(-) is continuous but not Dini continuous; see
[I7, Remark 3.6]. Therefore, Theorem does not follow by embedding from

Theorem 1.2. Let u € Wli’cp(Q;]RN) a minimizer of (L.4) under the assumption
(1.5). Suppose that a(-) is log-Dini continuous and that b € I/Vlicl(Q) with Db €
Lﬁ)cl (4 R™); then Du is continuous in Q and a local boundedness estimate as ([1.10)

holds with the sole difference that Ry here depends on |Db(-)|/v instead of wy(-) (the
other dependencies remain unchanged).

We stress that it is also possible to impose Sobolev-Lorentz-Zygmund type as-
sumptions on the switching coefficient a(-) and this was done in [3] by the first
author. In particular in [3] the case without coefficient is treated (i.e., b = 1) but
gradient continuity of minimizers of is proved not supposing a(-) log-Dini
continuous, but weakly differentiable with

> 1
/ {z € Q: [Da(x)] > A\}| " log" AdA <00,  (log* A = max{log A, 0}),
0

that is, by a nice result by Bennett and Rudnick [10], Da € L™!log L(£;R") (or
at least locally in ). We believe that it is possible to consider on both a(-),b(+)
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assumptions of integral type, but this goes beyond the scopes of this work and will
be investigated in the future.

The concept allowing to prove gradient continuity under the assumptions of
Theorem[I.1]finds its roots in the basic perturbation idea going back to Campanato:
we fix a ball B = Br(zg) € 2 and we quantify, in integral terms, how much our
minimizer is distant from a regular minimizer of a reference variational problem (see
(3-3)-(3.4)). This is measured in terms of the quantities w,(R) and wieg(R) (see
(5.1)). Both the gradient boundedness and its continuity come from a telescopic
summation argument and this ultimately boils down to testing the summability of
wp + wiog along a sequence of radii R; = §7 R for some starting radius R > 0 and a
very small constant § < 1. A simple computation shows that

oo 2R o] 2R
dp dp
Sl [ w L S @) [ o)L
=0 0 P =0 0 P

(see and ); it is immediate now to realize why the assumptions of Dini
and log-Dini continuity come into play.

Theorem is based on a much more refined, and quite new, perturbation
argument. Thanks to the use of higher integrability, the aforementioned distance
from the regular minimizer is measured, for what concern the coeflicient b(-) (the
switching coefficient is indeed treated exactly as in Theorem , in terms of the
Ls-excess, for s > 1 a very large constant:

1/s
(1.1) (£ o=l a)" @n= | by
Br Br
One has here to realize that in the case Db € L™, the dyadic summation of this
quantity is bounded, in view of Sobolev-Poincaré’s inequality and Lemma (which
is a simple consequence of the characterization of L™ in terms of rearrangements):
for ¢ = s, =ns/(n+s) < n as in Lemma and B; = Bg, (o)

i (JZB |b— (b)Bj|Sdas)1/S S iRj(]{gj |Db|qu)1/q < || Db|

Jj=0 J J

L™1(B2Rr) *

The idea of considering coefficient with controlled excess (in the sense just de-
scribed) is not totally new: equations and variational problems with VMO coeffi-
cients - that is, for which their excess as defined in is vanishing as R\, 0T,
uniformly with respect to the center of the balls - have been largely studied since
the seminal works [I5], [T6]. Much more recent is the observation that one can also
consider summability properties of the excess along dyadic sequences of radii be-
yond its qualitative smallness. In [38] it is proved that systems of p-Laplacian type
have CL . solutions provided the right-hand side belongs to L™!:

div(\Du|p*2Du) =f, p>1.

This is a consequence, for equations, of the celebrated linear potential estimates
in [37] and can also be proved as corollary of the more general vectorial potential
estimates of [40]. In any case, this is the affirmative response to a long-standing
conjecture by Uraltseva, claiming that the condition on f ensuring Lipschitz reg-
ularity for solution should be independent of p. We choose to mention [38] since
the telescopic summation technique therein introduced was the main inspiration
for the papers [2, [3] of the first author and also for the present one. A further step
is the extension of this idea to the coefficients of uniformly elliptic problems, and
this can be done (see [2] and the current paper) realizing that, at least by formal
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differentiation, coefficients can be treated as right-hand sides. In [28, Theorem 1.8]
it is shown that solutions to uniformly elliptic vectorial problems of the type

. ¢’ (|Dul)
di (b x 7Du> =
v(b) 55 i
are Lipschitz (and therefore C!, after computations of standard flavor) regular
if both |f| and |Db| belong to L™!; the approach therein is based on Moser’s
iteration. See [2] again for the two dimensional case and a perturbative approach
to the question.

2. PRELIMINARIES

2.1. Local and global minimizers. A local minimizer to P is a function u €
WLHQ;RY), N > 1 such that H(-, Du) € L., _(Q) and the minimality condition

loc
P(u;supp(u —v)) < P(v, supp(u — v))
is satisfied whenever v € Wﬁ)’cl (€;RY) is such that supp (u — v) € Q.

Due to the local nature of our results, we may assume that ) is a bounded
domain and that local minimizers u belong to W (Q; RY) with H(-, Du) € L*()
too. As a consequence, we will write ||Dul[z» for ||Dul|proryy and [[H (-, Du)l| ;.
for |H (-, Du)|;1(q)- The minor changes that lead from this situation to the case
described in Theorems [[LTHT.2] are left to the reader.

2.2. Notation and elementary properties. In what follows we denote by ¢ a
general positive constant possibly varying from line to line; special occurrences will
be denoted by cg, ¢, etc. All such constants will always be larger or equal than
one; relevant dependencies on parameters will be highlighted using parentheses,
i.e., ¢ = ¢(n,p,d) will mean that ¢ depends on n,p and §. We denote by

B, (zg) :={z € R" : |z —zo| <7}

the open ball with center zy and radius r > 0; when not important, or clear from the
context, we shall omit denoting the center writing B, = B,(zg). Unless otherwise
stated, different balls in the same context will have the same center. With B C R™
being a measurable set with positive, finite measure [B| > 0, and with g: B — R?,
¢ > 1, being a locally integrable map, we shall denote by

1
(9)5 = ]{3 ola) da = 12 /B o(x) da

its integral average. A well-known property is the following: for any g € L?(B;RY),
p>1,£ > 1, the estimate

(2.1) ]i l9(2) — (9)sl? dz < 20 ]{5 l9(z) — ¢Pde

holds for each ¢ € R. We use the agreement that N is the set {1,2,3,...} and
Ny := NU {0}. The Sobolev conjugate exponent p* is np/(n — p) when p < n.

We recall some useful properties of the logarithm function of later frequent use:
(2.2) log(e + Ax) < Alog(e + z) for every z > 0,A > 1,
(2.3) log(e 4+ zy) < log(e + x) + log(e + y) for every z,y > 0,
(2.4) log(e + z7) < 1+ max{1,0}log(e + x) for every > 0,0 > 0.

The proofs are very simple, we only highlight for (2.4) that distinguishing the cases
o < 1, where log(e + z7) < log(2(e + z)) < 1+ log(e + z), and o > 1, where
log(e + z7) < olog(e + x), leads to the result.
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The following lemma will be very useful in order to treat the logarithmic part of
the energy.

Lemma 2.1. Let s > 1, 0,5,0 > 0 and let f be a positive function in L°(B,.) for

some ball B,.(zo) with radius r < e~1. Then there exists a constant ¢ depending on

n, 3,0,0,s such that

]{QT flog” (e+ f7)dz < c(1 + 70 ||fHL1(BT))ﬁlogB (%) (]lBT e d;z:)l/s.

Proof. Recalling that r < e™!, by (2.4), (2.3)), the forthcoming (2.38)), basic prop-
erties of the logarithm function (for instance (2.2)) we estimate

]{Srflogﬁ(eJrf”)dec(a,ﬂ)][B f[1+10g(e+f)rdx

r

Sc(o,ﬂ)]{grf[l+log (e+(f)f&> +log(e+(f)BT)}ﬂdx

gc(a,B)[]{g fdm+][B flog5<e—i—(f)fBr)alar:—l—logﬁ(e—i—]{B fd:c)]{B fdx}
Sc(n,mﬁ,s)(]{g fsdx)l/s[l—l—logﬁ(e—&—][B fdx)}

Sc(n,a,ﬁ,s)(][B fsdaJ“)l/s[l—i-logﬂ(e—&—:n/B fdx)]

<cmaps)(f s ar) " [14 108 (e + (141717 | fll o) )]

-

<c(n,o,B,8)1+7 | fllri(s,))” (]{B I° das)l/s [1 + log” (e + rnlw)}

<c(n,o,B,8)(1+71° ||fHL1(BT))'B (][B f? dx)l/s [logﬁ (%) + {2(n+ 6) log(%)r}
1/s

r

< el .0.5)(1 417 e, ) 0" () (£, 1 o)

and the proof is complete. U

2.3. N-functions setting. In the following we are going to introduce a general
class of tools, related to the so-called general class of N-functions. For the results
we mention here see for instance [23] [32].

We consider a convex function ¢ : [0,00) — [0, 00), such that
(2.5) p € CH([0,00) NC*((0,00)),  »(0) =¢'(0) =0,
¢'(t) is monotone increasing and Jim o' (t) =o0.

In addition we assume that there exists a constant c, > 1 such that

1 //tt
*S@,() < ¢y, forallt > 0.
Co ©'(t)

If the function ¢ verifies (2.5)) and (2.6)), then we call ¢ as an N-function. Notice that
every non-decreasing function ¢ : [0, 00) — [0, 00) satisfies the following property

(2.7) ot +35) < p(2t) + p(2s) .

(2.6)
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We define the auxiliary vector field V,: R¢ — R ¢/ € N by
p 1/2
o= (FUDY,

E

where V,, is continuously extended to zero when z = 0; V, turns out to be a bijec-
tion of R¢ by (2-5) and under the assumption (2.6) V,, describes the monotonicity
properties of the map [¢'(|z|)/|z[]z: for 21, 20 € R, 21, 29 # 0 we have

(2.8)

/ /

1 Vio(21) — Vio(22)|” < (2 Ual), _#llzD, 2) < c|Vip(z1) = Vi(22) [,
c |21 |22

for a constant ¢ > 1 depending on c,. For another constant ¢ = ¢(c,,) the following

relations (see [32, Lemma 2.4]) hold for every z, 21,22 € R? with z; or 2o different

from zero (which means |z1| + |z2| > 0):

(29) “o(l2) < [V () < ez,

1 2
(2.10) - " (|z1] + |22]) |21 — 221 < |Vip(21) = Vip(22)|” < 9’ (|21] + |22]) |21 — 22|

For a constant a > 0, we are interested in

tP tP
(2.11) pp(t) = ?, Plog (t) = ; log(e +¢), and @a(t) = @p(t) + apiog(t),

which verify all the assumptions (2.5)). In addition for ¢t > 0

t //t t /! t
2O _ 1 g Pl oy
»(t) log (1)

Qpp wlog

(P — 1) @a(t) < twg(t) < 2pei(t),
so ([2.6) is satisfied with a constant ¢, = ¢, (p) depending only on p and independent
of a. It is also easy to estimate

(2.12) P~ log(e +t) <@jog(t) < 2677 og(e +t),
(2.13) (p— 1) P2 log(e +t) <ging(t) < (p+ 1) " log(e +t).
Adopting the notation

(2.14) ha(t) =P~ +atP~'log(e +t) for every t >0,
from and we deduce the following estimates:

(2.15) ha(t) <¢qa(t) < 2ha(t),

(2.16) % ha(t) <tys(t) < c(p) ha(t).

which will be useful in the proof of Lemma

In the sequel for p > 1, for every z € Q and z € R¥, we adopt the notation
(217)  H(z,z) = |2P + a(z)|2|" log(e + |z]) = p[wp(lz]) + a(2) prog(|2])] ,
(218)  Ha(z) := 2" + alz["log(e + [2]) = pwa(lz]);
let us remark that the relations

(2.19) Ha(z) = ha([z]) [2],  0.Ha(2) =ps0%(|2|)é

hold, where the function hz(-) is defined in (2.14). Let us denote by V,(-) and
Viog () the vector fields generated by ¢, and ¢iog, and by

(2.20) Va(2) =4/ %IgIZD 2,




8 BARONI AND COSCIA

the one generated by ¢;(t), all continuously extended to zero when z = 0. It is
easy to verify that

[Vo(2)* = 12" = pey(l2)),
Pprog(l2]) = |21 log(e + [2]) < [Viog(2)[* < 2[2[P log(e + |2]) = 2p prog(I2]) ,
(2:21) pea(lz]) < Va(2)]” < 2ppall2]),

thus in all cases (2.9)) holds for a constant ¢ depending only on p. In particular, if
a(-) is a function satisfying (L.5)), from (2.21)) it follows that for every zo € Q2

(2.22) H(20,2) < [Vago) (2)|? < 2 H(z0,2) .

In addition, since ¢ (t) = (p—1)tP~? the estimate in (2.10)), which holds whenever
21,22 € RY | |21| + | 22| > 0, becomes:

(2.23) %|Zl =2 (|z1] + [22)P 72 < Vp(21) = Vp(22)|* < clz1 — 22f? (21| + [22])P 72
where ¢ depends only on p. In particular, when p > 2,

21 = 22P < | Vp(21) = Vp(22)
holds, while for 1 < p < 2 (see [38, Lemma 2]) we will use that

(2.24) |21 — 22| < e V(1) = Volz2) 77 + el 2P 2 |V (1) — Vip(22)]

both for a suitable constant ¢ = ¢(p). Finally, let us remark that combining (2.10))
for V,(-) and V;(-) it is easy to verify that for every 21,2, € R

(2.25) Vo(21) = Vo(22)]” < c(p)|Va(21) — Val22)|”

2.4. Preliminary results. First of all, let us prove that log-Dini continuity (|1.9))
of a(-) guarantees that a(-) is log-Holder vanishing (that is, (2.41)) holds); later this
will allow the application of Theorem to the minimizers of P in (|1.4)).

Lemma 2.2. Let a(-) be a function satisfying (1.5) and let w,(-) be a modulus of
continuity of a(-) as in (L.7). If

(2.26) /0 wa(p) log(%) % < 00,

th li «(R)log(1/R) = 0.
en lim, wa(R)log(1/R)
Proof. 1t suffices to prove that limsupp. o+ wa(R)log(1/R) = 0. Reasoning by

contradiction, let us assume that there exists a decreasing sequence {Ry} C (0,1/2]
such that R\, 0" and

1
2.27 li o(Ri)log(—=) =1¢€ (0, ;
( ) k—l>I-&I-loo wa (k) Og(Rk) (0, +o0]
we assume for now that [ is finite. Up to a subsequence, we may assume in addition
that for every k

l Ry

(2.28) wa(Ry) log(Ri) > = and lim
k

=0.
- 2 k——+oo Rk

We want to prove that the integral (2.26)) is divergent at 0. We can estimate the
improper integral (2.26)) with a series of integrals on [Ry41, R):

oo Ry
3 / walp) log(L) 2

b0 ¥ Ret1 PP

1
(2.29) / alp) g )%z

1
p
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Using the monotonicity of both w,(R)/R and log(1/R) and (2.28)), we estimate

[e'S) Ry [eS) Ry, o0
wa(p) 1 wa(RE) 1 l Ryy1
log(=) dp > log(—-) dp>2>» (1— ).
XSG S ) [
By (2.28) the series with non-negative terms Z(l — Rk“) is divergent, thus by
k
k=0

(2.29) the integral (2.26) is divergent at 0, against the assumption of the Lemma.

Finally, if the limit in (2.27)) is { = 400, fixed T" > 0 it suffices to replace /2 in
(2.28) with T to gain the same conclusion with the same calculations. ]

First, we need the following estimates on the function Hg(-), defined in
and on its gradient. For the proof see [21] (2.44),(2.45) and Lemma 2.2], where all
estimates are proved for the function H(-,-) defined in (2.17), of which the function
H; () is a particular case.

Lemma 2.3. Let Hy: R — R be the function defined in (2.18)). Then the following
estimates hold for every A > 1 and every z, \ € R¢:

(2.30) Hy(Az) < AP HG(2),
(2.31) Ha(z1 4 22) < 2PTY(Ha(21) + Ha(22)),
(2.32) ’@zHa(Z)a )‘>| <(+1) (Ha(z) + H&(A)) :

We collect in next lemma some monotonicity and growth results that link the
vector field 0, H; and the related nonlinear expression V;; these will be particularly
useful in order to prove the comparison Lemma [3.2

Lemma 2.4. Let £ € N and let Vz: R - RY, Hy: RY - R, and hg: [0, +00) = R
be the functions defined in (2.20)), (2.18)), and (2.14) respectively. Then the following
€ RE:

estimates hold for every z, z1, zo
1 2
(2.33) @ ‘Va(zl) - Va<22)’ < <62H5(21) - 8ZHa(zg) y 21 — ZQ> s

(2.34) |0-Ha(2)| < c(p)ha(|2]) ,

235)  |Va(er) — Va(eo)| > — Mallal 122D

(2:36) (1l + [22]) hallza| + |2]) < 2771 (Ha(z1) + Ha(z2))
(2.37) |21 — 22| ha(|z1]) < c(p) ‘V&(zl) - Va(22)| (\/Ha(zl) + \/Ha(22)> )
under the further assumption |z1| + |z2| > 0 in (2.35) and (2.37).

Proof. Inequality follows immediately by , rewriting for the vector
field V(-). Again by (2.19), we get |0.Ha(z)| = p¢h(|2]) and inequality (2.34)
follows from (2.15). Inequality can be obtained rewriting (2.10) for V()
together With. In order to prove (2.36)), recalling (2.14), (2.11)), and
, we calculate

(Iz1] + [22))ha(lz1] + |z2]) = ppa(lz1] + |22]) < pea(2]z1]) + @a(2]22])]
— Ha(221) + Hy(22) < 29+ [H;l(zl) + HE(ZQ)] .

Finally, let us prove inequality (2.37). Let us fix 21,2, € R with |z1| + |22] > 0,
assuming without loss of generality that z; # 0; by (2.35)), the monotonicity of
ha(t), the monotonicity and the subadditivity of the function y/# on [0, +oo[, we
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estimate

|21—22|—|21—22| |Zl|+|z2|) |Zl|+|22|
|Zl| + |22 ha(|z1] + |22])
|21] + |22]

@) [Va(=1) = Vale )\ 5o

|29 — zl| + 2|z |

ha(|z1)

. " |21 — 2o |21]
D) |Va( 1) — 2) \/ (I21]) \/ha(|zl|)] .

Therefore, by (2.19)) we obtain that

c(p) |Va(z1) — Va(22)|

21— 22l hala) < e(@)|Va(z1) — Va(z2)] [Vhauzm P ¢Ha<zl>}

c(p) [|Va(Z1) — Va(22)|V/Ha(21) + v/ha(|z1]) Izzl] -
Using again monotonicity, (2.36]), and subadditivity we can estimate

Vha(lei) 22l < y/(121] + |z2l) hallzal + |2a]) < (o) (VR (1) + Va(z2))

and the proof of (2.37) is complete. O

The following lemma will be useful to prove an excess-like decay estimate for our
minimizer u, see Proposition [3.6]

Lemma 2.5. For every ai,as > 0 and every z € R, £ € N the following estimate
holds:

Var (2) = Vi (2)] < lar — as]|2[P/? log(e + |2]).
Proof. By the definition of the vector fields V,, and V,,, using the Lipschitz reg-

ularity (with Lipschitz constant 1/2) of the function ¢t € [0,4+00) — /1 +¢t, we
estimate

Pl [ew(D
] ]

[Var (2) = Vs (2)] = |

ar |2
1+ aq log(e + |z|) + —

z
—\/1+a210g( + [2]) + i

pe+|2|

= \z|(1"1)/2|z\1/2

| /\

1
5 21772 lox — sl og(e + |2 + }
p e+ [AD)

IN

\le/2 lay — az|log(e + |z]) .
O
We conclude this paragraph by recalling the following approximation lemma

(see [21, Lemma 3.2 and Remark 3.4]) which will be useful to specify the class of
admissible test functions in the weak formulation of the Euler-Lagrange equation

(Remark [3.3).
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Lemma 2.6. Let us consider a ball B = Br(xo) € Q and ¢ € Wy (Bp;RN) a
function such that H(z, D) € L*(Bg), with H defined in and the modulus
of continuity w,(-) of the function a(-) satisfying limp~ o+ wq(R)log(1/R) < +o0.

Then there exists a sequence {¢r} C C§°(Br;RY) such that D¢ — Dé a.e.,
b1, — ¢ strongly in WP(Bp; RY) and

H(xz,Déy) — H(x, Do) strongly in L'(Bg).

2.5. LPlog” L spaces. Given an open bounded set 2 C R" and a Young function
¢ :[0,00) = [0,00) (p is convex, strictly monotone increasing, lim;_,o @ =0 and
limy o @ = 00) the Orlicz space L?(2;R?), ¢ € N is the set of measurable maps
[+ Q — R such that [, p(A|f(z)|) dz < oo for some A > 0. When ¢(t) = t*/p,
the previous quantity defines an averaged L? norm; when o(t) = (t/p)log” (e + t),
forp > 1,y € Rorp=1and~y > 0, the Orlicz space L¥(Q;R’) is denoted by
LPlog” L(%;RY) and it consists of the measurable functions such that

[ 11171087 e 4 1f1)d < 0.
Q

In particular, we want to stress here that a classic inequality shows that for every
q¢>1and f € L9(Q;R") we have

(2.38) ][Q |f|1log” (e + (||f]%§2) dr < c(n,ﬁ,%q)(]{2 |f|qd:r> Va

(see [2,[BL[13]); being the quantity on the left-hand side equivalent to the Luxemburg
norm in Llog” L, as a consequence of (2.38) we deduce that

(2.39) feLIGRY), g>p = feLPlogL(%RY).

2.6. Basic estimates for minimizers of P. In this paragraph we describe a
higher integrability result available for local minimizers of P that holds under the
weak assumption

1
(2.40) lim sup w, (R) log (E> = lim sup wieg(R) < 00 :
RNOT RNOF
by Lemma [2.2] our assumption of log-Dini continuity on a(-) ensures the stronger

. 1
(2.41) Rh\nol+ wq(R) log <§) =0,

so we can assume that there exists a threshold R > 0 such that

(2.42) sup  wa(R)log (l) <1.

RE(0,R) R
As a consequence of and one has that local minimizers of P are higher
integrable, that is H (-, Du) belongs to Lebesgue’s space smaller than L' . The fact
in allows us to state such result in a slightly simpler form; in particular allows
to get rid of the dependence of the constants on the energy and this will simplify
later our approach.

Theorem 2.7 (Gradient’s higher integrability). Let u € WP(Q;RY) be a local
minimizer of the functional P defined in (1.4) and suppose that (L.5) and (2.41)

hold true. Then there exists a positive integrability exponent d, > 0, depending only

onn,N,p and L/v such that H(-, Du) € Lllots" ().
Moreover if M > 1 is such that

(2.43) M > || Dul s



12 BARONI AND COSCIA

then there exists a threshold

(2.44) Ry = min {ﬁ R}
such that if r < Ry and By.(xg) C Q the reverse Holder’s inequality
_1
(2.45) (][ [H(x, Du)]**+? dx) v < c][ H(x, Du)dx
By, (o) B, (o)

holds true for every 9 € [1/2,3/4] and every § € [0,0,], for constant ¢ depending
only onn,N,p and L/v.

Proof. We outline the changes the proof in [4] requires, keeping the notation here
employed. The starting point for showing 12.45) is the proof of a reverse Holder
inequality

(2.46) ]{B,,,/z(z) H(z,Du)dx < 6( ][Br(x) [H(x, Du)]? da:) 1/d

for every ball B,.(Z) C Q with r < e~! and with the exponent d € (0,1) depending
on n, N,p, L/v and the constant ¢ depending on n, N, p, L/I/,E and || Dul|rr, see
(4.11) in [4]. However, the dependence of ¢ on L can be avoided taking radii smaller
than R (see and compare with [4, Equation (4.5)]) and the dependence on
[[Dul|Le in [4] only comes from the estimate (4.13), in particular when estimating

Dult, , 1 S
log (e + - < (1+[|Dull},) log (e + —) < 2n(1 4+ ||Dull}, ) log
T T r
using (2.2), also compare with [4, Remark 4.3]. If, on the other hand, we assume
[2.44) we can estimate || Dul|z» <771 if r < Ry and therefore

[ Dull7» 1 1y,
log (e + T2 ) <log (e o) < 20+ p)os ()
the proof now continues as in [4] but with é not anymore depending on L and
| Dul|rs. In view of (2.46) a standard application of Gehring’s Lemma yields the
result. Notice indeed that a simple scaling argument ensures that both the exponent

and the constant in (2.45) do not depend on Ry: we fix B,(xg) C © and we write
(2.46) setting f(z) = H(zo + rx, Du(zo + rz)) as

][ |flda < c(][
B, /2(%) By (

P

1/d
£ da)
)

for every € B1(0) and p < 1 such that B,(Z) C B1(0); notice that now ¢ does not
depend on ||Du||r». Using Gehring’s lemma (see for instance [, Lemma 3.5]) gives

_ _1_
(F  iodn) ™ <of flda
B3 /4(0) B1(0)

with 59, c as in the statement, in particular not depending on Ry; scaling back to
H(-, Du) gives (2.45)) when ¢ = 3/4. If ¥ < 3/4 the results follows simply enlarging
the integral on the left-hand side:

][ [H (2, Du)]™*? dz < c(n) ][ [H (2, Du)]™* dz .
Byr(z0) Bs.y4(%0)
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2.7. Estimates for reference functionals. This paragraph concerns the frozen
functional obtained by freezing the switching coefficients a(-), b(:) in P, defined in
. In particular, for A C R™ bounded domain (that in our case will always be
a ball inside ), we consider minimizers of functionals of the type

(247)  Pa(w, A) ::/A[|Dw|P+a|Dw\Plog(e+|Dw|)] dac:/AHa(Dw)dx,

where a > 0 is a constant.

The result we want to recall is the following excess decay estimate, which encodes
the local C1® regularity of minimizers; it can be found in [32, Theorem 6.4]. Notice
that the Holder regularity Assumption 2.2 necessary in [32] is satisfied in our case,
see [, Section 6].

Theorem 2.8. Let v € WLP(A;RY) be a local minimizer of the functional P
defined in ([2.47) such that Hz(Dv) € L'(A), and let B, = B.(x9) C A. The
excess-decay estimate

][ [Va(Dv) = (Va(Dv)) , | do < (g
BQ

)m][B |Va(Dv) = (Va(Dv)) ,, | dex

holds for every couple of concentric balls B, C B,, for a constant ¢ > 1 and an
exponent a € (0,1) both depending only on n, N and p.

3. COMPARISON ESTIMATES AND EXCESS DECAY

In this section u € W1P(Q;RY) will always be a local minimizer of the functional
P defined in (1.4). We are going to define two more regular comparison maps and
first deduce an integral comparison estimate; then we shall show how this does
imply an excess-decay estimate with a correction term. We choose in —

(3.1) M= (% ||H(.,Du)||L1)1/p and Ry = min{e_i_;M,R},

R being defined in (2.42)), and we will work on a ball B = Br(wg) such that
BQR(Qfo) C Q, with radius 0 < R < R0/2

3.1. Comparison lemma. In this paragraph we prove a comparison lemma (see
Lemma , where we estimate the distance between a minimizer of P and a
minimizer of a frozen functional obtained by considering the case in which the
coefficients a(-) and b(-) are constant.

Let us denote

3 a=ptal)  ad b= 0,0 = |, G

then, recalling ([2.18)), let © € W'P(Bz;RY) and v € W17p(BR/2;RN) be the solu-
tions of the following Dirichlet problems:

U +— min b(x)Hg;(Dw) dx
(3.3) ¥ JBr ,
w € u+ Wy P (Bg)

v — min/ bay Hz(Dw) dx
(3.4) Y J/Bry» :

wE v+ Wol’p(BR/g)
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Remark 3.1. Problems (3.3) and (3.4) are well-posed. Thanks to the definition
(3-2) of @ and to the bounds (L.5)) on b(-) we get

(3.5) / b(x) Hz(Du)dx < L H(z,Du)dx < 00}
Br Br
further, by the minimality of v and (3.5)) we obtain
1
(3.6) Hz(Dv)dx < H;(Dv)dx < 7/ b(x) Hz(Dv) dx
Brj2 Br V JBgr
1 L
< f/ b(x) Hz(Du) dx < — H(x,Du)dx < oo,
VJBr V JBr

thus the Direct Methods of the Calculus of Variations guarantees that problems

(3-3) and (3.4) have a minimizer.
Finally, the minimality of v and (3.6)) imply that

L
(3.7 Hz(Dv)dx < H;(Dv)dx < — H(z,Du)dx < 0,
Br/2 Br V JBr
so both energies of v and v can be estimated by the energy of the minimizer u.
Remark 3.2. Notice that the bound M defined in (3.1) guarantees that M >
[|Du|| e, thus the higher integrability result of Theorem [2.7| together with the local
estimate ([2.45) is available. Moreover, by (3.6 we get also that M > || D] 1r(Bp),

thus the threshold Ry for which the local higher integrability estimate for Dv holds
can be made independent of || Dv||zr(py) but depending on ||H(-, Du)||z1.

Remark 3.3. We can show that the Euler-Lagrange equations

(3.9) ][ (0. Ha(Dv), Do) dz = 0,
Bry2

(3.9) | @) 0-13(D7). Do) da =0,

(3.10) ]{B b(x)(0,H (x, Du), D¢)dx =0

are valid for every ¢ € Wol’p(BR/g;RN) with Haz(D(-)) € L'(Bgy2) for (3.3),
for every ¢ € WyP(Bg;RY) with Hy(Dé(-)) € L'(Bg) for and for every
¢ € WyP(Bg; RYN) with H(-, D¢) € L'(Bg) for .

Let us prove since with exactly the same arguments we can prove and
(13.9). We argue by approximation since it is well known that the equation holds
for every ¢ € C3°(Br;RN). Let ¢ € Wy (Bg;RY) such that H(-, D¢) € L' (Bg):
by Lemma [2.6| there exists a sequence {¢} C C5°(Br;RY) such that De¢y, — D¢
a.e. and

H(.,D¢y) — H(-,D¢)  strongly in L'(Bg).
Using the analogous of for the function H(:,-), with z = Du and A = D¢y,
we estimate on Bpr

[b(@)(0 H (2, Du), Déy)| < Le(p) (H(w, Du) + H(z, Déy,))
and we can conclude the strong convergence in L'(Bg) of
b(-)(0-H (-, Du), Doy(-)) — b(-){0-H(:, Du), D¢(-))

by a well-known variant of the Lebesgue’s dominated convergence theorem. There-
fore, since every ¢y, satisfies (3.10)) also ¢ does.
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To prove the comparison Lemma we need to test the Euler equation
with the function ¢ = u —1v € Wol’p(BR;RN)7 so by again for the function
H(-,-), we must show that H (-, Dv) € L'(Bg). Indeed, from Hy(Dv) € L*(Bg) we
deduce that

Do € LPlog L(Br;R™),  thus / b(x)H (x, Dv) dx < o0 :
Br

this is immediate if @ > 0, while if @ = 0 the functional reduces to the classic
p-Dirichlet functional, apart from the coefficient b(-), and the result follows for
instance from the Theorem and , since v € u + Wol’p(BR; RN) with Du €
LP(1495) (B R™Y) by Theorem

For the solutions v and v of the Dirichlet problems — the following up to
the boundary higher integrability result holds; for the proof, see [33] Theorem B.1]
for the scalar case and [23] Lemma 4.3] for the vectorial one. Notice that actually
the result in [33] is stronger; anyway, the version we quote here will be sufficient
for our purposes.

Theorem 3.1. Let B,(z) C Q be a ball, Hy(-) as in [2.18), w € WHP(B,;RY)
with Hz(Dz) € LY(B,) and let w € WP (B,;RY) be the minimizer in the Dirichlet
class W+ Wy P(B,; RN) of the functional

w»—>/ b(x)Hz(Dw) dx

with b(:) as in (L.5). Suppose moreover that Ha(Dw) €7L1+59(Br(m0)) for some
dg > 0. Then there exists 64 = dq(n,N,p,L/v) € (0,04) such that Hz(Dw) €
L' (B, (x0)) and the estimate

145 146
(3.11) ]ir(xo) [Ha(Dw)] " da < c]ir(xo) [Ha(Dw)] " dx

holds for a constant ¢ = c(n, N,p, L/v) and for every 6 € [0,d,).

Remark 3.4. In order to simplify the proofs, we are going from now on to apply
the interior estimate (2.45) to the three functions u (local minimizer of (1.4)), v
(solution of (3.3])) and v (solution of (3.4)) and the boundary estimate (3.11)) to

both v and v with the same common value for §: we choose §, appearing above in
Theorem [B.11

Now we can state and prove our comparison lemma.

Lemma 3.2 (Comparison). Ifv € Wl’p(BR/Q; RYN) is the solution of the Dirichlet
problem (3.4), then there exists an exponent ¢ = q(n, N,p, L/v) < n such that the
inequality

(3.12) ][ |Va(Du) — Va(Dv)|? d
Br/2

< c{[wa(R) log(%)]Q + 1522(]{% |qudx)2/q} ]im H(z, Du) dz

holds for a constant ¢ = ¢(n, N,p,L/v).

Proof. The proof of the comparison lemma consists of two steps, by freezing the
coefficients a(-) and b(-) one at a time: more precisely we consider the minimizer
v of the Dirichlet problem and we prove two comparison estimates, the first
one between u and v and the second one between v and v.
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Step 1. Let © € W1P(Bg, RY) be the minimizer of the Dirichlet problem (3.3)):
the following comparison estimate between u and v

(3.13) ][ Va(Du) = V(Do) dz < c[wa(R) 1og(%)}2][ H(z, Du) d
Br B3ry2
holds for a constant ¢ = ¢(n, N, p, L/v).

First of all, let us show the following estimate, of which we will make frequent
use in the sequel. Let 6, = d4(n, N,p,L/v) € (0,1) be the higher integrability
exponent of Theorem [2.7}Remark applied to u; by Lemma applied with
f=|DulP,oc =1/p, =2,0 =p,s =1+, the reverse Holder’s inequality
with § = 2/3 and r = 3R/2, together with Remark [3.2] we can estimate

(3.14) ][ |Du|? log® (e + | Dul|) dz
Br

1 1/(1+64)
< ol 0y) 1+ RIDulf ) g (7) (, 1Dup400 o)

1 1/(148,)
< e (Lt REIDull )’ log* (%) ( Br H(x, Du)' dm)

1
< clog? () ]{3 H(z, Du) dz .
3R/2

for ¢ ultimately depending only on n, N,p and L/v. Since both u and ¢ are min-

imizers, we can use the corresponding Euler-Lagrange equations (3.10) and (3.9)).
By Remarkwe can test with ¢ = u — 5 € W, P(Bg; RV):

(3.15)
b(x)(0,H (z, Du), Du — Dv) dx — ][ b(x)(0,Hz(Dv), Du— Dv)dx =0.
BR BR
Using (2.32)), with z = Du(z) and A = Du(z) — Dv(x), and (2.31) we may estimate
(3.16) (0. Ha(Du), Du — Dv)| < ¢(p) (Ha(Du) + Ha(D@)) ,

thus in (3.15) we can add and substract the integral
]l b(x){(0,Haz(Du), Du — Do) dz,
Br

which is finite by (3.16)), (3.5) and (3.7]), obtaining
Dy = ][ b(w) (0. Ha(Du) — 8. Hy(DB), Du — DF) da
Br

= ][ b(x)(0,Ha(Du) — 0, H(x, Du), Du — DT) dz := D5 .
Br

By applying (2.33) with z; = Du(z) and 2o = Dv(x), and again (1.5), we can
estimate D; from below obtaining that

v

— Va(Du) — V4 (Do) > dz < Dy = |Dy|.

3 J. WaDw) Vi) D

Using Cauchy-Schwarz inequality, (T.5)), (2.18), (2.17) and (2.12) we can estimate
|Ds| as

(3.17)

(3.18) |Dg| < L][ |0, Hz(Du) — 0, H(x, Du)||Du — Dv| dx
Br

=L f lale) = al eog(|Dul) |Du— D do
R
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< c(p)L][ la(x) — a| |Du|’~ " log(e + | Du|) |Du — Do da
Br

= c(p)L][ la(x) — a| |Du|pT_2+% log(e + |Dul) |Du — Do|dx = I ;
Br
now we need to distinguish two cases.

The case p > 2. In this case, using Young’s inequality with conjugate exponents
(2,2) and € € (0,1) to be chosen, we can estimate

I <c(p) Ls][ |Du|”~?|Du — Dv|? da
Br

L
+ @J[ la(z) — a|*| DulP log*(e + |Du|) dx = Ir + Is.
4e Br

As p>2, by (2.23) and ([2.25)) we have
|Duf’~2|Du — Dv|* < (|Du| + |Dv|)? " *|Du — Do|?
12 2
< e(p) |Vp(Du) = V,(D0)|” < e(p) |Va(Du) — Va(D)|™,
so the term Iy can be estimated by

I, < c(p)Ls][ |Va(Du) — V(D)) dae

Br

and it can be reabsorbed in the left-hand side of (3.17) for e sufficiently small
depending only on p and L/v. Since, using monotonicity and concavity of w,(-), it
is easy to prove that

(3.19) la(z) —al < 3w,.(R),

by (3.14) we can estimate the term I3 as

i< D Lfn(R)]* f 1Dultog?(e + Dl do

<c¢(n,N,p,L/v) L{wa(R) log(%)]z]{g H(x, Du)dx .
3R/2

The case p < 2. In this case to estimate the integral in (3.18]) we use (2.24) to get

I = c(p)L][ la(z) — a| |Dul’ " log(e + | Dul) |Du — Do da:
Br
< c)L[f. late) — al DuP~" Tog(e + [Dul) [Vy (D) = V(D) d
Br

4 ][ la() — a| |Dul"’*log(e + | Dul) |V, (Du) — V(D) | dz] .
Br

Estimating both the integrals with Young’s inequality, the first with conjugate
exponents (p,p’), the second with (2,2), both with ¢ € (0,1) to be chosen, and

using (2.25) we obtain

I < 2c(p)L5][ |Va(DU) - Vé(DT))|2dx
Br

+ @ L ][ la(x) — al”' | Dul’ log” (e + | Dul) dz
Br

+ DL o) — aPiDuP g e + |Dul)do = 1+ T+ .
Br
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The term I can be reabsorbed in the left-hand side of for e sufficiently small
depending only on p and L/v, the term I is estimated exactly as the term I5 in
the case p > 2 (note that the value of p is irrelevant). To estimate the remaining
term I5, we follow the reasoning in , using again , Lemma with
f=1DulP,o =1/p,B =p',0 =p,s =1+, (§; from Remark , assumption
together with the fact that p’ > 2, and the reverse Holder’s inequality
with 6 = 2/3 and r = 3R/2, obtaining that

I5 < @L[WQ(R)]I)I][ |Dul? log” (e + | Dul) da

€ Br
, 1
< c(n,N,p,L/v)L[w.(R) log(%)]p (]{3 | Du|P(1+9s) d:c) o
R

1

<c¢(n,N,p,L/v)L{[w.(R) log(ﬁ)f]{g H(z,Du) dx.
3R/2

We conclude that in both cases (1 < p < 2 and p > 2) the comparison estimate
(3.13)) holds for a constant ¢ = ¢(n, N,p, L/v).

Step 2. There exists an exponent ¢ = q(n, N, p, L/v) < n such that the following
comparison estimate between v and v holds:

(3.20)
2 2/
][ \Va(m)—va(m)ﬁdxgc%(][ Db da) q][ H(x, Du) dz,
Brj2 v Br Bsr/2

for a constant ¢ depending on n, N,p and L/v.

Since both ¥ and v are minimizers, we can use the corresponding Euler-Lagrange
equations (3.9) and (3.8)). We can test with ¢ =0 —v € Wol’p(BR/z; RY) (extended
to 0 on Bg \ Brys) as Hz(D¢) € L'(Bgy2) by (3.7):

(3.21)
b(x){(0,Hz(Dv), Dv — Dv) dx — ][ bav (0, Haz(Dv), Dv — Dv)dz = 0.
Br/2 Bry/2
Using (2.32)), with z = Do(z) and A = Dv(z) — Dv(z), and we may estimate
(3.22) (0. Ho(Dv), Dt — Dv)| < e(p) (Ha(DD) + Ha(Dv)) .

thus in (3.21]) we can add and substract the integral

][ b (0. Ho (D), D5 — D) da,
Bry2

which is finite by (3.22)) and (3.7]), obtaining
Dy = ][ bay (0, Hz(DU) — 0, Hz(Dv), Dv — Dv) dx
Br/2

= ]{B (baV - b(x)) (0,Hz(Dv), Do — Dv) dx := D5 .
R/2

By applying (2.33) with z; = D%(z) and 22 = Dv(z), and noticing that v < b,, < L,
we can estimate D; from below obtaining that
v

c(p)

By Cauchy-Schwarz inequality, (2.34) with z = Dv(x), and (2.37) with z; = Do(x)
and zo = Du(z), we can estimate |Ds| as

(323) ][ |Va(D’E) — Va(D’U)|2 dx S Dl = |D2| .
Bry2

Dy < ][ 1b(z) — bae||0- Ha(DB)| | DT — Do da
Brys
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<o) § o) bl ha(|DE| Do — Do ds
Bry2

< ¢(p) ]lB b(2) — bay||Va(DD) — V(D) Ha (D) dix
R/2

(3.24) + c(p) ][B b(x) = bav||Va(DV) — Va(Dv)|\/Ha(Dv) do = I + I .
R/2

Using Young’s inequality with conjugate exponents (2, 2) and € € (0, 1) to be chosen,
we can estimate

(3.25) I < c(p) s]lB |Va (Do) — Vi (Do) d
R/2

+ @][ () — bay|*Ha(DV) dz = I3 + 14,
4e Br/2

where the term I5 can be reabsorbed in the left-hand side of (3.23)) for e sufficiently

small depending only on p, v.

In order to estimate I, in (3.25)), let 6, € (0,1) be the higher integrability
exponent from Theorem [2.7}Remarks & which holds for both ¥ and v,
depending on n, N, p and L/v, and let us choose ¢ = g(n,dy) < n such that

q* 2(1+4y)

N ng 1
3.26 = =2(14+ — — = = .
(826) g n—gq ( +5g) 1 n—i—q*n n59+2(1+5g)n

Now, by applying first Holder’s inequality with conjugate exponents (1+1/d4,1+
dg), then the Sobolev-Poincaré and the reverse Hélder’s (2.45)) inequalities with
6 =1/2 and r = R, and finally (3.7), we obtain

SS9 1
I < @( ][ 1b(x) — ba |5 dx) e ( ][ [Ha(Dv)] '™ dx) T
Bry2 Br/2

1)
) (T) [(]{Bm o) = bas|” d"”)l/q*r(][B [Ha(DD)) ™ do) e

R/2
C(HLVP,L/V) {R (][BR/2 |Db|qd:13)1/q}2 Hg(Dv) dz

Br
2/
(3.27) gwm(][ Db d q][ H(z, Du) dz .
Br B3sr/2

14

o

IN

It remains to estimate the term I in (3.24)): arguing as in (3.25)) we obtain first

I < c(p)e ][ Va(D) - Va(Dv) 2 da
Bry2

+@][ b(x) — bay|*Hg(Dv) dx = I5 + I,
4e Br)>

with the term I5 which can be reabsorbed in the left-hand side of (3.23) for e
sufficiently small depending only on p,v. Then, with the same exponent ¢ defined

in (3.26) and the same computations in (3.27)), using (3.11) we can estimate the

term Ig as
2

2/
<c, (][ |Db|? d) ! ][ H(z, Du) dz,
v Br B3r/2

for a constant ¢ = ¢(n, N,p, L/v). Putting together all the estimates into (3.23)
and (3.24)), we obtain ({3.20]).
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From (3.13)) and (3.20]), we deduce immediately the comparison estimate (3.12]).
U

Next, an inequality allowing to replace the energy on the right-hand side with a
quantity more appropriate for the forthcoming iteration proof.

Proposition 3.3. There exists a constant ¢ = ¢(n, N,p, L/v) such that

][ H(xz,Du)dx <c ][ |Va(w0)(Du)|2 dx
B3r/2 Bar

holds for every ball Bog = Bag(xo) C Q with R smaller than Ry/2.

Proof. The self-improving character of reverse-Holder inequality yields that, as a
consequence of the higher integrability estimate (2.45)), for every o > 0 there holds

[H(x, Du)]” dac) v .

2R

(3.28) ]{B G Du)de < ol Nop. L 0)( ]{9

Observing that for every zo € Q the function H(zg, Du(-)) € L'(Bag) due to the
higher integrability result of Theorem [2.7] and (2.39)), we choose o = 1/2 and we
use sub-additivity to estimate the right-hand side:

]{BM [H(z, Du)]” dz g][ [H(mo,Du)]% da

Bar

+ ]{BQR |a(37) - a(l“o)’

N|=

P
2

|Dul? log? (e + | Dul) dz: .

1/2
Since the first integral is bounded by (fBQR |Va(w0)(Du)‘2 da:) , using Holder’s
inequality and (2.22]), we focus on the second one. In order to estimate it, we use
first Lemma with f = |Du|%,0 = 2/p, 3 = 1/2,0 = p,s = 2, then (2.42) and
the fact that R < Ry < 1, and finally (2.22):

][ la(z) — a(x0)|%|Du\% log%(e + |Dul) dx
Bar

< [wa(2R)]? ]{3 |Dul? log? (e + | Dul) dz

1 1 P 1 1
Og(ﬁ)] 2 [1 + RPHDqug(BzR)) 2 <][ | Dul? dx) 3

Bar

—

< e¢(n,p) [wa (R)

< c[wa(R) log(%)} : [1 +RP /Bmu + | Dul?) d:zz] é(][BZR | Dul? dz)5

1
2

1,412 n %
< c[wa(R) log(ﬁ)] 2[1+e(n)Ry™P + Ro| Dull7s ] (]{3 | Dul|? dx)
2R

1/2 2 \2
< c( H(xg, Du) dx) < e(n,p) (][ ’Va(ma)(Du)’ da:) )
Bar Bar
The proof is concluded in view of (3.28]) with o = 1/2. O

Remark 3.5. Notice that we can prove in a similar way that if Byg(xo) C Q2 has
radius R < Ry/4, then

][ |Vaeo) (Du)|* dz < c(n, N, p, L/v) H(x, Du) dz .
Bar Bar

Indeed, using ([2.22)), Lemma (3.14)) from Bsg to Byg (in the higher integrability
estimate (2.45)) choose # = 1/2 and r = 4R), the concavity of w,(-) together with
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the monotonicity of the logarithm function, and (2.42)) we have

][ |Va(x0)(Du)‘2 de‘
Bar
< 2][ ‘Va(m) (Du)’2 dx + 2][ ‘Va(z) (Du) — Va(xo)(Du)‘Q dzx
Baogr Bar

<4 H(z, Du) dm+2][ la(z) — a(zo)|?| DulP log* (e 4+ | Dul) dz
Baogr Bar
1372
< ¢(n) H(z,Du)dx + c(n,N,p,L/v) [wa(R) log (—)] H(z,Du) dx .
B4R R B4R
3.2. Excess decay estimate. From now on, let us denote for radii r < R and for
the exponent ¢ € (1,n) defined in Lemma

r
By g = By g(z0) := ;(JZB -

and we recall that w,g has been defined in . Also in this paragraph the center
of all the balls will be x¢ and therefore we shall omit it.

The forthcoming Lemma, is a preliminary decay estimate for the L?-excess of a
certain nonlinear function of the gradient. The function £ — V;(£) with a as in
reflects the growth of the comparison problems but it is not appropriate for
the iteration procedures we are going to perform; it will be replaced later in order
to get the final excess-decay estimate (3.30]).

v
Db dr)

Lemma 3.4. There exist an exponent a € (0,1) depending on n, N and p, and
a constant ¢ = c¢(n, N,p, L/v), such that for every pair of concentric balls B, =
B,(x0) C Bagr = Bag(zo) C Q with R < Ry/2, it holds

(3.29)
]{3,, |Va(Du) — (Va(DU))Bp|2 drx < c(%)%‘ ]{Bm |Va(Du) — (Va(Du))BZR|2dx
+ C[(§>” + <%)2a] [wlzog(R) + Bfm] ]{Bm |Va<x0)(Du)’2 dx .

Proof. Tt suffices to prove the lemma for 0 < p < R/2, indeed for R/2 < p < 2R
the estimate follows immediately using (2.1)), enlarging the integral, and observing
that 2(p/R) > 1. Now, noticing that the function v is also a local minimizer of

the functional P defined in (2.47) on A = Bp/s, thus Theorem applies to the
minimizer v, and using also (2.1)), we can estimate

]i |Va(Du) — (Va(Du))BP‘Qd:v

<8 [][ |Va(Du) — Va(DU)’2dx+][ |Va(Dv) — (Va(Dv))Bp’2 dx}

P B,
< ¢(n, N,p) [(%)" ]{3 IVa(Du) — Va(D)| da
R/2

(o) ]{BM [Va(Dv) = (Va(Dv) | da].
As

][ |Va(Dv) — (Va(Dv))BR/z‘de < ¢(n) [][ |Va(Du) — Va(DU)‘de
Brya Br/2
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2
+ ][ |Va(Du) ~ (Va(Du)) | dm} ,
Bar
by the comparison Lemma [3.2 and Proposition [3.3] we conclude that

][B |Va(Du) — (Va(Du))BP|2dx

<o N[ + ()] f VD ~Vi(o) [ do
R/2

+c(n, N,p)(%)2a ][B |Va(Du) — (Va(Du))Bm \2 dx

< c(%)%‘]{3 |Va(Du) — (Va(Du)) . | da

+ c{(%)n + (£)" [whet®) + B, ]{Bm V(o (D)2 daz

with ¢ = ¢(n, N,p, L/v). O

The next Lemma is necessary in order to perform the final iteration more smoothly;
in particular we need to uniformize the nonlinear expression of the gradient appear-
ing in the left- and right-hand sides of (3.29), replacing V() with V().

Lemma 3.5. There exists a constant ¢ = c(n, N,p, L/v) such that for every pair
of concentric balls B, = B,(x9) C Bar = Bag(z9) C Q with R < Ry/2, it holds

A

where @ is the infimum of the continuous function a(-) on Bar as defined in (3.2).
Proof. Using Lemma [2.5] with a1 = @ and as = a(z), the fact that |a — a(zg)| <
2wq(R), (3.14) and Proposition we can estimate

][ Vi (D)= Vi) (Du)| d

P

V(D) = Viyaoy (D) |* da < 0(5)” [wlog(R)]z][ Viao) (Dw)| de
p Bar

Ryn
< (=) ][ @ — a(wo) || Dul” log® (e + | Dul) dz
P Br

< 0 N L) (D) [oroR)” . Vaga (D)

2R

Finally, the decay estimate we were looking for.

Proposition 3.6. There exist an exponent o € (0,1) depending on n, N and p,
and a constant ¢ = &é(n,N,p, L/v), such that for every pair of concentric balls
B, = B,(x0) C Bar = Bar(x0) C Q with R < Ry/2, it holds

(3.30) ]{B V(o) (D) = (Vagao) (D)) , | da

B F Watan (D) = (Vi (D) 5,
+ E[(%)" + (%)2(1} [w120g(2R) + BgR,q] ]{82R |Va(a:0)(DU)’2 dr .

Proof. Putting together Lemmata[3.5]and [3:4] we obtain for a constant ¢ depending
onn,N,p and L/v:

<e(
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][ Vi) (D) = (Vagay (D)), | da

By

< c(lp{)za]{3 |Va(Du) — (Va(Du) . |* da

+ c[(%)n + (%)%} [wﬁ)g(R) + Béq} ][Bm |Va(ro)(Du)’2 dz .

Using again Lemma [3.5] we estimate

][B |Va(Du) — (Va(Du))BQR‘Q

=* |:][B |Va(Du) N Va(mo)(Du)|2 dv+ ][ |Va(zo)(Du) - (Va(xo)(Du))BzR ‘2 d$:|
2R

2R
<c| ]{9 V(o) (D) = (Va(agy (Dw)) . [*dr + w?,(R) ]{9 [Vageo (D) da]
2R 2R

for a constant ¢ = c¢(n, N,p, L/v); the conclusion follows from Bg , < c(n,q) Bar,q
and wieg(R) < wiog(2R), with the second one obtained by the monotonicity of wy(+)

1 1
and the inequality log(E) <4 log(ﬁ) which holds for every R < 1/e. O

4. ITERATION AND CONCLUSION

Once having at hand the excess decay estimate of Proposition [3.6] the conclusion
is quite standard (see [38, 2, 8] 0] for instance). We sketch the proof for the reader’s
convenience. We take 2y € Q and a radius R such that Bag(zg) C © and 2R is
smaller than the threshold Ry as defined in (3.1)); we shall further reduce the value
of Ry. We define the sequence of radii and corresponding balls

(41) R]‘ = 2R5] s gBJ = éBj((E(]) = BZRJ ((E()), 0> 0, j S N(],

for 6 € (0,1) that will be chosen later. The fundamental result all the forthcoming
proofs are based upon is the following, whose proof can be found in [38, Lemma 1]
or [3].

Lemma 4.1. Let Q@ C R" and f € L (4 R™); let moreover § € (0,1) and ¢ €

(1,n) be fized. For every K € Q and € > 0, there exists a radius R. > 0 depending
on n,q,96,|f()| and € such that if R € (0, R:] and R < dist(99Q, K), then

iy 1/4q
jg}g; Rj(]{gj(z) If\qdy) <e

with R; and Bj(z) as in [&1)) (with x replacing xo).

The analogous result regarding wi,g is based on a simple computation (see [13]
Eq. (4.6)]) and ensures

o0 B 2Ry dp
@2) > wtoslB) <670 [ wnnsl) L
i=o 0 P

note that the right-hand side of the previous inequality tends to zero as Rg \, 0.

We immediately choose 6 = d(n, N,p, L/v) € (0,1/4) as the constant satisfying
V€ (26)* = 1/4, with ¢ and « the constants from Proposition We then define
the radii and the balls as in (4.1, set for j € Ny w; = wieg(R;), Bj = BRj,q and
(4.3)

aj = ‘][ Va(zo) (Du) dz
Bj

1/2
B ( ]lB [Vaten (D) = (Vagan) (D) | dar)
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At this point we have for every j € Ny, using with 2R = éj, p= RjJr]
Ej < iEj + ¢[w; + B;] <][B |Va(w0)(Du)|2 d:c)%
< iEj o+ &l + By By + elw; + By | ][B Vata (Du) de|
with the constant ¢ depending only on n, N,p and L/v; in the last line we used

triangle’s inequality. Now we reduce, in view of (2.41) and Lemma the value
of Ry so that

1 1
SUp Wiog(R) + sup Brg < — = ¢lwj +B;] < =
R<Rq R<Rq 4c 4
Ry at this point depends also on w,(+) and |Db(+)|/v; this yields
1 ~
Ejt1 < §Ej + ¢lw; + Bjla;
and in turn, summing for j € {6 .ok} with £,k € Ny, £ < k fixed,
k+1 k+1 k
Z E; < ZE +CZ wj+Bjla; = ZE <2E;+2¢ ZWJ—FB
Jj=l+1 j=t

for ¢ depending on n, N,p and L/v.

4.1. Gradient boundedness by induction. In this paragraph we suppose that
xg € ) is a Lebesgue’s point for Du and we finally are in the position to prove by
induction that

1
a; = ‘][ Vi(a) (D) dar| < 125*”(]1 Vageo) (Du)| do) " = 2
Bj BQR(:L’())

for all j € Ny, with 0 defined just after (4.2): thanks to the choice of x¢, this leads
to (1.10]), using also Remark after renaming R. The base case j = 0 is trivial
by Holder’s inequality; notice also that

ao + Eo < 3(][
Bar(zo

Suppose now that a; < Ag holds for all j € {0,1, ..., k} for some k € Ny and further
reduce Ry, in a way depending on n, N, p, L/v,w,(-) and |Db(-)|/v, so that

1

3 _o"
|V0«(10)(Du)|2d$) < Z)\o

this being possible thanks to Lemma and (4.2). Since

%‘+1@j‘ £ Vi (Duds \ £, V(D) d
Jj+1 J

<| £ Ve~ f i u) s
Bjt1 B;

< (57”][ |Va(x0)(Du) — (Va(i’o)(Du))Bj | dr < 57HEJ
B;

we have by telescopic summation
k

ak+1—a0+z a]+1—a] <a0—|—5 ZE
7=0
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and using (4.4) for £ = 0 and our inductive assumption
o0

—n n Ao, A
apy1 <ag+26""Ey+2¢0 Zo[wj‘—l-Bj])\oSZ—l—?—i—Z:)\o;
=

the boundedness proof is thus concluded.

4.2. Quantitative locally uniform VMO-type estimate. In order to be able
to prove the gradient continuity in the next paragraph, we need as intermediate
step a qualitative result of VM O-type. From the result of the previous paragraph,
we know that the gradient is locally bounded in 2 and therefore, for K € 2 we fix
an intermediate compact set K € K € Q such that dist(K,dK) = dist(K,9Q)/2
and we set
A= ||H('»DU)||Loo(k)~

We prove here that for every € > 0, there exists a radius R., depending on
n, N,p,L/v,w. (), |Db(-)|/v, ||H(-, Du)||r» and €, such that if R, < dist(K,0€)/4
then

(4.5) sup sup (][ |Va(x)(Du) - (Va(x)(Du))B (w)|2 dy) <el.
Re(0,R.] z€K \J By (x) n

SIS

We fix 6 = §(n, N,p,L/v,e) such that 2¢/¢(20)* = /2, where ¢ and « are the
constants from Proposition and we define, for a starting radius R < R;/2, with
R; < Ry/2 a threshold to be chosen appropriately, Rj, Bj(z) as in (4.1) and E;(z)
the excess over Bj(x) as in . Using Proposition and Rem we have
for z € K, if Byp(z) C K

Eji1(x) < VE(20)*Bj(x) + VE2(26) ™ ? [wiog(R)) + By, ] (][QB_(”) H(y, Du) dy) :

< ﬁ[2(25)a +2(20) 72 [wiog (Ry) + BRj,q]} A1
< %)\1 + \[6[6_% [wlog(éj) + Béj,qﬂ A

for all j € Ny, due to our choice of §. Now we can reduce the value of R; so that
SUPRe(0,Ry] Wiog (1) < 62¢/[44/¢] (and this is possible in view of (2.41))) and so that
SUD e (0,r,) Br.q < 02 ¢/[4v/E] (and this is possible in view of Lemma uniformly
in K) so that sup,cx Ej(x) < eX; for all j € N. We conclude the proof noticing
that if we take R. = d Ry, then for every R < R. there exists a radius r € (0 Ry, R]
such that R = §’r for some j € N and thus Bj(xz) = Bsi,.(z) = Bg(x); this
concludes the proof of .

4.3. Gradient continuity by locally uniform convergence. Here we prove
that the gradient Du is continuous in 2 by taking a generic but fixed compact set
K € Q and proving that Du is continuous in K; to do that, we show that the
family of continuous maps

Mp:ze K— Va(z) (Dul(y)) dy, R< idist(K, o),
Br(z)
satisfy the Cauchy’s criterion uniformly in K. Since their limit coincides almost ev-
erywhere with V() (Du), the continuity of V,.)(Du) is hence proven. Gradient con-
tinuity follows easily thanks to triangle’s inequality, the estimate in Lemma [2.5|and
the fact that Du is bounded, see [3, Last section]. We take K, A; as in the previous
Paragraphand we show that for every € > 0 there exists a radius R < Ry/4 and
aconstant 0 € (0, 1), the first depending on n, N, p, L /v, wqe(-), |Db(-)| /v, dist(K, ),
|H(-, Du)||p: and €, the latter on n, N,p and L/v such that, setting again as in
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the previous Paragraph R; = 67(2Rs),w; = wieg(R;), Bj(z) = Bp, ,(x), it holds
B; C Byg,(z) C K for all z € K and

(16)  sup | (Va (D) 5, () = (Vaw (D) | <M forall 1 <0 <k
to see how this does lead to the conclusion we refer for instance to [2, Paragraph
4.2], [13, After Step 3 in the proof of Theorem 4.3], [38, After eq. (124)], [39,
After eq. (179)]. indeed allows to prove that for any € > 0 there exists a
threshold R., depending on n, N,p, L/v,w(-), |Db(-)|/v, dist(K, 0Q), | H (-, Du)|| 1
and € such that

52};; ’(Va(w) (Du))BT1 @ (Va(g;)(Du))Br2 (m)’ <eN forall0<r; <7y < R..

To prove (4.6)) we define 6 = §(n, N,p, L/v) € (0,1/4) as after (4.1) and we notice
that from (4.4) and for z € K

| (Vaa) (Du))Bk(z) — (Va(z)(Du)) By(x) |

k-1 e
<6Y Bj(e) < 26 Ey(a) + 260 [ + By ()] M
j=t 7=0

since now a; < A; for all j € Ny. For R; sufficiently small, depending onn, N, p, L/v,
wa (), |Db(+)|/v and e, the second term is smaller than A\;e/2, uniformly in = € K,
thanks to Lemma and . The first one is also smaller than \je/2 thanks to
again for Ry sufficiently small. The proof is concluded.

5. DINI CONTINUOUS COEFFICIENTS

The proofs for b(-) Dini continuous are actually much simpler; therefore we are
going only to highlight the necessary changes. We start defining the comparison
maps 0 € WHP(Bg;RY) and v € WHP(Bg/o; RY) exactly as in and (3.4).
Comparison estimate is now replaced by
(5.1)

J{BR/z |Va(Du) — Va(Dv)|* dz < C[[Wlog(R)]Q + [Wb(R)f} ]{BBR/Q H(z, Du) dz

the constant having the same dependencies and wy(-) as defined in ([1.8)). The only
change in the proof is in the estimate for Do (3.24): now we can simply estimate

Dal < co)entR) . [Va(DO) = Va(DO)|/Ha (D) o

Bry2

+ c(p) wp(R) ][ |Va(Dv) — Va(Dv)|\/ Ha (D) da

Br/2

< 2¢(p) 5]{9 |Va (Do) — V[—Z(Dv)‘2 dx
R/2

+ c(p) [wy(R)] ? [ H;(Dv)dx + Hz;(Dv) dx}
€ Br/2 Br/2
for e € (0,1) to be chosen, using Young’s inequality. At this point we use —
and reabsorb the integral of |V4 (Do) — V4 (Dwv)|? and the proof is concluded. The
subsequent results have the same form except for the fact that wy,(R) replaces Br 4
and the same with 2R. Finally, also the results of Section [] are formally identical

only replacing B; with B; = wy(R;); the final result is however the same, since
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again one can make both l§j and Z;io l% arbitrarily small by choosing an initial
radius R small in view of the fact

00 2R
_ d . . .
(5.2) S w(R) <5 | wilp) ?p if R; = 0'R with R < R
=0 0

(see [13L Eq. (46) and subsequent lines] for instance); observe that thanks to the
first assumption in (|1.9), that is the Dini continuity of b(-), the integral on the
right-hand side vanishes as R\, 07.
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