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Abstract

This thesis is devoted to prove characterizations of the validity of Poincaré-type inequalities on general open
sets in RY. In the super—conformal case, i.e. when points are not removable sets, the finiteness of the inradius
of an open set (2 turns out to be alone a necessary and sufficient condition for the Poincaré inequality to
hold on 2. In the planar case, this condition is sufficient for open sets with prescribed topology. A similar
characterization is still valid in arbitrary dimension and for a general open set, when the points are removable
sets, by using the capacitary inradius, in place of the usual one.

In the first two situations, we prove a geometric lower bound on the sharp Poincaré-Sobolev embedding
constants associated to an open set, in terms of its inradius. In the super—conformal case, we provide an
explicit constant and analyse its asymptotic behaviour, by refining a result by Maz’ya from the "70s. For
planar sets with prescribed topology, we obtain an estimate which optimally depends on the topology of the
sets, thus generalizing a result by Croke, Osserman and Taylor, originally devised for the first eigenvalue of
the Dirichlet—Laplacian. We also consider some limit cases, like the sharp Moser—Trudinger constant and the
Cheeger constant. As a byproduct of our discussion, we also obtain a Buser—type inequality for open subsets
of the plane, with prescribed topology. An interesting problem on the sharp constant for this inequality is
presented.

In the sub—conformal case, we prove a two—sided estimate on the sharp LP Poincaré constant of a general
open set, in terms of its capacitary inradius. This extends a result by Maz’ya and Shubin, originally proved
for the case p = 2. We cover the whole range of p, by allowing in particular the extremal cases p = 1 (Cheeger
constant) and p = N (conformal case), as well. We also discuss the more general case of the sharp Poincaré-
Sobolev embedding constants and get an analogous result. Finally, we discuss the capacitary inradius in the
super—conformal regime, as well as some examples and counter—examples.

Sunto

Questa tesi ¢ dedicata a fornire caratterizzazioni della validita di disuguaglianze di tipo Poincaré su in-
siemi aperti generali in RY. Nel caso superconforme, cioé quando i punti non sono rimovibili, la finitezza
dell’inradius di un insieme aperto (2 risulta essere da sola una condizione necessaria e sufficiente affinche valga
la disuguaglianza di Poincaré su €. Nel caso planare, questa condizione e sufficiente per insiemi aperti con
topologia assegnata. Una simile caratterizzazione e anche valida in dimensione arbitraria e per un insieme
aperto generale, quando i punti sono insiemi rimovibili, usando 'inradius capacitario, al posto di quello
usuale.

Nella prime due situazioni, proviamo una minorazione delle constanti ottime di immersione di Poincaré—
Sobolev associate a un aperto generale, in termini del suo inradius. Nel caso superconforme, forniamo una
costante esplicita and analizziamo il suo comportamento asintotico, raffinando un risultato di Maz’ya degli
anni ’70. Per insiemi planari con topologia assegnata, otteniamo una stima che dipende in modo ottimale
dalla topologia degli insiemi. Questo generalizza un risultato di Croke, Osserman e Taylor, originariamente
ideato per il primo autovalore del Laplaciano di Dirichlet. Consideriamo anche alcuni casi limite, come la
costante ottima di Moser—Trudinger e la costante di Cheeger. Come sottoprodotto della nostra discussione,
otteniamo anche una disuguaglianza di tipo Buser per sottoinsiemi aperti del piano, con topologia assegnata.
Un problema interessante sulla costante ottima per questa disuguaglianza e presentato.

Nel caso subconforme, proviamo una stima bilatera sulla costante di Poincaré LP ottima di un insieme
aperto generale, in termini del suo inradius capacitario. Cio estende un risultato di Maz’ya e Shubin, orig-
inariamente limitato al caso p = 2. Copriamo 'intera gamma di p, consentendo in particolare i casi limite
p =1 (costante di Cheeger) e p = N (caso conforme). Discutiamo anche il caso pitt generale delle costanti
di immersioni di Poincaré-Sobolev, ottenendo un risultato analogo. Infine, discutiamo l’inradius capacitario
nel regime superconforme, cosi come alcuni esempi e controesempi.
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CHAPTER 1

Introduction

1.1. Poincaré—Sobolev inequalities and principal frequencies

This thesis is devoted to the Poincaré inequality, one of the most celebrated and studied functional
inequality, which naturally arises in the context of Sobolev Spaces and more in general when dealing with
weakly differentiable functions. In literature, one may encounter several formulations and generalizations of
this inequality: without claiming to be exhaustive we refer the reader for example to [2, Chapter 4], [18,
Chapter 9], [41, Chapter 5], [50, Section 3.4], [69, Section 13.2], [76, Chapters 1-2-15], [93, Chapter 4].

In its most basic form, from a descripitive point of view, Poincaré inequality asserts that for 1 < p < oo
and for every open set  C RY having finite measure, the following inequality holds

C / |ul? do < / |VulP dz, Yu € C5°(£2),
Q Q

where C is a positive constant depending only on N, p and Q (see for a proof [50, Corollary 3.1]). From a
qualitative point of view, it asserts that it is possible to bound from above the LP-norm of a regular function
u with that of its gradient provided that the set {u(xz) = 0} has sufficiently large size. The last information
can be captured through the notion of p—capacity. As we will see in the sequel, this interpretation will be
the ultimate reason for which the topological and capacitary methods mentioned in the title of this thesis
work. To set the scene, in this Introduction we briefly recall the definition of this key quantity, and refer the
reader to Section 2.2 for an account on this topic which is sufficient for our purposes: for 1 < p < oo, for
every ' C RN open set and every ¥ C E compact set, we define the p— capacity of ¥ relative to E as

S E)= inf VolPdr : p>1on X%,
cap,(3; E) @eg;}ow){/,ﬂ' plPdr : ¢ >1on }

For a thorough study of p—capacity see for example [39, Chapter 8], [42, Section 4.7], [44, Chapter 2] and
[76, Chapter 2].

In our treatment, we will consider a larger class of inequalities, which has been extensively used in
problems arising from the Calculus of Variations, the Analysis of PDEs and the Shape Optimization, as
well. This class goes under the name of Poincaré—Sobolev inequalities. As before, a huge literature has been
devoted to these inequalities, see for example [2, Chapter 4], [18, Chapter 9], [41, Chapter 5], [50, Section
3.4], [69, Chapter 12] and [76, Chapters 1-2-15-16].

In their most basic formulation, they assert that for 1 < p < co and ¢ > 1 such that?

g<p’, i1<p<N,
(1.1.1) qg<oo, ifp=N,
qg<oo, ifp>N,

and for every open set  C RY with? || < oo one has
P
(1.1.2) C (/ |u|P da:) S/ [Vul|P de, Yu € C5°(92),
Q Q

IAs usual, the number p* denotes the exponent of the critical Sobolev embedding, defined by
Np
N-—p

2Here | - | indicates the Lebesgue measure in RN
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for a positive constant C' depending only on p,q, N and  (for a proof see for example [18, Chapter 9], [41,
Chapter 5] or [48, Section 7.7]). More precisely, one can prove that the following inequality

1 @
(1.1.3) ¢(N,p) ———— (/ |ulP da:) < / |Vul|P de, Yu € C5°(),
Q¥ »ta \Jo )

holds true, as long as € is an open subset of R with |©2| < co and p, ¢ satisfy conditions (1.1.1).

It is even worth to mention that a complete characterization of the open sets in RV satisfying Poincaré-
Sobolev type inequalities has been given by Vladimir Maz’ya, see for example [76, Theorems 15.4.1-15.6.1]
and more in general [76, Section 16.2]. In this thesis we improve some of his results, for example [76, Theorem
15.4.1] and [76, Theorem 18.7.1]. For the moment, we prefer to introduce the key quantities analysed in it,
while postponing the discussion on our contributions along this research line to Section 1.2 and Section 1.4.

The main characters studied in this work are the sharp constants of the LY-LP Poincaré-Sobolev inequality
(1.1.2) associated to an open set €2 in RY. Each of these quantities is variationally characterized as

(1.1.4) Apg(Q) = inf {/Q \VulP dx - [|ul|fa) = 1}.

PeCE(Q)
where p, ¢ satisfy conditions (1.1.1). In the particular case ¢ = p, we will use the shortcut notation
Ap(82) := Ay p(2).

For the case p = ¢ = 2, we will still use the distinguished notation A(Q2), which is quite standard to indicate
the bottom of the spectrum of the Dirichlet-Laplacian in 2 in the framework of Spectral Theory (see for
example [17, Chapter 10, Section 1.1], [41, Section 6.5] or [55, Theorem 1.2.1]). Observe that if we denote
by Z,7(Q) the completion of C°(2) with respect to the norm

o = [Vl L),

then A, () is the sharp constant for the continuous embedding 2, (Q) < L7(£2). It may happen that
Ap,q(£2) = 0: in this case, such an embedding does not hold. For a complete characterization of the open
sets € in RN for which the continuous embedding 7, () < L4(2) holds true, or equivalently A, ,(€2) > 0,
we refer the reader to [76, Section 15.4 and 15.5]. See also [13] and [26], for an alternative characterization
valid for the sub—homogeneous case 1 < g < p < 0o, and more recently [24], for other necessary conditions.

The quantities A, , are sometimes called generalized principal frequencies of the p—Laplacian operator
with Dirichlet boundary conditions. This name is due to the fact that, whenever a minimiser v € VVO1 P(Q) of
(1.1.4) exists®, it satisfies in weak sense the Euler-Lagrange equation

—Apu = )‘||UHZ£;(qQ)‘u|q_2u7 with A = Ap (),

where the operator —A,v := —div(|Vv|P~2Vv), acting on functions v belonging to .@&’p(Q), is the p— Laplace
operator with Dirichlet boundary conditions. In other words, the variational problem (1.1.4) can be interpreted
as a nonlinear eigenvalue problem. For a detailed account on this topic we refer the reader to [45] and to the
references therein.

By combining the definition (1.1.4) with the Poincaré-Sobolev inequality (1.1.3), under the above spec-
ified assumptions on p,q and €2, we may infer a first lower bound on the principal frequencies A, ; in terms
of a geometric feature of the open set €2, i.e. its volume, that is

(N, p)
LR Ap.a(€);

where ¢(N,p) is a universal positive constant. In other words, an information on a geometric quantity
associated to € implies the positivity of the quantity A, 4, that is equivalent to the continuity (actually, the
compactness in this case) of the embedding 2,7 (Q) < LI(R).

3This happens, for example, if the embedding Wol’p(Q) — L9(Q) is compact, thus in particular if |Q| < oo and p, ¢ are as
in (1.1.1).
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A special mention is due to the so-called Cheeger constant. We recall that for an open set  C RV this
is given by

N-1
h(2) = inf {HE(|8E)

Other definitions would be possible, see for example the survey papers [68] and [84]: we refer to them for an
introduction to the Cheeger constant and the interesting problems connected with it. The above definition
is in the spirit of the original analogous quantity introduced by Cheeger in [31] (and especially by Buser, see
[29, equation (1.5)]) in the context of Riemannian manifolds. Our choice is motivated by the fact that

(1.1.5) A1,1(2) = h(Q),

: E € ) has a smooth boundary} .

with this definition, i.e. h(Q) coincides with a generalized principal frequency (see for example [76, Theorem
2.1.3]).

The primary goal of this thesis is to consider other geometric and capacitary features associated to an
open set 2 than the volume, that may ensure the positivity of its generalized principal frequencies, thus
getting rid of the restrictive assumption on the finiteness of |Q2|. As we will see in the following sections, these
key quantities will be the inradius of an open set ), and a capacitary—based generalization of this notion:
the capacitary inradius. We mention that in the sub—homogeneous case, i.e. when 1 < ¢ < p < oo, similar
estimates cannot be true, see for example [21, Proposition 6.1] and Example A.2.1.

The inradius is the following simple geometric quantity

(1.1.6) ro = sup {r >0 : 3dB,(xp) C Q},

where B;(zg) is the N—dimensional open ball centered at xo, with radius . For every open set {2 in RV,
its inradius is naturally linked to its principal frequencies through the following simple (yet optimal) upper
bound*

Ap(Bl)
E

(1.1.7) Ap(Q) < ;
where B; = {# € RV : |z| < 1}. This follows by observing that A, is monotone non-increasing with respect
to set inclusion, together with its scale properties.

On the contrary, when 1 < p < N it is not possible to bound A,(£2) from below in terms of rq. There is
a problem of “removability” in this case. In other words, the quantity A,(f2) is not affected by the removal
of compact subsets ¥ C € such that their p—capacity relative to a ball Br(zo)

cap,(X; Br(xg)) = inf VelPde : o >1on X, ¥ € Br(xgp),
p
eC5°(Br(%0)) | J Br(wo)

is zero (see Proposition 2.2.3 below), while rq is in general affected by this operation. In particular, the
geometric object rq is affected by the removal of single points, while the latter are “invisible” sets for A\, (),
since they have null p—capacity in the range 1 < p < N. The typical counterexample to the lower bound is
then given by Q = RN \ ZV, for N > 2: this has finite inradius, but

Ap(RYN\ ZVY) = 0.

Imposing to functions to vanish in an arbitrarily small neighborhood of the points of a lattice is not enough
to get a LP —Poincaré inequality, when 1 <p < N.
To restore the situation in the case 1 < p < N, we are left with two possible choices:
e one is to take some geometric/topological restrictions on the open sets, as we will see in the following
Section 1.3;
e the other one, discussed in Section 1.4, is to “relax” the definition of inradius in a suitable sense,
so that this new notion and ), have the same removable sets.

¢

4Here we implicitly assume that ro < co. Observe also that A, (Q2) = 0, whenever rg = +oo.
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1.2. The case p > N

1.2.1. Background & state of the art. The case p > N is peculiar. Indeed, it is now possible to
prove the lower bound

(1.2.1) Ap(Q) > Cvyp (1>p,

for every open set Q C RV,

The validity of the lower bound (1.2.1) for general open sets, in any dimension N, and under the restriction
that p > N is a capacitary—type result. Indeed, contrary to the case 1 < p < N, under this assumption points
have positive p—capacity, so they are not removable sets for the relevant Sobolev space: this will be sufficient
to ensure (1.2.1), without imposing any additional assumption on the open set Q. This was already obtained
by Maz’ya from the *70s (see for example [76, Theorem 15.4.1 & Comments to Chap. 15 pag. 733] and also
[77, Section 10.3.2, Theorem 2]), by considering in place of the inradius rq the quantity

TQ,00 i=sup{r >0 : 3Q,(xo) C 2},
where
N
Qr(x0) = H(xf) —raxy+r), for zo = (z,...,2)) e RN r > 0.
i=1
This quantity is clearly comparable to the inradius, since

%m <ree < VN rq.
Maz’ya’s proof relies on a tiling argument and a Poincaré type inequality [76, Theorem 14.1.2] (see also [76,
Theorem 14.2.3(2)]). Unfortunately, in this procedure the explicit form of the constant gets lost.

As a first result of this thesis, we will give a slightly different proof of (1.2.1) aimed at giving a better
control on the constant Cny,. As we will see in details in Section 1.3.4, our proof further relies on the
analysis of some “punctured” Poincaré constants, that will provide explicit constants and the desired sharp
asymptotic behaviours for p /N and p \, co. For more details on this part, we refer the reader to Section
3.2.

REMARK 1.2.1. In literature several proofs of inequality (1.2.1) are available. In [24, Theorem 5.4 &
Remark 5.5], the authors obtained the same estimate by means of Hardy’s inequality: if on the one hand
the estimate in [24] is very simple and explicit, on the other hand it does not display the correct decay rate
to 0, as p goes to N. This undesired behaviour is rectified by our proof. We mention also [85, Theorem
1.4.1] and [92, Theorem 1.1], where the authors obtained the same estimate for A,, without exhibiting an
explicit constant. Finally, in [81, Corollary 2.6], the authors extend this type of result to the case of weighted
eigenvalue problems, even though they do not provide exiplicit constants.

1.2.2. Main Results. Before stating our main theorem in this context, we need at first to fix some
notation. We indicate by B; the N —dimensional open ball centered at the origin, with radius 1. For p > NV,
we define the “punctured” Poincaré constants

A,(B1\{0})= inf {/ |VulP dz : [|ul|Lr(5,) =1, u(0) = O} ,
uw€Lip(B1) By

and

ApocB V(00 = ot {9 o) = 100) <0}
1 Bl

uw€Lip(
We will prove the following

THEOREM 1. Let 1 < N < p. Then, for every open set Q C RN with finite inradius ro, we have

(1.2.2) A(Q) > By <:Q)p with By, = max{/\(”(\/%i{l())g), (p pN)p} >0,
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and

(12.3) Moo ) > Ay o (B1 \ {0}) (:@)Z)N.

For p < q < oo, we also get

(1.2.4) @ = (o) (hpetm ) (L)

Finally, the two constants By, and Ay oo(B1 \ {0}) exhibit the following asymptotic behaviour

. . ﬁN,p . BN,p . % _
0< hpni(lf{flf W < h;n\s]blp W < 400 and ph/H;o (Bnp)? =1,
oA (BN{0}) Ay o (B1\ {0}) . 1
0 < liminf 22222 0 < imsup 22— < 400 and lim (Apoo(B 0}))r =1,
N N N T o, (oo BALOD)

Even if the constants obtained are very likely not optimal, we can prove that their asymptotic behaviour
is optimal, as explained in Remark 3.3.1 below.

1.2.3. Outline of the proof: Theorem 1. We rely on a tiling argument together with precise esti-
mates on some “punctured” Poincaré constants (see Section 3.2), in order to obtain an explicit constant with
the correct asymptotic behaviour. More precisely:

(1) we tile the whole space RY by cubes having inradius rq + ¢. If u € C§°(€2), each of these cubes
must contain at least a point outside the support of u;

(2) we use now some estimates for ad-hoc defined Poincaré constants on these cubes, where the Dirichlet
region coincides with a point (see Lemma 3.2.2 and Lemma 3.2.3). These results used in combina-
tion with estimates on the sharp Poincaré~Wirtinger constant (see Lemma 2.5.2), yield an explicit
constant which has the correct asymptotic behaviour, for p \, N and p oo, as explained in
Remark 3.3.1;

(3) for p < g < oo, we use an interpolation argument to derive the desired lower bounds on the quantities
Ap.q, from those of the two “endpoints” A, and A, .

1.3. A planar case: the Croke—Osserman—Taylor inequality

1.3.1. Background & state of the art. As anticipated at the beginning of this Introduction, the
possibility to reverse inequality (1.1.7) is in general forbidden, unless some geometry comes into play: for
example, a lower bound of the type (1.2.1) holds for convex sets (see [56, Théoreme 8.1] and [59, Theorem
2.1]). More generally, as it is clear from the proof of [59], this is still valid for open sets Q2 C RY such that
the distance function

do(z) = ;2:191!12 |z —yl, for x € Q,

is weakly superharmonic in  (see also [25, Remark 5.8]). These are quite rigid assumptions, but it should
be noticed that in general they can not be weakened too much: for example, starting from dimension N > 3,
“convexity” can not be replaced by “starshapedness”, as shown by a simple counterexample in [54, Section
4]. This is due to the fact that lines have zero p—capacity, when the ambient dimension is at least 3 and
p<N-—1.

On the other hand, the case N = 2 is special: in this case, very simple topological assumptions may
lead to a positive answer. For example, a remarkable result by Makai [74] (neglected for various years
and rediscovered independently by Hayman in [54, Theorem 1]) asserts that for p = 2 the lower bound
(1.2.1) holds for every simply connected subset of R2. Actually, in this very beautiful and striking result,
the topological assumption can be further relaxed. The same kind of result still holds for multiply connected
open subsets of R%. Their precise definition is as follows:
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DEFINITION 1.3.1. Let us indicate by (R?)* the one-point compactification of R?, i.e. the compact space
obtained by adding to R? the point at infinity. We say that an open connected set Q C R? is multiply
connected of order k if its complement in (R?)* has k connected components. When k = 1, we will simply
say that € is simply connected.

For this class of planar sets, Taylor in [91, Theorem 2] proved the following lower bound

(1.3.1) AQ) > % (1)2.

rQ

The constant C' can be made explicit, but its sharp value is still unknown. The best known lower bound for
the case k = 1 is due to van den Berg and Bucur (see [12, Theorem 1] and the comment below). Their result
slightly improves the previous lower bound by Bafiuelos and Carroll (see [6, Corollary 1]). For the general
case k > 2, a simple explicit constant has been obtained by Croke in [33], by refining the method of proof
by Osserman [82].

However, it is important to notice that the dependence on the “topological index” k is optimal, i.e. one
can construct sequences of open sets {Q }rem o3 such that rg, is uniformly bounded, each Q is multiply
connected of order k£ and

1
A(Q) ~ T as k — oo.

We also refer to [52, Theorem 3] for another proof of this result, though the result in [52] is slightly worse
in its dependence on k.

Our main goal in this context is to extend this kind of analysis to any Poincaré—Sobolev embedding constant,
not only to the bottom of the spectrum of the Dirichlet—Laplacian.

1.3.2. Main results. We will give a topological result, i.e. estimates on A, , for planar sets having
given topological properties, as in the Croke-Osserman—Taylor inequality. Let us present the result, while
postponing some comments about comparisons with already existing results. This is taken from [B2] and
contained in Chapter 4.

THEOREM 2. Let 1 < p < oo and let p < q be such that (1.1.1) holds, with N = 2. Then, there exists a
constant ©,, 4 > 0 such that for every Q C R? open multiply connected set of order k € N\ {0} with finite
mradius ro, we have

2p

(1.3.2) Apa(Q) > 6,4 (\/%m)p‘%.

Moreover, the constant ©, 4 has the following asymptotic behaviour:
o for1 <p<2
0< lim ©,, < +o0;
q./'p*

o forp=2
0 < liminf (q @qu) < limsup (q @27q) < +o0.
q,/" 0 q/"00

Though not optimal, the constant ©,, 4 is explicit. Moreover, we show that it depends in the correct way
on the parameter ¢, as this goes to p* (case p < 2 = N) or to co (case p = 2 = N). We also point out that
the dependence on the topology k in the previous estimate is optimal. We refer to Remark 4.1.1 for these
comments.

As anticipated at the beginning of this Introduction, we recall that a lower bound of the type

1 >p—N+N§

(1.3.3) Ap,q(2) 2 O pg <
rQ

)

can only be true in the super-homogeneous case 1 < p < ¢ < 0o, indeed in the sub—homogeneous case it fails
even for convex sets, see Remark 4.3.1.
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REMARK 1.3.2 (Comparison with previous results). The inequality of Theorem 2 is a generalization
to the case of A, 4 of the classical result by Osserman, Taylor and Croke previously mentioned. For the
particular case ¢ = p, such a generalization has been already obtained by Poliquin in [86, Theorem 2]. Apart
from allowing ¢ # p, our method of proof is different: unlike Poliquin, who relies on the Osserman-Croke
argument, we follow the approach by Taylor.

While producing a worse constant, Taylor’s proof is extremely robust and flexible, relying only on a
geometric property of multiply connected sets with finite inradius (what it is called “Taylor’s fatness lemma”
in [15]), together with some properties of p—capacity. The method is explained in detail in the following
section. Its simplicity and intrinsically variational nature permit the whole family of A, 4, to be treated at the
same time, without any distinction. In [15] these same ideas are applied to the case of the first eigenvalue of
the fractional Dirichlet—Laplacian.

We point out that with this method, no a priori knowledge of the regularity properties of extremals for
Ap.q is needed. On the contrary, in the proof by Osserman and Croke, the main ingredient is given by a
suitable Cheeger—type inequality (see [82, Lemma 2]). The proof of this inequality relies on a careful analysis
of the topology of the level sets of extremals. Extending this technique to the case p # 2 is quite delicate,
since in this case extremals are well-known to be only C''* regular, a property which does not permit to
apply” Sard’s Lemma. The latter is an essential ingredient in the proof for p = 2 (where extremals are
actually C'*°).

1.3.3. Further consequences: the Cheeger constant. By virtue of (1.1.5), the previous results
imply some bounds for the Cheeger constant. Indeed, by combining this fact and Theorem 2, we immediately
get the following lower bound on the Cheeger constant of a planar set, in terms of both its inradius and
topology.

COROLLARY. Let k € N\ {0}. For every Q C R? open multiply connected set of order k with finite
inradius ro, we have

1
S O 1

(1.3.4) h(Q2) > Tk o’

where ©1,1 is the same constant as in Theorem 2.

REMARK 1.3.3. Tt is easily seen that the geometric lower bound (1.3.4) is not possible for the following
alternative definition of Cheeger constant

P(E)
E|

where P(FE) is the distributional perimeter of E, in the sense of De Giorgi. This is another possible definition
of Cheeger constant, considered in many papers (in addition to the aforementioned references [68] and [84],
we refer for example to [30, 53, 61, 62, 66] and [67] among others). In general, we have hpg(Q) < h(Q),
see for example [73, Section 3].

Since the notion of distributional perimeter is not affected by the removal of sets with zero N —dimensional
Lebesgue measure, we can easily build a counter-example to the validity of (1.3.4) for hpg. For example, by
taking the following infinite complement comb

Q=R*\{z = (z1,22) ER? : |21| > 1,25 € Z},

hDg(Q):inf{ : E C Q with |E| >O}7

we see that this is a simply connected open set, such that

ra=v2 and  hpg(Q) < lim Plzn,n) x (=n,n) _ . 80 _
nreo |(*TL,TL) X (*TL,’I”L)| n—oo 4n2

REMARK 1.3.4. We mention that the geometric lower bound (1.3.4) has been already obtained in [33],
by means of the isoperimetric inequality in the plane. See also [5, Theorem 2.1] for a generalization to the

5In dimension N > 2, we recall that the minimal assumption for the validity of this result is CN—11 regularity (see [7,
Theorem 1] and also [35]). For CN~1® with o < 1, one can already build counter-examples to Sard’s Lemma, see [3].
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case when the Cheeger constant h(Q) is replaced by

HN-1(9E)

ha(Q) = inf{ ¥
|E|~

for 1 <a < N/(N —1).

: F € Q has smooth boundary},

This result, which is interesting in itself, in turn permits to give a spectral estimate relating the geometric
constant h with the bottom of the spectrum A. Indeed, by joining this lower bound with (1.1.7), one can get
the following upper bound on A(€2): as simple as it is, it deserves to be explicitly stated.

THEOREM 3. For every Q C R? open multiply connected set of order k € N\{0}, we have

(1.3.5) AQ) < (é“)Q k (h(Q)>2,

1,1
where ©11 is the same constant as in Theorem 2 and jo 1 is the first zero of the Bessel function of the first
kind Jo (see for example [55, page 11] for an approzimate value).

PROOF. We first observe that if B,.(zg) € 2, then by monotonicity with respect to set inclusion we have

A(B1) _ (Jon)? HY (OB, (z0)) 2
AQ) < —— = —=— d h(Q) < ————= = —.
(@) < 72 72 an (@) < | B,-(z0)] r
For the value of A(B;) we refer to [55, Proposition 1.2.14].
Thus, if Q has infinite inradius, from the previous upper bounds we get A(©2) = h(2) = 0 and the result
trivially follows. In the case rq < 400, it is sufficient to combine (1.3.4) with

N2
rq
This concludes the proof. O

Such an estimate is better appreciated by recalling the celebrated Cheeger inequality, i.e. the following
spectral lower bound of geometric flavour

(1.3.6) (il(?Q))Q < A(92),

which holds for every open set 2 C R and every dimension N (see for example [76, Chapter 4, Section 2]).
Reversing this kind of estimate in general is not possible, unless some severe geometric restrictions are taken:
this is possible for convex sets (see [83, Proposition 4.1] and [20, Corollary 4.1]). On the contrary, exactly
as in the case of the inradius, it fails already for starshaped sets in dimension N > 3, see [76, Chapter 4,
Section 3]. This kind of reverse Cheeger inequality is also called Buser inequality, named after Buser who in
[28] first obtained this type of estimate, in the framework of Riemannian manifolds (see also Ledoux’ papers
[63, 64]). It is also mandatory to refer to the paper [79].

The result of Theorem 3 can thus be regarded as Buser inequality for multiply connected open sets in the
plane. Tt is quite remarkable that in dimension N = 2 this holds without any curvature assumption on the
sets. We notice however that the estimate gets spoiled as the topology of the sets becomes more and more
intricate (i.e. as k goes to c0). We will show by means of an example that this behaviour is “essentially”
optimal. Indeed, the factor k in (1.3.5) cannot be replaced by k%, for 0 < @ < 1 (see Proposition 4.5.1).

REMARK 1.3.5. With exactly the same proof of Theorem 3, one can obtain the following Buser—type
inequality, for the whole family of generalized principal frequencies: for every 2 C R? open multiply connected
set of order k € N\{0} and every 1 < ¢ which satisfies (1.1.1), we have

)

pP=2_p p—2+2%
Aal@) < CEF T (n(@)

with the constant C' given by
Ap.q(B1)
(O11)772 %

)
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Observe that this is now valid for the sub-homogeneous regime 1 < ¢ < p, as well. In particular, by

recalling that A2 1 (€2) coincides with the reciprocal of the so-called torsional rigidity T'(£2), we get the following

inequality

Lo (h(Q))4T(Q) with € = (©4,)"
Ck? = ’ RN

We also used that T'(By) = 1/X2,1(B1) = 7/8, in dimension N = 2. We refer to [73] for a study of this

inequality, sometimes called Cheeger—Kohler-Jobin inequality.

1.3.4. Outline of the proof: Theorem 2. Our strategy is based on that of Taylor’s proof of [91,
Theorem 1.1], and it is similar to that of Theorem 1 since we rely on a tiling argument, but now we need a
geometric lemma in order to circumvent the fact that points may have null p—capacity:

(1) we tile the plane by a collection of squares {Q;; }(; j)ez2, all equivalent to each other, and having
side-length d equal to the inradius rq, up to a multiplicative factor which depends on k. Then, for
every® u € C§° () we split the LP-norm of its gradient over this “grid”, and restrict ourselves to
consider a single square @);; on which we look for a Poincaré-type inequality;

(2) the choice of the square’s side-length is made on purpose, in order to exploit a topological argument
due to Taylor (see “Taylor’s fatness Lemma” 4.2.1). Basically, under our assumption on €, it
guarantees the existence of a “fat” compact set in the (relative) complement @ \ 2, such that the
length of at least one of its orthogonal projections is bounded from below only in terms of ro and
k;

(3) the foregoing Taylor’s geometric lemma combined with a simple analytic-geometric estimate between
capacity and one-dimensional Hausdorfl measure (see Lemma 4.2.3) implies that we can apply a
Maz’ya—Poincaré type inequality (see Theorem 2.6.1), valid for smooth functions on a square that
vanish on a compact set with positive capacity. We emphasize that this is the point where the main
difference between Taylor’s proof and ours emerges. Indeed, Taylor’s argument relies on heat kernel
estimates aimed at providing a lower bound on the first eigenvalue of the Lapacian with mixed
boundary conditions, Dirichlet and Neumann, in terms of the Dirichlet region. While ours relies
on Theorem 2.6.1, whose proof, adapted from [76, Theorem 14.1.2(1)], is genuinely variational. It
is based on a classical cut—off argument and an extension lemma devised for Sobolev Spaces (see
Section 2.4);

(4) the last step is now reconstructing the norm of the function and of its gradient by summing up over
all the squares tiling the plane.

1.4. A capacitary criterion for Poincaré—Sobolev inequalities

1.4.1. Background & state of the art. As anticipated in Section 1.1, another possible way to restore
inequality (1.2.1), without imposing any additional condition on the open sets, would be that of extending
the notion of inradius, in such way that, just like A, it is no longer sensitive to the removal of sets with
zero p—capacity. This is the content of Chapter 5, which is based on results taken from [B1], and it will
be dedicated to establish a two—sided estimate of A,(2) in terms of a capacitary variant of the inradius, the
capacitary inradius.

A natural idea to achieve this goal would be that of replacing the inradius rq with a “relaxed” version,
which allows the balls to be contained in € only in a “capacitary sense”. Thus, a first naive attempt would
be that of replacing the usual inradius ro with the following capacitary variant

(1.4.1) Rq := sup {'r >0 : Jzg € RY such that cap, (Br(xo) \ Q; Bgr(xg)) = 0}.

However, even by using the inradius defined by (1.4.1), one could show that a lower bound on A,(f2) is not
possible, without any further assumption on the open set 2. We refer to Example A.1.1 for a counter-example.
The main problem in the definition (1.4.1) is the lack of some “uniformity” in the portion of complement
RN \ © that this capacitary variant of the inradius can detect.

6Here we implicitly assume to extend u by zero on the whole plane.
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FIGURE 1. Contoured by the bold line, the set B,.(xo)\Q2. For v small enough, its p—capacity
is smaller than + times the capacity of the whole ball (the smaller one, in dashed line).
Accordingly, this radius r is a feasible competitor in the definition of the capacitary inradius.
The largest ball in dashed line corresponds to the “box” Ba,(xg) which is used to compute
the relative capacity.

In order to circumvent this problem, in [78] Maz’ya and Shubin proposed to work with the concept of
negligible set (in the sense of Molchanov), for a fixed parameter 0 < v < 1 (see also [76, Sections 16.6-18.7]).
This leads us to the following

DEFINITION 1.4.1. Let 1 < p < oo and 0 < v < 1, we say that a compact set ¥ C B,(xg) is
(p,v)—mnegligible if

cap, (%; By, (w0)) < v cap,, (m; Ba, (xo)) :
Accordingly, we consider the capacitary inradius of 2, defined as follows”
(14.2) R, (Q) :==sup {r >0 : 3z € RY such that B,.(zo) \ Q is (p, 7)—negligible}.
see Figure 1. From its definition, we can immediately record the following two properties

ro < R, ,(Q), for every 0 < v < 1, and v+ R, (€2) is monotone non-decreasing.

REMARK 1.4.2. The analysis of the paper [78] was confined to the case p = 2. Moreover, the definition
of capacitary inradius there contained is slightly different from ours (1.4.2), since the authors use the absolute
2—capacity

— ; 2 .
cap,y(X) := (pEC}OOIcl’f('RN) {/RN [Vo|“dx : ¢ >1on E}.

Observe that it is necessary to use the concept of relative capacity, in order to include in the discussion the
conformal case p = N, as well. Indeed, we recall that for every compact set ¥ C RY its absolute N — capacity,
defined by

— ; N .
capy (X) := <peC10£f(RN) {/RN [Vp|V dz : ¢ >1o0n Z},

is always zero, due to the scale invariance of the N—Dirichlet integral (see [76, pages 148-149]). For this
reason, the case p = N = 2 is not explicitly treated in [78]. We will come back on a comparison between our
result and those of [78] in a while.

"For ease of simplicity, we prefer to simply call it capacitary inradius, rather than (p,y)—capacitary inradius or something
similar.
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1.4.2. Main results. The following two—sided estimate is the main result of the second part of this
thesis. This can be seen as an extension of [78, Theorem 1.1}, to the case p # 2. We refer to Remark 5.4.1
for a comment on the constant Ch p ~.

THEOREM 4. Let 1 <p< N,0<~vy <1 and let Q CRY be an open set. Then we have

1 b 1 b
ot () =492 o (7))

with the constant Cn p .~ which diverges to 400, as v goes to 1. In particular, we have
Ap(£2) >0 = R, ,(Q) < 400,
and the last condition does not depend on 0 < v < 1.

As in [78], the proof of this result is constructive and thus the constants o, and Cy p ~ are computable,
in principle. However, since they are very likely not sharp and their explicit expression is not particularly
pleasant, we prefer to avoid writing them in the statement above.

Before going further, we wish to highlight a couple of consequences: the first one is a simple rewriting of the
statement, in the case p = 1. Indeed, as already seen, for p = 1 the quantity A,(2) actually coincides with
the Cheeger constant of .

We get the following two—sided estimate, which deserves to be explicitly written.

COROLLARY. Let 0 <y < 1 and let Q@ CRYN be an open set. Then we have

1 1

- < < -
TN Ry =M = v Ry

with the constant Cn 1.~ which diverges to 400, as vy goes to 1. In particular, we have
h(2) >0 — R1 () < 400,
and the last condition does not depend on 0 < vy < 1.

A second consequence concerns the so-called p—torsion function of an open set 2. This function, denoted
by wgq, is informally defined as the solution of

—Apwg =1, in Q,

with homogeneous Dirichlet boundary conditions on 0. For the precise definition in the case of a general
open set, we refer to [26, Section 2|, for example. The importance of this function in the context of the
theory of Sobolev spaces is encoded in the following equivalence

Ap(£2) >0 = wgq € L().

Actually, this equivalence can be made “quantitative”. Indeed, from [26, Theorem 1.3] and [16, Theorem
9], we know that

(1.4.3) 1< 0(Q) wol[j~ q) < D p-

We also refer to [27, Proposition 6] and [49, Lemma 4.1] for the leftmost estimate, in the case of smooth
bounded domains.
By joining this two—sided estimate with that of Theorem 4, we get the following

COROLLARY. Let 1 <p< N,0<~vy <1 and let Q CRY be an open set. Then we have

1 1
Ly Pt Dyy \ 77 =
< () < [ —22
<CN,IW> (RPW(Q)) < lwall @ = (’YUN,p) <RP7W(Q)> 7

where on,p and Cn p are the same constants as in Theorem 4.
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REMARK 1.4.3. For completeness, let us discuss the counterpart of the previous result, with the classical
inradius rq in place of Ry, ,(2). The lower bound holds for every open set. Indeed, by the comparison
principle for the p—Laplacian, for every ball B,.(zg) C 2 we have

pf]. 1 ( D P >
T) > ) (X)) = — rr—1 — — xnlP-1
wo(r) 2 wp, (5)(z) P |2 = 20|77 ) |

By passing to the essential supremum and using the arbitrariness of the ball, we obtain the sharp lower bound

p—1

p—1 1 -1
wallLe (@) > N2 (m)p .

The upper bound on the contrary is not always true, unless some restrictions are imposed on the open sets.
Once again, removability issues can be held responsible for the failure. It is known to be true for convez sets
and for planar multiply connected sets, for example. In the first case, this is contained in [36, Theorem 1.2]
(see also [25, Corollary 5.3]). In the second case, it can be obtained by combining the rightmost inequality
in (1.4.3), with the lower bound on A,(£2) given by Theorem 2. The special case p = 2 for an open simply
connected subset of the plane was contained in [6, Corollary 1, equation (0.6)].

1.4.3. Some comments on Theorem 4. We fairly admit that the ideas here adopted are very much
inspired to [78]. Indeed, it was our original intention to expand the analysis of [78], shed some light on the
methods therein used and extend the results to the general case of the LP Poincaré inequality (and more
generally to L? — L? Poincaré-Sobolev inequalities, see Section 5.5).

We remark at first that a two—sided estimate like that of Theorem 4, still valid for every 1 < p < N, was
already contained in the old version of Maz’ya’s book [77]: with a brave and careful inspection, one could
trace it back to [77, Theorem 11.4.1] (this is [76, Theorem 15.4.1] in the new version). To be more precise,
the latter is concerned with a slight variant of the capacitary inradius R, ~(£2) introduced above, defined
by replacing balls with cubes. In the notation and terminology of [77, Theorem 11.4.1] and [76, Theorem
15.4.1], this is the quantity D, ;(Q2) with [ = 1, called (p, l)—inner diameter (see [77, Definition 10.2.2] or [76,
Definition 14.2.2], by taking Q4 = R™, with the notation there). In the aforementioned result, the author
proved that

Dp7l(Q) 5 C 5 Dp,l(Q)’

where the constant C' in [76, 77] coincides with ()\,(22))~!/?, in our notation. For the equivalence between
the notions of (p, 1)—inner diameter and that of (p,y)—capacitary inradius see Proposition 2.2.5.

Apart for the use of cubes in place of balls, the key point which marks the big difference with both [78,
Theorem 1.1] and our result, is that [77, Theorem 11.4.1] is proved under a restriction on the negligibility
parameter 7. In other words, for the arguments used in [76, 77] it is needed that

0<y <Ny <1,

with vy, explicit and exponentially decaying to 0, as N goes to oo (see [77, equation (10.1.2)] or [76,
equation (14.1.2)]).

Maz’ya and Shubin in their paper [78] dropped this restriction, at least in the quadratic case p = 2. Our
main result then permits to overcome this limitation on ~y for the whole range of p, as well. Moreover, at the
same price, we can get the same type of two-sided estimate for the quantities A, 4(€2), for every subcritical
exponent g > p.

Indeed, the main interest of both [78, Theorem 1.1] and our Theorem 4 lies in the fact that the results
hold for every 0 < v < 1. This is quite remarkable, since as -y gets closer and closer to 1, a ball which
is (p,~y)—negligible is admitted to catch more and more portion of the complement of . This means that
R, () starts to keep less and less memory of 2: nevertheless, as far as v < 1, it carries an information which
is still enough to assure the validity of the LP Poincaré inequality (and even of the L? — LP Poincaré-Sobolev
inequalities).

Even if we follow quite closely [78], this does not mean that the proof of Theorem 4 is just a straightforward
transposition of that of 78, Theorem 1.1]. For example, in the proof of the upper bound, Maz’ya and Shubin
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rely very much on the representation formula for the capacitary potential, i.e. the function attaining the
minimum value

capy (BT(.Z‘()) \ Q; BgT(xo)) )

Such a potential can be expressed in terms of the fundamental solution of the Laplacian (more precisely, in
terms of the Green function, at least in our case which uses the relative capacity). It is probably superfluous
to mention that this is not possible for p # 2, due to the nonlinearity of the relevant equation. Whenever
possible, we also tried to simplify certain technical points of the original paper and add some explanations.

REMARK 1.4.4. Vladimir Bobkov informed us of some recent related results by A.-K. Gallagher, see
[46, 47]. In these papers, the author introduces an alternative notion of capacitary inradius, slightly different
from the one used here and in [78], and characterizes the validity of the LP Poincaré inequality (for 1 < p < co)
in terms of the finiteness of such a capacitary inradius.

1.4.4. Outline of the proof: Theorem 4. We now wish to make some comments on the proofs.

e Lower bound: we proceed quite similarly to Maz’ya and Shubin. As in Maz’ya’s proof of the lower
bound (1.2.1) (see Section 1.2.1), the key point is the use of a Maz’ya—Poincaré inequality for
functions in a cube or a ball, vanishing on a Dirichlet region with positive capacity (the prototype
of this type of results is [76, Theorem 14.1.2]). We partially amend this strategy, by using a variant
of such an inequality for functions on cubes, but with the capacity of the Dirichlet region computed
with respect to a ball, Theorem 2.6.1. This is a sort of “mixed” strategy taken from [B2], also used
in the proof of Theorem 2 (see Section 1.3.4). This permits to get the result by a tiling argument
with cubes, rather than by a covering argument with balls as in [78]. This simplifies the argument,
to a certain extent (it is not necessary to take into account the dimensional-dependent multiplicity
factor of the covering). This gives a constant which is quantitatively rougher than that of [78], but
it is qualitatively comparable in terms of 7, i.e. our lower bound still decays to O linearly with -,
when this goes to 0 (compare it with [78, equation (3.19)]).

o Upper bound: this is the point that requires greater care, in order to allow the parameter v to be
arbitrarily close to 1. Here as well we follow Maz’ya and Shubin, but as remarked above a nonlinear
approach is now needed to get (or to judiciously estimate) the sharp constant in a subtle L' — L?
Poincaré-type inequality, for p # 2. Even if we are not able to get the explicit expression for the
extremals of this inequality, by suitably using some integral identities we can determine the optimal
constant. The expression of such a constant is a bit involved and difficult to handle: nevertheless,
by using a monotonicity property of the relative p—capacity of balls, which can be seen as a weaker
version of Gratzsch’s lemma (see Lemma 2.3.2 and Remark 2.3.3), we can finally get an estimate of
the sharp constant which is handy and good enough for our purposes. All this part is the content
of Section 5.2.

At a technical level, we also avoid the delicate approximation argument used in [78], to replace
B, (z0) \ © (which may be very rough) with a smoother set. This is needed in [78] so to work with
a capacitary potential which is sufficiently smooth and exploit the fact that this is harmonic. Here,
on the contrary, we work directly with B,.(zg) \ € and show that, in place of a capacitary potential
of this set, it is sufficient to take any “almost” minimiser of the relative p—capacity (and by density,
this can be taken as smooth as we wish). Thus, we can be dispensed with the use of the PDE
and simply use the minimality (or almost minimality) property of the function. This simplifies the
argument, at the price of a slight quantitative worsening of the constant. This is not a big deal,
since in any case the constants involved in the two-sided estimate are not sharp, both in [78] and
in our result. On the contrary, at a qualitative level, our final estimate in terms of  is as good as
that of Maz’ya and Shubin (see Remark 5.4.1 and compare with [78, equation (4.16)]).

1.5. Plan of the thesis

Chapter 2 is devoted to set up the notation and give the basic definitions, which will be needed troughout
the whole thesis. Particular attention is paid to introduce the notion of p—capacity and prove some of its
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properties: this is the content of Sections 2.2 - 2.3. In Section 2.4, we construct an extension operator
devised for Sobolev functions defined on open bounded convex subsets of RY, with an explicit control on
the extension constants. Next, we still consider this class of sets, and analyse the behaviour of the sharp
constants of Poincaré—Wirtinger type inequalities, for them. In Section 2.6, we prove one of the cornerstone
of our main results, a so-called Maz’ya—Poincaré inequality (Theorem 2.6.1). This is nothing else than a
Poincaré—type inequality devised for smooth functions defined over a closed cube, which contains a common
“Dirichlet region” of positive p—capacity. The proof of this last result basically use all the tools previously
introduced. At last, Section 2.7 contains an application to the evaluation of Poincaré—type constants of a
convexity principle for the p—Dirichlet energy due to Benguria.

Chapter 3 is aimed at giving the proof of Theorem 1. As specified in Section 1.2.1, this is a refinement
of an inequality already obtained by Maz’ya in the super—conformal case p > N. In addition to this, Section
3.2 contains a deep analysis of some punctured Poincaré constants and related consequences, of indipendent
interest.

Chapter 4 is aimed at giving the proof of Theorem 2: this is an extension, to the case of the principal
frequencies of the p—Dirichlet Laplacian \,, of a classical inequality, established in the late "70s/beginning
'80s by Ossermann, Taylor and Croke, between the first eigenvalue of the Dirichlet—Laplacian and the inradius
of a planar multiply connected open set. Section 4.1 also contains three technical facts that reveal why the
case of the dimension N = 2 is peculiar. In Section 4.4, we discuss some consequences of Theorem 2, as
well. At last, in Section 4.5 we discuss the sharpness of the constant obtained in the Buser—type inequality
(Theorem 3), which can be derived from Theorem 2, and present an interesting open problem connected to
it.

Chapter 5 is devoted to the proof of Theorem 4. It concerns a two-sided estimate for A,, valid for
general open sets of RV in terms of the capacitary inradius. By virtue of Theorem 5 which is still contained
in this chapter, Theorem 4 can be seen as the natural counterpart of Theorem 1, in the range 1 <p < N. A
key ingredient of the proof is given by a careful analysis of a L' — LP Poincaré-type constant on balls: this is
the content of Section 5.1. As a byproduct, we also obtain the explicit value of a Cheeger—type constant and
identify the optimal shape for the related Cheeger—type problem (see Remark 5.2.5). Next, we give the proof
of Theorem 4 and, in Section 5.5, we extend the result obtained to the case of the general Poincaré—Sobolev
constants A, ;. The chapter ends with a comparison between the notion of inradius and that of capacitary
inradius in the super—conformal case, i.e. for p > N.

Appendix A concludes this manuscript and contains the analysis of some degenerate beahviours con-
cerning the notion of capacitary inradius.



CHAPTER 2

Some facts from the theory of Sobolev Spaces

2.1. Notation and basic definitions
We will use the usual standard notations for N —dimensional balls and hypercubes, that is
BR(mo):{xe]RN : |x—x0\<R}, for 2o e RN, R >0,

and
N

Qr(zo) = H(m% — R,z + R), for 2o = (zg,...,z0") € RY, R>0.
i=1
When the center x( coincides with the origin, we will simply write Br and Q g, respectively. For every k € N,
by the symbol H* we will denote the k—dimensional Hausdorff measure.
For 1 < p < co and for an open set 2 C RY | we will denote by W1?(2) the standard Sobolev space

Wir(Q) = {u €LP(Q) : Vue LP(Q;RN)},
endowed with its natural norm

1
lullwrni@y = (el o) + IVl 0)) 7 for we Who(e),

where we used the notation

1
Wl = [ oGlras) ", for e e @Y
Q

Here, as usual in the literature, the symbol V stands for the weak or distributional gradient. We refer the
reader to [69, Chapter 11] for its precise definition and the main properties of weak derivatives. Moreover,
we will denote with the same symbol weak and classical derivatives of a function.

For 1 < p < oo, we indicate the homogeneous Sobolev space with the symbol @é’p(Q), i.e. the completion
of C§°(§2) with respect to the norm

¢ = IVelle )

Occasionally, we will need the space W, (Q): this is the closure of C§°(Q) in W'?(Q) with respect to
I e (e)-

REMARK 2.1.1. By recalling (1.1.4), note that the spaces Wy?(Q) and Z,7(Q) coincide, whenever
Ap.q(€2) > 0 for some 1 < g < p (see for example [24, Proposition 2.4]). We also recall that the value A, ,(©)
is unchanged, if we replace C5°(Q) by its closure Wy?(Q) (see [24, Lemma 2.6)).

2.2. Capacity

For a thorough study of the properties of p—capacity, we refer the reader to [76, Chapter 2, Section 2]
(see also [42, Section 4.7], [39, Chapter 8] and [44]). Here, without claiming to be exhaustive, we give the
definition and collect some of its basic properties that will be instrumental for our scopes.

DEFINITION 2.2.1. Let 1 < p < oo, for every E C RY open set and every ¥ C E compact set, we define
the p—capacity of ¥ relative to E through the following minimization problem

cap,(%; E) = goegg(E) {/E [VolPdr : ¢ >1on Z} .

15
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REMARK 2.2.2. By using standard approximation methods, it is not difficult to see that the infimum
above does not change, if we replace C§°(E) by the space of Lipschitz functions, compactly supported in
E. We indicate this space by Lipy(E). We observe that, for every ¢ € Lipy(E) with ¢ > 1 on ¥, the new
function

¢ = min{|g|, 1},
still belongs to Lip,(E) and is such that

/valpdw</\vw|”d:¢ 0<p<l1 and @=1onX.
This shows that we also have the following equivalent characterization

(2.2.1) cap,(X; F) =  inf {/ [VolPde : 0< o<1, p=1o0n E} .
@€Lipy(E) (JE

A first link between capacity and principal frequencies is that A, () remains unchanged under the removal
of sets of null p—capacity: this is the content of the following proposition.

PROPOSITION 2.2.3. Let 1 < p < oo and let Q@ C RYN be an open set. Let K C Q be a compact set such
that there exists a ball Br(xo) with K € Br(zo) and

cap,(K; Br(zo)) = 0.
Then, we have
WoP(Q) = Wy P (2 K).
In particular
(2.2.2) Ap.q() = Xy (2 K).
PROOF. The inclusion W, *(2\ K) C W, *() is trivial. On the other hand, if u € W, ?(Q) then there

exists a sequence of functions {uy fneny € C§°(£2) such that

n—

By Remark 2.2.2, for every m € N, we also have a function ¢,, € Lipy(Br(zo)) with 0 < ¢, <1 and ¢, =1
on K such that

(2.2.4) Jim [[Vom| e = 0.
Then, for every n € N fixed, we consider the following sequence
oM = (1= o) tn, for every m € N.

Since, for every 1 < p < oo, o) € WiP(Q\ K)NC(RY) and o =0on 0(Q\ K), by [18, Theorem 9.17
& Remark 19] we get that

oW e W P(Q\ K), for every m,n € N.
Furthermore, we have that
(2.2.5) lim o™ — u,|P dz = 0, for every n € N.
m—00 Jo\ g

Indeed, by the Holder inequality and the Poincaré inequality we obtain

[ = wlde= [ fonllunlds
Q\K Q\K
< Hu”HL"O(Q / |@m|p dx
Br(zo)

p
Wl (o,
B )‘P(BR(xO)) Br(zo)
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and, by (2.2.4), the last term tends to zero as m  co. Moreover, by convexity and the Poincaré inequality
we also get that

/ V() — un)|P de = / (o Vi + Vg P da
O\K Q\K

<t [ ublenPde 27! [ Ve de
Q\K Q\K

||vuﬂ||zl),00((2) /
- Vorm|P dz + 2P~ u, ||E o / Vom|P d.
Ap(Br(%0)) JBp(x0) | | lreallze ) Br(zo) | |

By using again (2.2.4), this implies that

< gp—1

(2.2.6) lim V(0™ —u,)|Pdz =0, for every n € N.

m—00 Jo\ K m

Thanks to (2.2.5) and (2.2.6), in particular we have

u, € Wi (Q\ K), for every n € N.
Finally, since
[un — ullwro@\x) < [lu—unllwirq), for every n € N,
by (2.2.3) we can conclude that u € Wy*(Q\ K). In light of Remark 2.1.1, this also implies (2.2.2). O

The following standard property of the capacity is a particular case of [76, Chapter 13, Proposition 1,
page 658]. This will be used in Section 5.1 in the proof of the lower bound of Theorem 4. We report the
proof for the reader’s convenience.

PROPOSITION 2.2.4. Let 1 < p < oo and let X C B,(xg) be a compact set. Then, for every R > r we
have

P
1 R
7); i + 1) capp(E; Br(zg)),

(2.2.7) cap,,(X; Br(wo)) < cap,(%; By (z0)) < ()\p(Bl

where d := dist(X, 0B, (x¢)) > 0.

PROOF. The leftmost inequality is straightforward, we thus focus on proving the rightmost one. Without
loss of generality, we can assume that o = 0. Let u € C§°(Bg) be such that v > 1 on X. For every
0 < e < d/2 we take the Lipschitz cut-off function, compactly supported in B,., given by

Observe that by construction the function ¢ = nu is a Lipschitz function, compactly supported in B, and
such that ¥ > 1 on ¥. Thus, this is an admissible function to test the definition of relative p—capacity,
thanks to Remark 2.2.2. By using Minkowski’s inequality and the properties of 1, we get

1

(capp(z; Br)) "<

1
- lullze(m.) + [IVullze(s,)

1
(2.2.8) < R lull e (Br) + IVUllLe(BR)

1 R
< —+ 1) [VullLe(Br)-
(d_g )‘p(Bl>p

In the third inequality we also used Poincaré’s inequality for the set Br. By taking the limit as ¢ goes to 0
and using the arbitrariness of u, we get the claimed estimate. O
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According to [76, Definition 14.2.2], we recall that for every 0 < v < 1 and for every open set Q C RY
its (p, 1)—inner (cubic) diameter is defined as

(2.2.9) D,1(Q) :=sup{r >0 : o € RY such that cap,(Qr(wo) \ ; Q2-(w0)) < v cap,(Qr(70); Q2-(70))}-
Here, in order to stress the dependence on v of this definition, we set
Dy () := Dp ().

In the proposition below, we are going to prove that the notion of (p, v)-capacitary inradius Ry, ~(£2), given in
Definition 1.4.1, and that of inner cubic diameter ©, g(2) are equivalent. For convenience sake, coherently
with (2.2.9) and Definition 1.4.1, we also set

Ry~ (€2) = Dp () := +o00,
whenever v > 1.

PROPOSITION 2.2.5. Let 1 < p < N, 0 < v < 1 and let @ C RN be an open set. Then, there exist
constants 0 < ¢ <1 and d > 0, both depending only on N and p, such that we have

(2.2.10) Dper(Q) < Ry () < VND, 44(Q).

PROOF. We can suppose that R, ,(€2) < oo, otherwise the leftmost inequality in (2.2.10) is trivial. Let
r > R, () so that

(2.2.11) cap, (B (zo) \ & Bar(20)) > v cap,(Br(w0); Bar(0)), for every zo € RY,

and let u € C§°(Qar (o)) such that 0 < u <1 and u =1 on B,(zg) \ 2. Without loss of generality, we can
assume xg = 0. We preliminarily observe that, by the scaling properties of the relative capacity, we have

cap,(B1; Bs)
cap,(Q1; Q2)

For every 0 < § < r, we define the cut-off function
) (2r —9) — ||
= R 15.
ns () mln{( o -r ),

— 1
ns=1 on By, |Vns| < 5 ns=0 on RN\Bzr—é-

Then, by the definition of relative capacity and Minkowski inequality, we have

(2.2.12) cap,(By; Bay) = ( > cap, (Qr; Q2r)-

In particular, ns € Lipy(Ba,) and

1

(camy (B 9 Bar)) " < IV () o(uny
1
S m ||UHLP(Q2,) + ||vu||Lp(Q2’y.)
1 1
= ——— + 1| [Vullzr(@uns
(T‘—5 AP(Q%");’ ) 2

where in the last line we used Poincaré inequality. By sending 6 — 0 and by the arbitrariness of u, we then
obtain

P
_ 2 _
B, Q;BT S|\ —— 1 B, Q; r)s
cap, (B “<(Ap<@1>ﬁ> ca, (B \ % @)

p
9 .
<|l—=+ 1 cap (QT \ Q; QZT)'
(AP(QI)” ) 3
This, combined with (2.2.11) and (2.2.12), gives that
¢ ycap,(Qr; Qar) < cap,(Qr \ 4 Qar),
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where we set

—-— —-p
cap, (B1; B 2
(2.2.13) ¢ = o(N,p) = [ PplBriB2) 1)
cap,(Q1; Q2) Ap(Q1)7
Thus, by the definition of inner cubic diameter and by the arbitrariness of r, we infer that
(2.2.14) Rp»(2) = Dp.c (D),

which gives the leftmost inequality in (2.2.10).
On the other hand, suppose that for a constant d > 0, which will be suitably choosen later, we have
Dp,d.+(2) < 0o and take any r > D) 4.,(€), so that

(2.2.15) cap, (Qr(wo) \ ©; Q2r(w0)) > d - vcap,(Qr(z0); Qa2r(20)), for every zy € RV,

Without loss of generality, we assume xy = 0. For the leftmost term, by using the same argument as before,
we have

(2.2.16) cap, (@, \ Q; Qar) < <2\/N

P
+1| cap,(B x, \ 4By 5,

Ap(B1)7 ) PV 2N

Indeed, let u € Lipy(B,, /7) be such that 0 <u <1 and u =1 on Q. \ Q. For every 0 < § < r, we introduce

a Lipschitz cut-off function &5 € Lipy(Qa2,) given by

1
&s(x) = min { - dist (m; BQQT,(;), 1} , for x € Qa,_s,

and extended by zero over the whole RY. In particular, it satisfies
— 1
=1 onQ, [VEs| < P §&=0 on RY \ Q2r—s.
Thus, by the definition of relative capacity and Minkowski inequality, we obtain
1

(cap, @\ 4 Q20)) " < IV (o) lecs, )

1
S — lullzr (B, 5 + VUL (B, )
r 2V N
< —+ 1] ||Vulr» ,
<T_5 (B ) IVullLe (s, )

where in the last line we used the Poincaré inequality. By the arbitrariness of u and d, and by monotonicity
we then have

P
cap,(Qr \ 4 Qar) < LN; +1| cap,(@Qr\Q; B, x,)
)‘p(Bl)p
P
2v N _
< </\ (\lg); +1> capp(BWr\Q;BQWT).
4

For the rightmost term in (2.2.15), we observe that by choosing

d=d(N,p)=N"=" <Capp(Bl?B2)> </\2\/ﬁ +1> ,

cap,(Q1; Q2) o(By)*
we have
p
_ 2V N __
d -7 cap,(Qr; Q2r) = <1 + 1> Capp@ﬁr;me)'
)‘p(Bl)p

Together with (2.2.15) and (2.2.16), and by recalling our assumption z¢ = 0, this implies that

cap,, (B\/ﬁr(aco) \ B2\/NT(330)) > 7ycap, (B\/Nr(xO)5 BzmT(a:O)), for every zo € RY.
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Therefore, by the definition of (p,~)-capacitary inradius and by arbitrariness of r we have
VND, 44(Q) > R, ,(9),
which gives the rightmost inequality in (2.2.10). O

REMARK 2.2.6. More precisely, with the same notation as in the previous proposition, we can choose
— -p
cap,(B1; Bz) 2
c= — - +1 )
cap,(Q1;Q2) \ \,(Q1)»

4= N2 2Pp(Bri Ba) ( 2\/N1 +1>p (2 i +1>p.
cap,(Q1;Q2) \ \,(By)7» Ap(Q1)7

Moreover, with a similar argument to that of the foregoing proof, it is possible to show that

and

-p p
2 —_— —_— 2\/N N-—-p —_—

2.2.17 —+1 »(B1; B2) <cap,(Q1;Q2) < [ ———= +1) N2 ,(B1; Ba).

( ) </\,,(Q1)P > cap,(B1; B2) < cap,(Q1; Q2) (,)(Bl)r’ ) cap,,(Bi; Bz)

In particular, the leftmost inequality implies that ¢ < 1.

2.3. Capacity of balls

For N > 2, we recall the expression for the p—capacity of a ball relative to a concentric ball (see [76,
page 148]). Due to translation invariance, we can suppose that all the balls are centered at the origin. We
have to distinguish the cases p =1, p € (1, N) U (N,o0) or p= N. For every 0 < r < R, this is given by*

(2.3.1) capy (Br; Br) = Nwy V71,
o N — p—1 N-—p
(2.3.2) cap,, (Br; Br) = Nwy pif ! ~ =T if pe (1, N)U (N, 0),
p—1

and
o R\\ N
(2.3.3) capy (BT;BR) = Nuwy (10g ()) .
r
For p > N, we can even take the limit as r goes to 0 and get
p— N\
(2.3.4) cap, ({0}; Br) = Nwy (p — ) RN-P, if p> N.

REMARK 2.3.1. We observe in particular that we have the following scaling relations
cap, (Ea BR) = erp cap,, (Ea BR/T‘) ) if1< p < o0,

The following technical result will be useful. It is a sort of “quantified” monotonicity inequality for the
relative p—capacity of balls, with a geometric remainder term.

LEMMA 2.3.2. Let N >2 and 1 <p < N, for every 0 <11 <ro < R we have

1

B,y \ By, o L)
(HY 108,77 \ea,BraiBr)) e (BriBr))

IThe reader should keep in mind that in [76] the constant wy stands for the perimeter of B1(0), rather than for its volume.
This explains the apparent difference with the formulas here given.



2.3. CAPACITY OF BALLS 21

PROOF. The proof is just based on writing explicitly all the involved quantities and then using a convexity
inequality. We start from the case 1 < p < N: by using (2.3.2), the claimed inequality is equivalent to

N—p
()"
o= ) e
(NwN)ﬁ N-p (7;1)% Ryt
R
T2\ p—1
1 p—1 1= (E) 1 1 1 1 N
> — \N N % T — 5 (11— — .
(NWN)Pfl —Pp (Tz) p—1 Rp—l N(NWN)p—l 7"2p_1 79
In turn, this is equivalent to the following inequality
N—p D
1\ Pt T2\ p=1 Nep
v N ¢ ) R " (R) (1_(7“1>N>

@ @ e

which is the same as
N-p N-p N-p N
) =) e () ()
1 = \ry N(p—1) \ra o '

This can be further rewritten as follows

—-p N-p

en (B () (B e ()T ()

We now introduce the following notation

() () et
1 ’ T2 ’ N(p—l) '

In light of this notation, the above inequality (2.3.5) can be written as

t* P> a7 — (a—1)s*71 g

By multiplying both sides by the positive number ¢, the latter is equivalent to
t* > as* Mt — (a—1)s%
that is
t* > s s (t —s).
We finally observe that this last inequality holds true for every ¢, s > 0, since this is nothing but the “above

tangent” property of the convex function 7 — 7% (recall that o > 1, by definition). This concludes the proof
for the case 1 < p < N.

For the case p = N, one could simply observe that for every 0 < r < R, we have

. T p—1

. 1 et 1 p—1 1*(@) 1

lim | ——— = lim T 5 5

»/'N \ cap,(B,; Bg) P/ N (Nwy)o=T \IN —p T)ﬁ R
R

1 . <p—1)
=——— lim
(Nwy)™=T1 p/ NN —p

v ()~ (o)

Thus, it is sufficient to take the limit in the inequality for the case 1 < p < N, in order to conclude. g
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REMARK 2.3.3. If 1 < p < oo and ¥ is a compact subset of the open set E C RY, the quantity

N
(capp(Z;E)> ’

is sometimes called the p—modulus of X relative to E, see for example [44, Chapter 2]. In light of this, the
estimate of Lemma 2.3.2 could also be seen as a consequence of the subadditivity of the p—modulus, which
in the case of concentric balls reads as follows

_1_ _1 1
1 p—1 1 p—1 1 1
Capp(BTl ) BTz) Capp(Brz ; BR) Capp(Brl ; BR)

see [44, Lemma 2.1]. Indeed, by using the explicit expression of the quantities involved, it is not too difficult
to see that

1\ IBu\B,
Capp(Bm ; BT‘Q) N (HN71 (8BT2 )) =T
We preferred to give here an elementary proof of the estimate which is needed for our purposes.

For p = 2, the previous subadditivity property of the p—modulus is also known as Grétzsch’s lemma (see
for example [37, Lemma 1.2] and [87, page 52, equation (8)]).

2.4. An extension operator

In the next lemma we construct an extension operator for Sobolev functions defined on a ball, with a
precise control on the extension constants. This is taken from [19, Proposition 3.8.1]. For sake of complete-
ness, we report the complete proof below. A variant of the following lemma is also available for fractional
Sobolev Spaces, see [15, Proposition 3.1].

The extension operator is obtained by simply composing functions with the inversion with respect to
SN=1 ie. the C! invertible mapping K : R \ {0} — RY \ {0}, given by

x

K(z) = EE for every = € RV \ {0}.

LEMMA 2.4.1. Let o € RY and r > 0. There exists a linear extension operator
Er: LN(Br(20)) = Lige(RY),
such that, for every 1 < p < oo, it maps WP (B,(x0)) to WLP(RN). Moreover, for every u € W P(B,(z0))
and every R > r, it holds
2N
P

1 (R
(2.4.1) &l o s oy < 2 (T) ullz 5. oo

kel

RM
(2)7 19uluriz ey

ProoOF. Without loss of generality, we can suppose that xg coincides with the origin and that » = 1. For
every u € L1(By), the extension & [u] is given by

| u(z), if x € By,
(2.4.3) &ilul(@) = { u(K(z)), ifxeRN\ By,
It is easily seen that if x € Bg \ By, then K(x) € By \ By/g. Moreover, we have

1
"R

=

(2.4.2) [VE: 2

[u] HLI’(BR(IO)) <

(2.4.4) K 'z)=K(z) and |det(DK(z))] for every x € RV \ {0},

and

5 5i,j 211'9']]' 8
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This in particular implies that

oK, 0; i Ki(x)IKC,;
(K(Z‘)) _ »J S - 92 (l‘) Jix)

dz; K ()] K ()]

For later reference, we also notice that

(2.4.6) (DK(K(2)))? = |z|*1dy, for every x € RV \ {0}.

Indeed, by using (2.4.5) we can compute that the (7, ) entry of this matrix

(2.4.5) = 61‘,]' |.13‘2 - 2$i$j.

N
m; ;= Z (6ik |z|? — 2x; i) (Ok.i |z|? — 214, ;)
k=1
N
= 51'0‘ |IZZ|4 — 2‘$|2 XTiTj — 2|IL’|2IL']‘ x; + 43’]1 Zj ZIIT% = 6m- |l"4
k=1

From (2.4.6) we get also the following identity
(2.4.7) IDK(K(x)) - &| = |z|* €)%, for every x € RV \ {0}, ¢ € RV,
Indeed, by the symmetry of DIC(K(x)) and (2.4.6), we have
|DE(K(x)) - §* = (DK(K(x)) - §, DK(K(x)) - €)
= ((DK(K(2)))* - £,€)
= |zl* (&, ).

The estimate (2.4.1) for the LP norm is readily obtained: for every R > 1, thanks to the properties of K we
have

bl = [ k@) [l i
Br\B1

B,

- / lu(y) [P |det (DK ()| dy + / P de
B1\Bi/r By
(2.4.8) < (R2N+1)/

B,
thus in particular & [u] € LP(Bg) and (2.4.1) holds true.

We now have to show that, for every 1 < p < oo, if u € WHP(By), then &[u] € Wli)’cp(RN) and the
estimate (2.4.2) holds. More precisely, we will show that

¢ = VEiJu], ae. in Bg,

lulP do < 2 R?N / |u|P da.
B1

where ¢x is the vector-field

[ Vu(a), if z € By,
(2.4.9) Prc(x) = {D/C(IE) - Vu(K(z)), if v € Br\ B1.

The standard notation DX - Vu identifies the vector

Ou OK; Ou OK;
DE-Vu= Z@w] 81'1 Zal'j 8CUN

Note that, by virtue of the classical change of variables formula for Sobolev functions (see for example [18,
Proposition 9.6]), we already know that & [u] is a Sobolev function when restricted to the open sets By and
Bgr \ By. In order to prove that & [u] is a Sobolev function on the whole Bg, we have to verify that ¢x
verifies the integration by parts formulas given by

&1 [u] g¢ dx = —/ (px); ¥ dx, for every ¢ € C5°(Br),
Br Br
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foralli=1,...,N. For every € > 0, we construct a cut-off function in the following way: let 1. € C*°([0,1])
be such that

0<y. <1, e =1on [0,1 — 2¢], .=0on[l—¢g,1),
and
/ C
(2.4.10) |- (t)| < — for t €[0,1].
Hence we set
(2.4.11) Ne(x) = Ye(|z]) € C5°(B1),
and define
.(z) = Ne(x), if x € By,
n:(K(x)), if v € Bg\ By.
Thus, by construction we have that ¥.(x) € C§°(Bg), it is radially symmetric, it satisfies 0 < ¥, < 1 and
(2.4.12) ¥e =0 on the annular set B1_\ By,
(2.4.13) U.=1o0n By s U (BR \B_ ) .
In particular
lim ¥ (z) =0, for a.e. © € Bp.
e—=0
Then, by the Dominated Convergence Theorem and the properties of U, we infer that
(2.4.14) / E1[u) 0% dx = lim &1lu] » v, dz,
Br 8.1,‘1 e—0 Br 8.’1}1

for every i =1,..., N. By using (2.4.12), (2.4.13) and the fact that & [u] = u on By, the last integral can be
rewritten in the following way

ngl[U]g);i\Ijde: BRgl[u] a,(d]\PS)dﬂf— BR&[U}%\i’:wdm
0
N /BR\B1 [ ]a.’IJZ (’(ﬂ‘lf )dx+ axz (w\lla)dx

o,
- [] wd / u—-=<1p da.
/BIIZE\B;E Ozi BB OTi

We discuss separately these four integrals. For the first integral, we note that
V.1 € C°(Br \ By).
Thus, by the definition of weak derivative and by [18, Proposition 9.6] applied to & [u] = uo K on Bgr \ By,

we get
651[u]
v / U, dx
/| . Elul g (00.) da Y

N
:_/ Zﬁalcjw\lledx
Br\B . -1 3xj ({91’1

(2.4.15) :—/B\B (¢x)it Ve dz,

where (¢x); stands for the i—th component of the vector field ¢IC defined in (2.4.9). By using the Dominated
Convergence Theorem, then we have

0
lim E1lu)
e—0+ Br\B 1 ox;
1—¢

(0. dz = — /B L (ovde
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The second integral can be treated in the same way, once it is observed that

V. € C§(By),
thanks to (2.4.12). Thus, by the definition of weak derivative for u we get

/ 8331(1/}\1} )dx/B1 g;iq/zlllsdx:f/ ()i ¥ U, da,

having denoted with (¢x); the i—th component of the vector field ¢x defined in (2.4.9).

Dominated Convergence Theorem we also get

, 0
Jim [ g de = / ()b
Up to now, by recalling (2.4.14) and (2.4.15), we have obtained that
(2.4.16) Elu ]82/) = —/ (qb;g)iwdx—/ ()i v dx — lim I(e),
Br €T Br\B:y B e—0+

where we set

ov ov
I(e =/ & dzx +/ u—2 1 de.
( ) B [ ] 81'1 w 3175\31725 axi

1—2¢

The desired result then follows by showing that
lim I(e) =0.

e—=0t

By using the definition of both &;[u] and ¥, and the change of variables y = K(z), we get

_ 8775 816
I(e) = /B s Z 6% 6%( 2) ¥(z) do
one
" /1;315\3125 O v
- / uly) i 9 () Ki i () () et () dy
Bi_:\Bi-2: j=1 8$j 0x;

+/ U One P dex.
B;_\Bi_2c Ox;

By recalling (2.4.11) and (2.4.5), we have

on: OK; . 8775 2
Z o, oz, (K Z 9, O (05.ily* = 2y;u:)

N A S TN A
_ <wg<|y|> L, > 2<w5<y|> y|,y>yz
= —lylv-(|y]) vs

Thus, we have
I(e) = —/B \B u(@) |z| e (o)) 25 ¥ (K(x)) J (x)da,

where
) = = el et + 2 = a2V (e + 5

25

Then, by the
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thanks to (2.4.4). In order to estimate the last term, we add and substract take the absolute value

x
WT’
and use the fact that 1 — 2¢ < |z] < 1 — ¢, thus elementary estimates leads to

|J(z)| < ce, for x € Bi_. \ Bi_o,
where we can take
(2.4.17) ¢ = (%, N) = 2N max{||[ Vel @n)s [0l o am
for £ > 0 small enough. By using this fact, we have

I(e)| < C ul || dz,
Bi-c\Bi-—2¢

where, by recalling (2.4.10) and (2.4.17), we set
C=c-C.
Then, since u € LP(B;), we can newly apply the Dominated Convergence Theorem to infer that
lim I(e) =0.
D 16
In conclusion, from (2.4.16) we have obtained that for every ¢ € C§°(Bgr) and every i € {1,..., N} we have

&1|u] Oy dx = —/B (Prc): ¥ da,

Br 81’1
thus showing that & [u] has a weak gradient, given by

Vu(z), if z € By,
DK(x) - Vu(K(x)), if x € Br \ Bj.

We also observe that, by using the change of variables K(z) = y and by recalling (2.4.4) and (2.4.6) we get

/BR VEu]|P dz = /B |Vu|”da:+/BR\Bl DK (2) - Vu(K(2)) P dz

V& [u] = ¢ = {

- / VP do + / IDK(K(y)) - Vau(y)[? |det DK ()| dy
B1

B1\B1
R

1
- / VulP de + / 2 V() dy
B Bl\B% y|

< (1+R?) / |Vul|P de.
B

this yields that V& [u] € LP(Bg;RY) and proves (2.4.2). In particular, by combining the last estimate with
(2.4.8) we obtain that
1 2N
[E[ulllwrr(pr) < 2P B> [Jullwro(s,),
for every R > 0. O

By joining the previous result and the fact that each open bounded convex set K C R¥ is bi-Lipschitz
homeomorphic to a ball, we can obtain an extension operator for functions defined on K. This is taken from
[15, Section 3].

COROLLARY 2.4.2. Let K C RYN be an open bounded conver set and xog € K. There exists a linear
extension operator

Ex : LMK) — L (RY),
such that, for every 1 < p < oo, it maps WHP(K) to VVli’f(RN). Moreover, if we define the following scaled
copy of K
Kgr(zg) := R(K —x9) + x9 = {R(ac—xo) +x0: T € K},
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for every u € WHP(K) and every R > 1 we have

2N
(2.4.18) IVER ]| Lok pimey < AR IVUllLoe),
and

2N
(2419) HSK[U]HLP(KR(IO)) < BR™® ||u||LP(K)

The constants A = A(N,p, K,z0) >0 and B = B(N,p, K,x¢) > 0 are given by

2

6N o 2N
1 DK(I'O) Ca 1 DK(Z‘()) P
A= 4~63N+p”(> and B=(2-6Y)r [ 5 ,
@) Tt @00 (e
where
dg (x0) :xrgcj)r}(m—xo\, Dy (xo) :a{relgﬁm—xo\.

2.5. Poincaré—Wirtinger inequalities

We will occasionally need also the sharp constants for some Poincaré—Wirtinger—type inequalities. More
precisely, for an open bounded Lipschitz set Q2 C RY, for 1 < p, ¢ < oo such that (1.1.1) holds, we introduce
the quantity

IVul?,

(2.5.1) tp,g(2) =inf § —————————
e g%lﬁl“u_t”iq(g)

: u € Lip() is not constant

In the case ¢ = p, we will simply use the symbol p, ().
We notice that p, ,(©2) > 0 if and only if Q supports a Poincaré—Wirtinger inequality of the form

€ i o~ 7)< [Vallpeys  for every u € Lip(@)

for some C' > 0. In this case, we have p, 4(2) > C and pp, () is the sharp constant in such an inequality.

REMARK 2.5.1. We recall that for every u € Lip(Q2) and every 1 < ¢ < oo, there exists a unique minimiser
t, of the function
t= flu—tllLa)-
For 1 < q < oo, this is characterized by the following optimality condition

/ lu —t,|7% (u—t,)dz = 0.
Q

In the limit case ¢ = oo, this is given by
1

t - + *1 inf
= sup u mr u.

Finally, in the limit case ¢ = 1, the optimal ¢, coincides with the unique value? ¢ such that

’{xeﬁ s u(w) zt}’ = erﬁ s u(z) St}‘.

We refer to [57, Theorem 2.1] for these facts.
Accordingly, in the case 1 < ¢ < oo the constant u, 4(€2) can be equivalently rewritten as

Vul?, Q
Hﬂiﬂm : / w92 uds =0, u e Lip(Q)\{O}} -
Q

HUHLq(Q)

fip,q(€2) = inf {

In the sequel, we will need the following geometric lower bound on p), , for convex sets, which is quite
classical. In general, this estimate is not sharp, but it will be largely sufficient for our purposes. We refer to
[23, 34, 40] and [43] for some finer estimates.

2In this case, t, is called the median of u. Its uniqueness is due to the continuity of u: for a discontinuous function, it is
easily seen that medians may not be unique.
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LEMMA 2.5.2. Let 1 < p < oo and q > p be such that (1.1.1) holds. For every @ C RN open bounded
convex set, we have

11 1\? '
2.5.2 0= (Nud) (12 Y [F 27 q Q%%
(2:5.2) ia@ 2 (VX ) ( o™ —— I
[ + —
p q
PrOOF. With u € Lip(€Q), it is sufficient to combine [48, Lemma 7.12] and [48, Lemma 7.16]. This leads
to
1 1\ %t
1 1 dlam(Q)N 1_;94_6 11,41
u—— [ udy < |QIY TP T || Vul|pe(q)-
|€2] /Q La(Q) Nw]lv/N €2 1 14_1 @
N p ¢
By simply noticing that
1
min |Ju — t||pa) < u/udy’ ,
teR ) € Jo La(Q)
we obtain the claimed lower bound. O

2.6. A Maz’ya—Poincaré type inequality

The first cornerstone of our main results is the following Maz’ya—type inequality, for functions defined on
a closed cube and vanishing in a (relative) neighborhood of a compact subset. For the proof of such result,
we closely follow [76, Chapter 14, Section 1.2], up to some minor modifications. We will also give an explicit
value for the constant appearing in the estimate (see Remark 2.6.2 below).

THEOREM 2.6.1. Let 1 < p < g such that (1.1.1) holds and let ¥ C Qq(xo) be a compact set. Then, for
every D > v/Nd there exists a constant € = € (N,p,q, D/d) > 0 such that

1

3 v
— (e, (% Bo(@0))) " Iulze(@uean < IVellr@utenn
q
for every u € C*(Qq4(xo)) with dist(suppu, ) > 0.
PROOF. We can assume that 2o = 0. Let u € C°°(Qq) be as in the statement, without loss of generality

we can also suppose that

1
(26.1) lull (@) = 1Qal* = (24d)
We use the standard convention that the right-hand side is 1, in the limit case ¢ = co. Hence, we consider
the function

N
a.

u = &g, ul,
i.e. the extended function provided by Corollary 2.4.2, with K = @4 and ¢ = 0. For every D > d, by
applying formula (2.4.19) with R = D/d, we get

2N

~ ~ D\ »
(26:2) Vilisca) < [Vlirion <A (5 ) T 196l

We observe that with this choice for K and g, we have Dy (xo)/dk(z9) = VN, thus the constant A only
depends on N and p. More precisely, it is given by
6N 4o

(2.6.3) A= (46 N+p)% (\/ﬁ) E = an,p.

We now fix D > v/ N d as in the statement and let n be a Lipschitz continuous cut-off function compactly
supported in Bp, such that

2
2.6.4 <n<l1 =1 B = B B < -
(2.6.4) O<n<l,  n=lonByy,; n=0onBp\Buwuno, IVnI,D_\/Nd
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Then, the function

ﬂj =0 (1 - a)?
is Lipschitz continuous, compactly supported in Bp and such that 1) > 1y, by construction. Thus, it is an
admissible function to test the Definition 2.2.1 of relative p—capacity. By the triangle inequality and the
properties (2.6.4) of 7, this yields

1
» ~ 2 ~
(capy(%5 )" S 190ty < IVTni) + 55— 11 = Tlecs.

We now denote by ¢ the unique real number (recall Remark 2.5.1 above) such that
@ —tlLasp) = ftfgﬂg @ —tlLemp)-

Without loss of generality, we can suppose that
(2.6.5) t>0.

By a further application of the triangle inequality, we obtain

1

» ~ 2 ~ 2 ~
(capp(E;BD)> P < HVU”L;D(BD) + m Hl — t”LP(BD) + m Ht — u||Lp(BD).

We have to estimate the last two LP norms. Actually, the first one can be estimated in terms of the second
one. Indeed, by using (2.6.5) and (2.6.1), we get

1
_ o ~ \Bp |7
11 = tllzr(mp) = 1 = t1Bol> = [llull La@u) = It ze(@u)] T
|Qal @
oy |Bp| oy |Bpl?
< u=tra@u 1 < la=tlLass) 1
|Qal |Qal @
By inserting this estimate in the inequality above, we get
: N 2|Bp|r 1 1 -
cap, (%5 Bp))" < IViilo(s,) + + 17— e o).
(cn D VN \|Qdt (Bl e

Moreover, by recalling the definition of y, ,(Bp) and the definition of ¢, we have

1
-~ 1 B -
|t —U||Lq(BD) < (Np,q(BM) HVUHLP(BD)'

We thus obtain

1 1 N

R 2w? 1 1 DPFar \ "
cap, (3: B ) < |1+ N + V|| Lo (B
(cap, (2: Bo) i <|BD|é le|3> (Mp)q(31)> 1V 2o )

We make some small manipulations, in order to simplify the expression of the constant: we have

1 1
L 2wk 1,1 prar \”
D—+/Nd \|Bplt  |Qalt ) \tpa(B1)
S 1 N L
1 ) 2wP 7 DP"F*P P
= 1 |Qd‘a+ N |Qd|1 +1 =
|Qal® D —V/Nd |Bp|e tp,q(B1)
1
1 » +Z
L |eiph 4 ten bt
(2d) D —+/Nd \ tip.q(B1)

() |

IN

2|z

1

iz (f/%%d)/D <up,thl>)p

a2

Z-Q\H
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Thus, by recalling the normalization condition (2.6.1), we have obtained

1
1 b D\« | 1 dw? 1 »
— (cap, (X; B n <= w4+ N ( ) YVu .
e (om@0) Wi < () ok + =355 (i) | 190
At last, by using (2.6.2) in the right-hand side, we get the desired conclusion. O

REMARK 2.6.2. By inspecting the proof, we see that the constant % obtained in the previous theorem
has the following explicit expression

—1

=

1o/a\F | r 4wl 1
i () b )
any \D 1_ @ Iip,q(B1)
D
The constant ay, is given in (2.6.3) and it comes from the extension operator. Actually, the constant

tp.q(B1) may not look so explicit: however, it can be conveniently estimated from below by Lemma 2.5.2, in
terms of quantities only depending on N, p and gq.

2.7. Benguria’s hidden convexity and perforated cubes

To set the scene for the proof of the subsequent Lemma 3.2.4, we need a technical result of indipendent
interest which concerns the minimization problem

Ap(Qr(20) \ Br(z0)) = inf {/ o) [Vul? dz - lullLe(Qr(ao)) =1, u(2o) = 0 on BT(CUO)} ,
Qr(zo

u€Lip(Qr(zo))

with 0 < r < R. As we will see, this result will derive from the so-called Benguria’s hidden convezity, a
property of the p—Dirichlet integral originally devised in [10, 11] for p = 2, and extended to 1 < p < oo in
[9, 38, 60, 90], see also [25, Theorem 2.9]. For sake of completeness, we report here its statement in the
simplest case: this will be enough for our scopes.

THEOREM 2.7.1 (Benguria’s hidden convexity). Let 1 < p < oo and let  C RY be an open set. For
every pair of non-negative functions u,v € W1P(Q) we set

ol i=((1—t)u? + tvp)%, for every t € [0, 1].
Then ot € WhP(Q) and

/ Vo' [P dx < (1 —t) / [VulP dz 4+t / |Vv|P dz, for every t € [0,1].
Q Q Q
As an application of Benguria’s hidden convexity principle we obtain the following technical lemma. For
simplicity, we state it with zg = 0.
LEMMA 2.7.2. Let 0 <r < R and 1 <p < 0. We set
Lipi(@) = {uELip(@) cu>0, uoR; =u fori= 1,...,N},

where R; : RNV — RY s the reflection with respect to the hyperplane {x € RN : (x,e;) = 0}. Then, for every
every 1 < p < oo we have

inf {/ |VulPdz - ||ul|rgr) =1, u=0 on BT}
ueLip(Qr) L/ Qg

= inf / [VulPdx : ||ul|| e =1, u=0 on BT} .
uELipi(QR){ Qr @)
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PRroOOF. Obviously, we have

inf {/ [Vul|P do : |jul|L» =1,u=0o0n Br}
w€Lip(QRr) R (@r)

< inf {/ |VulP de : ||ul| e =1, u=0o0n BT}
uELipi(@) R @Qr)

In order to prove the reverse inequality, we take u € Lip(Qr) to be admissible for the variational problem on
the left-hand side. Then, we define recursively the non-negative Lipschitz functions

1

p

1 1
o= (Gl + gluorap)”

and

=

2 2
We claim that for every ¢ = 1,..., N:

1 1
Oi+1 = < (Ui)p+(UiORi+1)p> s fOI‘i:L...,N—l.

(i) 0;0R; =0y, for every 1 < j < i;
(i) IVoiller) < IVullLrqr);
(iii) ||loillLr(@p) = 1 and o; = 0 on B,.

In particular, by taking ¢ = N, we would get that oy is admissible for the variational problem on Lipi (Qr)

and
/ |[Von|P de < / [Vul|P de.
Qr Qr

This would be enough to conclude the proof.
We are left with proving that o; has the claimed properties. We proceed by induction: for i = 1, properties
(i) and (iii) are straightforward. As for property (ii), this follows from Benguria’s hidden convexity principle,

which gives
1 1
/ \V01|pdx§f/ \V|u|\pdm+f/ |V\u07?,1||pdx:/ |Vul|P de,
Qr 2 Qr 2 Qr Qr

where we used that R1(Qr) = Qg and that Ry is a linear isometry, together with the fact that |V|u|| = |Vu|
almost everywhere.

We now take 1 < ¢ < N — 1 and suppose that (i), (ii) and (iii) hold for every o1,...,0,. We need to
prove that these properties hold for o1, as well. Again, property (iii) is immediate by construction and by
the inductive assumption. For point (i), we have

1 1 P
Opq1 = (2 (o0)? + 3 (ogo Rz+1)p> ,

thus for 1 <j </

D=

1 1
orr10R; = (2 (00 0 R;j)P + 5 (06 0 Reg 0 Rj)p>

11 (1,1 D\ 7
= 5(05) +§(0£ORjORZ+1) =509 +§(040Rz+1) = 0¢41,
where we exploited the validity of (i) for 1 < j < /. As for the composition with Ry41, we also have

1

P

1 1
0410 Rep1 = (2 (0o Rey1)’ + 3 (0goReq10 Reﬂ)p)
1

1 1 P
= (2 (000 Rey1)” + B (U£)p> = O0+1,
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thanks to the fact that Ryy1 0 Reqq is the identity map. This establishes the validity of (i) for £+ 1, as well.
We still need to verify property (ii): by using again Benguria’s hidden convexity, we get

1 1
/ Vo de < 3 / |VoelP do + 3 / [V(ogoRes1)P de = / |VoglP dx,
Qr Qr Qr

R

thanks to the fact that Ry4+1(Qr) = Qr. By using that (ii) holds for oy, we get the desired conclusion. O



CHAPTER 3

Inradius and Poincaré—Sobolev inequalities: the case p > N

3.1. The case p > N

This chapter is devoted to prove that in the super—conformal case we can get a lower bound on the
principal frequencies of a general open set € in RY in terms of its inradius, without taking any restriction
on the geometry/topology of 2. This result was originally proved by Vladimir Maz’ya in the ’70s (see [76,
Theorem 15.4.1 & Comments to Chap. 15 pag. 733]), and after that by other several authors (see Section
1.2.1 for more details).

Here, we give a slightly different proof taken from [B2], based on the analysis of some particular “punc-
tured” Poincaré constants (see Section 3.2). It improves the already existing proofs by providing an explicit
constant, and contains a detailed analysis of its asymptotic behaviour as p \y N and p " co. In particular,
in these regimes we get a sharp asymptotic behaviour.

Finally, by means of an interpolation argument, we extend the result to the case of A\, 4, for N < p <
q < 00. The main theorem of this chapter reads as follows

THEOREM 1. Let 1 < N < p. Then, for every open set Q C RY with finite inradius rq, we have

(3.1.1) Ap(Q) > By (Tlﬂ)P with By, = maX{A(i(/%w\L?;?’ (p;N)p} > 0,

and

p—N
(3.1.2) (@) 2 Ay (B (0D ()

For p < q < 0o, we also get

D 1-2 /1 \P~N+NG
3.1.3 Ap.o(Q) > (A oo(B1\ {0 = .
(313) 0@ = ()" (B 0) ()
Finally, the two constants Bn, and Ay oo(B1 \ {0}) exhibit the following asymptotic behaviour
o BNp . BNp . 1
0 < liminf ———— <limsup ————— < 400 and lim P =1,
PN (p— NPt T p\Np (p— NP1 p/'oo (Br.p)

Ap,OO(Bl \ {0}) < limsup AP’OO(Bl \ {0})

0 < liminf
PN (p— NPt N (p—=N)PL

<oo and lim (Apoo(B1 \ {0})7 = 1.
p, oo
3.2. Punctured Poincaré constants

To begin with, we set up some technical results of indipendent interest. Let p > N > 1 and let K C RV
be an open bounded convex set. For every o € K, we define the following Poincaré constants

Apy(K\ {xo}) = inf {/ |VulP dz : ||ul|r k) = 1, u(zo) = 0},
u€Lip(K) K

and

Ao (K \ {wo}) = inf {/K|Vupdx : u||Loo(K):1,u(3:0):O}.

u€Lip(K)

33
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We observe that in the particular case K = Bg(z¢), we have

G20 ABato)\ o)) = 2P ang L (Bateo) \ o) =

The following simple result is instrumental to get a lower bound on this constant.

Apoo(B1\ {0})
RN

LEMMA 3.2.1. Let 1 < N < p and R > 0. For every u € Lip([0, R]) \ {0} such that u(0) = 0, we have
AP(Bl \ {0}) /R |u(t)|p tN—l dt < /R |u/(t)\ptN_1 dt.
Ry 0 0
PROOF. For every u as in the statement, we define
U(z) = u(|lz — zol), for every x € Bg(xo).
By definition of A,(Bgr(zo) \ {z0}), we have

Ap(Br(zo) \ {z0}) /

|U|P dx < / VU P dz.
Br(zo) Br(zo)

By using spherical coordinates centered at xy and taking (3.2.1) into account, we get the desired conclusion.
O

Now we can prove the following sharp inequality, which is interesting in itself.

LEMMA 3.2.2. Let 1 < N < p and let K C RY be an open bounded convex set. For every xo € K, we

have
A\ ) 2 250

Moreover, we have equality for K = Bgr(xo).

here D = -yl
where D (xo) Jgg}((\xo Yl

PROOF. Let u be an admissible function for the problem which defines A, (K \ {z¢}). By using spherical
coordinates centered at zo, we get

(W) ou\? 1
Vupdx:/ / () + = |V, ul?
/K| | SN-1.Jo l do 0? | |
- / /T(W) %
—Jsv-1 o do

By using Lemma 3.2.1 in the innermost integral, we obtain

1 r(w)
|[VulP de > A, (B; \ {0}) —_ [ulP oVt do dHN " (w).
K P SN )P Jo
Finally, by noticing that

p
2

QNfl deHNfl(w)

p
oV do dHN_l(w).

1w

r(w) < Dg(xo), for every w € SV 1,
we get the desired conclusion. 0

The following estimate on the quantities A, and A, o will be useful in the sequel, in the particular case
K = By and zo = 0.

LEMMA 3.2.3. Let 1 < N < p and let K C RYN be an open bounded convex set. For every xo € K, we
have the following estimates

Fip,00 ()
(322) K Ap(K\ ) > Ao\ (o)) > P2t
where we recall that p, - (K) is defined in (2.5.1). Moreover, we have

p1LII;O (Ap(K\{Io}))% = pler;o (Ap,oo(K\{:Eo}))% _

where as above Dk (xo) = maxyzeak [T — xol.

1
.DK(.%‘Q)7
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PROOF. The leftmost inequality in (3.2.2) easily follows from Holder’s inequality. In order to prove the
rightmost one, let u be a Lipschitz function on K, such that u(z¢) = 0 and ||ul[p~x) = 1. Let t, be such
that

—t oo = mi — t|| oo .
[|w ullz (K) ftlgﬂl{lﬂu 173 (K)

By definition of p, oo (K), we have

1 1
1 v / >p
w(z) —ty| < | ——— VulPdr | for every z € K.
| (=) | <Np,OO(K)) ( K| |
Thus, we obtain

lu(@)] = u(z) = ulzo)| < |u(x) — tul + |u(zo) — tu]

1 1
1 ] / ),,
<2 — VulPdx | , forevery z € K.
() (v

By taking the supremum over x € K and recalling the normalization on u, we get

trst) < oK\ 0D)

as desired.
For the second part of the statement, we first observe that if N < p; < po, then
a1 1
<Ap1,oo(K\{xo})> o (Apz,oo(K\{xo})> 72
K| - K| ’
by Holder’s inequality. Thus, the limit

lim
p—}OO

(Ap,oa'f; \| {m}))i |

exists, by monotonicity. This in turn implies that lim,_, o (A oo (K \ {z0}))!/? exists, as well. In order to
estimate this limit from above, we notice that the function

u(zx) = (/ |x—x0|pdx> ’ |z — o],
K

is admissible for A, (K \ {z¢}). Thus, we get

1

m (Aol o) < i (0 o))

li
P00
< lim |K|l (/ x—az|”dcc>_;)— !
T p /oo K ’ D (zo)

D (wo) = max |z — zo| = max |z — @ol,

(3.2.3)

Observe that we used that

thanks to the convexity of K.
The estimate from below is more elaborated, but the argument is nowadays quite standard (see for

example [14, Section 2]). For every m € N such that m > N + 1, let us take u,, € Lip(X) such that

lmllzegr = 1, (o) =0, / Vit d < 2 Ao (5 {0}):
K

By Holder’s inequality, for every m > N + 1 we have

N+1 N1

/ Vit [N+ d < K (/ |Vum|mdx> DSR2 8 (K \ )
K K

In light of (3.2.3), this shows that {tm,}m>n41 is a bounded sequence in WHN+1(K). By the Morrey-
Sobolev compact embedding (see [69, Theorem 12.61]), we have that there exists a subsequence {1 }nen C
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{tm}m>n41 and a limit function us, € WHNHH(K)NC(K), such that u,, converges weakly in WHN+1(K)
and uniformly on K to us,. Thus, we still have
||u00||L°°(K) =1, uoo(xo) =0.

Moreover, by lower semicontinuity and (3.2.3), we have

1 1
NFT T
(/ |Vuoo|N+1 d;v) < w
K D (o)

We can now recursively repeat the previous argument: we take N + £+ 1 for £ € N\ {0} and extract a
subsequence {u,,¢+1 }nen from the previous one {u,,: tnen. Indeed, at each step, we have

N4eof1 Ntet1

(3.2 [ 1T P o < )T (200 (K )
K

which shows that {u,,: }nen is a bounded sequence in WLNHHL(K). As before, there exists a subsequence
{ume+1 }nen which converges weakly in W1V ++1( K) and uniformly on K. By construction, the limit function

must still coincide with the original limit function 4. This shows that us, € WHNHHL for every ¢ € N and
that

n— oo

ﬁ i1 T
( / VuooNHde) < lim [K[" (2Amgl,oo(K \{wo}))m"
(3.2.5) K )
[ K|~FeT

D (o)
By taking the limit as £ goes to oo, we get that u., € Lip(K), with

Vool Lo (x) < [Uooll oo () = 1, Uoo(T0) = 0.

1
D (xo)
Actually, the last two properties show that the first one can be improved. Indeed, let T € K be a maximum
point of |us|. We then havel

_ _ _ |T — x|
|ttoo (T)| = [thoo (F) = thoo (w0)] < [|Vtico| o (k) [T — o Dr (o)
This implies that equality must hold everywhere. In particular, we get
1
3.2.6 v < (K) = ——.
(3:2:6) IVusolim) = G

With this information at hand, we can now conclude: we go back to (3.2.5) and observe that

1 1
4

lim [ ™55 (28 (K {0D) ™ = [K[775 Tim (A eo(K N\ {01) "

n—oo

Thus, we obtain

L . N
lim (Am,oo(K \ {0})) > |K|” ~¥e (/ |Vt | N TEH dm) :
m—o0 K

By taking the limit as £ goes to oo and using (3.2.6), we conclude. (]

We conclude this section, by observing that A,(Q1\{0}) actually coincides with A, of a suitable “pepper”
set2. More precisely, we have the following

IAs already observed, by convexity of K, we have

Dg (x0) = mrgg)}((\x—xo\ = glea%lx — xo|.

2We borrow this fancy terminology from Adams, see for example [1].
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LEMMA 3.2.4. For 1 < N < p, we have
ARV A ZY) = Ap(Quy2\ {0}) = 27 Ap(Q1 \ {0}).

PROOF. The rightmost equality simply follows by scaling. Let us prove the leftmost one.
Let u € C§°(RY \ ZV). By tiling the space with the cubes

Q1 2(i), with i € ZV,
we easily see that v is admissible for the variational problem which defines A,(Q1/2(i) \ {i}). Thus, we get
/ VulP dz =) / VulPdz > Ap(Q1/2(i) \ {i}) / ulP da.
jezn Y Qiy2(1) icZN Q1/2(1)

Since we have
Ap(Qr2(1) \ {i}) = Ap(Q1/2 \ {0}), for every i € ZV,

we can infer
/ |VulP dz > Ap(Q1/2 \ {0}) / |u|? dz.
Q Q

By the arbitrariness of u, this yields A\, (R \ ZN) > A, (Q1/2 \ {0}).

In order to prove the reverse inequality, we take u € Lip(Q;/2) such that «(0) = 0 and ||uHLp(Q1/2) =1.
According to Lemma 2.7.2, we can further suppose that u is non-negative and symmetric with respect to
each variable. For every m € N, we define

ZN = {i = (i1, ,in) €ZN ¢ |i|peo := k_rrllaxN|ik\ < m},

and then we set

Un(x) = Z u(r +1).

iezZN

Observe that this is Lipschitz function on the cube @, 11/ (thanks to the symmetries of u), vanishing at
each point i € ZY. We then take 7,, a 1-Lipschitz cut-off function, such that

0 S NMm S 1, Mm = 1 on Qm—1/27 Nm = 0 on an—i—l/Q'

By construction, we get that n,, U, € W(} P(RN \ ZN), where we extend it by 0 outside Q,,1 /2. Thus, we
get

( (RN \ZN))% </sz IV (5 Up )P dx1> :
(/RN I Umlpdx) ’

Z/ Vi l? [Up|? Z/ VU P [?
Q1/2(i

=

ieZl ieZl Qu/2(1)
ES 1
P
> [ U S [ s
iezZN Q1/2(1) iz Q1/2(1)

We now observe that, thanks to the properties of 7,,, we have

Z/ D U [P dz > ) / [ U [P dz =) / |Upn|? de
Q1/2(1) i

iezZN iezy Q120 iezN 7 Q12(1)

=@2m-1)N / |u|P de.
Q12
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We also used that U, coincides with a translated copy of the original function u defined on Q; /5. As for the
first integral at the numerator, since 7, is 1—Lipschitz and is constant on Q,,_1/2, we get

Z/ VP U Pz <3 / |Um|pda::{(2m+1)N—(2m—1)N}/ P da.
iezN Q1/2(1) li]goo =m Q1/2(i) Q12

Finally, by using that |n,,| < 1, we have

S [ VUl o < Z/
iz Q1/2(1)

|VUm|de=(2m+1>N/ VP da.
iczZN Qu/2() Q1/2

By using these estimates, we get

NN 2m+1\" P omt1 ¥ IVullzr(@,,)
( SRV Z )) ( ) —1 +( ) r2)
2m —1 2m—1 ||u||Lp(Q1/2)

If we now take the limit as m goes to oo, this yields

Vul e
( (RN \ZN)) < H HL (QI/Z).
||UHLP(Q1/2)
Since u is arbitrary, we get Ap(RY \ ZV) < A, (Q12 \ {0}), as well. O

3.3. Proof of Theorem 1

By means of the analysis performed in the previous section, we can derive the main result of this chapter:
Theorem 1.

PrROOF OF THEOREM 1. We divide the proof in five parts.

Part 1: inequality for ¢ = p. From [24, Theorem 5.4 & Remark 5.5, we already have

(3.3.1) Ap(Q) > (p N)p ip

p o
This is a plain consequence of the Hardy inequality contained in [51, Theorem 1.1]. Unfortunately, the
constant obtained in this way has a sub-optimal behaviour as p \, N. In order to rectify this fact, we give
a different proof, based on Taylor’s idea of tiling the space with cubes “large enough”. We will see that for
p > N, the situation is simpler.
Without loss of generality, we can assume rq = 1. We fix ¢ > 0 and consider the tiling of R made by
the cubes

Qici=Q11:((2+29)1), for i € ZV.
We also consider the set of indices

zy. = {i: (i1,...,in) €ZN + Q. NQ £ (z)}.
Let u € C5°(£2), we observe that for every i € Z{ _ there must exist
Tie € Bl+5((2 + 26) i) \ Q,

thanks to the fact that rq = 1: this implies that a ball of radius 1 + € cannot be entirely contained in €.
Then, by the tiling property of the collection {Q; . }iczw, the definition of A,(Q; e \ {zi}) and Lemma 3.2.2
applied to each cube of this collection, we get

/|Vu\pdx— Z / |VulPdz

i€y,

> > Ap(Qic \ i) ullg, ) = Ap(B1\ {0})

.
= (1+2) VN +1+¢)
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Observe that we used that x; . € B14.((2+ 2¢) 1), to infer that

—yl < (1+e \/> 1+4+e.
Er%agilxo yl < (1+¢) VN +

By taking the limit as € goes to 0 in the estimate above, we obtain
(\/JV +1)P s
Finally, by joining the two estimates (3.3.2) and (3.3.1) we obtain

Ap() > B%p7 with By, = max{/\(l’(\/%l{lgi‘)7 (p;N)p} > 0,

(3.3.2) IVl ) >

as desired.

Part 2: inequality for ¢ = oco. We give the counterpart of (3.1.1), for the endpoint case ¢ = co. The
argument is extremely simple, based on the properties of the L° norm and on a basic geometric fact. As
before, up to scaling, we can assume that rq = 1. For every € > 0, we consider the family of balls

{B1+e(y) Y€ 89}-

It is not difficult to see that this is a covering of ). Indeed, by definition of inradius, for every = € €, there
exists y € 0L such that
|z —yl =da(z) <rg =1.

In particular, this implies that @ € By14.(y). By arbitrariness of = € Q, we get the claimed covering property.

We now take v € C§°(92). Thus, this is a continuous compactly supported function. Hence, there exists
T € ) such that

(@) = [Jull L (@)-

Thanks to the previous discussion, there exists 7 € 9Q such that T € By, (7). Thus, we obtain

el ey = (@ = 4l .o
1 / (14+¢)PN /
< ——— |[VulPdx = VulPdx.
My Brre N Jo Apoo Ry (BN (01 Jo IV

In the last equality we used (3.2.1). By letting € go to 0, we obtain (3.1.2).

Part 3: inequality for p < g < co. By a simple interpolation argument, we can now fill the gap and prove
the result for the whole range p < ¢ < co. Indeed, for every u € C§°(Q2)\{0} and p < ¢ < oo, we have

r

1-2
(T (I (IIuHiP(Q)) ,

p
Vel (I9000)\ ' F (19000 )
||u||iQ(Q) - ||u||L0°(Q) HUHLP(Q)

P
aq

then

This entails that

M) = (Apoel)) “
Hence, the thesis follows by combining (3.1.1) and (3.1.2).

(@)

Part 4: asymptotics for A, (B \ {0}). By Lemma 3.2.3, we know that

Apool(Bi\ {0) 2 L=t B),

In turn, the right-hand side can be bounded from below thanks to (2.5.2). Thus, we obtain

MptB {0 2 3 (S0)7 (B2,

which gives the claimed asymptotic behaviour from below, as p goes to N.
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On the other hand, by testing the definition of A, o (B1 \ {0}) with

p—N _
(3.3.3) ue(z) = (52 + |x|2) e gl;fllv, with € > 0,

we get

/ |Vue|P dz N

. p—

Apoo(Bi\{0}) <lim =2 — = Nuwy ( ) .
p eNo ||u5||poo(Bl) pfl

This gives the desired asymptotic behaviour from above, as well. Finally, for the limit p * co it is sufficient
to use Lemma 3.2.3 with K = B; and x¢ = 0.

Part 5: asymptotics for Sy ,. We recall that this is given by

(5

BNp = max {

In particular, by Lemma 3.2.3 we have

Bnp = max{izoz%i{f)}p)’ <p pN)P} |

Thus, the information

o BN
0 < liminf ——% |
U Ny

comes from Part 4 and the behaviour of A, o (B1 \ {0}). The related upper bound can be proved as before,
by using (3.3.3) as a test function and taking the limit as & goes to 0.
Finally, as for the limit p * 0o, we observe that by its definition
1
lim inf (ﬁN@) " > lim infp N
p/oo p/loo p
On the other hand, by using (3.1.1) with Q = By, we get

=1

1

lim sup (BN,p); < lim ()\p(Bl))% =1,

p/oo P00
thanks to [58, Lemma 1.5]. This concludes the proof. O
REMARK 3.3.1 (Asymptotic optimality). We recall that for every open set Q C RV, we have
1 1
» . » 1
tim (A,(2))7 = Tim (Apee(@)” = —,
Jim (Ap(2) )7 = lim (Ap,eo(€2) -

see [24, Corollary 6.1 and Corollary 6.4]. Thus, the estimates (3.1.1) and (3.1.2) becomes identities in the
limit as p goes to oco.
As for the case when p goes to N: from Lemma 3.2.4 we know that

Ap(RYNZY) = Ap(Quy2 \ {0}).
The last quantity can be estimated from above by using the test function (3.3.3), as before. This gives
A (RY N\ ZN
lim sup 71(7\1)
N (p— NPT
and thus the constant Sy, in (3.1.1) vanishes with the sharp decay rate. Finally, from both the definition of
Ap,0o and that of p—capacity, we have

< 400,

p—N)p_l

b < o, (01) = Ve (5]

Thus, also the constant in (3.1.2) has the sharp decay rate to 0.



CHAPTER 4

Inradius and Poincaré—Sobolev inequalities: a planar case

4.1. The Croke—Osserman—Taylor inequality for Poincaré—Sobolev constants

This chapter is taken from [B2]. Our ambient space is now R? and we are going to extend the Croke-
Osserman—Taylor inequality (1.3.1), which is known to be true for planar multiply connected open sets and
p = 2 (see Section 1.3.1), to the case p # 2. This is the content of the main theorem of this chapter: Theorem
2.

The same argument even works for the more general case of A, , whenever 1 < p < g < p*, where
p* indicates the critical Sobolev exponent. The restriction taken on the exponent ¢ is not by chance: as
discussed in Remark 4.3.1, the same results cannot hold in the sub-homogeneous case ¢ < p.

In the proof of Theorem 2, we pay due attention to the dependence of the constant on the parameter g
as ¢ /' p* in the case p < 2, and as ¢ " oo in the case p = 2. It reads as follows

THEOREM 2. Let 1 < p < oo and let p < q be such that

g<p", fl<p<2,
(4.1.1) q<oo, ifp=2
q<oo, ifp>2.

Then, there exists a constant ©,, > 0 such that for every Q C R? open multiply connected set of order
k € N\ {0} with finite inradius rq, we have

1 P—2+2l
(4.1.2) Apa(Q) >0, (M) .

Moreover, the constant ©, 4 has the following asymptotic behaviours:
o for1 <p<2
0 < lim O, 4 < +o00;
q./'p*

o forp=2
0 < liminf (¢© < limsup (¢ © < +oo.
minf (¢02,4) < limsup (402,,)
REMARK 4.1.1 (Asymptotic optimality). Let 1 < p < 2 and let p < ¢ satisfy (1.1.1). By proceeding as
in [15, Theorem 1.2, point (2)], we can construct a sequence {2 }ren {03 € R? of open sets such that Q is
multiply connected of order k

2p

ra, < C and limsup k"7t Ap,q () < +o00.

k—o0
This shows that the lower bound (4.1.2) is sharp in its dependence on k, as k goes to co. For p > 2, we will
see in the next section that this estimate can be considerably improved, by removing the dependence on k.
We also recall that for 1 < p < 2 we have

lim* Ap,g(2) = Ap p= (),

q./'p
and the latter is actually independent of the set : it simply coincides with the sharp constant in the Sobolev
inequality for the whole space R? (see for example [89, Chapter I, Section 4.5]). The asymptotic behaviour
of the constant O, 4 in (4.1.2) is perfectly consistent with this fact.

41
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Finally, for p = 2 we have that for a multiply connected planar set with finite inradius, it holds
lim gA24(Q2) =8me,
q./'0
see Corollary 4.4.2 below. Thus, here as well, the asymptotic behaviour of the constant ©5 , is consistent
with this limit.
4.2. Three technical facts

We start by collecting three technical Lemmas that will be needed for the proof of Theorem 2. We recall
the following geometric result due to Taylor (see [91, proof of Theorem 2]). In the form below, this can be
found in [15, Lemma 2.1]. For every o € R, we denote by

LaJ :max{ne Z:a> n},
its integer part. For every direction w € SV~1, we also use the notation II, for the orthogonal projection
onto the space (W)t := {z € RN : (z,w) = 0}.

LEMMA 4.2.1 (Taylor’s fatness Lemma). Let k € N\ {0} and let Q C R? be an open multiply connected
set of order k, with finite inradius. Let Q be an open square with side length 10 (|Vk| 4+ 1) rq, whose sides
are parallel to the coordinate azes. Then, there exists a compact set ¥ C Q \ Q such that

VEk
maxx { ! (ILe, (2)), H! (e, () } > “ - ra,
where e; = (1,0) and e2 = (0,1).
We need also the following simple result.

LEMMA 4.2.2. Let (a,b) CR and a < xg < b. Then for every p > 1 we have

ca, ({0} (0.6) > oy

PRrROOF. Let ¢ € C§°((a,b)) such that ¢(zo) > 1, then

b xo b
/ | der = / | de + / '] d > (o) — ¥(a)] + (D) — b(zo)| > 2.

By Jensen’s inequality, we obtain

I 1o N o
_ > — >
5 a/a|¢|dx_<b a/a|d1|dx 2 G- ap

By recalling the Definition 2.2.1, the claimed inequality easily follows. O

As a last ingredient, we need a geometric lower bound for cap,(¥; B.(0)), in the plane. This is the
content of the following result, which can be proved along the lines of [76, Chapter 13, Section 1.2, Proposition
1].

LEMMA 4.2.3 (Capacity and projections). Let ¥ € B,(z9) C R? be a compact set. Then, for every

1 <p< oo and every w € St it holds
2

-1

Capp(E§Br(x0)) > Hl(Hw(E))v

rp
where, as above, I, is the orthogonal projection onto (w)* = {x € R? : (z,w) = 0}.

PROOF. It is not restrictive to suppose that zo = 0. We fix w € S' and choose w* € S! to be orthogonal
to it. We can also assume that H'(II, (X)) > 0, otherwise there is nothing to prove.

Fix p > 1 and take any function v € C§°(B;) such that u > 1x. Let @Q be the square centered at the
origin, with side length 27 and whose sides are parallel to w and w*. By Fubini’s Theorem and writing every
z € @ as follows

T=2zw+ 2w, for (z1,22) € (—r,r) x (—=r,7),
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we have

T I
/ |Vu|pdx:/ |Vu|pdx2/ \8wu|pdx:/ / |02, u(21, 22) P dz1dzo
B Q Q —rJ—r
> [ty
1L, (%)

By using that for every 2o € II,(X), the function z; — u(z1,22) is admissible for the definition of the
p—capacity of a point relative to the interval (—r,r), from Lemma 4.2.2, we get

21’
[Nzl o2 > ML) =

rpP

This concludes the proof. O

4.3. Proof of Theorem 2

We are ready to adapt Taylor’s proof and prove the announced lower bound for multiply connected open
sets in the plane. We can cover the case of any generalized principal frequency with the same effort.

PROOF OF THEOREM 2. We first prove the inequality (4.1.2). Then by using the explicit expression of
the constant ©, ,, we will prove the second part of the statement.

Part 1: inequality. Up to a scaling, we can suppose that rq = 1. We take § = L\/EJ + 1 € N and consider
the family of squares

Qij = Q55(1064,106 j), for every (i,j) € Z.
We introduce the set of indices
o ={(,5) €2’ : Qi NQ#0},

and for every (i,j) € Z% we take ¥;; C Qi; \ © to be the compact set provided by Lemma 4.2.1. Let
u € C§° (), then by Theorem 2.6.1 with d =56 and D = 2d = 106, we have

/|vu|pdx— > / |VulPdz >

(4,5)€7? ( 5)

S cap, (S Biy) lulluo, )
(i.4)€73,

2p
q

where we denoted with Eij the ball with radius D = 2d = 106, concentric with @);;. The key point now is
to give a uniform bound from below on the capacity of the sets ¥;;: by relying on Lemma 4.2.3 and Lemma
4.2.1, we can infer

VEk
2. (100)p—1

e (855 By) > sy mase (! (e, (). 4! (e, (2)} =

By collecting these estimates, we get

€’ Vk
ez TR S il
1+ 22 7(Qij)
P-(58)T (ery ’
and ¥ is the same constant as in Theorem 2.6.1. Since k > 1, we have
VE vk o VR ( 1 )”‘“a
sp1+ 7 (V] +1)p—1+27p (2 \/E)p—l-i-%p op—1+72 \ /& '
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In order to conclude the proof, we are only left to observe that ¢ > p, thus the power 7 — 72/9 is sub-additive.
This implies that!

(4.3.1) Z ||u||iq(QU) > Z HUH%q(QU) :H“Hiq(ma
(.)€ZE (1.1) €23,

Then, we get

2p
P 1\
p > - _ P
/n [VelPde 2 o 1071 (\/E> Ielfze o
and (4.1.2) follows by definition of Ay 4(12).
Part 2: asymptotics for ©,,. In Part 1 we have obtained the following constant
@p
e —— T
2r - 10771

with & as in Theorem 2.6.1. Thus, in order to understand the asymptotic behaviour of ©, , as ¢ goes to p*
or to oo, it is sufficient to focus on the same issue for the constant 7. By Remark 2.6.2 and taking N = 2,
d/D = 1/2, this is given by

For 1 < p < 2, we have that (see [23, Lemma 6.2])
lim gy q(B1) = ppp-(B1) > 0.
q./'p*

For a lower bound on the last constant, see for example [34, Proposition 3.1].
The case p = 2 is slightly more delicate. In this case, we have

lim ps 4(B1) = 0.
N 2,q( 1)
More precisely, one can prove that

dre < liqnig.}f (qyqu(Bl)) < lim sup (qu,q(Bl)) <8me,

q—00
see [23, Proposition 6.5]. In light of the expression of %, this is enough to deduce the asymptotic behaviour

of ©y 4 as ¢ goes to oco. O

REMARK 4.3.1 (The case 1 < g < p). We observe that the proof of Theorem 2 does not for work for ¢ < p:
the main obstruction is the sub-additivity inequality (4.3.1). This is not a mere technicality: in the case
q < p, inequality (4.1.2) cannot hold. Indeed, it already fails for convex sets. The typical counter-example is
given by the infinite strip 2 = R x (=1, 1), for which we have

ro=1 and Apq(2) =0, for 1 < g <p.

We refer to [21, Proposition 6.1] for more details.

IIn the limit case q = co, we just use that

P p
> Tl gy, 2 ullf gy
(i,3)€Z3
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4.4. Embeddings for homogeneous spaces

In this section, we briefly discuss some consequences of Theorem 2 for the embedding properties of the
homogeneous Sobolev space @01 P We recall that the latter is the completion of C§° (), with respect to the
norm

o = Vol Lr@)s for every ¢ € C3°(Q).

COROLLARY 4.4.1. Let k € N\ {0} and let Q C R? be an open multiply connected set of order k. Let
1<p<2andletp<q satisfy (4.1.1). Then we have

2,7 (Q) — LI(Q) — rq < +oo.

PROOF. The validity of the continuous embedding Z,*(2) < L9(Q) is equivalent to the fact that
Ap.q(©) > 0. Thus, the implication <= is a direct consequence of (4.1.2). For the converse implication, it is
sufficient to observe that for every disk B,.(xg) C 2, we have

>‘p7q(B1)

ECETN
PP

>‘P7CI(Q) < )‘p,q(Br(xO)) =

By taking the supremum over the disks contained in €2, we get

Ap,q(B1)
Ap,q(€2) < ﬁ_quJrsza
Tq

and thus the conclusion. O

We now focus on the case p = 2. In this case, there is no limit Sobolev exponent, i.e. the exponent ¢ may
become arbitrary large, but it can not attain oco. In general, the limit embedding for .@é -2 () is on the scale
of Orlicz spaces of exponential type. For example, for open planar sets with finite area, the Moser—Trudinger
inequality asserts that

sup {/ (eXp(47'ru2) —1)dz : / \Vul? de = 1} < +o00,
ueC§e () Q Q

see [80, Theorem 1]. In [75, Theorem 1.2], the authors proved that for an open simply connected set Q C R?,
we have

sup {/ (exp(4mu?) — 1) da : / |Vu|? do = 1} < 400 — ro < +00.
uwece (@) Lo Q

In the next result, we extend this characterization to planar sets with non-trivial topology.

COROLLARY 4.4.2 (Moser—Trudinger). Let k € N\ {0} and let Q C R? be an open multiply connected set
of order k. Then, we have

sup {/ (exp(dmu?) — 1) da : / Vqum:1}<+oo = ro < +00.
uecge(Q) Lo Q
Moreover, if rq < +00 we have
lim g A2 4(Q2) =8me.
q./'0

PROOF. According to [8, Theorem 2.2], for an open connected set 2 C R? we have that

sup {/ (exp(dmu?) —1)da : / |Vu|? do = 1} < 400 — AQ) < +oo.
ueC§e () Q Q
If Q is multiply connected of order k, the last condition is equivalent to rq < +o00, thanks to Corollary 4.4.1
with p=¢ = 2.
The second statement now follows by reproducing verbatim the argument of [88, Lemma 2.2]: the first
part of the proof assures that we have the Moser—Trudinger inequality at our disposal, which is sufficient to
reproduce the argument in [88]. O
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4.5. Sharpness: the case of Buser inequality and an open problem

A further consequence of Theorem 2 is the following Buser inequality for planar k—connected open sets.
We report below its statement without proof, having been anticipated in the Introduction, and refer the
reader to Section 1.3.3 for a more detailed discussion.

THEOREM 3. For every 2 C R? open multiply connected set of order k € N\{0}, we have

) 2 9
A < (F) k (n)
1,1

where ©11 is the same constant as in Theorem 2 and jo is the first zero of the Bessel function of the first
kind Jo (see for example [55, page 11] for an approzimate value).

In this section, we analyse the asymptotic behaviour of the sharp constant in the previous Buser inequality
with respect to the dependence on the parameter k as k * oco. Next, we compare its asymptotic behaviour
with that of the constant appearing in the rightmost term of (1.3.5), and present a related open problem.

For every k € N\ {0}, we now define the sharp constant for the Buser inequality proved in Theorem 3,
i.e. we set

A(©)

Its precise value is known for £k = 1 and k = 2 only, see the recent paper [32]. In light of Theorem 3, we
know that such a constant is finite for every k and grows at most like k, as this diverges to co. We are going
to show that this growth is “essentially” sharp. This is the main result of this section.

Cp(k) := sup : © C R? multiply connected of order k with rq < 400

PROPOSITION 4.5.1. The quantity k — Cg(k) is monotone non-decreasing. Moreover, for every 0 < o <
1, we have

Proor. For the monotonicity part, it is sufficient to proceed as follows: if € C R? is admissible for
Cp(k), then the set Q = Q\ {zo} with z¢ € Q is admissible for Cg(k + 1) and we have

ORI

) ()

This is due to the fact that points in dimension N = 2 have zero p—capacity, for every 1 < p < 2.

For the second part of the statement, we are going to exhibit a sequence of open sets {2 };>2 such that each
Qf is multiply connected of order k + 1, it has finite inradius and

(45.1) lim — (%)
k—00 Lo (h(Qk))

At this aim, we will slightly modify the construction of [15, Theorem 1.2, point (2)]. We will produce a
sequence of enlarging periodically perforated sets, such that the radius of the perforation shrinks “not too
fast” as the sets grow.

Let k£ > 2 be a natural number and let ¢, = k=7 for some fixed 3 > 1/2, we indicate by

. 11
(4.5.2) Or = ([0, 1] x [0, 1]) \ B., (2, 2) .
The parameter €5 will be the shrinking radius of the perforation. If we set

T = {i = (i1,42) € N? : max{i, is} < [VE| — 1},

5 = +00, for every 0 < a < 1.
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FIGURE 1. The set Q, for k=7

we define

Qp = U (Qr +1).

i€Zy

Observe that this is a square with side length |v/k|, containing (|vk|)? equally spaced circular holes of
radius e;. To this set, whenever vk ¢ N, we attach the perforated horizontal strip

k= VEJ*—1
Ss= U @r—extje),

=0
where e; = (1,0) and e; = (0,1). At last, we define
Qp = int(Qk U Sk),

i.e. the interior of this union (see Figure 1). By construction, this is an open multiply connected set of order
k + 1. Also observe that the inradius rq, is uniformly bounded, with respect to k.

Estimate for A(Qy). For every u € C5°(2;), by applying Theorem 2.6.1 with d = 1/2 and D = 1, we get

/|Vu|2dx:/ |Vu|2dx—|—/ |Vu|? dz
Qp Qi Sk

k—|VE]*—1
:Z/ |Vul|? dz + Z / |Vul|? de
iez, Y Q@rti j=0 Qr—ez+jer
k—|VEk]?-1
> Ceapy(BiB) |3 [ pPare > ul? o
icz, Y @rti =0 Qr—ez+jer

= Ceapy(BoiBy) [ fuf da.
Qp

By arbitrariness of u and by using [76, formula (2.2.14)] for the relative capacity of a disk, we can infer
existence of a constant Cy > 0 such that

Co Co
45.3 A(Qy) > - ,
(453 (%) 2 Toger] = Bllogh)

since £, = k~%. We now also prove a similar upper bound for A\(,). We proceed similarly as in the proof
of Lemma 3.2.4 above. We first observe that

A(%) < Alint(Q).
We take the following Lipschitz function defined on Qk by

wir= o) o) () )
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FIGURE 2. The graph of the funnel-type function wuy.

Observe that this identically vanishes on 9B, (1/2,1/2) and coincides with 1 on ((0,1)x(0, 1))\ By /2(1/2,1/2),
see Figure 2. Then, we periodically repeat it, i.e. we consider

Ur(z) = Y uk(a +i).
i€z
Finally, we take n a 1—Lipschitz cut-off function such that
0§77k§17 ’I’]}cElODQNk, nkEOOHaQ]W

where?
9= J @k +1), with Z;, = {i = (i1,i2) € N? : 1 < max{iy, in} < [VE]| — 2},
i€Zy,
see Figure 3. It is easy to see that ¢ = n, Uy, € W&’Q(int(Qk)). Thus, by definition of A, we have

(/ |Vnk2|Uk|2dm) +(/ |vvk|2|nk|2dx)
< Qi Qp

(4.5.4) VAQ) < VA(nt(Qp)) <

1
2

(/ 0k Ug|? dﬂ?)

Qk
By using the properties of both Uy and 7y, we have
2
/ |k Uk|? d > /~ Uy dx = (L\/%J - 2) / |uy,|* d
Qk Qk Qk

k

and

2
| PP dn < [ 9P de= (VR [V de,
Qk Ok Qk

We recall that Qk has been defined in (4.5.2). Similarly, by recalling that 7 is constant on é;, we have

/ |V77k|2 |Uk|2 dx =/ . |V77k|2 |Uk|2 dx S/ - |Uk‘2dl‘
Qk Qk

O Qr\Qk
—[(WR) - (R -2)] [ wpan

k

2In what follows, we suppose that k£ > 9. In view of our scopes, this is not restrictive.
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F1GURE 3. The set @k for k = 16: it is made of the “internal” perforated squares in grey.

We still need to compute the W2 norm of u;. From its definition, there exists a constant C; > 0 such that

we have
1 2 \)?
/ luy|* dz > 72/ <log ()) dx
QO (log(2ex))” /Bis2\Be, €k

£ 2me? T
:7kz/ logQIy\dyzi’“Q/ 0 log? odo > C4,
(10g(2 Ek)) Bi/2e, \B1 (10g(2 6k)) 1

for k large enough. As for its gradient, we have

1 1
/ﬂ YV, |? do = 72/ — da
Qu (log(2¢1))” /By jo\Be, 7]

2w z1]
(log(2ey))” Jex ©

_ 27 |10 (25 )|_ 2T 4
" (og2en)? 2T Tog(en)] = Bllogk)’

By spending all these informations in (4.5.4), we get

(L\/EJ)2 Wk [4r 1
(4.5.5) ) < (bﬂ42>2‘1 +L¢Ew—2VC%%L@%kV

By using that

2 3
V] 3 3.
L ) M P B Y e
ade ] —
| VE] (L\/EJ _ 2) [ VE]
from (4.5.5) we finally get that there exists a constant Co > 0 such that
Cs

4.5. Q) <
(1.5.6) A < s,

for k sufficiently large.

Estimate for h(€). By a standard approximation argument (see for example [83, Proposition 3.3]), we can
use Qy as an admissible set in the definition of h(€)). This gives

W00y 4LVE) rar (LVA) &

R T (WR) 1 -med)
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Since by definition we have e2 = k=2 = o(1/k) (recall that 8 > 1/2), there exists a constant C3 > 0 such
that
Cs

4.5.7 h(Q) < =2
(157 @< 2
for k large enough. Moreover, for any k > 2, we have that

O CRx (—1,|[VE]).
Thus, by monotonicity with respect to set inclusion and the scaling property of the Cheeger constant, we get
1

(Rx(0,1)) = ——=

(4.5.8) () > AL

by
1+ [VE)
In the last equality, we used [62, Theorem 3.1].
Conclusion. By gathering together the estimates (4.5.3), (4.5.6), (4.5.7) and (4.5.8), we finally obtain
% loZk = -~ z < CloZk’
(h(Qk))

for k large enough.

This is enough to establish (4.5.1) and conclude the proof. O

As the reader may easily realize, the previous perforated set does not permit to show that
Cp(k) ~ k, for k / oo.

Such an example may suggest that the sharp growth of Cg(k) could be k/logk, as k goes to co. In other
words, the estimate of Theorem 3 might perhaps be improved by a logarithmic factor. We leave the following
open problem, that we think to be quite interesting.

OPEN PROBLEM. Prove or disprove that

Cp(k) ~ for k 7 co.

k
log k



CHAPTER 5

Capacitary inradius and Poincaré—Sobolev inequalities

5.1. Thecase 1 <p< N

The main theorem of this chapter is a Maz’ya—type characterization for the validity of the continuous
embedding between the spaces

Dy” () < LP()

within the range 1 < p < N, when Q is a general open subset of RY. In other words, we are going to
exhibit a necessary and sufficient condition for the LP—Poincaré inequality to hold in €2, or equivalently for
the positivity of A,(€2). We will also cover the case of the Poincaré-Sobolev embedding constants A, 4(€2),
extending the previous characterization to the validity of the continuous embedding between the spaces

Dy*(Q) = LU(Q)

within the range of parameters 1 < p < N and ¢ > p satisfying (strictly) the subcriticality condition (1.1.1).
These results are taken from [B1]

To be more precise, we will prove a two-sided estimate for \,(£2) of a general open set  in RY in terms
of negative powers of its capacitary inradius R, ,(€2) (see Definition 1.4.1), for all values of 0 < v < 1 and
for all 1 < p < N. The main novelty of our result is to cover the whole range of 0 < v < 1, thus extending
to the case p # 2 a result due to Maz’ya and Shubin, [78, Theorem 1.1]. It reads as follows

THEOREM 4. Let 1 <p< N,0<~ <1 and let Q CRY be an open set. Then we have

1 p 1 p
N <Rm<9>) S () < Cnps (Rmm) !

with the constant Cy p~ which diverges to 400, as v goes to 1. In particular, we have
Ap(£2) >0 = R, (Q) < 400,

and the last condition does not depend on 0 < v < 1.

5.2. Analysis of a Poincaré—type constant in a ball

The following result will be expedient in order to get the upper bound of Theorem 4. The main point is
the identity (5.2.2) below.

LEMMA 5.2.1. Let N>2 and 1 <p < N. For 0 <ry <ry < R, we set
Srirs = By \ By, = { € RY : ry <z <2},

Let V' be the unique minimiser of the following problem

1
min 7/ |V<p|pdx—/ pdx .
weW,?(Br) | P JBg Sryry

Then V is a C'(BR) radially symmetric non-increasing function and it satisfies

(5.2.1) / (IVV[P2VV, V) dr = / pdz, for every o € Wy (Bg).
Br

Sry,ra

51



52 5. CAPACITARY INRADIUS AND POINCARE-SOBOLEV INEQUALITIES

Moreover, we have

|| i\ »1 1 w1
(5.2.2) / VVpd:c:/ 21— (1) Az + Sy, 1y |77 | ————— .
Br vVl Sy \ IV |z S cap,(B:,; Br)

PROOF. Existence of a minimiser follows from the Direct Method in the Calculus of Variations. Unique-
ness is a consequence of the strict convexity of the functional which is minimised. Finally, we can observe that
(5.2.1) is the Euler-Lagrange equation of this minimization problem, thus V' satisfies it just by minimality.
We can also infer that V' € C1%(Bg) for some 0 < a < 1, thanks to the classical regularity result [70,
Theorem 1].

The radial symmetry of V follows from its uniqueness and the fact that the data of the problem are
rotationally invariant. Thus, we must have

V(z) = v(|z]), for z € Bp,
where v is a function of one variable. We want to prove that v is non-increasing: at this aim, we set

R
o(t) = /t [v' ()] d, for t € (0, R).

Thus, by definition v is non-increasing. Moreover, we have

V(t) = —v'(t)],  forte(0,R),

R
/ V(1) dr
t
These facts show that if we set V() = ¥(|z|), then

1 ~ ~ 1
f/ |VV|pdx—/ Vidx < f/ |VV\pdx—/ Vdx.
P JBgr S. Br

71,72 Srl sT2
By minimality of V', we must have V = V and thus the claimed monotonicity follows.

and

R
3(t) = / W/ ()] dr > = Jo(t)] = v(t).

We now need to prove formula (5.2.2). We observe at first that by testing (5.2.1) with ¢ =V, we obtain

(5.2.3) / |VV|pda::/ V dz.
Br S.

1,72

Still from (5.2.1), we get in particular
/ (IVV|P72VV, V) dz =0, for every ¢ € Wy (B,,).
Br

Thus, the function V is weakly p—harmonic in the ball B,,. Moreover, thanks to its radial symmetry, it is
constant on 0B,,. By uniqueness of the Dirichlet problem for the p—Laplacian, we obtain that V' must be
constant on the whole B,,. Thus, we obtain

(5.2.4) / [VVI|P dx = / |IVVI|P dx.
Br r\Brq
In turn, we split the last integral in two parts
(5.2.5) / YV da = / VV]P da +/ VV]P da,
BR\BTI 71,72 BR\B’I‘2

In order to determine the first integral on the right-hand side, we take h € C§°((r1,r2)) and use (5.2.1) with
test function ¢(x) = h(]z|). By using spherical coordinates and recalling the notation V(x) = v(|z|), we get

() 2
/ |U/‘p_2’l)/h/QN_1dQ:/ hQN_ldQ.
71 T1
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We integrate by parts the last term, so to obtain

T2 N
/ {|v'|p2 o N 4 % K do=0, for every h € C5°((r1,r2)).
T1

This implies that there exists a constant C' such that

o

W20 N S 20 on ().

N

By recalling that v' < 0, from this identity we get
0 ¢
(=) =5 — T free(rur).

The constant C' can be determined, by recalling that v is C! and that v is constant on [0,71], from the above
discussion. Thus, it must result

N
—1 8 C . Tl
0= (—U/(ﬁ))p = N — 71{\7771 that 1S C = W

In conclusion, we get that

YV ()P = (—v'(2]))? = (j@' o (M)N> T (fv' (1 _ (M)N» o

By integrating it over S, ,, we get

12| <7'1 )N -1
5.2.6 / VVIPdx = / — |1-{—= dx.
(5.2.6) W - (N o

We still need to determine the second integral in (5.2.5). To this aim, we take for every n € N sufficiently
large, the following function

on =1s,, ., * Pn,
where {pn }nem fo} is the usual family of radial smoothing kernels. By using (5.2.1) with ¢ = V ¢, we get

/ |VV|pgondx+/ <|VV|P*2vv,v¢n>de:/ V o da.
Br Br S,

71,7
By using the properties of convolutions, the regularity of V' and the radial symmetry of both V' and ¢, the
limit as n goes to oo yields

/ YV 4 o(rs) (~0/(r2))~ HN 1 (9B,,) = / Vda.
s S

1,72 71,72

Observe that we also used that v’(r1) = 0, as explained above. By using (5.2.3), (5.2.4) and (5.2.5), this in
turn implies

W—i—v(m) (=0 (r))P P HN-1(8B,,) :W+/ IVV|? da.
1,72 BR\BTQ

1,72

That is
/ IVV P dz = v(ry) (=0 (12))P P HY~Y(OB,,).
BR\BT‘Z

The term v/(r2) can be computed, thanks to the fact that v is C! and to the exact determination of v’ on
the interval (r1,72). We must have

(=" (re))P = % - % (Z)N_l = % (1 - (:;)N> :
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Thus, up to now we have obtained

N
(5.2.7) /B . [VVIPdx = v(rq) % <1 — <7“1) ) HN=YOB,,) = v(r2) [Sry.ral-
R T2

T2

We still need to determine v(r3). To this aim, it is sufficient to observe that, thanks to both the monotonicity
and the p—harmonicity of V', the function

w=nin{ 5.1},

is a weakly p—harmonic function in By \ B,,, vanishing on 9B and is equal to 1 on B,,. Thus, it must be
the p—capacitary potential of B,.,, relative to Bg, i.e. we have!

[ wwp = cap, (B B
Bgr\Br,

T2

This is the same as

/ |VVIP dx = v(r2)? cap,(Br,; Br)-

Br\Br,

By comparing the previous two expressions for || Br\B |[VV P dz, we get
2

v(r2) |Sry v, | = v(r2)” cap, (By,; Br).-

This finally gives

ofry) = (LSl )
cap,(B;,; Br)

By using this expression in (5.2.7), we end up with

v 1 r
(5.2.8) / IVVIPde = |Syy rp|7~T | ————— .
Br\Br, cap,(B;,; Br)
By using (5.2.6) and (5.2.8) in (5.2.5) and recalling (5.2.4), we finally obtain the desired formula. O

As a consequence of the properties of the function V', we can estimate a suitable Poincaré—type constant.
This is the main result of this section, contained in the following

PROPOSITION 5.2.2. Let N > 2 and 1 < p < N. With the same notation of Proposition 5.2.1, we have

p—1
(5.2.9) sup = ( [VV|P dm) .
PEWS P (Br)\{0} / |VlP dx Br
Br

11t is not difficult to see that there exists a sequence {Whn}nen C Lipg(Br) such that 0 < W, <1, W,, =1 on B;, and
Jim ([VWallLe gy = IVWlLe(BR)-

Thus, in light of (2.2.1), we have

cap,(Bry; Br) < nIme /BR [VWy|P dx = /

Br

VWP dz :/ VWP da.
BR\B’V‘Z

On the other hand, for every ¢ € Lipy(Bpr) such that 0 < ¢ <1 and ¢ =1 on B,,, we have

/ |Vel|? dx:/ |Vel|P da 2/ \VW|pdx+p/ (IVW|P=2 VW,V — VW) da.
Br Br\Br, BRr\Br, BRr\Br,

By using (5.2.1), the fact that ¢ — W € Wol’p(BR) and ¢ — W = 0 on By,, we get that the rightmost integral vanishes. By
arbitrariness of ¢ and using again (2.2.1), we obtain the claimed identity.
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In particular, for every o € Wol’p(BR) we get

P -1
(5.2.10) ][ lpldz | < [Srars| — + i / [Vpl? dx.
Sryirs (HN=1(0B,,))7=T  \ cap,(Br,; Br) Br

PROOF. By using V as a test function, we have

P P
/ || da: / Vdx
Sryrg Sryrg

p—1
sup : > : :</ |VV|pdac> .
PEW (Br)\0) / Vl? da / YV da Br

Br Br

We also used the identity (5.2.3). On the other hand, by taking ¢ € W, (Bg) and testing the equation
(5.2.1) with |p| € Wy (Bg), we get

[ = [ qovereveihas ([ wveas) T ([ veran)
Srl,'r' BR BR BR

2

The desired conclusion (5.2.9) now follows, thanks to the arbitrariness of ¢ € VVO1 P (Bg).
The estimate (5.2.10) will simply follow from (5.2.9), once we recall the expression (5.2.2) for the L?
norm of VV. We estimate from above the latter: observe that the function

m<;>“‘ )

is monotone increasing. Thus, the estimate (5.2.2) 1mphes

|S7'1 7'2|p ot
|Vv|;b dl‘ < | T17T2| + - .
BR Ca‘pp(BTz;BR)

We then observe that
r N |Br,| |sﬁ,m|)pfl
N ’HN Y0B;,) |Br,|

Thus, we get
p—1
vV d:z:> A0
(LR ‘ | < |S7"1 ;T2 | + 1 '
|51 2P | (HN-1(0B,,))7 T  \ cap,(B,; Br)
This concludes the proof. O

REMARK 5.2.3. We observe that, by using the geometric estimate of Lemma 2.3.2 in (5.2.10), one can
also get the slightly rougher (but definitely handier) estimate

P

1

(5.2.11) ][ lplde | < ———x—— / [Vo|P dx, for every ¢ € Wol’p(BR).
- cap,(Br,; Br) JBp

By a limiting argument, we can cover the case p = 1, as well. In this case, the sharp constant has a
simpler and nicer expression.

COROLLARY 5.2.4. Let N > 2. With the same notation of Proposition 5.2.1, we have

| dx
/S |Sry s |

(5.2.12) sup ryura _ |
‘PEW&YI(BR)\{O} / |V<p|dm Ca‘pl(B’rz;BR)
Br
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PROOF. As above, we take for every n € N the following function
Pn = lBTZ * Pns

where {pn}nen o} is the usual family of radial smoothing kernels. Since B, € Bg, for n sufficiently large
we have that ¢, € C§°(Bg). By the properties of convolutions and by [4, page 121], we have

¢l da [ lelds
/51« S IS5 s _ |7, |

sup Ztrire > lim r1,72 _ L _ T )
W,y (Br)\{0} / V| dx neo / V| dz H (0By,) cap (B,; Br)
Br Br

In order to prove the reverse inequality, we first observe that
1 1

lim — = — .
pNd cap,(B,,; Br)  cap;(B;,; Br)

This simply follows by recalling the expressions (2.3.2) and (2.3.1). We also claim that

p—1

B Br)\ 7
‘Srl,'r2| Ca‘pp( 2 R) + 1 — 1.
HN-1(0B,,)

lim

p\1 ’HNfl(ﬁBTQ)

Indeed, we have

1

S, (capp<BmBR>>“ = (N—p

HN-1(8B,,) \ HN-1(0B,,) NY

Thus, for p converging to 1

1

B,,;Br)\""
(p—1) log [Sra.rs| <Capp( 2 R)> +1

HN=H0B,,) \ HN"'(OBr,)
N _.N
o ry —ry (N —p 1 B N—-p
=(p—1) log Ny <p—1) 1 = +1 (p 1)log<p_1>.
(%)

Since the last quantity is infinitesimal, we get the claimed limit.
We now take ¢ € C§°(Bg) \ {0}. By taking the limit as p goes to 1 in (5.2.10) and using the previous

results, we get
ol dz
‘/ST < |ST1 372 |

1,72

/ |Vg0|dcc N Capl(Birﬁ BR).
Br

By arbitrariness of ¢ and by density of C3°(Bg) in Wy (Bg), we get the conclusion. O
REMARK 5.2.5 (A Cheeger—type constant). It is not difficult to see that

inf

¢€Cs° (Br)\{0} /

Srl sT2

/ Vol de .
B o { HY1(IE)

—————= : FE € Bp has smooth boundary} ,
[E 0 Sy |

|| d
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see for example [76, Theorem 2.1.3]. We tacitly assume that the last ratio is +oo, for those sets E such that
|E NSy | =0. In light of Corollary 5.2.4, we thus have

[ HTN08)
ENS,

capy (B,; Br) _ HY"(0B,,)
|Sry s N

In particular, we have that £ = B, is an optimal shape, for this Cheeger-type constant.

: E @ Bp has smooth boundary} =

17T2|

5.3. Proof of Theorem 4: lower bound

We split the proof of Theorem 4, proving separately lower and upper bound. We start with the lower
bound. This can be derived by using a tiling argument of the ambient space in combination with a Maz’ya—
Poincaré type inequality, Theorem 2.6.1.

More precisely, by assuming the finiteness of the capacitary inradius of an open set Q C R, it is possible
to tile the whole space with translated copies of a cube, having side-length large enough to contain a “fat”
compact set outside €. In light of the definition of capacitary inradius and Proposition 2.2.4, the “fatness”
condition is quantified in terms of the parameter v and the relative capacity of a ball having radius half the
side—legth of the cube, with respect to a concentric ball having doubled radius. Then, by applying Theorem
2.6.1 we eventually obtain the claimed lower bound.

PROOF OF THEOREM 4: LOWER BOUND. We first observe that if R, -(2) = +o0, then there is nothing
to prove. Thus, let us assume that R, ,(2) < +00. Let r > R, () and let u € C§°(2), extended by 0 to
the complement RY \ Q. For every o € R, by definition of capacitary inradius we have

(5.3.1) cap,, (B (z0) \ ©; Bar(0)) > 7 cap, (By(0); Bar(0)) = v cap,(By; Ba) r™¥ 7

The last identity simply follows from the scaling properties of the relative p—capacity (see Remark 2.3.1).
We now consider the cube @, (z¢) concentric with B,.(xq). We observe that u is a C* function on @, (x¢),
which vanishes on the compact subset B,.(zg)\Q C Q.,(xg). Thus, we can use the Maz’ya-Poincaré inequality
of [76, Theorem 14.1.2] (more precisely, we use its slight variant of Theorem 2.6.1) to infer that

¢ — b
— cap, (Br(xo) \ Bzmr(wo)) [ullLr (@ (w0)) < IVUllLr (@, (w0))

ro

where € = €(N, p) is the same constant as in Theorem 2.6.1. Furthermore, by applying (2.2.7) we get

4 1 5
T — Cap, (Br(wo) \ Q;Bzr(%)) [ull 2o (@ (20)) < IVUllLr (@, (20))-
2V N P T
41
)‘p(Bl)p

We can further apply (5.3.1), in order to estimate from below the left-hand side. By raising to the power p,
this gives

|z

EP cap, (B1;Bs) ~
TN, 5 1000, ey < 19200, -

/\p(Bl)%

(5.3.2)

By using this estimate for a family of disjoint cubes having inradius r and tiling the whole space, summing
up we get
P cap, (B1;B2) ~
2V N
/\p(Bl)%

This concludes the proof by arbitrariness of u. O

HUIILp @ < IVullf,
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REMARK 5.3.1. By inspecting the proof above, we see that we get the following constant
P cap,(Bi; Ba)

ON,p = .
(v )
)‘;D(Bl)5

A possible value for the constant € = € (IV,p) > 0 can be found in Remark 2.6.2, by taking ¢ = p there and

D/d=2+/N.

5.4. Proof of Theorem 4: upper bound

Armed with the results contained in Section 5.2, we can establish the upper bound of Theorem 4, as
well. Contrary to what one may think, in spite of the variational nature of A, in terms of an infimum
problem, the proof of the upper bound of Theorem 4 is more involved than that of the lower bound. This
is due to the request to cover the whole range of the attainable values of the parameter 0 < v < 1. This
remarkably improves [76, Theorem 15.4.1], where the author proved a similar result assuming a restriction
on the attainable values of the negligibility parameter 7, i.e.

0<y<9np<l

with yn, = 47PN, For this reason, our result is more in the spirit of Maz’ya and Shubin’s one, [78, Theorem
1.1].

The proof is based on testing the definition of A, with a sequence of admissible functions, defined ad hoc
for the definition of capacitary inradius. This, in combination with (5.2.11) and (5.2.12), leads to the claimed
upper bound, respectively for 1 < p < N and for p=1.

PROOF OF THEOREM 4 : UPPER BOUND. Let v € (0, 1) be fixed, we take a ball B, (x) such that

(5.4.1) cap,, (Br(xo) \ Q; BQT($O)> < ycap, (BT(xo); Bgr(xo)) .
We will show that for every such r, we can bound

CNJW
e

(5.4.2) A(Q) <

By taking the supremum over the admissible 7, we will eventually get the result. In particular, if R, ,(Q) =
+o00 the previous upper bound will prove that A,(Q) = 0.

We set for simplicity F' = B,.(zo) \ . We preliminary observe that if F' = ), we have B,.(zo) \ = (), that is
B, (z9) C Q. From the monotonicity of A, with respect to set inclusion, we then obtain our claim (5.4.2) for
every constant Cy p ~ > Ap(B1).

Let F' be nonempty. For every ¢ > 0, we take s € Lipy(Ba,(x¢)) such that

0§905§17 Q05:10nF,

(5.4.3) / - |Vs|P dx < & cap, (Br(xo); Bgr(.ifo)) + cap,, (F'; By (0)) -
Bz (o

Such a function exists, by recalling (2.2.1). Without loss of generality, we can suppose that z( coincides with
the origin.
We observe at first that by density we have

A(Q) = inf /vpdfg; . 1} inf {/Vpda:: ] 1}_
=t [ 1verir e =1f= e [ 196rde el

We fix 0 < & < 1/2 and take a Lipschitz cut-off function 7 defined on B,., such that

1
0<n<1l, n=1lon B(l—e)m n=0on aBrv ||v77||L°° = 67
r
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We use the test function v = (1 — ¢5)n/[[(1 — @s) n||Lr(0) in the definition of A,(€2). Observe that this is
a feasible test function: indeed, by construction we have that 1 is a Lipschitz function on the whole R¥.
Moreover, we have that
=0 on (B, NQ) C (0B, NQ) U (0QN B,.).
More precisely, we have
(1—ws)=0 on F=B.\Q22d2NB,,
and
n=0 on 0B, 2 0B, N Q.
Thus, by [18, Theorem 9.17 & Remark 19] we get that

Y =(1—-@s)neW,?(B,NQ) CW;?(Q).
This gives

/ (L~ 05) Vi — n Vs P da / (1— 05)? |VlP da + / P [Vsl? da
< J9 < or—1J0 Q

/(1 —s)" " dx / (1= ¢s)" 0" dx
Q Q
By using the properties of 7, we get
1
Ap(£2) / (1 — ps)Pda < 2P71 / (1—<p5)pdx+/
B—e)r erre B \B(i—¢)r B
We also use (5.4.3) and (5.4.1) on the right-hand side: this leads to

N
W@ [ a-grasrt|
B(lfa)'r-

Ap(©)

|Vs|? dz] .

T

WNT

g 1—1=)") 4+ +7) capp<E; Bzr)} .

We also observe that by convexity of the map 7 — 7V we have
tN>14+N(t-1), for t >0,
and thus
1-e)¥>1-Ne that is 1-(1-e)N <Ne.
This leads us to

or=1 [N _
(5.4.4) A() / (1—gs)Pde < — N | =N 4 (54 7) cap, (Bl; BQ)} .
Bi_o)r rp ep

Observe that we also used the scaling properties of the p—capacity. We now wish to give a lower bound for
the leftmost integral. To this aim, we set

ri=>01-0r ro=(1—-¢)r
with 1 >¢>¢>0and 0 < ¢ < 1/2. By defining the spherical shell
Spirs i=Br, \ By, ={z € RN @ < |z] < T2},

from the estimate above we obviously get

(5.4.5) Ap(£2) ][ (1 —ps)Pde <
s
By Jensen’s inequality we have?

][S (1 —ps)P dx > (J[S

2For p = 1, this is not needed, of course.

or—1  pN {NwN

™ S | | er T +(6+7) cap,,(E; Bg)} .

(1 —s) dx) .

T1,72 r1,T2
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By inserting this estimate in (5.4.5), we get

(5.4.6) Ap(Q) (1_7[3 cpgdx>p§ 2v—t N [NWN (G +7) Capp(Bl;Bg)]

TP |Sp | [ eP7!
In order to conclude, it would be sufficient to show that

1
1_][ QO(;de*a
s C

71,72

1,72

for some positive constant C, depending only on N,p and . This is the key point, where the results of
Section 5.2 will be crucial. We now distinguish the case 1 < p < N and the case p = 1.

1. Case 1 < p < N. To this aim, we can use the Poincaré-type inequality of (5.2.11), with R = 2r. This

yields
: 1
podr | < ———o—— / Vs|? da.
(fgﬁ T2 ) Ca‘pp(Bh 5 BZ r) Bs

By using again (5.4.3) and (5.4.1) in order to estimate the rightmost integral, we then obtain

cap, (Br: Bay) \
(5.4.7) ][ oy di < | 2o (BriBar) (6 4+7)7.
Sry,rg Capp (Br1 ) BQ r)

Now, we make the choice ¢ = 2¢, so that

ri=(1-2¢e)r, ro=(1—¢)r

and observe that

cap, (B,; By, cap, (B,; B
capy (BriBae) V0 i [ R (B Bar)
Capp (Br1 ; B2 T) =0 Capp (BT1 ; B2 7‘)

Thanks to the presence of the factor v < 1 and to the arbitrariness of § > 0, this implies that up to choosing
€ > 0 small enough (depending on «), we could uniformly bound from above the right-hand side of (5.4.7),
by a factor strictly smaller than 1. Of course, the smaller we will choose ¢, the larger the right-hand side of
(5.4.6) will be (because of the factor Sy, ,,|)-

In particular, we claim that we can choose 0 < £ < 1/2 so that

=1.

cap,, (Br; Bzr)
cap,, (Birl, By T)

the latter being smaller than 1. In particular, for every é > 0 small enough, the right-hand side of (5.4.7) is
strictly smaller than 1. By using this estimate in (5.4.6), we obtain

(5.4.8)

p

cap, (Br; Bar
A (@) |1 (2 (BriBa) \ 0}

cay (B, )

8=

op=1 N [NwN
—1
TP ‘S?”lﬂé‘ ep

+(5+ ) cap, (Bu; Bz)] .

This is valid for every § > 0 small enough, thus we can eliminate it by taking the limit as § goes to 0. We
thus obtain

1 P
1—~r or—1  pN Nwy —
(5.4.9) )\p(Q)< . ) < e +Vcapp(Bl;Bg) ,

in light of (5.4.8).
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We still have to show that the choice (5.4.8) is feasible. This is the same as

A5\t 1
(5.4.10) Al >
2P

B
cap, (Br:B2) |

(1- 25)% cap, (Ey B2/(1725)) 7
where we also used Remark 2.3.1. We now need to further distinguish the case p < N and p = N.
1.A Case 1 < p < N. By recalling (2.3.2), the condition (5.4.10) is equivalent to

N_ _p_
1 1 1-2e\ 7t L+ar \ 7
(1-2¢)5t =AU - '
—2¢c) p— P—
1— (=
(3)

By simplifying a bit the expression, this is equivalent to

27%

951 1 1 143 \" "

N=p N-p =~ _N-p < 1
2%t —1(1—2e)»+ 2%t —1 27
In turn, this can be recast as follows
1443\ 7T 1 951
N—p P p—1
(1-28)5 ) |z
297 271 —1 271 —1
After some simple (yet tedious) computations, we get that it is sufficient to choose
1 1 L\ 7 =

. N-p yr

5.4.11 <epim S (2 =t 1) 1 .
(5.4.11) FEETEHIN TN 1) 2 (275 ) -
We observe that eg < 1/4, in particular. Finally, by making this choice for €, we get from (5.4.9) and (5.4.8)
P
1 2 op—1 Nuw —
Ap(2) < - T p,]lv +703Pp(31532) .
™ \l=97) wn ((1750)1\’7(17250)1\[) €0
We eventually get the claimed estimate (5.4.2) with
. 9 p N ~ cap, (E, Bg)
= op | — 4 I
N.p,y 1_ 7% 58 + o N wn )
once observed that?

N
(1—e)¥ = (1-2e0)" 2 N(1-2e0)" Heo 2 5 e,
1.B Case p = N. By recalling (2.3.3), the first condition (5.4.10) is equivalent to

N
2 14+Ax !
log < ( * 71N > log 2.
1—¢ 2 YN
This is equivalent to

L4 T
log(l—¢)> |1— ’yl log 2.
29N
SFor the first inequality, use that

r1—¢,
A—e)VN —(1-2e)¥ =N

2

N=ldr > N(1-2¢)V e
1-2¢g
In the second inequality, use Bernoulli’s inequality and the fact that g < 1/(4 (N — 1)).
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By exponentiating, we obtain

N

2|~

1 N-—-1
1—e> 21_0”\’”, with oy = +’Z .
2y~

If we choose

1
(5412) g S g :— min {1 - 21_0“\7’7, 4(]\[_1)} 5
we then obtain the desired property. The conclusion now follows as before.
2. Case p = 1. We go back to (5.4.6). As done before, by combining (5.2.12) with assumptions (5.4.3) and
(5.4.1), we infer that

1 B,; By,
][ ¢5d$§T/ |V@5|d$§w(5+y).
Sryro capy (Br,; Bar) JB,, cap; (Br,; Bar)

We use this upper bound in the left-hand side of (5.4.6). This yields
cap, (B,; Boa,) 1 N —
A(9Q) (1(5+7) <= [NwNJr((SJr’y)cap (31;32)}.
capy (B, ; Bar) T [Sry | !
We remove again the useless parameter §, by taking the limit as this goes to 0. We then obtain
7. N
A1 (Q) (1 _ <oy (Bri Bor) ) <1
Cap1(Br2§B2r) r |Sr1,r2|

The choice of the parameter € and ¢ is now simpler: observe in particular that the role of parameter ¢ is now
immaterial, thanks to the fact that the left-hand side in the previous estimate only depends on ry, and not
on 1. We can thus take the limit as £ goes to 1 (that is, 71 goes to 0) and obtain

capy(By; Bar)
capy (Br,; Bay)
Finally, we choose € > 0 in such a way that
B,; By, —
capy ( 2)721 v

[NwN + vy cap; (E, BQ):| .

(5.4.13) A1(0) (1 - 'y) < % TN [NoJN + 7 cap; (E, Bz)} .

By |

This is the same as

_ — 2y
BT‘;B’I‘ 2 BT;BT T,
cap; (Br,; Bar) > cap; ( 2)14_7
By recalling the expression (2.3.1), we want
2
1-eN-1> 20
T+~
Thus, by taking
. 1 2y \ VT 1
€0 = min T SN (
we get from (5.4.13)
1 2 2 —
MO < - ——— [NwN + 7y cap; (Bl;Bg)j| .
rl— Y WN

Observe that we also used that

Br,| = wn (1—20)¥ Y > wy (1= Neg)r™V > WTNTN,

thanks to the choice of 9. Thus, we get (5.4.2), as desired. O

REMARK 5.4.1 (Quality of the constant). We discuss the asymptotic behaviour of the constant C ;-
obtained in the previous result, as vy goes to 1. We distinguish two cases.
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e (Case p = 1: this is easier, in this case we have obtained
I+
C =4N ——,
N,1,v 1_ v
where we also used the explicit expression of the relative 1—capacity of B;. Hence, we have the
following asymptotic behaviour

lim (1 — .
0< ﬂ/l/ml( ¥)Cnjy < 00

e Case 1l < p < N: we first observe that as v goes to 1, from (5.4.11) and (5.4.12) we have

(1-7) ! 22’:{’_1+(1 ), ifl<p<N
- T N-—-1 0 - ) 1 b
N 2.9%1 7 P
Eo =
1 log2
1—v) —/—— — 1-— if p=N.
-5t B o=y, ifp

Thus, by inspecting the proof above, we have

(5.4.14) 0< ﬂl{i/ml(l —9)?P On py < +00.

We see in particular that the constant Cy ;, 4 blows-up as v goes to 1. While not claiming that the behaviour
above is optimal, we point out that the upper bound of Theorem 4 can not be true with a constant which
stays finite as v goes to 1. We refer to Example A.3.1 for a counter-example.

5.5. Extension to Poincaré—Sobolev embedding constants

In this section, we briefly discuss how Theorem 4 can be extended to the more general case of the
generalized principal frequencies associated to a general open set , A, 4(€), whenever 1 < p < N and the
exponent ¢ > 1 is (strictly) subcritical, that is

{q<p*, if 1 <p<N,

(5.5.1) .
q < 00, if p=N,

being p* the Sobolev conjugate exponent of p.

With some minor modifications of the proofs contained in the previous Sections 5.3-5.4, we infer a two—
sided estimate for X 4(€2) in terms of the capacitary inradius R, ,(2), as well. We point out that for the
lower bound the additional restriction g > p is mandatory (see Remark 5.5.2 below). We have the following

THEOREM 5.5.1. Let 1 <p < N and let ¢ > 1 satisfy (5.5.1). Let 0 <~ < 1 and let @ CRY be an open
set. Then, we have

)

1 prJrN%
5.5.2 Ap,q(2) < Cn iy p, (>
( ) P q( ) P4 Rp,’Y(Q)

where it is intended that A, 4(2) = 0, whenever Ry, ,(Q) = +oc.
Furthermore, if ¢ > p we also have

1 p—N-‘,—N%
) < Apa(9).

5.5.3 YON.p, (
(5:5:3) o\ Ry )

PROOF. We prove (5.5.2) and (5.5.3) separately.

Upper bound. We proceed along the same lines as the proof of the upper bound of Theorem 4. In particular,
by using the same notation as in Section 5.4, we now get

M) (7[5

S5y s gp~1

1,72

‘ op—1 rV g Nwy —
(1_905)qu> < pP—N+NE ( ) |: +(6+7)Capp<Br;B2r) )
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in place of (5.4.5). We use Jensen’s inequality* to estimate from below the leftmost term. This gives

p p
opr—1 rv 7 | Nwp —
(5.5.4) Ap,q(2) (1 - f s dm) < ——NTnE <|S |) { o1 + (0 + ) cap, (By; Bgr)} ,
Srq,ro T q 71,72

in place of (5.4.6). We distinguish again the case 1 < p < N and the case p = 1.

A. Case 1 < p < N. As done before, by applying (5.2.11) with R = 2r, choosing ¢ appropriately and then
taking the limit as § goes to 0, we obtain

1-y\"_ 2! !
)\p,q(Q)< 2 ) S TP*NJFN% (|Sr1,rz|>

Observe that this is the same as (5.4.9), except for the presence of the correct scaling power on r and the
power p/q on the term 7V /|S,., .|, in the right-hand side. Then one concludes as in the case p = ¢ previously
treated.

QP

[NwN

1 +ycapp(E; Bg)} .

B. Case p=1. In (5.5.4), we use this time (5.2.12). By taking the limit as ¢ goes to 0 again, we infer that

_ 1
cap, (By; Ba,) ) 1 ( rN )‘1 [ _
Ao () (1 EPulBriBar) ) o Nwy +vca (B;B)}.
Lq( ) ( Capl(Brz;BZT) K Tl_N+% |ST1J“2| N TR ! ?
We can take again the limit as r; goes to 0 and obtain
_ 1
cap, (B,; Bay) ) 1 < rN )q [ _
Ao(Q) (1 S Bar) ) Nwy +vca (B;B)},
1711( ) < Capl(Brz;BQT) K ’I“liNJr% |S7‘1,T2| NI b

in place of (5.4.13). The conclusion then follows as in the case ¢ =p = 1.

Lower bound. We can assume Ry, ,(§2) < +o00, otherwise there is nothing to prove. Let r > R, ,(Q) and
let u € C§°(Q). As in the proof of the lower bound of Theorem 4 (Section 5.3), for p < ¢ satisfying (5.5.1),
we can still apply the Maz’ya-Poincaré inequality Theorem 2.6.1 and get this time

1

¢ >
— cap, (B, (20) \ % By, (@0)) " lullzae o) < 1Vl r(@, oo
ra

where % is the same constant as in Theorem 2.6.1. Observe that now it depends on ¢, as well. The relative
p—capacity on the left-hand side can be estimated from below as well, so to get

7 cap,(By; By) (1)”*1“%“
2VN
— +1
Ap(B1)?
in place of (5.3.2). In order to conclude, we want to use again a tiling of RV, made of a countable family of

disjoint cubes with inradius r. A slight difference now arises, which explains the restriction on ¢: indeed, if
{Qu}aen is such a family of cubes, we have this time

Z ||Vu||’£p(ga) = HVUHZP(Q) but Z H“Hiq(ga) # H“Hiq(Qy
a€eN aeN

. 0l ||U\|I£q(QT(xU)) < ”V“”iP(Qr(zo))’

However, the choice ¢ > p entails that the function 6 — 0?/9 is subadditive. Thus, in particular

b

q
Z ||U||Z£q(ga) = (Z |u||%q(ga)> = [Jul iq(g)-

aeN aeN

We can now get the desired conclusion, as in the case g = p. O

REMARK 5.5.2. The previous proof for the lower bound does not work if 1 < ¢ < p. This is not by
chance: in Example A.2.1 we construct a counter-example to the validity of the lower bound in this case.

4For g = 1 this is not needed.
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5.6. Capacitary inradius VS inradius: the case p > N

In the previous section we excluded the range p > N, since in this case, as discussed in Section 1.2.1 and
Chapter 3, we already know that A\,(€2) admits a two—sided estimate in terms of the usual inradius rq.

We now compare the notion of capacitary inradius with that of inradius, when p > N. In the following
theorem, we are going to prove that they coincide, at least for « smaller than a certain (optimal) threshold.
It reads as follows

THEOREM 5. Let p > N and

cap, ({O}ZBQ) _ 1 ( PN 1)1’*1.

5.6.1 = — =
( ) Yo cap, (Bﬁ BQ) 9p—N

For every open set Q C RY we have
R, (Q) =rq, for every 0 < v < 7.
Moreover, for the punctured ball Bg := By \ {0} we have
Rp,’y(BR) > TR for every 1 >~ > .

This result is certainly not surprising, but it requires some work and some precise estimates on the
capacity of points. At this aim, we start by pointing out that for a compact set ¥ € Bpg, the definition of
relative p—capacity can be also written as

cap,(X; Br) = inf {/ [VplPdz : ¢ > 1 on E} ,
€W, " (Br) \JBr

for p > N. Observe that the pointwise requirement on the test functions make sense, in light of Morrey’s
inequality, i.e. VVO1 P(Bg) is embedded in a space of continuous functions on Br. Moreover, by a standard
application of the Direct Method, the previous infimum is actually (uniquely) attained, by a function uy, called
p—capacitary potential. By minimality and uniqueness, it is not difficult to see that this is a p—harmonic
function in Bg \ X, such that

0<un <1 and uyx, = 1 on 2.

LEMMA 5.6.1. Let p > N > 2 and let R > 0. We choose a set of distinct points {x1,...,xx} € Br and
set

D= min{|xi—xj|, dist(zi; 0BR) : i,j € {1,...,/{},@7&3} > 0.

There exists a constant c, > 0, depending on p only, such that for every 6 < D we have

cap, ({z1,...,zr—1}; Br) + ¢ / - Vu— VH,|P dz < cap,({z1,...,21}; Br).
B§ Tk

Here u is the p—-capacitary potential of the set {x1,...,xr} relative to Br, while H, is the p—harmonic
function in Bs(xy) such that u — H, € Wy (Bs(xy)). In particular, we have

Capp({xla s axk—l}; BR) < Capp({xla s 7xk}; BR)

Proor. We take u € Wol’p(BR) to be an optimal function for capp({xl, ey TR} BR). This means that
0<u<1and

/B |VulP de = capp({xl, . ,xk};BR), u(x;)) =1, fori=1,... k.
R

Observe that by minimality, the function u is weakly p—harmonic in the open connected set Bg\{x1,...,z%}.
Thus, by the minimum and maximum principles (see for example [72, Corollary 2.22]), we get that

0<u(z)<1 in B\ {z1,..., 21}
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We will use a “p—harmonic replacement trick” in order to modify u and produce a trial function, which is
admissible for the p—capacity of {x1,...,2x_1}. Namely, we introduce the new function

u(z), ifx € Bg\ Bs(xk),
U(x) ={ H,(z), ifze Bf(g;k):S *

where H, € WY?(Bs(zy)) is the unique minimiser of

min / \VolP dz = ¢ —u € WyP(Bs(xr)) ¢ -
Bs(zk)

PEW P (Bj (x1))

Observe that by minimality, the function H, satisfies
/ (IVH, P72V H,,V)dr =0, for every ¢ € Wy (Bs(xr)).
Bs ()
Thus, in particular, we have
(5.6.2) / (\VH,|[P~2VH,,Vu—VH,)dx = 0.
Bs (1)
It is not difficult to see that the function U is admissible for the p—capacity of {z1,...,z_1}. This gives

Capp({wlw'kafl};BR) S/ |VU|pd£E
Br
:/ |vu|de+/ VH P do
Br\Bs(vk) Bs(x1)
:/ |Vul? dz + / \VH,|P da;—/ |VulP dz
Br Bs(xk) Bs(wx)

= cap,({z1,...,21}; Br) + / |VHu|pdxf/ |[Vul|Pdx | .
Bs(xk) Bs(zr)

In order to conclude, we just need to estimate the rightmost term into parentheses. To this aim, we need to
recall the following convexity inequality, which is valid for p > 2 (see [71, Lemma 4.2, equation (4.3)]):

12|P > |w|P + p (jwP~ 2w,z — w) + ¢, |2 — w|?, for every z,w € RV,

From this inequality, we get

/ |VulP dz > / |\VH,|Pdx + / (\VH,[P~2VH,,Vu—VH,)dx
Bs(xk) Bs(zk) Bs(zk)

+cp / |Vu — VH,|P dzx
Bs(zk)

= / \VH,|P dx + ¢, / |Vu — VH,|P d.
Bs (k) Bs(zk)

In the last identity, we used (5.6.2). This implies that we have

capp({zl, e TR} BR) < cap, ({xl, ce TR} BR) —¢p / |Vu — VH,|P dz.

Bs(zx)
Finally, we observe that the last quantity can not vanish, otherwise u would be weakly p—harmonic on Bj(zy,)
and would attain its maximum at the center of the ball, thus violating the maximum principle. O

The following Lemma, which essentially relies on a symmetrization argument, will be needed in the sequel
to obtain the equality case between R, () and rq, for small values of the negligibility parameter .

LEMMA 5.6.2. Let p > N, for every xo € Br(yo), we have
cap, ({zo}; Br(yo)) = cap, ({y0}; Br(yo)) -
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PROOF. We can suppose that yo coincides with the origin. It is sufficient to use [76, (2.2.10)] with
F = {x¢}. This gives

-1
P N—p p—N P N—p
cap, ({z0}; Br) > (Nwy)¥ N*% (p_ ) |B| 7.

By recalling (2.3.4), we easily see that the right-hand side coincides with the capacity of the center of the
ball. O

We are now in position to compare the usual notion of inradius rq with its capacitary variant R, ~(£2),
in the case p > N. We will prove that for v smaller than a universal sharp constant, they actually coincide.

PROOF OF THEOREM 5. We prove the two claims separately.

We have already observed that

ro < pr.y(ﬂ).
In particular, if rq = 400, then the conclusion trivially follows. Let us suppose that rq < +o00. For every
ball B,(yo) with r > rq, we then must have

Br(yo) \ 2 # 0.

In particular, there exists a point zo € B, (yo) \ . By monotonicity of the p—capacity with respect to the
set inclusion, we get

cap, (B, (yo) \ 2 Bar (o)) > cap,, ({wo}: Bar (o) > cap, ({yo}: B2y (30)

In the second inequality, we used Lemma 5.6.2. In particular, by recalling the definition of g, we get

cap,, (m \ BQT(yO)) > o1 cap, (Bi; B2) = 70 cap, (m; BZT(yO)) '

This implies that if v < 7, then B,(yo) \ Q is not (p,~y)—negligible, for » > rqo. This gives the desired
conclusion, in light of the definition of R, ~(2).

We now show the optimality of the previous result. We consider the punctured ball Br = Bpg \ {0}. We
clearly have 75 = R/2. On the other hand, it is not difficult to show that

R,,(Bg) >R,  for every v > 7o,
where 7 is still defined by (5.6.1). Indeed, we may notice that if » < R we have
cap,(B; \ Br; By,) = cap,({0}; Bay) = VP g cap,(B;; Bay),
which shows that B, \ Bg is (p,v0)—negligible. Thus, this already shows that for v > 7o
Ry~ (Br) > Ry, (Br) >, for every r < R.

Actually, we can show that Ry, -, (B r) = R. It is sufficient to observe that for every r» > R and every zo € RY,

the set B,.(zq) \ Br contains at least two distinct points. By Lemma 5.6.1, this implies that
cap,, (B (x0) \ Br; Bar(w0)) > cap, ({0}; Bar)
= 70 cap, (Br; Bar) = 70 cap, (B (x0); Bar(20)),
that is any ball with radius r > R is not (p,~o)—negligible. This gives Ry, -, (BR) = R, as claimed. O






APPENDIX A

Capacitary inradius: some counter-examples

This appendix mainly concerns the capacitary inradius and some degenerate behaviour connected to it.
More precisely, we are going to discuss the extremal cases when ~ tends to 0 or 1, and the failure of the lower
bound (5.5.3) in the sub—homogeneous case.

A.1. Failure for v =0
EXAMPLE A.1.1. For 1 < p < N and an open set Q C RY we introduce the quantity
R = Rpo(2) =sup {7’ >0 : Jzo € RY such that cap,, (Br(xo) \ Bgr(l’o)> = O}.

This may appear as the natural capacitary extension of the usual inradius. However, in this section, we will
give an example showing that this notion is not strong enough to permit having the uniform lower bound

M) > C (;ﬁ)p,

for every Q2 C RY open set. Indeed, for every 0 < ¢ < 1/4, we introduce the periodically perforated set

Q. =R\ | B().

iezN
We claim that
(A.1.1) 21{1(1) Ap(£2:) =0 while Rq. < g7 for every 0 < e < i
We first observe that the usual inradius of €2, is uniformly bounded, that is
rQ, S\/TN, for every0<5<i.

In particular, for every ball B,.(zo) with 7 > v/N /2 we have

By.(z0) N ( U Ba(1)> # 0.

iezZN
More precisely, let iy € Z" be such that
lzo — io| = dist(zq, ZV),
this distance does not exceed v/N /2. Consequently, we have iy € B,.(2) and thus

| By (20) \ Q&| = |Br(20) N Be(io)| > 0.
By the properties of capacity (see equations [76, (2.2.10) & (2.2.11) pag. 148]), we can infer that

cap,, (BT(JUO) \ Qc; Bgr(x0)> > 0.

Thus, for every r > v N /2, we have that B,.(z) \  has positive relative p—capacity and, according to the
definition, we obtain

N 1
Ra. < g, for every 0 < e < T

69
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as well. In order to conclude, we need to prove the first property in (A.1.1). It is not difficult to see that

Ap(Qe) = inf / |VulPdz : ||lul[zr(q,,,) =1, u=0on B ;.
u€Lip(Q1/2) Q12

It is sufficient to proceed as in the proof of Lemma 3.2.4, for example. In particular, we take ¢ € Lipy(B1/2)
such that ¢ = 1 on B, and 0 < ¢ < 1, extended by 0 to Q1/2 \ Bij2. By using the test function u =
(1 =9)/I1 = ¢llLaq, ), we get

[ werds [ vepds
Bi/2 Byo

< .
/ (1— )P do Q12 \ Biyal
Q12

Thanks to the arbitrariness of ¢ and recalling formula (2.2.1) from Remark 2.2.2, we obtain

Ap(Qe) <

cap,(B.; B
() < pp( e 1/2).
|Q1/2 \ B1al
By using (2.3.1), (2.3.2) and (2.3.3), the previous estimate finally implies (A.1.1).

A.2. Failure of the lower bound for ¢ < p
EXAMPLE A.2.1. We exhibit an open set @ C RY such that for 1 <g<p< N
Ap.q(2) =0 and R, ,(Q) < 400, for every 0 < vy < 1.

This implies that the lower bound (5.5.3) cannot be true in this case. We stick for simplicity to the case
1 < p < N, the case p = N can be treated with minor modifications. We take the slab

Q=RN"1 x(-1,1),

for which we have A, 4(€2) = 0 for every 1 < g < p (see for example [21, Proposition 6.1]). We need to prove
that its capacitary inradius is finite, for every 0 < v < 1. At this aim, we fix 0 < 7 < 1 and take a ball
B, (z¢) such that r > 1 and

cap,(Br(wo) \ ; Bar(w0)) < v cap,(B;(z0); Bar(20))-

Thanks to the invariance of Q by translations in directions belonging to {xx = 0}, we can suppose without
loss of generality that x¢y = tey, for some ¢t € R. Thus, we have

(A.2.1) cap, (B, (ten) \ ; By (ten)) < NP cap,,(B1; Ba),
where we also used Remark 2.3.1. By using [76, (2.2.10)], we get

— 7. N P N—p N_p p71
capp(BT(teN) \ ;B (ten)) > (Nwy)N¥N N°F < 1 )
p—
P 1-p

< [1Ba e ¥ 13, (re) \ @I

The expression on the right-hand side can be simplified: indeed, if we introduce r* the radius such that

|Br<teN>\Q|)fv.

|B,~(ten)| = |Br(ten) \ Q| that is r* = (
wN

and recall (2.3.2), one can see that it coincides with
cap, (B, (ten); Bar(ten)).
Accordingly, we obtain

(A.2.2) cap,(B(ten) \ ; Ba,(ten)) > cap,(By«(tex); Bar(ten)).
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FIGURE 1. The ball in bold line maximizes the volume of the intersection with the slab €.

The volume of B,.(tey) \ 2 can be uniformly bounded from below. Indeed, observe at first that if we set
N-1
Q= H (7ma m) X (ila 1),
i=1
then

B.(tex)\ Q= B.(tex)\ Qm, for every m > r.
Then, as a consequence of [22, Lemma 3.13], for every m > r the function
t— |Br(ten)\ Qm| = |Br(ten)| — |B.(tex) N Qml,

attains its minimum for ¢ = 0 (see Figure 1). In other words, this volume is minimal if the ball and 2, are
concentric. We also observe that such a minimal value is given by

|Br\Qm| = |Br\Q‘ =2wN_1 / (7‘2 —32)¥ dz
1

%
=2wn_1 1V / cosN tdt :=rV on(r).
al

rcsin %
In conclusion, we get that
1

N\~

(A.2.3) > (W) =17 ®N(r).
wN

From (A.2.1), (A.2.2), the monotonicity of the capacity with respect to the set inclusion, the lower bound on
r* and again the scaling relations for the capacity, we get

N— — _
(A.2.4) (®n(r)) pcapp(Bl;Bz/qm(r)) < ycap,(B1; Ba).

This relation must be satisfied by every radius r > 1, such that B,.(x¢) \ 2 is (p,y)—negligible.
By recalling (2.3.2), the previous inequality is equivalent to

() o (-7)

With simple algebraic manipulations, we get that for every admissible radius r, we must have

oN=p i =
pP— pP—

N-p 1
27=1 — 1 451

p—1
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Observe that the right-hand side is strictly smaller than 1. Moreover, by construction the function r — @ (r)
is continuous monotone increasing, with

(A.2.5) ll\rq On(r)=0 and rglfoo Oy (r)=1.

This implies that there exists a finite radius 7, > 1 such that

p—1

95t ~ T N-p
q)N(T’Y) = < i ) )

N-p _1
271 — 14 yp-1

and that every ball with radius r > r, violates the previous conditions, i.e. it is not (p,y)—negligibile. This
finally proves that
Ry () <7y < +o00,

as claimed.

A.3. Degeneration for v 71

EXAMPLE A.3.1. We maintain the same notation as in Example A.2.1 and take again Q = RN "1 x(—1,1).
Since this set is bounded in the direction ey, we have A,(2) > 0. We claim that

(A.3.1) il/ml R, (Q2) = 4o0.

This proves that an upper bound of the type
~ 1 p
Ap(2) < O, (> ;
? P\ Ry ()

with 5N7p77 staying bounded for v converging to 1, can not be true.
In order to show (A.3.1), we first recall that the function

v Ry (), with v € [0,1),
is monotone non-decreasing. Thus, the limit in (A.3.1) exists. For every r > 1, we set
~ cap,(Br \ 2 Bay)
 cap,(By; Bay)

i

thus B, \ Q is v, —negligible, obviously. Accordingly, we get from (A.2.4)
pr Capp(E; B2/¢‘N(T‘)) <

On(r) — <
( ) cap,,(Bi; B2)
By recalling (A.2.5), from the previous inequality we get

.

li =1
T/HJPOO Yr

In particular, by monotonicity we have
lim R, ,(Q) = lim R,. ().

v/ r /oo
On the other hand, since the set B, \ 2 is 7, —negligible, we must have
Ry, () 2 7.

By joining the last two facts, we finally obtain (A.3.1).



List of symbols

Listed below, we collect some basic notations used throughout this thesis. In the following, {2 indicates
a general open subset of RV,

AEB
1a

o
Br(o)

Bpr
SN_l

A has compact closure in B

characteristic function of A4, i.e. 14(z) =1if x € A and 14(x) = 0 otherwise
integer part of a real number «

N —dimensional open ball centered at xo with radius R > 0

N —dimensional open ball centered at the origin with radius R > 0

N —dimensional unit sphere

N —dimensional Lebesgue measure

k—dimensional Hausdorff measure

|B1|, the N—dimensional Lebesgue measure of the unit ball in R

continuous functions on {2

continuous functions together with their derivatives up to order m € N

infinitely differentiable functions whose support is a compact subset of €2
Lipschitz continuous functions on €

Lipschitz continuous functions whose support is a compact subset of Q)
p—integrable Lebesgue measurable functions on €2

measurable functions u : @' — R such that v € LP(€)'), for every open set ' € §2
standard Sobolev space, functions in LP({)) with distributional gradient in LP(Q; RY)
() with distributional gradient in L (Q;RY)

. . p
functions in L loc

loc
closure of C§°(£2) in WP(Q)
homogeneous Sobolev space, the completion of C§°(€2) with respect to ||V - ||»(q)

N
0¢i
divergence operator, if ¢ : RY — RY then divg = Z 6¢
i o
gradient operator, if u : RY — RY then Vu = —u, ceey g
0x1 oxpn
Y 9%
Laplace operator, if u : RN — RY then Au = )
4
i=1 %

N
0 0
p—Laplace operator, if u : RN — RY then Aju = ; oz, <|Vup_28;i)
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