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Introduction

Through the present dissertation, we aim to illustrate some outcomes related to the study
of the boundary behavior of almost-minimizers of the relative perimeter in an Euclidean
open subset. The main results obtained are on the one hand a boundary Monotonicity
Formula, for which we refer to [23], and on the other hand two results regarding the
behavior of an almost-minimizer of the relative perimeter in an open set {2 near a vertez-
type singularity of 0 [24.25]. The latter results are discussed in Chapter 4 and Chapter
5. As it will be carefully explained later, we remark that the definition of vertex appearing
in Chapter 5 is different from the classical notion of vertex for a cone, since it is quite

more general.

Given an open set 2 C R™ and a measurable set E C (), we define the relative

perimeter of E in € restricted to an open set A C R" as
Po(E;A) .= P(E;QNA)

with the short form Py (F) when A D Q, and with P(E; B) denoting the standard perime-
ter of £ in an open set B (see Definition [1.2.2). We say that E is an almost-minimizer of
the relative perimeter in €2 if, roughly speaking, £ minimizes F, among those measurable
sets F' C  that are obtained from E via a compact variation into Q (Definition [2.1.1]). In
particular, the competitor F' could differ from E up to the boundary of €2. Accordingly,
the present definition of almost-minimality wishes for someway generalize the notion of

free-boundary area-minimizing surface.



6 CONTENTS
Boundary Monotonicity Formula

In the third chapter, we focus on the proof of the boundary Monotonicity Formula, and
then we apply it to the proof of a perimeter-minimizing cone property for the limit of a
blow-up sequence of an almost-minimizer. The Monotonicity Formula is a tool that for
instance permits proving that if £ is an almost-minimizer of the relative perimeter in an
open set Q C R™ and xy € QN OF, the density ratios between the perimeter of F in the
relative ball B,(z) N Q and r"~! are monotonically non-decreasing in r up to an error
term that goes to 0 as r — 0% in a quantified way. The Monotonicity Formula is known
and classical when z( is internal to 2, and a proof can be found in [13]. It is known
also for o € 09, but typically under smoothness assumptions on 0Q ( [2], [14]) In our
main result Theorem we prove a boundary Monotonicity Formula at a boundary
point xq € 0f) provided the domain €2 satisfies a wvisibility condition at xy. Roughly
speaking, this condition requires the existence of R > 0 and a point V,, for 0 < r < R,
slightly displaced with respect to xg such that each point z € 9Q N B,.(zy) is visible from
V., i.e. the segment connecting V, with x does not intersect 2. This condition leads
to the construction of a quasi-conical competitor for F, allowing to prove the boundary
Monotonicity Formula through a suitable adaptation of the classical argument developed
by Giusti in |13, where indeed the construction of a conical competitor represents a
key passage. The aforementioned visibility condition does not constitute a smoothness
assumption on €, since it is satisfied, for instance, by a generic convex set, possibly singular
at 0, provided it is suitably approximated by its tangent cone at 0 (see Example ,
and even by other open sets with quite rough boundary (Example [3.2.13). Then, in the
final part of Chapter 3, we show how the boundary Monotonicity Formula previously
obtained can be employed to prove that any blow-up sequence of an almost-minimizer F
of the relative perimeter admits a subsequence that L{ -converges to a minimal cone in
the tangent cone to €2 at z(, denoted by €2, .

The Monotonicity Formula is an important tool in the study of the regularity of an
almost-minimizer of the relative perimeter ( [7], [13], |26]), and also of more general
objects, like varifolds. In his seminal work |1], Allard proves an interior Monotonicity
Formula for integral, k-dimensional varifolds with LP-mean curvature, p > k, that is
subsequently used in the proof of an internal regularity result for the same varifolds. In

this case, the proof of the Monotonicity Formula is made using a first variation of the
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varifold along a suitable vector field. We also mention [2], where the same author proves
a boundary Monotonicity Formula for varifolds with C*! boundary. In [14], the authors
focus on the study of the boundary regularity for free-boundary integral k-varifolds. In
particular, they prove that if the varifold V intersects 02 orthogonally, V' has L” mean
curvature with p > k£ and the mass of V inside small balls centered at points of 0f) is
close to the volume of a half ball, then V is a C'%* submanifold of R” with boundary, that
is diffeomorphic to a half ball. Also in this case, the Monotonicity Formula represents a
key tool in the proof of the main regularity result, while its proof is based in particular
on a reflection through 9 procedure, that requires Q at least of class C2. The common
aspect among all the aforementioned works is the presence of a smoothness hypothesis
on €. Indeed, a key passage in the proof of the boundary Monotonicity Formula is
to vary the varifold along a suitable vector-field tangent to 0€2. The technical difficulties
arising in implementing variation arguments in the presence of singularities of 9€2 motivate
why the big majority of the works available in the literature concerning the boundary
Monotonicity Formula, and consequently the study of the boundary regularity, require
some smoothness assumptions on 2. As we remarked above, the proof of the boundary
Monotonicity Formula developed in Chapter 3 is not based on a variation argument,
but exploits the construction of a quasi-conical competitor, allowing to skip the strong
smoothness assumptions on 02 that are typically required. It is worth mentioning that
such a boundary Monotonicity Formula could be applied to the study of the boundary
regularity for almost-minimizers of the relative perimeter. A regularity result in this
sense is known only if 9Q € C? [14]. An interesting development could be to exploit
the boundary Monotonicity Formula proved in the present thesis in order to extend the

regularity result in [14] to more general domains €, for instance for those with 9Q € C14.

Behavior of the almost-minimizers near vertices

A fascinating question regarding the theory of the free-boundary minimal surfaces is that
about their behavior near the boundary of their container 2. In the broader context of
capillarity, it is known that if  is of class C*!, a capillary surface interface in ) satisfies

Young’s law (see [30]), i.e., forms a contact angle = arccos~y with 092, where v € [—1, 1]
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is the wetting coefficient appearing in the capillary energy (without bulk terms)
Po(E) +~P(E;09),

this resulting in the relative perimeter when v = 0. The proof of Young’s law relies on
a boundary regularity result for local minimizers of the capillary energy, which requires
0 to be sufficiently smooth [8]. However, despite of its relevance in applications [12],
much fewer is known, in general, about the behavior of a capillary surface near singular
points of 0Q2. We mention here some works by Concus-Finn [5], Lancaster [21], Chen-
Finn-Miersemann [4], Lancaster-Siegel [20], Tamanini [29], Leonardi-Saracco [22], where
the authors focus their attention on the behavior of a capillary surface close to a wedge-
or corner-type singularity. About the case of free-boundary minimal surfaces (7 = 0), we
also recall the study on free-boundary minimal surfaces in 3-dimensional wedge domains,
mainly due to Hildebrandt and Sauvigny [16-19], and the recent contribution by Edelen
and Li [9], where the authors demonstrate an e-regularity result for free-boundary minimal
surfaces in domains that are close to a polyhedral-cone, i.e. are the image of a polyhedral
cone through a transformation that is C%-close to the identity. The present dissertation
aspires to take place among the literature mentioned above, providing a survey about the
behavior of an almost-minimizer of the relative perimeter (or a free-boundary minimal
surface) near a vertex-type singularity of the container. This analysis is carried out in
two different but complementary directions. In Chapter 4, we focus on a specific setting.
Given an axially-symmetric, (n + 1)-dimensional convex cone, that up to translations is

assumed to coincide with

Q= {(ml, oy Tpg1) ER™TE g > /\\/x% +.o a2z +x%+1} :

for some A > 0, we study the stability of the free-boundary minimal surface > obtained by
the intersection of {2, with a n-plane containing the axis of 2. For our stability analysis,
we introduce a Lipschitz flow ¥;[f] of deformations of ¥ associated with a compactly-
supported, scalar deformation field f, which satisfies the key property 0%;[f] C 9, for
all ¢ € R. The construction is actually performed in more general convex domains, in
particular those that can be represented as epigraphs of a convex map. By computing the

lower-right second variation of the area of ¥ along this flow, we discover that the stability
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of ¥ into 2, depends on dim> = n. When n = 2, in Theorem [4.3.3 we prove that > is
not stable; consequently, X fails to be area-minimizing in a 3-dimensional circular cone.
While, when n > 3, in Theorem we show something rather surprising, namely that,
as (1, has a sufficiently large aperture, i.e. A is small enough, then ¥ is strictly stable.
This behavior sinks its roots in the feature assumed by the non-negativity condition for
the second variation of the area of . Indeed, we proved that the latter is equivalent to
the validity of the following functional relation, for every f : ¥ — R Lipschitz continuous

and compactly supported into 3:

2
Lrwsezaf T ).
This functional inequality, in a slightly different shape, is known in literature, in particular
in the context of reaction-diffusion problems [6], and is called Kato’s Inequality. This
inequality fails when n = 2 (because, if f is compactly supported and f(0) # 0, then
the right hand side explodes), while it is proved to hold when dim¥ > 3, with a suitable
dimensional constant in place of \. Thus, as n > 3 and A is smaller than a suitable
threshold A* = A*(n), the stability of ¥ follows. The different (and, at first sight, quite
unexpected) stability properties of ¥ have a correspondence in some literature on minimal
surfaces within cones. In particular, a result of Morgan |27] implies that the free-boundary
0¥ is an area-minimizing (n — 1)-surface in 92, as soon as n > 4 and A is small enough.
The investigation initiated in Chapter 4 opens the doors to other interesting questions.
For instance, one could ask whether, for A < A\*, ¥ is only stable or even area-minimizing
into €. A possible approach for the proof of the minimality of ¥ into €2 could be the
construction of an appropriate (sub-)calibration of ¥ into 2. The calibration method is
the same employed by Morgan in [27] to demonstrate his minimality result for 9% into 02,
in dimension n > 4. We then expect that, via a suitable adaptation of this construction,
we should be able to prove the minimality of X into 2 at least for n > 4. However, the
same kind of analysis in the case n = 3 seems harder, as it is not fully clear whether 0%
is unstable, or at least not area-minimizing, in 9€2,. We limit to notice that our result

seems to support the conjecture that ¥ is locally area-minimizing also when n = 3.

In the last Chapter of the thesis, we concentrate on the proof of a so-called Vertez-

skipping Theorem. The question underlying this result generalizes that which moved us
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in the study of the minimality of ¥ in an axially symmetric cone: our purpose is to
understand whether the boundary of an almost-minimizer of the relative perimeter in an
open, convex set 0 C R™ could contain vertex-type singularities of 0{2. We say that a
point xg € OS2 is a vertex for (2 if the tangent cone 2., to 2 at zy does not contain lines,
i.e., up to isometries, €2, cannot be written as R x C, for some convex cone C' C R"™ 1.
We notice that here a vertex xg of {2 is not the vertex of a cone, i.e. it is not required
that xo + t(z — z9) € , for every x € ). Nonetheless, we remark that, when 2 is a
cone having a vertex at xg, the two definitions trivially coincide. With a little abuse of
terminology, saying vertex, we will refer both to the vertex of a cone and to the vertex
of an open, convex set {2 in the sense of the definition just provided. The context shall
clarify which is the correct interpretation of the terminology. In our main result Theorem
5.3.1, we prove what follows.
Let Q C R3 be an open, convex set, and let xy € OQ be a vertex for Q. If E C Q is

a local almost-minimizer of the relative perimeter in §2, then
) ¢ 0F N >

i.e. the closure of the boundary of E does not contain vertex-type singularities of

the boundary of €.
This result generalizes Theorem proved in Chapter 4. On the other hand, it is worth
to mention that the validity of such a result in dimension n > 4 seems improbable, owing
to the stability result Theorem [£.3.5] The proof of the statement above is based on a
contradiction argument, that is composed of three main steps. The first one is a double
blow-up procedure, that allows to reduce the problem to the case of a conical minimizer
of the relative perimeter in the tangent cone to 2 at z(, and containing zy. We notice
that, since more classical Monotonicity Formulas (such as that proved in [13]) are enough
for the proof of Theorem [5.3.1] the boundary Monotonicity Formula proved in Chapter 3
does not play a direct role here. Nevertheless, its application permits to show that, under
some further assumptions on € (mainly those allowing to apply Theorem , a single
blow-up of Q at zg is enough in the context of our proof (Remark . The second step
consists of the characterization of the boundary of the conical minimizer obtained through
the aforementioned blow-up operation. We in particular show that the boundary of this

minimizer is a plane containing the vertex. The proof of this fact is very delicate: in
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particular, it is based on the properties of geodesic triangles on the sphere. The final step
is devoted to construct a competitor with less area than the plane, achieving the desired
contradiction. To do so, the idea is to pack the tangent cone into a cone with rectangular
section, that we called pyramid-cone, performing then the construction of the competitor
in this special cone. This construction is non-trivial: to build a competitor with less
area than the plane in the pyramid-cone, the idea is to displace the plane itself along its
normal up to a suitable height, and then find an astute connection with the original plane
to produce the competitor. We conclude by highlighting an important consequence of the
Vertex-skipping Theorem [5.3.1] in combination with Theorem 1.1 proved in the already
cited paper by Edelen-Li |9]: the singular set of a 2-current in a 3-dimensional plyhedral

domain is empty. This improves Theorem 1.2 demonstrated in [9].






Chapter 1
Bounded Variation functions

In this Chapter, we introduce the notions of variation for the gradient of a measurable
function and of perimeter for a measurable set, namely the total variation of its character-
istic map. Then we illustrate the main properties satisfied by the functions with bounded

variation.

1.1 Differentiation of Radon measures

For a definition of Radon measure, real Radon measure, or vector Radon measure we refer
to |3, Definition 1.40]. With a little abuse of terminology, saying Radon measure we will
equivalently refer to a Radon measure, a real Radon measure, or a vector Radon measure.
If i is a Radon measure on R” taking values in RP, we denote by |u| its total variation
(see |3, Definition 1.4]). Let u = (u, ...,u,) : R* — RP be summable with respect to |p/,
then we denote by u - u the Radon measure defined by

P
u- u(E) ::/Eu-d,u:qgl/Euqduq.
It can be proved (see [3, Proposition 1.23]) that

u-pl = ful - . (1.1.1)

13
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We have the following result, whose proof can be found in |26, Corollary 5.11]. From now
on, by B,.(z) we will denote a ball of center x and radius r, and denoting by B, the ball
B,.(0).

Lemma 1.1.1. Let pu, v be Radon measures taking values in R, RP respectively. Then,

for p-a.e. x € R™, the following limit exists

and the corresponding function f is such that f € Ll (R™, u; R?) and
v=Dw- p+v,,

where vy, is singular with respect to p.

The function D,v is called the p-density of v.

1.2 Variation and perimeter

We start with the following

Definition 1.2.1. Let Q C R™ be an open subset and f € L} (R™). The variation of f
in Q2 is defined by

DA =sup{ [ fdivods : 6 € CHLRY), [[6llieiey < 1) -

We say that f has bounded variation in 2, and we write f € BV (), provided f € L'(Q)

and

|IDfI(Q) < 400.

When f coincides with the characteristic of a measurable set, we use the following

terminology.

Definition 1.2.2. Let 2 C R™ be an open subset and E C R™ be a measurable set. We
call perimeter of E in € the following quantity

P(E;Q) = [D1g|(),



1.2. VARIATION AND PERIMETER 15

We say that E has finite perimeter in Q if P(E;Q) < 400.
In the next Chapters, we will often use the following notation: given two open sets €2,
A C R™ and a measurable set E C (2, we set

Po(E;A) .= P(E;ANQ),

with the short form Po(E;A) := P(E) when A contains §2. We call P, the relative
perimeter in Q, and Py (F; A) the relative perimeter of F in ) restricted to A.

Sometimes we will also use the following terminology.
Definition 1.2.3. Let 2 C R™ be an open set.

(i) We say that f € Li () has locally bounded variation in 2 if

IDf|(A) < 400, for any A CC Q, A open.

(ii) We say that a measurable subset E C ) is a Caccioppoli Set (or that has locally
finite perimeter) in €, if

P(E;A) < 400, for any A CC Q, A open.

We will denote by BVi,.(2) the space of the functions f € Li () such that

loc

feBV(QNA), for all open, bounded sets A C €.

We remark that f € BVj,.(Q2) implies that f has locally bounded variation in €2, but the
viceversa does not hold.
A bounded variation function can be characterized by its distributional gradient. The

proof of the result below corresponds to the proof of Theorem 5.1 in [10].

Theorem 1.2.4. Let @ C R™ be open. A function f € L'Y(Q) has bounded variation
in Q0 if and only if its distributional gradient is a Radon measure, i.e. there exists a

vector-valued Radon measure iy : B(R™) — R™ with the following property:

—/Qf divode = (6-u;)Q,  for all 6 € CHQLRY).
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Moreover, the total variation of j1y and the variation of f coincide, i.e.

s () = [DfI(Q).

From now on, with a little abuse of notation, we will identify Df and ps. Let now
f € BV(Q). As a consequence of Lemma we can consider the |D f|-density of Df,
that we call v¢, which is defined by

) =t DI Bel)

, for |[Dfl|-a.e. x € R".
r—0+ | D f|(B,(x)) D]

We have vy € LYR", |Df|;R™). Since trivially Df is absolutely continuous with respect
to |Df|, vy realizes
Df =vs-|Df]. (1.2.1)

Moreover, from (L.1.1)), (1.2.1), it follows that
il - IDf| = vy - [DFIl = [DfI,
and so that ve(z) =1 at |Df|-a.e. x € R". When E has finite perimeter in €, we set
Vg = V1, (1.2.2)

The variation |Df(Q)] is lower-semicontinuous with respect to the L -convergence. The

proof of the following result is given in [10].

Lemma 1.2.5. Let Q C R™ be open, and {f;};>1 C LL.(Q) be a sequence of functions
having locally bounded variation in 0 that L. converges to a function f. Then the
following inequality holds:

IDfI(Q2) < limjinf |Df;[(€) .

1.3 Properties of BV functions

1.3.1 Approximation and compactness

BV functions can be approximated by smooth functions in a suitable sense.
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Theorem 1.3.1. Let Q@ C R"™ be open and f € BV (Q). Then there exists a sequence
{fj}jzl € COO(Q) N BV(Q) such that

1S5 = fllvey = 0, [Df5[(€Q2) — [DfI(€). (1.3.1)
Moreover, provided (L.3.1)) holds, we also have Df; —=* Df, i.e., for all $ € C*(R™;R"),
/ ¢-dej—>/ 6-dDf,  asj— 0.
R™ R7
For the proof of the Theorem above, see Theorems 5.3 and 5.4 in [10].
Remark 1.3.2. If condition (1.3.1]) holds, we say that the sequence f; strictly converges to

f (see [3, Definition 3.14]). Thus Theorem|1.5.1|tells us in particular that C*(Q2)NBV (§2)

is dense in BV () with respect to the strict convergence.

Remark 1.3.3. The sequence { f;};>1 built for the proof Theorem turns out to have
the following, further property (see [15, Remark 1.18])

lim p*N/ \f; — fldz =10, for all N >0, xg € 092, 5 > 1. (1.3.2)
QNB,(zo)

p—0t

Combining Theorem with the compactness result holding for Sobolev functions,
one can prove the following compactness result for BV functions, provided the domain is

regular enough (see [10, Theorem 5.5]).

Theorem 1.3.4. Let 0 C R™ be an open, bounded set with Lipschitz boundary, and
{fi}j>1 € BV(Q) be such that, for some constant C' > 0,

fillsviy = il + IDAIQ) <C, for every j. (1.3.3)
Then there ezists a function f € BV (Q) and a subsequence fj, of f; such that

1 fje = fllzr@ — 0.
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1.3.2 Coarea

Theorem 1.3.5 (Coarea for BV functions). Let Q C R™ be open and f € L*(2). For
teR, let
Ei={zeQ: f(x)>t}.

Then the following statements hold:

(i) if f € BV(Q), then E, has finite perimeter for a.e. t € R, t — P(E;Q) is
measurable, and

DI = [ P(E; Q)
(ii) conversely, if f € LY(Q), t — P(Ey; Q) is measurable, and
/]R P(E;; Q)dt < +o0,
then f € BV ().

Proof. The proof of the measurability of ¢t — P(E}; Q) is given in [10, Lemma 5.1]. The

other statements are proved in Theorem 5.9 of the same book. O

We also give the following Coarea result for Lipschitz continuous maps.

Theorem 1.3.6 (Coarea for Lipschitz functions). If ¢ € Lip(R™), E C R™ is a Borel set,
and f: R™ — [0,00) is a Borel function, then

/Ef|ng5|:/R/Em{¢t}de”‘1dt.

1.3.3 Traces

Theorem 1.3.7. Let Q) C R™ be an open, bounded set with Lipschitz boundary and denote
by vq the outer, unit, normal vector defined H" 1-a.e. on Q. Then there exists a unique

linear and bounded operator

Tr(f,09) : BV(Q) — L'(0Q,H" )
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called trace operator such that, for all f € BV (Q),

lim 0 |Tr(f,00)(x) — f(y)|dy =0, for H" -a.e. z € Q. (1.3.4)

r—=0T JB,(z)N
Moreover, for all f € BV (), the following identity holds:

/Qf divéde = —(¢- DO + /89<¢, v) Te(f,0Q)dH™™",  for any ¢ € C1(R",R").
(1.3.5)

Proof. The linearity and the uniqueness of Tr(f,d2) immediately follow by condition
(1.3.4). The existence is proven in [13, Theorem 2.10]. [

The function Tr(f,00Q) is called the trace of f in €. Identity ((1.3.4)) ensures in partic-
ular that

Tr(f,00)(x) = lim fly)dy, for H" '-a.e. x € 00 . (1.3.6)

r—=0% JB,(z)nQ

Hence, the trace can be interpreted as the boundary value on 02 assumed by the function
f. In particular, if f € BV (Q) N C°Q), then (1.3.6) yields

Tr(f,00) = floa, H" -a.e. on 9.

Remark 1.3.8. Under the assumptions of Theorem the operator Tr(-,0) is also
continuous with respect to the strict convergence (see (13, Theorem 2.11] or (3, Theorem
3.88]). We also observe that, selecting a suitable sequence {f;};>1 C C>(2) N BV (Q)

realizing the thesis of Theorem by applying (1.3.2) and (1.3.6) we have

(7500 (0) - 000l =ty s f
< lim 1fi(y) = f(y)l dy (1.3.7)

r—=0t JB,(z)NQ

=0, for H" t-a.e. z € 09,

and thus Tr(f;, 00) = Tr(f,09Q), H" '-a.e. on OQ.

Let Q, ' C R™ open, bounded sets with Lipschitz boundary such that  cc .
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We observe that 02 can be oriented by rq, the unit, normal vector that points out with
respect to 2, or by —vq, the unit, normal vector that points out with respect to €'\ Q.
For any f € BV(€), we can then consider two traces for f on 0f, the first one with
respect to €, the second one with respect to '\ Q:

Tt (£,00) = Te(f,09), T (f,09Q) = Tr(f,0(2'\ Q).

From ([1.3.6)), it follows that the definition of Tr™(f,0€2) does not depend on €. The
functions Tr=(f, Q) € L*(9Q;H" ') are called the inner trace and the outer trace of f

in €2 respectively. The following extension of BV functions result holds.

Lemma 1.3.9. Let Q, Q' C R" be open subsets. In addition, let Q0 be bounded and have
Lipschitz boundary, and assume that Q CC Q. For all f € BV (), we have

DAI) = |DAIQ) + DA\ D) + [T (£,09) — Tr (£,09) 1 onpesy . (138)
Conversely, for any fi € BV(Q), fo € BV(Y\Q), if we set f = filg+ fo Long. then
feBV(Q).

Proof. The argument is very similar to that exploited for the proof of Theorem 5.8 in
[10]. O

Remark 1.3.10. We observe in particular that, by (1.3.8)),
|Df|(8Q) = ||TI'+(f1, 89) — Tr~ (fg, aQ>||L1(3Q;anfl). (139)

Lemma 1.3.11. Fiz an open set A C R™ and a Lipschitz function ¢ : A — R of class
C1, such that |Vé(z)| > 0 for allz € A. Set A, = ¢! (—o0,7). Then for all f € BV (A),
for L'-a.e. r € R, and H" 1-a.e. v € OA, N A, we have

f(z) =Tt (f,04,)(z) = T (f,04,) (). (1.3.10)
Proof. We observe that, for a.e. r € R,

T (f,04,) = Tr™ (f,04,), H" -a.e. on 9A, N A. (1.3.11)
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Indeed, for the proof of we can combine with |[Df|(0A, N A) =0 for a.e.
r € R, which in turn comes from the fact that | D f| is a finite measure and A, NOA;NA =
() whenever r # s. Let x € A be a Lebesgue point for f, then z € JA, if and only if
r = ¢(x). Thanks to the smoothness of 0A, N A (a consequence of the Implicit Function

Theorem) we have

1
St Ao(pt),  asp—0F,

4.0 By(@)| = ;

and consequently

1
— i / d
)= lim o Bp(m)f(y) y

: 1 (
28 2 (o 4
,H0+ Wy, P \JA,nB, (=

1 1
— lim = / W) dy+ = ——— d
pﬂ%“+ 2 1A, N B,(x)| mB N aosw T VYT B VA S ena Ty dy

_;ﬂ(f&4X)+2ﬂ(f&4X)

= Trs(f,04,)(x) .

Since the set of Lebesgue points for f coincides with A up to a L"-negligible set, by
Theorem we obtain that the first equality in (1.3.10]) is verified for £'-a.e. r € R
and H" ta.e. z € A, N A, which together with (1.3.11]) concludes the proof. O]

Proposition 1.3.12. Under the assumptions of Lemma |1.3.11, we take f, f; € BV (A)
for 7 € N, such that

fi = fllereay — 0, [DfI(A) — |DfI(A).
Then, for a.e. 0 <r <1, we have

Tr(f,04,) := T (f,0A,) = Tr™(f,04,) (1.3.12)
Tr(f;, 0A,) == Tr"(f;, 04,) = T~ (f;,04,), forallj>1, (1.3.13)
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and
|IDf;|(A) — |DfI(4,), HTr(fj, 0A,) — Tr(f, 8Ar)\\L1(aAT) — 0, (1.3.14)

hence in particular f; strictly converges to f on A,.

Proof. Thanks to Lemma [1.3.11} the two identities (1.3.12) and (|1.3.13]) hold for a.e.
0 < r < 1. In particular, for such r, we deduce that |Df|(0A,) = 0, hence |Df|(A,) =

|Df|(A,). Moreover, by Lemma we have

liinf | Df5[(4,) > [Df|(A,)
= |DfI(A;) = |DFI(4) ~ |DfI(A\ )
= lim [Df,1(4) - [DSI(A\ 4,)
> limsup [D;|(4) — [Df;|(A\ A)

J—00

= limsup | D f;|(A,)
Jj—00
> limsup | D f;|(A,) ,

Jj—00

which proves that
IDSI(A:) = lim IDSI(A,).

Since || f; — fllziay — 0, we have in particular |[f; — f||z1a,) — 0, and thus {f;};>1
strictly converges to f in A,. Finally, (1.3.14) holds because, as observed in Remark
the inner trace operator is continuous with respect to the strict convergence. O

1.4 Structure properties of Caccioppoli Sets

The perimeter of a set can be roughly described as a generalization of the measure of the
boundary of the set itself. In this section, we give a very important structure Theorem for
sets having (locally) finite perimeter. The proof of this capital result is due to Ennio De
Giorgi. We start stating the following Lemma, whose proof is exactly that of Proposition
12.19 contained in [26]. The other parts of the present section are mostly inspired by
Chapter 5 of [26].
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Lemma 1.4.1. Let E C R" be a set of locally finite perimeter. Then
spt D1 ={z € R" : 0 < |EN B, (x)| <wyr™, forallr >0} C OF.
Moreover, there exists a measurable set E' C R™ such that
|[E'AE| =0, spt |[D1g| = OF'. (1.4.1)

Remark 1.4.2. In other words, the support of D1g is contained in the topological bound-
ary of E. In addition, up to choosing suitably a representative for E, the support of D1g

coincides with OF.

Definition 1.4.3. Let E C R" be a set of locally finite perimeter. We define the reduced
boundary of E, and we denote it by O*E, as the set of those points x € R™ such that
|D1g(B,(x))| > 0, for all r > 0, and the following limit exists

vig(zr) = lim M
p(e) = B

with |vg(x)| = 1.

Remark 1.4.4. We observe that vg(x) is precisely the |D1g|-density of D1g that we
introduced in (1.2.2). Then

lvp(x)| =1, for |D1g|-almost all points x € R™

Remark 1.4.5. By definition, 0*E C spt D1g. Moreover, we observe that (1.4.2) implies
spt D1 C O*E.

Hence O*FE C spt D1y C 0*FE. By Lemma we infer that up to a suitable choice of
a representative of E realizing (1.4.1)), we also have

O*E C OFE = O*E .
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We finally state the following structure Theorem due to De Giorgi. The proof of this

result can be found in [26].

Theorem 1.4.6. Let E C R"™ be a set of locally finite perimeter. Then
|D1g| =H"'L 0"F, Dlp=vg -H" 'L O'F,
and the following generalization of the Gauss-Green Formula holds:

[Ev¢dx=/3*E¢yEd%"—1.

Moreover O*E is countably (n — 1)-rectifiable, i.e. there exist countably many C* hyper-
surfaces M; C R™, compact sets K; C M; and a Borel set F with H" ' (F) = 0 realizing

J=1

Finally, for every x € K;, we have vg(x)* = T, M;.

1.4.1 A local extension result

For this part, we assume that Q C R" is an open set with Lipschitz boundary. We fix
p > 0 such that, up to an isometry, there exist a Lipschitz function w : B, — R and a
constant m > 0, with w(0) = 0 and m > [|w|[z~(py), satisfying the following property: if

we set Cp,n = B, X (—m,m), we have
QNCpgm ={r=(2",2,) eR" : 2 € B, w(2) <z, <3m}. (1.4.3)

We aim to prove that, under this assumption, any measurable set £ C Q with 1 €
BVlOC(Q) can be extended to a locally finite perimeter set £ in U Cp.m, in such a way
that ENQ = ENQ, P(E;00NC,,,) =0, and P(E;S(B)) < C P(E; B), for all Borel
sets B C Cpm \ © and for some constant C' > 0 depending on the dimension n and the
function w. In what follows, we will denote by T,FE the approximate tangent space to
O*E at a2l

'We recall that in this paper f € BWo(2) means f € BV (A) for all A C Q open and bounded.
2The approximate tangent space T, F is given by the orthogonal complement of vg(z).
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Set C, = B, x R and define the map S : C, — C, as
S(x) = (2, 2w(z’) — x,) . (1.4.4)
Note that S satisfies S?(x) = x for all z. Moreover, elementary computations show that
Lip(S) < /3 + 6Lip(w)?. (1.4.5)
Given E C Q measurable with 15 € BVj,c(Q), we define E C QUC, as
E=FU(S,(B)\Q), (1.4.6)

where S,(E) = S(ENC,). Clearly, we have E N Q = E N Q. Further properties of £ are

stated in the next lemma.

Lemma 1.4.7. Let E C Q be a measurable set with 15 € BVio(2). Then, for almost all
x € O*E, S restricted to x+T,E is differentiable at x, and we denote by d¥S, : T,E — R
its differential. Moreover, if E is the set defined in (1.4.6), we have

P(E;00NCym) =0 (1.4.7)
and, for all Borel sets B C S(C,, N2),

P(E; B) = P(S,(E); B) = /d sy S@ AT @) S CP(E (), (148)

where JES(z) := \/det(dES;Ck odES,), d¥S is the adjoint of d¥S,, and C = Lip(S)" .

Proof. Owing to Theorem [1.4.6, we know that 0*E is countably (n — 1)-rectifiable. Then
the fact that S|, g is differentiable at H" '-a.e. z € 9*F follows immediately from [26,
Theorem 11.4].

Now, we prove ([1.4.7)) in the following way. Thanks to Lemma we only need to
check that, for H" '-a.e. € 9Q2NC,,,, we have

Tr(15,00)(x) = Tr™ (15,00)(x),
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that is,
Trt (1g,00)(x) = TT+(1S,)(E), OR"\ Q))(z). (1.4.9)

The proof of (1.4.9) goes as follows. We employ the characterization of the trace as a

limit of averages: for H" '-a.e. x € 992 we have

) . |EnB.(x)nQ
Tr <1E,89)(x)—rlirél+ |B,(z) N €

and

+ n _ e 1Sp(B) N Br(x) \ O

Then we combine this characterization with a consequence of ([1.3.4)), i.e. that the trace

of a BV characteristic function coincides with a characteristic function H" !-almost ev-

erywhere on 0f), to infer that we only need to show the equivalence
Tr"(1,0Q)(z) =0 <  Tr" (g, k), O(R™\ Q))(z) =0.
One of the two required implications (the other can be discussed similarly) is
Tr"(1,0Q)(z) =0 = Tr"(1g,k), O(R™\ Q))(z) =0.
This implication can be restated as
IENB,(z)NQ=o0(r") = [S,(E)NB(x)\Q=o(r") asr — 0", (1.4.10)
Up to taking r > 0 small enough, we have B,(x) C C, ,, hence setting L = Lip(S) we get

15,(E) 0 Bo(2) \ 0 < |S(E N 5(B,(x) N Q)
< L"|EN Bp,(z) N Q|

= L"o(L"r") =o(r™) asr— 0",

which proves the implication (1.4.10]) and concludes the proof of ([1.4.7)).
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Finally, for the proof of (1.4.8]), it is enough to show that
H*H(0*S(E)AS(O*E)) = 0. (1.4.11)

Indeed, if (1.4.11)) holds, Theorem ensures that
P(S(E); B) =H" 1 (0*S(E)N B) =H" ' (S(0*E)N B) = H" ' (S(*EN S(B))),

thus is an immediate consequence of the Area Formula for rectifiable sets (see [26,
Theorem 11.6]). Let us demonstrate (1.4.11). Again by Theorem [1.4.6] it suffices to prove
that

S(EYO =5(E®y,  S(E)V =S5EWY). (1.4.12)

Let us prove the first of the previous identities, as the proof of the other one is obtained
by observing that (R \ E)¥ = EM. Let 0 < 6§ < p, and z € QN (B,_5 x R). Set
L = Lip(S) as before, then by construction, for any 0 < r < §, S(B,(S(x))) C Br.(z),
and thus the Area Formula yields

1S(E) N B,(S(x))| = / JSdx < L"| By, (z)] . (1.4.13)

ENB,(S(z))

Since r is arbitrary and S™! = S, it is easy to check that, thanks to , if z € E©
then S(x) € S(E)©, which proves the inclusion S(E®) c S(E)©. The reverse inclusion
is proved in a completely analogous way. The proof of the lemma is then achieved thanks
to ([1.4.5)). [
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Chapter 2
Almost minimality

In this Chapter, we introduce the definition of (local) almost-minimizer of the relative
perimeter in an open subset. This notion will play a key role in the thesis, since the most

part of our results will apply to almost minimizers.

2.1 Almost minimizers

Definition 2.1.1. Let 2 C R" be an open set and E C R" be measurable. We say that
E is a local almost-minimizer of Py if, for any x € Q there exists r, > 0 such that, for

any 0 < r < r, and any measurable subset F' of Q with FAE CC B,(x), one has
Po(E; B, ()) < Po(F; B,(x)) + [FAE| yo(E;2,1) | (2.1.1)
for a suitable function ¥o(E;xz,r) such that lim, o+ 1o (E;z,r) = 0.
If Yo(E;2,7) =0, for all x € Q, we say that E is a minimizer of Pq.
If there exists a function Vo (E;r) : (0,79) — R such that lim, g+ o(E;7) =0, and

wQ(E7x7r)§wQ(E7r>7 fOTCLH.ﬁUEﬁ,

we say that E is a almost-minimizer of Py.

Various notions of almost minimality can be found in literature. The notion chosen in

29
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Definition turns out to be rather weak, in the sense that the other, most common
definitions of almost-minimality require conditions that are stronger than (2.1.1)). This is
the case of the so-called A-minimizers. We say that F is a A-minimizer of P if, for any
x € Q there exists 7, > 0 such that, for any 0 < r < 7, and any measurable subset F' of
Q with FAE CC B,(x), one has

Po(E; B.(z)) < Po(F; B.(z)) + A|FAE]. (2.1.2)

It is then clear that condition ([2.1.2)) is stronger than (2.1.1)): in particular, A-minimizers

satisfy (2.1.1) with
Yo(E;z,r) = Arw}/”.

2.1.1 Minimality gap
Definition 2.1.2. Let Q, A C R" be open sets and f € BVi,.(2). The minimality gap of
f in A relative to § is

Ua(f; A) = |Df(QNA)—inf{|Dg|(Q2NA) : g € BVioc(2), g — [ has compact support in A} .

If f = 1 for some measurable set E with 1z € BV],.(Q2), the minimality gap measures
how far is a measurable subset F from minimizing P,. When f = 1, for some measurable
subset £ C R", we denote Wq(1g; A) by Uqo(E; A).

Lemma 2.1.3. Let Q, A C R™ be open sets and E C Q) be such that 1p € BVi..().
Then

Uo(E; A) = Po(E; A) —inf{Po(F;A) : 1p € BW,(Q), FAE CC ANQ}.
Proof. Let us define

T, = inf{|Dg|(QN A) : g € BV(Q), spt(g — 1) cC ANQ}
T, = inf{Po(F;A) : 1r € BVioe(Q), FAE CC ANQ}.

It suffices to show that Z; = Z,. For sure, Z; < Z, because we can take g = 1p in the
definition of Z;. Fix now £ > 0, and let g € BW,.(Q2) be such that spt(g —15) CC AN A
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and
|Dg|(2NA) <Z)+e. (2.1.3)

For t € R, let us set
Gr={z€Q: g(x)>t}.

We observe that, for each 0 <t < 1, Gy \ spt(g —1g) = E \ spt(g — 1g), and so

G/AE Cspt(g—1g) CCANQ. (2.1.4)

We can now exploit Theorem [1.3.5{and ([2.1.4) to infer that

1
1Dg|(2 N A) = / Po(Gy; A)dt z/ Po(Gy; A)dt > T, . (2.1.5)
R 0
By (2.1.3)) and (2.1.5)), we deduce that
Il S IQ S Il +e€.

Owing to the arbitrariness of €, we finally conclude that Z; = 7. m

Lemma 2.1.4. Under the assumptions of Definition[2.1.3, if A cC A', then

Uo(f; A) < Uqo(f; A).

Proof. Let us fix € > 0, and let g be such that
[DFINA) = |Dgl(QN A) = Wo(f; A) —¢.

We can take
(@) glz) ifzeQnA
T g

flz) ifzeQ\ A
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Since A CC A’ and the fact that f and g coincide out of A, by (1.3.8)), we get

Uo(f; A) > |Df[(QNA") — [Dg|(2N A)
= |DfI(QNA) + |DFI(QA"\ A)) + | DfI(QNIA)—
—[Dgl(@n A) = |Dgl(2n (A"\ A)) — [Dg|(Q2 N 9A)
= |[DfI(Q2NA) = |Dg|(2N A)
> Wq(f;A)—e.

Since ¢ is arbitrary, we conclude. O]
Remark 2.1.5. The minimality gap of a local almost-minimizer satisfies a suitable de-
cay on balls. Indeed, under the assumptions of Definition if £ is a local almost-

minimizer (resp. a minimizer) of Pqo, then, owing to Lemmam and the trivial estimate
|FAE| < w,r™, we have
n—1

Uo(E: B,(x) Swn® 1" Wo(Bia,r)  (resp. Ua(E:B,(x)) =0),  (2.16)

forallx € Q, 0 < r < r,, where Yo(E;x,7) is the function appearing in (2.1.1). Con-
versely, if for any x € S there ewists r, > 0 such that for all0 < r < r,,

Uo(E; B (x)) =0,

then E is a minimizer of Pq.

2.1.2 Density estimates

In this subsection we establish perimeter and volume density estimates for almost-minimizers

at a point either in  or on 0f).

Lemma 2.1.6. Let 2 C R™ be an open set with a Lipschitz boundary. Let E be an
almost-minimizer in Q, and let x € Q. Assume that Po(E; B.(x)) > 0 for all v > 0.
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Then, there exist constants C' > 1, T > 0, depending on 2, E and x, such that

C™l" N < Po(B; By (x)) < Or"! (2.1.7)
min (|EN B,(x) N Q, [(B:(x) NQ)\ E|) > C ", (2.1.8)

forallO <r <T.

Proof. Up to a translation, we assume that x = 0. We start proving (2.1.8)). Given r > 0
we set

m(r) = |B,NQNE|, u(r):=|B.N2\E|.

Both m and p are non-decreasing, thus differentiable for almost all > 0. By [26, Example

13.3], for almost all r > 0, we have
m'(r)=H"HENOB.NQ), pr)=H"10B.NQ\E).

Since the one-parameter family of rescaled domains D, := r*(QN B,), 0 < r < 1 is
precompact with respect to the L'-convergence in the class of Lipschitz and connected
domains, there exists a constant C' > 0 such that the following, relative isoperimetric
inequality holds

1

Po(E; B,) > Cmin{m/(r), u(r)}% , (2.1.9)

forall 0 <r < 1. Set 0 < t < r and define the competitor

EUB,NQ ifm(t) > ut),
E\ B,NQ otherwise.

We note that in the first case F;AE = B, N Q\ E, while in the second case F;AE =
B;NQNE. In any case, we have F;AE CC B, N ). Thus, by the almost-minimality of
E in Q, and for almost all 0 < ¢t < r, we infer that either

Po(E; B,) < Po(Fy: B) + pu(t) "= (r) (2.1.10)

1

< Po(E; B, \ By) + H" (0B, N Q\ E) + pu(r) = b(r),
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or

n—1

Po(E: B;) < Po(Fy; By) +m(t) = v(r) (2.1.11)

< Po(E; B\ By) + H (0B, N QN E) + m(r) = y(r).

where ¥ (1) := o(FE;0,r). Taking the limit as ¢t  r in (2.1.10) and (2.1.11]), and using

(2.1.9), we deduce that, if m(r) > p(r), then for almost all 0 < r < o we have

n—1

p(r) =,

n—1

' (r) + p(r) = p(r) >

Q)

while otherwise, we have

n—1 -1

m' (r) +m(r) 5 (r) > Cm(r) = .

Therefore, calling s(r) := min{m(r), u(r)} and owing to the infinitesimality of ¢ (r) as

r — 0, we obtain

) s,
s(r) =
for 0 < r <7, for some C, 7 > 0. Integrating this inequality on the interval (0, r) we obtain
(2.1.8). Then, the first inequality in follows from (2.1.8) and (2.1.9). Finally, the
second inequality in follows from the observation that, taking the limit as t * r
in (2.1.10) and possibly redefining 7 and C', we have

n—1

PQ(E7 Br) < H((?BT NQ \ E) + M(T)Tw(?“) < Oyt 7

for every 0 < r <T. 0

2.1.3 Some estimates for the minimality gap

Here we prove two key properties of the minimality gap. The first one is the lower
semicontinuity property of the minimality gap for uniform sequences of local almost-
minimizers. The second is an upper bound for the difference between the minimality gaps
of two BV}, functions.

In what follows, we will say that Q; —  locally in Hausdorff distance if there exist
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ro,m, L > 0, with 9 < m, and L-Lipschitz functions w;,w : B, — (—m,m) providing
local graphical representations of 0€2;, 052, respectively, as in (1.4.3)), such that w; — w

uniformly in B .

Lemma 2.1.7. For j € N we let ;,2 C R" be open sets with uniformly Lipschitz
boundary, such that 0 € Q2 and Q; — € locally in Hausdorff distance. Let E;, E be sets
of locally finite perimeter, such that E; C Q;, E C Q, and E; — E in L*(B,,). Finally,
we assume that E; satisfies for all 0 < r <rg and x = 0, and that moreover we

have

lim sup ¢q,(E;;0,7) =0.
r—0t
Then, E satisfies (2.1.1)) for all 0 < r < ro, with Yo(£;0,7) = sup; Yo, (E£;;0,7), and
liminf Vo, (Ej; By,) > Vao(E; B,,) . (2.1.12)
J
Moreover, if Vo, (Ej; By,) — 0 as j — oo, then for almost all 0 < r < ro we have

ll)m Po,(E;; B,) = Po(E; B,), for almost all > 0. (2.1.13)
j—00

Proof. Let us fix e > 0. Let F' C €2 be such that FAE CC B,, and
Vo(E; B,,) < Po(E; B,,) — Po(F; By,) + €. (2.1.14)
By Lemma for all j > 1, for a.e. 0 <7 < ryand H" '-a.e. z € OB,, we have
1p, (z) = Tr*(E;,0B,)(z) and 1p(z) = Tr"(E,0B,)(z), (2.1.15)

where Tr*(A, 0B,) := Tr*(1,4,0B,). By the L
r < ro with the above property and the additional

L -convergence of E; to E, we can choose

Po(E; B,) > Po(E; B,,) — ¢, (2.1.16)
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then take j. large enough, such that

FAE cC By, (2.1.17)
/BB g, — 1gldH™ ' <e  forj>j.. (2.1.18)

Let us fix 0 > 0, define
Us = {2 = (&', 22) € Copm + w(2) =0 < ap Sw(a')},

and assume 6§ so small that
H* OB, NU;) < ¢ (2.1.19)

and
Po(F;B,) < P(E; B, N(Q+de,)) +e. (2.1.20)

Owing to the uniform convergence of w; to w, we can select j5 > 1 such that ||w; —wl/s < ¢

for all j > js, then for those j we define
A =Q,NQNB,, B; = (2 \Q)nNB,, (2.1.21)
and observe that B; C Us. Now we set
Fj:=(FNnQ;nB,)U(EN(By,\B)), (2.1.22)

where F = FU (S(F)\ Q) and S is the symmetry through 9Q defined in (T.4.4) (with
p = rg). Thanks to (2.1.17), we have F; C Q; and F;AE; CC B,,, which means that F;
is a competitor for E; in the definition of W (E}, B,,). Moreover, by (2.1.22)), (2.1.18),

and (2.1.19), we have

Po,(Fj; Bry) < Po,(Fj; By) + Pa,(Ej; By, \ By)
+ / g, — LgldH™™" +H"~ (0B, N Uj)
OB,NQ,;NQ

< Po,(F}; B,) + Po,(Ej; By \ By) + 2¢. (2.1.23)
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Let us compute P(Fj; B, N ;). By Lemma [1.4.7, P(F;09Q N C,y.m) = 0, hence

Po,(Fy; B,) = P(F; Aj) + P(S(F); B;) . (2.1.24)
Again by Lemma up to possibly taking a smaller §, we have

P(S(F); B;) = P(F; B;) < P(F;Us) < <. (2.1.25)

Putting together (2.1.23)), (2.1.24), and (2.1.25)), and taking into account (2.1.15)), we

obtain

Vo, (Ej; By,) > Po,(Ej; Byy) — Po,(Fy; Byy) (2.1.26)
> Po,(Ej; B,) — P(F; A;) — 3¢
> Po,(Ej; B,) — Po(F; B,,) — 3¢

Now, since for all 7 > j. we have ||w; — w| < d, we infer that
B, N (2+de,) C B, NQ;.
This inclusion combined with and ([2.1.20) gives
Vo, (Ej; Byy) > P(Ej; B, N (Q+ de,)) — P(F; B,y N Q) — 3¢, (2.1.27)

so that taking the liminf as j — oo in ([2.1.27]), and using the lower semicontinuity of the
perimeter, (2.1.20]), (2.1.16)), and (2.1.14]), we find

liminf Vo, (Ej; By,) > liminf P(Ej; B, N (Q + de,)) — Po(F; By,) — 3¢
j j

> P(E; B, N (Q+de,)) — Po(F; By,) — 3¢
> Po(E; B,) — Po(F; By,) — 4e

> Pa(E; By,) — Po(F; By,) — 5¢

> Vo (E; By,) — 6e.

Then, the arbitrary choice of € implies (2.1.12). Now, the fact that E satisfies (2.1.1])
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with ¥ (E;0,7) as in the statement can be proved with the same argument used to show
(2.1.12)), also taking into account that |E;AF;| — |[EAF| as j — oo. Finally, to prove
(2.1.13) we consider the sequence F} defined as before, but now with F' = E. Choosing

¢ > 0 arbitrarily, for j large enough we obtain as before

\Ijﬂj(Ej; Bro) > Pﬂj<Ej; BTO) - Pﬂj(Fj; BTO)
> Po,(Ej; By) — Po(E; B,) — 3¢,

which gives the desired conclusion. O

Lemma 2.1.8. Let 2, A C R" be open sets, with 0S) Lipschitz and A bounded, of class
C?, and such that H"Y(OANIQ) =0. Let f,g € BVip.(2), then

[Wa(f, A) = Val(g, A)| < |IDFI(2N A) — [Dg|(2N A) (2.1.28)

+ [ Te*(fo, DA) — Tr* (g0, DA)|| L1 (a) ,

where fo, go denote the zero-extensions of, respectively, f and g on A\ Q.

Proof. Given € > 0, there exists h € BV}.(€2) with spt(h — f) CC A, such that

Uo(f, A) < [DfI(ANQ) — |Dh|(ANQ) + ¢ (2.1.29)
< [[DFANQ) - |Dgl(AN Q)|+ Ta(g, A) + | DR|(ANQ) — |DR(ANQ) +¢,

where h € BVioe(€2) will be suitably chosen, so that in particular spt(fz— g) CC A. For the
definition of i, we claim that it is possible to construct a sequence A®) of inner parallel
sets of A that converge to A, for which | D fo|(OA®) = |Dgo|(0A®) = 0 and, moreover,

tim [T (fo = go, 0AW) ! = /8 T (fo— g0, 0A) AR (2.1.30)
For the proof of we argue as follows. Since A is of class C?, there exists § > 0 such
that, for all 0 < ¢ < §, the map (;(z) = z+tva(x) is a diffeomorphism of class C! between
0A and the boundary 0A; of the inner parallel set A, = {z € A: dist(z,0A) > t}. Now,
we consider two sequences fj j, go,; of smooth approximations of fj, go on A, with traces
Tr*(fo 5, 04) = Trt(fy,0A) and Tr'(go;,0A) = Tr'(go, DA), respectively (see Remark
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1.3.8)). By inspecting the proof of Anzellotti-Giaquinta’s approximation theorem, it is not

restrictive to ask that the sequences fy ;, go ; also satisfy

1
P — i — dr < — 2.1.31
L, (o = ol +lgns = ol o < 5. (2.1.31)

for all j and for k& > §~!. We note that the tangential Jacobian of (; satisfies J(;(z) =
1+ O(t), hence the area formula gives

L, 10s(w) = g0, @) = (14 00) [ 1fos(Ge)) = 0,y (Gl)] a7 (2)
(2.1.32)
As t — 07 we have (;(z) — x uniformly. Therefore, by following the same Cauchy-
sequence argument as in the classical construction of the trace (see, e.g., [10]), the com-

positions fo ;(¢(x)) and go;(G(x)) can be shown to converge in L'(JA) to some limits
fo,j and o ;, respectively. Hence ([2.1.32) implies

lim o, | foi () — g05(y)| dH"(y) = /6A | foi (%) — goj ()| dH" (). (2.1.33)

t—0t

At the same time, if we choose a vector field £ € C*(R™;R") and set either u; = fo; or

uj = go;, by Gauss-Green Theorem we obtain
/At(uj L+ V- €)de = —/aAtujg-uAthM
= —(1+0(1)) /BA u;(Gu(7)) §(Gi(x)) - valz) A" (),

hence taking the limit as ¢ — 07 gives
V- d:—/ 0y dHYY
/A(u] E+Vu;-§&)de 9 W€ va

which means that fo,j and gy, coincide, respectively, with Tr™(fp, 9A) and Tr™ (gg, 0A)

up to H" -null sets and for all j, by the uniqueness of the trace. We can thus rewrite

(2.1.33) as

tim [ Vo) = 905w aH ) = [ 1T (fo = 90, 0A) @) dH" (). (2.1.34)

t—0t : 0A
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To get ([2.1.30) from (2.1.34)), we must choose A*) appropriately. To this aim, we apply the
coarea formula to the integral in (2.1.31) and average the resulting inequality, deducing

the existence of 0 < t; < 1/k such that for all j

, (2.1.35)

el

/6A(k)(|f0’j = Tr(fo, 0AM)| + |go s — Tr(go, 9AW)|) dH" <
where we have set A®) = Ay,. By the triangle inequality and ([2.1.35]) we obtain

_ 1
|fo; — go| dH" Ty -

Tt (5 — 0. OAM) | d ”—1</
Lo 1B (o = g0, 04O < .

(k)

which gives ([2.1.30)) at once from (2.1.34)).

Now we observe that |Dfo|(OA®) = |Dgo|(0A®) = 0 because the inner and outer

traces of fy and gy on OA®) coincide, hence we can define
h=h1 4w + g1 a0 -

Note that spt(h — g) CC A and, if k is large enough, spt(h — f) cC A®, so that

[DRI(AN Q) < [DRI(AY N Q) + [Dgol(ANAD) + [ [ Te(fo = go, OAD)]
By choosing k large enough we obtain |Dgo|(A \ A®)) < ¢ and thus

IDA|(ANQ) — [DhI(ANQ) < /BA T (fo — go, OA) dH™ " + €. (2.1.36)

By combining and , we get
Wa(f,4) < |DFIAND) - [Dgl(AND)| + Valg A) + [ [Ty — go.04) b + 2.
Since ¢ is arbitrary, we conclude

Wa(f. 4) = Walg, A) < [IDFIAN Q) = 1Dg(AN Q)|+ [ T (fy = go, 04)] dH""

and, by exchanging the role of f and g in the argument above, we obtain (2.1.28)). O]



Chapter 3
Boundary Monotonicity Formula

The aim of the present Chapter is to prove a boundary Monotonicity Formula holding
for local almost-minimizers of the relative perimeter at a boundary point zy of an open
set (2 C R™ with Lipschitz continuous boundary, under the assumption that €2 satisfies a
visibility condition at xp. The main results proved in this chapter are contained in [23].
From now on, given z € R", we write x = (2/, x,), where 2’ = (x1,...,x,_1) € R". We
denote by B!(x') the (n — 1)-dimensional ball of radius r and center x’. Moreover, given
a Lipschitz function f : R™ — RP, we define Lip(f, A) as the Lipschitz constant of f|a,
for all sets A C R", and we set Lip(f) := Lip(f,R").

3.1 A result on the uniform convergence.

In the next section, we will use the following technical Lemma.

Lemma 3.1.1. Let f; € Lip(R") be a sequence of Lipschitz continuous functions with the

following properties:

sup | £;(0)] < o0, L :=sup Lip(f;) < o0. (3.1.1)
j>1 j>1

Let us assume that there exists a function f such that
fitx) = f(z),  forallzeR".

41
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Then f; converges to f locally uniformly in R", i.e.
I|f; = flleeeBr) = 0, forall R > 0.

Proof. We argue by contradiction. Let us assume that there exists R > 0 such that

15 = FlloeBr) =+ 0.

Then we need to have ¢ = limsup; . |[f; — fl[z=Br) > 0. Hence, in particular, for a

suitable subsequence g = f;,, we should have

gs — fllLo(Br) — L. (3.1.2)

Owing to (3.1.1]), we are in position to apply Ascoli-Arzela Theorem to g, deducing that

it admits a subsequence uniformly convergent to f in Br. Thus we conclude, because this

condition contradicts ([3.1.2). O

3.2 The visibility property

In this section we introduce the visibility property and its main consequences. In what
follows, 2 C R™ denotes an open set with Lipschitz boundary such that 0 € 992 and 02
is a graph in a neighborhood of 0, as in (1.4.3)). For notational convenience, we will only
consider the visibility property at 0, but of course, we could equally define the property

at a generic point of 0€).

Definition 3.2.1. We say that 2 satisfies the wvisibility property provided there exists
T >0 and a function u € C*([0,T))Y such that:

(V1) w(0) =4/(0) =0 and 0 < v <271

(V2) The function

Yu(t) ;=171 sup u(s) + u/(s)
0<s<t S

By u € C'([0,T)) we mean that u € C1(0,T) and there exist finite the limits of u(t) and u/(t) as
t— 0.
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is summable on (0,T);

(V3) for all 0 < t < T, the segment joining the point Uy = —u(t)e, with a point x
belonging to 02 N By does not intersect €.

Remark 3.2.2. We note that (V1) and (V2) imply that u(t) = o(t) and
tyu(t) = 0, (3.2.1)

ast — 0. Moreover, the summability of v, (t) implies that of t 2u(t), indeed 0 < u(t) < t/2
by (V1) and thus

0 <) _ptlt) o ) gy (3.2.2)

In the following proposition, we rewrite the assumption (V3) in the form of a property
involving the functions w(z’) and u(t). This will be particularly useful when checking
the visibility property for relevant classes of domains (see the examples at the end of the

section).

Proposition 3.2.3. Q satisfies the property (V3) in Definition if and only if, for
any v € OBy and for all 0 < t < T, the slope my(s) of the line connecting Uy with
(s,w(sv)), that is given by
w(sv) + u(t
mt(s) = ( )S ( ) )

is non-increasing as a function of s, for s > 0 such that s* + w(sv)* < 2.

Proof. Let us assume that (V3) holds, and set w,(s) = w(sv) for more simplicity. By
contradiction, let s; < s be such that s? +w,(s;)? < t2, fori = 1, 2, and my(s1) < my(s3).

By definition of m;, we have

wy(s1) + u(t) _ wy(s2) + u(t)

)

and so equivalently

wy(s1) < z(w,,@z) +ult)) —ult).

This implies that the point

xr = <slu, ﬂ(w,,(sg) + u(t)) - u(t))

59
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is internal to © and lies on the segment connecting (sqv,w,(s2)). This contradicts (V3).

Conversely, let us suppose that my(s) is non-increasing in s, for s > 0 such that
s+ wy,(s)? < t2. Set P(s) = (sv,w,(s)), then, arguing by contradiction, assume that
sy > 0 is such that s2 + w,(s9)? < t? and there exists A € (0,1) with the property

(1 = N U; + AP(s2) = (Asg, A(u(t) + wy(s2)) —u(t)) € Q.

Then w, (As2) < A(u(t)+w,(s2)) —u(t). By continuity, for all 6 > 0 there exists A\s € (A, 1)
such that

As(u(t) +wy(s2)) —u(t) — 0 < wy(Ass2) < As(u(t) + wy(s2)) — u(t). (3.2.3)

Since the segment [Uy, P(s2)] is compactly contained in By, by (3.2.3]), we can pick § > 0

small enough and a correspondent \s such that
P(Xss2) € By (3.2.4)

Let s1 = Ass2. We observe that (3.2.4) and (3.2.3]) imply
my(s1) < my(sq), 5T+ w,,(sl)2 < t?,

and this contradicts our hypothesis. This completes the proof of the proposition. O

Corollary 3.2.4. Assume that w satisfies
2, Vw(z")) < w(x') +u(|2 or a.e. 2’ € B, 3.2.5
p

where u : (0,T) — R is a non-decreasing function satisfying properties (V1) and (V2).
Then € satisfies the visibility property.

Proof. Since w is Lipschitz, the function m; defined in the statement of Proposition [3.2.3
is a.e. differentiable, thus m; is non-increasing if and only if m}(s) < 0 at almost every s.

We observe that /(s) (s) (0
w,(s wy(s) +u
my(s) = s 52 '
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thus m; < 0 if and only if
swh(s) <w,(s)+ult). (3.2.6)

The hypothesis (3.2.5]) implies that

sw,(s) < w,(s)+ u(s) for almost all 0 < s < T'. (3.2.7)

v

Hence if s > 0 is such that s? + w,(s)? < t?, then s < ¢, and by (3.2.7), since u is
non-decreasing, we obtain
swi(s) <w,(s)+u(t),

that is precisely (3.2.6). Consequently, (V3) is verified thanks to Proposition [3.2.3l [

3.2.1 Existence of the tangent cone

An important consequence of the visibility property is the existence of the tangent cone
to 2 at 0.

Proposition 3.2.5. Let €2 C R" satisfy the wvisibility property. Then there exists the
tangent cone to Q at 0, denoted by Qy. More precisely, if we set Qg := s~ for s > 0,
we obtain

Sl_i)r(r)1+ disty (25 N Br, QN Br) =0, for all R > 0. (3.2.8)

Proof. Let us fix v € 0B, and let
wy(s) = w(sv), s>0,

where w is the function realizing ((1.4.3). Let s > 0 be a point where w, is differentiable
and let t = (/52 4+ w,(s)2. By (V3) in Definition [3.2.1, we deduce that the slope of the

line connecting (s,w,(s)) with U; needs to be bounded below by w/,(s), that is,

(U/ (S) S wV(‘S) + U(t) .

We set L = /1 + Lip(w)? and observe that t < Ls. Since u is non-decreasing by (V1),

we infer .
Wi (s) < wy(s) + u(Ls) 7
s
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hence we get

<wy(s)>/ _ls) _wls) _ulls) _poulLs) (3.2.9)

s s 52 s? (Ls)?

We integrate (3.2.9)) between s; < so thanks to (V2) (see Remark [3.2.2)), and obtain

lon) _wulo) g prule) gy et

So 51 (Ls)? Ls; 2

Thus we conclude that the function

Ls
5oy rs) —L/ u®) 4
S o 12

is monotonically non-increasing in s and bounded by Lip(w) + L [* t~2u(t) dt, for 0 <
s < L7IT. Therefore there exists

Ls
Drew(0) = tim 948 iy @A) —L/ ug)dt €R.
0

s—0t S s—07F S

Let us define
|2'| D", w(0) if 2’ # 0,
wo(x') = [Ed]
0 if2' =0.

The function wy is 1-homogeneous, therefore the set
Qo={z eR" : z, >w(a")}
is a cone with vertex at 0. Now, for all s > 0, we set

w(sz') |
fa #0,
w@) =1 s 7 (3.2.10)
0 if 2/ =0.

It is immediate to observe that w,(0) = 0 and, setting ¢t = s|z/|,

t / /
ws(a') = w 2’| = |2'| D, w(0) = wp(2'), as s — 01 .

Ed

Since {ws}s0 is a one-parameter family of locally equi-bounded and equi-Lipschitz func-
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tions that pointwisely converge to wy as s — 0", we can apply Lemma to conclude
that this convergence is locally uniform. This easily implies the Hausdorff convergence
stated in (3.2.8)). O

Remark 3.2.6. We note that for the proof of Proposition the hypothesis (V2) of
Definition can be replaced by the weaker hypothesis of summability of t~2u(t) on
(0,T). We also observe that, if ) is convex, then the existence of the tangent cone Qg is

always granted, even though (V2) may not be satisfied.

3.2.2 An off-centric visibility property

The next lemma shows that the assumption (V3) in Definition can be replaced by
an equivalent assumption, where off-centric balls are taken instead of balls centered at 0.

This off-centric visibility property will be useful later on.
Lemma 3.2.7. The following properties are equivalent:
(i) Q) satisfies the visibility property;
(ii) There exist R > 0 and a function v € CY(0, R) satisfying properties (V1), (V2) of
Definition and

(V3’) for all 0 < r < R, any segment joining the point V, = —uv(r)e,

with a point x belonging to O N B,(V,.) does not intersect (2.
Proof. We prove that (i) implies (ii). Let z(¢) = t — u(t) where u is as in Definition [3.2.1]
We can find 0 < 7" < T such that z(¢) is an increasing C! diffeomorphism of the interval
(0,T") with the property
t<2(t) <t.

DO | —

Let R = 2z(T"). Then we can consider the inverse 27! of z in (0, R), that is an increasing
diffeomorphism such that
r<zl(r)<2r. (3.2.11)

Setting U; = —u(t)ey, it follows that B;_,«)(U;) C By, for all 0 <t < T, thus (V3) holds
for all points z € 0Q N B;_y)(U;). We then have that

BT(UZ—I(T)) C Bz—l(r) , for any 0 < r < R.



48 CHAPTER 3. BOUNDARY MONOTONICITY FORMULA

Any line segment joining x € 92 N B,-1(,y with U.-1(,) does not intersect (2, hence the
same property holds for any x € 0Q N B, (U.-1(,). Let

v(r) = u(z"(r)), 0<r<R.

It is clear that (V3’) holds. By (3.2.11)), up to possibly reducing the value of R, (V2) and
v' < 271 follow. Since both u and z~! are non-decreasing, v is non-decreasing, thus also
(V1) is satisfied. A completely analogous argument shows that (ii) implies (i), and the

proof is concluded. n

For all 0 < r < R, we define
C,={Vi+t(z=V,) : z€9B.(V,)NQ, t>0}. (3.2.12)

The set C, is an open cone with vertex at V.

Lemma 3.2.8. Assume that § satisfies the (off-centric) visibility property. Then, for all
0 <r < R, the cone C, contains QN B.(V,).

Proof. By contradiction, let x € (2N B.(V,.)) \ C,. For all 0 <t < r, let

r—V,

Vot

and note that x = zy, for a suitable 0 < ¢ty < r. It’s clear that x, ¢ Q, otherwise z;, would
belong to C,, for all ¢ > 0, which is against our assumption. We can then select a value
s € (to,r] such that x5 € 0. This leads to a contradiction with the visibility because the
segment joining V, and x5 € B,.(V,) N OS2 contains x;, = x € €. O

3.2.3 Foliation by off-centric spheres

Let us consider the family of off-centric balls B,.(V;), with V., = —v(r)e,, for 0 < r < R.
By the Implicit Function Theorem we can easily show the existence of a smooth function ¢,
such that 0B, (V;) is the r-level set of ¢. This means that the punctured ball Bg(Vz)\ {0}
is foliated by the spheres OB,(V,) = ¢~ !(s) for 0 < s < R.
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Lemma 3.2.9. There exists a function ¢ € C*(Br(Vg) \ {0}) such that 0 < ¢ < R and
0B, (V,) = ¢~ (r), forany 0 <r < R.

In particular, for any x € Br(Vg) \ {0} we have

Vo(r) -V

V@]~ Iz Vo) (3.2.13)
and
| [t
]w(x) |x|’§7¢ L)) (3.2.14)

Proof. If v(r) is identically 0, then there is nothing to prove because ¢(x) = || in this case.
We then suppose v # 0. Let us start by proving the existence of the function ¢. We observe
that, for any 2 € Bg(Vg), there exists a unique r = r, € [0, R) such that x € dB.(V}).
Indeed, if x = 0, we can take r = 0. Otherwise, let F': (Br(Vr) \ {0}) x (0, R) — R be
the function defined by

F(z,r) =z —V,|* —r%. (3.2.15)

It is immediate to observe that F' is continuous. Moreover,
F(x,0)=|z|*>0 and F(z,R) <0, for all z € Br(Vg) \ {0}.

Hence we can find r € (0, R) such that F'(z,r) = 0, i.e. such that z € 0B,(V;). Let us
show the uniqueness. Indeed, if r, 7’ € (0, R) have the property that

x € OB, (V) NIB.(Vy),
then we get
/ / 1 /
r=r=lle =Vl =z = Vol < [V; = Vool = Jo(r) —o(r)] < 5 [r =17,

thus we must have r = 7/. Now we can define ¢(z) = r,. Let us show that ¢ €
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C'(Bgr(R) \ {0}). To do so, we note that ¢ is implicitly defined by
F(z,¢(z)) =0, (3.2.16)
where F' is the function defined in (3.2.15)). Easy computations give
O F(x,r) = —=2r 4+ 20 (r)(x, +v(r)).
Therefore, if we assume F'(x,r) = 0 (that is, z € B,.(V})) we obtain
O, F(x,1) = =2r 420/ (r)(w, + v(r)) < 2r + |2, + 0(r)| < —r,

where the first inequality follows from the assumption 0 < v < 27!, while the second
inequality from
[zn +o(r)| =z = Vi en)| < o = Vo[ =7,

By the Implicit Function Theorem we deduce that ¢ € C'(Bg(Vg) \ {0}). The identity
(3.2.13)) is a consequence of the fact that, if ¢(x) = r, then the vector V¢(x) is orthogonal
to the level set dB,.(V;) = ¢~ '(r) at .

Let us now prove (3.2.14]). We first observe that, if ¢(x) = r > 0, then

O F(z,r) _ x+v(r)e,
Vo) = =g o) ~ = o) + o) (3.2.17)
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Then yields
R ? _ |z +v(r)en|? B < z+v(r)e, x>
|W )R T o o T A\ o) o) Tl
B |z + v(r)e,|? B |z +v(r)e,)* —v(r)(z, +v(r))
W@t L (= () @m + o)l

_ el el (r = o' () (£ 0(r)? = 2(r = V' (r) (w0 + 0(r))[r? — 0(r) (20 + v(r))]
|z (r = ' (r) (2 4 v(1)))?

bl (1 - SOt g () - v (] ) mat))

T T s T

] (1 _ v’(r)(xn+v<r)>)2

T T

14 (1 - YOmntny? _p I (] _ v (1 w0) i)

T s 7 s
2]

(1 _ '<r><xn+v<r>>)2

T

(3.2.18)

Next we observe that ‘|x| - r‘ = ‘az — |z —

, hence
r—uo(r) <l|z| <r+4ov(r). (3.2.19)

Exploiting (3.2.19)), then summing and subtracting 2 in the numerator of the last term of
(13.2.18]), we get

2 2_2(1_ (1) )(1_w)(1_MM)

v(r) r

< (1_w)2

T

We now recall that v' < 27! thus in particular v(r) < 27, and we observe that z,, +
v(r) < r, which leads to the final estimate

G [ o) )t e) | ) o) | o) + o)
o) ] <82y + O M MO T
o)

Sg{r—v(r)—i_vl(r)—i_ r +2(r—v(r))
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and this concludes the proof. O

3.2.4 Some examples

We exhibit some relevant classes of domains for which the visibility holds. We recall that
wy(s) = w(sv), for s > 0.

Example 3.2.10 (Lipschitz cones and outer star-shaped sets). Let ) be either a cone
with respect to 0, or such that its complement R™\ Q is locally star-shaped with respect to
0. It is immediate to check that € satisfies the visibility property with visibility function
u(t) = 0.

Example 3.2.11 (C'-sets). Let Q have CYP boundary and assume 0 € Q. We show
that Q) satisfies the visibility property. Up to a rotation we can assume that ) admits a
representation as in with w € C’m(B,’)). By Corollary|3.2.4), it is enough to show
that w satisfies . Since Vw is f-Holder, we have

(', Vw(z")) < (2, Vw(0)) + u(|2]) . (3.2.20)

where u(t) = C 117 for some C' > 0. Set w(z') := w(a’) — (Vw(0),2') and note that @ is
CH . w(0) =0, Vw(0) =0, and

(@) = (o', Vw(0))] < max [Va(y)||2'

y/|§‘x/
< (IV@(0)| + C|z|?)|2’| (3.2.21)
= C 2|7

Putting together (3.2.20) and (3.2.21)), we finally get
(', Vw(z")) < w(@") +u(]z']), fora.e 2’ € B},

that is precisely (3.2.5). Since trivially u is non-decreasing and satisfies (V2), by Corollary
we infer that Q satisfies the visibility property.
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Example 3.2.12 (Convex sets satisfying (V2)). Let  be a convex set with 0 € 0. For
s>0, let
1 1
Qs =-Q, QO::U—Q.

S s>0

The set Qg is the tangent cone to 2 at 0. Let
u(r) = disty (2N B, Qo N B,), (3.2.22)

and assume that u(r) satisfies (V2).

We observe that u is monotonically non-decreasing in r. Let us prove that € satisfies
the wvisibility property. As before, we assume that  admits a graphical representation
as in ([L.4.3) with the further property that w : B, — R is conver. Using the notations
introduced in the proof of Proposition[3.2.5, by the convezity of w, we can define

|2'| DY, w(0) if 2’ # 0,
wo(z") = Ed
0 if ' =0,

and deduce that
Q={reR"”: x, >wy(x)}.

By the definition of u given in (3.2.22)), we have

||w — wol|Le(mr) < Cu(r), for some C' > 0. (3.2.23)

Owing to Corollary the wvisibility property can be proved by showing that (3.2.5))
holds. Thanks to the convexity of w, for all v € 0B}, we have

+ 2 — 2
D}w(0) < w), (; ) = lim w(8/240) = wi(s/2) : forall0 <s<p. (3.2.24)

o—0t g
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Moreover, for all 0 < o < s/2, by (3.2.23) and the convexity of w,, we have

wy(s/240) —wy,(s/2) < wy(8) — wy(s/2)

o - s/2
_ownls) wi(s/2)
=2 s s/2
_9 “”SS) — 2D w(0) + D w(0) — WVS(ZQ) + DFw(0) (3.2.25)
= i (wu(s) — wo(sv) + wo(sv/2) —w,(s/2)) + D} w(0)
< Dfw(0) +C uis) , for some C' > 0.

Putting together (3.2.24) and (3.2.25), we obtain

‘D;“w(O) —w) (;+> <C uls)

S

This suffices to conclude. In fact, if 2" € B, \ {0} is such that w is differentiable at ',

setting s := |2'|, v :=a'/|2/|, for some C > 0, we achieve

(2, Vw(z")) = (sv, Vw(sv)) = sw,(sT)
< s Dfw(0) + Cu(s)
< w(sv) + Cu(s) =w(x') + Cu(]2]).

Since w is convez, it is differentiable a.e. in B, and so (3.2.5)) is verified. Moreover, u
is non-decreasing and satisfies (V2) by our assumption, thus we conclude.

Example 3.2.13 (A piece-wise affine profile). Fori € N, let
Y, = 2_i s gz = 2_i + 2_% .
We observe that y; 1 < yiv1 < y;. Fori € N, we define

P, = (i, 3i) Qi = (Ji Us) -

We can consider the polygonal curve formed by the segments P;Q;11, Qi1 P41, 1> 0. It is
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0.2 0.4 0.8 e 1.0

Figure 3.1: The graph of w(y) "bounces" between the graphs of y and y + y*.

immediate to observe that this curve coincides with the graph of the function w : [0,1] — R

uniquely defined by

20+ 12720+ iy € (yip1, it

w(y) = (3.2.26)
a; y — b; if y € (Jiv1,Yil 5
for i >0, where
14+3- 2—(i+1) 2—21' + 2—(3i+1)
R g & e ML Al g = 2=y

Let © C R? be an open set such that
QN ((-1,1) xR) ={z = (y,2) € R* : 2> w(ly])}.

Let us show that Q satisfies the wvisibility condition at 0. Owing to Corollary it
suffices to show the existence of a non-decreasing function u : (0,1) — R satisfying (V1),
(V2) and such that

yw'(y) <w(y) +uly), for a.e. y € (—1,1). (3.2.27)
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By (3.2.26)), for every i € N, we have

, 0 if y € (Yitr1, Jir1)s
yw'(y) = , X
aiy if y € (Jir1,yil -
Thus, in order to realize (3.2.27)), it suffices to choose a function u = u(y) greater or equal

than the function
_ 0 if y € (Yit1, Jit),
uy) = , .
bi if y € (Tit1,yil -
We look for a > 0 such that
ua(y) = ay® > u(y). (3.2.28)

In order to obtain the validity of (3.2.28)), it suffices to impose that
uoc(gﬂ-l) = ag?—&-l > b;.
It is tmmediate to observe that

ag?z-{-l Z %2_%7 bz §4'2_2i7
hence, if for instance we take o = 16, (3.2.28)) holds. Since the function u(y) = 16 y?
trivially fulfills (V1) and (V2), we conclude that §) satisfies the visibility condition at 0.

3.3 Boundary Monotonicity Formula

The present section aims to prove a boundary Monotonicity Formula for local almost-
minimizers of Py at a point xq € 0L satisfying the visibility property up to an isometry
(hence, from now on, we will directly assume zy = 0). In the notation of the previous

section, given 0 < r; < ry < R, we recall V, = —v(r)e, and define

Apyry = B,(Vi,)\ Bry (V) = ¢_1<7"17 T2),
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where ¢(x) is the function defined in Lemma [3.2.9, We also conveniently introduce some
further notation. Given f € BVj,.(2) and 0 < r; < 1y, we set

_ DSl B,(V)

pg(r) i

and

r2n—1
Glfirir) = [ [ (96l - 1)dIDf|dp (3.3.1)

ro Pt JonB,w,)

1 1
Vo|—1)d|Df| — / Vo|—1)d|Df|.
Pt (VO = DDA = [ (196 - ) dlDy]

In the next proposition, we combine the visibility property with an upper bound on s (r)

and obtain the finiteness of lim, ,o G(f;p,r).

Proposition 3.3.1. Let Q2 C R"™ satisfy the visibility property as in Definition |3.2.1, and
let f € BVioe(Q2). Assume that pg(r) < C for some constant C > 0 and for all v € (0, R).
Then for r € (0, R) the limit

G(fir) = lmG(f;p,1) (3.3.2)
Tn—1 1
=y 5 oy VO = DDAk o [ (96l =1 dIDg

exists and is finite.

Proof. By (j3.2.14), for all x € B,(V,) we have

Vé(r) — —

< 7¢ vo@) v'(¢(z)) <7 sup un v'(r) = 7py(p)

(25(27) 0<r<p r

where 7, is the function defined in the visibility property (V2). Then, using the upper
bound on py, for 0 < p < r < R we obtain

1=n — 1) d|Df|| < 7Cpv(p).
57 g (V01 = 105 < 7C 0

Thanks to the summability of 7, (see property (V2) of the visibility property) and to
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(3.2.1)), from the last inequality we easily get the proof of the proposition. O

Our monotonicity formula will then follow from the general inequality proved in the

next theorem.

Theorem 3.3.2 (Monotonicity inequality). Let Q@ C R™ satisfy the visibility property,
and let f € BVio(2). Then, for R > 0 small enough, for almost every 0 < r; < ry < R,

we have

2
. Vole)
([ olenvalapn) <2(f  Foans)

{w@ﬁ—w0ﬂ+jf"g1WMﬁwamm+GUWN@L (3.3.3)

where vy is such that Df = vy|Df|.

Proof. We start by assuming f € BV (Q)NC'(Q). Forall0 < r < Rand z € C,N B,(V;),
where C, is defined in (3.2.12), we let

r—V,
K($)=W+T|x_vl-
Standard computations yield
1

B r Id— x—%@x—VT
vl [ - Y-l

We define
gr(x) = f(Y.(x)) for all z € C,,

then the “off-centric conical competitor” is

A@{%@)ﬁxeaﬂBMM .

flz) ifxeQ\B.(V).
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By definition, f, coincides with f in Q\ B,(V}.), hence we infer
Vo(f; Br(Vi)) = IDfIQN B(V;) = [D (2N B(V2)).

Then, by (3.3.6), we deduce that

< |Df[(C N B (V)

= )|Vgr(a:)|dx.

CrNBy (Vy

Let us now compute the gradient of g,.. By (3.3.4]), setting

x—1V,
() = ——, Y, =Y. (z),
o) = ()
we obtain
T V7l($)J_
Vg, (z) = DY, - Vf(Y,) = Al Vi(Yr) :

where Vf(Y,)"(®)" denotes the projection of V f(¥;) onto the hyperplane
ve(2)” = {y €R" : (v(),y) = 0}

Going on with the computations, we obtain

r

Vo)l = g

VIVI)2 = (V (), v, (2))?

o VIV (@)
“ w7 'Vf(m'« A

29

(3.3.6)

(3.3.7)
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Consequently, we get

[ r VIO )
/CmBr(VT) Vgl —/0 /,naBp(Vr) p Vi) Jl IV f(Y))? e

rp\" 2 (VI Vr) —1
/o <r> P Je,om o V7] \l IV f[? "

r

ol Vf o)
< AH" 1 - ’ dH" 1 ]

“—n-—1 {/QOGBT(VT) VFldn 2 Jaros.(v;) |V f] 7t

(3.3.8)
Combining (3.3.7)) and (3.3.8]), we get
T <Vf, VT>2 —1

JH" 3.3.9
2(n—1) /QmaBT(VT) |V f] " ( )

<t Viar = [V flde+ Wa(fi B (V).

ONB. (V)

n—1 JonaB, (Vi)

Multiplying both sides of (3.3.9) by (n — 1)r~™ and observing that r = ¢(y) for any
y € 0B,.(V,), we get

1
Cl n—1
QNB, VT< \V¢]> |V f| 1t H
1 n—1

< n-1 4 "7 .
< 1/908 |Vf|d’H p /QHBT(VT) |V fldz + o Uo(f; B.(V,))

i

dr

|Vf|IV¢|d:v> (33.10)
1

TTL

/Q o VA0V =) (f:BA(V.).
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Let us now integrate (3.3.10) between 0 < r; < ro < R. We then achieve

1

1 o Yo\ Vo)
2 Jana, <Vf o \v¢<x>|> VGRS
1

1
< [ VI@IVe@ld = —— [ [Vi@)|Ve()lds
Ty QOBQ(VQ) (Y QNBry (V""l)

(3.3.11)
[ @I~ Ddedr + [ (B, (V)

1

By Holder’s Inequality, we get

(/QMW [(Vf(z), Vo(x))] ab(:f)i—l)z (3.3.12)

< (amrtosions)- ([, (5700255 eiteter) -

Putting together (3.3.11)) and (3.3.12)), we obtain

([ @000 ) <2( [, N poyar)

1 1
: V@)~ - [ Vf(z)|d 3.3.13
( fo iy [VF @z = [ (9@l (3:3.13)

1

r2n—1
4 [ Wl By V) o + G >) ,
where G(f;ry,72) is as in (3.3.1]). This proves (3.3.3)) for all f € BV (Q) N CY(Q).

Let now f € BV(Q2). We can select a sequence f; € BV(Q) N C(Q) such that
1fi = flloe =0, [DAIQ) D), Dfi=Df mQ.  (33.14)

In particular, by the continuity of the trace with respect to the strict convergence, we
have

[T (£5,09) — Tt (f, 0|1 @0,mn-1) — 0. (3.3.15)
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Let us consider the extensions

filx) ifzxe flz) ifzeQ
fo,j(-f){ _ f { .
0 if v e R\ Q, 0 if x e R*\ Q.

We observe that, by (3.3.14)), (3.3.15)),

1 fo; — follor@ny — 0, D fo;|(R™) = | D fol(R").

By Proposition [1.3.12] for almost all 0 < r < R,

D fol(B:(V;)) = [Dfol(Br(V2)) . [T (fo3, 0B (Vi) =Tr" (fo, 0B, (V)| om.vay) — 0,
(3.3.16)

and in particular, owing to (3.3.15)),

IDf1( QN B(V2) = D fo |20 Bo(Vy)) = [Dfol(2N B (V) = [DFI(QN B.(V2))
(3.3.17)

Now (13.3.16), (3.3.17)) allow to apply Lemma [2.1.8] deducing that

Wa(fs; Br(Ve)) = Walf; B-(V2))| = 0, asj— o0,

for almost all 0 < r < R. This implies that

[ s BV~ [ el BV

1

Finally, to conclude that the RHS of (3.3.13) for f = f;, passes to the limit as 7 — oo,
giving precisely the RHS of (3.3.3)), it suffices to show that the terms

1-n
dIDf;| / Vo|—1)d|DFf|, / Vo|—1)d|DJf|,
oo, DG [ (96l =D dDEL [ (V6= D dDg
converge as j — oo respectively to

d|D —1)d|D 1) dIDfl.
/;ZOATLT‘Q (b | f’ ’ /QﬂBrl (Vrl)(’v¢| ) ’ f’ ’ /QﬂBr2 (VT‘Q)(|V¢| ) ’ f|
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To see this, it suffices to construct a suitable partition of each domain, for instance using
portions of circular annuli whose boundaries are negligible for |Df| and |Df;| for all
j > 1, to uniformly approximate each integrand by simple functions (up to removing a
small neighborhood of 0 in the case of the last two integrals). About the LHS of ,

we observe that (3.3.14)) implies

Dfi=Df inQNA.,,,.

Now, for f smooth, the LHS of (3.3.3) and the LHS of (3.3.13) coincide. Moreover, we

have

/QMT ) o(x)' " [(vp(z), Vo(a))| d|Df|(z) = ‘qsl—nvqs : ij‘ QNA.,,.).

In particular, (3.3.14]) implies that
¢'"V¢-Df; = ¢'"Vé-Df,

and well-known properties of the weak-star convergence of Radon measures (see [26])

ensure that
677"V DI QN Ar, ) < liminf |67V - D QN A r,)

This implies ((3.3.3)) and concludes the proof of the theorem. O

The next corollary, a first important consequence of Theorem [3.3.2] states the mono-
tonicity of a suitable function of the radius r, which is defined by three terms: the renor-
malized perimeter ug(r), the integral of a renormalized minimality gap Vo (E; B.(V;)),
and the visibility error G(E,r). In particular, when E is an almost-minimizer, the in-
finitesimality of the second and third terms implies that pg(r) is “almost-increasing”,
hence that it admits a finite limit as » — 0. This limit represents the perimeter density
of E at 0, see Remark below.

Corollary 3.3.3 (Boundary monotonicity for almost-minimizers). Let Q be an open set

satisfying the wvisibility property. Let E C € be a local almost-minimizer, such that



64 CHAPTER 3. BOUNDARY MONOTONICITY FORMULA

Po(E,B,) >0 for all r > 0 and
R
/0 P o (B; B,(V,)) dp < +oc.
Then there exists R’ such that the function
r s up(r) + (n — 1)/0 PO (E; B,(V,)) dp + G(E;r)

is non-decreasing on (0, R'). Moreover, the two terms [y p~"Vq(E; B,(V,)) dp and G(E;r)

are infinitesimal as r — 0, hence in particular pg(r) is “almost-monotone” and the limit

0p(0) = lim pp(r)

r—0t

exists and is finite.

Proof of Corollary[3.53.3. By Lemma and the fact that B,(V,) C B,iy), we can
find constants C', R > 0 such that

DARNB(V) _ DAL Briois) (1 o(r)

n—1
1 S o))t + ) <C, forall 0 <r < R.

By combining Proposition with (3.2.14)) and the previous bound, up to redefining
the constants C, R > 0, we obtain

|G(E;rm)| < C (/T Yo(p) dp + 7’%(7‘)> : forall 0 <r < R. (3.3.18)
0

Finally, the proof of the corollary follows directly from Theorem and from the ob-
servation that the RHS of (3.3.18)) is infinitesimal as r — 0F. O

Remark 3.3.4. It is easy to check that, under the assumptions of Corollary one

has Po(E- B
3 lim PolE; Br)

r—0t rn—l

= 0,(0). (3.3.19)

Indeed, this is an immediate consequence of the inclusions

Brfv(r)(v;") C Br - BrJrv(r)(V;)
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combined with v(r) = o(r) as r — 0.

3.4 Blow-up limits of almost-minimizers are cones

We now apply Theorem [3.3.2]and prove that any blow-up limit of a local almost-minimizer

E of Py is a perimeter-minimizing cone.

Theorem 3.4.1. Let 2 C R" be an open set satisfying the visibility property. Let E C )

be a local almost-minimizer in Q0 such that

RUo(E; B
/ Mdr<oo. (3.4.1)
0

T-’I’L

Fir a decreasing sequence t; — 0 and set E;, = tj_lE. Then, up to subsequences, E
converges to Ey C Qg in L (R™). Moreover, Ey is a nontrivial cone minimizing the

relative perimeter in €.

Proof. Set E; = Ey, and ; = (), for more simplicity. Then by the upper density estimate
on the relative perimeter of £ (Lemma [2.1.6) coupled with analogous estimates satisfied

by € Lipschitz, we can find a constant C' > 0 such that, for every fixed R > 0,

P(Ej; Br) < P(Qy; Br) + FPo,(Ej; Br)
= t;"(P(Q; Bry,) + Po(E; Br,) )
< CR"'.

By the compactness property of sequences of sets with uniformly bounded relative perime-
ter the ball Bg, we conclude that there exists a not relabeled subsequence £; and a set Ej
of finite perimeter in Bg, such that E; — Fy in L*(Bg) as j — oo. The fact that Ey C
up to null sets is immediate, since E; C ();, for all j, and the sequence €); converges to
the tangent cone € locally in Hausdorff distance (hence, in Ll _(R")) thanks to Proposi-
tion [3.2.5] Up to a standard diagonal argument we can assume that the subsequence E;
converges to Ey in L{ _(R™). Moreover by the lower-density estimates on the volume of
E we also deduce that Fy can be neither the empty set, nor the whole )y up to null sets

(that is, Ey is nontrivial).
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By the scaling properties of the perimeter, for any fixed R > 0 we have

1 1-L
o, (Eyj; Br) = g o(E; Byr) <wn " R "o (E;0,6;R) — 0,

J

therefore we can apply Lemma and deduce that
U, (Fo; Br) < limjinf \Ifgtj (Ey; Br) =0
for all R > 0 and, also owing to Corollary [3.3.3]
Po,(Ey; Br) = li]m Po, (Ey; Br) = li]m t;" Po(E; B,r N Q) = R"'0g(0) .

Thus, Fy is a minimizer for the relative perimeter in the cone €2y, such that

P(E(), BR N Qo)
Rn—l

= 05(0) for all R > 0.

Now, the monotonicity inequality (3.3.3]) written for f = 15, and Q = € takes the form

(/WBTQ\B”) EE ))

Po,(Eo; By,)  Poy,(Eo; By,
s(/ |$|1_”d|D1EO(x)|>-< (Pl Bry) _ PolBiy )>=0,
Q0N(Bry\Bry)

Ty r]

for almost all 0 < r; < ro. The only possibility is then that (vg,(x),z) = 0 at H" -a.c.
x € 0*Ey. By [26, Proposition 28.8] we infer that Ej is a cone with vertex at the origin,
up to negligible sets, and the proof is concluded. O



Chapter 4

Free-boundary variations in

non-smooth domains

In this Chapter, we develop a technique for constructing 'free-boundary variations" in
domains with non-smooth boundary. We then apply this technique to the study of the

stability of a n-plane containing the vertex of a circular cone in R™*.

4.1 Some preliminaries

4.1.1 Main notations

Along the present Chapter, will adopt the following notations: for n > 2, given x € R"”
and t € R, we define & = (z,t) € R"™! and #/ € R"! such that z = (2, z,), with a
slight abuse of notation. We identify z with (z,0) € R"* and 2’ with (2/,0,0) € R"*!
whenever this does not create confusion. We denote by B,(#) the open ball of radius
r > 0 centered at , and we set B, := B,(0). For any 1 < i < n + 1, we denote by p;
the hyperplane of R"™! of equation x; = 0, and use the same notation for the orthogonal
projection of R"*! onto this hyperplane. Given a differentiable function f : R*** — R,

we denote the partial derivative of f with respect to x; as 0;f.

67
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4.1.2 A technical result about wedge-products

Let vy, ..., vp € R™™! and denote by S[vy, ..., v the k x k symmetric matrix which elements
are the scalar products (v;, v,), for 1 <14, j < k. By applying the definition of determinant
and the Cauchy-Binet Formula (see, e.g., [28, Chapter 2|) it is immediate to show that

det(S[vy, ..., v]) = |vr A o Avg|” (4.1.1)

where A denotes the wedge-product of vy, ..., vx (we refer to [11] for a formal definition of
A and its main properties). We limit to mention that A is alternating, i.e. v A ... A v
vanishes whenever v; = v;, for some i # j. Moreover, the wedge products vy A ... A vy
form a linear vector space, usually denoted by A* R™*!. If ey, ..., e,41 denote the canonical
basis of R"*!| then the wedge products e;, A ... Ne;,, forall 1 <4y < ... <1 <n+1, form
a basis of A¥R"!. We assume that A¥R"*! is endowed with the unique scalar product
such that e;, A...Ae;,, for 1 <i; < ... <14 <n+1, are orthonormal. The norm associated
with this scalar product is denoted by | - |.

Let us introduce some convenient notation. We let a = (ay,...,ax) be a multi-index
with ay € {1,...,n+ 1}. Then, we set e, = €4, A --- A€, and, given ¢ € {1,... k} and
je{l,...,n+ 1}, we define

J

€ai = €y N Nea, y NejNeq g N Neg,

Lemma 4.1.1. Fori=1,....n, letv; = e;+A; e,+B; e,11, where A;, B; are real numbers.

Then
n—1 n—1 n—1
det(S[vy, ..., vn]) = (1 + 4,)? (1 +3 BE) + B2 (1 +> A?) —2(14+A,)B, > AB;.
=1 =1 =1
(4.1.2)

Proof. Let us set a = (1,2,...,n—1). By definition of v,, using the alternating property
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of the wedge product and the fact that e, ; A e,y = eltt Ae,, we get
VA AU, =1+ Ap)eq Ney + Brea Aepyr + (4.1.3)
n—1 n—1

+BnZAieZ,i/\en+1 + (1—|—An)z i€ Ztl A ey,
i=1 =1
n—1

=(1+Ay)eaNey+ Buea Nenir+ Y [ByAi — (14 Ay) Bl €l Aens .

=1

By the orthonormality of the wedge products e, A €y, €q A €511, and ey, ; A €,41 for @ =

1,...,n — 1, we obtain

n—1
i A Ao = (1+ Ay) <1+ZB2>+B2<1+2A2>—2(1+ABZAB

— = =1

Then 2) immediately follows from (4.1.1)). O

4.2 Construction of the flow

We now construct one-parameter families of compact deformations of a fixed, n-dimensional
hyperplane ¥ restricted to a Lipschitz epigraph €. The deformations are defined on Q
and are “tangential”, in the sense that they send 02 into itself.

Specifically, given a Lipschitz function w = w(z/,t) : R — R, we let
Q={i=(2",2,,t) cR"™ : 2, >w(@ t)}. (4.2.1)

We also let 3 := QN p,.1 and set 92 = L NIN. Given z = (2, x,) € 3, we consider the

parametric curve I'; : R — R"*! defined as
L.(t) = (2,2, +w(2',t) —w(a',0),t) (4.2.2)

and, with a slight abuse of notation, we identify I', with T',(R).
The next lemma collects some key properties of the family {T', : z € X}.

Lemma 4.2.1. The family of parametric curves {I', : x € X} defines a foliation of €.
More precisely, the following properties hold:
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(i) T,(0) =z and T, C Q, for allz € %;
(ii) if v £y € ¥ then T, NT, = 0;

(7ii) Tx(t) € 00 for some t € R if and only if T, C OS2.

(iv) the map (x,t) — T',(t) is Lipschitz.

Proof. Property (i) directly follows from the definition of ', and by observing that z € 3

implies z,, > w(2’,0), hence
T +w(@' t) —w(,0) > w(t).

Then, concerning property (ii), if [';(t) = I',(u) for some z,y € ¥ and some ¢,u € R, by

definition we must have ¢t = u, 2’ = 3/, and
Tn + (w(',t) —w(@,0) =y, + (W', u) —w(y',0)),

which implies z,, = y, and hence z = y, which proves (ii). The less obvious implication
of (iii) is the only if part: if [',(t) € 992 for some t € R, then

rn +w(@' 1)) —w(@',0)) = w(@', 1),
ie., x, =w(2,0). Consequently,
C(u) = (2, w(@,0) + w(z',u) —w(@,0),u) = (2w, u),u) € 0N
for all w € R. Finally, the proof of (iv) easily follows from the estimate

Ca(t) = Ly(u)| < 2" = ¢/ + [z — yul + (@', 1) —w(y/, u)| + [w(2’,0) + w(y’, 0)| + |t — u
< (14 2Lip(w)) (2" = ¢/ + [&n — yn| + [t — ul).

]

Let now f : ¥ — R be a Lipschitz function with compact support in Y. We define the

flow associated to f as

DLf](x,1) = Tultf () (4.2.3)
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for all (z,t) € ¥ x R. The map ®[f] satisfies ®[f](x,t) = z and, thanks to Lemmam
it is Lipschitz and one-to-one. When ®[f](-,¢) is differentiable at = (which is true for
almost all z € 3), we denote by

DO[f](x,t) = (1 ®@[f](x,1), ..., 0 Pf](x,1))
the Jacobian matrix of ®[f|(-,¢) at =, and by D®[f](x, )T its transpose. We also define
SIfl(@,t) == DO[f](x,t)" - DP[f](x,1)

and

T[f)(x,t) = \Jdet(S[f](z, 1)),

and note for future reference that
J[f)(z,0)=1 VxeX. (4.2.4)

Then, we define

and

A = H @S st f1) = [ Tt de,

spt f
where the second identity follows from the Area Formula (see, e.g., [3, Theorem 2.91]).
The function A[f](t) represents the area of the compact portion of the hyperplane ¥
deformed via the flow map ®[f](-,¢). The minimality/stability of ¥ is related to the
asymptotic properties of A[f](¢) when ¢ — 0. In general, we cannot expect that A[f](¢) is
(twice) differentiable at ¢ = 0, hence it will not be possible to compute the first and second
variations of the area in a classical sense. However, we can test the local minimality of ¥

by taking lower right variations, i.e.,

O A[f](0%) := lim inf Alf)() — Al1(0)

t—0+ t
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and, assuming 0;A[f](0T) = 0,

OFA[f](0") := 2lim inf Al1() — AIf10) :

t—0t 12

Therefore, a first-order necessary condition for local minimality is

QGA[fI(0T) >0,  YVfel¥ (D), (4.2.5)

with strict inequality only if the local minimality is strict. Then, a second-order necessary
condition is

QA[f1(0T) =0 = G{A[f](0%) >0, (4.2.6)

for all f € CYL().

4.3 The case of the (n + 1)-dimensional circular cone

From now on, 2, will denote the (n+ 1)-dimensional circular cone defined as the epigraph

w(@, Tpy1) == A VIE? + Thiq,

with A > 0 a fixed parameter defining the aperture of the cone. In this case, for all

of the function

f € C%(X), the one-parameter flow associated with f is given by

O[f](x,t) := (2", wr(a', tf(x)) + 2 — wyr(2',0), t fx))
_ (x M2+ 2F (@) + 2, — Al tf(x)) .

It is immediate to check that ®[f](z,t) is differentiable on the set
Ap:={zesptf :x#0, fis differentiable at x} U (X \ spt f) .
In particular, since f is Lipschitz, we infer that

H'(S\ Af) = 0.
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For almost all z € Ay and for 1 <¢ <n — 1, we have

00 fl(x,t) = €; + [t 0, f (@) Opprwn (@, tf (x)) + O (2’ tf(z)) — Dywr(2',0)] en + t 0; f () €nta

t*f(x) 0if (z) z; .,
s w0 () en s
o (W P +\/I P+ 2 f(x)? Ix\)e T 1O (@)ens

(4.3.1)
while, if 1 = n,
n®[fl(z,1) = (L0 f(2) Opsrwn (2, tf(x)) + 1) e + t Onf(2)enta
t2f(x) 0nf ()
= +1)e,+1t0, nt1 - 4.3.2
( \/| 12+ f2f(2)2 ) e f(z)en ( )
We introduce the following notations:
(th()af() + o —xi) ifi=1,.,n—1
g| Eref@? P+ ef@? Ll 433
fi=n.
\/Ix’l2 e T
Bi(z,t) :==t0;f(x), Vi=1,..,n. (4.3.4)
We thus have
0;®[fl(x,t) = e; + ay(x,t) en, + Bi(z, 1) €n41 Vi=1,..,n. (4.3.5)
Lemma 4.3.1. Given f € C*1(X), for all t € R, we have
2 f(x) Onf ()
Jf(x, ) =1+t2 [ |V f(z)]? R[f](z,1), 4.3.6
1) =141 (| Sl ey (@2) + RIf)(@, 1) (136)
where R[f](x,t) is such that
spt R[f](t,) C spt f, %5% R[f]t(f’t) =0, ae inX, ‘R[fl(f,t)| <C, (4.3.7)
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where C' > 0 is a constant depending on Lipf only.

Proof. The partial derivatives of ®[f] satisfy the assumptions of Lemma [4.1.1] hence

JIf)? =14 a,) <1+252>+52 <1+Za>—2 1+ ay, BnZa,ﬂz.

where o, §; are defined in 3)) and - We now observe that, forevery 1 <i <n-—1,

tlg(lﬁ a;(t)=0  forz #0. (4.3.8)
In addition,
- an[f](t) _ : _
11}}% — = 0 forz #0, %1_{% Bilfl(t) =0 for all x, (4.3.9)
and
Qp t o0 L% t )
I [fKt)HL (=) < )‘HaanLOO(E); I [f](t)”L =) < ||aif||Loo(E). (4.3.10)

Let us define

n—1 n—1 n—1 n—1
R[f] :=a} (14‘252) +2O‘n25?+5zzaz‘2_2(1+an)ﬁnzaiﬂi‘
i=1 i=1

i=1 i=1

By the definition of «;, §; provided in (4.3.3)), it is evident that a; and (; vanish as f
vanishes, and this implies that spt R[f](¢,-) C spt f. Owing to (4.3.8), (4.3.9), we infer

t2

that R .
limM =0, a.e. in X,
t—0 t
while (4.3.10)) yields
R t
‘[f](w,)‘ <C, C constant depending on Lipf.
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This proves the validity of (4.3.7)). On the other hand

i=1

TP =R = 1420+ 8 = 142 (|Vf(:v)\2+ 2)\f(x)8nf(x))

|[2'|* + 82 f(x)?
that is precisely what we claimed. O]

We observe that (4.3.6]) explicitly depends on ¢?. This implies the vanishing of the first
(lower) variation of the area, 9;A[f](0%) = 0, and the fact that the second variation can be

computed as the first variation of the area with respect to the parameter s = t2. To this
end, given s > 0 we conveniently set A[f](s) = A[f](\/s) and T[f](x,s) = J[f](z,/s).
The following theorem holds.

Theorem 4.3.2. The following identity holds:

0. AN = 5 ([Ivropas—a [ IES 0}y ecnm.
(4.3.11)
Proof. Owing to ([£2.4), we have J[f](0) = 1, hence
DAO) =liminf | s~ (Tf](w,5) = T1f)(x,0))da
= lim inf Sptfs_l(j[ fl(x,s) = 1) dx. (4.3.12)

Now, (4.3.6) guarantees that

JIlf)(@,s)> =1+sG,  where G:= (yvf(g;)|2+ 22 f(2) Onf(z) | RIf(z, \/§)> .

' + sf(x)? 5
Thus by (4.3.12)) we infer
[ s s Ve =T} 4 22,
spt f

where

1
Isl::—/ \/1+3G—<1+s§>dx, If::/ gd:p.
S Jspt f 5

ptf 2
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An elementary computation yields

er( +52>

Now it is immediate to observe that G = 0 whenever = ¢ spt f, and, as s — 07,

22
— 4
\/1+SG—<1+S§>: SG/ G )
\/1+SG+(1+82>
consequently
G2
Tl
Z \_4/10”‘ .

VsG — 0 a.e. in X, |V/sG| < C  for some C' > 0 depending on Lipf only.
By Dominated Convergence, we get

lim Il =0.

s—0t
Let us now study the limit as s — 0 of

2 1 2, AM@0onf(x) 1 R[f](x,/s)
1, = |V f(z = dx
® /2 (2 Vi) + /)2 + sf(z)? * 2 5 )

By (4.3.7) and Dominated Convergence, we have

/ R[f1(z, v/5)

S

de — 0, as s — 07" .
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On the other hand, denoting by g(z') := f(2’, \|2'|)?, an integration by parts yields

LU l‘

)

ISE \/|+—f L7 m
=2 [0/l + sf (0 da

— i\/]R”—l (/:OO O/ |22 + sf(x)zdxn> dx’

||
A / /|2 ! /
== [ =P+ sy da

o fof| o+ sg(a)

Now, the integrand
g(z')
'] + \/]2'* + sg(a')

is positive and monotonically non-increasing in s, for any 2’ # 0. Then, by Beppo Levi’s

Theorem, we obtain

/ 1 /
lim g(z') P g(ﬂ;’)d,.
o0t Jro=1 g S22 + sg(a) 2 Jrn-1 |2|
This implies that
/
lim 72 = / W do — 2 g(@) .,
ST g VTR =g e ey
and the proof is concluded. O

Theorem allows us to test in which cases ¥ is stable. Indeed, by (4.3.11)), the
first variation of the area vanishes, hence the stability condition can be stated in terms
of the lower-right second variation:

PPALF](07) = 20,A[f](01) > 0.
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which is equivalent to the functional inequality

A
/ny |2dx>)\/ (@ A2 (4.3.13)

Ix’l

L1vs@iar= [ L0 i),

4.3.1 The case dim). =2

or equivalently to

In this case, we see that X is always unstable, and in particular it is not area minimizing

into €2\. This result will be generalized in the next chapter with the Vertex-skipping
Theorem [5.3.1]

Theorem 4.3.3. Let n = 2. Then, for all f € C¥Y(X) with the property that f(0) # 0,
we have

9. A[f1(07) < 0.

In particular, this shows that ¥ is unstable.

Proof. When n = 2 the inequality (4.3.13)) becomes

/ IV f(2)? dx > )\/ Flan AmD” ) - (4.3.14)
by R

|1

We now observe that, for all f € C%1(3), the left-hand side of (4.3.14)) is always finite
while the right-hand side is finite only if f(0) = 0. Thus (4.3.14) fails for all f € C%1(X)
such that f(0) # 0. O

We can then prove the following
Theorem 4.3.4. Let n =2, and let us define
E=0n{z R’ : 2, <0}.

Then E is not a minimizer of the relative perimeter in 2.
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Proof. 1t suffices to demonstrate that, for all » > 0, there exists a measurable set F,. C 2
such that F,AE CC B,, and

Po(F,; B,) < Po(E;B,). (4.3.15)
Up to blowing up, it suffices to prove for r = 1. Let f € C%(X) be such that
f>o0, spt f CC XN By, f(0)>0. (4.3.16)
By Corollary [4.3.3] we know that
D.AL)(0%) <0,

and thus we can select ¢ > 0 small enough to ensure

Alfl(o) = Alf1(0)

g

< max {_1, aSA[f]<o+)} <0. (4.3.17)

DN | —

Since ®[f](-,0) is the identity on X, and spt f is compact in ¥, up to possibly reducing

o, we can also suppose that

®[f](x,/s) € By, for all x € spt f.

Let us define
F:={T,(t):zeX, t<of(x)}.

By construction, FAE CC By. Owing to (iv) of Lemma and (4.3.17)), we can deduce
that

Po(F; By) — Po(E; Br) = Alf](0) — A[f](0) <0.

This concludes the proof. O
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4.3.2 The case dim> >3

In this case, the aperture of the cone €2, plays a role. Indeed, we can prove that there
exists a threshold aperture parameter \* > 0, such that for larger apertures (i.e., for

0 < A < \%), the hyperplane ¥ becomes strictly stable.

Theorem 4.3.5. Let n > 3. Then there exists \* = A*(n) > 0 such that, if 0 < A < \*,
we have

ILA[f1(07) >0 for all f € C¥Y(X) (4.3.18)

and the inequality is strict whenever f is not identically zero, which means that X is

strictly stable.
To prove Theorem [£.3.5] we need the following result.

Lemma 4.3.6. Let n > 3. Then

K f' N2')?
/Z|Vf(x)|2dxz T /R S or al fe H'(D),  (43.19)

where K, = 2T%(n/4)T=%((n — 2)/4) and T'(u) is Euler’s Gamma function.

Inequality is known as Kato’s Inequality. A proof of a stronger version of
(4.3.19), valid when ¥ is a half-space (i.e. for A = 0), is provided in [6, Theorem 1.4].
Although our domain ¥ is not a half-space, our version directly follows from inequality
(9) in the same work. We also mention that a former proof of Kato’s Inequality was given
by Herbst in |15].

Proof of Lemma[{.5.6. Let us denote by R the half-space of points € R" with z,, > 0.
Inequality (9) of [6] states that

g(2',0)?
Rl |2

/ \Vg(z)]?dr > K, dz’, for all g € H'(R?). (4.3.20)
R%
Given f € HY(X), let us set

T(x) = (@' zn + M), g(z) = f(T()).
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We have g € H'(R"). Since g(z/,0) = f(2, \|]2'|), we get

/)2 " Az’ N2
[ g(«,0) i | JE A (4.3.21)
Rnfl Rn71

|2/] | 2/]

We observe that /
Vole) = VA(T()) + Auf(T()) ([; o) |

and thus
[Vg(x)]? < (1+ X2V A(T () (4.3.22)

Combining (4.3.20)), (4.3.21)) and (4.3.22)), and noting that det DT = 1, by the change of

variable formula we get

A+ [[Vf@)de = 0+ [ VAT (@)de

> [, IVo(@)Pds
la, Al

Z Kn Rnfl |x/‘

dz’

and conclude the proof. O

Proof of Theorem [{.3.5. By Lemma [4.3.6] the validity of (4.3.13)), for all f € C%(Y%), is
guaranteed by the condition

K,
0<A< VR (4.3.23)

Since the function A — A(1 + \)? is monotonically increasing from 0 to +oo, there exists

a unique A\* > 0 such that
N1+ M) =K,

and, consequently, (4.3.23)) is satisfied if and only if 0 < A < \*, as wanted. ]

Remark 4.3.7. Theorem leaves a lot of questions open. Indeed, we do not know
whether the threshold o > 0 is optimal, and it is not clear what happens if o is small.
Moreover, Theorem provides just a stability result, but it remains to understand
whether ¥ is really area-minimizing in 0 when o > «o*. We expect that the quantitative
expansion of J[f|(t) provided in could be employed to show that 3 is also mini-
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mazing. Finally, we did not treat the case of n > 3, i.e. the case in which the ambient
dimension is bigger than 4. The motivation of this is related to the difficulties arising in
computing the determinant J[f](t). On the other hand, we notice that Kato’s Inequality
holds also asn > 3, hence if we knew that J[f|(t) expands as in in some dimension
n > 3, we would deduce that ¥ is stable in ) for a > o, where o is expected to depend

onn.



Chapter 5
The Vertex-skipping Theorem

In this Chapter, we expose the argument for the proof of Theorem as developed in
[25]. The argument of the proof is by contradiction, and requires a characterization of the
blow-up limit of a local almost-minimizer of the relative perimeter. This characterization
will turn out to be a consequence of the boundary Monotonicity Formula. In what follows,

) will always denote an open, convex subset of R".

5.1 Preliminary results

5.1.1 Tangent cone and vertices

Definition 5.1.1. Let 2y € Q. We define the tangent cone to Q at xy as

Quo = lim  t(Q—z0) = |J t(Q — 20).

0
t—
teo t>0

We observe immediately that €2,, is a cone with vertex at 0. Indeed, if y € ,,, by
definition, there exists ¢ > 0 such that

yGt(Q—xo)

Then, for all s > 0, sv € st (2 — xg) C Qyy.

We also provide the definition of vertex for an Euclidean convex set.

83
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Definition 5.1.2. Let g € 092. We say that xq is a vertex for Q if Q,, does not contain

lines.

5.1.2 Minimality in the tangent cone

We start showing that a sequence of dilations of an almost-minimizer £ in {2 converges,
up to subsequences, to a minimizer of the relative perimeter in the tangent cone €y. This
fact is an immediate consequence of Lemma [2.1.7]

Lemma 5.1.3. Let E be an almost-minimizer in Q, and assume 0 € 02 and Po(E; B,) >
0 for all ™ > 0. Let t; \, 0 be a sequence and let

Then there exist a subsequence sj, and a measurable set Ey C €y such that Es].k — Ey in
Ll

e and Ey is a perimeter-minimizer in €y, namely

Vo, (Fo; Br) =0 for any R > 0.

Proof (of Lemma m First, we fix R > 0 and prove that there exist t5, C' > 0 such
that
P(E;Bg) <CR™  VY0<t<ty. (5.1.1)

In what follows, for more simplicity, we will write C' to denote a constant that might
change from one line to another. To prove (5.1.1)), we note that

P(Qy; Bg) =t'""P(Q; Bgy) < CR™™! (5.1.2)

since 0N is Lipschitz. Then owing to (2.1.7) and (5.1.2), and assuming ¢ < t; :=

min(1,7/R), we obtain

P(Ey; Br) < Po,(Ev: Br) + P(Q; Br) = 17" (Pa(E: Bir) + P(: Br)) < CR™
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which proves (5.1.1). Consequently, we obtain the global perimeter bound
P(E,) < P(Ey; Br) + P(u; Br) < CR™,

hence any blow-up sequence E; admits a (not relabeled) subsequence converging in
L'(Bg) to a limit set Ey. By a standard diagonal argument, one can prove the exis-
tence of a subsequence and a limit set, still denoted respectively as E;; and Ep, such that
E,, = Eyin Lj,,
to the tangent cone Qg in L}, .(R™), we infer that Ey C .

(R™). Since the corresponding sequence of rescaled domains €2;; converges

Now we have to show that W (Ey; Bg) = 0, for all R > 0. To do so, we can apply
Lemma [2.1.7] Indeed, well-known properties of convex sets ensure that the sequence
of rescaled domains {2, converges to the tangent cone )y locally in Hausdorff distance.
Moreover, by the rescaling properties of the perimeter, since E' is an almost-minimizer of
the relative perimeter in ), we infer that F; satisfies forall 0 <r <rgand x =0

with the function
¢Qtj(Etj;O,r):wQ(E;O,tjr), 0<7r<ryft;.

Now ¢; N\, 0, hence there exists M > 0 such that |¢;| < M, for all j € N. Moreover, since
o(E;0,r) is infinitesimal as r — 07, we infer that, for any € > 0, there exists r. > 0
such that 0 < ¢o(F;0,7) < ¢, for all 0 < r < r.. If we take r < r./M, we then have

sup g, (Ey;0,7) = sup (B 0,8;r) <€,
J J
and this sufficees to show that
i supin, (£,:0.0) <0,
We are then in position to apply Lemma to deduce that

lim inf Wo, (E},; Br) > Va,(Eo; Br) . for all R > 0. (5.1.3)
7 J
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Finally, by (2.1.6) we obtain

1 -1
\Ijﬂt, (Etj;BR) = ﬁ\IJQ(E, Bth) S wn " R 1¢Q(E7 O, t]R> — 0,
J tj

which concludes the proof. O

5.1.3 Flatness of the blow-up of an almost-minimizer

Thanks to Lemma [5.1.3] we know in particular that for a suitable choice of a sequence
t; \( 0 the rescalings F; with respect to 0 € 0€2 converge to a minimizer £y in the tangent

cone ()y. Exploiting Theorem [3.4.1] we can prove the following result.

Proposition 5.1.4. There exist a sequence s \( 0 and a subset Eyy C €y such that
(Eo)s, — Eoo in Lig. ,
and Eyy is a minimal cone in g, i.e. is a cone with vertex at O with the property that
Vo, (Eow; Br) =0  forany R > 0. (5.1.4)

Proof. We note that () is a Lipschitz cone with vertex at 0, thus )y satisfies the visibility
condition at 0 with the trivial choice u(t) = 0 (see Example [3.2.10). Moreover, E, is a
minimizer of the relative perimeter in €2, i.e. Vg, (Ey; Bg) = 0, for all R > 0, and this
trivially implies . We can then apply Theorem in this special setting deducing
that, choosing a suitable sequence s \, 0, there exists Fyy C {2y such that

(Eo)s, — Eo, in L.,

and Fyy is a minimal cone in )y, i.e. is a cone with vertex at 0 such that (5.1.4]) holds

true, and this concludes the proof. O]

Remark 5.1.5. We observe that, if Q satisfies the assumptions of Theorem then
the same result allows to prove that Ey itself is a cone with vertex at 0. In this case, the
argument performed in the proof of Proposition becomes unuseful, since Ey = Fy.

In other words, a unique blow-up suffices.
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5.1.4 A Federer’s Reduction Lemma

Next, we state a slight variant of the classical Federer’s Reduction Lemma, which will be
used in the proof of Theorem [5.2.1] In what follows, by “cone” we shall always mean a

cone with respect to the origin.

Lemma 5.1.6. Let K C R" be a conver cone, C C K be a minimizing cone for the
relative perimeter, both with vertex at 0. Let xy € OC NOK \ {0}. Fort > 0, we set

C—x K—=z
Cy :=x9+ ; 0, K =29+ ; 0.

Then there exist a sequence t; \, 0 and two sets Cy,, Ky, such that
Cj = Ctj — Czo R Kj = Ktj — Kxo (515)

in L .-topology, Cy, C K,y and Cy,, K., are cylinders with azis coinciding with the line

joining 0 to wo. Moreover, the sets C), := Cy, N ry and K, = KN xg are cones with

respect to 0 in the hyperplane xy, and C,, s perimeter-minimizing in K, .

To prove this result we need the following two technical Lemmas. The proof of Lemma
is part of the proof of Lemma 2.4 in [13], while the proof of Lemma is a slight

variation of that of Lemma 9.8 in [13].

Lemma 5.1.7. Let f have locally bounded variation in R™. Fort € R, let
fi R —R
be the function defined by fi(y) :== f(y,t). Then, for almost all s <t, r >0, one has
[ Vo= £1aR7 < DLFIBE ! x (5.), (5.1.6)

where B*~t := B, N{z, = 0}.

Lemma 5.1.8. Let f have locally-bounded variation in R™, and €2 be an open, bounded
set in R"1. Then, for any T > 0,

DA@ % (-T.7)) 2 [ DAI(@)d,
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with equality holding if f is independent of the variable x,,.

Proof of Lemma[5.1.6. Up to a rotation, we can suppose that xy = (0, ...,0,a), for some
a > 0. We can argue as in the proof of Lemma to deduce that there are a sequence
t; \¢ 0 and sets Cy,, K, such that hold. We can also assume that chtj —* Dlg,, .
Furthermore, K, is the tangent cone to K at zy and C,, is perimeter-minimizing in K,,.
Let us show that C,, is a cylinder with axis coinciding with the x,-axis. Let us denote
by v¢ the inner, unit normal to 0*C, and let us set v := (vo, e,). As C is a cone with

respect to 0, we have
<$, VC("L‘» =0,

for H" -almost all x € 9*C. Thus

—(z =@, v0(x)) = (w0, v0(2)) = ave(z),

and consequently we obtain (a = |z¢|)

|z — x|

vi(z)| <
| C( )‘ |ZE0|

So, for some constant ¢ > 0, for all p > 0, we have

&, (@) |dH (z) = " / o (z)|dH" !
/Bp(xo)ﬁa*ct |Vct(x)| (ZE) Byt (z0)N0* Cayy |VC($)| (x)

< t2_np

T ||

<
\Iof

P(C, By(x0)) (5.1.7)

Now by Reshetnyak’s lower semicontinuity Theorem (see Theorem 20.11 in [26], in par-
ticular we apply it for ®(u) = |(u,e,)|) we have

v, (@)|dH" (@) < lim inf v, (@]dH" () =0,

370 JB,(x0)no+Cy,

~/Bp(xo)ﬁ(9*cl-0

and consequently
v =0, H" a.e. on 0*C,, .
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Owing to Lemma , we deduce that 1¢, is independent of x,, hence there exists
C, C R* ! such that
Coo = Cp, X R,

From the conicity of Cy, with respect to 0, it follows that C]  is a cone with respect to 0
in R""!. The same argument developed up to now can be performed for K,,, deducing

that there is a cone K, with respect to the origin in R"! with the property that
K,, =K ;0 x R.

To conclude, it remains to show the minimality of C}, in K . By contradiction, let C
be not perimeter-minimizing in K7 . Then we can pick a competitor Ej such that, for

some R,e > 0, we have

EyAC, cC K., NBE, Pr; (Ex, By h < Py, (C,

xo?

B —e.

Given T > 0, let
Ey:=E,x (-T,T)U (Cyy N{x, >T}) .

By construction, Fy = C,, in R™ \ (B?{l x (=T,T )) In addition, by minimality of C,,

in K,,, we observe that
Py, (Cay, B ' X [-T,T]) < Px, (Eo, By ' x [-T,T]). (5.1.8)
On the other hand, we have
Pr, (Cay, BY ' x [-T,T]) = 2T Pre;, (& BE 1,
and also

Pr,, (Eo, By ' x [T, T]) < 2T Py, (Eg, By ") + 2w, 1 R"™
< 2T Py, (Ch, By™') — 2T + 2w, R*™

xo)

= Pk, (Cay, B ' X [T, T)) — 2T€ + 2w, 1 R" ",

and this estimate contradicts (5.1.8) for T" large enough. So C}, is a minimal cone in K7
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and the proof is concluded. O

5.2 Characterization of the conical minimizer in R5.

Starting from an almost-minimizer F in ) which satisfies volume density estimates at the
origin, and applying Lemma [5.1.3| at most twice, we have obtained a conical minimizer
Eyg of the relative perimeter in the tangent cone 25. The next theorem shows that, in
dimension n = 3, dFyy N )y coincides with a convex angle contained in a 2-plane through

the origin, that meets 92y orthogonally.

Theorem 5.2.1. Let n = 3 and Eyy be the conical minimizer obtained in the previous
subsection. Then 0Eqg N Qg coincides with a 2-plane intersected with g, that meets 0€)
orthogonally.

Proof. Set F' = Ey, for brevity, then the proof is accomplished by showing that there
exists exactly one geodesic arc v C dB; N )y such that

OF N 831 N Qo =7, (521)

and v meets 0€2y N dB; orthogonally. We split the proof into some steps.

Step 1. We claim that 0F N9B; Ny is made of countably-many (open) geodesic arcs
i, © > 1 integer, such that

’yiﬁ’yj:(l),foriséj, U’}/i:aFﬂaBlﬂQg.

By interior regularity, OF N €y is smooth, and its outer normal vector vg is orthogonal
to the radial directions (recall that I is a cone with vertex at the origin). Hence, OF
intersects transversally 0B; N )y along smooth curves 7; that cannot cross each other.
Since F' has locally-finite perimeter, the family of these curves is at most countable. Let
us now show that ~; is a geodesic arc, for all . With a slight abuse of notation, we
identify ~; with its arc-length parametrization defined on the interval (0, L;), where L; is

the length of the curve. The connected component of JF' that intersects 0B; along 7; can
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be then parametrized through
oi(s,t) == s(t), for s >0, ¢t € (0, L;). (5.2.2)

We can choose the parametrization ~;(¢) in such a way that vp(o;(s,t)) = v (t) x vi(t),
for all s > 0. Exploiting (5.2.2), and using +grvr = 0 by the minimality of F', we infer

0= +orvr(oi(s,t)) (5:2.3)
= 200 x 20) (1)
= —y;(t) x %f(t) . fylf’(t), for all ¢. (5.2.4)

Since we also have 7.(t) - v/'(t) = 0 by the choice of the arc-length parametrization, and
observing that {v/(t),~:(t) X 7i(t)} is an orthonormal basis for the tangent space to 0B
at y(t), we conclude that ~/(¢) is orthogonal to the tangent space to 0By at (t), which

is precisely the definition of geodesic arc.

Step 2. We prove that ~; meets 0}y orthogonally at its endpoints. More precisely, if
p is an endpoint of ~;, then €y admits a unique supporting plane at p, hence the outer
unit normal vector vy(p) to 0 at p is well-defined, and moreover if we denote by v; the

constant unit outer normal to the connected component of JF containing ~;, we have
v; - vo(p) =0. (5.2.5)

Let us first prove that 2y admits a unique supporting plane at p. Up to a rotation, we
may assume that p = (0,0, 1), hence it follows that v; - e3 = 0. Owing to Lemma , we
can find a sequence t; N\, 0 such that Q‘g’tj = tj_l(Qo —p) locally converge to a cylinder of
type C' x R, and FPl = tj’l(F — p) locally converge to a cylinder that can be written as
G x R, where G C C. Moreover, both (', and G are cones with respect to 0 in the plane
z =0, and G is perimeter-minimizing in C'. By convexity of C, up to a further rotation,
we can assume that

C = {(33'1,.1’2,0) DX > )\‘33'1‘},

for some A\ > 0. Clearly, A = 0 if and only if p admits a unique supporting plane for 2.
The only possibility is then that 0G N C' is made of finitely many half-lines L, ..., Ly of
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Figure 5.1

the form L; = {tv; : t > 0}, for some unit vectors v;. Up to relabeling, we can assume
0<vi-ea<wj-ey forallj.

If either A > 0 or k > 1, we could replace an initial portion of L; with a projection segment
onto the closest side of C, which strictly decreases the perimeter and thus contradicts the
fact that GG is perimeter-minimizing in C'. Hence we necessarily have A = 0 and k£ = 1,
i.e., there exists a unique supporting plane to 4 at p with 1vy(p) = —es, and moreover
v1 = e. This proves the claim and, additionally, shows that two different geodesic arcs

cannot share a common endpoint.

Step 3. Finally, we prove that OF N 9B N )y is made of exactly one geodesic arc.
Suppose by contradiction that there exist two geodesic arcs v; # 7, contained in
OF N0B; N y. From the previous step we know that

TNy =0.

For ©+ = 1,2 we denote by II; the plane through the origin that contains ~;, and by p;, ¢;
the boundary points of ;.
For ¢ = 1,2, we consider the point N; € 0B; such that ~; is contained in the equator
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with north pole N; and south pole S; = —N;, and denote by p,,, 114, the corresponding
meridians connecting N; with S; and passing through p; and ¢;, respectively. These

meridians bound a region of JBy, that we denote as X;, which satisfies
QoNoB; C X%, 1=1,2.

Incidentally, thanks to the previous step, XJ; is also obtained by intersecting the sphere
0B, with the wedge W; given by the intersection of the two supporting half-spaces to
Qo at p; and ¢;, respectively. Since in particular W; is a convex cone, it is immediate to
check that ¥, = W; N 0B, is geodesically convex. Moreover, using the fact that the angle
formed by the vectors p;, g; is strictly smaller than 7 (recall that the origin is an isolated
vertex for €y) we infer that the internal angle formed by the two geodesic sides of ¥, i.e.

the meridians yu,, and p,,, at N; (or S;) is strictly smaller than 7.

Now, observe that the closure of ¥J; is the union of two closed geodesic triangles T, T,
with vertices p;, ¢;, N; and p;, q;, S;, respectively. Since in particular v C Qo N 9B; C X1,
and 7, has a strictly positive distance from ~;, we must have that either v C Ty, or
vo C Ts,. Without loss of generality, we assume v, C Ty .

Now, we set py = IIo Ny, and g = Iy N g, , and denote by 4, the geodesic connecting
P2 and @y, and by 3, the associated geodesically convex region bounded by the meridians
W, By, meeting at poles Ny = Ny and Sy = Ss. Clearly we have 75 C 7, and thus

Yo C Y. Moreover, we have

ﬁ?aéb € TN1 \ {p17Q17N1} .

Indeed, the geodesic 7y, cannot intersect 7, hence it is contained in T}, and its closure is
disjoint from ~; because I, N57 = (); moreover, if we had p, = N7 (or g = N7) we would
conclude that p,, C Il (respectively, u,, C Ily), but this is impossible because I and 77
are disjoint.

Now, consider the geodesic quadrilateral D determined by the four points p1, P2, @2, ¢1-
By the previous argument, D C T,. Denote by ay, ao, 52, (1 the angles formed by the
pairs of geodesic sides meeting at the respective vertices. Then, consider the two geodesic
triangles Ry = p1p2qi and Ry = pagaqi. Call as; the internal angle to Ry at po, and g o
the internal angle to Ry at p,. Similarly, call 5, the internal angle to R; at ¢i, and
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B12 the internal angle to Ry at ¢;. We thus have ay = qoq + da2, /1 = [11 + [i2, and

therefore we deduce

a1 = Bl = 71'/2, (526)
max (i, 02) < /2. (5.2.7)

Indeed, follows from the orthogonality of 7, with the meridians p,, and p,, , while
follows from the fact that the quadrilateral D is contained in one of the two geodesic
triangles T’ Ny, = D2G2Na, T52 = P2G25, (indeed, by a symmetric argument, we have either
v C Ty, or 1 C Ts,) and we know by construction that the internal angles to T, (or
Ts,) at Py and at G are both equal to 7/2.

Now we notice that R; must be a non-degenerate geodesic triangle because it possesses
an internal angle at p; measuring oy = /2, and the other two vertices do not coincide.

Thus we have that the sum of the internal angles of R; satisfies
a1 + 5&271 + /6171 > . (528)
At the same time, the sum of the internal angles of R is not smaller than :

Q9+ By + Pig>T. (5.2.9)

By combining (5.2.6)), (5.2.7)), (5.2.8)) and (5.2.9), we reach the contradiction

21 < (ou + Qg1 + Pi) + (oo + By + Pr2) = a1 + ag + Bo+ By < 2

and this completes the proof of the theorem. n

5.3 Proof of the main result

We now dispose of all the necessary tools to prove the following

Theorem 5.3.1 (Vertex-skipping). Let 2 C R? be an open, conver set, and E C Q be a

local almost-minimizer of Po. Then OE NS does not contain vertices of €.

We argue by contradiction. By the results of the previous section, via a blow-up
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argument we can restrict the proof to the case of a domain €2y being a convex cone with
vertex at the origin, and of a minimizer given by the intersection with )y of a half-space
whose boundary plane passes through the origin and meets 02y orthogonally.

Before giving the proof of Theorem [5.3.1] we introduce a class of convex cones that

will play a key role in the first part of the proof.

Definition 5.3.2. We say that a convex cone C' C R? is a pyramid provided there exist
two wedges Wy, Wy with orthogonally incident spines such that C' = W7 N Ws.

We note that a pyramid C' C R3? is always a cone with vertex at the point 1} in
which the spines of the wedges intersect each other. Moreover, up to a rotation and a

translation, there exist a, b > 0 such that
C = C,yp:={r €R*: 13 > max{al|r|,b|lzs|}}.

Proof (of Theorem m) The proof is split into two steps. In the first, we show the
result under the assumption that the conical container is a pyramid, i.e., a cone over a
rectangle. In the second, we employ a “packing-boy” technique that allows us to reduce
the case of a general convex cone to that of a suitably associated pyramid.

Step 1. Consider a pyramid cone C,;. We want to show that the plane
mo={reR®: 2, =0}

is not locally area-minimizing in C,;. To do so, we build a family of competitors that

improve the area of 7 in C, ;. For € > 0, let 7. = {x € R®: x; = ¢} and define
R.:=C,yn{zen.: x5 <1}, A, = H*(R.).

We note that Ry is a triangle in the plane my, and that R, is a trapezium in the plane 7.

whenever 0 < € < 1. Moreover, up to translations, R, is obtained from R, by removing

a’e?

b

a triangle of area , so that we have

A= Ag— —£%. (5.3.1)

o
b

The idea is now to connect the trapezium R. with 7o N Cyy in order to obtain a local
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variation of my N C, . We formulate the problem in the following way. Let h > 0 and let
T}, be the trapezium defined as

T, =CopnN{zem: 1 <z3<1+h}.
We immediately note that
h(24h
’HQ(Th) - g

5.3.2

. (532)
We look for those smooth functions ¢, defined on the segment {1 < x3 < 1+h} satisfying

the following conditions:

¢h(1>:17 ¢h(1+h)=0.

(5.3.3)
We observe that, looking at ¢, as a function of both variables x5 and z3 defined in T},
the ruled surface

Ge(on) = {(epn(w3), v2,23) © (22, 73) € T}

connects R. with 7N Cy (see Figure , where the red region is mo N C, 3, while the blue
one coincides with R. U G.(¢p)). By suitably choosing h and the map ¢, we claim that

Ag + H2(G5(¢h)) < A() + H2(Th) .

(5.3.4)
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Using ((5.3.1)), (5.3.2)), and the area formula, ([5.3.4) turns out to be equivalent to

2 hE2+h
/ / 1+ 22|}, (2s)[Pdaaday < %52 + (b+> (5.3.5)
Th,

To guarantee ([5.3.5)), we only need to impose that the second-order derivative at 0 of the
left-hand side is strictly smaller than the same derivative of the right-hand side. We first

observe that, by Dominated Convergence, one has

1+h
/ t &, ()2t < a?. (5.3.6)
1
Then, for a > 0, we choose
hot=* —1
= Ppa(t) = —— .
On = Pna(t) o

We observe that ¢y, fulfills (5.3.3)). Taking ¢, = ¢p.a, condition (5.3.6) becomes

(1+h)>+1

O‘—/Hhm' (t)2dt < a? (5.3.7)
2(1+h)>—1 )i o ' -

As h — +00, the term on the left-hand side of (5.3.7)) tends to ¢, hence it is enough to
choose o < 2a* and h large enough to enforce (5.3.7). This ultimately proves ([5.3.4) and

shows that 7y cannot be area-minimizing in Cl.

Step 2. Let now )y be a generic convex cone with vertex at the origin. Thanks to
Theorem [5.2.1], and up to rotations, we may suppose that the boundary of the minimizer

Ey is the intersection of the plane my with €2y, hence there exists b > 0 such that
OFo N Qo = {(0, 29, 23) : x3 > b|xa|}.
Now, by Theorem [5.2.1| we have
Qo C Wy i={x € R®: 13 > blwy|}.

Since the origin is an isolated vertex for {2y, it is not possible that 0€)y contains the whole
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line {(¢,0,0) : tR}, hence there must exist a > 0 such that the pyramid C,,, verifies either
QoN{zr; >0} C CopnN{z; >0} (5.3.8)

or

QO N {:cl S O} C Ca,b N {:cl S 0} . (539)

We can assume for instance that (5.3.8]) holds true, otherwise we simply flip the argument.
We take € > 0 and set

A

R.:=Qon{zen.: z3<1}, A, ::HQ(}?a).

With the choice of suitable values h and «, we already know that the connection map
®n,o constructed in the proof of Theorem satisfies

AE + %Q(Ge((bh’a)) < A(] -+ H2<Th)
whenever ¢ is small enough. Finally, we observe that

A+ HA(Geldna) N Q) < A + HAUG(d1a))
A(0) = A(0),

which shows that 7y cannot be a minimizer in 2. This concludes the proof of Theorem

B.31l
[l
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