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ABSTRACT. We investigate the flat flow solution for the surface diffusion equation via the
discrete minimizing movements scheme proposed by Cahn and Taylor [9]. We prove that
in dimension three the scheme converges to the unique smooth solution of the equation,

provided that the initial set is sufficiently regular.

1. INTRODUCTION

In this paper we study the evolution of smooth sets governed by the surface diffusion

equation
(11) ‘/t = ABEtHEt on aEt,

where V; is the normal velocity, Hg, the mean curvature and Apg, the Laplace-Beltrami
operator. We adopt the convention where the unit normal vector is outward and Hp, is
nonnegative for convex sets. It is immediate that this geometric flow preserves the volume of
every component of the evolving sets, while decreasing the perimeter.

The equation was proposed first by Mullins [33] as a model to describe the development
of surface grooves at the grain boundaries of a heated polycrystal. In the physically relevant
three dimensional case it describes the evolution of interfaces in a variety of physical settings,
including phase transition, epitaxial deposition and grain growth. The derivation of (1.1) was
later revisited by Davi and Gurtin [14] and by Cahn and Taylor [9], who extended it to a
more general mathematical context (see also [22]). In fact, Cahn and Taylor derived a more
general equation of type

Vi = (6 —elpp,) *App,Hg,  on OF;.

Letting ¢ — 0 one obtains the surface-diffusion (with a constant ¢), while § — 0 yields the
volume preserving mean curvature flow

(1.2) V, = —e(Hg, — Hg,) on 0E;.

In [9] Cahn and Taylor also pointed out that the surface diffusion equation could be obtained
as the sharp-interface limit (¢ — 0) of the Cahn-Hilliard equation

(1.3) Oyu = div(m(u)V(—e*Au + W' (u)),
1
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where W is a double well potential and m(-) is the mobility. This fact was formally proven
in low dimensions R, n < 3, by Cahn, Elliot and Novik-Cohen in [8] with the mobility
m(u) = 1 — u?, the potential

W(u) = e*((1+ u)log(l + u) + (1 — u)log(l — u)) + (1 — u?),

and by rescaling the time ¢ — €%t. To the best of our knowledge the rigorous argument for this
convergence is still missing, nor it is known that the limit yields a weak solution to (1.1). We
remark that by choosing the constant mobility m(u) = 1, the standard double well potential
W (u) = 1(1 —u?)? and rescaling the time ¢ — et yields the Mullins-Sekerka flow as a limit as
e — 0, which was first formally derived by Pego [34], and then rigorously proven by Alikakos,
Bates and Chen [3]. We also mention the recent work [23] where the authors consider a more
general type Cahn-Hilliard equation and its sharp interface limit.

For regular initial sets, the short time existence of a classical solution of (1.1) was first
proven in the planar case in [6, 17, 21] and later in every dimension by Escher, Mayer and
Simonett [18] for C*“regular initial sets. The result in [18] holds even for immersed surfaces
and the authors prove the global existence and exponential convergence for initial sets close
to the ball. In the flat torus T™ similar long time existence and convergence results near any
stable critical set have been obtained in [1], for n = 3, and in [16] for n > 4.

One expects that for generic initial sets the equation (1.1) forms singularities in finite time.
Moreover, unlike the curve shortening flow, the flow under surface diffusion for embedded
curves may exhibit self-intersections in finite time as shown in [21]. For immersed curves,
singularities are also expected, as supported by the numerical simulation in [18]. We stress
that in this paper, we require that the evolution in (1.1) is given by smooth and bounded sets
and not immersed surfaces.

The construction of a weak solution to (1.1), which exists globally in time, presents a
significant challenge due to the fourth-order nature of the equation and the absence of a
maximum principle. A possible candidate for a weak solution, referred to as the flat curvature
flow, was introduced by Cahn and Taylor in [9]. The starting point is the fact that (1.1) can
be seen as the H~!-gradient flow of the area functional, see [38]. One may use the gradient
flow structure to construct the solution using a minimizing movement scheme similar to the
one proposed by Almgren, Taylor and Wang [4] and Luckhaus and Stiirzenhecker [27] for the
mean curvature flow. More precisely, given any initial bounded set of finite perimeter £y C R"
and a small time step h > 0, one inductively defines E = E, and E,ﬁ‘ for k=1,2,... as a
minimizer of the functional

dp—1(F; Bl )?

(1.4) P(F) + o 7

where

(1.5) dg—1(F;E) = sup / f(mop () (xr(z) — xe(2)) dr.
IVorfll 20m<1/R™



SURFACE DIFFUSION 3

Above, Vs denotes the tangential gradient, xyg the characteristic function of F and myg the
projection on the boundary OF. Note that if dy—1(F'; E) is finite, then necessarily |F| = |E|,
ensuring the scheme to be volume preserving. However, (1.5) does not define a real distance,
nor does dy—1(F; E) = 0 in general imply F' = E. Then Cahn and Taylor set E"(t) = E} for
t € [kh, (k4 1)h) and define a flat flow as any cluster point of E"(t) as h — 0. To the best
of our knowledge, even the existence of a minimizer of the functional (1.4) is not known, let
alone the convergence of the scheme as h — 0 to a short time smooth solution of (1.1) when
the initial set Ey is smooth. In order to highlight the difficulty of the problem, let us consider
the functional (1.4) in the flat torus T™ and the associated minimum problem

2
in {PW (F)+ 57 ( wp [ o) (@) - xela) d:c) }
IVorfllL2@m<1J/T"

In the case of the strip £ = (0,1)"~! x (0, %) C T™, minimizers of the above problem are F
and T™\ E for every h. This shows that at least in the case of flat torus, the scheme may fail
to converge as h — 0 unless the minimizer is chosen appropriately.

The only result related to the existence of the flat flow for the surface diffusion is contained
in the thesis of Kin Yan Chung [12], where the author replaces the distance (1.5) with
(1.6)

du(F B) = sup{ | f(a)(xr(e)—xp()) o £ R = B Lin(f) < A, [Vord |izor) < 1)

Using (1.6) in place of (1.5) Chung shows the existence and continuity in time of the limiting
flow of the minimizing movement scheme as h — 0 and A — oo (or by choosing A = h=¢ for
some o > 0). If F' and E are smooth sets, whose Hausdorff distance is of order h, then it
holds
|dy—1(F; E) — dy-1(F; E)| < Ch?,

for a constant that depends on F and A, which means that (1.6) is formally a small pertur-
bation of the original distance (1.5). However, due to the double constraint it is not clear if
the definition (1.6) in the minimizing movement scheme provides even formally the surface
diffusion (1.1) as a limit as h — 0. Therefore the existence of a flat flow solution which is
defined globally in time and agrees with the classical solution for its existence time was still
an open problem.

The main result of this paper concerns the consistency of the scheme proposed by Cahn
and Taylor in the physically relevant three dimensional case. More precisely, given a C°-
regular bounded initial set Eq C R3, we fix a small § > 0, set Eg - Ey and define Eg’é as a
minimizer of the following incremental minimum problem
n dy—1 (F; E;))?

2h
where 715(I") denotes the tubular neighborhood of a set I' C R3 (see (2.1) for the definition).
Due to the constraint condition F AEZfl C n5(aEZf1) the existence of a minimizer of the

(1.7) inf {P(F) . FAEM, ¢ ng(aE,ijfl)},
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above problem now easily follows from the direct methods of the Calculus of Variations.
However, one of the key point of our proof is to show by means of quantitative geometric
estimates, that any minimizer Eg’é of (1.7) satisfies

(1.8) By AE C N (DB,

when A is sufficiently small, provided ngl is sufficiently regular. Therefore the additional
constraint in (1.7) is merely a technical tool needed to overcome the lack of coercivity in
the original functional (1.4). We note that our main theorem holds also in the flat torus
T3, in which case the constraint in (1.7) ensures that we choose a proper minimizer of the
problem. We define the approximate flat flow E™(t) for all t > 0 setting E™(t) = E,};"s for
t € [kh, (k+1)h) and define the constrained flat flow (E°(t));>0 as any cluster point of E/9(t)
as h — 0 (see the precise definition in Section 4).

Our main result is the short time regularity and the consistency of the minimizing movement
scheme defined above.

Theorem 1.1. Assume Eg C R3 is a bounded and C®-reqular set. There exist &y, o9 and Cy
with the following property: for every § < &y there exists hy such that the sets E™O(t) are
uniformly bounded in H*, i.e.,

OB (t) = {z +u"(x,t)vp, () : @ € OFo}, [[u"* ()|l t1(omy) < Co

for all t € [0,00] and h < hg. Moreover, the functions u™?® converge in L>(0, op; C*>*(0Ep))
for all0 < o < 1 to a function u® such that the family (E‘S(t))te[o,go] with

OE(t) = {x + ud(z,t)vg, (x) : © € DE}
is the unique smooth solution of (1.1) starting from Ej.

Note that, in particular, the above result shows that the limit flow (E%(t)) is the same for
all § < &g, which again indicates that the constraint in (1.7) is irrelevant when ¢ € [0, og].
We note that the novelty of Theorem 1.1 is the uniform higher regularity of the discrete flow,
from where the consistency follows rather easily due to the uniqueness of the smooth solution.
In case the classical solution of (1.7) is defined in a larger time interval [0,7y), 7o > o9, we
can prove the full consistency.

Theorem 1.2. Assume Ey C R3 is as in Theorem 1.1 and assume the classical solution (E})
of (1.1) starting from Ey exists in the time interval [0,Ty). Then for every T < Ty there exists
§(T) such that the constrained flat flow (E°(t));>0 agrees with By in [0,T] for all § < §(T),
i.e., By = E%(t) for all t € [0,T). In addition, the sets E™°(t) converge to E; in C** as
h — 0 uniformly in [0,T)], for all0 < a < 1.

Note that our theorems are stated in R?, but the results hold also in R? following the same
proof, with much less technical difficulties.
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As already mentioned, we are not aware of previous results on consistency of the flat flow
solution or, in fact, any weak solution for the surface diffusion. Construction of a varifold
solution via minimizing movement scheme to the Willmore flow, which is somewhat similar
to the surface diffusion flow, is proven in [7], but even in this case the consistency is not
known. The situation is better understood in the case of Mullins-Sekerka, where the flat flow
solution constructed by Luckhaus and Stiirzenhecker [27] is known to be a weak solution of
the associated equation in low dimension n < 3, due to results by Réger and Schétzle [35, 36]
and the consistency, or the weak-strong uniqueness, is known to hold in the planar case due
to the recent result proven in [19]. For the volume preserving mean curvature flow (1.2), the
third author with Niinikoski [25] proved the consistency of the flat flow solution constructed
in [32]. Finally we recall that the consistency of the flat flow for the mean curvature flow
follows from the comparison principle for the level set solutions [10, 11].

1.1. Overview of the proof of Theorem 1.1. The crucial step in the proof of Theorem 1.1
is to show that the speed of the discrete flow Eh’a(t) is bounded in a suitable distance, i.e.,
the distance of the subsequent sets is linear in h. This is not too difficult in the case when
the dissipation is given by an L?-type distance as in the case of the mean curvature flow and
volume preserving mean curvature flow [25, Proposition 3.1], where it follows from a direct
comparison argument. This argument cannot be applied to the case when the dissipation is
given by the H~!-distance, which contains less geometric information than the L?-distance.
In order to solve this issue we recall first that if a set F satisfies the uniform ball condition, i.e.,
interior and exterior ball condition, with radius r, then it is a A-minimizer of the perimeter

in the sense that for all sets of finite perimeter F' it holds (see [2, Lemma 4.1])
P(E) < P(F)+ A|EAF|.

The above estimate is almost sharp in the sense that any A-minimizer of the perimeter is
C1“regular for any o € (0,1) in R™ for n < 7. In Proposition 3.1 we prove that if £ C R?
satisfies the uniform ball condition with radius r and in addition [|AprHE||r2(sE) < C, then
for all sets of finite perimeter F' it holds

P(E) < P(F) + Ady -+ (F; E),

where dp-1 is defined in (1.5). This result can be seen as a higher order version of the
A-minimality. Applying it to the minimization problem (1.7) we immediately obtain that
the dp-1-distance between the sets EZ’_(Sl and E,:L’(S is linear in h as long as they satisfy the
regularity assumptions in Proposition 3.1.

The second step is to show that we are able to keep the regularity assumed in Proposition 3.1
for a short time. To this aim we first prove in Proposition 4.1 that the sets EZ’(S are (A, a)-
minimizers of the perimeter (see Definition 2.6) and use the well known results of [37] to deduce
that when the constraint parameter § is small enough, the sets EZ’6 are uniformly C'-regular

with mean curvature bounded in H', and can be written as a normal deformation over Ej as
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described in Theorem 1.1. This, together with the linear estimate dHfl(EZﬁ; ngl) < Ch,
implies the estimate (1.8), which is important since it means that the constraint in (1.7) is not
active and that we may write the Euler-Lagrange equation. We point out that the argument
for Proposition 3.1 can be generalized to higher dimension, but the proof of Proposition 4.1
is constrained to low dimensions. The difficulties are similar to those of the Mullins-Sekerka
flow [35, 36], where the results for the flat flow hold in R3.

In order to get a uniform bound for ||A H 5|2, which we need for Proposition 3.1,
k

oEM°
we use the fact that the Euler-Lagrange equ;tion (4.11) is at each time step a fourth order
elliptic equation. This allows us to to upgrade the H3-regularity to H* (see Lemmas 4.2 and
4.3), with estimates which however are not uniform in time. The final step is to prove an
iteration lemma (Lemma 5.1), where we use the parabolic nature of the flow and the estimates
from the previous lemmas, to obtain H*-estimates uniform in time. With these high order
estimates at hand, it is not surprising for the experts that Theorems 1.1 and 1.2 follow, but

the proofs still require delicate technical arguments, which we chose to give in detail.

2. PRELIMINARIES

2.1. Notation. We denote the Lebesgue measure of a set E C R™ by |E|. We denote the
distance function by distg(x) := infycp |z —y| and the signed distance function by dg : R" —
R, which is defined as

distp(z), for z e R"\ E

dE({L') =
—distgm\g(z), for z € E.

Clearly it holds distgp = |dg|. If for a given point x € R™ there is a unique distance minimizer
yon OF (that is distgg(x) = |xr—y|), we call y the projection of z onto OF and set y = mpr(x).
Given o > 0 we define the tubular neighborhood of dF as

(2.1) N,(0F) == {z € R" : distgr(x) < o}.

We denote the ball centred at x with radius r» by B,(x) and by B, if it is centred at the
origin. We say that a set E C R" satisfies the uniform ball condition (UBC) with a given
radius r > 0, if it simultaneously satisfies the exterior and interior ball condition with radius

r at every boundary point. To be more precise, for every x € OF there are balls B, () and
B, (x_) such that

By (z4+) CR"\E, By(z_)CE and z€ IdB,(xy)NIB(z_).

We will mostly deal with regular and bounded sets £ C R™. We denote the outer unit
normal by vg. As usual, a bounded set E C R is said to be C*®-regular, for some integer
k > 1 and an exponent 0 < a < 1, if its boundary is a C*®-regular hypersurface, i.e., for
every x € OF we may find a radius 7 > 0 and a function f € C*<(R"~!) such that, up to a
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rotation,

ENB(x) ={(,yn) €R" 1y < f(y)} N Br(2).
We say E is smooth if k& = co. If E satisfies the UBC with radius rg, then by [25, Proposi-
tion 2.7] (see also [13, Theorem 2.6] and [31, Proposition 2.1]) the above holds for r = r(/2,
i.e., up to a rotation

(2.2) EN B,y j2(z) ={(¥,yn) €R" 1 yn < f(y)} N By, 2(),
and the function f satisfies || f|| 1.1 (B (@) < %, assuming ro < 1. In particular, the radius
To/2

is independent of the point x. Here by B"~!(2') we denote a ball in R"~1. We say that E

is uniformly C*“-regular for k > 2 with constants g, Cy, if it satisfies the UBC with radius

ro and the function in (2.2) satisfies Hf”ck’a(B"*/l (@) < Co. The notions of Ck-regular and
r0/2

uniformly C*-regular function are defined similarly.

We define the matrix-valued function Pyg : OF — R" ® R™ by setting Pog = I — vg Q VE.
For a given point x € OF the map Pyg(x) is the orthogonal projection onto the tangent
hyperplane T, 0F := (vp(x))*.

For a given map X € C'(R™;R™) we define its tangential differential on OF as a matrix-
valued function VygX : OF — R™ @ R" by setting

VoprX :=VXPyp =VX — (VXVE) QR VE

and, by slight abuse of notation, the tangential gradient of a real valued function u : R — R
by Voru = Py Vu. In the case m = n, the tangential divergence of X is defined as divgg X :=
Tr(VaeX). In order to define the tangential Jacobian we denote the matrix associated with
the natural inclusion by I, : T,0EF — R", I,7 = 7 for 7 € T,0F, and define the tangential
Jacobian as JopX(x) := \/det (VopX(2) I,)T(Vop X (z) I,)). If E is C*regular, we may
define the tangential differential for maps X : 0F — R™ by extending them in a tubular

neighborhood of OF as X = X omyp and defining Vg X = VorX (see the discussion on
the regularity of the projection below).

If E is C?-regular, we define the symmetric matrix associated with the second fundamental
form as Bg := Vggvrg. Note that this is not the standard definition for the second funda-
mental form as Bg is an n X n-matrix with one eigenvalue always zero, but for our purposes
this is the most convenient choice of definition. The mean curvature can be then written
as Hg = Tr(Bg) = divpprp and the Gaussian curvature Kp(z) = det (I Bg(z)I,), where
I, : T,0E — R" is the inclusion defined above. We remark that for E C R?® we may write
Bg(x) for every z € OF as

Be(x) = K171 @ T1 + k2 T2 @ To,

where k1, ko are the principal curvatures and 71, 79 are the associated principal directions on
the tangent hyperplane T,,0F. Therefore it is clear that our definition of Bg is equivalent to
the standard notion of the second fundamental form and, in particular, it holds Hg = k1 + k9
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and Kp = k1ka. We use throughout the paper the fact that if E satisfies the UBC with
radius 7, them |Bg(z)| < 2. We have the divergence theorem for all X € C*(0E;R")

/ divopX d#" ' = | Hg(X -vg)d#" '
[2) ) OFE

Finally, we define the Laplace-Beltrami operator for a given u € C?(9F) as
Appu = divop(Vogpu).

If a bounded set E satisfies the UBC with radius 7, then the projection mgg is well defined
in 7, (0OF) and can be written as

mor(z) = x — dg(x)Vdg(x).

If in addition E is C%-regular, then dg € C?(1,.(OF)) and for any = € 1,.(OF) its Hessian at
x is given by

(2.3) VZdE(JZ) = BE(ﬂ'aE(.T))(I + dE(x)BE(ﬂ'aE(l’)))fl,

see [25, (2.33)]. We note that it is necessary to define the second fundamental form as the
n x n-matrix Vggvg for the formula (2.3) to hold. Note also that the projection myp is C*-
regular and we may write its differential using (2.3) and the fact that Vdg(x) = vp(rop(x))

Vﬂ'aE(x) =1 —-—Vdg®Vdg — dEVQdE

(2.4) .

=1— (vpomsp)® (VvEomor) — dp (Bgomor)(I + dp(Bg omsr)) .

We need also some notation from Riemannian geometry and as an introduction to the topic

we refer to [26]. Let us assume that £ C R" is a smooth and bounded set and set ¥ = 0F.

Since ¥ is embedded in R™ it has a natural metric g induced by the Euclidean metric. Then

(3, g) is a Riemannian manifold and we denote the inner product of any two vectors X,Y in
the tangent space T, by (X,Y’). Then, in local coordinates we have

(X,Y) =g(X,Y) = g;; X'V,

We extend the inner product in a natural way for tensors, while we denote by x - y the inner
product of two vectors in R™. We denote the space of smooth vector fields on ¥ by .7 (%)
and by a slight abuse of notation we denote the space of smooth k-th order tensor fields on X
by .7%(X). We denote the Riemannian connection on ¥ by V and recall that for a function
u € C(X) the covariant derivative Vu is a covector field defined for X € .7 (%) as

Vu(X) :=Vxu= Xu,
i.e., the derivative of u in the direction of X. We denote the covariant derivative of a smooth
k-tensor field FF € Z7%(X) by VF, which is a (k 4 1)-tensor field, for the definition see [26],
and the k-th order covariant derivative of a function u on ¥ by VFu € 7#(%).

We will always identify the tangent hyperplane T,0F := (vg(x))* and the tangent space
T,> as defined in Differential Geometry. With this convention the tangential gradient of
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u: Y = 0F — R is equivalent to its covariant derivative in the sense that for every tangent
vector 7 € T,0F it holds

Vu(r) = Vopu - T.

Since ¥ is embedded in R™ we may define the second fundamental form and denote it by
By,. Note that in this setting By (x) for € ¥ is understood as a bilinear form in 7,3 x T, X.

We define the Sobolev space WP(X) in a standard way for p € [1, 00], see e.g. [5], denote
the Hilbert space H'(X) = W'2(X) and define the associated norm for f € WhP(X) as

l
11 sy Ej/Wﬁﬂde%”*
k=0">

and for p = oo

£ It () Z%mWﬂ

T€EX

The above definition extends naturally to tensor fields. We adopt the convention that
lull oz = llullr2(sy and denote [[ullom(sy = [[ullwm. ) for m > 0. We remark that we
may define the space W*P(X) for k > 2 as above assuming that ¥ (i.e., the set E for which
¥ = 0F) is C*~Llregular. We remark that we may define the first order Sobolev space for
real valued functions by using the tangential derivatives and we will do this throughout the
paper. However, when we need higher order Sobolev spaces or Sobolev space for tensor fields
we need to rely on covariant derivatives.
Finally, we define the Holder norm of a continuous function u : ¥ — R by

|u(y) — u(z)]
U|| e = sup + ||u|| Lo
lules) = sup =00 52+ lullzeis)
T,YyeX

where d(y,x) denotes the geodesic distance between z and y on ¥. We define the Holder
norm of a tensor field T € 7%(X) as in [24]

1T |lce(sy = sup{[|T(X1, ..., Xi)lca(s) : Xi € T(E) with [ Xillcrs) <1}

2.2. Preliminary Results. We begin by recalling the interpolation inequalities with Sobolev-
norms on embedded surfaces. We use the result from [29, Proposition 6.5] (see also [16, Propo-
sition 4.3]) which states that under a curvature bound the standard interpolation inequalities
hold with a uniform constant.

Proposition 2.1. Assume ||Bs||p~,#" () < Cy and ¥ is C™-regular for m > 2. Then
forintegers 0 < k < 1 <m and numbers p € [1,00), q,r € [1,00] there is 0 € [k/l,1] such that
for every C'-reqular tensor field T on ¥ it holds

IV T | o) < CNT Gy |1 Ty
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for a constant C = C(k,l,n,p,q,r,0,Cy), provided that the following condition is satisfied

1__F +9<1_ l )+i(1—9).

p n-—1 q n-—1

Moreover, if f : 3 — R is a smooth function with fEi fd#H™ ' =0 on every component ¥; of

>, the above inequality can be written as

IVE Fllocs) < CIV FlGaqey 1F 1 1 (-

With the above assumptions on X, we also have the standard Sobolev embedding || f{|ce(s) <
Coll fllwrnes) for a =1~ % and p >n—1. If E C Bg, C R" is bounded and un1formly
cmB- regular, for m > 2 with constants rg, Cp, then we have also the classical interpolation
in Holder norms, i.e., for O < a < f <1land 0 <k <[ <m it holds

k+ o
I+p5’

where the constant depends on rg, Ry, Co, k, [, a, 3. The above formula follows from the Eu-

(25 1fllcram) < Ol I bty for 0=

clidean result, see for instance [28, Example 1.9].
The interpolation inequality in Proposition 2.1 implies the following useful estimate. The
proof is standard and we refer to [25, Proposition 2.3], and note that the proof is similar as

in the Euclidean case [39, Proposition 3.7]. We denote the norm of an index vector a € N by
lal =1+ +

Lemma 2.2. Assume ||Bs||p=,#" (X)) < Cy and ¥ is C™-regular for m > 2, and assume

Ti,...,T; are C™-regular tensor fields. Then for an index vector o € N with norm la] <k <
m it holds
[IVAT] - VT || L2y < C Z 1Toyllzoz) 1 Toa-1) o) 1 To@ | mr sy
ogES;

where the sum is over the permutation group S;. In particular,
k
VAT Do)l 2y < ClT1l oo o) 1 T2l i 5y + Cl T2l oo () I Tl 15 sy

We also need to bound the whole ||u]| z2x-norm with the norm ||A*u|| ;2. Similarly we need
to bound || Bg||2r-norm with the norm |A*Hyg| 2 This is given by the following lemma
whose proof can be found e.g. in [25, Lemma 2.5 & Proposition 2.6].

Lemma 2.3. Assume ¥ = 0E C R" is C?***_regular with #"~(X), || Bs||r~ < C. Then for
all f € C?(X) it holds

[ £l 2w sy < Ck(HAkam om) + (L + [[VorA* " Hopll r20m) | fll L 08))
£l rze-1 sy < Cr(IIVorA* ™ fllr2om) + (1 + |1A " Hogllr20m) 1 f | 1 (08)) -
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Moreover, it holds
| B[ gr2e—2(s) < Cr(1 + IA* " Hopl120m)),
I Bsll 215y < Cr(1 + Vo A" Hopll 12 (o8))-
Here the constant Cy depends only on n, k and C.

The estimates for || f|| 2x(x) in Lemma 2.3 are sharp with respect to the norm on the cur-
vature. However, since we assume that the second fundamental form is point-wise uniformly

bounded the following holds under the assumptions of Lemma 2.3

(2.6) 1f |2y < CUIAFflL20m) + I1f 1 L2008)) -
This follows from a similar argument as the Lichnerowicz’s theorem [5, Theorem 4.19] (see
e.g. [20, Remark 2.4 & 2.5)).

The above results hold for standard Sobolev-norms. In the definition of the minimizing
movement scheme it appears a geometric H~!-distance, which is defined for sets of finite
perimeter E, F' as

(2.7) dy-1(F;E) = sup / f(mor(@)(xr(z) — xe(z)) do.
IVorfll 2om<1/R™

Note that the projection wgg is well-defined almost everywhere in R™. Indeed, this follows
from the fact that the projection is unique at points where the signed distance function dg is
differentiable. Note that (2.7) is not symmetric as it is defined using the projection on E.

It is immediate that if dg-1(F; E) is finite then necessarily |F| = |E|. In general however,
it is not clear what is the sufficient condition for the set F' to have finite distance in (2.7). The
situation becomes more clear if we assume that E satisfies the UBC with radius ry. Indeed,
then the signed distance function dg is differentiable in 71, (OF), the projection is well defined
there and we may define a map ®, : OF — {z € R" : dg(z) = 7}, with 7 € (—r¢,1r0), as
(2.8) ¢, () =2+ TvE(z)
which is a bijection. Moreover, the boundary 0F has finite number of components 3, ..., X .
In this case we may characterize the sets F' with finite dg-1-distance from F when we con-
straint them to satisfy FAE C N,,(0F). We state this as a lemma. We state the lemma in

three dimensions in order to simplify the technicalities, but the result easily generalizes to
any dimension.

Lemma 2.4. Assume that E C R? is C%-reqular, E C Bg,, satisfies the UBC with radius o
and denote the components of OF by 3;. Let F' be a measurable set such that

FAE C N, (0F)

and define the function {p g : OF — R as
To

(2.9)  Epp(z) = / (xr(z +1vE(2) — XEB(x + TvE(2) (1 4+ Hp(2)T + Kg(2)r?) dr.

—7Q
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Then it holds dg-1(F; E) < oo if and only if
(2.10) / Erppd#H? =0
3

for every component ¥; of OF.

Proof. The lemma follows from the co-area formula and the fact that the tangential Jacobian
of @, defined in (2.8) is

Jop®,(z) =1+ Hg(x)T + Kg(z)r2.

In fat, the assumption FAE C N, (OF), combined with the co-area formula and a change of
variables, implies that we may write for f € H(OF)

[, fmon@) @) - xe@)de = [ frap(a)cr(@) - xe() do

Ny (OE)

- /To / f(rag(@)(xr(x) — xE(x)) d#?(x) dr
—rg J{z:dg(z)=T}
-/ [ @00 (@) = X (0 (2))) o () A ()

- / (@) () A7 (x).
OF

If (2.10) holds, we may assume that also f satisfies fZi fd#? =0 in every component ¥;. By
Poincaré inequality it holds

- f(@)épp(x) dit* (@) < C||fll20m) < ClIVorfllzom)
and therefore dy—1(F; E) is finite. It is also immediate that (2.10) is a necessary condition
for dy-1(F; E) < 0. O

If in addition to the assumptions of Lemma 2.4, the set F is C''-regular and OF is a normal

deformation of OF, i.e.,
OF = {z+ ¢Y(z)vg(z) : © € OF},

then we may write the function (2.9) explicitly as
H K
(2.11) Sre =19+ 7]31/12 + 7E1/13-

We may also characterize the function f € H'(OF) attaining the supremum in (2.7) as a

solution of the equation

(2.12) ~Dopf =~ ol on OF.

-1 (F3 E)
Finally note that if E is in addition C?®-regular, then f in (2.12) is also C*®-regular. This

follows from standard elliptic regularity estimates.



SURFACE DIFFUSION 13

Let us define the standard H!'-norm for functions on OF as

(2.13) [ fla-10E) = sup fgd#t*.
HV8E9”L2(3E>§1 )

Then we have trivially the following interpolation inequality

1 1
(2.14) |Fllz20m) < IVorf 1 aom 11310,

for all f € HY(OF). If f has zero average on every components of ¥;, then Poincaré inequality
implies || f[|g-19m) < Clfl|2(9E). Moreover, by the proof of Lemma 2.4 it holds

(2.15) dp—(F; E) = |€rellm-1008)
where {p f is defined in (2.9).

2.3. Useful formulas. In case OF is a normal deformation of OF and is parametrized by
the heightfunction 1, we may write the mean curvature Hg in terms of 9. These calculations
are standard and can be found e.g. in [30] (see also [20]). However, we need this formula with
an explicit dependence on the reference set OF, which we did not find in the literature. The
key point is that the expansion of the mean curvature of F' depends on the derivative of Bg,
which presents a significant challenge in the forthcoming analysis. This dependence leads to a
loss of regularity when expanding the mean curvature using the height function. Specifically,
it requires more regularity from E than what the formula provides for F. We address this
issue by using the fact that the term involving the derivatives of B is quadratically small.

We assume that E is C3-regular, satisfies the UBC with radius r, and F is C?-regular such
that FAE C 1,(OF) and we may write its boundary as

(2.16) OF ={z 4+ ¢Y(x)vg(z) : v € OE}
for ¢ € C%(OF). We define a diffeomorphism ¥ : 0E — OF as
(2.17) U(z) =z + p(x)ve(z).

Let us first make some easy observations. Since FAE C 1,(9F), the projection myp is
well defined on OF and it holds for y € OF, setting z = myp(y),

(218) dp(y) = ¥(2),  Vmop(y) =1 —ve(z) ®ve(z) — (z) Be(x)(I +v(z)Be(z)

where the latter follows from (2.4). We may extend a given function f € C*(OF) as fompg :
N,.(OF) — R. In particular, this function is defined on OF and we may calculate the tangential
gradient of f oy : OF — R at y € OF as

(2.19) Vor(fomor)(y) = (Vormor () Vor f(mar(y)).

Indeed, we obtain (2.19) by using the fact that in 71,.(OF) it holds f o g = f o moE © THE-
We differentiate this and have for all y € 1,.(OF)

V(foman)(y) = (Vror(y)) V(f o mor)(man(y))-
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The equality (2.19) then follows from above, by observing that since myg(y) € OF it holds by
the definition of tangential gradient V(f o mgg)(mar(y)) = Vor f(Tar(y))-

We may now derive our formula for the expansion of the mean curvature.

Lemma 2.5. Assume E C R™ is C3-regular and satisfies the UBC with radius r, and F C R"
is C2%-regular such that FAE C N.(OF) and we may write its boundary as (2.16) for ¢ €
C2(OE). Then it holds for v € OF = %

Hp(¥(z)) = —Appy(z) + Hp(x) + Ro(z),
where ¥ is defined in (2.17). The error term is of the form
(2.20) Ro = (A1(¢By;, V), V2) + (A2(¢Bs, Vi), V(¢ Bs)) + ao(, Vi), Bs)

where Ay, Aa are smooth tensor fields such that A;(0,0) =0 and ag is a smooth function with
ap(0,0,-) = 0.

Proof. We observe that for ¥ : 0F — OF defined as in (2.17) it holds ¥~ = 7wy : OF — OF.
For every tangent vector 7 € T,0F it holds Vop ¥ (x)7T € Ty (,)0F and

(2.21) Vop¥(z)T = (I +9(x)Bg(x)T + (Vopt - T)vp(x).
We define N : E — R" as
(2.22) N(z) = —(I +¢(2)Bp(x)) "' Vop(z) + vp(z).
Then it holds for every 7 € T,dE that

(Vor¥(z)r) - N(z) = 0.

It follows from (2.16) that vp(V¥(z)) - vg(x) > 0. Therefore at every y € OF the vector
N(mpp(y)) is in the direction of the normal vp(y), i

(v
(2.23) v(y) = E”)

[N (mor(y))|
Therefore it holds
Hp(y) = (divopve)(y)
1 . _
(2.24) = m(leaF(N omop))(y) + Vor (|N(W8E(y))| 1) - N(map(y))
1 .
= m(dlvap(]v OFaE))(y),

where the last equality follows from the fact that N(mpgr(y)) is in the direction of vr(y).
We split N = N; + Ns as

Ny = —(I+9Bg) 'Vogp and Ny =uvpg.
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Note that N7 and N, are orthogonal and Nj is a tangent vector field, by which we mean
that Ny(z) € T,O0F for every x € OE. By (2.24) we need to calculate divgr(Ni o mgg) and
divogrp(No o o). We write

(2.25) IN(moe(y))l =1+ a1(¢¥Bs, V),

where the function satisfies a1(0,0) = 0.
Let us first calculate divgr(Ny o mpg). Fix y € OF and denote x = myp(y). We use (2.19)
component-wise to infer

(2:26) divop (N1 o mop)(y) = Tr(Vop N1 (2)Vmar(y) Por (v)),

where Pyp = I —vp @ vp. By (2.23), (2.25) and by the definition of N in (2.22) we find that
there are smooth tangent vector fields A; = Ai(wBE,VaEw), with ¢ = 1,2, and a smooth
function ag = ao(¢¥(x)Bg(z), Vopt(x)) such that

(2.27) Pap(y) — P3E<a?) = —Al (=) Al + AQ & I/E(.%') -+ VE({L') (=) AQ + as I/E(.%') & VE(.%'),
and it holds A4;(0,0) = 0, a(0,0) = 0. We may thus write (2.26) using (2.18), (2.27) and
recalling that Ny = —(I + ¥ Bg) Vg is a tangent vector field

(2.28)  divor(Ni o mop) = —Aopt + (A1(¥Bs, VY), V) + (Aa(4 By, Vi), V(¢ By)),

where A, Ay are smooth tensor fields such that A4;(0,0) = 0.
Let us then calculate divgp(Ny o mgp). We have N o mygp = vg o mgp = Vdg. By (2.3) it
holds

V2dg(y) = Be(z)(I + ¢ (2)Be(x)) .

Therefore we have by (2.27) (denote the vector field by A; = Ay(¢¥Bg, Vagt)) for y € OF
that

(2.29)
divop (N2 o mpgg) = Tr(VerVdg) = Tr(PaF(y)VQdE(y)))

= Tr(V2dp(y)) — (VZdp(y) A1) - Ay
= Tr(Bp(x)(I +¢(2)Bp(x)) ")) — (Be(z)(I +¢(z)Bp(x) ' A1) - 4
= Hg(x) + a3(¢,VorY, Bg),

where a3 is a smooth function such that a3(0,0,-) = 0. The claim then follows from (2.24),
(2.25), from N = Nj + Na, (2.28) and from (2.29). O

We remark that if £ and F' are as in Lemma 2.5, then we may use (2.27) to write the
tangential derivative of a function f: F — R in (2.19) on y € JF), setting x = myr(y), as

(2.30) Vor(f o mop)(y) = (I + A(¥(2), Vopt(z), ve(x), Bp()) Vor f (2)

for a smooth matrix-valued function with A(0,0,-,-) = 0.
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2.4. Almost minimizers of the perimeter. In this section we discuss properties of almost
minimizers of the perimeter. We will use the following definition.

Definition 2.6. A set of finite perimeter F' C R™ is a (A, «)-minimizer of the perimeter for
A >0 and o € [0, L) if for every set of finite perimeter G C R™ it holds

P(F) < P(G) + A[FAG|' ™.

Moreover, we say that F is a A-minimizer of the perimeter if it is (A, 0)-minimizer of the

perimeter.

We point out that the definition of (A, «)-minimizer is closely related to the one of w-
minimizer of the perimeter (see [37]), where a set of finite perimeter F' C R™ is an (wp, ro, 5)-
minimizer of the perimeter if for all x and r < rg and every set of finite perimeter G C R”
with GAF C By(z) it holds

P(F) < P(G) + wor™ 7.
It is clear that if a set is a (A, @)-minimizer of the perimeter according to Definition 2.6, then

|'=@ say for g = 1, and 8 = 1 — na. Therefore

it is (wo,ro, B)-minimizer for wy = A|B;
Definition 2.6 is stronger than the w-minimality defined above as it does not require the
perturbation to be local.

It is well-known that if £ C R" satisfies the UBC with radius rg, then it is a A-minimizer
of the perimeter, where A = A(n,rg). We state this result below as a lemma whose proof can

be found in [2, Lemma 4.1].

Lemma 2.7. Assume that E C R™ is bounded and satisfies the UBC with radius ro, then it
is a A-minimizer of the perimeter, i.e., every set of finite perimeter G C R™ it holds

P(FE) < P(G) + A|[EAG],
for A = %, for a dimensional constant C. In particular, P(E) < A|E|.

We remark that if £ C R" satisfies the UBC with radius 79 and E' C Bpg,, then we may
bound its perimeter by Lemma 2.7 as P(E) < A|E| < A|Bpg,|-

The following lemma states some useful regularity properties that almost minimizers of the
perimeter introduced in Definition 2.6 inherit from perimeter minimizers [37].
Lemma 2.8. Assume that E C Br, C R" satisfies the UBC with radius ro and is uniformly
C?B _regular with constants ro, Co, and F is (A, o)-minimizer of the perimeter for o € (0, %)
Then for v < min{p, % — Tt} there is dg € (0,70/2), depending on Rg,ro, Co, A, o,y and the
dimension, such that if

FAFE C N5,(0F)
then there is ¢ € CY7(OE) such that

OF = {x + ¢Y(z)vp(z) : x € OF}.

Moreover, for every e > 0 there is 6o = do(€) such that ||{||c1om) < €.
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Proof. We first note that by the assumption FAE C MN;,(0F) for every x € OF the set
OF N By, (x) is non-empty.

Let us fix € > 0. We claim that there is dg = do(€) € (0, g§e) such that if F' and E are as
in the assumptions, then for every z € OE and every y € OF N Bs,(z) it holds

(2.31) lvp(z) —vr(y)| < e.

We argue by contradiction and assume that there exist Ej, Fj satisfying the assumptions
with F and F replaced by Ej and Fy, respectively, such that FyAE, C N 1 (0E)) and points
xr € OFg, yi € OF, N B%(l’k) such that

(2.32) v, (zr) = vr (yr)| = &

for some € > 0. By passing to a subsequence we may assume that zp — x, yp = x, B, - F
in €2 for all 0 < # < B and F, — E in the Hausdorff distance, E satisfies the UBC
and is in particular a A-minimizer of the perimeter. Then vg, (zr) — vg(z), while from
(A, a)-minimality of the sets F}, it follows by [37, Section 1.9] that vp, (yx) — ve(z), which
contradicts (2.32).

The lemma follows from (2.31) by standard regularity argument. Indeed, let us fix zy € OF.
We may assume xp = 0 and vg(0) = e,. Since E satisfies the UBC with radius rg, we may

r0/2

ro < 1, see (2.2). Then it holds |vp(z) — e, < € for all x € OE N B,_, where r. = 3e¢.
We note that §y < gge implies dp < . Then by (2.31) we have |vp(y) — e,| < 2¢ for all
y € 0FNB re . Choose any point yo € 0F' N Bs,. By the previous inequality and the perimeter

write N B, /o as a subgraph of a function f : B" ! — R with HfHCl’l(anl) < %, assuming
ro/2

density estimates for (A, «)-minimizers we then deduce that the excess

T 1

8(u.5) = min s | vi(y) — wf die" () < O,
2 wl=1 (re/2)71 OF B (30)

provided . < r1 = r1(n, A, a), for some constant C' = C(n, A, «). Then, it follows from the

so-called e-regularity theorem, see for instance [37], and from the inclusion B, /4 C Br_ja (yo)

that there is ¢ : B:";/}l — R such that

FNB, s ={W,y) €ER" 1y, <0(y)} N B, 4

with ||g0||01,7/(Bn_1) < Cand 7/ = § — . The existence of the heightfunction ¢ € C17(9E)
re/4

then follows from the fact that OF is uniformly C?P-regular, see [15, Section 1.2] for the
precise argument. The smallness of the norm [|¢)|c1,49py for v < min{3,~'} when dy is
small, follows from interpolation inequality (2.5) observing that [[1]/co < do. O

As stated in Lemma 2.7, if E C Bp, satisfies the UBC with radius rg, then it is a A-

minimizer of the perimeter. Moreover for every s € (=%, %) also the set

(2.33) Es={zeR":dg(z) < s}
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satisfies the UBC with radius rp/2. Thus Lemma 2.7 implies that if G C R" is a set of finite

perimeter, then for every s € (=%, %) it holds
(2.34) P(GNEy) <P(G)+AG\Es] and P(GUE;) < P(G)+ A|Es\ G,

for A = A(rp,n), by possibly increasing A.
We will consider constrained minimization problems and to this aim we introduce the

following definition.

Definition 2.9. A set of finite perimeter F C R"™ is a constrained (A, «)-minimizer of the
perimeter for A >0 and o € [0, X

n

) if for every set of finite perimeter G such that

GAF C T,(0E) and |G| = |F|

it holds
P(F) < P(G) + A|[FAG|' ™.

Lemma 2.10. Assume that E C R" satisfies the UBC with radius ro, E C Bg, and let F' be

a constrained (A, o)-minimizer such that |F| = |E| and

FAE C N5(9E)

ford € (0,79/4). Then F is a (A1, a)-minimizer of the perimeter (without constraint) accord-
ing to Definition 2.6, where Ay = A1(A,ro, Ro,n).

Proof. Let us fix a set of finite perimeter G C R". We first notice that we may assume
|FAG| < 1. Indeed, if not then the inequality P(F) < P(G)+ A1|FAG|'~® holds trivially by
choosing A1 > P(F'). Note also that we may bound the perimeter of F' by choosing G = E
and using the assumption on F' to have

P(F) < P(E)+ A|FAE|'™ < P(E) + A|Bg,|.

The above estimate leads to the bound on the perimeter of F' recalling that Lemma 2.7 yields
P(E) < A|Bg,|-

The rest of the proof is based on a calibration argument and to this aim we recall our
notation (2.33) for Es = {z € R" : dg(x) < s} and that E; satisfies the UBC for radius
ro/2 for all s € (—75,%). The following argument will only rely on the estimate (2.34) and
therefore all the constants below, denoted simply by Ag, will depend only on rg and the
dimension n.

Let G C R™ be such that |[FAG| < 1. We define

G = (GﬂEg) U FE_s.

Then it holds GAE C 115(0E) and GAG = (G \ Es)U(E_s\ G). Since FAE C 115(0E) then
F C Es and int E_s C F, which implies

(2.35) |GAG| < |GAF.
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Using (2.34) and (2.35) we may estimate the perimeter as
(2.36) P(G) < P(G) 4+ A|GAG| < P(G) + Ag|GAF|.

It holds either |G| > |F| or |G| < |F|. Let us assume the former, the other case being
similar. Define a continuous function w : [—0, §] — R,

w(s) =|EsNGl.
It holds by the construction of G and from E_; C F that
w(®) =|G| >|F|] and w(=6)=|GNE_;|=|E_s| <|F|.
Therefore there exists 7 € [0, §] such that w(7) = |F|, and thus the set G, = E, NG satisfies
|G| = |F|. Note also that it follows from G, C G and (2.35) that
GAG,| = |G] - |G+ = |G| — |F| < |GAF
(2.37) < |GAF| + |GAG|
< 2|GAF|.
Moreover, using (2.34) and (2.37) we have

(2.38) P(G,) < P(G) + A|GAG,| < P(G) + 2Ag|GAF|.

Since G;AE C Ns(OF) and |G| = |F|, we have by the assumption on F' that
P(F) < P(G:) + A|G-AF|'™* < P(G:) + A(|GAF|'™* + |GAG|'™* + |GAG,|' ™).
The claim then follows from (2.35), (2.36), (2.37) and (2.38). O

3. GEOMETRIC ESTIMATE

We need a higher order version of the fact that if a bounded set F satisfies the UBC, then
it is a A-minimizer of the perimeter (Lemma 2.7). While the result in Lemma 2.7 follows
from standard calibration argument, its higher order version, which is formulated below, is
considerably more challenging due to the degenerate nature of the H~!-distance (2.7). Note
that, since the UBC condition implies that E is of class C"!, this allows us to define the
Sobolev space H?(X), ¥ = OF as discussed in the previous section.

Proposition 3.1. Assume E C R3 satisfies the UBC with radius ro, E C Bg,, and IHE| 2
Ky. Then there exist 1 € (0,79) and As > 1, depending on ro, Ry and Ky, such that for every
set of finite perimeter FAE C 115, (OF) it holds

IA

(3.1) P(E) < P(F) + Asdy—1 (F; E),

where dy—1(F; E) is defined in (2.7). Moreover, if F is C'-reqular and there is 1 € C'(OF)
such that

(3.2) OF = {x + ¢(2)vp(x) :x € OB}  with  |[¥]|c1(om) < 61
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then

1
(3.3) V0501220, + P(E) < P(F) + Aodyg-1(F B).

Proof. We begin by proving the claim (3.3). Note first that the assumption ||Hg| g2y < Ko
implies || Bx| g2(sy < C. Indeed, given € OF, up to a rotation we can write £ N By /5(z)
as in (2.2), where the function f € Cl’l(BfO/Q(a:’)) satisfies in BTQO/Q(J:’) the mean-curvature
equation with right-hand-side given by the function H(z') = Hg((z/, f(2'))) € HQ(BfO/2 ().
As a result, by standard elliptic estimates we get that f is bounded in H 4(330 / (")), which
in turn, implies that By is bounded in H?(X) and, by the Sobolev embedding theorem, that
E is uniformly C?“-regular for any o € (0,1) and it holds

(3-4) IBellze + IVBslle < Cp,

where C), = Cp(r0, Ro, Ko, p) for every p € (1,00).
Since F is uniformly C?“-regular we may define a diffeomorphism ¥ : 0F — OF,

U(z) =2+ Y(x)ve().

Let us fix a point x € OF and choose an orthonormal basis 71,7 of the tangent hyperplane
T,0F such that Bg(z)7; = ki(x)7;, where k;(x) are the principal curvatures of 9F. By (2.21)
it holds

Vor¥(z)r; = (1 +¢(z)ki(2)7 + Vi () vp(2),
where V;1(x) denotes the derivative in direction 7;. Hence, the tangential Jacobian is
_ _ 1
(3.5) Jor¥ = ((1+9r1)* (14 v¥r2)? + (1 + ¢r1)*| Voo + (1 4 9r2)?[Vig?) 2 .
Since vVI+7 > 14 % — 72 for |7| < £, we deduce that
1
Jop® = 1+ Hptp + 2| VY[* — Cy?

when ||¢||c1 < 03 for ¢; is small enough. We use the area formula to conclude

1
(3.6) P(F)= /aE JopV d#* > P(E) + /BE Hg 1 d#* + guvawlliz(m — CllYl22(om)-

Next we recall (2.15), i.e., dg-1(F; E) = |[€relg-1(0E), where g is defined in (2.11).
In the following we write simply § = {pp. We claim that when |[¢)||c1 < 61, and when
01 = d(ro, Ro, Ko) is small enough it holds

1
S[b(@)] < lg@)] < 204(2)],
IVorlr2om) < 21Vaetl2@m + VoYl 2om)-

The inequalities on the first line follow immediately from (3.4). For the inequality on the

(3.7)

second line in (3.7) we have by straightforward calculation and by applying (3.4)
\Voré(r)] < 2|Vapy(x)| + Cy*(x)|VBs(z)| for a.e. x € OF.
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By Hélder’s inequality and (3.4) we have
IVoréllL2or) < 2IIVorY | L208m) + CWH%S(@E)’WBEHLLI(E)
<2|Vortl20m) + ClYll7som)-
The claim (3.7) then follows from interpolation inequality in Proposition 2.1, as
ClYlTsom < Cllvlwiaer ¥l 2es) < Colvl2om < Vorllvllzes),

when 47 is small enough.
We proceed by using (3.7) to write (3.6) as

1
(3.8) P(F) =z P(E) + /BE Hp & d#* + §||V6E¢H%2(8E) - Cliél22(om)-
By the assumptions on E and by (2.15) it holds

(3.9) - /8 M €3 < Cl€llnom) = Oy (F: ),

where the constant C' depends on rg and K.
By the interpolation inequality (2.14) and by (3.7) we have

Hf”%?(aE) < |IVoréllL2om)lléll -1 0m)
< 2|Vortllr20m 1€l a-10m) + Vo1Vl 20m 1€l -1 (om)
<2|Vortlr2op lElla-10E) + C\/EHfH%%aE),
where in the last inequality we used [|{]|gz-19) < Cll€lz2(oE) and || < 2|€|. Therefore when

61 is small enough we have

||§H%2(3E) < 4Vortl 2ol a-16E)-
It also holds
€]l zr-10E) < CliéllL2or) < CllYllL20E) < Co1.
Therefore when §; is small, we have by the two above inequalities and by (2.15) that
HfH%?(aE) < A4Vortl 2o a1k
(3.10) < el Vorvllizom) + Celélt-1 o)
< el Vorylli2(op) + Cedidy-1 (F; E).
Therefore we deduce from (3.8), (3.9) and (3.10) that

1
(5 <) 1VeeblEaey + PLE) < PUF) + Ol 1 (F: ),
Thus we have (3.3) when ¢ is chosen small enough.

Let us then prove the first claim (3.1). We define the functional

(3.11) J(F) := P(F) 4 Aady—1 (F; E), FAE C 15(0F),
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where Aj is the constant from (3.3) and 6 € (0,). Using direct method of calculus of
variations we deduce that § has a minimizer, say F. The first claim (3.1) follows once we
show that E is a minimizer of (3.11), when 0 is chosen small enough.

We first claim that the minimizer F' is a (A, «)-minimizer of the perimeter, for any « €
(0, %), according to Definition 2.6, where A depends on rg, Ry, Ko, A2 and a. Since for F
it clearly holds dp-1(F'; E) < oo, then by Lemma 2.4 we may divide the set F' in pieces F;
according to the components ¥; of OF, i.e., F;AE C 115(%;). By taking variations of each piece
F; separately, we may reduce to compare F with sets G C 75(E) such that GAF C 15(%;).
For these sets we have by Lemma 2.4 that dy-1(G; E) < oo if |G| = |E|. Moreover, the
supremum in the definition of dy-1(G; E) is attained say by a function fg € H'(OF). By
the condition (2.10) for {; g we may assume that the function fg has zero average on each
component ¥;. Therefore we have by the Sobolev embedding

(3.12) Ifelleeor) < CollVorfallrz@r) < Cp

for all p > 2. By the minimality of F' it holds

(3.13) P(F)— P(G) < Aa(dg-1(Gy E) —dy-1(F; E))
and

dgr-1(G; E) — dg—1 (F; E)

< / fo(mon(@))(xa (@) — vp(@))de — / Jo(mon(@)) (xr(@) — xp(2))de

(3.14) e #

- / Je(mon(@)) (xa (@) — xr(@))de
R3

<|fgo WBEHLP(H(;(GE))HXG - XFHL%(R;;)'

The inequality (3.12) implies || fo o Tog | Lr(ns0r)) < C and therefore we deduce from (3.13)
and (3.14) that

P(F) < P(G) + CAs|GAF| .

Hence, the minimizer F' is a constrained (A, «)-minimizer in the sense of Definition 2.9 for
a= %. By Lemma 2.10, F' is also (A1, @)-minimizer for A; depending on r¢, Ry, p.

By choosing § small enough in (3.11), we may deduce by Lemma 2.8 that F is C'-regular
and there is ¢ € C'(9E) with [[¢[c1op) < 01, where 6; is as in (3.2), such that

OF = {x + ¢Y(x)vp(z) : x € OF}.
We then have from (3.3), which we proved above, that
P(E) < P(F)+ Aadpg—1(F E).

This proves that E is a minimizer of (3.11), which implies the claim.
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4. REGULARITY ESTIMATES FOR THE FLOW

4.1. Definition of the flat flow solution. We begin by giving the construction of the flat
flow solution for the surface diffusion flow, which is a slight modification of the one proposed
by Cahn-Taylor in [9] by introducing an additional constraint. We first fix our constraint
parameter 6 > 0 and then the time step h > 0, and given a bounded set £ C R3 of finite
perimeter, which coincides with its Lebesgue representative, we consider the minimization
problem
dg—1(F; E)?
oh

and note that the minimizer exists. The constraint in (4.1), which requires the sets to be in a

(4.1) min {P(F) + FAE TTg(@*E)}

neighborhood of F, simplifies the forthcoming analysis, and as we will see, it does not affect
the actual construction if the set E is regular enough. Indeed, we will see that the minimizer
F of (4.1) is also regular and satisfies FAE C Ny~ (0*E) for v > 0 when h is small enough. In
other words, we need the constraint in (4.1) to overcome the lack of coerciveness with respect
to dg-1.

Let By C R3 be a bounded set of finite perimeter which coincides with its Lebesgue
representative. We construct the discrete-in-time evolution {E,};"S}keN recursively setting
E0) = Eg,& and, assuming that EZ’(S is defined, we set E,?fl to be a minimizer of (4.1) with
E= EZ"S. We define the approzimate flat flow {E™(t)}i>0 by setting

EM(t)y = EM  for t € [kh, (k+ 1)h).

We define a flat flow solution {E%(t)}4>q of the surface diffusion as any cluster point when
we let h — 0.

4.2. The first regularity estimates. Let us study the minimization problem (4.1). Through-
out the rest of this section we will assume that the set E C R3 is C5-regular and satisfies the
assumptions of Proposition 3.1, i.e.,

(4.2) E satisfies the UBC with radius 79, £ C Br, and |[AppHE|r2098) < Ko,

for some Ky > 1. Note that the above assumptions imply that the set E is uniformly C?7-
regular for any v € (0,1). The first consequence of Proposition 3.1 is the following.

Proposition 4.1. Assume E C R3 is C®-regular, satisfies the assumptions (4.2), and let
F C R? be a minimizer of (4.1) with § < &1, where 0y is from Proposition 3.1. Then there is
Cy, depending on rg, Ry, Ko, such that

(4.3) dgr—1 (F; E) < Coh

for h < hgy, where hy depends on ro, Ry, Ko and on 6. Moreover, F is a (A, «)-minimizer of
the perimeter for every o € (0, %), where A depends on ro, Ry, Ky and c.
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In addition, if § < d2, where 62 = min{dy, 01} and dy is from Lemma 2.8 with € = &1, then
F is CS-regular, |HFl 1) < Co, there is i € CYOE) such that OF = {z + ¢ (z)vg(z) :
x € OE} and we have the estimates

1
(4.4) 14l 1 om) < CovVh and  [[¥]lc1(om) < B9,

when h < hg. Moreover, for any e > 0 there is Ce such that ||{b||pe@ap) < Cgh%{.

Proof. The estimate (4.3) follows immediately by using the minimality of F' against E, and

from (3.1) stated in Proposition 3.1,

dy-1(F; E)?
2h

Next we prove that the minimizer F is a (A, o)-minimizer of the perimeter for any o € (0, 3).

P(F) + < P(E) < P(F) + Aydy—1 (F; E).

Arguing as in the proof of Proposition 3.1, we may reduce to considering sets G C 15(E) such
that GAF C 15(%;) where ¥; is a component of OE. For these sets we have by Lemma 2.4
that dy-1(G; E) < oo if |G| = |F|. Moreover, the supremum in the definition of diy-1(G; E)
is attained say by a function fg € HY(OE). By the condition (2.10) for {¢ g we may assume
that the function fg has zero average on every component ;. Therefore we have by the
Sobolev embedding || f&|zeom) < ClIVorfallr2om < C for p= 1. We will show that

(4.5) P(F) < P(G) 4+ A|GAF|*,

We remark that by Lemma 2.10, the estimate (4.5) then implies that F' is a (A1, a)-minimizer
of the perimeter according to the Definition 2.6. We divide the proof of (4.5) in two cases.

Let us first assume that dg-1(G; E) < 2Cyh, where Cj is the constant from (4.3). By the
minimality of F' we have
dg 1 (F; B)? A1 (G; B)?

2h 2h '

Ifdy—1(G; E) <dy-1(F; E), then (4.5) follows immediately. Let us then assume dy-1(G; E) >
dy-1(F; E). By (4.3) it holds
1
= 2h
<2Co (dpg-1(G; E) — dp-1(F; E)) -

P(F)+ < P(G) +

P(F) = P(G) < o (dg1(G; B) + dg+(F; E)) (dgg 1 (G; B) — dig+ (F E)

(4.6)

Using (3.14) we deduce
(4.7) dy—(G; E) —dpy—(F; E) < || fa o map|lrmsor) Ixa — XF||LP%1(R3) < C|GAF|'™*,

where the last inequality follows from || f¢||1r(9r) < C and p = 1. This together with (4.6)

(e
implies (4.5).
Let us then assume that dg-1(G; E) > 2Coh. Note that by (4.3) it holds

(4.8) dy1(F;E) < %dH,I(G; E).
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Using first the minimality of F' against F, then (3.1) with F' replaced by G, and finally (4.8),
we obtain

P(F) < P(FE) < P(G)+ Aady-1(G; E)
< P(G) + 2As (dHfl (G;E) —dg— (F; E))
The claim (4.5) then follows from (4.7).
We may use Lemma 2.8 to deduce that when ¢ is small enough, there is ¢ € cls (OF) with
H@ZJHCI }(oE) < 601, where 9 is from Proposition 3.1, such that OF = {z+v¢(x)vg(z) : x € OF}.
Then (3.3), the minimality of ' and (4.3) imply

1
Vot iz + P(E) < P(F) + Aady-1(F; E) < P(E) + Ch.

This yields

IVortlr2om) < CVh.
The estimate [|¢)]|zr1(9m) < Cv/'h then follows from (3.7) and (3.10). In particular, we deduce
by the Sobolev embedding and the C'-bound on 7 that 1] oo (aE) < Cgh%_e for any € > 0

and therefore the minimizer F' does not touch the constraint 715(0F) when h is small enough.

Hence, we may calculate the Euler-Lagrange equation for F' which states that

dy—1(F; E)
h

where f is the function which attains the supremum in dg-1(F; E). Note that since E is

(4.9) Hp + fomap = A on OF,

CP-regular and since f solves (2.12), we may bootstrap the regularity of F' to C%7 for any

€ (0,1). We remark that the C5-regularity depends on h.

The estimate ||Hp||g1(pr) < C then follows from (4.9), from dp-1(F; E) < Coh, and from
the fact that |[Vorf|r2(9p) < 1 which in turn yields |[Vor(f o mor)|lz2(9r) < C by (2.19).
Finally the estimate [[¢||c1(9p) < hs follows from 19| oo (aE) < C.h2s, ”1/)”01’%(8]2) < 4
and the interpolation inequality (2.5). O

As we already mentioned, an important consequence of Proposition 4.1 is that a minimizer
of (4.1) does not touch the constraint 15(0*E) when h < hy. We may then calculate the
Euler-Lagrange equation for the minimizer F', and obtain by (2.12) and (4.9) that

Hp + 7dH71,EF;E)f omHgE = A on OF

~Dopf = 7y fﬁ;; o on OE,

(4.10)

where £p g is defined in (2.11). We remark that if E is C°7-regular for some v € (0,1), then
by the elliptic regularity theory we may conclude that F is C%7-regular. This means that the
minimizing movement scheme has a regularizing effect.

We may use Lemma 2.5 to combine the two above equations into the following

(4.11) (1/1 + 71/}2 + 3E1/13> = App (—App + Hg) + AppRy  on OE,
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where the error term Ry is of the form (2.20). The estimates in Proposition 4.1 do not
guarantee that we keep the uniform ball condition, because the bound ||Hp||g1(9r) < C does
not imply a bound for ||Br| e~ gr). Therefore we need to upgrade the regularity estimates
from Proposition 4.1, which we do by using the equation (4.11).

Lemma 4.2. Assume E C R3 is C°-reqular, satisfies the assumptions (4.2) and Ao HE|| i or)
< Koh_%. Let F C R3 be a minimizer of (4.1) with 6 < 09 where 3 is from Proposition 4.1.
Then for the heightfunction in (4.4) it holds

(4.12) [¥ll20m) < Cih and  |[9]|gas) < Ch

for all h < hg, where hg is from Proposition 4.1 and 3 = OF. The constant C1 depends on
ro, Ro and K.

Proof. We begin by noticing that the assumptions on £ and Lemma 2.3 imply

~ ~

(4.13) IBslli~s) <€, |Bsllme < C Ko and  ||Bs|gss) < C Koh™ i,
() ()

N

for a constant C , which depends on g and Rj.
We obtain the estimates by multiplying the Euler-Lagrange equation (4.11) with A2 .
Integrating by parts and by re-organizing the terms we deduce

1
- / |Dopy|* dae? + / AF gl dat? = / <A%Ew><AaEHE+AaERo)d%2
oE oE oF

1

“h (AaEwAaE( Sy o+ ¢>d5‘€2
oF

By Cauchy-Schwarz inequality this implies

18omylEs + 1835012, snAaEHEH%z + 180z R0l
Hg
2
We need to estimate all four terms on the right-hand-side in (4.14).
By the assumptions (4.2) it holds

(4.14)

HAaE( P72 + ||A8E(77/)3)||L2

(4.15) [AopHp|7: < KG.

The term [[ApgpRol|7, is the most difficult to deal with. In order to estimate it, we recall
the form of Ry in (2.20). Therefore we have by the Leibniz rule

1AoRollre) <C Y IV (A1(¥Bs, V)|V o,
k=2
+C Y IV Ag(¢Bs, V)| IV F (4 Bs) [ r2(s,
k=2
+ Ha0(¢7?¢7BE)HH2(Z)'
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For j, k with j + k = 2 we use Lemma 2.2 with Ty = A;(¢¥Bx, V1)) and Ty = V1 to estimate
11V (A1 (¥ Bs, V) [V 2
< O A (¥ Bs, V)< [¢] gs + Cllllen || A1 (¥ Bs, Vi) || s

and similarly with T} = A3 (¢¥By, V) and T = 9By,

(4.16)

(4.17)
1|V (A2 (4 Bs;, V)| [V (9 By | 12
< C||A2(¢Bs, V)| Lo |9 Bs || s + Cll¢Bs|| L~ | A2 (¢ By, V) || .

Since A; is smooth and A4,(0,0) = 0, it holds

(4.18) |Ai(¥Bs, V)| < Cl[)lca-
Moreover, again by the smoothness of A; we have by the chain rule that
IV3(Ai(¥ By, V)| < C Y (14 |V* (¥By)[)(1 + [V*2(¢:Bs)|) (1 + [V (¢Bg)|) - - -

o] <3

(L [V ) (L4 [V (1 [ Vo).
Therefore Lemma 2.2 for T; = 9By, for i = 1,2,3 and T; = V4 for i = 4, 5,6 implies

14: (4 B, Vip) s < C((1+ [l B llpee) (L + 19l ga) + A+ [$llen) (L + 1Y Bl s))

(4.19)
SO+ (|9l gs + |¥Bsl gs)-

Finally, we estimate the third term similarly by the chain rule, by the regularity of ag, (4.13),
Lemma 2.2 and by interpolation inequality in Proposition 2.1 as

(4.20)
Hao(wv ?vaE)HH%E)

<SC YA+ [VHF) (L + [V (1 + [V Bs|) (1 + [V Bs) | 2
laf<2

SO+ [9llgs + 1 Bsllaz)
<O+ [9llas) < ell$llms + Celldllg2 + C.

We may thus estimate the term [|ApgRol|z2(s) by (4.16), (4.17), (4.18), (4.19) and (4.20)
as

1AosRollr2(s) < Cllvller (1 + 19l s + 1l Bsllms) + ellvll s + Cellvll = + C.

Using Lemma 2.2 once again we obtain || Bsx| g3 < C||¢||<||Bs|lgs + Cll¢|lgs. We have
by Proposition 4.1 that ||¢]| e < C.h3 for any € > 0 and by (4.13) we have || Bs| gs(x) <
Cyh~1, which yield

1
(4.21) 19l o< | Bl gz < Cchi™ <1,
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when e < 1 and h is small. Therefore we may bound [|Agg Ro| r2(x) by the previous estimates
as

1AseRol r20m) < ClliYllor |9l ms + ell¢llms + Celldll a2 + C.
Finally, we use Lemma 2.3 with k£ = 1,2 and (4.13) to deduce that

(4.22) [0/l 2m) < C(L+ [|Aoptll20m) and  [[¥]lgas) < CA+ A5 120m))-

Hence, we obtain by (4.4) and choosing ¢ small enough

(4.23) [AopRollr20m) < *||A8E¢||L2 0r) + CllAsed| r206r) + C.

We are left with the two last terms in (4.14). We estimate only the second last term
%HA@E(%@V) 12, as the final term is treated with the same argument. We first use Lemma 2.2,
(4.13), the Sobolev embedding, interpolation inequalities and (2.6) to estimate

(4.24)
HE

1805 (= 9)Iz2 < Cll i | Hsllm + Cl o1 Hsll o [l 52 + CllHsl Lo | Vort|ILs

< Cllllze ¢l e
< CllPllz=(lAoptliL2 + CllYllL2).

Proposition 4.1 implies |[¢)| fee < C.h2~¢. We choose & = 1 and deduce
HE

(4.25) *HAaE( V)72 < fHAaEdeLz +C.

The same argument also yields

Kg C
3 V) < =l Borvle +C.

We obtain from (4.14), (4.15), (4.23), (4.25) and (4.26) that

(4.26) *HAaE(

1 1 C
R0 vlEa + 1835013 < €+ 5IA3ewIEs + | Aonvl?
when A is small. This yields
1
1 Bomt|7s + 1856072 < C,

when h is small. Therefore we obtain ||¢)| a2 < C using (4.22).

In order to prove ||¢)|| 2 < Ch, we remark that the previous argument, in fact, implies that
the right-hand-side of (4.11) is bounded in L?(9F). Therefore we deduce that the left-hand-
side of (4.11) is also bounded in L?(0E), i.e

1 1 H K
EHfF,EHm(aE) = EW + 7E1/12 + ET/’ z2(0m) < C.

The estimate |[¢)|| 2 < Ch then follows from (3.7).
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The previous lemma implies regularity for the heighfunction. We also need an opposite
result which states that regularity for the heighfunction implies regularity for the minimizing
set F.

Lemma 4.3. Assume E C R? is C®-regular, satisfies the assumptions (4.2) and |AgpHE || g1 op) <
Koh_% for Ko > 1. Let F C R3 be a minimizer of (4.1) with § < 82, where & is from Propo-
sition 4.1. Assume that the heightfunction in (4.4) satisfies

9l r2om) < Loh  and  ||Aggt)ll2om) < LoVh.

Then there is a constant Co, depending on ro, Ry and Lg, such that
1
[AorHF| L20r) < C2(1+VKo)  and  |[VorDorHF||2(or) < Coh™ 1

for h < hg, where hg depends on rg, Ro, Ko and §. Moreover, F satisfies the UBC with radius
T0/2.

Proof. Below we denote by C a generic constant that depends on 7, Ry, Lo. We need only to
be careful to trace the dependence on Kj.
Note first that by (2.6) and by interpolation from Proposition 2.1 it holds

3
(4.27) 9] 1 om) < Cha.

Moreover, by Lemma 4.2 it holds ||¢|| ga(s;y < C1 for C1 = C1(r0, Ro, Ko), which together with
(4.27), with Sobolev embedding and interpolation inequality (2.5) yields that given 0 < av < 1
there exists v > 0 such that [[¢||¢2.0(x) < C1hY where Cy = C1(ro, Ro, Ko, ). From here we
infer, see e.g. [13, Theorem 2.6] and [15, Remark 3.4.6], that F' satisfies the UBC with radius
ro/2 when h is small. In particular,
2

(4.28) |Br L @or) < o

We will obtain the estimates again from the Euler-Lagrange equations (4.10). We define
f= dH%(F;E)f and write (4.10) as

H f =\ OF
(4.29) F+(f°7;aE) on
—A[)Ef = % on 8E,

where {p p is defined in (2.11).
By (3.7), by the assumption |[1[|12(95) < Loh and by (4.27) it holds

3
(4.30) I€rEllL20m) < Ch and  [[ErEllgiar) < Cht.
We have by (2.6), by Lemma 2.3, by (4.13) and by the second equation in (4.29) that
z = IérEllL2 0
1Pl < CO+ 1Aopdll20m) < CL+ =22 <0 and

(4.31)

1€rEll 1 (0E)

) < Ch,
h

1 sy < CA+ 1Bl + 1208 f |l om) < C(Ko +
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when h < ho(ro, Ro, Ko,9) is small. Above we also used the fact that f has zero average in
every component of F and Sobolev embedding.

Next we need to relate the derivative of the function f omgg on I' = OF to the derivatives
of f on ¥ = JE. First, we have by (2.19) that

Vor(f o mop)(z)| < C|Vopf(ros(z))l

for all x € OF. We write this in terms of covariant derivatives as

(4.32) Ve (f o mop)(@)| < CIVsf(mor(2))|

for all z € I'. The higher order version of (4.31) is technically more involved and to that
aim, we proceed by using [25, Lemma 5.3] with ¥ = JF to deduce for k = 2,3 and for all
x € I' = OF that

(4.33)

IVE(fomap) (@)l < C Y (14 |VE By(mop(@))]) - - (1+ |V Bu(mop(@)))| VS f(ror (),
lo| <k

where @Ji denotes j-th order covariant derivative on ¥ and V7 denotes the j-th differential
in R3. Even if it is not explicitly stated in [25, Lemma 5.3], it is clear that in (4.33) the last
index is never zero, i.e., ay > 1.

Let us first prove the estimate [|AgrHp | r29r) < C2(1 4+ vKo). We use (4.33) for k = 2
and (4.28) to estimate point-wise on x € OF (recall that in (4.33) ag > 1)

IV2(f o map)(@)| < CIV&f(mop(2))| + C(L+ [VeBs(mop(2))) Ve f(rop(2))]-
By Cauchy-Schwarz inequality, by the Sobolev embedding and by (4.31) it holds
IV?(f o mom)ll 2wy < CUIF a2y + (1 + IV Bsll L) IV fllas))
< CIflm2em) + A+ Vs Bsll L)l 2 (s)
< O(1+ ||VsBs| i)

=)
)

By the interpolation inequality in Proposition 2.1, by (4.13) and by the fact that |By| < C
it holds

_ 1 1
195Bslliasy < CllBslZagsy 1 Bslin sy < CVE.
Therefore we have
(4.34) IV2(f o mom) |l 2y < C(1+ VKo).
We may write the Laplacian of f o w5 on OF as
(4.35) ANop(f omor) = Ags(f o mor) — (V2(f o mop)ve,vr) — Hp(V(f o mop) - vr).

Therefore we have by (4.28) and (4.34) that

(4.36) 180F (f © 7o) L2 0r) < C(1+ V/Ko).
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The first equation in (4.29) then implies [|AprHF| 20 < C2(1 + VKo) and the claim
follows.

We need yet to prove ||VorAorHr|r20r) < Cyh™1. We use (4.33) for k = 3 and (4.28)
to estimate point-wise on z € OF

IV3(f o map) (2)] <CIV&f(rop(x))| + C(1 + |VeBx(ror(@)))| Vs f (rop(z))]
+C(1+|VEBs(rap(®))| + |V Bs(mor () )| Vs f(mop(x))].
We use Lemma 2.2 with k = 2 for T} = Ty = By, and T3 = @gf, and (4.28) to infer
IV3(f omar)llz2ay < CUIfllaa(s) + CA+ IBs | mzs)IIV Fll oo s))-

We use Sobolev embedding, interpolation in Proposition 2.1 and (4.31)

. ~ ~ 1 ~ 1 1
I9 Py < CllFlwassy < CUF Iy 11 i < ChE.
Therefore the two inequalities above together with (4.31) and (4.13) yield
(4.37) IV3(F o mom) 2y < C(h™1 + Koh™s) < Ch™

for h < hg = ho(ro, Ro, Ko, 0).

Recall the formula (4.35) for the Laplacian of fomyg on F, and that by the first equation
in (4.29) it holds VyorpHp = —Vap(f o mgp). Therefore we may estimate point-wise on OF
using (4.28)

VorDor(f omor)| < C(IV*(f omor)| + [V2(f o map)| + [V (f o mor)| + [V (f o mar) ).
We infer by the Sobolev embedding, by (4.34) and (4.37) that
IVorAaor(f o wop)l|20r) < CIIV(f o mop)l|2or) + CIIVZ(f o mom)ll 2 (or)
+C|IV(f o mor) |l 2(or) + CIV(f 0 mor) |11 (om)
< OIV3(f o mam)ll2am) + CIIf © morll a2y + CI f © morlli2
< Ch™i+C(1+Ky) <Ch3,

for h < hg = ho(ro, Ro, Ko). This concludes the proof.

5. PROOF OF THE MAIN THEOREMS

5.1. Tteration Lemma. We consider three sets E, F and G such that E C R3 satisfies the
assumptions (4.2) and [[AppHE| g1 (op) < Kohfi, and F' is a minimizer of (4.1). It follows
from Lemma 4.2 and Lemma 4.3 that also F' satisfies the assumptions (4.2) with different
constants, i.e., it satisfies the UBC with radius r/2,

1
[AorHF| L20r) < K1 and  ||AgrHF| g1or) < Kih™1
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for some K; depending on 7o, Ry, Ko and F' C Bag,. We then proceed and consider a

minimizer G of the problem

dH—l (G, F)2
2h

We may again apply Proposition 4.1, Lemma 4.2 and Lemma 4.3 to deduce that when § < J3,

(5.1) min {P(G) + . GAF 775(8F)}.

where d3 depends on 19, K1, Ry and 05 from Proposition 4.1 and h < hy, we may write the
boundary of G as a normal deformation with a heightfunction ¢p : OF — R,

0G ={zx + ¢Yp(x)vp(z) : x € OF}

and |[Yrllr2r) < Csh, |[¢Yp||gary < Cs, where I' = OF. In order to avoid confusion we
denote the heighfunction of F over OF as g, i.e.,

OF = {x + ¢Yp(x)vp(z) : x € OF}.
Since K1 depends on rg, Ry and Ky, then eventually J3 also depends on rq, Ry, Ky and ds.

Lemma 5.1. Assume E C R® is C°-regular, satisfies the assumptions (4.2) and || AopHE| i1 or) <
Koh_%. Assume F C R3 is a minimizer of (4.1) with 6 < &3, where 03 depends on 1o, Ry, Ko

and &y from Proposition 4.1, and assume G C R? is a minimizer of (5.1) and denote the
associated heightfunctions by Vg, vr and let Epp,éq,F as in (2.11). Then, there exists a
constant Cy, depending on rg, Ry and Kq, such that

62 [ (et gldorur) ax < 0+ Ca) [

h
(512?,13 + §|A6E¢E|2) dat?,
o

for h < hy, where hy = hy(ro, Ro, Ko, 9).

Proof. By the discussion at the beginning of the section, we may deduce that Proposition 4.1,
Lemma 4.2 and Lemma 4.3 hold also for F' and G with possiby smaller uniform ball radius
and smaller treshhold for § which we denote by d3 < ds. In particular, we may write the
Euler-Lagrange equation (4.11) for G, which reads as

1
EfG,F = Apr (—DAprr + Hp) + AprRo on OF,

where the error term is of the form (2.20). We multiply this by £¢ r and integrate by parts
to infer
1
(5.3) h/ & p dFt® = / (=Aortp + Hrp) (Aopéa,r) dit* + / Ro(Aoréc,r) dFe>.
oF OF OF
Recall that by (2.11)

Hp Krp
S p =vYr + 7¢% + 71/113?-
Arguing as in (4.24) we deduce that for every € > 0 it holds by the smallness of |[{ || L@

that
H
HABF(TFl/’%)HLQ(aF) < CllYrllze@r el mze) < elvrllm o
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for I' = OF when h is small. A similar argument yields

K
[Ar F@ZJF)HL2 oF) < Clirl L @m[Vrllnzr) < ellvrllpzr

Therefore we have by (5.3) using the above and (2.6)
1
h/ & p A7 +/ (Appipp)? dH*
oF oF

(5:4) < | He(Borger) a% + el dortrliaor + Clvrlison

+ C(|Aorvrllzor) + 1VFllL20m) | Roll L2 (o) -

We need to bound || Rol[z2(9r). We use the form in (2.20) to bound the error term point-wise
on I'=0F as

[Ro| < C(Jr|+ [Vor)) (1 + V2Pr| + [V (¢F Br)|).
By Lemma 4.3, Lemma 2.3 and by Sobolev embedding it holds

(55) Brllzoey I Belliey <O and VB ey < O,
Moreover Proposition 4.1 with ¢ = £ implies [|¢p|| Lo (aF) < Chi. Therefore we have
IV(¢r Br)| < |Vr||Br| + [YF||VBr| < C.
Thus it holds by interpolation from Proposition 2.1, by the smallness of ||¢r|c1 and by (2.6)
[Rollr2ar) < CllYFllcr[YFll a2y + Cllvrla ) < ellvrllazme) + Cell¥rllizor

<cellAorvrlr2ar) + Cellvrlr2or)-

Recall also that (3.7) implies \wp(x)\ < 2|¢g,r(x)| for all z € OF. Hence we may estimate
(5.4) as

1 1
(5.6) <h - C> /6 i & p dF* + 3 /a F(A8F¢F)2 d#? < /a ; Hrp(Aprpéa ) d#?

when ¢ is chosen small enough.
Let us next analyze the right-hand-side of (5.6). We integrate by parts and use a change
of variables with the diffeomorphism Vg : 0F — OF, Vg(z) = x + Yg(x)ve(z)

Hp(Appéa r) dH? = —/ (VorHr - Vorta.r) d#?
oF oF

= —/ (VorHp - Voréar) o Vi) Jop¥p dit*.
OF

We use (2.30) for the function f = Hp o Up : OE — R. Notice that for this function it holds
fomer = Hr on OF. We deduce by (2.30) that for x € OF it holds

(VorHF)(Ye(z)) = (I + A(YEe(2), Vopye(r), vE(2), BE(7)))Vor(HF o V) (z),

B(
for a matrix which satisfies A(0,0,-,-) = 0. Similarly it holds
(Voréa,r)(VEe(z)) = (I + A(Ve(r), Vopye(z), vE(T), BE(2)))Vor(§a,F o VE)(T).
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Therefore by the above and by the formula for the Jacobian (3.5) we have
(5.7)

; Hp(Aoréa,r) dit* < _/a (Vop(Hro¥p)-Vop(€a,roVe)) / JopVe d#>+||R1|| 11 (op),
F E

where the error term satisfies the point-wise bound = € OF

[Ri(2)| < C([ve()| + [Vorve(x) )| VorHr(Ye(2))| [Vorée,r(YE(2))|.
By Holder’s inequality
[R1llz1om) < CllYellwiaor)lIVorHrl 1aom IVorée,FllL2@or)-

The estimate (3.7) i (5.5) and Sobolev embed-
ding give |VorHF| r1ar) < ||Brllg2qy < C. Therefore we may bound by interpolation from
Proposition 2.1, by (2.6) and by (3.7)

(5.8)
IRl 1oy < Clvelwisor Vel g or
< el AorvEli2m) + Cellér el om) + ellAarvrliaor + Celéerlizom):
We integrate (5.7) by parts and have

Hp(Appéa r) d#t? < / (Aop(Hp o Up))(¢aro¥E) \/Jop¥ g dit?
oF

+ |R1ll o) + IRl (0m)

(5.9) OF

where the first error term satisfies (5.8) and the second error term satisfies the following
point-wise bound on ¥ = FE by the formula for Jopg¥ g in (3.5)

|Ra(2)] < Cloor (Ve (@)|[Vor He (Ve (2)|([Y5 (@) [+ Varte (@)) 1+ VEgE @)+ Vs Bs (2)]).
By Hoélder’s inequality

[R2llror) < CllvF|peor IVorHe | Lo IVEllwraoe) (1 + Vel m2s) + 1Bellm(s))-

By (5.5) it holds [|[VorHF| Laor) < | Brllg2@r) < C and Lemma 4.2 implies |[¢g| g2x) < C.
We use the inequality (2.6), Sobolev embeddlng and interpolation from Proposition 2.1 to get

(5.10)
IRallaomy < CUWelRnacom + 16e2eom)
< el Mopvplaom + Clléral2aom + ellAorvr|2om + Cellée.r | 22om.

Since F'is a minimizer it satisfies the Euler-Lagrange equation (4.10), which we write as a

one equation on OF

1
EfF,E = App(Hp o ¥g) on OF.
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We use this in (5.9) and have by Young’s inequality and change of variables

/ Hr(Aoréa,r) dH
oF

1
<5 /8E €rp (€ar 0 Up) \/JonU s dF + || Ry |1 op) + | Rall o)

1

<5 6E(§G,FO‘I’E) JopVp d#t? +/ & p A + || Ry 1 om) + || R2ll L om)

1 1

The above, (5.6), (5.8) and (5.10) yield

<—C>/ & p AT + 3/ |Agrip|? dF?

1
< +C>/ & p dit® + 20/ |Appipp|* d#t?.

when ¢ is chosen small enough, and the claim follows.
O

5.2. Proof of Theorem 1.1 and Theorem 1.2. We remark that under the assumptions
l¥llr2 < Loh and ||| gs < Lo in Lemma 4.3, when Kj in the assumption (4.2) is chosen
large enough, we know that the minimizer F' satisfies

_1
[AorHp| r200r) < Ko and  ||AgrHF| g1or) < Koh™ 1.

This means that we are able to keep the a priori regularity estimates assumed in (4.2) except
possibly the radius for the uniform ball condition which may decrease from r¢ to r9/2. We

may ensure that we also keep the uniform ball condition using the following lemma.

Lemma 5.2. Assume that By C R? satisfies the UBC with radius 9, Ey C Bpgr, and is
uniformly C3-reqular. Assume further that F C R™ is a (A, a)-minimizer of the perimeter
according to Definition 2.6 and

|Brllpeor) < K and ||AgrHF| 125r) < K,

for some K > 0. Then there is 0, depending on 1o, Rg, A, o and K, such that if FAEy C
Ns(0Ey) then F satisfies the UBC with radius ro/2.

Proof. Lemma 2.8 implies that when ¢ is small then there is 1 € C17(9Ep) such that
OF = {x + ¢Y(x)vg,(z) : x € OEy}

with |[Y|c1.4(9Ey) small. Note that from FAEy C 15(0Ep) it follows [[¢p||pe < 6. The as-
sumptions on F' together with Lemma 2.3 and Sobolev embedding yield for all 5 € [0,1),
[Brllcosry < C, where I' = 9F. By straightforward calculation we then deduce that

5
[¥llc2sy < C. By the interpolation inequality (2.5) we then have [|¢[[c2) < CO2¥5.
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We deduce by [13, Theorem 2.6] and [15, Remark 3.4.6] that F' satisfies the UBC with radius
r0/2 when ¢ is small. .

Proof of Theorem 1.1. Assume Ey C Bg,/; C R3 is a CP-regular set which satisfies the
uniform ball condition with radius r = 2rg and ||Agg, HE,ll 1208, < K. We fix a large
constant Ky = Ky(ro, R, K), whose choice will be clear later. Let us then choose §’, which
is from Lemma 5.2, and § < min{ds,d’}, where d3 is from Lemma 5.1. We consider an
approximate sequence EZ’J minimizing the energy (4.1) and simplify the notation by setting
E, = EZ’(S. We obtain from Proposition 4.1, Lemma 4.2 and Lemma 4.3 that we may write

(5.11) OF1 = {z 4+ ¢Yo(z)vg,(x) : © € OEy}

and it holds H'LﬂoHL2(aEO) < L()h and H?/J()HHAL(ZO) < Lo, for 20 = 8EO and LO = Lo(ro,Rg,K).
We thus have obtained that Ey and 1y satisfy by the above and by interpolation from
Proposition 2.1

[voll2(0m) < Lok and  [[Asg,tollr2(s,) < LoVh,

by possibly increasing the original constant Lg, and
1805 Hey | r20m) < Ko and [ Aop, Hi, |l o) < Koh™ 1.
We deduce by Lemma 4.3 that there is a constant Cy = Ca(rg, Ry, Lo) such that
1865, HE, | 2208, < C2(1+ vV Ko) < Ko and  [|Asp, HE, || m1(0m,) < Coh™1 < Koh™ 1,

when K is chosen large enough, and that E7 satisfies the UBC with radius rg.
We denote by kg € N the largest index such that oy = kgh < 1 and for all £ < kg it holds

O0E) C Ns(0Ey).
We claim that for every k < kg, Ej satisfies the UBC with radius ry and it holds
_1
(5.12) Ao, He, lr208,) < Ko and  [[Agp, Hg, [|m1om,) < Koh™ 7.

We prove (5.12) by induction. Recall that it holds for £ = 1, and assume it holds for k — 1.
By applying again Proposition 4.1, Lemma 4.2 and Lemma 4.3 we may write the set Fj as

0L, = {zx + Yp_1(x)vp, ,(x) : 2 € OE,_1}
with ||T/1k—1”L2(3Ek_1) < Cihand ”¢k—1“H4(Zk_1) < (CiforCq = 01(7“0, Ry, KO), where 51 =

OE)_1. We denote &,_1 =g, g, _,, the function defined in (2.11), and have by Lemma 5.1

h h
2 2 2 2 2 9

an,1
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for every j < k. By iterating the above estimate and using |[€o||z2(a5,) < 2[|%oll22(a8,) < 2Loh
and [|Agg, ol 208 < Lov'h, we obtain for a constant Cy = Cy(r0, Ro, Ko)

/ (¢ +Z§:1A8Ej¢jy2> d#* < (1+c4h)k/

h
(68 + gldomwol?) aat?
OE), = dEo

S 5€C4khL%h2

< BeCakoh [2p2 < 101202,

provided that koh = oo = oo(ro, Ro, Ko) is small. Therefore, by possibly increasing the value
of Ly we deduce by the above and (3.7)

k

(5.13) 1k lF20m,) + 7 D 1808, $5l1 7208, < Loh-
=0

Lemma 4.3 implies that it holds for Co = Cs(r¢, Ry, Lo)
_1 _1
|Ao5, HEyl 2208, < Co(1+V Ko) < Ko and  [|[Agg, He, l|g1aE,) < Coh™ 4 < Koh™ 1,

when Kj is large. Finally we deduce by Lemma 5.2 that the set Ej satisfies the UBC with
radius rg, when ¢’ is chosen small enough. This proves (5.12).

Let us then show that if we denote oy = kgh, then oq is uniformly bounded from below. To
this aim we assume that for the set Ej, there is a point x € dE}, such that |dg,(z)] > /2.
Proposition 4.1 implies that Ej, is a (A, o)-minimizer of the perimeter for any a € (0, %),
where A depends on 7o, Ry, Ko and a. Then by |dg,(x)| > 0/2 and by standard density

estimate we have

(5.14) |Ex, AFEg| > c6°.
Let k < ko. Following the calculations in the proof of Lemma 2.4 and using (3.7) we may
write
BABl= [ Jaaldt <2 o de
FE_1 Ey_1
Then we may estimate by (5.13)
ko ko—1
|ErAE| <) |ERAE, 1| <2 [5ll08,)
j=1 J=0
ko—1
<C Y 1¥illzom,) < Choh = Coy.
j=0

The inequality (5.14) proves that o is uniformly bounded from below.
We have thus proved a uniform H*-regularity estimate (5.12) for the sets Ej for k < ko
where kgh = o is uniformly bounded from below. Again Proposition 4.1 implies that the sets
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Ej; are (A, a)-minimizers of the perimeter for constants that are independent of h. Therefore

by Lemma 2.8 we deduce that we may write
OE, = {z + ui(x)vg,(z) : ® € 0Ep} for uy : 0By = ¥ :— R,

when oq is sufficiently small, [Jug||c1(s,) < 07 for some v > 0, and by the uniform bounds
from (5.12) we deduce that ||ug||fa(s,) < C. In particular, uy are uniformly C*%regular.
Let us define the discrete normal velocity on OFy as vy : OE, — R,

vk(y) == wkh(y)
Define ®; : 0Ey — 0Ey, ®r(z) = = + up(xr)vg,(x) and denote its tangential Jacobian as
Jor, Pr. We claim that it holds

U1 — Uk
;s ooy - o) g,
(5.15) L T ()
for e(h) — 0 as h — 0, where
Jor, Pr(x)

Ni(x)| = .
[Nk ()] 1—|—HEouk($)+KE0u,2§(a:)

The notation is justified by the fact that |Ng(z)| defined above is in fact the norm of the
vector Ni(x) defined in (2.22) for E = Ey and F' = E}, which is not obvious but follows
from standard calculation. We note that by the estimates from the previous section we have
[r 0 @gllor < hY for v > 0 and [|thg o P12 < Ch. Moreover, as |lug||c1(sy) < 67 then it is
easy to see that |ugi1(z) — up(x)| < Clg(Pr(x))| for all z € OEy and |Jugt1 — ukllcr < hY
by possibly decreasing the value of v if needed. We will use these repeatedly below.

In order to show (5.15) we fix f : 0Ey — R such that ||f||c1 < Ch?, define @, : E; — R3
as ®-(z) =z + Tvg,(z), and calculate the following integral as in the proof of Lemma 2.4

Agf(ﬁan(x))(XEk+l —

— / /(@) / (s (B2(2)) — 0 (B (2)) oizy By () drd (z)
S22 —-ro

ugt1(z)
_ / (@) / Jom () drdde2(z)
OFy ug(z)

— /a f(x) (Uk+1 — uk) (1 =+ HEouk + KEOU%) d&z€2(a:) + O(hz)
Eo
u — U
= . (x)Janq’kkTTHk dit* () + o(h?),
0

kt+1()

where the last equality follows from the definition of |Ng|. Above the integral f;;(x) is

understood to be —fi:ﬁ()x) in the case ug41(r) < ug(z). We compute the same integral
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in a different way by defining Wy(-,7) : 0E; — R® as Uy(x,7) = z + 7vg, (), recall that

Oi(z) =z + up(2)vg,,

/Rgf(ﬂan () (XByy, — XB,) d2

- /aE _TO f(ﬂaEO(\Ijk(x’T))(XEkH(‘I’k(fUaT)) - XEk(\Ijk(va)))JaEk‘I/k(',T) drd#?(x)

Vi (z)
= [ S (Wt ) o, e 7) drd s o)
0E, JO

= Ui () f(map, () d#*(x) + o(h?)
OFE)

= s V(P () f(2) Jom, B dF (z) + o(h?).

We compare the two formulas above and choose

1 Ug41 — Uk)
x) = o, — ———~
@) = (m oo

and obtain the estimate (5.15).
Using the estimates from above we deduce that we may write the approximate flat flow
(EM(t))>0 starting from Ey as

OE™(t) = {x 4+ u°(x,t)vp, (z) : © € DEy}
and the heightfunctions u? satisfy
1
[ (-, 8) || gagze) < € and ﬁ”uh’&(',t) —u? (-t = 1) p2(my) < C

for all t € [h,00]. We may thus pass to the limit as h — 0, up to a subsequence, and deduce
that the limit function wu(z,t) = limy_ou™®(z,t) exists for every t € [0,00]. By (5.15) the
discrete normal velocity converges, up to a subsequence, to

. O . 9
| P = — L*(Ep), t
hli)%vk( k($)) |N($,t)| m ( 0)7 € [Oa 00]>
where |N(z,t)| = Jom, B and ®;(z) = = + u(z,t)ve,. Let us show that the

1+ Hpyu(z,t)+Kgyu?(z,t)
limit function solves the surface diffusion equation.

To this aim we fix ¢ € C?(R3), multiply the Euler-Lagrange equation (4.11) with ¢ and
integrate by parts
Vg

G dat*(z) = Appnp (Hgn — Agpniby + Ro) d#t?(z).
OEN! BN k k k
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Passing to the limit as h — 0 and using the bounds ||¢x |2 < A" and || Ro||r2 < h”, which
follow from the results in the previous section, yield

Oru
/ S p(04(2)) Jom, (Bi(x)) dF? () :/ Apps(r) P Hps (zy A ()
ok V| DES (¢)

= / 0 Apps (o Hps 1y d#* (x) = / P(Pi(2)) (Apps oy Hps (1)) Jor, (Pi(x)) dFH? (z).
SES (1) dE,
Hence, we conclude that the limit flow E%(t), parametrized by the family of diffeomorphisms
®i(x) = = + u(z,t)vg,, is a strong solution to the surface diffusion equation. To be more
precise, using the expansion of the mean curvature from Lemma 2.5 and the expansion of the
Laplace-Beltrami operator from e.g. [20, formula (3.4)] we deduce that u : ¥y x [0,00] — R,
where ¥y = 0FEy, is a strong solution of the equation (see [15, formula (3.6)])

(5.16) O = —AQEOU + (A(z, u, Vu), V) + J(z,u, Vu, Vi, V3u) on Yo x [0, 0],

with initial datum wu(-,0) = 0, where the tensor field satisfies A(z,0,0) = 0 and J is
a smooth function with sublinear growth on V3u. By a strong solution we mean that
u € W2(0,00; L2(29)) N L>®(0,00; H*(X0)) and it satisfies the equation (5.16) almost ev-
erywhere. By standard Gronval argument one may deduce that the strong solution to (5.16)
with zero initial datum is unique. This proves that the limiting flat flow coincides with the

classical solution for the time interval [0, o¢] and the claim follows. O

Remark 5.3. We may quantify the statement of Theorem 1.1 more precisely as follows.
Assume that Eq is C° reqular, Ey C Bry 2, satisfies the UBC with radius 2ro, and the
heightfunction in (5.11) satisfies

%ol 2(0m,) < Lok and || Aggeollr2(s,) < LoVh.

Then there is Ko = Ko(ro, Ro, Lo) such that if
1
8o HEollz2 < Ko and  [|Aop,Hp, || < Koh™ 7

then the approzimate flat flow (EOM (t))i>0, where § = §(ro, Ro, Ko) is small, also satisfies
the UBC with radius ro, E®™(t) C Br, and

_1
1AgpemmHpenmle <Ko and  [[Aypem o Hyemnellm < Koh™3
for all t € [0, 00|, where oy = oo(ro, Ro, Kop).

Remark 5.4. We note that the strong solution of (5.16) with a zero initial datum 1(xz,0) = 0
1s always unique. The argument in the proof of Theorem 1.1 implies that if the approzimate
flat flow (E%"(t))¢>0 is such that E¥M(0) is uniformly C®-regular and E'(t) satisfies the
UBC with radius 1o and ||AggengyHpsnw |z < Ko for all t € [0,00], then the limiting flat
flow coincides with the classical solution for the time interval [0, o).
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Proof of Theorem 1.2. We assume that the classical solution ()¢, 1;,) exists for the time
interval [0, Tp) and fix T < Tp. Since the classical solution is regular in [0, 7], there are ro > 0
and Ly > 1, depending not only on Fy but also on 7', such that F; satisfies the UBC with
radius 4rg and

L
(5.17) |Aog, Hp,| 12 < 70 for all t € [0, T].

Also it holds E; C Bg,/; for some Ry = Ry (T) > 0 for all t <T'. As in the proof of Theorem
1.1, the heightfunction g as in (5.11) satisfies

%ol L208,) < Lok and  [[Agg,Yollr2(se) < LoVh,

for Ly depending on Ey. We choose Ky = Ky(ro, Ro, Lo), 0o = oo(ro, Ro, Ko) and §y =
oo(ro, Ro, Ko) as in Remark 5.3, and denote kg € N the number such that og € [koh, (ko+1)h).
Note that ultimately Ky, o¢ and dg depend on T

Let (E()(t));50 be the approximate flat flow associated with the chosen flat flow (E?(t));>0,
with § < dp, and denote the associated sequence by E,E(S’hi). We simplify the notation by
E(t) = EGM)(t) and By = E°™). We claim that for every t € [0, 7] it holds

EMi(t) satisfies the UBC with radius rg, E"(t) C Bg,
(518) HA(?Ehi(t)HEhi(t)HLQ < KO and
_1
1o ghi oy H i |l < Koh™ 7,

for h; small. We point out that here we do not quantify the smallness of h; and we may have
to pass to another subsequence of h;. Once we have proven (5.18), the consistency follows
from Remark 5.4.

Note that by Remark 5.3, (5.18) holds for all ¢t € [0,00]. Let us choose any t; € [0, T)
for which (5.18) holds for all ¢t < ¢;. We will show that then (5.18) continues to hold for all
t <t1+ %. This will imply that (5.18) holds for all t <T.

Assume thus that (5.18) holds for all ¢ < ¢; and denote k; the index for which ¢ — % €
[k1hi, (k1 + 1)h;). Since Ej, satisfies the estimates in (5.18), we may use Proposition 4.1
and Remark 5.3 to deduce that there is 5 = kh; > ¢ > 0, with 6 < o9, such that for all
k € [k1, Ky + k] we may write the set Ej as

OE, ={z +Yp_1(x)vg, ,(v):x € 0B, 1}.
We use (5.13) to conclude

k1+i%

1elZ20m + 7 D 1808, 511 72(9m,) < Chi  for all k € [ka, k1 + K],
Jj=k1

for some constant C'. Recall that 6 = INchi > ¢ > 0 for all i. Therefore we obtain from above
that there is an index k; € [k1, k1 + k/4] such that

(5.19) 1Yk 22(0m,,) + 1 DoB, Yk |22 08,,) < Cha.
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Next we recall that since the estimates in (5.18) hold for all t < t; and k;h; < (k1+k/4)h; <
t1, the set Ej, satisfies the UBC with radius ry and is, in fact, uniformly C?“regular. Let
t; = k;h; and define

,Uh,i(l.,fi) _ wkz(x)
hi
Then (5.19) together with Lemma 2.3 and Sobolev embedding imply that

[0 (-, 8)ll oo i)y < C-

By choosing a subsequence of h; if needed, we may assume that

R o0
lim t; =t € [t; — —,t
=ty
Therefore we deduce by compactness that
. hi/ 7 . ,
(5.20) hli@o 10" 5 ta)ll L2 amni i) = 10 (Dl L2005 1))

by possible choosing another subsequence. Since we assume that (5.18) holds for all ¢ < ¢y,

and £ < t;, then by Remark 5.4 the flat flow agrees with the classical solution up to t;.

Then using (5.15) with Ey replaced by E, _oo, we deduce that v(-, t) agrees with the normal
2

velocity V; of the classical solution (F;) at time £, i.e.,

(- Dl r2oms iy = Vil 2 (o,)-

Since V; = Agp, Hg, we deduce by (5.17) that
Lo
Villzz2om,) = 18om HEll 2 0m) < =

Therefore we conclude that it holds

10kl L2(0m,,) < Lohi,

when h; is small. By (5.19) we also have

HAaEki wkiHLQ(aEki) <Chi < Ly \/hi

when h; is small. Finally, since E°(f) = E; satisfies the UBC with radius 4rg, then by the
uniform C?%-regularity we also deduce that Ej, = E"(#;) satisfies the UBC with radius 2r,
when h; is small.

We apply Remark 5.3 for Ey, = EM(t;) in place of Ey and deduce that the approximate

flat flow satisfies
_1
||A8Ehi(t)HEhi(t)||L2 S KO and ||A3Ehi(t)HEhi(t)HH1 S Koh 4

for all t € [t;,1;+00]. Since t; € [t; — %, t1], this means that the sets E"i(t) satisfy the bounds
in (5.18) for all t < t; + %, when h; is small.

We note that by showing that the estimate (5.18) continues to hold from #; to t; + %
we might have to pass to another subsequence from the original sequence h;, but this is of

minor importance as we need to repeat the argument only finitely many times. Hence, the
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approximate flat flow E"i (t) satisfies the bounds in (5.18) for all ¢ < T and the claim follows
from Remark 5.4. O
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