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RECTIFIABILITY AND PARAMETERIZATION OF INTRINSIC REGULAR
SURFACES IN THE HEISENBERG GROUP

BERND KIRCHHEIM AND FRANCESCO SERRA CASSANO

1. INTRODUCTION

In this paper we investigate Euclidean rectifiability of and existence of Holder parameteriza-
tion for H-regular surfaces, a class of intrinsically regular surfaces in the Heisenberg group H!,
which can be represented as C x R = R? endowed with a left invariant metric d equivalent to its
Carnot- Carathéodory metric (see section 2 for a precise definition). This notion of intrinsically
regular surface was introduced in order to study in the setting of Carnot groups, of which H*
is the simplest example, the classical problem in Geometric Measure Theory (GMT) of defining
regular hypersurfaces (i.e. topological submanifold of codimension 1) and different reasonable
surface measures on them (see [45], [44], [43], [55], [10] [31], [33] [29], [13], [23], [28] [12] , [1],
(2], [24], [46], [41] [25],[35], [27] and [36]). Throughout this paper, we shall denote the points
of H' by P = [z,t] = ¢ +iy,t], € C, e,y e R, t € R. If P = [z,4], Q = [¢,7] € H' and
r > 0, following the notations of [54], where the reader can find an exhaustive introduction to
the Heisenberg group, we define the group operation

(1) P-Q:=[z+(t+7+23m(z())
and a family of non isotropic dilations

(2) 6,(P) := [rz,7?t], for r > 0.
Moreover H' can be endowed with the homogeneous norm

(3) 1Pl = max{z], [£1/2}
and the distance d we shall deal with will be defined as

(4) d(P,Q) = P Q-

It is known that H! is a Lie group of topological dimension 3, whereas the Hausdorff dimension
of (H!,d) is 4 (see Proposition 2.1). This phenomenon is already evident from the intrinsic
isoperimetric inequality in H' proved first by P. Pansu (see [45] and [44]), and then in a different
form but in the general framework of Carnot-Carathéodory spaces by several authors (see,
e.g.,[b7], [68], [11], [21], [10], [28], [30] and for a general discussion on the geometry of Carnot-
Carathéodory spaces consult also [29] and [7]).

Since many equivalent distances can be defined in H', it will be worthwhile to spend later a few
words in order to justify our choice. H' provides the simplest example of a metric space that is
not Euclidean, even locally, but is still endowed with a sufficiently rich underlying structure, due
to the existence of intrinsic families of translations and dilations. Indeed, the geometry of H' is
noneuclidean at every scale, since it was proved by S. Semmes ([51]) that there are no bilitschitz
maps from H' to any Euclidean space. This fact relies on deep interlacing algebraic and metric
properties related to the non-commutativity of H' through a Rademacher type theorem due to
P. Pansu ([43]). Our interest can be viewed in the framework of the general project meant to
develope GMT in the setting of metric spaces. Such a project, already embryonally contained
in Federer’s book [20], has been explicitly formulated and carried on in the last few years by De
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Giorgi [17], [18], [19], Preiss and Tisér [47], Kirchheim [31], David & Semmes [13], Ambrosio &
Kirchheim [1], [2] and Lorent [34].
It is well known that the Lie algebra of left invariant vector fields in H' is (linearly) generated
by
0 0 0 0 0

(5) X:%WLana Y:@*Ql‘a, T:a,

the only non-trivial commutator relations being

(6) [X,Y] = —4T.

Throughout this paper, we shall identify vector fields and associated first order differential
operators; thus the vector fields X, Y generate a vector bundle on H!, the so called horizontal
vector bundle HH! according to the notation of Gromov, (see [29] and [33]), that is a vector
subbundle of TH!, the tangent vector bundle of H'. Since each fiber of HH' can be canonically
identified with a vector subspace of R3, each section ¢ of HH' can be identified with a map
¢ : H' — R3. At each point P € H' the horizontal fiber is indicated as HH}D and each fiber
can be endowed with the scalar product (-,-)p and the associated norm | - |p that make the
vector fields X, Y orthonormal. Hence we shall also identify a section of HH' with its canonical
coordinates with respect to this moving frame. In this way, a section ¢ will be identified with a
function ¢ = (¢1, ¢2) : H' — R2. Analogously, if f is a real function defined in an open subset
Q C H', its H-gradient is the section of HH' defined by Vi f = (X f,Y f).

To introduce our results, let us start by recalling some related notions already existing in the
literature.

The first key point we want to stress here deals with the meaning of rectifiability in H?.
Basically, in the Euclidean framework, a set F' C R™ is (countably) (n — 1)-rectifiable (from now
on, we shall say only ‘Euclidean rectifiable’) if, roughly speaking, it is, up to a H" !-negligible
set, a countable union of compact subsets K; of good hypersurfaces (i.e. Lipschitz or continously
differentiable hypersurfaces) where H™ denotes the Euclidean m-dimensional measure on R”.
Looking for a similar statement in the setting of the Heisenberg group (or, in general, of a metric
space), we must ask preliminarily what are the good hypersurfaces in H!. In fact, there is a
classical notion of rectifiability in a metric space that goes back to Federer (see [20] 3.2.14) that
has been recently used by Ambrosio & Kirchheim (see [1], [2]) in the framework of a theory of
currents in metric spaces (as for the rectifiability in metric spaces see for instance [31], [47] and
also the monograph [39] and the references therein). According to this notion, a good surface in
a metric space should be the image of an open subset of an Euclidean space via a Lipschitz map.
Unfortunately, such a notion does not fit the geometry of the Heisenberg group, that indeed
would be, according with this definition, purely unrectifiable (see [1]). On the other hand, in the
Euclidean setting R™, a C'-hypersurface can be equivalently viewed as the (local) set of zeros
of a function f : R™ — R with non-vanishing gradient. Such a notion can be easily transposed
to the Heisenberg group, since there is an intrinsic notion of Cllm-functions: we can say that
a continuous real function f on H' belongs to CIIHI if Vif (in the sense of distributions) is a
continuous vector-valued function. Thus, an H-regular surface .S will be locally defined as the
set of points P € H! such that f(P) = 0, provided that Vi f # 0 on S (see Definition 2.21).
A few comments are now in place to point out similar geometric properties (in the measure
theoretical sense) of the H-regular surfaces and classical (Euclidean) regular surfaces and to
mention some of their applications.

First of all, we emphasise that the class of H-regular surfaces is different from the class of
Euclidean regular surfaces, in the sense that there are H -regular surfaces that are not Euclidean
continuously differentiable submanifolds, and conversely there are continuously differentiable
2-submanifolds in R? that are not H-regular hypersurfaces (see [24], Remark 6.2 and Example
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2). We notice that Euclidean continuously differentiable 2-manifolds are H-regular surfaces
provided they do not contain characteristic points, i.e. points P such that the Euclidean tangent
space at P coincides with the horizontal fiber H]HI}3 at P. Frobenius theorem yields that, for a
general smooth manifold, the set of characteristic points has empty interior; in fact there are few
characteristic points ([12], [4], [36]). On the other hand the boundary of a smooth bounded set
with trivial topology in H' does always contain characteristic points. The fact that these points
should not be allowed in H-regular submanifolds is not surprising: for example it is already
well known from the theory of subelliptic pde’s that characteristic points of the boundary can
behave like cusps for the Laplace operator.

Another important point supporting the choice of the notion added: of the notion of H -regular
surfaces is the fact that this definition fits with an Implicit Function Theorem, proved in [24]
for the Heisenberg group and in [25] for a general Carnot group, so that a H-regular manifold
S has a local continuous parameterization

(7) ®:1C(R%]-])—(S,d)

for a suitable rectangle I C R? (see Theorem 2.23 below). In general, such a parameterization is
not continuosly differentiable or even Lipschitz continuous (see [24], Example 3), but from ® we
see that S is a topological submanifold of dimension 2 in (H!,d). On the other hand, by using
again the Implicit Function Theorem and the Blow-Up Theorem (see Theorem 2.24), an area
type formula for the 3-dimensional spherical Hausdorff measure Sfi)’ in (H',d) and the existence
of the tangent group in the sense of GMT for H-regular surfaces were established, see [24] and
[25].

More precisely, a local representation of Sg’(S ) was given in terms of the parameterization
defined in (7) and with respect to the 2-dimensional Lebesgue measure on R? (see Theorems
2.23 (vi) and 2.24 (ii)). In particular, we infer that the Hausdorff dimension of S in (H!,d)
equals 3. Moreover, if we define the tangent group T S(P) to S = {f = 0} at P as

T4S(P) == {[z +iy,t] € H' : X f(P)xz + Y f(P)y = 0},
then it is a proper subgroup of H' and

. Sg’(S NU(P,r))
lim

r—0 73

=HX(TES(P)NU(0,1)) =4

exists for every P € S (see Theorem 2.24).

Based on this, also the notion of H-rectifiability was introduced : a set I' C H! is said 3-
dimensional H-rectifiable if there exists a sequence of H- regular surfaces (.5;); in H! such that
S3(T"\ UienSi) = 0. This intrinsic notion of rectifiability has been proven particularly usefull to
obtain in [24] an analog of De Giorgi’s structure theorem for sets of intrinsic finite perimeter in
the setting of Heisenberg group, and more recently in the setting of a general Carnot group of
step 2 ([26] and [27]). The notions of Euclidean and H -rectifiability have been compared in [5],
generalitations of this notion of rectifiability recently have been studied by V. Magnani in [36]
for general Carnot groups.

In this paper we will stress another aspect of the deep difference between the Euclidean and
Carnot-Carathéodory geometry from GMT’s point of view. In fact, we will exhibit a H-regular
surface Sy ¢ H! = R? which looks as an Euclidean fractal set indeed it has Hausdorff dimension
2.51in (R3,|-]) and, consequently, is not Euclidean 2-rectifiable (see Theorem 3.1). Notice that an
example of a set F' C H! having Hausdorff dimension 2 in (H, d) which looks like an Euclidean
fractal set was already constructed by R. Strichartz ([55]) but it is not a topological surface set
because its topological dimension cannot be 2 (see Remark 3.2 and also [6]).

Finally, we will improve the regularity of the parameterization in (7) given by the Implicit
Function Theorem. We will actually prove it is locally Hélder continuous of order 1/2 and
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this result is in some sense sharp. Indeed, there are H-regular surfaces not admitting Holder
parameterization of order better than 1/2 (see Theorem 4.1).

Let us recall that the problem of good parameterizations of hypersurface- type set in Euclidean
spaces was studied in [48], [49], [50], [56] (see also [51] and [52] for the problem in a general
metric space). In particular the problem of the best Holder parameterization for an Ahlfors
regular subset of R has been studied in [37] and [38], while for a (Euclidean) submanifold in a
Carnot group it arose in [29]. Eventually, the problem of characterizing H-regular surfaces as
images under Lipschitz maps of a suitable “sample” metric space having 3-dimensional positive
and finite Hausdorff measure has been proposed in [24] and it is essentially open. A partial
answer has been given in [46] by S. Pauls for some hypersuperfaces of special Carnot groups but
it does not apply to the Heisenberg group H!.

We wish to thank R. Peirone for some hints on the construction of a prelimary version of
the example in Theorem 3.1. We also thank Z. Balogh, B. Franchi and R. Serapioni for useful
discussions on the subject.

2. NOTATIONS AND PRELIMINARY RESULTS

In this section we introduce the basic notation and recall some known results.
We denote by 7p : H! — H' the left-translation by P defined as

Q- 7p(Q) =P Q

for any fixed P € H! where ”-” denotes the group law defined in (1). We denote as P~! :=
[z, —t] the inverse of P and as 0 the origin of R3. For further reference, we explicitely state
that

Proposition 2.1. The function d defined by (4) is a distance in H' and the usual invariance
and scaling properties related to translations and dilations hold, i.e. VP,Q, Q' € H' and Vr > 0

(8) d(rpQ,7pQ") = d(Q, Q') and d(5,Q,6,Q") =7 d(Q,Q").
In addition, for any bounded subset Q of H' there exist positive constants c1(S2), ca(2) such that
(9) e1(Q)|P = Qlps < d(P,Q) < 2()|P — QI

for P,Q € Q. In particular, the topologies defined by d and by the Euclidean distance coincide
on H'.

Remark 2.2. We stress that, because the topologies defined by d and by the Fuclidean distance
coincide, the topological dimension of H' is 3. On the contrary, the Hausdorff dimension of
(H!, d) is 4.

From now on, U(P,r) will be the open ball with centre P and radius r with respect to the
distance d.

It is well-known that the 3-dimensional Lebesgue measure £2 on H! = R? is left (and right)
invariant and it is the Haar measure of the group. If E C H' then we write | E| for its Lebesgue
measure.

Definition 2.3. We shall denote respectively by H™ and S the m-dimensional Hausdorff and
the spherical Hausdorff measure obtained from the Euclidean distance |- | in R? = H' according
to their classical definitions (see [20]). Instead of, we shall denote respectively by H}' and S}
the m~dimensional Hausdorff and the spherical Hausdorff measure obtained from the distance d
in H' according to the definition given in [39] for a general metric space.

Translation invariance and homogeneity under dilations of the Hausdorff measure follow as
usual from (8), more precisely we have
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Proposition 2.4. Let ACH!, P € H' and m,r € (0,00). Then
Hi' (tpA) = Hi'(A)
Hi'(6:(A)) = r™HG'(A).

In the following we shall identify the vector fields and the associated first order differential
operators. The vector fields X,Y define a vector bundle on H! (the horizontal vector bundle
HH!') that can be canonically identified with a vector subbundle of the tangent vector bundle of
R3. Since each fiber of HH' can be in a canonic way understood as a vector subspace of R?, each
section ¢ of HH! is associated with a map ¢ : H' — R3. At each point P € H' the horizontal
fiber is indicated as HH} and each fiber can be endowed with the scalar product (-,-) p and the
norm | - |p that make the vector fields X,Y orthonormal. Hence we shall also identify a section
of HH' with its canonical coordinates with respect to this moving frame. In this way, a section
¢ will be identified with a function ¢ = (¢1,¢2) : H! — R2. As it is common in Riemannian
geometry, when dealing with two sections ¢ and 1 whose argument is not explicitely written,
we shall drop the index P in the scalar product writing (¢, ¢) for ((P),#(P))p. The same
convention shall be adopted for the norm.

For sake of completness, let us recall here the definition of the Carnot—Carathéodory metric
associated with X, Y. In fact, this definition has been developed in a much more general setting
(see, e.g., [42]).

Definition 2.5. We say that an absolutely continuous curve v : [0, 7] — H! is a sub-unit curve
with respect to X,Y if there exist real measurable functions aj(s),as(s), s € [0,7] such that
a? +a% <1 and

A(s) = a1(s) X (v(s)) + a2(s)Y (v(s)), for a.e. s € [0, 7.
If P, P, € H!, their Carnot-Carathéodory distance do(Py, Ps) is
dc(Py, P2) = inf {T > 0 : thereisasubunitcurvey : [0,T] — H!, ~(0) = Py, y(T) = Py}

Notice that the above set of curves joining P, and P» is not empty, by Chow’s theorem, since
by (6) the rank of the Lie algebra generated by X,Y is 3, and hence d¢ is a distance on H!.

Remark 2.6. Alternatively, sub-unit curves can be defined as absolutely continuous functions =y
such that 7 is a measurable section of HH' such that [§(s)],(5) < 1 for a.e. s.

The following results are well known: see, for instance, [7], [58].

Proposition 2.7. The Carnot-Carathéodory distance dc is (globally and bilipschitzly) equiva-
lent to the distance d defined in (4).

Proposition 2.8.
(10) L3 = cs(d)Sh = cy(d)HA.
In particular (as proved in [40] and [45]) the Hausdorff dimension of (H',d) and (H',dc) is 4.

Due to its definition and normalization, the - dimensional spherical measure always has on
a homogeneous group of dimension () as the Heisenberg group density 1, so it easily follows that
cs(d) = £3(U4(0,1)). Tt is also well known that cy(d) > cg(d), but a very interesting question,
related to the validity of Besicovitch’s %—conjecture in the realm of homogeneous metric spaces,
is whether 2cg(d) > cp(d). In the case of the Carnot—Carathéodory metric d¢ even less is known
about the relation between the corresponding normalization factors besides the trivial inequality
cs(de) < ep(de). In particular, the question whether equality holds (which is equivalent to
the strong isodiametric inequality for do and to the density of the Hausdorff measure on this
Euclideanly unrectifiable space being one) was not yet answered.

If 2 is an open subset of H! and k& > 0 is a non negative integer, the symbols C¥(Q2), C>()
indicate the usual spaces of real valued functions which are (sufficiently often) continuously
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differentiable in the Euclidean sense. We denote by C*(Q, HH') the set of all C*-sections of
HH' where the C* regularity is understood as regularity between smooth manifolds. The notions
of CF(Q, HH'), C*>(Q, HH') and C(Q, HH!) are defined analogously.

The similar structure of some statements in H' with others in R? becomes transparent using
the intrinsic notions of a gradient for functions H' — R and of divergence for sections of HH!.

Definition 2.9. If Q is an open subset of H', f € C1(Q) and ¢ = (¢1, ¢2) € C1(Q, HH'), define

(11) Vaf = (Xf.Y[)
and
(12) divge := X1 + Y ¢o.

Alternatively Vg f can be defined as the section of HH!
Vuf =XfX+YfY

whose canonical coordinates are (X f,Y f). This is consistent with the the already mentioned
identification of sections and their coordinates.

A natural definition of functions of bounded variation and of sets of finite perimeter in H!
was the first time introduced in [10]. There are, however, several ways to define functions of
bounded variation associated with a vector subbundle of TR? generated by a family of vector
fields; these definitions have been proposed independently over the last few years by different
authors (see [9], [8], [28], [22]). All these definitions are in fact equivalent, as it is proved in
[22]: see in particular the beginning of Section 2 in [22] for a discussion. Following one of these
definitions we shall say that £ C H' has locally finite H-perimeter (or, following De Giorgi, E
is a H-Caccioppoli set) if for any bounded open set Q C H*

(13) |OE|g(Q) := sup {/EdivH¢ dc? . ¢ € CHQHHAY), |¢(P)|p < 1} < oo,

In such a way, |0E|y defines a Radon measure in H!. If 9F is an Euclidean regular manifold
with outward unit normal n, then

0Es = (X, n)% + (v,n)?) "

H2LOE,

see [10] and [22].
Now, Riesz’ representation theorem yields the existence of a |0F|g-measurable section vg of
HH! such that |vg(P)|p =1 for |0E|g-a.e. P and for all ¢ € C}(H!, HH') (13) ? we have

—/ divyg ¢ dL* = / (vg, ®) d|OE|y.

E H

We shall call vg the generalized inward normal to E.

Definition 2.10. Let [z,t], Py € H! with 2 = 2 + iy be given. We set
mp ([2,1]) = 2 X (Po) + yY (Fo).

The map Py — 7p,([z,t]) is a smooth section of HH!.

Let us give now some elementary definitions and results concerning intrinsic differentiability
in the Heisenberg group. These results are basically due to P. Pansu ([43]), or are inspirated
by his ideas. All proofs of the results below can be found in [24]. Extensions of these intrinsic
differentiability’s resuls to Carnot groups have been carried out in [31], [59], [35], [32], [3] and
[27].

Definition 2.11. We shall say that a map L from H' to R is H-linear if it is a homomorphism
and if it is positively homogeneous of degree 1 with respect to the dilations of H!.
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Definition 2.12. Let € be an open set in H'. We shall say f : Q — R is Pansu-differentiable
(differentiable in the sense of Pansu: see [43] and [33]) at Py if there exists a H-linear map L
from H' to R such that

i SP) = F(Po) — LBy " - P)

=0.
P—Fy d(P7P0)

Remark 2.13. The above definition is equivalent to the following one: there exists a homomor-
phism L from H" to R such that

f(rpy(630)) = f(Po) _
X Y = L(v)

lim
A—0+

locally uniformly in H'. set in H'. In particular, L is unique and we shall write L = dy f(Pp).

Proposition 2.14. A map L from H' to R is H-linear if and only if there exists (a,b) € R?
such that, if v =[x + iy, t] € H, then L(v) = ((a,b), (z,y))r2-

Definition 2.15. With the notations of Definition 2.12 we shall say that f is differentiable along
X (Y) at Py if the map A\ — f(7p,(dxe1)) (respectively: A — f(7p,(dre2))) is differentiable at
A = 0, where e}, is the k-th vector of the canonical basis of R3.

Clearly, if f € C'(Q2) then f is differentiable along X and Y at all points of Q. Hence, if we
set for each f differentiable along X and Y at Py the horizontal gradient to be

(14) Vaf=XfX+YfY

then this definition naturally extends the one given for (classically differentiable functions) in
(11) of Definition 2.9.

Proposition 2.16. With the notations of Definition 2.12 and Proposition 2.14, if f is Pansu-
differentiable at Py, then it is differentiable along X and Y at Py, and

(15) desf (Po)(v) = (Ve 7, (0)) .

Definition 2.17. If  C H!, we shall denote by Ci;(€2) the set of continuous real functions in
such that Vi f is continuous in Q. Moreover, we shall denote by Lipy(Q2) the set of all Lipschitz
functions f : (©2,d) — R. Analogously, the space Lipy joc(€2) is defined in the usual way.

Proposition 2.18. With the notations of Definition 2.17, a continuous function belongs to
CH(Q) if and only if its distributional derivatives X f, Y f are continuous in €.

Remark 2.19. CY(Q) C C§(2), and the inclusion is strict (see [24], Remark 5.9).

Theorem 2.20. If f € C%HI(Q) then f is Pansu-differentiable at any point Py € Q. Moreover
Cy(U) C Lipp joc(92)-

Definition 2.21. We shall say that S C H! is a H-regular hypersurface if for every P € S there
exist an open ball U(P,r) and a function f € CL(U(P,r)) such that

(4) SNU(Pr)={Q e U(Pr): f(Q) =0}
(i) Vuf(P) # 0.

Definition 2.22. If S ¢ H' is a H-regular hypersurface and P € S, we define the tangent
group T{S(P) to S at P as follows

TiS(P) :={Q : (Vu(f o 7p)(0), m0(Q))o = 0}.
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By (ii) of Definition 2.21, T3S(P) is a proper subgroup of H!. Then the tangent plane to S at
P is the lateral
TuS(P) := P - T3S(P).

Once more, observe that this is a good definition. Indeed the tangent plane does not depend
on the particular function f defining the surface S because of points (i) and (iv) of Theorem
2.23 below.

Finally, let us recall three useful results on H- regular surfaces proved in [24] in the setting
of the Heisenberg group and in [25] and [27] in for general Carnot group.

Theorem 2.23. [Implicit Function Theorem] Let 2 be an open set in H', 0 € 2, and let
[ € CL(2) be such that | X f(0)] = X f(0) >0, f(0) =0. Then, if we put

E={lztcQ: f([zt]) <0}, S={lz1ecQ: f([1]) =0},

there exists a connected open neighbourhood U of 0, such that

(4) ENU is connected;

(44) E has finite H-perimeter in U,

(#i7) OENU = SNU,

(iv) ve(P) = Vuf(P)/|Vuf(P)|p for all P € SNU.

If we put now I = [—6, 8] x [~62,62], J = [—h, h], then there exists a unique continuous function

¢=9o(n,7): 1 —J
such that the following parameterization of S and integral representation of the perimeter hold

(U) SN = {[l’—}—ly,t] € U: y=1mnx= ¢(7777')7 t= 2¢(77a7_)77+7—7 (n’T) € I}»
(vi) orle) = [ Sl an,

where

(16) (n,7) = (¢(n,7),1,2¢(n,7)n + 7).

Theorem 2.24. [Blow-up Theorem] Let Q be an open set in H', let E C H' be such that
OENQ =5SNQ where S C H' is a H -reqular surface. If Py € H' and r > 0 denote

Ep, ={PeH": P-5,(P;'-P)e E}.

Then

Ep,» 1 _ |0B|(U(R, .
(i) lim 9Ep, hf(U(O ) _ lim 19 |H(TUB( 0,r) _ HA(TES(Py) NU(0,1)) =4 if Bpe SN
(i) OF|LQ =483(SNQ).

Theorem 2.25. [Whitney Extension Theorem] Let F' C H! be a closed set, and assume
f:F =R, k:F — HH' are continuous functions. We set

(@) — f(P) — (k(P), mp(P~- Q))p

R(Q.P) = XD ,

and, if K C F is a compact set,
(17) pi(6) = sup{|R(Q, P)| :  P,Q € K, 0<d(P,Q) < o).

If pr(0) — 0 as 6 — 0 for every compact set K C F, then there exist f:H!' >R, fe Ch(H")
such that

fir=f. Vufr=k
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3. H-REGULAR SURFACES AS EUCLIDEAN FRACTAL SETS

In this section we construct an example of an H-regular surface in H' wich has the Euclidean
Hausdorff dimension 5/2 and, hence, more of a fractal structure.

Theorem 3.1. There exists an H -reqular surface S C H' such that
(18) HO=/2(8) > 0 for all e € (0,1)
In particular, S is not 2- FEuclidean rectifiable.

Remark 3.2. An interesting example of Euclidean fractal set F in (H!, d) with Hausdorff dimen-
sion 2 was constructed by R. Strichartz in [55]. However it cannot be a H- regular surface or
even a topological surface, i.e. a submanifold of topological dimension 2 in (H!, d) (see also [6]
for a simpler computation). In fact Gromov proved that a topological surface in (H!, d) always
has Hausdorff dimension larger or equal than 3 (see [29], section 2).

Remark 3.3. By Theorem 1.1 in [5] which states that for every o > 0
Hmiel S o 1S on RS
5

it follows 3 is the smallest possible jump between the Euclidean and Carnot-Carathéodory
Hausdorff dimension of such subsets of R3.

In the proof of Theorem 3.1 we will use two auxiliary results. Before its proof we will need two
preliminar technical lemmas. The first is contained in a paper by Z. Balogh (see [4], Theorem
4.1), where its was used to construct euclidean surfaces with large sets of characteristic points.
The more precise modulus of continuity of the gradient which we state and use here can, however,
only be found at the end of the proof of this theorem in [4]. It states that the “pointwise curl”
of almost twice differentiable functions can be nonzero on a quite large set.

Lemma 3.4. There is a C*-function g = g: Q = [0,1]> — R and a constant K < oo such that
(19) L3(Ay) > 1/2 where Ay == {(z,y) € Q: Vg((x,y)) = (2y, —2x)}
(20) IVg(2) = Vg(w)| < K(1+[log(|z — w|)) |2 —w| for all z,w € Q

The other ingredient is a construction of functions of a prescribed Hdélder type continuity
which have all level sets of maximal Hausdorff dimension.

Lemma 3.5. There is a function h: R — R such that
(i) for allt € R is the (Euclidean) Hausdorff dimension of h='(t) at least &.
(ii) for each m > 1 we have

log((;))™

(21) tim <2 5 sup{lh(e) — h(y)] s |o =yl <} =0.

r—04

A variety of similar constructions can be found in the literatur, however, in order to obtain in

Theorem 3.1 an example which is indeed of maximal dimension, we need a very precise version of

such an construction which seems new. A question concerning the optimality of this construction
will be discussed after its presentation and the proof of Lemma 3.5 given below.

Construction 3.6. We consider the following construction whose only parameter is the se-
quence {py }22; of integers satisfying 0 < p, < 2n — 2. Given this, we set
(22) r, = 22"7%Pnforp > 1
22n—1 -1
(23) ln = mln_l for n 2 17 with lO =1

(24) vn = 27" forn >0,



10 BERND KIRCHHEIM AND FRANCESCO SERRA CASSANO

and define the families Cy, of “oriented” (closed) rectangles ((z1,y1), (2, y2)) where x1, 2, y1,y2 €
[0,1], 1 < x2 and which represents the rectangle [z1, z2] X {y1,y2}°"" with “entrance” (z1,y1)
and “exit” (x2,y2). (The intuition behind this notation is that once we have finished our con-
struction, we will have found a function h : [0,1] — [0, 1] whose graph enters and leaves these
rectangles at the corresponding points.)
We start out with Co = {((0,0), (1,1))} and suppose that for some n > 1 we are given a finite
family C,_1 of oriented rectangles such that
o card([z1,xe] N [2), 2b]) < 1 if ((z1,91), (z2,92)), (), ¥1), (25, 44)) € Cn_1 are different
and moreover if z; = 2% _, then y; = v4_, if i = 1,2;
e for ((z1,y1), (z2,y2)) € Cy—1 either y; = ys or |y; — y2| = vp—1 and then xo —x = l,,—1.
Now, fixing such an element R = ((x1,y1), (z2,y2)) of C,—1, we define the next generation to
be C,(R) = {R} if y1 = y2. In the nondegenerate case y; # y2 we first pick the two degenerate
rectangles

R_ = ((z1,91), (v1 + 27 lp_1,11)) and Ry = (w2 — 27211, y2), (T2, 12)),

and for
k=2?""Ym 4+ ¢ where m € {0,...,2r,},q € {1,...,2*"71}

we set Ry, = ((z¥,y}), (25, y5)) with

¥ = 2+ 27, + (k- 1),

yb = (q— 127" (ya —y1) +y1  if m is even and
! (q— 1272 (y, — o) +yo  if misodd
ys = yi 4+ (=127 (g — ).

(Notice that |y§ — y¥| = 272"+t 0, | = v, and y§ = y¥! for all k). Then we set
Co(R) ={R_,RIIU{Ry : k=1,...,22" 1 (2r, +1)}.
Having this defined for all R € C,,_1, we put
Co=|J{Ca(R) : RECrn}
and introduce also the compact union of rectangles

Cn = (I 22] x {y1,523™ = ((@1,91), (w2,32)) € Cu}.

We observe that for nondegenerate rectangles R = ((x1,y1), (z2,¥y2)) € Cp—1 the family C,,(R)
satisfies the properties stated for C,,_1 above and
o Cu(R) = U{lirh, 74] % {0 1} (24 50), () € Ca(R)} s & compact subset: of
(21, 22] X {y1, Y2} C Cp1

e proj; (Cp(R)) = [z1,x2] and [z1,x2] is covered in a non-overlapping way, note that
zh = a:’f“ and that due to (23) the last z% is just the z-coordinate of the entrance into
R+.

e each vertical slice of Cy,(R) is of diameter at most 2v,,.

So Cn, = Ugee,_, Cn(R) is a compact subset of Cj,—1 and proj; (Cy) = [0,1] for each n. From
this it is clear that Cs = (),—; Cy, is the graph of a function A : [0, 1] — [0, 1], which is continuous
as its graph is compact. Now, we state the following crucial properties of this function.

Proposition 3.7. The function h = hyy, ) constructed above satisfies:
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(i) if for some d > 0 the bound

liminf Y "[(1 — 2d)(2k + 1) — (1 — d)(px + 3)] > —o0
k=1
holds then HA(h=1(t)) > 0 for all t € [0,1].
(ii) if limsup,,_o pn/n < 2 then for some ¢ = cqp,y < o0 and all n > 1 with pp > 2 for
k > n we have the inequality

[h(w) = h(y)| < c2” Zina @22 e —y [ if v,y € [0,1] and @ — y| < L.

Proof. Throughout the whole proof, the corners of the rectangles constructed above will play an
important role, therefore we need some special notations for them. For this purpose let

Gn = U {(@1,91), (22, 92)}, G}, = proj;(G) for i = 1,2
((‘rlvyl)’(‘r27y2))ec7l
Thus Gy, C Gi41 C Cx and |J, Gy, is dense in Cw.
We turn to the proof of (i). Given a d satisfying the assumption it is easy to check that
d <1/2. We set f,, = 7(In/ln—1)% and using (23) we compute

22n—1 -1 d 22n—1 1 d
fo=r > rlfd _ 2(2n+1)(172d)7(pn+3)(17d)(1 - 2172n)d.
T\ 242(2r, 4+ 1)) T 24n

Because [0, (1 — 2172") > 0, we see that our assumption on d and {p,}5° ensures

n
(25) lim inf 14 >0
k=1
Following the usual pattern of lower estimates for Hausdorff measure, we establish (i) by
turning (25) into a Frostman type estimate for a suitably choosen measure on h~1(t) (see,
for instance, Theorem 8.8 in [39]). We can of course suppose that ¢t ¢ |J, G2 because the
construction of h implies that for ¢t € G there are x1 < o with ((z1,t), (z2,t)) € C; for all
I > k and hence (x1,72) C h™1(¢). It is also clear from the way we selected the Cj’s that we
can construct a sequence of subsets Cy,(t) C {z € [0,1] : (z,t) € Cr} (n = 1,2,...) such that
h=1(t) D N5y Ck(t) where
a) Co(t) =100,1] D Ci(t) D Ca(t) D ...
b) each C),(t) is the union of a finite system C,(t) of disjoint intervals of length [,,.
for each n > 1 and I € C,,—1(t) Cy(t,I) is the family of all J € C,(t) that are contained
in I of cardinality r,, and the distance between any two different intervals in Cy(t,I) is
at least (227 — 1)l,,.
We consider the canonical “uniformly” distributed probabilities

~— — —

@)

e 1
_ -1 Lo
o= ([ Ir)™ >0 (ML)
k=1 JEC(t)
and note that g, (1) = rp(ITiey k)" = pn—1(I) for I € Cp_1(t), so pun, —* p, a probability
measure living on h~1(¢). We will show that

m
(26) (inf H fk> w(I) < 21|14 if T is a compact interval with || < I,,.

m>n
k=1

The considerations of covers approximating the d-dimensional Hausdorff measure of (), Cy(t)
then gives, using a constant ¢g > 0 determined by our choice of normalization of the Hausdorff
measure, that H4(h~1(t)) > cgliminf, e [[f—; f&, s0 (i) would follow from (25).
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To verify (26), we first note that due to the distance required in ¢) it is enough to establish
this inequality assuming that I C J € C,(t). Obviously, we can also suppose the following to
hold, as it can always be achieved by modifications making the inequality (26) even sharper

d) minl,maxI € (), Ck(t)
e) n > 1is the largest number of all 7 for which an I € C;(t) containing I does exist.
We claim that
p(DI~" < 240 ()| I
Indeed, d) and e) ensure that for some g € {2,...,r,41} the interval I intersects precisely ¢
intervals from C,,41(t,J). This yields
hd IU(I) < Q/'LnJrl(J,) = Q/'Ln(‘])/rn+1 for any J € CnJrl(t)
e diam(I) > (¢ — 1)(22"*2 — 1)l,,41, compare with c) above
and allows us to estimate that
pd) _ () a I o () 1 I < otn(J)
7= T (g D8 raa (@22 = Dlpr)? ~ [T i frac)? — - I

It remains to observe that

-1
n n

,un(J)_ Pl ni - ,
5= () I (5) -1 - (s

j=1 j=1

and (26) follows.
So we can turn to the proof of statement (ii) in the proposition, without loss of generality
x < y. First, we assume in addition that

(27) there is a k > n with G}, N (z,y) = 0 but card(G},, N [z,y]) > 2.

Let 2/ = min(Gp ., N [z,9]), ¥ = max(Gi,, N [x,y]), thus y = 2’ + qolk41, @0 > 1. We also
notice that there are a,b € G}, with b —a = I, and [z,y] C (a,b). Since the construction of h
implies that

osc(h, [s1,52]) < vy if $1,892 € G%n and so — 51 =

we infer

|h(z) — h(y)| < min(vg, (2 + qo)vk+1) < min(vk, 3govk+1) < min (Uk,?)’ m ly”UkH) :
+

This implies

[h(z) — h(y)| : U, 3|z —yl UkVk+1
——F——="> < min , v <L 33—
VY- - V0T =yl lor lkt1

Ukl i Umi1 bm \"* v
3= <[] 3T

Um—1 1
me1 m—1 ‘m—+1

IN

2—(m+1)2+(m—1)224m+2(27,m+1 +1) 1/2
(22m+1 _ 1)

IN
AS)
-

(2-4m)24m+2(92m—pm+1+1 4 1) 1/2
22m+1 _ |

22*pm+1

INA
N
=

IN

A

zk‘
IS TN o/

1+ 2—1—2m+pm+1 1/2
1 —2-2m-1 )

1(pm+1 2)/2 <032 Zm 1(pm 2)/2

IN
&
N
M



RECTIFIABILITY AND PARAMETERIZATION OF INTRINSIC REGULAR SURFACES.... 13

because our assumption in statement (ii) implies for ¢4 sufficienly large and m > ¢4 the estimate
1+ 27 1-2mtpmer 1 4 2-m/ea we gee that c3 = Cipn} < 0.

To finish, we drop our additional assumption (27) and choose the maximal k such that (z,y)N
G}, = 0. If k satisfies (27) anyhow, then we are done. Otherwise, we pick z € G}, N (x,y) and
notice that necessarily {z} = G}, N (z,y) as else l41 < |z — y| would imply k > n and (27)
would hold true. We consider now the interval [z, z] and it is easily checked that the maximal &’
with (z,2) N G}, = 0 satisfies (27) and therefore gives the desired inequality for z, z. Since the
same argument works for z,y and as \/z — x + 4 — z < V/2/y — z, our proof is finished  [J.

Proof of Lemma 3.5. We choose the sequence {p,}°°; by the simple rule p,, = 4 for all n > 3
and consider on [0,1] the function h = hy, ) as obtained in Construction 3.6. We note that
h(0) =0, h(1) = 1 and extend the function to all of R by requiring h(z + k) = h(x) + k for all
k € Z and z € [0,1]. Now it is easy, that in order to verify the statements (i) and (ii) we can
restrict to the cases when t,z,y € [0, 1].

Concerning (i), each d < 1/2 obviously satisfies the assumption of Proposition 3.7.(i) and so
HA(h~1(t)) > 0 for all t € [0, 1], d < 1/2 which just says dimye(h~1(t)) > 1/2.

Considering (ii), we have > % (pr — 2)/2 = n — 2 and we see from (23) that 1 > I, /l,,—1 >
22n=2 /94 =24y > 2% and thus I, > 272D Hence, if r € [lys1,0,) then log(1/r) <
log(2)2(n + 2)2. Now, given the m > 1 we infer from Proposition 3.7.(ii) that for |z —y| < r €

[ln+17 ln)
1 1 N
h(x) —h < 27" < < =
) = H < V2 SV og@) i + 277 = i (log(1/7))
provided n is sufficiently large. This finishes the proof of the lemma. O

Remark 3.8. The construction presented above looks quite complicated, but as a compensation
it does not only allow to controll the modulus of continuity of the %—Hélder—functions involved up
to the order of logarithmic terms but it also gives examples with optimal level set dimension for
any Holder exponent between % and 1. Indeed, choosing pi to be the integer part of ¢ k with fixed
¢ € (0,2) we easily calculate from Proposition 3.7 that the resulting h has an Holder exponent
1= and all level sets of dimension at least 2=¢. On the other hand, if f : [0,1] — [0,1] is a-
Hélder, then it is lipschitz on the 1-dimensional space [0, 1] with the metric o(z,y) = {/|z — yl.
Hence by the Eilenberg-Fubini type result given in 2.10.25 of [20] we see that almost all level sets
of f are of dimension at most o~ — 1 metric o and at most 1 — o dimensional in the euclidean
distance.
However, even our fine tuned construction could not answer the following natural question.

Can one find a-Hélder functions such that all level sets f~1(¢) (or at least for

all ¢ from a set of positive measure) are of positive 1 — a-dimensional Hausdorff

measure?
In the main application of our construction the %—dimensional measure is obviously zero since
we have a “better” modulus of continuity then y/|x — y|. But we were not able to improve the
construction for the case of general %—Hélder functions nor to give a (presumably more likely)

proof that level sets are always zero.

Proof of Theorem 3.1. Let g be a function as in Lemma 3.4, so we have
(28)  19(2) = g(w) = (Vg(w), z —w)| < K'|z —w[*(1 + [log(|z —w|))*  Vz,weQ.

Next we choose the function h from Corollary 3.5 and set F* := A, x [0,1]. Now we can define
the function
f*:F*—Rby
f([z1) == h(t —g(2)) if [z,8] € F
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and the section k* : F* — HH' = R? as
kE*([z,t]) :== (0,0) if [z,t] € F*.
We claim now that the hypotheses of Theorem 2.25 are satisfied for F' = F*, f = f* and k = k*.
As the continuity of f* and k is straightforward, we only have only to that
(29) lim pp(6) = 0

where pp is the function defined in (17) just without localization to compact subsets. For this
purpose consider any P = [z,t], P/ = [w, s] in F and observe first that

l9(w) = g(2) + 23m(wz)| = [g(w) - ()—QJm( wz))|
= lg(w) — g(z) — Im(-2z(w - 2))|
= lg(w) = g(z) - ( 9(2),w = z)p2|, as z € Ag,
< K|z —wl*(1 + |log(|z — w|))¥

Moreover, (P')~1- P = (z —w,t — s — 23m(wz) and hence our definition of norm as given in (3)
and (4) ensures that

l9(w) = g(2) + 28m(wz)], [t — s — 23m(wz)| < K'd(P, P')*(1 + |log(d(P, Q)))*
This shows that also
|(t = g(2)) — (s — g(w))| < 2K'd(P, P')*(1 + |log(d(P, P'))*
and now (21) implies that

N = 2 d(P, P')(1 + |log(d(P, P"))|) 5/

and therefore

Lf(P) — f(P)] : / /
AP, P — 0if P,P' € F and d(P,P’) — 0,

thus (29) follows.

_ Therefore applying Theorem 2.25 we can extend f* : F™ — R to a function f* :H' — R,
[* € CL(H') such that

(30) Vi fip- = 0.
Define now f : H! — R as

f(.’L',y,t) = f*(%y’t) -

Then by construction and (30), since

|VHf’P = |(_170)|R2 =1 VPeF*
there is an open set 2 D F™* such that
|VHf|p 75 0 VPeQ.

Let
S:=Qn{f=0},

then S is a H- regular surface. Let us prove (18).
Observe that

(31) s> A= |J {@y}yx @ @) +g(y) -
(z,y)€Ag
By the coarea inequality (see [20] 2.10.27)
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(32) / HI= 2 (0 (2)) dady = / HE=2(h (@) + g(a,y)) dedy < HE/2(A).
Ag Ag

Since £2(A4,) > 0, if Ay, = {z € [0,1] : (z,y) € Ay}, then L}(Ay,) > 0 for y € I being
I C [0,1] a suitable measurable set with £!(I) > 0. Then by statement (i) in Corollary 3.5 and
since € > 0

(33) /A g

Thus (31), (32) and
(33) yield (18). O

1
HO-D2(h ) (1)) dwdy > / dy / HO=2 (= () dz > 0.
0 Ag.y

4. HOLDER PARAMETERIZATION OF H - REGULAR SURFACES.

In this section we will prove that each H - regular surface S C H! can be locally parameterized
by means a Holder continuous map of order % and this parameterization is in some sense sharp.
More precisely

Theorem 4.1. Let S C H' be an H - reqular surface then for each Py € S there exist constants

8, ro, L > 0, an open neigborhood U of Py and a 1-to-1 map ® : I := [—0,6] x [—62,6%] — H!
such that, if
a=1,
(7) d(®(u), ®(v)) < L|u—ov|* Yu,vel;
(i) O =SNU.

Moreover the H - regular surface S = {(z,y,t) : * = 0} cannot be locally parameterized by
means any Holder continuos map of order % < a <1 (ie by any map ® satisfying (i) with
1

s<a<l).

2 —

Remark 4.2. In particular H - regular surfaces cannot be seen as image through Lipschitz maps
of a subspace of (R?,]-|%/3).

Lemma 4.3. Let P, v = (v1,v2,v3) € H' and denote by Ypw i [0,1] — H! the curve

YPo(s) = P - (svi,sv2,03).

Then

(7) VP is a horizontal curve;

(i) if P.QeUR,7) and vi=P'-Q then yp([0,1]) C U(Po,ro);
(vit) for every g € Ciy(U(Py,2710)), and P, Q € U(Py, %0) with v := P~ - Q,

there is some § € [0, 1] such that
9(vpu(1)) = 9(7p0(0)) = v1 Xg(7p0(3)) + v2 Y g(7pu(3)) -
Proof of Lemma 4.3. Observe that for every s € [0, 1]
(34) Apa(s) = (v1,v2,2 (1 Py — vaP1)) = v1 X (Ypu(5)) + v2 Y (vpu(s)) € HH%U(S)

then the statement (i) follows at once. Statment (ii) easily follows by means a simple calculations
too. Thus let us prove (iii). First suppose the g € CH(U(Py,70)) and put G(s) := g(vpy(s)) if
0 < s < 1. Now observe that by

(34)

(35) G'(s) = (Vg(rpw(8)), v1 X (vPu(s)) + v2 Y (7P (5)))rs = v1 Xg(7Pu(s)) + v2 Yg(vpPu(s)) -
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On the other hand there exists 5 € [0, 1] such that
G(1) = G(0) = G'(3)
and then by (35) the thesis follows in the case when g € C*(U(Py,79)). In the general case we
can approximate g € Ci;(U(Py,270)) by a family of functions g. € C*(U(Py, ) such that
(36) g —9 , Xg-— Xg, Yg. — Yguniformly in B(Py,ro)

(see, for instance,[24], step 1 of proof of Theorem 6.5). Then we can apply previous step to g.
and then there exists s. € (0,1) such that

(37) ge(YPw(1)) = ge(vP0(0)) = v1 Xge(vpu(5:)) +v2 Y ge(vpu(5e)) -

On the other hand we can suppose that s. — s € [0,1] and so (36) and (37) yield the the thesis.
O

Proof of Theorem 4.1. Whithout loss of generality we can assume that Py = 0 and

SNQ={f=0}nQ
with Q =U(0,2), f € C(U(0,210)), f(0) =0,
Xf>00nU(0,279). Then applying Theorem 2.23 and using the same notations there exists
a 1-to-1, onto and continuous parameterization ® : I := Iy — U N S of the type (16) with
¢p:1—J.
Let us prove that there exists a positive constant L such that

(38) p(u) — ()] < Ly fu—o/|V? Vu,u €1,
Let u = (n,7), v = (n,7) eI, P=®(n,7), Q@ =®(1,7) e U NS. Applying Lemma 4.3
with g = f and

v=(vi,v2,03) = P71 Q= (¢(n, ") — d(n,7), 0 =, 7" — 7+ 2(0(nf,7") + d(n, 7)) (0 — 1))

0 =@ —f(P)=(f(rrn(1) = f(1P2(0)) + (f(vPw(0)) — F(P)) =
=X f(vpo(8)) v1 + Y f(vpo(
s))va + (f(P-(0,0,v3)) — f(P))and then
YieeG) | e L P (0.0.05)) —
(39) onl < [0t ool + gy P 0.00) = (P
Notice now because X f, Y f € CO(U(0,27¢)), ¢ : I — R is continuous, by Theorem 2.20 and

9)
Y/l

M= sup —— < o0
U(0,r0) |Xf|
1
M —= S —_— M =
2 bl‘lpU‘éO,T‘o) |XSf| < 0 3 SupR#SE
U(O,ro)‘f(m)_Sf|(1)| < oo , My=sup;|d| < co.> From(39)
— 2

1
6(u') = d(u)] < My|n' —n| + My My (|7 — 7|+ 4 My |0’ —n)?
and then (38) for a suitable constant L; > 0. So far a simple calculations yield the estimate (i)
for a suitable constant L > 0.
Let us prove now the remaining part of the Theorem. By
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contradiction, suppose there was a mapping ® = (¢1, ¢, ¢3) : I — H' satisfying (i) and (ii)
with 1 <a <1and S = {(0,y,t) : y,t € R} being now I C R? a general open set. Then from

(i)

¢1 =01in I. On the other hand (i) yields by a simple calculations

|¢3(v) — p3(u) + 2(d1(u)da(v) — ¢1(v)Pa(u))| < L|u —v[** Vu,v el

whence ¢3 : I — R would be constant and then a contradiction arises. g
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