THE OPTIMAL HOLE FOR THE BEST HOLDER EXTENSION

SAMER DWEIK

ABSTRACT. In this paper, we study the problem of finding the optimal hole among all subsets
A C Q that minimizes the a—Holder seminorm [u], among all functions u such that u =1 on
00 and v = 0 on A, plus a penalization on the volume of A. For a given set A C Q, we will
also characterize the function that minimizes [u|o. In addition, we will study the limit when
p — oo of the “fractional” version of the Alt-Caffarelli problem.

1. INTRODUCTION

Let Q be an open bounded domain in RY. In [2, 7, 6], the authors considered the problem
of minimizing

(1.1) min{/ IVaulP + A{u >0} : ue WHP(Q), u>0, u=1 on 89}
Q

where 1 < p < oo and A > 0. Problems of this kind (known as Bernoulli-type problems) have
several applications in heat flows [1, 3] and electrochemical machining [10].
In [9], the authors studied the limit when p — oo of the minimizer u, to the following

problem:

1 Vul|lP
(1.2) min {/ [M] +AM{u >0} : ue WHP(Q), u=1 on 89}.

plal A
More precisely, they show that up to a subsequence, u, converges uniformly to a function
that solves

(1.3) min{]{u >0} : uw € Lip(Q), [Vu| <A, u=1 on 8(2}.

In [5], the authors considered the following free boundary problem (which is the supremal
version of the Alt-Caffarelli minimization problem (1.1)):

(1.4) min{||Vul|so + AM{u > 0}| : v € Lip(Q), ©u >0, u=1 on 90Q}.

It is clear that
min (1.4) = min[A + min (1.3)].
A>0

Notice that the minimizer v in Problem (1.4) will be constant (i.e. v =1 on §2) as soon as the
parameter A is sufficiently small. Otherwise, they show that there is a constant r > 0 such
that u, := [1 — 492

=] is a minimizer (see [5, Theorem 1]).

In this paper, we will consider the fractional version of Problem (1.2), where the LP norm
of Vu is replaced by the W*P—seminorm [uls,, of u:

1 — p
(1.5) min{pAp/Q ) ‘“(Z)_ ngg” FA{u>0} : ueW™P(Q), u=1 on ag},
X
1
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where s = o — % and

p
W#3P(Q) {ueLp // u()| <oo}.
) = o QxQ \I—y\N“p

In Section 2, we will study the limit of Problem (1.5) as p — oco. We show that up to
a subsequence, the minimizers u, converge to u which turns out to be a solution to the
following minimization problem (which is the a—Holder version of (1.3)):

min{|{u >0} :uel®(Q), [ula <A, u=1 on 89}

where uly) — (o)
u(y) — u(z
[ul == sup —F—
vy yte |y~ 2]
Moreover, we will see that us is a viscosity solution to the fractional infinity Laplacian
—Lootino = 0 in the positivity set {us > 0}, where
Loou:=LLu+ L u
and
—u(z —u(x
LLu(z) :=sup Lug), L u(z) := inf Lu((x)
e |y — x| ye@ |y -z
We note that the fractional infinity Laplacian has been studied in [4] where the authors prove

existence of a solution to Lou = 0 using an approximation with the fractional p—Laplacian
when p — oo.

In Section 3, we consider the problem of finding the best a—Hoélder extension (with 0 <
a < 1) of the constant boundary condition (u = 1 on 9f) in the presence of a hole A CC (,
i.e. we minimize the a—Holder seminorm among all functions w that vanish on A while u =1
on the boundary 0€2:
(1.6) A(A) := min{[u]y : v € C¥(Q),u>0, u=1 on N, u=0 on A}
where u(z) — u(y)|
u(r) —u
ulo = sup R
z,ye), xF£y |x - y|
The aim of this section is to give an explicit representation of the solution to Problem (1.6).
More precisely, we show that the function
d(z, A)"
d(z, A)® + d(x,00)>

u(zx) =

minimizes (1.6). Moreover, we will show that this minimizer u solves the fractional infinity
Laplacian
(1.7) Loou =0 in Q\A.

In Section 4, we consider the a—Holder version of Problem (1.4). To be more precise, we
study the problem of finding the optimal hole A that minimizes the functional A(A) among
all subsets A C 2, i.e. we consider the following shape optimization problem:

(1.8) min{A(A) — A|A] : ACC Q}.

If A <0, it is clear that the optimal set A in Problem (1.8) is empty. However, if A > 0 the
situation becomes much complicated since on one side we need to take A small as much as
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possible so that A(A) will be small too but on the other side |A| is increasing in A. Yet, we
will show that there exists a constant A* > 0 such that for all A < A* the optimal set A is
empty, while if A > A* the optimal set A = {z € Q : d(z,09Q) > r)}, where the constant r) > 0
is such that

T HN T (04,,) = T
Moreover, \* satisfies

1
Tg* |A7‘A*‘ = F

2. THE LIMIT OF THE FRACTIONAL p—LAPLACIAN FREE BOUNDARY PROBLEM

Let ©Q be a bounded Lipschitz set in R and A\, A > 0 are fixed. Then, we consider their
minimization problem:

_ p
(2.1) min{p/l\p/ﬂ 0 ‘U(Z)_ jfi)' +M{u >0} : ue WP(Q), u=1 on aﬂ}.
X

Proposition 2.1. Problem (2.1) has a minimizer u,. Moreover, we have Lyu, = 0 (in the
weak sense) inside the positivity set {u, > 0} where

ju() — u(@) P u(z) — u(y)
/ r:r— rap fu(z) — uly)]

Proof. Let {uy}, be a minimizing sequence in (2.1). So, there is a constant C' (independent
of n) such that

1 n - Un P
/ |un (x) — un(y)| + AM{u, > 0} < C, for all n.
PA? Joxo |z —y|P

Hence,

(2.2) ( /Q B u”(@)__ j&gy)'py < [Cpl7 A

Yet, u, =1 on 9. By [8, Theorem 8.2], we get

[[tn]loo < Clunlsp + 1.

Thanks to (2.2), this implies that {u, }, is bounded in W*?(€2). Hence, up to a subsequence,
uy, converges uniformly to u, in 2. Thanks to Fatou’s Lemma, we see that

1 |Up(|90) Tp(y)| p 1 \Un(‘w)—Tn(yN »

z—y . a—
- ——— +A{u, >0 ghmmf[/ [] + M{u, >0 }
p/QXQ |: A :| |{ v }| n P Jaxa A ‘{ H

In particular, we have u, = 1 on 0. Hence, u, is a minimizer. Moreover, it is easy to see
that u, > 0. Assume this is not the case; consider the truncated function @, := max{u,,0}.
Then, one has {u, > 0} = {1, > 0} and

]ﬁp(:c) - f‘p(y)‘ < ]up(x) - “p(y)|7 for all x, y € Q.

Fix ¢ € C5°(?) such that spt(¢) C {up, > 0}. Then, we clearly have u + e € W*P(Q),
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u+ep =1on 0N and {u, +ep > 0} = {u, > 0} for € small enough. From the optimality of

up, we have
/ [Wr < / [I(up + w)(‘x) — (up + ) (W)I]"
QxQ =y ~ Jaxa T —yl

Therefore, we get

[up (@) = wp I @) —wply)
frn o Tty ) 0 =0

Then, we have
Lyu,=0 in {u, >0} (in the weak sense).
O

Proposition 2.2. Up to a subsequence, u, — us uniformly in 2. Moreover, us minimizes
the following problem:

min{|{u >0} :ueC%Q), [ula <A, u=1 on 89}.

Proof. From the optimality of u, in Problem (2.1), we have

|up (z)—up(y)]

1 z g
/ [lyl} + M{up >0} < AlQ|,  forall p.
b Jaxa A

Hence,

1

_ ak

[/ lup(z) — up(y)| ]" < [pAQI7A,  for all p.
axq |z =yl

Fix m < p, one has

[ B < oo <
QxQ !33 - y!am QxQ |$ - y|“p

Consequently, (up), is bounded in W*™(Q) (with s = o — —) If m > 2 then one has the
following estimate

||Up‘|coyw(§) < Cluplwsm(q)s

with v = s — % > 0. Therefore, up to a subsequence, u, converges uniformly to us in Q.
Moreover, we have u, € C%%(Q) and

[Uoola < A.

Fix u € C%%(Q) such that [u], < A and u =1 on 9. Thanks again to the optimality of u,,
we have
|up(2)—up ()| e

1 T Q
AH%>0Hs/‘ ['“}+Am@>0Hs
QxQ A

+ A|{u > 0}].
5 { H

Passing to the limit when p — oo, we get
| |2

AMuso >0} < )\hmmf|{up >0} < hmmf + A{u > 0} = A[{u > 0}].



THE OPTIMAL HOLE FOR THE OPTIMAL HOLDER EXTENSION 5

In order to show that wu, is a viscosity solution to the fractional infinity Laplacian in
the positivity set, we need to introduce first the definition of a viscosity supersolution (resp.
subsolution).

Definition 2.1. We say that u is a viscosity supersolution of —Lyu =0 in E if the following
holds: for every xg € E and ¢ € C1(2) N C(Q) such that

d(x0) = u(zo) and ¢(x) < u(x) for all z € Q,

then we have

—Lp¢(x0) = 0.
The requirement for a viscosity subsolution is symmetric: the test function is touching from
above and the inequality is reversed. Finally, a viscosity solution is defined as being both a
viscosity supersolution and a viscosity subsolution.

Proposition 2.3. For all p > 1, u, is a viscosity solution to —Lpu, =0 in {u, > 0}.

Proof. In order to prove that u, is a viscosity solution, we will use some technical points from
the proof of [4, Proposition 6.4], where more details can be found there. First, we show that
up is a viscosity subsolution. Assume that there is a function ¢ € C1(Q) N C(Q) touching w,
from above at some point o € {u, > 0} such that

—Lyp(zo) > 0.

First, we claim that one can assume that u, < ¢ in Q\{zo}. Fix 6 > 0 small enough and set
ws(x) = @(x) + d|x — x0|?, for every x € Q. We have

l05(x) — 25 (W) P2 [ws(x) — ws(y)]
= |o(@) = (y) + 8|z — zof* — |y — 2o ’|P*[0(x) — @(y) + 8[|z — zo|* — ly — wo|*]]-

Yet,
\wx@¢aww%w@»w@nwu><mww%wm¢@ﬂ
1
=kp—n(é\w@—@@wﬁmx—mﬁ—w—mmw2w>mx—mﬁ—w—mm
< Cblw —yP L.
Then, we get

|Lyps(x) — Lyp(a)| < C8.

Therefore, —Lyps(xg) > 0 provided that § > 0 is small enough. For ¢ > 0 small enough, we
define

e = min{uy, p — €} and ¢° = max{up, p —€}.

Since 0 < up < ¢ in Q\{zo}, p(z0) = up(zo) > 0 and ¢ € C(12), then we have ¢, = u, on 02
and ¢ —e > 0 on (), for all € > 0 small enough. Yet, u, is a minimizer and so, one has

| () —pe (y)|

1 r—y|™ p
>0} <5 [ ['1@}+Aw%>on
QxQ

Jup () =y (v)] -
| p

(23) ]17/Q><Q [x/\ma

For p > 1, we have the following convexity inequality (see [11]):

| min{a, ¢} — min{b, d}|” + | max{a, c} — max{b,d}|” <|a — b’ + |c —d|P.
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So, we have
/’ m%@>¢4ww+/' hf@)¢%ww<i/ \wﬁ@—UAwW+/ o(z) = p(y)”
axe |z -yl axe |z -yl ~Jaxa |-yl axq T —yloP

But, it is clear that

[{#e > 0} = [{up > 0}].

Recalling (2.3), this yields that
/ [P (z) = WI” _ / (@) — (y)P
axe T —yl*? T Jaxa |z —yl|*P
Now, set

j&)fléxgKL_0¢@)+Mf@ﬁ_(1_®@@)_Mf@”p

|z — y|oP

, for all t € [0,1].

Yet, we have

J@5q1_w/' Wﬁﬂ—ﬂww+¢1%gw%m—¢%mw

axq |z —ylP |z — y|oP

lp(z) —p(y)|P
= /QXQ a j(O)

|z — y|op

Hence, ¢t = 0 maximizes J(t). Therefore, J'(0) < 0. But, we have

oo [ L@ @I e —ely)
FO=p [ P P (@) — pla) + ¢ — () — o) + )] <O
So, we get

/Q [~ Lo ()]l (@) — o) + ] <0,

which yields to a contradiction as soon as € > 0 is small enough. In the same way we prove
that u, is a viscosity supersolution.  [J

Proposition 2.4. The limit function us s a viscosity solution to —Loouee = 0 in the positivity
set {uso > 0}.

Proof. Fix zg € {us > 0}. Let ¢ € C1(2) N C(Q) be such that us > ¢ on Q and ue(zg) =
¢(zo). Recall that one can assume that xg is the unique minimizer of us — ¢. Set m, =
minfu, — ¢]. So, one has x, — xo with u,(x,) = ¢(zp) + my. Since u, is a viscosity solution
in {u, > 0}, then we have

—Ly¢(xp) 2 0.

Hence,

/ 6) = o) / 6 — o)l
Q Q

|z — ylop |z — ylop

Letting p — oo and thanks to [4, Lemma 6.5], we get the following inequality:

— L ¢(x0) > LL¢(x0).
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Now, let us show that us, is a viscosity subsolution (so, it is a viscosity solution). Fix xg €
{use > 0}. Let ¢ € CH(Q) N C(Q) be such that us < ¢ on Q and us(z0) = ¢(20). Assume
again that zo is the unique minimizer of us — ¢. Set M, = max[u, — ¢| and x, € Q is such
that uy(xp) = ¢(zp) + M,. We note again that z, — zo. Since u, is a viscosity solution in
{up, > 0}, then one has

—Lyo(xpy) <0.
Hence,

_/ [6(y) — ¢(xp)2 / [$(y) — Plap))”" dy < 0.
Q Q

+
d
PR N R
Then, we get that
~L,d(w0) — Logp(wo) < 0. O

3. CHARACTERIZATION OF THE BEST HOLDER EXTENSION

Let Q be a bounded domain in RY. For a subset A CC €, we consider the following
minimization problem:

(3.1) A(A) := min{[u]s : u € C¥(Q), u >0, u=1 on dQ, u=0 on A}.
Proposition 3.1. The following function u(x) = % minimizes Problem (3.1).

Proof. Clearly, this function u satisfies the boundary conditions © =0 on A and v = 1 on 0f2.
Moreover, we have the following:

wp MW =) 1 —u@) 1 e
yeoouA |y — x|® yeon |V —|*  yean ly — x|
d(x,00)* 1 1
= d(w, A)° £ d(z, 00) jean [y —2|®  d(z, A)* + d(z, 09)°
and e
inf 7u(y) —ul@) = inf —u(@) = —sup MW
yedQuA |y —x|*  yed |y —axl® yea |y —=|*
d(z, A)* 1 1
T d(z, A+ d(z, 00)° gen [y —ale  d(z, A)° + d(z, 0Q)*
Hence,

wp MW ) () u(@)

-+ =0
yeooua |y — o yedQuA |y — o

For every = € (), we claim that

M 0D _ | uly) — ula)
ye,yte 1Y —T|* yeoo |y —x|*
and
L u(y) —ule) _uly) —ul)

vyt |y —x|®  yeA |y—ax|®
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Fix x1, o € . Assume that S;rl = SupPyecon % > Supye(gQ%
Y, € 9 be such that
1 —u(x
S;—l =T ) :
’y1 —1|*
Yet, we have
1 —u(x
S;'Q > +7(2)
[y — 2|
Hence,
w(zr) —u(w2) < SF |y — x| = STy —a1|* < S [w2 — 2],
Consequently,

u(@1) — u(xs)

< STt if ST >8+".
\a:l—a:2|a — Yx2 r1 = Mo

— qt
= St

Let

On the other side, we denote by Sy := infycq uy)=ul@) Qi ce St > St and S + S, =

ly—a|®

S;‘z + S;Q = 0 then we have Sz_l < 5’;2 < 0. Let y; € A be such that

o _ u(xy)
o ly; — a1|®
One has
- u(x2)
S _—
2Ty — |
Then, we get

u(z1) —u(r2) > =S, ly; —21|*+S,, lyy —22|* > S, [lyy —22|* —lyy —21]*] = S

T

Therefore,
U(ZEZ) — u(:cl) < —S;2’$2 — $1|a = S;;|IL'2 — $1|a.

Interchanging z; and x2, we get

u(zy1) — u(ze) .
———— < S;fl if S;,Fl < S;C;.

|z1 — 22]®
Hence,
wp @) @) () ()
$1€Q,CE17&1‘2 |$1 - xQ’a o yeoN |y - x2|a

In the same way, we show that

uly) —u() _ o uly) — ()

inf =
yeQuy#e |y —x|*  yed |y —zl®
Thus, we infer that
yeQ, y#z ly — x| yeQ,yzz |y — o

’1'2—1'1 @,

Finally, assume that there is a function v € C%%() such that v = 0 on A and v = 1 on O

with
[V]a < [u]a-
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This implies that there is a point xg € €2 such that
o< sup W) U)o ul) mulzg) ) vly) o)
Y€€, y#£xo |y — ol yeIN ly — ol Yo ly — o
If u(xg) > v(xg), we get that
vly) — ulxo) v(y) — v(zo)

[v]a < sup < sup
¢ T yeon ly—xol® T yeon ly—mol®

which is a contradiction. Finally, assume that u(xg) < v(zg). Then, thanks to (3.2), we have

[v]lo < sup uly) = u(xo) _ _ inf uly) —ulzo) _ ., o uly) — ulzo)
yed,yto |9~ 0| yeQ y£z0 Y — ol yeA |y — xol®
_ g YW @) e v(y) —v(mo)
veA |y — zol® veA |y —xol|®

But, this is again a contradiction. [J

4. OPTIMAL HOLE

Fix A > 0. Then, we consider the problem of minimizing the optimal a—H&lder semi-norm
A(A), among all nonnegative functions u in C%*(Q) with a prescribed Dirichlet boundary
condition v =1 on 92 and u = 0 on A, plus a penalization on the volume of the set A. More
precisely, we study the following shape optimization problem:

(4.1) min{A(A) — AA] : ACC Q},

where

A(A) == min{[u]y : v € CO*(Q),u>0, u=1 on I, u=0 on A}.

First, we start by proving the existence of a solution to Problem (4.1).
Proposition 4.1. There exists an optimal set A* that minimizes Problem (4.1).

Proof. Let {A,},, be a minimizing sequence in Problem (4.1). For every n € N, we may assume
that A, is closed since it is clear that A(A,) = A(A,) while |A,| < |A,|. For all n € N, let u,,
be a minimizer of Problem (3.1), i.e. A(Ay) = [un]o. Then, there is a constant C' < oo such
that for all n € N,

A(Ay) = ANA,| = [un)a — Al4n| < C.

In particular, [u,]o < C+ AQ|. Yet, u, =1 on 9. Hence, {uy}, is uniformly bounded since
[uy (z)] <14 Cdiam(Q)?, for all x € Q.

So, up to subsequences, u, — u uniformly in Q and A, converges to A in the Hausdorff
distance. Clearly, u = 1 on 92 and © = 0 on A. But, one has

(4.2) [un () — up(v)| < [un]a |z — y|%, for all =, y € Q.

Passing to the limit in (4.2) when n — oo, this yields that
lu(z) — u(y)| < liminfluy]q |z — y|%, for all =, y € Q.
n
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Thus,

(4.3) A(A) < [ula < lirr%inf[un]a = lin}linf A(A,).

On the other hand, if x € A,, for all n large enough then we also have x € A and so, we get
that

(4.4) limsup |A,| < |A].

Combining (4.3) & (4.4), we get
(4.5) A(A) — A|A] < liminf[A(4,) — A A,

This implies that A is an optimal set. [

In the next proposition, we show that we can always find an explicit optimal set to Problem
(4.1). Let Rq be the inradius of © (the radius of the largest ball that can be contained in €2),
ie.

= max d(z, 09).
Rq = maxd(z, 9Q)

Proposition 4.2. For every A > 0, at least one of the following two statements holds: A = ()
is an optimal set or there exists r € (0, Rq| such that A, = {z : d(z,00) > r} is an optimal
set. Moreover, the function
d x,@Q)O‘}
Jr

up(z) = [1— ( =

minimizes A(A,). More precisely, if there is an optimal set A such that A(A) < R%g then

A =0, while if A(A) > Ra then for r: € (0, Rq], A, is an optimal set.

A(A)l/a

Proof. Let A CC Q and u be a minimizer in Problem (3.1). Let us denote by P(z) any
projection point of & onto the boundary. Since u = 1 on 0f2, then we have that

u(z) = 1] = [u(z) — u(P(2))] < [ula |z — P(2)|* = [u]a d(z, 092)".

For every x € A, one has u(xz) = 0. Then, we must have

d(x,00Q) >

[ule! ™
This implies that
1
(4.6) {x sd(x,00) < [ ]l/a} C {u>0}.
Ul
If R < A(A)l/a = []ﬁ then {u > 0} = Q, since for every x € Q2 one has
1
d(z,09) < Rq < 7
[u]o®
and then, A =0 (so, u =1).
Finally, assume that Rg > m = ]1/a- So, there is a r € (0, Ro] such that [u]o = =.
Now, consider the function w,. It is clear that u, € C%*(Q) with [u,], = -&. From the

=l = [t

definition of A,, we also have u, = 1 on 992 and u, = 0 on A,. Hence, A(A)
Recalling (4.6), one has

(4.7) NA, = {x d(z,00) < 7‘} C {u>0}.
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Yet, u =0 on A. Hence, A C A,. Thus, we have the following:
4] < |4,
From the optimality of A, we infer that
A(A) = XA € AA) = A < [1]a = Al < []a — AlA] = A(A) = AJA].

This yields that A, is an optimal set in Problem (4.1), u, is also a minimizer in A(A4,) and,
A = A, almost everywhere. [

Proposition 4.3. Assume € is convexr. Then, there exists \* > 0 such that for all X < \*,
A = ) is the unique optimal set. For A\ = X\*, there exists a unique ry« € (0, Rq) such that
A, is an optimal set (while A = () is always optimal). And for X > X*, there is a ) € (0, Ro)
such that Ay, is optimal. Moreover, we have the following characterization:

P HN 1 (94,,) = % for all A > M,
and )
’I“i!* |AT‘/\*| = —.

)\*
Proof. First, we define
Ia(r) == A(Ar) — AAr.

Thanks to Proposition 4.2, we have
Ia(r) = [ur]a + AQ\A,| — A|Q], for all r € (0, Rq].

Hence, one has
1
falr) = o + A{x : d(x,00) < r} — Q.

Using the coarea formula, we have

JA() = =+ / WY (o d(w, 00) = 1)) dt — N,

o

Then,
a —
Al =——Zm+ AHN ({2 d(z,00) = r}).
So,
1
- 1
R 0= —5 > ARV (04,) O > AW HN(94,) 7

—1

<

For simplicity of notation, we set
1

aN-
a+1l °

rN-1

=

V()= HVUOA)TT  and  G(r) =

Since () is convex, thanks to the Brunn-Minkowski inequality, ¥ is decreasing and concave.
However, GG is decreasing and strictly convex. Moreover, one has lim,_,q+ G(r) = +00. First,
assume that W(Rq) = 0 (we note that this is not the case in general; consider the case when
is a stadium or simply a rectangle). Then, thanks to these properties on G and W, it is clear
that there is a constant A; such that the following statements hold:

o G(r) > AF-TU(r) on [0, Rg], for all A < \;.
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1 1
e There exists r; € (0, Rq] such that G(r;) = X\Y"'U(r;) and G(r) > N\ 7" ¥(r) for all r # r;.

o There exist ry, Ry € (0, Rq] such that G(ry) = AF-1U(ry), G(Ry) = AN-TU(R,) and,

G(r) < )\ﬁ\I’(T‘) <1\ <7r <Ry

For all A < \;, we have f}(r) <0 for every 0 <r < Rq. Hence, we get the following:

1
i = Ro)=— > 0.
TGI(%}%Q} M) = fr(Ra) R

Then,
A(A,) = MA,| >0, for all r € (0, Rg).

Recalling Proposition 4.2, this implies that for any optimal set A, we must have A(A) < RS
and so, A =10. If A = X;, f{(r) <0 and so, we get again that
1

i = fAi(Rg) = — >0
Ter(%}gg]fx(r) r(Ra) R

and so, A = () is the unique minimizer.
Now, assume A > A;. Then, one has

1
min r) = min rA), (R, = min T\), == ¢-
i () = min{ (7). (e} = min { A0, |
Yet, min,¢(, rg) fo(r) = R%qz > 0 while min, ¢ gy fa(r) < 0 for A > \; sufficiently large.
Moreover, it is easy to see that A — min,c g rg] fa(r) is continuous and decreasing. Hence,
there is a unique A\* > \; such that min,c gy fa<(7) = 0. Thus, fy«(rx+) = 0 for some
rx € (0, Rg| and so, we get that

A(AT,\*) - )‘*|Ar)\*‘ =0< A(AT) - >\*|A7"7 r 7’5 T)\*-

This implies that A,,, is an optimal set (while A = () is always optimal). If A > A\*, then there
exists r such that fi(r\) = min,¢(o r,) fr(ra) < 0. Hence, A;, is a minimizer.
Finally, we note that if A\; < A < A* then we have

min _fy(r) = min {fA(T,\), Rla} > 0.
Q

r€(0,Rq]

Hence,
A(A;) = NA,] >0, for all r € (0, Rq)].

So, A = () is again the unique minimizer.

In the same way, we treat the case when W(Rq) > 0; the only difference now is that for A

large there exists a unique r) € (0, Rg| such that G(r)) = )\ﬁlll(m) and G(r) < )\ﬁ\II(r)
when r > 7). This yields that min,¢ (o r,) f2(7) = fa(ra) < 0 and so, A, is an optimal set. [
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