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Abstract

In this paper we prove that any solution of the m-polyharmonic Poisson equation in a
Reifenberg-flat domain with homogeneous Dirichlet boundary condition, is €™~ % regular
up to the boundary. To achieve this result we extend the Nirenberg method of translations
to operators of arbitrary order, and then use some Mosco-convergence tools developped in a
previous paper [12].
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1 Introduction

This paper is devoted to the regularity up to the boundary, for solutions of a general elliptic
PDE of order 2m with constant coefficients. A prototype is, for instance, the following m-
polyharmonic Poisson equation:

(=A)"u=f inQ
{ we H (). (1.1)

For any bounded domain Q and f € L?(Q), it is easy to see that there exists a unique solution to
the above problem. In the following, we also impose a mild regularity condition on the domain
Q). Specifically, we consider the relatively broad class of Reifenberg-flat domains. This concept
encompasses, in particular, Lipschitz domains and has been utilized in numerous previous studies
on the regularity of elliptic PDEs, as for instance [5, 6, 7, 8, 13, 14, 15, 16, 17, 18, 19, 20, 23],
to mention a few. Let us first introduce some notation.

For every r > 0 and x € RY, B(x,r) is the open ball of radius r and centered at x, B, := B(0, 7).
Moreover for A € [—1,1] we will denote by B*(z,) the truncated ball of level A defined by

B>z, r) := B(z,r) N {ye RY | ynv > Ar}.
We also denote B (x,7) := BY(z,r) the upper half-ball centered at z.

Definition 1.1 (Reifenberg flat domain). Let ro > 0 and g9 € (0,1]. A bounded open set is
(€0, 7r0)— Reifenberg flat if for every x € 0Q and r € [0,1¢], there exists a rotation R, centered at
x such that

B (z,r) C Ry(?) N B(x,r) C B~(x,r).

This definition is equivalent to consider a hyperplan &, containing x such that
dyp(0QN B(z,r), Py N B(z,1)) <eor, 1 <10,
where d j is the Hausdorff distance, and to suppose that
B(z,r)N{y € RY ‘ dist(y, Py) > 2eor}
has two connected components, one lying in 2, the other one lying in RV\Q, see [25].

The purpose of this paper is to investigate the boundary regularity for the Problem (1.1) in
Reifenberg flat domains. Actually, it applies to more general operators of order 2m of the form

A= (=1)" D ae30°0%, (1.2)
lal=I8|=m

where a, g € R are real coefficients. We assume that &/ symmetric, i.e. aqg = agq, and is
elliptic in the sense that there exists C' > 0 such that for all vectors § = (§a)|a|=m With {, € R
it holds,

Y aapbals =C D &l (1.3)

laf=|8]=m |la=m

Here is our main result.



Theorem 1.1. Let a € (0,1) and q¢ > 2 be such that mq > N if 2m < N, and q = 2 otherwise.
There exists €9 € (0,1) and r9 € (0,1] such that for every (eo,r0)—Reifenberg-flat domain
Q C RY, for every function f € LY(Q), if u € HF() is the weak solution of o/ (u) = f, then
u € €™ 1Q) and

[ullgm-1.a@y < CllfllLac;

where C' > 0 depends on N, A, a, 2 and m.

What is somehow surprising in Theorem 1.1, is that we are able to obtain fairly strong regularity
up to the boundary, in the class €™ 1, although 02 enjoys only very poor regularity, not better
than €%7. Indeed, a Reifenberg-flat domain is less regular that Lipschitz, it could even have
a fractal boundary. The high regularity of solution in this poor regularity class of domains is
possible due to the fact that u € H}"(2) thus vanishes at the boundary, as well as all its kth
derivatives, up to the order m — 1, leaving a chance to be more regular up to the boundary, than
the boundary itself.

For instance our result immediately implies that in dimension 3 and in the case of the bi-
laplacian, if u € H3(Q) and A%u € L?(Q2), then u € €1%(Q), while  is only Reifenberg-flat.

Notice that for the interior regularity, if A™(u) = f with f € L then A(A™ 1)(u) = f so that
A™ 1y € W24 by classical Calderon-Zygmund estimates on the standard Laplacian. Iterating
this m times we arrive to the fact that u € W?2"™4. Hence, if mq > N, the Sobolev embedding
theorem implies that V™u € %%, or in other words u € €™%. Of course this argument
cannot be applied at the boundary because the Dirichlet boundary condition is not preserved
while taking derivatives. But it is interesting to notice that comparing to the statement of
Theorem 1.1, since we arrive at the boundary up to v € €?™ 1 and not €>™*, we loose
one derivative with respect to what we could expect in the interior. This is due to the weak
regularity of the boundary that prevents us to go beyond.

Let us furthermore emphasis that our result is sharp. Indeed, for instance for m = 1 it is easy to
construct a harmonic function with Dirichlet boundary condition on a cone fo aperture w 4+ £,
that is in €% but not Lipschitz (see for instance Remark 18 in [17]).

A similar result as our Theorem 1.1 has been partially obtained earlier in [18] in the case m = 1,
i.e for the standard Laplacian, where a priori estimates v € LP(Q2) and f € L9(f2) leads to
the €%(Q) regularity, provided that  is “flat” enough. Our result includes the one in [18],
and is even more general for the case of the standard Laplacian (m = 1) because we do not
assume any a priori bound on u € LP(2) as in [18]. The technique is also different since in [18]
a monotonicity formula has been used, which is not available for the polyharmonic operator.

The result in [18] has also been extended for general elliptic operators of order 2 in [20], using
some barrier arguments. This technique cannot be applied for operators of highier order since
it relies on the maximum principle.

Notice that in the recent preprint [24], a similar regularity result has been obtained for the
fractional Laplacian (—A)®. For the particular case s = 1, the result in [24] is coherent with the
particular case of our result with m = 1.

For the parabolic case, an LP theory has been developed in [8] in a general context of varying
BMO coefficients, from which one can probably deduce a similar statement as our main result,
after an application of the Sobolev embedding theorem. However, the technique employed in



the present paper is completely different from the one in [8], and somehow simpler.

It is worth mentioning that many works by S. Mayboroda and co-autors are dedicated to the
study of the bi-harmonic operator in a general class of wild domains, including in particular
Reifenberg-flat domains (see for instance [3, 22, 4, 21]). The context in these works is a bit
different since they are interested in the polyharmonic measure thus focus on the delicate problem
A%y = 0 in Q with v = f on the boundary. In the present paper instead, we are looking for
u = 0 on the boundary with a source A?u = f in €, which is slightly different.

Our approach, which is completely self-contained in this paper, uses variational technics that
are well adapted for solutions with homogenous boundary conditions, that might not work so
well with an inhomogeneous condition. On the other hand, it provides some very precise energy
estimates at the boundary in that particular case, that one could probably not obtain so easily
with the general tools developed for the polyharmonic measure.

We also believe that our result could be extended to more general operators of divergence
type with Holder continuous coefficients, but we do not pursue this generalization for sake of
simplicity, restricting ourselves to constant coefficients.

Ideas of proof and structure of the paper. Let us now describe the ideas behind the proof
of Theorem 1.1. The main point is to arrive to a decay behavior of the energy at the boundary
for a poly-harmonic function, of the following type: there exists b, C,ry > 0 such that for all
z € 02 and r < R < 1, (in the sequel, a function in Hj*(2) is considered as being extended by
0 outside )

N-—b
/ Vrude < 0 (%) / V™ul2dz, T e (0, R). (1.4)
B(z,r) R B(,R)

If (1.4) holds, then one arrives to say that u € €™ 1%(Q) by standard Campanato theory.

Now to obtain (1.4) at the boundary point of a Reifenberg-flat domain, the first step is to prove
that it holds true when the boundary is a hyperplane. Once this is established, then we can
argue by compactness and obtain that it still holds true when the boundary is close enough to
a hyperplane. This is done in Proposition 1.4, which uses in particular the Mosco-convergence
theorem for higher order operators contained in [12]. Since a Reifenberg flat domain is g¢-close
to a hyperplane at any scale, we can then conclude that the same decay holds for a solution in
a Reifenberg-flat domain, leading to our main €™ 1 result.

Therefore, a fairly big part of this paper is actually devoted to the proof of the energy decay
property (1.4), in the case of a perfect flat boundary, i.e. when 9 coincides with a hyperplane.

For the standard regularity theory for operators of order 2m, one usually quote [1, 2], based
on Fourier analysis. However, we could not find in the literature, the exact statement that is
needed for our purposes. Instead, we provide in this paper a complete and self-contained proof,
based on the Nirenberg translation method, that allows us to control precisely all the constants.

The interesting fact is that we have to adapt this method in a non trivial way for higher
order operators, compared to what is commonly known for the Laplace operator. Up to our
knowledge, we believe this argument to be new and interesting for its own. Indeed, let us explain
the difficulty.

For the recall, a usual way to treat the problem of boundary regularity in the flat case, for
instance when Q = {ey > 0}, is to consider a direction of translation A € R¥\{0} and then



introduce the translated function

u(z + h) —u(z)

z € Q.

The main idea is the following: up to localize with a cut-off function and provided that h goes in
the horizontal directions (i.e. for h =e; and 1 <i < N — 1), the function Dju is an admissible
test function in HJ*({enx > 0}) in the weak formulation of the problem. For the polyharmonic
problem this leads to an apriori bound of the type

Since C' is uniform in h, we easily conclude by taking h — 0 that actually v admits one more
derivative in all the horizontal directions. We can continue inductively and actually prove that all
the derivatives of the form 9*V™u are in L?, where o are multi-indices involving only horizontal
directions. Then we only miss the vertical direction, in which the translation is not admissible
as a test function.

For the standard Laplacian, the usual trick works as follows: we can recover the vertical deriva-
tives by use of the operator. Indeed, if —Au = f then

N-1
—03u=f+ Z d?u,

i=1

and this is how we obtain that 8]2Vu € L? because we know that all the afu for1<i<N-1
are in L. We then conclude that v € H?, which is a gain of regularity compared to the original
information that u € H'.

For higher order operators &7, we cannot recover the estimate on 8]2\,mu so easily because we
need to pass from V™u € L? to V?™u € L?: in other words we have to win m derivatives, and
not only one. Moreover, the operator is more complicated and involves multiples derivatives of
different order.

As a result, our proof works by induction on the order of the operator. We first establish the
regularity theorem for m = 1, which is the case for instance for the standard Laplace operator.
Then assuming that the theorem is true for operators 7 of order 2(m — 1), we prove that it
holds true for operators of order 2m. The main tool is to write a general operator &7 of order
2m as the sum (see Lemma 2.1):

o (u) = B(u) — INE (D), (1.5)

where %(u) contains at most m-derivatives in the ey direction, so that it belongs to L?, and
% is an elliptic operator of order 2(m — 1), on which we can apply our induction hypothesis.
Indeed, since <7 (u) € L? by assumption, we deduce that Oy (Oyu) € L?. Then by use of a
certain Poincaré inequality, this actually yields €' (Oyu) € L?, and thus Oyu € H 2(m=1) thanks
to our induction hypothesis (i.e. using that the Theorem is true for operators of order 2(m —1)).
All this implies that u € H?>™~ 1,

Now we are still missing one last derivative because we need to achieve H?™ instead of H?>™~ 1.
This will be done by use of the operator, for a last time again. Indeed, at this stage of the



proof, we have a control on all the derivatives of the form 0%u with |a| = 2m, provided that
ay < 2m — 1. In other words, to conclude that u € H?™ we only miss the last derivative 812\,mu.
But this term appears in & only once. Namely, we have

A = (=) amer men O3 + & (1.6)

where & contains at most 2m — 1 derivatives in the ey direction. This is how we get 8]2\[mu € L2,
and finally conclude that u € H?™, as desired.

All this leads to the regularity result that is contained in Theorem 4.1, that we state here in the
introduction to enlight what we have obtained with this method.

Theorem 1.2 (Regularity with flat boundary). Let m € N*. Let o/ be an operator of order
2m of the form (1.2) and satisfying the ellipticity condition (1.3). Let u € H™(B(0,1)) be
a weak solution for @/u = f in BT(0,1) with f € HYB*(0,1)), and such that u = 0 in
B(0,1)N{xy < 0}. Then u € H*™T¢(B*+(0,1/2)) and

HUHH?m‘H’(B-*-(O,%)) < C(IV™ullp2(5+(0,1)) + ||f||H€(B+(0,1))a
where C' > 0 is a constant that depend on N, max, g |aqgl, | and m.

We also have written the interior case, analogous to Theorem 1.2 (see Theorem 3.1). As a matter
of fact, by reasoning with local charts, our paper provides a self-contained and full regularity
theory for the Dirichlet problem of 2m-order in a smooth domain.

A funny observation is that our method really needs to work with general operators of the
form (1.2), and does not simplify for the special case of (—A)™. Indeed, while performing the
induction argument on (—A)™ we would need to decompose it as the sum (1.5), in which an
operator of lower order appears, which is not (—A)™~! but more general, like in (1.2).

Then in the next section we use this regularity result to establish a decay property of the type
(1.4) for a poly-harmonic function at a boundary point of a Reifenberg-flat domain. This is
obtained by use of a compactness argument (see Proposition 5.1). Once this is done, we can use
a “poly-harmonic” replacement argument to derive a similar decay property for a solution with
a second member. This is done in Proposition 5.2, that leads to the proof of our main result,

Theorem 1.1.

2 Preliminaries

As usual we denote by H™ () the Sobolev space endowed with the norm

lalFpmoy = D 10%ull3

la|<m

and we denote by H{"(f2) the closure of C*™ function with compact support in €. Since a
Reifenberg-flat domain enjoys the so-called corskcrew condition, it follows that

HMQ) = {uec H*(RY) s.t. u =0 a.e. on RV \ Q}. (2.1)



This is actually Corollary 5.1. in [12], and we refer to [12] for more details. As a consequence,
in all the paper we will consider u € H}(f2) as begin a function of H™(RY), extended by 0 on
Qe

We will also use (2.1) implicitly while dealing with an mixed boundary value problem in a half
ball. For instance in Section 4 we will consider v € H™(B(0,1)) such that v = 0 a.e. on
B(0,1)N{xzn < 0}. It is known (see for instance [12]) that such a function can be approximated
by v, — u in H™(B(0,1)) such that supp(v,) C B*(0,1) for all n. This fact will also be used
in the proof of Proposition 5.1.

2.1 Multi-index and Leibniz formula

A multi-index is a vector a € N¥. The length of « is denoted by |a| which is the sum of all the

coefficients ;. The partial derivative 0% means that we take all derivatives 8&?”. We denote by
a! the number aqlas!. .. ay! and we say that o < 8 when o; < ; for all 1 <i < N.

If u,v are two smooth functions then the Leibniz formula says
a!

0% (uww) =y maﬁuaw%. (2.2)

BLla

2.2 Elliptic operator of order 2m

Let m € N*. We consider a general operator o7 of order 2m of the form

o= (=0)" > (400" = (-1 ) aap0°0%, (2.3)

|lal=[B|=m |la|=[B|=m

where a, 3 € R are real coefficients. We assume that &/ symmetric, i.e. ang = agq, and is
elliptic in the sense that there exists C' > 0 such that for all vectors { = (§a)jaj=m With §o € R
it holds,

Y tapbals =C > &l (2.4)

laf=|8]=m |al=m

2.3 Weak Formulation

For f € L?(1), the existence and uniqueness for the problem

Fu=f inQ
i

can be obtained considering minimizers of

min e 30%udPu dac—/u dx.
ueHé”(ﬂ)/Q 2 das o

la]=[8]=m



The weak formulation of this problem is

/ Z Qg 58au864p dx—/cpf dx for all ¢ € HJ"(Q). (2.6)
lal=[8]=m

2.4 Matrix formulation

For u € H™(Q2) we denote by V™u the vector of all derivatives of order m, i.e. V"u =
(0°U)|q|=m- Then the weak formulation (2.6) can also be written as follows,

/ AV u -V dx = / of dv  for all ¢ € H'(Q), (2.7)
) Q

with A = (aq,p).

2.5 Poly-harmonic operators

In particular, our class of operators contains the poly-harmonic operator (—A)™ (see [10]) by
taking the particular case a, g = %’5&75 where 6,3 = 1 if @ = 3 and 0 otherwise. In this case,

!
> aaplals= ) %|€a|2,

laf=|B8=m |lal=m

and therefore it is clear that this operator satisfies the ellipticity condition (2.4).

Even if the following fact will not be used in this paper, it is worth mentioning that by use of a
standard integration by parts valid in Hg"(€2), one can prove that the associated bilinear form
that appears in the weak formulation for (—A)™ becomes

/ Z e, 30° ud’p dx =

{ Jo AZTuAZ o dx if m is even,
loo|=|B|=m

fQ VA" - VAmTflgo dr  if m is odd.

2.6 Decomposition of Elliptic operators

In the sequel we will need the following Lemma, which is one of the key step in our proof.

Lemma 2.1. Let &/ be an operator of order 2m of the form (2.3) that satisfies the ellipticity
condition (2.4). Then < can be splitted in two parts, o/ = B + €, as follows

A = (D)"Y aqp0°0°

|ee|=]B8]=m
= (=" Z 8/8(6104,,88&) + (=" Z 8/8(6104,,88@)7
la|=[B]l=m |a|=|B8|=m
an=0 or Sn=0 an>0 and Bny>0
B €



in such a way that

o= (1" Y 0%(aap0™) = Zo(-0%),
apn ‘;x(g:(lgt‘i:éz/ >0

where 9 is elliptic, as an operator of order 2m — 2.

Proof. By definition of ¥ we can factorize by 8]2\, as follows:

€ = (-1)™ > a6 p0°0% = (=1)"" D" Gatey,gten070%(—0R),
|a|=|B]=m ||=|8|=m—1
an>0 and By >0

and therefore the operator Z of the statement of the Lemma is given by

2= (=1 > Gateysren0°0.

laf=|8l=m—1

We have to check that this operator is elliptic, as an operator of order 2m — 2. For that purpose
we will use the ellipticity of & on suitably chosen vectors {. More precisely, let 7 = (1a)|a|=m—1
be any given vector indexed over all multi-indices of lenght m — 1. We complete the vector n by
defining a vector ¢ indexed by multi-indices of length m, by writing now when |a| = m,

€= Na—ey if an >0
> 0 if aN:0.

By testing the ellipticity of &/ with this vector £ we get
> taplsla= > aaplals + Y aapbads =C Y &

|la]=|8]=m loo|=|B|=m loe|=|B]=m |or|=m
any=0 or Bny=0 an>0 and By >0

=0

which directly gives
Z Qo+-epn,B+enTa]B >C Z |770z’27

la|=|8]=m—1 laj=m—1

and this proves that Z is elliptic, as an operator of order 2m — 2. O

2.7 Poincaré type inequalities

The following simple lemma will be needed in the proof of Theorem 3.1. The proof is elementary,
by integrating on vertical rays.

Lemma 2.2. For r > 0 we denote by Q, C RY the cube centered at the origin of side r, i.e.,

Qr:={z eRV|VI<i<N, |z <r}.



For X € (0,1) we also introduce
Q) :=Q, N{zy >}
Assume that v € L*(Q)) for all A € (0,1) and that furthermore v satisfies
[ONv L2, < +o0.
Then v € L*(Q,) and for all X € (0,3/4) it holds:

[0llL2@,) < 4llvllz@p) +3rlionvllzeq,)- (2.8)

Proof. We first assume that v € C*°(Q,). We will use the notation z = (2, xx) for a point in
RYN. Then integrating along the ey direction yields, for every (2/,t) € Q,,

¢
v(z' t) = v(2, s) +/ oyv(z', 2) dz.

We then integrate over A\r < s < r,

T t

v(z', s)ds + / onv(2', z) dz ds.

Ar Js

r

(1 — Nro(, t) :/

Ar

Taking the square and using that (a + b)? < 2(a? + b?) it holds

(1 - N)2r2u(2,1)? < 2 </)\Tv(x',s)ds>2 +2 <(1 —M\r / Onv(a, 2)] dz>2,

T -Tr
which becomes, by Cauchy-Schwarz inequality,

T 7

(1-— )\)27'21)(1",75)2 < 2(1- )\)T/ v(2/, S)2d8 +4(1 - )\)27’3/ (Onv(a, z))2 dz,

Ar —r

or differently,

T T

(1—Nro(z',1)? < 2/ v(a’, s)%ds + 4(1 — )\)7“2/ (Onv(2, 2))? dz.

Ar —r

We then integrate over 2’ € Q. (which is the cube in RN¥~1)  arriving to

(1—A)T/Q

A last integration over —r < t < r finally yields

v(a,t)? de’ < 2/(}_» v(x)?dr + 4(1 — )\)Tz/ (Onv(x))? da.

/
r

(1 —)\)r/ (@) ds < 47«/@ U(:L‘)2dx—|—8(1—)\)r3/ (Onv(a))? dz,

T

or equivalently,

/ v(z)? de < ﬁ QAv(x)Qda;—i-S?J/ (Onv(x))? de,

T

10



which proves the inequality (2.8) in the case when v € C°°(Q,), because A < 3/4 by assumption.

Now let v be as in the statement, i.e. v € L?(Q,) for all A € (0,1) and that furthermore
[Onvllr2(g,) < +0oo. We argue by approximation: for ¢ > 0, we let v. := v * p. where p is a
standard mollifier. Then since v € L*(Q,) for all A € (0,1), we know that v. — v in L?(Q,) for
all A € (0,1) and by extracting a diagonal sequence we can assume that v, converges to v a.e.
on @,. Then by applying (2.8) to v, and passing to the limit £ — 0 we get from Fatou Lemma
that

[vllz2(q,) < lim inf vellz2(q,) < 4lvliz2@xry + 3rllonvl L2,
which ends the proof. O

We will also need the following standard version of the Poincaré inequality, that follows from
instance from [26, Corollary 4.5.2, page 195].

Lemma 2.3. Ifve H™(B(0,1)) is such that v =0 a.e. in B(0,1) N {xx < 0}, then

vl 5 (B(0,1)) < CIIV™ 0l 22(B(0,1))

where C' > 0 depends only on the dimension N.

2.8 Finite difference tools

We will prove the theorem using Nirenberg’s “translation method.” A good reference for this
section is for instance Section 5.8.2. of [9] but for the convenience of the reader, and since our
statement are not exactly the same, we write the proofs with all details. For h € RY, and
¢ : RN 5 R, we denote

()(@) = ol + )
and then (4 h) - @) (@) — o)
_pT —o\x)  Th\PNT)— T

Dy (p) = ] = h]

The main ingredient is that a uniform L2-control on Dy (¢) (with respect to h), leads to the
conclusion that Vi € L?, as stated in the following proposition.

Proposition 2.1. Let w C Q C RY be two open sets such that w C 2 and let u € L*(). Then
the following two properties holds:

1. If u € HY(Q) then for every |e| < dist(w,Q°),
[Dee; (W)l 2wy < 105wl 20

2. Conwersely, if u € L*(Q) and if there exists Co > 0 such that all || < dist(w, Q°), it holds
| Dee,; ()] 2y < Co, then diu € L?(w) and we have

105ul| 2wy < Co. (2.9)

11



Proof. We start by assuming that v € C®(Q) N H'(Q). Let € be such that |¢| < dist(w, 2°).
We write

1
u(z +ee;) —u(xr) = / Oiu(x + tee;) dt.
0

Using the Cauchy-Schwarz inequality and Fubini’s theorem, it follows that

1
/ lu(x + ce;) — u(x)|? do < 52/ / |0u(z + tee;) | dx dt.
w 0 Jw

By the change of variables y = x + tee;, we find

1
[ lutatee) ~u@Pdz <l [ [ jouwPayar
w 0 w—tee;
If |e| < dist(w, Q€), then w + tee; C Q, so finally

[ Dee; (W)l 2wy < 105ull L2(q)-

Now if u € H*(£), the result follows by approximation with C® functions, which concludes the
proof of the first assertion.

Let us now prove the converse. We take 0 < ¢ < dist(w, 2¢) and we define g. := Dg.,u, so that
the hypothesis shows that the family (g.).>o is bounded in L?(w). Therefore, there exists a
subsequence such that g. — ¢(9 weakly in L?(w). In particular

9”22y < liminf [ Decullp2() < C.

Let p € C°(w). For e < dist(w, 2¢), we have

u(z +ee;) — u(x)

| Peanptaran — [ HEEED D 0y
_ _/Qu(y)<ﬁ(y)—90(y—€ei)dy

3

= _/U(y)DseiSO(y)dy-
Q

Moreover, since D_c.,¢(y) — 0;p(y) for all y, by the dominated convergence theorem, we deduce

that
/g(i)god:c: —/u@igodx,

which shows that d;u € L?(w) with diu = g and
/ |0u|dx < Cy,
w

where Cy > 0 is the constant from the statement. O

12



By iterating the above proposition, we can prove the same for higher order derivatives. More
precisely, we consider a vector of direction (h;)1<;<ny with h; € RY and the associated discretized
operator Dy, defined by

Thf — ¢
Dhl R ——
v |
These operators commute two by two ; for every i, j € [1, N], |hi| = |h;|, one has

1 Th, Y — @ Th,p — ¥  Th,Th. P — Th,® — Th.© — @
DhiDh- = 7Thi < J ) — J = t ki J s
AT h;] [hallhs] BB

but 74,7h; = Th;Th;, thus Dp,Dp; = Dp; Dp,. Futhermore, they commute with the operators a8,
namely Dj,,0%p = 0° Dy, .

Then for « € NV and ¢ € R we define

v

N
D= [ IIPee: (2.10)

=1 =1
s.t. a; #0

Notice that by a simple change of variables, for every u,v € L2(RY) we have

/ uD.v dx = —/ vD_.u dz,
RN RN

and iterating this property we obtain

/ uD% dx = —/ vD% u dx.
RN RN

By applying m-times Proposition 2.1, we arrive to the following direct corollary.

Proposition 2.2. Let w C Q C RY be two open sets such that @ C 2 and let u € L*(). Then
the following two properties holds:

1. If w € H™(Q) then for every |e| < dist(w,2°)/m and |a| = m,
1D ()l 2wy < 110%ullL2(q)-

2. Conversely, if u € L?(Q), and if there exists g9, Co > 0 such that for |a| = m, and for all
le] < eo < dist(w, Q) /m, one has

1D (W)l 2wy < Co,
then 0%u € L?*(w) and we have

10%ul| L2(y < Co. (2.11)
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Proof. We argue by induction: if || = 1 then the statement is exactly Proposition 2.1.

So we assume that the statement is true for all o] = m and we consider some « such that
la] =m + 1, and € < dist(w, Q2¢)/(m + 1). Then we can write

D? = DEGiDer

with |3| = m and for some e; arbitrary chosen.

For the first part of the statement, we assume that u € H™(Q). Let w’ be an open set such
that w C W’ C Q, and moreover such that

le| < dist(w, (W)°)/m and |e| < dist(w’, Q°).
This is possible because |e| < dist(w, 2¢)/(m + 1). Then the induction hypothesis says that
1D ()]l 2wy = IID2(Dee;t) | 2(w) < 10” Deeyull L2(wry = | Dee;@ull L2ur)-
But since 0%u € H'(Q), we can apply Proposition 2.1 which says that
”DseiaBUHLZ(w/) < ”aiaﬁuHL?(Q) = [[0%ull L2

which proves the first part of the proposition.

Now for the second part, we assume that u € L?(Q), and there exists Cy > 0 such that for every
|l =m + 1, and for all |e| < gp < dist(w, 2¢)/m, one has

1D (u) || 2wy < Co-

Then again we write
D? = DEeiDsﬁv

with |3] = m and for some e; arbitrary chosen. By applying the induction hypothesis we know
that 9%(Dee,u) € L?(w) and
10%(Dze, )| L2y < Co-

This actually yields,
||D€e¢86u||L2(w) < Co,

so a last application of Proposition 2.1 finally gives
HaaUHLQ(w) = ”&JaﬂuHL?(w) < (o,

and so follows the proposition. O

2.9 Campanato spaces

We recall here some standard facts about Campanato spaces that will be used to achieve our
C™~ L regularity result.
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Definition 2.1. Let Q be an open set of R™Y. The Campanato space of parameter A € R is

L2MN0) =S ueLP(Q) | [u] = sup 7“_)\/ lu — m(u; x, )| *dx < oo p,
z€e) QNB(x,r)
0<r<rg
where
1
m(u;z,r) = u dzx.

B |Q N B(l'a T)| QNB(z,r)

Proposition 2.3. Let Q be an (g9, 70)— Reifenberg flat domain in RN . If X € (N, N + 2], then
there exists a continuous injection

L2 Q) — €°(Q), (2.12)
with a:= (A — N)/p.

A proof can be found in [11, Theorem 3.1] where bounded open domains with following the
density condition are considered: there exists A > 0 such that

QN B(z,r)| > ArN, 0<r<r, zc

In our case, this is true since Reifefnberg-flat domain satisfy internal corkscrew condition (see
for instance [12]).

Proposition 2.4. Let Q be a (g9, 70)— Reifenberg flat domain and v € Hy*(Q). If o € (0,1] is
such that for all x € Q and r € (0,7¢),

[ vrutPay < o,
B(z,r)

then u € €™ 1%(Q) and

||'LL %ﬂm—l,a(ﬁ) S CCOa

where C' depends on N and on diam(€2).

Proof. Let v = 97u where |y| = m — 1. Using the Poincaré inequality, we get

L xr,Tr 2 v —mlv:z.7 2
/B(W) lv(y) — m(v;z,r)| dyg/ lo(y) (w32, 1) 2 dy

B(z,r)

< (N / Voly)|? dy
B(z,r)
< C(N)CorN+2e,

Hence, v € £2N*22(Q) and with the injection (2.12), we know that v € C%*(Q2). But then for
all z € Q and r < rg,

[ ety < cor e,
B(z,r)
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or in other words,
/ ’vm—lv(y)‘Zdy < 00TN+2Q,
B(z,r)

and from the same argument as above we deduce that 97v € C%*(Q) for all |[y| = m — 2. We
can continue like this successively up to arrive to fact that u € €™~ 12(Q). O

3 Interior regularity by the translation method

We start with the interior regularity, which is easier since the translations in all directions are
admissible as test functions. This part works in a similar way as in the usual standard case of the
Laplacian, but with some difficulty of working with higher order derivatives. For the convenience
of the reader, and since it will be generalized later in a non-trivial way at the boundary, we write
the full details.

Theorem 3.1 (Interior regularity). Let m € N*. Let o7 be an operator of order 2m of the form
(2.3), and satisfying the ellipticity condition (2.4). Let w € H™(B(0,1)) be a weak solution for
v = f in B(0,1) with f € H(B(0,1)). Then u € H*"*(B(0,1/2)) and

lell om0, 1)) < ClullemB01) + 1 FlH1(BO,1))s

where C' > 0 is a constant that depend on N, max, glaqgl, | and m.

Proof. We will denote by B = B(0,1). It is enough to prove the theorem for f € L?(B). Indeed,
assuming that it holds true in this case. Then for f € H!(B) one can apply the statement to
the function 0%u with || <1 that satisfies, in the sense of distributions,

A% = 0 f, (3.1)
with 0% f € L?. This would imply 0%u € H*™ with
10%ul from (B(0,1y) < CUIO%ullm(B) + 0% fllL2(3))s

thus we could easily conclude by an inductive argument on |a| = 0,1,...,l. The only thing is
that since we would need to apply the result [ times, the conclusion would hold in the smaller
ball B(0, %) instead of B(0,1/2). But the constant are here arbitrary and the same result could
be done from B(0, R) to B(0,r) for any r < R without any substantial modification.

Therefore, in the sequel we will assume that f € L?(B). The main starting point is the weak

formulation of the problem which is

/ AV : V" dx = / feodzx, forevery ¢ € Hy'(B).
B B

In the sequel we will use an inductive argument, assuming that u € H™*(B;). We want to
prove that v € H™**+1(B, ) for a slightly smaller ball By, C By, up to arrive at B(0,1/2).
For that purpose we define, for 1 < k < m, the ball By := B(0,1/2 + (1/2)¥). We will also
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assume without mentioning it explicitly that |A| is so small that Proposition 2.2 always applies
with w = Biy1 and Q = By.

Next, we fix |y| = k < m. We will use the discrete derivatives defined in Section 2.8. The
method of translations is based on the fact that for all h € RY such that |h| is small enough,
up to multiply by a smooth cut-off function, the function Dpu is admissible as a test function
in the weak formulation, as being in H". This will provide an estimate on Dju that will allows
us to win a derivative. Since we need to win m derivatives will apply this m times.

The main ingredient is the weak formulation and the change of variables formula that yields

/ AV™Dp(DIu) - V™o de = (~1)HY [ fD_, DY _p dx, for every p € HI'(By). (3.2)
Bk Bk

To lighten the notation, from now on we will denote by v = DJu.
Now we consider a cut-off function 7 € €>°(B},) such that for every z € RV,

n(xz) €[0,1], n(z)=1on Byy1, and|Vin(z) <C,

where C' > 0, could depend on k. Then we take ¢ = 72D, D2u = n?Dyv as a test function, for
|h| <1/4, which is admissible in the space H{"(By).

Using Proposition 2.2, the term on the right-hand side of (3.2) can be estimated as

fD_n(DY (n*Dpv)) dx
B

< Ol f 2 IV (0* Do) 12, - (3.3)

We will use this inequality later. For now on we develop the term V™(n?Dyv): for every o € NV
such that || = m, the Leibniz formula (see (2.2)) says

O (P Dyv) = ZB Fayi? 1119 (Do),

B<a
= PO (D) + Y B07 o)l 9% (n?)9*~F (Dpv).
0<B<a
In other words we have, in terms of vectors,
V™ (n?Dpv) = V™ Dyv + L(n, v), (3.4)

where

= Y G a? (D)

0<B<a

Notice that the expression in L(n,v), contains derivatives in v or order at most m, including the
extra derivative in the direction of z; provided by Dj. Indeed, for the particular case a = me;
(i.e. when 0% = B(m)) then the condition 0 < 8 < a means that ; > 0 so that |a — 8 +¢;| < m,
as claimed. On the other hand for oo # me; since |a| = m, one must have o; < m so that, again,
la — B+ el <m.
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Notice also that since 8 > 0, §° (n?) always contains at least a factor . We deduce that there
exists an expression M (n,u) such that

L(n,v) = nM(n,v), (3.5)

and M (n,v) satisfies,
M (n, )28 < Cllvllamsy) < Cllullgmer(s,)- (3.6)
Next, we deduce from the ellipticity of A that
/B AV™Dyv - V™ (* Dyo) do = /B AV™Dpv - n*V™ Do dx + /B nAV™Dypv - M (n,v) dz
> C/BWQIVmth\Z dx + /BnAVmth - M(n,v)dz. (3.7)

Moreover,

/ nAV"™ Dyv - M (n,v) dz
B

A 1
< 2suplA / P2V Dyl d + / M (5, 0)[2 da
2 5 2\ I

IN

1 m
3 | IV Dol do -+ Clulfns, (33)

Returning to (3.2) and using (3.7), (3.8) and (3.3), we have finally obtained, using also Propo-
sition 2.2 again, that

/3772|vath dr < Clolfpmpy + Clfll2s) VO (0 Dyo) 2
< ClolFmes,y + Clf Iz ol gz s,)- (3.9)
Since v = DJu, with v any multi-index with |y| = k, and since n = 1 on Bg1, the above

inequality implies, thanks to Proposition 2.2,
/B VR )2 doe < C(”“H?{mw(gk) + Hf”%Q(B) + HUH%[%-&-Q(BIC))'
k+1

If £ < m — 2, This directly gives that u € H™ (B, ) (because we assumed by induction
that u € H™*(By).

For K = m — 1 we have to argue a bit differently using Young inequality. Indeed, the same
Leibniz formula as (3.4) with k£ + 1 in place of m in that formula, yieds

VHH (2 Dyo) = VDo + L, 0), (3.10)
where
IL(n, 0)ll2(B) < Cllvllgrs(p,) < Cllullges(p,)- (3.11)
Therefore, using Young’s inequality we can estimate

IVO (1 Do)l < 6llnV** 2ully + C(O) ull gorsr (s,)-
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Since 2k + 2 =m + k + 1 = 2m, all together we have proved, in the case when k = m — 1, that

[ 19l do < CQlulonos 5 + 1B
Bt

In any case we have proved, that V™ ™*+1y € L?(By,1) and

IV o,y < Clllullgrmsn (s, + 1 £llz2s))-

All in all, we have proved that if w € H™(B},) then u € H™*+1(B;,1). We can then argue
by induction, since for k = 0 it is true that u € H™(B), and since the induction works until
k = m—1, we arrive at the conclusion that u € H?™(B(0,1/2)), and so follows the Theorem. []

We will need later the following Corollary.

Corollary 3.1 (Interior regularity with f = 0). Let o/ be an operator of order 2m of the form
(2.3), and satisfying the ellipticity condition (2.4). Let w € H™(B(0, R)) be a weak solution for
/u=0in B(0,R). Then V"™u € L*°(B(0,R/2)) and

vauHLoo(B(og)) < CO||VmU”L2(B(0,R))7 (3.12)

where Cy > 0 is a constant that depends on N, max, g |aqg|, and m. In particular there exists
Ry > 0 depending only on dimension N, maxq g|aq,g|, and m, such that for all ™ < R < Ry we
have

N
/ \V™ul?dz < Cy (1) / |V™u|?dz, (3.13)
B(z.r) R/ JB(,R)

where Cy is a constant that depends only on N.

Proof. Assume first that R = 1. Then we can apply Theorem 3.1 to obtain that V™u €
HY(B*(0,R/2)) for all £ € N because here f = 0. Then the Sobolev embedding theorem that
says that, provided 2¢ > N, then H® — €%, and in particular V™u € L with

V™ ull oo (B(0,1/2)) < Cllullgm(0,1))-

We would like to apply this inequality to the rescaled function u(Rzx) but the problem is that
the norm above is not homogeneous. For that purpose we consider u—m where m is the average
of u on B(0,1). Then we notice that V"u = V™(u — m) and applying the above to v —m
instead of u yields

V™ ul| Lo (B(0,1/2)) < CZ V5 (u — m) | z2(B(0,1))-
k=1

By applying Poincaré inequality we actually get

V™ u|| oo (B(0,1/2)) < CZ IV ull 2B (0,1)-
2
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Then we apply the same argument to u — mx; where m is the average of 0;u. Etc. After m — 1
application of Poincaré inequality we finally obtain

V™| oo (B(0,1/2)) < CollV™ullp2(B(0,1)-

The above inequality is now homogenous after scaling, thus applying it to the rescaled function
u(Rx) we finally arrive to (3.12).

Let us now prove (3.13). For that we write the following chain of inequalities

R N
V™ul2dz < |Vl ; 2 B)WN <>
/ o T S Il gy (5

R N
< COWN <2> /( : |Vmu|2dl’,
B(xz,R

1

< on ) |V u|?d, (3.14)

B(z,R

provided that Rév Cown < 1. So that by iteration,

1
V"ul?dr < / V"ul?dz.
/B(x,2kR) | | 28N B(z,R) | |

Finally for 2 ktlp < < 2_kR,

/ V™ ul2da S/ V™ ul2da
B(z,r) B(z,27kr)
1 / 9
< — V™"u|*dx
) | |

1 /r N/ 9
< == V™ ul*dzx,
N (R) BoR) V™l

which ends the proof. O

4 Boundary regularity in the case of a hyperplane

In this section we investigate the regularity up to the boundary for the Dirichlet problem, in the
special case of a flat boundary. As before we consider an operator of order 2m of the form

A= (=1)" Y aep0°0° = (~1)"AV" -V,

|B|=lal=m
and we focus this time on a weak solution v € H™(B) for the problem in a half-ball:

Fu=f inBY(0,1):=B(0,1)N{zy > 0}
{ u€ H™(B(0,1)) and u =0 a.e. in B(0,1)N{xy < 0}.
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The weak formulation for (4.1) is
/ AV V" dx = / fo dz, for every ¢ € H*(B™).
B B

Now here below is our regularity result at the boundary analogous to the interior estimate (The-
orem 3.1). Notice that, compared to the interior estimate, below here in (4.2) the homogenous
norm ||V™ul|z appears instead of the non homogeneous norm |lu||gm=. This is possible thanks
to the Poincaré inequality available since a Dirichlet boundary condition is imposed on w on the
flat part of BT(0,1).

Theorem 4.1 (Regularity with flat boundary). Let m € N*. Let o/ be an operator of order
2m of the form (2.3) and satisfying the ellipticity condition (2.4). Let u € H™(B(0,1)) a weak
solution for o/u = f in BY(0,1) with f € H*(B1(0,1)), and such that u = 0 in B(0,1)N{zy <
0}. Then u € H*™T¢(B*(0,1/2)) and

HUHHQWH(BJF(O,%)) < C(HVmUHLQ(BJF(O,l)) + HfHHf(B+(0,1))7 (4.2)

where C' > 0 is a constant that depend on N, max, glaqgl|, [ and m.

Proof. The starting point of the proof is similar to the interior case, but there are some differ-
ences.

The main difference is that the translated functions Dju are admissible as a test function in
B*(0,1) only for horizontal directions, i.e. for h € Re; and 1 < i < N — 1. Indeed, for i = N
the vertical translation would not preserve the boundary condition.

So let us assume first that f € L2(B1(0,1)) (the general case f € HY(B*(0,1)) will be treated
later). For v € NV containing only horizontal directions, in other words such that yy = 0, we
can argue exactly as in the case of the interior regularity. We do not write again the details,
and refer to the proof of Theorem 3.1. This reasoning yields that 97V™u € L?(B*(0,1/2)) for
all |y| < m such that yy = 0, with the estimate

107V ul[ 25+ (0,1)) < CUV™ ull2(8+(0,1)) + 12 (B+0,1))5 (4.3)

where C' > 0 is a constant that depends on N, max, glaqgl, and m. Actually, the proof
of Theorem 3.1 would give |ul|gmp+(0,1)) on the right-hand side but thanks to the Poincaré
inequality (Lemma 2.3) and using that u =0 on BN {xy < 0} we can bound

lull zrm(B+(0,1)) < ClIV™ull 2B+ (0,1)
from which we get (4.3).

Now to prove the theorem we want to recover all the derivatives in the vertical direction, up to
2m-order. For this purpose we will argue by induction.

Step 1. We suppose that m = 1, then we just proved that 9;0;u € L*(B*(0,1/2)) for all
i €[1,N—1] and j € [1, N]. The operator </ is of the form

N N
o = —ZZai,jaﬁj,

i=1 j=1
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and by ellipticity we know that ay v # 0. From the identity &/u = f € L?(B7(0,1)) then

annORu=—f+ Y a;;0,0;u € L*(BT(0,1/2)),
(i.4)£(N,N)

and we conclude that u € H?(B*(0,1/2)) with
[ull 2+ 0,1)) < CUIVUllL2B+0,1)) + [f L2+ 0,1))-

This proves the desired conclusion for the particular case when m = 1.

Step 2. We assume that m > 2 and we suppose that the theorem is true for operators of
order 2(m — 1). Let us prove that it is still true for operator of order 2m. For that purpose we
decompose 7 as in the statement of Lemma 2.1 :

g = ()" Y aqp0°0°

|a|=|Bl=m
= (D™ Y aegd’d*+ (=)™ D aa0°0”.
|o|=|B]=m |o|=|8|=m
an=0 or By=0 an>0 and Bxy>0

In other words &/ = % + € with

B:=(-1)" > aap0°0°
la|=|8]=m
an=0 or Bny=0

and

Ci=(-0" Y aag0”0"
la|=|B]=m
an>0 and BNy >0

From the first part of the proof, we already know that %(u) € L?>(B*(0,1/2)) because it contains
at most m derivatives in the vertical direction.

Now we consider the function w := —B?Vu and we notice that % is an operator that acts as an
operator of 2m — 2 order on the function w. Indeed,

C)=(D" Y aapd?u= ()" Y aarreyg4en 070 Ru = D(w),
|| =]8|=m lo/|=]8"|=m—1
an>0 and Bn>0

where & is an operator of order 2m — 2. Furthermore, thanks to Lemma 3.4, we know that 2
is elliptic.

Since u = H™(B(0, 1)), it follows that w € H™2(B(0,1)). Moreover, since « = 0 on the open
set B(0,1) N{zy < 0}, the same still holds true for w. Then we can write

D(w) = (u) —€(u) = f —€(u) € L*(B(0,1)).
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Since Z is of order 2m — 2, we would like to deduce from the induction hypothesis that w €
H?"=2(B*(0,1)). But unfortunately there is a gap of regularity here, because we only know that
w € H™ 2(B(0,1)) and to use the induction hypothesis we would need that w € H™~1(B(0,1)).

To overcome this problem we will use the Poincaré inequality in Lemma 2.2. Indeed, we can
rewrite Z(w) as follows:

P(w) = —ONZ(Onu).
Since 2(w) € L*(B7(0,1/2)), we deduce that the distribution z := 2(dyu) verifies that

Onz € L*(BT(0,1/2)).
Moreover, thanks to the interior regularity (Theorem 3.1), we know that
z € LA(B1(0,1/2) N {dist(x,0BT(0,1/2)) > do}).

By applying Lemma 2.2 we deduce that z € L?(B*(0,1/2)). In other words Z(dnu) €
L?*(B*(0,1/2) and now since Oyu € H™ 1(B), with yu = 0 on BN {zy < 0}, the induc-
tion hypothesis applies. We conclude that Oyu € H*™~2(B*(0,1/4)). This fact, together with
the previous analysis leads to say that u € H*™~1(B*(0,1/4)) and

[l grom—1 5+ (0,1)) < CUIV™ull2(+(0,0)) + 1 fll2(B+0,1)-

Now we are still missing one derivative because we need to achieve H*™ instead of H?™~!. This
will be done by use of the following observation: all in all, at this stage of the proof, we have
a control on all the derivatives of the form 0%u with |a| = 2m, provided that |ay| < 2m — 1.
In other words, to conclude that u € H?™ we only miss the last derivative 8]2\,mu. But this term
appears in & only once. Namely, we have

A = (=1)"Amer men O3 + & (4.4)

where
&= (-1)™ > (0, 30°0°.
|la|=[8]=m
any<m or By<m
Since & contains at most 2m—1 derivatives in the ey direction, we know that &(u) € L?(B*(0,1/4)).
Moreover, by ellipticity of </ we deduce that the coefficient aey mey 7 0, and therefore, from
(4.4) we get 93y € L*(B1(0,1/4)). In conclusion we have obtained,

[l rom B+ (0,1)) < CUIV™ullz2(+0,0)) + 1 Fll2B+(0,1))-

So follows the claim, with a radius 1/4 instead of 1/2. After m application of the inductive
argument we arrive to the conclusion of the theorem in B(0,(1/2)™). Of course the radius
(1/2)™ has no importance and one could easily modify the proof in order to arrive in B(0,1/2)
at the end, up to change the constants. This finishes the proof of the theorem, in the case when
f e L?(B*(0,1)).

We finally assume now that f € H*(BT(0,1)) and we want to get some further regularity.
We cannot simply take a derivative of the equation as in the interior case, because it would
not preserve the Dirichlet boundary condition. Instead, we will use discrete derivatives again.
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Consider an horizontal direction h = ee; with 1 <7 < N — 1 and notice that Dyu is a solution
with D_; f as a second member. In other words,

/ AV Dpu - V"p dx = — D_pfedx, forevery ¢ € Hy'(By). (4.5)
B By,

Since f € HY(B*(0,1)), we know that D_j,f € L?, uniformly in h. Applying all the reasoning
as before to the function Dju leads to the estimate:

||Dhu”H2m(B+(0,%)) < C(”VmDhUHL2(B+(o,1)) + HD—thL?(BJr(O,l))a
and this actually implies
105ull gr2m (p+(0,1)) < CUV™ullL2(+(0,1)) + 10if | 2B+ 0,1))-

The above works for all 1 < i < N — 1. In other words, to prove that v € H?>™*! we only miss
the derivative O?Vmﬂu. But now we come back to the decomposition already used in (4.4),

= (1) ey men O3 + &

where & contains at most 2m — 1 derivatives in the ey direction. Taking a derivative in the
direction ey yields,

(=)™ amen men O u = O f — ONE(w), (4.6)

and since the second member lies in L2(B*(0,1)) we deduce that 93" "'u € L2. This proves
that u € H*™*1(B%(0,1/2)) and actually,

||UHH2’”+1(B+(0,%) < C(||Vmu||L2(B+(o,1)) + ||f||H1(B+(0,1)))-
By a successive application of this reasoning in a sequence of balls (By) we finally arrive to the
conclusion that

[ull gome g (0,1y) < CUNV™ull 2 +0,0)) + [1Fe(B+(0,1)));

which finishes the proof of the theorem. O

The following corollary will be used in the next section.

Corollary 4.1 (Regularity with flat boundary and f = 0). Let m € N*. Let o/ be an operator
of order 2m of the form (2.3) and satisfying the ellipticity condition (2.4). Let uw € H™(B(0, R))
a weak solution for /u = 0 in B*(0,R), and such that w = 0 in B(0,R) N {znx < 0}. Then
V™ € L*®(B*(0,R/2)) and

IV ull oo (30, 2y) < CollV™ullL2(B+(0,R)):

where Cy > 0 is a constant that depends on N, max, g |aq,g|, and m.

Proof. Theorem 4.1, applied to the rescaled function u(Rz), says that V™u € HY(B*(0, R/2))
for all £ € N because here f = 0. Then the Sobolev embedding theorem that says that, provided
20 > N, then H® — €%, and in particular V™u € L. We also directly get the control on the
norms because the norms that appear in the statement of Theorem 4.1 are homogenous after
scaling. O
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5 Energy decay for a Reifenberg-flat boundary

In this section we prove an energy decay property for the solution of a Dirichlet problem in
a Reifenberg-flat domain. We begin with the case of a flat boundary, and then we argue by
compactness to transfer this decay to a Reifenberg-flat boundary which is “sufficiently flat”. As
before we consider an operator of order 2m of the form (2.3). We start with a decay property
at the boundary, in the case when f = 0.

Proposition 5.1 (Decay for a poly-harmonic function near a Reifenberg-flat boundary). Let
a € (0,1/4), b > 0, ro € (0,1] be given. Then there exists g € (0,1) such that for every
(€0, 70)—Reifenberg flat domain Q, x € 0Q, r < 1o, whenever u € H)*(Q) is a weak solution of
o (u) =0 in QN B(x,r) then

/ |V™u|2dx < CaN_b/ |V™u|?d, (5.1)
B(z,ar) B(z,r)

where C' = ngN, and Cy > 0 is the constant of Corollary 4.1.

Proof. We argue by contradiction. If the Proposition is false then there exists a € (0,1/4),
b> 0,19 € (0,1) such that for all n € N, there exists an open set €2, which is (1/(n + 1),7¢)-
Reifenberg-flat and satisfies the following. There exists z, € 0Qy,, r, < ro and u, € Hi"(Qy)
such that o/ (u) =0 in QN B(xy, r,) and

C’aN_b/ V™ up | dx </ |V, |2dx. (5.2)
B(zn,rn) B(zn,arn)

By means of a translation and rotation, we reduce to the case x, = 0 for all n € N and the
hyperplan induced by the definition of Reifenberg flat domain of €2, is &y := {zy = 0}.

We consider the normalized sequence

N o m _
Up(x) = 1)f m||V un(m)”L21(Qnt(0,rn))u"(T”$)‘

The normalisation is fixed in such a way that
/ V™0, () dz = 1.
By

To lighten the notation, we will use the notation £2,, for %Qn The functions v, are still solutions
of &/ (v,) = 0in Q, N B(0,1), we have v, = 0 a.e. in B(0,1) \ ©,, and the sequence (vy)nen is
bounded in H™(B(0,1)). Moreover, (5.2) becomes

CaV7? < / V"0, |2da, (5.3)
B(0,a)
and Q,, N B(0,1) converges to BT (0,1) for the Hausdorff distance, in the sense that

dp (69, N B(0,1), {zy = 0} N B(0,1)) — 0.

The idea is to pass to the limit and obtain a contradiction thanks to the regularity of poly-
harmonic functions at a flat boundary (Theorem 4.1).
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By weak compactness, we can extract a subsequence, still denoted by v,, which weakly converges
to v € H™(B(0,1)) and such that (Viv,),en strongly converges to Viv in L2(B(0,1)) for all
i € [0,m — 1]. The main objective is to show the following three facts:

e Claim A;. The limit function v satisfies v = 0 a.e. in B(0,1) N {zy < 0}.
e Claim As. The limit function v is a weak solution of &/ (v) =0 in BT(0,1).

e Claim As. The sequence (vy,)nen strongly converges to v in H™(B(0,1/2)).

Let us finish the proof by assuming that A;, As and Ag holds. Passing to the limit in inequality
(5.3) we obtain,

CaVt < / V™| da. (5.4)
B(0,a)

On the other hand, since @/v = 0 in B*(0,1) and v = 0 a.e. in B(0,1) N {zx < 0}, we can
apply Corollary 4.1 to v which says that for all a < 1/2,

V™| oo (B(0,a)) < CollV™ [ 22(B(0,1)-

In particular,
/. o [T S 19 e

< C’ngaN/ IV™0|? dz = CRwya®. (5.5)
B(0,1)

But since C = C3wy, using (5.4) we arrive to
Cawna¥ ™0 < Clwyal,

which is a contradiction because a < 1 .

So to finish the proof, we are left to prove Ay, Ay and A3. Actually, the claims A; and A, are
easy to prove. Only As is more delicate.

Proof of A1. This fact directly follows from the Hausdorff convergence of 92, N B(0,1) to
{zny =0} N B(0,1). Indeed, for any g € B(0,1) N{zy < 0}, there exists a ball B(z,¢e) such
that B(zo,¢) C B(0,1) N {xx < 0}. From the Hausdorff convergence of €2, to B¥(0,1), we
deduce that for n large enough, B(zg,c) C QF N B(0,1). But then we know by assumption that
vp, = 0 on B(zg,¢e). Since v, — v strongly in L?, we deduce that v = 0 a.e. on B(xg,¢), and
since x¢ is arbitrary, we conclude that v = 0 a.e. on B(0,1) N {zy < 0}, and the claim A;
follows.

Proof of As. Since 09, N B(0,1) converges to {xxy = 0} N B(0,1), we know that for any
compact set K C B1(0,1), there exist Ny large enough such that K C Q,, for all n > Ny. But
then for any test function ¢ supported on K we have

/ AV, - V™ dx = 0.
B(0,1)
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Then from the weak convergence of v, to v in H™ we can pass to the limit to obtain
/ AV™ - V™ dz = 0.
B(0,1)

Since this holds true for any compact set K C B*(0,1), the claim Ay follows.

Proof of As. We show now that the sequence (v, )nen strongly converges to v in H™(B(0, p))
for a radius p € (1/2,1). Let p be such a radius. By lower semicontinuity with respect to weak
convergence we already know that

/ |V™|2dz < lim inf/ V™02 da.
B(0,p) nE JB(0,)

To get the strong convergence in B(0, p), it is enough to prove the converse, namely

lim sup/ |V, |2d < / |V |2 d.
n—>+00 JB(0,p) B(0,p)
The idea is to modify v in order to make it admissible as a test function for v,,.

Let ¢ € C°(B(0,1)) be a smooth cut-off function such that & = 1 on B(0,p). Since the
function v belongs to H™(B(0,1)) and v = 0 a.e. in B(0,1) N {zxy < 0}, it follows from the
theory of stable domains (see [12]) that {v belongs to HJ*(B1(0,1)). We deduce that there
exist a sequence (w;);en in €2°(B*(0,1)) which strongly converges to &v in H™(RY). The main
point is that for ¢ being fixed, we know from the Hausdorff convergence of €2, that for all n large
enough, w; € HJ* (2, N B(0,1)).

Now we pick p € (1/2,p) and consider another cut-off function n; € € °(B(0, p)) such that
n; =1 on B(0,p) and

IVEnsl < Clp—p)F, 1<k<m,

for a universal constant C > 0.

Since vy, is a weak solution for o (v,) = 0 in B(0, p) N €, it is a local energy minimizer and
254 = (1 = n3)vn + npw; is a competitor. We deduce that

/ AV, - V™, dx < / AV 255 -V 25, da.
B(0,1) B(0,1)

/ |V, |2dr < / V™25 d. (5.6)
B(0,p) B(0,p)
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Next, a computation reveals that

V™25 = Z (8% (v 4 np(wi — vy)))?

lo|[=m

2
" aq!
= E (6 Lo, + E !1 !a 2n;0 3(wi—vn)>

la1|=m ar=az+ag

aq!
= D0 |0 0™ (wi ) £ YD 000 (wi — vn)
|ce1 |[=m ar1=aztaz 2 !
‘Cx2|>0

a1
S L e D Dl LA LAl R
|a1|:m a1=a2+as3 2:443:
|a2|>0

By convexity, we get

V7254 < IV 4 (1= 1) 970 4 Clm) S e [ = )
k’:l

Z ‘ NV w; + (1 —n5)V"0,] [Vm_k(wi — vn)} ‘ .
k:l

Using (5.6), one has

/ 05|V, 2dx < / 05|V w;|*dx + C(m Z / |V (w; — vp)|?da

B(O,p) B(O,p) k-:]_ (O,p)

Z L / ‘[nﬁvmwi + (1 —np)V"0y) : [Vm_k(wi - vn)} ’ dx.
= (p=p) (0.p)

Remind that (V*v,),ey strongly converge in L?(B(0,1)) for all k € [0,m — 1], thus taking the
limsup as n — 400 in the above inequality we get

limsup/ |V, [2da < limsup/ 0|V vy, |2z
( 75) B(O,P

n—-+o0o n—+o0o

Ui 1
< V™ w;|2dx + C(m / V™ E (w; — v)|[2dx
/B(O ol ’ Z (p—p)* B(O,p)| (wi =)

,p) =1

m 1 -
+ C(m) Z ——or /B(O ) V™" w; + (1 —nz) V™) [Vm Fw; —v)| da.

Then we take the limit as ¢ — 400, and we recall that w; converges strongly in H™ to {v, and
&v is equal to v on B(0, p). Therefore, all the terms with w; — v disappear and we arrive to

limsup/ V"0, [2da S/ 05|V 0|*dx §/ V"2 d.
n—+oo JB(0,5) B(0,p) B(0,p)
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Finally, by letting p — p’ on the right hand side, we get the desired limsup inequality. This
together with the liminf inequality and the weak-convergence, proves that v,, converges strongly
to v in H™(B(0,p)). Since p > 1/2, this achieves the proof of Claim As, and the Proposition
follows. O

We are now in position to prove a boundary decay property of a Dirichlet solution in a Reifenberg-
flat domain.

Proposition 5.2 (Energy decay for a solution at a boundary point). Let g > 2 be such that
mq > N if 2m < N, and q = 2 otherwise. Let n € (0,1) be given. Then there exists gy € (0,1)
such that for all (e9,70)— Reifenberg flat domain Q, for all f € L1(QY), the weak solution u €
Hy () of o/ (u) = f satisfies

[ 9w < O Sy, Ve Oro), @€ 00,
where C := C(A, N,m,ro,n,Q) > 0.

Proof. Consider a real 0 < b < n and fix a € (0, 1) satisfying

1 =
<|\-—=—- .
“= <4CAmaXA> ’ (5:7)

where C'4 is the ellipticity constant of A. From Proposition 5.1, for these choices of a and b,
there exists g € (0, 1) such that the decay property (5.1) holds for any poly-harmonic function.

Let u € HJ*(€2) be the weak solution of &7 (u) = f in Q and let = € 9Q. and for every k € N, we
define By := B(x, akro). Let v be the poly-harmonic replacement of v in By, more precisely vy
is the solution of

min AV w - V"W dex.
w s.t. w—u€HF (BxNQ) J B,

Then Proposition 5.1 applies to v and yields

/ V™o 2da < Cra¥ / V™0 [2d (5.8)
Bri1 By,

We will prove by induction over k > ko with ko := L%J + 1 the inequality

/B V™ uldz < Cra* N £l 740, (Hy)
k

for a constant C; > 0 that will be fixed later.
First of all we have, by ellipticity of A,

/ V™ u|?dr < / V™ u|2de < CA/ AV™y - V" dx = CA/ fudz <|[fllz2 llull20)-
Br, Q Q Q
Next by the Poincaré inequality in H{"(2),

[ullz2(@) < CPIV™ull120),
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so finally,
_2
/B V™ uPde < CaChll 1220y < CaCrI 31 Rugay- (5.9)
ko

Hence, (H}) holds true for ko = L%J + 1 provided that
CaCpIQ " 1a W= < ¢,

We assume now that (H}) holds for some k > ko and we write

/ |V ul?de < 2/ |vak|2d:t:+2/ V"™ (u — vg,)|*dx
By B

Byt1

< 9N / Vo 2 + 2 / V™ (u — ) Pde
Bk Bk+l

<0270 [ AV V™ da + 2/ V™ (u — vg,)|*da.
By, By
< maX(A)C’A2aN_b/ \V™ul? dx + ZCA/ AV (u — vg) - V"™ (u — vg) de.
Bk By,
(5.10)

The last inequality is a consequence of the fact that u is a competitor for the minimization
problem satisfied by v,. Moreover, since u — vy, is A-orthogonal to vy, denoting by |v|4 := Av-v,
Pythagoras inequality yields

og/ \Vm(u—vk)]idm:/ vmu&dx—/ V™0 (5.11)
By By By

On the other hand, since now w« is a minimizer of

1
min{/ |V™w|adx — fw dx
2 /B, By

w eu+H5”(QmBk)},
and since the function v is a competitor for this minimising problem we deduce that

/ V™ ul4dx — 2 fudx < / |V |4 da — 2 fug dx,
By, By, By, By
and from (5.11),
/ (V"™ (1 — o) |3 do < 2/ fu—wvy) de. (5.12)
By

By

Then we use the Sobolev embedding theorem together with the Poincaré inequality (Lemma 2.3)
which implies v — v, € LP with

T if 2m < N
p= arbitrary large  if 2m = N (5.13)
400 if 2m > N,

30



and moreover,

[ = vkl e,y < Cs(r)IV™ (u = vi)llL2(m,) < Cs(p)V/Ca (/B V™ (u—vi) % dw)

k
Hence, returning back to (5.12) and using Hélder inequality,
/ V™ (u— )4 de < 2 flu—vy) dz
By, By,
201 f L gyl = il

IN

205V Call fl 1 (5, ( /B V™ - o)l d:c)2 ,

IN

which finally yields,
19 0l de < ACS WAl (5.14)
k

Here, p’ > 1 is the conjugate exponent of p, defined in (5.13), so that

e if 2m < N
p = arbitrary close to 1 if 2m =N (5.15)
1 if 2m > N.

In particular, under the assumptions of the proposition we know that ¢ > p’. Let s be such that
sp’ = q (with s = 400 if ¢ = +00). Then

P
1y < 1860 ([ 11100) "

and (5.14) gives
2N
[ 9w de < ACSPCACx (et P 1 e
k
a=p'
= 4Cs(p)*)CaC (a"r0)™™ 7o || (130

Returning back to (5.10) we have obtain,

/B |V ul?de < maX(A)CA2ClaN*bak(N*”)HfH%q(Q)
k+1

QNQ*/P,
)l (5.16)

Let us check that each of the term in the sum on the right hand side above is less than
%a(kﬂ)(N*”)CIHfH%q(Q), which would be enough to finish the proof of (Hy}).

For the first term it will be true provided that

+8CACs(p)*Cn(akry

1
max(A)C 424V 70 < iaN#’,
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which holds true thanks to our definition of a (see (5.7)).

For the second term we notice that a has the following exponent:

q—17
/ b)

pq

v := k2N

and we want this to be greater than (k + 1)(IN — 7). Then using that k > ky > % we estimate
-y
qr’

1
= (2Nkq — k2Np' — Nkqp' + qp' (kn — N) + qp'n)

y—(k+1)(N=n) = k2N

—(k+1)(N —n)

v

qlp, (2Nkq — k2Np' — Nkqp') +n
> ), (5.17)
provided that 2Nkq — k2Np’ — Nkqgp' > 0 or equivalently that
q(2—p)>2p. (5.18)
Then we consider three cases:
Case 1. If 2m > N, Then p’ = 1 and the condition in (5.18) reduces to ¢ > 2, which is true.
Case 2. If 2m = N, Then p’ can be chosen arbitrary close to 1 thus we take p’ such that

p’gi
1+¢q

Y

and then (5.18) is true.

Case 3. If 2m < N, Then p' = N%r]gm Thus a simple computation reveals that (5.18) is true

when mq > N, which is what we have assumed in the statement of the proposition.

Conclusion. In all cases we have proved that the last term in (5.16) is always bounded by
2 2. 2NEE (k-+1)(N—n) || £/12
8C4Cs(p)*Cnry ™ a'a K HfHLq(Q)a
which is less than %a(k""l)(N_”)CIHfH%q(Q) provided that

aN et C
8C3Cs(p)*Cnry ™ a < 71

which can be true by defining well C7. This finishes the proof of (Hy).

Now to finish the proof, let r € (O,akoro). We can choose k > ko such that r < a*ry and
a**t1ry < r. One has

/ |V™u|2de < / V™ u|?dx
B(z,r) B(z,akro)

< Cra" ™| £

r \ N
2
sa(w) T,

32



On the other hand if € (a*0rg, rg), we can argue as for the proof of (5.9) yielding

V™u2de < CACPIQL 4[| fI2aey < CACPIQ — N g2 (5.19)
. u|"ar < Cq0p Li(Q) = ALPpP ((lko’l“o)N_nr La(Q)» .

2
and the proof is completed with C' := max(Cy(arg)" ", C’AC’p\Q|1_5 W) O
Following exactly the same proof as the one of Proposition 5.2, we can also obtain the same for
interior points.

Proposition 5.3 (Energy decay for a solution in the interior). Let ¢ > 2 be such that mq > N
if 2m < N, and q = 2 otherwise. Let n € (0,1) be given. Then there exists ro € (0,1) depending
on N, max, g |aa.g|, and m such that for all @ C RN open, for all f € LI(Q), the weak solution
u e H'(Q) of o (u) = f satisfies

/B( | V™ u?dr < CTN_"HfHQLq(Q), Vr e (0,r9), x € Q, such that B(xz,r) C £,

where C := C(A, N,m,r,n,Q) > 0.

Proof. The proof is exactly the same as Proposition 5.2 using a polyharmonic replacement of
u in B(z,r) to obtain some decay property on the energy. The only difference is that we use
the interior decay property of a polyharmonic function stated in Corollary 3.1 instead of the
Boundary decay of Proposition 5.1 that was used in the proof of Proposition 5.2. O

6 Boundary regularity in a Reifenberg flat domain

This very short section contains the proof of our main regularity result, namely Theorem 1.1.
The strategy is to use the energy decay of Proposition 5.2 and Proposition 5.3 of the derivative
of the solution to estimate its Campanato space norm. Here is our main result.

Theorem 6.1. Let o € (0,1) and g > 2 be such that mq > N if 2m < N, and q = 2 otherwise.
There exists ¢g € (0,1) and ro € (0,1] such that for every (eq,ro)—Reifenberg-flat domain
Q C RY, for every function f € LY(Q), if u € HF() is the weak solution of o/ (u) = f, then
u € €™ H(Q), and

ullgm-1.a@) < ClfllLag),

where C' > 0 depends on N, A, a, Q and m.

Proof. Using the energy decay of Proposition 5.2, for every n € (0,1), there exists 9 € (0,1)
and ro € (0,1] such that for all y € 9Q and r € (0,79),

[ 9l < O gy, (6.1)
NB(y,r)
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Furthermore, Proposition 5.3 yields
/B( : |V ul?dx < C’f’N—anH%q(Q), Vr € (0,r1), € Q, such that B(x,r) C Q. (6.2)
x,r

All together, for any ball B(z,r) with x € Q and r < ry := min(rg, r1), applying either (6.2) if
B(z,r) C Qor (6.1) in B(z,2r) with z € 9Q such that B(x,r) C B(z,2r) if B(z,r) N oQ # 0,
we deduce that

/B( | (V" u)?dz < CT‘N_anH%q(Q), Vr e (0,r2), x €. (6.3)

By Proposition 2.4, we get u € €™ 1%(Q) with a := 1 — /2 and

”ngm—l,a(ﬁ) < CHfHLq(Q)a

and the Theorem follows. ]
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