THRESHOLD DYNAMICS APPROXIMATION SCHEMES FOR
ANISOTROPIC MEAN CURVATURE FLOWS WITH A FORCING TERM

BOHDAN BULANYI AND BERARDO RUFFINI

ABSTRACT. We establish the convergence of threshold dynamics-type approximation schemes to
propagating fronts evolving according to an anisotropic mean curvature motion in the presence
of a forcing term depending on both time and position, thus generalizing the consistency result
obtained in by extending the results obtained in ﬂgﬂ for @ € [1,2) to anisotropic kernels
and in the presence of a driving force. The limit geometric evolution is of a variational type
and can be approximated, at a large scale, by eikonal-type equations modeling dislocations
dynamics. We prove that it preserves convexity under suitable convexity assumptions on the
forcing term and that convex evolutions of compact sets are unique. If the initial set is bounded
and sufficiently large, and the driving force is constant, then the corresponding generalized front
propagation is asymptotically similar to the Wulff shape.
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1. INTRODUCTION

1.1. General discussion. We study the convergence of a class of threshold dynamics-type
approximation schemes to hypersurfaces moving with normal velocity equal to the sum of a
multiple of an anisotropic mean curvature and a multiple of a forcing term depending on both
time and position. In order to describe the general scheme considered in this paper and to present
the results obtained, we begin with the following short story. In 1992, Bence, Merriman and
Osher introduced a scheme to compute mean curvature motion by iterating the heat equation [§].
The proofs of the Bence, Merriman, and Osher algorithm were provided by Evans [14] and Barles
and Georgelin [3]. Another proof was given by Ishii for a more general isotropic symmetric kernel
[20]. This was generalized by Ishii, Pires, and Souganidis to the case of anisotropic schemes with
kernels having finite second moment [21]. In 23], Slepcev proved the convergence of a class of
nonlocal threshold dynamics. It is also worth noting that Da Lio, Forcadel and Monneau proved
that the solution of the nonlocal Hamilton-Jacobi equation modeling dislocations dynamics
converges, at a large scale, to the solution of the anisotropic mean curvature motion [13]. The
Bence, Merriman, and Osher scheme with kernels associated with the fractional heat equation
with the fractional Laplacian of order o € (0,2) (namely, the heat equations, where the usual
Laplacian is replaced with the fractional one of order a € (0,2)) was considered by Caffarelli
and Souganidis [9]. It was proved in [9] that for a € (0,1) the resulting interface moves with
normal velocity, which is nonlocal of “fractional-type”, while for o € [1,2) the resulting interface
moves by weighted mean curvature. The consistency result of [9] was extended in the nonlocal
cases (i.e., when a € (0,1)) to the anisotropic case with the presence of an external driving
force depending only on time by Chambolle, Novaga, and Ruffini [10]. In the present paper, we
extend and improve the algorithm considered in [10] for the cases where a € [1,2). Namely,
we generalize the consistency result obtained in [21] by extending the results obtained in [9] for
a € [1,2) to anisotropic kernels and in the presence of a driving force depending on both time
and position. Observe that the kernels P, € C(R") considered in our paper (see (L.1)) do not
satisfy the assumption (3.4) on the measurable kernel f : RV — R from [21], used in the proofs of
Lemmas 3.1 and 3.2 from [21] for the existence of a decreasing function w € C(]0, +00), [0, +00))
such that w(R) — 0 as R — +oo and fRN\BR(g>(0) f(z) dz < w(R(e))o, where R(p) — +o0
and /oR(0) — 0 as ¢ — 0+. However, a careful analysis shows that if o € (1,2), then the
proofs of Lemmas 3.1 and 3.2 from [21] can be adapted to our kernels P,, and the constant
external force can be replaced by a globally bounded external force depending on the position.
Indeed, replacing the kernel f by P, in the proofs of Lemmas 3.1 and 3.2 from [21] and choosing
R(0) = 079 for some # € (1/a,1), as we did in the proof of Proposition (see (3.29)), and
taking into account that fRN\BR(Q)(O) P,(z) dz behaves like fRN\BR<Q)(0) P,(z) dz ~ Co as

0 — 0+, where fa > 1, one can circumvent (3.4) in [21] and replace the term w(R(0))o by C 0.
On the other hand, the assumptions (3.2), (3.3), (3.7) from [21] are strongly used in the proofs
of Lemmas 3.1 and 3.2 from [21], and our kernels P, do not satisfy them in the case when o = 1.
Let us put it more precisely.

1.2. Mathematical setting of the problem. Given a € [1,2), N > 2 and a norm A on R,
for each z € RN and ¢ € (0, +00), we define

1 N _1
(11) Pa(l') = W and pa(l',t) =t aPa<3:'t a).

It is worth noting that locally uniformly in RV \ {0} and hence in L{ (RN \ {0}),

loc

. -1 . _ N—(N+a)
i ) =



APPROXIMATION SCHEMES FOR ANISOTROPIC MEAN CURVATURE FLOWS 3

We denote by h > 0 the size of the time step and choose o, (h) as follows

{aa(h) — hs it a€(1,2),

1.2
(1.2) h=0c%(h)|In(oa(h))| if a=1.

Let Qg be an open subset of RY with boundary T'g = 99 and g € C(R"Y x [0, +c0)). For each
n € N\{0}, we define the functions u(-,nh) : RY — {—1,1} by induction. In particular,

up (-, (n+ 1)h) = sign(Jy, * up(, nh) + g(-,nh)B(a, h)) in RY,

where up(+,0) = 1, — Ige, sign(t) = 1 if ¢ > 0 and sign(t) = —1 if t < 0, 14 denotes the
characteristic function of A ¢ RY,

(13) Jh(x) :pa(.%',O'a(h)),
(see and (L.2)) and
0o(h)s = h? if o€ (1,2),
14 o, h) =
(14 Bla.h) {Ua(h)|ln(aa(h))| if a=1.

This algorithm generates functions uy(-,nh) and open sets 7, defined by
up(-,nh) = Ign —Lign 1o in RY

and

(1.5) Qb = {x e RN : Jy, xup(-, (n — 1)h)(z) > —g(z, (n — 1)h)B(a, h)}.

We shall prove that, when h — 0+, the discrete evolution I'y — th = 897% converges, in a
suitable sense, to the motion 'y — I'y with normal velocity equal to the sum of a multiple of
the anisotropic mean curvature (depending on A') and a multiple of the external force g.

1.3. Main results. The anisotropic mean curvature motion in the presence of the external
force g € C(RY x [0,+0c)) that we shall obtain in the limit corresponds to the level set pde

(1.6) Ot = po(Du)(Fo(D?u, Du) + g|Dul) in RN x (0, 400),
supplemented with the initial condition
u(-,0) = up(-) in RN

for some uniformly continuous function ug : RN — R, where for each p € RV \ {0} and for each
N x N symmetric real matrix M,

-1
(1.7) o () = (2 / Pa(z) d%N*(z))
p {ze€RN :(z,p)=0}
(see (1.1))) and
(1.8) Fo(M,p) = tr (MA (@))
with
dHN=2(0)
1.9 A<p>—C a/ oot )
( ) |p’ i SN=In{zeRN :(z,p)=0} N(G)N+l
where

“+o00o
/ tNA N @ if a e (1,2),
0

1 if a=1.

(110) CNa =
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Remark 1.1. If X and Y are symmetric real N x N matrices such that X <Y and p € RV\ {0},
then —F,(X,p) > —F,(Y,p), and hence —puq(p)(Fo(M,p) + g|p|) is degenerate elliptic. Also,
— o (p)(Fo (M, p) + glp|) is geometric (the reader may consult [5/11},21,22] for more details on
the geometric equations), because M — F, (M, p) is linear and
Fu(M,p) = F ((Id _P g p) M, p) ,
ol p| Pl
which comes from (L.8)), and the fact that (0 ® 0)(p @ p) = (0,p)0  p.

Remark 1.2. In the particular case where N is the usual Euclidean norm, we obtain

P CN,a,HN72(SN72)
A (,m) = N1 d{@n=0}

and hence

C N N—-2 SNfZ
R p) = DS (1= Lo L) ur).

We recover the classical mean curvature motion up to the factor Cy o HY"2(SN"2) 0 /(N — 1),

~(2f dHY (@)
Po =\ % fanoa T4 [V Fe )

Using the theory of viscosity solutions of Crandall, Ishii, and Lions [12], one can give the
precise meaning of a solution of the equation (see Definition and Theorem . We
point out that the equation , supplemented with the initial condition u(-,0) = ug(-) in RY
for some uniformly continuous function ug, admits a unique viscosity solution (see, for instance,
[6l[111[15,22]).

Next, we recall that, given a bounded sequence (up(-,nh))peny of bounded functions, the
“half-relaxed” limits lim inf, u;, and lim sup® uj, are defined by

where

lim inf, up(z,t) := ligrgigf up(y,nh),
(1.11) , . nh=t
lim sup® up(z,t) := lim sup up (y, nh).
y—)a:
nh—t
Then liminf, up, < limsup®wuy. Furthermore, if u = liminf, u; = limsup* up, then uwp — u
locally uniformly as h — 0+.
Our main theorem is the following consistency result.

Theorem 1.3. Let ug : RY — R be uniformly continuous, Qo = {x € RN : ug(z) > 0},
o ={z € RN :ug(x) =0}, = {z € RY : u(x,t) > 0} and Ty = {x € RN : u(z,t) = 0},
where u is the unique viscosity solution of satisfying the initial condition u(-,0) = ug(-) in
RN, Then

liminf,up =1 in Q and limsup®up =—1 in (Q UL}

In particular, since uy, : RY — {—1,1}, Theorem asserts that up — 1 locally uniformly in
Q; and up, — —1 locally uniformly in (2,UT;)¢ as h — 0+. Namely, the scheme characterizes the
evolution of the front I'y — I'; by assigning the values 1 inside the region €2; and —1 outside the
region (2; UT',)¢. Whether the regions where u;, converges to 1 and —1 are exactly the regions
inside and outside the front, respectively, depends on whether the fattening phenomenon occurs
or not (i.e., whether the front develops regions of positive measure where u = 0; see [5]). The
answer is affirmative if and only if no fattening occurs.

Corollary 1.4. Let u and I'; be as in Theorem Assume that
UTex {t} = 0{(x,t) : u(z,t) > 0} = 0{(x,t) : u(x,t) < 0}.

t>0
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Then
U I, x {nh} — U Tex {t}, as h— 0+,
neN t>0

in the Hausdorff distance.

Our strategy of the proof, as in [9], is similar to the one in Barles and Georgelin |3|, which
relies on the general approach for proving convergence of numerical schemes by viscosity solu-
tion methods presented in [6]. The novelty compared to previous results is that we consider
anisotropic kernels that only have a prescribed power decay and establish the limit evolution
in the presence of an external force that depends on both time and position, in contrast to
[10], where only time-dependent forcing terms are considered. In particular, our kernels are not
rotation-invariant, in contrast to those considered in [9]. They do not satisfy the assumptions
(3.2), (3.3), (3.7) (if a =1) and (3.4) (if @ € [1,2)) from [21]. Besides the consistency, we esti-
mated the speed of the scheme applied to a ball (see Proposition, illustrating the correctness
of the chosen scales. We proved that our scheme is convexity preserving under suitable con-
vexity assumptions on the forcing term (see Corollary . Thus, the limit geometric evolution
preserves convexity (see Corollary under appropriate convexity assumptions on the external
force g. We obtain the estimate (see Proposition of the distance between two generalized
evolutions with different external forces. Using this estimate, we provide a different proof of the
uniqueness of the evolution of a convex bounded set than in [5] (where the proof is based on
the use of the comparison principle). In general, the inclusion principle and the uniqueness of
evolutions follow from the scheme and the comparison principle (see Remark . At a more
technical point, under appropriate regularity assumptions, we established several stability results
(see Theorems , and Remark . In particular, the anisotropic fractional mean curvature
operator defined in [10] for a € (0, 1) multiplied by the factor (1 —«) converges, as a 1, to our
anisotropic mean curvature given for &« = 1 (see Proposition . Conversely, our anisotropic
mean curvature multiplied by (o — 1) converges as a N\ 1 to the anisotropic mean curvature
that we obtain for the case where a = 1 (see Remark . In dimension 2, we characterized the
norm N by the mobility that we obtain in the limit, and vice versa (see Proposition . Asa
consequence, the unit ball of the mobility is as regular as the unit ball of the norm A/, which has
at least a Lipschitz regularity, since it is convex. In particular, the mobility can be a crystalline
norm. The anisotropic mean curvature motion , where g = 0, is of a variational type and
can be approximated, at a large scale, by eikonal-type equations modeling dislocations dynamics
(see Theorem . We also point out that if the initial set is bounded and large enough, the
corresponding front propagation, under appropriate assumptions, is asymptotically similar to
the Wulff shape (see Theorem [8.1)).

2. PRELIMINARIES

2.1. Conventions and Notation. Conventions: in this paper, we say that a value is positive
if it is strictly greater than zero, and a value is nonnegative if it is greater than or equal to zero.
Euclidean spaces are endowed with the Euclidean inner product (-,-). We shall denote by N
an integer greater than or equal to 2. The symbol N will denote a norm on RY. A set will be
called a domain whenever it is open and connected. The Hausdorff measures, which we shall
use, coincide in terms of normalization with the appropriate outer Lebesgue measures.

Notation: we denote the set of N x N symmetric real matrices by Mé\{,éN . We denote by
B,(z), B,(z), and 0B, (x), respectively, the open ball in RY, the closed ball in RY, and its
boundary the (N — 1)-sphere with center x and radius r. If the center is at the origin 0,
we write B,, B, and 0B, the corresponding balls and the (N — 1)-sphere. We shall denote
by SV-! and SN2 the (N — 1)-sphere and the (N — 2)-sphere with center at the origin and
radius 1, respectively. We denote by dist(x, A) and H!(A), respectively, the Euclidean distance
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from z € RY to A ¢ RY and the [-dimensional Hausdorff measure of A. If U C RV is
Lebesgue measurable, then for p € [1,+00), LP(U) will denote the space consisting of all real
measurable functions on U that are pt'-power integrable on U. By LIIOC(U ) we denote the space
of functions u such that w € L'(V) for all V € U. We shall also write wy_1 and wy_o instead
of HN=1(SN=1) and HN=2(SV~2), respectively. The space of bounded continuous functions
n [0, 4o00) will be denoted by Cy([0,+00)). If g € Cy([0,+00)), then ||g||cc Will denote the
supremum of |g|. For each p € RV \ {0}, p* will denote the orthogonal complement of {p},
namely, p- = {z € RV : (z,p) = 0}. We use the standard notation for Sobolev spaces.

2.2. Definitions. We begin with the definition of a norm.

Definition 2.1. A norm on RY is a function N : RY — [0, +00) that satisfies the following
properties

e N(z) =0« 2 =0 (N is positive definite);

e N(\z) = |\ N(z) for each A € R and 2 € RY (N is positive 1-homogeneous and even);
e N(z+15y) <N(x)+N(y) for each z,y € RY (N is subadditive).

It is well know that for each norm A on R¥ there exists a constant C'= C(N') > 1 such that
for each x € RY,

(2.1) Ozl < N(z) < Clal.

Next, we recall the definition of a viscosity solution of (1.6). We denote by [F,]* and [F,]« the
upper and lower semicontinuous envelopes of F,,, respectively.

Definition 2.2. A locally bounded upper semicontinuous function u : RV x [0, +00) — R is a
viscosity subsolution of (T.6)) if for every (xg,ty) and every test function ¢ € C2(RY x (0, +00))
such that u — ¢ has a maximum at (z, tp),

(22)  dpp(wo,to) < pa(De(xo, to))([Fal* (D*@(w0, to), Do (x0,t0)) + g(zo, to)| Dep(x0, o))

A locally bounded lower semicontinuous function u : RY x [0,4+00) — R is a viscosity super-
solution of ([T.6)) if for every (wo,tp) and every test function p € C2(RY x (0, +00)) such that
u — ¢ has a minimum at (xg, to),

(2.3)  dpp(wo,to) > pa(De(xo, t0))([Fal«(D*@(w0, to), D (x0,t0)) + g(zo, to)| Dep(z0, to)))-

A continuous function u : RY x [0, +00) — R is a viscosity solution of (I.6)) if it is a subsolution
and a supersolution of (|1.6).

For the theory of viscosity solutions, the reader may consult [12]. We shall use an equivalent
definition which eliminates the difficulty related to the fact that |D¢| may be equal to zero.

Theorem 2.3. In Deﬁm’tion the condition can be replaced by

(2.4) Brp(o, t0) < pa(Dp(0, t0)) (Fu(D*@(x0, t0), Do (o, t0)) + g(0, t0)| De(0, t0)])
if [Dp(zo,t0)| # 0 or

(2.5) drp(xo,t9) <0 if |Dp(xo,t0)] =0 and D*p(zg,tg) =0,

and the condition by

(2.6) Brp(o, t0) = pa(De(0,t0)) (Fu(D*@(x0,t0), Dep(wo, to)) + g(0, t0)| De(x0, t0)])
if |De(xo,t0)| # 0 or

(2.7) Orp(zo, to) > 0 if |Dp(xo,t0)] =0 and D*p(xg,to) = 0,

and the definition remains equivalent.
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Proof. The reader may consult the proof of [3, Proposition 2.2], which adapts here without any
difficulty. 0

Next, we recall the definition of the generalized evolution corresponding to . Let F
and O denote, respectively, the collection of closed and open subsets of RY. Let Qg be an
open subset of RY and let ug : RV — R be a uniformly continuous function. Assume that
Qo = {x € RY : up(z) > 0} and Ty = {x € RV : yp(x) = 0}. Let u be a unique viscosity
solution of the equation supplemented with the initial condition u(-,0) = ug(-) in RY. We
define Q; = {z € RY : u(z,t) > 0} and Iy = {x € RY : u(z,t) = 0}. We also define the maps
Xi: F—=Fand Oy : O — O by X4 (QUTy) = QUL and Oy(Qp) = Q.

Definition 2.4. The collections {X;}+>0 and {O;}+>0 are called the generalized evolutions with
normal velocity v(—D(lg—Zl), —lg—z‘,aj,t) = ,ua(—‘g—”u‘)(—ﬁFa(Dzu,Du) +g(x,t)), where pg, is

defined in (1.7) and Fy, is defined in ({1.8).

3. CONVERGENCE OF THE DISCRETE FLOWS

3.1. The speed of balls. In this subsection, we estimate the speed of the scheme applied to a
ball. This provides us with a control on the (bounded) speed at which the balls decrease with
the discrete flow.

Proposition 3.1. Let a € [1,2), r > 0, zg € RY and g € Cy([0,+00)). There exist constants
Ay = Ay(a, N,N) >0, Ay = As(a, Ny,N) > 0 and hg = ho(a, 7, [|g]locs N, N) > 0 such that for
h € (0,hy) and 7 = Ay /r + Asl|g||leo, the following holds. If & =1, then

(3.1) I * (1B, (20) = LBe(ao)) = I9llocor|In(o1)| in Br—rp(zo)

and

(32) Jn* (1B, (20) — LBe(an)) < —llglloco1|In(o1)] in Brirn(wo) \ Br(wo).
If a € (1,2), then

(33) In# (L5, (0 = Vpg(an) = I9lloch® in By—ra(wo)

and

(3.4) Tn# (L, (wo) = Ut(ao) < —llglloch® in Brirn(0) \ By(0)-

Remark 3.2. In [10], for each o € (0,1) and for each set E C R of class C!!, the authors
define the anisotropic fractional mean curvature at x € dF by

1g(y) — 1ge(y)
ry N(y —z)Nte v

sign is to ensure that convex sets have nonnegative curvature (for

(3.5) —Kol(z, FE) =

“_»

where the role of the
a rigorous explanation of this definition, the reader may consult |18, Subsection 2.2] and, in
particular, [18, Lemma 1]). We point out that this definition of the anisotropic mean curvature
is no longer valid in the case where o € [1,2), since [18, Lemma 1] is false in this case (see

[18, Remark 1]), and the anisotropic a-stable Lévy measure N(z‘)ifv — on RY does not satisfy the

assumption (A3) in [18].

Proof. To lighten the notation, denote e = (1,0,...,0) € RY and B = B,(re). Up to a
translation, we assume that xop = 0. A little later in Corollary [5.3] we shall prove that the
superlevel sets of the function Jj * (1, — 1p¢) are convex. Thus, to obtain the desired lower
bound for Jj * (1, — 1p¢) in the ball B,_; for fairly small ¢t € (0,1), it suffices to obtain the
same estimate for Jj, * (1, — 1pc) on 0B,_;. Inasmuch as N is even, N'(z) = N (—z) for each
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r € RV and in view of (2.1)), to deduce the desired estimate for J, * (1, — 1 Be) on 0B, _4, it
is enough to estimate Jj, * (1p — 1 gc) at the point te. According to (|1.3)),

oua(h)
3.6 Ji = NTa
(3.6) n(y) 4 NN

for each y € RV. Since N(y) = N(—y) for each y € RV,

dy dy
(3.7) NTa N = a o
Bog(h) o +N(y)Nte  J-Boy(h) =« +N(y)N+e
Using (3.6) and (3.7)), we have
(3.8)
_ dy
oo (h) "Ly % (15 — 15)(0) = —/ ;
RN\ (—BUB) ga(h)N% + N (y)N+e
S / dy B / dy
"~ JBming1.r)\(~BUB) a'a(h)% + N (y)N+e B iy N (y)N+o

dy CN—I—awN_l

2+ N (y)N+a ~ amin{1,r}e’

N

/Bmin{l,r}\(_BUB) Ua(h)

where C' = C(N) > 1 is the constant coming from . To lighten the notation, hereinafter in
this proof, we shall simply write o instead of o, (h). We consider the next cases.

Case 1: a = 1. Then, defining Cy = (Byin{1,,3 \(—BUB))N{z € RY : dist(z, {te : t € R}) = g},
using the coarea formula (see [16, Theorem 3.2.22 (3)]) and (2.1), we obtain the following

/ dy _ /min{lﬂ"} do / dHY " (y)

2 min{1,r} QN do

9 N+1
< 7C )wN_21n<

r(N+1

(Co)NH1 4 min{1, r}V+1
(Co)N+1

< 20Ny | (o)

provided that o > 0 is small enough depending on r, N and C, where C = C(N) > 1 is the
constant coming from (2.1)). Combining (3.8) and (3.9)), we get

CN—}-le_l

3
1 -1 S P > SN Nl T T
(3.10) o Jpx(1p Be)(0) > TC wy—2| In(0)] min{1,r}

provided that o > 0 is small enough depending on r, N and C. Next, we want to estimate
DJp x (1p — 1pe) at the point te, where |t| < f(o) and f(o) is large enough with respect to h.
Taking into account and carefully performing preliminary computations, one can conclude
that it is enough to consider f(o) = o°|In(c)| for some 6 € (1,2). Let us fix t = so?|In(0)|,
where s € [—1,1]. We have

- - (v.e) dHN"(x)
G := (DJy * (1g — 1p)(te), o te) = _2/83 SN 1 N (e — )N
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where v : 9B — SV~ stands for the outward pointing unit normal vector field to B. Performing
the change of variables # = oy and denoting the ball B,-1,(c"'re) by 0~ !B, we deduce that

_ Ny, e) dHN N (y)
G=-2 /8( ~1g) oNH(1 +N(809_1! In(o)le —y)N+1)
/ v,e) dHN " (y)

(o-1B) 1+ N( 80'0 Hin(o)le — y)N+L’

where v is the outward pointing unit normal vector field to (¢ ~!B). Let R > 1 and B’ be the
N—-1
ball with center at the origin and radius Ro™ ¥+1. If y € (B?)¢, then

(3.11) bﬁ*umww—mZRf%ﬁ—o“Hmwﬂzgf%ﬁ

provided that ¢ > 0 is small enough depending on 6, R and N. Thus, using and ( -,
we obtain the following estimate

‘ / (ve) dHN"(y)

c~1B)\B° 1+N(SO’9 1|ln( )‘e—y)N'H

95— (N=1).N-1 9y N—

WN-1 _ lwn_1
14 (Lo MmN+l o )N

which can be made arbitrarily small by choosing R large enough depending on r, N and C'. On
the other hand, if ¢ > 0 is small enough (depending on r, N and C) and y € d(¢~'B) N B?,

N-—1
then we can assume that o~ !r is large enough with respect to Ro~ ¥+1 so that (o,e) < —1/2.
This implies that

_2/ (v,e) dHN"(y) >/ dH "1 (y)
oo-1pynpe 1+ N(so?In(o)le — )N = Joy1p)nps 1+ N (507 In(o)]e —y)N+!

dHN " (y)
_>/€L1+J\/’(y)N+1 =:2n>0

as h — 04. Altogether, we have proved that if R is large enough, there exists hg > 0 depending
onr, #, N, N and C such that if h € (0, hg) (recall that h = 2| In(o)|), then (3.10) holds and

(3.12) (DJy* (Lp — Lpe)(te),e) >

g

whenever |t| < ¢?|In(o)|. Choosing § = 3/2, Ay = 4CNtlwn_o/n, Ay =1/n,
A
=24 dylgle, t=70%n(o)

and (possibly) reducing hg, we have that |t| < ¢?|In(s)| and
(313) Jh*(]lB—ﬂBc)(te) = Jh*(ﬂB—ﬂBc)(0)+<DJh*(]lB—]ch)(te),t6>+0<t) > HgHOOO'“n(O')|

if h € (0, hy), where we have used Taylor’s expansion for Jj, * (1 — 15¢)(0). Notice that 7 and
ho depend on 7, ||g||oos N, N and C. Inasmuch as C' depends only on N, we can assume that 7
and ho depend only on 7, ||g|joc, N and N. This implies (3.I). On the other hand, taking into
account that Jj * (1p — 15¢)(0) < 0 (see (3.8))) and (3.12)), we have

Jp*x(Ip—1pe)(—te) = Jp*(1p—1pe)(0) = (DJp* (1p—1pe)(—te), te) +o(t) < —||gllcco|In(o)].

Thus, (3.2) is satisfied.
Case 2: o € (1,2). Let C, be defined as in Case 1. We recall that ¢ = h2 and C = C(N) > 11is

the constant coming from (2.1). Using the coarea formula (see [16, Theorem 3.2.22 (3)]), (2.1
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and the facts that (C%h + 0?) e (C?h ) N+a) (by Jensen’s inequality), C' > 1
and also (h% + 0)? < 2(h + 0%) (by Jensen’s inequality), we deduce that

d min{1,r} dHN-1
/ W S/ dg/ N+a7'l )
Bmin{l,'r}\(_BUB) o o +N(y)N+a 0 +N(y)N+a

2 min{1,r} N
< CN+&WN2/ Q dQ
r 0 (CQh) N+a
N+ao
273" 1 N
< 2 C,N—i—oszQ/ Qim dQ
(3.14) r 0 (h+0%)2
N+ta 1
22 N+« 2\ —&
< . C WN_2 (h+0°)" 2 do
0
2% L
< CNMWN-Q/ (hz 4+ 0)~* do
r 0
Ny l-a 10q_
_ 22+QCN+O‘UJN,2h 2 — (14 h2)t-e
T a—1
Combining (3.8)) and ( -, we get
(27 1 a—1 a
Ty * (Lg — 1) (0) > — 27+ 27 oN+ag, th((l +h2)*t—nT7)  CNtewy b2
(3.15) -7 (@ —1)(h? + k)1 amin{l, r}o
- 2%+acN+awN72 % CN+awN,1h%
o (a—1D)r amin{l,r}e ’

where we have used that (1 + h2)°‘ L<14h% (by subadditivity, since (v — 1) € (0,1)). It is
worth noting that if « is close enough to 1, then
hE(h2" — (1+h2))
a—1
(this allows us to compare (3.15) with (3.10) when a > 1 is close enough to 1). Next, we want
to estimate DJp, x (1p — 1pc) at the point te, where |t| < f(h) and f(h) is large enough with
respect to h. In view of (3.15)) and our preliminary computations, we conclude that it is enough

to consider f(h) = h*5* provided that h > 0 is small enough. Let us fix t = sh™1*, where
€ [-1,1]. We have

~ h%|In(h?)| = o|In(03)| ~ o|In(o)]

e) dHN "' (x)
© 4 N(te — z)N+e

G := (DJy* (1g — 1pc)(te), o te) = 2/83 e <

Performing the change of variables x = h%y and denoting the ball Bh_% (h_%re) by h_%B, we
deduce that
N-1
o-af T 0
o3y " > (1+N(shie—y)N+o)
_ 2 / (v,e) dHN "y
1o}

)
h2* Jontm) 1+ N(shie—y)N+a’

N—-1
Let R > 1 and B" be the ball with center at the origin and radius Rh™ 2%+e), If y € (B")¢,
then

a o N-1 a
(3.16) |shie —y| > Rh 2(NFe) — ha >
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provided that A > 0 is small enough depending on «, R and N. Thus, using and ( -,
we obtain the following estimate

2h~ rNlon_q 2rNlwn g

- N— )
14 (@h*mwa BT+ ()N e

.| (v, €) dHN(y)
a3 B)\Br 1+ N(shie—y)N+te| ~
which can be made arbitrarily small by choosing R large enough depending on «, r, N and C.

On the other hand, if A > 0 is small enough (depending on a, 7, N and C) andy € a(h_%B)ﬁBh,

then we can assume that h~27 is large enough with respect to Rh~ NTa) so that (o,e) < —1/2.
This implies that

o o ) AN )
ot~ 3B)nBr 1+ N(shie —y)Nte = Jou-3p)npr 1+ N(shie —y)N+e

dHN(y)
—_—— =:2
- / L NNre - 21>0

as h — 0+. Altogether, if R is large enough, there exists hg = ho(a,r, N,C) > 0 such that if
h € (0, hg), then (3.15) holds and

(3.17) (DJy * (Lp — Lpe)(te),e) > nh™2

whenever [t| < hoe Setting A1 = 2%+a+1CN+awN_2/((a —1)n), A2 =1/n,
A
T="" 4 Aflgloc, t=rh

and (possibly) reducing hg, we have that |t| < h*5* and

Jp* (Ip — 1ge)(te) = Jp* (Ip — 1e)(0) + (DJy, x (1p — Lge)(te), te) + o(t) > Hg”ooh%

if h € (0, hp), where we have used Taylor’s expansion of J * (1g — 1¢)(0) at te. Let us point
out that 7 and hy depend on «a, 7, ||g|lcc, N, N and C. Inasmuch as C' depends only on N,
we can assume that 7 and hg depend only on «, 7, ||g|/c, N and N. We can also assume
that A; and Ay depend only on a, N and A. This yields (3.3). Furthermore, observing that
Jp# (1p — 1pc)(0) <0 (see (3.8)) and taking into account (3.17), we have

1
Jh * (ﬂB — ]ch)(—te) = Jh * (ﬂB — ﬂBc)(O) — <DJh * (HB — ]ch)(—te),te> + O(t) < _HgHoohEa
and hence (3.4 is satisfied. This completes our proof of Proposition . O
Corollary 3.3. Let a € [1,2), r > 0, zp € RV, g € Cy([0,4+00)) and for each z € RV,

uh(m,O) = ]lB,«(zo)(x) — ]lBg(:vo)(l')' Let A1 = Al(a,N,N) > 0, Ay = Ag(a,N,N) > 0 and
ho = ho(a, 7, ||g]locs N, N) > 0 be the constants of Proposition [3.1} If k € (0, ko), then

up(-;nh) 2 1p (20 () = lB;/Q(xo)(') in RY

as long as
2

h< r
n .
T 241 + Aor|glleo

In particular, if ¢ > 0 is small enough and r € (g,2¢), then nh < r?/(24; + Ase||g||oo)-

We shall denote by sign* and sign, the upper semicontinuous envelope and the lower semi-
continuous envelope, respectively, of the sign function in R, namely,

{an* () 1 if t>0,
sign =
—1  otherwise
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and
fan. (1) 1 if t>0,
sign, (t) =
& —1  otherwise.

The key ingredient in the proof of Theorem is the following

Proposition 3.4. The functions limsup® uy and liminf, uy defined in (1.11)) are, respectively,
a viscosity subsolution and a viscosity supersolution of ((1.6)).

Proof. We only prove that limsup®uy is a subsolution, since the proof that liminf, u; is a
supersolution follows similarly. Let ¢ € C?(RYN x (0, +00)). Assume that (zo, tg) € R x (0, +00)
is a strict global maximum point of lim sup® u, — ¢. Without loss of generality, we assume that

(3.18) lim ¢z, t) = +o0,
||+ [t| =00

which will eliminate technical difficulties coming from the unboundedness of the domain. Indeed,
we can replace ¢ by the function ¢.(z,t) = ¢(z,t) +(|z — z0|?> + |t — to|?) and prove the main
inequality for ¢., which in the limit, as € — 0+, yields the same inequality for ¢.

If limsup® up(xo,tg) = —1, then, since limsup® u;, is upper semicontinuous and takes val-
ues in {—1,1}, limsup®up, = —1 in a neighborhood of (z9,%y), and hence |Dy(zg,ty)| = 0
and Oyp(xp,t9) = 0, which yields . Similarly, if (zo,t9) belongs to the interior of the set
{lim sup* up, = 1}, is satisfied at (zg,tp). Thus, assume that (zg,tp) belongs to the bound-
ary of the set {limsup*u;, = 1}.

Notice that limsup® uj, = limsup* u}, and hence we can replace u;, with u}, which is upper
semicontinuous. In view of and [4, Lemma A.3], there exists a subsequence (zp,nph)
converging to (zg, tp) such that

up (xh, nph) — @(xn, nph) = ﬂglv%(% )

and
up (zp,mph) — 1,
where we have used that uj is upper semicontinuous. The latter, together with the fact that uj

takes values in {—1, 1}, implies that u} (zp,nph) =1 for h small enough. Furthermore, for such
h, since (xp,nph) is a maximum point,

(3.19) up(z,nh) <1+ @(x,nh) — @(xp,nph)
for all z € RY and n € N. If u}(z,nh) = 1, then (3.19) yields ¢(x,nh) — ¢(xp,nuh) > 0 and

hence
(3.20) up (z,nh) < sign*(p(z,nh) — p(zp, nph)).
Clearly, the above inequality also holds when u} (z,nh) = —1. By definition, for each z € RY,
up (@, nph) = sign(Jp = up (-, (np — 1)h) + (-, (ny — 1)h)B(a, h))(x)
(see for the definition of Jj) and hence
up (@, nph) < sign®(Jp * up (5 (nn — 1)h) + g(-, (n, — D) B(av, b)) ().
Since the right hand-side in the above inequality is upper semicontinuous, we observe that
up (@, nph) < sign®(Jp * up (5 (nn — 1)h) + g (-, (n, — D) B(av, b)) ().
Using this property with x = xy, and the monotonicity of the sign* function, we have
1 = uj(zp, nph) < sign*(Jp, * up (-, (ng, — 1)) + g(-, (np, — 1)R)B(a, b)) (zp)
< sign”(Jp, * sign”(@(-, (nn — 1)h) — o(zn, nph)) + g5 (nn — 1)h)B(e, b)) (zh),



APPROXIMATION SCHEMES FOR ANISOTROPIC MEAN CURVATURE FLOWS 13

which is equivalent to the fact that
Jp* [L7 = 17](p (-, (n, = 1)) — (. nph))(2n) + g(an, (nn — 1)h)B(a, h) > 0,

namely

(3.21) —g(zn, (nn — 1)h)B(a, h) < /RNUIJr = 17)(e(y + zn, (nn — Dh) — o(zh, niph))Jn(y) dy,

where 17 and 1~ denote, respectively, the characteristic functions of [0, 4+00) and (—o0,0). To
complete our proof of Proposition we need to show that implies if |[Dp(x0,t0)| # 0
or if |Do(z0,t0)] = 0 and D?p(wg,ty) = 0. This is exactly the consistency of the scheme,
which follows from Propositions and O

Proof of Theorem|[I.3. Let u be as in the statement. Then sign*(u(z,t)) and sign, (u(z,t)) are
the maximal upper semicontinuous subsolution and the minimal lower semicontinuous superso-
lution of supplemented with the initial datum 1g, — Igg and 1o, — Lo, respectively (see
[5] for the proof). This, together with Proposition implies that

(3.22) lim sup*up, (z,t) < sign*(u(z,t)) in RY x (0, +00)
and
(3.23) lim inf,up (2, 1) > sign, (u(z,t)) in RY x (0, +o0).

Since uy, takes only values in {—1, 1}, (3.22) implies that limsup* up = —1 in (€, UT)¢, while
(3.23]) yields lim inf, up = 1 in €. This completes the proof of Theorem O

3.2. The consistency. The next lemma will be used in the proof of the consistency result
Proposition |3.6

Lemma 3.5. Let a € (1,2), a € R, Ac MYXN E € SO(N) and X : [0,1] — R be defined by

sym

M) = [ 1 U)o+ o) Pa(Ea) da,
RN
where (x) = (Ax,z) —a. Then
A(s) = 2s (tr ((/ (0,2") ® (0,2") Py (E(0,2")) dx’) A) — a/ P,(E(0,2")) da:') + o(s),
RN-1 RN-1
where we denote x = (x1,2') for each v € RV,
Proof. Define P(-) = P,(E-). We prove that \'(0) exists. Since 1* +1~ =1 and P € L'(RY)
(see (1.1]), (2.1)), it is enough to prove that 1'(0) exists, where

n(s) = /]RN 17 (z1 + sy(x))P(x) dz,

since, once the latter is satisfied, we have X'(0) = 2/(0). For each € > 0 small enough and for
each s € [0, 1], we define

o) = [ ) (P52 b

Using (1.1)), (2.1) and standard results, we observe that 1. € C*(0, 1), n. — 1 pointwise in [0, 1]
and

n.(s) = /]R Qiu—tanh?) (W) W(@)P(x) da.

N 4E
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Applying Fubini’s theorem, we deduce that i’ € L(0, 1), and hence 7. is absolutely continuous
on [0,1]. Inasmuch as

L) (2F21D) g (0 iy (242019

3 g 13
_ %(1 ~ tanh?) (W) 50y, ()

and 7(t) —n-(0) = fot nL(s) ds, the following holds

ne(t) —ne(0) = /Ot /RN %am ((1 + tanh) <$1+5¢(x>>) Y(z)P(x) dz ds
—/Ot /RN 2—16(1—tanh2) (”“*j”(“’“)) 5(Da,16(2))0b(x) P(z) da ds.

We integrate by parts with respect to the variable x; in the first integral in (3.24]), and then,
using Fubini’s theorem, we integrate by parts with respect to the variable s in the second integral

in to obtain
n-(t) //RN 1 + tanh) ( 1*‘”/’( )) (W(@)P(@)) do ds
—y/ L0+ tan m(“+§”))mw<><>x

/ /RN (1 + tan <x1+sw< )>8x1¢(I)P(x) e

Letting ¢ tend to 0+, using Lebesgue’s dominated convergence theorem, and (2.1), yields

(3.24)

mw—nw>=—[;4anm+ﬁwm»@xw@u%m>mr%
(3.25) t/ 1+ (21 + t0(2)) Doy h(2) P(x) da
/ /RN 1+ (21 + s0(2)) 9 0(2)P(2) do ds.

Applying Lebesgue’s dominated convergence theorem again, one can see that all the integrals
over RV in ([3.25) are continuous functions of s or ¢. Thus,

#@z—/ 1+ (21)00, ((2) P()) da

(3.26) /RN 1/%0 . ((2)P(2)) day da’

—/‘ $((0,))P((0, 7)) da',
RN-1

where we have used (I.1)), (2.1). Since P(z) = P(—=x) for each x € R (this comes from the
fact that A is even), we have A\(0) = 0 and hence A(s) = XN (0)s + o(s) = 21/ (0)s + o(s). This,
together with (3.26]), completes our proof of Lemma O

Proposition 3.6. Let (zo,t0) and ¢ € C?(RYN x (0, 4+00)) be as in the proof of Proposition
Assume that o € (1,2) and (3.21)) holds. If [Dp(zo,to)| # 0, then ([2.4) holds. If |Dy(zo,to)| = 0
and D?¢(xq,t0) = O then Opp(zo,to) < 0.

Proof. We consider the next cases.
Case 1: |Dy(xo,t0)| # 0. Setting o := g (h), tn = nph, pn(y,t) = @y + xn,t) — @(zn, tn) and
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changing the variables (see (|1.1)) and (1.2))), in view of (3.21]), (1.3) and (1.4, we obtain

(327) “glantn et < [ 171N pn(ob g tn — W) Paly) do
R
Since ¢p, € C2(RN x (0,400)), ¢n(0,,) =0 and o0 = h%, we expand goh(aéy,th — h) as follows
1 1 2 1
(,Dh(O'ay,th - h) - UQ<D¢($hath) > +Ua(—8t§0(ll}h,th) 2<D2¢($h7th)y7y>)

+ 0w (0((o +oaly)(ly? +1))).

O(
Denote p, = Do(xp, tr), ap, = Op(xp, ty) and Aj, = %D ©(xp, tp). Then

on(oay,th —h) = o5 (pn,y) + oo (—an + (Any,y) + O((on + o= |y (|yl2 + 1))).

After a rotation and a change of variables, we may assume that p, = F(1,0,...,0), where
Br = |pn|- We denote by Aj, the matrix we obtain from Aj, after the rotation. The integration
in (3.27) is taking place over the sets C}, and Cj, where

Cr={y € RV : 0w Buys + 0w (—a + (Any,y) + O(o= + o lyl)(yl* + 1)) = 0}
Since B, — Bo := |Dp(xo,tg)] > 0 as h — 0+, By > 0 for each h > 0 small enough. Thus,
Ch={y € RY 1y + 03B, (—an + (Ay,y) + O((0% + o= [y])(|y* + 1)) > 0}.
Using that A, — Aand a, — a as h — 0+, we get
Ch={y €RY 1y + 028, (—a+ (Ay,y) + O((c= + oa [y (|y* + 1)) + o(1)(y* + 1)) > 0},

where A is the rotated matrix A and a = d;p (o, tg), namely A = EAET for some E € SO(N).
After all, we deduce the following

~glanstn =Wt < [ (17 - 1)) P) dy
(3.28) "

— [ - )P dy+ [0 - ) w)P) dy
where for each y € RV,
Un(y) = g1+ 02 B ((Ay,y) — a+ O((oa +axly)(ly2 + 1)) + o(1)(|yl* + 1))

and P(y) = P,(E"y). Let 6 € (1/a,1) and R = oa. Taking into account (1.1)) and (2.1)), we
observe that

o [ ) PL) dy <o [ PG s oVronh [ e ay
R R
CN+a

(3.29) = wN_laféRfa
a

CN+O< 0
= o WN-10 757

[un

which tends to 0 as h — 0+ (recall that oa =hand C > 1 is the constant coming from ([2.1))).
Fix v > 0. Then for each A > 0 small enough and for each y € Bp,

(3.30) Un(y) < Paly),
where
(3.31) ®p(y) = y1 + o= B (A + 7 1d)y,y) —a+ ),

since for each y € Bgp,

(3:32) O((o= +o7 |y (lyP+1)+o() (52 +1) = O(e"= ([yl+1))+o(1)(ly*+1) < A (ly*+1).
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Inasmuch as [1T — 17] is nondecreasing, ([3.30)) implies that

(3.33) /B (17 = 17} (Wn(y))Py) dy < / (17 = 17 )(@n(w))P(y) dy,

Br
which, together with (3.28)), (3.29)) and the facts that (3.29)) holds also with ¥y replaced by ®j
and (xp,ty) = (zo,t0) as h — 0+, we deduce the following

(3.34) ~gleo.to) < lim o7 [ [ = 1 U@L0)PG) dy

Applying Lemma with ¢¥(y) = ((A +Id)y,y) — (a — ), s = aéﬁgl and with P, replaced
by P, yields

(3.35)
/RN[IH — 17)(@(y)Ply) dy =206, tr ((/RN_I(O ') @ (0,2")P((0,z")) da:’) (Aﬂm))

20k g a— ) /RN_I P((0,2')) da’ + o(o% A7),

Recalling that 5, = |Dy(xp, ty)| > 0 for each h > 0 small enough, 8, — 5y > 0 and gathering
together (3.34) and the above equality, we get

“gGanto) <20 ([ 0.0) 0 0.0)P(0.) d') (A+10)
—2a=) [ P(O.) d,

where x = (x1,2') € RY. Letting y tend to 0+, one has

0 < o <tr (< /R 0@ 0,2)P(0,2)) d:c’) 22) +g(a:o,to)ﬁo>

=1 ftan) + pag(xo, to)Bo,
where o = (2 [pn-1 P((0,2')) da’)~! € (0,400).
Since ET(1,0) = ‘gigg’i& =: e and E € SO(N), changing the variables and recalling that

A=EAE"™, P(.) = P,(E""), we obtain

n=tr ((/RN1 T0,2") @ EY(0,2")P.(ET(0,2")) daz/> 2A>

— ((/L +® 2 Pa(z) dHN_l(a:)> 2A> ,

where A = $D?%p(20,t9). Using (L.I)), [16, Theorem 3.2.22 (3)] and changing the variables
(namely, t = r N'(0)), one has

+00 tN dHN_2(0)
p N—1/\ _ / v / — T
/ei TR a(m) dH (x> 0 1+ tN+a di SN—-1nel 66 N(H)N+1
dHN72(0)
— Ova 0@0-—
CN, /SNlﬂeJ- @ N(G)N+1

Thus, (3.36)) yields the desired inequality (2.4) for ¢ at (xo, to).

(3.36)

Next, we assume that |Dp(xo,t0)| = 0, D*p(z0,t0) = 0 and B4 — 0 as h — 0+. We need to
distinguish between three further cases.
Case 2.1: along some subsequence [ # 0 and aéﬁgl — 0. Then, in view of , ,
and the fact that holds also with Wy, replaced by ®j,, we have

0= Jim (ot — 15k < Jim o5, [ 17~ 1) P) do
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which, together with (3.35]) and the fact that D?p(xg,to) = 0, yields that dyp(zo,t9) < 0.
Case 2.2: along some subsequence 3, = 0 or aéﬁgl — +00. Assume that ap, — 9yp(xo,t9) > 0.
Then the characteristic function of the set

{y € R : Buys + 0% (—an + (Any, y) + O((0 + o=y (y> + 1)) = 0},
which is the same as the set
{y € RN : 0% Buyn — an + (Auy,y) + O((0% + o ly))([yf* + 1)) = 0},
pointwise converges to the constant function 0. Using this, and Lebesgue’s dominated
convergence theorem, we obtain

/N P,(y) dy < 2/N ILJF(goh(aéy,th — h)Py(y) dy+ g(xp, ty, — h)ai —0
R R

as h — 0+, which leads to a contradiction with the fact that [pn Pa(y) dy > 0.
Case 2.3: along some subsequence aéﬁh_ 15 8> 0. Then the characteristic function of the set
1 ~ 2 1
{y € RV : By + 0@ (—an + (Any, y) + O((o~ + o= y|)(ly[> + 1)) > 0},
which is the same as the set
1, ~ 2 1
{y e RY cy1 + 028, (—an + (Any, y) + O((o= + o= |y)(ly* +1))) > 0},
pointwise converges to the characteristic function of the set
{y € RV y1 — BOyp(x0.to) 2 0}.
But we know that

1
Pu(y) dy — 2/ 1 (pn(oay,t, — h)Pa(y) dy < g(zp,th — h)oa
RN RN

(see (3.27). Thus, letting h — 0+ and applying Lebesgue’s dominated convergence theorem,
we obtain

/ Pu(y) dy —2 / 1 (41 — BOp(0, t0)) Paly) dy < 0.
RN RN

Therefore,
6t<p(x0, to) < 0.
This completes our proof of Proposition [3.6 U

Proposition 3.7. Let (zg,ty) and o € C2(RN x (0,400)) be as in the proof of Proposition|3.4)
Assume that o = 1 and (3.21)) holds. If |Dp(xo,to)| # 0, then (2.4) holds with o = 1. If
| D (0, t0)| = 0 and D*¢(xo,t0) = 0, then dyp(xo,to) < 0.

Proof. We consider the next cases.
Case 1: |Dy(x,t9)| # 0. Setting o := o1(h), tp := nph, pn(y,t) = @y + xn,t) — o(zh, tn) and
changing the variables (see (|1.1)) and (1.2))), in view of (3.21]), (1.3) and (1.4)), we obtain
(3.37) —9(@n, tn — h)olln(o)| < /N[]1+ — 17 )(¢n(oy,th — h)Pi(y) dy.
R
Taking into account that ¢, € C*(RN x (0,4+0)), ¢n(0,t,) = 0 and h = o?|In(0)|, using
Taylor’s formula, we have
en(oy,th—h) = o(pn,y) +o(—o|n(o)|an + o {Any, y) + O((o*| n(0)| + *[y[*) (Jy| + o| n(0)]))),

where pp, = Do(xp, th), ap = Op(zh, ty) and A = %DQcp(xh, ty). After a rotation and a change
of variables, we may assume that p, = £,(1,0,...,0), where 5, = |py|. We denote by A, the
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matrix we obtain from Ay after the rotation. The integration in (3.37)) is taking place over the
sets C}, and C}, where
C ={y € RV : oBuyr+0(—0o|In(o)lan+0(Any, y)+O0((o*|In(0)|+0°[y[*) (Jy|+o|In(a)]))) > 0}.
Since B, — |Dp(xo,t0)| > 0 as h — 0+, B > 0 for each h > 0 small enough. Thus,
Ch=A{y € RN : y1 48, (=o|n(0)|an+0(Any, )+ O((0*| In(0)|+0°|y[*)(|ly|+0o|In(a)]))) > 0}.
Using that A, — Aand ap — a as h — 0+, we deduce that Cj, consists of points y € R such
that

0 < y1+ 8, (—o|In(o)a+ a(Ay,y) + o(1)(a(|y* + | In(0)])))

+ B, O((*| In(0)| + o®[y[*) (|y| + o| In(o)])),

where A is the rotated matrix A and a = 8y (o, ty), namely A = EAET for some E € SO(N).
For each y € RY and for each v > 0, define P(y) = P1(E"y),

Up(y) =1 + By (—oln(o)|a+ o(Ay,y) + o(1)(a(ly|* + | In(0)])))
+ B, 0((0®|In(a)| + o [y[*)(ly| + o] In(0)]))
and
Ou(y) = y1 + B (o] In(0)|(a — 7) + o (A + 1Id)y, ).

Then, summing up the above considerations, in view of (3.37)), for each h > 0 small enough, we
obtain

(3.39) (ot~ Rol (@) < [ 17 =1 1@u)Pl) dy.

For each n > 0,

339 [ -1 w)Pw) d< [

1+ — 1) (Wh () P(y) dy + / P(y) dy
B, -1

(&

no no—1
and
d _
(3.40) / P(y) dy < V! / o = C¥ oyl
B B |y

where C' = C(N') > 1 is the constant coming from ({2.1)) and we have used (1.1]). Since V), < @},
in B,,-1 (provided that i > 0 is small enough and 7 is sufficiently small with respect to ) and

the function [1* — 17] is nondecreasing, (3.38))-(3.40) yield

—9(xn, th — h)o|In(o)] < / (17 = 17)(@n(y)) P(y) dy+CM lwy_1nlo.

B,, 1

Thus, we reach the inequality
(3.41) —g(xn,th —h)o < f(0) + CNwn_1n o,
where ¢ = o|In(o)| and
flo = [ =11 + Pl 0)PO) dy,
no—1

where F(y,p0) = Bh_l(a«ﬁ + ~Id)y,y) — o(a — )). Using (1.1) and the Lebesgue dominated
convergence theorem, we get f(0) = [pn[1T — 17](y1)P(y) dy = 0. We need to compute f(0).
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Arguing as in the proof of Lemma namely, using a smooth approximation of 17, we deduce
that

f'(0) =2 /B 5 + F(y, 0)0,F (v, 0)P(y) dy

no—1

+ / 1% = 17)(51 + F(y, 0))P(y)(noY) dHY~1(y),
B, 1

where ¢ is the Dirac delta function and (no~!)" denotes the derivative of no~! with respect to
0. Then

(3-42) f(Q) - f(O) =1, + 1,
where

-2 [ b P o) P dy ds

no—1(s)

and

= [" [+ P PO ) ds

no—1(s)

< [* [, o @ @) oo @)Y ) ds

where s = o(s)|In(o(s))].
Using and the facts that E € SO(N) and ¢/(s) = (|In(c(s))| — 1), we obtain

e o 1(s))N-1 o'(s
0T, < g | o (77(0)>1(8))N“ @2((5))) “

< CN“wN_l(ng)*l /Q(\ In(o(s))| —1)"' ds —0
0

(3.43)

as 0 — 0+. Thus, Q_IIIQ — 0 as o — 0+.
Next, we analyze o~ 'I,. Inasmuch as 95F(y,s) = 8, '({((A + 11d)y,y)o’ — (a — 7)), we have
I, = Ié + Ig, where

e
Iy = =28, (a—7) 3(y1 + Fly,s))Py) dy ds
‘ " /0 /Bna(S)_1

and

-2 | “(in(o(s)] — 1) [ s P (A 1) P dy ds.

no(s)=1

Using the approximation of § through (1 — tanhQ)(é), the properties of P(-) = P (ET.) (see
(1.1)) and changing the variables, one has

i o7l = 20— )55 [ S)P) dy=-2a -5 [ POY) dy

—~2(a-)5" [ Pulo) a1V ),

e
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where e = %. On the other hand, using the properties of P and changing the variables,
we deduce the following chain of estimates
S o= g g [ iiﬁi‘i_i)l T /B 5+ Fla (A + 71y, ) o) dy s
= lim_ Wj() Sy ){(A + 1)y, ) Ply) dy
= lim s / T A PO ) o

~ lim L / (A +41d)(0,5), (0,4)) P((0, /) dy/
ly'|<R

R->+00 ﬁoln( )
/ / PV (A4 A1d)(0,0), (0,6)) dHY2(0)
SN-1N{0} xRN -1

= phm 1+ NN (ET(0, 0))NH

R—+oc0 ,30 ln

tN dHN2(0)
= lim ————— A+4+~1d)0,0) ————=~ dt
R—1>r£oo Bo ln / /SN el 14+ tN'H <( 7 ) > N(Q)N'H

1 dHN=2(6)
([ eri QMd)),

where A = %DQQO(:L‘O,tO) Using this, together with the fact that f(0) = 0 and (3.42)-(3.44), in
view of (3.41]), one has

flo) = f(0) | Ni1 1 o
—g(z0,t0) < Ql_l}r(g_? +CONT wN,lm = f(0)

_ 2(a—9) _ 1 dHN=2(0)
== /eLPl(x) dHN T (x )+ﬁ0tr<</SN1meJ_e®9N(9)N+l )2(A+'yld)>.

Letting v — 0+, we obtain
(0, to) < 1 (Dp(0, t0)) (Fi(D*p(x0, to), Dy (wo, o)) + g(wo, to) [ Dip(x0, to)]),
which is (2.4) with o = 1.

Next, we assume that |Do(xg,t9)| = 0, D*p(z0,t9) = 0 and B, — 0 as h — 0+. We need to
distinguish between three further cases.
Case 2.1: along some subsequence (3, # 0 and o|In(o)|8; " — 0. Then, in view of and
the fact that D?p(xg,tg) = 0, we have

. flo|n(a)]) — f(0) . —145 11 : —15 12
0= 1 — ty, — < i = lim I + lim I
B0 9(wnsth = 1) < B0t Bn o|In(o)] oot @ Fnly oot @ Fnly

N_—
(atgo xo,to / P1 'HN_l(g;) + tr ((/%N—l . 0® 9W> 2(14 + 71d)> .

Since A = 0, letting v — 0+, one has 9, (zo,t) < 0.
Case 2.2: along some subsequence 3, = 0 or o|In(c)|8, ' — +00 as b — 0+. Assume that
ap, — Oyp(x0,t9) > 0. Then the characteristic function of the set

{y € BV : Buys — ol In(0)]ar + o (Any, y) + O((0*| (o) + o2ly[2)([y] + o/ In(0)])) > 0},
which is the same as the set
{y e RN : (0| In(0)) " Buyr—an+|n(o)| " {Any, y)+O0((o+o| In(o) | y[*) (|ly|+o| In(o)])) > 0},

pointwise converges to the constant function 0. Using this, (3.37) and Lebesgue’s dominated
convergence theorem, we obtain

/ Pi(y) dy <2 / 1 (on(ows tn — W)PL(y) dy + glan.tn — h)o| In(o)] = 0
RN RN
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as h — 0+, which leads to a contradiction with the fact that [pn P1(y) dy > 0.
Case 2.3: along some subsequence o|In(0)|53, ! — B> 0. Then the characteristic function of
the set

{y e RY 11 + B, (—ol n(0)|an + o(Any, y) + O((0?| In(a)| + o*|y|*) (Jy| + o|In(0)]))) > 0}
pointwise converges to the characteristic function of the set
{y € RN : y; — BOsp(x0, o) > 0}
To obtain a contradiction, we conclude as in the proof of Proposition [3.6] This completes our

proof of Proposition |

3.3. Convexity of the mobility. In the previous section we established the convergence of the
anisotropic scheme of the Bence-Merriman-Osher type to a viscosity solution of the equation,
which can be written in the form

i = B, (Du) ( (Du, Du) + g) ,

1
—F,
|Dul”©
where ®,(p) is a 1-homogeneous function equal to uq(p)|p|. Moreover, it turns out that ®, is a

convex even 1-homogeneous function and, hence, a norm.

Lemma 3.8. For each o € (0,2), the 1-homogeneous function
-1
dHN ()
) =2 —_—
a(p) < /pl T N@)N+a |p|

Proof. For a proof for the case where o € (0,1), we refer to [10, Lemma 3.7]. The proof for the
case where a € [1,2) is similar. O

is convex in RV,

Remark 3.9. Let a € (0,2) and p € RV \ {0}. Then
N-1 +o00 N-2
/ _aT o) / / e NN 2(0) dr
pt 1 + N(z)N+e 0 SN-1npl 1 + N (ro)N+e
+o0 T‘N_2 J N2 8 d

_/0 /SNlmpL 1+7“N+O‘./\[(9)N+O‘ " ( ) "
[T g aw
~Jo 1+ tN+e SN-1npt N(O)N-1

— )L / dHN2(0)
e SN-1npl N(Q)N_l ’

where we have made the change of variable t = r» N/(). Thus,

N-2 -1
(3'45) (I)a(p) = >\a,N (2 /SNlm N W) |p|

It is well known that every norm is uniquely determined by its unit ball. Then a natural

question arises: knowing the unit ball of the norm ®,, is it possible to determine the unit ball
of the norm N 7 We answer this question in dimension 2.

Proposition 3.10. Let o € (0,2), N = 2 and Ay = Ao2 > 0 be the constant defined in
Remark([3.9 Then ®q(p1,p2) = Aa N (—p2,p1).

Proof. The proof is a direct consequence of the formula (3.45)). O

An immediate consequence of Proposition [3.10]is the next corollary.
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Corollary 3.11. Let o € (0,2), N = 2, a,b > 0 and ¢ € [1,+00) U {+00}. The convex set
{®, < 1} is as regular as the convex set {N < 1}, which has at least a Lipschitz boundary. In

particular, if {®, < 1} = {(p1,p2) : :Z—i + IZ—; < 1} or {®, < 1} = {||pllq < 1}, then it holds
2 2
NV <1} ={(pr.p2) - F + 3 < A2} or (N <1} = {[lpllg < Ao}, respectively.

4. ANISOTROPIC MEAN CURVATURE MOTION

4.1. Several stability results. In this subsection, we establish stability results that illustrate
the links between the nonlocal anisotropic curvature considered in the isotropic case in [1§]
and the local anisotropic curvatures appearing in Propositions and For convenience, for
each a € (0,1), we define the measure

dz
N(Z)N+a :

For each a € (0,1) and for each function u of class C1! such that |Du(z)| # 0, we define the
quantities

ve(dz) = (1— )

kS [z, u) = v ({z € RY tu(x + 2) > u(z), (Du(z),z) <0}),
8% [z, u] = v*({z € RN s u(z 4 2) < u(x), (Du(z),z) > 0})
and
(4.1) k@, u) = kG 2, u] — K2 [z, u).

According to [18, Lemma 1] the above quantities are finite. In particular, £ [z, u] measures how
concave the curve {z € RY : u(z+2) = u(x)} is near x and [z, u] how convexe it is. Moreover,
it holds —(1 — a)kqa(x,u) = K¥[x, u] (see and Section 1.2 in [18]). The next proposition is
an anisotropic counterpart of |18, Proposition 2].

Proposition 4.1. Assume that u € C?>(RY) and |Du(z)| # 0. Then

1 dHN2(0
(4.2) Kz, u] — S Du(a)| tr ((/SNln Due) - 0® GW) D2u(aj))

[Du(z)]

as o 1.

Proof. Since u € C%(RY), for each i > 0, there exists § > 0 such that for each z € Bs(x),

1

(4.3) u(x + z) —u(x) — (Du(x), ) 2<D2u(1‘)z, 2)| < nlz)?.

Denote p = —Du(z) and W(z) = u(x + z) — u(z) — (Du(x), z). Then

Oz, u) = v ({z € RY 10 < (p,2) < W (2)}) —v¥({z e RN : W(2) < (p, 2) < 0})
dz
(4.4) =(1-a) /R . zeBsosra<w) — Lizemsav(a)<ips) <o} N(z)Nta
+ O(l - Oé),

since
(1 — a)cNJrawN_l

ad® '
In view of (4.3) and (4.4)), it is enough to prove the result in the case where W (z) = (Az, z),
where A € MYXN (namely, A = %DQU(ZL‘)) Indeed, rewriting (4.4) with W (z) replaced by

Sym

v (B§) <

+D?u(z) + nld and $D?u(z) — nld and performing computations similar to those given below,
one obtains an upper and a lower bound for the limit of k*[z,u]. Then, letting n — 0+, one
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obtains the same result as for the case where W(z) = (Az, z). Thus, we study the convergence
of

dz dz
K“:(l—a)/ (l—a)/
{z€Bs:0<(p,2)<(Az,z) } N( )N-l—oz {z€Bs:(Az,2)<(p,z)<0} N( )N—i—a

For each z € RY, we have z = (21,2), where 2/ € RV~!. Let E € SO(N) be such that

ET(1,0) = ‘g"%' Performing the rotation and the change of variables, we can assume that
p=|p[(1,0,...,0). We denote by A the matrix we obtain after the rotation, namely A = EAET.
Then

(4.5) (Az,z) = 122 + 221(d, 2') + (A2, '),

where @ = (ay,a’) is the first column of Aand A’ € Mg,vm Dx(N= 1). If § > 0 is small enough,

using (4.5)), for each z € Bs, we have

0< (p,2) = |plzr < (Az,2) = 0 < 21 < (|p| — C8)~" L (A2, ),

(Ip| + C8) A2, 2y < 21 < 0= (Az,2) < (p,2) = |p|z1 < 0
and

0< 21 < (Ip|+ C8) A2, 2) = 0 < [plar = (p,2) < (Az,2),

<Az,z> <(p,z) =|p|lz1 < 0= (|p| — C5)71<ﬁ’z’,z’> <z <0,
where C' = C(|Du(z)|, D?>u(x)) > 0. This implies that
K <K< K3,
where

K§, =v*({z€Bs:0< 21 < (Ip| — C8)"HA'Z, )}
—1*({z € By : (|p| + C8)"HA'Z, ') < z1 < 0})

and

K§_ =v*({z € B5: 0 < z1 < (lp + C3) (A2, 2)})
—1v2({z € Bs: (|p| — CO)"HA'Y,2') < z < 0}).

Letting § — 0+, we observe that it is enough to study the convergence of

K¢ =12{zeBs:0< 2 < |p| HAZ, 2N} —v({z € Bs : [p| HA', ) < 21 < 0}).
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Using [16, Theorem 3.2.22 (3)], if 6 > 0 is small enough, we obtain

dz
K¢ = (1—a) / [ —
’ {(21,2):]2/|<6,0<2 <|p|~1 (A2 2y} N (21, 2 )N T
dz
~t-a) [ ~ R
{(z1,27)i12/ <6, p| =2 (A2 27y <z <0} N (21, 27) N H

5 plpl~1r2(A0,0) N2 Moo
=(1-a) /SN—2m{ 19,0 >0}/ / N (z1,r0) N+ der dr dHT(0)
N2 Moo
~(-a) /SN 2N {(A70,0 <0}/ /p| 1p2(A19,0) Zl,TG)NJrO‘ der dr dH ©)
P00 N s
=(-a) /sN?m{(Xfee >0}/ / N (r27,rg)N+e dr dr dH7TH0)
N
—(1-e) /SN 2n{(A76,0 <0}/ /|p| 1(Ag gy N (r2r, rO)N+e dr dr dHEO)
[l 1<A'6,6>> 1 s
=(1-a) /SN2O{<Z’670)20}/0 r / ./\/’7(7‘7 9)N+a dr dr dH"(0)

—l—a/ / / — dr dr dHN73(0
( ) SN-2n{(A6,6)<0} Jo -1 (Ag,0) N (7, 9) (©)-

We observe that for each r € (0,0),
/|p1<A'e,e> 1 o lp|~1(A’6,6)
0 N(TTa 0)N+a N(Oa 9)N+a

as § — 0+. In particular, for each € € (0, 1), there exists § > 0 such that

N REY) e~ (A6.0) 1 |~ (A6, 0)
1=9 g e < ), MmO = 0 g

Using this, together with the fact that

6
(1-— a)/ rmY dr =67
0
and letting o 1 and then ¢ \, 0, we deduce that

p| 1 (A'0,6)

e N0 N RO

K§ —

Altogether, recalling that p = —Du(z) and A = $D?u(z) and A= FEAET, we obtain

1 D?u(x)0,0
el 2mwﬂSngwa&Qﬁd”W%”
as « ' 1. This completes our proof of Proposition O
Remark 4.2. It is worth noting that
400 tN
(ozl)CN,a:(ozl)/o Wdt%l

as a \ 1, where C  is defined in (1.10)). Thus, (o —1)F, — F; as o \, 1, where F,, is defined

in .
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Next, we state two convergence results demonstrating how one can recover the anisotropic
local mean curvature flow in the limit. The first of these appeared in [13], where it was shown that
the solution of the nonlocal (eikonal) Hamilton-Jacobi equation modeling dislocation dynamics
converges, at a large scale, to the solution of a local anisotropic mean curvature motion. The
second result can be proved using Proposition

Theorem 4.3. Given a Lipschitz function ug : RY — R and an even nonnegative function
co € WHL(RN) such that co(z) = M%N(é) if |2| > 1, we consider the viscosity solution u®
of the problem

Oy = K[z, u]|Du| in RN x (0,+00)
supplemented with the initial condition w(0,x) = ug(x) in RN, where x¢[x,u] is defined by

K[z, u] = v¥({z € RN s u(z + 2) > u(z), (Du(z),z) < 0})

— v ({z e RY s u(x + 2) < u(z), (Du(x), z) > 0})
with ve(dz) = WCO(@ dz. Then u® converges locally uniformly on compact sets in
RN x [0, 400) to the unique solution u® of

dyu = Fy(D?u, Du) in RY x (0, +00)
supplemented with the initial condition u(z,0) = ug(z) in RY as e\, 0.

Proof. For a proof, the reader may consult [13| Theorem 1.4] and [18, Lemma 2. O

Theorem 4.4. Given o € (0,1), a Lipschitz function ug : RN — R, we consider the viscosity
solution u, of the problem

Oru = pio(Du)| Dulk®[z,u] in RY x (0,400)

supplemented with the initial condition u(x,0) = ug(x) in RN, where k% is defined in and
Lo 1S defined as in with o € (0,1). Then uq converges locally uniformly on compact sets
in RN x [0, +00) to a unique solution uy of , where « = 1 and g = 0, supplemented with
the initial condition u(x,0) = ug(z) in RY as a /1.

Remark 4.5. In view of Remark the viscosity solution u, of the problem
Oy = pio(Du) (o — 1) Fp(D?u, Du) in RY x (0, 400)

supplemented with the initial condition u(z,0) = ug(x) in RN for some Lipschitz function
ug : RN — R, converges locally uniformly to a unique solution u; of (T.6]), where o = 1 and
g = 0, supplemented with the initial condition u(z,0) = ug(z) in RY, as a \, 1.

4.2. Variational origin of anisotropic mean curvature motion. The anisotropic mean
curvature motion (1.6, where g = 0, is of a variational type. To state the result, we associate
to a € [1,2) and NV a tempered distribution L, nr defined by

(Lo, 0) = 20xa /

RN

(@) = £(0) = (Dp(0). 15, ) 55

for ¢ € S(RY), where Cy, > 0 is the constant defined in (T.I0) and S(RY) is the Schwartz
space of test functions. We define the Fourier transform of » € S(RY) by

Fe)e) = [ pla)e e da.

Theorem 4.6. For each a € [1,2), there exists a unique 1, € C(RN)NC?(RN \ {0}) such that
Ya(=p) = Ya(p), ¥a(0) =0 and
Fo(M,p) = tr(MD*)4(p)),
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where F, (M, p) is defined in (1.8)). Moreover, ¢ is convez, 1o (Ap) = |A[¢a(p) for all X € R\{0}
and ), = —%}"(LQ?N), where F (Lo pr) is the Fourier transform of Lo . If u € C?(RY) with
|Du| # 0, then
F,(D?u, Du) = |Du|div (V% (D“»
) Dul))

which means that the anisotropic mean curvature motion derives from the energy [ o (Du).

Proof. For a proof, we refer to Section 7 of |13 and in particular to the proof of |13 Theorem 1.7].
[l

5. EVOLUTION OF CONVEX SETS

In this section, under some convexity assumptions on the external force g, we show that during
the anisotropic mean curvature flow, which we obtain at the limit of our anisotropic version of
the Bence-Merriman-Osher type scheme, the convexity of the set (g is preserved. Namely, at
each step of the discrete approximation, the convexity is preserved (see Corollary, and hence
it is preserved at the limit.

If g e R\ {0}, a,b >0 and X € [0, 1], we define

(5.1) My(a,b, ) = (1 — N)af + AbT)s
if a,b >0 and My(a,b,\) =0 if ab = 0. We also define
(5.2) Mo(a,b,\) = a7 b,

For convenience, we recall the following definition.

Definition 5.1. A nonnegative function f on RY is called g-concave on a convex set E if

J(L =Nz + Ay) = My(f(x), f(y), A)
for all ,y € E and A € [0, 1], where Mg (a,b, \) is defined in (5.1]) and (5.2)).

It is worth noting that if ¢ > 0 (respectively, ¢ < 0), then f is g-concave if and only if f9
is concave (respectively, convex), and in particular, 1-concave is just concave in the usual sense
(see [17], Section 9]). If ¢ = 0 and f is positive, then f is O-concave if and only if In(f) is concave.
If f is positive, then f is —l-concave if and only if f~! is convex.

We recall the following result, which can be proved using [17, Corollary 11.2] (see [17}, p. 379]).

Proposition 5.2. Let ¢ > —1/N, f € LY(RY) be a q-concave function on RN and K C RY be
a convex set with nonempty interior. Then f* 1 is q/(Nq + 1)-concave on RY.

Corollary 5.3. Let Qo C RY be an open convex set, o € [1,2) and g € C(]0, +00)). Then for
each h > 0 and for each n € N, the set Qﬁh defined in (1.5) is convex.

Remark 5.4. Let us comment on the importance of the assumption that the external force g
depends only on time for the proof of Corollary Assume that g € C(RY x [0, +00)). Then to
prove Corollarywe need the fact that max{||Jp | 11 @~y —9gnB(a, h), O}_é is a concave function
on RY for each h € [0, +00), where .J, is defined in , , B(a, h) is defined in and
gn(:) = g(-,h). Since a nonnegative concave function on R" is a constant, we deduce that for
each fixed h € [0,+00), gn : RY — R is a constant function. This implies our condition on g,
namely, the assumption that g € C([0,+00)). A proof in the case where g € C(RY x [0, +0c0))
would require stronger convexity properties of the kernel Jj,.

+a

Proof of Corollary[5.3. Since the function 6 +— (o4 (h) x
a 1

convex on [0, +00) and since NV is convex, the function z — (Ja(h)N% + N (2)N+9) ¥+3 is convex

on RV, and hence the function Jj, is —1/(N + a)-concave. Then, according to Proposition

1 . .
+ 9N*T)¥+a is nondecreasing and
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Jn x Lg, is —1/a-concave. In view of the facts that Jp * [Lo, — Lag] = 2J5 * Lo, — [|Jallprma)
and QF = {J), * [Lg, — Ige] > —g(0)B(a, h)}, we have

_1 1
= {(2Jn * Ta,) ™= < max{[|Ja]l ;1) — 9(h)B(a, h), 072},

Observing that the function (2J), * HQO)_% —max{||Jp|l 1@~y — g(h)B(a, h), 0}_5 is convex (as
a sum of convex functions), we deduce that QZ is an open convex set. Iterating this procedure,
we deduce that Qﬁh is an open convex set, which completes our proof of Corollary |5.3 O

In view of Corollary[5.3 and the convergence of the front propagation, we obtain the following
result.

Corollary 5.5. Let a € [1,2), g € C([0,+00)) and ug : RN — R be uniformly continuous.
Assume that for each s € R, the set {ug(-) > s} is convex, namely, ug is quasiconcave. Then if
u is a unique viscosity solution of supplemented with the initial condition u(-,0) = ug(-)
in RV, then the sets {u(-,t) > s} are convex for each ¢t > 0.

Proof of Corollary[5.5. If t = 0, then {u(-,0) > s} = {uo(-) > s} is convex, since ug is qua-
siconcave. Let ¢t > 0, z,y € {u(-,t) > s}. Assume that there exists z € [z,y] such that
u(z,t) < s. Let § > 0 be such that u(z,t) < s — . Define Qy = {ug(-) > s —/2}. Then
Qg is convex by assumption. According to Corollary th is convex for each h > 0 and
for each n € N. In view of Theorem up, — 1 locally uniformly in €; as h — 0+. Since
x,y € Q, up(-,nh) = 1 locally around z and y for each h > 0 small enough, where nh — ¢ as
h — 04. This, in view of the convexity of th, implies that there exists an open convex set
containing [x,y| whose closure is a subset of th for each h > 0 small enough, where nh — t.
This yields that wup(-,nh) = 1 locally around z for each h > 0 small enough, where nh — ¢
as h — 0+. Since sign*(u(-,-) — s + ¢/2) is the maximal upper semicontinuous subsolution
of supplemented with the initial datum 1g, — 1ge (see [5]), using Proposition we
deduce that 1 = limsup® up(z,t) < sign*(u(z,t) — s+ 6/2). Thus, u(z,t) — s+ /2 > 0 and
u(z,t) > s—0/2 > s— 0, which leads to a contradiction with the fact that u(z,t) < s — 4. This
completes our proof of Corollary O

6. SPLITTING THE FLOW

In this section, we show that a local anisotropic mean curvature flow with a forcing term
depending only on time can be obtained by alternating local anisotropic mean curvature flows
without a forcing term and evolutions with only a forcing term. Using this, we shall see how the
distance between two sets evolves under the action of a forced local anisotropic mean curvature
flow. A similar result was obtained in [10] for a nonlocal anisotropic mean curvature flow.

For each ¢ > 0, we consider the sets E. = J,,en(2n¢, (2n+1)e] and O, = (0, 4+00) \ E-. Given
a€[1,2), g€ C([0,+)), t >0, p € RV\ {0} and s € R, we define

H(t,p,s) = 215 (1) @a(p)ee(t) + 210, (1) pa(p)s,
where ®,(p) = pa(p)|p| (see also (3.45))) and ¢, : [0, +00) — R is defined by

1 2(n+1)e
(1) / g(r) dr
2

2e Jope

if t € (2ne, 2(n + 1)¢] for each n € N. We also define

Hu(t,p,8) = pta(p)s + @a(p)g(t).

For fixed p and s, we observe that t — fg(Hg(T,p, s) — Hu(7,p,8)) dr — 0 locally uniformly
on [0,400) as € — 0+. Let up : RN — R be a uniformly continuous function and construct the
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function ue : RY — R as follows. Let uc(-,0) = ug(-) in RY and for each n € N, define u. on
RN x [ne, (n 4+ 1)g] as the unique viscosity solution of the equation

(6.1) dyu = HE(t, Du, Fo(D?u, Du)) in RY x [ne, (n + 1)e]
supplemented with the initial condition u(-,ne) = uc(-,ne), where F,(D?u, Du) is defined in

3.

Proposition 6.1. Let ug : RN — R be uniformly continuous and u be a unique viscosity
solution of the equation (1.6]) supplemented with the initial condition u(-,0) = ug(-) in RYN. Let
ue : RN — R be the uniformly continuous function such that uc(-,0) = ug(-) in RY and u. is a
unique viscosity solution of the equation for each n € N. Then us. — u locally uniformly
on RN x [0,4+00) as e — 0+.

Proof. Since u,. is uniformly continuous, up to a subsequence (not relabeled), we can assume
that ue(z,t) — v(z,t) locally uniformly as ¢ — 0+ for some v € C(RY x [0, +0c0)). We shall
prove that v is a viscosity solution of the equation supplemented with the initial condition
v(-,0) = ug(-) in RY. Since the latter admits a unique viscosity solution u, v does not depend
on a subsequence and u. — u = v locally uniformly as ¢ — 0+.

We shall only prove that v is a subsolution of (see Definition and Theorem ,
since the proof that v is a supersolution of is similar. We follow the strategy of [2].

Let ¢ be a smooth test function and (zo,%y) € RY x (0, +00) be a strict global maximum of
v — . Assume that |Dp(zo,t0)| # 0. We define

¢E(t) = Hé(t’ DQO(.’L‘(), tU)v FO&(D290(x0’ tO)’ D(p(l‘o, to)))
- Ha(tv DQO(:C(), tO)v Foc(D290(x07 tO)? DQD('TOv tﬂ)))
and observe that fg Ye(7) dr — 0 locally uniformly as e — 0+. This, since u. — v locally
uniformly as ¢ — 04, implies that u.(x,t)— fg Ye(7) dT — v(x,t) uniformly on compact subsets
of RV x [0,400). Then there exist points (zc,t.) € RY x (0, +00) of global maximum of the
function wuc(z,t) — f(f Ye(T) dr — p(z,t) such that (z.,t:) = (xo,to) as € — 0+. If t. /e € N,
then, since u. is a viscosity solution and |Dy(x,t.)| # 0 for each sufficiently small £ > 0,

(6.2) Oup(we, te) + Pe(te) < Hy(te, Dp(ze, te), Fa(DQSD(ifevts)a Do(ze, tc))).

If t. /e € N, then replacing 1. and HZ by their left limits and taking into account [19], we observe
that (6.2)) still holds. Thus, we have

atSD(:EEv tf—:) < Ha(tav D(p(l‘o, tO)a Fa(DQSO(:L‘Ov tO)a DSD(:L‘Uv to)))
+ Hé(tsa Do(ze, t2), Fa(D2‘P($€a te), Do(xc,t2)))
- Hz(té‘? DQD($0) t(])a Fa(DQSO(xOv tO)v D‘P(l’o» tO)))
Letting ¢ — 04 and observing that
Hcsy(tzfﬂ D(P(xaa ta)y Fa(D2(P($£7 ta)p DSO(xa) ta)))

- Hg(tﬁv DSO(an tO)a Fa(DQQO(x(% tU)v DSD(xOv to))) — 0,
we obtain
(6.3) Ap(o, to) < Hal(to, Dp(x0, t0), Fu(D*@(x0,t0), D(0, o)),

since ¢ is smooth and H, (-, Do (x0, t), Fa(D?*p(x0, to), Dp(g,t0))) is continuous.
Next, assume that |Dip(xg,t0)| = 0 and D%¢(z0,t9) = 0. Let (z-,t.) be a global maximum of
ue — ¢ such that (z.,t.) — (zo, o) as € — 0+. Since u, is a viscosity solution, we have

atSD('f&ta) < [H?]*(ta D90($57t5)7Fa(D290(x57t5)7 D‘P(af’aata))) —0
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as € — 0+, in view of the definition of HY'. Thus, dip(xo,t9) < 0 as desired. This, together
with (6.3]) and Theorem implies that v is a viscosity subsolution of (1.6)) and completes our
proof of Proposition [6.1} O

7. GEOMETRIC UNIQUENESS IN THE CONVEX CASE

In this section, we obtain the estimate (see Proposition of the distance between two
generalized evolutions with different external forces. Using this estimate, we prove that if the
initial set {)g is convex and bounded, then the evolution is unique. The proof of the uniqueness is
based on |7, Theorem 8.4]. Thus, we provide a different proof of the uniqueness of the evolution
of a convex bounded set than in [5], namely, where the proof is based on the use of the comparison
principle. In general, the inclusion principle and the uniqueness of evolutions follow from the
scheme and the comparison principle (see Remark . It is worth noting that a counterpart
of Proposition was established earlier in [10] in the context of a nonlocal anisotropic mean
curvature flow and with a different initial condition (see [10, Proposition 6.2]).

We recall that the mobility ®, is a norm on RY (see Lemma . For each a € [1,2), we
shall consider the distance distge on RY induced by the dual norm

Py, () = sup{(£, z) : Da(§) < 1}
of ®,. Given n >0, z € RY and E ¢ RY, we define
dip(x) = —nV (n A (—disteg (z, E) + distes (z, E9))),
so that djp(x) = n A distes (z, E°) if # € E and djg(x) = —n V —distes (¢, E) if € E°. In
particular, d,(z) =0 if z € OF.

Lemma 7.1. Let a € [1,2) and Ey C Es be two nonempty subsets of RY. Let ¢; € R and E;(t)
be the evolution of the flow vi(p) = ¢;®q(p) such that E;(0) = E; for each i € {1,2}, which
means that E;(t) = {x € RN :u;(x,t) > 0}, where u; : RN — R is a unique viscosity solution to
the problem

Opu; = ¢;Po(Duy),
{ui(x,()) = dgEi(x).
Assume that distee (0E1,0E2) > 0. Then the function
§(t) = distes (OE1 (1), 0Ea(t))
satisfies
6(t) > 0(0) + (c2 — )t
for each t € [0,ts], where ts = inf{T > 0:46(7) = 0}.

Proof. First, we assume that ¢1,ca < 0. According to the Hopf-Lax formula for the Hamiltonian
H;(p) = |ci|®a(p), for each i € {1,2}, the solution of the system

Opui(x,t) + | ;| Po(Du(z,t)) =0,
ui(z,0) = djp (2),

is given by

Sz, t) = inf {d! tH(x_y>}
wlait) = it {db o) + 4107 (5

where H; denotes the Legendre-Fenchel conjugate of H;, namely

HZ*(S) — {0 if (pgc(g) < |Cl|a

+o00  otherwise
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(see, for instance, |1]). Thus,

(7.1) wi(z,t) = inf{d} (y) : @y — =) < |eslt, y € RV}
In view of (7.1)) and the fact that d} g, (y) <0 for each y € EY, we have the following
(7.2) {z e RN :uy(x,t) >0} = {z € E; : distge (7, 0E;) > |ci|t}.

Let t < ts and x; € 0{x € RN :u;(z,t) > 0}, i € {1,2} satisfy 6(t) = ®%(x1 — z2). Denote by ¢
the unique point of the intersection of OF; and [x1,z2]. Let z be the projection of z2 onto dFs.
Then @ (z — x2) = |c2|t and the following holds

5(7f) = (I)O (561 — 1}2)

= ®p (72 — &) + Po(§ — 1)

> @0 (xo — &) + ]cllt

> 00 (2 —&)— D0 (2 —x2) + ||t
> 0(0) = |ea|t + |ea]t

:5( ) (CQ*Cl)t.
This proves Lemma in the case where c¢1,co < 0. The proof in the case where c¢1,co > 0 is
similar. Indeed, if ¢1,co > 0 and w; is a viscosity solution of the equation dyu — |¢;|®q(Du) = 0
supplemented with the initial condition u;(x,0) = djp, (), then v; = —u; is a viscosity solution
of the equation dv + |¢;|®a(—Dv) = 0 supplemented with the initial condition v; = —d) g In
this case, the set {z € RY : u;(z,t) > 0} is the interior of the set {z € RY : v;(x,t) > 0}¢. If
c1 < 0 and ¢p > 0, reasoning similarly, we have
Ei(t) = {x € By : distes (v,0E1) > |c1]t} and Es(t) = {z € RV : distes (v, E2) < eat}.
Let 1 € 0F1(t) and zo € OFs(t) be such that d(t) = ®9(x1 — x2). Denote by y; € OF; the
unique point of the intersection of JF; and [x1, z2] for each ¢ € {1,2}. Since
@ (21 — 22) = @ (22 — y2) + D3 (Y2 — ¥1) + Lo (Y1, 71)
6(0) + [calt + |ex|t
=0(0) + (c2 — a1)t,
we deduce that 6(t) > 6(0) + (c2 — ¢1)t. This completes our proof of Lemma O
Proposition 7.2. Let o € [1,2), g1, 92 € C([0,+0)), Ey C E3 be two nonempty subsets of RN
and for each i € {1,2}, u; be a unique viscosity solution to the problem
Oy = pio(Du)Fo(D?*u, Du) + @, (Du)g;,
u(z,0) = djp ().
Let for each t € [0,400), E;(t) = {z € RN : u;(z,t) > 0}. Assume that distes (OE1,0E>) > 0.
Then the function 0(t) = distee (OE1(t), 0E>(t)) satisfies

5(0) 2 50) + [ ()~ a(r) ar
for each t € [0,ts], where tg = inf{r > 0:6(7) = 0}.

Proof. Without loss of generality, we can assume that 0F;(t) = 9{z € RN : u;(z,t) < 0},
namely, that the front does not develop an interior. For each ¢ € {1,2}, let u.; and c.; be
the functions defined in Section |§| for g = gi. Denote E.;(t) = {x € RV : u.;(x,t) > 0} and
0:(t) = distes (0E:1(t), 0E:2(t)). By Proposition ds(t) — 6(t) for each t € [0,t5). Fix
t € [0,ts) and define n, = max{n € N : ne < t}. Then the following holds

(7.3) 0(t) = 6(0) + (3(2) — 6-(0)) + (5-(26) — 02 (€)) + (3=(3€) — 62(2)) + . . .+ (6. (t) — 6 (1s€)).
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Since the u. ;’s solve in (0, €] the equation dyu = 2®,(Du)c.;, then, according to Lemma
(7.4) d:(€) > 0:(0) + 2e(ce2(€) — co1(€)).-
Since the u. ;’s solve in (g, 2¢] the geometric and translation-invariant equation

Oyu = 24 (Du) Fo(D*u, Du),

the distance J. is nondecreasing on [e,2¢] and hence §.(2¢) > d.(¢). Using this, (7.4) and
repeating the procedure, we obtain
{58(/%) — 0u((k — 1)e) > 2e(cen(ke) — cor(ke))  if k is odd,

(7.5) .
0c(ke) = d-((k—1)e) >0 otherwise.

Thus, summing over k € {1,...,n,} and taking into account ([7.3|) and (7.5)), we have
[ 225
0c(t) > 02(0) + 2¢ Z (cea((2l4+1)e) —cca((20+1)e)) > 6:(0) +/ (92(7) — g1(7)) dr.
1=0 0
Letting e — 0+, yields 6(¢) > §(0) + fg(gg(T) — g1(7)) dr and completes our proof of Proposi-
tion O

Using Proposition and taking into account the proof of |7, Theorem 8.4], we deduce the
next result.

Corollary 7.3. Let o € [1,2), g € Cp([0,400)), E1 C E2 be two compact convex subsets of
RV, and X;(E1) and X;(Es) be the generalized evolutions (see Definition corresponding to
(1.6). Then X;(E,) C X((E>) for each t > 0.

Proof of Corollary[7.3. If Ey has an empty interior, then X;(E;) = @ for all ¢ > 0 and the
proof follows. Thus, we can assume that F; has a nonempty interior and that the origin be-
longs to the interior of E;. Let us fix s > 1. For each t € [0,+00), we define ¢1(t) = g(t)
and go(t) = g(t/s?)/s. If u is a unique viscosity solution of the equation supplemented
with the initial condition u(-,0) = djp (-) in RN then the function wus(z,t) = su(x/s,t/s?)
is a unique viscosity solution of the equation dyu = pqo(Du)(Fy(D?*u, Du) + g2|Du|) supple-
mented with the initial condition u(-,0) = sdjg, (-) in RYN. Notice that the generalized evo-
lution corresponding to the solution of the latter equation is defined by sXj /2 (E3). Setting
d5(t) = disteg (0X¢(E1), 50X s2(F2)), we observe that d5(0) > 0. According to Proposition

(0 >80 + | t (G9(5)-9n) ar

for each ¢ € [0,inf{7 > 0: d5(7) = 0}), where

/Ot (ig C?) B gm) == /OW o) dr = /t/t g(r) dr

< (s = Dtllglloo , s = 1)(s + Dllglloo

52 52
< t(s — D|lglloo + 2t(s — 1)||g]|0o
=3t(s — 1)]|glloo

and d5(0) > ¢(s — 1), where ¢ > 0 depends only on Ej, Ey and ®,. Thus, 65(t) > 0 while
t < m, which does not depend on s. This implies that X;(FE;) C Xy(F2), which completes
our proof of Corollary O
Remark 7.4. The same proof shows that a strictly star-shaped domain with respect to a center
point xp will have a unique evolution for a positive time as long as no line emanating from xg

becomes tangent to its boundary.
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Remark 7.5. It is worth noting that our scheme is monotone. Indeed, if €y C €9, then
(Q1)h, C (Q2)0, for each h > 0 and for each n € N, which comes from the definition (see (L.5))).
Let (X¢(1))t>0 and (X¢(Q2))t>0 be the generalized evolutions of € and s with uniformly
continuous initial conditions w1 o(-) and u2(-) such that uyo(-) < ugo(-) in RY (recall that
Q1 = {uo(-) > 0} and Q3 = {ugo(-) > 0}), respectively (see Definition 2.4). Then the
monotonicity of the scheme (in combination with the application of the comparison principle)
yields the inclusion X;(Q;) C X;(Q2) for each ¢ > 0. In order to prove this inclusion principle,
assume by contradiction that for some ¢ > 0 there exists z € X;(Q;) such that z ¢ X;(Q2).
Then there exists 0 > 0 such that ua(z,t) < —J, where u; is the unique viscosity solution of
satisfying the initial condition wu;(-,0) = u;0(+) in RN for each i € {1,2}. Since u1(-) < uao(-),
defining Qfﬂ = {uio(-) +0/2 > 0} for each i € {1,2}, we have Qfﬂ C Qg/z' Inasmuch
as ui(x,t) > 0 > —=§/2, = € (Qim)t. Then, according to Theorem urp, — 1 locally
uniformly around x as h — 0+. This, together with the monotonicity of the scheme and the
fact that Qi/Q C Qg/Q, implies that there exists ¢ > 0 such that B.(z) C (Qiﬂ)zh C (93/2)Zh
for each A > 0 small enough, where nh — ¢t as h — 0+4. Next, taking into account that
sign*(ug(z,t) + 6/2) is the maximal upper semicontinuous subsolution of (1.6) supplemented
with the initial datum 14— 14e (see [5]), where E' = 93/2, using Proposition We deduce that
1 = limsup® ug p(x,t) < sign*(ua(z,t)+6/2). Thus, ug(z,t)+0/2 > 0and us(x,t) > —06/2 > —0,
which leads to a contradiction with the fact that us(z,¢) < —d. This completes our proof of the
inclusion principle.

8. LARGE TIMES ASYMPTOTICS

In this section, we describe the asymptotic behavior of the generalized evolutions correspond-
ing to , in the limit ¢ — 400, in the case where g = c¢ is a positive constant function.
Namely, if the initial set {2y is bounded and contains a sufficiently large ball Bg, then the gener-
alized front propagation is asymptotically similar to the Wulff shape W of the energy function
cP,, where

W= {z e RY : (z,p) < c®y(p) forall pc SV71}
c > 0 is a constant and ®, is the mobility defined in . We recall that ¢, is a norm on
RN (see Lemma . It is worth noting that W = {(c®,)° < 1} is the unit ball of the dual
norm (¢ ®,)° of ¢®,. Furthermore, W is a compact convex subset of RY with the origin as its
interior point (see [21, Section 5]) and the following result holds.

Theorem 8.1. Let « € [1,2) and ¢ > 0. Then there exists R = R(a, ¢, N,N') > 0 such that if
e >0 and Qg C RY is open, bounded and contains Br, then for some T > 0 and for each t > T,
{x e W :dist(z,0W) > e} C t710,(Q) and t71X,(Qo) C {z € RY : dist(z, W) < e},
where (X¢(Q0), 0+(Q0))i>0 is the generalized evolution corresponding to (1.6) with g = ¢ (see
Definition . In particular, t=*(X¢(Q0)\O0:(Q0)) — OW in the Hausdorff distance ast — +oo.

Proof. Define u = 1g, where E = ;5o Oi(20) x {t}. It is well known (see, for instance, [5])
that w is a viscosity supersolution of the equation

(8.1) Ot = pio(Du)Fy(D?*u, Du) + ¢ ®o(Du) in RY x (0, +00).

According to |21, Lemma 6.3], there exist R = R(a,¢, N,N) > 0 and § = §(a,¢, N N) > 0
such that if w = 1 on Bgr x {0} (or, equivalently, B C ), then u(txz,t) = 1 for each pair
(z,t) € Bs x [0,400). This defines our R > 0. Let u : RV — {0,1} be a lower semicontinuous
function defined by

u(z) := lim inf{u(sy,s):s>ec"!, ye B(x)}.

e—0+
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Then w is a viscosity supersolution of the equation
(8.2) —(z, Dv) — ¢ ®y(Dv) =0 in RV
(see [21, Lemma 6.1]). Indeed, defining the function f(x,t) = u(tz,t), we can show that
(8.3) tOf > (Df, x) +t L pa(DfYFL(D2f, Df) + c¢®o(Df) in RY x (0, 400)
holds in the viscosity sense. Assume that ¢ € C?(RY), u — ¢ has a strict minimum at & and

lim ¢(z) = —o0, u(d) = p(2).

|z| =400

Next, we can define a sequence (o, )nen C (0, +00) such that the function

ol t) = pla) = (en = )e w0 o

where

en = inf x,t) —p(x)) =0

o= it (Lt - (@)
as n — +00, achieves its minimum over RY x [n, +00) at some point (x,,t,) € RY x (n, +00),
where, up to a subsequence (not relabeled), x,, — § as n — +oo. We can choose «, so that

PR R YOS < N e Ly —L(ta—n) <1

En (5n )6 n + antn = f*(xnatn> W(xn) (gn )6 n + antn >
n n 2n

and hence ay,t, — 0 and u(9) — ¢(§) = 0, which implies that § = &, since & is a strict minimum
of u — ¢ and u(2) = ¢(Z). Next, since f, is a viscosity solution of ({8.3), %e_%(t"_") < 1 (where
t, > n) and for some r > 0, (2p)nen C Br(Z), there exists a constant C' > 0 independent of n
such that

(2, Do) + B (Dip(n)) — tg <ep— .

n n
Letting n — 400, we deduce that —(z, Dp(2)) — c¢®o(Dp(2)) > 0. This proves that u is a
viscosity supersolution of . Since v = 1 in Bs and w is a viscosity supersolution of ,
[21, Theorem 5.3] implies that v = 1 in int(W). This yields that for each € > 0 there exists
T > 0 such that for each ¢ > T and for each x € W satisfying dist(x,0W) > ¢, it holds
u(tx,t) = 1 (since u takes values in {0,1}). Observing that for each pair (z,t) € RY x (0, 4+00),
u(tz,t) = 14-10,(0y)(2), We obtain

{z e W : dist(z,0W) > e} C t7104(Q)

for each t > T. Next, define w = 1y, where ¥ = U0 X¢(Q0) x {t}. Then w is an upper
semicontinuous viscosity subsolution of the equation (8.1)) (see [5]). Let w : RY — {0,1} be
defined by

w(x) = lim sup{w(sy,s):s>e"!, ye B(x)}.

e—0+

By [21, Lemma 6.1], w is an upper semicontinuous viscosity subsolution of the equation .
According to 21, Lemma 6.2], for some L = L(a, ¢, N,N) > 0, w = 0 in Bf. Then, applying
[21, Theorem 5.3], we deduce that w = 0 in W€, which implies that for each € > 0 there exists
T > 0 such that for each t > T,

t71X,(Q) € {2 e RY : dist(z, W) < €}.

This completes the proof of Theorem [8.1] O
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