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Abstract

We prove the existence of a CR structure on S3 such that the set
of solutions to the CR Yamabe problem is not compact and admits a
blowing-up sequence. Such CR structure is built deforming the standard
CR structure of S3 in the direction of the Rossi sphere CR structure on
small balls, and the existence of the blowing-up sequence of solutions is
proved through the Lyapunov-Schmidt method.

1 Introduction

The efforts to solve the Yamabe problem, that is the problem of finding a Rie-
mannian metric conformally equivalent to a given one and with constant scalar
curvature, have lead to huge developments in the field of geometric analysis,
until the final part of the solution was completed by Richard Schoen in 1984,
after previous contributions by Yamabe, Trudinger, Aubin and others (see [LP]
for a survey of the history and proof of the problem).

After the solution of the problem, it was conjectured that the set of the
solutions thereto is compact. After numerous partial results, the conjecture
was proved to be true in dimension n ≤ 24 by Khuri, Marques and Schoen
(see [KMS]), while surprisingly in higher dimension it was proved to be false by
Brendle (for n ≥ 52, see [B]) and Brendle and Marques (for 25 ≤ n ≤ 51, see
[BM]).

The same problems can be posed in CR geometry. CR geometry is the
study of manifolds endowed with a certain geometric structure which arises in
the study of real hypersurfaces of complex manifolds (see Section 2 for defi-
nitions). These manifolds carry a natural cotact structure, and the choice of
a contact form determines a rich geometric structure, including a connection
known as Tanaka-Webster connection, and a Riemannian metric. Analogously
to Riemannian geometry, the curvature tensor of the connection can be con-
tracted twice with the metric giving rise to a scalar invariant known as Webster
curvature. Since the choice of a contact form is determined up to the multiplica-
tion by a nowhere zero function, it is natural to pose the so called CR Yamabe
problem, that is the problem of finding a contact form such that the associated
Webster curvature is constant.
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This problem has striking similarities with the (Riemannian) Yamabe prob-
lem. In particular the non conformally flat, high dimensional case was solved
by Jerison and Lee in [JL1] and [JL3] by following the same strategy of the
analogous Riemannian case; the remaining cases were solved by Gamara and
Yacoub in [G] and [GY] using the method of critical points at infinity.

It is therefore natural to study the question of the compactness of the set
of solutions to the CR Yamabe problem. The study of this problem in Rie-
mannian geometry uses blow-up analysis, which consists in taking a sequence
which supposedly violates compactness and rescaling and dilating it around a
local maximum in such a way to get a solution to the Yamabe problem in Rn.
The analysis therefrom proceeds using the classification theorem by Caffarelly,
Gidas and Spruck (see [CGS]). Unfortunately the reproduction of this proof
in CR geometry presents the obstacle that blowing up a CR manifold around
a point one gets the Heisenberg group Hn, and for it there does not currently
exist an analogous to the theorem of Caffarelly, Gidas and Spruck for Hn.

In 2023, Catino, Li, Monticelli and Roncoroni proved such a classification
theorem forH1 (see [CLMR]). This allowed the first author of this work to prove
a compactness theorem (see [A]). With respect to the Riemannian case, such
theorem had an additional hypothesis, that is that the pseudohermitian mass
of the blow-up structure at every point is positive. The pseudohermitian mass
is a quantity defined for asymptotically flat CR manifolds which is analogous to
the ADM mass for asymptotically flat manifolds, and similarly appears in the
expansion of the conformal sublaplacian; but unlike its Riemannian counterpart,
it can be negative also for CR manifolds with positive Webster curvature, as
was showed by an example by Cheng, Malchiodi and Yang in [CMY].

In [A] the author raised the question of whether such hypothesis on the pseu-
dohermitian mass was necessary in the compactness theorem proved therein. In
this article, we answer affermatively to the question and find a counterexample.

Theorem 1.1. There exists a CR structure on S3, not equivalent to the stan-
dard one, such that the associated CR Yamabe equation

LJ,θu = 2u3

(where LJ,θ is the conformal sublaplacian, defined in Section 2) has a set of
solutions {uk}k∈N with maxuk → ∞.

In order to build this counterexample, we took inspiration by the strategy of
Brendle in [B] for building an analogous counterexample for Riemannian mani-
folds of dimension n ≥ 52. The reason why the compactness theorem holds only
in dimension n ≤ 24 is that a certain quadratic form arising from the blow-up
analysis is positive definite in such dimensions, while this is not true for n ≥ 25.
The starting point of Brendle’s proof was to deform the Euclidean metric of Rn

in a direction in which the quadratic form is negative. Then he considered the
manifold consisting of “bubbles” (that is, solutions to the Yamabe problem for
the Euclidean metric) and applied the Lyapunov-Schmidt method, a method to
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find critical points of a perturbed functional starting from a manifold of critical
points of the unperturbed functional. Through delicate estimates, he proved
that the existence of deformed metrics admitting arbitrarily large solutions to
the Yamabe problem, and finally he build the required counterexample by mod-
ifying the Euclidean metric on the union of a sequence of disjoint balls Brk(xk).

In our case, since the essential reason for the failure of the compactness the-
orem for three-dimensional CR manifolds is the fact that the pseudohermitian
mass can be negative, our strategy is to deform the standard CR structure of
H1 in the direction of the only known counterexample to the CR positive mass
theorem, which are known as Rossi spheres S3

s . In [CMY] it is proved that the
pseudohermitian mass of their blow-up structure satisfies ms = −18πs2+o(s2),
and fine estimates for the associated CR Yamabe functional. By making use
of these results, we are able to study the perturbed functional restricted to an
appropriate region of the manifold of bubbles and to build a CR structure with
a blowing up sequence of solutions to the CR Yamabe problem.

2 Preliminaries

In this section we outline the basic definitions in CR geometry that we will need.
For an introduction to CR geometry we refer to [DT].

A CR structure on a three-dimensional manifold M is a subbundle H of
TM⊗C such that H ∩H = 0. The Levi distribution is H(M) = Re(H ⊕H ),
and it carries the natural complex structure defined by J(Z + Z) = i(Z − Z).
If H(M) is fixed, a CR structure can be equivalently defined as an complex
structure J on it. This is the approach we will use to build the desired coun-
terexample.

On an orientable CR manifold a contact form θ such that θ|H(M) = 0 can
be chosen. Since in this article such a form will be considered fixed and the
main concern is the CR structure, we will generally omit the dependence of the
various geometric objects by θ.

The choice of a contact form on a CR manifold provides a rich geometry, in
particular it allows to define a subriemannian metric Gθ on H(M) and a connec-
tion ∇ called the Tanaka-Webster connection. Contracting twice the curvature
tensor of such connection with Gθ allows to define a scalar invariant known as
Webster curvature which is analogous to the scalar curvature in Riemannian
geometry.

The contact form gives rise to the volume form θ ∧ dθ, which in this article
will be mostly omitted in the integrals. Composing the divergence with respect
to such volume form with the subriemannian gradient a second order subelliptic
differential operator ∆J called the sublaplacian is defined.

Any other contact form for a given CR structure is of the form u2θ with
u ̸= 0 everywhere. The Webster curvature with respect to the contact form
θ̃ = u2θ is given by the formula

R̃ = u−3(−4∆J +R)u
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and therefore, calling LJ = −4∆J +R the conformal sublaplacian, the equation
for the prescribed Webster curvature is

LJu = 2u3. (1)

The most important three-dimensional CR structure, playing the same role
as Rn in the category of Riemannian manifolds, is the Heisenberg group H1.

It is defined as C×R with the group law (z, t) ·(w, s) = (z+w, t+s+2Im(z ·
w)), and it carries the left invariant CR structure generated by the left-invariant
vector field

Z =
∂

∂z
+ iz

∂

∂t

and the contact structure

θ = dt+ i (zdz − zdz) .

We call J0 the associated complex structure on H(H1). H1 admits a fam-
ily of CR and group automorphisms analogous to the dilations of Rn, defined
by δλ(z, t) = (λz, λ2t), and called Heisenberg dilations. The Korányi norm is

defined as |(z, t)| =
(
|z|4 + t2

) 1
4 , and satisfies |δλx| = λ|x|.

The solutions to the CR Yamabe equation (1) on H1 are

U(z, t) =
c1

(t2 + (1 + |z|2)2)
1
2

and the translations and dilations thereof, ux,λ = λU ◦ δλ ◦ Lx (where Lx(y) =
x−1y). We will use also the vector field T = ∂

∂t (the Reeb vector field) and the
generator of the dilations

Ξ = (zZ + zZ) + 2tT.

Let X be the Hilbert space

X = {u ∈ L2
loc(H

1)| ∥∇J0
u∥L2 < ∞}

with the scalar product

⟨u, v⟩X =

∫
H1

∇J0u · ∇J0v.

By standard functional analysis, ∆J0
is an isomorphism between X and the

dual thereof X ′.
By the Sobolev inequality in the Heisenberg group ∥u∥L4 ≤ C ∥u∥X .
We also define the Heisenberg analogous of the C2 norm,

∥u∥Γ2 = ∥u∥L∞+∥Zu∥L∞+
∥∥Zu

∥∥
L∞+

∥∥Z2u
∥∥
L∞+

∥∥∥Z2
u
∥∥∥
L∞

+
∥∥ZZu

∥∥
L∞+

∥∥ZZu
∥∥
L∞ .
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2.1 Rossi spheres

The standard CR structure on S2 induced by the immersion in C2 is generated
by

W = w2
∂

∂w1
− w1

∂

∂w2
.

Then the Rossi sphere are defined as S2 with the contact form generated by
W + sW .

We recall that the Kelvin transform is defined as the function F : S3 \
(0,−1) → H1 given by

F (w1, w2) =

(
w1

1 + w2
,Re

(
i
1− w2

1 + w2

))
whose inverse is

F−1(z, t) =

(
2iz

t+ i(1 + |z|2)
,
−t+ i(1− |z|2)
t+ i(1 + |z|2)

)
.

It is known that the push-forward through F of the standard CR structure on
S2 is the Heisenberg CR structure. We want to compute the push-forward of
the Rossi CR structure.

We have

dF

(
∂

∂w1

)
=

1

1 + w2

∂

∂z
=

1

1 + −t+i(1−|z|2)
t+i(1+|z|2)

∂

∂z
=

t+ i(1 + |z|2)
2i

∂

∂z

and

dF

(
∂

∂w2

)
= −w1

1

(1 + w2)2
∂

∂z
+
1

2
i
−(1 + w2)− (1− w2)

(1 + w2)2
∂

∂t
= −w1

1

(1 + w2)2
∂

∂z
−i

1

(1 + w2)2
∂

∂t
=

= − 2iz

t+ i(1 + |z|2)
(t+ i(1 + |z|2))2

−4

∂

∂z
− i

(t+ i(1 + |z|2))2

−4

∂

∂t
=

=
iz

2
(t+ i(1 + |z|2)) ∂

∂z
+

i

4
(t+ i(1 + |z|2))2 ∂

∂t

and so

dF (W ) =
−t− i(1− |z|2)
t− i(1 + |z|2)

dF

(
∂

∂w1

)
− −2iz

t− i(1 + |z|2)
dF

(
∂

∂w2

)
=

=
−t− i(1− |z|2)
t− i(1 + |z|2)

t+ i(1 + |z|2)
2i

∂

∂z
+

2iz

t− i(1 + |z|2)

(
iz

2
(t+ i(1 + |z|2)) ∂

∂z
+

i

4
(t+ i(1 + |z|2))2 ∂

∂t

)
=

=
t+ i(1 + |z|2)
t− i(1 + |z|2)

i

2

(
t+ i(1− |z|2) + 2i|z|2

) ∂

∂z
− 1

2
z
(t+ i(1 + |z|2))2

t− i(1 + |z|2)
∂

∂t
=

=
(t+ i(1 + |z|2))2

t− i(1 + |z|2)
i

2

∂

∂z
− 1

2
z
(t+ i(1 + |z|2))2

t− i(1 + |z|2)
∂

∂t
=
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=
i

2

(t+ i(1 + |z|2))2

t− i(1 + |z|2)
Z =

i

2

(t+ i(1 + |z|2))3

t2 + (1 + |z|2)2
Z.

Therefore the push-forward of the Rossi sphere CR structure through F is gen-
erated by the vector field

Zs = Zs
1 = Z + s

(t− i(1 + |z|2))3

(t+ i(1 + |z|2))3
Z = Z + sφ(z, t)Z

where

φ(z, t) =

(
t− i(1 + |z|2)
t+ i(1 + |z|2)

)3

.

3 Lyapunov-Schmidt method

Let us define the four-dimensional submanifold of X

M =
{
Ux,λ

∣∣ x ∈ H1, λ ∈ (0,∞)
}

and Ex,λ the orthogonal to the tangent thereof at the point Ux,λ, that is

Ex,λ = span(Z1Ux,λ, Z1Ux,λ, TUx,λ,ΞUx,λ)
⊥ =

=

{
u ∈ X

∣∣∣∣ ∫
H1

∇J0
u∇J0

(Z1Ux,λ) =

∫
H1

∇J0
u∇J0

(Z1Ux,λ) =

=

∫
H1

∇J0u∇J0(TUx,λ) =

∫
H1

∇J0u∇J0(ΞUx,λ) = 0

}
We notice that the CR Yamabe equation for J is the Euler-Lagrange equation
for the functional

JJ(u) =

∫
H1

uLJu−
∫
H1

u4

in the space X.

Proposition 3.1. There exists a constant α such that if J is a CR structure
on H1 coinciding with J0 on H1 \B1(0) and such that ∥J − J0∥Γ2 ≤ α then for
every (x, λ) ∈ H1 × (0,∞) the operator d2JJ(Ux,λ) is invertible on Ex,λ, and

the norms of d2JJ(Ux,λ) and
(
d2JJ(Ux,λ)

∣∣
Ex,λ

)−1

are bounded independently

by x, λ and J .

The proof of the above Proposition is standard in the Riemannian case (see
[B]); in this case the proof is the same except that Lemma 5 from [MU] has to be
used instead of the analogous result for Rn, and the estimates in Propositions
A.1 and A.2.

Proposition 3.2. There exists a constant α such that if J is a CR structure
on H1 coinciding with J0 on H1 \B1(0) and such that ∥J − J0∥Γ2 ≤ α then for
every (x, λ) ∈ H1 × (0,∞) there exists an unique vx.λ ∈ Ex,λ with ∥v∥ ≲ α such
that

πEx,λ
(∇JJ(Ux,λ + vx,λ)) = 0.
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Proof. The equation to be solved can be written explicitely as

πEx,λ
◦∆−1

J0

(
LJ(Ux,λ + vx,λ)− 2(Ux,λ + vx,λ)

3
)
= 0,

and therefore the solutions thereof are fixed points of the function

F (v) = (πEx,λ
◦∆−1

J0
◦(LJ−6U2

x,λ))
−1πEx,λ

◦∆−1
J0

(
−6Ux,λv

2 − 2v3 + LJUx,λ − 2U3
x,λ

)
.

Using Proposition 3.1, the fact that the adjoint of the immersion X → L4 is
L

4
3 → X ′, and Propositions A.1 and A.2, for any v ∈ Ex,λ

∥F (v)∥X ≲
∥∥−6Ux,λv

2 − 2v3 + LJUx,λ − 2U3
x,λ

∥∥
X′ ≲

≲
∥∥−6Ux,λv

2 − 2v3 + LJUx,λ − 2U3
x,λ

∥∥
L

4
3
≲
∥∥Ux,λv

2
∥∥
L

4
3
+
∥∥v3∥∥

L
4
3
+
∥∥LJUx,λ − 2U3

x,λ

∥∥
L

4
3
≲

≲ ∥Ux,λ∥L4

∥∥v2∥∥
L2 +

∥∥v3∥∥
L

4
3
+ ∥LJUx,λ − LJ0

Ux,λ∥
L

4
3
≲

≲ ∥v∥2L4 + ∥v∥3L4 + ∥(∆J −∆J0
)Ux,λ∥

L
4
3
+ ∥(RJ −RJ0

)Ux,λ∥
L

4
3
≲

≲ ∥v∥2X+∥v∥3X+α

(∫
B1(0)

(
λλ2(1 + λ|x|)−4

) 4
3 +

∫
B1(0)

(
λλ(1 + λ|x|)−3

) 4
3

) 3
4

+

+ ∥(RJ −RJ0)∥L2 ∥Ux,λ∥L4 ≲

≲ ∥v∥2X+∥v∥3X+αλ3

(
λ−4

∫
Bλ(0)

(1 + |x|)−
8
3

) 3
4

+αλ2

(
λ−4

∫
Bλ(0)

(1 + |x|)−4

) 3
4

+α ≲

≲ ∥v∥2X + ∥v∥3X + α.

Therefore a ball of appropriate radius ≲ α is invariant for F .
On such a ball, with similar computations,

∥F (v)− F (w)∥X ≲
∥∥Ux,λ(v

2 − w2)
∥∥
X′ +

∥∥(v3 − w3)
∥∥
X′ ≲

≲
∥∥(v2 − w2)

∥∥
L2 +

∥∥(v3 − w3)
∥∥
L

4
3
≲

≲ ∥v + w∥L4 ∥v − w∥L4 +
∥∥v2 + vw + w2

∥∥
L2 ∥v − w∥L4 ≲

≲ α ∥v − w∥X + α2 ∥v − w∥X
therefore F is a contraction thereon up to choosing α small enough.

Finally we state a Proposition according to which restricted critical points
to the “perturbed” manifold which was got in the above Proposition are unre-
stricted critical points, allowing us to reduce our study to a functional on the
four-dimensional submanifold M of X. The proof thereof is a classical tool in
the Lyapunov-Schmidt method (see [AM]).

Proposition 3.3. If (x, λ) ∈ H1× (0,∞) is a critical point of JJ(Ux,λ+vx,λ),
then ∇JJ(Ux,λ + vx,λ) = 0.
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4 Construction of CR structures with large so-
lutions

Let xn = ( 1n , 0, 0) ∈ H1 and let rk, Rk, sk sequences converging to zero and such
that the balls BRk

(xk) are disjoint. Let J be a CR structure coinciding with
J0 on H1 \

⋃
BArk(xk), with Jsk on Brk(xk), and on BArk \Brk with Jf , with

|f | ≤ sk.
Let us define

Ωk =

{
Ux,λ

∣∣∣∣ |x− xk| < Rk,
α

Rk
< λ <

β

rk

}
⊂ M

with α, β that will be chosen later.
Then we want to prove that, up to choosing the parameters appropriately, for

every k there exists a critical point of JJ(Ux,λ+ vx,λ) in Ωk, that is, a solution
to the CR Yamabe problem for J that is approximately a bubble centered at
xk. Through this, we will prove that J is the required counterexample.

In order to carry out our estimates, we will need to use approximated so-
lutions to the CR Yamabe equation for the Rossi spheres more precise than
standard balls, which were defined in [CMY]. Let Ŭx,λ,s be these approximated
solutions carried to H1 through the Cayley transform F defined in Subsection
2.1. We will omit the dependence by s when unnecessary. They satisfy the
estimates

Ŭx,λ,s(x) ≲
λ

(1 + λ|x|)2

and for |x| small

LJs
Ŭx,λ,s = Ŭ3

x,λ,s

(
2 +O(|x|3) + λ−2O(|x|2)

)
+

+Ŭ5
x,λ,s

[
|x|4O(4 + λ2|x|2)s2 +O(|x|5) +O(λ2|x|7)

]
. (2)

Furthermore on these approximated solutions, the functional JJs can be esti-
mated precisely on them.

Lemma 4.1.

JJs(Ŭx,λ,s) = 4π2 + 24π
s2

λ2
(1 + os(1)) +O

(
1

λ3

)
.

This expansion follows from the proof of Lemma 7.3 in [CMY] (the authors
there study the CR Yamabe functional and not JJs

, but they estimate the
numerator and the denominator substantially independently).

Let us fix k and consider the approximated solutions Ŭx,λ,sk for x ∈ Brk(xk)

and λ ≳ 1
rk
. We can change the definition of Ŭx,λ,sk so that they coincide with

Ux,λ on H1 \BArk(xk), because in the proofs of the results of [CMY], only the
local behavior of the approximated solutions is used, except at the end of the
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proof of Corollary B.2, when the asymptotics at infinity are also used, but our
modification does not change that. In this way we can also assume that

Ŭx,λ,0 ≡ Ux,λ (3)

and that, using the operator ι defined in formula (23) in [CMY],

ι∗Ŭx,λ,sk = Ŭx,λ,−sk (4)

In such a way, reasoning as in Subsection B.3 in [CMY], the estimate in Lemma
4.1 can be improved to

JJs(Ŭx,λ,s) = 4π2 + 24π
s2

λ2
+O

(
s2

λ3

)
. (5)

Lemma 4.2. If λ ≥ C
Rk

with C big enough and x ∈ Brk(xk) then
∥∥∥dJJ(Ŭx,λ,sk)

∥∥∥ ≲
s2k
λ2 .

The above Lemma is proved as Corollary B.2 in [CMY] but using (3) and
(4) as above.

Thanks to the above Lemma, we can perform the contraction argument of

Proposition 3.2 starting from Ŭx,λ,sk instead of Ux,λ, in a ball of radius
Cs2k
λ2 .

Lemma 4.3. For every x ∈ Brk(xk) and λ ≥ C
Rk

there exists v̆x,λ,sk ∈ Ex,λ

with ∥v̆x,λ,sk∥X ≲ s2k
λ2 such that

πEx,λ

(
∇JJ(Ŭx,λ,sk + v̆x,λ,sk)

)
= 0.

Notice that, thanks to the uniqueness statement in the contraction theorem,
Ux,λ + vx,λ,sk = Ŭx,λ,sk + v̆x,λ,sk .

Lemma 4.4.

JJ(Ux,λ + vx,λ,sk) = 4π2 + 24π
s2

λ2
+O

(
s2k
λ3

)
.

Proof. Thanks to Lemmas 4.2 and 4.3

JJ(Ux,λ + vx,λ,sk)− JJsk
(Ŭx,λ,sk) = JJ(Ŭx,λ,sk + v̆x,λ,sk)− JJsk

(Ŭx,λ,sk) =

= JJ(Ŭx,λ,sk)− JJsk
(Ŭx,λ,sk) +O

(
s4k
λ4

)
=

=

∫
H1\Brk

(xk)

Ŭx,λ,skLsk Ŭx,λ,sk − Ŭ4
x,λ,sk

+O

(
s2k
λ4

)
= O

(
s2k
λ4

)
.

The thesis follows thanks to (5).

9



Lemma 4.5. If |x− xk| ≤ Rk and λ = α
Rk

, then

JJ(Ux,λ + vx,λ,sk) = 4π2 +O

(
s2kr

4
k

Rk
+

s2kr
6
k

R2
k

+ s4kR
4
k

)
.

Proof. Thanks to (3) and (4), the estimate (2) can be improved to

LJsŬx,λ,sk − 2Ŭ3
x,λ,sk

=

= Ŭ3
x,λ,sk

(
s2kO(|x|3) + s2kλ

−2O(|x|2)
)
+Ŭ5

x,λ,sk

[
|x|4O(4 + λ2|x|2)s2k +O(s2k|x|5) +O(s2kλ

2|x|7)
]
.

(6)
Therefore

JJ(Ux,λ + vx,λ,sk) = JJ(Ŭx,λ,sk + v̆x,λ,sk) = JJ(Ŭx,λ,sk) +O

(
s4k
λ4

)
=

=

∫
H1

U4
x,λ +

∫
BArk

(xk)

Ŭx,λ,skLJ Ŭx,λ,sk − 2Ŭ4
x,λ,sk

+O

(
s4k
λ4

)
=

= 4π2+s2k

∫
BArk

(xk)

(
Ŭ4
x,λ,sk

(
O(|x|3) + λ−2O(|x|2)

)
+ Ŭ6

x,λ,sk

[
|x|4O(4 + λ2|x|2) +O(|x|5) +O(λ2|x|7)

])
+O

(
s4k
λ4

)
=

= 4π2+s2k

(
α

Rk

)4

O

(∫
BαArk/Rk

(xk)

(
Rk

α

)4
[(

Rk

α

)3

|x|3 + λ−2

(
Rk

α

)2

|x|2
])

+

+s2k

(
α

Rk

)4

O

(∫
BαArk/Rk

(xk)

(
Rk

α

)6
[(

Rk

α

)4

|x|4 +
(
Rk

α

)5

|x|5
])

+O

(
s4k
λ6

)
=

= 4π2 + s2kO

(
r4k
Rk

+
r6k
R2

k

)
+O

(
s4kR

4
k

)
.

Lemma 4.6. If |x− xk| = Rk and α
Rk

≤ λ ≤ β
rk

then

JJ(Ux,λ + vx,λ,sk) = 4π2 +O
(
λ−4r−1

k s2k + λ−6r−4
k s2k

)
+O

(
s4k
λ4

)
.

Proof. Proceeding as in the proof of Lemma 4.5,

JJ(Ux,λ + vx,λ,sk) = JJ(Ŭx,λ,sk + v̆x,λ,sk) = JJ(Ŭx,λ,sk) +O

(
s4k
λ4

)
=

=

∫
H1

U4
x,λ +

∫
BArk

(xk)

Ŭx,λ,skLJ Ŭx,λ,sk − 2Ŭ4
x,λ,sk

+O

(
s4k
λ4

)
=

= 4π2 +O

(
s2kλ

−4

∫
x+δλ(BArk

(xk)−x)

[
λ4|x|−8(λ−3|x|3 + λ−4|x|2)+

10



+λ6|x|−12(λ−4|x|4(1 + |x|2) + λ−5|x|5 + λ−5|x|7)
])

+O

(
s4k
λ4

)
=

= 4π2+O

(
s2k

∫
x+δλ(BArk

(xk)−x)

[
λ−3|x|−5 + λ−4|x|−6 + λ−2|x|−8

])
+O

(
s4k
λ4

)
=

= 4π2 +O
(
s2k(λrk)

4
[
λ−3|λrk|−5 + λ−4|λrk|−6 + λ−2|λrk|−8

])
+O

(
s4k
λ4

)
=

= 4π2 +O
(
λ−4r−1

k s2k + λ−6r−4
k s2k

)
+O

(
s4k
λ4

)
.

Lemma 4.7. If |x− xk| ≤ Rk and λ = β
rk
, then

JJ(Ux,λ + vx,λ,sk) = 4π2 +O(s2kr
2
k).

Proof. Proceeding as in the proof of the above lemmas,

JJ(Ux,λ + vx,λ,sk) = JJ(Ŭx,λ,sk + v̆x,λ,sk) = JJ(Ŭx,λ,sk) +O

(
s4k
λ4

)
=

=

∫
H1

U4
x,λ +

∫
BArk

(xk)

Ŭx,λ,skLJ Ŭx,λ,sk − 2Ŭ4
x,λ,sk

+O

(
s4k
λ4

)
=

= 4π2 +O

(
s2k
λ2

)
+O

(
s4k
λ4

)
= 4π2 +O(s2kr

2
k).

Thanks to these estimates, we can prove that J is the required counterex-
ample.

Proof of Theorem 1.1. Choosing J as described at the beginning of this sec-

tion, choose rk = 2−k, Rk = C2−k with C large enough, α, β ≫ 1, sk = 2−2k .
Then, thanks to Lemmas 4.4, 4.5, 4.6 and 4.7, maxΩk

JJ(Ux,λ + vx,λ,sk) >
max∂Ωk

JJ(Ux,λ+vx,λ,sk), and therefore there exists a critical point of JJ(Ux,λ+
vx,λ,sk) restricted to M in Ωk. By Proposition 3.3, it is also a free critical point,
and therefore a solution to Equation (1). Finally since

|Brk(xk)|
1
4 max
Brk

(xk)
(Ux,λ + vx,λ,sk) ≥

≥ ∥(Ux,λ + vx,λ,sk)∥L4(Brk
(xk))

≥ ∥Ux,λ∥L4(Brk
(xk))

− ∥vx,λ,sk∥X

then maxBrk
(xk)(Ux,λ + vx,λ,sk) → ∞.

11



A Estimates for the sublaplacian and Webster
curvature

On H1 consider the CR structure on H(H1) generated by the vector field

Z̃ = Z + fZ

where |f | < 1 is a smooth complex function.

Proposition A.1. There exist a constant C such that∣∣∣R̃+ Z
2
f + Zf + fZZf + fZZf + fZ1Zf + fZZf+

+|Zf |2 + 3|Zf |2
∣∣ ≤ C

(
|f |2|∇2f |+ |f ||∇f |2

)
.

Proof. Define
◦
θ1 in such a way that (

◦
θ1,

◦
θ1, θ) is the dual frame to (Z,Z, T ),

and θ1 in such a way that (θ1, θ1, θ) is the dual frame to (Z̃, Z̃, T ). Then

θ1 =
1

1− |f |2
◦
θ1 − f

1− |f |2
◦
θ1

and ◦
θ1 = θ1 + fθ1.

We recall (see Section 4 in [L]) that the Tanaka-Webster connection is deter-
mined uniquely by the fact that the connection form ω1

1 and the torsion form
A1

1
satisfy the structure equations{

dθ1 = θ1 ∧ ω1
1 +A1

1
θ ∧ θ1

ω1
1 + ω1

1
= dh11

(7)

where h11 is the coefficient of Levi form, determined by dθ = ih11θ
1 ∧ θ1. We

need to determine ω1
1 .

dθ1 = Z
1

1− |f |2
◦
θ1∧

◦
θ1+T

1

1− |f |2
θ∧

◦
θ1−Z

f

1− |f |2
◦
θ1∧

◦
θ1−T

f

1− |f |2
θ∧

◦
θ1 =

= −
(
Z

f

1− |f |2
+ Z

1

1− |f |2

)
(θ1+fθ1)∧(fθ1+θ1)+T

1

1− |f |2
θ∧(θ1+fθ1)+

−T
f

1− |f |2
θ ∧ (θ1 + fθ1) =

= −
(
Z

f

1− |f |2
+ Z

1

1− |f |2

)
(1− |f |2)θ1 ∧ θ1+

+

(
T

1

1− |f |2
− fTf

1

1− |f |2
− |f |2T 1

1− |f |2

)
θ ∧ θ1+

12



+

(
fT

1

1− |f |2
− fT

1

1− |f |2
− 1

1− |f |2
Tf

)
θ ∧ θ1 =

= −
(
Zf − f

1

1− |f |2
Z(−|f |2)− 1

1− |f |2
Z(−|f |2)

)
θ1 ∧ θ1+

+

(
−(1− |f |2) 1

(1− |f |2)2
T (−|f |2)− fTf

1

1− |f |2

)
θ∧θ1− 1

1− |f |2
Tfθ∧θ1 =

= −
(
Zf +

1

1− |f |2
|f |2Zf +

1

1− |f |2
f
2
Zf +

1

1− |f |2
Z(|f |2)

)
θ1 ∧ θ1+

+
1

1− |f |2
fTfθ ∧ θ1 − 1

1− |f |2
Tfθ ∧ θ1 =

= − 1

1− |f |2
(
Zf + f

2
Zf + Z(|f |2)

)
θ1 ∧ θ1+

+
1

1− |f |2
fTfθ ∧ θ1 − 1

1− |f |2
Tfθ ∧ θ1. (8)

Since h11 = 2(1− |f |2),

dh11 = −2d(|f |2) = h11ω
1
1
+ h11ω

1
1 ,

therefore

ω1
1 + ω1

1
= −2

1

2(1− |f |2)

(
T (|f |2)θ + Z(|f |2)

◦
θ1 + Z(|f |2)

◦
θ1
)
=

= − 1

(1− |f |2)

(
T (|f |2)θ +

(
Z(|f |2) + fZ(|f |2)

)
θ1 +

(
Z(|f |2) + fZ(|f |2)

)
θ1
)
.

(9)
From formulas (7), (8) and (9) we deduce that

ω1
1 = − 1

1− |f |2
fTfθ + Zfθ1 − 1

1− |f |2
(
Zf + f

2
Zf + Z(|f |2)

)
θ1.

Now, using formula 4.7 from [L] we get that the Webster curvature is determined
by

dω1
1 mod θ = Rθ1 ∧ θ1.

Therefore we compute

dω1
1 mod θ = − 1

1− |f |2
fTfih11θ

1 ∧ θ1 + Z̃
(
Zf
)
θ1 ∧ θ1+

−Zf
1

1− |f |2
(
Zf + f

2
Zf + Z(|f |2)

)
θ1 ∧ θ1+

−Z̃

(
1

1− |f |2
(
Zf + f

2
Zf + Z(|f |2)

))
θ1 ∧ θ1+

13



− 1

1− |f |2
(
Zf + f

2
Zf + Z(|f |2)

) 1

1− |f |2
(
Zf + f2Zf + Z(|f |2)

)
θ1 ∧ θ1 =

= −2ifTfθ1 ∧ θ1 − (Z + fZ)
(
Zf
)
θ1 ∧ θ1+

−Zf
1

1− |f |2
(
Zf + f

2
Zf + Z(|f |2)

)
θ1 ∧ θ1+

−(Z + fZ)

(
1

1− |f |2
(
Zf + f

2
Zf + Z(|f |2)

))
θ1 ∧ θ1+

− 1

(1− |f |2)2
∣∣∣Zf + f

2
Zf + Z(|f |2)

∣∣∣2 .
Therefore

R = −2ifTfθ1 ∧ θ1 − (Z
2
f + fZZf)+

− 1

1− |f |2
|Zf |2 − 1

1− |f |2
f
2
ZfZf − 1

1− |f |2
ZfZ(|f |2)+

+
1

(1− |f |2)2
Z(−|f |2)

(
Zf + f

2
Zf + Z(|f |2)

)
+

− 1

1− |f |2
(
Z2f + Z(f

2
)Zf + f

2
Z2f + ZZ(|f |2)

)
+

+f
1

(1− |f |2)2
Z(−|f |2)

(
Zf + f

2
Zf + Z(|f |2)

)
+

−f
1

1− |f |2
(
ZZf + Z(f

2
)Zf + f

2
ZZf +

+fZ
2
f + fZ

2
f + 2ZfZf

)
+

− 1

(1− |f |2)2
∣∣∣Zf + f

2
Zf + Z(|f |2)

∣∣∣2 =

= f(ZZf − ZZf)− Z
2
f − 1

1− |f |2
Z2f − 1

1− |f |2
f
2
Z2f+

−f
1

1− |f |2
(
fZ

2
f + fZ

2
f
)
− fZZf+

− 1

1− |f |2
(
fZZf + fZZf + ZfZf + ZfZf

)
+

− f

1− |f |2
ZZf − |f |2

1− |f |2
fZZf+

− 1

1− |f |2
|Zf |2 − f

2

1− |f |2
ZfZf − f

1− |f |2
(Zf)2 − f

1− |f |2
ZfZf+

− 1

(1− |f |2)2
(fZf + fZf)

(
Zf + f

2
Zf
)
+
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− 1

(1− |f |2)2
∣∣Z(|f |2)

∣∣2 − 2
1

1− |f |2
(
fZ(f)Zf

)
+

−f
1

(1− |f |2)2
(fZf + fZf)

(
Zf + f

2
Zf + fZf + fZf

)
+

−f
1

1− |f |2
(
2f |Zf |2 + 2ZfZf

)
+

− 1

(1− |f |2)2
∣∣∣Zf + f

2
Zf + Z(|f |2)

∣∣∣2 =

= − 1

1− |f |2
Z

2
f − 1

1− |f |2
Z2f − 1

1− |f |2
f
2
Z2f − f

1

1− |f |2
(
fZ

2
f
)
+

− f

1− |f |2
ZZf − f

1− |f |2
ZZf − f

1− |f |2
ZZf − f

1− |f |2
ZZf+

− 1

1− |f |2
(
ZfZf + ZfZf

)
+

− 1

1− |f |2
|Zf |2 − f

2

1− |f |2
ZfZf − f

1− |f |2
(Zf)2 − f

1− |f |2
ZfZf+

− 1

(1− |f |2)2
(
f(Zf)2 + f |f |2ZfZf + fZfZf + f

3
(Zf)2

)
+

− 1

(1− |f |2)2
∣∣Z(|f |2)

∣∣2 − 2
1

1− |f |2
(
fZ(f)Zf

)
+

− |f |2

(1− |f |2)2
(
|Zf |2 + f

2
ZfZf + f(Zf)2 + fZfZf

)
+

− 1

(1− |f |2)2
(
f2ZfZf + |f |4|Zf |2 + |f |2fZfZf + f3(Zf)2

)
+

−2
|f |2

1− |f |2
|Zf |2 − 2

1

1− |f |2
fZfZf+

− 1

(1− |f |2)2
∣∣∣Zf + f

2
Zf + Z(|f |2)

∣∣∣2 =

= − 1

1− |f |2
Z

2
f − 1

1− |f |2
Z2f − f

2

1− |f |2
Z2f − f2

1− |f |2
Z

2
f+

− f

1− |f |2
ZZf − f

1− |f |2
ZZf − f

1− |f |2
ZZf − f

1− |f |2
ZZf+

− 1

1− |f |2
(
|Zf |2 + |Zf |2

)
+

− 1

1− |f |2
|Zf |2 − f

2

(1− |f |2)2
ZfZf − f

(1− |f |2)2
(Zf)2 − 3− |f |2

(1− |f |2)2
fZfZf+
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− f

(1− |f |2)2
(Zf)2 − 1

(1− |f |2)2
(
−|f |2 + 3

)
fZfZf − 1

(1− |f |2)2
f
3
(Zf)2+

− 1

(1− |f |2)2
∣∣Z(|f |2)

∣∣2 +
− f2

(1− |f |2)2
ZfZf − 2|f |2 − |f |4

(1− |f |2)2
|Zf |2 − f3

(1− |f |2)2
(Zf)2+

− 1

(1− |f |2)2
∣∣∣Zf + f

2
Zf + Z(|f |2)

∣∣∣2 .
From this follows the thesis.

Proposition A.2. There exist a constant C such that∣∣∣∣(∆J̃ −∆J0)u− 1

2

(
fZ

2
u+ fZ2u

)
− 3

4

(
ZfZu+ ZfZu

)∣∣∣∣ ≲
≤ C

(
|f |2∆J0

u+ |f |3|∇2u|+ |f |2|∇f ||∇u|
)
.

Proof. Using the notation of the proof of the former Proposition,

∆bu = h11(Z̃Z̃ + Z̃Z̃ − ω1
1(Z̃)Z̃u− ω1

1
(Z̃)Z̃u) =

= h11(Z + fZ)(Z + h11fZ)u+ (Z + fZ)(Z + fZ)u+

+h11 1

1− |f |2
(
Zf + f

2
Zf + Z(|f |2)

)
(Z + fZ)u+

+h11 1

1− |f |2
(
Zf + f2Zf + Z(|f |2)

)
(Z + fZ)u =

= h11(ZZu+ fZ
2
u+ ZfZu+ |f |2ZZu)+

+h11(ZZu+ fZ2u+ ZfZu+ |f |2ZZu)+

+h11 1

1− |f |2
(
Zf + f

2
Zf + Z(|f |2)

)
(Z + fZ)u+

+h11 1

1− |f |2
(
Zf + f2Zf + Z(|f |2)

)
(Z + fZ)u =

=
1

1− |f |2
((1 + |f |2)∆J0u+ fZ

2
u+ fZ2u+ ZfZu+ ZfZu)+

+
1

2(1− |f |2)2
(
Zf + 2f

2
Zf + 2fZf + fZf + f |f |2Zf + |f |2Zf

)
Zu+

+
1

2(1− |f |2)2
(
Zf + 2f2Zf + 2fZf + fZf + f |f |2Zf + |f |2Zf

)
Zu.

From this the thesis follows.
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