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Abstract

The main topic of this thesis concerns some recent developments in Calculus of Variations and Geometric Measure
Theory that have been obtained in [MP21; MP24; PP24; Pas25].

After the introductory Chapter 1, where we present the main results, motivations and history on the topics consid-
ered in this thesis, in Chapter 2 we collect the preliminaries needed for the presentation.

Chapter 3 is dedicated to the proof of some quantitative isoperimetric inequalities for the classical capillarity
problem in a Euclidean halfspace. The results have been obtained in a joint work with M. Pozzetta and are based on
anovel combination of a quantitative ABP method with a selection-type method, after a symmetrization procedure.
In Chapter 4 we establish some existence and nonexistence results for the volume-constrained minimization prob-
lem of an energy functional given by the sum of a capillarity perimeter, a nonlocal interaction term and a gravi-
tational type energy. The strategy stems from an application of the quantitative isoperimetric inequalities for the
capillarity problem in a half-space.

Chapter 5 is devoted to study differentiability and integrability properties of weak solutions to some nonlinear ellip-
tic systems with growth coefficients in BMO. The results have been obtained in collaboration with G. Moscariello.
Moreover we derive some local Calderén—Zygmund estimates, which are relevant to provide upper bounds for the
Hausdorff dimension of the singular set of minima of general variational integrals.



Notation and symbols

(-, -) denotes the scalar product in R”.

| - | denotes both the Lebesgue measure in R” and the modulus of a vector in R”, depending on the context.
A,, with p > 1, denotes the class of Muckenhoupt with exponent p.

B(X) denotes the o-algebra of Borel subsets of a topological space X.

B,(x) denotes the open ball of center x and radius r in R".

B, :=B,(0)cR"forr>0, B := By.

B*={x€ B : (x,e,) > A}.
1
B*v) := =+ (B* — Je,), for any v > 0.
|B*|n
B*(v,x) := B*(v) + x, for any x € {x, = 0}. In particular B*(v) = B*(v,0).
BM O(LQ) denotes the space of functions with bounded mean oscillation in Q C R”.

¢(+), C(+) denote strictly positive constants, that may change from line to line.

Ck®(X) denotes the space of real functions continuously derivable in the topological space X up to the order
k € N, with locally a-Holder continuous derivatives in X .

C.(X) denotes the space of real continuous functions with compact support on X.
Cy(X) denotes the closure, in the sup norm, of C,.(X).

diam Y denotes the diameter of a set Y in a metric space.

dy; denotes Hausdorff distance in R”.

dimy,(Y') denotes the Hausdorff dimension of a set Y.

D denotes the distance to L* space of a function K in a weak-L? space.

A, f denotes the difference quotient of a function f* with respect to s-th axis and increment A.
0°E denotes the essential boundary of a Lebesgue measurable set E.

0* E denotes the reduced boundary of a set of locally finite perimeter E.

EAF denotes the symmetric difference between two sets E and F.

G, denotes the set of unoriented k-dimensional subspaces of R”.

H :={x, <0}

H? denotes d-dimensional Hausdorff measure in R", for d > 0.

id denotes identity/inclusion map between given sets.
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L, denotes the o-algebra of Lebesgue measurable sets in R”.

L" denote the Lebesgue measure in R”.

L? denotes the real valued p-integrable functions with respect to the Lebesgue measure on R”.
LP* denotes the Marcinkiewicz class with exponent p > 1, i.e. the weak-L? space.

L? denotes the real valued p-integrable functions with respect to the measure wL" on R”", where w is a
weight.

[M(X)]™ denotes the space of the finite R”-valued Radon measures on a locally compact and separable
metric space X.

[M 1oe(X )] " denotes the space of the R™-valued Radon measures on a locally compact and separable metric
space X.

M éo (f) denotes the Restricted Maximal Function Operator relative to a cube Qy, for a function f € L! (Qp)

M 0 (f) denotes the weighted Restricted Maximal Function Operator relative to a cube Q, for a function
Qo

feL'(w,0)

P,(B*) := P,(B*(|B*|,x)) = P(B,{x, > A}) — AH""Y(Bn {x, = 1}).

0O, :=[-r,r]" CcR” forany r > 0.

vE denotes the generalized outer unit normal to a set of locally finite perimeter E.

N denotes the set of natural numbers.

R denotes the set of real numbers.

R” denotes the Euclidean n-dimensional space.

R denotes the extended real line R U {—00,+00}.

r :=min{ 1—/12,1—1},R,1 :=max{ 1—,12,1—,1},for,1e(—1,1).

7, , denotes the finite difference operator with respect to s-th axis and increment A.

ug denotes the mean value of a function u € L!(Q).

V' cc U denotes that the closure of the set V' is compact and it is contained in U.

WkP(Q) denotes the Sobolev space on an open set Q C R", fork € N, k > 1, and p € [1, +o0].
W3P(Q) denotes the fractional Sobolev space on an open set Q& C R”, for s € R, s > 0, and p € [1, +00).

w,, denotes the volume of the n-dimensional unit ball in R”.
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Chapter 1

Introduction

The main topics of this thesis concern recent developments in the stability of minimizers for the classical capillarity
problem in a half-space, as well as existence issues under the presence of nonlocal interaction and gravity. The
results have been obtained in collaboration with Marco Pozzetta [Pas25; PP24]. Other results concerning regularity
theory and obtained during the PhD studies are described in the introduction and in the last chapter of the thesis.
These last results have been achieved in collaboration with Gioconda Moscariello [MP21; MP24].

The aim of this chapter is to review the motivations of the considered topics and to present the results, pointing out
briefly the new ideas necessary to prove them.

1.1 Isoperimetry for the classical capillarity problem

The classical isoperimetric problem in the Euclidean space R”, for n > 2, aims at minimizing the (n — 1)-
dimensional area of boundaries of sets having fixed finite volume. More precisely, given v > 0, one aims to
characterize minimizers to the problem

inf {P(E) : ECR"|E| =0}, (1.1.1)

where P(E) denotes the perimeter of E and | E| the Lebesgue measure of E. It is well-known that balls (uniquely)
minimize (1.1.1), cf. [De 58] or [Mag12, Chapter 14], and this is encoded in the classical isoperimetric inequality

[
P(E) > nw! |E|'", (1.12)

where w, denotes the measure of the unit ball in R". To prove a quantitative version of (1.1.2) means to estimate
the distance of a competitor from the set of minimizers in terms of the energy deficit of the competitor with respect
to the infimum of the problem. The first quantitative isoperimetric inequality for (1.1.1) with sharp exponents was
proved in [FMPO08], and it reads

a(E)* < C(n)D(E), (1.1.3)

where a(E) and D(E) are respectively the Fraenkel asymmetry and the isoperimetric deficit of E, i.e.,

EAB(|E|,x)
|E|

R D(E) := PE) = P(B(|E)))
" P(B(E))

a(E) 1= inf{

where B(v, x) denotes the ball in R” with volume v centered at x, for v > 0 and x € R”, and B(v) := B(v,0).
The underlying idea of the proof is to reduce the problem, by means of suitable geometric constructions, to the
case of suitable axially symmetric sets and then to apply an induction argument over the dimension n. The inequal-
ity (1.1.3) improves the previous non-sharp inequality proved in [Hal92], after [HHW91; Fug89]. In [FMP10]
a sharp quantitative version of the anisotropic isoperimetric inequality is established. The proof is based on a
quantitative study of certain transportation maps, through bounds that can be derived from Gromov’s proof of the
isoperimetric inequality. In [AFM13; CL12] a selection principle is used to prove sharp quantitative isoperimetric
inequalities. In a selection-type argument one argues by contradiction assuming existence of sets contradicting the
quantitative isoperimetric inequality. These sets are then replaced by the minimizers of suitable auxiliary penalized
minimization problems. Such minimizers are tailored in such a way that the quantitative isoperimetric inequality



still fails. At the same time they are shown to be small perturbations of some isoperimetric set, contradicting the
inequality already proved for sets given by small perturbations of optimal sets. A new direct proof of the clas-
sical isoperimetric inequality was given in [Cab00; Cab08] by means of ABP techniques, which were originally
employed to derive regularity estimates for second order elliptic equations [GTO1, Chapter 9]. We also mention
[F113; FJ14; IN15] for further quantitative isoperimetric inequalities for possibly anisotropic perimeters, [BDS15;
CMM19; CES23] for quantitative isoperimetric inequalities on manifolds, and [Cia+11; BDR12; BBJ17; Cin+22;
FL23] about weighted quantitative isoperimetric inequalities.

In Chapter 3 we prove quantitative isoperimetric inequalities for the following classical capillarity problem. If E
is a measurable set in the half-space {x, > 0} Cc R" and 4 € (-1, 1), we define the weighted perimeter functional

P,(E) := P(E, {x, > 0}) — AH" }(0*E n {x, = 0}),

where H*, for k > 0, denotes the k-dimensional Hausdorff measure in R”, and 0* E denotes the reduced boundary
of E (see Chapter 2 for the definitions). Interpreting the perimeter as a measure of the surface tension of a liquid
drop, the constant A basically represent the relative adhesion coefficient between a liquid drop and the solid walls
of the container given by {x, > 0}.

If v > 0, we consider the isoperimetric capillarity problem

inf {P;(E) : EC{x,>0},|E| =v}. (1.1.4)

Minimizers for (1.1.4) are given by suitably truncated balls B*(v, x), x € {x, = 0}, lying on the boundary of the
half-space.

The first variational results regarding capillarity problems go back to works by Giusti, Gonzalez, Massari and
Tamanini who established existence, symmetry and regularity results for the isotropic sessile drop problem, where
an additional potential energy representing gravity is added to the minimization of P, (see [Gon76; Gon77; GT77;
GMT80; Giu80; Giu81]; see also [Fin80] where uniqueness results for the symmetric sessile drop were established).
We refer to [Fin86] and [Mag12, Chapters 19, 20] for a more complete treatment regarding classical results.
More recently, in [Bael5] the shape of liquid drops and crystals, resting on a horizontal surface and under the
influence of gravity, are described in the anisotropic setting. The shape and the fine regularity of volume con-
trained minimizers of weighted perimeters like P,, where the weight on the interface touching the boundary of the
container may be nonconstant and where an additional potential term is present, are addressed in [MM16; DM 15;
CEL24]. In [DM15] the perimeter functional measuring the area of the interface that does not touch the container
is also possibly anisotropic. Recently, the isoperimetric problem for the relative perimeter of sets contained in the
complement of a convex set had been addressed in [CGRO07], where a sharp isoperimetric inequality is established,
and in [FM23], where the rigidity of the inequality is addressed in the generality of measurable sets. Extensions
of [CGRO7] to higher codimension have been considered in [LWW23; Krul7], while the case of capillary energy
outside convex cilinders has been considered in [FIM24].

The minimality of sets B*(v, x) for (1.1.4) comes with an isoperimetric inequality for P,

Py(E) > c(n, DIE|T .

In order to prove a quantitative isoperimetric inequality for (1.1.4), we define the corresponding Fraenkel asym-

metry and isoperimetric deficit by setting

P,(E) — P,(B*(v))
P, (B4(v))

A
a,(E) :=inf{M D x € {x, =0}}, D,(E) :=

v

)

forany E C {x, > 0} with volume |E| = v. The infimum defining the asymmetry is, in fact, a minimum.
The first main result is the following

Theorem 1.1.1 ([PP24]). Let A € (—1,1) and n € N with n > 2. There exists a constant ¢y, = ¢;

1o 4) > 0 such
that for any measurable set E C R" N {x, > 0} with finite measure there holds

@,(E)* < ¢ D, (E). (1.1.5)



As for the classical quantitative isoperimetric inequality, perturbing the boundary of an optimal bubble only inside
the container {x, > 0}, it is possible to check that exponents in (1.1.5) are sharp.
Observing that, roughly speaking, the minimization problem

inf {P,(E) : EC {x,>0}, |E| =v}

is symmetric with respect to the first n — 1 axes, it is possible to adapt arguments in the spirit of [FMPO08] to see
that, in order to prove Theorem 1.1.1, it is sufficient to prove (1.1.5) in a class of suitable axially symmetric sets,
see Corollary 3.4.12. However, the arguments in [FMPO08] require to symmetrize a competitor with respect to a
preferred axis depending on the competitor, while in our case it is only possible to symmetrize with respect to the
n-th axis. The proof of (1.1.5) in this class of symmetric sets is then achieved here with a new combination of the
so-called selection principle [AFM13; CL12] with an Alexandrov—Bakelman—Pucci-type technique in the spirit of
[Cin+22].

In the context of these capillarity problems it is also spontaneous to consider a notion of asymmetry for the part of
the boundary of a set that touches the plane {x, = 0}. For a measurable set E C {x, > 0}, we define

. H" ! (0*En{x, =0} A 0*B*(|E|,x)n{x, =0})
B,(E) :=inf : x€{x,=0} ;.
H"=1 (0*BA(|E|,x)n {x, = 0})

The previous quantity measures the asymmetry of the set 0* E N {x,, = 0} with respect to (n — 1)-dimensional balls
in {x, = 0} having volume equal to the one of the trace of the optimal bubble corresponding to the volume of E.
We establish the following second quantitative isoperimetric inequality, that provides a quantitative estimate on f,.

Theorem 1.1.2 ([PP24]). Let A € (—1,1) and n € N with n > 2. There exists a constant ci’SO = ci’so(n, A) > 0 such
that for any measurable set E C R" N {x,, > 0} with finite measure there holds

B,(E) < ¢/ max {DA(E), Dl(E)Zl_n } ,

Theorem 1.1.2 follows by applying again a selection-type argument where now S, plays the role of the Fraenkel
asymmetry, together with a quantitative inequality that estimates the Hausdorff distance between the relative bound-
ary in {x, > 0} of a suitable competitor E and the relative boundary of some bubble in terms of the Fraenkel
asymmetry of E, see Lemma 3.6.4.

1.2 Capillarity in presence of nonlocal repulsion and gravity

The classical liquid drop model for the atomic nucleus in the Euclidean space R”, for n > 2, aims to characterize

minimizers of the functional
P(E) + / / L dydx
eJEly—x|®

among sets of given volume, where 0 < a < nis a given parameter and P(E) denotes the perimeter of E C R".
There is a clear competition between the two terms in the energy, since the ball at the same time minimizes the
perimeter, by the isoperimetric inequality [De 58], [Magl2, Theorem 14.1] and maximizes the second term, by
the Riesz rearrangement inequality [Rie30], [LLO1, Theorem 3.7]. The physically relevant case is when a = 1
and n = 3, that is when the second term is the Coulombic energy. This case goes back to Gamow’s liquid drop
model for atomic nuclei [Gam30], subsequently developed by von Weizsicker [Wei35], Bohr [Boh36; BW39], and
many other researchers. This model is used to explain various properties of nuclear matter [CPS74; CS62; MS96;
PTMO0], but it also arises in the Ohta-Kawasaki model for diblock copolymers [OK86] and in many other physical
situations, see [CM75; CK93; Gen79; EK93; GDM95; KN86; Mam94; Nag95; NKD94]. For a more specific
account on the physical background of this kind of problems, we refer to [Mur(02].

In the last decades, the model for general « and » has gained renewed interest in mathematics literature, in order to
investigate existence and non-existence of minimizers and the minimality of the ball. In [KM13a; KM 14], Kniipfer
and Muratov proved that balls are the only minimizers in the small mass regime when n = 2 and when3 <n <7
with 0 < @ < n — 1. At the same time they obtained nonexistence results when n > 2 and a € (0,2). See also
the alternative proofs [FKN16; LO14; Jull4] in the case « = 1 and n = 3 and [MZ14] in the case n = 2 with «



sufficiently small. Later on, Bonacini and Cristoferi [BC14] proved existence and uniqueness results for every n
and 0 < @ < n — 1. Finally, Figalli, Fusco, Maggi, Millot and Morini [Fig+15] studied the case 0 < @ < n for
every n, even replacing the perimeter P(E) by the fractional perimeter P(E), 0 < s < 1. We refer to [CMT17;
NO23a] for a review on the topic and to [AFM13; Fral9; FL15; FN21; FNV18; Jull7; Murl0; Nam20; NO23bj;
Ono22] and references therein for a more complete treatment. A variant of the problem with a constant background
has been studied by [ACO09; CS13; CP10; CP11; EFK20; FL19; KMN16]; see also [AFM13; Ala+19; CN17;
FNV18; GMS13; GMS14; Murl0; Nam20; Ono22; ST11] for further results on related problems.

In Chapter 4 we investigate, under a volume constraint and among sets contained in a Euclidean half-space, the
minimization problem of an energy functional given by the sum of the capillarity perimeter, a nonlocal interaction
term and a gravitational potential energy. In particular, if g : R"\ {0} — (0, o), we define the Riesz-type potential

R(E) !=//g(y—X)dydx,
EJE

and, given a function G : (0, o0) — (0, o0), we define the gravity-type potential

C(E) := / G(x,)dx.
E

If v > 0 and we denote
FHNE) := Py(E)+ R(E) + %(E),

we consider the nonlocal problem
inf{FXE) : Ec{x,>0}, |E|=v}.

In the context of minimization of energies

P(E)+//g(y—x)dydx
EJE

with general Riesz-type potential g in the Euclidean space R”, Novaga and Pratelli in [NP21] showed the existence
of (generalized) minimizers for radially decreasing g. Later on, Carazzato, Fusco and Pratelli in [CFP23] showed
that the ball is the unique minimizer in the small mass regime. Pegon in [Peg21] showed that, if the kernel g decays
sufficiently fast at infinity and if the volume is sufficiently large, then minimizers exist and converge to a ball as
the volume goes to infinity. Then, Merlet and Pegon [MP22] proved that in the planar case minimizers are actually
balls in the large mass regime. In [NO22], Novaga and Onoue obtained existence of minimizers for any volume
and convergence to a ball as volume goes to infinity, if the Riesz potential decays sufficiently fast and even if the
perimeter P(E) is replaced by the fractional perimeter P,(E), 0 < s < 1. We refer to [CN18; MW21; MS19;
Rig00] and references therein for a more complete treatment on general nonlocal energies.

The first result is an existence result in the small mass regime, together with a bound on the Fraenkel asymmetry
and some qualitative properties of volume constrained minimizers. At the same time, under suitable conditions on
the potential energies, existence result extends to all masses.

Theorem 1.2.1 ([Pas25]). Let g be a R-admissible q-growing function, ¢ > 0, and let G be a &-admissible
function. There exists a mass m = m(n, 4,8, G, q) > 0 such that, for every m € (0, m), there exists a minimizer of
F* in the class

A, :={Q C R"\ H measurable : |Q|=m]}

and it satisfies
1
a,(E) < c(n, 4,8, G)m.

Moreover, if g is also infinitesimal, minimizers are indecomposable and, if in addition g is symmetric, minimizers
are essentially bounded.

Furthermore, if g is also 0-growing, infinitesimal and symmetric and G is coercive, minimizers have no holes, i.e.,
if E is a minimizer of F* in A,, there is no set F C R" \ (H U E) with | F| > 0 such that

P(E)=P,(EUF)+ P(F,R"\ H)+ AH" ' (0" F n 0H).

Finally, if g is R-admissible and coercive and G is €-admissible and coercive, there exists a minimizer of F* in
A, for any m > Q.



Let us make some comments on the definitions present in Theorem 1.2.1, while referring to Section 4.2 for their
precise enunciation. The “admissibility” requirements on the kernels just refer to some necessary integrability
conditions. The infinitesimality of g and the coercivity of g and G concern the behavior of these functions as the
variable diverge, while the symmetry of g is referred to the symmetry with respect to the origin. The g-growing
property is satisfied by rather general nonlocal interaction terms, not only by repulsive ones. Indeed, we point out
that classical radial decreasing kernels are O-growing, but at the same time attractive-repulsive kernels of the type

1
g<x>=|x|ﬂl+w, By >0, p,€(O,n), (1.2.1)

are g-growing for any g > f,, even if they diverge positively as |x| — +o0, see Definition 4.2.1 and Remark 4.2.3.
In particular attractive-repulsive kernels as in (1.2.1) represent a possible choice in the definition of %* in Theo-
rem 1.2.1. Minimization problems for attractive-repulsive functionals have been widely studied in the last years.
Existence and nonexistence results are addressed in [BCT18; FL18; FL21]. Stability and uniqueness of minimiz-
ers have been respectively studied in [BCT24; Lop19]. We refer to [Car23; CP22; CPT23; CDM16] for a more
complete treatment on this kind of problems.

For large masses and for suitable choices of repulsive kernels g, the repulsive interaction dominates and the varia-
tional problem in Theorem 1.2.1 does not admit a minimizer.

Theorem 1.2.2 ([Pas25]). Let

1
|x|#’
and let G be G-admissible. For every f € (0,2], there exists m > 0, depending on n, A, f, G, such that for all
m > m the minimization problem

g(x) = 0<p<n xeR"\ {0}

inf{F4(E) : ECR"\ H,|E| =m)}
has no minimizers.

Therefore, for a general repulsive kernel g, existence may fail for masses large enough, since minimizers tend to
split in two or more components which then move apart one from the other in order to decrease the nonlocal energy.
To capture this phenomenon, it is convenient to introduce a generalized energy defined as

FHNE) := inf FNE
(E) inf F (E),
where
h h
FME) :=inf{29*(E") : E= UEi,EinEj =@ forl<i#j< h}.
i=1 i=1
Note that in this functional the interaction between different components is not evaluated, which corresponds to

consider them “at infinite distance” one from the other.
By considering & * instead of %*, we can prove the following generalized existence result.

Theorem 1.2.3 ([Pas25]). Let g be a R-admissible q-growing function, ¢ > 0, and let G be a &-admissible
function. For every m > 0O there exists a minimizer of % * in the class

A, ={Q c R"\ H measurable : |Q|=m}.

More precisely, there exist a set E € A and a subdivision E = Uj’z lEj , with pairwise disjoint sets E’, such that

h
FHNE) = Z FHE) =inf {FHQ) : Qe A}.
j=1
Moreover, for every 1 < j < h, the set E/ is a minimizer of both the standard and the generalized energy for its

volume, i.e.
FHNE)=FHEH)=min{FQ) : QCR"\ H, |Q| = |E/|}.

We remark that in previous theorems we heavily use the quantitative isoperimetric inequality (1.1.5) for the capil-
larity problem. Moreover, classical and inspiring arguments as in [FN21; KM 14; NP21] must be modified to take
into account the presence of the gravitational energy and since the vertical direction must be treated separately.



1.3 Further results: Regularity theory for systems with discontinuous coeffi-
cients
In Chapter 5 we consider nonlinear elliptic systems of the type
div A(x, Du(x)) = div F(x) (1.3.1)

in a bounded domain Q ¢ R”, n > 2, and withu : Q@ - RN, N > 1. We suppose that the vector field
A 1 Qx RN>X" 5 RNX1 jg 3 Carathéodory function, i.e.

o x — A(x, &) is measurable for all £ € RV*",
o ¢ — A(x,¢&)is continuous for a.e. x € Q.

Furthermore, we assume that there exist a function b(x) > 4y > 0, belonging to the space BM O, and a function
K(x), belonging to the Marcinkiewicz space L™*(Q), such that F € Wli’cz(b, Q; RV and, for a.e. x,y € Q,

1A, &) — AGun)| < kbIE — 1] (2 + €2+ [nD)'F (13.2)
%b(x)lé PG+ ER + DT < (AMLE) — Axn).E — 1), (1.3.3)
1A, ) — A < 1x = ¥ [KG) + KO (2 + 1n)'T (1.3.4)
A(x,0) =0 (1.3.5)

|b(x) — b(Y)| < |x — y| [K(x) + K], (1.3.6)

where k is a positive constant, u € (0, 1], p > 2, € and 5 are arbitrary elements of RV>". In the account of the
typical functions of BM O and L™ respectively, the functions

defined for a positive A with x € B(0,1) = {y € R" : 0 < |y| < 1}, satisfy assumption (1.3.6).

A vector field u in the Sobolev space I/Vl(l);r(b, QRN r> nz_:z’ is a local solution of (1.3.1) if it verifies

/ (A(x, Du(x)), Dp(x)) dx = / (F(x), Dp(x)) dx Vo € CR(Q, RM).
supp @ supp @

Our first goal is to study regularity properties of local solutions to (1.3.1) for r close to p. The existence of second
derivatives is not clear due to the degeneracy of the problem; anyway, although the first derivatives of the solutions
may not be differentiable, the higher differentiability of solutions holds in the sense that the nonlinear expressions

-2
V,(Du) 1= (u* + | Du|®)'T Du of their gradients, with g € (0, 1], are weakly differentiable. Therefore, the main
result is the following:

Theorem 1.3.1 ([MP24]). Let Q be a regular domain, A(x, &) a mapping verifying assumptions (1.3.2), (1.3.3),
(1.3.4)and (1.3.5), and F € I/Vl(l)’cz(b, Q; RVXm) ywith b(x) as in (1.3.6). There exist 0 < g < % depending on k, n,

Ay pandthe BM O - norm of b(x), and a; > 0, depending on p, n, Ay, u and k, such that, ifu € VVl(I);p_g(b, Q;RN),
with 0 < € < €, is a local solution of (1.3.1) and

91{ = diSth,oo(K(x), LOO) < al,
then DV, (Du)) € leoc(b, Q) and the following estimate holds:

| D(V,(Du))|*bdx < c/

((1 + i) (4 + |Dul®)? + (i + |DF|2)> bdx,
Byr R?

Bg

for every ball B, CC Q and for a constant ¢ depending on p, k, Ay, n, u and Dy.



The novelty of Theorem 1.3.1 is to consider nonlinear systems with growth coefficients in BM O and not uniformly
continuous in the spatial variable, whose feature is that they are allowed to be very irregular. Moreover we deal
with local solutions u to (1.3.1) lying in W with r < p. In this case the energy functional

/ (A(x, Du(x)), Du(x)) dx
Q

could not be bounded. We refer to such a solution as a very weak solution as stated by Iwaniec and Sbordone in
[1S94]. We explicitly remark that, thanks to the embedding theorem, our results apply if the growth coefficients lie
in W1, Theorem 1.3.1 extends analogous results in [MP21], which deals with linear systems of the type

div A(x)Du(x) = div F(x) + g.

In the linear case, the regularity results for systems with continuous coefficients can be considered classical. The
first remarkable contribution is due to Agmon, Douglis and Nirenberg [ADN59; ADN64]. Later regularity results
of Schauder type in the class of Holderian functions are proved by Campanato [Cam65] and Morrey [Mor54]. See
also [CC81]. A full discussion can be found in [GGM13; GM18].

The study of the second order regularity of solutions to linear equations with discontinuous coefficients goes back
to C. Miranda who, in [Mir53; Mir60], considered equations with coefficients in the Sobolev class W Then a
significant improvement has been given in [AT85; CFL91; CFL93]. Subsequently, a complete regularity theory for
equations in nondivergence form was developed by assuming coefficients in the vanishing mean oscillation space
VMO (see e.g. [CFL93; Chi94]). More recently, in connection with the regularity of minimizers of functionals
of the Calculus of Variations [AF89], the study of higher differentiability for solutions to problems of the type

div A(x, Du) = divF(x) 1.3.7)

had a remarkable development. In particular, estimates of the type

/ |D2u|2dx§c/ <<1+%)|Du|P+|DF|2) dx
By By R

are important elements to prove partial regularity properties of solutions to nonlinear elliptic systems with Uhlen-
beck structure. Linear equations having coefficients in BM O with small norm have been addressed in [GMRO09].
In [StrO1] Stroffolini studied the Dirichlet problem for very weak solutions to a linear system with coefficients in
BMO. More recently, a smallness condition on

9() = diSth,ac(', LOO)

has been considered in [GM 18] to study the L” - regularity of a linear Dirichlet problem. In [DK11] linear systems
with coefficients having in some directions locally small mean oscillation have been studied. The case of a nonlinear
system with b(x) € L*®(L) has been considered in [GM23]. For a more complete treatment about smallness
conditions on SZ(,), we refer to [Far+23; Far+21]. In these papers a similar bound turned out to be necessary in
proving the existence of solutions to noncoercive PDEs having singularities in the coefficients of lower order terms.
We also mention the similar conditions in [Boc15; GMZ15; GMZ18]. Optimal second order regularity properties
of solutions to nonlinear p-Laplacian systems are given in [CM19], when the datum in the right hand side of (1.3.7)
is not in divergence form. We refer also to [KM13b; KM10; Min06] and reference therein. We point out that for
local solutions of homogeneous systems
div A(x, Du) = 0,

Theorem 1.3.1 also applies in the degenerate case, i.e. u = 0, with constants independent of u. As a consequence,
in section we establish certain local Calder6én and Zygmund type estimates without assuming any differentiability
condition on the datum. More precisely, for G € Lf’oc(b, Q; RV*") we consider the problem

div A(x, Du(x)) = div |G|"2G in Q. (1.3.8)

Then we prove the following result:



Theorem 1.3.2 ([MP24]). Let Q be a regular domain and A(x, &) a mapping verifying assumptions (1.3.2), (1.3.3),
(1.3.4) and (1.3.5), with b(x) as in (1.3.6). There exists ay > 0, depending on p, n, Ay and k, such that, ifu €
Wl’p(b, Q; RN) is a local solution of (1.3.8) and

loc

91{ = diSth,oo(K(x), LOO) < ap,

then
Gell (b uRY™) = DuelL! (bQR"")

for any q € (p, s), where s .= n'% + 6 for a suitable 6 > 0, depending on p, k, Ay, n, Dx and the BM O-norm of
b. Moreover, for every cube Q,p CC Q and u € [0, 1], we have

1 1
1 , 1
<][ (/42+|Du|2) bdx)q §c<][ (;42+|Du|2)2bdx>p+
Or Osr

2 2,2 ‘
+c (u™+|G|%)2bdx ) ,
Osr

[STESY

where c depends on p, s — q, k, Ay, n, Dx and the BM O - norm of b and is independent of .

Calderon—Zygmund type estimates in the case of the p-Laplacian equation with p > 2 were established in the
fundamental paper by T. Iwaniec [Iwa83]. Let us remark that such kind of estimate is relevant to provide upper
bounds for the Hausdorff dimension of the singular set of minima of general variational integrals [KM10; KMO06;
Min03]. Additionally, the a priori knowledge of higher integrability of the gradient allows to implement better
schemes in the numerical treatment of problems modeled by energies like fg (A(x, Du(x)), Du(x)) dx, as e.g.
electrorheological fluids. Subsequently Iwaniec’s results were generalized to systems by DiBenedetto and Manfredi
[DMO93]. Regarding equations of the type

div <(A(x) V- Vi)'T Ax) Vu) — div|G|"%G, (1.3.9)

with A(x) : Q - R™" symmetric, local and global estimates for the gradient of a solution were considered by
Iwaniec and Sbordone [IS01; IS98] and by Kinnunen and Zhou [KZ99] when the coefficients of A(x) are bounded
and in V' M O. The condition about A(x) in V' M O is relaxed to a small BM O condition in [BW04] and [BWZO07].
Recently local and global estimates for degenerate equations of the type (1.3.9) are given in weighted spaces in
[Bal+23] and [Bal+22b] assuming a smallness condition for the BM O norm of log A(x) depending on the exponent
q. This result is not strictly comparable with results in [MP21; MP24], where the exponent depends on the BM O
norm and on the bound on the distance QZ(,). Moreover, as mentioned earlier, we require no condition of smallness
of the norm.

New main estimates for the development of nonlinear Calderon—Zygmund theory for equations and systems are due
to Mingione, starting from pioneering papers [Min07a; Min07b]. Regarding systems, weaker results are available
unless in the case of the p-Laplacian system (see [DM93; Uhl77]). Indeed, some bounds on exponent g is necessary
according to the example exhibited in [SY02]. If the vector field A(&) is sufficiently regular, then CZ-estimates
survive for g € ( Ds %) (see [DKMO7; Min17] and references therein). A significant extension of CZ-theory to
non-uniformly elliptic operators shaped on the p(x)-Laplacian [AMO05; CKP11] and to the double-phase problems
[CM15] were also established, following the fundamental paper [Mar89].



Chapter 2

Preliminaries

In this chapter we recall the main definitions and tools we will need, with the aim of fixing the notation and making
the exposition self-contained, at least as far as the results are concerned.

2.1 Preliminaries in measure theory

In this section we present the basic notions of measure theory which are exlpoited in the text, while we refer to
[AFPOO; Bre95; Fed69; Magl2; Rud87] for a complete treatment on the topic

Abstract measure theory

Definition 2.1.1 (c-algebras and measure spaces). Let X be a nonempty set and let £ be a collection of subsets of
X.

e We say that £ is a o-algebra if § € &, for any sequence {E,} C & its union | J, E;, belongs to £ and
X \ F € €& whenever F € &.

e For any collection G of subsets of X, the o-algebra generated by G is the smallest o-algebra containing G.
If (X, 7) is a topological space, we denote by 3(X) the o-algebra of Borel subsets of X, i.e., the o-algebra
generated by the open subsets of X.

o If £ is a g-algebra in X, we call the pair (X, £) a measure space.
Since the intersection of any family of o-algebras is a o-algebra, the definition of generated o-algebra is well posed.
Definition 2.1.2 (Positive measures). Let (X, £) be a measure space and y : £ — [0, oo].

e We say that y is a positive measure if u(#) = 0 and p is o-additive on &, i.e. for any sequence {E;} of

pairwise disjoint elements of €
U <U Eh) = Z H(ER).
h=0 h=0

We say that u is finite if u(X) < oo.

e We say that a positive measure ¢ on X is o-finite if X is the union of an increasing sequence of sets with
finite measure.

A positive measure u such that u(X) = 1 is also called a probability measure.
Beside positive measures, it is also possible to define real- and vector-valued measures. Note that positive measures
are not a particular case of real measures, since real measures, according to the following definition, must be finite.

Definition 2.1.3 (Real and vector measures). Let (X, £) is a measure space and let m € N, m > 1.



e We say that y : & — R" is a measure if u(ff) = 0 and for any sequence { E, } of pairwise disjoint elements

of £
M<U Eh) =Y u(E). @.1.1)
h=0 h=0

If m = 1 we say that y is a real measure, if m > 1 we say that u is a vector measure.
o If u is a measure, we define its total variation |u| for every E € £ as follows:
[S0] [oo]
|u|(E) :=sup {2 |u(Ey)| : E, € € pairwisedisjoint, E = U Eh} .
h=0 h=0

Note that the absolute convergence of the series in (2.1.1) is a requirement on the set function y: in fact, the sum
of the series cannot depend on the order of its terms, as the union does not. Moreover, by [AFP0O0, Theorem 1.6]
|p| is a positive finite measure.

Definition 2.1.4 (u-negligible sets). Let x4 be a positive measure on the measure space (X, £).
o We say that N C X is u-negligible if there exists E € £ such that N C E and u(E) = 0.

e We say that a property P(x) depending on the point x € X holds p-a.e. in X if the set where P fails is a
u-negligible set.

e Let &, be the collection of all the subsets of X of the form F = EU N, with E € € and N p-negligible;
then &, is a o-algebra which is called the pu-completion of €, and we say that E C X is y-measurable if
Eeg, The measure u extends to £ u by setting, for F as above, u(F) = u(E).

If u is a real or vector measure, we call the completion of £ with respect to the total variation |u| of yu the -
completion £, of €. Then, the measure y can be extended to £, as above. Unless otherwise indicated, from now
on each measure 4 is tacitly extended to the completion &,,.

Definition 2.1.5 (Measurable functions). Let (X, £) be a measure space and (Y, d) a metric space.
e A function f : X — Y is said to be E-measurable if f~1(A) € £ for every openset A C Y.
e If 4 is a positive measure on (X, £) the function f is said to be y-measurable if it is £,-measurable.
In particular, if f is £-measurable then f ~“I(B) € & for every B € B(Y).
Definition 2.1.6 (Integrals). Let (X, £) be a measure space.
e For E C X we define the characteristic function of E, denoted by yj, by
1 if xekE
“(x):z{ 0  if xgE.
We say that f : X — R is a simple function if the image of f is finite.
e Let u be a positive measure on (X, £); the integral of a simple y-measurable function u : X — [0, o) is

defined by
/ udp 1= 3z (2)),
X

zeim(u)

where we adopt the convention that whenever z = 0 and u(u~'(z)) = oo the product zu(u~'(2)) is set equal
to zero. The definition is extended to any g-measurable function u : X — [0, co] by setting:

/ud,u = sup{/ vdu : v y—measurable, simple, v < u}.
X X

10



We say that a y-measurable mapu : X — R is u-integrable if either

/u+d/4<oo or /u‘dy<oo.
X X

/udy :=/u+d,u—/u_d,u.

X X X

e Let ybeameasureon (X, andu : X — R a | u|-measurable function; we say that u is u-integrable if u
is | u|-integrable and, if y is real, we set

/udy :=/udy+—/ud/f.
X X X

If u is an R™-valued vector measure then we set

/ud,u = (/udyl,...,/udym>.
X X X

Note that an immediate consequence of the above definition is the inequality

'/udﬂ‘ﬁ/ i,
X X

which holds for every extended real or vector valued function u with finite integral and for every positive, real or
vector measure . More generally, let us recall

If u is pu-integrable, we set

Theorem 2.1.7 (Jensen inequality, [AFP00, Lemma 1.15]). Let ® : R - RU {400} be a convex lower semicon-
tinuous function, y a probability measure on (X, E) andu : X — R* a y-summable function; then

(I></udy> S/tb(u)d,u.
X X

When E is a y-measurable set the integral of a function u on FE is defined by

/udu 1=/M)(Edu,
E X

provided that the right-hand side makes sense. Note also that, if u has finite integral, for any € > 0 there is a
measurable set A with finite measure such that / X\A lu| d|u| < e.

Definition 2.1.8 (L? spaces). Let (X, £) be a measure space, u a positive measure on it and u : X — R a
p-measurable function. We set
1
, »
lullr, := |ul? dp
X

lull ;o :=1inf{C € [0,00] : |u(x)] < C foru—ae.x € X}

if 1 €£p< o0, and

We say thatu € LP(X, ) if |[u]|;, < oo. The set LP(X, u) is a real vector space and || - ||, is a semi-norm.

When dealing with measure-theoretic or functional-analytic properties of functions and L? spaces, it is often con-
venient to consider functions that agree a.e. as identical, thinking of the elements of L? spaces as equivalence
classes; in particular, this makes || - ||;, a norm. However we shall not consider functions agreeing a.e. to be
identical if we are concerned with fine properties of the single function.

For 1 < p < oo the Banach space L? = LP(X, u) is uniformly convex (hence reflexive) and its dual is L”, with

p = p’%}; if 41 is o-finite, the dual of L! is L®. Accordingly, the weak convergence of sequences is defined:

11



Definition 2.1.9 (Convergence in L? spaces). Given f, { f,} € L?, we say that f, — f weakly if

/fhgdﬂ_’/fgdﬂ
X X

forrany g € LV ifl< p < oo, and that f, — f weakly* in L® if p = co and
/fhgduﬁ/fgdu
X X

We state here some relevant theorems concerning convergence of integrals.

forany g € L.

Theorem 2.1.10 (Fatou’s lemma, [AFPO0, Theorem 1.20]). Letu;, : X — R be a u-measurable function and

g € LY(X, ). Then
/ li}rlninf u,dp < liminf/ u,du
x h—oo h—o X

/limsupuhdyzlimsup/ uydu
X h-oo h—o0 X

Theorem 2.1.11 (Dominated convergence theorem, [AFPO0, Theorem 1.21]). Let u, u, @ X — R be -
measurable functions, and assume that u,(x) — u(x) for y-a.e. x € X as h — oo. If

/supluhld,u < o0
X h

lim/uhd,u=/ud,u.
h—oo X X

Now we introduce the notion of Borel and Radon measures.

ifu, > g forany h € N and

ifu, < gforany h € N.

then

Definition 2.1.12 (Borel and Radon measures). Let X be a locally compact and separable metric space, B(X) its
Borel o-algebra, and consider the measure space (X, B(X)).

e A positive measure on (X, B(X)) is called a Borel measure. If a Borel measure is finite on the compact sets,
it is called positive Radon measure.

e A (real or vector) set function defined on the relatively compact Borel subsets of X that is a measure on
(K, B(K)) for every compact set K C X is called a (real or vector) Radon measureon X. If u : B(X) - R"
is a measure then we say that is a finite Radon measure. We denote by [M,,.(X)]™ (resp. [M(X)]™) the
space of the R™-valued Radon (resp. finite R”-valued Radon) measures on X.

Note that if ¢ is a Radon measure and sup{|u|(K) : K C X compact} < oo then it can be extended to the whole
of B(X) and the resulting set function, which we still denote y, is a finite Radon measure.

Definition 2.1.13 (Borel functions). Let X, Y be metric spaces, and let f : X — Y. We say that f is a Borel
function if f~1(A) € B(X) for every openset A C Y.

We now present the definition of outer measures in metric spaces, which embodies an additivity condition on
separated sets.

Definition 2.1.14 (Outer measures). Let X be a metic space and u a function defined on all the subset of X with
values in [0, co]; we say that u is an outer measure if u(@) = 0, the following subadditivity condition holds

Ec|JE, = wE) <Y uEy
h=0 h=0

forany E, {E,} C X, and moreover the following additivity condition holds:
dist(E,F) >0 = u(EUF) = pu(E)+ u(F)
forany E, F C X.

12



Theorem 2.1.15 (Carathéodory criterion, [AFP00, Theorem 1.49)). Let u be an outer measure on the metric space
X, then u is o-additive on B(X), hence the restriction of u to the Borel sets of X is a positive measure.

Example 2.1.16 (Lebesgue measure). Let Q,.(x) = {y € R" : max, |x; — y;| < r} be the open cube with side 2r

centered at x and set
u(E) :=inf {Z(Zrh)” : EC U th(xh)}
h=0 h=0

forany E C R". Then u is an outer measure, that we call Lebesgue outer measure and we denote by L£”. Since it
is finite on compact sets, according to Carathéodory criterion 2.1.15 its restriction to 3(R") is a Radon measure.
We say that E C R” is Lebesgue measurable if E belongs to the completion B,.(R"). The o-algebra of Lebesgue
measurable sets is denoted by L, and we write | E| for L"(E) for any E C R”.

Definition 2.1.17 (Restriction). Let x4 be a positive, real or vector measure on the measure space (X, ). If E € £
weset ul E(F) := u(En F) forevery F € £.

Note that the restriction of u to E can be also defined as u L E = ypu; moreover, if u is a Borel (resp. Radon)
measure and E is a Borel set, then the measure u | E is a Borel (resp. Radon) measure, too.

Given a measure space (X, £) and a measure on it, we see how it can be carried on another set Y through a function
f:X->Y.

Definition 2.1.18 (Push-forward). Let (X, &) and (Y, F) be measure spaces, and let f : X — Y be such that
f~Y(F) € & whenever F € F. For any positive, real, or vector measure x4 on (X, €) we define a measure fyin
(Y, F) by

fyu(F) = u (f7'(F))  VFeF.

From the previous definition the corresponding change of variable formula for integrals follows immediately: if u
is a (real- or vector-valued) function on Y summable with respect to f,u, then uo f is summable with respect to p

and we have the equality
/ ud(fym) = / uof du.
Y X

We now consider two measure spaces and see the resulting structure on their Cartesian product.

Definition 2.1.19 (Product c-algebra). Let (X, &) and (X,, &) be measure spaces. The product o-algebra of &,
and &,, denoted by &£, X &,, is the o-algebra generated in X; X X, by

Q={E1><E2 . Eleg, Ezegz}.

Let E € & X &,; then for every x € X the section E, = {y € X, . (x,y) € E} belongs to &,, and for every
y € X, thesection E, = {x € X; : (x,y) € E} belongs to &,.

Theorem 2.1.20 (Fubini, [AFP0O0, Theorem 1.74]). Let (X, &), (X5, &,) be measure spaces and y,, u, be positive
o-finite measures in X, X, respectively. Then, there is a unique positive c-finite measure y on (X; X X5, & X &,)
such that

H(E| X Ey) =y (E)) - 1y (E,) VE, € &, VE, € &,.

Furthermore, for any p-measurable function u : X| X X, — [0, oo] we have that

x [ oux,y)duy(y) and  ye [ u(x, y)du(x)
X, X

are respectively u,-measurable and p,-measurable and

/ udﬂ=/ (/ u(x,y)dﬂz(y)> dul(x)=/ (/ u(x,y)dm(X)> dpy(p).
X %X, X, X, Xy \J X,

Once the product measure y has been introduced on X; X X,, y-measurability refers to (£, X &,),,, the completion
of £ x &, with respect to u. Moreover, if X;, X, and Y are metric spaces and f : X; X X, — Y is a Borel
function, then all its sections are Borel.

13



Weak* convergence
We fix a measure space (X, £). Now we introduce a notion of convergence for Radon measures.

Definition 2.1.21 (Weak™® convergence of measures). Let y € [M,,.(X)]" and let {u,} C M,,.(X)]"; we say
that {4, } locally weakly* converges to y if

lim ud,uh=/ud,u
X X

h—

for every u € C.(X); if u and the yu,, are finite, we say that { u;, } weakly™ converges to u if

lim [ wudy, = / udpy
h— X X
for every u € Cy(X).

The weak™® convergence of a sequence { y;, } of finite Radon measures is equivalent to the local weak™ convergence
together with the condition sup,, |y, [(X) < 0.
Now we state some properties regarding the lower semicontinuity and the continuity under weak™ convergence of

the functionals
/ f <x,i(x>> d]l(x)
Q 1]

depending on vector valued Radon measures y in an open subset Q of R”, first studied by Y. G. Reshetnyak in
[Res68].

Theorem 2.1.22 (Reshetnyak lower semicontinuity, [AFP00, Theorem 2.38]). Let € be an open set of R" and pu,
Uy, be R™-valued finite Radon measures in Q; if u, — p weakly™ in Q then

/ f <x,i(x>> d|ul(x) < liminf / f (x,ﬂm) dlp|(x)
Q |ul h—oo Jq |1l

for every lower semicontinuous function f . QXR™ — [0, co], positively 1-homogeneous and convex in the second
variable.

Theorem 2.1.23 (Reshetnyak continuity, [AFPOO, Theorem 2.39]). Let Q, puy,, pu asin Theorem 2.1.22; if |u, |(Q) —

|u|(€2) then
lim / f(x,ﬂm) | (x) = / f(x,im) dlu|(x)
h—co [ 7y Q |ul

for every continuous and bounded function f : Q@ x S""! - R.

Disintegration

In this section we define a generalized notion of product of measures, where one of the factors is allowed to vary
from a point to another, and we state a disintegration theorem, which allows us to decompose a measure on a
product space as a generalized product of this kind.

Definition 2.1.24 (Measurable measure-valued maps). Let E C R", F C R™ be open sets, y a positive Radon
measure on E, and x — v, a function which assigns to each x € E a R™-valued finite Radon measure v, on F.
We say that this map is y-measurable if x — v (B) is y-measurable for any B € B(F).

Proposition 2.1.25 ([AFP00, Proposition 2.26]). Let E, F, u and v, be as in Definition 2.1.24. If x — v, (A)
is u-measurable for any open set A C F, then x — v, is u-measurable. Moreover, x / F8(x,y)dv,(y) is
u-measurable for any bounded B”(E) X B(F)-measurable function g : EX F — R.

As a consequence of Proposition 2.1.25 we have the implication

v, u — measurable = |v 4 — measurable.

x N

Measurable measure-valued functions give rise to the following notion of integral of measures, which generalizes
the product of two measures.

14



Definition 2.1.26 (Generalized product). Let E, F, u and v, be as in Definition 2.1.24 and assume that
[V, |(F)du(x) < oo VE' cc E open.
E/

We denote by y @ v, the R”-valued Radon measure on E X F defined by

H® v, (B) = / ( / 2506, 9) dvx(y)> du(x) VB € B(K x F),
E F

where K C E is any compact set.

The measure u @ v, is well defined, thanks to Proposition 2.1.25. Note that the integration formula

FG»dp @ v(x, y) = / </ f(x,y) de(J’)> du(x)
EXF EN\JF

holds for every bounded Borel function f : E X F — R with supp f C E’ X F, with E’ CC E, due to the fact
that any bounded Borel function can be uniformly approximated by a sequence of simple functions.

The following theorem shows that under suitable conditions a measure v on the product E X F can be written as
u®v,, where u is the push-forward of |v| under the projection on E. This decomposition is known as disintegration
of v, or layerwise decomposition.

Theorem 2.1.27 (Disintegration, [AFP00, Theorem 2.28]). Let m > 1, E C R" and F C R™ open sets, v an
R™-valued Radon measure on E X F, = . E X F — E the projection on the first factor and u = my|v|. Let
us assume that y is a Radon measure, i.e. that |v|(K X F) < oo for any compact set K C E. Then there exist

R™-valued finite Radon measures v, in F such that x — v, is p-measurable,
[V |(F)=1 u—aein £

and
f(x,-) € LY(F, |v,]) for u—ae.x€E

X / f(x,y)dv,(y) € L'(E, p) (2.1.2)
F

f(x,y)dV(x,y)=/ </ f(x,y)dvx(y)> dp(x) (2.1.3)
ExXF E F

forany f € L'(E X F,|v|). Moreover, if v; is any other u-measurable map satisfying (2.1.2), (2.1.3) for every
bounded Borel function with compact support and such that v (F) € L}OC(E, W), then v, = V' for p-a.e. x € E.

Hausdorff measures

k
w2

F( 1+% )
I function. In particular, this constant coincides with the Lebesgue measure of the unit ball of R¥ if k > 1 is an
integer.

If k£ € [0, ), in the following we denote by w,, the constant , Where I'(¢) := f0°° s'~le=5 ds is the Euler

Definition 2.1.28 (Hausdorff measures). Let k € [0, 00) and E C R". The k-dimensional Hausdorff measure of
E is given by
k Y k
E) =1 E
H(E) 51?(()1 H(E)

where, for 0 < 6 < oo, H(’;(E) is defined by
HAE) = 2—1’; inf {Z[dlam(E,.)]k . diam(E;) <8, EC U E,}
iel iel

for finite or countable covers { E; },c;, with the convention diam(#) = 0.
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Since 6 — H(’S‘(E) is decreasing in (0, co] the limit defining H¥*(E) exists, finite or infinite. It is also worth noticing
that the measure H° corresponds to the counting measure.

Proposition 2.1.29 (Properties of Hausdorff measures, [AFP00, Proposition 2.491). The measures H* are outer
measures in R" and, in particular, they are c-additive on B(R"). Moreover H*(-) is invariant by translations and
is positively k-homogeneous. In addition, H*(-) is identically zero if k > n, while if k' > k"' > 0 then

H¥(E)>0 = H"(E) = .
Finally if f . R" — R™ is a Lipschitz function then
HY(f(E)) < [Lip(HI*H*(E)  VE CR™.

Note that for k < n the Borel measure ¥ is not even c-finite in R”. The theory of integration outlined in Defini-
tion 2.1.6, in which no o-finiteness assumption was made, can be use to integrate with respect to H*.

Definition 2.1.30 (Hausdorff dimension). The Hausdorff dimension of E C R" is given by
dimy(E) :=inf {k >0 : HYE)=0}.
By Proposition 2.1.29 H¥(E) = w0 if k < dimy,(E) and HYE)=0ifk >dimy, (E). If kK =dimy,(E) nothing can

be said, in general.

Rectifiable sets
In this section we introduce a mild regularity property of H*-measurable sets.

Definition 2.1.31 (Rectifiable sets). Let E C R” be an H*-measurable set, with k € [0, n] integer. We say that E
is countably k-rectifiable if there exist countably many Lipschitz functions f; : R¥ — R”" such that

EcC G fi(R5).
i=0

We say that E is countably H*-rectifiable if there exist countably many Lipschitz functions f; : R¥ — R" such

that
H* (E\ U f,-(IRk)) = 0.
i=0

Finally, we say that E is H*-rectifiable if E is countably H*-rectifiable and H*(E) < co.

For k = 0 countably k-rectifiable and countably 7*-rectifiable sets correspond to finite or countable sets, while
H*-rectifiable sets correspond to finite sets. An immediate consequence of Proposition 2.1.29 is the fact that
rectifiable sets are stable under Lipschitz transformations.

Given a Radon measure y in an open set Q C R”, we define the rescaled measures around x € Q

HeolB) = u(x+0B) BEBR", Bc X,
’ 0o

Definition 2.1.32 (Approximate tangent space to a measure). Let 4 be an R™-valued Radon measure in an open
set Q C R" and x € Q. We say that u has approximate tangent space n € G, with multiplicity 9 € R™ at x, and
we write

Tan*(u,x) = IH L

if o7% Hy o, locally weakly® converge to IHF_zinR"aso | 0.
It is possible to define an approximate tangent space Tan*(E, x) to countably H*-rectifiable sets as follows.

Definition 2.1.33 (Approximate tangent space to a set). Let E C R” be a countably H*-rectifiable set and let { E;}
be a partition of H*-almost all of E into H*-rectifiable sets; we define Tan*(E, x) to be the approximate tangent
space to H* L E; at x for any x € E; where the latter is defined.
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In the following proposition we compare our definition of approximate tangent space with a parametric one which
is often useful in applications.

Proposition 2.1.34 ([AFP00, Proposition 2.88]). Let ¢ : R*¥ — R”" be a one-to-one Lipschitz function and let
D c R¥ be a £¥-measurable set. Then E = @(D) satisfies

Tan*(E, x) = dqo(p_l(x)(le) forH* —a.e.x € E.

Definition 2.1.35 (Tangential differential of Lipschitz functions). Let E be a countably H*-rectifiable set in R”
and f : R" — R™ a Lipschitz function. We say that f is tangentially differentiable at x € E if the restriction of
f to the affine space x+ Tan(E, x) is differentiable at x. The tangential differential is denoted by d f, and is a
linear map between the spaces Tan*(E, x) and R™.

Clearly, if f is differentiable at x € E, then d¥ f, is the restriction of the differential d f, to Tan*(E, x), provided
that the approximate tangent space exists. Definition 2.1.35 is motivated by the following natural extension of
Rademacher’s differentiability theorem.

Theorem 2.1.36 (Tangential differentiability, [AFPO0O, Theorem 2.90]). With the notation of Definition 2.1.35,
dE £, exists for H*-a.e. x € E.

Area and coarea formulas

Area formula shows how the k-dimensional Hausdorff measure of sets B = f(E) parametrized by a Lipschitz map
f : R = R" can be computed.

Definition 2.1.37 (k-dimensional Jacobian). Let 1V, W be Hilbert spaces with dim(}V') = k < n =dim(W') and let
L : v — W be alinear map. The k-dimensional Jacobian is defined by

Ji L :=+/det(L*oL)
where L* : W* — V* is the transpose of L.

Note that J, L = 0 if and only if the rank of L is strictly less than k. Given a matrix representation L;; of L with
respect to orthonormal bases of V' and W, it follows directly from the definition that

N
JL=Vdet(C) with Cyi=Y LyL.
i=1

Theorem 2.1.38 (Area formula, [AFP0O0, Theorem 2.91]). Let f : R™ — R" be a Lipschitz function and E C R™
a countably H*-rectifiable set. Then, the multiplicity function H° (E nf _l(y)) is H*-measurable in R" and

/ HY (En /7)) dH' () = / Jid® £ dHE ).
n E
The set f(E) is H*-measurable, being the support of the multiplicity function. If f is one-to-one on E we obtain

HY(f(E)) = / Jdf £y dx.
FE

Finally, representing any Borel function g : E — [0, o] as a series of characteristic function one immediately
obtains the general change of variables formula

[ ¥

x€ENf~1(y)

g(x)dH (y) = / g(0)J,df £, dx.
FE

Given a Lipschitz function f : R™ — R* and an n-dimensional domain E C R™ with n > k, in many applications
it is useful to reduce an integral on E to a double integral, where the first integral is computed on the level set
ENn{f =t} withrespect to 74"~ and the result is integrated in ¢ with respect to £*. If m = nand f is an orthogonal
projection, the level sets of f are (n—k)-planes and this procedure corresponds to Fubini’s Theorem 2.1.20. Coarea
formula is the natural extension of Fubini’s theorem to the above mentioned more general setting, first proved by
H. Federer in [Fed59].
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Definition 2.1.39 (k-dimensional coarea factor). Let V', W be Hilbert spaces with dim(V) = n > k = dim(W)
andlet L : V' — W be alinear map. The k-dimensional coarea factor C, L is given by

C,L :=+/det(LoL¥)
where L* : W* — V* is the transpose of L.

By Definition 2.1.37, C, L corresponds to J, L*. As a consequence, C, L > 0 if and only if rank(L) = k.

Theorem 2.1.40 (Coarea formula, [AFP00, Theorem 2.93]). Let f : R™ — RK be a Lipschitz function and let
E be a countably H"-rectifiable subset of R™. Then the function t = H"%(E n f~1(t)) is L*X-measurable in R,
E n f7Y@) is countably H" *-rectifiable for L*-a.e. t € R* and

/deEfde”(x)z/ H"™ (En f7'(1) dr.
E Rk

We can obtain the more general formula

/ g(x)Cd” £ dH"(x) = / < / g(y)dH"_"(y)) dr (2.1.4)
E Rk NJEn{f=t}

for any Borel function g : R™ — [0, oo]. In the particular case k = 1 and m = n, (2.1.4) becomes

/ gX) |V f(x)]dx = / < / g(y)dH"*(y)) dr.
E —c0 En{f=t}

2.2 Preliminaries in functional analysis

Sobolev spaces

The aim of this section is to give a brief introduction to the theory of weak derivatives and Sobolev spaces. We
refer to the treatises [Ada75; LM68; Mal82; Maz85; Zie89] for a detailed presentation of these topics.

Definition 2.2.1 (Weak derivatives). Let Q C R” be an open set, and leti € {1,...,n},u € L}OC(Q); if there is
g € L, (Q) such that

0
/u—q)dx:—/(pgdx Vo € CX(Q)
o Ox; Q

then we say that u has weak i-th derivative given by g. The i-th weak derivative, if exists, is unique and is denoted
by V,u or %.

The weak derivatives coincide with the classical ones if u € C!(Q).

Definition 2.2.2 (Sobolev spaces). Let Q@ C R” be an open set, and 1 < p < oco; we say that u € WP(Q) if
u € LP(Q) and has weak derivatives in LP(Q) for every i = 1, ..., n. For any u € W(Q) we set

Vu :=Vu,...,V,u).

We recall that W 1-?(Q) becomes a Banach space (Hilbert for p = 2) when endowed with the norm || - w1
defined by

" ;
”u“WLP(Q) = <”u”12p(g) + Z ”Viu”ip(g)>
i=1

if 1 < p < o0; for p = oo the norm is given by

n

el 1oy = Mell Loy + D5 IV ittll Lo
i=1

The space W P(Q) is separable for 1 < p < oo and reflexive for 1 < p < co.

18



Definition 2.2.3. We denote by W_ L.p (Q) the closure of C°(€2) in wlr(Q).

Definition 2.2.4 (Weak convergence in W), Let Q C R”, 1 < p < oo and u, u, € W P(Q); then, we say that
u, — u weakly in W LP(Q) (weakly* if p = o) if Vu, weakly converges in LP(2) (weakly* if p = c0) to Vu and
u, — u strongly in L?(Q).

Higher order weak derivatives V*u (with @ multiindex) can be introduced, giving rise to the space WP, If u €
L}OC(Q) we say that g € Llloc (Q) is the a-th weak derivative of u if

/uV"qodx:(—l)l"‘l/ggodx Vo € CX(Q).
Q Q

Given an integer k > 1 and 1 < p < co the Sobolev space W ?(Q) is thus defined as the set of functions u € LP(Q)
such that all weak derivatives V%u belong to LP(Q) for any |a| < k. It can be endowed with a norm, setting for
1<p<x

1
||u||ka/J(Q) = <||u||ip(g) + Z Z ||V“u||Lp(Q)>

i=1 |a|=i

and for p = o0

k
llly iy = Nl oy + 2, D, 1Vl Lo

i=1 |a|=i

IfO0<s<1land1 < p < oo, we define

|u(x) — u(y)l

WSP(Q) = {u el? :
x ="

€ L”(QXQ)}

i.e. an intermediary Banach space between LP(Q) and W »(Q), endowed with the norm

1

lu(x) — u(y)|? ’

ey = ry [ BRIV geay)”
lully o) </Q|”| /Q o |x— y|rtee xdy

If s > 1, we write s = m + o, with m = | s|, and we define

WSP(Q) :={ue W™ . D*u e WoP(Q) Va with |a| = m}.

BMO spaces

In this section we define BM O spaces, introduced by John and Nirenberg [Joh61; IN61] in connection with prob-
lems arising from elasticity theory.

Definition 2.2.5 ([BN95], [JN61]). Let Q be a cube or the entire space R"”. The BM O(LQ) space consists of all
functions b which are integrable on every cube Q C Q with sides parallel to those of Q and satisfy:

Ibll, = su{ /|b b Idx}<oo,
"0l 0

where by = ﬁ /Q b(y) dy and |Q| denotes the Lebesgue measure of Q.

It is clear that the functional || - ||, does not define a norm since it vanishes on constant functions. However BM O
becomes a Banach space provided we identify functions which differ almost everywhere from a constant.
Bounded functions clearly belong to BM O. On the other hand, BM O contains suitable unbounded functions and
it is contained in Lfoc spaces [JN61]. The standard example of unbounded BM O function is

f(x) = log|x|, x € B(0)\0.
We also recall the following property.
Theorem 2.2.6 ([BN95]). For any cube Q C R”" the following inclusion holds with continuous embedding:
W n(Q) = BMO(Q).
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Muckenhoupt weights

In this section we define Muckenhoupt weights, introduced in °*70s in [FM74; Muc74; Str79]. See also the treatises
[GR85; Tor86].

Definition 2.2.7 ([GR85]). Given a weight w, i.e. a nonnegative function locally integrable in R”, we say that w
belongs to the A, class of Muckenhoupt, with 1 < p < o, if

1\ P!
Ap(w):=sup<][ w> (][ w_p_1> < 0
o o} 0

where the supremum is taken all over cubes Q of R". We say w belongs to the A, class of Muckenhoupt if

Aj(w) = sup <][ w> <esssup (w'l)) < o0,
0 0 Q

where the supremum is taken all over cubes Q of R". The number Ap(w) is called the Ap constant of w.

Note that, if 1 < p < ¢, then A » C Aq. In fact, if p > 1, by Holder’s inequality, we have

)
y Lo o)

|41

() ()20

If p =1 then

1 . q—1 -1

<—/ w_qu> <esssup (w™'(x)) = esssup (w™'(x)) <][ w> <][ w) <
|O| 0 xeQ xeQ (0] o)
10| >
< Aj(w) <— ,
S\ w)
where we have set, for every measurable set E C R",
w(E) .= / wdx. 2.2.1)
E

Note that, if w is a Muckenhoupt weight, the measure defined in (2.2.1) is doubling (see [Tor86, Chapter IX,
Theorem 2.1]).

Definition 2.2.8 ([StrO1]). Let k(x) : R" — R”. We will call k a Calderon—Zygmund kernel (CZ kernel) if k
satisfies the following properties

® k(x) € C®(R"\ {0}),
e k(x) is homogeneous of degree —n, i.e. k(tx) = t"k(x) for any t > 0 and x € R" \ {0},
e /5 k(x)do, = 0 where X is the unit sphere of R".

Given such a kernel, one can define a bounded operator in L?, 1 < p < oo, called Calderon—Zygmund singular
operator, as follows

n

Kf(x)=P.V.(k* f)(x) := P.V./ k(x — ) f(y)dy.

Given a measurable subset E of R”, we will denote by L?(w, E;RN), 1 < p < oo, the Banach space of all
measurable functions f defined on E for which

AN ey = </E|f(X)I”W(X)dx>p < 0.

It is well known that the singular integral operators are bounded on weighted L? spaces for weights belonging to
the A, class. A theorem due to Buckley explicitly gives the dependence of the L”(w, R") - norm of a singular
integral operator on the A, constant of w.
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Theorem 2.2.9 ([Buc93]). Let w be an A, weight and K a singular integral operator. Then, for every f €
LP(w, E;RN), there exists a constant ¢ = c(n, p) such that

p p+p p
1K1, 0 S AP, o

f— P
where p’ = pg

Since both A, condition and the definition of BM O deal with the averaging of functions it is natural to consider
the connections between these two classes. Among a lot of results in this direction, we point out the following

Lemma 2.2.10 ([JN93]). Let b(x) be a function such that b, % both belong to BM O(R"). Then
be ()4,
p>1

and
A,(b) < ¢ +c|lbll,

where c is a constant depending only on p.
We can state the following weighted versions of Imbedding Theorem and Sobolev — Poincaré inequality:

Theorem 2.2.11 ([FKS82]). Given 1 < p < oo and w € A,, there exist constants c, depending on n, p and the A,
constant of w, and § > 0, depending on n and p, such that for all balls By, all u € C6’°(B r) and all numbers k
satisfying 1 < k < ﬁ +¢,

1 & kLp 1 P
[u|*Pw dx <cR [VulPwdx
w(Bg) By w(Bg) By

Theorem 2.2.12 ([FKS82]). Let 1 < p < 0o and w € A,,. Then there are constants c, depending on n, p and the
A, constant of w, and § > 0, depending on n and p, such that for all Lipschitz continuous functions u defined on

n n
Brandforall1 <k < E_I_C’

1 1
. 1 1
< 1 / |u(x)—AB |pwdx)kP§cR< 1 / |Vu|”wdx>p,
w(Bg) Jp, K w(Bg) Jp,

1
. u(x)w(x)dx or ABR = 15 '/BR u(x) dx.

where either Ag = ﬁ fB
R

Hodge decomposition

We shall now briefly discuss the Hodge decomposition of vector fields; for a more complete treatment see [[S92]
and [I1S94]. For a given vector field L = (I, ..., ") € LP(R";R"), 1 < p < oo, the Poisson equation Au = div L
can be solved by using the Riesz transforms in R”, R = (R, ..., R,),

Vu=—-R®R)L)=: H(L).

Here the tensor product operator # = —R ® R = —[R;;] is the n X n matrix of the second order Riesz transforms
R;; = R;oR;, i,j =1, ..., n. Notice that the range of the operator

X =1d-X : LP(R";R") - LP(R";R")
consists of the divergence free vector fields. We then arrive at the familiar Hodge decomposition of L
L=Vu+H, divH =0.
Hence, L?-estimates for Riesz transform yield an uniform estimate

IVull Loy + 1HH | Lony < ¢ LI Lowny-
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For this result and other dimension free estimates see [IM90].
Let Q C R"” be a domain and G = G(x, y) the Green’s function. For h € Cg"(Q) the integral

u(x) = /Q G(x,y)h(y)dy

defines a solution of the Poisson equation Au = A with u vanishing on the boundary of Q. If 4 has a divergence
form, say h = div L with L = (I!,...,I") € C°(Q;R"), then integration by parts yields

u(x) = — /Q V,G(x, »)L(y)dy.
Hence the gradient of u is expressed by a singular integral
Vu(x) = - /Q V.V,G(x,»)L(y)dy =: (HqL)(x).
By Theorem 2.2.9 and Lemma 2.2.10, if b € BM O and % € BM O, we have
I ZQ LIy, < e+ b1 LI,

If1 < p < o0, let DP(b, Q; R™) denote the closure of the range of the gradient operator V : C(‘)’o Q) - LP(b,Q;R"),
1.e.

LP
Db, R") 1= {Vv : 1ECTQ)] .

If Q is smooth, then F extends continuously to all L?(b, Q; R") spaces. Consequently the formula Vu = F L
extends to all L € LP(b, Q;R") giving a solution with Vu € DP(b,Q; R"), 1 < p < 0.

Definition 2.2.13 ([IS94]). A domain  C R” will be called regular if the operator %, acts boundedly in all
LP(b,Q; R™")-spaces, for 1 < p < oo.

For Q a regular domain we introduce, as before, the operator
Ho =1d— Ky : LP(b,Q;R") — LP(b,Q;R").

Obviously, the range of #, consists of the divergence free vector fields on €. We have the Hodge decomposition
of L € LP(b,QQ;R"),
L=Vu+H, divH =0, Vue Db, Q;R").

We deduce the following stability property in our decomposition
Lemma 2.2.14 ([CMPO02]). Let Q be a regular domain of R" and consider b € BM O such that % € BMO. If

r—e

1,==
u e IfVol’r_g(b,Q; RN), 1 <r < oo, —1 <2e <r—1, there exist ¢ € I/VO =2 (b, 2; RN) and a divergence free
vector field H € LE(b, Q; RNX") such that

|Du|™*Du = D¢y + H.

Moreover

r—e y(r) 1-¢
1ol 2 ) < )1+ 1611 Dull g,

IH e <+ 161107 €] | Dull

@ L@

where y(r) is an exponent depending only on r.
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Lorentz spaces

Let Q be a bounded domain in R”. Given 1 < p,q < oo, the Lorentz space L”9(£2) consists of all measurable
functions g defined on € for which the quantity

0 .
lgll”,, =p/0 Q)1 e di

is finite, where Q,(g) = {x € Q : |g(x)| > ¢} and |€,| is the Lebesgue measure of Q,. Note that || - ||;,¢ is
equivalent to a norm and L?9 becomes a Banach space when endowed with it. For p = ¢, the Lorentz space L??
reduces to the standard Lebesgue space L?. For ¢ = oo, the class LP® consists of all measurable functions g
defined on € such that

lgll? e = sup?|Q,(g)] <
>0
and it coincides with the Marcinkiewicz class, weak - L?. For Lorentz spaces the following inclusions hold
L'(Q) c LP9(Q) C LP"(Q) C LP*®(Q) C LI(Q),

whenever ] <g<p<r<oo
Fundamental to us will be the Sobolev embedding theorem in Lorentz spaces.

Theorem 2.2.15 ([Alv77]). Let us assume that 1 < p < n, 1 < q < p, then any function u € VVOI’I(Q) such that
|Vu| € LP4(Q) actually belongs to LP9(Q) and

Nl oo < S ol IVl L

Here p* = % and S, , = ," n%p, where w,, is the Lebesgue measure of the unit ball in R".
We define the distance of a given f € LP® to L™ as
diStLp&o(fy L°°) = inf | |f - gl |Lp.00-
geL®
To find a formula for the distance, we consider the truncation operator. For k > 0 and y € R, we set
T, (y) = min{k, max{—k, y}}.

Then
dist oo/, L) = T |1f = T3/ 1] oo

Indeed, Vg € L*®, Vk > ||g||;«, we have for almost every x € Q,

1) =g 2 [f(x) =T\ f(X)|.

Let Q be the unit ball of R”. The function |
fx)=—

|x]
belongs to L™*. Setting w, = ||, we have

S =TS e = )"

and it does not depend on k. For more details, see [GGM13].
We recall the following relevant properties.

Lemma 2.2.16 ((BBC75]). IfE € LP®(R"), 1 < p < o0, and f € L'(R"), then E % f € LP*®(R") and
E * fllppe < HE ool f 1] L1
Theorem 2.2.17 (Holder’s inequality in Lorentz spaces, [ONe65]). If 0 < py,p,,p < oo and 0 < q;,4,,9 £ o

obeyl=L+Landl=i+ithen
p Pi P q q; qD

||fg||LM < ||f||LP1-41||g||L02~42

whenever the right - hand side norms are finite.

23



Maximal Operators

Let Qo C R” be a cube. We shall consider, in the following, the Restricted Maximal Function Operator relative to
Q- This is defined as
Mgy (f)(x) i= sup ][If(y)ldy, x € Oy,
0cQyJ O
x€Q
whenever f € Ll(QO), where O denotes any cube contained in Q, with sides parallel to those of Q,, as long as
x € Q. We recall the following weak type (p, p) estimate for M *O, valid for any p € [1, o0):

{xeoy: My oz} < B2 [ jrpay 150 (222)
(o)

which is valid for any f € LP(Q,). For this and related issues we refer to [Ste93].
If w is a weight and QO C R" is a cube, we define the weighted Restricted Maximal Function Operator relative to

0, as

[fWlw(y)dy
M o (f)() = sup Jo

0co, w(Q) ’
x€eQ

XEQ(),

whenever f € L'(w, Qy), where Q denotes any cube contained in Q, with sides parallel to those of Q, as long
as x € Q. We have the following weighted generalization of (2.2.2):

Theorem 2.2.18 ([Tor86]). Suppose w € A, 1 <p<oo Then M ;‘} 0, Maps LP(w, Q) into weak-LP(w, Q)
with norm independent in A,,.

Difference quotients

Definition 2.2.19 ([Giu03]). Let f(x) be a function defined in an open set Q C R”, and let & be a real number. We
shall call a difference quotient of f with respect to x, the function

fOx+he) = F(x) _ 7S

As,hf(x) = h h

where e, denotes the direction of the x axis and 7, is the finite difference operator.

When no confusion can arise, we shall omit the index s, and we shall write simply A instead of A ;.
The function A, j, f is defined in the set

A,Q = {x€Q: x+he, € Q)

and hence in the set

The following properties of the difference quotients are immediate:

o If f € WIP(Q), then A, f € W'P(Q)), and
Di(Apf) = Ap(D; f).
e If at least one of the functions f or g has support contained in Q;, then
/ fAgdx =— / gA_, f dx. 2.2.3)
Q Q
e We have

Ap(fe)(X) = f(x + he)Apg(x) + g(x)A, f(x).
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Remark 2.2.20. It follows immediately from (2.2.3) that the derivatives D g of a Lipschitz - continuous function
g, which exist almost everywhere as limits of the difference quotient A; , g, coincide with its weak derivatives.
Indeed, if f is a test function, we can pass to the limit in (2.2.3), getting

/fDSgdx=—/gDsfdx.

In other words, we have Lip(Q) = W1 (Q).

Lemma 2.2.21 ([Giu03]). There exists a constant c(n) such that, ifv € WP(Q), 2 cC Q, 1 < p < o0, s €
{1,....n} and |h| < hy = ﬁdist(E, 0Q), then
n

A pUl Lr(sy < el D0l Lo(y)-

Moreover, if0 < o < R, |h| < R—p,

/ |v(x + hey)|? dx < c(n, p)/ |v(x)|? dx.
B, Bg

2.3 Sets of finite perimeter

The modern notion of sets of finite perimeter is due to Caccioppoli [Cac52] and De Giorgi [De 54; De 55; De 58;
De 61]. See also [Fed58; Fed69]. The starting point of the theory of sets of finite perimeter is a generalization of
the Gauss-Green theorem based on the notion of vector-valued Radon measure.

Functions of bounded variation

The idea of function of bounded variation developed along different streams, both in analytical and in a geometrical
vein. From the point of view of the classical analysis, BV functions were singled out as those for which a control
on the oscillation is possible, suitable to ensure the convergence of the Fourier series. The geometric counterpart
is that rectifiable curves are precisely those parametrized by BV functions. Functions of bounded variation in R
have been introduced by C. Jordan in 1881 [Jor81] in connection with Dirichlet’s test for the convergence of Fourier
series. Later developments on BV functions are due to Vitali [Vit05], Levi [Lev06], Lebesgue [Leb10], Fichera
[Fic54], De Giorgi [De 54; De 55], Federer [Fed69], Vol’pert [Vol67; HV85]. We refer to [AFP00] for a complete
treatment on the topic.

Definition 2.3.1. Let u € L(Q), Q being an open set in R"; we say that u is a function of bounded variation in Q
if the distributional derivative of u is representable by a finite Radon measure in €, i.e. if

0
/u—(”dx=—/(pd1),.u VoeC® ), i=1,...n 23.1)
o 0x; Q ¢
for some R”-valued measure Du = (Du, ..., D,u) in Q. The vector space of all functions of bounded variation in

Q is denoted by BV (£2).

A smoothing argument shows that the integration by parts formulae (2.3.1) are still true for any ¢ € C Cl (€), or even
Lipschitz functions ¢ with compact support in €. These formulae can be summarized in a single one by writing

/udiV(pdx=—Z/(pidDiu Vo € [CCI(Q)]H.
Q i=1 JQ

We use the same notation also for functions u € [BV (Q)]"; in this case Du is an m X n matrix of measures D,u®
in Q satisfying

0
/u”’—q)dx:—/(pdDiu“ V(pGCCI(Q), i=1,....n, a=1,....m
o Ox; Q
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or, equivalently,

m m n
Z / udiv % dx = — Z Z / @*dDu® Vo € [Cl Q)™
a=172 a=1i=178

The Sobolev space WL(Q) is contained in BV (Q); indeed, for any u € W L1(Q) the distributional derivative is
given by VuLl". This inclusion is strict: there exist functions u € BV (Q) such that Du is singular with respect to
L". For instance, the distributional derivative of the Heaviside function yg ., is the Dirac measure &,.

Theorem 2.3.2 ([AFP00, Theorem 3.44]). Let Q C R" be a bounded connected open set with Lipschitz boundary
and let ug = fg u(x)dx. Then

/ lu —ugp|dx < c | Du|(L2) Yu € BV (Q)
Q

for some real constant ¢ depending only on Q

Remark 2.3.3. We remark that Theorem 2.3.2 holds for a wider class of domains, i.e. if Q is a bounded connected
extension domain, see [AFP00, Definition 3.20, Theorem 3.44]. Extension domains are useful when one needs to
extend a function u € [BV (2)]" to a function i € [BV(R")]™, in order to deduce global statements in € from
local ones in R”. However any open set Q with compact Lipschitz boundary is an extension domain [AFP0O,
Proposition 3.21].

Theorem 2.3.4 (Boundary trace theorem, [AFP00, Theorem 3.87]). Let Q C R” be an open set with bounded
Lipschitz boundary and u € [BV (Q)1™. Then, for H"~'-almost every x € 0Q there exists u*(x) € R" such that

limo™" / lu(y) — uQ(x)l dy=0.
0l0 QNB,(x)

belongs to u € [BV (R™)]™ and, viewing Du as a measure on the whole of R" and concentrated on Q, Dii is given
by

Moreover, ||uQ||L1(0Q) < c|lull gy for some constant ¢ depending only on Q, the extension i of u to 0 out of Q

Dii = Du+ (u? @ vo) H"' L oQ.

E. Gagliardo proved in [Gag57] that any function u € [L'(0Q, H"~! L 0Q)]™ is the trace of a suitable function in
[WL1(Q)]™, and this proves that the trace operator in Theorem 2.3.4 is onto.
Now we introduce the so-called weak™ convergence and strict convergence in BV (Q).

Definition 2.3.5 (Weak™ convergence). Let u, u, € [BV(Q)]™. We say that {u,,} weakly™ converges in [ BV (£2)]™
to u if {u,} converges to u in [L1(©)]™ and {Duy,} weakly* converges to Du in €, i.e.

h— oo

lim @dDu, = / @ dDu Vo € Cy(2).
Q Q

Definition 2.3.6 (Strict convergence). Letu, u;, € [BV(Q)]™. We say that {u,} strictly converges in [ BV (2)]™ to
uif {u,} converges to u in [L1(Q)]" and the variations | Duy,|(€2) converge to | Du|(€2) as h — oo.

The trace operator is not continuous if [ BV (£2)]™ is endowed with the topology of weak™ convergence: for instance
the sequence (1 A ht) weakly* converges in BV (0,1) to 1 as 7 — oo but the traces at 0 do not converge to 1. We
have continuity, however, under strict convergence.

Theorem 2.3.7 (Continuity of the trace operator, [AFP0O0, Theorem 3.88]). Let Q be an open subset of R" with
bounded Lipschitz boundary. Then, the trace operator u — u is continuous between [ BV (Q)]", endowed with
the topology induced by strict convergence, and [L'(0Q, H"~! L 0Q)]™.
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Perimeter

We recall basic definitions and properties regarding sets of finite perimeter, referring to [AFP00; Mag12] for a
complete treatment on the subject.

Let E be a Lebesgue measurable set in R”. We say that E is a set of locally finite perimeter in R" if for every
compact set K C R"” we have

sup{/divT(x)dx : TEC;([R";[R"), sptT C K, sup|T| < 1} < 00.
E R

If this quantity is bounded independently of K, then we say that E is a set of finite perimeter in R".

Proposition 2.3.8 ([Mag12, Proposition 12.1]). If E is a Lebesgue measurable set in R", then E is a set of locally
finite perimeter if and only if there exists a R"-valued Radon measure ug on R" such that

/divT =/ T-dug, VT €C'®R%:R". (2.3.2)
E n

Moreover, E is a set of finite perimeter if and only if |pg|(R") < o0.

Of course (2.3.2) is equivalent to

/w:/ @dug, Vo € CHE). (2.3.3)
E n

We call yg the Gauss—Green measure of E, and define the relative perimeter of E in F C R", and the perimeter
of E, as
P(E, F) = |ug|(F), P(E) = |uglR").

By the fundamental lemma of the Calculus of Variations, y is uniquely determined as a Radon measure on R".
We note that a Lebesgue measurable set £ C R” is a set of locally finite perimeter if and only if the distributional
gradient Dy of yp € L}OC(R") can be represented as the integration with respect to the R”-valued Radon measure
—uyg. Therefore we speak of distributional perimeter and we refer to (2.3.3) as the distributional Gauss-Green
theorem.

Example 2.3.9. By the Gauss—Green theorem, if E C R" is an open set with C! boundary and v¥ is the outer
unit normal to E, then vEH""! |_ 9E is a R"-valued Radon measure on R” such that (2.3.3) holds true. Hence
E is a set of locally finite perimeter, with Gauss—Green measure yy = vEH"™1|_0E, P(E) = H" ' (0E) and
P(E,F) = H""Y(F n0E) for every F C R".

Theorem 2.3.10 ([Mag12, Theorem 12.26]). If R > 0 and { E,, } < are sets of finite perimeter in R", with

sup P(E),) < oo, (2.3.4)
heN

E, C Bg, Vh eN,
then there exist E of finite perimeter in R" and h(k) — oo as k — oo, with

*

Eh(k) - E, MEh(x) — HE E C BR

We cannot conclude the compactness of sets from the perimeter bound (2.3.4) only. For example, if {x,} C R" is
such that |x,| — oo, then the sequence E;, = B|(x,) satisfies P(E;) = nw, forevery h € N, while | EAE,| = 2w,
as h — oo for every Lebesgue measurable set E with |E| = o,. Thus, {E,} does not admit any converging
subsequence. It is clear, however, that { E, } locally converges to the empty set, so that compactness with respect
to the local convergence still holds.

The following isoperimetric-type inequality is related to the relative isoperimetric problem

inf {P(E,B,(x)) : EC B.(x), |[E|=v}.

For this reason, it is usually called the relative isoperimetric inequality on a ball.
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Proposition 2.3.11 (Local perimeter bound on volume, [Mag12, Proposition 12.37]). Ifn > 2,t € (0,1), x € R"
and r > 0, then there exists a positive constant c(n, t) such that

n—1
P(E, B,(x)) > c(n, ) |E B,(0)|"
for every set of locally finite perimeter E such that |E N B.(x)| < t| B,.(x)].

We recall the classical Euclidean isoperimetric inequality.

Theorem 2.3.12 ([De 58], [Magl2, Theorem 14.1]). If E is a Lebesgue measurable set in R" with |E| < oo, then

1 n—
P(E) > nw! |E|'F .
Equality holds if and only if | EAB,.(x)| = 0 for some x € R", r > 0.

The following approximation theorem shows that the sets of finite perimeter in R” can be approximated in measure
by open sets with smooth boundaries in an optimal way, i.e. also getting convergence of perimeters to perimeters.

Theorem 2.3.13 (Density of smooth sets, [AFP00, Theorem 3.42]). Let E be a set of finite perimeter in R", n > 2.
Then, there exists a sequence { E;,} of open sets with smooth boundaries converging in measure to E and such that

lim P(E,,R") = P(E,R").
h—oo
We define the reduced boundary 0* E of a set of locally finite perimeter E in R” as

Dyp(B
OE = {XGSPtID;(EI c 3vEX) — i 2XEB)

. E _
e D4 (B OO with |[v©(x)| = 1} .

The vector vF is called the generalized outer unit normal to E. By Example 2.3.9, if E is an open set with C!
boundary, then 0*E = JFE and the generalized outer unit normal coincides with classical notion of outer unit
normal.

Theorem 2.3.14 (De Giorgi’s structure theorem, [Mag12, Theorem 15.9]). If E is a set of locally finite perimeter
in R", then the Gauss-Green measure pp of E satisfies

pp=vFH"'Lo*E,  |ugl=H""LJ"E,

and the generalized Gauss-Green formula holds true:

/ Vo = / ovE dH™ !, Vo € CIR").
E 0*E
Introducing the sets of density ¢ € [0, 1] points for E defined by

EnNB
E® :={x€IR” : 1imﬂ=t},
r=0 | B.(x)]

we define the essential boundary 0° E of a Lebesgue measurable set E C R”
°E=R"\ (EQUED).
Theorem 2.3.15 (Federer’s theorem, [Mag12, Theorem 16.2]). If E is a set of locally finite perimeter in R", then
0*E c E/? C 0°E, with
H" ' (0°E\ 0*E) = 0.

Now we state some properties of sets of finite perimeter under the action of diffeomorphisms.
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Proposition 2.3.16 (Diffeomorphic images of sets of finite perimeter, [Mag12, Proposition 17.1]). If E is a set of
locally finite perimeter in R" and f is a diffeomorphism of R" with g = f~1, then f(E) is a set of locally finite
perimeter in R" with

H"(f(0* E)Ad* f(E)) = 0,
/ oV B dH™ = [ (o f)If(Vgof)*vEdH"!,
0* f(E) 0*E

for every ¢ € C.(R"). In particular, for every Borel set F C R",

H"™ Y (Fno*f(E)) = /

Jr |(vgof)*vE| dH™ !,
@(F)No*E

A one parameter family of diffeomorphisms of R" is a smooth function
(x,1) ER" X (=¢,8) = f(1,x) = fi(x) € R, e >0,

such that, for each fixed |t| < €, f, : R" — R" is a diffeomorphism of R”. Given an open set A in R", we say that
{f1}1<e 1s @ local variation in A if it defines a one parameter family of diffeomorphisms such that

fo(x) = x, Vx € R",
{xeR" : fi(x)#x}CCA, V|t < e.

Lemma 2.3.17 ([Magl2, Lemma 17.9]). If E is a set of locally finite perimeter in R", A is open and { f} ;<.
is a local variation in A, then there exist positive constants C and €, < € such that, if K is a compact set with
{x # f,(x)} C K C A, then

|f(E)AE| < Clt| P(E, K).

Lemma 2.3.18 (Volume-fixing variations, [Magl2, Lemma 17.21]). If E is a set of finite perimeter and A is an
open set such that H" Y (AN 0*E) > 0, then there exist o9 = 0og(E,A) > 0and C = C(E, A) < oo such that for
every o € (—0y, 0y) we can find a set of finite perimeter F with FAE CC A and

|F| = |E|+o, |P(F,A)— P(E, A)| < Clo]|.
Finally we recall the following
Proposition 2.3.19 ([Mag12, Proposition 12.20]). If E is a set of locally finite perimeter in R", then
(ME), ==V g *0)L", Ve > 0,

* *
V(g *x o )L" = ug, V(g x 0 )L"| = |ugl

as € — 0%, If, conversely, E is a Lebesgue measurable set in R" such that

lim sup/ IV(1g % 0,)(x)| dx < oo,
K

-0+
for every compact set K, then E is of locally finite perimeter.
Slicing
Let us introduce the following notation: when we need to decompose R" as the Cartesian product R* x R"~*, we
denote by p : R” - R¥x {0} = R¥and q : R” — {0} x R"™* = R"~* the horizontal and vertical projections, so
that x = (px, qx), x € R”. If we write R" = R"-1 x R, we denote by E, the horizontal slice of E C R"” withf € R

E={zeR" : (z;)eE}, 1€R

By the coarea formula for rectifiable sets 2.1.40 we can study the slicing by hyperplanes of a set of finite perimeter.
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Theorem 2.3.20 (Slicing boundaries by hyperplanes, [Mag12, Theorem 18.11], [FMPOS8, Theorem 6.1]). If E is
a set of locally finite perimeter in R" then, for a.e. t € R, the horizontal section E, of E is a set of locally finite
perimeter in R with

H"~2(0* E,A(0*E),) = 0,

pvE(z,1) #£0, forH" > —ae.z € (0*E),,

and
pvEC, 1)
l,{ = —-—
B pvE(, 1)

Moreover, if E has finite Lebesgue measure and

H" 2 (0*E),.

H" ' ({x€d*E : vE(x)=xe,}) =0,

then v () = H""\(E,), t € R is such that vy € W,"\(R), with

E

’t o

V() = — / DED G322y, forae.r €R.
0B, IPvE(z, 1|

2.4 Capillarity functional

Definitions and main results

In this section we prove some preparatory results on the capillarity functional. From now on, H denotes the closed
half-space H := {x, < 0}. If E is a measurable set in the half-space {x, > 0} Cc R" and 4 € (-1, 1), we define
the weighted perimeter functional

P,(E) := P(E, {x, > 0}) — AH"(0*E n {x, = 0)).

Interpreting the perimeter as a measure of the surface tension of a liquid drop, the constant A basically represent
the relative adhesion coefficient between a liquid drop and the solid walls of the container given by {x, > 0}.
If v > 0, we consider the isoperimetric capillarity problem

inf {P,(E) : EC{x,>0},|E| =v}. (2.4.1)

Minimizers for (2.4.1), below called isoperimetric sets for (2.4.1), are given by suitably truncated balls lying on
the boundary of the half-space. More precisely, if B* = {x € B;(0) C R" : (x,e,) > A}, and for v > 0 we set

vn
B*(v) := ——(B* - Ze,)
| BA[
then minimizers for (2.4.1) are sets of the form
B*(v,x) := B*v) + x, (2.4.2)

for x € {x, = 0}. Explicitly

Theorem 2.4.1 (Liquid drops in the absence of gravity, [Magl2, Theorem 19.21]). For every A € (—1,1) and
m > 0, there exists a unique o(A, m) with the following property: a set of finite perimeter E C R" \ H with
| E| = m is a minimizer in the variational problem (2.4.1) if and only if, up to horizontal translation, is equivalent
to the set

B*(m) = B,(se,) N (R"\ H),

where s € R and r > 0 are uniquely determined by the constraints
|B(m)| = m, P(B*(m),0H) = o.
Moreover,

<VBA('”), en> =4 on the boundary of the hypersurface dB*(m) N (R"\ H).
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_’12€n

—/116,,

Figure 2.1: Left: B*(|B*|) for some A; > 0. Middle: Diagonally striped set = B*, Gray set = B*2, for some
A > 0,4, < 0. Right: B%(| B*|) for some 4, < 0.

We remark that the problem is trivial if A > 1, and that it reduces to the Euclidean isoperimetric problem if 4 < —1.
The minimality of sets B*(v, x) for (2.4.1) comes with an isoperimetric inequality for P,

1 n—1
P,(E) > n|B*||E| 7,

see Theorem 3.2.3 below.

Remark 2.4.2. Let E C R"\ H be a measurable set. We observe that

P,(E) = / 1—-4{e, vE) dH" !,
0*E\H

where vE is the generalized outer normal to E. In particular, since | 4| < 1, we have that P,(E) > 0. The previous
identity follows from the divergence theorem, indeed

0= / dive,dx = -H"'(0*EnoH) +/ (e, vE) dH" "
E 0*E\H

We now aim at proving an approximation result for sets of finite perimeter contained in R” \ H by sequences of
sets having smooth boundary relative in R” \ H. We need the following lemma first.

Lemma 2.4.3. Let E C R" \ H be a set of finite perimeter with finite measure. For any t > 0 define the
diffeomorphism ¢, : {x, > 0} - {x, > 0} given by ¢,(x',x,) = (x',x,(1 + te™1¥')), where we wrote
x = (x',x,) € R xR forany x € {x, > 0} C R". Then

1. for at most countably many t € [0, +00) there holds

H" ' ({x € 0*(p(EN\ H : v P(x) =xe,}) >0;
2. for at most countably many v € S"~! there holds
H" ! ({x € d*E : vE(x) = iv}) > 0.
Proof. We begin by proving (1). Define £, : R""! - Rby f,(x/) :=1+ te=¥'* and let
A, = {(x',xn) € 9*ENR"\ H with ¥’ € R™1\ {0} : vE(x',x,) is proportional to (x,V f,(x), f,(x’))}.
We claim that, if s, » > 0, with s # r, then A, N A, = @. Indeed, if A, N A, # @, there exist (X, X,,) € 0* ENR"\ H

and @ € R\ {0} such that
X, V1), [(Z) = a(x,V [ (), f(X)).
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Since x,, > 0 and x” # 0, then X,V f,.(X') = ax,V f,(x') implies r = @ s. Thus f,.(X') = af,(x') implies 1 = @,
which in turn implies r = s, contradiction.
For k € N let us define

M, i= {t>0 L HI(A) > %}
We want to prove that M is finite. Let 7y, ..., 1, € My, witht; # 1, if i # j. Since A, # A= @, then

)
P(E) 2 Y H A > 11,
i=1

and then #M, < kP(E). Therefore the set
{t>0 : H"'(4)>0} = U M,,
k

is countable.
Since the differential of ¢, is represented by the matrix

, o Mg O
ot 50= (N5 s0e):

requiring that v(/’f(E)(<p,(x)) = +e, for some x = (x’, x,) means that
vE(x', x,) is proportional to (x,V f,(x), f,(x)),
see Proposition 2.3.16 and Proposition 2.1.34. Therefore for any ¢ ¢ U, M, there holds
H™ ({x € 0*(p(EN\ H : v*E(x) = +e,}) =0.

The proof of (2) is analogous. For k € N let
N, := {VES"_I t H ({x€d*E : vE=v}) > }

As above one gets that U, N, is at most countable, and (2) follows. O

bl

We are now ready to prove

Lemma 2.4.4 (Approximation with regular sets). Let E C R" \ H be a set of finite perimeter with finite measure.
Then there exists a sequence of sets E; C R" \ H such that

1. E; is a bounded set such that 0E; \ 0H is a smooth hypersurface (possibly with smooth boundary) such that
either 0E; N 0H =@ or 0E; \ 0H intersects 0H orthogonally;

2. E,—» EinL', P(E;,,R"\ H) » P(E,R"\ H), H""Y(0E; N 0H) -» H"'(0*E N dH), as i — +oo.
In particular, P(E;) - P(E) and P,(E;) - P)(E)asi — +oo, forany A € (—1,1);

3. H'({x € 0*E; : vEi(x)=xe;}) =0foranyj=1,....n—1;
4. H"'({x € 0*E;,\ H : vEi(x)=ze,}) =0.

Proof. Since P(E), |E| < +00, by adiagonal argument we can assume without loss of generality that E is bounded.
Step 1. We first construct a sequence F; C R"\ H such that 1. and 2. hold with F; in place of E;. Let us denote by F
the union of E with the reflection of E with respect to the hyperplane {x, = 0}. There exists a sequence of smooth
sets Fl C R”, symmetric with respect to {x, = 0}, such that they converge to F in L'(R") and P(Fl-) — P(F)
(see Theorem 2.3.13). The fact that Fl is symmetric with respect to {x, = 0} follows as Fl can be obtained as
superlevel set of a convolution of y, with a symmetric mollifier. In particular, if 0 F; N0 H # @, then 0 F; intersects
H orthogonally, and thus dF; N 9 H is a smooth (n — 2)-dimensional manifold. Let F; := F; \ H. Then F, » E
in L' and
P(F,R"\ H) = %P(Fi) - %P(F) = P(E,R"\ H).
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Let us define the function
f i R" > [0,4+00)
f()=v] = i{e,,v).
Note that f is continuous; moreover f(tv) =t f(v) for any t > 0 and f is convex. Let us set
u; = vEH"L (0 F, n(R"\ H))
ui=vEH" ' (0*En(R"\ H)).

Since viiH" 10" F, » vEH"~ 10" E weakly* in R”, then y; — pu weakly* in R"\ H. Since we already know that
lu;|(R"\ H) = |u|(R"\ H), by Reshetnyak continuity theorem 2.1.23 we deduce P,(F;) = f S/l D dl | —

J fu/luDdlul = Py(E).
Step 2. Let us consider the flow ¢, : R"\ H — R"\ H such that

0, x,) 1= (), x, (1 + 1e7 ¥,

fort > 0. By Lemma 2.4.3 for a.e. ¢ we have that ¢,(F;) satisfies (4). Moreover, for any t > 0 there exists a
sequence of rotations R it (x',x,) ~ (R j’,(x’ ), x,,) along the n-th axis converging to the identity such that

H'™ ' ({x € 0" (R, (9, (F)) : Vi@ FD(x) = e)}) = 0

forall/ =1, ..., n — 1. By a diagonal argument, since ¢,(F;) maintains orthogonal intersection with 0 H, one
extract the desired sequence E;. O

Corollary 2.4.5. Let E C R"\ H be a set of finite perimeter with finite measure. Then
PE) 2 LA P,

Proof. Let { E;}, be the sequence of smooth sets in R” \ H given by Lemma 2.4.4. Since the orthogonal projection
on 0H is a 1-Lipschitz and surjective map from 0E; N (R" \ H) onto 0E; N 0 H, then by Proposition 2.1.29

P(E,,R"\ H) > H"'(0"E; n aH).

Since
P,(E) = 1-;—}”(P(Ei, R"\ H)— H" Y (0*E,noH)) + %P(Ei), (2.4.3)
the claim follows by passing to the limit i — oo. O

2.5 Regularity of (A, ry)-minimizers
We recall definitions and basic properties of local (A, ry)-minimizers of the perimeter. A detailed account on the
theory of (A, ry)-minimizers can be found in [Mag12].

Definition 2.5.1. Let Q C R” be an open set and let E C R” be a set of finite perimeter. We say that E is a local
(A, ro)-minimizer of the perimeter in €, with A, ry > 0, if

P(E, B,(x)) < P(F, B,(x)) + A|[EAF]|,
whenever EAF CC B,.(x) cC Qandr < r.

It is well-known that local (A, ry)-minimizers have bounded mean curvature in a generalized sense. We provide a
proof of this fact in the following lemma.

Lemma 2.5.2. Let Q C R" be an open set and let E C R" be a local (A, ry)-minimizer of the perimeter in Q. Then
there exists H € L®(P(E, ), R") such that ||H|| ;~ < A and

/ divy X = —/ (X, H) VX € CHQR"),
0*E 0*E

where divy X is the tangential divergence of X along the (H"~'-a.e. defined) tangent space of 0* E. We shall refer
to H as to the (generalized) mean curvature of E.
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Proof. Let X € CC1 (B,(x)), with B,(x) CC Qand r < r\. Let {g,},.), be the flow of the vector field X, and define

F, = g,(E). Then EAF, CC B,(x). Let f, = g7' = g_,. If u € C'(Q) then

/ lu(f,(»)) — u(y)| dy =/
B,(x) B.(x)

t
< / / V£, X)) ds dy
B,(x) J0

! Jf(»)
= \% X dyd
/0 /B,(x)l u(fs )l | (fs(y))lJfS(y) yds

<(1+0(1)) /0 / IV O X001 £ dds
B,.(x

/ as[u(fs(y»] ds dy

0

t
=( +0(1))/ / [Vu(z)| | X(z)| dzds
0 JBw
=(1 +0(1))l/ |Vu(z)| | X (2)|dz,
B,(x)

where o(1) »> Oast — 0.
Setting u = u, = yp * 0., then |Vu,_|L" — P(E,-) as € — 0 by Proposition 2.3.19. Also

/BV(X)

Hence setting # = u, in (2.5.1) and letting € — O implies

J 1
u () = 17 0y % dy<2 /B @ = xp @)1 dz
t (X

| EAF,| =/ lxr, —xpl < +o(1))t/ | X|dP(E,-).
B,(x) B,.(x)
By (A, rg)-minimality we deduce

P(E, B.(x)) — P(F;, B.(x)) < (1 + 0(1))/\1/ | X|dP(E,").
B,(x)
Dividing by ¢ > 0 and letting t — 0% we get
—/ divp X dP(E, ) < A/ |X|dP(E,").
O*E *E

Up to changing X with —X we obtain

/ divTXdP(E,-)'sA / |X|dP(E, ),
o0*E o0*E

@2.5.1)

that implies the existence of the generalized mean curvature H € L®(P(E,-) L B,(x)) for E in B,(x) with

|H ||l ~ < A. Since B,(x) was arbitrary in Q, by a partition of unity argument the claim follows.

Let us further recall the following fundamental regularity properties of local (A, ry)-minimizers.

O]

Theorem 2.5.3 ([Tam84], [Magl2, Theorem 26.3, Theorem 26.6]). Let Q@ C R”" be an open set. Let E C Q
be a local (A, ry)-minimizer in Q. Then the set EWV) of points of density 1 for E is an open representative for E.

1
Moreover, representing E with EV, we have that 0* ENQ is a c'2 manifold and H*(0E N Q\ 0*E) = 0 for any

d>n-38.

Let E; C Q be a sequence of local (A, ry)-minimizers in Q that converges to E in LY(Q). If0E N B,.(x) is of class

1
C?, for some B,(x) C Q, then 0E; N B, )5(x) is of class c': for large i and converges to 0E N B, 5(x) in Ch* for

any a € (0,1/2).

Thanks to Theorem 2.5.3, we will always identify a local (A, ry)-minimizer E with the open set E(.
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2.6 Schwarz symmetrization and axially symmetric hypersurfaces

We introduce an important class of axially symmetric hypersurfaces.

Definition 2.6.1. Let E C R” be a Borel set. Then its Schwarz symmetrization (with respect to the n-th axis) is
the set
E* = {(xX, eR"!'XR : o, |X|"' <H"NEN{x,=1}), t €R}.

A Borel set E C R” is said to be Schwarz-symmetric if it coincides with its Schwarz symmetrization, up to
negligible sets. The profile function of a Schwarz-symmetric set E is the a.e. defined map f : R — R given by

n—1 —
e (HED =0

Wy

L
n—1

Remark 2.6.2. Let E C {x, > 0} be a set of finite perimeter. Let E be Schwarz-symmetric with profile function
f. Assume that H"'({x € 0*E : vE(x) = +e,} =0.
Then f is differentiable almost everywhere by Theorem 2.3.20 with derivative

1

! E(z,1).e,
f/(t) — 1 - / - <V i e > dHn—Z(Z)’
@,y (H1(E N {x, =1}))" o Enix,=1) |[VE(z,1) = (vE(z,0),¢,) e,|

ata.e. t € R such that f(¢) > 0. The generalized outer normal to E can be written as

1

for any e = (ey, ..., e,_;) € R""! with |e| = 1 and for a.e. t € R such that £(¢) > 0.
Moreover by area formula 2.1.38 we have

VE(f(e, 1) = (e,—f"),

P;(E) =/ 1-4{e,,vF) dn"!
o*E\H
+o0

= / <(n - Do, VI+ (f’)zfn_2 - /1/ <en’ VE> V1+(f)2 dHn—Z) d

0 0" En{x,=t}

+oo
= (- Dw,, / (\/1 + (D + Af’f”) dr.
0

We recall the following properties of Schwarz rearrangement.

Proposition 2.6.3 (Contractivity of Schwarz rearrangement, [Mag12, Exercise 19.14]). If E and F are Lebesgue
measurable sets, then |E*AF*| < |EAF|.

Proof. Let us recall the definition of horizontal slice of a Lebesgue measurable set E as
E :={zeR"! : (z,;) € E}.

Note that by Fubini’s Theorem 2.1.20

|EAF|=/£”‘1 (EAF) dtz/
R R

LY E,) - E”‘l(Ft)| — |E*AF*|.

O

Theorem 2.6.4 (Schwarz inequality, [Mag12, Theorem 19.11]). If E is a set of finite perimeter in R" with | E| < oo,
then E* is a set of finite perimeter in R" and

P(E) > P(E"). 2.6.1)

If equality holds in (2.6.1), then, for a.e. t € R, E, is H"'-equivalent to an (n — 1)-dimensional ball, and qvF is
H"%-a.e. constant on 0*E,.
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Proposition 2.6.5 ([Mag12, Proposition 19.17]). If E C R" \ H is of locally finite perimeter, then P(E,0H) =
P(E*,0H).

We recall a formula for the mean curvature of axially symmetric hypersurfaces of class W27,

Lemma 2.6.6. Leta < b. Leta, p : (a,b) — (0,00) be W?P functions, with p € (1, o0, parametrizing the
curve y : (a,b) — span{e,e,} C R" given by y(t) = (a(),0,...,0, f(t)), and assume that |y'(t)| = 1 and that
inf, ;& > 0. Let S be the axially symmetric hypersurface around the n-th axis parametrized by

@s : S"2x(a,b) - R"

ps(3,1) = (a()9, p(1)).
Then the vector .

H= <<ky,v> —(n- 2)ﬂ—> (-8'9.d'),
a

for every 9 and a.e. t, where k}, is the curvature of y and v(t) = (—f',0,...,0,a’), is the (generalized) mean

curvature of S. More precisely
/diVTX=—/(X,H),
Ky s

forany X € CCI(R”, R") such that sptX N dS = @, where divy X is the tangential divergence of X along S.

Proof. Leta;, B; : (a,b) — (0, +co) be smooth functions converging in W2” to a, f respectively ([Eva94, Section
5.3, Theorem 2]). Up to reparametrization, we can also assume (a; )+ (ﬁi’ )> = 1. Then the tangent vector to the
curve

;@) 1= (a;(1),0,...,0, (1)
18

]

7, = (a),0,...,0,4)

and the curvature is
k, =@",0,... ,O,ﬂi").

Vi i
Also, fix the normal vector
v, 1= (—ﬁi',O, ,O,a;).

The corresponding choice of unit normal on the hypersurface S; parametrized by ¢, given by the rotation of y; is
Ni(9,0) = (=p[9, a)),
for 9 € S"=2. The second fundamental form of S; in direction N is given by
Iy (0,,0,) = —(0,,0,N;),

where 0,,, d, denote coordinate vector fields on S"2 X (a, b).

If u, n # ¢, then
n—2
Iy (9,,0,) = = (9, 0,(=p/9,a))) = B/ {(%,0,9,0),(9,9,0)) = —e; 5/ II]" " (9,,, 9,

where wa2 denotes second fundamental form of "2 with respect to the inner normal given by 9.
If u #tand y =t then

ly 0,,0) = = (9, 0,~8.a)) = = (3,05, (9.2} = 0

hence by symmetry Il (9,,d,) = 0 for u # 1 as well.
If u =5 =tthen

l1y,0,:0) = = (0, (B8, )} = = (s, (=08, ) ) = = (@]9 B, (=", ")) = [’ ~ pla]"
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In local coordinates, the metric on S, is given by

8ik = <alfﬂs[sak(Ps,> ’
theng, =1landg,; = al.z(ggnfz)h ; for h, j # t. Hence the mean curvature of .S; is determined by

(H;, N;) = g"ly(0,,0,)
= ¢"lly (9,,9,) + g™l (9, 0,) + g" 1y (05, 9)
_ i n—2
= () = fla]’) — a; gl flTI5" (34,0,

/

- <kyl_, v,.> —(n- 2)%,

1

where indices £, j are understood to be different from 7. Since @ converges in C _sense to @g and (H;, N,) N,

H"-! L S, converges in duality with bounded continuous vector fields, then the identity defining the generalized
mean curvature passes to the limit on .S, and the claimed formula also follows. O
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Chapter 3

Quantitative isoperimetry for the classical
capillarity problem

3.1 Main results
In order to prove a quantitative isoperimetric inequality for

inf {P,(E) : EC{x,>0}, |[E|=v}, (3.1.1)
we define the corresponding Fraenkel asymmetry and isoperimetric deficit by setting

P,(E) = P,(B*()
P, (B*(v))

A
a,(E) :=inf{M :x € (x, =0}}, D,(E) :=

v

’

for any E C {x, > 0} with volume |E| = v. The infimum defining the asymmetry is, in fact, a minimum. The
first main result of the chapter is the following

Theorem 3.1.1 ([PP24]). Let 2 € (—1,1) and n € N with n > 2. There exists a constant c;g, = ¢;,(n, A) > 0 such
that for any measurable set E C R" N {x, > 0} with finite measure there holds

a)(E)* < 40D (E). (3.12)

As for the classical quantitative isoperimetric inequality [FMPO8], perturbing the boundary of an optimal bubble
only inside the container {x, > 0}, it is possible to check that exponents in (3.1.2) are sharp.

In the context of these capillarity problems it is also spontaneous to consider a notion of asymmetry for the part of
the boundary of a set that touches the half-plane {x, = 0}. For a measurable set E C {x, > 0}, we define

_ H" ! (0*En{x, =0} A 0*B*(E|,x) N {x, =0})
p,(E) :=inf P x€{x,=0} p.
H"=1 (0*BA(|E|,x) N {x, = 0})

The previous quantity measures the asymmetry of the set 0* E N {x, = 0} with respect to (n — 1)-dimensional balls
in {x, = 0} having volume equal to the one of the trace of the optimal bubble corresponding to the volume of E.
We establish the following second quantitative isoperimetric inequality, that provides a quantitative estimate on f;.

Theorem 3.1.2 ([PP24]). Let A € (—1,1) and n € N with n > 2. There exists a constant ci’SO = ci’so(n, A) > 0 such
that for any measurable set E C R" N {x, > 0} with finite measure there holds

B,(E) < c._max {DA(E), D,(E)> } . (3.13)

Strategy of the proof and comments. Observing that, roughly speaking, the minimization problem

inf {P,(E) : E C{x,>0}, |E| =v}
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is symmetric with respect to the first n — 1 axes, it is possible to adapt arguments in the spirit of [FMPOS] to
see that, in order to prove Theorem 3.1.1, it is sufficient to prove (3.1.2) in the class of Schwarz-symmetric sets,
see Corollary 3.4.12. However, we point out that it seems not possible to push the strategy of [FMPO08] to the
very end to prove Theorem 3.1.1. Indeed the arguments in [FMPO8] require to Schwarz-symmetrize a competitor
with respect to a preferred axis depending on the competitor, while in our case it is only possible to symmetrize
with respect to the n-th axis. One finds an analogous obstruction also in a possible adaptation of the proof via
symmetrization revised in [Mag08] (see also [Fus15]); in [Mag08] the quantitative isoperimetric inequality for
Schwarz-symmetric sets is eventually obtained performing a quantitative version of Gromov’s proof [MS86] of the
isoperimetric inequality, but again after having symmetrized a competitor with respect to a convenient axis.

The proof of (3.1.2) in the class of Schwarz-symmetric sets is achieved here with a new combination of the so-
called selection principle [AFM13; CL12] with an Alexandrov—Bakelman—Pucci-type technique in the spirit of
[Cin+22].

In the recent [Cin+22], the authors prove sharp quantitative isoperimetric inequalities for a class of isoperimetric
problems in cones where volume and perimeter are weighted in terms of a function satisfying suitable homogeneity
and concavity properties. The proof in [Cin+22] stems from the fact that the isoperimetric inequality for the
corresponding problem was proved in [CRS16] by a so-called ABP argument. The methods that go under the
name of ABP techniques were originally employed to derive regularity estimates for second order elliptic equations
[GTOI1, Chapter 9] and they were applied to give a new direct proof of the classical isoperimetric inequality in
[Cab00; Cab08] (see [Cab17] for a detailed account on the method). More precisely, for the classical isoperimetric
problem, if E C R” is a smooth connected open set, one would consider a solution u to

Au=L2E op E,
|E| 3.1.4)
ou=1 ondE,

where 0, u denotes outward normal derivative. It is immediate to check that Vu(E’) D B;(0) where E’ := {x €
E : VZ?u(x) > 0}, hence the area formula together with the arithmetic-geometric mean inequality readily imply
the Euclidean isoperimetric inequality, indeed

n PE"
wn=|Bl(0)|s/ detvzug/(%> __Pay
E ENDR n”|E|"-1

Now the rough idea is that a control on the energy deficit should control the "asymmetry" of the solution u with
respect to the solution corresponding to the optimal shape B;(0), that is the radially symmetric parabola |x|?/2.
In fact, this is achieved in [Cin+22] by controlling the asymmetry of a coupling function which is defined as a
suitable convex envelope of u. Adapting arguments from [FMP10], in [Cin+22] the authors then show that it is
possible to employ trace-type theorems to estimate the asymmetry of a competitor set in terms of the asymmetry
of the coupling function, which is in turn estimated by the energy deficit.

In Theorem 3.2.3 below we will give an ABP proof of the isoperimetric inequality for the problem (3.1.1) by
analyzing an elliptic problem analogous to (3.1.4), see (3.2.4). We are then in position to consider a coupling
function as done in [Cin+22] and we can quantitatively estimate its asymmetry, which will be achieved in Propo-
sition 3.5.5. Moreover, Schwarz-symmetric sets that are sufficiently small C!-perturbations (in the sense of Defi-
nition 3.5.11) of an optimal bubble (2.4.2) readily verify the needed trace-type inequalities that relate asymmetry
of the competitor with the asymmetry of the coupling. Hence this establishes the quantitative inequality (3.1.2)
for Schwarz-symmetric C'-perturbations of optimal bubbles, see Corollary 3.5.12. Observe that, in our setting,
isoperimetric sets are just Lipschitz-regular and a set E is C'-close to an optimal bubble if just the relative boundary
dE n {x, > 0} is close to the relative boundary of an optimal bubble as C!-hypersurfaces with boundary.

Once (3.1.2) is proved for C!-perturbations of optimal bubbles (Corollary 3.5.12), we want apply a selection-type
argument in the spirit of [AFM13; CL12] in the class of Schwarz-symmetric sets in order to extend the validity
of the quantitative inequality to the whole class of Schwarz-symmetric sets. In this way we also avoid the imple-
mentation of further technical results that in [FMP10; Cin+22] allow to reduce to just consider sets that enjoy the
required trace-type inequalities.

Roughly speaking, in a selection-type argument one argues by contradiction assuming existence of sets contradict-
ing the quantitative isoperimetric inequality and one uses such sets to define an auxiliary minimization problem,
cf. (3.5.19). Minimizers to the previous problem still contradict the quantitative isoperimetric inequality, but at
the same time they are shown to be small C!-perturbations of some isoperimetric set, contradicting the inequality
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already proved for sets given by small perturbations of optimal ones.

In our case, we will prove that minimizers E to the auxiliary minimization problem are C!-perturbations of opti-
mal bubbles up to the boundary of the half-space {x, > 0} as a consequence of the classical interior regularity of
(A, ro)-minimizers of the perimeter (Definition 2.5.1), see [Tam84] and [Mag12, Chapter 26], together with a sim-
ple variational argument that allows us to propagate the regularity up to the boundary of the half-space {x, > 0}.
This essentially follows from the fact that a Schwarz-symmetric local (A, ry)-minimizer E in {x, > 0} is locally
of class C! and has bounded mean curvature (in a generalized sense, see Lemma 2.5.2); hence a uniform bound on
the whole second fundamental form on a portion of boundary dE N {0 < x,, < €} follows just by showing that the
set 0E N {0 < x,, < €} is far from the axis of revolution of E (see Lemma 2.6.6), and the latter holds in the proof
of Theorem 3.1.1 by an energy estimate holding for minimizers to the auxiliary minimization problems.

We stress that in our case it is not clear how to apply a Fuglede-type argument [CL12; Fug89] to prove the quanti-
tative inequality for sets given by small C!-perturbations of optimal ones. Indeed, the classical Fuglede’s method
relies on the precise knowledge of the eigenvalues of the Laplace—Beltrami operator, which is not available for the
operator on spherical caps corresponding to optimal bubbles (2.4.2) for generic A € (—1, 1). Moreover, observe
that in our case it is not possible to globally parametrize C!-close boundaries one on the other as normal graphs in
general, introducing a further nontrivial technical difficulty in the implementation of a Fuglede-type argument.

Once Theorem 3.1.1 is proved, for the proof of Theorem 3.1.2 we argue as follows. First we establish a quantitative
inequality that estimates the Hausdorft distance between the relative boundary in {x, > 0} of a competitor E and
the relative boundary of some bubble in terms of the Fraenkel asymmetry of E, under the assumption that E is
a so-called (K, ry)-quasiminimal set, see Definition 3.6.2 and Lemma 3.6.4. This is achieved since quasiminimal
sets enjoy uniform density estimates at boundary points, see Theorem 3.6.3. Exploiting Theorem 3.1.1, the pre-
vious quantitative inequality yields an inequality of the form (3.1.3) in the class of quasiminimal sets. Eventually,
Theorem 3.1.2 follows by applying again a selection-type argument where now f, plays the role of the Fraenkel
asymmetry.

From now on and for the rest of the chapter it is assumed that A € (—1,1) and n € N with n > 2 are fixed.

3.2 Two proofs of the capillarity isoperimetric inequality

We first give a proof of the isoperimetric inequality for the capillarity functional P, exploiting an ABP method.
Since the bubbles B*(v) are Schwarz-symmetric, we can exploit Remark 2.6.2 to compute their energy.

Lemma 3.2.1. There holds P,(B*(v)) = n|B*|5v"r, for any v > 0 and A € (=1, 1).

First proof of Lemma 3.2.1. By scale invariance, it is sufficient to prove that PA(B’l) := P(B*, {x, > 4}) -
AH"'(0B* n {x, = A}) is equal to n| B*|.
If A = 0, we have Py(B) = 3 P(B) = 3n| B| = n| B°|. Soif we prove that

d% (P,(B" —n|B*|) =0, (3.2.1)

1
for any A € (=1, 1), the claim follows. Let @(¢) := (1 —?)2, fort € [—1, 1], be the profile function of the standard
unit ball in R”.

e By coarea formula 2.1.40, the volume of B* equals

1
1B = / o, 0" dr
i
e By Remark 2.6.2 we get
1
Py(BY) = / <(” — Do, V1 +(@')2e" + An - l)a)n_l(p’(p”‘2> dr

yi

1
=/ (n— Dew,_,(1 — At)p"> dt.
|
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e Since ¢’ = —t/ @, the derivative of PA(BA) equals:
d 1
i ,(BY) = A (n—Dw,_(-)@"3dt — (n— Do,_,(1 = 1})e">(4)

1
=n-o,_, / @' @2 dt — (n— Dw,_ 19" (A)
A

= -, 10" (1) = (n— Dw,_19" (1)
= —na)n_l(p"_l(i).

e The derivative of the volume | B*| equals

d _
a|Bi| =—w, 10" (4.
Putting together the above computations we have %P/l(B’l) = n% | BA|, which is (3.2.1). ]

Now we provide a second proof of Lemma 3.2.1.
Second proof of Lemma 3.2.1. By scale invariance, it is sufficient to prove that P(B*, {x, > A}) — AH""'(0B* n
{x, = A}) is equal to n| B*|. Indeed, let u(x) = %|x|2. Then

n|B*| = / Au = P(B*, {x, > 4}) +/ (—e,,x) = P(B*, {x, > A})) = AH" Y (0B* n {x, = A}).
BA 0B n{x,=1}

O]

Remark 3.2.2. Let E C R"\ H be a connected open set such that 0 E \ H is a smooth hypersurface with boundary
that intersects d H orthogonally. Then the Neumann problem

Au = —Pl’l]gf) in E,
x=1 on OE\JH, (32.2)
3—’: =1 on 0ENJH,

has a solution u € C1(E) N C®(E).

Indeed, existence of a weak solution of (3.2.2) follows by classical arguments exploiting the Riesz representation
theorem. By [Nit11, Proposition 3.6] there exists y > 0 such that every weak solution is in C%7(E). Hence we can
apply [Lie88, Theorem 1] to the equivalent problem

Au—u:%—u::f in E,
x=1 on OE\oH,
M=—i on 0EnNAJH

getting that a weak solution is in fact C L(E).

Theorem 3.2.3 (Isoperimetric inequality for P,). Let E C R" \ H be a set of finite perimeter with |E| € (0, +o0).
Then .

P,(E P,(B i

A(E) BB = n|B*|n. (3.2.3)

=l = n=l
|[EI"™™  |B|™
Moreover, equality occurs in (3.2.3) if and only if E = B*(|E|) up to a translation and up to negligible sets.

We just give a proof of the inequality (3.2.3) here, referring to the proof of Theorem 2.4.1 in [Magl12] for an
alternative proof comprising the characterization of minimizers.

41



First proof of Theorem 3.2.3. By the standard isoperimetric inequality, we can assume that H"~!'(0* EndH) > 0.
By Lemma 2.4.4, we can further assume that E is a bounded set such that dE \ 0 H is smooth and intersects 0 H
orthogonally.

Let us further assume for the moment that E is connected. Let u be the solution of the Neumann problem

Au = 22 in E,
M= on OE\OH, (3.2.4)
M=—i on 0ENJH,

where du/dv denotes the outer normal derivative of u on d E. Observe that such a solution exists and u € Cl(f) N
C*®(E) (see Remark 3.2.2). We consider the “lower contact set” of u defined by

r,:= {xe E : u(y) > u(x) + (Vu(x),y — x) forallyef}.

We claim that
B* c Vu(T). (3.2.5)

To show (3.2.5), take any p € B*. Let x € Ebea point such that

min {u(y) — (p, y)} = u(x) — (p, x).

yeE
If x € 0 E\OH then the exterior normal derivative of u(y)—(p, y) at x would be nonpositive and hence (du/dv)(x) <
|p| < 1, a contradiction with (3.2.4). Similarly, if x € 0E N dH then (du/dv)(x) < (p, —e,) < —A, a contradiction
with (3.2.4). It follows that x € E and, therefore, that x is an interior minimum of the function u(y) — (p, y) over
E.In particular p = Vu(x) and x € I',, hence Claim (3.2.5) is now proved.
From (3.2.5), since u € C®(E) and I', C E, we can apply the area formula on Vu to deduce

B < |Vu(T) =/

dp < / |det V2u(x)| dx.
Vu(T,) I

u

Since points x € I',, are interior minima for y = u(y) — (Vu(x), ), then V2u(x) is positively semi-definite. Hence
by the arithmetic-geometric mean inequality
Au

n
|det VZu| = det VZu < (—) inT"
n

n n
|B’1|§/ detVzude/ <£> dx§/<£> dx,
r, r, v n EN N

since Au = P;(E)/|E|. Plugging in the value of Au, the claimed inequality follows.

It remains to consider the case when E is not connected, hence when E is a disjoint union of finitely many bounded
sets E;, fori =1, ..., k, such that 0E; \ 0H is smooth and intersects 0 H orthogonally. We can apply the isoperi-
metric inequality that we just proved for P, on each component E;. Summing the inequalities and exploiting the

u:

Hence

n—1
subadditivity of ¢ = ¢ = , the final inequality follows. O

Now we present another version of the proof of the inequality in Theorem 3.2.3, inspired by Gromov’s proof of the
isoperimetric inequality [CNV04; FMP10; Mag08; MS86].

Second proof of Theorem 3.2.3. By scale invariance, we can assume |E| = |B*|. At the same time, by the sub-
n—1

additivity of t = ¢t it is sufficient to prove Theorem 3.2.3 when E is connected. Finally, by Theorem 2.6.4 and

Proposition 2.6.5 we can assume that E is Schwarz symmetric and by density we can assume that E is smooth.

The proof is based on a parametrization of B* in terms of E via the function
7 . [0,400) = [4, 00)

defined by
|En{x, <t}| =|B*n{x, <z()}|
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If we define
v(t) ;= H"Y(En {x, =1})

w(s) := H" ' (B*n {x, = s)),

t 7(t)
/ v(s)ds = / w(s)ds.
0 0

Then 7 is smooth with 7/ > 0 on the set {t >0 : v(r) > 0}, where 7’ is given by

by construction

() = o(t) .
w(z(1))
Let us consider the deformation T : E — B* defined by
n—1 L n—1
w(z(x,))\ = _ L
T(x) := ; <Tn;> x;e; + t(x,)e, = ; ' (x,) 1 xe; + T(x,)e,.

Note that
T(En{x,=1}))=B*n{x, =)

for every t > 0, therefore T(E) = B*. For any x € E, the differential dT of T is represented by the matrix

n—1 1 n—1 0 (T’(xn)ﬁ>
dT'(x) = Z — ¢ Qe + Z B L ®e, +17'(x,)e, e,
i=1 7/(x,)n1 im1 Xn

where {e;} is an orthonormal basis of {x, = 0}. Taking the trace of dT" we deduce that
divT(x) = (n - 1);l +7'(x,),
7/ (x,)n-1
thus by Young’s inequality we estimate

divT(x) _n-1 < 1 > L1 (r’(xnﬁ) > 1.
n n n

1
/()

If for e > 0 we define E, := E N {e < x,}, by divergence theorem

Py(E) = lim P(E,. {x, > £}) - A" NE, n{x, =€)

> lim P(E,, {x, > €}) +/ (T, vE) aH™!
=0 0*E,N{x,=¢}
> lim (T,vPe) dH" ! =1lim [ divT dH" > limn|E,| = n|E| = n|B*|,
=0 0*E, =0 E, =0
and we conclude the proof. 0

3.3 Asymmetry and deficit

We recall the definition of the Fraenkel asymmetry with respect to optimal bubbles B*(v, x) and the deficit corre-
sponding to the functional P,, proving some preliminary properties on these quantities.

Definition 3.3.1 (Fraenkel asymmetry). Let E C R"” \ H be a Borel set with measure |E| = v € (0, +00). We

define ;
a,(E) :=inf{w X E {xn=0}}.

v

It is readily checked that the Fraenkel asymmetry of E is a minimum.
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Definition 3.3.2 (Isoperimetric deficit). Let E C R" \ H be a Borel set with measure |E| = v € (0, +o0). We
define .
P,(E) — P,(B"(v))

DB = = B

The following lemma states that, if the isoperimetric deficit of a competitor is sufficiently small, then the competitor
touches the hyperplane {x, = 0}.

Lemma 3.3.3. There exists ¢ = ¢(n,A) > 0 such that if a Borel set E C R" \ H satisfies D;(E) < ¢ then
P(E,0H) > 0.

Proof. If E is a Borel set such that D,(E) < ¢ and P(E,dH) = 0, then the standard isoperimetric inequality
together with Lemma 3.2.1 imply

1 n=1 1 n=1
oy |E|'n < P(E) = Py(E) < (1+ &) Py(BX(E|) = n| B*[»(1+ Q)| E| .
Since | E| > 0 for ¢ small enough, we get a contradiction if ¢ is sufficiently small. 0
The following lemmas prove continuity properties of deficit, asymmetry and P, under convergence of sets.

Lemma 3.34. If {E;},cn and E are sets of finite perimeter in R" \ H with finite measure such that

1
loc

E.— F.

1

Then
lierinf P,(E;) > P,(E), li_m+inf D,(E;) > D,(E).

Proof. Let us define the function

f i R" - [0,+00)
f@) =v| = Ale,v).

Note that f is continuous; moreover f(tv) =t f(v) for any t > 0 and f is convex. Let us set

u; = vEH"I L (0E;n (R"\ H))
u = vEH" L (0"E n (R"\ H)).

Since vEH" 1L 0*E; —» vEH"'_0* E weakly* in R", then y; — u weakly* in R"\ H. Recalling Remark 2.4.2,
the Reshetnyak lower semicontinuity theorem 2.1.22 guarantees the lower semicontinuity of P,. Therefore, the
lower semicontinuity of the deficit also follows by lower semicontinuity of P,. O

Lemma 3.3.5. If {E;},cn and E are sets of finite perimeter in R" \ H with finite measure such that |E| > 0 and

L]
E.— E.

1

Then
i—>+o00

Proof. Letv :=|E|and v; .= |E;|, then v; = v.

If a,(E) = 2, there exists y > Osuch that |[ENn{x € R"\ H : (x,e,) < y}| = 0. Let y, be the least upper bound
of such y’s; then every spherical cap B*(v, x), with x € dH, is contained in {x € R"\ H : (x,e,) < y,}. By
L'-convergence of { E,},, for every z € 0 H and i sufficiently large we have

sup |E; N B’l(vi,z)l = sup |E; N B’l(u,-,z) N{xeR"\H : (x,e,) <yy}+
z€0H z€0H

+|E,nB v, z)n{x € R"\ H : (x,e,) > yo}l
<|En{xeR"\H : (x,e,,)<y0}|+|B/1(vi,O)n{x€|R”\H D (x,e,) > yo}l—= 0,
1
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hence a,;(E;) = 2.
Suppose then that a;,(E) < 2, let a;(E) be attained by some BA(v, Xg). Then

EAB*(v,x E.AB*v, x0)| v;
A =)
v i—+o0 v; v
> lim sup | E;AB* (v, x0)| = |BA(v;, x0)AB (v, x)|
- i—>+o00 Ui
BA U;y, X AB}» U, X,

2 lim sup (a/l(Ei) - B o) ( 0)|> = limsup a,(E,).

i—>+o00 U[ P,

On the other hand, let a,(E;) be attained by Bi’l(vi,x,-). We claim that {x;}; is bounded. If {x;}, C dH were
unbounded, then there would be a subsequence {xij }; such that |xij | = +o0. From the hypothesis we have that, for
sufficiently large j, |B/1(Ul~j, X)NE; | > |B'1(U,-j, X; )N E; |— 0, in contradiction with the definition of asymmetry.
J
Therefore {x;}; is bounded. Let {x; }, be a subsequence such that lim,_, , ,, a(E; ) = liminf a,(E;). By the
boundedness of {x;}; there is a subsequence {x; }, of x; suchthatx; — x € dH. Then
1 1

i—+00

|EAB*(v, x)| . |E;,AB*v,x)| + |E,AE| . |E;AB*v,x)|
——— < lim = lim ——M—

i—+00 Uz’ i—=+00 v;

|E,-k1AB"(U- X; 1)| + |BA(v; ,x; I)ABi(u, x)|

Ly ” 7l by ” 7l

a,(E) <

< liminf
[—>+00 Uik
1

= it o,(E,) = 1 ax(5,) = i ()

which gives the needed reversed inequality. O

Corollary 3.3.6. If { E;},cy are sets of finite perimeter in R" \ H such that |E; \ K| = 0 for any i and for some
compact set K C R", and if

sup | E;| + P,(E;) < oo,
ieN

then there exists E of finite perimeter in R" \ H and i;, — o0 as k — oo such that

Ll
E,— E  liminf P,(E,) > P,(E).

3

Proof. By Corollary 2.4.5 we have that P,(E;) > %P(Ei). Then sup,cy P(E;) < oo. Hence by classical precom-
pactness of sets of finite perimeter 2.3.10 and recalling Lemma 3.3.4 the claim follows. O

Now we give another proof of the lower semicontinuity of P, when the convergence of { E;} is in L', inspired by
[Mag12, Proposition 19.1, Proposition 19.3].

Lemma 3.3.7. If { E;},cn and E are sets of finite perimeter in R" \ H with finite measure such that

Ll
E,— E.

1

Then
li_m+inf P,(E;) > P)(E).
I—>T00

Proof. First let us assume that 4 < 0. We can suppose that lim inf P,(E;) is finite. By Corollary 2.4.5 we find that
sup;cn P(E;) is finite. The weak convergence of the perimeter measures implies

liminf P(E) > P(E),  liminf P(E.R"\ H) > P(E.R"\ H).
=100 I—>T00

The identity
P,(E)=(1+A)P(E,R"\ H)— AP(E)

45



and the nonnegativity of 1 + A and —/ guarantee the lower semicontinuity.
Let us assume A > 0. Let us consider the function

Ts : R"\ H - R"
Ts = x(x,) e,
where y(x,) : [0,4+00) — [0, 4+00) is a cut-off function such that y(¥) = 0if r > 6 and y(0) = 1. Note that
(Ts(xy,...,x,_1,0),e,) =1 on 0H
|Ts| <1 on R"\ H
Ts(xy,...,x,) =0 if x,> 0.

If F Cc R"\ H is a set of finite perimeter, by the divergence theorem

/diVT5 :/ <T5,VF> dHn—l +/ <T5,VRn\H> dHn_l.
F 0*FN(R"\H) J0*FNoH

P(F,0H) < P(F,{(x,....x,) ER"\ H : x, <8})+c(d)|F|, (3.3.1)

We deduce

with ¢(6) = supgm g |VT;|. If E;, E are taken as in the statement, we apply (3.3.1) to F = E; \ E, in order to have

|P(E;,0H) — P(E,0H)| < H""'(0H N (0" E;Ad*E))
= P(E,AE,0H)
< P(E,AE,{(x|,....x,) € R"\ H : x,<6})+c(6)|E,AE|
< P(E,{(x,....x,) ER"\ H : x,<6)})
+ P(E, {(x},....x,) ER"\ H : x,<8})+c(8)|E,AE|.

Then

P,(E;) — Py(E) > P(E;,R"\ H) - P(E,R"\ H) — |P(E;,0H) — P(E,0H)|
> P(E;, {(x},....x,) €R"\H : x,>6})— P(E,R"\ H)
- P(E, {(x,...,x,) €R"\ H : x,<6})—c(6)|E,AE]|.

By the lower semicontinuity of the perimeter we have
li'm+inf P,(E) > Py(E)+ P(E,{(x,...,x,) €R"\H : x,>6})— P(E,R"\ H)
1—>+00
— P(E, {(x},....,x,) € R"\ H : x,<56}),

and the right-hand side converges to P,(E) as 6 — 0%. U

3.4 Reduction to bounded symmetric sets

In the following arguments, in order to prove Theorem 3.1.1, we will repeatedly reduce ourselves to consider sets
E having isoperimetric deficit smaller than some chosen constant. This reduction is always possible.

Indeed, let 6 > 0 be some positive constant; if E is a set of finite perimeter such that D,(E) > 6, since a,(E) < 2,
we immediately get

B(E) < 35.< ID,(E)

Therefore, if Theorem 3.1.1 is proved on sets with deficit < §, then it is proved for any set.
Hence,

within this section we will assume that D ,(E) < ¢ for any competitor E involved, whit ¢ given by Lemma 3.3.3.

In particular P(E,0H) > 0.
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Reduction to bounded sets

In this section we prove that, in order to prove Theorem 3.1.1, it is sufficient to prove the quantitative isoperimetric
inequality (3.1.2) among suitably uniformly bounded sets.

From now on, we shall denote Q; := [—/,/]" C R”. We start by proving an estimate on the area of horizontal
slices of a set in terms of its deficit.

Lemma 3.4.1. Let E C R"\ H be a bounded set of finite perimeter such that 0 ENR"\ H is a smooth hypersurface
(possibly with smooth boundary) with |E| = | B*| and such that H"'({x € 0*E \ H : vE(x) = +e,}) = 0. Then

H"YE N {x —t})>lP(B’1) <w” >£<1—M>$—1—D(E) (3.4.1)
S |B%] | B ) a
for every t > 0. In particular
. 1 @\’
H"™(0 EnaH)ZEPA(B*)<<m> —1—D,1(E)>. (3.4.2)

Moreover, if F C R" \ H is a set of finite perimeter with |F| = |B*|, then (3.4.1) holds with F in place of E for
almost every t > 0, and (3.4.2) holds with F in place of E.

The estimates given by Lemma 3.4.1 are clearly nontrivial only when the deficit is sufficiently small. On the other
hand, if the deficit D,(E) is sufficiently small, since , /| B*| > 1, (3.4.1) and (3.4.2) essentially yield a quantitative
version of Lemma 3.3.3, nontrivial also for slices H"~'(E n {x, =t}) witht > Oaslongas |[E N {x, < t}]|is
small.

Proof of Lemma 3.4.1. Let vg(t) := H""'(E n {x, = t}) forany ¢ > 0, and let g(¢) := |E n {x, < t}|/|B*|. By
the standard isoperimetric inequality we have that

1 =1 ) % -1
P(E, {x, > 1) +vg@®) = P(EN {x,>1}) 2 noy |EN {x, >t} » =PA<B*)<ﬁ> (1-g@)+, G43)

for any ¢ > 0. Moreover, for any 7 > 0, we observe that for any x’ € 0*E n dH, the halfline [0,7] 2 x, — (X', x,,)
either intersects 0" E N {0 < x,, <t} oritintersects E N {x, = t}. Therefore

P(E,{0<x, <t)+vg(t)>H"Y0*EndH), (3.4.4)
for any > 0. Hence we conclude that
P,(BY(1 + D,(E)) = P,(E) = P(E,{x, > t}))+ P(E,{0 < x, <t}) — AH" Y(0*E n 0H)

(3.4.4)
> P(E,{x,>1})—vg(®)

(3.4.3) ; o, ; el
> PA(B)<|BA|> (1- g™ - 2v.(0).

for any ¢t > 0, which yields (3.4.1). By Theorem 2.3.20, the function vy belongs to W 1(0, +0), thus (3.4.2)
follows by letting t — 0% in (3.4.1).
Now if F C R"\ H is as in the assumptions, let E; be given by Lemma 2.4.4 applied to F, and let E; :=

1 ~
(IB*|/|E;|)" E,. Hence the inequality (3.4.2) and the right hand side of (3.4.1) applied with E = E, pass to the
limit as i — co. Moreover

+oo +00
|E,AE]| =/ H""YWE,AEN {x,=1t}))dt z/ IH"‘I(E[O {x,=t})—H"YEn{x,=1})| dr.
0 0

Since | E;AE| — 0, the left hand side of (3.4.1) passes to the limit as well as i — oo, for a.e. t > 0. O
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We are ready to prove the claimed reduction to bounded sets. The proof follows the line of [FMP08, Lemma 5.1],
essentially truncating a competitor with coordinate slabs having estimated width. To give a bound for the truncation
in the n-th direction will need to modify the argument in [FMPO8, Lemma 5.1] and we will exploit Lemma 3.4.1.

Lemma 3.4.2 (Reduction to bounded sets). There exist | = I(n, A) > 0 and C; = C;(n, A) > 0 such that, if E C
R™\ H is a set of finite perimeter with | E| € (0, +00), then there exists a set of finite perimeter E' C Q,N(R"\ H)
such that |E'| = |B*| and

a,(E) < a,(E")+ C,D,(E), D,(E") < C,D,(E). (3.4.5)

Proof. By scale-invariance of the asymmetry and of the deficit, it is sufficient to prove the claim assuming also
|E| = | B*|. First of all we observe that we may prove the claim assuming that 0E N R" \ H is smooth and

H''({(x € 0" ENR"\ H : vE(x) = +¢,}) =0 (3.4.6)

foralli =1, ..., n. Indeed, if E is a generic set of finite perimeter, then by Lemma 2.4.4 there exists a sequence
of smooth sets { E;},cy converging to E such that (3.4.6) holds. If we know that the claim holds for E;, we get
the existence of E: C O, N (R"\ H) such that (3.4.5) holds with E, E’ replaced by E;, El’ . Hence we can apply
Corollary 3.3.6 on the sequence E l’ ,and by Lemma 3.3.4 and Lemma 3.3.5 the inequalities (3.4.5) pass to the limit.
Without loss of generality, we can further assume that

D,(E) < 2" —1)/4. (3.4.7)

Let us consider the axis x; first. Thanks to (3.4.6), by Theorem 2.3.20 (see also [FMPOS, Theorem 6.1]) we deduce
that
vp) ;= H"' (X eR" . (t,xX')€ E})) forteR

belongs to W -1(R), hence we may assume that v is continuous. Setting

E ={x€E:x <t}

and
Py(E,{x; <t}) :=P(E,{x€R"\ H : x; <t})) = AH" '({x € 0*ENJH : x, < 1})

for all ¥ € R, by smoothness of E we have that
where P;(E, {x; > t}) is defined analogously. Let us now define the function g : R — [0, +c0) given by

|E/ |
1B

g 1=

Hence g is a nondecreasing C! function with g’(f) = UE(I‘)/|B)”|. Let —co < a < b < +oobesuchthat {r: 0<
g(t) < 1} =(a,b). If t € (a, b), then by (3.2.3) we have

PED) > g7 P,(B).

Similarly,
n—1
PAE\E) > (1-g() = Py(B).
Therefore, from (3.4.6) and (3.4.8) we get that

PAE) + 2050 > Py(B*) (807 +(1 - g0 )
for all 7 € (a, b). Since by definition we have P,(E) = P;(B*)(1 + D,(E)), we obtain
0 2 2P(BY (807 +(1-g@)T — 1= DE)). (3.49)
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Let us now define the concave function
w 1 [0,1] = [0, +00) w@) =t + (=0 — 1.
Note that y(0) = w(1) = 0 and y achieves its maximum at y(1/2) = 21/n _ 1, hence by concavity
w(t) =y (2% + 0) > 2w (1/2)+0=22""— 1) Vie [0, %] . (3.4.10)

Recall that by (3.4.7) there holds 2D,(E) < y(1/2). Leta < t; < t, < b be such that g(t;) = 1 — g(t,) and
w(g(t))) = w(g(t)) =2D,(E). Then

w(g(®) 22D,(E)  Vie (1.t (3.4.11)

and, by (3.4.10),
D,(E)

gt =1-3() < Y (3.4.12)
For any t; <t <t, we have
(3.4.9) 1 A 1 A 1 ]
vp() = EPA(B Yw(g®) — Dy(E)) = ZPA(B W (g(®) + ZPA(B Yw(g(1) —2D,(E))
(3.4.13)
G411 | B
> 2 w(g().
Since v(t) = | B*|g’(t), we have
(3.4.13) o ol(t (1) 1
t,—t; < i/ g dt=i/ 1 dssi/ I ds =: a, (3.4.14)
nJ;, wg) n Jgay W) njo w(s)
for some a = a(n) > 0.
Let

bl

A
T, = max{t € (a,t;] : vp(®) < w}

A
r=minf e o0 PAE,

Note that 7; and 7, are well defined since vy, is continuous and vy (f) — O ast — a ort — b; moreover, by (3.4.11)

and (3.4.13), vp(1,) = vg(t,) = NEIDAE)

> . Moreover, from (3.4.12) and by definition of z;, we have

151 151 2 t
(-1 < 2 / 0,(1) dt = 2 / g (1) dr < g(t)) < 2 7
n|B*|D,(E) /s, nD,(E) /., nD,(E) = n(2!/n — 1)

and an analogous estimate holds for 7, — t,.

We consider the truncation E := E N {x : 7, < x; < 7,}. From the above estimate and (3.4.14), we have that
7, — 7 < f for some f§ = f(n) > 0. Moreover by (3.4.8) and (3.4.12), by the definition of 7, 7,, and since
P(E,{x; < 7,x, > 15}) = AH" Y (0*E ndH N {x; < 71,x; > 7,}) (see the proof of Corollary 2.4.5) we can

estimate
~ A D,(E) - J
|E| > |B | -2 ). P,(E) < P,(E) + n|B*|D,(E). (3.4.15)
We finally define
B 1/n ~
o .= <%> . E' :=0E.

Clearly, | E'| = | B*| and by (3.4.15) we get that E’ is contained in a strip {1; <x; < Té}, with Té—l’{ <o(r,—1)) <
I, where I’ = I'(n, 1) > 0. Let us now show that E’ satisfies (3.4.5) for a suitable constant C; = C;(n, 4) > 0 that
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may change from line to line. To this aim, since we are assuming D, (E) small by (3.4.7), from (3.4.15) we get that
1 <0 L1+ CyD,(E), with Cy = Cy(n). Thus, from (3.4.15) and (3.4.7), we get

Py(E") = c¢""'P,(E) < 6"\ (P,(E) + n|B*| D,(E))
= 6" 'P,(BH(1 +2D,(E)) < P,(B)(1 + C, D,(E)).

Hence, the second inequality in (3.4.5) follows. To prove the first inequality, let us denote by B*(|B*|, p), with

p € 0H, a spherical cap such that a,(E") = %. From the first inequality in (3.4.15), recalling that
|E| = | B*|, we then get
|EAB*(|B*|, p/0)|
a,(FE) <
(B < | B/|
|EAE| 4 |EAB*(|B*| /", p/o)| + |B*(|1B*|/s", p/o)AB*(|B*|, p/0)|
~ B4 | B4| | BA|
_ |E\ E| + a;,(E") N |B*(1B*]) \ B*(I1B*|/a™)
| B4| o" | B4|
(3.4.15)

< CDyE)+a)(E)+Ci(c—1)
< a,(E")+ C;D,(E).
Thus the set E’ satisfies (3.4.5) and points in E’ have first coordinate contained in an interval of length bounded
by /.
Starting from E’, we can repeat the same construction finitely many times with respect to the axes x5, ..., X,_;,
thus getting a new set, still denoted by E’, satisfying (3.4.5).

It remains to adapt the construction with respect to the coordinate axis x,. In this case we eventually aim at
truncating the set E’ in some controlled slab of the form {0 < x, < 7,}. Define

_ET]
B

o) ;= H'({x' e R : (X',1) € E'}), E :={x€E :x,<t} IHOE
for # > 0. It is readily checked that, arguing as above, one estimates

o) > %PAB@ (w(Z(1)) - DA(E)). (3.4.16)

which is analogous to (3.4.9), for any ¢ such that g(¢) € (0, 1). Similarly as before, we define 0 < 7, < 7, such that
g(f) =1—-g(t,) and w(g(f,)) = w(g(f,)) = 2D,(E’). Therefore, using (3.4.16) and the concavity of y, arguing
as before one estimates .

o > 1B

w(g(1) Vit et 1], (3.4.17)

A=ty (22) Z1)so0
. 21{ |BA| .

We claim that there exists € = &(n, 1) > 0 such that if D,;(E) < £ then

which is analogous to (3.4.13).
Let

o(t) > % fora.e. r € (0,1)). (3.4.18)

Indeed, since D,(E’) < C,D,(E) and w(g(7;)) = 2D,(E’), then for any @ > 0 there is £ = £(n, 1) > 0 such that
&(f;) < w whenever D,(E) < &. Applying Lemma 3.4.1 with F = E’, for almost every ¢ € (0,7,) we find

50> Lpeh ([ (22) (1 -z —1- DAE)
=9 A |B)“| A

1 0 \" (g ,
2§PA(B’1)<<|BA|> (1-g@) _1_D,1(E)>

P () - —1-ce)s 2
A |BA| 1 )
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provided £ is small enough.
Therefore, assuming without loss of generality that D,(E) < &, since g'(t) = 0(t)/ | B*| we estimate

_(B417) Lo gt (3.4.18) f) 1 7| B* 1

i, < t1+i/ gf()dt < 2/ U(t)dt+i/ ls | |+i/ l=:o/(n,/l).
nJi w(g®) A Jo njo v A njo w

The rest of the construction follows analogously as above by defining

n|B*|D,(E") }
2 2

7, :=min{tzf2 g <1, o) <

estimating 7, — 7, < f’(n, 1), hence finally taking the set

|B'] > (E'n{x, <%} (3.4.19)
|E/n{xn <{_2}| {xn TZ} . A

Up to translation along 0 H, the set defined in (3.4.19) yields the final one satisfying the claim of the lemma. [J

Corollary 3.4.3 (Non-quantitative stability). For any € > O there exists 5 = 6(n, A, &) > 0 such thatif E C R"\ H
is a Borel set such that D ;(E) < 5, then a,(E) L&

Proof. By scale-invariance of the asymmetry and of the deficit, it is sufficient to prove the claim assuming also
|E| = | B*|. We argue by contradiction. Suppose there exist a number £ > 0 and a sequence of sets { E;};, with
E; c R"\ H and |E;| = | B*|, such that D,(E,) < % and a,(E;) > € for all i € N. Let us consider the sequence
of sets { E/};, with E/ ¢ Q; n(R"\ H) and |E!| = | B*|, given by Lemma 3.4.2. Moreover Lemma 3.4.2 assures
that a/l(El.’) > £/2 for large i, and DA(E,',) — 0. Since each set El’ is contained in the same Q,;, by Corollary 3.3.6

Ll
we can assume, up to a subsequence, that E/ —s E’ for some set E’ of finite perimeter with | E’| = | B*|. By the

lower semicontinuity of the perimeters we get P,(E’) < P,(B*), hence E' = B*(|B*|, x) for some x € dH N Q,

by uniqueness of minimizers. The convergence of E] to E’ implies that |E/AE’| — 0, against the assumption
/ £

a/l(Ei) > 5 ]

Corollary 3.4.4. There exist A;,T,;,n > 0 depending on n, A such that for any set of finite perimeter E C R" \ H
with ||E| - |B1|| <nand D;(E) < n there holds

H Y EN{x,=1}))>A,,
for almost every t € (0,T)).

Proof. Let us prove the inequality assuming | E| = | B*| first. Fix T/{ > 0 such that

n—1

1 =
o \+ [ IBAB0)0 {x, <T)
1- >1+a,
| B4| | B/

for some a > 0. By Corollary 3.4.3, for any @ > O there is # > 0 such that if D,(E) < 5 then |[E n {x, < T/{}| <
|B*(|B*],0)n {x, < T/{ }| + w. For such a set E, Lemma 3.4.1 implies that for almost every ¢ € (0, T/{) there holds

H”'I(Er\{xn =t})> %pﬂ]ﬁ)((ﬂ)z <1 _M>T -1 _DA(E)>

B

|B| |B|
i =]
s L (o ) (BB < ThI+0N T
=2 |BA] | B7] gk

Hence for sufficiently small # > 0 the right hand side in the previous estimate is bounded below by some constant
A (n, ) > 0.
A 2

1 1
For a generic set E such that ||E| - |B’1|| <nand D,(E) <n, theset E' = (lBA|Z/|E|Z> E has measure equal

to | B*| and deficit D,(E’) < n. Up to decreasing # > 0, applying the first part of the proof to E’, the desired
estimate holds on E for T, =T /2 and A, = A’ /2. O
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Reduction to (n — 1)-symmetric sets

In this section we prove that, in order to prove Theorem 3.1.1, it is sufficient to further reduce to show (3.1.2)
among (n — 1)-symmetric sets, i.e., sets which are symmetric with respect to reflection across n — 1 orthogonal
hyperplanes, each one orthogonal to {x, = 0}. The results are analogous to [Mag08, Section 6].

Lemma 3.4.5. Let E C R" \ H be a Borel set with finite measure, symmetric with respectto k € {1,...,n— 1}
orthogonal half-hyperplanes H; = {x ER"\ H : (x, vj> = O}forl <Jj <k where|v;| =1and <vj,en> =0
forany 1 < j < k. Then

min |[EAB*(|E|, x)| < min |EAB’1(|E|,y)| <3 min |EAB*(|E|, x)|. (3.4.20)
xeoH yGaHﬂﬂ 1 x€eo0H

Proof. We can suppose for simplicity that Vj € {1, ..., k} we have Vi =g CIf X0 (x(l), ,xg_ r 0) is such that

a,(E) is achieved by B*(| E|, x9), then a,(E) is achieved also by B*(| E|, xo), where x0 = (—x?, s —xg, x2+1 Y s
0_.0). Since | BX(|E|, x")AB*(|E|)| < |B*(|E|, x®)AB*(| E|, x°)| we have
|[EABX(|ED| < |[EAB* (IEL.x°) | +B* (1EL.x°) AB*(|E])

< |EAB* (IE[,x°) | +|B* (1E|,x°) AB* (|E|.%°) |

< |EAB* (|E[,x°) | +|B* (|E|,x°) AE| + |[EAB* (|E|,x°) |

=3|EAB* (|E[,x°) |. O
Given a Borel set E C R" \ H with finite measure and a unit vector v with (v, e,) = 0, we denote by H" = {x €
R" : (x,v) >t} an open half-space orthogonal to v where t € R is chosen in such a way that

|E|

+ —
|E”Hv|—7-

We also denote by r, : R"\ H — R"\ H the reflection with respectto H, := dH,andby H :=r (HY) the
open half-space complementary to H*. Finally we write EX := En H*.
Observe that

D,(EF ur/(EY)) <2D,(E). (3.4.21)

Indeed
Py(EZ Ur(ES) - Py(BM(E)) < 2P,(E) - Py(ET Ur,(E])) — P,(BX(E|))
= 2(P,(E) — P,(B*(|E|)) + P;(B*(|E])) = P,(EJ Ur,(E))
< 2(Py(E) = Py(BX(IED)),
where in the last inequality we used the isoperimetric inequality of Theorem 3.2.3.

Lemma 3.4.6. There exist Cy, 6, > 0 depending on n, A such that, if E C R"\ H is a Borel set with finite measure
such that D,(E) < &,, and if v| and v, are two orthogonal vectors, with (v;,e,) = 0, such that H,  and H,, divide
E in four parts of equal measure, then there existi € {1,2} and s € {+, —} such that, setting E’ ES U r (ES ),
there holds

a,(E) < Cya(E"). (3.4.22)

Proof. By scale-invariance of Fraenkel asymmetry, it is sufficient to prove the claim assuming also | E| = | B*|. If
ie{l,2}and s € {+, -}, let E denote the sets obtained by reflecting ES along H, and let B’{ S = BA(|B%|, x;)
be four spherical caps such that -

|EABM|= min_ |EABA(|B|,x)|.
i xe€H NoH Vi

For i = 1,2, by the triangular inequality we have
min |[EAB(|B|.x)| < |EAB!|
= [(EAB)n HY|+ I(EAB})n H |
< [(EAB)n HY|+ I(EAB" )N Hy|+ |(BX*AB ) n H, | (34.23)
= %|E;:LABI.“| + %lE;i‘ABf’_l + %|Bf’+ABf’_|.
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Once we show that if D,;(E) is sufficiently small then there exists ¢, ; > 0 such that at least one the following

|B*ABM| <2, /1<|E;TABf’+| + |E/V]‘ABf"|>
3.4.24

|B**AB*"| <2¢, ,(|EYABY | + |E-ABM| ( :

2 2 1526\ 1E,, a5, v, 25

holds, then we soon conclude the proof. Indeed, assume for example that the first inequality in (3.4.24) holds.
Then, from (3.4.20) and (3.4.23) with i = 1, we get

. o (3.4.23) , i , .
min |EAB*(B*, 01 < (c,u+1/2(1EAB} | +1EAB)
X€ ’

(3.4.20)

< 3o+ 1/2)( min |E*AB(| B4, 0] + min |E~AB*( B, x)|>

thus proving (3.4.22) with C, = 6(c, , + 1/2) and E’ equal to E’VT or E;l_
Observe that, given € > 0, Corollary 3.4.3, (3.4.20) and (3.4.21) imply that there exists 5_2(}1, A) > 0 such that if
D,(E) < 6, then

|E! +AB'1 |

max < a,(E), T C =12} <& (3.4.25)

Thanks to (3.4.25), we can show that the caps Bl.’l’i get closer and closer to the optimal ones for E, as §, decreases.
Indeed, let us assume by contradiction that there exists # > 0 such that for every j € N there exist E > with

|E;| = | B*|, D,(E;) < %, with Bj’.1 1= BA(|B’1|,xj) realizing the asymmetry of E;, but for i € {1,2} and
s € {+,—},if B} := B*(|B|,x} ) is such that

|E" ,AB*’| = min_|E" AB*(|B*,x)|,
iV o) xGHV/ NoH = Jj,v
i

,V:
i

where E’ ® , 1s given by reflections of truncations of E; along orthogonal subspaces H v H v then |x =x;|>n

for some i e {1,2},s € {+,—} and any j. Without loss of generality we can assume that that i=1 and s =+.
Let us translate every set in the above contradiction assumption by —x;. Without relabeling the objects involved,
up to subsequences, we have that E; — B'1 := B*(|B*|,0) in L'. We can show that E’+j - B’1 as well. Indeed,

V
up to a rotation we can further assume that

HV{={(aj,0,...,0)+ell}, v{=e1, Y J,
with a ;€ R. By the definition of H ,, we have
1

B4 |E;l
Then {a j} is bounded and, up to subsequence, converges to a,, = 0 because, if a,, # 0, then
Ejn{xl >aj} —>B61r\{x1 >ag}

with | B} n {x; > aw}| # % In particular Ej’+ — B}. Finally by (3.4.25)

B
1

E’+ AB*T

g|B*| > lim
J L

min _ {|B*(|B*|,x)AB}} =: C(n) > 0.

xeaH X120

But for j sufficiently large, since D,(E;) — 0, by (3.4.25) we can choose € such that £|B*| < C(n)/2, getting a
contradiction.
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We observe that for € > 0 sufficiently small, that is for §, > 0 sufficiently small, there exists ¢y, > 0 such that for
all possible choices of s,t € {+, —} there holds

A8
((B**ABXYn(H* n H' )| > LB' (3.4.26)
1 2 Vi V) c ] s
n,

We only sketch the argument for (3.4.26). Letting Q := (HVSl N H‘iz) and By(h) := B*(|B*|, hxi), B,(h) :=
B*(|B*|, hx}) for h € [0, 1], one can compute

d n— s n—
_|(B1(h)ABZ(h)) N Q| :/ < Bl(l’l) > dH"™ ! + / <‘/Bz(h)’x1 _ x’2> dH"!
dh 9B, (WNB,(HNQ B, (N B, (HNQ

xt — x5 x5 —x!
_ / VB 271 +/ yB ZL T2 N Y s
OB, ()NBy(HNO |x] = x5 OB ()NB, (HNQ xS — K

B(WNB,y(h) 5t n=11.,s _ _t
Y ,012> dH"™" |x] — x; |

/0(31 (MNBy,(M)HNQ

2 Clxi - xtzl’
where 012 is obviously defined, provided £ is small enough, for some ¢ = c¢(n, 1) > 0 that will change from line to
line. The last estimate follows since <v 1(NBy(h) 4% ’) > 0 pointwise and, for £ small, centers x], x2 are so close

that (vBIWNEM® 31 can be estimated from below by a positive constant on a set of 7"~!-measure uniformly
bounded from below away from zero. On the other hand one can estimate

A8 At s t
[(B{"AB,")| < c|x] — x5

Hence
1
d
|(Bf*AB} N (H; nH))| = / d—h|(Bl(h)ABz(h)) NO|dh > c|x! — xb| > c|(B{* ABJ)I,
0
and (3.4.26) follows.
Letting
= (B} n H)U (Bf™n Hy), = (Bi*n H})U (B{™n H)),
we deduce
i BaB
|S1A8,] > [(S1AS) N (H an )| = |(B1’SAB2’)0(HVS an ) > — .
1 2 1 2 cn’i
In particular we have
|B}MTABYT| < |BPTAB)Y| + |BSYABIT| < 2¢,,15,AS,, (3427
|B}*AB)T| < |BTAB!| + |BMABT| < 2¢,,15,AS, .
If by contradiction (3.4.24) were false, then
| A,+ABL—| | }.,-‘rABﬂ,—l
"+ A it - 1 1 "+ A pAt '~ A ph— 2 2

|EV1 AB| + |Ev1 AB| < —2%1 and |Ev2 AB)"| + |Ev2 AB)| < —26“ . (3.4.28)

Hence
{ 2
|S1A8,] < S, AE| + |EAS| = 5 ), <|Evi+ABf’+| + IEVI_‘ABI.’L_|>
i=1
(3.4. 28) it _ (3427
Z IB*ABMT| < 15,48,
Cn,a i=

getting a contradiction. O
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Lemma 3.4.7 (Reduction to (n — 1)-symmetric sets). There exist C,, 5, > 0 depending on n, A such that, if E is a
Borel set with EC R"\ H, E C Q,, |E| = | B| and D,(E) < 6,, there exists a Borel set F C R" \ H, F C Q,,,
|F| = | B*|, symmetric with respect to n — 1 orthogonal half-hyperplanes (each orthogonal to dH ) and such that

a,(E) < Cya,(F), D,(F) <2"'D,(E).

Proof. Let us define 6, := 5,27(""2), where §, is the constant appearing in Lemma 3.4.6. We can apply Lem-
ma 3.4.6 n — 2 times to different pairs of orthogonal vectors in {e, ..., e,_,} normal to corresponding pairs of
affine hyperplanes splitting the measure of E in two halves. Therefore, also recalling (3.4.21), we find an (n — 2)-
symmetric set E’ such that |E’| = | B#| and

a)(E) < Ci2ay(E'), Dy(E") <2"2D,(E).

To perform the last symmetrization, let us consider a half-hyperplane H,_, orthogonal to e,_; and dividing E’ into
two parts of equal measure. For simplicity let us assume that H, ;| = {x,_; = 0} \ H. We denote by E'* (resp.
E'7) the set obtained by the union of E’ n {x,_; >0} (resp. E' n {x,_; < 0}) with its reflection along H,_,. By
(3.4.21) we have

D,(E*) <2D,(E') <2"'D,(E).

Regarding the asymmetry of E = note that since E’ is symmetric with respect to the first n — 2 coordinate hyper-
planes, E'* and E'~ are (n — 1)-symmetric. By Lemma 3.4.5 we get

|B*|a,(E") < |E'AB*(|B*))|
= |(E'AB*(IB*)) n {x,_; > O}| + [(E'AB*(|B*)) n {x,_, <0}
= (I aB* B D + |E-aBA (B

3|B* ' )
< '2 |<aﬂ(E+)+aﬂ(E—)).

Therefore at least one of the sets E'*, E'~ has asymmetry greater than %a ,(E") and, denoting by F this set, we
have

D,(F) <2D,(E') <2"'D,(E)
a)(E) < C)2ay(E') < 3C)2ay(F).

Finally, the inclusion F C Q,, follows since F was obtained by performing reflections of E C Q, along affine
hyperplanes of the form {xj = aj} forj=1,...,n—1with a; € =LD. ]
Reduction to Schwarz-symmetric sets

In this section we observe that, in order to prove Theorem 3.1.1, it is sufficient to further reduce to show (3.1.2)
just among Schwarz-symmetric sets. The proof is analogous to [Fus15, Proposition 4.9].

Lemma 3.4.8 (Reduction to Schwarz-symmetric sets). There exists C; = Cz(n, A) > 0 such that the following
holds. Let E C R"\ H be a set of finite perimeter with |E| = |B*|. Suppose that E is symmetric with respect to
the coordinate hyerplanes {x; =0}, ..., {x,_; = 0} and that

D,(E) <1, E C 0y,
where | = l(n, A) is as in in Lemma 3.4.2. Then
|EAE*| < C3\/D,(E) and  D,(E*) < D,(E), (3.4.29)
where E* denotes the Schwarz symmetrization of E with respect to the n-th axis.

Proof. The second inequality in (3.4.29) follows from the fact | E*| = | E| and P,(E*) < P,(E). Exploiting Lemma
2.4.4, we may assume
H' '((x € d*E\ H : vE(x) = +e,}) =0,
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and thus that v, € WUI(R). Indeed, if E; is given by Lemma 2.4.4 and the claim is proved for E,, by the
contractivity of Schwartz rearrangement 2.6.3, for every £ > 0 and with i sufficiently large, we get

|EAE*| < |EAE;| + |E,AE]| + |EfAE¥|
<2|EAE,| + |E,AE|
<2&+ C;\/D,(E),

and the last term tends to C;4/D;(E) as i — oo.
For H'-a.e. t € (0, o0) denote

vp() 1= H"\({xX e R™! : (x',1) € E}),
pe@) = H"2(0* (X e R 1 (X,1) € E)),
and employ analogous notation for E*. Since |0*ENJdH| = |0*E* N dH |, we get
Py(E) - P,(B*) > P,(E) - P,(E") = P(E,R"\ H) — P(E*,R" \ H).

It is therefore possible to reproduce the computation in [Fus15, Proposition 4.9] verbatim up to [Fus15, Eq. (4.29)]
to estimate the right hand side in the last equation from below. We include the computation for the convenience of
the reader. [Magl12, Eq. (19.30)] states that

P(E) > / \/ Pe@®)? + V()2 dt,
0

P,(E) — P,(B*) > P(E,R"\ H) - P(E*,R"\ H) > / <\/sz + 02 - \/p%* + uﬁ) dr
0

o Ph = Ph. o0 2 1
:/ E_TE dr > / \/ Py — pa.dt
0 \/piﬂ+vg+\/pZE*+qu2 0 /0°°\/p35+v’§+\/pé*+vgdt

0 2
> 2 1
2(/0 VP pE*d’> P(E,R"\ H) + P(E*,R"\ H)
0 2
) 1
2 </o V7 ”E*d’> PAE) + (Y

where in the last inequality we used Corollary 2.4.5. Since D,(E) < 1 and pp > pg«, we have P;(E*) < Py(E) <
2P,(B*) and

therefore by Theorem 2.6.4 one has

\/ ” . PE — PE*
DA(E)ZC/O \/P%—PZE*dt=C/O \/Pg + Ppe/PEs Tdt

© - *
> \/EC/ D+ M dt,
0 V. Pe

for some constant ¢ = ¢(n, ) > 0 changing from line to line. Note that (E*), is a (n — 1)-dimensional ball with the
same H"~! measure of E,. Then the quantity

(3.4.30)

pe() = pp:()
PE+ (1)
is the classical isoperimetric deficit in R"~! of E, with respect to the standard perimeter. By the quantitative

isoperimetric inequality in R"~! [FMPO08], the fact that E, is n — 1 symmetric with (E*), centered at the center of
symmetry of E, and Lemma 3.4.5, we have

H'™(E,AE]) pe®) — pp-(1)
———— <c(n)y | ————.
H"1((E*),) PE-(1)
By (3.4.30) and the inclusion E C Q,; we conclude

o0 N t o0
\VD,(E)> ¢ pE—()H"—l(EtAE;‘)dz > 5/ H'"Y(E,AE")dt = S|EAE®|.
o H((E),) I Jo l
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Reduction to indecomposable sets

Definition 3.4.9. A set of finite perimeter E with finite measure is said to be indecomposable if, whenever there
exist two sets of finite perimeter E|, E, such that | EA(E,UE,)| = Owith |E;NE,| = 0and P(E) = P(E|)+P(E,),
then

min{|E,|, |E,|} = 0.

The next result is analogous to [Mag08, Theorem 4.4].

Lemma 3.4.10. There exist two 6, = 6,(n) > 0 and C, = Cy(n, A) > 0 such that if E is a set of finite measure with
D,(E) < &,, then there exists an indecomposable set F such that |F| > |E|/2 and

a,(E) < a,(F)+ C,D,(E),  D,(F)<C,D,(E). (3.4.31)

Proof. By scale-invariance of the asymmetry and of the deficit, it is sufficient to prove the claim assuming also
|E| = |B*|. Without loss of generality, let us assume that E is not indecomposable. By [Amb+01, Theorem
1], there exist at most countably many disjoint indecomposable sets E,, for h € I C N, such that |E,| > O,
|E,\ E| =0, |E\U,E,| =0and P(E) = Y, P(E,). In particular H" 'L 0*E = ¥, H""! L 0* E,, as measures,
thus P(E,R"\ H) = ¥, P(E,,R"\ H) and H""'(0*EndH) = Y, H""1(0*E, n dH). Rewriting P, as in
(2.4.3), we conclude that and P,(E) = ), ner P;(Ep) holds. From the isoperimetric inequality in Theorem 3.2.3
we get

1 1 1 n-l =
DAE) =~ <Z PAEh)—PA(Bi)) > e <n|B‘|n A —n|Bi|) =Y, ~1

hel hel hel

with a, := |E,|/|B*|. Note that dheran = las |[E| = | B*|. Assume for simplicity that the a,, are ordered
decreasingly.
If a; > 1/2, from (3.4.10) we get

ﬂ n— 1
DiE)2a” +(1—a)7 —122 (22 - 1) (1-ay), (3.4.32)

hence |E \ E|| < C,D,(E), with C; = C4(n, 1) > 0 that may change from line to line. Setting F = E|, since
n—1
t+ t n is Lipschitz on [|B*|/2,|B*|], we find

P,(F) — P,(B*(|F|)) < P,(E) — P,(B*) + P,(B") — P,(B*(|F|)) = P,(E) — P,(B") + n|B*[:(|E|"" — |F|")
< P{(E) = Py(BY) + C4|E \ E,| < Py(E) = Py(B") + C; D(E).

Since 1 1 :
1 -l n
P,(B*(|F|)) > n|B*"|F| " > —|B*| =

n—1 n—1

n n

P,(BY,

we get
D;(F) < C4D,(E).

Similarly, denoting by B*(| F|, x,) an optimal spherical cap realizing a,(F) we have

|B*|a,(E) < |[EAB*(|B*|, xo)|
< |EAF| + |FABX(IF|, xo)| + | B*(IF|, x0)AB*(| B*|, xo)|
= |[FAB*(|F|,xp)| +2|E\ F|
< |FAB(|F|, x¢)| +2C4D;(E),
thus completing the proof of (3.4.31).

Therefore, it remains to show that if 6, is sufficiently small then a; > 1/2. By contradiction assume that a; < 1/2
and let N > 2 be the greatest integer such that ), _ a, < 1/2. Then, by (3.4.10) and arguing as in (3.4.32), we

57



get

3
|

3
|

D, (E) > <2
h<N
DA(E)2<Zah> " +( ah> ,, zz(zi—1> Y a,
h>N

Adding these two inequalities we get

=
A
b4
S
>
~~—
=
+
7\
=
[\
>4
S
>
~_
=
\Y
[\]
—
[:)I
|
[—y
Q
oyl

3
|

3
|

DE) 2 (20— 1) Zah=(2%_1)(1—aN)z (2 =1)t=ap> 2;2_1’

h#N

which is impossible for ¢, < 12 . O

2n—1

Remark 3.4.11. If E as in Lemma 3.4.10 is also symmetric with respect to the first » — 1 variables, then the
indecomposable component F given by Lemma 3.4.10 is n — 1-symmetric as well.

Indeed, consider for instance the hyperplane H; = {x; = 0} and assume by contradiction that there exists A C
F* := Fn{x; > 0} with |A| > O such that its reflection rg, (A) withrespect to H satisfies |rH] (A)NF| = @, where
rg, * {x; >0} = {x; <0}. Decomposing F + = U, F; in maximal indecomposable components (see [Amb+01,
Theorem 1]) we can assume without loss of generality that A C F; (containments understood up to Lebesgue-null
sets). If P(F|, H;) > 0, then [Amb+01, Proposition 5(i)] implies that F| U ry (F) is indecomposable. Also
F, Ury (F)) C E by symmetry of E, hence F; U ry, (F;) is contained in one indecomposable component of E;
since |(F; U 'y, (F))n F| > 0, then F; U rHl(Fl) C F, which implies H, (A) C F, against the contradiction
assumption. Therefore there must hold that P(F;, H;) = 0, hence F; = F since F is indecomposable. Thus
F C {x; >0}, butthen |E| > |F| + |rH1(F)| > |E|/2+ |E|/2 = | E|, that gives a final contradiction.

Corollary 3.4.12. There exist 65, > 0 depending on n, A such that for every 0 < & < &s, if the quantitative
isoperimetric inequality (3.1.2) holds (with some constant depending on n, A) for every Schwarz-symmetric inde-
composable set F, with |F| = |B*|, contained in a cube Q; and with D,(F) < &, then (3.1.2) holds for any
measurable set of finite measure (up to changing the multiplicative constant, depending on n, A only).

3.5 First quantitative isoperimetric inequality

Coupling
We start by recalling the general definition and properties of the restricted envelopes introduced in [Cin+22].

Definition 3§.1 ([Cin+22, Definition 3.1]). Let K C R” be a compact convex set, E C R"” be a bounded open set,
and u € C°(E) n C?(E). The K-envelope of u is the function #X : R” — R given by

iK(x) == supla+(&,x) 1 E€K, a+{(&y)<u(y) VyeE)}.

The desired coupling corresponding to a competitor E will be essentially the K-envelope of the solution to the
elliptic problem (3.2.4), for K equal to the closure of the optimal bubble B*.

Definition 3.5.2 ([Cin+22, Definition 3.9]). Let K C R" be a compact convex set, E C R” be a bounded open set
and u € C°(E) N C*(E). Given x € R" and & € K, we define

S; := argmin{u(x) — (£ x))

xeE
and
1<m<n+1
. 420, Y4 =1
. ) 2 AR i = i
H(x,£,K) = ;z,v u(s;) eS.nE ,

x—Y As; € NE K)
where N (&, K) is the normal cone of K at &, defined as

NEK) :={veR" : (v,& —¢&) <0forall ¢ € K}.
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We will need the following

Proposition 3.5.3 ([Cin+22, Proposition 3.10]). Let K C R" be a compact convex set, E C R" be a bounded open
set, and u € CO(E) N C%(E). Assume that for any & € K it holds Sg C E, then X : R" - Risa C" convex
function such that

Vik(R") = Va* (E) = K.

Moreover, for any x € R" and any H,, € H(x, ViiX (x), K) # @, it holds V?a*(x) < H,.

Lemma 3.5.4 ([Cin+22, Lemma A.1]). Let {A;},=, _,, be positive real numbers with s := A+ -+ 4,, > 1 and

.....

let {x;};....n be nonnegative real numbers. If 3, A;x; < cs for some ¢ > 0, then it holds
m
8  cFss? A
Z}“i(xi_c)zs— - 2<cs—xf1---xm'">.
i=1 3miny A

,,,,,

We will need to associate a coupling only to Lipschitz-regular connected competitors, having C! relative boundary
in R" \ H. This is established in the next result, whose proof is analogous to the one in [Cin+22].

Proposition 3.5.5. There exists C = C(n, 1) > 0 such that the following holds. Let E ¢ R" \ H be a connected
bounded open set. Suppose that E has Lipschitz boundary and that 0E N {x, > 0} is a hypersurface of class C'
with boundary.

Then there exists a 1-Lipschitz convex function ¥ : R" — R of class C"! such that A¥Y < 5B ind such that

|E|
V¥(R") = V¥Y(E) = B* up to negligible sets. Moreover, if |E| = | B*| and D,(E) < 1, then

/ |V2¥ —id| dx < C+/D,(E) (3.5.1)
E

/ (1—|V¥)dH"! <CD,(E). (3.5.2)
0* En(R"\ H)

Proof. Let us assume first that 0 E \ 0 H is a smooth hypersurface with smooth boundary intersecting d H orthogo-
nally. Letu : E — R be asolution of (3.2.4) and (K),cy a sequence of compact convex sets such that K; CC I%l- +1
and U,y K; = B*. We showed in the proof of Theorem 3.2.3 that for any & € B# the minimum of u(x) — (&, x)
cannot be achieved on the boundary of E. Moreover, at any point x € E such that VZu(x) > 0, it holds

Py(E) d

0 < VZu(x) < Au(x)id =
|E|

Therefore, recalling Remark 3.2.2, by Proposition 3.5.3 we get that #Xi is a sequence of 1-Lipschitz functions, being
suprema of 1-Lipschitz functions, that is uniformly bounded in C'-! on compact sets; hence up to subsequence it
converges to a limit function ¥ in CIIOC(R"). Since ViXi(R") = ViaKi(E) = K;, then VP(R") = V‘P(E) = E, Yis
a convex function of class C'!, and writing the inequality AaXi < % in the sense of distributions, one checks
that it readily passes to the limit as i — +oo for the function V.

To prove that [V¥(E)AB*| = 0, let Z C E be a compact set and notice that
|VaX(E\ Z)| < c(n, |E|, PE)IE\ Z|,
\VaXi(Z)| = |Va"(E\ (E\ 2))| 2 [Va"(E)| - |Va"(E\ 2)| = |K;| = ¢|E\ Z|.
Passing to the limit we find

[V¥(Z)| > |limsup Vaki(Z)| > limsup |VaXi(Z)| > |B*| - ¢|E \ Z|,
i i

hence letting Z /' E, we get that VP(R") = V¥(E) = B* up to negligible sets.

Suppose now that E is a generic connected set as in the assumptions. If n > 3 we can apply the above argument to
a sequence of sets E; approximating E given by Lemma 2.4.4, suitably modified connecting possibly disconnected
components with thin tubes vanishing in the limit. If n = 2, then dE \ 0H is a union of C! curves, which thus can
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be approximated by smooth ones touching d H orthogonally preserving the connectedness of the set. Applying the
first part of the proof on the approximating sequence E; we get a corresponding sequence of functions ¥; uniformly
bounded in C*! on compact sets, hence converging in CllOC up to subsequence to a convex function ¥ of class C'!
with AY < P,(E)/|E|. Also, since V¥,(R") = B4, then V¥(R") C B* by Cli) -convergence. Moreover, since
E has Lipschitz boundary, there exists a sequence of compact sets Z; C E such that Z; C E; forany i > i; and
such that Z; / E. Hence one can repeat the above argument with ¥;, E, Z; in place of uki, E, Z, respectively, to
deduce that

IVY(Z)| > |B*| = c(n, | E;|, P(ED)E; \ Z;| > |B*| = c(n, |E|, P(E))E; \ Z,].

Letting i — oo first, and then j — co, we get that VP(R") = V¥(E) = B* up to negligible sets.
We now prove (3.5.1) and (3.5.2). The symbol C shall denote a positive constant depending on », 4 changing from
line to line. By the area formula, the arithmetic-geometric mean inequality and the properties of ¥ we get

i 2 n AYN" P,(E)\" _/ Py(E)\"
|B |—|V‘1’(E)|5/Ed‘°'t(V ¥)dH S/E< ) dxs_/,5<n|E|> =) &

n (3.5.3)
= (221 154 = 1+ DB 1B,
P,(B%)
Hence ;
PA(E) 2 A n A A
E| —det(V-Y) ) dx < |B*|(1 + D,(E))" — |B"| < CD,(E). (3.5.4)
E n
By Lemma 3.5.4 applied withm = n, 4, = ... = 4, = 1, (x,...,x,) equal to the eigenvalues of V>¥ and
= 2B _ BE) 5 | e obtain
n|E| P(BH T 7

. ([ P,(E)\" P,(E)—n|E|\?
V2P —id|? < 2|V?¥ — cid|?> + 2|(c — Did|> < C AR det(V2¥) ) + 2n PAE) —nlE]

. {PAE)\" 5 )
< c(( el ) — det(V2W) + D,(E) >

Therefore by (3.5.4) and (3.5.5) we get
/ |[V2¥ —id|? dx < CD,(E),
E

which implies (3.5.1).
Arguing as in (3.5.3), by the divergence theorem and using that (V¥, —e,) < —4 since V¥(R") C B4, we get

" Py(E)™! P (E)"!
|Bﬂ.|s/ (g) dXSL/Ade=&/ <VlP,VE> dHn—l
EN DN n|E|"1 g n"|E|"t Joep

P.(E n—1
< LB </ (VP VEY dH"! +/ (V¥,—e,) dH”‘1>
n"| E|"=1\ Jo Enmen\ ) 0* EnoH

P, (E)!
< A(—)l (/ (V¥,VvEY —1dH" ! + PAE))
n"|E|"= 0* En(R"\ H)

P,(E)" Py(E)"!
n"|E|"=L n|E|"D o pawe\m)

Rearranging terms, since D,(E) < 1 and |E| = | B*|, we obtain

P,(E)" — P,(BY" .
/ (1= |V¥)dH"™! < A(E) 1(1 ) < CD,(E).
o* En(R"\ H) P,(E)'~
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We now want to translate the quantitative estimates obtained on the coupling in Proposition 3.5.5 into quantitative
estimates on the asymmetry of a competitor. We will need some technical results first.

The next lemma is analogous to [Cin+22, Lemma 6.2], but with a varying range of parameters that here must
depend on A.

Lemma 3.5.6. Let E C [0, ) be a 1-dimensional set of locally finite perimeter with |E| < oo and set
r :=min{ 1—,12,1—/1}, R, :=max{ 1—,12,1—/1}.

There exists ¢ = ¢(n, A) > 0 such that for any %r LS L gR ; there holds

/ mldr<e / t”_ldt+/ "=t dHO ).
EA[0,] [0,%]\E FE

Proof. Itholds EA[0,1] = ((I,c0) N E) U ([0,1]\ E). We claim that

max / "1dr, / "tdr 3 < é(n, A) / e + / N =t dH() ). (B.5.6)
[l 00)NE [%,1]\}3 [o,%]\E OE

We will estimate the two terms on the left-hand side separately.

Without loss of generality, suppose [/, 00) N E # . Since |E| < oo, then 0*E N [/, o0) is nonempty and we can
assume it has finite supremum 7 (otherwise the right hand side in (3.5.6) equals +o0). In particular the right-hand
side in (3.5.6) is finite. It holds

r
/ t”_ldt§/ lar < 1|t—l|</ "1 =t dHO@),
[l,00)NE l 0*E

and the first term in the left-hand side of (3.5.6) is bounded as wished.

Let us now consider f [ " 1] \E "~ dt. Its value is a priori bounded by ( ) Ifo*En [ ] # () and 7 is one
£,

of its elements, then

n_l 0 r; nq R 9 n—1 9
O = dHOO 2 7 =7l 2 () oz e ) (SR,
0*E 4 8 8

=R
8 A

> é(n, A) / "1,
%,l]\E

So from now on we can assume that 0" E N [r ] @. 1t [4 4r,1] \ E #§,then EN [2 zrl] = ¢ and

n—1
[ s [ ei—ates [ oa= o > dma (3R,)
o.2]\e OE |2.4] 8

> é(n, A) "l dr.
[%,l]\E

9 r,
ZR, -2
D)

So we can further assume [% %m] C E Ifo"En [” l] = {J, then [7‘

Finally, if 0" E N [% l] # f, let us denote by ¢ the infimum of 0*E N [—‘ ] Then

!
/ t”_ldtﬁ/ t”_ldtsl”_1|l—£|=£”_1|l—t|< > é(n, "1 =1
21 z

< é(n, A) N1 =t dHO@).
0*E

This concludes the proof of the claim (3.5.6). Hence

/ "1 dt < max / "1, / a4+ / "
EA[0,]] [l.0)NE [%,l]\E [o,%]\E
(3.5.6)
< én, A) / t”_ldt+/ N1 =t dHO () +/ " 1dr,
[O,%]\E FE [0,%]\E

and the proof follows. O

] C E and there is nothing to prove.
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We shall also need the following standard technical result stating that a Vol pert property holds for the intersections
of a set of finite perimeter with rays from the origin, cf. [Vol67]. The proof follows, for example, by adapting the
proof of [Fus04, Theorem 3.21] working in polar coordinates rather than in Cartesian coordinates.

Lemma 3.5.7. Let E C R"\ H be a set of finite perimeter with |E| < +co. If 9 € S""! n(R" \ H), we define
Ey:={t>0 : t9 € E}.
Then, for H"~'-almost every 9 € S"~' 0 (R"\ H), Ey is a 1-dimensional set of locally finite perimeter such that
O'Egnf{t>0}={t>0 : t9€0"E}.

Moreover, if n € L'(0*E) is nonnegative, we have

[onans | ( / z"—lnos)dHO(z)) dH"(9).
0*E\H S=I\H \Jo"E,

Combining Lemma 3.5.6 with Lemma 3.5.7 we get the following result that estimates the symmetric difference of
a competitor with a bubble that is just close to a standard bubble B*(v,x). The result is analogous to [Cin+22,
Proposition 6.1].

Lemma 3.5.8. There exist €,¢ > 0 depending on n, A such that the following holds. Let E C R"\ H be a bounded
set of finite perimeter. If|E N B'_j(0)| > % |Br_,1(0) \ H', then
2 2

EAB )\ DI <2 [ lx =] - 1 an o,
0*E\H
for any x, € R” such that |xy — (0, ...,0,-1)| < e.

Proof. If € is sufficiently small, depending only on n, 4, then for any 9 € S"~! n (R" \ H) the set {t > 0
|t9 — xy| < 1} is an open segment (0, #(9)), with #(9) close to the number

T, € [min{ 1—/12,1—/1},max{ 1—/12,1—1}] =: [r,. R,

such that |Tyd+Ae,| = 1. In particular, if € is sufficiently small, then %Rz > 19 > %ri forany 9 € S"'n(R"\ H).
As before, for any 9 € S"~!'\ H let
Ey:={t>0 : t9 € E}.

By coarea formula we get

|[EAB(xo) N (R"\ H)| = / ( / =1 dt> dH"1(9).
s=-I\H \J EyA[0,1(8)]

By Lemma 3.5.6 we obtain

|[EAB(xq) \ H| < c(n, 4) < / e + / " 11(9) —z|dH°> dH"1(9). (3.5.7)
SI\H [o,’i]\Eg O°E,

For every t > 0, we claim that
[[t9 — x| — 1| = c(n, )|t — 1(I)]. (3.5.8)

Note that there exists 6 = 6(n, 4,€) € (0,r;/8) such that for ¢ € [#(J) — 5, 1(9) + 6] there holds

d
55100 = 5

= [((#9 = xp)/ |18 — x¢ |, 9)| = c(n, 4,€) > 0.

Then, for ¢t € [t(9) — 6,t(9) + 5],
[2(9) — t] < c(n, D|[19 — x| — 11,
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and in this case the claim follows. Regarding the remaining cases, note that
119 = xol = 1|

|1(89) — 1]
and the claim follows for # > R = R(n, 4, €) > 0 big enough. Finally, if 0 < t < Rand t & [t(9) — 0, t(I9) + 5], then

-1 as |t| - +oo

||tz9—x0| - 1| >c(n,A,6)>0
[2(9) —t| < c(n, 4, R)

hence the claim follows as well.
Therefore

(3.5.8)
/ / e — 1@ dHO () dH"'(9) < e(n, ,1)/ / "8 — xol = 11 dHO (1) dH" (9).
S-I\H Jo*E, S-I\H Jo*E,
(3.5.9)
By Lemma 3.5.7 we deduce

/ [lx = xo] = 1] dH" ' (x) > / </ 19 = x| — 1|dH0(t)> dH"1(9). (3.5.10)
0*E\H S—I\H 0*Ey

Since ||x — x| — 1| > ¢(n, 4) > 0 in B (0), by coarea formula and relative isoperimetric inequality we get
2

n—1

LI\H (/[O e 1 dt) dH"(9) = ‘(B%(O)\H> \E' - '(B%(O)\H> \ E'T ‘(B%(O) \ H) \E‘%

<c(n, 4) dr"!
a*En<BL,1(0)\H>
2
<c(n, A) [1x = xo| = 1] dH" ! (x).
0*E\H
(3.5.11)
Putting together (3.5.7), (3.5.9), (3.5.10) and (3.5.11), the proof follows. L]

We can finally show that if a suitably regular Schwarz-symmetric set satisfies a trace inequality, then the quantitative
estimates in Proposition 3.5.5 imply a quantitative isoperimetric inequality.

Proposition 3.5.9. There exists 65 = 65(n, A) > 0 such that for any c; > 0 there exists y = y(n, 4,cy) > 0 such
that the following holds. Let E C R" \ H be a bounded connected open set with |E| = |B*|. Suppose that E
has Lipschitz boundary and that 0E 0 {x, > 0} is a hypersurface of class C' with boundary. Assume that E is
Schwarz-symmetric with respect to the n-th axis and that there exists a constant ¢y such that for every function
f € BV(R") n L®(R") there is a constant ¢ € R such that the following holds

/ dIDfI(x) = cT/ trg(|f — c)) dH" ' (x). (3.5.12)
E

0* En(R"\ H)

If D,(E) < 6, then
a;(E) < yD,(E).

Proof. Let ¥ be given by Proposition 3.5.5. By (3.5.12) and (3.5.1) we get

/ [(VY = x) + xo| dH" "' (x) < e(n, A, ¢)\/ D,(E),
0* En(R"\ H)

where x, = (x(l), .., Xg) 1s the vector whose i-th component is the constant ¢ of (3.5.12) corresponding to the i-th
component of VW — x. Therefore
/ [1x = x| = 1] dH”_l(x)s/ VW — (x — xo)| + |1 = [V¥|| dH"" ! (x)
0* En(R"\ H) 0*En(R"\H) (3.5'13)
(3:52)

< e, A, cp)V Dy(E).
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We observe that if € = e(n, 4) is given by Lemma 3.5.8, then for 64 small enough depending on €, we ensure that
|xg —(0,...,0,—4)| < &. Indeed, if for every i € N there were E; satisfying the hypotheses of Proposition 3.5.9
such that D,;(E) < % with corresponding x ; verifying |x; — (0, ...,0,—4)| > &, passing to limit in (3.5.13) we
would get a contradiction with the fact that E; converges to B*(| B*|).

Hence we can apply Lemma 3.5.8. Since E is Schwarz-symmetric, we get

|[EAB,(0,....0,x") N (R"\ H)| < |EAB;(x0) N (R"\ H)|

(3.5.14)
<cm, A cp)\/D,(E).
Arguing as above, up to taking a smaller 65, we can assume that |xj + 4| < |xy — (0, ..., 0, —4)] is so small that
d 1 -1
‘alBl(O, ,O,t) \ Hl' Z Ea)n_l(l - 12) 2,
for any 1 € [—|x + 4], |x + 4]]. Hence
(3.5.14)
c(n, A,ep)VD(E) > ’lBl(O, s 0,x0) \ H| = | E|
= [1B1(0....0.xp) \ H| = |B,(0,....,0,=1) \ H|
> Lo (1= DT x4 4
= Ewn_l( - ) 2 |x0+ |’
which implies
|xg + Al < c(n, 4, cp)/ D, (E), (3.5.15)
for a suitable constant. Therefore
|(B1(O. ... 0.x() \ H) A (By(O, ... .0, =)\ H)| < e(n, DIy + 4 a6

(3.5.15)

S c(na A@ CT) \Y% D,{(E)7

where in the first inequality we used that ¢ |(B1(O, .,0,0\ H) A (B(0,...,0,—2)\ H)) is Lipschitz for
some Lipschitz constant c¢(n, 1) > 0.
Finally

|[EAB (O, ...,0,x) N (R"\ H)|

> |B*(|B*)AE| - |(B1(0, 0 0,xXI)\ H) A (B0, ... ,O,—/l)\H)|
(3.5.16)

> a;(E) ~ c(n A ¢p)\/D(E).

In the next lemma we observe that optimal bubbles do satisfy trace inequalities.

Lemma 3.5.10. There exists ¢ = ¢(n, A) > 0 such that for every function f € BV (R")n L*®(R") there is a constant
¢ € R such that the following holds

/ d|Df](x) > E/ trgiqpap (LS — e dH" (x). (3.5.17)
B*(|B*|)

dBA(|B*D\H

Proof. We may assume f € Lip (R"). If we set f, := fl{x,,ZO}’ we define

ﬂm:{ f4(x) if x € (x,20),
S (=x) if xe{x,<0}.

Hence f is Lipschitz. Let B be the union of B*(| B#|) with its reflection across {x, = 0}. By the Poincaré inequality
2.3.2, there exist ¢ = ¢(n, A) > 0 and C = C(n, 4, f) > 0 such that

/|f_—C|dec(n,/l)/|Vf_|dx.
B B
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By the boundary trace theorem 2.3.4 applied to the function f — C, we get

2/ |f=C|dH"! =/ |f=C|dH" ' < c(n, 2) (/ |f—C|dx+/ IV(f—C)ldx)
0B*(|BA)NR"\ H 0B B B

c(n,/l)(/ |f—C|dx+/|Vf|dx>SC(n,/i)/|Vf|dx
B B B

c(n, A) |V f]dx.
BA(|B4])

O

We now introduce a notion of C!-distance from B*(| B*|) for sets in the half-space R” \ H, and we deduce that
Schwarz-symmetric sets sufficiently close in C! to B*(| B*|) enjoy a quantitative isoperimetric inequality.

Definition 3.5.11. Let @, : 0B, \ H — dB*(|B*|)\ H be such that 0 B*(|B*))\ H = {@,(x)x : x €dB;\ H}.
Let E Cc R"\ H be a bounded open set. Suppose that E has Lipschitz boundary and that 0E n {x, > 0} is a
hypersurface of class C! with boundary. Assume that E is Schwarz-symmetric. Suppose that there exists a C'!
functions

@ :0Bj\H —-JE\H
whose graph parametrizes the boundary of E in R"” \ H, that is
O0E\ H ={p(x)x : x€dB,\ H}.

We define the C' distance of E to B*(| B*|) by dci(E, BA(IB))) := llo = @4llc1 9B, nrm\ m)-
A sequence of sets E; as above is said to converge to BA(|B*|)in C'if d. (E;, B*(|B*])) = 0 as j — +oo.

Corollary 3.5.12. There exist £,7 > 0 depending only on n, A such that the following holds. Let E C R" \ H be
as in Definition 3.5.11. If dc1(E, B*(|B*|)) < &, then

a;(E) < 9(n, D, (E).

Proof. Let @, @, be as in Definition 3.5.11. If y : [0,400) — [0, 1] is a smooth cut-off function such that y(r) = 0
1 1 2 _ 1 . 2 . .
fort < 1 min{Vy1 — A%,1—A1} and such that y(r) = 1 for¢ > 3 min{V1 — A%, 1—- A4}, we define the diffeomorphism

o ()

v :R'"\H—>R"\H w(x)=|1-x(xD+ x(x])

Note that
ly —idl|c1 < cé,

w(@BX(|B*|)\ H)=0E\ H,

for some ¢ = c(n, 4, y), if dci(E, BA(|B*|)) < & < 1.
Let g € Lip.(R") and define f := gow. If c is the constant in (3.5.17) corresponding to f, then by area formula
and (3.5.17) we get

/ g — e dH™ < COn, ) [ —eldH < Cm ) ||V 7] dx
o*En\H B

OBMN\H

<cn [ Valax
E
Therefore, if € is small enough, we can apply Proposition 3.5.9 with ¢ therein depending on », 4 only, and we get

a,(E) <y7(n,A)D,(E).
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Proof of the first quantitative isoperimetric inequality

We are ready to prove the main quantitative isoperimetric inequality. Let us recall the following immediate result,
completely analogous to [Fus15, Lemma 5.3].

Lemma 3.5.13. The standard bubble B*(| B*|) is the unique solution, up to translations along 0H, of
min{P/l(F)+A||F| ~|BY| : FcR" \H} ,
for any A > n.

Proof. By Theorem 3.2.3 we may restrict ourselves to consider rescalings of B*(|B*|). Hence we just need to
minimize the function

[0, 4+00) D r = P,(rB*(|IB*]) + A |[rB*(IB*])| — |B*(IB*D|| = |B*(IB*D| ("~ + A|r" — 1])..

To show that » = 1 minimize the above function, it is sufficient to consider r € [0, 1). Since A > n, for r € [0, 1)
we have

" R A =1 = AL =) > a1 =) >,

which proves the claim. 0

Proof of Theorem 3.1.1. Let 7(n, A) be the constant given by Corollary 3.5.12 and let ,,7 be given by Corol-
lary 3.4.12. By Corollary 3.4.12 it is sufficient to prove that there exists 6 € (0, 6,) such that, if E is a Schwarz-
symmetric set contained in Qy such that |E| = | B*| and D,(E) < 6, then a;(E) < 27(n, A)y/D,(E).

We argue by contradiction. Let { E;}; be a sequence of Schwarz-symmetric sets contained in Q; such that |E;| =
| B*|, with P;(E;) - P,(B*) and

a,(E;) > 27(n, )1/ D4(E)). (3.5.18)
For every j we consider a minimizer F; of the problem
min{P;(F) + |a;(F) — a,(E;)| + A||F| = | E;|| : F Schwarz-symmetric contained in Qj}, (3.5.19)

for A > 0 to be chosen large. Up to subsequence, F; converges in L' to a minimizer of F = P,(F) + a,(F) +
A | |F| — | B4| |, hence, taking A > n, we have that F; converges to B*(|B*|) by Lemma 3.5.13. Also, by comparison
with with E;, we have that P,(F;) - P;(B%).
We prove that F; is a local (A, rp)-minimizer in R" \ H, for some Ay, ry > 0 and j large. Let us consider a ball
B.(x) cc R"\ H, with r < min{r(,d(x,0H)}, and a set G such that F;AG CC B,(x). Denoting by (-)* the
Schwarz symmetrization with respect to the n-th axis and by Z := G n Q;, we have
P(F;,R*"\ H) < P(Z*,R"\ H) + |a;(Z7) — a,(E)| — |a;(F)) — a;(Ep)| + Al Z| = | E;|| = || F;| — | E;]
< P(Z,R"\ H) + |a,(Z*) — a,(F))| + A|ZAF|
< P(G.R"\ H) +|a,(Z*) - a,(F))| + AIGAF|.

For r, small enough and j sufficiently large we have that |G| > |Z]| > c(n,1) > 0. Assume for instance that
a,(Z*%) > a;(F ;) (the opposite case being symmetric), then

a2 = a(F) <1217 (1Z°AF, |+ |EABAE, DI+ |1 Z1 = 1F1| ) = 1F, 17, ABA(F, D)
< c(n, M| ZAF;| +c(n, 2) (|F;| - 1Z]) + | ZAF;|
< c(n, M|GAF].

Arguing analogously in case a,;(Z*) < a,;(F}), we deduce

P(F,,R"\ H) < P(G,R"\ H) + A|GAF,],
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for some A; = (A, n, A).

By Theorem 2.5.3 we know that 0*F; N {x, > O} is a Cl’% manifold and 0F; N {x, > 0} \ 9" F; has Hausdorff
dimension < n—8. Since F; is Schwarz-symmetric, if there exists a point (r9,7) € dF;n{x, > 0} \0*F ; for some
r,t>0,9 € S"2 then (r9.1) € 0F;n{x, > 0} \ 0*F, forany §' € S"~2. Hence 0F, N {x, > 0} \ 0*F; C {te,

1 > 0}. However by Theorem 2.5.3 for every € > 0 the set dF; N {x, > €} converges to 0B*(|B*)) n {x,>¢€}in
Cl%forany0 < a < % Also, for j large we can apply Corollary 3.4.4 which implies that H"~'(F;n{x, =1}) > A,
fora.e. t € (0,T)), for some A,, T, > 0 depending on n, 4. Then points te, for ¢t € (0, T, /2) are points of density
1 for F;, hence they belong to the interior of F;. Therefore, for j large enough, 0F; N {x, > 0} \ 0" F; must be

1
empty and F; N {x, > 0} is an axially symmetric hypersurface of class C L3,
By the minimality of the F, (3.5.18) and Lemma 3.5.13 we observe that

Py(F)+ A |1} = 1B)| + |ay(F) — ax(E)| < Pi(E)

P,(B*(|B]) o2
472(n, 2)

< P,(BA(|BY)) + proT a3 (E)).

() < P(F) +A|IF;| - 1B]| +

Therefore, we have that
P,(B*(|B*])) 2(

47%(n, ) £

lay(F;) — o, (E))| <

Since aA(EJ-) — 0 we get that
a,(F;)

()

Let {/Alj} C (0, 00) such that, setting Fj = AJFJ, then |1:"j| = |B*|. Clearly ij — 1 since |F;| — |B#|. Since

Py(F;) — P,(B*(|B*|)) and A > n, for j sufficiently large we have P(F;) < AlF;| and

P(F)) - PA(Fj)| = P,(F))

it - 1| <

.—1|

21| 1 = A1 = 1R
Hence, by definition of 1 ; and by (3.5.20) we get
Py(F) < Py(F)+A|IF}| - |Ej|| = PA(E) + A|IF| - |B|

(3.5.20) /1 B/l (3.5.21)
< P(BYBY)) + BBABD) a;(E)).

47%(n, A)
Since a,;(F;)/a;(E;) - 1 as j — oo we have a;(E;)* < 2a,(F;)* for j sufficiently large. Hence from (3.5.21) we
finally obtain
ay(F)) > V2 (n, M7/ Dy(F)). (3.5.22)
Fort > 0 let ~
o= (1) i MiNyeq 7 n(x,=1) {|x—te,|} if oF n{x,=1}#40,
£ 0 if oFn{x,=1t}=90

be the function measuring the distance of 0 F ;N {x, =t} from the n-th axis, set to zero in case oF in{x, =t} = @
For j large we can apply Corollary 3.4.4 again to deduce that there exists T;, A, > 0 such that H"~!(F N {x, =
t}) > A, for almost every t € (0,T)). Since F ) is Schwarz-symmetric and its relative boundary in {x, > 0} is C !
regular, then we can write that (pl_:_‘ ) > A; > 0 for j large and for any ¢ € (0, T)).

Recalling that F; is a local (A, ry)-minimizer, by Lemma 2.5.2 its boundary has generalized mean curvature

~ ~ A ~ 1
bounded by A, for any j. Since F; = A;F; with A; — 1, then 0F; n (R" \ H) is a hypersurface of class C 13 with
generalized mean curvature H F, bounded by 2A1 for any j. Observe that if we locally parametrize aF N(R"\ H)
with the graph of a function @, then ®; weakly solves the mean curvature equation

Vo,
aiv| Y|y,

\/1+IVO,|?
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where Nq)j is the unit normal corresponding to ® ! and H, F is evaluated along the graph of ® e Since H, F 18
bounded, we get that @ j is of class W27 for every p < oo (see [GTO1]).

Fix p, € aFj Nn{x; > 0,0 < x, <T,}nspan{e;,e,}. Since ()Fj NR"\ H) is Cl’%, there exists a curve
vj = (;,0,...,0,8)) : (a,b) — span{e;,e,} \ H such that the map S"2 % (a,b) © (9,1) (aj(t)19, B;())
parametrizes 0 F ;ina neighborhocld of py. We claim that a;, §; € W 2P, up to reparametrization.

Indeed, we can also parametrize 0 F; in a neighborhood U of p; as the graph of a function ®; with domain contained
in some affine hyperplane of the form p,+V', and without loss of generality we can assume that either V' = {x; = 0}
orV = {x, = 0}. If n = 2, then the claimed regularity immediately follows from the regularity of ®@;. Then assume
n > 3, and suppose for example that V' = {x; = 0}. The image of the curve y; in U can be parametrized as the
graph of a functiont — (f(¥),0, ...,0,t). Writing as ()f’ . X,) € pog+V the variable for @;, the fact that the distance
from the n-th axis is constant on the intersection of 0 F; with any horizontal hyperplane yields the identity

((I)j(x', x,) + distxn(p0)>2 + X% = f(x,)%

where dist, (py) denotes distance of p, from the n-th axis. Since ®; is of class C and W?” and dist, (py) >
0 because - A; > 0, inverting the above identity we find that f is of class W?”, hence so is Yj» up to

reparametrization. In case V' = {x, = 0}, the observation follows analogously relating ®; with a parametrization
fory..
J

‘We further observe that, for « s p ;0 (a,b) — (0, 00) as above, since « s p ; are of class I/sz)’cp , up to reparametrization
by arclength we can apply Lemma 2.6.6 to get that

H,; = <k v> —(n—2)ﬁ—; (—f9.d)
5 (a; (19,8, 1) 7 a, 0 &)

in the notation of Lemma 2.6.6. Recalling that (p} > A’/1 > 0 on (0,T,), we have that |a j| > A’/1 and thus
j

n—2
—.
yl

Ik, | <24, + (3.5.23)

Observe that the upper bound in (3.5.23) is independent of j and of the initially chosen point p,.
Fix now ¢, € 6Fj N{x; >0,x,=T,} nspan{e,e,}, let yJQ 1 [0,1y) — span{e;,e,} be part of a curve defined

as before, parametrized by arclength, such that <yj(.)(t), en> < T, for any t. If lim,_>,6 }/J(.)(t) & 0H, the curve can

be extended to a longer one, parametrized by arclength, by joining yj(.) with a curve defined as before for the choice
Do = lim,_,,a yj(.)(t). Hence we can consider o; : [0, L;) — span{e,,e,} the maximal extension of 7/}(.) parametrized
by arclength that parametrizes F; N {x; > 0,0 < x, < T,} nspan{ey,e,}. Since the perimeter P(F;,R" \ H) is
uniformly bounded, then sup; L; < +oco. Obviously lim,_, L0 (1) € 0H, for otherwise the curve could be further

extended. By construction, the uniform bound in (3.5.23) holds pointwise for the curvature of ;. Therefore o;
can be extended to a curve y; : [0, L;] — span{e,, e, } such that

l7illcriqo.r,y < Cs (3.5.24)

with C independent of j, depending only on n, A, I and the upper bound on the curvature given by (3.5.23).
Up to a subsequence, since FJ — B*(|B%|) and we already know that for every £ > O the set 0F N {x, = €}

converges to dB*(|B*)) N {x, > e} in C'* forany 0 < a < %, the bound (3.5.24) implies that F; converges in C!
sense to B*(|B*|) in the sense of Definition 3.5.11. Hence, by Corollary 3.5.12, for j sufficiently large there holds

a;(F)) < 7(n, D (F)),
in contradiction with (3.5.22). L]

Remark 3.5.14. In the proof of it is possible to directly prove that the boundary of F ; remains uniformly far away
from the n-th axis in a small slab {0 < x, < gy} without appealing to Corollary 3.4.4. We present here an
alternative proof of this fact.
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Let
9 1
hy :=(1—-A)— = (1= A)—.
0 ( )10’ 60 ( )10

Let ¢ be the profile function parametrizing d B*(|B*|) \ H. For t > 0, we define

o (1) 1= 4 MiMeornt=n {x e} it 0,0 {x,=1) %4,
’ " if oF;n{x,=1}=0
ot () 1= 4 TxeFn(x,=1) {Ix —te,|} if a@. Alx, =1) £,
F, 0 if 0F, n{x,=t}=0

Note that »; (t) is lower semicontinuous. Indeed, let #, — 7., € (0,00). If there exists 7, — 7, such that

»; (tk )=0 then by regularity of 0 F ;» we infer
h;?l iorolf (p}j () = llirgo (p}j(tk,) =0= <p}j (To)-
Otherwise, for k sufficiently large let gol_:_ (t) be achieved in x,;. Then
j
hmlnf (pF (t,) = liminf min {Ix —tre,|}

k=00  xedF;n{x,=t,}

= liminf{|x, —t,e,|}
k—o0

> <p}j(too)-

By the convergence of dF; to dB*(|B*|) in C'-sense in {x, > £}, for any ¢ > 0 and for sufficiently large j € N
we have

[0}
—, (3.5.25)
1000

with z € {4, —}. Let us define the neighborhood of d B*(| B*|) in {x, > 0} given by

(P;j (g9) — p(gg)| <

o
U, ;={x=(x’,xn)€|Rn\H DX = e(x, )|<_}

1000

and let

5, :=inf{0<s§eo : (r)>m\/1—/12 V1 € [5, €] }
We claim that, for sufficiently large j, §; = 0, which coincides to prove that oF i 0 {x, = t} is nonempty and
uniformly far away from the n-th axis, for t € (0, gy].

By contradiction let us assume that §; is strictly positive for any large j. Note that the lower semicontinuity of ©;
j

——1/1 — A2. This follows by taking a sequence §; /" §;, with

»; (sk) ! ——V1- A2

= 1000

implies that (p;j () <5 000

We claim that there exists ¢(n, 4, o) such that
H"™'((0F;\ H)\ U, n {3; < x, < &y}) > &(n, 4,0) > 0. (3.5.26)
Indeed, if there exists ¢; > 0 such that
. . + ~ . . p— -~ ~
lleI_l)g)lf qaﬁj(sj) > llgglf (pﬁj(sj) +c,

then
H'" N OF,\ H)\ Uy 0 {5, <x, <€) 2 @,1(0% G =9z G 2 >0
- J J
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Otherwise lim,_, (p't (5;) = lim;_, (p‘~ (5;) up to subsequence; hence let A§_ be the annulus in the plane {x, =

§;} with center in the origin and radii m\/l — A% and min{(0), (g} — 10006 Ifp e A and p ¢ F,,

by (3.5.25) and the regularity of o F ;» there exists ¢ > 0 such that p + te, € oF,. ;- In particular, the projection of
(OFJ. \ H)\ U, n{3; < x, < gy} over the plane {x, = 3} is surjective on Agj. Therefore

H*N(@F,\ H)\ U, N (5, < x, < g9}) > H""! (naH ((aFj \H)\U, N {5 <x, < go}>>

> w, [(mm {#(0), (p(fo)} 3 m)ﬂ—l _ (101%)”_1

(1—,12)% >0

and we have proved (3.5.26).
However (3.5.26) would imply that P,I(F D Ras P,(B*). Indeed, since

PA(FJ.)=/ 1—ﬂ<en,vﬁf>dH”_l+/ 1—,1<e v1>dH" !
@F \H)NU, @F \H)\U,

the first integral in the right-hand side tends to P,(B*) by Reshetnyak lower semicontinuity theorem 2.1.22 while
the second integral is greater than a strictly positive constant because of (3.5.26).

We can further prove that (p -, with z € {+, —}, defined in the proof of Theorem 3.1.1, converges uniformly to the

profile function ¢ of B'1(|B'1|) in (0, hgl.
Indeed, let us assume by contradiction that there exists o) > 0 such that

max sup |7 (1) — @(1)| > o
J

ze{+,—} (0,hy]

for any j large. We can assume that

max sup (% () — ()| > o
ze{+.—} (o, EE)] F; =0

for sufficiently large j. Let {7}y C (0,€¢] and z € {+, —} be such that

> 0,

z —
4 F ()
Then there exists 7, € [0, £y] such that, up to a subsequence, 7; — 7. For Ugo defined analogously as above,

since
P,(F)) — P,(I1B))

PA(Fj) = / 1-4 <e,,,vF/> dH"! +/ 1-4 <en,vﬁf> dH" !,
@F \H)NU,, OF\H)\Uy,

lim 1—/1<e v1>dH”1=
=% J o\,

and
then

For j large enough (p% (g9) € UEO, with z € {+, —}. Moreover
J

/ -4 <en,vﬁj> dH" > (1 = HH-! ((aﬁj \H)\U, n{t,<x,< 50}) .
OF\H\U -
Let us define

107, (0 = 9] < T Vi€ s, 50]}

6
i=inf{ 0<s<g : 1) — < 7000
; m{ s<eo o log 0= 90l < 1o 7000
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Observe that 7; < s;. There exists s, € [0, £y] such that, up to a subsequence, s; — 5. If s, =7, then

-1 ((aﬁj \H)\ U, n{t; <x, < 50}> > - (,[aH ((aﬁj \H)\ U, n{t; <x,< go}>)

o n—1 el
>w,_; [af - (ﬁ) (1-4%)7 >o.

If s, >t then

s; 2
H' ((0F, \ H) \ Uy, n {1, <x, <&0}) 2/ (n = Do, [T+ ((wg)') (% )2 dx
tj J J

> (n- Do, , / (@7 ) dx
t Y

5j
> -, / » ((p%)”'2 dx >c¢>0.
x J

In both cases, as before we would get that PA(F W) P PA(BA).

3.6 Second quantitative isoperimetric inequality

We will need the following technical lemma, proving that if the energy P,(E;) a sequence of sets E; converges to
the energy of the limit, then the sequence strictly converges in the sense of BV functions. The proof essentially
follows by analyzing the equality case in the Reshetnyak lower semicontinuity theorem 2.1.22.

Lemma 3.6.1. Let { E;},c\ be a sequence of sets of finite perimeter in R" \ H such that E; — E in L', for some
set of finite perimeter E with |E| < +o0. If P,(E;) = P,(E), then

lim P(E,R"\ H) = P(E,R"\ H), limH"'(0*E,ndH)=H""'(0*E noH).
] 1

Proof. Let f(v) :=|v| — A{e,, v), forany v € R", and letv; := |Dyg | ® 6,k be a measure on R” \ H x S" 1.
Since |v;|(R"\ H xS"~") < P(E,) < 2P,(E;)/(1— 4) by Corollary 2.4.5, up to subsequence, v; weakly* converges
to a finite measure v. Up to subsequence, also | D XE, | weakly* converges to a finite measure y on R"\ H. Denoting
by z : R"\ HxS"~! — R"\ H the natural projection, we have myv; = |D;(Ei| — u = myv. Moreover, u > |D yg|
by lower semicontinuity. By the disintegration theorem 2.1.27, we can write v = u @ v,, for a y-measurable map
R"\ H 3 x — v, where v, is a probability measure on S"~!. Analogously to [AFP00, Eq. (2.30)], we observe
that

D
/ vdv () = vEa PZEL ) 3.6.1)
Sn—l ﬂ
at p-a.e. x € R"\ H. Indeed, for any continuous function g with spt(g) cC R" \ H we find
/ gx) [ vdv(v)du(x) = / g(x)vdv(x,v) = lim g(x) vdy,(x, v)
R\H Sl R\ HxSn-1 b JRm\ HxS-!

= —1i — _ E |Dygl
= —lim g(x)dD yg (x) = — g(x)dDyg(x) = g v™ (x) ——(x) dpu(x).
" JRN\H R"\H R\ H U

Since f is nonnegative, convex and continuous, by Remark 2.4.2 we find

lim P,(E,) = lim / fWE)dIDyg | = lim f@)dv(x,v) 2 / f@©)dv(x, v)
i T Jrn\H ‘ b IR\ HxSs! R\ HxS"-!
=/ f()dv, (v) du(x) Z/ f (/ vdvx(v)> du(x) (3.6.2)
R”\H sn—1 RM\H sn—1

3.6. D
e / 1 (v’f(x>ﬂ<x)> du(x) = / FOE@)AID g (x) = Py(E),
Rr\H H R\H

71



where in the second inequality we applied Jensen inequality 2.1.7, and where the last equality follows since f is
positively 1-homogeneous. Since lim; P,(E;) = P,(E) by assumption and since f is not affine, equality in Jensen
inequality 2.1.7 implies that the identity map S"~! 3 v - v is constant v -a.e., for y-a.e. x € R"\ H. This means
that v, = (SUX for some v, € S" ! for y-a.e. x € R” \ H. Hence (3.6.1) implies

| Dyl

v, = vE(x)

(x),

at y-a.e. x € R"\ H, and since |v,| = |vE(x)| = 1, then |Dyg|/u(x) = 1 at y-a.e. x € R"\ H, and v, = vE(x)
u-almost everywhere. Inserting in (3.6.2) we deduce

/ fﬁﬂmwwm=/ f(/ Nw@)@@ﬁ FOEE) D el ().
R\ H R\ H Sl R\ H

Since f(vE(x)) > 0and u > | D yp|, we deduce that 4 = | D y|, and then |D)(E,-| weakly* converges to | D yg|.
We can now fix an increasing sequence of Lipschitz bounded open sets €2; CC R" \ H such that U;,Q; = R"\ H
and P(E;,0Q;) = P(E,0Q;) =0 for every i, j. Hence lim, P(E;,Q;) = P(E,Q)) for any j. Moreover

P(E,R"\ (HUQ)) < I lw <P/1(Ei)—/ f(VEi)d|DZEi|>,
_ o,

for any i, j. Applying Reshetnyak continuity theorem 2.1.23 on Q; we get

ORI < T P e 1 u),

1= [4] Jrn\(Hue)) 1 —[4]

limsup P(E;,R" \ (HUQ))) <
i

for any j. Therefore

1+ |4
1—14]

limsup P(E;,R" \ H) < P(E,Q;) + P(E,R"\ (HUQ,))),
i

for any j. Letting j — oo, the proof follows. O
We will also exploit the concept of (K, ry)-quasiminimal set.

Definition 3.6.2. Let E C R" \ H be a set of finite perimeter with finite measure, and let K > 1,r, > 0. We say
that E is a (K, ry)-quasiminimal set (relatively in R"” \ H) if

P(E,R"\ H) < KP(F,R"\ H),
for any F C R” \ H such that EAF CC B,(x), for some ball B,(x) C R" with r < rjand x € {x, > 0}.

Quasiminimal sets have well-known topological regularity properties following from uniform density estimates at
boundary points. We recall these facts in the following statement. The proof follows, for example, by repeatedly
applying [Kin+13, Theorem 4.2] with X’ = {x, > 0} in domains Q& = X n B, (x) for x € X, in the nota-
tion of [Kin+13, Theorem 4.2]. Observe that in [Kin+13], the perimeter functional coincides with the relative
perimeter in R” \ H, hence the definition of quasiminimal set in [Kin+13, Definition 3.1] coincides with our
Definition 3.6.2. Alternatively, the proof follows by adapting the proof of [Mag12, Theorem 21.11] working with
(K, rg)-quasiminimal sets instead of (A, ry)-minimizers.

Theorem 3.6.3. Let E C R" \ H be a (K, ry)-quasiminimal set, for some K > 1,r, > 0. Then there exist
m=m(n,K,ry) € (0,1) and r6 = r6(n, K,ry) € (0, ry] such that

|E N B,(x)]

m<——<1-m Vx €0E\ H, Yre,r)].
IB,(o\ H] \ 0

In particular the set EV) of points of density 1 for E is an open representative for E.

We will identify a (K, r)-quasiminimal set with its open representative E1). In order to prove Theorem 1.1.2 we
need two preparatory lemmas.
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Lemma 3.6.4. For any K > 1,ry > 0 there exist 6;,Cq, C; > 0 depending on n, A, K, ry such that the following
holds. If E C R"\ H is a bounded (K, ry)-quasiminimal set with |E| = | B*| and D,(E) < &,, then

1
dy, (aE \ H,0B*(|B*],x)\ H) < Cya (E)r, (3.6.3)
where B*(|B*|, x) is a bubble realizing the asymmetry of E. Moreover

P.(E) < C;D,(E)5. (3.6.4)

Proof. Up to translation, we can assume that x = 0. Also, letting m, r6 be given by Theorem 3.6.3, up to decreasing

ro we can assume that ry = ré. Let p € 0E \ H be such that
dy ;= dist (p, IBA([BA]) \ H) — max {dist <y, IB*([BA])\ H) © yEOE\ H} .

Hence B, (p) N dB*(|B*|) \ H = @. Then either B, (p)\ H C B*(|B*|) or B; (MW \ HCR"\(HU B*(|B*))).
In the first case Theorem 3.6.3 implies

1 .
m|B,(x)\ H| < |B,()\ (H U E)| < |B(IB‘D\ El = S0,(E)  Vr € (0,min{dy, ro}),
while in the second case Theorem 3.6.3 implies
m|B.(x)\ H| < |B.(x)n E| < |E\ B*(|B*|)| = %ou(E) Vr € (0, min{dy, ro}).

Since |Bg(x) \ H| > Cr", then min{d,, ry}" < Ca,(E), for C = C(n, 4, K, r;). So by Corollary 3.4.3, choosing
67 small enough we have that a;(E) is so small that min{d,, vy} = d, and then

d! < Cay(E).

Since density estimates as those in Theorem 3.6.3 hold for B*(| B#|), repeating the above argument exchanging the
roles of E and B*(|B*|), (3.6.3) follows.
From (3.6.3), we deduce that

OE\H C {ye {x, >0} : dist <y,aBi(|Bﬂ|)\H> < CﬁaA(E)%},

Hence
H"' (0*EAOB*(|B*|)n oH)
<! ({(x’,O) ER" 1 (1— 12 — Cyay(E)r < |x'| < (1= AD)2 + Coay(E)n })
< Cay(E)r < CD,(E)%,
for some C = C(n, 4, K, ry), where we used Theorem 3.1.1 in the last inequality. Hence (3.6.4) follows. ]

Lemma 3.6.5. There exists 63, Cgq > 0 depending on n, A such that for any measurable set E C R" \ H with
|E| = |B*| and D,(E) < &g there holds

L
Bi(E) < CyD;(E)2.
Proof. Fix A > n. Let Q C R" be a large cube whose interior contains the closure of B*(|B*|), andlet F C Q\ H

be such that |B*|/2 < |F| < 2|B*|. Let G C R" \ H be such that GAF cC B, (x), for x € {x, > 0} and
ro € (0, 1) to be chosen small. Let Z := G N Q. Observe that

1 n—1 1 n—1 n—1
||Z| - |F|| < |ZAF| < |GAF|+|GAF| " <w]r (IGIT + IFIT> (3.6.5)

< C(n)ry (P(G,R"\ H) + P(F,R"\ H)),
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where in the last inequality we used the relative isoperimetric inequality in a half-space (see [CGR07] for the sharp
inequality). Let y, z € 0 H be such that
H"! (0*FAOB*(|F|,y)noH) H"' (0*ZA0B*(|Z|,2) N 0H)

F)= 7)) =
Palh) =505 (9B*(|F],y)noH) Pl =305 (9B*(|Z],2) N oH)

Observe that y, z exist since F, Z C Q. Suppose, for instance, that §,(Z) > §,(F). Then

H"™ ' (0*ZA0B*(|Z|,y)noH) H"' (0*FAOB*(|F|,y)noH)

Hr1 (B Z|,y)noH) M (9BA(|F|,y)noH)
H"1(0*ZAd*F noH)+ H"~! (0* FAOB*(|F|,y) N 0H ) + H"~! (0B*(|F|, »)AdB*(| Z|,y) n 0H )
H"=1 (0BM(|Z],y)noH) ¥

pi(Z) — B)(F) <

H"! (0*FAOB*(|F|,y)n0H)
H"=! (0BA(|F|,y)NoH)
1 @ 28T F 0 oH) | |11 (0B FI.») o) = H™ (aB*(1Z), ») N oH ) |

= +
H"=1 (0BA(|Z],y)noH) H"=1 (0BA(|Z],y)noH)
1 1
+ M (0" FAOB*(|F|,y) noH —~
( (1519 )<H”-1 (0BA(|Z],y)noH) H"! (aBA(|F|,y)naH)>

(3.6.6)
By the trace inequality in Theorem 2.3.4 we estimate

H" ' (0*ZA0*F noH) < C(n)(|ZAF| + P(Z,R"\ H) + P(F,R" \ H))
< C(n)(|GAF| + P(G,R"\ H) + P(F,R"\ H))
<Cn)(P(G,R"\ H)+ P(F,R"\ H)),

where the last inequality follows as in (3.6.5), and C denotes a constant depending on suitable parameters that
changes from line to line. For r small, depending only on n, A, we can ensure that

H" ' (0B*(1Z],y)n0H) > C(n, 4) > 0.
Finally

|1t (0B*(Fl.y) n oH) = 1" (0BX(1Z1, ) N 0H )| < L1 Z| - |F]]

U2 Cn 1) (PG.R™\ H) + P(F,R"\ HY),

for a suitable Lipschitz constant L = L(n, A). Therefore (3.6.6) becomes
Bi(Z) = B,(F) < C(n, 1) (P(G,R"\ H) + P(F,R"\ H)).
In case f,(Z) < f,(F), the very same argument leads to an analogous estimate. Hence
|ﬁ,1(Z) - ﬁi(F)| < C(n,2) (P(G,R" \ H)+ P(F,R"\ H)). (3.6.7)

Up to taking a smaller r, we fix ry = ry(n, 4, A) € (0, 1) and gy = gy(n, 4, A) € (0, 1) such that 1 — | 4] —eoa(n, A)—
AC(n)ry > 0, and we define
1+ 14] + £,C(n, ) + AC
K = | A £o~(n ) _(n)ro o1
1 = [A] = gyC(n, A) — AC(n)r
Let 67, C; be given by Lemma 3.6.4 corresponding to the parameters K, r,/2. We want to prove that if ; is
sufficiently small, then

B,(E) < 2C,D,(E)%.
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We argue by contradiction assuming that there exist sets E; C R" \ H with |E;| = |B*| and D,(E ;) < 1/j such
that 1
Bi(E;) > 2C;D,(E ),

for any j. Up to translation, E; — B*(|B*|,0) and P,(E;) — P;(B*). Since the trace operator is continuous with
respect to strict convergence of BV functions by Theorem 2.3.7, by Lemma 3.6.1 we deduce that §,(E;) — 0.
Let F; be a minimizer of the problem

min {PA(E) +&lf(E) = BEN +A|IEI - 1E)l| : Ec Q} . (3.6.8)

By Corollary 3.3.6, up to subsequence F; converges to a limit set F in L'. If by contradiction B;(F;) + 0, by
Lemma 3.5.13 for large j we would have that

P(B*(|B*]) + €0 (E)) < P,(F)) + &|B,(F)) — B(E))| + A ]|F,| - |E; |) ,

contradicting the minimality of F;. Hence §,(F;) — 0. It follows that, up to translation, F; converges to B*(|B*))
in L'. Comparing with E;, we also see that P,(F;) — P;(B%).
We want to show that F; is (K, ry)-quasiminimal for j large. Indeed, |B*|/2 < |F;| < 2| B*| for j large. Hence
we can apply (3.6.5) and (3.6.7) with F = F;. Letting G C R" \ H such that GAF CcC B, (x), for x € {x, > 0},
denoting Z := G N Q, by minimality of F; for (3.6.8) we find

(1= |ADP(F,,R"\ H) < (1 + |ADP(Z,R"\ H) + ¢, |ﬂ,1(Z) - ﬂA(Fj)| +A (|Z| - |Fj||
<1+ |ADPG,R"\ H)+ (605(n, N+ AE(n)rO) (P(G.R"\ H)+ P(F,,R" \ H)),

proving that F; is (K, ry)-quasiminimal.
By minimality of F;, we have

Py(F)) + A1 Fj| = |BM| + €0 | B(F)) = B(E))| < Py(E)

< r 4 28 ) < 4 a |11 - 184+ 2 g oo
’ 2Cy)> ! Qcyn
Therefore
F)) = p,(E PGB o
IBF)) = BAEDI < S BN E).
and then
B, (F;)
_)
B,(E;)
Next we select {ij} C (0, o) such that, setting Fj = /1/Fj, then |FJ-| = | B*|. Clearly ij — I since |F)| — | B4|.

Since P,(F}) — PA(BA)) and A > n, for j sufficiently large we have Py(F)) < A|Fj| and

P,(F)) = Py(F))| = Py(F))

a1 1|
" <

)1'?—1|3A
J

x;%—1| |F,| :A||Fj|—|Fj||.
Hence, by definition of A ; and by (3.6.9) we get

P,(B*)
2Cy)*n

. - (3.6.9
Py(F)) < Py(F)+ A ||Fj| - |Fj|| = P,(F)) +A||Fj| - |Bi|| < PA(B*) + A f(E).  (36.10)
Since ﬂ,l(Fj)/ﬂ,l(Ej) — las j — oo and f, is scale invariant, we have ﬂ,l(Ej)z" < ZﬂA(Fj)Z” for j sufficiently
large. Hence from (3.6.10) we obtain
Bu(F)*" > 22"~1C3m D, (F)),

t[lat is ﬁ/l(Fj) > 21_5 C7D/1(Fj)%v. On the other hand, f(zrj large, FJ- is (K, i-ro)—quasiminimal. As /Alj — 1, then
F; is (K, ry/2)-quasiminimal for j large. Moreover D, (F;) — 0. By the choice of C; above, Lemma 3.6.4 implies
that y o

B, (F)) < C;D,(F)),

giving a contradiction. O

75



Proof of Theorem 3.1.2. By Lemma 3.6.5 it follows that for any A > 0 there exists C, > 0 such that for any set
E C R"\ H with |E| = |B*| and H""!(0*E n 0H) < A there holds

Bi(E) < CADA(E)ﬁ. (3.6.11)

Indeed, if D,;(E) < &g, for 63 as in Lemma 3.6.5, then (3.6.11) follows with C, = Cg. Otherwise we just have

1
2n

1
B(E) < C(n, ) (H"Y(0*E n 0H) + H"~(0* B(|1B*|,0) n 0H)) < C(n, A, A)—— < C(n, 4, A)D>.
5"
Next we observe that, letting C, such that P,(B*) < C,;H"~'(0B*(|B*|) n dH), then for any set E C R"\ H with
|E| = |B*| and H""'(0*ENoH) > %H"—l(am(wﬂ) N 0H) there holds
Bi(E) < CyD,(E), (3.6.12)

for a constant Cy = Cy(n, A) > 0.
Indeed

P,(E)— Py(BY) > (1 — HDH"'0*EnoH) - C,H" ' (0B*(|B*) n0H) > 1;—’171"—1(0*15 NoH),
and

BA(E) < C(n, ) (H"'(0*E n0H) + H"~'(0* B*(|B*,00n 0H)) < C(n, 4, C)H""'(0*E n o H).

Setting now A := %H"‘l(aB’l(lBil) N oH) in (3.6.11), taking into account (3.6.12) we conclude that for any
set E C R"\ H with |E| = | B#| there holds

f,(E) < max{C,, Co} max {DA(E), D,(E)% } .
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Chapter 4

Existence and nonexistence results for the
capillarity problem with nonlocal repulsion
and gravity

4.1 Main results

Ifg: R"\ {0} - (0, ), we define the Riesz-type potential

R(E) :=//g(y—x)dydx.
EJE

Given a function G : (0, o) — (0, 0), we define the gravity-type potential

C(E) := / G(x,)dx.
E
If v > 0 and we denote
FHNE) := Py(E)+ R(E) + ¢(E),

we consider the nonlocal problem
inf(F4(E) : Ec{x,>0)}, |E| =v)}. 4.1.1)

The first result in this chapter is an existence result in the capillarity context and in the small mass regime, together
with qualitative properties of volume constrained minimizers.

Theorem 4.1.1 ([Pas25]). Let g be a R-admissible q-growing function, q > 0, and let G be a Z-admissible
function. There exists a mass m = m(n, A, g, G, q) > 0 such that, for every m € (0, m), there exists a minimizer of
F* in the class

A, :={Q C R"\ H measurable : |Q|=m]}

and it satisfies
1
a,{(E) S c("? /1’ g G)mz .

Moreover, if g is also infinitesimal, minimizers are indecomposable and, if in addition g is symmetric, minimizers
are essentially bounded.

Furthermore, if g is also 0-growing, infinitesimal and symmetric and G is coercive, minimizers have no holes, i.e.,
if E is a minimizer of ¥* in A,,, there is no set F C R" \ (H U E) with |F| > 0 such that

P,(E)= P,(EUF)+ P(F,R"\ H)+ AH""'(0*F n 0H).

Finally, if g is R-admissible and coercive and G is € -admissible and coercive, there exists a minimizer of F* in
A, for any m > 0.
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We remark that, by a symmetry argument, analyzing the Euler-Lagrange equation of problem (4.1.1), it is possible
to verify that the sets B*(m, x) are not volume constrained minimizers of % *; actually, the isoperimetric bubbles
B*(m, x) are not even volume constrained critical points of F*. It is left as a future project to study quantitative
properties of minimizers to (4.1.1), such as the proximity of minimizers from bubbles B*(m, x) in terms of the
smallness of the mass.

For large masses and for suitable choices of g, the repulsive interaction dominates and the variational problem in
Theorem 4.1.1 does not admit a minimizer.

Theorem 4.1.2 ([Pas25]). Let

g(x)=L, 0<p<n xeR"\ {0}
[x]?

and let G be G-admissible. For every f € (0,2], there exists m > 0, depending on n, A, p, G, such that for all
m > m the minimization problem

inf{(#*(E) : EcCR"\ H,|E| =m)}
has no minimizers.

Therefore, for a general g, existence may fail for masses large enough, since minimizers tend to split in two or more
components which then move apart one from the other in order to decrease the nonlocal energy. To capture this
phenomenon, it is convenient to introduce a generalized energy defined as

ZA e 3 G A
FHE) = inf F/E).

where

h h
ﬁ;(E):zinf{ZW(E") c E=|JE.EnE =9 forlgi;éjSh}.

i=1 i=1

Note that in this functional the interaction between different components is not evaluated, which corresponds to
consider them “at infinite distance” one from the other. By considering % * instead of %#, we can prove the
following generalized existence result.

Theorem 4.1.3 ([Pas25]). Let g be a R-admissible q-growing function, ¢ > 0, and let G be a &-admissible
function. For every m > 0 there exists a minimizer of * in the class

A, = {Q cR"\ H measurable : |Q|=m}.

More precisely, there exist a set E € A and a subdivision E = Uj’zlEj, with pairwise disjoint sets E’, such that
h
FHNE) = Z FHE) =inf {FHQ) : Qe A},
j=1

Moreover, for every 1 < j < h, the set E/ is a minimizer of both the standard and the generalized energy for its

volume, i.e.
FHNE)=FHEH)=min{FQ) : QCR"\ H, |Q| = |E/|}.

Remark 4.1.4. We note that, if g is infinitesimal, then
inf {FHQ) : Qe A, } =inf (FHQ) : Qe 4,}.

The proof can be easily adapted by [NP21, Lemma 3.4], with attention given to translating the components of a
partition without changing the n-th component. In this case, every minimizer of % is also a minimizer of % *.
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Strategy of the proof and comments The proof of Theorem 4.1.1 is divided into several steps. In the spirit of
[KM14], the existence of minimizers in the small mass regime follows by the direct method of the calculus of
variations, see Theorem 4.3.1, once we show that for sufficiently small mass every minimizing sequence of the
energy may be replaced by another minimizing sequence where all sets have uniformly bounded diameter, see
Lemma 4.3.5. We remark that we heavily use the quantitative isoperimetric inequality for the capillarity problem
proved in [PP24] and described in Chapter 3, which estimates the Fraenkel asymmetry of a competitor with respect
to the optimal sets in terms of the energy deficit. As pointed out in Chapter 3, it is unclear at the moment how
to apply stronger isoperimetric inequalities of Fuglede-type [CL12; Fug89] for nearly spherical sets in the present
capillarity framework; instead, stronger isoperimetric inequalities have been used as fundamental tools, for exam-
ple, in [AFM13; BC14; CFP23]. In fact, the classical Fuglede’s method relies on the precise knowledge of the
eigenvalues of the Laplace-Beltrami operator, which is not available for P, on optimal sets for generic A € (-1, 1).
Moreover, in our case it is in general not possible to globally parametrize C'!-close boundaries one on the other as
normal graphs.

The boundedness result in Theorem 4.1.1 follows once we show that minimizers enjoy uniform density estimates
at boundary points. In order to do so, we prove that, under suitable conditions on the Riesz potential, minimizers
are (K, ry)-quasiminimal sets for all masses, see Definition 3.6.2 and Lemma 4.3.13. Indeed quasiminimal sets
have well-known topological regularity properties (Theorem 3.6.3), which easily guarantee boundedness, see The-
orem 4.3.8. Note that the lack of symmetry of the problem, due to the presence of gravitational potential and the fact
that ambient space is a half-space, forces us to deal with the vertical direction in a separate way, see Lemma 4.3.12.

The absence of holes is based on the combination of some techniques from [KM14] and [NP21]. We firstly prove
some density estimates which improve, under suitable hypotheses on g, the analogous estimates for quasiminimal
sets, by providing bounds independent of the minimizer, see Lemma 4.4.2. In fact, this allows to prove the bound-
edness in the vertical direction with a bound independent of the minimizer, see Lemma 4.4.8, and to obtain absence
of holes arguing by contradiction, see Theorem 4.4.7.

The proof of Theorem 4.1.2 is based on the combination of some techniques from [FN21] and [KM 14] and exploits
some estimates on the diameter and the nonlocal potential energy of minimizers. We remark that the range of the
exponent f in Theorem 4.1.2 is the same as the analogous nonexistence results in the classical setting [CNT22;
FKN16; FN21; KM14; LO14].

The proof of Theorem 4.1.3 is inspired by [NP21] and exploits the isoperimetric inequality for the capillarity
functional P,. In our case the argument must be modified to take into account the presence of the gravitational
energy and, as before, estimates in the vertical direction must be treated separately. We remark that also the possible
choices for the kernels g in our Theorem 4.1.3 allow for more freedom than those considered in [NP21].

From now on and for the rest of the chapter we assume that A € (—1,1) and n € N with n > 2 are fixed.

4.2 Definitions

We provide some definitions for the kernels of Riesz-type potential & and gravity-type potential &. In particular,
in the following Definition 4.2.1 and Definition 4.2.4 we will impose pointwise requirements on the functions g,
G, i.e., it is understood that we fix pointwise defined representatives for the functions g, G.

Definition 4.2.1. A function g : R"\ {0} - (0, o) is % -admissible if g € L}OC(R" \ {0}) and #(B,) < .
A R-admissible function g : R"\ {0} — (0, o0) is g-growing, for some g € [0, 00), if for every x € R" \ {0} and
every @ > 1 it holds

glax) < alg(x).

A Z-admissible function g : R" \ {0} — (0, c0) is infinitesimal if

lim g(x)=0.

[x] >+
A R-admissible function g : R" \ {0} — (0, c0) is symmetric if

g-x)=g(x)  VxeR"\{0).
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A R-admissible function g : R” \ {0} — (0, o0) is coercive if
g(x) > +o0 as |x| = +oo.

Given two measurable sets L, M C R" \ H we let

%(L,M):=//g(y—x)dydx.
LJm

Remark 4.2.2. The functions ﬁ for g € (0, n), are £ -admissible, 0-growing, infinitesimal and symmetric.

Remark 4.2.3. The attractive-repulsive kernels |x|/ + ﬁ, for f; > 0 and p, € (0,n), are X-admissible f;-

growing symmetric functions. At the same time they diverge positively as |x| — +o0.

Definition 4.2.4. A function G : (0, ) — (0, 00) is €-admissible if G € L}OC(O, 00),

sup G(t) < o, “4.2.1)
t€(0,2)
and
G(at) < a"G(), VYa>1,1t>0. 4.2.2)

A Z-admissible function G : (0, o0) — (0, 00) is coercive if
G(t) - +o0 ast — +4oo0.

Remark 4.2.5. The identity function G(¢) = ¢ on (0, +00) is a &-admissible function.
Remark 4.2.6. Conditions (4.2.1) and (4.2.2) easily imply

Gt)=Gt-1) <t"G(1) < c(G) 1", vt > 1.

4.3 Existence of minimizers for small masses

Existence

The goal of this Section is to prove the following

Theorem 4.3.1. Let g be a R-admissible q-growing function and let G be a & -admissible function. There exists
a mass m = m(n, 4,8, G, q) > 0 such that, for all m € (0, m), there exists a minimizer of F* in the class

A, :={Q Cc R"\ H measurable : |Q|=m]}.
We begin by proving some preparatory lemmas, which estimate the energy of some competitors.

Lemma 4.3.2. Let g be R -admissible and G be & -admissible. There exists a constant ¢ = c(n, A, g, G) such that
RBYm) <em,  G(B m) <cm
for every 0 < m < | B%|.

Proof. Let us denote by Q, Cc R"\ H, with [ > 0, the cube [-1,1] X --- X [=],1] X [0,2]]. For any N € N

the cube Q, is the essential union of (2N)" disjoint isometric cubes Q', of side 1/N. If Q1 C Q, is the cube
ﬁ 2N

11 11 1 .
[—ﬁ, ﬁ] X s X [—ﬁ, ﬁ] X [0, ﬁ], evidently

@nN)"

R0)2 Y, AQ',)=CNI'ROL).

i=1
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Moreover

2"supG = |Q|sup G = (2N)"ﬂ supG = (2N)”/ supGdx > 2N)"€(0 1 ).
©0.2) ©0.2) (2ZN)" 02 0., (02 o

2N

For any 0 < r < 1 we denote by N the integer part of %, so that (2r)"! < 2N < r~!. The above estimates, together
with 4rN > 1, imply that
R(0,) < (4r)"N"R(0 .1 ) < 2"R(Or"
2N

and
©(0,) <@n"N"9(Q.1) < 4" <Sup G) r.
2N (0’2)
1

If r = ™ <1, since B*(|B|) C O, we get BA(m) C O, and we conclude that

1T =

|BA|#

R(BA(m)) < R(Q,) < e < em
and
€(B*(m)) < €(0,) < cr’ < cm.
0

Corollary 4.3.3. Let g be R-admissible and infinitesimal and let G be G -admissible. For every m > 1 there exists
E C R"\ H with |E| = m such that F*(E) < cm for some c depending on n, A, g and G.

Proof. Let us consider the set E given by a collection of N > 1 spherical caps {B’l(u, x,.)} 1<i<n Of equal volume
v and with centers located at x; = iRe,i =1, ..., N, with R large enough so that BA(v, x;) are pairwise disjoint.
We choose the number N as the smallest integer for which the volume of each spherical cap does not exceed

min {1, |B*|}. In particular Nv = mand N = [m} Note that, by [PP24, Lemma 3.1], since v < 1 <
m = |E|,

N
_ N pi _ A _ = _m
Py(E) =P, (UY, B (v,x)) = z{ P,(B*(v,x;)) = c(n, )Nv= < c(n, A) <min{1, B + 1) v

-1

<cm Amos +0 ) <em D)(m1's +m15) = c(n, Hym.

Moreover, let R be so large that g(x — y) < % for every x € B*(v, xj), y € B, x,) with j # k. Then, by
Lemma4.3.2,sincev <1 <m=|E|,

A(E) =/ / g(y — x)dydx
U,‘Z] BA(U»X,') U,Iil B’l(l),xi)

N N
=) RBw.x)+ ), / / - g(y — x)dydx
i=1 i=1 ¢ BA(v,x;) J BA(v,x1)U---UB*(v,x;)U---UB*(v,x )

< c(n, 4,8 G)Nv+ N%u(m —0) < ¢(n, A, g, G)m + (m - v) < c(n, 4., G)m,

where the B’l(v,xl) Uy Bmi) U u B’l(v,xN) denotes union over all the bubbles except for B*(v, X;).
Finally, by Lemma 4.3.2

FHE) = P,(E) + R(E) + G(E)
N
<c(n D|E| +c(n, 1.8.G)|E| + Y G(B*(v,x,)

i=1
<c(n, D|E| +c(n, 4,8 G)E| +c(n, A, g, G)Nv = c(n, 4,8, G)m.
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Lemma 4.3.4. Let E C R" \ H be a set of finite perimeter. Let g be % -admissible and q-growing and let G be
G-admissible. If a > 1, then
FHaE) < a®HMMFHE).

Proof. Note that, if E C R" \ H, then aE C R" \ H. Since a > 1, by the positivity of P, we get
P,(aE) = a" ' P,(E) < a®""P,(E).

Since g is g-growing, we have

R(aE) = // gy —x)dydx
(eE)?

=™ / / gla(y — x))dydx
EXE

< g2t / / gy — x)dydx = a1 R (E).
EXE

Finally, by (4.2.2) we get

/ G(x,)dx = " / G(ax,)dx < a*™*4 / G(x,)dx.
aE E E

The following lemma allows to suitably localize minimizing sequences with sufficiently small volume.

Lemma 4.3.5. Let g be % -admissible and q-growing and let G be & -admissible. There exists m > 0, depending
onn, A, g, G and q, such that, for every m € (0, m) and every set of finite perimeter F C R" \ H with |F| = m,
there exists a set of finite perimeter L with

FML)<FMF) and LcQ:=[-1,1]x-x[-1,1]x][0,2]. 4.3.1)

Proof. Throughout the proof we will assume that m < lf—:l. If F4(B*(m)) < F*(F), then the assertion of the
lemma is proved by choosing L = B*(m). Then we can assume, by Lemma 4.3.2, that

FAF) < FABAm)) < c(n, A, g, G) max {m m's } . 432)

By Lemma 4.3.2
c(n, A)

o
,A
“”—f([%(Bﬁ(m)) - R(F)] + [2(B*(m)) — E(F)))

m
c(n, A)
n-1

mn

D;(F) = (P,(F) — Py(B*(m)))

IA

4.3.3)
(Z(B*(m)) + (B*(m)))

IA

1

m n
<c(n 4,8,G) <m) .

By the quantitative isoperimetric inequality 3.1.1
1
2n
a;(F) < c(n, )/Dy(F) < ¢(n, 2.8, G) (U’;”‘—”) (4.3.4)

and, after a suitable translation,

1

1+L
2 m 2n
|B*(m)AF| <c(n, A, g,G) (m) .
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Since |F| = m = | B*(m)| we also have

| BA(m)AF| = 2|F \ B*(m)|

and
m I+
|F\ B*(m)| < c(n, A,8.G) (W) : (4.3.5)
Forany ¢ > Olet F| = Fn B,(0) and F, = F \ B,(0). Note that for every £ > 0 there exists /m sufficiently small
1
such that, if o > R, =: ¢,,, with m < m, then
|BA|
|F,| < ¢l Fyl. (4.3.6)

Indeed, since B*(|B*|) C B R, (0), we get B*(m) C B,(0). Moreover, by (4.3.5) and for sufficiently small m we
estimate

|Fil = |F 0 B,(0)] > |F n B*(m)|
=|F|—|F \ B'(m)|

and

1+z o
|F\ B,(0)] < |F\ BAm)| < c(n, 4 g G) (ﬁ) < e(n, 4, G) <i> F\l < el

Let us define the monotonically decreasing function U(g) = |F \ BO(O)l.
We now distinguish two cases. Let us firstly prove (4.3.1) when we assume that

R
T := P,(F)) + P,(F,) — P,(F) > %W(Fz) Yo € <@m, 7*) 4.3.7)

By (4.3.5) we have
1 1
Ulo,) = |F \ BAm)| < c(n, 4,8.G)m'™ 5 < c(n, 4,8.G)oy,
Furthermore, by Theorem 3.2.3 and (4.3.7) we have

dU n=1
2O _ s gk > L\ B,0) 2 et HUT ().
do 2 2
In particular we have
n—1
WO < —e(n, HU'T (0) forae. o € (gm, %)

ntl
U(Om) S C(}’l, ﬂa g’ G)Qm : °

By ODE comparison we deduce that, if m < 1,

U(0)" < Ulo,)" = e(n. 1) (0= 0,)
< 4.8.G) 0 = cln, Do+ (Do,
=c(n,A,g,G) m£+2»+2 —c(m,A)o+cn A) mi
<c(nA,g,G) mﬁ —c(n,Ao+cn A) m%

= ¢(n, 4,8, G) ms — c(n, A) 0.
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For m sufficiently small, it follows that U (¢) = O for ¢ > %, and we obtain (4.3.1) with L = F.

Let us prove (4.3.1) assuming that

< %W(Fz) 4.3.8)

holds for some g, € <om, %) Letm, :=|F||,my :=|F,|andy := Z—T < g, with ¢ that will be chosen suitably

~ 1 ~
small later. Let us also denote F' = [ F}, with/ := (1 + y)». In particular | F'| = m and, if € is sufficiently small,

. 1 1 _
F=(4+7)iF =+ (F n BOO(O)> C B, yi7(0) C B (0)C O,
By Lemma 4.3.4

FHNEF) = FAIF) < PP"FAEF)

4.3.9)
= FAF) + (1P = 1) FAF).

1
Choosing € < 1, we have 1 </ < 2», and by Taylor’s formula we obtain e — 1 =1+ y)2+"/" —1 < yK for
some K > 0 independent of y and for € sufficiently small. By (4.3.9) we arrive at

FHEF) = FHF) S yKFHF).
By the definition of Z and since Z(F}) + R (F,) < R(F)

FHNEF) = FNF) < R(F) + C(F) + R(F,) + G(F,) — R(F) — C(F) + X — FXF,) + yYKF*(F))

(4.3.10)
< = SFHE + yKFHE).

n—1
By positivity of # and & and the isoperimetric inequality Theorem 3.2.3, we have F*(F,) > P,(F,) > c(n, Am," .
By (4.3.8) we obtain

FHUE) = FHF) = Py(F) + R(F) + G(F) = Py(Fy) = R(F) = 9(F)) = Py(Fy) + Py(Fy)
> _%W(Fz) +R(F)+ 9(F) = R(F) - G(F) + P,(F)
1

Py(Fy) — %%(Fg - %f@ + R(F) + G(F) — R(F,) — G(F,) + P,(Fy) > 0,
4.3.11)

2

that is 97’1(F1) < FA(F). By (4.3.2), since ym < 2m, and y < g, (4.3.10) turns into

FNF) = FHF) < —c(n, /l)mnT_l +yKF*(F)

3
|

1 1 n—1
< —c(n, /l)mz” + C(n, 4, g,G, g) max {mZ, eﬁmz” } .

Since m, < c(n, A)e by (4.3.6), for € sufficiently small (4.3.1) follows with L = F. O]

Remark 4.3.6. Arguing exactly as in (4.3.2), (4.3.3) and (4.3.4), we easily deduce that if E is a minimizer of F*
in A, with m sufficiently small then

1
aﬂ(E) S C(n, }" 8, G)m;' .
Now we are ready to prove Theorem 4.3.1.
Proof of Theorem 4.3.1. By Lemma 4.3.5 there exists a minimizing sequence with uniformly bounded sets. The
lower semicontinuity of P, [PP24, Lemma 3.7] and the continuity of % and & under strong L' convergence

(which holds by dominated convergence theorem and uniformly boundedness of the minimizing sequence) allow
to conclude the proof. O

The following proposition states that, if the nonlocal kernel g and the gravitational term G are coercive, we have
existence of minimizers for all values of m.

84



Proposition 4.3.7. Let g be a R-admissible coercive function and let G be a &-admissible coercive function.
Then, for every m > 0, there exists a minimizer of F A in the class

A, :={Q Cc R"\ H measurable : |Q|=m]}.
Proof. Let us consider a minimizing sequence {Ei}[GN of #*in A,,. In particular

sup F}'{(Ei) =C < +o0.
ieN

By [PP24, Corollary 2.5] it holds

2 2 .
7 PaE) < m?ﬂ(E,.) <C, VieN.

By [ANP22, Lemma 2.10] and [LRV22, Corollary 3.25] we get the existence of a constant¢ = ¢ (m, n, sup; P(E,-)) >
0 such that for every i € N there exists x; € {xn > O} with

P(E) <

|E;n By(x))| > ¢.
By the coercivity of G we have that (xi)n is uniformly bounded. Indeed, if by contradiction (x,-)n — +00, then

C > / G(x,)dx > / G(x,)dx > c'< inf G(xn)> — +00.
E; E;NB,(x;) B (x)

i

By the lower semicontinuity of %# under strong L' convergence, the existence of a minimizer follows if we show
that for every € > 0 and i € N there exists R > 0 with

sup |E; \ Br(x))| <e. (4.3.12)
ieN

In order to prove (4.3.12), note that

C > R(E) 2 / / gy —x)dydx > < inf g(x)) / |E; \ Br(x)| dx
E; J E\BR(x) |x|I>R E;

> < inf g(x)> / |E; \ Br(x)| dx > E< inf g(x)) |E; \ Bryi(x)]
E,NB,(x,) IxI>R

|x|>R

and

-1
|E; \ Bryi(x)] < g < inf g(x)> -0 as R — 4.
¢ \|x|>R

Boundedness and indecomposability of minimizers

In this section we will prove two qualitative properties of volume constrained minimizers of %*, namely bound-
edness and indecomposability. We begin with the following

Theorem 4.3.8. Let g be % -admissible, infinitesimal and symmetric and let G be G -admissible. Let E C R" \ H
be a minimizer of F* with |E| = m, m > 0. Then E is essentially bounded.

Remark 4.3.9. We remark that Theorem 4.3.8 proves boundedness of minimizers without requiring growing prop-
erties of the Riesz-type kernel, but only infinitesimality and symmetry.

Before giving the proof, we recall the definition and some properties of the so-called (K, r)-quasiminimal sets.

Definition 4.3.10. Let E C R” \ H be a set of finite perimeter with finite measure, and let K > 1, r, > 0. We say
that E is a (K, ry)-quasiminimal set (relatively in R"” \ H) if

P(E,R"\ H) < KP(F,R"\ H),

for any F C R" \ H such that EAF CC B,(x), for some ball B,(x) C R"” with r < ryand x € {x, > 0}.
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Theorem 4.3.11. Let E C R" \ H be a (K, ry)-quasiminimal set, for some K > 1, ry > 0. Then there exist
c=c(nK,ry € (O, %] and r6 = rz)(n, K,ry) € (0, ry] such that

c M<l—c Vx € 0E\ H, Vr € (0,7)]
T |B.(x)\H| ™ ’ T

In particular the set EWV of points of density 1 for E is an open representative for E.

The proof of Theorem 4.3.11 follows, for instance, by repeatedly applying [Kin+13, Theorem 4.2] with X = {x, >
0} in domains Q = XnB,O(x) for x € X, in the notation of [Kin+13, Theorem 4.2]. Observe also that in [Kin+13],
the perimeter functional coincides with the relative perimeter in R”\ H, hence the definition of quasiminimal set in
[Kin+13, Definition 3.1] coincides with Definition 4.3.10. Alternatively, Theorem 4.3.11 follows also by adapting
the classical argument in the proof of [Mag12, Theorem 21.11] working with (K, ry)-quasiminimal sets instead of
(A, ro)-minimizers.

The aim of the following lemmas is to prove that minimizers of % * are (K, ry)-quasiminimal sets, in order to apply
Theorem 4.3.11.

Lemma 4.3.12. Let g be & -admissible, infinitesimal and symmetric and let G be & -admissible. Let E C R"\ H
be a minimizer ofg’1 with |E| = m, m > 0. Then there exists x,, > 0, depending on n, g, G, E, such that

|En{x,>Xx,}| =0. (4.3.13)
Proof. Let us define, for every ¢ > 0,
E :=En{x, <t}, V() :=|En{x,>1}].

Fix x, € 0"E such that x, € 0"E N {0 < x,, <1} and ry > O such that B, (xy) CC {0 < x, < 1} for any # large
enough. By [Magl2, Lemma 17.21] there exist oy, ¢, € (0, o), depending on E, x; and r,, such that for every
o € (—o,,04) we can find a set of finite perimeter F, given by a suitable local variation of E, such that

FAE CC B, (xy)  |FI=|E|+0, |P(F,B, (xy)~ P(E,B, (x))| < clol. (4.3.14)

Now consider ¢, = #4(E) > 0 large enough such that V' (#,) < 0y, and set ¢ = V' (¢) for t > t,. Then there exists I
such that (4.3.14) holds. Define also E, := F n {0 < x,, < t}, so that

|E|=|F|=1Fn{x,>1}|=|F|-V(®)=|E|+0—-0=|E|
Moreover by [Magl12, Lemma 17.9, Lemma 17.21] and properties of local variations, we get

|E,AE,| = |FAE| < c(E)||F| - |El| = c(E)V (1),
|P(E,, B, (x0)) = P(E, B, (x0))| < c(E)V (1)
By the minimality of E
P,(E)+ R(E)+ %(E) < P,(E,) + R(E,) + G(E,).
Since H""'(0*ENoH) = H" ' (0*E, n 0H ), we get
P(E,R"\ H) + R(E) + ¢(E) < P(E,,R"\ H) + Z(E,) + ¢(E,)
< P(E,,R"\ (H U B, (x())) + P(E, B, (x0)) + ¢c(E) V(1) + R(E,) + T(E,)
= P(E,{x, <t})+|V'(®)| + R(E,) + C(E,) + c(E)V (1)
= P(E,R"\ H)— P(E,{x,>t})+ |[V'®)| + R(E,) + G(E,) + c(E) V().

Then
P(E,{x,>t}) < V()| + R(E,) - R(E) + G(E) — G(E) + c(E) V(1)
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By Fubini theorem and symmetry of g

aE)-am)= [ [ eo-vaax [ ] go-napex
ENE J E, EnE JE\E
—/ ~/g(y—x)dydx—/ / gy —x)dydx
E\E, J E ENnE, JE\E,
=/ /g(y—x)dydx+/~ / g(x —y)dydx
EN\E JE, ENE JEnE
—/ ~/g(y—X)dydx—/ / glx—y)dydx
E\E, JE E\E, J EnE,
=/ /g(y—x)dydx+/ / g(y —x)dydx
Et\E E, E,\E ENE
—/ ~/g(y—x)dydx—/ / _g(y—x)dydx
E\E, JE E\E, JENE,
5/ </ g(y—X)dy+/g(y—x)dy> dx
EAE \JE, E

Since g is infinitesimal there exists R, > 0 such that
gix) <1 Vx 1 |x| > R,.

Then

%(E)—%(E)g/ <2/ g(z)dz+|E,\BRg(o>|+|E\BRg<o>|> dx
EAE B, (0)

SZ/ / g(z)dz + |E| ) dx
E,AE BRg(O)

< c(g, m)(|E,AE,| + |E,AE|) < c(g, E)V ().

By Remark 4.2.6 (supB (xo) G) < oo and
o

?(E,)—?(E)=/ de—/ des/ Gdx<| sup G| |E,\ E|.
E\E E\E, E\E BrO(XO)

Therefore, for almost every ¢ sufficiently large,
P(E,{x,>1t}) < |V'®)| +c(n g G, E)V(). (4.3.15)

Finally, if ¢;;, = ¢;

:0(1) 1s the constant in the classical isoperimetric inequality and ¢ is large enough, (4.3.15) yields

VDT = JE\E|" < P(E\ E)=H""0E,n {x, =1}) + P(E, (x, > 1})

1so

<2V (0| + ¢(n, g.G, E)V (1) < 2|V ()] + %V(r)?

and .
—V'®)>cV(E)r.

Therefore ODE comparison implies that V' (f) vanishes at some f = X, < +o0. 0

Lemma 4.3.13. Let g be & -admissible, infinitesimal and symmetric and let G be & -admissible. Let E C R"\ H
be a minimizer of F* with |E| = m, m > 0. Then E is a (K, ry)-quasiminimal set, for suitable K > 1 and r, > 0,
depending onn, A, g, G, E.
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Proof. Let us consider x|, x, € 0*E \ H and ¢, > 0 such that we have B, (x1) N B, (x;) = @ and B, (x)) v

B, (x;) cCR" \ H. By applying [Magl2, Lemma 17.21] we find two positive constants ¢, and ¢, depending on

E, such that, given |o| < o, there exist two sets of finite perimeter F; and F, with
EAF, CC B, (x)),

|F | = |E| +o0, P(E, B, (x;)) — P(F;, B, (x))| < ¢olol, k€ {1,2}. (4.3.16)
Letry = ry(n, 4, g, G, E) > 0 to be determined later. At the moment assume that
(1
to Oy |x;—xy] =21
ro < min q —O,—O,—l 1= 0
2 w, 2

L

In particular, if a ball of radius ry intersects B, (x) (resp. B, (x,)), then it is disjoint from B, (x,) (resp. from
Bt0 (x1)). Let F be such that EAF cC B,(x) N (R"\ H), where r < r,. Then, by the definition of r,

[|E| - |F|| < |[EAF| £ w,r" < w,r; < 0
and we can compensate for the volume deficit || E| — | F|| between E and F by modifying F inside either B, (x))
or B; (x,). Precisely, by the definition of rj, we may assume without loss of generality that B,(x) does not intersect

B, (x)), seto = |E| — | F|, and consider F verifying (4.3.16), so that

EAF, cC B, (x)),  EAF cC B,(x)n(R"\ H) CCR"\ (H U B,O(xl)) .

(4.3.17)

By (4.3.16) ¢ = | F,| — | E| and, if we define
F = (Fn B,(x))U(F N B, (x]) U (E\ (B,(x) U B, (x))),
then |F| = |E| and FAE cC {x, > 0}. By the minimality of E
(1 — [ADP(E,R"\ H) < P,(E) < P,(F)+ R(F) — R(E) + G(F) — €(E). (4.3.18)
By (4.3.16) and (4.3.17) we get
P,(F) < (1 + |ADP(F,R"\ H)

<(1+]aD) [P(F, R"\ (H UB, (x\))) + P(F, B, (x)) + P(F, 6Bto(x1))]

=1 +]AD [P(F, R\ (H U B, (<) + P(Fy, B, (x)) + P(F,0B, (x))] (4.3.19)

< (1+ 12D | PCF.R"\ (H U B, (x)))) + P(E. B, (x) + co(B)lol|

< (1 +|4)) P(F,R"\ H) + cy(4, E)|FAE|.

As in the proof of Lemma 4.3.12 one estimates
R(F)— R(E) < c(g, E) |FAE]|, (4.3.20)
and by Remark 4.2.6, (4.3.13) and if 7 < 1
C(F)—Y(E) < (sup G> |F\ E| < <sup G> (IFAF|+|FAE|)
Fr P\E (4.3.21)
< ¢(G,E)(%,+ 1)"|FAE| = c(n, g,G, E) | FAE].
However, by the relative isoperimetric inequality [CGR07; FM23] and (4.3.17)
|FAE| = |FAE|+|FAE|'s < c(n)|FAE|* P(FAE,R" \ H)
< c(n)|FAE|+(P(F,R"\ H) + P(E,R"\ H)) (4.3.22)
<c(n)ro(P(F,R"\ H)+ P(E,R"\ H)).
Putting together (4.3.18)-(4.3.22) we obtain
(A =14D) = c(n, 4,8,G, E)ry) P(E,R"\ H) < ((1 +|4]) + ¢(n, 4,8, G, E)ry) P(F,R"\ H)

If r is sufficiently small, we conclude the proof. O
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By Theorem 4.3.11 and Lemma 4.3.13, from now on we can identify any minimizer E of *, with |E| = m,
m > 0, g Z#-admissible infinitesimal symmetric function and G €-admissible function, with the open set E() of
points of density 1 for E.

Now we are ready to prove Theorem 4.3.8.

Proof of Theorem 4.3.8. By Lemma 4.3.13 and Theorem 4.3.11 there exist » > 0 and ¢ > 0 such that for every
x € 0E \ H we have |E N B,(x)| > cr". If E were not bounded, one would easily get |E| = oo. ]

Now we prove indecomposability of minimizers.

Theorem 4.3.14. Let g be K -admissible and infinitesimal and let G be &-admissible. Let E C R" \ H be a
minimizer of F* with |E| = m, m > 0. Then E is indecomposable.

Proof. We argue by contradiction. Assume that there exist two sets of finite perimeter £, and E, such that | E; N
E,| =0, E = E UE,and P(E) = P(E|) + P(E,). If R > 0 is sufficiently large, letting e; = (1,0, ...,0) and
defining E, 1= E|U(E, +¢,R), we have |Eg| = m, P;,(Eg) = P)(E) and $(Eg) = T(E). At the same time, the
nonlocal energy decreases, precisely

lim inf </ / gy —x)dydx + / g(y—x)dydx) =0,
R—co E, J Ey+e/R Ey+e,RJE,

and

liminf FA(ER) = P,(E) + R(E,) + R(E,) + E(E)

R—>o
< Py(E)+ R(E|)+ R(E)) + / / gy —x)dydx + / / gy —x)dydx + E(E)
E, JE, E, JE,
= FXE).

Therefore, if R is sufficiently large, we obtain F#(Eg) < F*(E), in contradiction with the minimizing property
of E. 0

4.4 Nonexistence of minimizers for large masses

The goal of this Section is to prove Theorem 4.1.2. We begin by proving some preparatory lemmas. Let us start
with a non-optimality criterion.

Lemma 4.4.1. Let g be R-admissible, q-growing and infinitesimal and let G be & -admissible. There exists € > 0,
depending on n, A, g, G and q, such that the following holds. Let F C R"\ H be a set of finite perimeter and assume
there exist two sets of finite perimeter F|, F, C F such that |F,|, |F,| >0, |Fy N F,| =0, |F\ (F,UF,)| =0and

1
Y = P,(F)+ P)(F,) — P,(F) < 53‘7’1(F2). 4.4.1)
Then, if
|F,| < emin{1, |F|}, (4.4.2)
there exists a set G C R" \ H with |G| = |F| and F*(G) < F*(F).
Proof. Letus denote m := |F|,m; :=|F||,m, :=|F,|andy := % < €. Let us define the sets F and F in the
1
following way: F is given by F = [ F, with [ := {/1 +y, so that |F| = | F|, and F is given by a collection of
N > 1 spherical caps {B’l(u, xi)}1<l.<N of equal volume v and with centers located at x; = iRe;, i = 1,..., N,

with R large enough so that the B*(v,x;), 1 <i < N are pairwise disjoint. The number N is the smallest integer

for which the volume of each spherical cap does not exceed min {1, | B*| } Hence Nv=mand N = [#IB‘I}W .

If there exists R > 0 such that, for the corresponding F, one has & ’1(1:" ) < FA(F), then the proof is concluded
with G = F. So we can assume that for any R > 0 there holds # A(F) > F*(F). Hence for R large enough we
claim that o

FAF) < FAF) < c(n, A, g, G) max {m m'e } . (4.4.3)
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Indeed, if m > 1, estimate (4.4.3) follows by the same computations done in the proof of Corollary 4.3.3. If instead
m < 1, by [PP24, Lemma 3.1] we find

N
n-l m n-l
P,(E) =P, (UiA:[lBA(U, xi)) = 1_21 P/l(BA(Ua x;) =cn, A)Nv = < c(n, A) <m + 1) v n

< c(n, A)(mv +U n )<c(n /1)(m+m n )—c(n Am nl.

Arguing as in Corollary 4.3.3, if R is so large that g(x —y) < % for every x € B*(v, x;),y € B*(v, x,) with j # k,
then

n—1
R(E)<cnAg,Gm<cn g, Gmn
and

FHNE) = Py(E) + R(E) + G(E) < c(n, D|E| = +c(n Le GE| " g Z?(B’l(v x,) < c(n, A, g, G)m -
i=1

therefore (4.4.3) holds.
We want to show that if € sufficiently small, then F4(F) < F*(F), implying the claim with G = F. By
Lemma 4.3.4

FNF) = FMNIF) < PYUFANF) = FAF) + (P = DFAF). (4.4.4)

1
Choosing € < 1, we have 1 </ < 2x, and by Taylor’s formula we obtain e — 1 =1+ y)2+q/” —1 < yK for
some K > 0 independent of y, for € sufficiently small. By (4.4.4) we arrive at

FHEF) - FHF) < yKFAF)).
By the definition of Z and since Z(F)) + R (F,) < R(F)
FMNF) = FMNF) < R(F) + C(F) + R(F,) + G(F,) — R(F) — €(F) + X — F/(F,) + yYKF*(F))

“4.4.5)
<~ FHE) + yKFHE)).

By positivity of & and & and the isoperimetric inequality, we have F ’1(F2) > P,(F,) > c(n, /1)m .Asin(4.3.11)
we obtain 9/1(}71) < FMF). By (4.4.3), since ym < 2m, and y < g, (4.4.5) turns into

=1 =l
FMNF) - FNF) < —c(n, A)m " +yKFHF) < —c(n, z)m " + C(n, A, g, G, q) max {mz,eimzn }

Since m, < € by (4.4.2), for € sufficiently small the assertion of the lemma holds with G = F. 0
Next lemma is an improvement of the standard density estimate for quasiminimizers.

Lemma 4.4.2. Let g be R-admissible, q-growing and infinitesimal, and let G be € -admissible. Then there exists
¢ =c(n, A, g,G,q) > 0 such that the following holds. Let E C R"\ H be a minimizer of ¥* with |E| = m, m > 0.
Then for almost every x € E there holds

|E N B;(x)| 2 cmin{l, m}.

Proof. Forr > Oandx € E,let F{ := E\B,(x)and F; := ENB,(x). Note that | F]|+|F]| = mand | F]| < ,r".
Then there exists C > 0, depending on n, 4, g, G and g, such that (4.4.2) holds for all » < r; := C min { 1, W}

Note that we can choose C < 1. Since E is a minimizer, Lemma 4.4.1 implies that (4.4.1) cannot be satisfied for
any r < r;. Equivalently, recalling also [PP24, Corollary 2.5], for all r < r; we have

X 1= Py(F)) + Py(F}) — Py(E) > W(F’)> PA(F’)> P(F’) (4.4.6)
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At the same time, for almost every r we have
" = 2H"Y(EY naB.(x)).
By (4.4.6), for a constant ¢(n, A) € <O, %) there holds

2H"YEW N aB.(x)) > c(n, A) (H""1(0*E n B.(x)) + H" Y(EY n dB,(x))), (4.4.7)

n

for almost every r. Let us now distinguish two cases. If there exists r, € <%1, rl) such that [E N B, | > %wnrz,

then by the choice of r; we get

ri\n
|[ENB|>|ENB,| > c(n (%) = ¢(m, 4, g, G, q)min{1, m},

and the proof is concluded.

Let us assume that | EN B, | < %a)nr” forallr € %‘, r; ). Then we rearrange terms in (4.4.7) and apply the relative

isoperimetric inequality [Mag12, Proposition 12.37] to the right-hand side to obtain
n—1
H"Y(EW N oB,(x)) > c(n, )| E N B.(x)| " .
Let us denote U(r) := | E N B,(x)|. Then % =H""YED noB,.(x)) forall r € (%‘,rl) and

dU(r)

n—1
>cmDUT () Vre (%,ﬁ) .

For H"-a.e. x € E, we have U(r) > 0 for all » > 0 and ODE comparison in r € (%‘, rl) implies that

u'"(ry>u'/r (%) +c(n, A) (r— %) >c(n, M) (r— %) Vr € (%,rl).

Then the lemma follows as

c(n, 4,8, G)min{1,m} = c(n, Yry <U(r)) = [EN Brl(x)l = < |EnB{(x)].

EnBC

min{ I,W}(x)
[

Remark 4.4.3. We remark that the density estimate in Lemma 4.4.2 is more precise than the one provided in
Section 4.3. Indeed, in Lemma 4.3.13 K and r; depend on the minimizer, and consequently ¢ in Theorem 4.3.11
also inherits this dependence. At the same time, Lemma 4.4.2 requires g to be g-growing, which is not required in
Lemma 4.3.13.

The following lemma will imply Theorem 4.1.2 for g € (0, 1).
Lemma 4.4.4. Let |
gx)=—,  0<pf<nxeR"\{0},
|x|?

and let G be G-admissible. Let E be a minimizer of F* with |E| = m and m > 1. Then

1
cm? < diam E < Cm, (4.4.8)

for some C, ¢ > 0 depending only on n, §, 4, G.

Proof. By Theorem 4.3.8 and Theorem 4.3.14 we know that E is essentially bounded and indecomposable. In
particular d := diam E < oo. By Corollary 4.3.3 we get the existence of c(n, 4, §, G) > 0 such that

2
m—s// L dydx = R(E) < FHE) < em,
db eJe lx—=yl?
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which implies the first bound in (4.4.8).

In order to prove the upper bound in (4.4.8), we may clearly assume that 4

W > 3. Recalling that we identify E

with the bounded open set E(V, we let x, x® € E such that
|xM — x®| = 4.
Up to a rotation with respect to an axis orthogonal to {x, = 0}, we can write

x@ — x = (x(z) —x, e1> e+ (x(z) —x, en> e,.

In particular,
max { |<x(2) — x(l), e1>| , |<x(2) — x(l), e,,)l } >

LR
\/5.
Assume for simplicity that

|<x(2) - x(l),en>| > i

V2

the remaining case being analogous. Up to relabeling, assume also that
(x@.¢,) > (xV.e,)

Let N be the largest integer smaller than 3%/5, ie. N := L%J . Since E isindecomposable, forevery j = 1,..., N
there holds

|En {3j -1+ (x(]),en> <x,<3j+ <x(]),en>}| > 0.
Forevery j=1,..., N, let
x; €EN {3j -1+ (x(l),en> <x,<3j+ <x(1),en>}.

The balls B (x j), j=1,..., N, are pairwise disjoint and, for a suitable choice of x j» We can apply Lemma 4.4.2
to get

N
m=|E| > Y |B(x;)NE| > c(n.A.f.G)N > c(n, 1. f.G)d.
j=1

O
The following lemma will imply Theorem 4.1.2 for f = 1.
Lemma 4.4.5. Let |
g(x) = —, B € (0,n), x € R"\ {0}
|x|P
and let G be G-admissible. Let E C R" \ H be a minimizer for F* with |E| = m, m > 0. Then
1
— dydx < c(n)m.
eJe|x =yl
Proof. Letv € S" !\ {+e,} and t € R. Denote
E" :=En{(v,x)>1}
E;, :=En{{v,x) <t}
Letv, := I:Z::I’ where v, is the orthogonal projection of v on {x, = 0}. For any ¢ > 0, the set
EF U(E;, —ov)
has measure m and, by minimality of E,
FUEL, U(E,, —ov))) 2 FHE). 4.4.9)
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For any ¢ > O and fora.e. f € R
P,l(EJr U(E , —ov)) = PA(EII) + Py(E; ) < Py(E) + 2H"YE N {(v,x) = 1}).

For any ¢ > 0 we have

/ / / / dydx+/ / dydx
EHU(ES—ov) J B U(ED —ov) 1X — Y|ﬂ Er JE, |X—y|ﬁ - |X—J’|ﬂ
+ 2/ / ——  dydx.
Ef, JE;, |X—y'|‘0‘/1|/j

[ ] = aa—o
er e, Ix=y+ov

as ¢ — oo. Hence, by (4.4.9), letting ¢ — oo, we get

Moreover

P,(E)+ QH Y ENn {{(v,x) =1t} + / / L dydx +/ / L dydx + ?(E:rt) +%(E,,)
El, JE}, |x —yI? e Je Ix—yIP ’ ’

ZPA(E)+/ / ! dydx+/ / ! dydx+2/ / L dydx+ % (E).
er JEr Ix = 1P e, JE, IXx =1 Er e, Ix = yIP

Then

H”_I(En{(v,x)}=t)2// L dydx
v JEz Ix = ylP

// (v )<t} (y))( {((v,-)>t} (x)l |ﬁ dydx

Integrating the last inequality with respect to ¢ € R, by Fubini’s theorem we get

+
mZ/// X{(v,y<ty DX (v, )51} (x)dt| —ylﬂdydx_/// ;((<Vy><vx>)(t)dt| |ﬂdydx
V,X —
//< y)+ ydx.
|x — yI?

Further integrating over S"~! \ {+e, }, since

/ 1<V’x_.)}>+ dvzc(”)lx_J’L
Sﬂ—

by symmetry of S"~!, we conclude that

|§"_1|m2/// (v,x —y), dv 1 dydx=c(n)//;_ldydx.
EJE Jsr1 lx = y|? EJE |x=ylP

The following lemma will imply Theorem 4.1.2 for g € (1,2].

Lemma 4.4.6. Let

gx) = 0<p<n xeR"\ {0}

1
|x|#”

and let G be G -admissible. Let E C R"\ H be a minimizer for ¥ * with |E| = m, m > w,. Then, for1 <r < dlamE

|ENB.(x)| >c(n A, p0,G)r forae.x € E.
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Proof. Let N := {%J and x € E. If r < 4, by Lemma 4.4.2

|ENB.(x)| > |EnB{(x)| >cn A p,G)= w4 >c(n, A, B,G)r.

So we can assume that r > 4, in particular N > 1. Since E is indecomposable by Theorem 4.3.14, for every
i=0,..., N —1 there holds

|E N (B313(x) \ Bsipa(x))| > 0.
Foreveryi=0,...,N —1, let
Yi € EN(B3jp3(x) \ B3jpp(x)).
The balls B,(y;),i =0, ... N — 1, are pairwise disjoint and, for a suitable choice of y;, by Lemma 4.4.2 there exists
c(n, 4, B,G) such that |[E N By(y))| 2 ¢ fori=0,...,N — 1. Finally
N-1

|ENB,(x)| > Y |ENB ()l +[EnB(x)| > (N +De>c
i=0

r—1
>cr.

Now we are ready to prove Theorem 4.1.2.

Proof of Theorem 4.1.2. Lemma 4.4.4 and Lemma 4.4.5 easily imply Theorem 4.1.2 for f € (0, 1] and mass m
sufficiently large. Then it remains to consider f € (1,2]. Let E C R" \ H be a volume constrained minimizer for
F* with |E| = m. By Lemma 4.4.4, for m large enough, we can assume that diam E > 4. We observe first that

w,r"
|E|——O> 0. (4.4.10)

S € EXE ¢ x=yl<rl= =k [ IEnBmlar< 20
r r E r

Applying the coarea formula on R” X R” for the Lipschitz function f : R" X R” — R given by f(x,y) := |x— Y|,
observing that |V f| = \/5 and that

i|{(x,y)€E><E Dx =yl <r}= L )(ExE(x,y)dHZ"_l(x,y) fora.e. r > 0,
dr V2 Jicpern®r : x-yl=r)
and integrating by parts, we estimate

X,
//;ldydsz XEL(}?Wﬂdxdy
EJE |x—ylP- V2 Jrosee |x = yIP-

+oo X,
= L/ / )(EXE(I y) dHZ”_l(x, y) dr
V2Jo Jiepern®r :jx—yi=ry  1P”

+00
. 1 d .
_‘Elir(r)l+ i rﬁ_—lal{(x’y)EEXE Dx =yl <r}| dr

lim —%H(x,y)eExE Dx—yl<e}+
oh—

e—0t
400 1
—/ (=phiien e EXE  x=yl <rlldr

Exploiting (4.4.10) and Lemma 4.4.6 we deduce

1 +00 4
//—ﬁ_ldydxz(ﬂ—l)/ {(x,y) € EXE : |x_y|<r}|_l;‘
eJE |x =Y o p

/+°° / |E N B,(x)]
=(p-1 ————dxdr
0 E rb

diam E

2 |E N B,.(x)]
z(/}—l)/ /—dxdr
1 E rf

diam E |E|
2
> c/ —dr.
1 rbf-1
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The final right-hand side in the previous chain of inequalities is bounded from below by ¢ |E| (diam E)*~# if
f < 2,and by ¢ |E| log(diam E) if f§ = 2. Combining this bounds with Lemma 4.4.5, we get a contradiction for
| E| large enough. O

Absence of holes in minimizers

As a corollary of the estimates proved in the last section, we prove here a further qualitative property of volume
constrained minimizers of %*. The next theorem essentially tells that volume constrained minimizers of %* do
not have “interior holes”.

Theorem 4.4.7. Let g be X -admissible, 0-growing, infinitesimal and symmetric and let G be &-admissible and
coercive. There exists m > 0, depending on n, 4, g and G, such that, for all m € (0, m), every minimizer E of F 4
with | E| = m has the following property. There is no set F C R" \ (H U E) with |F| > 0 such that

P,(E)= P,(EU F)+ P(F,R"\ H)+ AH""'(0*F n 0H). (4.4.11)
We begin with a preparatory lemma.

Lemma 4.4.8. Let g be R-admissible, q-growing, infinitesimal and symmetric and let G be € -admissible and
coercive. There exist m > 0and T > 0, depending on n, A, g, G, q such that, for all m € (0, m), every volume
constrained minimizer E of F* with |E| = m satisfies

|[En{x,>T}| =0.
Proof. By Lemma 4.3.12 there exists Ty < oo, depending on n, 4, g, G and E with
Ty :=sup{t : |En{x,>1t}|>0}.
Let xp € E such that
(xp), = %TE'
By Lemma 4.4.2 there exists ¢ = c¢(n, 4, g, G, q) > 0 such that, if m < 1, then

|[ENBi(xp)| = cm.

Therefore

FHE) > P,(E) + / G > P,(B*(m)) + cm inf G. (4.4.12)
ENB,(xg) Xp)a= LX)y +1)

On the other hand, by Lemma 4.3.2, if i < | B*| we have
FHE) < FABm)) < P,(B (m)) + c(n, A, g, G)m. (4.4.13)
Putting together (4.4.12) and (4.4.13) we obtain

inf G <c(nigG.q).
(=)D &7

Since G is coercive, then (xj),, and in particular also T, is bounded by a constant independent of E, and we
conclude the proof. 0

Remark 4.4.9. We remark that Lemma 4.4.8 is a stronger result than Lemma 4.3.12. Indeed, the bound in Lemma
4.4.8 does not depend on the minimizer. At the same time, Lemma 4.3.12 does not require that g is g-growing and
G is coercive.

Now we are ready to prove Theorem 4.4.7.
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Proof of Theorem 4.4.7. If m is sufficiently small, Lemma 4.4.8 guarantees that there exists T > 0, depending on
n, 4, g, G, such that
|[En{x,>T}| =0.

Assume that there exists a set F C R" \ (H U E) with v := |F| > 0 and such that (4.4.11) holds. We aim
to find a contradiction if i is chosen suitably small. Let = < |B*|. By the minimality of E, the isoperimetric
inequality Theorem 3.2.3, the relative isoperimetric inequality outside convex sets [CGR07; FM23] and since

1 n—1
P,(B*(m)) = n|B*|»m = [PP24, Lemma 3.1], we find

n|BHim's + Z(BAm) + G (B (m) = FA(BA(m) > FHE) > Py(E)
=P,(EUF)+ P(F,R"\ H)+ AH"'(0*F noH)
>P(EUF)+(1—-|AD)PF,R"\ H)

ﬂl n-l w, % n=1
> n| B4 e(m+0)% + (1= aDn (S)" 05

1
e -
n

PR o, n=l
> n|B*rm's +(1—|/1|)n(7> v
which gives, by Lemma 4.3.2,

n—1 n—1

2 A
b < R(B*(m)) + &(B*(m)) <ecmia)| —" | . (4.4.14)

(= 1A ni/5: (A= 1aDng/2

Since m < ¢(n, 4, g, G), also v is bounded by a suitable ©i(n, 4, g, G). By [NP21, Lemma 3.5] there exists a contin-
uous and increasing function ¢ : (0, ) — (0, ), with @(0) = 0, such that for every two sets F,, F, C R"\ H
one has

R(F), F,) < |Fi| o(| F,)).
Then
REUVUF)—RE)=R(F,F)+2R(F,E) <ved)+2vpim) <cn, i, g, G)u.
Let us prove that also F is essentially contained in {0 < x, < T'}. To this end, assume by contradiction that
H"' (0*F\ (HUJ*E)) > 0. (4.4.15)
Let us denote
Sg i=H"' (0*E\ (HU9*F))
2 :=H"'((0"ENd*F)\ H)
Sp i=H""(0"F\ (HUJ*E))
®p :=H""' (0*ENnoH)
Op :=H"'(0*FnoH).
By (4.4.11) we obtain

Sp+3— A0, = Py(E)
= P,(EUF)+ P(F,R"\ H) + 10,
=Y, +3,— A0 — 4O, + S+ 3, + A0,
=Y, +25, +35— A0,

In particular, we get £ = 0, contradicting (4.4.15). Therefore F C {0 < x,, < T'} and we also deduce

C(EUF)-G(E)=%(F) < / sup Gdx =c(n, 4,g,G)v. (4.4.16)
F (0,T)
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By (4.4.11), we obtain

FMEUF)=P(EUF)+ REUF)+%EUF)
= P(E)— P(F,R"\ H)— AH" '(0*FnoH) + R(EUF)+ $(EUF)
<P(E)—-(1—-|ADP(F,R"\H)+ R(EUF)+Z(EUF)
ot (4.4.17)
< P(E)—(1 - |,1|)n<7")" VT + R(E) +cv+ G(E) +cov
1
— gA Dn\n =L A
=FHNE)—-(-|ADn > v +cv< FUE),
where the last inequality holds if v is sufficiently small, hence by (4.4.14) as soon as m is sufficiently small.
Lett € (0, c0) be such that, if D = {x e EUF,x, < t}, then |D| = m. Clearly F4(D) < F*(E U F), hence
(4.4.17) implies F4(D) < F*(E), contradicting the minimality of E. ]

Remark 4.4.10. Note that if the function G were globally bounded, Theorem 4.4.7 could be easily extended to
minimizers of %* in the class

A, ={Q cR"\ H measurable : |Q|=m}

for every mass m > 0.
Indeed, in the proof of Theorem 4.4.7 we exploited Lemma 4.4.8 just to get the estimate (4.4.16), which is trivial
in case G were assumed to be globally bounded.

Now we are ready to complete the proof of Theorem 4.1.1.

Proof of Theorem 4.1.1. Theorem 4.1.1 follows by Theorem 4.3.1, Remark 4.3.6, Proposition 4.3.7, Theorem
4.3.8, Theorem 4.3.14 and Theorem 4.4.7. O

4.5 Generalized minimizers

Let us give the following definition.

Definition 4.5.1. If E C R" \ H is a measurable set, g is a % -admissible function, G is a #-admissible function
and g, £, > 0, we define the functional

FNE) := Py(E)+ &, R(E) + £,%(E)

=PA(E)+61//g(y—x)dydx+62/G(xn)dx.
EJE E

Remark 4.5.2. We remark that minimizing the functional % # in the small mass regime is equivalent to minimizing

the functional 98’1 for £,, £, small and among sets of a fixed volume. Indeed, let for instance | E| = |B*|, if m > 0
1 ~
and € := ———, then E := £E has volume m and by scaling we have
| BA|n

Fi'{(E) =g <P,1(E) + gl / / g(E(y —x))dydx + é/ G(&x,) dx) .
EJE E

In particular we deduce that

o for every &% -admissible function g, &-admissible function G| and m > 0, there exist £ > 0, a #-admissible
function g, and a &-admissible function G, such that, if

P/T’l(E)zP,I(E)+//gl(y—x)dydx+/Gl(xn)dx
EJE E

and

9;(E)=P/1(E)+E”+l//gz(y—x)dydx+§/G2(xn)dx,
EJE E

then inf 5\, F 4(E) is proportional to inf |E|=|B%| 9:5’1 (E) and the variational problems are equivalent.
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o for every &% -admissible function g,, &-admissible function G,, £;,&, > 0 and m > 0, there exist a %-ad-
missible function g; and a & -admissible function G| such that, if

97’1(E)=P,1(E)+//gl(y—x)dydx+/G1(xn)dx
EJE E

and

Pij(E):PA(E)+61//gz(y—x)dydx+£2/G2(xn)dx,
EJE E

then inf | g g1, FM(E) is proportional to inf |E|=m F *(E) and the variational problems are equivalent.

From now on for the rest of the section, we assume that £;,&, > 0 and g, G as in Definition 4.5.1 are given. Hence
we also define the generalized energy corresponding to 96’1 as

£

[ R g
FHE) = inf F,(E),

where . .
g;:h(E)ZZinf{zgj(Ei) : E:UEI’ElnEl=ﬂ fOflSl?éJSh}
i=1 i=1
The goal of this Section is to prove the following version of Theorem 4.1.3, suitably modified for the functional

97/1
e

Theorem 4.5.3. Let g be K-admissible and q-growing and let G be &-admissible. For every €,€, > 0 there
exists a minimizer of 976 4 in the class

A :={Qc R"\ H measurable : |Q|=|B*|}.
More precisely, there exist a set E € A and a subdivision E = U;lzlEj , with pairwise disjoint sets E/, such that
FNE) =Y FHE) =inf {F}Q) : Qe A}.

£
j=1

Moreover, for every 1 < j < h, the set E/ is a minimizer of both the standard and the generalized energy for its

volume, i.e.
FHNE) = FNE)=min{FX(Q) : QCR"\ H, |Q| = |E/|}. 4.5.1)

Note that an analogous version of Lemma 4.3.4 holds.

Lemma 4.5.4. Let E C R" \ H be a set of finite perimeter. Let g be F-admissible and q-growing and let G be
G-admissible. If a > 1, then
FHaE) < a*"MFNE).

We begin by proving some preparatory lemmas. The next geometric lemma allows to modify an excessively long
and thin set decreasing its energy.

Lemma 4.5.5. Let g be R-admissible and G be &-admissible. For every m > 0 there exists L(n, A, m) > 0 such
that the following holds. Let E C R" \ H, and let a < b be two numbers with b > a + 2L and such that

|{x€E : anlﬁb}|<ﬁ1.

Then there exist two numbers a* € [a,a+ L] and b~ € [b — L, b] such that, denoting E- = E \ ([a*,b™] X R"-2
X (0,0)) and m = |E| — |E~| < m, one has

1 n—1

FNE™) < FNE) - %n|B’1|;mT. (4.5.2)
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Proof. Tt is sufficient to prove the claim for bounded sets E such that 0E \ dH is a smooth hypersurface with

H''({x €edE\H : vE(x) = iej}) =0forany j = 1,...,n. Indeed, if E is a generic set of finite perimeter
Ll
satisfying the hypotheses of Lemma 4.5.5, let E; — E be the sequence of sets given by Lemma 2.4.4. For i

sufficiently large,
|{x€Ei D a<sx 5b}|<n‘1

holds. Then there exist @ € [a,a+ L] and b; € [b— L, b] such that, if we set E;” = E; \ ([a],57] X (0,0)) and
m; = | E;| — | E]|, we obtain

n—1

o= o 1 1
Z. - A A n
FNET) < FNE) - EnlB |nm," .

Up to subsequence, a;“ and b;” converge to certain at € [a,a+L]and b~ € [b— L, b] respectively. By Lemma 2.4.4
P,(E;) » P,(E). By the lower semicontinuity of P, 3.3.4, the continuity of % and & under strong L' convergence
and the properties of { E;},if E~ = E \ ([a+, b1 % (0, oo)) then

FHNET)=P(E)+ 6 R(E)+6,Z(E)
<liminf(P,(E;) + €, R(E]) + £,5(E))

—1
< liminf <P,1(E,) +&,%(E;) + &,9(E;) — %nwﬁﬁm >

1
_ g 1 P
= F; (E)—EnlB |"m™n

So let us fix m and consider a and b as in the claim, with L to be determined later. For r € R let

o) :=H""(En{xeR" : x;=1}).

c
o) = / o(s)ds.
t
We note that there exists a™ € [a,a + L] C [a, ¢) such that, if
m; ::‘{xEE : a+<x1<c}|,

then 1

n—
n

o(a*) < %nwﬂﬁml (45.3)

Indeed, assume by contradiction that for every t € (a,a + L) it holds
' | R -1
—@ () =0() > gnlB ln(t) .

Then ¢, 441, 18 a positive decreasing function satisfying

p(a) < m,
1 n—1
|9 (1)] > gn| BA|n (D) .

By standard ODE comparison there exists a constant d > 0 depending only on n, A and /m such that, if a+d < a+ L,
then @(f) > O ast — (a+d)~. Hence L could be chosen so big that a+d < a+ L < ¢, and then ¢(¢) = 0 for any
t € (a+d,c). It follows that there exists at such that (4.5.3) holds. Similarly, up to choosing a larger L, we have
the existence of b~ € [b— L, b] C (c, b] such that, if

m2:=|{x€E : c<x1<b_}|,

then 1

n—
n

1 1
o(b7) < gn|15ﬂ|nm2
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Let E- := E\ (|a*,b7] X (0,00)) and F := E\ E~. Then
|F|=m=m; +m,,
and, by isoperimetric inequality 3.2.3, there holds

1 n—1
P,(F)> n|B*|vmn .

Hence
P,(E7) < Py(E) — Py(F) +2(c(a") + 6(b7))
1 o= el
< Py(E)—P)(F)+ anB’1|n (ml” +m,”" >
< P,(E) - P,(F) + %nwﬂﬁ(ml + mz)"l—l
1 1 n=-1

< P,(E) - EnlB’lln(ml +m,y) .

Since E~ C E, then Z(E™) < Z(F) and T(E~) < (E), and we deduce (4.5.2). ]

The following variant of Lemma 4.5.5 concerns the case of the vertical direction when we modify a part lying on
the hyperplane {x, = 0}.

Lemma 4.5.6. Let g be R-admissible and G be & -admissible. For every m € R there exists L(n, A,m) > 0 such
that the following holds. Let E C R" \ H, and let b be a number with b > L and such that

|{x€E : 0<xn§b}| < m.
There exists then b~ € [b — L, b] such that, denoting E~ = E \ (R"‘l X [0, b_]) and m = |E| — |E~| < m, one
has

1 n—1
n

FNE™) < FNE) - %nlB’llﬁm_. 4.5.4)

Proof. As in the proof of Lemma 4.5.5, we may assume that 0E \ 0 H is a smooth hypersurface with H"~!({x €
dJE\ H : vEi(x) = +e;}) =0 for any j = 1,...n. Let us fix m and consider b as in the claim, with L to be
determined later. For almost every t € R, let

o) :=H""(En{xeR" : x;=1}).
Let
t
Q) 1= / o(s)ds.
0
As in the proof of Lemma 4.5.5, we note that there exists b~ € [b — L, b] C (0, b] such that, if
m ::|{er : O<xn<b‘}|,

then
1 n—1
n

o(b7) < %n|B’1|2m_
If E- := E\ (R"!'x[0,b7]) and F := E \ E, then
|Fl=m

and, by isoperimetric inequality 3.2.3,
n—1

1
P,(F) > n|B*|nm .

We establish that
Py (E7) < P)(E) — Py(F)+20(b7)
< PAE) = P,(F) + 2nl B
< P(E) - %nlB’llim%.
Since E~ C E,then Z(E~) < R(F), G(E7) < Z(E) and we deduce (4.5.4). O]
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We now prove a uniform boundedness result.
Lemma 4.5.7. Let g be R-admissible and q-growing and let G be G-admissible. Let €,,e, > 0. For every

m € (0, ) there exist R > 0 and h € N, depending on n, A, m, €1, €5, & G and q, such that

inf {FAQ) : QCR"\ H, |Q|=m) > inf {ﬁj;.f(@ L QCR'\ H, |Q| = m} ,

where

h
(%NZ;_IR(Q) := inf Z FHQ) 1 Q=UL Q. Q' NQ =0, diamQ' <R VI<i#j<h

i=1

Proof. Let M(n, A,m,€,,€,,8,G,q) € N be a natural number to be determined later and let us denote m = m/ M

Let E C R"\ H be abounded set with | E| = m and
(4.5.5)

l n—1
A : o A . nlBAl'l m \"uw
FHE) <inf {FHQ) : Qe A} +T12 (W> .

This is possible since the infimum is reached by a sequence of bounded sets. Let ) < #; < - < 3, <ty be

real numbers such that
|E N (s 140) X R"% % (0, 00))| =m,

forevery 0 <i < M — 1 and let L(n, A, m) be given by Lemma 4.5.5. For every 0 <i < M — 1 let us define the
interval I; in the following way. If ¢, ; —t; < 2L we set I; = @, otherwise we apply Lemma 4.5.5 with @ = ¢; and

b=t.,and we set I, = [a",b"]. If m; = |E N (I; Xx R""2 X (0, 00))|, then
= (4.5.6)

m,ﬁm

Indeed, if 1; = @, then (4.5.6) is clearly true. If I; # @, we set
E'=a(E\ (I;xR"2x(0,00))),

1

with a = <L)" Note that % < L
m—m m M

i

by construction. By Lemma 4.5.4 and (4.5.2) we have

2+1
FHNE') < ( > FH(E\I; x R"2 % (0, 0)))
2+
1 A 1 At %
< — F/(E) — zn|B*|nm, .
o 2
m
Moreover, if M is large enough,
. i1
FME') < (1 + (3 + 2) ﬁ) (gj(E) - %nuﬂﬁmi" >
A 4.5.7)
1 1=
< FNE) - gnlB’llnmi”
Estimates (4.5.5) and (4.5.7) imply that
1 _ 1
y) . p) . ”|B'1|; m nT ”|BA|" nT_l
FHE) <inf (FH@) + Qea}+ 7 (I5) T - =,
and, since |E'| = m, (4.5.6) holds.
Let
M-1
E:E\(U IixR”'zx(O,oo)>
i=0
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and u = Zf\io_ ! m;, so that |E | = m — u. By Lemma 4.5.5 and the subadditivity of power function with exponent
less than 1 we get

n—1

M-1
5 1 1 = 1 1ot
FHE) < FHE) = onlB v 3 m" < FHE) = onlB .
i=0

1
The set F := <L> " E has volume m. We can use Lemma 4.5.4 to obtain

2+3 2+§ 1 1 n—1
FiP < (=) "FB < () " (FHE) - oal BT ).
€ m—u m—u & 2
If p is small enough, which happens as soon as M is large enough thanks to (4.5.6), we deduce
2+% 1 1 n-1
FHP) < (=) " (FAE) - JnlB )
€ m— u £ 2
n—1
. m \ 1 1 rl
< FME)+Cp <1nf (F/Q) : Qe A} +c <W) ) +(1+Cp) <—§n|B’1|nM - )
A
< FNE).

Note that E is the union of at most M + 1 sets, each contained in a slab having width at most equal to 2L by
Lemma 4.5.5. In particular, F is the union of at most M + 1 parts and each of them has horizontal width at most
equal 3L.

If we repeat the arguments in the remaining directions, with care to apply also Lemma 4.5.6 in the n-th direction,
we get the boundedness of the pieces in all the n directions. Then there exist R € (0, 00), h € Nand G C R" such
that |G| =m, G = Uf’zlGi, G;nG; = @, diam G; < R and QEA(G) < 98'1(E). Finally

h
FHG) 2 Y, FHG) = FLNG).
i=1

Now we are ready to prove Theorem 4.5.3.

Proof of Theorem 4.5.3. We begin by proving the existence of 4/’ € N and of a sequence {G,};cn C A such that
inf {Z/(Q) : Qe A} = lim ,%”th,(c;,.). (4.5.8)
Let h'(n, A,€,,€,, g, G, q) be an integer to be determined later and consider a sequence { E; },cn C A such that

K :=inf {F/(Q) : Q€ A} = lim FN(E)). (45.9)

For every i € N let h(i) € N such that there exists a subdivision E; = Ei1 U Ei2 U--u Eih(i) with

h(i)
FHE)> (1 - — FHED). (4.5.10)
( i+1 ) Zf

Without loss of generality, we can assume h(i) — oo, so that (i) > 'h’ for i large enough. Let us fix a generic
i € N. For simplicity of notation, let us denote 2 = h(i) and m; = |EI.J | for every 1 < j < h. Let us also assume,
without loss of generality, that m; is decreasing with respect to j. By (4.5.10) we get

h . h

h
~ , 1 1 n+l
?/v"l(E,-)Z%ZPA(E?)>— n|Biim " > > n|Bim; = LY

L J
i=1 2j:1 24/m =1 2le
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If i is large enough, by (4.5.9) we deduce that

ﬂl n
n|B*|
mz\"3x )

hl
G =a U E{,
J=1

For every such i, we define

with

1
n h
| B/ y
= < 1+C1 m.
A - J?
< | B4 — Zj>h’ m; j=h'+1

where ¢ is a constant depending on n, 4 and K (that is on n, 4, €, €5, g and G). Note that also G, belongs to A.
By Lemma 4.5.4 we deduce

n n

F1i(G) < Y FHE]) < a®™ Y F(E))

=1 j=1

~.

i y (4.5.11)
< (1 +ey(n A1 €2.8,G,9) m,-) > FME.
Jj=h'+1 j=1
By (4.5.10) we get
1\ :
LG/V’;(EI-) > <1 - l-i-_l) Z ggA(Elj)
j=1
A 1 <
Al J
> (1= 737) D7 E)+ 5 X Rk
j=1 j=h'+1
1 W h n—1
Arrd A n
Z(I—H_l) FME) + n|B Y m
j=1 Jj=h"+1
If i is large enough, by (4.5.9) and (4.5.10)
4
Z FME!) < 2K.
By (4.5.11)
: L\ 1l o
ggfh,((;,.)— h(E) <2K (62(n A€, 65,8,G.q) Z m; +?> — §n|B*|z 2 m" . (4.5.12)
Jj=h'+1 j=hn+1

Now we can define 4’ € N so that

n

h’ > <4K02(n, /1, £1,€2,8, G, q)>n

Since m; < | for j > A, if i is large enough we get from (4.5.12)

2K

A A
FL (G < FL(E) +

By (4.5.9) we finally deduce that {G,};cy C A satisfies (4.5.8).
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Let us now show that for every m > 0 there exist h € N, a bounded set E with |E| = m and a subdivision
E= UZ:l E¥ such that

Mw

FHNE)< Y FHNEN) <inf {FAQ) : QER"\ H,|Q| =m}. (4.5.13)

k=1
Let R and % be as in Lemma 4.5.7. By Lemma 4.5.7 there is a sequence of sets {€;},cy of volume m such that
inf {FXQ) : QCR"\ H,|Q| =m} > lim F"R(Q), (4.5.14)
i=>+c0 &h

where F G‘:;IR is defined in Lemma 4.5.7. For every i € N there exists a partition &, = Q} U Qiz Uy Qf_’ with

diam(Qf ) < Rand

A(Qj) <& c~/1 R(Q ) + 2 (4.5.15)

S

'Mw'

J=1

Up to a subsequence there exist m ;€ (0, ), with 1 < j < h, such that

h
m/_,llr?olgjl Vi<j<h, mzzfm
Let us fix 1 < k < h and consider the sets { Qf.‘} ien- Since their diameters are uniformly bounded by R, up
to translations we can assume that all the Qf‘ are pairwise disjoint and contained in a fixed ball with radius R
Therefore the characteristic functions f; = yq« have uniformly bounded supports and are bounded in BV'. Up
to a subsequence, we can assume that f; is Welakly* convergent in BV, and in particular strongly convergent in
L', to a certain function f. Then f is the characteristic function of a bounded set E¥ with volume m,. By the
lower-semicontinuity of the perimeter under weak™ BV -convergence and the continuity of # and & under strong
L' convergence, we obtain that

FHE®) < liminf F1Q)). (4.5.16)

Up to a translation we can assume that the sets E* are pairwise disjoint. In particular the set E = UZ=1E" is
bounded with | E| = m. By (4.5.14), (4.5.15) and (4.5.16) we get

FMNER < Z lim inf G”’1(S2k) < hmlnf Z G‘*(Qk

5 i—co

Mm

FHE) <

;:..

=1
< liminf 9:;_1"(9,.) <inf {FXQ) : QCR"\ H, |Q|=m},
so (4.5.13) is proved.

We can now conclude the proof of the theorem. Let {G;};cy as in (4.5.8) and let us consider a subdivision G; =
G,‘l U Gi2 Uy Glh, such that

h/
inf {FAQ) : Qe A} = lim Y FHG). (4.5.17)
i=1
Up to a subsequence there exist y; > 0,1 < j < K, such that
h/
J ; / Al —
w=lim |Gl VI<j<H, BN =) u
j=1
Let
K; :=inf {FX(Q) : QCR"\ H,|Q| = pu,}.
By (4.5.17)

inf {Z/(Q) : Qe A} =) K, (4.5.18)
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By (4.5.13) forevery 1 < j < h’ there exist A(j) € N, a bounded set E; c R"\ H with |Ej| = p; and a subdivision
in pairwise disjoint sets E; = (J k(/) E; ; such that

i)
FHNE) < Y FNE; ) < K. (4.5.19)
=1

bl

Since the sets E; are bounded, up to translations we can assume that the set E = U;‘;l E; has volume | B*|. Therefore
E is the disjoint union of all the sets E ik with 1 < j < A’ and 1 < k < h(j). Let us denote these sets as E! with
1<I<hand h= Zj’;l h(j). By (4.5.18) and (4.5.19) we deduce that

h h
FHE) < Y FNE") < 2 K, =inf {F}Q) : Qe 4},

that is E is a minimizer of %/ and the subdivision E = U1h=1 E' is optimal.
The proof of (4.5.1) for a given 1 < j < h easily follows as in the proof of [NP21, Proposition 1.2]. 0

Now we are ready to prove Theorem 4.1.3.

Proof of Theorem 4.1.3. With the notation of Theorem 4.1.3, if Q C R" \ H is a measurable set with |Q| = m, let

97’1(52)=P/1(£2)+//g(y—x)dydx+/G(x,,)dx
QJQ Q

and
=) e = )
FHQ) .= }lgg gh (Q),

where

h h
FHQ mf{zﬂ(g’ : Q:UQ",Q"nQJ':ﬂ forlgi;éjsh}.
=1 i=1
1
If F ¢ R"\ H has measure | B*| and € = ", the set F := £F has volume m and by Remark 4.5.2 there exist &
i |BA|n
% -admissible and G €-admissible such that

FHF)=¢g"! <PA(F)+§"+1//g(y—x)dydx+é/é(xn)dx> =: e\ FA(F).
FJF F

Note that FA(F) = é"‘l.%:;(F) and that, if g is g-growing, also g is g-growing (see Remark 4.5.2). By Theo-
rem 4.5.3 there exists E C R” \ H with |E| = | B*| which minimizes 9;’1. Then the set £ := £E minimizes % *
among sets with volume m and Theorem 4.1.3 easily follows. O
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Chapter 5

Regularity results for some nonlinear elliptic
systems with discontinuous coeflicients

5.1 Main results
We consider nonlinear elliptic systems of the type
div A(x, Du(x)) = div F(x) (5.1.1)

in a bounded domain @ ¢ R", n > 2, andwithu : Q@ - RN, N > 1. We suppose that the vector field
A QX RNXn 5 RNXn g Carathéodory function, i.e.

o x — A(x, &) is measurable for all £ € RV*",
o ¢ — A(x,¢&)is continuous for a.e. x € Q.

Furthermore, we assume that there exist a function b(x) > 4, > 0, belonging to the space BM O, and a function
K(x), belonging to the Marcinkiewicz space L™*(Q), such that F € I/Vl(l)’cz(b, Q; RN*my and, for a.e. x,y € Q,

1A, &) — A, )| < kb(OIE — 1] i + 112 + InD)'T . (5.12)
%b<x>|r: PR+ IER + D'E < (A E) — AGeam). & — 1), (5.1.3)
|AG ) — A )| < 1x — ¥ [KG) + KO (62 + 1nlD)'F (5.1.4)
A(x,0)=0 (5.1.5)

16(x) — ()| < |x — ] [Kx) + KO, (5.1.6)

where k is a positive constant, u € (0, 1], p > 2, £ and # are arbitrary elements of RV*". Note that, by virtue of
a characterization of the Sobolev functions due to Hajlasz [Haj96], the conditions (5.1.4) and (5.1.6) describe a
weak form of continuity with respect to the x-variable since the function K may blow up at some points.

In the account of the typical functions of BM O and L™ respectively, the functions

defined for a positive A with x € B(0,1) = {y € R" : 0 < |y| < 1}, satisfy assumption (5.1.6).
A vector field u in the Sobolev space I/Vl(l)’cr(b, Q:RN), r> nz—:z, is a local solution of (5.1.1) if it verifies

/ (A(x, Du(x)), Dp(x)) dx = / (F(x), Dp(x)) dx Vo € C(L, RM). 5.1.7)
supp @ supp ¢
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In this paper our first goal is to study regularity properties of local solutions to (5.1.1) for r close to p. The existence
of second derivatives is not clear due to the degeneracy of the problem; anyway, although the first derivatives of
the solutions may not be differentiable, the higher differentiability of solutions holds in the sense that the nonlinear

-2
expressions V,(Du) := (u*>+ |Du|2)pT Du of their gradients, with u € (0, 1], are weakly differentiable. Therefore,
the main result will be the following:

Theorem 5.1.1 ([MP24]). Let Q be a regular domain, A(x, &) a mapping verifying assumptions (5.1.2), (5.1.3),
(5.1.4)and (5.1.5), and F € Wl’z(b, Q; RNXM) with b(x) as in (5.1.6). There exist 0 < g < % depending on k, n,

loc
Ay, pand the BM O - norm of b(x), and ay > 0, depending on p, n, A, u and k, such that, ifu € I/Vll’cp (b, Q; RN ),
with 0 < € < g, is a local solution of (5.1.1) and

@K = diSth,oo (K(X), LOO) < al N
then D(V”(Du)) S leoc(b, Q) and the following estimate holds:

) 1 2 2§ 2 2
/BR|D(VM(Du))| bdec/BZR<<1+F>(,u +Du®)s + (4 + | DF| )>bdx,

for every ball B, CC Q and for a constant ¢ depending on p, k, Ay, n, yu and D.

We point out that for local solutions of homogeneous systems
div A(x, Du) = 0,

Theorem 5.1.1 also applies in the degenerate case, i.e. 4 = 0, with constants independent of u (see Proposi-
tion 5.4.1). As a consequence, we establish certain local Calderén and Zygmund type estimates without assuming
any differentiability condition on the datum. More precisely, for G € Lfoc(b, Q; RV*") we consider the problem

div A(x, Du(x)) = div |G|’ 2G in Q. (5.1.8)
Then we prove the following result:

Theorem 5.1.2 ([MP24]). Let Q be a regular domain and A(x, &) a mapping verifying assumptions (5.1.2), (5.1.3),
(5.1.4) and (5.1.5), with b(x) as in (5.1.6). There exists ay > 0, depending on p, n, Ay and k, such that, ifu € VVI})’CP (b,
Q; RN) is a local solution of (5.1.8) and

91{ = diSth,oo(K(x), LOO) < az,
then
Ge L] (bURY) = Duel] (bQRY")

for any q € (p, s), where s .= % + 6 for a suitable 6 > 0, depending on p, k, Ay, n, Dy and the BM O-norm of
b. Moreover, for every cube Q,p CC Q and u € [0, 1], we have

1 1
q q 2 ?
<][ (/42+|Du|2)2bdx>q Sc<][ (/42+|Du|2)2bdx>p+
QR QZR

2 2,4 a
+c (u™+|G|%)2bdx ) ,
QZR
where c depends on p, s — q, k, Ay, n, Dg and the BM O - norm of b and is independent of .

We point out that through all the paper we consider p > 2. As known, in the subquadratic case the assumptions
and the results change, according to the properties of the p-Laplacian operator and the degeneracy of the problem.
In the case of systems with right-hand side affected by weak integrability properties, the existence of solutions
to boundary value problems obtained as the limit of smooth solutions to approximating problems is only known
under the assumption that p > 2 — % [DHMO97]. Theorem 5.1.1 extends for homogeneous regular systems [AF89;

Bec07; CM19; DKMO7]. For regular systems also CZ type estimates are available when p > 2 — % [Min17]. For
nonhomogeneous p-Laplacian systems Theorem 5.1.1 holds when p > % for a datum not in divergence form and

lying in L? [CM19]. An improvement of the range of p is given in [Bal+22a]. Some techniques presented here
are suitable to be extended, but since they are already delicate, at this stage we prefer to confine ourselves to the
superquadratic case in order to highlight the main ideas and novelties.
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Strategy of the proof and comments. In Theorem 5.1.1 we deal with very weak solutions and so, a priori, we
cannot use in (5.1.7) test functions proportional to a solution u. Then, in Section 5.2, we first achieve a higher
integrability result. Following [[S92] and [IS94], via a weighted version of Hodge decomposition [CMP02] and
connectedness arguments, we construct suitable test functions and in Lemma 5.2.1 we prove a reverse Holder
inequality for Du. The statement of this lemma does not require assumptions (5.1.4) and (5.1.6) and extends a
result proved in [GLS96]. For another approach to treat very weak solutions see [Lew93]. Once acquired the higher
integrability of Du, in Section 5.3 we prove an a priori estimate by using the classic difference quotient method (for
details see for example [AF89], [GMS86] and [Giu03]). Finally, in Section 5.4, the proof of Theorem 5.1.1 follows
by constructing appropriate approximating boundary value problems, whose solvability is known and for which
the a priori estimate applies.

In order to prove Theorem 5.1.2 in Section 5.5, the main difficulty is the interplay of the nonlinearity and the
presence of a weight which does not allow us to follow the scheme of classical papers [Iwa83; KM10; KMO06;
Min03], based on comparing a solution w to the initial problem with the solution to homogeneous systems with
frozen coefficients, i.e. div A(xy, Dw) = 0. In order to deal with such a peculiarity, we first compare a local solution
to (5.1.8) with the solution to a related homogeneous Dirichlet problem for which higher integrability follows from
Theorem 5.1.1. So, as in [KMO06], we shall rely on a technique introduced by Caftfarelli and Peral [Caf89], [CP98],
and based on Calderén and Zygmund type covering arguments and iteration of level sets, combined with a clever use
of Harmonic Analysis tools such as weighted versions of Maximal function inequalities. Finally, in Section 5.6 we
present global versions of Theorem 5.1.1 and Theorem 5.1.2. We study the Dirichlet problem with zero boundary
condition on a regular C?> domain. Since mollifiers and quasiconformal homeomorphisms preserve the BM O
norm [Ast83] and the distance &y, [BBC75] respectively, the proof of these results follows in a standard way (see
Theorem 5.6.2 and Theorem 5.6.4). When Q is not regular the problem is more delicate [CM19; DKMO07; KM10].

5.2 Higher integrability

In this section we prove a higher integrability result useful to our aims. We consider the nonlinear elliptic system
div A(x, Du(x)) = div|G|’2G in Q. 5.2.1)

We begin with a reverse Holder inequality.

Lemma 5.2.1. Let Q be a regular domain, A(x, &) a mapping verifying assumptions (5.1.2), (5.1.3) and (5.1.5),
u €[0,1], and let G € Lf;:s(b, QRN Xm), for 6 > 0. Then there exist positive constants €, and ¢, depending on n,

A 11|l K, p, with 0 < g, < %, such that ifu € VVI(I)’C‘U_‘E verifies (5.2.1) and —min{e, 6} < € < g, then

bze
o

1 2 2 2\ 5 1 2 2 2,2
W+ |Dul” + |ul”) 2 bdx Sc( (u” + | Dul” + [u|")2bdx
b(BR) /BR( ) b(B,g)

C
+
b(ByR) JB,,

By

(5.2.2)

(,u2 + IGlz)% bdx

for every o with max { 1, %} < o < p — € and for every pair of concentric balls By C B,z CC Q with
R< 1

We recall the following
Lemma 5.2.2 ([Gia83]). For Ry < Ry, consider a bounded function f : [Ry, R;] = [0, co) with

F)<OfO+—2 4B forallRy<s<t<R,
(s —1)

where A, B and 6 denote non - negative constants and 9 € (0, 1). Then we have

A
f(Ry) £¢(6,9) <m + B> ,

where c(6,9) is increasing with respect to 6.

108



By means of an analogous proof of [GM79, Proposition 5.1] we get

Lemma 5.2.3. Let f € L"(w, Q) and g € L°(w, Q) be non-negative functions, where 1 < r < s, L is an open set,
w is a weight. If the following

r r r
/BRdex§c<</B2Rdex> +fB2Rg de>, el

w(Bg) w(B;yR) w(B;yR)

holds for every pair of concentric balls By C Byg CC L, then there exists € > 0 such that f € Lf:cf(w, Q).
Now we are ready to prove Lemma 5.2.1.

Proof of Lemma 5.2.1. Fix a ball Bp(x,) with R < 1 such that B, p(x,) CC Q. For R < s <t < 2R, we consider
the balls centered at xy withradii R, s, ¢, 2R. Let ¢ : R" — R be the usual cut-off function, thatis £ € C(‘)’0 (B,) with

0<¢&<1,&£=1o0nB;and|V¢ < i Let us assume that u € VVZ(I)’C”_‘E(b,Q; R™N) is a local solution of (5.2.1),

1,22
with —=1 < 2e < p— 1. By Lemma 2.2.14 applied to &u — A), A € RYN, there exist ¢ € W, =¢(b, 2; RN) and
H e L'~ (b, Q; RN*") such that

| DI&( = A7 D& — Al = Do + H
1Dl e < c(n,p)(1+[IBILY 1 DLE@ = DI - o
I (®) b

”H”Lj%i(g) < e(n, p)(1+ 1IBIL) el 1DIE@ = DIl %
where 7 is an exponent depending only on p. We use ¢ as a test function in (5.1.7); this yields
/B (IGI"*G, Do) dx = /B (A(x, Du), D) dx =
= /B (A(x, D[&(u — A)]), Do) dx + /B ([A(x, Du) — A(x, D[E(u — )])], Do) dx =
= /B (A(x, D[&(u — D)), | DIEw — D]~ D[Ew — A)]) dx+
- /B (A(x, DIE(u— M)]), H) dx + /B ([A(x, Du) — A(x, D[E(u — )])], Do) dx.
Hence
/B (A(x, D[E(u — M), | DIEu — D] DIEw — A)]) = /B (A(x, D[E(u— M), H)
- /B ([A(x, Du) — A(x, D[&(u — D)), Do) + /B (IGI"G, Do) .
Now we use (5.1.3) and (5.1.5) to obtain

%/ |DIEu — D]IP bdx < / (A(x, DIE(u = DD, [ DIEw — DI DIEu — D]) dx. (5.2.3)
Bt Bt

We then apply (5.1.2), (5.1.5), together with Holder’s and Young’s inequalities with exponents 1;%‘; and %, to get

/ [{(A(x, D[ — A)]), H)| dx < k / (4% + |DIEW — DIP)'T | H|bdx <
B, Br

(5.2.4)
< c(k, p) / (W™ + |DIEW - AHDIFHH|bdx <
Bt
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< c(n.|1bll,. k. p) |e|<< / ﬂ“bdx) ( / |DIEw — M]|P~<b dx) Ty
B, B,
+ / |D[§(u—/1)]|”'£bdx>s
Bt
< c(n, Ibll,. k. p)le] ( /
B

uP~fbdx + / |D[E(u— D)]|P¢b dx) .
1 Bt
On the other hand,

|Du| < |Du — D[ — D] + | DIEw — D],
thus s
(1 + |Dul® + | D[ — DII*) 2 < e(p)(u’™> + | Du — D[Eu — D]IP~* + | D[Ew — D]|P~?)
and, by (5.1.2), we have

/ [{A(x, Du) = A(x, DI{(u — D)), Do)| dx <
Bt

<c / | Du — D[E(u — A)]| | D@|(u”~2 + | Du — DIEu — M)]|P~2 + | D[E(u — A]|P~)bdx
Bt
= c</ u"2|Du — D[E(u — A)]| | De|bdx + / | Du — D[E(u — D]|P~' | De|bdx+
B, B,

+/ IDu—D[é‘(u—ﬂ)]lID[E(u—/l)]Ip_ZID(PIbdx)
BI

with ¢ = c(k, p). Next, we apply the straightforward equality Du — D[&(u — A)] = (1 — &)Du — (u — A)VE:

/ [{A(x, Du) — A(x, D[{(u — D)), Do)| dx < c(k, P)(/ HP=2(1 = &) | Du| | Dglbdx
B!

B,

+/ Mp_2|V§||u—/1||D(p|bdx+/|(1—§)Du|p'1|D(p|bdx+
BI

B,

+/ |<u—A)V:|P-1|D<o|bdx+/(1—§>|Du||D[:<u—1>]|P-2|D<a|bdx+

B, B,

+/ [VE| Ju— 4] |D[§(u—/1)[|”‘2|D(p|bdx>=: I+IT+I1IT+1V+V+VI.
Bf

In order to estimate I, if p > 2, using Holder’s and Young’s inequalities with exponents p — €, 2=5

22 and ££, and
p—2 1-¢
for € > 0, we get:

1-¢

I< </ (¢! _5)Du|p—£bdx)p_g (/ ”p_gbdx>p_g </ ID(plﬁbdx>ﬁ <
B, B i

< c(m, 1Bl p) </ [(1 —f)Du|P—ebdx>P—b (/

B, B

1-¢

: </ |D[&(u — D)]IPb dx)‘: < (5.2.5)
Bt

p—€
<cnlbllorr(3) [ 10 =D bars [ wrebaxe
Bf B?

£

uP=cb dx) -

t

e / | DIEu — A)]|P~¢bdx.
Bf
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Now, since ¢ may be assumed greater than 1, ¢?~¢ is less than c?. Therefore, we can assume that the constant c is
independent of €. If p = 2, since y < 1, we argue as before by applying Holder’s and Young’s inequalities with

exponents p — € and =
p—e-

—e—1

1 P
s(/ |(1—§)Du|p—fbdx>“ (/ |D(p|ni——1bdx> o<
Bt Bt

1—.

o

|
< c(n, bl ) ( / 5 —é’)Dul”‘gbdx>; ( / |Dlé - mp—ﬁbdx)‘: < 629
< e(n.15l.p) (* / (1 — &)DulPbdx + £ / |DIE - DIPb .
Replacing |(1 — &) Du| by |(u — A)VE|, we get the desired estimate for 11, if p > 2:
II< c / | — HVEPEhdx + / WP ehdx + £ /B | DIEu — A)]|P~bdx (5.2.7)
and p = 2:
II<c (é)p_/B | — A)VEPbdx + &1 /B IDIE@w — H]|P<bdx, (5.2.8)

with ¢ = ¢(n, ||b||,, p). Using Holder’s and Young’s inequalities with exponents E and g, and if £ > 0, we
obtain:

1-¢

</ | DI — DIP*b dX> " <
B,

~
L

=
o™

I1T < c(n,|Ibll,. p) < / (1 - ¢>Du|f’-fbdx)
B

e (5.2.9)
< l,.p) (1) / (= &) Dulbdx + & / |Dl&w = DI “bdx.
In the same way, we estimate I}/, namely
1V = / |(u = HVEIP | De|bdx <
BT
e (5.2.10)
<. bll,.p) (1) / = AVEPbdx+ e / | Dl — AP bdx.
Arguing as for [ and 11, with € > 0, we estimate V'
= / |(1 = &)Dul | DIEw — M]|P~*| Dplbdx <
i e (5.2.11)
< c(n, ||b||*,p) / [(1 = &)Du|P~*bdx + eﬂ pe-1 / |D[E@ — A)]|P~¢bdx
and VI
VI~ [ = Vel IDlétu - 1P Dolba <
B (5.2.12)
< e, 161.p) (& / (= DVEP b + £ / | D& = )P bdx.
Finally, by Holder’s and Young’s inequalities with exponents and ”— , supposing |e| < 8, and if € > 0, we
have
], [(161726. Do) | ax < - [ 161" IDlbdx < -IGIL , 100l
(5.2.13)

<cnbllp. o) (3)" [ 160 bax 4 [ Dtz oprcpax
€ B, B,
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Combining estimates (5.2.3) - (5.2.13) yields

1 / | DIEw - DIP<bdx <
k B,

< (o, ”,,”*,k,p,%)<<|£|+(é+é+~g)%+gp”e—i>/ | DIgw = 1P bdx+
Bi

p—€

; ((1_+_1__)H+( ”_) </ (1 - &) Dul? gde/ = Vel ebdx>
& &
+(|g|+1>/ repdx /|G|P fbdx)

<|£| +(E+E+ 6) =+ spfffl ) ﬁ. To this effect, we fix g, > 0 sufﬁ01ently small. Accordmgly,

/ |D[E(u — M]|P*bdx < c(n, ||bll... k. p, Ag) (/ |(1 = &)Du|”~bdx+
B, B

+/|(u—/1)V§|p_Ebdx+/ /,t”_fbdx+/|G|p_£bdx>,
B, B, B,

for —min{e;,0} < € < g, and ¢ independent of €. The properties of the cut-off function £ and the previous
inequality yield

/ |Du|P~¢bdx < c</
B B

s t

| Du|P~¢bdx + 1 / |u— AP ¢ bdx+
\B (t—s)=¢ /B,

+/(MP—E+|G|P—f)bdx>.
BT

Adding ¢ / g |DulP~¢b dx to both sides yields

/ | Dul”
BS

c —
—(C T — sy /B lu— AP ¢ bdx+
2R

(W~ + |GIP*)bdx.

c+ 1 B
With the notation (2.2.1), we set
N '/BZR u(x)bdx
b(ByRr)
and we apply Lemma 5.2.2 to get
| DulP~¢bdx < ¢ (R-@-f) / lu—uglP~¢hdx + (U~ +|G|P%)b dx> . (5.2.14)
Bpr B, B,

We add /BR (Ju|P~% + uP~*) bdx to both sides. Since |u|?~* < c(Ju — ug|P™® + |ug|P~¢) and R < 1, we obtain

(uP~¢ + | DulP™¢ + [u|P~*)bdx < c<R‘("‘£)/ lu—ugl’~“bdx+
By

B
i (5.2.15)
p—e
+/ |uR|”_gbdx+/ (u + |G| ) 2 dx>,
BZR BZR
with ¢ = ¢(n, ||b]|.., k, p, Ag). Note that by Jensen’s inequality 2.1.7
J5. lu(x)| bdx bme
/ lug|?~¢bdx = b(B,R) ZRb(B—) <
Bar 2R (5.2.16)

< / lu(x)|P~¢bdx < R~ / lu(x)[P~¢b dx.
By Br
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Theorem 2.2.11 and Lemma 2.2.10 yield

p—E€

o

R—(p—¢)
|Vul°bdx (5.2.17)

b(Byr)

1
b(Byg) JB,,

[ul’¢bdx < ¢ <

By

for all ¢ such that max { 1, %} < 0 < p—¢€ and with ¢ = c(n, ||b]l,,k, p, 4y). Theorem 2.2.12 and
Lemma 2.2.10 yield

p—¢€

o

—(p—¢)
R |Vu|"bdx> (5.2.18)

b(ByR) JB,,

1
b(ByRr) JB,,

lu—ug|P*bdx <c <

for all o such that max { 1, % } <o < p—e¢andwith ¢ = c(n, ||b],, k, p, Ag)-
Putting together (5.2.15)- (5.2.18), since the measure b dx is doubling and by means of Lemma 2.2.10, we have

s s b * B
¢ p. 11B1l) (4% + [Dul® + |u]>) 7 bdx <
b(Bg) By
b b b
< S0P W) e i pugre 4 juireypa <
b(Bp) /B,
1
< (W™ + [ Du|”™¢ + ulP*)bdx <
b(B2R) ‘/BR
N6l ks p, A
Sc(n 51l &, p, 49) R—(p—e)/ lu — ug|P~¢bdx+
b(Byn) 5 (5.2.19)

p—¢
+R‘(”‘5)/ |u(x)|1’-6‘bdx+/ (W* +1G)?) 2 bdx>§
By By

—E

o

(u° + | Dul’® + |u|")bdx> +

SC(n,IIbII*,k,p,ﬂo)Kb(B )
2R) J B,y

2 2\ 5
+ u+|G|7) ? bdx|,
b(Byg) JB,, ( )
for all ¢ such that max { 1, % } < o < p — € and we can conclude the proof of the reverse Holder’s inequal-
ity (5.2.2). O

Now we are ready to prove the main result of this section.

Theorem 5.2.4. Let Q be a regular domain, A(x, &) a mapping verifying assumptions (5.1.2), (5.1.3) and (5.1.5),
u € [0,1], and let G € Lf:ca(b,Q; RNxmy, for 6 > 0. Then there exists 0 < g, < %, depending on k, n, Ay, p and
the BM O - norm of b(x), such that, if u € VV[(I)’CP_S(b, Q;RN), with0 < e < €, is a local solution of (5.2.1), then
ue W (b, QRN), for any 0 < |€] < min{3, ¢, ).

Proof. Letu € Whl)’cp_é(b,g; R™N) verify the equation (5.1.7), with 0 < & < g;. For Q' cc Q,set A = {¢ €
[-min{5,&,},6,] : u € VVI(IJ’C”_E(b, Q';RN)}. We claim that A = [-min{§, €, },&,]. In order to see this, we first
note that A is not empty, since £; € A. Our goal is to show that A is open and closed in [- min{d, £, }, £;]. First
we prove that A is open. Indeed, if e, € A, by the reverse Holder inequality in Lemma 5.2.1 and by the higher
integrability result stated in Lemma 5.2.3, there exists € > 0 such that max{e, — e, —min{6,&,}} € A. Therefore
A is open. Now we prove that A is closed too. Let {g,} C A be such that g9, — ¢. We want to prove that o € A.

Obviously, u € I/Vli’cp % (b, Qs RN) and

1 / ( 2 2 2\
2 + | Dul? + |ul ) bdx <
b(Bp) /s,
- (5.2.20)
<c< 1 (;42+|Du|2+|u|2)”7"bdx> T [ (e ieP) T bax)
~ \b(Byr) Jp,, b(Byr) JB,,
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with 6, = max{1, (n—1)(p— 0,)/n}. Let us observe that (u? + | Du|? + |u|2)l% — (u*+ | Du|* + |u|2)1$, almost
everywhere in B, . Therefore, we can apply Fatou’s Lemma in order to estimate the left-hand side of (5.2.20). We
obtain

/ (2 + |Dul? + uH= bdx<hmk1nf / (u® + | Dul® + |u]®) 2" bdx. (5.2.21)

b(BR) (BR)

In order to pass to the limit on the right-hand side of (5.2.20), we assume that ¢, > ¢ for every k, since otherwise

u€E I/Vl(l)cp °(b,Q';RN) and the conclusion is obvious. With this assumption we have

o <max{l,(n—D(p—-o)/n} <p-o,

sincel <2—¢;, <p—o, <p—o. Seto =max{l,(n— 1)(p— 0)/n}; the following inequality holds:
(1% + |Dul® + [u)> <1+ @+ |Dul® + u])s. (5.2.22)

For k large enough, we have ¢ < p — ¢, < p— ¢ and, since u € Wli’:"(b, Q'; RN), the right-hand side of (5.2.22)
is in L!. Therefore, we can apply Lebesgue’s Convergence Theorem 2.1.11 in order to pass to the limit on the
right-hand side of (5.2.20). Taking also into account that we may assume |g,| < & for every k and G € L"*°, we
get, recalling (5.2.21),

1’_
u* + | Dul® + [u*) > bdx <
b(BR)/ )

p—o

p—o
c(b(32 [y, (1 +|Du|2+|u|2)zbdx) +b(B—2R)/B2R((,4 +1G12) 2 dx)

Hence ¢ € A, therefore A is closed. L]

Remark 5.2.5. By virtue of Theorem 5.2.4, in Section 5.3 and Section 5.4 we can assume u € WI’P+5‘ (b, Q; RN),

for £; > O sufficiently small. In fact, in Theorem 5.1.1 and in a priori estimate 5.3.1 we assume F € VVllcz(b

Q; RN*m) Therefore, with the notation F = |G|P~2G, we have |G|P~! € Li*’ with 2% 1= 27 2 i.c. equivalently
2np—2n
|G| € L,"” . Finally, we note that 2"” 2" >pforp>2, := n2+"2'

5.3 A priori estimate

In this section we assume the weak differentiability of V,(Du) in order prove an a priori estimate.

Theorem 5.3.1. Let Q be a regular domain and A(x, &) a mapping verifying assumptions (5.1.2), (5.1.3), (5.1.4)
and (5.1.5). IfD(V#(Du)) € leoc(b, Q), ue,1]and F € I/Vlll)’cz(b, Q; RN there exists a > 0, depending on
D, n, Ay, p and k, such that, if

Dy i=dist e (K(x), L®) < a, 5.3.1)

the following estimate holds:
/ |D(V”(Du))|2bdx§c/ ((1 +—)(u +|Du?)s + (42 + | DF| ))bdx (5.3.2)
By Byr LS

for every ball B,r CC Q and for a constant ¢ depending on p, k, Ay, n, y and Dy.
We recall the following

Lemma 5.3.2 ((GM86]). For any p > 2, we have

=2 =2
T+ P+ 1EPD) T =P < IV, =V ©OF < e + 1> + 16117 In =&
forany n, € € R¥, u € [0, 1] and a constant ¢ = c¢(p) > 0.

Now we are ready to prove Theorem 5.3.1.
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Proof of Theorem 5.3.1. For a fixed ball B, cC Q and radii R < s < ¢ < 2R with R small enough, consider
a function ¢ € Cg"(B,), 0<é<L1,é£=1o0nB,, |V < i and set v = fzrhu for sufficiently small 2 > O.
Since u is a local solution of (5.1.1), we can choose @ = 7_,y as a test function. By virtue of the properties of the
difference quotients, we have

/ (t,A(x, Du), Dy) dx = / (7, F(x), Dy) dx
B, B

t

that is
2 — 2
/ <ThA(x,Du),D(§ Thu)> dx —/ (th(x), D(¢& Thu)> dx.
Bt BT
It follows that

/ 52 (t,A(x, Du), 7, Du) dx + 2/ E(1,A(x, Du),V¢é @ tju) dx =
B B

! ! (5.3.3)
= / (tpF(x), D@E 7)) dx,

t

and observing that

T,A(x, Du) =[A(x + he;, Du(x + he;)) — A(x + he;, Du(x))]+
+ [A(x + he;, Du(x)) — A(x, Du(x))] =: A, + .A;l

the equality (5.3.3) can be rewritten as
/B &2 (A, 7, Duy dx = —/B &2 <A;l, z’hDu> dx — Z/B E(A,, VE® T,u) dx+
—~ 2/3 E(A),VE® Tju) dx + /B (t,F. D) dx=: I, + I, + I3 + I,.
By assumption (5.1.3), we immediately obtain for the left hand side that

/ &2 (A, 7, Du) dx > %/ E2(u? + | Du(x)|*> + | Du(x + he,.)|2)”—52|fhbu|2bdx
Bt Bt

and hence
1 2 |7, Dul? | <
p=2
+ [ €62+ 1D + 1Dutx + ey PF E bax < oL 3 1),
k /s Al n)? &
Now let K, € L*(Q). In order to estimate | j |, j=1,...,4, we introduce the notation

K(h) := K(x + he,) + K(x),
D(h) i= (4 + | Du(x)® + | Du(x + he,)[?)3.

By assumption (5.1.4), we immediately have
115 [ &1, 1myDul s <
2 2 PN
s/ SRR + | Dul) 5 12, Dul dx.
Bl

Then, defining
Ko(h) = Ko(x + he,-) + Ko(x),
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the use of Young’s inequality with a constant v € (0, 1) that will be chosen later yields
2 2 2,22t
|Il|s/ 211 K(h) (4 + | Dul)= | Deyul dx <
Bt
—1
< / 21| 1K) — Ko()] G + | Du)'S | Deyu] det
Bt
2 2 PNl
+/ E 1] 1Ko o (4 + [ Dul)= | Dryul dx <
|h|? 3
/ £ + |Du®)T | Dryul? dx + o o |K(h) = Ko(h)[*(E(u* + | Dul?)*)?
BI
_ 2 »
LY / £ + | Du)F | Deyul dx + / 2K M2 + | Du)
2 B, 2V Bt
2, 2 PN 2 |n|? 2 2 20212
<v é (u° + [Dul”) 2 | Dryul dx+T IK(X)—KO(X)I (E(u” + | Dul*)4+)
2
' ' /|K(x+he)—K0(x+he)| (E? + | Dul?)1)? dx+
10 / 2K (M2 (i + [Du) dx
2V Bt

Now note that, thanks to Lemma 5.3.2, the assumption V,(Du) € VV[l’Cz(b, Q; RVX") suarantees that (4u%+| Du|?)? €
I/Vl})’cz(b, Q), and therefore in W !2(Q), and in particular, by Sobolev embedding Theorem in Lorentz spaces 2.2.15,

that &(u? + |Du|2)§ e Lz, Consequently, by Holder’s inequality in Lorentz spaces 2.2.17, set 2* := 2—" we

2 b
can estimate the second integral in the right hand side of previous inequality as follows

=2 2|h)?
mm/ £ + [Dul’) > | Dryul® dx + == | K(X) = Koll e, 107 F1DuP) 1 s

|h|2
/ ENY M2 o ) (4 + [ Duf>)? dx.

Finally by Sobolev embedding Theorem in Lorentz spaces 2.2.15, and taking into account that b(x) > A, and
-2
(u* + | Du(x)|?)T < D(h)"~2, we have that

-2
e / E( +DuP)F | Drjulbdx+
0
|h)?
+ 287 1K () = Koll e | DEK? + 1 DUPYO)I o +
LI |2

P
/ E KoM oy (W* + 1 Dul?)2bdx <
PN Vi

(5.3.4)
< / &2 D(h)P~2| Dryu|*b dx+
0
A1
+2_S ”K(x) KO” noo(g)”D(f(lu +|Du| ) )||L2(B)

Ihl2

/ (M2 gy (4 + | DU b
T2k =@

Next we estimate I,. Observe that assumption (5.1.2) yields

p=2

| Ayl < kb(x + he;) |7, Dul (,u + | Du(x)|* + | Du(x + he; Pl )T =
= k b(x + he;) |7, Du| D(h)"~>
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and hence, by the aid of Young’s inequality, we obtain
12 [ £l 1 gyl dx <
Bt\Bs
< Zk/ & b(x + he;) |7, Du| D(h)P~% |VE| |7,ul dx <
\B

<v / EXD(h)P~2|7), Du|*b(x + he;) dx+
\B

2 (5.3.5)
+ = IVE|? D(hY'~2|z,ul?b(x + he;) dx <
v JB\B,

<v / EXD(h)P~2|7), Du|*b(x + he;) dx+
\B

2
P S D(h)P~2|t,ul*b(x + he;) dx.
v(t—5)? JB\B,
For I; we proceed as follows. The assumption (5.1.4) yields
p-1
|15 S2/ &I AL IVE| rpul dx < 2|h| EX(R) [VE| (u® + | Dul®) T |zpul.
B\B B\B,
Arguing similarly as we have done for I,, we have
p-1
|15] < 2| g (h) = Ko(m)| |VEI(u? + | Dul®) > | rul dx+

BB

p—1
+2|h IIICo(h)IILm(g)/ EIVE|(W* + | Dul*) 7 |zjul dx <

t N

2 p
< @ / E1K(h) — Ko(W)PGe? + | Dul?)s dx +

2 )z/w + DUy eyl
hP?

4
+ - ”Ko(h)”L‘x’(Q)/ 52(/’!2 + |DM|2)2 dx S
B,

2|h|?
<

/ E2|K(x) — Ko(x)|*(u” + |Du|2)§ dx+ (5.3.6)
Bt

2|h|? 2
+ 21A1 / E2|K (x + he;) — Ko(x + he,)|2(u® + | Dul»)? dx+
v

P
/(/4 + D) |rhu|2+u||lco(h>||mm/ £42 +1Dup)
Bl

t—s)2
|12
<428, 1K) = Kol m(g)IID(éf(# + 1 Du)DI

V4
J5 (2 + 1Du»)T T |zyul2bdx + L o (1Kol E2(u2 + | Dul®)2 b dx.

+ A (z s)2 L>(Q) /Br

Finally we estimate I,. By using Young’s inequality, together with b(x) > A,, we get

<

|1,] = ‘ / () F, D& 7)) dx
Bt

s/¢2|th||Drhu|dx+2/¢|vs||th| eyl dx <
B[ Bf

5%/ §2|Drhu|2dx+i/ §2|ThF|2dx+/ §2|ThF|2dx+/ |VEI?|zyul?
Bl

< /élerhulzbdx+ —+1 /ﬁzlthlzdx+ ! 2/ |Thu|2dx
24 (t = 5)" JB\B,
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1
/10

/ 5 (,u +|Du| ) 2 IDThul bdx + —

1
+ -
U2 Ag(t — 5)?

—+1 7, F|*bdx+
< /csu, g

/ (u® + |Du|2)7|1’hu|2bdx.
B\B

Combining estimates (5.3.4) - (5.3.7), we get

/ E*D(hy™?

+= S2 K@) = Koll7 M(Q)MD(&(u + 1DuPYIE, p +

Dtyu 2

D 2
—”‘ bdx < Al / E2D(h)2 bdx+

; DT . T D 2
+2ﬂ§ﬁ fB EX(u* + | Dul?) 2 Th" bdx+VfB,\BS E2D(h)P2 hTu b(x + he;) dx
3Ky 2 Pvt] p=2 )
o fp W+ |Dul?)2bdx + s [, (L4 1Du)S | %] bdx
2 F 2
k—2 D(hy2 |22 b(x+he)dx+i<i+ )/ 227 b,
v(t —s) B,\B, Ag \2v B,

Assuming v < '1—k° and reabsorbing the first integral in the right hand side by the left hand side, we get

1 v 2 2
<k >/§D(h)p

3 MK GO = Kol | DE? + [ DuPDIE, , +

uz
|bdx§

Drju|?

/ E(u* + | Du)? ) oy bdx+

2/12/10

+v / ED(hy~?
B\B,

hDu
‘ b(x + he;)dx+

3P 2
%/B E2(u* + | Dul?) b dx + ff(j“)z Js W +1Du)’T 2=\ bdx
2 FI?
k—z D2 |2 b(x+he)dx+i<i+ )/ 2220 pax.

v(t —5)* JB\B, Ag \2v B,

Let us note that, by the properties of ¢ and using the fact that b(x) > 4,

1

IDEU+DUP) I 5 < - / DGR + [Dul) Db dx <

<2 /|Ve:| o +|Du|2>2bdx+—/ EID[(a2 + | Du)E Pbdx <
0

<—2— | 42+ 1Dt bdx+—/ EID((W + | Du)11Pbdx,
Aot — )2 /B Ao J B,
and, by (5.1.6) and since by Lemma 2.2.21 we are legitimate to pass to the limit for 2 — 0,

/ lim (D(h)p‘2
Bt\Bs h—>0

2 N 2 2 2 N
< Qu~ +2|Dul*) 2 (u* + |Du|*)bdx =22 (u” + | Dul”)2bdx.
\B B\B

2
TyU

2 2,22 2
b(x + he;) dx=/ (u= +2|Du|*) 2 |Du|*bdx <
\B
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Applying now Lemma 5.3.2 and again Lemma 2.2.21, we have

1 (l——>/ £ DI(% + | Dul®)5 Dul|bdx <
<
< T2 SIKE) - Kol e / £ + | DuP) Db dx+
2 212
+2/42/10/ E2(u* + | Du)? ) 2 |D u|“bdx+

+c(p)v/ E2|D[(u? +|Du|2)TDu]|2bdx+
B\B,

311Kl

. K, Aoy v, ,
— (Q)/ £ +1Dupyipdx + LLAe 1) ”)/(M2+|Du|2)§bdx+
(t—ys) B,
2

2.2
+m 2n”K(X) KO”L”OO(Q)/I(M +|Du| )2bdx+

1 1 5 ThF‘2
+—<—+1) D7 pax.
7o \2v /Btg nl o
Therefore
! <——— /g ID[(42 + | Dul®)’T Dul|2bdx <
c(p)

12 2 2 2 2,222 2
< K K + — D + | D + D bdx+
> <V ” ( ) O”Ln,oo(Q) 2/42&0) ,/Btg | [(ﬂ | ul ) u]l X

2 2 2,22 2
+c(p)v/ E°|D[(u” + | Du|*) + Dul|"bdx+
B,\B,

311Kl

(5.3.8)
- K, Ag» Vs ,
—= (‘”/ Eu 2+|Du|2)2bdx+w/(ﬂ2+|D“|2)§bdx+
(t—s)? B,
12 K(x) - K, Du»):bd
VAot — 5P S3ullKG) = Koll o (“ *|Dulf)zbdx

1
+_

P —+1 /8(# + |DF|*)bdx.
0

Let us fix v := v, such that

1 1 VY Yo
— o) >0,
c@( AO>

oMy V¥olo 1_»
for example v, 1= - e Set =3 Vs, \ ¢ (p) /10 ~ — o let & be a number such that 0 < a < #. If

D < «a,
then we can choose K, € L*(2) such that

1 1 2 12 ., Vo
- -— K(x Koll7 noo > 0.
<C(P)< /10) Voto 2l K0 = oll @ 2,25 >

Then, by reabsorbing the first term of the right hand side of (5.3.8) in the left hand side, since £ = 1 on B, and
0<&E<, we get

p=2 =2
C [5 IDI(W? + |Dul>) = Dull*bdx < c(p, k, Ag, 1) [ | DLk + | Dul®)' 5 Dul|*bdx

ek don P ( [ G+ 1DuPibdx+ —— [ G2+ |DuP)ibdx+
By (t =) By

+ (U + |DF|2)bdx>,

BZR
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1 1 v 3 Q2 2 0]
here C = —— (1 _ %) _ _
where C cp) \k A Vodo Sz’na 2u?

Now we fill the hole, having

—2 —2
5 IDI? + 1 Dul?) T Dul?bdx < <24l 1| D[(u2 + | Dul?)T Dul?b dx+
N t

— C+c(p.k,Ag.p)

C(P’ k7 A()a n, 9K’ /’l)
C + c(pa ka )'()’ /’l)

(4% + | Dul®)2bdx + -
Byg (t—s)° JB,,

+ [ W+ |DF|2)bdx>.
By

Then by Lemma 5.2.2

4
J3, 1DV, (Dw)Pbdx < e [, (1 + %) 42+ |DuP)ibdx+c [, (4 + |DF)bdx.

where ¢ = c(p, k, Ay, n, D, ), and therefore we have the result.

2 222
(u” + |Dul?)2bdx+

(5.3.9

O]

Remark 5.3.3. Note that, even if we do not provide the exact value of the constant « in (5.3.1), a bound on it is

given at the end of the proof of Theorem 5.3.1.

Remark 5.3.4. We point out that the dependence of the constant c in (5.3.9) on D occurs only through the norm

of Ky in L*.

Remark 5.3.5. By a careful analysis of the proof, it is evident that the degenerate case, that is for y = 0, causes
further difficulties only when dealing with the integral involving the datum F. More specifically, in the estimate
of |1,], an integral which can blow up appears. Consequently, if F = 0, the proof proceeds in the same way even

if u=0.

5.4 Regularity

In this section we prove Theorem 5.1.1.

Proof of Theorem 5.1.1. Fix aball B, CC €, let u be a local solution of the system (5.1.1) and let us consider,

for x € Q, & € RV*" and j € N sufficiently large,
A(x, &) if  b(x) <j
A;j(x,&) 1= . A(xE) . .
I 50 it b(x) > .
Let b; be the truncated of b at level j, i.e. for x € Q and j € N sufficiently large
b if b(x) <j
by(x) 1= () : (x) <J
J if  b(x) > j.
Since
b;(x)
b(x)

it is easy to check that for a.e. x € Q and for all &, n € RV*" we have

Aj(x,8) = L Ax, &),

A, (x, &) — A, (x, m] < kb, ()IE —nl (4 + [E2 + DT

Lh,(0lg =P G+ 1+ 11T < (4,00 - A(xomE—n).

A;(x,0)=0.

For a.e. x,y € Q one easily gets
16;(x) = b;(M| < [b(x) = b(Y)| < |x = y| [K(x) + K(»)].
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In particular
|b;(x) = b;(»| < (k+ 1) [x = y[ [K(x) + K(»)].

In order to simplify the proof, we will prove
-1
|A;Ge,m) = A; ()] < (k+ 1) |x = | [K() + KW (* + 0] 7, (5.4.3)

at the end of the paper, see the Appendix.
Let us consider the following Dirichlet problem

div A;(x, Dv) = div F in Byr
v=u on 0Bjp.

If we denote by u ; € Wl’p(Bz r) the solution of this problem, then D(V,(Du j)) € leoc (b;, Q) (see [GM18]) and,
if

1
Dy < ay .= ,
KSO= 0
we can use estimate (5.3.2) to obtain
[ IDWV, (Du)Pb;dx < ¢ [, ((14+5) (2 +Du;?)? + (u® + |IDF?) ) b; d 544
B | PV (Dup))i7b;dx < ¢ Jp = ) (H u;|9)2 + (u~ + [DF|%) ) b; dx. (5.4.4)

Let us remark that by Lemma 5.2.1 there exists § > 0 such that | Du| € LP*9(b, B,r). Now we prove the strong
convergence of {|Du;|}; to | Dul in LP(b, Byg). Using (u — u;) as test function, we easily get, thanks to (5.4.2),

/B | Du—Du;|Pb;(x) dx < ¢(k) : (A,(x,Du;) — A;(x, Du), Du; — Du) dx =
2R 2R

= c(k) <F,Duj — Du> dx —/ <Aj(x, Du), Du; — Du> dx =
Byp By

=c(k) | (A(x,Du)— A;(x, Du), Du; — Du) dx =
By

b,
= c(k) <1 - —’) { A(x, Du), Du; — Du) dx.
BZR b
Then from (5.1.2) and (5.1.5) we derive

-1
/ |Du— Du,|Pb,(x)dx < c(k) | (b= b;)|Du— Du,|(u* + |Du>)'T dx.
Byr By

Finally by Holder’s inequality, since b (x) < b(x), we obtain

.
6
|Du — Du:|Pb;(x)dx < c(k, Ay) (u® + |Du|2)pJ2r§b(x) dx "
J J 0
Byr

Byr

: (/ b(x)|b — b,-l”'@) dx)m
By

and the last term goes to zero. Previous relation easily implies the conclusion.

At this point, estimate (5.4.4) and (5.4.5) yield || D(V,,(Du)))|| L2(By) < C, so that we deduce that, up to a subsequence,
D(Vﬂ(Duj)) is weakly converging to D(V,(Du)) in L%(b, Bpg) and V”(Duj) is strongly converging in L*(b, Bp).
Therefore, we can pass to the limit in the estimate (5.4.4) having the validity of the desired inequality for the
function u. O

(5.4.5)

In account of Remark 5.3.5, we can state the following
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Proposition 5.4.1. Let Q be a regular domain and A(x, &) a mapping verifying assumptions (5.1.2), (5.1.3), (5.1.4)
and (5.1.5). There exist 0 < g < % depending on k, n, Ay, p and the BM O - norm of b(x), and a, > 0, depending

on p, n, Ay and k, such that, ifu € I/Vl(lj’cp_g(b, Q;RN), with0<e < €1, is a local solution of
div A(x, Du(x)) =0
and
Dy =dist pne (K(x), L™) < aj,
then D(V”(Du)) € leoc(b, Q) and the following estimate holds:

| D(V,(Du))|*bdx < c (1 + %) (12 + | Dul?)2 bdx,

Bg Byr

for every ball B,r CC Q and for a constant ¢ depending on p, k, Ay, n and Dy.
For 2 < p < n, the following corollaries of fractional higher integrability easily derive from Theorem 5.1.1.

Corollary 5.4.2. Let Q be a regular domain, A(x, ) a mapping verifying assumptions (5.1.2), (5.1.3), (5.1.4) and
(5.1.5), and F € I/Vl(l)’cz(b,Q; RNX") There exist 0 < g < %, depending on k, n, Ay, p and the BM O - norm of

b(x), and ay > 0, depending on p, n, Ay, u and k, such that, ifu € I/Vli’cp_g(b,Q; RN, with0 < € < €, is a local
solution of (5.1.1) and

then Du € I/Vlf;p(b, Q; [RN)for every f§ € (O, 1%)

Proof. Since we can estimate for every i € {1,...,n}
|Th,iD”|p < C(”,P)|Th,iV,4(Du)|2, (5.4.6)
summing upon i € {1,...,n} and taking into account the estimate given by Theorem 5.1.1, we get for ¢ € (0, R)

and A sufficiently small

/ Z|Th’l-Du|”bdx5
B, i=1
2\’ 1 2 2.2 2 2
<c-(|nlr <<l+—2>(,u +|Dul®)? + (4* + | DF| ))bdx.
By R

2
It follows that Du belongs to the Nikolskii space 7 »” and hence the conclusion by embedding (see [Ada75], 7.73
and also [Min03]). O

In the next corollary we show that assuming a higher integrability of the function F improves the integrability of
the fractional derivatives.

Corollary 5.4.3. Let Q be a regular domain, A(x, ) a mapping verifying assumptions (5.1.2), (5.1.3), (5.1.4) and
(5.1.5),and F € W/Ii;r(b’ Q; RNX") for some r > 2. There exist0 < g < %, depending on k, n, Aq, p and the BM O

- norm of b(x), and ay > 0, depending on p, n, Ay, u and k, such that, ifu € I/Vl(l)’cp_e(b, Q;RN), with0 < e < €1,
is a local solution of (5.1.1) and
91{ = diSth,oo(K(x), LOO) < (Xl,

then Du € I/Vlf;q(b, Q; RN) for some q > p and for every p € (O, %)

Proof. Without loss of generality, we assume 0 < R < 1. The estimate given by Theorem 5.1.1 and the use of
Lemma 5.3.2 yield

1
b(By) /s,

| DV, (Du)|*bdx <

1 1

2 2 2
gc<<1+ﬁ)b(3—w IV,(Du) = (V(Du))g, |* + (4> + | DF| )bdx).

By
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Hence, applying Sobolev — Poincaré inequality, we have the following reverse Holder’s inequality
L | bV DwPbdx <
Br Jg,

n

Sc[( ! (|DV(Du)|) bdx>_1

(4> + |DF|*)b dx]

b(Byg) J B, b(Byg) Js,,
getting the existence of an exponent s > 2 such that | DV, (Du)| € L; . and
L / |DV,(Duw)|°bdx <

b (BR ) Br

7 2

>
1 2 2 2,2
<c |DV,(Du)|"bdx | + (" + |DF|*)2bdx |.
b(Byg) JB,,

b(Bx)

Then, using the pointwise inequality in (5.4.6), we easily obtain that

IenDul 5 .
T < C“DVM(D”)”ZZ

which allows to conclude that Du belongs to the Nikolskii space H%§ and hence, setting q : = %, by embedding

Du e VVlgcq(b, Q;RN) forevery p € (0, %) O

5.5 Calderon—-Zygmund estimates

In this section we prove Theorem 5.1.2. Here the cubes considered will always have sides parallel to the coordinate
axes.
We recall a few basic facts concerning the interior regularity of solutions of elliptic systems in divergence form of
the type

div A(x, Dw) =0 in 30 CQ,

where Q is a generic cube. The same proof of Theorem 5.1.1 works for balls of the type B, r, B3 and, by a covering
argument by means of countable disjoint balls, we have the estimate also over cubes instead of balls. Thanks to
Theorem 5.1.1, Remark 5.3.5 and Sobolev embedding Theorem 2.2.12, arguing as in (5.2.19) and if D < ap,
with a, as in Proposition 5.4.1, we get the following reverse Holder inequality:

1 2 2\3 g 5 g
<b<2Q)/2Q(” + D) bdx) =¢ <b(3Q)/ Ko+ D) b > ’

with ¢ = c(p, k, Ay, n, ||b],., D) and r = %. Then, by Gehring’s Lemma, there exists an exponent
s:=r+06, (5.5.1)
with 6 = 6(p, k, Ag, 1, ||b]|.» D), such that

2y3 2\
<b(2Q)/ (4 + [ Dwl): bdx) <c <b(3Q)/ (4 + [Dwl bdx>

with ¢ = ¢(p, k, Ag, 1, ||b|l . Px). Then

c(/ <u2+|Dw|2>§bdx>;z[b(3Q” (/ (42 + | Duwl? )Zbdx>_2
0 BRO)

> [b20)]7 - ( / G+ |Dw|2)§bdx>s >

>,10|2Q|p s(/zQ(,,l +|Dw|2)zbdx) > c’(n)'wf (/2Q(y +|Dw|2)zbdx)
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Equivalently we have

S}

<][ (/42+|Dw|2)%bdx>;§c<][ (1* + | Dwl?) bdx>;, (5.5.2)
20 30

with ¢ = c(p, k, Ao, n, ||b]|.. D). We wish to emphasize the fact that the above constants and exponents are
independent of the number x4 € [0, 1].
We recall some useful lemmas.

Lemma 5.5.1 ((KMO6]). Let p € [2,00) and u € [0, 1], then
p=2 p=2 _ p=2
W+ 1z 7 12l 18] S e(u? + 121 7 |z* + P + 1S 2 ¢
forevery z, £ € RN*" and € € (0, 1].

Lemma 5.5.2 ([CP98]). Let Qo C R” be a cube and D(Qy) be the class of all dyadic cubes obtained from Q. Let
a € (0,1). Assume that X C Y C Q, are measurable sets satisfying the following conditions:

o [X] <alQy|
o if Q €D(Qy) then |XNQ|>alQ] = O CY,

where Q denotes the predecessor of Q. Then
| X| < alY].

The following Lemma is fundamental in order to prove Theorem 5.1.2.

Lemma 5.5.3. Let u € W'P(b, Qg5 RN) be a solution to (5.1.8). Let B > 1; there exists a number € =
e(p, k, Ay, n, D, ||b|l., B) such that the following is true:
If A>0and Q C Qy is a dyadic subcube of Qg such that

0n {x €0 : M; [(,42 + |Du|2)§] x) > %,
° (5.5.3)
M* [(M2 + |G|2)§] (x) < 6/1} > B_}':|Q|,
then its predecessor Q satisfies
Oc {x €0y M* [(,ﬂ + | Dul?)? b] (x) > ,1}. (5.5.4)

Here M (’Z) =M (’2 0 denotes the (weighted) restricted Maximal Function relative to Qyp, i.e. if f| € L'(Qyr)
2/%2R

f> € L'(b,Q,g) and x € O,

; ) Jol by dy
M*(f)(x) := sup ]l|f1(J’)|dy, M;(f)(x) := sup
0c0x Jo 0COy b(Q)
XEQ er

Moreover here s is the number defined in (5.5.1), and A = A(p, k, Ay, n, Dk, ||bll.) > 1 is an absolute constant.
All the constants and quantities are uniform with respect to u € [0, 1].

Proof. We prove this lemma by contradiction. The constants A and e will be chosen toward the end while all the
arguments will be worked out for a general 4 € [0, 1]. Suppose (5.5.4) is not satisfied although (5.5.3) holds. Then
there exists ¥ € O such that

oM, [(u2 + IDulz)g] (%) < M* [(;ﬂ + |Du|2)5 b] (%) < A (5.5.5)
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Since O C 30 because O is the predecessor of O, we have
4
][ (/42 + |Du|2)2 bdx < A.
30
Note that 3Q C Q, . Moreover by (5.5.3) we can find X € Q such that
4
M [(/42 + |G|2)2] (%) <A

and therefore
][ 12+ |GP)? dx < €A (5.5.6)
30

Now we define w € W ?(b,30Q; R") as the unique solution of the following Dirichlet problem

{ div A(x, Dw) = 0 in 30 (5.5.7)

w—ue W, "GQ,RN).

The existence and the uniqueness of such a solution follows from Minty-Browder Theorem. Let us first derive the
following estimate
4 4
/ (/42+|Dw|2)2bdx5c/ (#* + | Dul*)? bdx (5.5.8)
30 30
where ¢ = c¢(k, p). By using w — u as test function in (5.5.7) we get

/ (A(x, Dw), Dw) dx =/ (A(x, Dw), Du) dx.
30 30

By (5.1.2), (5.1.3) and (5.1.5) we get

2

2 =2
2

[+ 1Dwk) = 1pwibax < [+ Dwf)
30 30

| Dw| | Du|bdx

Using the Young’s type inequality in Lemma 5.5.1, which holds uniformly in 4 € [0, 1], with € < min { %, ﬁ },

we obtain .

p=2 =2
/ (u* + | Dwl|?) 2 |Dw|2bdx§c(k,p)/ (#* +1Dul*) = | Dul*bdx.
30 30

Now using again Young’s inequality, from previous relation we have

2

P bz
/ (y2+|Dw|2)2bdx=/ (u* + |Dw|*) = (u* + |Dw|?bdx <
30 30

p=2
Sc/ (4* + | Dul?) 2 |Du|2bdx+1/
30 2 J30
1
<3 [ G+ 1Dwp)
30

bdx + c/ (u2 + |Du|2)
30
with ¢ = ¢(k, p) independent of u. Then estimate (5.5.8) follows.
Now by (5.5.2) we find that

<][ (u2+|Dw|2)%bdx)S §c<][ (;42+|Dw|2)§bdx>”g
20 30

P
(/42+|Dw|2)2bdx+c/ uPbdx
30

RIS
NI

bdx,

(5.5.9)
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where ¢ = ¢(p, k, Ay, n, ||b]|,.. Dg). Notice that since p > 2, by (5.1.3)

][ |Du — Dw|’bdx < c(p, k)][ (A(x, Du) — A(x, Dw), Du— Dw) dx =

30 30
= ¢(p, k)][ (A(x, Du), Du — Dw) dx = c(p, k)][ (IGIP*G, Du— Dw) dx <
30 30
2 22 4o
< c(p, k, Ay) (M +|GH)2dx ) + — |Du — Dw|? dx <
30 2 30

< c(p,k, Ay) <][ W2+ |G} dx> + 1][ | Du — Dw|Pbdx.
30 2 J30

Then from (5.5.6)
][ |Du— Dw|’bdx < cel (5.5.10)
30

where ¢ = c(p, k, Ay). In the following we shall denote by M (’Z"; the (weighted) Restricted Maximal operator relative
to the cube 2Q, while M (*b) keeps on denoting the (weighted) Restricted Maximal Operator relative to the cube Q.
Now, with the notation (2.2.1),

<
4o

{er LM [(;42+|Du| )2 ](x)>A—m}

< {x €Q: M [(u2+ |Dw|2)§] (x) > stj}
0

.o ABA
+ {xEQ : M, [lDu—lep](x)> ng} <

] . ) 202 ABA
S,Tob<{er'Mb [(/«l + | Dwl?) ](x)>/108p}>+

+ {er M** [|Du—Dw|Pb](x)>ﬂ} <

(5.5.11)

A28p
s a)'7 b * H ’A’
SO A M) [ g SRR [
(ABa:r  J20 ABA Jao

where in the last inequality we used (2.2.2), Theorem 2.2.18 and Lemma 2.2.10. From (5.5.1) and (5.5.9) we get

c(s, p, Ay, ||b
P20 B [ (12 4 D) bx < ek dgon 101, D)L <
(ABA)» 20 1 (AB)S (5.5.12)
<——lal
100"+2B»
P
where the last inequality is true provided we choose, for instance, A := (100"+2(c~ + 1)) s ; this fixes the constant

A and yields the absolute dependence mentioned in the statement. From (5.5.11) thanks to (5.5.10) and (5.5.12)
we obtain

{er:M;* [(;42+|Du| E ]( )>ﬂ} <&+c—|g| (5.5.13)
4o 1007+2B5
with ¢ = ¢(n, p, k, Ay). Now we can choose € such that
I3 1
C(n’p’ k7 A‘O)_ < 54
A gpr”
and so from (5.5.13)
4
{x c0: M [(u2+ |Du|2)2] x) > ABA} <ol (5.5.14)
Ao 8" B>
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To conclude we remark that (5.5.5) implies
4 /4
M; [(,ﬂ +|Dul?) 2] (x) < max {M;;* [(M2 +|Dul?) 2] ), 100"/11} (5.5.15)
0
for every x € Q. Indeed, let x, € Q and let C C O,y be a cube such that x, € C. In the case when C C 20, by
the definition of M™**, we trivially have

Je(i? + | Dul?)2bdx
b(C)

< M [ + 1Du)? | (xo)

In the case when C ¢ 2Q, we must have 2”|C| > |Q|, then QO C 10C and in particular ¥ € 10C; at this point we
further distinguish two cases. If 20C C O,y then, using (5.5.5), we obtain

p
(U + |Du|2)§bdx
Je < ][(M +DuP)ibdx < 2 L (42 + [ DuP)ibdx
b(C) /10 Ao J20c
n n
< 22 M [0 + 1DuPyib] (9 < B
10 0
If finally 20C ¢ Q, then Q,x C 70C and therefore
e + 1Dy bdx ][( 1Dup)ibd G2+ | Duf)ibd
< u-+ | Du|”)2 x< —_— u-+ | Du|”)2bdx
b(C) /10 20C
n n
< Lm0 + 1puPyin] () < S5
0 0

so that (5.5.15) is completely proved. Since AB > A > 100", by using (5.5.14) we get

IQI
2BP

{xe 0: M, [(,uz+ |Du|2)§] (x) > %}

0

which is a contradiction to (5.5.3). The proof is complete. 0

When applying Lemma 5.5.3 we shall need to fix the constant B, depending on the choice of an integrability
exponent g € (p, s). With g being fixed, we do this in the following canonical way:
1 1

=, (5.5.16)
B 2A»

where the constant A = A(p, k, Ay, n, ||, D) is the absolute constant appearing in Lemma 5.5.3. This fixes in
turn B = B(p, k, A9, 1, s—q, ||b|| ., Dk ). Note that B /' oo when g /* s; consequently, in Lemma 5.5.3 € \, 0 when
q /* s. Once the choice of B has been made, this canonically fixes the choice of &, with the following absolute
dependence

gg=e=¢e(pk, Ay, n,5—q,|bll.. Dg) > 0. (5.5.17)

Proof of Theorem 5.1.2. Following the notation of Lemma 5.5.3, let us set

(@) 1=

{xe Or : M, [(,u2+ |Du|2)§] (x)>t}‘,

(1) 1=

{x €EQr: M*¥ [(,uz+ |G|2)§] (x) > t}‘

Then, with B > 1 as in (5.5.16), we take

/~1 .

0" s 5 PN
cB» (u” + | Du|?)2bdx,
4o Oar
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where ¢ = c(n) is the constant appearing in the weak type inequality (2.2.2) when p = 1; note that 1 is positive.
Therefore,

~ 4 ~
u (D < {x €0y M* [(u2+ | Dul?) b] x) > ,uo} <
(5.5.18)
< | (2+|DuP)ibdx < @
Adg J 0y 2B»
and consequently, since AB > 1,
1 (AB)'2) < 'Q’il Vh €N, (5.5.19)

2B»
where A is the constant appearing in Lemma 5.5.3. Next, we recall that the constant B has been chosen accord-
ing to (5.5.16). With such a choice of B, and in view of (5.5.18) - (5.5.19), we can combine Lemma 5.5.3 and
Lemma 5.5.2 at the levels A = (AB)" 1, h € N. To this end, note that

4 ~
{x €0 : M; [(;ﬂ + |Du|2)2] (x) > (AB)h/l}C
4 ~
c {x €0y M* [(u2 +|Dul?)? b] x) > Mo}
Therefore, an elementary induction argument leads to

S(h+1)

h
m(ABY*1 D) < BV (h+ Y B iy ((ABY ep)

i=0

for every h € N; the number ¢ is defined in (5.5.17). Summing up over A, we have, for every M € N

S 4 0 i3 < (5 atoami™ ) o
Y AaB " anh < Y [Br AR | ) me
h=0 h=0

v (5.5.20)
+ Y S4By "B (ABY e D).
h=0 i=0
As for the first sum in the right-hand side, we notice that (5.5.16) leads to

i [B‘i(AB)f

] h+1
h=0

<l

Concerning the second sum appearing in the right-hand side of (5.5.20), we have

M h
Ed —3(h—=i .~
3 N A VBT (AB) e D) =
h=0 i=0
M—i

e 4; L _s a1h
= (AB) Y (AB) i((ABYenD) Y, [BTH(AB) | <
i=0 h=0
4 M 4
<2AB)r Y (AB)" ur(AB) eo]).
k=0

Combining the previous estimates with (5.5.20) we finally obtain

3 AB) uy (ABY ) < iy (D) + 2(AB)r 3 (AB) uy(AB) £ .
k=1 k=0
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Now we will do a straight, readable estimate, although it is justified only if read backwards: when the series
in (5.5.22) will be shown to converge, we will have proved that the power g of the maximal function is integrable,
which implies that also the first integral we are about to write is finite. We observe that

4q
p

4
(M2+|Du|2)%bdxg/ ‘Mb* [(/42+|Du|2)2](x) dx =
0x

0x
ooq iy
=/ T (yda= (5.5.21)
o P

; N
=/ 2/1%_1/41(/1)a%+/ 425 () da
o P i P
and

4
p

. 4q
Y e o 4,54 2 2.2 P
=Ar u(A)dA < A |Qgl = c(n, Ag)» Br (u™ + [Dul?)2bdx | |Qgl <
o P

Osr
q

< c(n, Ag)» B?* ( (u* + |Du|2)§bdx> " 10kl =
Oar

4q
R P P
= c(p, k, dg n, IBll.., D) B < (u* + IDuIZ)zbdx> 1Okl

QZR

where we assumed c(n, 43) > 1. In a similar way we have

n+l

|

[ i yda= Y2, [P Fqaa u () dA < (ABI)r 2 (AB) u,((ABY' ).
P "= aB) n=

P
"]
Again,

(ABD)? (1) < (ABT)»

{x €0, : M* [(;ﬂ + | Dul?)? b] (x) > mo} <

411 2 2,2
<c(n, Ag)(AB)r Ar (u” + |Du|“)2bdx <
Osr
s _sq 5
< c(p.k, Ag.n. ||bl,. Dk )(A)» B BP”|Q2R|< (u* + |Du|2>§bdx)
Orr

Joining the last three estimates to (5.5.21) yields

4q
(12 + | Du)®)2bdx < cB?? < (U2 + |Du|2)§bdx> " 10gl+

Or Osr

+(ABD) iy (D) + (ABD)? Y (AB)Y 7 iy (AB) ) <
k=1

4q
< cB?? ( (U2 + |Du|2)§bdx>" |0l+ (5.5.22)

QZR

+2(ABD)r uy (D) + 2ABD)» Y (AB)' uy(AB) ey 1) <
k=0

g [
=S 25 q ~
<cB?! ( (u> + |Du|2)§bdx> ’ |Ogl +c¢Br A Z(AB)kZ,uz((AB)kEoﬁ),
k=0

Oar

where ¢ = c(p, k, Ag,n, s — q, ||b||., Dk ). It remains to estimate the last series. To this aim, observe that, as before,

b,

) ; 0 _
w2 +16P) | ax= [ L i ai -
0

(e o]

04
=/ ﬁzf‘lyz(a)du/ 435 () d A
0 p

g9h
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Then

€04 q.1-1 ~ 4 ~
/ ;/1” Uy (A)d A > (g A)7 py(gA),
0

and

© q_ o (ABY+lgyd q_
/ 9 ‘Mz(z)cu:z:/ o (D da >
gt P k=0 J (AB¥eyi P

> Y 1y (ABY*+ ey ) [((AB)k“goj)f — (ABYeydyr ] _
k=0

4

= (eo )7 3 (AR ((ABYH ey ) [1 - (AB)‘f?] >
k=0

1 A k4 P
> 2D Y (AB) (AR ey ).
k=1

Combining the last estimates with the maximal inequality we finally get

p ~ 4 - k4 k=
2—(80/1)1’ (AB) » ) ((AB) ggh) +
q k=1

P(ﬁoj);

Mz(foj) <
4
P

- q - 2 2
< g(soz)v > (AB)*» iy (ABY'eod) < 7" / M (12 +16P)* | 0| dx <
Ok

k=0

q q
2 2

<cnps, bl [ (W +1GI)? dx < c(np, s, 4o, l1BIL) | (47 +1GI?)? bdx.

Q2R QZR

Using this estimate in (5.5.22) and passing to averages we have

1 1
, 1 1
<][ (;42+|Du|2)2bdx)q §c<][ (u* + | Dul?) bdx>p+
QR Q2R

a
+c <][ (1* +1G)?)? bdx)q ,
Orr

[N

5.6 Globality

The goal of this section is to prove global versions of the estimates in Theorem 5.1.1 and Theorem 5.1.2 when we
consider solutions of the corresponding Dirichlet problem on a bounded domain Q C R” with C? boundary. In the
following we assume that

Q CC Byg C Qy,

where, without loss of generality, we suppose that the ball B, and the cube Q, are centered in the origin.

Let conditions (5.1.2) - (5.1.6) hold in Ez r- Set A(x, &) = 0 for any x € R" \ Q,, we consider a standard mollifier
0 . R" = [0, c0) with compact support contained in B; C R". If 0 < ¢ < min{R, 1}, for any x € B,r_, and
& € RN*" we consider

A (x,8) 1= /B A(x +ey,&)o(y)dy,
K. (x) := [ K(x+ey) oy dy,

B,

b.(x) := / b(x +ey)o(y)dy,
B,
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F.(x) := /B F(x+ey)o(y)dy.

It is easy to verify that for a.e. x,y € Q and for every &, n € RNV>"

A3, &) — A, (e < Kb (0)IE = nl (2 + 1€ + D) (5.6.1)
(NP G2 + 1P +IP)T < (A8 = A,CemE =), (562)
A Gem) = Ao < 1x =y [KoG0) + K, 0] (62 + )T (5.6.3)
A,(x,0)=0, (5.64)

1b.(x) = b, 0] < Ix = ¥ [K, () + K, (W]. (5.6.5)

Global differentiability The following lemma holds

Lemma 5.6.1. Let U a bounded Lipschitz domain such that, if we denote by Q.. a cube centered in the origin and
with side of length r and

0 =0,n{x,>0},
then
+ +
4dCUCQ s

withd > 0. Let A, : U X RNX" — RN*" satisfy assumptions (5.6.1) - (5.6.5) forx € U, p > 2 and b, € L*(U).
Let F € W2(b,U; RN*"). Consider the problem

div A, (x, Du,) = div F, in U (5.6.6)

u, =0 on dU n{x, =0}
If ay > 0 is the constant, depending on p, n, Ay, yu and k, in Theorem 5.1.1 and if

9[{ = diSthﬂoo(K(x), LOO) < ap,
then
|D(V (Du))[%b, dx < ((1 + i) (4 + | Du, )% + (u* + |DF, |2)> b (5.6.7)
o e E T o a2 ¢ a ¢ & o
2d 4d

for a constant ¢ depending on p, k, Ay, n, yp and Dy.

Regarding the proof of Lemma 5.6.1, we refer to [DKMO7, Theorem 2.3]. Actually, we can firstly repeat the proof
of Theorem 5.1.1 by using the standard difference quotient method in the tangential directions. This allows to prove
the existence of DV, (Du,)),s=1,....n—1, in L%. Secondly, we can use the definition of (5.6.6) to bound the
L?-norm of Dn(Vﬂ(Dug)) by the L?-norm of the tangential derivatives.

Now letu € VVO1 ?(b, Q; RNX") be the unique solution of the problem

div A(x, Du) = div F in Q
u=20 on 09,

where F € W12(b, Q; RV*"). Then

Theorem 5.6.2. There exists a; > 0, depending on p, n, Ay, py, k and Q, such that, if
Dk = dist e (K(x), L) < a3,
then D(V, (Du)) € L2(b, Q; RN*") and
/|D(Vﬂ(Du))|2b dx < c/ ((;ﬂ +1Du) + (2 + |DF|2)> bdx, (5.6.8)
Q Q

where ¢ = c(p, k, Ag. 1, u, D, Q).
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Proof. Firstly we prove (5.6.8) when b(x) € L*(Q2) with a constant ¢ = c(p, k, Ay, n, u, D, Q). If b(x) € L*®(Q),
let A (x, &) satisfy (5.6.1) - (5.6.5) and let u, be the unique solution of the system

div A, (x, Du,) = div F, in Q
u, =0 on 0RQ.

In a standard way (see for example [Cam87], [Gro02], [HamO07], [Min06], [MP21]), we cover Q by a family of
opensets ', Q" U,, ..., U,, V;, ..., V,, such that

e Q' ccQ’ccy

e U}, V, are cubes centered in x; € dQ2, with / =1, ... m;
o VyccU,withl=1,...,m;

° U;"le, 2 09

e QC U VUQ.

Covering Q' by a finite number of balls, by Theorem 5.1.1 we have that
/ |D(V,,(Du,)|?b, dx < ¢ / ((,42 +1Du )+ (2 + |DFE|2)) b, dx,
o Q

with ¢ = ¢(p, k, Ay, n, u, Dg, Q). Regarding the boundary regularity of the solution, on every U, we can consider
a diffeomorphism ® which maps Q; = U; N Q to an open set of R” and such that

PU,NQ) C{yeR":y, >0} Q{U N} Cc{yeR":y, =0}
If @, is such that u,_(x) = (ii,0®)(x), with x € U; N Q, then i, solves in Q; = ®(U, N Q) a system

div A_(x, Dii,) = div F, in Q
i, =0 on {y,=0}nog,

where AE satisfies conditions similar to (5.6.1) - (5.6.5) with new constants ZO and k depending on ®. This
diffeomorphism preserves the BM O norm and the distance (see [Ast83], [BBC75]), that is

l1beo@ll, < [Ibell. < 1.,

Dk, 00 < Dy, < Dk

and we apply Lemma 5.6.1 in Q,, giving (5.6.7) with a new constant ¢ = ¢(4y, k, p, n, yt, Dx). Coming back to
the original variables and summing on /, we get that, forany 0 < € < 1, |DV”(Dug)| e L*(Q) and

/Q|DVH(DL4£)|2bE dx <c </Q(”2 +|Du |?)2b, dx + /Q(y2 +|DF.|*)b, dx> . (5.6.9)
Now we prove that Du, — Du in LP(b, Q; RN*") From (5.6.2)
%/Q(,f 4+ |Du,|? + | Dul®)> | Du — Du, b, dx <
< / (A.(x, Du) — A,(x, Du,), Du — Du,) dx =
Q (5.6.10)

= / (F — F,,Du— Du,) dx +/ (A (x, Du) — A(x, Du), Du— Du,) dx <
Q Q

< ;—;HDu - Dugllﬁ + %lIF - Fglll;: + %/ |A (x, Du) — A(x, Du)lp’ dx.
Q
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We remark that from (5.6.3) we deduce that A,_(x, Du) — A(x, Du) a.e. Moreover (5.6.1) and (5.6.4) give

p

v 2 »
|AeCe, DT < k7 T[|bl 7 (42 + | Dul®)2,

and by dominated convergence Theorem 2.1.11 we obtain that A, (x, Du) — A(x, Du) in Lﬁ. Then, from (5.6.10)

with a suitable choice of v, we get that Du, — Du in L?. From (5.6.9) and the semicontinuity of the norm with

respect to weak convergence, we get (5.6.8) for b(x) € L.

Now let A j (x,€), j € N, be the operators defined in Section 5.4. We consider the problem

div A;(x, Du;) = div F in Q 5.6.11)
Uy =u on 0Q,
Since (5.6.8) holds for b (%), we get that for any j € N
/ | DV, (Du))|?b; dx < ¢ </(,u2 + |Duj|2)§b, dx + /(;ﬂ + |DF|2)bdx) . (5.6.12)
Q Q Q
Now we prove that Du; — Du in LP(b, Q; RN*m). From (5.1.3) we get
-2
%/(;ﬂ + |Dul? + | Du; )3 | Du — Du;|*bdx <
Q
< / <A(x, Du) — A(x, Duj),Du - Duj> dx =
Q
= / (A;(x, Du;) — A(x, Du;), Du — Du; ) dx <
Q
b 2 PN
<k 1—? (4" + |Du;[*) 2" | Du — Du;|bdx =
Q
- k/(b — b)(u* + | Du,|)'T | Du— Du; | dx.
Q
Then from Young inequality we get
/ | Du — Du;|bdx < c/(b — b)) (U2 + | Duy[)E dx <
Q Q
n=2 (5.6.13)

<c </(b—bj)’dx>z . (/(M2+|Duj|2)%dx> " ,
Q Q

where r = p%l . nz—fl The last term goes to zero as j — +oo thanks to (5.6.12), the embedding Sobolev Theorem

and the convergence of b; to b in every Lebesgue space L? with 1 < g < n. Now, from (5.6.12), by using (5.6.11)
and (5.4.1), we obtain that {|DVH(Du j)|} is a bounded sequence in L*(b o Q). Then, by the semicontinuity of the

norm with respect to the weak convergence, we get the result. O
Global integrability For G € LP(b, Q,g; RV*"), consider the problem
{ div A, (x, Du,) = div |G, |P~2G, in 0f,
u, =0 on Q,gN{x,=0}.
Lemma 5.6.3. If @, > 0 is the constant, depending on p, n, Ay and k, in Theorem 5.1.2, if
Dx = distpne (K(x), L®) < @,
and if G € Li(b, Q,g; RN*™), for g € (p, s), then

p

1
2 24 ! 2 242
(™ +|Du.|*)2b,dx | <c (™ + |Du.|*)2b.dx | +
Ox O3

2 2,4
+c< u* +1G,| )2b8dx> ,
O3x

<

where ¢ = c(p, n, Ay, k, D, ||b]|,).
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Proof. We proceed as in the proof of Theorem 5.1.2. We consider in Lemma 5.5.3 the comparison map defined as
the unique solution of the problem

divA (x, Dw,) =0 in 307
w, —u, € Wy P30 RN).
Moreover M; = M ;‘ o and we continue arguing as in [KM06, Lemma 7.5]. O
€ €<2R

Now we consider the problem

div A(x, Du) = div |G|P~>G in Q
u=20 on 0Q.

we prove the following

Theorem 5.6.4. Let u € WHP(b,Q,RN) be the solution of (5.6). There exists a, > 0, depending on p, n, Ay, k
and Q, such that, if
Dy = dist e (K(x), LY) < 1y

and G € L4(b, Q;RN*"), for q € (p, s), then

1 1
<][(M2 + |Du|2>§bdx>q <c (f(;ﬂ + |G|2)§bdx) "
Q Q
where ¢ = c(p, n, Ay, k, Dk, ||b]l.., Q).

Proof. Firstly, assuming b(x) € L*®(Q), we consider for any 0 < € < 1 the system

{ div A, (x, Du,) = div |G, |P~2G, in Q (5.6.14)

u, =0 on 0Q.

Following the lines of Theorem 5.6.2, by using Lemma 5.6.3, since u, solve the system (5.6.14), we obtain that

/wz +1Du, )b, dx < c/uﬂ +1G,P)4b, dx <
Q Q (5.6.15)
q
< c/<u2+ G b,
Q

where ¢ = c(p,n, k, Ay, Dk, ||bl|,). Arguing as in (5.6.10) we get that Du, — Du in LP(b, Q; RN*") Then the
result follows by (5.6.15). In order to study the case b(x) € BM O, as in Theorem 5.6.2 we consider for any j € N
the problems

div A;(x, Du;) = div |G|P2G in Q
uj = 0 on 0Q,
and we apply (5.6.15) to get
/(,42 +1Du,?)3b; dx < c/(,,l2 + G2 bdx. (5.6.16)
Q Q

As in Theorem 5.6.2 we get that Du; - Du in LP(b, Q; RV*") Indeed in (5.6.13) we have

/ | Du — Du;|"bdx < c/(b— bj)ﬁ S+ |Duj|2)§ dx <
Q Q

<c (/(b—bj)ppfrldxy . </(/,¢2+|Duj|2)%dx>5,
Q Q

where r = ﬁ, and from (5.6.16) || Du; — Du|| — 0 as j — +oco. Now, from the semicontinuity of the norm with
respect to weak convergence, (5.6.16) gives the conclusion. O
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5.7 A result on regular points

The aim of this section is to prove the following

Theorem 5.7.1. Let Q C R> be a bounded domain with C* boundary. Let u € ug + W2, Q;RN) be a weak
solution to the Dirichlet problem

{ divA(x, Du) = 0 in Q (5.7.1)

u—uy € W) (b, 2 RN)

under the assumptions (5.1.2), (5.1.3), (5.1.4) and (5.1.5) and with uy € Cc? <§, RN>. There exists @ > 0,
depending on p, Ay, u, k, ug and €, such that, if
Dy =dist e (K(x), L™) < @,
then H'*¢-almost every boundary point is a regular point for u for every € > 0.
We recall the following

Proposition 5.7.2 ((Min03]). Let v € VVIIZ;C’(Q; RN) where 8 € (0,11, ¢ > 1 and set

A={xeQ : limsup][ Tdy>0 %,
o\.0 B,(x)
B :={x€Q : limsup|(v)3(x) =oo}.
o\0 ’

dimy(A) <n-49¢q and dimy(B) <n-9Yq.

v(y) — (U)Bg(x)

Then

Now we are ready to prove Theorem 5.7.1.

Proof of Theorem 5.7.1. For a fixed y € (0, 1) to be determined later, let

Qf = {x €dQ : ueC (Q N A; [RN> for some neighborhood A of x} .

We shall denote by Zf 1=0Q\ Qf the set of singular boundary points of u; our aim is to prove that
dim,,(Z5) < 1. (5.7.2)

A standard flattening-of-the-boundary procedure allows us to reduce the study of problems of the type (5.7.1) to
the study of those of the type

divA(x, Du) = 0 in QF

573
u=u, on I, ( :

where 'y := Qxr N {x € R3 x3 = 0} and Q; =0rpn{x e R3 x3 > 0}. We can locally flatten the
boundary around any point x, € 0Q, with a C? chart (¢, C), whose regularity is determined by that of dQ, in such
away thato : O, — C, O(Q;) =QnC, oI, =0QnC and ¢(0) = x,. The map i := uop is then a solution of
a problem of the type (5.7.3), for a new vector field A : Q:l' x RNXn 5 RNXn satisfying the assumptions (5.1.2),
(5.1.3), (5.1.4) and (5.1.5) for new values of k and . Since we can cover 0Q by a finite number of charts, these
new values of k and A, can be chosen independently of the chart (¢, C). It follows that y € I'; is a regular point of
Diiif and only if o(y) € 0Q is aregular point for Du. Since the Hausdorff dimension is invariant under bi-Lipschitz
transformations by Proposition 2.1.29, one checks by a standard covering argument that an estimate of Hausdorff
dimension of the set of singular boundary points in 0Q follows from an analogous estimate of the singular points
in I'; for a solution of a problem of the type considered in (5.7.3). With a little abuse of notation, such a solution
will be denoted by the same letter u and its set of singular boundary points by ZMB . Therefore it is sufficient to prove
that

dimy (2 NIy <1, (5.7.4)
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for a fixed d > 0. The global estimate (5.7.2) is then recovered from the local estimates (5.7.4).

Moreover, a standard procedure allows to reduce the study of the Dirichlet problem (5.7.3) with non-zero Dirichlet
data u, € C? to the homogeneous case uy = 0. Let w :=u—u, € I/VO] 2, then it is easy to check that w is a solution
of the homogeneous Dirichlet problem

div A(x, Dw) = 0 in QF
w=0 on I,

where
A(x, &) 1= A(x, Duy(x) + &)

for every (x, &) € QxRN*"_ The vector field A satisfies the same growth conditions of the vector field A, with new
constants depending on the initial ones and the data u,. Up to a further flattening of the domain, since u, € C2,
we can also assume that A(x, 0) = 0. For this reason we can assume without loss of generality that u, = 0 and, by
a little abuse of notation, we denote with same letter u such a solution.

Therefore it remains to prove (5.7.4). Let us denote Q := Q;r U T',;. We shall estimate

2
U(X, 0) = % |u - (u)Bo(x())nQ‘ bdx.
B,(x)nQ

The average is made with respect to the measure

b(E) := / bdx,
E
that is, if E C R” and f € L'(b, E), then

1
D =1 1oy == [ roay

By weighted imbedding Theorem 2.2.11 and weighted Sobolev — Poincaré inequality 2.2.12 with k = 1 and p = 2,
ifo < % by Proposition 5.4.1 we have

2
[ o=@ ol bax scapioe [ wupsas
B, (x)nQ2 B,(x)NQ

< c(lIBll)e* / IV2ulbdx < c(ll].)o" / IV2ulb dx
B,(x)nQ B

R (x)NQ
Py

< ¢(p, k. 4, R 1Bl D)0 / IVul?bdx
BR()NQ
2

4

< ki R 20 (5) [ wasax
BB(X)HQ

2

By (5.2.14) with € = 0 we deduce

2 0 4 2
/ |u—(u>Bg(x0)ng1 bdx < ¢ (p,k, 29, R, |1bll., D) (E) / |u—<u>BR<xO)ng bdx.
B, (x)NQ Br(x)NQ

In particular, if U(xy, R) < £ with x, € I'; then

_(0\*
U(x,0) < c(p,k, Ao, R, |Ibll,.. D ) & (})

for every x in a neighborhood B of x, so that by [Cam63, Teorema 1.2] u is Holder-continuous in B with a suitable
exponent y. By construction we have that

2
28 ¢ {x €Q : liminf][ |u(y) — W)y <xm| bdy > 0 or limsup |(u)B <xml = oo} . (575
4 (4
B, (x)NQ o\.0

o\O

By (5.7.5) the conclusion (5.7.4) easily follows. Indeed, since u € W2(Q, RN) then we use Proposition 5.7.2 to
deduce that

dimy, (2 nT,) <n-2=1. (5.7.6)

O
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Appendix
In this section we prove (5.4.3). Assume for the moment that A(x,#) > 0 and A(y,#) > 0. We note that
e If b(x) < j and b(y) < j, then
[A;(x,n) = A;(y,m| = |A(x,n) — A(y,m)| <
< Ix = Y IKG) + KO G2 + )T <
< (k+ D) |x = Y IKG) + KO G2 + )T

o If b(y) > b(x) > j, then
= (kD x =31 K + KO + |n|2>p;zl <

< —m Ix — y| [K(x) + KO (1% + )T : <

m [A(x,n) — A(y,m] < Aj(x,m) — A;(y,n) =
J J

_ v __J
b( )[A(x ) — Ay, n)] + <b( TN )>A(y,11)s

< m x = Yl KGO+ KO)I? + 1P T gt

+ mk|x — MIK@) + KOG + )T <

< (k+ 1) |x = y| KGO+ KD (2 + D)7 .
e If b(x) > b(y) > j, then

—(k+ 1) |x = Y [K@) + KO G2 + )T <

S—m(k+1)|x—y| [KG) + KO (2 + In»)' T T =

- _m|x—y| [KG) + KO G2 + )T +

- k= KGO + KO + DT <

b()
b(x) — b(y)

—[A A — "V A(y,n) =

_b()[(xn) ».ml - (b()b()) C20)

=A;(x,m)—A;(y,n) < m [A(x,n) — A(y,m)] <

< (k+ 1) |x =y [KG) + KD 2 + 11T
e If b(y) > j > b(x) then
—(k+1) |x = | [K() + KO (42 + |n|2)? <

< —mlx—yl [KG)+ KW + )T ;

m [ACx,n) — A(y,m] < A;(x,n) — A;(y,n) =

= A(x,n)— A(y,n) + (1 - m) A(y,n) <

PNt b —b
< Ix = YK+ KOG + )T + (M

kb)) (i + )T
50) > W=+ [0l

< (k+ Dlx =yl [KG) + KD (2 + D)7 .
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o If b(x) > j > b(y) then

— (k4 D) x - Y [KG) + KOG+ D)5 <

<~ x =YK + KOG + 11D +

b(x)
‘gL*ﬂx—YHK@)+KOMUﬁ+¢m5%ls

(x)
< -bL Ix = Y IKG) + KO (2 + )T +

(x)
b p—1

- ﬁklx ~YIKG) + KWIGE + 10?7 <

(x)

J b(x) = b(y) B
< ) [ACx,n) — A(y,n)] — (—b & ) Ay, n) =

=A;(x,m) — A;(y,n) < [A(x,m) — Ay, m)] <
< (k+ 1) ]x =y [KG) + KD (2 + D)7 .

The proof of the remaining cases is analogous, therefore (5.4.3) is proved.
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