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Abstract. We develop regularity theory for critical points of variational
integrals defined on Hessian spaces of functions on open, bounded subdo-
mains of Rn, under compactly supported variations. We show that for
smooth convex functionals, a W 2,∞ critical point with bounded Hessian
is smooth provided that its Hessian has a small bounded mean oscillation
(BMO). We deduce that the interior singular set of a critical point has
Hausdorff dimension at most n − p0, for some p0 ∈ (2, 3). We state some
applications of our results to variational problems in Lagrangian geome-
try. Finally, we use the Hamiltonian stationary equation to demonstrate
the importance of our assumption on the a priori regularity of the critical
point.

1. Introduction

We consider variational integrals of the form

(1.1)

ˆ
Ω

F (D2u) dx

where Ω is an open, bounded subset of Rn. Any critical point of the above
functional under compactly supported variations satisfies an Euler-Lagrange
equation, which possesses a nonlinear fourth order structure, given by

(1.2)

ˆ
Ω

F ij(D2u)ηij dx = 0,

where η ∈ C∞0 (Ω) is an arbitrary test function, and we are using the notation
ηij = ∂ijη and F ij(D2u) = ∂F

∂uij
(D2u). We assume the functional in (1.1) to

be uniformly convex and smooth, which results in the above coefficient F ij to
possess the following properties:

(1) It is smooth in the matrix entries D2u over a given convex region U ⊂
Sn×n, where Sn×n denotes the space of all n× n symmetric matrices.

(2) It satisfies the Legendre ellipticity condition: there exists a constant
Λ > 0 such that

∂F ij

∂ukl
(ξ)σijσkl ≥ Λ|σ|2, ∀ σ ∈ Sn×n, ∀ ξ ∈ U.

1
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One may equivalently replace the uniform convexity with uniform concavity,
which requires −F to be uniformly convex.

Hessian-dependent functionals appear in various areas of mathematics and
related disciplines. Examples include functionals arising in elasticity theory
and the mechanics of solids [22], as well as the Aviles-Giga functional [3] that
models phenomena from blistering to liquid crystals. Other equations that
enjoy the fourth order structure are bi-harmonic functions, in addition to suit-
able perturbations of this, such as the conformally invariant Paneitz operator
introduced in [33] and the wider class of operators studied in [18]. Further,
well-known examples are extremal Kähler metrics, the Willmore surface equa-
tion, which is closely linked to elastic mechanics, and its generalization coming
from the Canham-Helfrich energy [30].

For second order equations in divergence form (and their nonlinear coun-
terparts), the existence and regularity theory of solutions has been studied
extensively and plays a significant role in geometric analysis, among many
other fields. In comparison, the theory of double divergence form equations is
largely unexplored for fourth order but remains an important developing area
of geometric analysis.

Before presenting the main result of this paper, we first introduce the fol-
lowing notation and definition.

Notations. Throughout this paper, U denotes a convex neighborhood in
Sn×n. Br(x) denotes an open ball of radius r centered at x in Rn. When
the center is 0, we often suppress the dependency on the center and simply
write Br. Sn−1 denotes the (n− 1)-dimensional unit sphere embedded in Rn.
At the risk of abusing notation, the Euclidean norm of vectors, the Hilbert-
Schmidt norm of matrices, and the n-dimensional volume of subsets of Rn

will all be denoted by | · |. We use 〈·, ·〉 to denote the Hilbert-Schmidt inner
product between matrices. We will use (u)r to denote the average 1

|Br|

´
Br
u of

a given function u ∈ L1(Br). Constants will be denoted by C0, C1, C2, . . . with
dependencies given when first introduced, and subsequently suppressed. Also,
note that we are implicitly assuming that n ≥ 2. For two sets Ω, Ω′ ⊂ Rn,
we write Ω′ b Ω if Ω′ is compactly contained in Ω. We use 1E to denote the
indicator function on a set E. We use the Einstein summation notation

Definition 1.1 (BMO). We say that f : B1 → Rn×n has bounded mean
oscillation (f ∈ BMO(B1)) with modulus ω > 0 in B1 if for any ball B ⊂ B1
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we have
1

|B|

ˆ
B

|f − (f)B| ≤ ω(1.3)

where (f)B denotes the average of f over the ball B.

Remark 1.1. Note that via the John-Nirenberg inequality, condition (1.3) im-
plies that for any p ∈ (1,∞),

1

|B|

ˆ
B

|f − (f)B|p ≤ C̄ω(1.4)

for all balls B ⊂ B1, where C̄ = C̄(n, p) > 0.

Our main result is the following ε-regularity theorem:

Theorem 1.1. Suppose that u ∈ W 2,∞(B1) is a critical point of (1.1) where
F is smooth and uniformly convex or uniformly concave on U and D2u(x) ∈ U
for almost every x ∈ B1. There exists ω(Λ, n, ‖D2u‖L∞(B1)) > 0 such that if
D2u ∈ BMO(B1) with modulus ω, then u is smooth in B1/2.

Note that smooth refers to C∞ throughout this paper.

As a consequence, we obtain the following dimension estimate on the singu-
lar set for critical points of (1.1).

Corollary 1.1. Suppose that u ∈ W 2,∞(B1) is a critical point of (1.1) where
F is smooth and uniformly convex or concave on U and D2u(x) ∈ U for almost
every x ∈ B1. Then there exists p0 > 2 such that the following holds. Let

Σ(u) :=

{
x ∈ B1 : lim inf

r→0

1

rn

ˆ
Br(x)

∣∣D2u− (D2u)Br(x)

∣∣p0 > 0

}
,

where (D2u)Br(x) denotes the average of D2u over Br(x). Then u ∈ C∞(B1 \
Σ(u)) and

(1.5) dimH(Σ(u)) ≤ n− p0.

As a key intermediate step towards proving Theorem 1.1, we establish an
improved third order Sobolev regularity estimate, which we believe is of inde-
pendent interest in itself.

Proposition 1.1. Suppose that u ∈ W 2,∞(B1) is a weak solution of (1.2) on
B1 with D2u(x) ∈ U for almost-every x ∈ B1, with F smooth and uniformly
convex or concave on U . Then there exists p0 ∈ (2,∞) such that for any
compactly contained open subset Ω′ of B1, u ∈ W 3,p0(Ω′) and satisfies the
estimate

(1.6) ‖u‖W 3,p0 (Ω′) ≤ C
(

Λ,
∥∥bij,kl∥∥

L∞(U)
, d(Ω′, ∂B1)

)
‖u‖W 2,2(B1) ,
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where d(Ω′, ∂B1)) denotes the distance infx∈Ω′ dist(x, ∂B1).

The gradient of any critical point of (1.1) can be seen to solve a second order
system, with the additional constraint that one seeks only solutions among
conservative vector fields for such a system. More precisely, if we let v = Du
in (1.1) and search for critical points of the gradient-dependent functional

(1.7)

ˆ
Ω

F (Dv) dx,

among the class of gradient vector fields w = (∂1η, . . . , ∂nη), the weak fourth
order equation (1.2) becomes a second order system of the form

(1.8)

ˆ
Ω

F ij(Dv)∂jwi dx,

where now we are writing F ij = ∂F
∂(∂jvi)

(Dv). Note that here vi and wi denote

the components of the vector fields v and w respectively, and we are instead
using the classical notation ∂j for derivatives. However, since we are only
allowing to test against gradient vector fields in (1.8), we no do not necessar-
ily know that we have a critical point for this second order system with an
arbitrary test vector field w. One may nevertheless use this observation to
compare the conclusion of Corollary 1.1 to [23, Theorem 1.1, Theorem 8.1],
where higher integrability is also exploited to get an improved dimension es-
timate on the singular set of local minimizers of gradient-dependent energies
such as (1.7) (and generalizations that include additional dependencies). Note
that the dimension bound in [23, Theorem 1.1] is weaker than that demon-
strated here, since therein, one is not able to establish integrability for a full
additional derivative of the minimizer u, but rather only a fractional deriva-
tive (cf. Theorem 4.2 therein). On the other hand, in [23, Theorem 8.1], an
analogous dimension estimate to (1.5) is established for the complement of the
set where a local minimizer u (with a priori W 1,p-regularity) is merely C0,α.

Notice that in [23], the authors focus on local minimizers. In fact, due to the
uniform convexity assumption of our energy functional, any critical point of
(1.1) is a minimizer relative to W 2,2 competitors with the same boundary data
(cf. Remark 1.5). Let us point out some additional important observations
regarding our main results.

Remark 1.2. It might be possible to drop the a priori regularity assumption
on the critical point u of (1.1) below W 2,∞(B1) (e.g. to W 2,2), but in general,
such a relaxation seems unlikely without additional assumptions on u. See
Section 5.2 for a more detailed discussion.

Remark 1.3. The exponent p0 in Corollary 1.1 and Proposition 1.1 comes from
the application of Proposition 3.1; it is the fourth order analog of the higher
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integrability exponent for solutions of second order divergence form elliptic
PDEs.

Remark 1.4. We do not expect the dimension estimate of Corollary 1.1 to
be sharp. Indeed, critical points of (1.1) can be seen to solve the second
order system (1.8) in their gradient subject to the constraint that the test
vector field w is a gradient, and solutions of second order elliptic systems
may have singularities (cf. [17, Section 9.1]). However, none of the existing
examples therein can be realized as solutions of a fourth order equation. One
can therefore ask whether the additional structure coming from the fourth
order equation might give rise to improved regularity. We investigate this
problem in the forthcoming work [6].

In [7], the first author together with Warren showed that if F in (1.1) is
a smooth convex function of the Hessian and can be expressed as a func-
tion of the square of the Hessian, then a C2,α critical point (under compactly
supported variations) of (1.1) will be smooth. This was achieved by establish-
ing regularity for a class of fourth order equations in the double divergence
form, given by (3.1). In [5], Bhattacharya-Chen-Warren studied regularity for
a certain class of fourth order equations in double divergence form that in
turn led to proving smoothness for any C1-regular Hamiltonian stationary La-
grangian submanifold in a symplectic manifold. More recently, in [4], the first
author considered variational integrals of the form (1.1) where F is convex and
smooth on the Hessian space and showed that a critical point u ∈ W 2,∞ of such
a functional under compactly supported variations is smooth if the Hessian of
u has a small L∞-oscillation. Theorem 1.1 relaxes the a priori assumption of
uniform smallness of oscillation of the Hessian to smallness in an Lp0-mean
sense, which in turn allows one to deduce the dimension estimate of Corollary
1.1. The BMO-smallness assumption on the Hessian can be compared with
the smallness of the tilt-excess in Allard’s regularity theorem [2], which is a
sufficient (and generally necessary) condition to establish local regularity of
minimal surfaces.

In this paper, the proof of the main result, Theorem 1.1, follows a similar
strategy as the proof of the Evans-Krylov regularity estimate [13,24,25], where
the proof involves first establishing C1,1 estimates, followed by C2,α regularity:
W 2,∞ leads to C2,α estimates, from which smoothness follows from [7]. In [4],
the assumption on the smallness of the oscillation of the Hessian was key in
proving smoothness, since it lead to controlling the oscillation of the leading
coefficients of the fourth order equation by the small oscillation modulus of
the Hessian of u. This small modulus was used to bound the L2 norm of the
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Hessian of the difference quotient of u by a factor of rn−2+2α on a ball of ra-
dius r. This in turn led to a uniform C1,α bound on the difference quotient
of u, thereby proving u ∈ C2,α which is sufficient to achieve smoothness (see
[7]). Indeed, Hölder continuity of the Hessian leads to Hölder continuous co-
efficients, which leads to a self-improving solution. Then, using the convexity
property of F , the regularity theory developed in [7] is applied to the critical
point u to achieve its smoothness.

Here, however, since our a priori assumption on the smallness of the oscil-
lation of the Hessian of u is merely in a BMO sense, we are no longer able to
control the L∞-oscillation of the leading coefficients of our fourth order equa-
tion by the small oscillation modulus of the Hessian of u. As a consequence,
after exploiting an integrability improvement (see Proposition 3.1), one of the
main technical challenges that we face lies in controlling the ratio of the Lp

norms of the Hessian on balls of varying sizes by the ratio of the radii of those
balls. We get around this with a key technical tool in Lemma 2.1, which is an
adaptation of [19, Lemma 3.4] and allows one to suitably absorb error terms
when getting a scaled estimate for the Hessian. With the help of this, we
indeed achieve a delicate estimate for our ratio bound, which eventually leads
to controlling the behavior of the leading coefficients.

The dimension estimate of Corollary 1.1 on the interior singular set follows
as a simple consequence of Theorem 1.1, a standard covering procedure, and
the higher Sobolev regularity estimate of Proposition 1.1 for u, since Σ(u) is
defined precisely in terms of the failure of the smallness of the BMO-modulus
for the Hessian of u.

Remark 1.5. Using standard techniques from the calculus of variations (namely,
the Direct Method), one can establish the existence of a critical point of (1.1)
in the space

A[g] = {u ∈ W 2,2(B1) : u = g on ∂B1 and Du = Dg on ∂B1}

for a given g ∈ W 3/2,2(∂B1). However, seeking critical points u of (1.1) with
general boundary values {

u = g on ∂B1,

Du = f on ∂B1,

for any given g ∈ W 3/2,2(∂B1), f ∈ W 1/2,2(∂B1), is a significantly more difficult
problem, and in general remains open.
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Remark 1.6. The second order analog of (1.2) arises by considering the Euler
Lagrange formulation of variational integralsˆ

Ω

F (Du) dx,

defined on gradient spaces. It is worth noting that regularity for critical points
of the above functional does not require any restrictions on the gradient due
to the well-known De Giorgi-Nash-Moser theory.

1.1. Applications. Consider the Hamiltonian stationary equation, which is
given by

ˆ
Ω

√
det ggijδkluikηjldx = 0 ∀η ∈ C∞0 (Ω)(1.9)

where g = In + (D2u)
2

is the induced metric from the Euclidean metric in
Cn. This fourth order equation is of the form (1.2) and arises naturally in
geometry, coming from the Euler-Lagrange equation satisfied by critical points
of the volume functional on the Lagrangian submanifold {(x,Du(x)) : x ∈ Ω}
with respect to compactly supported variations.

As a consequence of the main result in Theorem 1.1, we have the follow-
ing full regularity result for solutions of the Hamiltonian stationary equation
provided that the Hessian is uniformly small enough.

Corollary 1.2. Let η ∈ (0, 1). Suppose that u ∈ W 2,∞(B1) is a solution of
(1.9) in B1 and ‖D2u‖L∞(B1) ≤ 1 − η. There exists ω(n, η) > 0 such that
if D2u ∈ BMO(B1) with modulus ω, then u is smooth in B1/2 with interior
Hölder estimates of all orders.

We discuss this application to the Hamiltonian stationary equation, together
with the presence of the a priori W 2,∞ bound, in more detail in Section 5.

While we focus on our application to the fourth order Hamiltonian sta-
tionary equation, let us mention a small subset of other interesting geometric
equations to which our results may be applied. Interacting agent problems
can be described in an optimal transport framework (cf. [34, Chapter 7]) via

F (x,D2u) =

ˆ
Ω

g̃ (det(uij)) dx+

ˆ
Ω

G̃(x) det(uij) dx

+

ˆ
Ω

[ˆ
Ω

W (x, y) det(uij(y)) det(uij(x)) dy

]
︸ ︷︷ ︸

=H(D2u)(x)

dx,
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where W is, for example, the integrand associated with the Wasserstein dis-
tance. Here, appropriate constraints are imposed on the functions G, g, g̃,
G̃, and W , as well as on the domain Ω; we refer the reader to the references
above for details. Note that the explicit x-dependency in the energy functional
here does not affect the Euler-Lagrange equation, so provided that this choice
of F is uniformly convex and has enough regularity in x, our results may be
applied.

In addition, Abreu’s equation [1, 10], Ma-Trudinger-Wang equations [28],
and prescribed affine curvature equations [38] are derived from functionals of
the form

F (x, u,D2u) =

ˆ
Ω

(G (uij, det(uij))− g(x)u) dx

(cf. [27] for progress on these equations). In this case, the additional depen-
dence on u of the energy functional amends the Euler-Lagrange equation: it
adds in a lower-order term involving the second and third derivatives of u.
Nevertheless, this can be treated in a similar manner and is, in fact, simpler
to address compared to the fourth-order derivative terms.

1.2. Structure of paper. The organization of the paper is as follows: In
Section 2, we state and prove preliminary results. In Section 3, we develop
regularity theory for weak solutions of (3.1) with small BMO-Hessian by first
establishing a uniform C2,α estimate for the solution. In Section 4, we prove
our main result and its corollary. Finally, in Section 5, we state an applica-
tion of our main result to the Hamiltonian stationary equation and use it to
show the importance of the a priori W 2,∞ assumption on u in our main results.

Acknowledgments. The authors thank Camillo De Lellis for helpful com-
ments. AB acknowledges the support of NSF Grant DMS-2350290, the Simons
Foundation grant MPS-TSM-00002933, and the AMS-Simons Travel Grant.
AS acknowledges the support of the National Science Foundation through the
grant FRG-1854147.

2. Preliminaries

We begin by collecting some important preliminary results for solutions
of a constant coefficient double divergence equation. The first is a higher
integrability analog of [7, Theorem 2.1].

Theorem 2.1. Let p0 > 2 and r > 0. Suppose that w ∈ W 2,p0(Br) satisfies
the uniformly elliptic constant coefficient equation

(2.1)

ˆ
Br

cij,kl0 wijηkl dx = 0 ∀η ∈ C∞0 (Br(0)),
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where the coefficient tensor c0 satisfies the Legendre ellipticity condition

cij,kl0 σijσkl ≥ λ|σ|2 ∀σ ∈ Sn×n.
Then there exist C1 = C1(n, p0, λ), C2 = C2(n, p0, λ) such that for any 0 <
ρ ≤ r, we have ˆ

Bρ

∣∣D2w
∣∣p0 ≤ C1

(ρ
r

)n ˆ
Br

∣∣D2w
∣∣p0

ˆ
Bρ

∣∣D2w − (D2w)ρ
∣∣p0 ≤ C2

(ρ
r

)n+p0
ˆ
Br

∣∣D2w − (D2w)r
∣∣p0 .

Proof. We prove the desired estimates for w in place of D2w; the conclusion
follows immediately since whenever w solves (2.1), so do all of its higher order
derivatives. By dilation, we may consider r = 1. We restrict our consideration
to the range ρ ∈ (0, 1/4] noting that the statement is trivial for ρ ∈ [1/4, 1].

First, we note that w is smooth (cf. [12, Theorem 33.10]). Recall [11, Section
4, Lemma 2, applied to elliptic case], which tells us that for a uniformly elliptic,
constant coefficient, linear 4th order operator L0,

L0w = 0 in BR =⇒ ‖Dw‖L∞(BR/4) ≤ C3(λ, n, p0, R) ‖w‖Lp0 (BR) .

In particular, we have

(2.2) ‖Dw‖p0

L∞(B1/4) ≤ C4(λ, n, p0) ‖w‖p0

L∞(B1) .

Therefore

‖w‖p0

Lp0 (Bρ) ≤ C5(n)ρn ‖w‖p0

L∞(B1/4)

= C5ρ
n inf
x∈B1/4

sup
y∈B1/4

|w(x) + w(y)− w(x)|p0

≤ C5ρ
n inf
x∈B1/4

[
|w(x)|+ 1

2
‖Dw‖L∞(B1/4)

]p0

≤ C6(n, p0)ρn
[

inf
x∈B1/4

|w(x)|2 + ‖Dw‖p0

L∞(B1/4)

]
≤ C6ρ

n

[
1

|B1/4|
‖w‖p0

Lp0 (B1/4) + C4 ‖w‖p0

Lp0 (B1/4)

]
≤ C7(n, p0, λ)ρn ‖w‖p0

Lp0 (B1) .

Similarly, ˆ
Bρ

|w − (w)ρ|p0 ≤
ˆ
Bρ

|w − w(0)|p0

≤
ˆ ρ

0

ˆ
Sn−1

τ p0 |Dw|p0 τn−1dτdφ
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= C8(n, p0, λ)ρn+p0 ‖Dw‖p0

L∞(B1/4) .(2.3)

The estimate (2.2) then yieldsˆ
Bρ

|w − (w)ρ|p0 ≤ C8C4ρ
n+p0

ˆ
B1

|w|p0 .

Now we may apply the above to D2w in place of w, which is possible since all
second order derivatives of w also solve (2.1), as previously mentioned, to give

(2.4)

ˆ
Bρ

∣∣D2w − (D2w)ρ
∣∣p0 ≤ C8C4ρ

n+p0

ˆ
B1

∣∣D2w
∣∣p0 .

Next, observe that (2.1) is purely fourth order, so the equation still holds
when a second order polynomial is added to the solution. In particular, we
may choose w̄(x) := w(x)− 〈(D2w)1 , x⊗ x〉, so that

D2w̄ = D2w −
(
D2w

)
1

also satisfies the equation. Then

D3w̄ = D3w

and so by the Poincaré inequality (2.2), we have

(2.5)

ˆ
B1

∣∣D2w̄
∣∣p0 =

ˆ
B1

∣∣D2w −
(
D2w

)
1

∣∣p0 .

We conclude from (2.4), (2.5) and (2.3) thatˆ
Bρ

∣∣D2w − (D2w)ρ
∣∣p0 ≤ C8C4ρ

n+2

ˆ
B1

∣∣D2w −
(
D2w

)
1

∣∣p0 .

�

The next result is a simple consequence of Theorem 2.1 (cf. [7, Corollary
2.2] for the p = 2 analog).

Corollary 2.1. Suppose that w, p0, and r are as in Theorem 2.1, and let
C1, C2 be the constants therein. Then there exists C0 = C0(n, p0) such that
for any u ∈ W 2,p0(Br), and any 0 < ρ ≤ r, there hold the following two
inequalities ˆ

Bρ

∣∣D2u
∣∣p0 ≤ C0C1

(ρ
r

)n ˆ
Br

∣∣D2u
∣∣p0(2.6)

+
(
C0 + C2

0C1

) ˆ
Br

∣∣D2(u− w)
∣∣p0 ,

ˆ
Bρ

∣∣D2u− (D2u)ρ
∣∣p0 ≤ C2

0C2

(ρ
r

)n+p0
ˆ
Br

∣∣D2u− (D2u)r
∣∣p0(2.7)
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+
(
2C2

0 + 2C3
0C2

) ˆ
Br

∣∣D2(u− w)
∣∣p0 .

Proof. Let v = u−w. Then (2.6) follows from direct computation and Theorem
2.1:

ˆ
Bρ

∣∣D2u
∣∣p0 ≤ C0(n, p0)

[ˆ
Bρ

∣∣D2w
∣∣p0 +

ˆ
Bρ

∣∣D2v
∣∣p0

]

≤ C0C1

(ρ
r

)n ˆ
Br

∣∣D2w
∣∣p0 + C0

ˆ
Br

∣∣D2v
∣∣p0

≤ C2
0C1

(ρ
r

)n [∥∥D2v
∥∥p0

Lp0 (Br)
+
∥∥D2u

∥∥p0

Lp0 (Br)

]
+ C0

ˆ
Br

∣∣D2v
∣∣p0

= C2
0C1

(ρ
r

)n ∥∥D2u
∥∥p0

Lp0 (Br)
+
(
C2

0 + C0C1

(ρ
r

)n)∥∥D2v
∥∥p0

Lp0 (Br)
.

Similarly

ˆ
Bρ

∣∣D2u− (D2u)ρ
∣∣p0 ≤ C0

ˆ
Bρ

∣∣D2w − (D2w)ρ
∣∣p0

+ C0

ˆ
Bρ

∣∣D2v − (D2v)ρ
∣∣p0

≤ C0

ˆ
Bρ

∣∣D2w − (D2w)ρ
∣∣p0 + 2C2

0

ˆ
Bρ

∣∣D2v
∣∣p0

≤ C0C2

(ρ
r

)n+p0
ˆ
Br

∣∣D2w − (D2w)r
∣∣p0

+ 2C2
0

ˆ
Bρ

∣∣D2v
∣∣p0

≤ C0C2

(ρ
r

)n+p0
{

C0

´
Br
|D2u− (D2u)r|p0

+C0

´
Br
|D2v − (D2v)r|p0

}
+ 2C2

0

ˆ
Br

∣∣D2v
∣∣p0

≤ C2
0C2

(ρ
r

)n+p0
ˆ
Br

∣∣D2u− (D2u)r
∣∣p0

+

(
2C2

0 + 2C3
0C2

(ρ
r

)n+p0
) ˆ

Br

∣∣D2v
∣∣p0 .

The statement follows, noting that ρ/r ≤ 1. �
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We conclude this section with the following technical lemma, which is a
modified version of [20, Lemma 3.4] and [17, Lemma 5.13]. This modified
technical tool is crucial for the proof of Theorem 1.1.

Lemma 2.1. [20, Lemma 3.4]. Let φ be a nonnegative and nondecreasing
function on [0, R]. Then there exists θ = θ(A, γ, κ) ∈ (0, 1) such that the
following holds. Suppose that

(2.8) φ(τ) ≤ A
[(τ
r

)κ
+ ε
]
φ(r) +Brβ

for any 0 < τ ≤ θr ≤ θR with A,B, β, κ nonnegative constants and β < κ.
Then for any γ ∈ (β, κ), there exists ε0 = ε0(A, κ, β, γ) such that if ε < ε0 we
have the following for all 0 < τ ≤ θr ≤ θR

φ(τ) ≤ c
[(τ
r

)γ
φ(r) +Bτβ

]
,

where c is a positive constant depending on A, κ, β, γ. In particular, for any
0 < τ ≤ θR we have

φ(τ) ≤ c

[
φ(R)

Rγ
τ γ +Bτβ

]
.

Moreover, if β = 0, one may explicitly choose θ = (2A)−
2
κ .

The key modification required in this lemma, compared to its variant in [20]
and [17], is that the estimate (2.8) is only assumed to hold up to the scale
θr. We are indeed only able to assume this weaker initial hypothesis when we
apply this lemma in the next section.

We omit the proof of Lemma 2.1 here, and simply refer the reader to [19]
or [17]. Notice that the choice of scale τ such that 2Aτκ = τ γ in the proof
therein guarantees the final conclusion of the lemma.

3. Regularity Theory for small BMO-Hessian

In this section, we develop a regularity theory for weak solutions u of the
following fourth order equation in the double divergence form:

(3.1)

ˆ
Ω

aij,kl(D2u)uijηkl dx = 0, ∀η ∈ C∞0 (Ω),

where Ω ⊂ Rn is an open set. The regularity theory for weak solutions to the
more general uniformly convex (or concave) fourth order equation (1.2) will
follow from the results in this section. We will see this in Section 4.

Denoting hm = hem, we start by introducing the following definition.

Definition 3.1 (Regular equation). We define equation (3.1) to be regular on
U when the following conditions are satisfied on U :

(i) The coefficients aij,kl depend smoothly on D2u.
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(ii) The linearization of (3.1) is uniformly elliptic, namely, the leading co-
efficient of the linearized equation given by

bij,kl(D2u(x))(3.2)

=

ˆ 1

0

∂

∂uij

[
apq,kl(D2u(x) + t[D2u(x+ hm)−D2u(x)])upq(x)

]
dt

satisfies the standard Legendre ellipticity condition:

(3.3) bij,kl(ξ)σijσkl ≥ Λ|σ|2 ∀σ ∈ Sn×n, ∀ξ ∈ U.
Remark 3.1. Observe that (3.1) is indeed regular in the sense of [7, definition
1.1] since for a uniformly continuous Hessian, the coefficient given by (3.2)
takes the form of the bij,kl coefficient shown in [7, (1.3)] as h→ 0:

bij,kl(D2u(x)) = aij,kl(D2u(x)) +
∂apq,kl

∂uij
(D2u(x))upq(x).

Remark 3.2. Note that for any Ω′ ⊂ Ω, we have∥∥bij,kl∥∥
L∞(Ω′)

≤ C
(∥∥D2u

∥∥
L∞(Ω′)

)
.

This is the only obstruction to removing dependency on ‖D2u‖L∞ in the con-
stants in our techniques. Indeed, if it were possible to successfully remove such
a dependency, we could relax our a priori regularity assumption on u to be
merely W 2,2. However, the example of the Hamiltonian stationary equation
and the uniform convexity hypothesis together suggest that such a relaxation
would be difficult, if at all possible; see Section 5.2.

Before we proceed, let us make the following important observation, which
will be crucial in the arguments that follow. For m = 1, . . . , n, h > 0 and

a given function g, let ghm denote the difference quotient g(x+hm)−g(x)
h

in the
direction em, recalling our previously introduced notation hm = hem. Let
Ω′ b Ω. For h ≤ d(Ω′, ∂Ω) we may take a single difference quotient in (3.1),
which gives ˆ

Ω′
[aij,kl(D2u)uij]

hmηkl dx = 0.

We write the first difference quotient as

[aij,kl(D2u)uij]
hm(x) = aij,kl(D2u(x+ hm))

uij(x+ hm)− uij(x)

h

+
1

h

[
aij,kl(D2u(x+ hm))− aij,kl(D2u(x))

]
uij(x)

= aij,kl(D2u(x+ hm))uhmij (x)

+

[ˆ 1

0

∂aij,kl

∂upq
(tD2u(x+ hm) + (1− t)D2u(x))dt

]
uij(x)uhmpq (x).
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Then, letting f = uhm for h sufficiently small, equation (3.1) satisfied by u,
and definition (3.2) of the linearized coefficient bij,kl yields

(3.4)

ˆ
Ω′
bij,klfijηkl dx = 0 ∀η ∈ C∞0 (Ω′),

where we suppress the dependency of bij,kl on D2u in order to simplify notation.
In the remainder of this section, we assume that B1 ⊂ Ω, which we may

do without loss of generality, by rescaling and translation. Let us first present
the following proposition, which will prove to be a key tool throughout. It is a
fourth order analog of a standard application of the Giaquinta-Modica variant
of Gehring’s Lemma [16, Proposition 5.1].

Proposition 3.1. There exists p̄ ∈ [1, 2) such that the following holds. Let
w be as in Theorem 2.1, let u ∈ W 2,∞(B1) be a weak solution of the regular
equation (3.1) on B1 with D2u(x) ∈ U for almost-every x ∈ B1, and let
v = f − w for f = uhm as described above. Then D2v ∈ Lp0

loc(B1) and there
exists C = C(n, |c0|, ‖bij,kl‖L∞(U)) such that for each x0 ∈ B1 and each 0 <
s < 1

2
dist(x0, ∂B1), we have

(3.5)

(
1

|Bs|

ˆ
Bs(x0)

∣∣D2v
∣∣2 dx) 1

2

≤ C

(
1

|B2s|

ˆ
B2s(x0)

∣∣D2v
∣∣p̄ dx) 1

p̄

.

In particular, there exists p0 ∈ (2,∞) such that for any r ≤ 1 and ρ ∈ (0, r),
there exists C̄ = C̄(n,Λ, p0, |c0|, ‖bij,kl‖L∞(U), r − ρ) such that

(3.6)

(
1

|Bρ|

ˆ
Bρ

∣∣D2v
∣∣p0 dx

) 1
p0

≤ C̄

(
1

|Br|

ˆ
Br

∣∣D2v
∣∣2 dx) 1

2

.

Remark 3.3. It will later be necessary to know the behavior of the constant C̄
with r − ρ in the above proposition. Observe that limr↑ρ C̄ = +∞.

Proof. By adding a suitable constant, we may without loss of generality assume
that |v| ≥ 1 a.e. inside B1. First of all, we prove (3.5). Fix x0, s as in the
statement of the proposition. In light of (3.4), we haveˆ

B2s(x0)

bij,klvijηkl dx =

ˆ
B2s(x0)

bij,klwijηkl dx.

Let τ ∈ C∞c (B2s(x0)) be a positive cut-off function that takes the value 1
on Bs(x0) and vanishes outside B2s(x). Note that |Dkτ | ≤ C(n)s−k for each
k ∈ N. We choose η = τ 4v. Expanding derivatives we getˆ

B2s(x0)

bij,klvijτ
4vkl dx =

ˆ
B2s(x0)

bij,klwij(τ
4v)kl dx
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−
ˆ
B2s(x0)

bij,klvij[(τ
4)klv + (τ 4)lvk + (τ 4)kvl] dx.

By our assumption in (3.3) bij,kl is uniformly elliptic on U . Therefore, we getˆ
B2s(x0)

τ 4Λ
∣∣D2v

∣∣2 dx
≤ C(n)s−2

ˆ
B2s(x0)

∣∣bij,kl∣∣ |vij| τ 2 (|v|+ |Dv|) dx

+ Cs−2

ˆ
B2s(x0)

∣∣bij,kl∣∣ |wij| τ 2
(
|v|+ |Dv|+

∣∣D2v
∣∣) dx

≤ C
(
n,
∥∥bij,kl∥∥

L∞(U)

)
s−2

ˆ
B2s(x0)

(
ετ 4
∣∣D2v

∣∣2 +
1

ε
(|v|+ |Dv|)2

)
dx

+ C
(
n,
∥∥bij,kl∥∥

L∞(U)
,
∥∥D2w

∥∥
L∞(B1)

)
s−2

ˆ
B2s(x0)

(
ετ 2
∣∣D2v

∣∣2 +
1

ε
τ 2

)
dx

+ C
(
n,
∥∥bij,kl∥∥

L∞(U)
,
∥∥D2w

∥∥
L∞(B1)

)
s−2

ˆ
B2s(x0)

(
|v|2 + |Dv|2

)
dx.

Note that since w satisfies the constant coefficient equation (2.1), ‖D2w‖L∞(B1)

is bounded by C (n, |c0|) (see e.g. [12, Theorem 33.10]).
Now we may choose ε = ε(n, s, |c0|, ‖bij,kl‖L∞(U),Λ) > 0 sufficiently small

such that ˆ
B2s(x0)

τ 4Λ
∣∣D2v

∣∣2 dx ≤ 1

2

ˆ
B2s(x0)

τ 2Λ
∣∣D2v

∣∣2 dx
+ Cs−2

ˆ
B2s(x0)

(|v|+ |Dv|)2 dx

+ Cs−2

ˆ
B2s(x0)

1

ε
τ 2 dx.

Rearranging, and recalling that 0 ≤ τ ≤ 1 ≤ |v| a.e. in B1 and τ 4 ≥ 1Bs(x0),
we get ˆ

Bs(x0)

∣∣D2v
∣∣2 dx ≤ Cs−2

ˆ
B2s(x0)

(
|v|2 + |Dv|2

)
dx

≤ Cs−2

[
‖Dv‖2

L2∗ (B2s(x0)) +
∥∥D2v

∥∥2

L2∗ (B2s(x0))

]
≤ Cs−2

( ˆ
B2s(x0)

∣∣D2v
∣∣2∗ dx) 2

2∗
,
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and thus

1

|Bs|

ˆ
Bs(x0)

|D2v|2 dx ≤ C

(
1

|Bs|

ˆ
B2s(x0)

∣∣D2v
∣∣2∗ dx) 2

2∗
,

where C = C
(
n, |c0|, ‖bij,kl‖L∞(U),Λ

)
and 2∗ = 2n

n+2
is the exponent such that

(2∗)
∗ = 2, where p∗ denotes the Sobolev dual exponent of p. The last two in-

equalities follow from the Gagliardo-Nirenberg inequality for bounded domains
[15,31]. This proves the desired estimate in (3.5), with p̄ = 2∗.

It remains to prove (3.6). This, however, follows from the Giaquinta-Modica
variant of Gehring’s Lemma [16, Proposition 5.1], applied to |D2v|2∗ with
q = 2. Note that one may replace the cubes Q2R and QR therein with the
balls Br and Bρ respectively (at the price of making the constant additionally
dependent on r − ρ) via an analogous argument with a Calderón-Zygmund
decomposition of Br into cubes degenerating towards ∂Br. We omit the details
here since the argument is standard. �

Remark 3.4. Observe that for the above proposition to hold true, we did not re-
quire v,Dv to identically vanish on the boundary of Br (since this was achieved
via the choice of cut-off). In particular, notice that the conclusion of Proposi-
tion 3.1 holds also with f = uhm in place of v.

The arguments leading to Proposition 3.1 combined with Remark 3.4 allows
us to establish the higher Sobolev regularity estimate of Proposition 1.1. Since
we first demonstrate its validity for solutions of (3.1), we re-state it here for
clarity. We will elaborate on how to conclude the version for solutions to the
more general equation (1.2) in Section 4.

Proposition 3.2. Suppose that u ∈ W 2,∞(B1) is a weak solution of the regular
equation (3.1) on B1 with D2u(x) ∈ U for almost-every x ∈ B1. Then for any
compactly contained open subset Ω′ of B1, u ∈ W 3,p0(Ω′), where p0 is as in
Proposition 3.1, and satisfies the following estimate

(3.7) ‖u‖W 3,p0 (Ω′) ≤ C
(

Λ,
∥∥bij,kl∥∥

L∞(U)
, d(Ω′, ∂B1)

)
‖u‖W 2,2(B1) .

Proof. Let τ ∈ C∞c (B1) be a cutoff function in B1 that takes the value 1 on
Ω′. Fix m ∈ {1, . . . , n} arbitrarily and let η = τ 4f in (3.4), for f = uhm .

This yields

(3.8)

ˆ
B1

bij,klfij[τ
4f ]kl dx = 0,

where we are suppressing the dependency of bij,kl on D2u, to simplify notation.
Expanding derivatives, we getˆ

B1

bij,klfijτ
4fkl dx = −

ˆ
B1

bij,klfij
(
(τ 4)klf + (τ 4)lfk + (τ 4)kfl

)
dx.
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Arguing as in the proof of Proposition 3.1, we getˆ
B1

τ 4Λ
∣∣D2f

∣∣2 dx ≤ C
(
τ,Dτ,D2τ

) ˆ
B1

∣∣bij,kl∣∣ |fij| τ 2 (1 + |f |+ |Df |) dx

≤ C (n, d(Ω′, ∂B1))
∥∥bij,kl∥∥

L∞(U)

ˆ
B1

(
ετ 4
∣∣D2f

∣∣2 + C
1

ε
(1 + |f |+ |Df |)2

)
dx.

Choosing ε > 0 appropriately, rearranging, using the definition of τ , and the
uniform ellipticity of the coefficient bij,kl on U , we getˆ

Ω′

∣∣D2f
∣∣2 dx ≤ C ′

ˆ
B1

(1 + |f |+ |Df |)2 dx,

where C ′ = C ′(n,Λ, ‖bij,kl‖L∞(U), d(Ω′, ∂B1)). Now this estimate is uniform
over all hm ≤ d(Ω′, ∂B1) and all directions em, m = 1, . . . , n, and so we
conclude that u ∈ W 3,2(Ω′), with the estimate

‖u‖W 3,2(Ω′) ≤ C
(
n,Λ,

∥∥bij,kl∥∥
L∞(U)

, d(Ω′, ∂B1)
)
‖u‖W 2,2(B1) .

In view of Remark 3.4 and Remark 3.2, the proof of the desired estimate follows
verbatim from the proof of Proposition 3.1 by replacing v with f = uhm . �

We are now in a position to prove the main result of this section.

Theorem 3.1. Suppose that u ∈ W 2,∞(B1) is a weak solution of the regular
equation (3.1) on B1 with D2u(x) ∈ U for almost-every x ∈ B1. Let α ∈ (0, 1).
There exists ω(Λ, n, α, ‖D2u‖L∞(B1)) > 0 such that if D2u ∈ BMO(B1) with
modulus ω, then D2u ∈ C0,α(B3/4) and satisfies the following estimate

(3.9) ‖D2u‖C0,α(B3/4) ≤ C
(
α, n,Λ,

∥∥D2u
∥∥
L∞(B1)

)
.

Proof. Let m ∈ {1, . . . , n} be arbitrary and let f = uhm be defined in B3/4, as
before, for h ≤ 1

4
. Recall equation (3.4) satisfied by f . We pick an arbitrary

point x0 inside B3/4 and consider the ball Br(x0), for a fixed scale r ≤ 1
4
. To

simplify notation, we will simply denote this ball by Br for the rest of this
proof. Let w solve the following boundary value problem:ˆ

Br

(bij,kl)rwijηkl dx = 0, ∀η ∈ C∞0 (Br)(3.10)

w = f on ∂Br

Dw = Df on ∂Br.

This is a constant coefficient PDE with the given boundary conditions and
therefore has a unique solution w ∈ W 2,2(Br) that is smooth on the interior
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of Br ([14, Theorem 6.33]). Letting v = f −w, observe that v ∈ W 2,2
0 (Br) and

so may be used as a test function in (3.10) and (3.4). Thus, we see that

(3.11)

ˆ
Br

(bij,kl)rvijvkl =

ˆ
Br

[(bij,kl)r − bij,kl(x)]fijvkl.

By Cauchy-Schwartz, followed by Hölder’s inequality, we haveˆ
Br

(bij,kl)rvijvkl ≤
∥∥(bij,kl)r − bij,kl

∥∥
L2(Br)

∥∥D2v
∥∥
L2p′ (Br)

∥∥D2f
∥∥
L2p(Br)

.

The ellipticity of bij,kl thus gives

(3.12) Λ

ˆ
Br

∣∣D2v
∣∣2 ≤ ∥∥(bij,kl)r − bij,kl

∥∥
L2(Br)

‖D2v‖L2p′ (Br)

∥∥D2f
∥∥
L2p(Br)

,

where p′ is the Hölder dual of p. By Proposition 3.1, for some p0 > 2 and the
constant C̄ therein, we have

(3.13)

[
1

|Bρ|

ˆ
Bρ

|D2v|p0

] 1
p0

≤ C̄

[
1

|Br|

ˆ
Br

|D2v|2
] 1

2

,

for any ρ ∈ (0, r). Taking p = p0

2
> 1 in (3.12) gives

|Br|1−
2
p0

[ˆ
Bρ

∣∣D2v
∣∣p0

] 2
p0

≤ |Bρ|−
2
p0 |Br|

[ˆ
Bρ

∣∣D2v
∣∣p0

] 2
p0

≤ C̄Λ−1
∥∥(bij,kl)r − bij,kl

∥∥
L2(Br)

∥∥D2v
∥∥
Lq0 (Br)

∥∥D2f
∥∥
Lp0 (Br)

,

where q0 = 2
(
p0

2

)′
= 2p0

p0−2
. Now we have

∥∥(bij,kl)r − bij,kl
∥∥
L2(Br)

=
1

|Br|

[ˆ
Br

∣∣∣∣ˆ
Br

bij,kl(D2u(y))− bij,kl(D2u(x)) dy

∣∣∣∣2 dx
] 1

2

≤

∥∥bij,kl∥∥
Lip(U)

|Br|

[ˆ
Br

∣∣∣∣ˆ
Br

∣∣D2u(y)− (D2u)r
∣∣+
∣∣(D2u)r −D2u(x)

∣∣ dy∣∣∣∣2 dx
] 1

2

=

∥∥bij,kl∥∥
Lip(U)

|Br|

[ˆ
Br

∣∣∣∣ˆ
Br

∣∣D2u(y)− (D2u)r
∣∣ dy + |Br|

∣∣(D2u)r −D2u(x)
∣∣∣∣∣∣2 dx

] 1
2

≤ C
∥∥bij,kl∥∥

Lip(U)

[ˆ
Br

∣∣D2u(y)− (D2u)r
∣∣2 dy +

ˆ
Br

∣∣(D2u)r −D2u(x)
∣∣2 dx] 1

2
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≤ C
∥∥bij,kl∥∥

Lip(U)

∥∥(D2u)r −D2u
∥∥
L2(Br)

,

for some C = C(n) > 0. Combining the above estimates, we arrive at

∥∥D2v
∥∥2p0

Lp0 (Bρ)

≤ CC̄Λ−1r−np0+2n
∥∥(D2u)r −D2u

∥∥p0

L2(Br)

∥∥D2v
∥∥p0

Lq0 (Br)

∥∥D2f
∥∥p0

Lp0 (Br)
.

Rearranging, we arrive at∥∥D2v
∥∥p0

Lp0 (Bρ)

≤ CC̄Λ−1r−np0+2n
∥∥(D2u)r −D2u

∥∥p0

L2(Br)

‖D2v‖p0

Lq0 (Br)

‖D2v‖p0

Lp0 (Bρ)

∥∥D2f
∥∥p0

Lp0 (Br)
.

By Corollary 2.1 (absorbing all constants into a single constant), for any
τ ∈ (0, ρ) we thus have∥∥D2f

∥∥p0

Lp0 (Bτ )
≤ C†

(
τ

ρ

)n ∥∥D2f
∥∥p0

Lp0 (Bρ)

+ C†r−np0+2n
∥∥(D2u)r −D2u

∥∥p0

L2(Br)

‖D2v‖p0

Lq0 (Br)

‖D2v‖p0

Lp0 (Bρ)

∥∥D2f
∥∥p0

Lp0 (Br)

≤ C†
(
τ

ρ

)n ∥∥D2f
∥∥p0

Lp0 (Br)

≤ C̃†
(
τ

ρ

)n ∥∥D2f
∥∥p0

Lp0 (Br)
+ C̃†ωp0

‖D2v‖p0

Lq0 (Br)

‖D2v‖p0

Lp0 (Bρ)

∥∥D2f
∥∥p0

Lp0 (Br)
,(3.14)

where C† and C̃† are positive constants depending on n,Λ, p0, ‖D2u‖L∞(B1)

and r− ρ. Now, we wish to apply Lemma 2.1, with the choices of parameters

φ(τ) =

ˆ
Bτ

|Df |p0 dx

A = C̃†

κ = n

β = 0, B = 0

γ = n− p0 + p0α ∈ (0, κ),

R =
1

4
,

for α ∈ (0, 1), provided that ω is chosen to be sufficiently small. Indeed, this
can be ensured, provided that we show the following.
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Claim 1. Let θ be as in Lemma 2.1, for the above choice of parameters. There
exists C∗ = C∗(n, p0, θ) such that for any ρ ∈ (θr, r), we have

‖D2v‖p0

Lq0 (Br)

‖D2v‖p0

Lp0 (Bρ)

≤ C∗.

Proof of Claim 1. First of all, let us write∥∥D2v
∥∥p0

Lq0 (Bρ)
=
∥∥D2v · 1Bρ

∥∥p0

Lq0 (Br)
.

Now, suppose for a contradiction, that the claim is false. Then we can extract
a sequence of scales ρk → r such that

(3.15)
‖D2v‖p0

Lq0 (Br)∥∥D2v · 1Bρk
∥∥p0

Lq0 (Br)

→∞ as k →∞.

However, clearly 1Bρk → 1Br strongly in Lq0 , which in turn implies that∥∥D2v · 1Bρk
∥∥p0

Lq0 (Br)
→
∥∥D2v

∥∥p0

Lq0 (Br)
,

thus contradicting (3.15). �
Now that we have proved Claim 1, we would like to fix ρ ∈ (θr, r), in order

to apply Lemma 2.1. However, in order to do this we must deal with one
delicate point; the constant A in our above choice of parameters depends on
r − ρ, which in turn results in the dependency of θ on r − ρ. Thus, we need
to check that it is indeed possible to make a choice of ρ ∈ (θr, r) as in the
statement of Claim 1. In light of Remark 3.3 and the fact that we may choose
θ = (2A)−

2
α as stated in Lemma 2.1, we may deduce that limρ↑r θ = 0. Thus,

it is indeed possible to choose ρ sufficiently close to r such that ρ > θr.
Fixing such a ρ and applying Claim 1, the coefficient of the second term on

the right-hand side of (3.14) may now be bounded above by

C̃ = (n,Λ, p0, ‖D2u‖L∞(B1))ω
p0 .

Thus, choosing ω < (C̃ε0)1/p0 (dependent therefore on n,Λ, p0, ‖D2u‖L∞(B1)),
where ε0 is as in Lemma 2.1, we conclude thatˆ

Bτ

|Df |p0 dx ≤ Cτn−p0+p0α

ˆ
B1/4

|Df |p0 dx,

where C = C(Λ, n, α, p0) > 0. Note that the range of τ may easily be increased
from

(
0, θ

4

)
to
(
0, 1

4

)
, up to increasing the constant c in Lemma 2.1, since B = 0

and our choice of φ is monotone non-decreasing.
Since we chose an arbitrary point x0 ∈ B3/4 and τ ≤ 1

4
, applying Morrey’s

Lemma [36, Lemma 3, page 8] to f we get∣∣uhm∣∣
C0,α(Bτ (x0))

≤ C
(
α, n,Λ, p0, ‖u‖W 3,p0 (B1/2)

)
,
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which combined with estimate (3.7) gives the desired estimate (3.9). Since p0 is
a fixed parameter, determined by Proposition 3.1, this proves the proposition.

�

We conclude this section with the following immediate consequence of The-
orem 3.1 combined with the interior estimates established in [7].

Corollary 3.1. Suppose that u ∈ W 2,∞(B1) is a weak solution of the regular
equation (3.1) on B1 with D2u(x) ∈ U for almost-every x ∈ B1. There exists
ω(Λ, n, ‖D2u‖L∞(B1)) > 0 such that if D2u ∈ BMO(B1) with modulus ω, then
u is smooth in B1/2.

Proof. From Proposition 3.1 it follows that u ∈ C2,α(B3/4). Then smoothness
follows from [7, Theorem 1.2]. �

4. Proofs of the main results

In this section, we use the results in Section 3 to prove Theorem 1.1 and
Corollary 1.1.

4.1. Proof of Proposition 1.1 and Theorem 1.1. Using the results of the
previous section, in particular, Corollary 3.1, the proof of Theorem 1.1 now
follows verbatim from [4, Section 4]. At the risk of being repetitive, we present
the proof below for the sake of completion.

We first wish to demonstrate that the result in Proposition 3.1, and therefore
Proposition 3.2, Theorem 3.1 and Corollary 3.1), is not restricted to solutions
of double divergence form equations of the type (3.1), and in fact also applies
to solutions of more general nonlinear fourth order equations of the form (1.2)
for coefficients F ij that are smoothly dependent on the Hessian, as long as
uniform ellipticity of its linearization (condition (3.3)) is maintained. In other
words, we require the existence of a constant Λ > 0 such that

(4.1)
∂F ij

∂ukl
(ξ)σijσkl ≥ Λ |σ|2 , ∀ σ ∈ Sn×n, ∀ ξ ∈ U.

Arguing analogously to that in the preceding section (cf. (3.4)), one can check
that the above observation is true by using (1.2) with a difference quotient
test function (in the direction em) in order to derive the equation

(4.2)

ˆ
Ω′
βij,kluhmij ηkldx = 0 ∀η ∈ C∞0 (Ω′)

where Ω′ b Ω, h ≤ d(Ω′, ∂Ω) and

βij,kl(D2u(x)) =

ˆ 1

0

∂F ij

∂ukl
(D2u(x) + t[D2u(x+ hm)−D2u(x)])dt.
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This shows that the difference quotient of the solution of (1.2) satisfies an
equation of the form (3.4), which was previously derived from (3.1). Since the
equation that we work with is the one satisfied by the difference quotient, the
conclusion of Proposition 3.1 indeed holds for solutions of (1.2), and therefore
so does the conclusion of Proposition 3.2 for such solutions, which immediately
yields Proposition 1.1. In turn, we deduce that Theorem 3.1, and thus also
Corollary 3.1, holds good for solutions of (1.2).

We are now in a position to conclude the validity of Theorem 1.1 from this.

Observe that any critical point of (1.1) solves (1.2) with F ij = ∂F (D2u)
∂uij

. In

light of the above discussion, we may apply Corollary 3.1. If F is uniformly
convex, clearly this choice of F ij satisfies condition (4.1). If, on the other
hand, F is uniformly concave, we may simply replace F with −F . �

We are now ready to prove the dimension estimate on the singular set in
Corollary 1.1.

4.2. Proof of Corollary 1.1. Let Br(x) ⊂ B1. By the Poincaré inequality,
we have

1

rn

ˆ
Br(x)

∣∣D2u− (D2u)Br(x)

∣∣p0 ≤ 1

rn−p0

ˆ
Br(x)

∣∣D3u
∣∣p0 .

Thus, for every x ∈ Σ(u), we have

lim inf
r→0

1

rn−p0

ˆ
Br(x)

∣∣D3u
∣∣p0 > 0.

Now, by Proposition 3.2, we know that u ∈ W 3,p0

loc (B1). Thus, we may apply
[17, Proposition 9.21] to conclude the desired dimension estimate. �

5. Hamiltonian Stationary Equations

Hamiltonian stationary Lagrangian submanifolds of the complex Euclidean
space are critical points of the volume functional under Hamiltonian variations,
and locally they are governed by a fourth order nonlinear elliptic equation,
given by

(5.1) ∆gΘ = 0,

where ∆g is the Laplace-Beltrami operator on the Lagrangian graph Lu =
(x,Du). The function Θ is called the Lagrangian phase or angle of the surface
Lu and is defined by

Θ =
n∑
i=1

arctanλi

where λi are the eigenvalues of the Hessian D2u.
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Let us describe the analytic setup of the geometric variational problem. For
a fixed bounded domain Ω ⊂ Rn, let u : Ω → R be a smooth function. The
gradient graph Lu = {(x,Du(x)) : x ∈ Ω} is a Lagrangian n-dimensional
submanifold in Cn, with respect to the complex structure J defined by the
complex co-ordinates zj = xj + iyj for j = 1, ..., n. The volume functional on
Lu is given by

(5.2)

ˆ
Ω

√
det(In + (D2u)2) dx.

A function u ∈ W 2,∞(Ω) is a critical point of this functional under compactly
supported variations if and only if u satisfies the Euler-Lagrange equation
(1.9). This is also known as the variational Hamiltonian stationary equation.
If the Hessian of the potential u is bounded by a small dimensional constant,
then the variational equation (1.9) is equivalent to the geometric Hamiltonian
stationary equation (5.1) [8, Theorem 1.1] (also see [32,35]).

In Cn with the standard Kähler structure, the above expression for Θ is
available for a local graphical representation Lu as above. This decomposition
feature of the fourth order elliptic operator into a composition of two second
order elliptic operators as in (5.1) is essential in the work of Chen-Warren
[9], in which it is shown that a C1-regular Hamiltonian stationary Lagrangian
submanifold in Cn is real analytic. However, it is rather difficult to apply the
same strategy on a Calabi-Yau manifold other than Cn. Even while Θ is still
locally well-defined on Ω, it can no longer be written in a clean form as a
sum of arctangent functions, even when representing Lu as a gradient graph
in a Darboux coordinate chart. In [5], the authors found that directly dealing
with a critical point of the volume of Lu in an open ball B ⊂ R2n equipped
with a Riemannian metric, among nearby competing gradient graphs Lut =
{(x,Du(x) + tDη(x)) : x ∈ Ω} for compactly supported smooth functions η
is helpful. This leads the authors to study a class of fourth order nonlinear
equations (cf. [5, (1.1)]) sharing a similar structure with (3.1). It is worth
noting that in general, equations of the form (3.1) do not necessarily factor
into a composition of second order operators, thus motivating the study of
such fourth order equations.

Let us now prove Corollary 1.2, which is an important application of our
main result in Theorem 1.1.

5.1. Proof of Corollary 1.2. We show that when ‖D2u‖L∞(B1) ≤ 1− η, the
area functional (5.2) is uniformly convex. Then the result follows immediately
from Theorem 1.1.
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Suppose that the HessianD2u is diagonalized at x0, with eigenvalues λ1, . . . , λn.
We may thus write the area integrand at x0 as

V (D2u(x0)) ≡ V (λ1, . . . , λn) =

[
(1 + λ2

1)...(1 + λ2
n)

] 1
2

.

We compute

∂iV =
λi

1 + λ2
i

V

∂iiV =
1

(1 + λ2
i )

2
V

∂ijV =
λjλi

(1 + λ2
j)(1 + λ2

i )
V for i 6= j.

Denoting ei = λi
1+λ2

i
, we re-write

∂iiV =

(
1

1 + λ2
i

− 2e2
i

)
V + e2

iV

∂ijV = V eiej for i 6= j.

Hence,

Vij
V

= eiej + δij

(
1

1 + λ2
i

− 2e2
i

)
≥ 1− λ2

i

(1 + λ2
i )

2
≥ C(η)

where the last lower bound follows from using the fact that ‖D2u‖L∞ ≤ 1 −
η. �

Remark 5.1. Note that the result in [8, Theorem 1.1, Theorem 1.2] reaches
a similar conclusion by considering solutions u ∈ C1,1(B1) of the geometric
equation (5.1) but under the assumption that there exists a c(n) > 0 for
which ‖u‖C1,1(B1) ≤ c(n).

5.2. A priori W 2,∞ assumption. We use the Hamiltonian stationary equa-
tion and the area functional to further elaborate on the a priori regularity
assumption u ∈ W 2,∞(B1), and attempt to convince the reader that the ques-
tion of whether or not this assumption is natural is a delicate one.

Let u be a solution of (1.9). It is currently known that (1.9) is equivalent
to (5.1) if the C1,1 norm of u is sufficiently small, see [8]. This in itself
demonstrates the importance of the W 2,∞ assumption in our results, since
equation (5.1) has a more favorable structure than (1.9), in the sense that
the fourth order operator in (5.1) factors into two second order operators.
In addition, the W 2,∞-regularity is necessary to make sense of the additional
requirement ‖D2u‖L∞ ≤ 1− η, which is the sufficient condition demonstrated
here for the uniform convexity of the functional (5.2).
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On the other hand, if one directly assumes that u is a weak solution of the
Hamiltonian stationary equation (5.1) in B1, then using integration by parts,
for any test function η ∈ C∞0 (B1), we may write:ˆ

B1

Θ∆gη dµg = 0.

Recall that the Laplace-Beltrami operator of the metric g on Lu is given by:

∆g =
1
√
g
∂i(
√
ggij∂j)

= gij∂ij +
1
√
g
∂i(
√
ggij)∂j

= gij∂ij − gjpΘqupq∂j.

We re-write the distributional equation asˆ
B1

Θ

(
gij∂ijη − gjpΘqupq∂jη

)
dµg = 0.

For the above equation to be well-defined for u ∈ W 2,p(B1), with 1 ≤ p <
∞, we require Θ ∈ W 1,p′(B1), where p′ is the Hölder dual of p, satisfying
1
p

+ 1
p′

= 1. However, Θ ∈ W 1,p′(B1) requires u to necessarily have more a

priori regularity than merely W 2,p. It may not be necessary to require that
u ∈ W 3,p′(B1) a priori, but this nevertheless imposes a nonlinear anisotropic
third order integrability constraint on u.

It remains possible that when considering a critical point of (1.9), one may
relax the assumption of W 2,∞ to W 2,2, for example. This, however, would
require a weaker sufficient condition than the hypothesis ‖D2u‖L∞ ≤ 1 − η
given in Corollary 1.2, in order to deduce uniform convexity of the functional
(5.2).

By comparison to vectorial solutions to the classical area functional, recall-
ing that the functional (5.2) is precisely the area functional for gradient graphs
x 7→ (x,Du(x)), we notice that Lipschitz regularity is assumed a priori in some
settings, for instance in the context of the Lawson-Osserman conjecture (see
[21, 26]), and is exploited in the arguments therein, suggesting that for some
results it is a necessary hypothesis. Furthermore, counterexamples to regu-
larity for vectorial critical points of (quasiconvex) gradient-dependent energy
functionals, are often constructed via convex integration techniques, yielding
Lipschitz regularity, but failure of C1 regularity at singular points (see e.g.
[29]). Despite the fact that such counterexamples cannot be produced for uni-
formly convex energies, this still loosely suggests that the W 2,∞ assumption
may be natural in our setting, since the analogues of these constructions herein
should yield this regularity. On the other hand, the work [37] demonstrates the
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existence of W 1,2 minimizers of uniformly convex gradient-dependent energy
functionals that are not Lipschitz. If it were possible to construct analogous
examples that are gradients of a scalar function, this would therefore show that
the W 2,∞ assumption, although natural, is indeed restrictive in our context.
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