THE LIMIT OF A NONLOCAL p—LAPLACIAN OBSTACLE PROBLEM
WITH NONHOMOGENEOUS TERM AS p — oo

SAMER DWEIK

ABSTRACT. The aim of this paper is to investigate the asymptotic behavior of the minimizers
to the following problems related to the fractional p—Laplacian with nonhomogeneous term
h(u) in the presence of an obstacle ¥ in a bounded Lipschitz domain Q C RY,

p _
min{lf lulz) — ulw)l® o 2] /h cueWPP(Q), u>1 on Q, u=g on 8(2}.
2 Jaxa |37* |p

First, we show the convergence of the solutions to certain limit as p — co and identify the
limit equation. More precisely, we show that the limit problem is closely related to the
infinity fractional Laplacian. In the particular case when h is increasing, we study the Holder
regularity of any solution to the limit problem and we extend the existence result to the case
when h is singular.

1. INTRODUCTION

Let © be a bounded open set in RY and g be a a—Hdlder boundary datum on 9. From
[1], it is well known that if u, minimizes the functional

Ep[u] — /QXQ \u(x) — u(y)‘p dIdy

|z —yloP
among all functions w in the fractional Sobolev space W*P(€2) such that u, = g on 9Q (with

s=a— %), then u, — u as p — oo where the limit function u solves the following equation
(which is usually referred to as the infinity fractional Laplacian):
Loou = LLu+ L u=0,
where
yeQ, y#£x ’y - x|a yeQ, y#x ‘y - $’a

In fact, one of the most important motivations to analyse this kind of problems is the a—Ho6lder
extension of the function g € C%*(0Q). In fact, one can show that the limit function u is the
optimal Holder extension to Q of the boundary datum g, i.e. the Holder seminorm for « in €
is always less than or equal to the one for the boundary datum given on 9f2.

Given a continuous obstacle 1 defined on 2, the authors in [7] follow the work in [1] and
prove the existence of a super infinity fractional harmonic function constrained to lie above the
obstacle and to take the datum on 9€2. More precisely, they show that the following obstacle
problem has a viscosity solution:

Loou =0 in {xe€Q: ulx) >},
Loou <0 in {xe€Q: ulx) =19}
u(z) > P(z) if x e,

u(z) =g(x) if € 0N
1

)

(1.1)
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In order to have a solution for this problem (1.1), it is necessary that ¢ (z) < g(z), for all
x € 05). So, in the sequel, we will assume the following natural condition on the obstacle 1):
¥ < g on ON.

The idea in [7] follows exactly the one in [1], where the authors approximate Problem (1.1)
with a sequence of fractional p—Laplacian operators. To be more precise, they consider the
following minimization problem:

(1.2) min {Ep[u] cu € WHP(Q), u>1 in Q, u=g on 8Q}.

But, it is not difficult to check that the Euler-Lagrange equation associated to this functional
is
" =0 n (1> 9)

Lpup <0 in {up =9},

where

Lo ::/§2<\U(9€)—U(y)\>p_l 1 U(y)—u(w;dy'

|z —yl® |z —y|* Ju(y) — u(

3

Let us denote by L; and L, the positive and negative parts of Ly, respectively. So, one has

Liu, = L, in {u, >}

Hence,
_ 1 _ 1
</ <[up($) _up(y)]+>p b dy) et </ <[up(37) _Up(y)]—>p b dy> Pt
Q |z —y|* |z —y|* Q |z —y|* |z —y|* ’
where [z]1 := max{+£z,0}. Letting p goes to oo, we may show that up to a subsequence

up, — u. Formally, we get that

Liu=—-L_u
and so, Loou = 0 in {u > 1}. We note that this limit procedure only works when the right
hand side in (1.3) is zero.

In this paper, we consider the minimization problem (1.2) but in the presence of an extra
nonhomogeneous term:

(1.4) min{Epz[u] + / h(u)? : uw € W*P(Q), u>1 on Q, u=g on 8Q},
Q

where h is a given C! function; in the sequel, we will denote by f the derivative of h. The
main goal of this paper is to study the limit as p — oo of the minimizers u, to (1.4), prove
their convergence up to a subsequence to a function w, and to identify the limit problem for
u. In fact, we may assume that the limit function u solves the following problem:

{Loou =h(u) in {u> v},

(1.5) Loou<h(u)  in {u=1}.

However, we will see that this is not the case and the limit equation is different, so the presence
of the nonhomogeneous term makes more delicate the analysis of our problem. This will also
depends on the monotonicity of h.
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In [2], the authors characterize the limit as p — oo of the branches of solutions to the local
p—Laplacian:
—V - [VuP2Vu] = 2@ w0,

with A > 0 and lim;,_, % = 74 < 1. They show that the limit set is a curve of positive

viscosity solutions of the equation
min{—Axu, |Vu| — Au"*} =0,
where Ayou := D?uVu - Vu is the infinity Laplacian operator and A > 0. On the other hand,

in [5], the problem of minimizing the fractional Rayleigh quotient has been considered

(@) —u(y)[?

min { Prer e § lz—yl|*?
Jaw u?

This problem leads to an interesting eigenvalue problem with the non-local Euler-Lagrange
equation:

(1.6)

cu e WHP(Q), u=0 on 89}.

—Lyu = Mu[P~?u,

where the operator £, is defined exactly as L, but with integration set RY instead of . The
limit equation takes the form

max{Loou, Lo u+ Au} =0 in Q.

In addition, an equivalent nonlocal version for the fractional p—Laplacian was studied in [3],
where the authors were interested in describing the behaviour of the solutions to the following
Dirichlet problem as p — oo:

—Lyu = [u[1P) "1y in Q,
(1.7) i N
u=g on RV\Q,
Inspired by [5], the authors of [3] prove that the limit problem of (1.7) is the following:
(1.8) min{—Loou, =L u— |u[*} =0 in Q,
. u=g on RM\Q.

2. PRELIMINARIES

In order to study the minimization problem (1.4), we recall some basic theory of fractional
Sobolev spaces. Assume {2 is a Lipschitz domain. Then, we define the fractional Sobolev space
W#P(Q2) with 0 < s <1 and 1 < p < oo as follows:

P
WEP(Q {uGLp , [ul®? // u(y)| <oo}.
()= P’ QxQ \55 - y\NHp

We may see W*P(Q) as an intermediary Banach space between LP(Q2) and WP(Q), endowed
with the natural norm

P
lallwengy = [||u|z+ [u}%@,,,] |

In order to obtain a Poincaré inequality in W () (where the space WP (€2) is defined as the
closure of C§°(£2) with respect to the norm || - ||yys.p(q)) valid for p large, we consider again
the fractional Rayleigh quotient:

Ap = min (1.6).
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In [5], the authors show that

with R = max{dist(z,00Q) : x € Q} being the radius of the largest ball inscribed in Q. As a
consequence, we have

u()lP\
|[ul|r ) < C(R, a) // —a
RNxRN [T —y|oP
Ju(@)P
/I = aed!
RN xRN ’90 - Z/|ap QxQ |l‘ - y|°‘p Qx (RN\Q) |5U - ?/|ap
However,
1
sy i = o ( is) .
Ox (RN\Q) |'r - ‘ap {z:z+2eRN\Q} |Z’ap

Using polar coordinates, one has

/ 4 / / LI
z = ——— drdw.
{zatzerm\0} [2]77 s -1 {0 a4 rga) 70PN

For w € SV~ we define

But,

dypo(z) =inf{r >0:2+rw ¢ Q}.

Hence, we have

/ L s < / / L drd ! L4
—Aaz — = Ar aqw = - dw.
(zatzerM\Q} 2P 7 Jsno1 Ja, g @) TPV ap — N Jsn—1 dy o(z)2Pr—N

Thus, we get

R
< u(x)P ————dw | dx.
//QX(RN\Q) |z —y|*» ~ ap— N Q‘ @) sv-1 dy,0(z) PN

Thanks to [6, Theorem 1.2], if sp > 1 then we have the following fractional Hardy-type
inequality:

1 —u(y)P
u(zx)[P / dw)d:z:<CNp, // —.
/ ?) < 1 dya(@) N N e

Finally, this yields that

1
.
llul o) < c(// |x y|ap)’ ) for all u e WP(K).
QxQ -

On the other hand, one can show certain regularity properties for functions in W*P(2) when
sp > N. From [8, Theorem 8.2|, there exists a constant C' < oo depending only on s, p, N
such that

(2.1) |ullcos@) < Clulsp, for all uw e WP (Q),

N

where 8 = s — > and

u(x) —u(y _
lullonaqey = lllz=qo) +sup { O =20y e 00 24,
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Since we are interested in what happens when p — oo, we want to diminish the dependence
on p. Thus, it is useful to note that the constant C' can be chosen independently of p such
that the following inequality holds:

(2.2) [[ull oo (@) < Cluls p, for all u € WP ().
3. THE NONLOCAL FRACTIONAL p—LAPLACIAN WITH OBSTACLE

3.1. Existence & weak solution. Let h, : R — RT be a C' function and set fp= h;. We
consider the minimization problem'

P _
(3.1) mln{ // Ju(@) = u(y)I” -l—/hp(u) cu € WHP(Q), u>1on ), u=gon 89},
2p JJaxe |fU— \ap Q

where ap = sp + N. Assume that there is an extension g € W*P(Q2) such that § = g on 99.
For simplicity of notation, we will simply call it g instead of g.

Proposition 3.1. Assume o > %. Then, there exists a minimizer u, for Problem (3.1).
Moreover, u, is a weak solution to the following equation:

Lyu = fp(u) in {u >},
Lyu < fp(u) in {u=1},

where

L [ =R " fu(y) - u()] dy.
P Iw*ylap

Proof. Let (uy), be a minimizing sequence in Problem (3.1). So, there will be a constant

C' < oo such that
_ P
// [Un () — un(y)| + / hp(u,) < O, for all n.
axQ ’37 —ylo @

Since hy, > 0, this implies that

_ p
// | (@ U (y)] <cC.
QxQ \1‘ —ylop

|[tn — 9||Coﬂ @) = Clun — glsp < C[un]sp + [9]s,p)-

But, we have

This yields that (uy,),, is bounded in W*P(£2) and so, up to a subsequence, u, — u, in W*P(Q)
and so, u,, — u uniformly in C%%(Q) with = a — M. By Fatou’s Lemma, this yields that

_ p p _ p
// )= 0 _ ([ [Bl) =00y [ L) tt)
QxQ \90—3/’&10 axq " |z — y|oP QxQ |9U—y|°‘p

/ hp(up) < lim inf/ hyp ().
Q " Q
So, we get that

//M‘upm;fiﬁ)'p A h(“p)qmmf{ //anuy@g Np*/g”p(“")]'

Yet, u, > 1 on Q and u, = g on 9. Hence, u, minimizes (3.1). Now, we show the second
part. Let ¢ be a smooth function such that supp(¢) C {u, > 1}. Thanks to the continuity
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of up, it is clear that u, + t¢ is admissible in (3.1), for all ¢ € R small enough. From the

minimality of u,, we have
U
5 L iy
OxQ \«’U— ’ P

lup(2) + td(x) — up(y) — to(y)|P 3
210 //QXQ +/th(“p+t¢) = Jg(1).

|z — yl|oP

So, Jp has a minimum at ¢ = 0. Therefore, we have 7, q’j(O) = 0 and so, we get the following;:
U —u =11y —u
L[ el ) = g [ g0
QxQ ‘37 — Yy lup(z) — up(y)|
By symmetry, this yields that

//QXQ = m_up,gp)’pﬂ [up(y) — up(z / o) 6 = 0.

Finally, we note that for every ¢ € C§°(Q2) such that ¢ > 0, the function u, + t¢ is admissible
in (3.1), for all t € RT. Hence, \7(1’)(0) > 0 and so, one has

u — U p—2
/ / @) Z 1 ) — (e (a) + / fo() 6 > 0.
axQ \:U Yl o

up(z) —u P2
/ |up (2 »(Y) [up(y) — up(z)] dy + fp(up) >0 in {u, =¢}. O

|z — yl|oP

Then,

3.2. Viscosity solution. The solutions in the previous subsection 3.1 were defined as weak
solutions to the Euler-Lagrange equation in the usual way with test functions under the integral
sign. In this subsection, we will see that they are also viscosity solutions of the equation

(3.2) Lyu = fp(u)
inside the noncoincidence set {u, > 1} while it is a viscosity supersolution in the coincidence

set {u, = 1}. We refer the reader to the book [4] for an introduction to the theory of viscosity
solutions. Here, we give the definition of a viscosity supersolution (resp. subsolution).

Definition 3.1. We will say that u is a viscosity supersolution in §) of the equation (3.2) if
the following holds: whenever xo € Q and ¢ € C1(Q) N C(Q) are such that

d(w0) = u(zo) and ¢(z) < wu(x) for all z € Q,
then we have

min{—Ly,¢(z0) + fp(d(20)), d(x0) — ¢ (x0)} = 0.

The requirement for a viscosity subsolution is symmetric: the test function is touching from
above and the inequality is reversed. Finally, a viscosity solution is defined as being both a
viscosity supersolution and a viscosity subsolution.

In order to prove that weak solutions are viscosity solutions we need the following comparison
principle (the proof follows in an analogous way the one in [5]):
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Proposition 3.2. Assume hy, is increasing on R. Let u and v be two continuous functions
belonging to WP(Q). Assume that —Lyu+hp(u) < —Lyv+hy(v) in the weak sense on B C ().
If u <wv on Q\B, then u < v in .

Proof. Assume [u — v]4+ # 0 on B. Since [u — v]+ = 0 on Q\B, then [u —v]; € W;P(Q) and

so, one has

Y2
//BXQ ,x_y,ap [v($)—v(y)][u—v]+(a;)+/ hp(v(2))[u — v]+ (@)

B

Y2
//BXQ ,x_ ’Ocp [u(:c)—u(y)][u—v]+(x)+/hp(u(x))[u_vh(x).

B
Hence,

)i
I rx—yrw 0(0) ol = @) ~ =01 0) + [ oo =0l )

y)P?
//BXQ ’x_y‘ap [“(w)_u(y)]([“—U]+(x)_[U—U]+(y))+/Bhp(u(x))[u—v]+(x),

Since h is increasing, we get

(33) 3 [ @) (u— @)~ [ =1l w)
A(((» hp(w(@)) [ — v+ (z) > 0,

where

For a, b € R, one has

1 1
bP~2b—|aP~2a :/0 %Ha—i—t(b—a)]pfz(cH-t(b—a))] = (p—l)(/o la+t(b—a)[P~2 dt> [b—a].

Then,
1 (z,y)

1
=wp—n(A|wm—u@wmwuﬁ—mw—uwwummp”dﬁwm»—ww—u@»+mmy
So, we get

@ (2, 9){[u — vl (2) — [u— o] (v)]
= Do, ) [u(z) — v(y) — u(z) + ul)][fu — vl (@) — [u— vl (v)]
where
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where
®3(x,y) = [u(z) — v(@)][uly) —v()]+ + [uly) — v()][u(z) — v(@)]
Eor simplicity of notation, we set s4 := [u(x) — v(x)]+ and t4 = [u(y) — v(y)]+. Then, we
O3(z,y) = [s4 — s_Jt4 + [t —t_]sy =284ty — sty —t_s4.
Hence,

[v(z) = v(y) —u(x) + uy)][[v — v] () = [u—v]1(y)]
= [+ 13 —2sit F sty +tosy]=—[(s4 —t1)P+s_ty +tosi] <O.

Thus, we get that
@1 (z,y)[[u —v](x) = [u— vl (y)] 0.
Finally, we infer that

// %ap O1(z,y) ([u = 0]+ (z) = [u = v]1(y)) <0,
BxQ ’x y’

which is in contradiction with the strict inequality in (3.3). Hence, [u — v]4 = 0 and so, u < v
on B. g

Proposition 3.3. Assume a < 1 — %. The weak solution u, of Problem (3.1) is a viscosity

solution to the equation:

(3.4) Lyu = fy(u) in {u >}
In addition, wu, is a viscosity supersolution to the equation (3.2) on the coincidence set S :=

{z € Q:u(z) =¢(x)}.
Proof. Assume uy, is not a viscosity subsolution in {u, > 9}, i.e. there is a point zg € {u, > ¥}
and a test function ¢ € C1(Q) N C(Q) such that u, < ¢ on Q, ¢(x0) = u,(zo) and

Lyp¢(xo) — fp(d(x0)) < 0.

Thanks to our assumption that o <1 — %, it is easy to see that « — L,¢(x) is continuous on
Q. Hence, there is a r > 0 small enough such that

Lyo(z) — fp(P(xo)) <0 on B(xzg,r).

Let n be a smooth cutoff function such that n(xg) = 1 and n = 0 on Q\B(xo,r). Then, we
define

G =@ —emn.
Clearly, ¢. = ¢ on Q\B(x,r). Moreover, one has

| () — 3= (P[P 2[0=(x) — de (y)] = d(x) — d(y) —eln(z) —n(W)]IP>[¢(x) — d(y) —eln(z) —n(y)]].

Yet,
\w»e(x) G P ule) — e ()] — 6(e) — S(y)P2b(x) — ¢<y>]\
1
- '<p ) ( [ 16t) = 6(0) ~ elate) — () dt) —eln(a) - n(y)ﬂ'
< Celz —y|P L.
Then, we get

[ Lpde(2) = Lp¢()] < Ce.
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We recall that u, and f are both continuous. For € > 0 small enough, we have then

Lpoe(z) — fplup(x)) <0 on B(zo,r).

But, ¢. = ¢ > u, on Q\B(xg,7). By Proposition 3.2, we infer that u, < ¢. in B(zo,r). In
particular, u,(xo) = ¢(x0) < ¢<(x0) = ¢(z0) — €, which is a contradiction. This concludes the
proof that w, is a viscosity subsolution in {u, > 1}.

The proof that ), is a viscosity supersolution in (2 is similar and so, we omit some details.
Assume by contradiction that there is a point zo € Q and a test function ¢ € C1(Q2) N C(Q)
such that ¢ < u, on € with equality at z¢ and

Lp¢(x0) - fp(¢($o)) > 0.

Now, set ¢. := ¢ + en, where 7 is always a cutoff function such that n(xg) = 1 and n = 0
outside B(xg,r). Then, we have ¢. = ¢ on Q\B(xg,r). In addition, one can show as before
that for every € > 0 small enough,

Lyoe(z) — fp(up(x)) >0 on B(xg,r).

Again, by Proposition 3.2, we infer that u, > ¢. in B(xg, ), which is a contradiction. O

4. THE LIMIT PROBLEM AS p — 00

In this section, we show that up to a subsequence the solutions u, to (1.4) converge uniformly
to a function u as p goes to infinity. Moreover, we will be interested in identifying the limit
problem verified by u. First of all, let us remember the definition of the infinity fractional
Laplacian

Lou= syp ‘W -u@ o wy) —ul@)
yeQ, y#x |y_l.|o¢ yeQ, y#x ‘y_x‘a

We decompose this operator as follows:

rue sup “WZUO 4 Lous e MW U@
yeQ, y#£x |y - x|a yeQ, y#x ’y - m’a

In the sequel, we will need the following technical result where the proof can be found in [1,
Lemma 6.5].

Lemma 4.1. Assume ¢ € C*(Q). Let {z,}, C Q be such that z, — x9. We define

_ o(y) — ¢(xp) p _ 0(y) — ¢(xo)
fp(y) - |y_$p|a an f(y) |y—l’0|a ‘
Then, we have
. [fp]i _
lim = = |[[f]x|lL=(0)-
Preellly —ap| v e

Then, we have the following:

Proposition 4.2. Suppose that h : R — R* is a C! function and g € C**(9€). Moreover,
assume that there is a constant M < oo such that

(4.1) Y(z) < min{M|z — x0|* + g(z0) : zo € 08}, for all x € ).
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For hy, = %, let uy, be a solution of Problem (3.4). Then, up to a subsequence, u, — u
uniformly in Q. Moreover, u € C%%(Q) and, u is a viscosity solution to the following problem:

(min{—Loou, —Liu—h(uw)} =0 in {u>y}n{f(u) <0},

max{—Loou, —LLu+ h(u)} =0 in {u> vy} N{f(u) >0},
(4.2) min{—Loou, —Lu—h(u)} >0 in {u=¢}N{f(u) <0},
max{—Loou, —LIu+ h(u)} >0 in {u=v}N{f(u) >0},
u=yg on 09,

where f =h'.

Proof. First, we show that there is a function § € C%*(Q) such that § > on Qand § =g
on JN. For & € 002 and c € R, we set

Vie(x) :=Clz —2|* +¢, for all z € Q,

where C' > 0 is any large constant. If ¢ > ||g|oo, then Vi, > 4 on Q and V. > g on 9.
Now, we define

g(z) = inf {Vj7c($) : & €09, c€R such that Vz . >v¢ on Q, Vz,.>g on 69}.

We clearly have § > v on Q and § > g on 99. Now, fix a point £9 € 9Q and set ¢y = g(&o).
By (4.1), one has

Vio.co (@) = Clx — 2| + g(Z0) > ¥(x), for every x € Q.
Thanks to the a—Holder regularity of g, then we also have

Voo (®) = Cla — &o|* + g(Z0) > g(x), for every = € 9f.
But so,
G(20) < Vig,eo(Z0) = co = g(20).

This yields that § = g on 9§2. Moreover, it is clear that § € C%%(Q). On the other hand, we

have
[up() — up(y)|? / 1 // |g(x) — g(y)|P / ~
+ hp(up) < — —_—— 4 hy(g
//stz |z — ylop Q (1) 2p JJaxa lx—yloP Q »(9)
< C”IQ|2 |17(9)11519] %
- 2p D T p
We get that

// ‘Up — up( )’p < CP.
QxQ |$— |oP

Hence, there is a uniform constant C' (independent of p) such that we have the following bound:

1
|:// ‘Up _UP( )’p P SC
QxQ |z — y|op
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On the other side, we recall that ||uy||ee < C([ulsp + [9]sp) + [|G]|cc < C thanks to the fact
that g € C%*(09). Fix m < p, one has

1
g s [ o
QxQ ’l“* |am Qx0 |$* |ap

Consequently, (up), is bounded in W*™(Q) (with s = o — %) and so, up to a subsequence, it
converges uniformly to a function u € W™ (Q), for all m. In particular, u belongs to C%%(Q).

Now, fix zg € {u > 1}. We show that u is a viscosity subsolution at z¢ to equation (4.2).
First, we consider the case when f(u(2g)) > 0. Assume there is a function ¢ € C'(Q) N C(Q)
such that u < ¢ on Q, u(zg) = ¢(xp) and,

max{—Locd(20), —Li¢(x0) + h(¢(x0))} > 0.
In fact, one can assume that x( is the unique maximizer of u — ¢. To see this fact, fix § > 0
small enough and set ¢s() := ¢(z) + §|x — x¢|?, for every x € 2. We have

Loops(zo) = sup 9o(@) = dolwo) |y Po(@) = dsl@o),

€N, x#T0 |.CU - 330|a x€Q, x#£x0 ‘l’ — 1,‘0‘0‘
Yet,
[65(2) — d5(w0)] — [d(x) — d(x0)] = b2 — wo|*.
Hence,
60(x) = (o) _ 0lx) = 0lxn) 5o O) —6lr0)
[z —zol® |z —wol® A '

Therefore, we get that
L bs(wo) — L3¢ (0)| < C0.

Then, —Loods(xo) > 0 or —LI_ ¢s(x0) + h(¢ps(zo)) > 0 provided that § > 0 is small enough.
This proves our claim.

Since u, — u uniformly in €2, then there is a point x, € {u, > 1} such that u, — ¢ has a
maximum at z, and x, — xg (since zg is the unique maximizer of u — ¢). In the sequel, we
set M, := maxq[u, — ¢|; we note that M, — 0, u, < ¢ + M, and u,(z,) = ¢(z,) + M,. But,
up is a viscosity solution to equation (3.4). Hence,

—Lp[¢ + Mp)(zp) + fp(d(xp) + Mp) <0,
where f, = h;,. So, we get

—Lyp(xp) + fp(p(p) + M,) <0.

Recalling the definition of Lp7 one has

16(z) — Bz,) P! Blz) — d(ay)
(4.3) / m—mw 6(2) — olzy)

dz + fp(p(xp) + M) < 0.

Then,

z) — ¢(x,) P x )Pt
PR iy SUL B SR

n |z — p|ap
Set

Aplg) = [/Q 6@) = Sl | 77

|z — xp|°P
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and

Byl¢] == [/Q [o(z) — p(ap)]" " . ril
We have

Assume A,[¢] > 0. Hence,

(4.4)

Therefore, we have

Bolel _ g Del@lm) + My)TT h(o(y) + My) F(6(w) + M) .

Aple] Aplé] Aplé] B

since otherwise, at least one of the two terms in (4.4) goes to oo, which is a contradiction.
Thanks to Lemma 4.1, we have that A,[¢] — LY ¢ and By¢] — —L ¢. Passing to the limit
when p — oo, this yields that

—Loop(0) <0 and — LLp(z0) + h(d(xg)) < 0.

If f(u(xo)) < 0, we assume that there is a function ¢ € C1(Q2) N C(Q) such that u < ¢ on Q,
u(zo) = ¢(x0) and,

min{—Loo¢(20), —Loo¢(x0) — h(é(x0))} > 0.
Recalling (4.3), we have

JECE Sl [ o) oty
Q Q

|5U_1’p|ap |$_$p|ap

p—1
Y dx — fo(d(xp) + Mp).

Following the same steps as before, we arrive to a contradiction and so, w is a viscosity
subsolution to the following equation:

min{—Leou, —Lu—h(u)} <0 in {u>}.

Let us prove that u is also a viscosity supersolution in §2 to equation (427) in the case when
f(u(x0)) > 0. Our aim is to show that for every function ¢ € C'(Q2) N C(Q) such that u > ¢
on 2 and ¢(xg) = u(xp), we have

max{—Leod(20), —Lid(20) + h(¢(x0))} > 0.

Assume this is not the case. Thanks to the uniform convergence of u, to u, there is a point x,, €
Q such that =, — = and u, — ¢ has a minimum at x,. We denote by m,, := ming[u, —¢] — 0.
Since wy, is a viscosity solution to (3.4), then one has

—Ly[o)(xp) + fp(d(zp) +mp) > 0.
So, we have
Bylo" ™" + fp(¢(ap) +mp) = Aplg]P
In particular, we get

fo(@(zp) +mp)

>1 or > 1.

Aplé] -
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Hence,
—Lood(x0) >0
or
—LL 6(x0) + h(¢(0)) > 0.
Consequently,

max{—Lood(20), ~LL6(20) + h(é(0))} = 0.

Finally, if f(u(zo)) < 0 then one can show similarly that u is a viscosity supersolution in € to
the following equation:

min{—Locu, —L_u — h(u)} > 0.
This concludes the proof. [

5. REGULARITY

In this section, we assume that A’ > 0 over R. Under this assumption, we recall that the
limit problem is the following:

max{—Loou, — LI u+ h(u)} =0 in {u> 1},
(5.1) max{—Loou, — LI u+ h(u)} >0 in {u=1},
U=y on 0f).

In order to study the regularity of a viscosity solution u to Problem (5.1), we start by the
following comparison principle:

Proposition 5.1. Let u be a viscosity solution of (5.1). Let ¢ € C1(Q)NC(Q) be a strict
viscosity supersolution in {u > ¥} such that u < ¢ on {u =1} UIN. Then, we have u < ¢ in
Q.

Proof. Assume there exists a point 2* € {z € Q : u(x) > ¢(x)} such that u(z*) — ¢(z*) =
")

maxq[u — ¢] = M > 0. So, we have u < ¢ + M on Q and u(z*) = ¢(x*) + M. Since u is a

viscosity solution, then one has
max{—Locd(a*), —Li(x*) + h(¢(z*) + M)} < 0.
As ' > 0, then
max{—Lood(a*), —L3,¢(x*) + h(¢(2*))} < 0,

which is a contradiction since ¢ is a strict viscosity supersolution in {u > 9 }. g

Lemma 5.2. Fiz xo € {u > ¥}. If u is a viscosity solution of Problem (5.1) in 0, then u is
a viscosity solution of (5.1) in Q\{zo}.

Proof. We show that u is a viscosity subsolution in Q\{z¢} N{u > ¥}. Let 2* € Q\{zo} N{u >
Y} and ¢ € CL(Q\ {zo}) N C(Q) be such that u < ¢ on Q and ¢(x*) = u(x*). Assume that
u(zg) < d(zo). Let ¢, € CH(2) N C(Q) be such that ¢, = ¢ on Q\B(zo, 1), ¢ < ¢, and ¢,
converges uniformly to ¢. So, we have u < ¢, on Q and u(z*) = ¢, (2*). Since u is a viscosity
solution on {2, then we must have

(5.2) max{—Loodn(z"), =L én(z") + h(dn(z"))} < 0.
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Fix 0 < e < |zg — 2*|. For n € N* large enough, one has the following:

Loone) mmax{ sup WGy, SO
e\ B(uo. ) ytar Y T yeB(zoe),yer 1Y — T

_ * _ *
e { sup $(y) Qi(z 1 €) qinix )}_

ye€O\B(z0,¢), y#x* ’y -z ‘ yEB(z0,e), y#a* ’y -z ‘
Yet, it is clear that

(z)n(y) - ¢n($*) — ¢(y) — QZ)('I"*)
ly — a*|* ly — |

Hence, lim,,—,oo LT ¢, (2*) = LT ¢(z*). In the same way, we show that L™ ¢, (z*) — L™ ¢(z*).
Passing to the limit in (5.2) as n — oo, we get that

max{—Loop(z"), =L ¢(z*) + h(d(z"))} < 0.
Finally, assume that u(zo) = ¢(x0). For every § > 0, we define ¢; := ¢ + 6|z — 2*[>. We have
¢s(x*) = u(x*) and u < ¢5 on 2. Hence,

max{—Loos(2"), ~LL¢s(x") + h(¢s(2*))} < 0.

uniformly in B(zo, €).

But, we recall that

|Lacds(x) — Ligg(a)| < C6.
Passing to the limit when § — 07, we conclude the proof. In the same way, we show that u is
a viscosity supersolution in Q\{xo}. O

Proposition 5.3. Any viscosity solution u of Problem (5.1) is bounded. Moreover, we have
[|ulloo < max{||g|loc; [|t)]loc}-

Proof. Set ¢ = M > max{||g|co, ||¥||cc}. We have u < ¢ on {u =1} UIN. Fix z € QN {u >
1}, then we clearly have

masx{—Le(x), —L" ¢(x) + h(d(x))} = h(M) > 0.

Hence, ¢ is a strict viscosity supersolution. Thanks to the comparison principle 5.1, this yields
that u < ¢ on Q. O

Proposition 5.4. Let u be a viscosity solution of (5.1). Then, w is locally a— Hdélderian in
{u > v¥}. Moreover, we have the following estimate:

“ = dist(w, {u = ¢} UIN)’

for every w CC QN {u >},

where [u], denotes the a—Hélder constant of w.

Proof. Fix zp € wN{u > ¢}. Assume a < 1. Set U, (z) = |z — x0|®, for all z € Q. For
x € Q\{zo}, it is easy to see that

\I/ — \If _ a _ «
L_\Ijmo(x) = lnf M — Hlf ’y :1:0’ ‘$ .1?()‘ < 1
ez [y —2l®  yeyta ly — |
On the other hand,
)\ — v _ o o @
LWy(a) = oup chx) s swp v - oo - o x0|a <  sup  U(r),
yeQ, y#x ’y_x’ yEQ,y;ﬁx”y_xO‘_’w_xOH 1<T<diL(SZ)

[z—zq]
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@ —1
—. Yet, it is easy to check that W is increasing on (1,400) and so, since

with U(r) = (:_71)
diam(ﬂ)) (W) !

a < 1, we have
= < 1.

(=)

|z — 2o
Ly, < = —1 .
o) < <diam(Q) B 1) <0
|z — 2o
Now, we define ¢(x) = u(zg) + Clz — 20|*. We have ¢ € C1(Q\{z0}) N C(2). Moreover,
Locd(z) = CLU,, (z) < 0.

LTV < VU
ot < (G20

Consequently, we get that

In particular, one has

max{— Lo (), —LLé(x) + h(d(x))} > 0.

If we choose the constant C' large enough, one can get that u < ¢ on {u = 1} UIQ U {xp}.
Indeed, for every x € {u =1} U0, we have

u(z) — ¢(x) = u(x) — u(wo) — Clo — xo|* < 2[|ullec — Cdist(zo, {u =y} UIY* <0

as soon as
2|[ulloo

= dist(zo, {u = ¢} UOQ)E

Thanks to the comparison principle 5.1 and since u is a viscosity solution while ¢ is a strict
viscosity supersolution in Q\{zo} N{w > 1}, this implies that u < ¢ in Q\{zo}. Consequently,

u(z) < u(zo) + Clz — zo|“.

Finally, assume o = 1. Fix € > 0 small enough. Then, we define ¥, (z) = |z —xo| — |z — 20|
Again, we have

ly — @o| — ely — wo|?> — |z — @o| + €]z — @o|?

U, - U, .
L™V, ()= inf o () (@) _ inf

yeQ, y#a ly — x| yeQ, e ly — |

< —1+4elx — 0.
Moreover,

Ve (y) — Way () ly — wo| — ely — xo|* — |z — 20| + ]z — 20|?

LT, (r)= sup < sup
yeQ, y#x |y - x‘ yeQ, y#x Hy - x(]‘ - ‘il] - .T(]H
=1—¢lr—z9|—¢  min ly — zo| = 1 — 2¢|x — xo].

ly—zo|>|z—w0]|
Hence, we get
LV, (z) < —¢lz — x| <0, forall z€ Q\{zp}.
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Now, set ¢(x) = u(zo) + C[|x — xo| — |z — 20|?]. So, we have Lo(z) = CLV, (z) < 0, for
every z € Q\{zo}. In addition, one has

u(@) — ¢(x) = u(x) — u(zo) — Cllx — o| — el — wo|?]

< 2| — Cdist(w, {u = ¥} UHN) 4+ Cediam(Q)? < 0

as soon as
2| oo

C> .
~ dist(w, {u = ¥} UdN) — ediam(Q)*

Then,

2||ul[os
lu(z) — u(zo)| < dist(w, {u = 1} U 0Q) — ediam ()

sz —xo| —elz — o[?].

Letting € — 0, we get

~ dist(w, {u =¥} UIN

|u(x) = ulxo) ) |z — @ol.

g

Proposition 5.5. Assume v € C%(Q). Then, any viscosity solution u of (5.1) belongs to
C%(Q). Moreover, we have

[ula < C([lgllocs [[¥ [0, [9]as [¥]a)-
Proof. Fix xzy € 0{u > ¢ }\9Q. Set ¢(x) = ¥(xg) + Clr — z9|* From Proposition 5.4, we
recall that ¢ is a strict viscosity supersolution in {u > 1}. Since ¢ € C%*(£2), we have
u(z) — ¢(x) = P(x) — Y(zo) — Clx — xo|* <0, for all z € {u =1}
and
u(@) =o(x) = g(x) =(xo) = Clo—wo|* <|lglloo +[[¢[|oc—C dist(zo, 02)* <0, for all € L,

as soon as

[lglloc +11%]loo
— dist(xg, 002)> .

Hence, by Proposition 5.1, we infer that u < ¢ in {u > ¢}. Thanks to Proposition 5.4, this
implies that u € C&?(Q)

Now, fix zy € 9Q. Again, we define ¢(z) = g(xo) + C|z — x0|*. So, ¢ is a strict viscosity
supersolution in {u > 1 }. Moreover, one has

u(z) — ¢(z) = g(x) — g(zo) — Clz — zo|* <0,  for all z € 0N
and
u(z) — p(x) = P(x) — g(x0) — Clz — x0|* <0, forall = € {u=1v},

provided that C' > max{[g]a, M}; we note that in the last inequality we have used that
Y(z) < min{M|z — x0|* + g(z0) : 7o € 9N}. Consequently, u € C*(Q). O

We conclude the paper by the following existence result in the case when h is not smooth.

Proposition 5.6. Assume h is a nonnegative increasing continuous function on R. Then,
Problem (5.1) has a solution.
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Proof. Let h,, be a sequence of smooth functions such that k], > 0 and h,, — h locally uniformly
on R. For every n € N, let u,, be a solution to Problem (5.1). Thanks to Proposition 5.5, we
have
[un]a < C(llglloos [[¥]loc, [9las [¥]a)-
Moreover,
||unlloo < max{||g][oo, |[¥]loo }-

Hence, up to a subsequence, u,, — u uniformly in Q. In particular, we have v = g on 9Q and
u > 1) on €. Now, let us show that u is a viscosity solution of (5.1). First, we show that u is
a viscosity subsolution in {u > v¥}. Fix 29 € {u > v} and let p € C*(Q2) N C(£2) be such that
u < ¢ on Q and u(xg) = ¢(z0), we recall that one can assume z( to be the unique maximizer
of uw — . For every n, let x,, be a maximizer of u,, — ¢ and set M,, := maxg[u, — ¢|. Then,
T — xo and M,, — 0. Since u,, is a viscosity solution, then one has

max{—Loc@(n), = Lic@(xn) + hn(o(zn) + My)} < 0.

But, Lo € C(2) since ¢ € C1() (see [1, Lemma 3.5]). Passing to the limit when n — +oo0,
we get

max{—Loop (o), ~LLp(w0) + h(y(20))} < 0.
In the same way, we show that u is a viscosity supersolution in §2. This concludes the proof

that u is a viscosity solution. O
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