THE LIMIT OF A NONLOCAL p—LAPLACIAN OBSTACLE PROBLEM
WITH NONHOMOGENEOUS TERM AS p — oo

SAMER DWEIK

ABSTRACT. The aim of this paper is to investigate the asymptotic behavior of the minimizers
to the following problems related to the fractional p—Laplacian with nonhomogeneous term
hp(x,u) in the presence of an obstacle 1 in a bounded Lipschitz domain Q ¢ R,

_ p _
min{l/ [u(z) = u)|” + / hp(z,u) : we WP(Q), u>1 on Q, u=g on 89}.
2 Jaxa Q

|z — ylor

In the case when hp(x,u) = h(mpiu)p and h(z,u) > 0, we show the convergence of the solutions
to certain limit as p — oo and identify the limit equation. More precisely, we show that the
limit problem is closely related to the infinity fractional Laplacian. In the particular case
when Jsh > 0, we study the Hoélder regularity of any solution to the limit problem and we
extend the existence result to the case when h is not smooth.

In addition, we will study the limit of this problem when the nonhomogeneous term hp(x, u)
is not necessarily positive. To be more precise, we will consider the following two cases:

hp(z,u) = h(z)u and hy(z,u) = h(z) ‘uTlA with A := A(p) < p.

1. INTRODUCTION

Let © be a bounded open set in RY and g be a a—Hdlder boundary datum on 9. From
[1], it is well known that if u, minimizes the functional

Eylu] == /ngQdedy

|z — yl|oP

among all functions w in the fractional Sobolev space W*P(2) such that u, = g on 9Q (with
s=a— %), then u, — u as p — oo where the limit function u solves the following equation
(which is usually referred to as the infinity fractional Laplacian):

Lot := LI u+ L u=0,

where

Liu= sup uly) = ulz) and L u= inf M

ye, y#x ’y - x’a yesd, y# ‘y - x’a

In fact, one of the most important motivations to analyse this kind of problems is the a—Holder
extension of the function g € C%*(9Q). In fact, one can show that the limit function u is the
optimal Holder extension to  of the boundary datum g, i.e. the Holder seminorm for « in
is always less than or equal to the one for the boundary datum given on 0f2.

Given a continuous obstacle v, the authors in [9] follow the work in [1] and prove existence
of a fractional harmonic function constrained to lie above the obstacle and to take the datum
1
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on Jf). More precisely, they show that the following obstacle problem has a viscosity solution:

Loou =0 in {xe€Q: ulx) >},
Loou <0 in {xe€Q: ulx)=1)},
u(z) > P(z) if x e,

u(z) =g(x) if z € IN.

(1.1)

In order to have a solution for this problem (1.1), it is necessary that ¥ (x) < g(z), for all
x € 0. So, in the sequel, we will assume the following natural condition on the obstacle :

P < g on ON.

The idea in [9] follows exactly the one in [1], where the authors approximate Problem (1.1)
with a sequence of fractional p—Laplacian operators. To be more precise, they consider the
following minimization problem:

(1.2) min {Ep[u] cu € WHP(Q), u>1 in Q, u=g on 6Q}.

But, it is not difficult to check that the Euler-Lagrange equation associated to this functional
is

(1.3) {LPUP =0 in {u, >},

Lpup <0 in {up =},

where

(@ w1 () - ()
L, —/Q( |z — y|o > |z — y|o ‘u(w_u(x”dy.

Let us denote by L; and L, the positive and negative parts of Ly, respectively. So, one has

Liu, = Ly, in {u, >}

Hence,
p—1 L p—1 L
([ (Bl L) ([ (el L
Q |z =yl |z =yl Q |z =yl |z =yl ’
where [z]3 := max{+£z,0}. Letting p goes to oo, we may show that up to a subsequence

up — u. Formally, we get that
Liu=—-Lg

ol

and 80, Loou = 0 in {u > 1¥}. We note that this limit procedure only works when the right
hand side in (1.3) is zero.

In this paper, we consider the minimization problem (1.2) but in the presence of an extra
nonhomogeneous term:

E _
(1.4) min{gj[?u] + / hy(z,u) : w € WP(Q), u>1 on Q, u=g on 89},
Q

The main goal of this paper is to study the limit as p — oo of the minimizers u, to (1.4), prove
their convergence up to a subsequence to a function u, and to identify the limit problem for
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u. Assume h > 0 and h, = %p, we may assume that the limit function u solves the following
problem:
(15) Loou = h(x,u) in {u>},
' Loou < h(zx,u) in {u=1}.

However, we will see in Section 3 that this is not the case and the limit equation is completely
different, so the presence of the nonhomogeneous term makes the analysis of our problem
more delicate. We note that this will also depends on the monotonicity of h. In Section 4,
we will study the limit of (1.4) in the linear case, i.e. when h,(x,u) = h(z)u, and show that
the limit of (1.4) is equivalent to an optimal transport problem with import/export taxes.
In Section 5, we will also consider the superlinear case, i.e. when hy(z,u) = h(s&)‘“TIA where
1<A=A(p) <p.

In [2], the authors characterize the limit as p — oo of the branches of solutions to the local
p—Laplacian:

—V - [|[VulP2Vu] = AP, w0,

with A > 0 and lim, % = 74 < 1. They show that the limit set is a curve of positive
viscosity solutions of the equation

min{—Au, |Vu| — Cu’*} =0,

where Asou := D?u Vu - Vu is the infinity Laplacian operator and C' > 0. On the other hand,
in [7], the problem of minimizing the fractional Rayleigh quotient has been considered

|u(z)—u(y)P
(1.6) min { JJrn m [z—y[oP

fRN up

This problem leads to an interesting eigenvalue problem with the non-local Euler-Lagrange
equation:

cu € WH(Q), u=0 on 8(2}.

—Lyu = MulP~?u,

where the operator £, is defined exactly as L, but with integration set RY instead of Q. The
limit equation takes the form

max{Loou, Loou+ Au} =0 in Q.

In addition, an equivalent nonlocal version for the fractional p—Laplacian was studied in [5],
where the authors were interested in describing the behaviour of the solutions to the following
Dirichlet problem as p — oo:

_ — |y -1 i
(1.7) { Lyou = |ul u in €,

u=g on RV\Q,

Inspired by [7], the authors of [5] prove that the limit problem of (1.7) is the following problem:

(1.8) {min{—ﬁoou, —Lu—|u[™} =0 in Q,

u=g on RM\Q.



4 S. DWEIK

2. PRELIMINARIES

In order to study the minimization problem (1.4), we recall some basic theory of fractional
Sobolev spaces. Assume €2 is a Lipschitz domain. Then, we define the fractional Sobolev space
WeP(Q) with 0 < s <1 and 1 < p < oo as follows:

p
WHP(Q {uELp // )‘ <oo}.
()= ' QxQ \m - y\N“p

We may see W*P(Q) as an intermediary Banach space between LP(Q2) and WP(Q), endowed
with the natural norm

D
lallwengay = [W [u]f;,p]-

In order to obtain a Poincaré inequality in W;* () (where the space W;?(£2) is defined as the
closure of C§°(£2) with respect to the norm || - ||yys.»(q)) valid for p large, we consider again
the fractional Rayleigh quotient:

Ap = min (1.6).
In [7], the authors show that
1 1
(Ap)? — Ro’

with R = max{dist(z,0Q) : € Q} being the radius of the largest ball inscribed in Q. As a

consequence, we have
u(y)P\»
|ul| o) < C(R, ) // —
RN xRN |l‘ - y|°‘p
p
/i L e B
RN xRN ’3«" - y’ap axQ |95 - y\ap QX (RN\Q) ’3«“ —ylor
However,
1
// |u(7 / |u( |P</ dz> dz.
ax(®M\Q) |2 — y[*P {(z:2+zeRN\Q} |2]°P

Using polar coordinates, one has

z= —————drdw.
{zztzerm\0} [2]7F s -1 (0w gy 70PN

For w € SV~ we define

But,

dpo(z) :=inf{r >0: 2+ rw ¢ Q}.

Hence, we have

1 1 1 1
dzg/ / ! rdw-= .
/{z:x+zeRN\Q} |z]oP sv-1 Sy @) TPV ap — N Jsn-1 dyo(x)oP=N

Thus, we get

R
< u(x)P ———dw | dx.
//QX(RN\Q) |z —y|*? ~ ap— N Q‘ @) sv-1 dy ()P~ N
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Thanks to [8, Theorem 1.2], if sp > 1 then we have the following fractional Hardy-type
inequality:

1 —u(y)P
()P _dw)dz < C(N,p, // [u@) = uy)I”
/ </S L (@ N ) o) [

Finally, this yields that

1
N
[[ull e )<C’(//QXQ ]x—y|a?;)’ )p, for all u € WP ().

On the other hand, one can show certain regularity properties for functions in W*P(Q) when
sp > N. From [10, Theorem 8.2], there exists a constant C' < oo depending only on s, p, N
such that

(2.1) HuHCo,g(Q) < Clulsp, for all u € WP (),
where g = s — % and

u(x) —u(y _
lullonaey =l +sup { O =20y e 00 24,

Since we are interested in what happens when p — 0o, we want to diminish the dependence
on p. Thus, it is useful to note that the constant C' can be chosen independently of p such
that the following inequality holds:

(2.2) l[ul|poe (@) < Clulsp, for all u € WP ().

3. THE CASE OF A NONNEGATIVE NONHOMOGENEOUS TERM

3.1. Existence of solutions to the fractional p—Laplacian problem. Let i, : Q x R —
R* be a nonnegative continuous in (x,s) and C' function with respect to the second variable
s and set f, = Oshy,. We consider the minimization problem:

p —
mm{ // [u(z) = u(y)l? +/hp(x,u) cu e WH9(Q), u>1on Q, u=gon 39},
2p JJaxa !1’— y|oP 0

where ap = sp + N. Assume that there is an extension § € W*P() such that § = g on 5.
For simplicity of notation, we will simply call it g instead of g.

Proposition 3.1. Assume o > %. Then, there exists a minimizer u, for Problem (3.1).
Moreover, u, is a weak solution to the following problem:

Lyu = fp(z,u) in {u> 1},
Lyu < fp(z,u) in {u=1},

where

U 2
Lpu= [ M=) - oy

Proof. Let (uy), be a minimizing sequence in Problem (3.1). So, there will be a constant

C' < oo such that
p
// [un(@) = un (@) / hy(@,un) < C,  for all n.
QxQ \33 —ylor Q2
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Since hy, > 0, this implies that

p
// |Un n( )’ <C.
QxQ \1’ —yloP

l[tn — 9||Coﬂ @) = Clun = glsp < C[un]sp + [9]s,p)-

But, we have

This yields that (uy),, is bounded in W*P(£2) and so, up to a subsequence, u, — u, in W*P(Q)
and so, u, — u, uniformly in CO8(Q) with B = o — ﬂ. By Fatou’s Lemma, this yields that

_ p p —_ p
// |up(w) — up(y)| // lim inf [\ Un () — un(y) ] < hmmf// [un () — un(y)|
OxQ \33 —yloP axQ " |z — y|oP OxQ |»’U —ylop

/hp(x,up) §liminf/ hy (2, wp).
Q n Q

So, we get that

//stz [up(2 iz __yu";](? )|p+/ By (2, up) < hmmf{ //QXQ n E __yTZzg )|p+/Q hp(x,un)].

Yet, up > 1 on Q and u, = g on 9Q. Hence, u, minimizes (3.1). Now, we show the second
part. Let ¢ be a smooth function such that supp(¢) C {u, > 1}. Thanks to the continuity
of uyp, it is clear that wu, + t¢ is admissible in (3.1), for all £ € R small enough. From the

minimality of u,, we have
|up() — up(y)[? /
+ [ hyp(x,up)
//Qxﬂ \x— ylor o P

lup(x) + to(z) — up(y) — to(y) P ._
2p //QXQ + /Q hyp (2, up + tg) := Ty(t).

|z — y|oP

So, Js has a minimum at ¢ = 0. Therefore, we have jd’)(O) = 0 and so, we get the following:
U —u =1y (x) —u
R Bl O R S T P
axQ |z —yl |up(@) — up(y)]
By symmetry, this yields that

Jup() — up () P )
.., ryer W) —w@)]é@) + | oo,

Finally, we note that for every ¢ € C§°(2) such that ¢ > 0, the function u, + t¢ is admissible
in (3.1), for all t € R*. Hence, J;(0) > 0 and so, one has

Jup(x) — up(y) P2
//Qxﬂ \:(: — y|op [up(y) — up(@)] $(2) + /Q Tp(z,up) ¢ > 0.

U —u p—2
/| p\Z - p(y)] [up(y) — up(x)] dy + fp(z,up) >0 in {u, =} O

_ ‘ap

Then,
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The solutions in the previous Proposition 3.1 were defined as weak solutions to the Euler-
Lagrange equation in the usual way with test functions under the integral sign. In the sequel,
we will see that they are also viscosity solutions of the equation
(3.2) Lyu = fp(x,u)

inside the noncoincidence set {u, > v} while it is a viscosity supersolution in the coincidence
set {u, = 1}. We refer the reader to the book [6] for an introduction to the theory of viscosity
solutions. Here, we give the definition of a viscosity supersolution (resp. subsolution).

Definition 3.1. We will say that u is a viscosity supersolution in § of the equation (3.2) if
the following holds: whenever xq € Q and ¢ € C*(Q) N C(Q) are such that

d(z0) = u(wo) and ¢(z) < u(x) for all x € Q,
then we have

min{—Ly¢(xo) + fp(z0, ¢(20)), d(z0) — ¥ (x0)} > 0.

The requirement for a viscosity subsolution is symmetric: the test function is touching from
above and the inequality is reversed. Finally, a viscosity solution is defined as being both a
viscosity supersolution and a viscosity subsolution.

In order to prove that weak solutions are viscosity solutions we need the following comparison
principle (the proof follows in an analogous way the one in [7]):

Proposition 3.2. Let u and v be two continuous functions belonging to W*P(€2). Assume
that —Lyu < —Lyv in the weak sense on B C Q. If u <wv on Q\B, then u < v in Q.

Proof. Assume [u — v]4 # 0 on B. Since [u — v]4 = 0 on Q\B, then [u —v]; € W;*(Q2) and
so, one has

//M i |1,_ |az,|p fo(e) ()] //BQ |x_ |a2,|p ) )] [u—] . ().

Hence,
//BXQ !:1: - ylay [v(z) = v(¥)([u - v]4(2) = [u—v]4 ()
> [ o) — uw) (= ol o) ~ = ol ()
BxQ
Then, we get
o 5 /[ i) (= o)~ [ =0l > 0
where

B1(,y) = [\m) o)) — o)) — Jule) — ulm)Plulz) - u(y)]].
For a, b € R, one has

1
- lap~a = [ Sllarto-aP-*a+to-a)) - -0 [

1 la+t(b—a)P~2 dt> [b—al.

Then,
(I)l (.’IJ, y)
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1
—(p-1) ( [ tute) = ) + e0) = vl0) = ) + )P dt) [o(z) — v(y) — u(x) + u(y).

So, we get
D1 (2, y)[[u — v](z) = [u—v]+(y)]
= ®a(z, y)[v(z) — v(y) — u(z) + uw@)][[u — v]+(z) = [u—v]+(y)]
where

1
®a(o9) = (= 1) [ ua) = o) + (060 = o) = u(o) + w2 a) > 0.

o [v(@) —v(y) — w(z) +u)][[u —v]+(z) = [u—v]4+(y)]
= —[u(z) —v(z) — (u(y) —v(y)l[[u — v]4+(2z) — [u—v]+(y)]
=~ [l B @)+ = o2 0) - @alen)|
e P3(z,y) = [u(z) —v(@)|[uly) — v(y)]+ + [u(y) — v(Y)][u(z) — v(z)]+.
EZf,eSimphCity of notation, we set si := [u(x) — v(z)]+ and t+ := [u(y) — v(y)]+. Then, we
- By (2, y) = [54 — 5|ty + b4 — b |54 = 256y — 5 1y — 1 5.

[v(z) = v(y) —u(@) + u))[[v - v]4 (@) = [u—v]+(y)]
= —[s5 +15 — 284t + sty +tosi]=—[(sy —ty)® + sty +t_sy] <O.

Thus, we get that
O (2, y)[[u — vl4-(x) = [u— vl (y)] <O
Finally, we infer that

1
—— Py (z,y) (J[u —v]r(z) — |lu—v]+(y)) <0,
J| e i) (u— @)~ [ =1l w)
which is in contradiction with the strict inequality in (3.3). Hence, [u — v]4 = 0 and so, u < v

on B. O

Proposition 3.3. Assume o <1 — %. The weak solution w, of Problem (3.1) is a viscosity

solution to the equation:

(3.4) Lyu = fp(x,u) in {u>y}.
In addition, w, is a viscosity supersolution to the equation (3.2) on the coincidence set S :=

{r e Q:ulx) =¢(z)}.

Proof. Assume uy, is not a viscosity subsolution in {u, > v}, i.e. there is a point ¢ € {u, > 9}
and a test function ¢ € C1(Q) N C(Q) such that u, < ¢ on Q, ¢(x¢) = up(zo) and

Lyo(z0) — fp(z0, ¢(20)) <O.

Thanks to our assumption that o <1 — %, it is easy to see that x — L,¢(x) is continuous on
Q). Hence, there is a r > 0 small enough such that

Lyé(x) — fp(zo, d(z0)) <0 on B(zo,7).
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Let 1 be a smooth cutoff function such that n(xg) = 1 and n = 0 on Q\B(zg,r). Then, we
define

be 1= ¢ —emn.
Clearly, ¢. = ¢ on Q\B(xp,r). Moreover, one has

6= () = b= (9) P~ [0e(2) = 0 ()] = |(@) = B(y) —<ln(z) —n(Y)][P~*[6(x) — 6 (y) —ln(z) —n(y)]].

Yet,
\w»g(x) )P ule) — e ()] — [6(x) — S(y)P2b(x) — ¢><y>]\
1
- '<p ) ( [ 16te) = 6(0) — elate) — () dt) [~ eln(z) - n(y)ﬂ'
< Celz —y|P L.
Then, we get

‘Lp(lsa(x) - quﬁ(:z:)\ < Ce.

We recall that u, and f are both continuous. For € > 0 small enough, we have then

Lyoo(x) — fp(z,up(x)) <0 on B(zg,r).
But, ¢ = ¢ > up, on Q\B(xg,r). By Proposition 3.2, we infer that u, < ¢. in B(zg,r). In
particular, u,(xo) = ¢(x0) < ¢-(x0) = ¢(x9) — €, which is a contradiction. This concludes the
proof that u, is a viscosity subsolution in {u, > 1}.

The proof that u, is a viscosity supersolution in €2 is similar and so, we omit some details.
Assume by contradiction that there is a point zp € {2 and a test function ¢ € CHQ) N C(Q)
such that ¢ < u, on ) with equality at xo and

Lypp(x0) — fp(zo, p(20)) > 0.

Now, set ¢. := ¢ + en, where 7 is always a cutoff function such that n(xzg) = 1 and n = 0
outside B(xg,r). Then, we have ¢. = ¢ on Q\B(xg,r). In addition, one can show as before
that for every € > 0 small enough,

Lyoe(z) — fplx,up(x)) >0 on B(xzg,r).
Again, by Proposition 3.2, we infer that u, > ¢. in B(xg, ), which is a contradiction. O

3.2. The limit problem as p — oo. In this section, we show that up to a subsequence the
solutions w, to (1.4) converge uniformly to a function u as p goes to infinity. Moreover, we
will be interested in identifying the limit problem verified by u. First of all, let us remember
the definition of the infinity fractional Laplacian

Lou= sup M inf M
yeQ, y#£ |y_l»|04 yeN, y;ﬁx |y_x|a

We decompose this operator as follows:

L sp M@ u@)

and L_u= inf M
yeq, vtz Y —z|®

& yEQ, y#x \y — l"a

In the sequel, we will need the following technical result where the proof can be found in [1,
Lemma 6.5].
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Lemma 3.4. Assume ¢ € C*(Q). Let {z,}p C Q be such that z, — xo. So, we define

_ 9(y) — d(xp) _ 9(y) — o(wo)
fp(y) - |y . LL’p|O‘ and f(y) - |y . xO’a .
Then, one has
i | e,
rreellly —aplr loe(@)

Hence, we have the following:

Proposition 3.5. Suppose that h : Q x R +— RY is a nonnegative continuous function in (x, s)
and that it is C* with respect to the second variable s and g € C%*(9€)). Moreover, assume
that there is a constant M < oo such that

(3.5) Y(z) < min{M|z — x0|* + g(z0) : zo € 0N}, for all z € Q.

For hy(x,s) == h(xpif)p, let uy, be a solution of Problem (3.4). Then, up to a subsequence,

up, — u uniformly in 2. Moreover, u € CY(Q) and, u is a viscosity solution to the following
problem:

(3.6)
min{—Leou, — L u — h(xz,u)} =0 in {u>v}rn{f(z,u) <0},
max{—Loou, —LLu+ redh(z,u)} =0 in {u>y}N{f(z,u) > 0},
min{—Leou, —Lu— h(z,u)} >0 in {u=v}N{f(z,u) <0},
max{—Loou, — LI u+ h(z,u)} >0 in {u=1v}nN{f(x,u) >0},
Loou=0 in {u>YNO\{f(x,u) # 0},
Loou <0 in {u =y} NO{f(z,u) # 0},
Loou>0 in {u>YrNo{f(x,u) > 0}\o{f(z,u) <0},
Loou <0 in QN o{f(z,u) < 0\{f(x,u) > 0},
(u=yg on 09,

where f(x,s) = dsh(z,s).

Proof. First, we show that there is a function § € C%*(Q) such that § > on Qand § =g
on JN. For & € 002 and c € R, we set

Vie(x) :=Cloz —2|* + ¢, for all z € Q,
where C' = max{[g]co.a(g0), M} > 0. If ¢ > ||g]|oo, then Vi, > ¢ on Q and V;. > g on 9.
Now, we define
g(z) = inf {Vi,c(:p) : €09, ceR such that V3 . > 1) on Q, Vie>g on 89}.
We clearly have § > v on  and § > g on 99. Now, fix a point Z9 € 9Q and set ¢y = g(&o).
By (3.5), one has
Vio.co (@) = Clx — 2™ + g(Z0) > ¢(x), for every x € Q.

Thanks to the a—Holder regularity of g, then we also have

Véxo,co(x) = Clz — Zo|* + g(20) > g(2), for every z € 0.
But so,

G(20) < Vigeo(Z0) = co = g(2o).
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This yields that § = g on 9§2. Moreover, it is clear that § € C%%(Q). On the other hand, we

have
P 1 g(z) — g(y)|?
// lup(x UZ( Yyl + / hy (2, up) < // M + / hp(x, )
axa |z —y|*P Q 20 JJoxa  le—ylor @
_Ch0P | InCglkiel ¢
2p D P
We get that

[[ I -mor
QxQ |z — y|op

Hence, there is a uniform constant C' (independent of p) such that we have the following bound:

IS =

On the other side, we recall that ||uy||ee < C([ulsp + [9]sp) + [|G]lec < C thanks to the fact
that § € C%(99). Fix m < p, one has

09 ([ ] < [ R ot <

Consequently, (up), is bounded in W™ (Q) (with s = o — %) and so, up to a subsequence, it
converges uniformly to a function u € W™ (Q), for all m. In particular, u belongs to C%%(Q).

Now, fix 2o € {u > 1}. We show that u is a viscosity subsolution at z¢ to equation (3.6).
First, we consider the case when f(zo, u(xo)) > 0. Assume there is a function ¢ € CH(Q)NC(Q)
such that u < ¢ on Q, u(zg) = ¢(x) and,

max{—Loo¢(x0), =L ¢(x0) + h(zo, d(20))} > 0.
In fact, one can assume that x( is the unique maximizer of u — ¢. To see this fact, fix § > 0
small enough and set ¢s() := ¢(x) + d|x — xo|?, for every x € 2. We have
¢s(x) — ¢s5(wo) 4 ing ps(x) — ¢5($o).

Loo¢5(x0) = Sup

z€Q, z#£x0 ]ac — l’o’a z€Q, x#x0 \:p — l’o‘a
Yet,
[6s(x) — d5(x0)] — [d(x) — P(x0)] = 8]z — wo|*.
Hence,
Ps(x) — ¢s(z0) _ ¢(x) — ¢(=o) Y R ¢(x) — ¢(wo) L Cs
@~z T e —al® T e el '

Therefore, we get that
Lsos(wo) — Logg(x0)| < C6.

Then, —Loops(z0) > 0 or —LE ¢5(z0) + h(xo, ps(x0)) > 0 provided that § > 0 is small enough.
This proves our claim.

Since u), — u uniformly in €2, then there is a point x, € {u, > 1} such that u, — ¢ has a
maximum at z, and x, — xg (since zg is the unique maximizer of u — ¢). In the sequel, we
set M, := maxq[u, — ¢|; we note that M, — 0, u, < ¢ + M, and u,(z,) = ¢(z,) + M,. But,
up is a viscosity solution to equation (3.4). Hence,

—Lp[¢ + My|(zp) + fp(zp, ¢(zp) + M) <0,
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where f, = 0shp. So, we get
—Lpd(xp) + fp(xp, d(7p) + M) <0,

Recalling the definition of L,,, one has

6(e) — bla)l ! Bw) = blxy)
09 e s o o) + M) <0

Then,

p—1 p-l
/[¢<x>—¢<xp>]+ . /W) YN Gt gy by + M),
Q Q

|z — zp|*P

Set

Aplo] = [/Q [cb(:U‘L—_gz;(jil]ﬁ—l dx} o
and

Bylo] := { /Q [¢<x‘l—_ ijil]fi—l dl} =
We have

Ap[8]P " > ByloP ' + folap, d(xp) + M)

Without loss of generality, we may assume that A,[¢] > 0. Hence, dividing by A4,[¢], we get:

Bylg]"™ + fo(ap, o(ap) + Mp) <1.

(3.9) Al AT S

Therefore, we have
1

1 1
By[d] <1 and fp(@p, d(@p) + Mp)P~1 _ h(zp, ¢(xp) + Mp) f(xp, p(@p) + Mp)?-1
Aple] — Ap[9] Ap[9]
since otherwise, at least one of the two terms in (3.9) goes to oo, which is a contradiction.

Thanks to Lemma 3.4, we have that A,[¢] — L ¢ and Byl¢] — —L ¢. Passing to the limit
when p — o0, this yields that

—Locp(z9) <0 and — LI ¢(w0) + h(zo, p(z0)) < 0.

<1

If f(zo,u(x0)) < 0, we assume that there is a function ¢ € C1(2) N C(Q2) such that u < ¢ on
Q, u(xg) = ¢(xo) and,
min{—Loo¢(z0), —Lo¢(x0) — h(z0, $(z0))} > 0.
Recalling (3.8), we have
~1 ~1

’x_xp’ap |z — zp|*P

Following the same steps as before, we arrive to a contradiction and so, w is a viscosity
subsolution to the following equation:

min{—Leou, —Lu— h(z,u)} <0 in {u>}.
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Let us prove that u is also a viscosity supersolution in 2 to equation (3.6) in the case when
f(zo,u(z0)) > 0. Our aim is to show that for every function ¢ € C(€2) N C(Q) such that
u > ¢ on Q and ¢(zg) = u(xp), we have

max{—Loogb(xg), —L;gb(a}g) + h(.l‘(], qb(ivo))} > 0.

Assume this is not the case. Thanks to the uniform convergence of u, to u, there is a point x,, €
Q2 such that z, — x¢ and up, — ¢ has a minimum at x,. We denote by m, := ming[u, — ¢] — 0.
Since u,, is a viscosity solution to (3.4), then one has

—Lp[d)(xp) + fp(zp, $(zp) +mp) > 0.
So, we have
Bp[¢>]p_1 + fp(xp7 ¢(xp) + mp) > Ap[¢]p_1-

In particular, we get

B Tp, P(Tp) + M
e o s,
Hence,
—Lood(z0) >0
or
—L3,¢(x0) + h(wo, d(x0)) > 0.
Consequently,

max{—Leod(20), —Lid(20) + h(wo, d(x0))} > 0.

Finally, if f(zo,u(xg)) < 0 then one can show similarly that u is a viscosity supersolution in
Q) to the following equation:

min{—Leou, —Lgu — h(-,u)} > 0.
This concludes the proof. [

3.3. Regularity. In this section, we assume that d;h > 0 over 2 x R. Under this assumption,
we recall that the limit problem is the following:

max{—Loou, —LIu+ h(z,u)} =0 in {u>},
(3.10) max{—Loou, —LT u+ h(z,u)} >0 in {u=1},
U=y on Of).

From the previous section, we know that Problem (3.10) has a solution u which can be obtained
by approximation with the fractional p—Laplacian problem (1.4), and this solution u belongs
to C%(Q). The goal of this section is to show that any viscosity solution to (3.10) is in
fact a—Holderian. In order to study the regularity of a solution u, we start by the following
comparison principle:

Proposition 3.6. Let u be a viscosity solution of (3.10). Let ¢ € C1(Q) N C(Q) be a strict
viscosity supersolution in {u > 1} such that u < ¢ on {u =1} UIN. Then, we have u < ¢ in
Q.
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Proof. Assume there exists a point 2* € {z € Q : u(x) > ¢(x)} such that u(z*) — ¢(z*) =
O *

maxqu — ¢] = M > 0. So, we have u < ¢ + M on 2 and u(z*) = ¢(z*) + M. Since u is a
viscosity solution, then one has

max{—Loop(2”), —~L3(a*) + h(z*, ¢(z*) + M)} < 0.

As 9sh > 0, then
max{—Loo¢(z"), =L p(z*) + h(z*, ¢(z*))} <0,

which is a contradiction since ¢ is a strict viscosity supersolution in {u > }. O

Lemma 3.7. Fix x¢ € {u > v}. If u is a viscosity solution of Problem (3.10) in Q, then u is
a viscosity solution of (3.10) in Q\{zo}.

Proof. We show that u is a viscosity subsolution in Q\{zo}N{u > 1}. Let 2* € Q\{xo} N{u >
Y} and ¢ € CH(Q\ {z0}) N C(Q) be such that u < ¢ on Q and ¢(z*) = u(z*). Assume that
u(zg) < d(zo). Let ¢, € C1(Q) N C(Q) be such that ¢, = ¢ on Q\B(zo, 1), ¢ < ¢, and ¢,
converges uniformly to ¢. So, we have u < ¢,, on Q and u(z*) = ¢, (x*). Since u is a viscosity
solution on 2, then we must have

(3.11) max{ —Leon (), _L:o¢n($*) + h(x*, ¢n(z¥))} < 0.
Fix 0 < ¢ < |zg — 2*|. For n € N* large enough, one has the following:
_ * _ *
R I I = T
yeQN\B(z0,¢), y£T* |y - | yEB(mo,¢), yF£a* |y - |

__Sup Ta » _ Sup T
yeQ\B(z0,e), y£x* ’y -z ‘ yEB(mo,), y£a* ]y - ‘

- 6(y) — (") ) = (7)),
Yet, it is clear that
Pn(y) — Pn(z) 5 P(y) — d(z*)
ly — |« ly — [
Hence, lim,, oo LT ¢, (2*) = LT ¢(z*). In the same way, we show that L™ ¢, (z*) — L™ ¢(z*).
Passing to the limit in (3.11) as n — oo, we get that
max{—Lood(2"), ~LLo(a") + h(z*, ¢(2*))} < 0.
Finally, assume that u(zo) = ¢(x0). For every § > 0, we define ¢; := ¢ + 6|z — 2*[>. We have
¢s(x*) = u(x*) and u < ¢5 on 2. Hence,

max{—Loops(z*), =L ds(z*) + h(z*, ¢5(x*))} < 0.

uniformly in B(zg,€).

But, we recall that

|[Lacts(@) — La(x)] < C6.
Passing to the limit when § — 0%, we conclude the proof. In the same way, we show that u is
a viscosity supersolution in Q\{zo}. O

Proposition 3.8. Any viscosity solution u of Problem (3.10) is bounded. Moreover, we have
[|ulloo < max{||g|loo; [|¥)]loc}-

Proof. Set ¢ = M > max{||g|co, ||¥||cc}. We have u < ¢ on {u =1} UIN. Fix z € QN {u >
1}, then we clearly have

max{—L¢(z), —LT¢(x) + h(x, ¢(z))} = h(z, M) > 0.

Hence, ¢ is a strict viscosity supersolution. Thanks to the comparison principle 3.6, this yields
that u < ¢ on Q. O
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Proposition 3.9. Let u be a viscosity solution of (3.10). Then, u is locally a— Holderian in
{u > vy}. Moreover, we have the following estimate:

2|[u] oo

[u]a < dist(w, {u =¥} UIN)’

for every w CC QN {u >},

where [u], denotes the a— Hélder constant of u.

Proof. Fix zp € wN{u > ¢}. Assume a < 1. Set U, (z) = |z — x0|, for all z € Q. For
x € Q\{zo}, it is easy to see that

U(y) = V(z) _

|y — x0|* — [z — 20"

L™V, (x) = inf —— = inf = < —1.
veQ,yte |y — yeQ, ytx ly —
On the other hand,
Y(y) — ¥(z) ly — @o|* — |z — x|”
LTV, (z) = sup Y S sup 7 — 2ol = o —zo]|® = sup U(r),
yer yix y x yEQ,yyﬁx y Zo €T Zo 1<r< t}ldm(Q‘)
: r¢—1 . . . .
with ¥(r) = ————. Yet, it is easy to check that ¥ is increasing on (1,+00) and so, since
(r—1)

a < 1, we have

()

diam(€2) |z — 20|
LT, <V = 1.
o(@) < < |z — 0 ) (diam(Q) B 1>0‘ <
|z — x|

Consequently, we get that

(=)

|z — x|
< — .
LY, (z) < <diam(Q)_1>a 1 <0
|z — x|
Now, we define ¢(x) = u(zg) + Clz — 20|*. We have ¢ € CL(Q\{z0}) N C(2). Moreover,
Loct(z) = CLW,, (z) < 0.

In particular, one has

max{—Lood(x), —LL,6(x) + h(z, $(x))} > 0.

If we choose the constant C' large enough, one can get that v < ¢ on {u = ¢} UIQ U {xo}.
Indeed, for every x € {u =1} U0, we have
u(z) — ¢(x) = u(z) — u(zo) — Clz — x0|™ < 2Jul|oe — Cdist(wo, {u = ¢} UIQ)* <0

as soon as
2| Jul]oo

~ dist(zo, {u = ¢} UOIN)

Thanks to the comparison principle 3.6 and since u is a viscosity solution while ¢ is a strict
viscosity supersolution in Q\{zo} N{u > 1}, this implies that u < ¢ in Q\{zo}. Consequently,

u(z) < u(zo) + Clr — x0|°.
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Finally, assume o = 1. Fix € > 0 small enough. Then, we define ¥, (z) = |z —xo| — |z — 20|
Again, we have

v — _ _ o2 e e
L0, ()= inf W Ve e Iy = 2ol Zely = aol” = o = @l + el — |

yeQ, y#£x ly — x| yeQ, y#x ly — x|

<-1 +€|LE — CL‘O|.

Moreover,

Voo (y) — Way () ly — @o| — ely — xo|* — |z — 20| + ]z — 20|?

L+\Ij9€0 (z) = sup < sup
veyta 197l ye e [ly = ol = |z — o]
=1—¢lx—xo| —¢ min ly — xo| = 1 — 2¢e|z — x0].

ly—zo[>|z—z0]
Hence, we get
LY, (z) < —¢elz — x| <0, forall z€ Q\{zp}.

Now, set ¢(x) = u(xg) + C[|x — 20| — €|z — 20|?]. So, we have Lo(z) = CLW,, (x) < 0, for
every x € Q\{zo}. In addition, one has

u(z) - $(z) = u(z) — u(zo) — Cllz — w0| — el — zo’]

< 2||t]]oe — Cdist (w, {u = 1} U AN) 4+ Cediam(Q)* < 0

as soon as
2Julloo

C> .
~ dist(w, {u = ¥} UdN) — ediam(Q)*

Then,
2[[ufloo

dist (w, {u = 1} U 0N) — ediam(Q)?

|u(x) = u(xo)| < [l — xo| — |z — zof?].
Letting ¢ — 0, we get
~ dist(w, {u =¥} U0N)

|u(z) — u(xo) |z — x|

g

Proposition 3.10. Assume 1 € C%(Q). Then, any viscosity solution u of (3.10) belongs to
C%(Q). Moreover, we have
[ula < C(llglloos [[¥]lso; [g]as [¥]a)-

Proof. Fix zg € 0{u > ¢ }\0Q. Set ¢(r) = ¥(xo) + Clr — 20|*. From Proposition 3.9, we
recall that ¢ is a strict viscosity supersolution in {u > 1}. Since 1 € C%%(Q), we have

u(z) — ¢(x) = ¢(x) = Y(xo) — Clz —xo|* <0,  forall z € {u=1y}
and
u(@)—o(x) = g(x) —b(x0) = Clo—wo|* <||glloo+[¢[|oc—C dist(zo, 02)* <0, for all € IR,

as soon as
[1glloe + 11¥]los

— dist(xg, 0Q)
Hence, by Proposition 3.6, we infer that u < ¢ in {u > ¢}. Thanks to Proposition 3.9, this
implies that u € C%(€).

loc
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Now, fix zy € 9Q. Again, we define ¢(z) = g(xo) + Clz — x0|*. So, ¢ is a strict viscosity
supersolution in {u > 1 }. Moreover, one has

u(z) — ¢(x) = g(z) — g(xo) — Clz — 20|* <0, for all z € 00

and
u(z) — ¢p(z) = () — g(zo) — Clr — 20|* <0, for all x € {u =1},

provided that C' > max{[g]s, M}; we note that in the last inequality we have used that
Y(x) < min{ M|z — z0|% + g(z0) : o € 9Q}. Consequently, u € C%(Q). O

We conclude this section by the following existence result but in the case when h = h(s) is
not smooth.

Proposition 3.11. Assume h is a nonnegative nondecreasing continuous function. Then,
Problem (3.10) has a solution.

Proof. Let h,, be a sequence of smooth functions such that A/, > 0 and h,, — h locally uniformly
on R. For every n € N, let u,, be a solution to Problem (3.10). Thanks to Proposition 3.10,
we have

[un]a < C([lglloos [[¢]o0s gl [¥]a)-

Moreover,

[t |loo < max{]|g]loo; [[¥]|oc }-

Hence, up to a subsequence, u,, — u uniformly in 2. In particular, we have u = ¢ on 02 and
u > 1 on Q. Now, let us show that u is a viscosity solution of (3.10). First, we show that u is
a viscosity subsolution in {u > v¥}. Fix 29 € {u > v} and let p € C*(Q2) N C(£2) be such that
u < ¢ on  and u(xg) = ¢(z0), we recall that one can assume x( to be the unique maximizer
of u — . For every n, let x,, be a maximizer of u,, — ¢ and set M,, := maxg[u, — ¢|. Then,
Tn — x9 and M, — 0. Since u,, is a viscosity solution, then one has

max{—Loo@(n), —Li@(xn) + hn(Tn, p(n) + My)} < 0.

But, Lo, € C(£) since ¢ € C1() (see [1, Lemma 3.5]). Passing to the limit when n — +oo0,
we get
max{—Loop(w0), —LL¢(w0) + h(zo, ¢(20))} < 0.

In the same way, we show that u is a viscosity supersolution in €2. This concludes the proof
that u is a viscosity solution. [J

4. THE CASE OF A LINEAR NONHOMOGENEOUS TERM

In this section, we consider the case when the nonhomogeneous term is linear in s, i.e.
hyp(z,s) = h(z) - s, where h € L9(Q2) with ¢ > 1. For p > ¢/q — 1, we minimize the following
problem

(4.1 mln{ // |x |ap /h Yu :ue WSP(Q), u > on €, u-gon@Q}
Qx0 -

Notice that the nonhomogeneous term has no sign now and so, we cannot use Proposition 3.1
to get existence of solution to Problem (4.1). However, we still have the following:
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Proposition 4.1. Problem (4.1) has a minimizer u,. Moreover, u, is a weak solution to the
following problem:

(4.2) {—Lpu =h in {u>},

—Lyu<h in {u=1}.

In addition, if h is continuous and p > 1/1 — a then wy, is also a viscosity solution to Problem
(4.2).

Proof. Let (up), be a minimizing sequence. Then, there is a uniform constant C' < oo such

that
_ p
// lun(z) —un(y)lP / h(zx) u, < C, for all n.
QxQ |$ —y|oP Q

Using both Hélder and Poincaré inequalities, we have

1_1 1_,_,
/Qh( 2)tn <1574 ||Bll ey lunllzo) < 121777 (1Bl ooy llunll o)

(4.3) <1915 1Bl g (Cltn — gl + 9l o) < C(lunlsp+1)

where the constant C' is uniform in n. In particular, this implies that
[un]$p — Clun]sp < C.

Hence, (uy)p is bounded in W*P(Q) and so up to a subsequence, u, — u, in W*P(Q) and
uy, — up uniformly in C%%(Q), B = a — 2 with u, >+ on Q and u, = g on 9. So, we get

that
_ p
QxQ \iﬂ— ’ap QxQ |=’E— |°‘p
/h(m)un%/hx u
Q Q

Hence, w, minimizes Problem (4.1). Now, let ¢ be a smooth function such that supp(¢) C
{up > 9}. Then, for all ¢t € R small enough, we have

m/ﬁmmﬂmiﬁyw—éum%

up() + 16(z) — 1py) — t6(1)
2p[ém o ylov /h My +19].

u —Uu -2
//QXQ Jup( |x — p|((lp)|p [up(y) — up(z)] o) —/ h(z) é(z) = 0.

Q

and

Thus, we get

The fact that Lyu, < h on the coincidence set {u, = ¢} can be treated similarly. Following
the proof of Proposition 3.3, one can also show that u, is a viscosity solution to (4.2) provided
that h is continuous. This concludes the proof. [J
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Proposition 4.2. Up to a subsequence, u, — u uniformly in Q and u belongs to C¥*(Q). In
addition, assume [g}co,a(ag) < 1 and that the obstacle ¥ satisfies the following inequality:

(4.4) Y(z) < min{|z — 0| + g(z0) : zo € N}, for all z € Q.

Then, u mazimizes the following problem:

max{/ o(z) h(z)dz : ¢ € CO(Q), [QS]CO@@) <1, ¢>v% in Q and p =g on OQ}
Q

where
6(z) — 6(w)|

[#lco.e@ = sup |z —y|*

z,y €Q

Moreover, this limit function u is a viscosity solution to the following limit problem:
(Liu=1 in {u>¢}n{h<0}

Liu=-1 in {u>y}n{h> 0},

Lou=0 in {u>1y}n(Q\ gpt h),

Lo <0 in {u=1}N(Q\spth),
(4.6) Loou <0 in QN o{h > 0}\0{h < 0},

Loou>0 in {u>¢y}no{h <0}\0{h > 0},

Liu<l inQ,

Lou>-1 1in Q,
(u=y9 on 0.

Proof. Recalling the proof of Proposition 3.5, there is a function g € C%(Q) such that § > v
on  and g = g on 99. Thanks to (4.12) and the fact that [g]co, @ (29) < 1, it is not difficult
to check that g satisfies [g] o, (@) < 1. From the optimality of u, in (4.1), we have

//st) e | —_yu\z“’() o /Q )y = 2p //ng w—y’a”)’ - /Qh(x)g

|Q‘2 [g]goa [ ]COa )
< —— 1[5l e Nl 1 Q)<c(<+1>_
P p

Recalling estimate (4.3), we get

/Qh( 2)up < 197577 (11| ooy (Clup — glsp + 19l o)
where the Poincaré constant C' is independent of p (see Section 2). Hence, we infer that

/ h(x) up < C([uplsp +1).
Q

Hence,

Using Young inequality, one has

Cluplsp < = [upl? ., + Cppj, for any € > 0.
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Therefore, we get

1 ~1D

1 € gp—1 [9]00&(5)

—[up)? ., — = [upl? , — C’P1<C< +1>

2p[ p] P [ p] P p%l P
Choose € = i. Then, we infer that

[g]p ,a(Q)
(47) wls, < Cp( =0 4 1),
Consequently,
1
([ tmt o)
axe |z —yloP B

Yet,

[uplloo < C[ulsp + [d]sp) +1l9]lec < C.

Recalling (3.7), we may show that (up), is bounded in Waf%’m(ﬁ), for any m € N. Hence,
up to a subsequence, u, — u uniformly in Q where u € C%*(Q), u > ¢ in Q and u = g on 9.
Recalling (4.7), since [g]co.0(m) < 1, then we have

1
(4.8) [uplsp < [Cp]7.
Fix m < p. Thanks again to (3.7), one has

(49) [//ng " |z —_ytlbzgn ol ] < [Cp]7 |5

By Fatou’s Lemma, we get

1
lim inf [// u(y)] ]m gliminfliminf// [up(x) — up(y)[™
m—00 QxQ |55 - |°‘m m—oo p=oo ) Jouq |95 —ylom

< lim inf lim inf [Cp] \Q] ) = liminf \Q]% = 1.
m—0o0

m—00 pP—+00

3|

Now, let ¢ € C%*(Q) with ¢ > ¢ in Q, ¢ = g on 9 and [gf)]Co_ya@) < 1. Since u, minimizes
(4.1) and ¢ is admissible, then we have

2 //ng s |1;__1TZ£ i _ /Qh(x)Up(a:) < %/AXQW - /Qh(x)¢(a:).

Hence,

Lol

- [ ayugte) < -

2p

- [ nwo).
Q
Passing to the limit when p goes to oo, we get

[ H@ute) = [ hijoa).

Q

Fix 29 € Q. Let ¢ € C1(Q) N C(Q) be such that u < ¢ on Q and u(zg) = ¢(xg). Then, we

claim that
— L ¢(z0) < 1.
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By definition of L, we have

—Lo¢(wo) =  sup M< sup u(zo) — u(z)

<1
2€Q, 2wy |T — Tol® 0, x£zo T — Tol*

where in the last two inequalities we have used that ¢(zo) = u(zg), u < ¢ in Q and [u]co.a < 1.
Now, assume ¢ € C1(2) N C(Q) is such that u > ¢ on Q and ¢(zy) = u(xg). From the

definition of LY, one has

o(x) — olr0) _ u(z) — u(ay)

LT ¢(xg) = sup —t—"—2 sup
#(0) z€Q, z#x0 |z — 20]|* x€Q, T#T) |z — 20]|*

<1.

Hence,
~LE p(z0) +1 > 0.

Fix 29 € {u > ¢} N{h < 0}. So, we will show that u is a viscosity subsolution at z¢ to (4.6).
Assume by contradiction that there is a function ¢ € C1(Q) N C(Q) with u < ¢ on Q and
u(xo) = ¢(xg) such that
—LE b(zo) +1> 0.
From the proof of Proposition 3.3, we recall that by considering ¢s(z) := ¢(z) + 6|z — o|?
instead of ¢, one can assume that z is the unique maximizer of v —¢. Since u, — u uniformly
in 2, then there is a point x, € {u, > 1} such that u, — ¢ has a maximum at z,, and x, — .
Set M), := maxq[u, — ¢]; we note that M, — 0, u, < ¢ + M, and up,(zp,) = ¢(zp) + M,. But,
uy is a viscosity solution to equation (4.2). Hence,

—Lp¢(xp) — h(zp) < 0.

Hence, ,
6@) = Sl o) = d(wy)
T da e~ e <
Thus, we get
(4.10) AP > BylolP ! — h(wy),

where we recall that

Alg] = [ /Q [$(x) — bl " dx}z and B[g] = [ /Q 9(2) — ol 17T

|z — p|*P |z — mp’ap

Then,

Since h(zg) < 0, then we have

B,[¢] [—A(z,)] 7T
4,09 yREIE

Recalling Lemma 3.4, we have that A,[¢] — LL ¢ and B,¢] - —L3 ¢. Passing to the limit
when p — 0o, we get

<1 and

—Loop(z9) <0 and — LE (o) +1<0

which is a contradiction.
Fix zg € {u > ¢} N{h > 0}. Assume there is a function ¢ € C*(Q) N C(Q) with v > ¢ on
Q and u(wg) = ¢(z0) such that
— Lo (o) — 1 <0.
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Again we may assume that xg is the unique minimizer of v — ¢. Thanks to the uniform
convergence of u, to u, there is a point x, € € such that x, = z¢ and u, — ¢ has a minimum
at x,. We denote by m, := ming[u, — ¢| — 0. Since u, is a viscosity solution to (4.2), then
one has

—Ly[¢)(zp) — h(xp) > 0.
So, we have

In particular, we get

Ayl h(zp) Pt
1 d
Blo =1 M T <!
Hence,
—Loop(x0) >0 and — L o(xg) —1 >0,

which is a contradiction. .
If the point g € {u > ¥} N (2\spth) then one can show exactly as above that u is a
viscosity solution at xg to the following equation

(4.11) Loott = 0.

If 29 € {u = ¥} N(Q\ s?pt h), then u is a viscosity supersolution to (4.11) at zg. In the
same way, we show the remaining equations in (4.6) when z¢o € 9{h > 0}\0{h < 0} or
zo € 0{h < 0}\0{h > 0}. This concludes the proof. [

Finally, we note that if & = 1 then the maximization problem (4.5) without both the obstacle
w > 1 in Q and the boundary condition u = g on 9 is nothing else than the dual of the
classical Monge-Kantorovich problem. In [3, 4], the authors studied a mass transportation
problem between two masses h™ and h~ (which do not have a priori the same total masses)
with the possibility of transporting some mass to/from the boundary, paying the transport
cost ¢(z,y) plus an extra cost g(y) for each unit of mass that comes out from a pointy y € 92
(the export taxes) or —g(x) for each unit of mass that enters at the point z € 9Q (the import
taxes); this means that 02 can be used as an infinite reserve/repository, we can take as much
mass as we wish from the boundary, or send back as much mass as we want, provided that
we pay the transportation cost plus the import/export taxes. In this case, the dual problem
will be complemented with the boundary condition w = g on 92. In addition, assume that
we can import mass through any point z € {2 but we have to pay again an import tax given
by —t(z). Then, the obstacle condition v > 9 in £ will be added now to the dual problem.
So, we conclude this section with the following connection with optimal transport theory (the
proof of this duality will be similar to the one in [3]).

Proposition 4.3. Under the assumptions that [g]co,a(ag) < 1 and that the obstacle i satisfies
the following inequality:

(4.12) Y(x) < min{|z — zo|* + g(xo) : zo € 00}, for all z € Q,
we have the following duality:

max{/ o(z) h(z)dz : ¢ € CO(Q), [@lcoam <1, ¢ =9 in Q and =g on aQ}
Q

=min{ [ le—ylan= [ waimmyp—nl+ gd[(Hy)#V—(Hz)#W]:veﬂ(h+,h_)}
QxQ Q o0

where

(AT, h7) = {y e MT(Qx Q), (x)gy>h" and (II,)zy > h"}.



THE LIMIT OF A NONLOCAL p—LAPLACIAN OBSTACLE PROBLEM 23

5. THE CASE OF A SUPERLINEAR NONHOMOGENEOUS TERM

This section is devoted to study the limit of Problem (3.6) when p — oo but in the case when

the nonhomogeneous term hy(z,u) = h(x)-3 Jul® , where the constant A = A(p) > 1 depends on
p and the function A is in L4(Q2) for some ¢ > 1 Then, we consider the following minimization
problem

u(y)P 1/ A S }
min —— | h(z)|ul™ : we WP(Q), u > on Q, u=gon I ;.
Ry =y

Notice that this case was not covered in Section 3 since here the nonhomogeneous term is not
necessarily nonnegative. Some of the proofs are similar to those in Section 3; therefore, we
will omit certain details and focus on the main differences. We begin by proving the following
existence result.

Proposition 5.1. Under the assumption that A < (1 — %)p, Problem (5.1) has a minimizer
up. In addition, u, is a weak solution to the following problem:

(5.2) —Lyu=hlul*2u in {u> 4},
' —Lyu < hlul*2u in {u=1}.

Moreover, assume h is continuous and p > 1/1 — . Then, u, is also a viscosity solution to
Problem (5.2).

Proof. Let (uy), be a minimizing sequence in Problem (5.1). Then, there is a constant C' < oo

such that » )
// [un(z) ~ @) / h(z) [ua|* < C.
20 J Jaxa |z — ylop A Ja

Since A < (1 — l)p, then one has

|un — un(y )|p 1-1-4
Q h n
3 [ < 10 R bl ey + C.

Hence,
[Un]g,p < C(HUTLH%P(Q) +1).

Therefore, (un), is bounded in W*P(Q). But, this implies (see the proof of Proposition 4.1)

that up to a subsequence, u,, — u, uniformly in € and u, minimizes Problem (5.1). Finally,
we note that if ¢ is a smooth function such that supp(¢) C {u, > 1} then, for all ¢ small

enough, one has
|up(@) — up(y /
U
= Dol

|up )+ td(x) — up(y) — to(y) P A
217 //QXQ |z — y|op A/ z)|up + |

// [up(@) = wp WPy ()] ¢($)—/h(x) Jup|* =2 up $(a) = 0.
QxQ “

|z — yl|oP

Hence,

Finally, we conclude the paper by the following:
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Proposition 5.2. Up to a subsequence, u, — u uniformly in Q. In addition, assume that

limM:A*<l—f

Then, the limit function u solves (in the viscosity sense) the following problem:

(max{—Loou, ~LEtu+uY=0 in {u>yv}n{h-u>0},
min{—Leou, —Lu — [ul*} =0 in {u>y}n{h-u <0},

(5.3) max{—Loott, —LLu+ [u/*} >0 in {u=+}n{h-u>0},
min{—Loou, —Lgu— [ul¥} >0 in {u=v}n{h-u<0},
u=g on 0L.

Proof. Since u, minimizes (5.1), then we have

|up () — up(y / A~ // )’ 1 ~1A
U < e h(z)|g
//QxQ |z — \ap A Dlupl” < 2p J Jaxa \33— ’O‘p A Jg (@3l

QP (317, 97 I} cP
<T@ )< che (@) L2@) ) « 2
< % ||g||L°° @ L@ C( > A > = p

Yet,
A 1—1_A 1 A
Qh(m)\upl < Qa7 [[hlLogo) (Clup = glsp + QU7 [|g]] Lo ()™

Therefore, we get that

/ h(@)lupl® < CA (]2, +1).
Q

Hence,
1 croo,o_cr
%[Up]g,p - T[up]s,p < re
Then, we get
—A
1 € gr=& _pp (P
[upl$p = = lupls Cr—r < —
2p 25 p
Consequently,

Since A < (1 — %)p, then we have

erf\F s
[up]s,p§0+< n > Cr-x < C.
P

Yet,
[uplloo < C([ulsp + [Glsp) + [1G]lec < C.

Thus, we infer that up to a subsequence, u, — u uniformly in Q and u € C%*(Q) with u > v
in Q and u = g on 0f.

Finally, we show briefly that u solves (5.3) in the viscosity sense. Fix z¢ € {u > 1}. Then,
we will show that u is a viscosity subsolution at zg to (5.3). Assume that h(zg) - u(zo) > 0.
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Let us assume that there is a function ¢ € C*(2) N C(Q) such that u < ¢ on Q, u(xg) = ¢(x0)
and,
max{—Loo¢ (o), ~LLé(w0) + |é(z0)|*} > 0.
Since u, — u uniformly in €2, then there is a point x, € {u, > ¥} such that u, — ¢ has a
maximum at x, and z, — zo. Set M, := maxq[u, — ¢]. So, one has M, — 0, u, < ¢+ M,
and up(xp) = ¢(xp) + M. Yet, uy, is a viscosity solution to equation (5. 2) Hence,

/|¢ O(p)[P" B(x) — dlap)
[z —2poPo(x) — dlap)]

da + h(zp)|¢(zp) + M, |A 2[ P(xp) + Mp] < 0.

Then, we have

By[¢)P "t h(z x M,|A=2[p(x,) + M,
A{g PICHITEN +Ap[f;|]p—1[¢( )+ M) _
Therefore, we have
B[ 16 M ) (lwy) + M)
a0 =t 4,0 =t

Recalling Lemma 3.4, one has A,[¢] — L1 ¢ and By[¢] — —L ¢. Passing to the limit when
p — 00, we get

—Loop(w0) <0 and  — LE (o) + |¢(z0)[* < 0.
Finally, we note that the other equations in (5.3) can be treated similarly. This concludes the
proof. O
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