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ABSTRACT. We consider the numbers of positive and negative eigenvalues of
matrices of squared distances between randomly sampled i.i.d. points in a
given metric measure space. These numbers and their limits, as the number
of points grows, in fact contain some important information about the whole
space. In particular, by knowing them, we can determine whether this space
can be isometrically embedded in the Hilbert space. We show that the limits
of these numbers exist almost surely, are nonrandom and the same for all
Borel probability measures of full support, and, moreover, are naturally related
to the operators defining the multidimensional scaling (MDS) method. We
also relate them to the signature of the pseudo-Euclidean space in which the
given metric space can be isometrically embedded. In addition, we provide
several examples of explicit calculations or just estimates of those limits for
sample metric spaces. In particular, for a large class of countable spaces (for
instance, containing all graphs with bounded intrinsic metrics), we get that
the number of negative eigenvalues increases to infinity as the size of samples
grows. However, we are able to provide examples when the number of samples
grows to infinity and the numbers of both negative and positive eigenvalues
increases to infinity, or the number of positive eigenvalues is bounded (but as
large as desired), and the number of positive ones is fixed. Finally, we consider
the example of the universal countable Rado—Erdés—Rényi graph.

1. INTRODUCTION

Let (X,d) be a metric space (i.e., X a nonempty set equipped with a distance
d) and p be a Borel probability measure on X. We further assume, without loss of
generality, that (X, d) is separable. The so-called learning problem for the metric
measure space (X, d, ) is to recover the information on the triple (X, d, 1) from the
information on distances between points of an appropriately chosen subset of X. In
view of the famous result of M. Gromov (so-called “mm-reconstruction theorem” [8,
section 3.1.5]) further reproved and generalized by A. Vershik in [14] and [15],
this problem is completely solved. A Polish (i.e., separable and homeomorphic
to complete) space (X,d, ) can be reconstructed from distances between points
obtained from the following randomized procedure: for every m € N, one chooses
i.i.d. random points §; € X drawn from the distribution p, ¢ = 1,...,m, thus
forming a finite random sequence of points X,, := (&;)7,, and calculates the m xm
random distance matrix (d(§;,&;))i"—=;- The joint distribution law of all these
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matrices (i.e., for all m € N) then determines (X, d, ) uniquely up to a measure-
preserving isometry. To reconstruct the space (X,d,u), this approach requires
the knowledge of the statistics of random distance matrices of all sizes, which is
quite difficult to accomplish in practice. The natural question is to what extent
one may limit himself to the statistics of something less than the whole set of
distance matrices, e.g., to the spectra of the latter, or even to some function of the
spectra (e.g., the numbers of positive and negative eigenvalues). In other words,
what kind of information on (X, d, ) is encoded by the spectra of random distance
matrices, or even by some functions of the spectra. Several attempts to answer
these questions have been made, even numerically in [3], and for some functions of
Euclidean distances in [4, 17, 18, 10]. However, they still remain very far from even
being partially understood.

In this paper, we mainly concentrate on information on signatures. More pre-
cisely, we focus on the numbers of positive and negative eigenvalues of random
squared distance matrices (d*(&;,&;))i%—,, as m — co. The methods in the above-
cited Gromov—Vershik result on distance matrices can be applied to our research on
squared distances at little cost: the joint distribution law of squared distance (or
any monotone function of a distance) matrices still determines (X, d, u) uniquely
up to a measure-preserving isometry. However, working with d? instead of d looks
much more natural precisely in terms of the relationship between the spectra of
the respective matrices and the properties of these metric measure spaces. For in-
stance, it follows from the Schoenberg theorem [1, theorem 3.1] that all matrices
(d*(wi,25))%=, with z; € X, m € N are conditionally negative semidefinite (i.e.,
negative semidefinite on the hyperplane x1 + ... + 2, = 0) if and only if (X, d) is
isometrically embeddable in a Hilbert space. In this case, when X is finite, an em-
bedding can be explicitly reconstructed using the multidimensional scaling (MDS)
algorithm well known in data science [16]. Thus, we prefer to state our results in
terms of the signatures of the matrices

S(0) = =5 (6 &)y

The purely “aesthetic” coefficient —1/2 here is only to reflect the fact that exactly
these matrices are involved directly in the MDS algorithm.

We will show that the random numbers s (S(X,,)) of positive and s_(S(X,,))
of negative random eigenvalues of matrices S(X,,), almost surely converge to some
fixed numbers s, and s_ respectively, and provide several ways to compute them.
In particular, we show that under a rather mild condition on (X, d, i), the numbers
st and s_ count the numbers of positive and negative eigenvalues of the operator
K: L*(X,p) — L*(X, u) defined by the formula

(K@) = =5 [ Ea)utu) duty).

Therefore, we write in this case sy = s4(K). This is true when p has finite 4-th
order moment, i.e.,

/ d* (o, y) duly) < +oo
X

for some (and hence for all) g € X, in particular, when (X, d) is bounded. Under
this condition, the spectra of S(X,,) converge almost surely as m — oo in many
reasonable senses to the spectrum of K [11]. The operator K is involved in the
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construction of MDS for general metric measure spaces (X, d, n) as the limit of
MDS for finite samples from X when the number of samples grows. We will show
further that

(i) s+ and s_ do not depend on p if the latter has full support, i.e., supp u = X;

(ii) The number s; may be viewed as a natural lower bound for the dimension
of the MDS embedding of (X,d, ). More generally, the couple of num-
bers (s_, s+) give the lower bounds for the signature of a pseudo-Euclidean
space in which (X, d) can be isometrically embedded (the respective em-
bedding can be constructed explicitly). These bounds are in fact almost
tight in the sense that (X,d,u) cannot be isometrically embedded in a
pseudo-Euclidean space with signature (o_,04) with o4 < s3 —1. As an
easy corollary, we get that every finite metric space can be isometrically
embedded in a pseudo-Euclidean one;

(iii) one has that s; = 400 when (X,d) is bounded, X is countable and d
is separated from zero, e.g., for countable graphs equipped with bounded
intrinsic distance. As a corollary, the embedding of (X, d, 1) produced by
MDS is not finite-dimensional.

We also

(iv) provide several examples of calculations of si for particular metric spaces.
In many interesting cases of infinite metric spaces, we get s; = s_ = 4o0.
(v) However, we provide examples of metric spaces with arbitrarily large finite
s_. It seems easier to provide examples when both s, and s_ are large.
This corresponds well to the observation of [6] about so-called hollow sym-
metric non-negative (HSN) matrices (symmetric matrices with nonnegative
entries and with zeros on the diagonal) that they “normally” have bigger
number of negative rather than positive eigenvalues (recall that squared
distance matrices are a particular case of HSN matrices).
(vi) Nevertheless, we are able to show a construction of a finite metric space
with s_ as large as desired and s fixed (up to an error of at most 1).
In particular, this provides a construction of HSN matrices (even stronger,
squared distance matrices) with arbitrarily large number of positive eigen-
values which is alternative to a seemingly much heavier construction of [6].
(vii) We also provide some natural estimates on s4.

Finally,

(viii) in the quite natural example of the Rado—Erdds—Rényi graph (which is a
universal graph containing all the finite graphs as its proper subgraphs),

one has sy = s_ = o0;
(ix) however, the limits of the ratios s (S(X))/s—(S(Xm)) as m — oo may
depend on p as illustrated by the example of the Rado—FErdés—Rényi graph.

2. NOTATION AND PRELIMINARIES

2.1. Notation. The metric measure space (X, d, u) is always assumed to be sepa-
rable with p a Borel probability measure.

For a set D, we denote by 1p its characteristic function. If D is a subset of a
metric space, we let D stand for its closure. For a compact linear operator K over
some normed space, we denote by s (K) the numbers of its positive and negative
eigenvalues, respectively. In this paper, unless otherwise mentioned explicitly, the
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numbers of eigenvalues are always counted with multiplicity. We write supp p for
the support of a measure pu.

For a Hilbert space H we denote by (+,-) and ||-|| the respective scalar product and
the Hilbert norm. The same notation will stand for the (indefinite) scalar product
and the norm (sometimes called “interval” in physics ) in a pseudo-Euclidean space.
For a linear operator A between two Banach spaces, we denote by Im A its range,
by ker A its kernel (i.e. the zero space) and by A* its adjoint. If L is a subset of a
linear space, then span L stands for its linear span.

By LP(X,u) we denote the usual Lebesgue space of integrable (with respect to
1) with power p > 1 (or p-essentially bounded when p = +00) functions on X, the
canonical norms in these spaces being denoted by |-||,,. Denote by 1+ the orthogonal
complement of constant function 1 in L?(X, i), and by P, the orthogonal projector
from L2(X,p) to 11, Let

(21) (K@) =~ [ Eul)dut)
X
(2.2 Ty = (PP, w),

be linear operators defined on L?(X, u1). We usually avoid the subscript u and write
the above introduced operators as P, K, T instead of P, K,,, T}, respectively, unless
we would like to emphasize their dependence on the measure p.

If the 4-th moment of u is infinite, then the domains of K and T are not all
of L2(X, ). In the opposite case, both K and T are self-adjoint Hilbert-Schmidt
operators over the whole L?(X, ). Throughout this paper, we call the operator
K and T the MDS defining operators associated with the metric measure space
(X,d,p). The infinite MDS maps of (X,d, ) are constructed from the positive
eigenvalues and their corresponding L?(X, u1)-normalized eigenfunctions of T'. Note
that

@)@ = [ krley)f @ duly). where
X
@3) ko) = k) - [ ko) du) = [ a9 duta)

// a'sy') dp(a’) dp(y').

where for brevity we denoted k(x,y) := —d?(z,y)/2. In particular, (2.3) implies
(24) kr(z,2) + kr(y,y) — 2kr(z,y) = d*(2, y).

For the general metric measure space (X, d, ) and Xy = {z;}}¥, C X a finite
subset, we denote S(Xn) := (—3d*(z;, xj))N . Note that for a finite sequence of
iid. random elements & of X, we write X, := (&), C X in lower-case index
for the finite random sequence and S(X,,) := ( ;d2(§1, 51))2, i1 for the respective
random m X m matrix. It is important to note that X,,, does not necessarily always
have exactly m elements because some of & may occasionally coincide. Therefore,

S(X,,) can be different from S(Xy), where Xy is the set of distinct elements of
the sequence X,,

n what follows we maintain the following notation: if Xy, is a finite sequence with possibly
repeating elements, then X will stand for the set of its elements, or, equivalently, the sequence
obtained from X, by cancelling repetitions. However, if the sequence (random or deterministic)
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We denote by 1,, the vector 1,, := (1,..., 1) € R and by Id,, the identity n xn
matrix (the superscript T in this context stands for the transpose of matrices), and

T
IT, := Id, — *2l ¢ R*™,

2.2. Spectral theory for matrices. In the sequel, we frequently use the Cauchy
interlacing theorem [13, theorem 17.17]. We state it here for convenience in the
form we need in the sequel.

Proposition 2.1 (Cauchy interlacing theorem). Let B be a real symmetric matriz
of order N. Let \y < Ay < -+ < Ay be the eigenvalues of B counting multiplicity.
For any principal submatrix B’ of B of order N — 1, the eigenvalues N < N, <
<« < Ny_; of B are interlacing such that

XNi <M< XNig1 foralll <i< N-—1.

In particular, for any real §, if the symmetric matrix B has a principal block ad-
mitting at least m eigenvalues greater (resp., less) than or equal to 0, so does the
matriz B.

3. GROMOV—VERSHIK SCHEME

For a general metric measure space (X,d, 1), we refer to the experiment con-
sisting of choosing i.i.d. random points & ~ p for ¢ = 1,...,m, and calculat-
ing the random matrix S(X,,) where X,, is the finite random sequence of points
Xm = (&), C X, as the Gromov—Vershik scheme. Namely, let (Q,%,P) be a
probability space and &;: © — X, i € N, be i.i.d. random elements of X such that
law(&;) = p for all ¢ € N. We set then X,,(w) := (§(w)), for all w € Q. Note
that X,, is not necessarily a random set, but rather a random finite sequence of
elements of X, some of which may be repeating. cancelling the repeating elements
of the latter, we obtain a random set Xy (w) C X with N = N(m,w) := #X,,(w).
We denote its elements by & (w),...,En(w), ie., Xn(w) = {&wW)}Y,. We will
then say that the random set Xy and the respective random matrix S(Xy) are
obtained by Gromov—Vershik scheme without repetitions.

The random matrix S(X,,) may be viewed as the m x m principal submatrix of
the infinite random matrix (—1d? (51-75]-));;:1. The distribution law of the latter

is clearly the measure v := fxp® (which may be called matriz distribution follow-
ing [14, 15]) over the space of infinite matrices RNY*N| where p> is the countable
tensor product of p, f: XN — RNXN is defined by
1 o0
f((xl,xg,...,xk,...)) = (—QdQ(Ii,mj)> 5
ij=1

and fu stands for the usual pushforward of a measure by the map f.

We now reformulate the Gromov—Vershik theorem (“mm-reconstruction theo-
rem”, see [14] or alternatively [15]) which in its original version uses the random

. . . oo

distance matrix (d(§;,;))75—; instead of (_%d2(£i7£j))i,j:1'
Theorem 3.1. If (X, d) is Polish, then the measure v determines (X, d, p) uniquely
up to a measure-preserving isometry.

X does not contain repetitions, i.e., can be viewed as a set, then we do not write X in this
case.
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4. LIMIT DISTANCE SIGNATURE OF SEPARABLE METRIC SPACES
We introduce the following notion crucial for this paper.

Definition 4.1. Let (X, d) be a metric space. We call the limit distance signature
of (X,d) the couple (s_(X,d), s+ (X,d)) with s£(X,d)) € NU{+oo} defined by

(4.1) s+(X,d) = sup{s+(S(Xn)) : Xy C X finite}.
In this section we prove the following result.

Theorem 4.2. Let (X,d) be a separable metric space. Then the following asser-
tions hold.

(i) If X is at most countable, then
s+(X,d) = lim s+ (S(Xw)) = Slj\lfpsi(S(XN))

for an arbitrary sequence of finite subsets Xy X as N — oo. In partic-
ular, if X is finite, then s1(X,d) = s1(S(X)).

(ii) If X is infinite, then s+(X,d) = s+(X,d), where X C X is an arbitrary
countable dense subset of X endowed with the same distance d.

(iii) If p is a Borel probability measure over X with full support, i.e., with
supp u = X, then

5£(X,d) = lim s (S(X,n(@)) = limss (S(Xy (@)  as.

where X, are random finite sequences of i.i.d. points in X chosen according
to the Gromov—Vershik scheme and Xy are the respective random finite sets
of points in X obtained by cancelling repeated elements in the sequence Xy,
i.e., according to the Gromouv—Vershik scheme without repetitions.

(iv) If p has the finite 4-th moment and full support in X, then

Si(Ku) = Si(X, d),

where K, is the operator defined by (2.1), although the numbers s+(X,d)
do not depend on u. Furthermore,

Sﬂ:(Ku) -1< Si(Tu) < Si(Ku)’

and if 1 L ker K, then s+(T},) = s+(K,,), where T}, is the operator defined
by (2.2).

(v) s+(Ty) also does not depend on p once the latter has finite 4-th moment
and full support in X.

Remark 4.3. Note that s4(X,d) > 1 unless X is a singleton (in which case clearly
s+(X,d) = 0 by (i)). In fact, for every finite Xy C X one has s_(S(Xn)) > 1
since the Perron—Frobenius theorem guarantees the existence of a strictly negative
eigenvalue of maximum absolute value among the other eigenvalues. Moreover, the
trace of the above matrices is zero, so we have s, (S(Xy)) > 1.

Proof. Claim (i) is Proposition 4.4. Claim (ii) is in fact the definition of limit dis-
tance signature, the correctness of which is Proposition 4.6. Claim (iii) is Propo-
sition 4.7. Claim (iv) follows from Proposition 4.11 and Proposition 4.14. Finally,
Claim (v) is part of Proposition4.15. O

The subsections below are dedicated to the detailed proof of the above Theo-
rem 4.2.
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4.1. Deterministic characterization of limit distance signatures. The fol-
lowing purely deterministic statement is valid.

Proposition 4.4. Let (X,d) be an at most countable metric space. Then for all
sequences of finite subsets Xy C X such that Xy /' X as N — oo, the limits
always satisfy

52(X,d) = lim s (S(Xn ).

In particular, the above limits are independent of the sequence (Xn)n

Proof. By the Cauchy interlacing theorem, the sequences (s+(S(Xn)))  are non-

decreasing and hence admit a finite or infinite limit. Moreover, by the definition of
s+(X,d), we have sy (X,d) > s1(S(Xn)) for every N, and hence

5+(X,d) = lim s2.(S(Xn)).

To show the other side of the inequality, note for any finite subset X’ C X, there
is an M € N such that X’ C Xj;. Thus, by the Cauchy interlacing theorem,
$+(S(X")) < s+£(S(Xar)). Since X' is arbitrary, we also have the reverse inequality

s2(X,d) < 5£(S(Xu)) < sup s+ (S(Xn)) = lim s+ (S(Xn)),
concluding the proof. O

‘We now consider the limit distance signature of a general separable metric spaces.

Proposition 4.5. Let (X, dx) be isometrically embeddable in (Y,dy), both metric
spaces being separable. Then

si(X, dx) < S:t(Y, dy).

Proof. By embedding X isometrically into ¥ we may assume without loss of gen-
erality that X is a subset of Y. The assertion is then straightforward from the
definition of s4. O

Proposition 4.6. Let (X,d) be a separable metric space. Then
Si(X,d) = Si(X,d),
where X C X is an arbitrary countable dense subset of X.

Proof. Consider an arbitrary finite set Xy C X. Since X is dense in X, we can
find a finite Xy C X close enough to Xy so that s4(S(Xy)) < si(S(XN))
This implies s1(X,d) < si(f( ,d) and the reverse inequality follows immediately
from the definition of s4 (X, d) (alternatively, from Proposition 4.5) concluding the
proof. ([l

4.2. Random characterization of limit distance signature. Consider now

o the random finite sequences X,,, and the respective random matrices S(X,,)
obtained by the Gromov—Vershik scheme,

e as well as the random finite sets X N C X with N < m random which is
obtained from X, by cancelling repeating elements, and respective random
matrices S(Xy) (in other words, the random set Xy and the matrix S(X )
obtained by Gromov—Vershik scheme without repetitions).

The following assertion is valid.
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Proposition 4.7. Let (X, d) be a separable metric space. If p has full support, one
has

52 (X, d) = 1 52 (S (X () (@) = lim 5 (S (X, ()
for P-a.e. w € Q.

Proof. Since by Lemma 4.8, one has

UXN(m,w)(w) =supppu =X

for P-a.e. w € Q,ie, J,, Xy is a countable dense set in X almost surely. Therefore,
we have

S+ (X, d) = li;bn Si(S(XN(m,w) (w)))
P-a.s. in view of Proposition 4.6. By Lemma 4.9 below, we also get
54(S(Xim (W) = 52(S(Xn(m,w) (@)))
for all w € (), concluding the proof. [l

The following lemma has been used in the proof of the above Proposition 4.7.

Lemma 4.8. Let (X,d) be a separable metric space, and p be a Borel probability
measure over X. Then

U XN muw) (@) = supp
m

for P-a.e. w e Q, ie., U, X is a countable dense set in supp w. In particular, if
supp u is infinite, then lim,, N(m,w) = +oco for P-a.e. w € Q and if additionally

supp u is countable, then also Xy /" supp u a.s. as m — oo.

Proof. To prove the first claim, consider an arbitrary open set U C X satisfying
U m U XN(m,w) (W) = Q)a

hence &;(w) € X \ U for all ¢ € N. The probability of this event does not exceed
(X \U)" for all n € N and hence is zero unless pu(U) = 0, i.e. U Nsuppp = 0,
showing that

supp p C UXN(m,w) (w) =0.
On the other hand, P({¢; € supp 1}) = p(supp pt) = 1, and hence
supp 1 O | Xy o) (@)

a.s., showing the claim.
To prove the second claim, denote for every k € N the set

Q :={w e Q:lim N(m,w) <k}
Observe that for all w € , one has

#UXN(m,w)(W) < k.
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Hence, U, X N(mw) (W) 7 supp u when supp p is infinite. The first claim just proven
implies P(2;) = 0 in this case. Thus,

P ({linIlnN(m,w) < +oo}) - ]P’(Q \ UQk.) —1

as claimed. O

Lemma 4.9. Let the symmetric matriz S € RP*P be obtained from the symmetric
matriz S € R cancelling all the repeating rows and all the repeating columns.
Then s+ (S) = 5+(9).

Proof. For each k and j, interchanging the k-th with j-th row and the k-th with
j-th column simultaneously does not change the signature of a matrix, so the proof
reduces just to an inductive application of Lemma 4.10 below. ([l

Lemma 4.10. Let the symmetric matriz S € R@tDX®+D) pe of the block form

where S € RPXP s q symmetric matriz, v € RP and a € R be such that the p-th and
(p + 1)-th row as well as the p-th and (p + 1)-th column of S are identical. Then

s5+(5) = s+(5).

Proof. Clearly, we have (e.g., by the Cauchy interlace theorem) that si(S) > s+ (9).
On the other hand, since the p-th and (p+1)-th row as well as the p-th and (p+1)-th
column of S are identical, we have that so(S) = so(S) + 1, where 5¢(S) stands for
the number of zero eigenvalues of S (i.e. the dimension of the kernel of the latter).
Since also

5—(9) +50(9) +s4(5) =p+1, s_(S) + s0(S) + 54+(5) = p,

we get
5_(8) + 50(S) 4 s1(S) = (5_(8) + 50(5) + s.(5)) + 1 =
= 5_(9) + 50(S) + 51.(9),
which implies s_(S) 4 s4(S) = s_(S) + 54(5), hence the claim. O

4.3. Limit distance signature of the space and signatures of MDS defining
operators. The following result relates the limit distance signature of (X, d, u) to
the numbers of negative and positive eigenvalues of any MDS defining operator.

Proposition 4.11. Let (X,d) be a separable metric space. If p has finite 4-th
moment and full support in X, one has

Si(K/L) = S:t(Xa d),
where K, is defined by (2.1).

Remark 4.12. When p has finite 4-th moment but does not have full support in X,
we only can assert that

(4.2) s1(K,) < s4(X,d).
In fact, by the above Proposition 4.11 one has
s+ (Ky) = sx(supp i, d),
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and st (supp p,d) < s+(X,d) by Proposition 4.5. The inequality in (4.2) can be
sharp as easily seen from the example, say, of X just a Euclidean plane (i.e., X = R?
equipped with the Euclidean distance), so that s;(X,d) = 2. and p having a line
as a support, so that sy (K,) = si(supp p,d) = s+ (R,d) = 1, see Example 5.5.

Proof. Without loss of generality, we may assume (X, d) to be complete (if not, we
may extend d and p to the completion of (X, d) and work in the latter completion).
Then by the estimate (A.4) from Lemma A.3(ii) (applied with A := K, a :=
—d?/2), one has for some sequence of finite subsets Xy C X, the following chain
of inequalities

(4.3) s+ (Ky,) < limNinf s+ (S(Xn)) < s4(X,d).

On the other hand,
5+ (Ky) 2 s (S(Xn))

for every finite Xy C X by estimate (A.2) in Lemma A.3(i), applied with A := K,
a:= —d?/2. Hence

s+(K,u) > S+(X7 d)‘
This inequality together with (4.3) gives the claim
51 (K) = 54(X, d).

The analogous claim for s_ is completely symmetric. ([l

Remark 4.13. An alternative proof of (4.3) may be obtained by observing that for

P-a.e. w € €1, one has
7 (o (250w ) - ()

using theorem 3.1 from [11]. Here o(K,) stands for the spectrum of K, 0(=5(X,,))
stands for the spectrum of the random matrix %S (X,n), both being considered as
elements of the space £ of square summable sequences; and S stands for the set

of all possibly infinite permutations of a countable set. This provides

(4.4) lim inf {

m

ZWGSOO}:O

m m

s (2-500,0)) > 52 (1)

for P-a.e. w € Q. Hence (4.3) holds because

52 (S0n0)) = 52 (-5
for all w € Q and
ligln s+ (S(Xpm(w))) = s+(X,d)

for P-a.e. w € © by Proposition 4.7. The nice feature of this argument is that it
requires neither the completion of the space nor the use of continuity of the operator
kernel.

The following result on the relationship between the signatures of the operators
K, and T}, is also worth being mentioned.
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Proposition 4.14. Let (X,d, 1) be a metric measure space with a Borel probability
measure [ having finite 4-th moment and full support in X, and the operators
K =K, and T =T, are defined by (2.1) and (2.2), respectively. Then

(45) Si(K)—lgsi(T)SSi<K).
Moreover, if 1 J ker K, then s4(T) = s+ (K).

Proof. The estimates (4.5) are just Lemma A.4(i) and (ii) applied with A := K,
Q:=P,and B:=T, Hy = Hy := L?>(X,p), k = 1. Lemma A 4(iii) with the same
notations implies also the last claim since (Im P)* = 1+ and 1 ¢ ker K (otherwise

u is a Dirac delta measure, T = K = 0, and ker K = {0}, a contradiction), and
hence 1 / ker K implies (Im P)+ N (ker K)+ = {0}. O

Note that if 1 is an eigenfunction of K with a nonzero eigenvalue, then 1 | ker K.
Finally, we provide the following characterization of s (7),), similar to Proposi-
tion 4.11 for s4 (K ,).

Proposition 4.15. Let (X,d) be a separable metric space. If p has finite 4-th
moment and full support in X, then one has

(4.6) s+(T,) = sup{s+(IInS(Xn)IIn) : Xn C X finite, #Xn = N},

where T, is defined by (2.2). In particular, s+(T),) are the same for all p with finite
4-th moment and full support in X.

Proof. Tt suffices to replicate word-to-word the proof of Proposition 4.11 replacing
the use of the estimate (A.2) by (A.3) and (A.4) by (A.5). O

5. THE ROLE OF s; AND S_

5.1. Embedding in a Hilbert space. We feel almost obliged to mention first
the following theorem on existence of an isometric embedding into a Hilbert space,
which is essentially just a reformulation of the classical Schoenberg theorem [1,
theorem 3.1].

Proposition 5.1. The following statements for a separable metric space (X,d) are
equivalent.

(i) The space (X,d) is isometrically embeddable in a Hilbert space.
(ii) For some Borel probability measure pn on X with full support and finite 4-th
moment, one has s_(T),,) =0, i.e., T}, is positive semidefinite.
(iii) For every Borel probability measure p on X, one has s_(T),) = 0.
In case (ii), for an isometric embedding of X in €%, we may take the map f: X — (*
defined by

(5.1) J@) = (VAm(@) .

where A\; € R be strictly positive eigenvalues (counting multiplicities) and u; €
L*(X, p) the respective eigenfunctions of the operator T),: L*(X,u) — L*(X,p)
(defined by (2.2)) normalized so that ||u;||2 = 1 for all i.

In all these cases, one necessarily has s_(X,d) = 1.

Proof. If (i) holds, we identify X with the image of the respective isometric em-
bedding and p with its push-forward through this embedding. We may assume
thus without loss of generality that X C H, for some Hilbert space H, and i be a
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measure in H. Then every finite set X C X is isometrically embedded in a finite-
dimensional Euclidean space (the subspace span X C H). By Theorem 5.62, for
the operator Ty := T),,, with px an arbitrary Borel probability measure supported
on Xy, we have s_(T) = 0. Thus, by Lemma A.3(ii) with A := K, and H instead
of X, we have

s_(T,) <liminfs_(Tn) =0,

thus proving (i)=-(iii).

The implication (iii)=-(ii) is trivial. We prove (ii)=(i). To this aim, let u be as
in (i) and let T":= T},. Observe that by Lemma A.2 (with A :=T, a := k), one
has

(5.2) Z)\ wi(z)us(y) = kr(z,y),

with the equality formally valid only in the sense of L?(X x X, ® u). But since
T is positive definite, by Mercer’s theorem, the convergence in (5.2) is uniform so
that this equation holds for all (z,y) € X x X. We act now exactly as in the proof
of the first part of Theorem 5.6. Namely, from (5.2), we get

(5.3) Z \iuZ(z) = kp(z, )
for all z € X. Now, (5.3) and (5.2) imply
Z Ai (i) — us(y)* = Z A () + Z A (y) — 2 Z Aiti (z)u

= k?T(J?,JT) + kT(y7y) - 2kT(‘/Ea y)7

which in view of (2.4) gives
(5.4) ZA ui(2) - ui(y))* = d(z,y)

for all (z,y) € X x X. The latter implies for the map f defined by (5.1) the
relationship holds

I (@) = FW)IIZ, = ZA ui(x) = ui(y))” = d*(,y),

i.e., f is an isometry onto the image, proving (i).
The final claim of the statement follows from the estimate s_(X,d) > 1 valid for
every metric space, and from Theorem 4.2(iv) which implies the estimates

s—(X,d) =s_(K,) <s_(T,)+1=1

for every p Borel probability measure with full support and finite 4-th moment in
X. This completes the proof. (I

Remark 5.2. When the metric spaces (X, d) is isometrically embeddable in a Hilbert
space, then s_(X,d) = 1, but the converse is false. There exist even finite metric
spaces (X, d) not embeddable isometrically in a Hilbert space, which still satisfy
s_(X,d) =1, as the following example shows.

2We may hare referred here to the celebrated Schoenberg’s theorem. We use a more general
Theorem 5.6 instead to be self-consistent
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Ezample 5.3. Let X :={1,2,3,4} with d(4,j) := 2 unless either ¢ = j, in which case
d(i,i) = 0 or either ¢ = 1,2,3 and j = 4, or, symmetrically, j = 1,2,3 and i = 4. In
the latter cases d(1,4) = d(2,4) = d(3,4) = 1. Note that the points 1, 2,3 embed
isometrically in the Euclidean plane R? as vertices of some equilateral triangle of
sidelength a = 2. However, the points 1,2, 3,4 cannot embed isometrically in R3
(hence in any Hilbert space) since 4 should be otherwise the midpoint of each of
the segments [ij], i,7 = 1,...,3. Nevertheless, s_(X,d) =1 and s;(X,d) = 3.

The following easy example shows the metric space isometrically embeddable in
an infinite-dimensional Hilbert space.

Ezample 5.4. Let X := N, with d(4, j) := 1 when ¢ # j (and, of course, d(i,7) = 0).
Then S(Xpy) for every N-element subset Xy C X has an eigenvalue 1/2 with
multiplicity N — 1 and one eigenvalue —(N —1)/2. Then s, (S(Xn)) = N —1 and
s—(S(Xn)) = 1 implies s4(X) = +o00 and s_(X) = 1. Note that this space can
be easily isometrically embedded in a Hilbert space (e.g., in the space £2 of square
summable sequences, via the map k — e/ V2, e, standing for the k-th coordinate
vector).

Example 5.5. Let R™ stand for the usual Euclidean n-dimensional space. Then
s—(R™) =1, and s4(R™) = n, and hence for a metric space (X, d) to be isometrically
embeddable in R™, it is necessary and sufficient that s_ (7)) = 0 and s (X,d) <n
(clearly, in this case s (X,d) = n unless (X, d) can be isometrically embedded in
some R™ with m < n).

5.2. Embedding in pseudo-Euclidean spaces. The pseudo-Euclidean space
R™P with signature (n,p) is the linear space of vectors R"*? equipped with the
bilinear form

n n+p
(u,v) == —Zuivi + Z u;v;.
i=1 j=n+1
The latter defines a pseudo-distance d,, ,(u,v) = /(u —v,u —v) on every set

¥ C R™P such that the Minkowski difference ¥ — ¥ := {u —v : v € X,v € X}
belongs to the positive cone

n n+p
Crnpi=qveR": (v,v) ::—va—i- Z U?ZO
i=1 j=n+1

The following statement is valid.

Theorem 5.6. Let pu be a Borel probability measure with full support and finite 4-th
moment in the metric space (X, d). Suppose thats_(T,) =n € N and s (T,) =p €
N. Let \; € R be nonzero eigenvalues (counting multiplicities) and u; € L*(X, i)
be the respective eigenfunctions of the operator T,,: L*(X, ) — L*(X,u) (defined
by (2.2)), normalized so that ||u;||a = 1,4 =1,...,n+p. Without loss of generality,
assume \; < 0 fori=1,...nand \; >0 fori=n—+1,...n+p. Then the map
f: X = R™P defined by
n+p

@)= Y VIRute),

is an isometry onto the image such that its image ¥ := f(X) satisfies —X C Cy, p.
In particular, every finite metric space can be isometrically embedded into some
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pseudo-Euclidean space with the image X such that ¥ — X belongs to the positive
cone.

Vice versa, if p is a Borel probability measure with finite 4-th moment (not
necessarily of full support in X ) and there is an f: X — R™P isometry onto the
image such that ¥ = f(X) satisfies X=X C C, p, then s_(T,,) < n and s (T,,) < p.

Proof. By Lemma A.2 (with A:=T, a := k), one has
i=1

where v := n + p, with the equality in (5.5) formally valid only in the sense of
L?(X x X, u®pu). Since the functions on both sides of this equality are continuous,
then (5.5) is also valid pointwise, i.e., for all (x,y) € X x X. In particular, we also
get

(5.6) Z Aluf(x) = kp(z,x)

for all x € X.
From (5.6) and (5.5), we get

Z A (ui(@) — ui(y)® = Z Aiu? (z) + Z Aiu? (y) — 2 Z A (w)ui(y)

= kr(z,2) + kr(y, y) — 2kr(z,y)
for all (z,y). The identity (2.4) gives then

14

(5.7) D N (@) — wi(y)? = d*(z,y)

i=1
for all (x,y). We observe now that one can view f as a map between X and R™P
with (5.7) reading as

n n+p
dnp(F(@), F®))7 = =D Nl (wa@) —ws()® + D 1] (uy(x) = uy(9))?
=1 j=n+1

= Z A (ui(z) — ui(y))? = d*(x,y).

Hence, f is an isometry onto the image ¥ := f(X) with ¥ — 3 C C,, ,, concluding
the proof of the first part.

For the converse statement, we consider Xy = {z;}}¥; C suppp. Identifying
Xn with f(Xy), we may assume that Xy C R™? with Xy — Xy C Cp . Then
Tn :=INS(Xn)IIy is the matrix

1
T;j = (ZiyTj)n,p, whereZ;, =z, —2, T:=— g ;.

Thus, one can view Ty as the difference between two matrices, Ty = T — T—,
where

(T)ij = (P 33) - (Prag),  (Th)i; = (P i) - (B Z;),
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P, (resp. P;\) standing for the projections from R"*? to R™ identified with the
subspace of R"P with all coordinates zero except the first n ones (resp. to RP
identified with the subspace of R”™P with all coordinates zero except the last p
ones). Also, u - v stands for the usual dot product between two vectors in R**+P,
Both T_ and T} are clearly positive semidefinite with s;(7-) < n, s4(T}) < p,
and s_(T_) = s_(T4) = 0. From Lemma A.1(i), we get that

$+(Tn) < s4(Th) + s4(=T-) = 54 (T4) + 5 (T-) < p.
A completely symmetric reasoning yields s_(Tx) < n. Then Proposition 4.15
applied to the space (supp p,d) yields the desired claim
S+(T,U«) <p, S—(TM) <mn,
since L?(X, p1) is isomorphic to L?(supp p, ). O

Note that not every subset X of a pseudo-Euclidean space R™P? is an image of an
isometric embedding of a metric space. In particular, the condition ¥ — X € C, ,,
is a strong restriction, see the example below.

Ezxample 5.7. If n =1, and ¥ C R™P satisfies ¥ — X C C,, p, then the intersection of
Y with every line parallel to x; axis must be either empty or a singleton. In other
words, ¥ belongs to a hypersurface which, if seen in R"*? = RP*+! is a graph G of
some function: z1 = g(x2,...,2p+1). Clearly, g: R — R is a 1-Lipschitz function,
since G — x C Cy, for every x € G.

5.3. On feasible signatures. The following result shows that for a generic finite
metric space there exists an arbitrarily small perturbation of the distance which
preserves sy and makes s_ maximum possible.

Proposition 5.8. Let (X, d) be a finite metric space with X = {x1,...,xn} such
that the triangle inequality is strict for any distinct triplet from X. Consider the
matriz T := N S(X)y. Then for any sufficiently small € > 0, there is a distance
d. over X such that

max d(ai, ) — d(is2)| < &
and the corresponding matrix T, has signature
s4(Te) = s4.(T), s—(Te) =N —1—s4(T).
Proof. Fix linearly independent vectors vy, ...,uvxy € RY. For any € > 0 define
ge(wi, ) = d* (s, 5) — el|vi — vy]|*.

Note g. — d? uniformly as e — 0. For sufficiently € > 0, we have d. := ,/g- > 0.
Moreover, since for any distinct 4, 7, k, the strict triangle inequality

d(zi, x;) < d(z;, zx) + d(zk, z5)
holds, then for all sufficiently small €, one has the triangle inequality
de(5,25) < de(xs, x) + de(zk, x5).

Thus, d. is a distance over X for small € > 0. We set then X, := (X, d.)).
Now, it is easy to see that the matrix corresponding to (X, d.) has the form

T6 = HNS(XE)HN =T— EG,
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1
matrix with s; (G) = N — 1, s_(G) = 0, thus due to Lemma A.1(i) one has
)+

5+(T2) < s4(T) + 51.(=eG) = s4.(T),
s_(Te) > s_(—eG) —s_(=T) =N — 1 —s4(T).

N : :
where G := ((v; — v,v; — 1)), oy With 0= va 1 vi. In particular, G is a Gram

<s
>s

Moreover, for small enough &, one has s4(T.) = s4(T) by Lemma A.1(ii). Since
ker T' is non-trivial, we have s_(T.) < N =1 —s4(T.) = N — 1 — s (T). Thus, we
get the equality for s_ (7). The claim follows. O

Corollary 5.9. For anyp > 2 andn > 1, there is an (n+p+ 1)-point metric space
(X,d) such that the corresponding matriz T has signature s4(T) =p, s_(T) =n.

Proof. 1t is enough to apply the above Proposition 5.8 to N := n + p + 1 distinct
points in a general position (i.e. spanning RP) on the unit sphere in RP, endowed
with the Euclidean distance. (]

Remark 5.10. Under the conditions of the above Corollary 5.9, one clearly has
s¢(X,d) € {p,p+ 1}, s_(X,d) € {n,n+ 1} in view of Theorem 4.2(iv). Thus,
in particular, this corollary gives a construction of hollow symmetric nonnegative
(HSN) matrices (in this particular case even stronger, squared distance matrices)
with arbitrarily large number of positive eigenvalues. This provides an alternative
proof to the main theorem of [6] (the latter seems to be much more complicated
and gives just HSN matrices, not necessarily related to any distances).

We are also able to provide the following example of an infinite metric space
(X,d) with s_(X,d) = +oc0 and s (X,d) finite (arbitrary up to the error of 1).

Example 5.11. Let p € N be fixed. In the following construction we assume the
pseudo-Euclidean spaces R™P with different n € N to be hierarchically embedded
one into another, in such a way that a vector x € R™? is identified with the vector
y € R™P m > n, defined by

Y =x;, 1=1,...,n,
v, =0, 1=n+1,...,m,
Ym+j ‘= Tn+j, j = ]-7 Ry 4
This gives a natural embedding of R™? into R"P. In the same way, we identify
R™ (resp. RP) with the subspace of R™P with last p coordinates (resp. first n co-
ordinates) zero. As in the proof of Theorem 5.6, we denote by P, (resp. P,") the
projections from R™*? to R™ (resp. R?), both identified with subspaces of R**?
defined by (P, 2)i := z;, and (P, 2); := 0 (resp. (P,[2); := 0, (P} 2); := 2;), where
i=1,....,n,7=n+1,...,n+Dp).
We are going to construct inductively a sequence of increasing sets
Xy={z',.. 2N} cRVN"LP N>p41,

with special properties. For brevity, we denote

SN = S(XN), TN = HNSNHN.
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As in the proof of Theorem 5.6, one has
Ty = TJJ\; — Ty, where

(Ty)ij == (Py_17") - (Py_17),
(TN )ij = (P2 - ), i,j=1,...N,

(Pfz
N
SRREP

where the dot product is the Euclidean one. Clearly, T N are both positive semidef-
inite. We will construct (Xn)%_,,; in such a way that
(i) both Py_,Xx and P;XN are sets of points in a general position in RN !
and RP respectively (i.e. not contained in any hyperplane in these spaces),
(ii) dn—1, is a distance over Xy and for every triple of distinct points in Xy,
the triangle inequality for dy_ , is strict,
(iii) PFXx C S, where S is the unit sphere in R?,
(iv) u- By (zF — 21) < dn_1,(z%,2)|u for all k = 2,..., N and non-zero u €
T,1(S), where T}1(S) is the tangent space to S at point y' = Pfz', and
| - | stands for the Euclidean norm in RP.

In view of (i) we will have then
s (Ty) =N -1, s.(Tf)=p, s (Ty)=s_(T§) =0.
Thus from Ty = T — Ty with the help of Lemma A.1(i) we get
s-(T) 2 s-(~Ty) = s-(=Ty)

58 =s54+(Ty) —s+(Iy) =N —p—1,

as well as sy (Tw) < s (Th) + s—(Txy) = p.

We start with N := p+ 1: take p+ 1 points {y',...,y?T1} in a general position
on the unit sphere S C RP. Now, let {z!,...,2PTt} C R? be in a general position
and with the norms |z*|, k = 1,...,p + 1, so small that for d,, satisfies strict
triangle inequalities over the set

Xpp1 o= {24, 22T, 2= (b b)) e RPP,

the property (iv) holds for N := p + 1 and s; (Tp41) = s4(T,7
last equality is due to Example 5.5). Then, in particular,

(5.9) 5+(S(Xpt1)) =p

in view of Theorem 4.2(iv) and the fact that s_(S(Xp+1)) > 1. The possibility to
satisfy (iv) follows from the strict convexity of the unit ball in R? which implies

) = p (where the

w- (" —y") <ly* —y'l - |ul

for all k # 1 and nonzero u € T,1(S), and
dp7p(zk,zl) =y =yt asxzp — 0,21 — 0.
Once Xy = {z!,...,2V} c RV~1P is constructed, we denote

k._ pt+ k k._ p— k
y =Pyt e S, a¥:i=Py 2t
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We will choose 2Vt = (zN+1 ¢V +1) such that yV+1 € S and 2V € RN has the
form

(xNJrl)i = (xl)ia i= 13"'7N717
(LL‘N+1)N = EN,
where e > 0. First, note that
1
dist <yy1,Ty1(S)) —0 asy—yl,
ly =y
where dist stands for the distance in R? between a point and a set. Then, due
to (iv), one can choose yV*! close enough to y', so that for an auxiliary point

FNHL = (2!, yV*1) one has
GV =2 = )N, = YT =) - (0 )
<dnp(2*, 2y gl
(21— ENFLENHL oy (gl Ny (N gk

<dn (2" NN =y,
and

N+1

|y _yl‘ <dN,p(zlaZk)a

hence

dN,P(ZN—Hle) = |yN+1 - yll < dN,p(zl’Zk) + dN,p(zk52N+1)v

forall k=2,..., N, with a - b standing for the Euclidean dot product in RP. Thus,
by Lemma A.5,
dN,p(2N+1v zk) < dN,p<2N+1v Zl) + dN,p(Zla Zk)a
dnp(2',25) <dnp(2h 2V dnp(2VF 2).
forall k = 2,..., N, and hence dy , satisfies the strict triangle inequality on the set
Xxn U{ZN*1}. Now, we can choose £y small enough, such that dy, is a distance
over X1 := Xy U {2V} satisfying the strict triangle inequality, and
u- (yV = yh) <dyp(N L Yl
for all nonzero u € Ty, S. The latter follows from the fact that
w- (N =) < N =yt

y |- Jul

due to the strict convexity of the unit ball in RP, and

dN7p(ZN+1,Zl) _ \/|yN+1 —yl2 - 5?\7 N |yN+1 . y1| as en — 0.

Therefore, X 41 satisfies (i)-(iv).
To conclude, let X := UJOVO:p +1 XN, and equip this set with the distance coin-
ciding with dy , over each Xy. Then

s1(X,d) =limsy(Sy).
n
by Theorem 4.2(i). Clearly, in view of Theorem 4.2(iv) and (5.8), one has
s—(SN) > prf ]-a



SIGNATURE OF SQUARED DISTANCE MATRICES FOR COUNTABLE MMS 19

and hence s_(X,d) = +o0o. On the other hand, by Theorem 5.6 combined with
Theorem 4.2(iv), we get sy (X,d) < p+ 1. Finally, s4 (X,d) > s4(S(Xpt1)) =p
by (5.9), thus

5+(X7d) € {pap+1} and S*(X7d) :+OO,
concluding the example.

The following example shows another construction of an infinite metric space
(X,d) with s;(X,d) = +00 and s_(X,d) finite but different from 1.

FEzample 5.12. Let X := N, and define the distance
1,i<4, j=4 ori=4, j<A4,
d(i,j) == {0, i =j,
2, otherwise.

Note that the points 1, 2, 3, 4 form the same tripod from Example 5.3, which cannot
be embedded in any Hilbert space. The subset Xy := {1,..., N} has the N x N
squared distance matrix

0 4 4 1 4 4
4 0 4 1 4 4
4 4 0 1 4 4
By:=| 1 1 1 0 4 4
4 4 4 4 0 4
4 4 4 4 4 ... 0

and by the Haynsworth inertia additivity formula [9, theorem 1] its signature sat-
isfies

(5*78078+>(BN) = (87’50’5+)(B4) + (5*’5073+)<BN/B4)7

where By /By stands for the Schur complement of By in By. The explicit calcula-
tion shows (s_, s, s4+)(B4) = (3,0, 1) and

§ 11 11 11 ... 11
P LT S S R U
By/Bi=g | 11 11 8 11 .. 11
11 11 11 11 ... 8

For N :=4 + k the latter k x k matrix has one eigenvalue —4 of multiplicity k& — 1
and one strictly positive simple eigenvalue (the Perron—Frobenius one), that is,
(s—,80,8+)(Batr/Bs) = (k—1,0,1). Thus, (s_,sg,$+)(Basrx) = (k+2,0,2) for
k > 1, and therefore, s_(X,d) = 2 and s4(X,d) = 4oc.

Now, we extend the previous Example 5.12 to show that s_ can be arbitrarily
large.

Ezample 5.13. Let (X;,d;), i =1,...,m, be a finite metric space with the squared
distance matrix D; := (d?(z,zy)); k. Assume diam(X;) < 2h for some h > 0.
Denote for the sake of brevity N; := #X;, S; := S(X;) and
h2

1
R; = 311\/7:13 +8; = §(h21Ni1E% —Dy).
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Now we define a metric space (X, d) with X :=| || X; and

d(ib ) L dz(xay)7 mvyEXiv
)= h, T # y otherwise.

The respective squared distance matrix is given by

Dy h%2 ... K2

h? Dy ... h?
D = . . .

2 K2 ... D,

Let also

= §(X)=-1D,

2

S
R =2151% 45 = L(2151% — D) = diag(Ry, - .., Ry,),

where N := > N,. Note that sy (R) = > .~ s+(R;). Further, since %QINITIC, is
positive semidefinite rank one matrix, by Lemma A.1, we get

54(8) < 54 (R) < 54(5) + 1, s_(8) —1 < s_(R) < s_(S).

Let us consider a specific example, where all X; fori =1,...,m—1, are isometric
with
0 4 4 1
4 0 4 1
Di=14 4 01
1 110

as in the previous example, and X,, is such that d,,(z,y) = 2 if  # y. Since
diam(X;) = 2 for all X;, one can set h:=1. Thus, fori=1,...,m—1
1 -3 -3 0
11-3 1 -3 0

Ri=51_3 3 1 o

0o 0 0 1

with o(R;) = (=5/2,1/2,2,2) and s4(R;) = 3, s_(R;) = 1. Furthermore, X,,, can
be isometrically embedded into a Euclidean space, and

3
Dy, =41y, 1} —4ldy,,, Spn=2Idy, —2, R, =2Idy,, — §1Nm 15 .

with sy (Ry) = Ny — 1, s_(Ry,) = 1. Thus,
s+(R)=3(m—-1)+ N, —1, s_(R)=m,
and therefore,
sy(X,d) = s4(5) € {3m—5+Ny,3m—4+Ny,}, s_(X,d) =s_(5) € {m,m+1}.

Note that the constructed space X can be represented as a graph endowed with
its intrinsic distance.
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6. SOME FURTHER PROPERTIES AND EXAMPLES OF LIMIT DISTANCE SIGNATURES

6.1. Further examples of infinite limit distance signature.

Example 6.1. Let S™ be the standard unit n-dimensional sphere equipped with its
intrinsic distance d. Then s1(S™,d) = 400 (see [12, proof of proposition 6.1]). On
the other hand, s (S",d"/?) = 400 and s_(S",d"/?) = 1 since (S™,d"/?) can be
isometrically embedded in the Hilbert space ¢? by proposition 6.1 from [12].

Example 6.2. Let T™ be the standard n-dimensional flat torus equipped with its
intrinsic distance d. Then s4(T™,d) = 400 due to Example 6.1 above and Propo-
sition 4.5.

Ezample 6.3. In view of the above Proposition 4.5, for the Urysohn universal space
L [15], one has sy (4) = 400, because il contains an isometric copy of every sepa-
rable metric space, e.g., of the unit circle equipped with its intrinsic distance. For
the same reason si(cg) = +00, where ¢g stands for the Banach space of vanishing
sequences, equipped with its usual supremum norm. Again by the same reason,
we have that s4(X,d) = 4+o0o when (X,d) is either the cylinder S x R or the
revolution torus in R?, equipped with their intrinsic distances.

Squared distance matrices are special cases of hollow symmetric non-negative
(HSN) matrices, i.e., symmetric matrices with nonnegative entries and with zeros
on the diagonal. Using the spectral theory of HSN matrices from [6], we obtain the
following result for countable metric spaces.

Proposition 6.4. Suppose (X,d) is a bounded infinite separable metric space, and
there exists 09 > 0 such that 6o < d(z,y) for all x # y. Then s1(X,d) = +oo, in
particular, s(T,) = s4(K,) = 400 for every Borel probability measure p on X
with full support.

Proof. For every finite subset Xy C X, the squared distance matrix of Xy is a HSN
matrix with off-diagonal entries from the interval [§2, §2], where d; is the diameter
of (X,d). Since dp > 0 and §; < 400, by theorem 3.3 from [6], there exists some
no € N such that any HSN matrix of order at least ny with off-diagonal entries from
[62,6%] admits at least m strictly negative eigenvalues. Therefore, for any fixed m,
there exists some ng such that for any finite Xy C X with #Xxy > ng, one has
that s4(S(Xn)) > m, proving the claim. O

The assumptions of the above corollary are satisfied, for instance, when the
metric space (X, d) is induced by a connected countable graph with its intrinsic
metric on vertices being bounded.

6.2. Limits and tangent cones.

Proposition 6.5. Let (X, di) be a sequence of separable metric spaces with py, €
Xk, and the sequence of pointed metric spaces (X, dy,pr) converge as k — oo to
a pointed separable metric space (X,d,p) in the pointed Gromov—Hausdorff sense.
Assume that all (X, dy) and (X,d) satisfy the Heine—Borel property (i.e., closed
balls are compact). Then

Si(X, d) S hHlklnf Si(Xk, dk)



22 ALEXEY KROSHNIN, TIANYU MA, AND EUGENE STEPANOV

Proof. We prove the statement for s, and the proof for s_ is completely analogous.
Fix a finite set ¥y C X and let B,(p) C X be a closed ball centered at p such
that Xy C B,(p). It follows from the definition of the pointed Gromov—Hausdorff
convergence [5, definition 8.1.1] that for an arbitrary ¢ > 0 there are k € N and
maps f¥: B,(p) C X — Brye(px) C X1 with f¥(p) = py such that

| (fE (@), fE(y)) — d(w,y)| < e

for all 2,y € B,(p) and k > k. Choosing ¢ > 0 sufficiently small, by Lemma A.1(ii)
one has

s+(S(fE(EN))) = 5+(S(Zw))
for all k£ € N sufficiently large. We obtain the bound

liminf s (X, dy) > liminf s (S(5(Sw)) > 54 (S(Sn)).
Taking a supremum with respect to all finite subsets ¥ C X, we get the claim. [

Corollary 6.6. Suppose that the metric space (X,d) with Heine—Borel property
has a tangent cone (Tp,ci) atp € X. Then sy (X,d) > si(Tp,d). In particular, if
(X,d) is a smooth Riemannian manifold equipped with its intrinsic distance, then
s4(X,d) > dim X.

Similarly, if (X,d) has a (Gromov-Hausdorff) asymptotic cone (Cp,d) atp € X,

then s+ (X,d) > s1(Cp,d).

Proof. Recall that the pointed metric space (T}, d, p) (resp., (Cp, d, p)) is the pointed
Gromov—Hausdorff limit of the sequence (X, kd, p) (resp., (X,d/k,p)) as k — +o0.
Apply the above Proposition 6.5, having in mind that

51 (X, kd) = s+(X,d/k) = s+ (X, d).

If (X,d) is a smooth Riemannian manifold, it suffices to recall that T, = R" with

n = dim X, and (T},d) is isometric to R™ with the Euclidean distance so that
s+ (Tp,d) = s+ (R™) = n by Example 5.5. O

7. LIMIT SIGNATURE OF THE RADO GRAPH

7.1. Preliminaries on the spectral theory of random matrices and the
Wigner semi-circle law. Random matrices play an important role in the study
of the Rado graph, so we outline the relevant results on random matrices used in
our paper.

Recall the following terminology in matrix spectral distribution. Let Wy €
RNVXN e g real symmetric matrix. Denote by A\ < Ay < --- < Ay the eigenvalues
of Wy counting multiplicity. Then the empirical spectral distribution (ESD) of the

normalized matrix —=Wy is the probability measure
\/JV N b Yy
LN
j=1

Now, we consider a sequence of random matrices (Wy)S_; constructed as fol-
lows. Let (Yj)22 , be a sequence of 1.i.d. random variables, and (Z;;) with 1 <i < j
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be a family of i.i.d. random variables. For each N > 1, Wy is a symmetric matrix
of order N with entries given by
WN)kk =Ye, (Wn)ij=Wn)ji=Zij, forall<E<N, 1<i<j<N.

Thus, W can be viewed as upper left submatrices of order N of the same infinite
size random matrix. For each N > 1, by taking the ESD of the normalized random

1
matrix —NWN, we obtain a random probability measure of the form (7.1). The

following version of the Wigner semi-circle law from [2, theorem 2.5] indicates the
ESDs of these normalized random matrices converge to the semi-circle distribution.

Proposition 7.1 (Wigner semi-circle law). Let W be the order N random real
symmetric matrix such that the diagonal terms are i.i.d. random variables, and the
off-diagonal terms are i.i.d. random variables with variance o > 0, constructed as
1
above. Then with probability 1, the ESDs of normalized random matrices —Wy

VN

weakly converge to the semi-circle law, i.e., to a measure with density

(2) { L Vo2 — 22, —20 <z < 20,
Po\T) =

2702
0, otherwise.

In particular, the above theorem implies that the signatures of the matrices

(Wn)S5—, almost surely satisfy

. o s1(Wh)
(7.2) 1\}51100 s+(Wy) = oo, 1\}E>noo 5 (W) =1.
7.2. Signatures of the MDS operators and limit signature of the Rado
graph. The Rado graph R is a homogeneous, countable, and universal graph in the
sense that it contains all finite graphs as its induced subgraphs. The Rado graph
also has the following finite extension property: given any two finite disjoint subsets
U,V of R, there exists an « € R\ (U U V) such that z is adjacent to all points in
U, but not adjacent to any point in V. The Rado graph is known to be unique
up to graph isomorphism, see [7, chapter VII] for details. Let d be the intrinsic
(graph) metric on R, and p be any Borel probability measure on (R, d) having full
support. The above properties immediately imply that the intrinsic metric d of R
is bounded with d < 2.

We also recall that the Rado graph admits the following random construction
(infinite Erd6s—Rényi graph). Fix any real number 0 < p < 1. Let (Z;;) with
i < j € N be a family of i.i.d. Bernoulli random variables: Z;; ~ Be(p). Then
we define a random graph G with the set of vertices N and the random adjacency
matrix A defined by

(7.3) .Aij = .Aji = Zij, A =0, forall 1 <7< j.

With probability 1, this construction yields a graph isomorphic to the Rado graph—
thus, it can be considered as a “random enumeration” of R. Furthermore, for each
N > 1, let Sy be the random matrix of order N such that

3
(74) (SN)z’j = 5./4” — 2, (SN)ii =0 foralll S ) 75] S N.
Then almost surely one has (Sn);; = *w for 1 < 4,57 < N, where dg is

the intrinsic metric on GG. Therefore, provided that G is isomorphic to R, there
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is a sequence of finite subsets Ry C R such that Ry R, #Ry = N, and
Sy = S(Rn). Since the random matrices (Sn)n>1 also satisfy the assumptions of
Proposition 7.1, we obtain the following theorem on the limit distance signature of

(R, d,p).

Theorem 7.2. One has

st(R,d) = 4+o0
and s4(K) = s4(T) = 400 for every probability measure p over R having full
support. Moreover, the only functions in L?>(R, ) in the kernel of T are constants.

Proof. By the Wigner semi-circle law (Proposition 7.1), with probability 1, we have
lim s4(Sy) = +oo.
N—oc0

On the other hand, by the random construction of the Erdés—Rényi—-Rado graph,
almost surely there is a sequence of finite subsets Ry C R with Ry / Ras N — oo
such that

Sy = S(Rn).
Thus by Theorem 4.2(i), we have s4. (R, d) = 400, which by Theorem 4.2(v) implies
s+ (K) = +o0. Finally, Proposition 4.14 yields s4(T) = +o0.

It remains to compute the dimension of the kernel ker T of T'. Since T'= PK P,
clearly 1 € ker 7. Since P is self-adjoint in L?(R, i), we have 0 # f € 1+ Nker T
if and only if K(f) is collinear to the constant function 1 in L?(R, ). Number
the vertices of R by positive integers. The fact u has full support implies (K f); =
(K f); for all 4, j € N. The sequence (K f); has an infinite “matrix multiplication”
representation. More specifically, set

1 .00 .
S= _5 (dQ(Z7]))i,j:1, vj = f]:u({j})
‘We then have

(Kf)i=)_ Sijuj.
j=1

For any n > 1, define
+ E LT — E .
Up = Vj, Up = Uj
ji<n, v;>0 ji<n, v;<0

Because p has full support and f # 0, we see vt 7 vT > 0and v, \ v~ < 0. Since
[ € L*(R, p) and u(R) = 1, the sequence (v;) is absolutely convergent and v™, v~
are finite. Using the finite extension property of the Rado graph, for any fixed
n > 1, we can find i; > n such that ¢; is adjacent to all vertices in the summation
of v;} while non-adjacent to all vertices in the summation of v,,. Therefore, we
obtain

1 _ o
(Kf)iw = =5 | va +4v, + > v;d*(in, 5)
ji>n
Similarly we can find i3 > n such that

1 .
(K )i = =5 | 408 + 05 + Y 0 (i,)

i>n
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Using (K f)i, = (K f)i,, we get

(7.5) =3u, +3v, + > (d3(i1,5) — d(iz, §))v; =0
j>n

Since the diameter of (R, d) is 2, we find

D7 (d* (i1, 5) — d*(ia.5)) v <4 |vy]

i>n j>n

Since {v;} is absolutely convergent, we find a contradiction to (7.5) for sufficiently
large n. It follows that ker T'N1+ = {0}. Since 1+ has codimension 1 in L?(R, u1),
the dimension of ker T' cannot exceed 1. Because ker T' contains constants, they are
the only elements of the kernel of T" as claimed. O

Remark 7.3. In [12], the authors showed for a homogeneous closed connected Rie-
mannian manifold X equipped with the canonical distance d and Riemannian vol-
ume p, the constants are in the kernel of the MDS defining operator T for (X, d, p).
The results on such smooth manifolds given by these authors appear to share sim-
ilarities with the theorem above. However, in contrast to the Riemannian volume
measure on homogeneous spaces, a probability measure with full support on a ho-
mogeneous countable metric space can never be homogeneous, i.e., invariant under
automorphisms of the graph.

7.3. Signature ratio limit of i.i.d. generated finite subsets of the Rado
graph. We examine the following question on the Rado graph. Let (Ry)n>1 be
an increasing sequence of finite subsets of R such that Ry " R, endowed the
restriction of the metric d. Denote by A(Ry) the ratio of the number of positive
eigenvalues over the number of negative eigenvalues of the associated matrix S(Ry),
that is,

Aly) o 220N
s—(S(Rn))
We ask whether the limit limy_,oo A(Ry) exists on the extended real line, and
whether this limit is independent of the choice of (Ry)n>1. Note first that the
Wigner semicircle law and the random construction of R imply there exists a se-
quence Ry " R such that limy_, .o A(Ry) = 1, see Section 7.2. However, this is
not true for all sequences, as the following example shows.

Ezample 7.4. Fix any point R} = {r1}. By the finite extension property, if R}y, C R
is finite such that all pairs of vertices are adjacent, there exists ry11 € R\ R}, such
that Ry, = Riy U{rny41} has all pairs of vertices adjacent. Thus, we obtain a
strictly increasing sequence (Rfy)n>1 of finite subsets of R such that the vertices
of Ry are all adjacent for each N > 1. Each R/, with the metric induced by d can
be isometrically embedded into RV~ but not in RV ~2. By the Proposition 5.1,
we have s4(S(R)y)) = N — 1 and s_(S(R})) = 1 for this sequence. Note that
R\ UR_, Rl is infinite, i.e.

R\U?VO:1R§V = {t1,t2,...}.

Define Ry = R/ U{t1,...,tn}, so we have Ry  R. using the Cauchy interlacing
theorem, it is easy to show for the sequence (Ry)n>1 defined as above, we have
limN_mo A(RN) = Q.
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Thus we see the limit limy_, A(Ry) is not unique. Moreover, similarly one
can show that it does not always exist on the extended real line. Although the limit
of the ratios A(Ry) depends on the choice of Ry R, they typically converge to
1 in the following sense.

Proposition 7.5. Let G be a random Erdés—Rényi—-Rado graph, p be a probability
measure on N with full support, and &; € N, be i.i.d. random elements with law(&;) =
i, © € N, independent of G. Then, for X,, = (&), one has

lim A(X,,) =1

m—r o0

almost surely.

Proof. Since p has an infinite support, a random sequence & = ()2, a.s. has
infinitely many distinct elements. For such a realization of £, define an auxiliary
sequence & = (él)fil C N which is obtained from £ by cancelling the repeating
elements in the order of their appearance. Since G and £ are independent, the
conditional law of G given ¢ (uniquely defined for a.e. §) does not depend on ¢
and coincides with the marginal law of G, that is, the distributional law of an
Erdés—Rényi-Rado random graph. The matrices Sy corresponding to Sy (defined
by (7.4)) are given by the formulae

N 3 A . .
(SN)ij = 5./45”7,& — 2, (SN>“ = 07 1 S 1 7é ] S N

Since all &; are by definition distinct, by the construction of an Erdés-Rényi-Rado
graph and Proposition 7.1 we obtain that ESDs of Sy converge to the semicircle
law a.s. (conditioned on &, i.e. with & and hence also £ fixed). Therefore,

m 520N
N—oo g_ (SN)
and by the Fubini theorem, this holds (unconditionally) a.s.
Finally, by the properties of the Rado graph, one a.s. has (SN)Z»J» = —%dé(€i7 éj),
i.e. Sy = S(Xn), where Xy := {&}Y,. Then by Lemma 4.9 we get

S+(S(XN)) — lim 3+(SN)

9

lim A(X,,) = lim A(Xy)= lim - = — =1as.
m—o0 N—o0 N—o0 5_(S(XN)) N—oo g (Sy)
as claimed. 0

The above Proposition 7.5 shows that the limit of the ratios lim,, oo A ((&)7)
is equal to 1 almost surely for almost every realization of the random Rado graph
G, once the random points & in the Gromov—Vershik scheme are independent of
G. This is however not the case when we fix a specific realization of the Rado
graph as the following examples show. In fact, we show that the limit of the ratios
limy, 00 A ((§)1,) may become as large as desired (Example 7.6) or even infinity
(Example 7.7), all this of course, with some positive probability and depending on
the choice of the measure pu.

Ezample 7.6. Let (R, d) be as before. Let E := {e1,eq,...} C R be the infinite
Hilbertian simplex, i.e., d(e;,e;) = J;; (we call it Hilbertian since (E,d) can be
isometrically embedded in the Hilbert space ¢?). The set Ey := R\ E is clearly
infinite, and we enumerate its elements so that

FEo={e%¢9,...}.
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Fix any integer j > 1. For k =1,..., 7, define
By, = {e} := elj+k 1 L € N},
so that E = Ui:l FEy, and the sets Er, k = 1,...,7, are disjoint. We construct

a probability measure p of full support on R such that p({e?}) = pu({eF}) for all
l>0and k=1,...,7. Note that in this way
1

(7.6) H(E0) = p(E) = .. = () =

Let £ = (&)i>1 with &: Q — R be the i.i.d. random sequence from (R, d, ). For
each k =0,...,7, denote by Ng, (m) the number of distinct elements in Ej, of the
finite random sequence (&1, 82, ...,&m).
We show first that for p; := 1/(j + 1) > 0, one has
(7.7) P ({Ng,(m,w) < Ng,(m,w), k=1,...,j}) = p;
for all m € N. In fact, setting
O ={weN: Ng,(mw) < Ng,(mw),i =0,...,5},
we clearly get
P(Qy) =P(Q) = ... =P(Q;),
and Ui::o Q. = Q. Therefore,

J
1=P(Q) <Y P(%) = (j + DP(Q),
k=0
hence the claim (7.7).
Once (7.7) is proven, we consider the set Ry, of distinct elements of the finite

random sequence (&;)™, and the respective square matrix S (R N(m)) as well as the
square matrices

&0 R 2

SN<E0,m) " _§(d (51"@))i,j:l,...,m,si,sjeEom%N(m’
. 1 9

ENp(m) = _§(d (fi’5j))i,j=1,...,m,&,5jeEnRN(m>7

where the lower index stands for the size of the respective matrix. One has
S+ (ENE(m)) = NE(m) — 1,

since En,(m) is Ng(m) x Ng(m) matrix and (E,d) is isometrically embedded in a
Hilbert space. Hence

(7.8) sy (ENE(m)) = Ng(m) — 1.
We observe now that the matrix S(RN(m)) has the block form
. S0
S(Rgmy) = |~ Vealm T
* ENE(m)

(where * stands for some blocks). Thus in view of the Cauchy interlacing theorem,
we get

(7.9) 54 (S(Rnm))) = s4(Eng(m) = Ne(m) — 1,
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the latter equality due to (7.8). On the other hand, S(RN(m)) is an N(m) x N(m)
matrix, and hence

s—(S(Rnm)) < N(m) = s:(S(Bn(my))
(7.10) < N(m)— (Ng(m)—1) by (7.9)

From (7.8) by (7.7), of probability at least p; > 0, one has

J
(7.11) st (Bngm ) = Np(m) =1 =3 Nig, (m) = 1 2 jNp, (m) - 1
k=1
for sufficiently large m. Hence, combining (7.10), (7.11), and (7.9), we arrive at
(7.12) A(RN(m)) >

Hence, for any j > 1, we have

. . A ] ‘
lim inf I ({A(RN(m)) > 3}> > p; > 0.

Setting j sufficiently large, we may have lim,, .o A ((&;)7,) as large as desired
with a positive probability.

Ezample 7.7. Let (R,d) be as before. According to the Example 7.4, there exists
an enumeration R = {r;}22; such that A(Ry) — oo with Ry := {ry,...,rn}. For
the sake of brevity, let us identify R with N according to this enumeration. Define
a probability measure p on N by u({k}) := C2-*° with the normalizing constant

-1
C = (Z;o 1 2*’@2) . As usual, let (&)$2, be a sequence of i.i.d. random elements

of R with law p and (fj) ®, be the corresponding sequence obtained from £ by
cancelling the repeating elements in the order of their appearance. It is easy to see
that él =i for all i € N if and only if & < maxi<ij<;& + 1 for all j € N, with a
convention max () = 0. Furthermore,

(7.13)
P ({Hj €N:g > max & + 1}) P ({gj > max & + 1})
< =
“2r({s=rermmesey)

Since all &; are i.i.d., we have (with convention 0° = 1 in the case k =0, j = 1)

P <{§j =k+2, max§ < k}) —P({& = k+2}) (P& < k}) !
Note that

P({& < k}) =1 P({& > k+1}) <1—B({& = k+1}) = 1 — u({k + 1}).
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Thus, we continue the chain of estimates (7.13) by

]P’({EI]EN & > rgax&—i—l}) Sgk: p({k+21) (1 - p({k+1})"
Z ({k+2) 3o (1 - pl{k+13)”

= 3 ok (2’

Therefore, with probability at least %, one has {; < maxj<;<;§ + 1 forall j € N,
hence éz =4, and thus

lim A((&)2,) = hm A((@)Z 1) = lim A(Ry) =

m— o0 N—oo
APPENDIX A. AUXILIARY LEMMAS ON OPERATORS AND THEIR SPECTRA

We collect here some technical results on the spectra of operators on Hilbert
spaces used throughout the paper.

Lemma A.1. Let H be a Hilbert space.
(i) If A, B are compact self-adjoint operators on H, then

s£(A+ B) < s+(A) + s+(B).

(ii) If A and {An}n>1, are compact self-adjoint operators on H such that A, —
A in operator norm, then

s+ (A) <liminf sy (A,).

Proof. We prove the claims for sy. The proof for s_ is identical.

We start with the proof of (i). Assume that s;(A) < oo and s4(B) < oo,
otherwise the claim is trivial. Suppose that s4 (A+B) > s4(A)+s4(B). Then there
are at least m+1 = s (A)+s4(B)+1 linearly independent eigenvectors uy, . . ., Uy,
of A+ B corresponding to positive eigenvalues. Let L4 (resp., Lg) be the linear span
of all eigenvectors of A (resp., B) corresponding to positive eigenvalues. Clearly, we
have that dim L4 = s4(A) and dim L = s (B). Then dim(L4 + Lp) < sa(A) +
51 (B) < m and there is a non-zero vector u € span{u;}™, N (La+ Lg)*. Since A
and B are self-adjoint, this yields (u, Au) <0, (u, Bu) < 0, hence (u, (A+B)u) <0
what leads to a contradiction. Therefore, s; (A + B) < s (A) + s4+(B) as claimed.

Now, let us prove (ii). Let uq, ..., u,, be unit norm eigenvectors of A correspond-
ing to positive eigenvalues A\; > Ay > -+ > A, > 0. Define symmetric matrices
A= ((wi, Aug))—y = diag(A1, ..., Ap) and A, = ((ui, Ay u;))i%—1. Then for
|A, — Al < Am, we have

/\min(An) Z )\min(A) + Amln( n A) m - ||An - AH 2 )\m - ||A’ﬂ - AH > 0.
In this case, s; (4,) > sy (A,) > m, therefore,
m < liminf s, (A,).

Taking supremum over all m < sy (A), we get the result. a
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Lemma A.2. Let (X,d) be a metric space, p be a Borel probability measure, and
A: L2(X, ) — L?(X, i) be an integral linear compact operator defined by the for-
mula

(Au)(z) = /X a(z, y)uly) du(y)

with a € L*(X x X, p®@p) satisfying a(x,y) = a(y, ) for p@ p-a.e. (z,y) € X x X,
so that A is self-adjoint. Let \; € R and u; € L*(X,p) be an enumeration of its
eigenvalues (counting multiplicities) and the respective eigenfunctions of unit norm
in L?(X, ). Then

(A1) a(z,y) = ZAiuz(‘T)uz(y)a

the equality in the sense of L*(X x X, u ® p).

Proof. By the Hilbert—Schmidt theorem, {u;} form a topological basis in L?(X, ).
Thus representing a in terms of the Fourier series in u; ® uj in L*(X x X, u ® p),
we get

a(z,y) = Zczyuz(‘r)uz(y)
i,
For the Fourier coefficients ¢;;, we have
Cij = / (/ a(z, y)u;(u) du(y)) uj(z) dp(z) = / Aiwi(z)uj () dp(z)
x \Jx X
= \idij,
where §;; stands for the Kronecker delta, which implies (A.1). O

The following lemmas have been used in the proof of Proposition 4.11.

Lemma A.3. Let (X,d) be a metric space, p be a Borel probability measure, and
A: L2(X, ) — L*(X, p) be an integral linear operator defined by the formula

(Au)(z) = /X a(z, y)uly) du(y)

with a continuous function a € L*(X x X, u® u) satisfying a(z,y) = a(y,z). The
following assertions hold.

(i) For every finite subset Xn = {x1,...,xn} C supp i, one has

(A.2) s1(A) > s+ (A(Xn)),
(A3) Si(P#APM) Z Si(HNA(XN)HN),
where A(Xy) = (a(xi, 2;))1;-, € RNV,

(ii) If u is a Radon measure (which is automatically guaranteed when (X, d) is
Polish), then there is a sequence of finite subsets Xy C X such that

(A.4) s(A) < limNinf s+ (A(XN)),
(A.5) s+(P,AP,) < limNinf s+(INA(XN)N).

Proof. To prove (i), let € > 0 be such that all the positive eigenvalues of A(Xy)
belong to the interval [¢, +00). Choose an r > 0 sufficiently small such that all open
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balls B; := B,.(x;), i = 1,..., N, are pairwise disjoint, and for all i,57 = 1,...,N
the estimate

(A.6) la(a], 2)) — a(z;, z;)| <

oy , forallzj € B;, o € B;.

DN ™

holds. Define
1
v = ———1p, € L*(X,p), i=1,...,N,
1(B;)
(recall that u(B;) > 0 since x; € suppp). Let Qn: L*(X,u) — L3(X,u) be
the orthogonal projector onto Ly := span{v;}» ;. Define the linear operator

An: L*(X, ) — L*(X, ) by

N
(Awa(a) = 3 [ atane) 1o, ()1, (uly) dut).
i,j=1

For every u € Ly, setting U := Uf\;l B;, we have

. ~ € €
(A.7) o Au — Anullz < |1vAu — Anulloo < Fllull < Fllullz,
where the first and the last estimates are just Hoder inequality minding that p is a
probability measure, and the second one is due to (A.6). Since Qnv = @n(1yv) for
allv € L? (X, ), then from (A.7) we get that the operator norm of QnAQN —An =
Qn(A — AN)Qn is bounded by 5. Now, let us define the embedding operator
En:RY & Ly as Eyz := Zf\il 2;v;, so that Im Fy = Ly and

1

1(B;)

with ;5 standing for the Kronecker delta. Since

(Exvi)ie = ik

~ N N 1
An()@) = 315 @) Y [ w15, ()= 1o W)dn(y)

= Z 1p,(z)a(z;, zy) = Z a(x;, ) p(B;i)v;,

i=1
then EJ*(,ANEN = A(Xy). We have therefore
54(4) > 5. (QnAQ)
by Lemma A.4(i) with Q := Qn, B := QnAQnN, Hy = Hy = L?(X, 1)
> s,(Ay) by the Weyl inequality
= s+(E;,f1NEN) by Lemma A.4(iii) since (ker 1211\;)l CLy=ImEpN
— 5, (A(Xy)).

Now, let Qn: L?(X, u) — L%(X, 1) be the orthogonal projector onto Ly N 1+.

In the same way as above, Qn (A — Ay)Qy is bounded by §. Furthermore,

N

(1,EN1,‘) = Z(l,vi)xi = (1N,.%'),

i=1
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hence Im(EnIly) = Ly N1+ and QnEnIly = ExIly. Therefore,
s4+(P,AP,) > s1(QnAQnN) by Lemma A.4 since P,Qn = Qn
(Q NANO ~) by the Weyl inequality
(HNENANENHN) by Lemma A.4 since QnEnIly = ExIln
= s (IIyA(XN)IIy).

The proofs of s_(A) > s_(A(Xn)) and s_(P,AP,) > s_(IINA(Xn)IIy) are
completely symmetric.

We now prove (ii). To this aim, for an arbitrary € > 0, using that u is the Radon
measure, we can find a compact K C X with u(X \ K) be so small that

a*(z,y) du(x)du(y) < .

>S+
> 54

/(XXX)\(KXK)

This can be done in view of by absolute continuity of the integral and of the fact
that

p((X x X)\ (K x K)) = p(((X\ K) x X) U (K x (X \ K)))
<2u(X \ K).

We find a 6 > 0, a d-net Xy := {x1,...,2y} C K, and a partition of K into N
disjoint Borel subsets By, ..., By such that
(A.8) la(z, ) — a(x;, x;)| <e, forall ¥} € By, z); € B
(e.g., B; being a “Voronoi cell” for z;).

Much similar to the prof of (i), let Qn: LQ(X w) — L?(X, i) be the orthogonal
projection onto span{lp,}X¥, and denote by A(Xx): L?(X,u) — L*(X,p) the
linear operator defined by the formula

= 3 [l 1 (), 0000 ).

1,5=1

For every u € L*(X, u), we have

1QNAQNu — Anullz < |QNAQNU — Ayullo < elullr < ellul2,

and

40— QuAQuul < [ dn(o ( / |a<x,y>—1K<x>a<x,y>1f<<y>|-u<y>|du<y>)

<ol [ auto) ([ lato) - 1ot auto))

< % lull3-
This implies
[ Au — Anulls < [|Au — QvAQNul2 + |QN AQNu — Anulls < 2¢]|ul|o.

In other words, we constructed a sequence of X C X such that A ~N — A as linear
bounded operators over L?(X, 1) as N — oo. This implies

s+ (A) < liminf s+ (Ay)
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by Lemma A.1(ii). In the same way one can show that
s+ (P,ANP,) < lim inf 5. (v (X )ILy),
hence concluding the proof. O

Lemma A.4. Let Hy, Hy be Hilbert spaces, A and B be linear compact self-adjoint
operators over Hy and Hy, respectively, such that B = Q*AQ, where Q: Hy — Hs
is a linear bounded operator. Then

(i) s£(B) < s+(A).

(ii) If, moreover, the codimension of the image of Q is k € N, then

s£(B) > s+(A) — k.
(iil) If ImQ)* N (ker A)* = {0}, then s (A) = s+ (B).

Proof. Let {u; };»L:l C H; be a set of linearly independent eigenvectors of B cor-
responding to strictly positive eigenvalues. The vectors Qu;, j = 1,...,n are also
linearly independent since otherwise ker BNspan{u;}7_; # {0} which is impossible.
Hence, (Av,v) > 0 for every v € span{Qu;}7_;, v # 0. This implies s;(4) > n,
and therefore, taking the supremum over all n € N such that n < s;(B), we get
s+(B) < s1(A), proving Claim (i).

We now prove (ii). Let {w;}72; C Ha be a set of linearly independent eigenvec-
tors of A corresponding to strictly positive eigenvalues. Then

dim (span{w;}7; NIm Q) > m — k.
Thus we may choose at least m — k linearly independent elements
{vj};”:_lk C span{w; }7L; NTm Q
Pick then linearly independent u; € Hy with Quj; =v;, j =1,...,m — k. One has
(u, Bu) = (Qu, AQu) >0

for all u € span{u; };”:_1’“ unless u = 0. Thus implies sy (B) > m — k and taking the
supremum over all m € N satisfying m < s; (A), we have s (B) > sy (A) — k, i.e.,
Claim (ii).

Finally, to prove Claim (iii), we first note that for the orthogonal projector P4
from Hy onto (ker A)* one has P4A = A. Hence, A = A* = A*Pj; = APy, and
this again implies

A = PyrA = PAAPy.

Therefore,
(A.9) B =Q"AQ = Q" P4APsQ = Q" P1APAQ = (PaQ)" A(PAQ).
Furthermore,

(Im Q)" N (ker A)*F = (Im Q + ker A)*= = {0},
hence Im Q + ker A is dense in Hy, thus Im(P4Q) is dense in Im P4 = (ker A)*. Let
again {w; };”:1 C Hs be a set of linearly independent eigenvectors of A correspond-
ing to strictly positive eigenvalues, thus the matrix (Aw;, wj)?szl is positive defi-
nite. Since all w; clearly belong to (ker A)*, then one can find {w;}7, C Im(P4Q)
with each w; so close to w; that they are all still linearly independent and the ma-
trix (Aw;, w;);"_; is positive definite (which gives in particular (Aw, w) > 0 for all
w € span{w; }7", w # 0).
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Choosing u; € H linearly independent such that P4Qu; = @;, in view of (A.9)
we get
(u, Bu) = ((PaQ)u, A(P4aQ)u) > 0
for all u € span{u;}jL,, u # 0. Thus, s, (B) > m and taking the supremum over
all m € N satisfying m < sy (A), we have s (B) > si1(A). This together with
Claim (i) gives Claim (iii). O

Lemma A.5. Let ¥ = {z;}3_; C R™P be such that X —X C C, (thus, dy p(2i, 2;)
is defined). Then the strict triangle inequality

dn,p(21,23) < dnp(21,22) + dnp(22, 23)
is equivalent to the strict one-sided Cauchy-Schwarz inequality
(21— 22,22 — 23)np < dnp(21,22)dn p(22, 23).
Proof. The strict triangle inequality is clearly equivalent to
d? (21, 23) < d5y (21, 22) + 2dp p(21, 22)dn p (22, 23) + d, (22, 23).
Since
d? ,(21,23) == (21 — 23,21 — 23)
= (21 — 22,21 — 22) + 2(21 — 22, 22 — 23) + (22 — 23, 22 — 23)
=d; ,(21,22) +2(21 — 22,20 — 23) + di, (22, 23),

we get the result. O
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