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Abstract

We establish partial Holder continuity of the gradient for equilibrium configurations of vec-
torial multidimensional variational problems, involving bulk and surface energies. The bulk
energy densities are uniformly strictly quasiconvex functions with p-growth, 1 < p < 2, with-
out any further structure conditions. The anisotropic surface energy is defined by means of
an elliptic integrand ® not necessarily regular.

AMS Classifications. 49N15, 49N60, 49N99.
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1 Introduction and statements

Let us consider a functional F with density energy discontinuous through an interface A, inside
an open bounded subset (2 of R, of the form

F(v, A) = /ﬂ (F(Dv) + 14G(Dv)) dz + P(A,Q), (1.1)

where v € Wﬁ)’f(Q; RM), and F,G : R™Y — R are C?-integrands. Assume that these integrands
satisfy the following growth and uniformly strict p-quasiconvexity conditions, for p > 1 and
positive constants f1, {2, L1, Lo:
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0< F(&) < Li(1+|¢P)E, (F1)

[ Fle+Deydn> [ (PO +alDpP+DoP)'F) do (F2)
Q Q

0<G(E) < La(1+]¢), (G1)
[ Gte+Deydn> [ (610 +LlDpl1+[DoP)F) da. (@)
Q Q

for every £ € R™N and ¢ € C}(Q; RY).

Existence and regularity results have been obtained initially in the scalar case (N = 1) in
[4, 5, 10, 21, 22, 23, 24, 25, 28, 33, 34, 35]. In the vectorial case (N > 1), the authors in
[11] proved the existence of local minimizers of (1.1), for any p > 1 under the quasiconvexity
assumption quoted above. In the same paper, the C1® partial regularity is proved for minimal
configurations outside a negligible set, in the quadratic case p = 2.

In [9] the same regularity result has been established in the general case p > 2, also addressing
anisotropic surface energies. F.J. Almgren was the first to study such surface energies in his
celebrated paper [3] (see also [8, 20, 26, 38, 39| for subsequent results). This kind of energies
arises in many physical contexts such as the formation of crystals (see [6, 7]), liquid drops (see
[16, 27]), capillary surfaces (see [18, 19]) and phase transitions (see [32]).

In this paper, we consider the same functional as in [9], given by

Z(v,A) = / (F(Dv)+1,G(Dv)) dx +/ ®(x,va(x)) dH"(2), (1.2)
Q QNo* A

in the case of sub-quadratic growth, 1 < p < 2. We achieve analogous regularity results as those
established in [9], thereby completing the answer to the problem for all p > 1.
In this setting A C € is a set of finite perimeter, u € VVlif(Q;RN ), 14 is the characteristic
function of the set A, 0* A denotes the reduced boundary of A in 2 and v4 is the measure-
theoretic outer unit normal to A. Moreover, ® is an elliptic integrand on 2 (see Definition
2.8), i.e. ®: Q xR" — [0,00] is lower semicontinuous, ®(z,-) is convex and positively one-
homogeneous, ®(z,tv) = t®(x,v) for every t > 0, and the anisotropic surface energy of a set A
of finite perimeter in (2 is defined as follows

®(A;B) = /Bma*A ®(z,va(x)) dH" " (z), (1.3)

for every Borel set B C ). The further assumption

1

A < O(z,v) <A, (1.4)
with A > 1, allows to compare the surface energy introduced in (1.3) with the usual perimeter.
Let us recall that in the vectorial setting, as in the previously cited papers, the regularity we
can expect for the gradient of the minimal deformation u : Q@ — R™, (N > 1), even in absence
of a surface term, is limited to a partial regularity result.
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We say that a pair (u, F) is a local minimizer of Z in €, if for every open set U € 2 and every
pair (v, A), where v — u € WOI’p(U;RN) and A is a set of finite perimeter with AAE € U, we
have

/ (F(Dw) + 1,G(Dw)) dz + ®(E:U) < / (F(Dv) + 1,G(Dv)) dz + B(A: V).

U U

Existence and regularity results for local minimizers of integral functionals with uniformly strict
p-quasiconvex integrand, also in the non autonomous case, have been widely investigated (see
[1, 2, 12, 13, 14, 15, 30, 37] and [29, 31]).

Regarding the functional (1.2), the existence of local minimizers is guaranteed by the following
theorem, proved in [9].

Theorem 1.1. Let p > 1 and assume that (F1), (F2), (G1l), (G2) hold. Then, if v €

Wﬁ)’f(Q; RN) and A C Q is a set of finite perimeter in 0, for every sequence {(vy, Ag) Yren such
7p

that {vg} weakly converges to v in I/Vlic
we have

(;RY) and 14, strongly converges to 14 in Li (),
Z(v, A) < liminf Z(vg, Ag).
k—ro0

In particular, T admits a minimal configuration (u, 15) € WP(Q; RY) x BVige(€; [0,1])

loc

We emphasize that, in particular, the previous theorem implies the semicontinuity of the
anisotropic perimeter functional (1.3).

In this paper, we obtain a C1® regularity result for the minimizers of (1.2) in the case of
sub-quadratic growth, 1 < p < 2. If we further assume a closeness condition on F' and G (see
(H) in Theorem 1.2), we prove that u € C*7(Qy) for every v € (0, I%) on a full measure set

Q1 C Q. Furthermore, we do not assume any regularity on ® in order to get the regularity of u.

Our main theorem is the following,

Theorem 1.2. Let (u, E) be a local minimizer of Z. Let the bulk density energies F' and G
satisfy (F1), (F2), (G1), (G2), with 1 < p < 2, and let the surface energy ® be of general type
(1.3) with ® satisfying (1.4). Then there exist an exponent B € (0,1) and an open set Qy C 2
with full measure such that u € CYP(Qo; RN). If we assume in addition that

Loy
<1, H
0+l (5)

there exists an open set Qi C Q with full measure such that v € CY7(Q;RY) for every v €
(0,4).
P

The proof of the regularity of w is based on a blow-up argument aimed to establish a decay
estimate for the excess function
P(E, B, (z
U(zo,7) ::][ \V(Du) = V((Du)zo,r) \2 dx + (TM(O)) tr
By (z0)

where

V(€)= (1+[¢P)P=D/%g, g e R
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To this aim, we use a comparison argument between the blow-up sequence vy, at small scale in
the balls B, (z5) and the solution v of a suitable linearized system. The challenging part of the
argument, as usual, is to prove that the ‘good’ decay estimates available for the function v (see
Proposition 2.1), are inherited by the vy, as h — oo.

To achieve this result, the main tool is a Caccioppoli type inequality that we prove for minimizers
of perturbed rescaled functionals (see (3.16)) involving the function V' (Dwy,) and the perimeter
of the rescaled minimal set E}. The Caccioppoli inequality combined with the Sobolev Poincare
inequality will lead us to a contradiction (see Step 6 of Proposition 3.1). In this final step, the
issue to deal with the function V' (Du) in the sub-quadratic case, is overcome by using a suitable
Sobolev Poincare inequality involving V(Du) (see Theorem 2.6), whose proof is due to [12].

2 Preliminaries

Let Q be a bounded open set in R", n > 2, u: Q — RY N > 1. We denote by B,(z) :=
{y € R": |y — x| < r} the open ball centered at € R™ of radius 7 > 0, S"~! represents the unit
sphere of R", ¢ a generic constant that may vary.

For B,(rg) C R® and u € L' (B, (z0); RY) we denote

(W) zor == ][ u(z) dx
By (z0)

and we will omit the dependence on the center when it is clear from the context.

(&,m) = trace(¢"n),

for the usual inner product of ¢ and 7, and accordingly [¢| := <§,§>%. If F: RN & R is
sufficiently differentiable, we write

n—ZZaga n¢ and D2F(¢ ZZ

,3
a=1 i=1 aﬁ 1@] 1 £Qa£

ey,

for £, n € RN,
It is well known that for quasiconvex C' integrands the assumptions (F1) and (G1) yield the
upper bounds

IDF(E) < aLi(l+ 7)) and [DG(E)] < eaLa(1+ [P)"T (2.1)

for all ¢ € R™¥ with ¢; and ¢z constants depending only on p (see [31, Lemma 5.2] or [37]).
Furthermore, if F' and G are C?, then (F2) and (G2) imply the following strong Legendre-
Hadamard conditions

Z Z A > es|A\*|p/*  and Z Z

a,f=11,5=1 gaafﬁ a,f=11,7=1 gaafﬁ

QAidju = ca| AP |pl?,

for all Q € R™N, XA € R", u € RY, where c3 = c3(p,¢1) and ¢4 = c4(p, £2) are positive constants
(see [31, Proposition 5.2]).
We will need the following quite standard regularity result (see [12] for its proof).
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Proposition 2.1. Let v € W1 (€ RY) be such that

/QQZ{BDanDj(pB dx =0,
for every ¢ € CX(RY), where Q = {Qgﬁ} is a constant matriz satisfying |Q2jﬁ] < L and the
strong Legendre-Hadamard condition

QU N 1P = AP,

for all A € R™, p € RY and for some positive constants £,L > 0. Then v € C*® and, for any
Br(zg) C Q, the following estimate holds

sup |Dv| < C/ |Dv| dzx,
B R™ Jp
R/2 R

where ¢ = c(n, N, ¢,L) >0 .
We assume that 1 < p < 2 and we refer to the auxiliary function

V(E) = (1+[g)F2e, ve e R, (22)
whose useful properties are listed in the following lemma (see [12] for the proof).

Lemma 2.2. Let 1 < p <2 and let V : R¥ — RF be the function defined in (2.2), then for any
£,neRF and t > 0 the following inequalities hold:

(i) 2024 minf|¢], €[} < [V(€)] < min{lé], [€P/2},
(ii) |V ()| < max{t, */2}|V(9)] ,
(i) |V(E+n)] <e@)[|VE)]+ [V,
(i) Ble—nl < (L+ €2 + ) 2PV () - Vn)| < clk.p)lE — .
() V(&) —=Vn)|<clk,p)|V(E—n),
(vi) |V(E—=n)| <elp, M)|V(E) =V (n)

,if Inl < M.

We will also use the following iteration lemma (see [31, Lemma 6.1])

Lemma 2.3. Let 0 < p < R and let ¢: [p, R] — R be a bounded non negative function. Assume
that for all p < s <t < R we have
B C

Q;Z)(S) S'l9¢(t)+A+ (S—t)a + (S—t)ﬁ

where ¥ € [0,1), « > 8 > 0 and A,B,C > 0 are constants. Then there exists a constant
¢ =c(Y,a) >0 such that

B C
oo < e(a+ o+ )

5
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An easy extension of this result can be obtained by replacing homogeneity with condition (ii)
of Lemma 2.2.

Lemma 2.4. Let R > 0 and let ¢: [R/2,R] — [0,400) be a bounded function. Assume that for
all R/2 < s <t < R we have
o
t—s

where h € LP(B,), A,B >0, and 0 < 9 < 1. Then there exists a constant c(9) > 0 such that

1/1(12%) < 6(19)<A/BR V(hg)Nde%—B).

Given a C! function f: R¥ - R, Q € R* and X\ > 0, we set

o) = QPN IQ = DIQNE e g

2
b(s) < O(t) + A dz + B,

Br

In the next sections we will use the following lemma about the growth of fg » and D fq ».

Lemma 2.5. Let 1 < p < oo, and let f be a C*(RF) function such that

£ <L+ €P) and |DFE)| < L(1+|2) PV

for any ¢ € R* and for some L > 0. Then for every M > O there exists a constant ¢ =
c(p, L, M) > 0 such that, for every Q € R*, |Q| < M and X > 0, it holds

for(©)] < c(1+ D) P22 and [Dfga©)] < c(1+ D) P2, (23)
for all € € R¥.

Proof. Applying Taylor’s formula, there exists 6 € [0, 1] such that, for every ¢ € R¥,

faal6) = 3 D*F(@ + XK

1
Dfax(©) = 3 (DF@+X9) = DFQ) = [ D*1(@+0xe)c a0,

If we denote Kjy := max {|D*f(§)| : |{| < M + 1}, we have
1 .
[for(©] < SKumlef,  IDfoa(©)] < Kulel, if [A¢] < 1. (2.4)
On the other hand, using growth condition (2.3) and the definitions of fg  and D fg x, we get

|foa(©)] < e(p, L, M)NT2|EP, D foa(€)] < (L, M)XN?E[P™,  whereas [A¢] > 1. (2.5)

We get the result by combining (2.4) and (2.5) . O
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A fundamental tool in order to handle the subquadratic case is the following Sobolev-Poincaré
inequality related to the function V', proved in [12].

Theorem 2.6. If 1 < p < 2, there exist 2/p < a < 2 and o > 0 such that if u €
WP (Bsg(xg), RY), then
2(1+0) 2(1:—0)
dr

1
V(u — Uxo,R> < 0(7[ V(Du adaz) a,
(7[312(%) R BSR(‘TO)‘ ( )|

where the positive constant C = C(n, N, p) is independent of R and u.

2.1 Sets of finite perimeter and anisotropic surface energies

In this subsection we recall some elementary definitions and well-known properties of sets of
finite perimeter. We introduce the notion of anisotropic perimeter as well.
Given a set E C R™ and t € [0, 1], we define the set of points of E of density ¢ as

E® ={z cR": |EN B.(z)| = t|B,(x)| + o(r") as r — 07 }.

Let U be an open subset U of R™. A Lebesgue measurable set F C R"” is said to be a set of
locally finite perimeter in U if there exists a R™-valued Radon measure pup on U (called the
Gauss-Green measure of F) such that

/ws dx:/qbd,uE, Vo € CLU).
E U

Moreover, we denote the perimeter of E relative to G C U by P(FE,G) = |ug|(G).
It is well known that the support of up can be characterized by

sptpup = {z € U:0< |ENBy(z)| <wpr", Vr >0} CUNIE, (2.6)

(see [36, Proposition 12.19]). If E is of finite perimeter in U, the reduced boundary 0*E C U of
E is the set of those x € U such that

L we(B (@)
0 | (B (@)

exists and belongs to S"~1. The essential boundary of E is defined as 0°F := R"\ (E°U E1). Tt
is well-understood that

O'E CUNOE C sptug C UNOE, UNO*E = sptug.

vp(z) =

Furthermore, Federer’s criterion (see for instance [36, Theorem 16.2]) ensures that
H L (UNOE)\ 9*E) = 0.

By De Giorgi’s rectifiability theorem (see [36, Theorem 15.9]), the Gauss-Green measure up is
completely characterized as follows:

UE = VEH”_1L8*E, lue| = HLLO*E.

The equality holds in the class of Borel sets compactly contained in U. Here, we have denoted
uLO*E(F) = pu(0*E N F), for any subset F' of R".
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Remark 2.7 (Minimal topological boundary). If E C R" is a set of locally finite perimeter
in U and F C R™ is such that [(EAF)NU| = 0, then F is a set of locally finite perimeter in
U and pg = pp. In the rest of the paper, the topological boundary OE must be understood by
considering the suitable representative of E in order to have that O*E = OENU. We will choose
EW as representative of E. With such a choice it can be easily verified that

UNOE ={z €U :0<|ENB,(z)| <wyr™,Vr>0}.

Therefore, by (2.6),
O*FE = sptug = 0ENU.

In what follows, we give the definition of anisotropic surface energies and we recall some prop-
erties.

Definition 2.8 (Elliptic integrands). Given an open subset Q of R, ® : Q x R — [0, 00| is said
to be an elliptic integrand on Q if it is lower semicontinuous, with ®(x,-) convexr and positively
one-homogeneous for any x € Q, i.e. ®(x,tv) = t®(z,v) for every t > 0. Accordingly, the
anisotropic surface energy of a set E of finite perimeter in Q) is defined as

&(: B) = / B(z, vp(x)) dH" (), (2.7)

BNo*E

for every Borel set B C ().

In order to prove the regularity of minimizers of anisotropic surface energies, it is well known that
a C*-dependence of the integrand ® on the variable v, and a continuity condition with respect
to the variable z, must be assumed (see the seminal paper [3]). In fact, one more condition is
essential, that is a non-degeneracy type condition for the integrand ®. More precisely, we have
to assume that there exists a constant A > 1 such that

1

i < P(z,v) <A, (2.8)
for any € Q and v € S"~!. We emphasize that (2.8) is the only assumption we make for the
elliptic integrand ®. We observe that, if the elliptic integrand & satisfies the previous condition,
then the anisotropic surface energy (2.7) satisfies the following comparability condition to the
perimeter:

%%”—1(3 NJ*E) < ®(E;B) < AH" 1 (BN o*E),

for any set E of finite perimeter in €2 and any Borel set B C . A useful relation is given by
proposition below proved in [9].

Proposition 2.9. Let U C R" be an open set and let E, F C U be two sets of finite perimeter
in U. It holds that

BEUF;U)=&E; FO) 4+ &(F; EQ) + ®(E; {vg = vr}).
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3 Decay Estimates

In this section we prove decay estimates for minimizers of functionals (1.2) by using a well-known
blow-up technique involving a suitable excess function. We consider the bulk excess function
defined as

Ul(zo,7) :_]é( )\V(Du)—v((Du)zO,r)\de, (3.1)

for By(xo) C Q.
When the assumption (H) is in force, we refer to the following “hybrid” excess

P(E, B,(x0)) Y

U*(l'o,’l“) = U(:Eo,’l“) + 1

TTL

Proposition 3.1. Let (u, E) be a local minimizer of the functional Z in (1.2) and let the as-
sumptions (F1), (F2), (G1), (G2) and (H) hold. For every M > 0 and every 0 < 7 < %, there
exist two constants g = o(1, M) > 0 and ¢, = c«(n,p, 1,02, L1, Lo, A, M) > 0 such that if in
B, (o) € Q it holds

|(Du)gorl <M and U(xo,r) < eo,

then
Ui(xg,71) < comUx(x0,7). (3.2)

Proof. In order to prove (3.2), we argue by contradiction. Let M > 0 and 7 € (0,1/4) be such
that for every h € N, C, > 0, there exists a ball By, (z5) € Q such that

|(Du)ey, | < M, Us(xh,mh) =0 (3.3)

ThyTh

and
U*(l'h,T'f‘h) > C*TU*(xh,Th). (3.4)

The constant C, will be determined later. We remark that we can confine ourselves to the case
in which E N B,, (x},) # 0, since the case in which B, (z,) C Q\ E is easier, being U = U,.

Step 1. Blow-up.

We set )\,21 = Us(xp,mh), Ap = (D) gy, ab = (U)z,, 1), and we define

u(xp +rpy) —ap — rRARy
op(y) =

Bi. .
)\hrh ) vy € by (3 5)

One can easily check that (Dvp)o1 = 0 and (vy)o,1 = 0. We set

E—zxp N E—uxp
Ey = , Ly =
Th Th

N B;.

By using (i7) and (vi) of Lemma 2.2, we deduce

£ vonwpasf (PO

2
dzx
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o(M) — U 2 T
<, V) = V(D) i

Then, since

P(E, By, (z1))

A = Uz, mh) = |V (Du(zp + ray)) — V(An) ‘2 dy + = +7rn,  (3.6)
B h
it follows that r, — 0, P(Ep, B1) — 0, and
P(E,, B
<1 Wou) iy <con, ZEP) o (3.7)
/\h Bi /\h

Therefore, by (3.3) and (3.7), there exist a (not relabeled) subsequence of {vy}nen, A € R™N
and v € WP (By;RY), such that

vp — v weakly in WHP(B;RY), v, — v strongly in LP(By;RY), (3.8)

Ap — A, MDu, — 0 in LP(By; R™Y) and pointwise a.e. in By,

where we have used the fact that (vp)o1 = 0. Moreover, by (3.7) and (3.3), we have

P(Ep, By))-t P(E, B
im LERBOTT ) (p(m,, By msup ZER B (3.9)
h—00 )\h h—o0 h—00 )\h
Therefore, by the relative isoperimetric inequality,

Bl |B1\ En|
NN

lim min { =0. (3.10)

} < ¢(n) lim
h—o0
In the sequel the proof will proceed differently depending on

min{|E}|, |B1 \ Ex|} = |E}| or min{|EL[, By \ En|} = |Bi\ Epl.

The first case is easier to handle. To understand the reason, let us introduce the expansions of
F and G around Ay, as follows:

_ F(An+ M) — F(An) — DF(Ap)An

Fp(§) : 2 (3.11)
G(€) = G(Ap + M) — G)(\;%lh) — DG(Ah))\h§7

for any & € R™N . In the first case the suitable rescaled functional to consider in the blow-up
procedure is the following

Tp(w) = / [Fu(Dw)dy + 1; Gu(Duw)) dy. (3.12)
By
We claim that v, satisfies the minimality inequality
1
Tu(on) < Talon +9) + 1 [ 15;DG(ANDw() . (313)
1

10



1 for any ¢ € Wol’p(Bl; R™M). Indeed, using the minimality of (u, E) with respect to (u + ¢, E),
» for ¢ € Wol’p(Brh (z3,); RY), the change of variable x = xj, + 73y, setting ¢(y) := W, it
s holds that

[ D) + L Gr(Dun)] dy
< / [Fn(Dun(y) + Dp(y)) + 1 Gr(Don(y) + Dy(y))] dy + Ai L DG (Ay) D (y) dy,
B h JB;

4+ and (3.13) follows by the definition of 7, in (3.12).
5 In the second case, the suitable rescaled functional to consider in the blow-up procedure is

Hp(w) := /B [Fr(Dw) + Gp(Dw)] dy.

6 We claim that

Hp(vn) < Hp(vn +9) + LTQ

/ G2+ An+ Do) s dy,  (3.14)
Ab J(Bi\Ey)nsuppy

7 for all ¢ € Wol’p(Bl;RN). Indeed, the minimality of (u, E) with respect to (u + ¢, F), for
8 € Wol’p(Brh (z3); RY), implies that

/ (F + G)(Du) dz — / [F(Du) + 15G(Du)] de + / G(Du)da
B'rh (Ih) BT}L (Ih) B'rh (xh)\E

< / [F(Du + D) + 15G(Du + Dy)] dz + / G(Du)dx
Brh (zn) Brh (xp)\E

= / (F + G)(Du + Dy)dx + / [G(Du) — G(Du+ Dy)] dx
Brh (:Eh) BTh (xh)\E

< / (F + G)(Du+ Dy)dz + G(Du)dz,
By, (z1)

/(Br-h (zn)\E)Nsuppy

o where we used that the last integral vanishes outside the support of ¢ and that G > 0. Using
10 the change of variable x = z;, 4+ 7,y in the previous formula, we get

/B (F + G)(Du(wp + rhy))dy < /B (F + G)(Dulzn + ry) + Dolan + ) dy

+ / G(Du(zp + rry))dy,
(B1\Ep)Nsuppy
u or, equivalently, using the definitions of vy,
/ (F + G) (A + A Dup)dy < / (F + G)(Ap + Mn(Dvy + Dv)) dy
By

By

-+ / G(Ah + )\hDvh)dy
(B1\Ep)Nsuppy

11
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where 1(y) := W, for y € By. Therefore, setting

Hy := Fy, + Gy,

by the definitions of F}j, and G}, in (3.11) and using the assumption (G1), we have that

1
Hh(Dvh)dy < Hh(DUh + D’l/))dy + 3 / G(Ah + )\hDUh) dy
B Bi A J(Bi\Ey)

Nsuppy
L p
< | Hy(Dv, + D) dy + 52 (14 |An + MuDop?) 2 dy, (3.15)
B Ah J (Bi\Bw)nsuppy

ie. (3.14).
Step 2. A Caccioppoli type inequality.

We claim that there exists a constant ¢ = c¢(n,p, 1,02, L1, Loy, M) > 0 such that for every
0 < p < 1 there exists hg = ho(n,p, M, p) € N such that

/B [V (An(Dvy = (Dv)g)|* dy (3.16)

P
2

gc[/&

for all h > hg. We divide the proof into two steps.
Substep 2.a The case min{|E}|,|B1 \ Ex|} = |E}|.

We consider 0 < § < s <t < p < 1andletne C5°(B;) be a cut off function between B, and
Bt ie. 0<n<1,n=1o0n B, and |Vn| < 5. Set b, := (va)B, , Br := (Dvn)B, , and set
2

2
dy —i_]:)(‘Elthl)ﬁ y

V(/\h(vh — (Uh);_ (Dun) e y)>

wp(y) = vp(y) — bn — Bhy, (3.17)
for any y € Bj. Proceeding similarly as in (3.6), we rescale F' and G around A + Ay By,
F(Ah + A\ By + )\hf) — F(Ah + AhBh) - DF(Ah + >\hBh>)\h€

Fy(€) == " (3.18)
h

~ G(Ah + M\ By + )\hf) — G(Ah + /\hBh) — DG(Ah + )\hBh))\hg

Gh(g) = 22 )
h

for any ¢ € R™*Y. By Lemma 2.5, two growth estimates on ﬁh, éh and their gradients hold
with some constants that depend on p, Ly, Lo, M (see (3.3)) and could also depend on p through
|A\nBp|. However, given p, we may choose hg = ho(n,p, M, p) large enough to have

M)A
C(n)p7ﬁ ) h <
pp
for any h > hg. Indeed, by (3.7) the sequence {Dwy},, is equibounded in LP(By), then we have

‘)\hBh’ < 1

Y

2n
|Bp| < n[/ |Dvh|dy+/ | Doy, | dy
wnp? L/ Bgn{|Dup|<1} BpN{|Dva|>1}

12



1 1
2m 2 P c(n,p, M
<2, [(/ vourd) + ([ womkay) | < CE,
WnPP Bp By pr
1 and so the constant in (2.3) can be taken independently of p.
2 Set
Y i=nwp and Yo p = (1 —n)wp.
3 By the uniformly strict quasiconvexity of F}, we have
€1 2
w2 [ IV OnDwn)l" dy
h “ Bs
p—2 ~
< €1/ (L+ [ADrp1 %) 2 |Dapy g dy < / F, (D) dy
Bt Bt
= / ﬁh(th) dy + / ﬁh(th — DQ/)QJL) dy — ﬁh(th) dy
Bt Bt Bt
~ 1 ~
= / Fh(th) dy - / / DFh(th — 9D1[)27h)D1[)27h df dy (3.19)
Bt Bt 0

We estimate separately the two addends in the right-hand side of the previous chain of inequali-
ties. We deal with the first addend by means of a rescaling of the minimality condition of (u, E).
Using the change of variable x = xj + rpy, the fact that G > 0 and the minimality of (u, F)
with respect to (u + ¢, E) for ¢ € Wol’p(Brh (z); RY), we have

~ o v »

/ F(Du(zp + rpy))dy < / [F(Du(ach +rpy)) + ILE;LG(Du(a:h + Thy))} dy
B, By

< /B [F(Du(zp + ray) + De(xn + ray)) + L G(Du(zy + ray) + Doz + ray))] dy,
1
¢ 1i.e., by the definitions of v, and wy,, (3.5) and (3.17) respectively,
/ F(Ap + M\nBn + ApDwp)dy
By

< / [F(Ah + A By 4+ Ap(Dwy, + D)) + ILE;‘LG(Ah + A B + Ap(Dwy, + Dv)) dy,
By

o for ¢ := e@ntray) ¢ Wol’p(Bl;RN). Therefore, recalling the definitions of F), and G, in (3.18),

ALTh
10 we have that

/B Fy(Dwy)dy < /B [Fn(Dwp, + D) + 1z Gh(Dwy, + Dyp)] dy

1
+ / 15 [G(An + MBp) + DG(An + M Bi) A (Dwy, + DY) dy.

N2
)‘h By

1 Choosing ¢ such that ¢ = —1); 3, the previous inequality becomes

/B Fy(Dwy) dy < /B [ (Dwy, — Dy p) + IlE;jCN;h(th — Dy )] dy (3.20)

13
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10

1
+ / ILEZ [G(Ah + AnBpr) + DG(Ap + ApBp) A (Dwy, — le,h)] dy

N2
)‘h By

= / [ﬁh(D@bQ’h) + IlE;;éh(D@Z’Q,h)} dy
Bt\Bs

1
Tz /B 15+ [G(An + AnBp) + DG(An + A Bp) A Dipo | dy
h 1

< C(p7L17L27M)
h

B 1
/ rvuthz,h)r?dy+c<n,p,L2,M>[' il 1 /
Bi\Bs E

D d
)\%L )\h ‘ ¢2,h‘ y:| )

h
where we have used Lemma 2.5, the second estimate in (2.1), and the fact that |A, + A\ Bp| <
M + 1. By applying Holder’s and Young’s inequalities, we get

p—1 1
1 E¥l v P
" | Dpg | dy < | ’3\2 (/ | A Do p|P dy>
h E;’; h EZO(Bt\Bs)
1 [ *
< bVl | B +/ | AnDiba [P dy]
Ml ErO(Bi\Bs)
< 2]E,’§|+/ |)\D¢2,h|pdy}
hl EEN(BA\Bs)N{|Ap D2 n|>1}
<

2|} + / rv<AhD¢2,h>>|2dy].
Bt\BS

AL
The previous chain of inequalities combined with (3.20) yields

C(napa L17 L27 M)
)\2
h

| FaDunydy < [ / |v<AhD¢2,h>de+rE;|] (3.21)
B1 Bt\Bs

Now we estimate the second addend in the right-hand side of (3.19). Using the upper bound on
DFj, in Lemma 2.5,

1 o~
//DFh(th—eDlﬁg,h)Dlﬁg,thdy (3.22)
B¢ JO
1 p—2
< o(p, L1, M) / \ / (14 A2 Dun, — 0D ) =" | Dy, — 0D 1| Do p|dbdly.
Bi\Bs J0

Regarding the integrand in the latest estimate, we distinguish two cases:

Case 1: |D¢2’h| S |th — 9D¢27h|.
By the definition of V', we have

p—

p—2
(L4 A} |Dwp, — 0Dpo p|?) 2 |Dwp, — 0Dt || Do | < Ay 2V (Aw(Dwy, — 0Dvpo )|

Case 2: |th — (9D¢27h| < |D¢27h
If |[Dvg | < 1/Ap, using (i) of Lemma 2.2 we get

p—2
(L4 AZ|Dwp, — 0Dvpo p|?) 2 |Dwp, — 0Dtpo || Do | < [Dibap|® < X 2|V (AnDiba ).

14



1 If [Dipg | > 1/Ap, using again (i) of Lemma 2.2 we deduce that

p—

p—2
(1 + A2 |Dwy, — 0D p|?) 2 |Dwy, — 0Dt || Do | <
< N2 Dwy, — 0Da [P Do | < A2 AR Db [P < A2V (A Do ) 2.

> By combining the two previous cases, we can proceed in the estimate (3.22) as follows:

1 ~
/ / DFy,(Dwy, — 0Dy ) Dipa 1, dB dy (3.23)
B: JO
< C(p7 L;M)
)\h
C(p, LlaM)

/B . (VO (Dwn, — 0Do) 2 + V(0 Dibap)?) dy
/ (IVOnDwn) 2 + |V (Db ) 2) dy
Bi\Bs

s Hence, combining (3.19) with (3.21) and (3.23), we obtain
fa
A I,
C(n,p, Lla L27 M)
<
h

|V (AnDwp,)|? dy

[ VORDuE + IV OwDv)P) dy+ |
Bt\Bs
+ By the definition of vy ), and (74) of Lemma 2.2, we infer that

61/ |V (AnDwp,)|? dy

< C[/ <\V(Athh)|2 + ‘V()\hwh>
Bt\Bs t—s

5 for someé’zéi(n,p,Ll,LQ,M) )
6 By adding CfBS |V (A, Dwy,)|? dy to both sides of the previous estimate, dividing by ¢; + C
7 and thanks to Lemma 2.4, we deduce that
wp \ |?
(o) o),

2
) dy + rEm],

/ ‘V()\hD'U)h)deSC(TL,p,£1,L1,L2,M)</
BP

Bp
2

s Therefore, by the definition of wy,, we conclude that

| IV OuDen ~ (Du) ) dy

P
2
/Bp

o which, by the relative isoperimetric inequality and the hypothesis of this substep, i.e.
w min{|E}|,|By \ Ex|} = |Ej|, yields the estimate (3.16).

1 Substep 2.b The case min{|E}|, |B1 \ En|} = |B1\ Enl.

2
dy + |Ep|

V(Ah (v — (vn)y — (Dun)e y))

S C(nﬂp7€17L17L27M)
p

15
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As in the previous substep, we fix 0 < § < s <t < p < 1 and let n € C§°(B;) be a cut
off function between By and By, ie., 0 < n < 1,7 =1on By and |Vy| < ;5. Also, we set
by == (vn)B, , Br = (Dvp)B, and define

2

wh(y) = ’Uh(y) - bh - Bh% Vy € Bla

and B L
Hy, .= Fy, + Gy,

We remark that Lemma 2.5 can be applied to H n, that is

i p=2
|Hp(&)] < elp, L1, Lo, M) (1 + [M€]?) 2 €2, Ve e RV,

and, by the uniformly strict quasiconvexity conditions (F'2) and (G2),

ﬁh(g+D¢)dxz/ [ﬁh(§)+@(1+]Ath\Q)%]Dz/J\Z] dy, Yy € WyP(By;RY), (3.24)

Bl Bt

where we have set _
=101+ 0.

We set again
Y1 pi=nwy and oy = (1 —n)wp.

By the quasiconvexity condition (3.24) and since Hy,(0) = 0, we have

p—

¢ . b2
A2/ \V(/\thh)|2dy§£/ (14 [MDwy|?) 2 |Dwp|? dy
h Bs Bs

- p—2 ~ ~
<7 / (1+ Dy ) T | Dy 2 dy < / i (Disn)dy = [ (D, = Disay)dy
Bt Bt t

= ffh(th) dy + fNIh(th — Dd}g’h) dy — ﬁ[h(th) dy

Bt Bt Bt

1 o~

= Hy(Dwy,) dy — / / DHy(Dwy, — 0Da ) Dipa p, d6 dy. (3.25)

By B; JO

Similarly to the previous case, we estimate separately the two addends in the right-hand side
of the previous chain of inequalities. Using the minimality condition (3.15) for the rescaled
functions vy, and recalling the definition of Hy, since Dv, = Dwy, + By, we get

Hy(Dwp)dy < [ Hy(Dwy, + D) dy
Bl Bl
L2

2
s (B1\Ep)Nsuppyp

ya
2

(L +|Ap + Ay By, + Ay Dwp|?) 2 dy. (3.26)

Choosing 1) = —1); p, as test function in (3.26) and using the fact that H,(0) = 0, we estimate

f[h(th) dy
By

16



~ L p
< Hp(Dwy, —D’(ﬁl,h) dy + )\22/ ( + |Ap + M\ Br + ApDwy| )2
By Bi\E},

E
2

Lo
= / (D¢2 h) dy + )\2 / (1 + |Ap + A\ Bn + AnDwy| )
B¢\ Bs Bi\E}

< C(pa L17L2>M)
h

Lo ®
/ |V (AnDs, h)\zdy+ A2 (14 |An + ABp, + Ay Dwy,| )5
Bi\Bs Bi\Ep,

We note that, since |Ap+ A, Bp| < ¢(M), for every fixed € > 0 there exists a constant C' = C(p, ¢)
such that .
3

(1 + |Ap + M\ B + )\thh|2)

Summarizing, we get

< C(p,e)e(M)P + (1 + &)X} [ DwyP.

~ Li,Lo, M
Hh(th) dy S C(p7 1)7\2 2 )
By h

Lo
+(1+e)— X / 1is, by io1) |AnDwp,|P dy + c(p, La, M, €)

/B . [V (AD2) | dy (3.27)

|B1\ E
A

Now we estimate the second addend in the right-hand side of (3.25). Using the upper bound on
DHy, in Lemma 2.5, we obtain

1 ~
/ / DHy(Dwp — 0Di5.) Dibs 0 dy

< c(p, L1, Lo, M / / 1+ A2 |Dwp, — Do | ) |th -
B/\B,

Proceeding exactly as in the estimate (3.23) of the step 2.a, we obtain

1
/ / DHy,(Dwy, — 0Dy 1) Dy, dO dy (3.28)

(p)LlaL2aM)

< P [ VOwDwn) P+ [VOuDuza)) do.
B¢\Bs

Inserting (3.27) and (3.28) in (3.25), we infer that

’
AQ/B |V (AnDwp,)|? dy
h s

& ,L 7L 7M
<M / -, (VORDw)P +[VuDY21)P) dy
Bi\Bs

Lo ’Bl\Eh|
(1+€))\2/ IL{WLthIZH|)\thh’de+c(p,L2,M,s))\72
h
L1, Lo, M M, L, L 2

S C(p7 172 2 )/ ‘V()‘thh)de—i- C<p7 72 1, 2)/ V()\h Wh >‘ dy

Ah B\B Ah Bi\Bs t—s

Lo Bi1\ FE
405 [V OuDn) Py et ) PP

h

17
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Taking advantage of the hole filling technique as in the previous case, we obtain

/ VO D) dy
Bt\Bs

(C(p, Ll, LQ, M) + (1 + E)LQ)

< = [V (AnDwy)|? dy
(C(va)Ll7L2)+£) Bt
2
B\ E
+c(p,M,L1,L2>/ V<)‘hwh)‘ dy + o{p, L, M, &) BLAEnL
Bt\Bs t — S )\h
The assumption (H) implies that there exists ¢ = e(p, ¢1,¢2,L2) > 0 such that (leir-i)e?

Therefore we have

ct+(1+e)ls  c+ (1+¢)ls <1
c—f-z C+£1+€2 ’

So, by virtue of Lemma 2.4, from the previous estimate we deduce that

2
V(Ahtlgb)‘ dy + Bl\Eh|>.

[ woupuaay < c(n,p,zl,ez,Lle,m( /
B B

P
2

P

< 1.

By definition of wy, and the relative isoperimetric inequality, since |B1\ Ey| = min{|E}|, |B1\Eh|},

we get the estimate (3.16).

Step 3. v solves a linear system in Bjy.

Let us divide the proof into two cases, depending on which one is the smallest between |E}|

and | By \ Ep|.
We divide the proof in two substeps.

Substep 3.a The case min{|E}|,|B1 \ Ex|} = |E}|. We claim that v solves the linear system

D?F(A)DvDv dy = 0,
By

for all 1 € C3(By;RY). Since vy, satisfies (3.13), we have that

1
0< Ih(Uh + Sw) — Ih(’l)h) + )\7 / ﬂE;DG(Ah)SDLb dy,
rJB
for every ¢ € C} (B1;RY) and s € (0,1). Dividing by s and passing to the limit as s —
the definition of 7, we get (see [9] or [11])
1
0< — (DF(Ap + ApDup) — DFE(Ap)) Dy dy

h J By

1
+ — ]lE;;DG(Ah + )\hDvh)D¢ dy.
An J B,

We partition the unit ball as follows:

B =B/ UB; ={y € Bi: A\|Dvy| > 1} U{y € By : A\p|Dup| < 1}

18
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1 By (3.7), we get

Bl< [ NiDuldy <, [ Doy < ctnp X, (3.30)
B By
2 We rewrite (3.29) as follows:

1
03| (DF(Ah + \Dup) — DF(Ap)) Dt dy
h

+ / B / (D*F(Ap, + tAp,Dvy) — D*F(A)) dt Dy Di dy
1
+ [ D*F(A)Dv,Didy + o 15 DG(Ap + A Dup) Dy dy. (3.31)
B, hJB
3 By growth condition in (2.1) and Hoélder’s inequality, we get

1

- / (DF(Ap + MDuy) — DF(AR)) Db dy
h /B

+
< ¢(p, Ly, M, D¢)[‘ ’+Ap 2/+|Dvh|p1dy]
h

p=1 + 1
S \Du|Pdy ) Bl < ¢(n,p, L1, M, Dyp)XE™!
h h B h Y )\Z = y P, L1, ’ h
1

s+ thanks to (3.3), (3.7) and (3.30). Thus

S C(nvvalerDw)

li !
m —
h—00 )\h

/ (DF(Ap, + AyDuy) — DF(Ay)) D dy‘ ~0. (3.32)
B
s By (3.3) and the definition of B, we have that |Aj, +A,Dv,| < M +1 on B, . Hence we estimate

1
‘ / ) / (D*F (A, + tA,Dvy) — D*F(A)) dtDthwdy’

/

< c(n,p, M, Dy) </B

h

/ F(Ap, + tA\yDuy) — D*F(A)) dt’ | Dy, || Dy dy
p—1

=10\ 7
2F(Ap + A Doy) — Dﬁ%@)ﬁ] @) 1 Dnl oy 1D ey

p—1

1 Py e
/ (D2F(Ay, + tA,Duy) — D2F(A)) dt’p dy> ,
0

s where we have used (3.7). Since, by (3.8), A\pDvp, — 0 a.e. in By, the uniform continuity of
7 D?F on bounded sets implies that

lim
h—o00

1
) / (D*F (A, + tAp,Dvy) — D*F(A)) dtDv, Dy dy‘ =0. (3.33)

19



1 Note that (3.30) yields that ILB; — 1p, in L"(By), for every r < oo. Therefore, by the weak
2 convergence of Dvy, to Dv in LP(By), it follows that

lim D?*F(A)Dv,Dypdy = | D*F(A)DvD1 dy. (3.34)
h—o0 B; B

s By growth condition (2.1), we deduce

1

A

1 _
< ¢(p, Lo, M, D) {A!Ei\ + A, 2/ \Dvh\”_ldy}
h B
1 242 = |E}| ,
* b= D
< ¢(p, L2, M, D7) |:)\’Eh‘ +A, 7 </ \Dvh\pdy> ( /\g ) ]
h B1 h
2
p

1
1 a2 (|E\ ¥
Sc(n7p,L27MaD¢)|:)\h|Eh|+)\h <‘)\§’> :|7
h

c(p, L p—1
/B M;[DgG(AhHhDvh)Dwdy' < (ihz) /B Lg: (14 |Ap + A Duy|?) 2 |Dy|dy
1 1

+ where we have used (3.3) and (3.7). Since min{|E}|, |B1 \ Ex|} = |E}|, by (3.10), we have

E*
lim 124 =0,
h—o0 )\%L
5 and so )
lim / 1g=DG(Ap + ApDvp) D) dy = 0. (3.35)
h—o0 Ap, B h

s By (3.32), (3.33), (3.34) and (3.35), passing to the limit as h — oo in (3.31), we get
DF(A)DvD1 dy > 0.
B1
7 Furthermore, plugging —1 in place of ¢, we get
DF(A)DvDv dy = 0,
B1
s 1i.e. v solves a linear system with constant coefficients.
o Substep 3.b The case min{|E}|,|B1 \ En|} = |B1 \ Epl.
10 We claim that v solves the linear system
D?*(F + G)(A)DvDv dy = 0,
B
u for all ¢ € C3(By; RY). Dividing by s and passing to the limit as s — 0, by the definition of H,,
1 we get (see [9] or [11])

0< Alh ; [D(F + G)(Ap + AyDvp) Dy — D(F + G)(Ay) D] dy (3.36)

20



1 - _
velp ot [ Dty [ g oulDu ).
h Bl\Eh Bl\Eh

1 As before, we partition B; as follows:
B = B; U B}_L = {y € By /\h‘D'Uh‘ > 1} U {y € By /\h\Dvh\ < 1}.

> We rewrite (3.36) as

0< 5 | (D(F+ G)(Au+ MDwn) = D(F +C)(A4n) D dy (3.37)
+ Alh [ (D(F+G)(An+ MDvs) = DIF -+ G) (A1) Dis dy

1 _ _
+ c(p, La, M) [M/B\E |Dw|dy+/B\E X2 Dy P 1|Dw|dy].
1 h 1 h

s Arguing as in (3.32), we obtain that

lim — / (D(F + G)(Ap + ADun) — D(F + G)(Ap)) Db dy| = 0, (3.38)
h—oco Ap B;
4 and, as in (3.33) and (3.34),
lim / [D(F + G)(Ap + MDuvy) — D(F + G)(Ap)| Dt dy
h—o00 )\h W
— [ D(F+G)(A)DuDY dy. (3.39)

B

5 Moreover, we have that

1

1 Dyldy + / X2 Dy [P [ D dy
Ab JB\E,

Bi\E},

p—1 1
Bi\FE —242 P B\ FE P
1B \ B H]Z o (/ \Dvh\pdy> (l 1 \2 h‘>
A B Ah

1
’Bl \Eh’ n )\p—2+% ‘Bl \Eh’ P
M h 2

< c(p, DY)

—_

< c(n,p, D)

9

s where we used (3.7). Since min{|E}|,|B1 \ E|} = |B1 \ El, by (3.10), we have

lim B
h—o00 )\}21
7 and we obtain
1 _
lim / D¢|dy+/ X2 Dy P~ D dy | = 0. (3.40)
h—oo | An B\ B, B1\E»,
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By (3.38), (3.39) and (3.40), passing to the limit as h — oo in (3.37) we conclude that
; D?*(F + G)(A)DvDv dy > 0
1
and, with —¢ in place of v, we finally get
; D?*(F + G)(A)DvDv dy = 0,
1

as claimed.

By Proposition 2.1 and the theory of linear systems (see [29, Theorem 2.1 and Chapter 3]),
we deduce in both cases that v € C°° and there exists a constant ¢ = ¢(n, N, p, 1,42, L1, La) > 0
such that

7[ |Dv — (Dv),|> < 57'2][ |Dv — (Dv) 1 |* dx,
B B; 2

2

for any 7 € (O, %) Moreover, by Proposition 2.1 again,

2/p
| Dv|P dm) .

1

7[ |Dv — (Dv)1|>dz < sup |Dv|?* < 6(7[
B1 2 B% B

2
Observing that
HDUHL:D(Bl) < limhsup HDUhHLp(Bl) < c(n,p),

it follows that
7[ |Dv — (Dv),|> < C72, (3.41)

for some fixed C' = C(n, N, p, l1,{2, L1, Ls).

Step 4. An estimate for the perimeters.
Our aim is to show that there exists a constant ¢ = ¢(n,p, Lo, A, M) > 0 such that

1 n
P(E, B;) < C|:P(Eh,Bl)"1 + rpr" JrTh)\];; . (3.42)
T

By the minimality of (u, E) with respect to (u, E), where E is a set of finite perimeter such that
EAFE € By, (zp) and By, (z5) are the balls of the contradiction argument, we get

/ 15G(Du) + ®(F; By, (z1)) < / 1:-G(Du) + ®(E; By, (z1)).
By, (x1) By, (z1)

Using the change of variable x = xj, 4+ 7,y and dividing by 7“271, we have

™ /B 15, G(A + My Don)dy + ®3(Ey; By) < 74 /B 15, G(An+ MDu)dy + @By By),
1 1
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where

&), (Ey: V) = / O (zn + ray, v, (¥) dAH ™ (y),
VNo*Ey

for every Borel set V' C €. Assume first that min{|B; \ Ey|,|E}|} = |B1 \ Ep|. Choosing
Ej, = E, U B,, we get
(I)h(Eh; Bl) <7 / ]prG(Ah + )\hDUh)dy + ‘i’h(Eh; Bl). (3.43)
By
By the coarea formula, the relative isoperimetric inequality, the choice of the representative E,gl)
of Ey, which is a Borel set, we get

2T
/ H" 1 (0B, \ E)dp < |By \ Ep| < ¢(n)P(Ep, By)»1.

Therefore, thanks to Chebyshev’s inequality, we may choose p € (7,27), independent of n, such
that, up to subsequences, it holds

H" Y O*E,N0B,) =0 and H"1(9B,\ Ej) < CTn)P(Eh, By)n1. (3.44)
We remark that Proposition 2.9 holds also for ®j;. Thus, thanks to the choice of p, being
H"1(0*Ep N OB,) = 0, we have that
®,(Ep; B1) = ®1,(Ey; BY) + @1,(By; E)) + ®3,(Ey; {vp, = vg,})
= ®,,(En; B \ B,) + ®1(By; ).
By the choice of the representative of Ej (see Remark 2.7), taking into account (2.8) and the
inequality in (3.44), it follows that
&),(Ep; B1) < ®4(Ep; By \ By) + AH" (0B, N E\") (3.45)
< &,(Ep; By \ B,) + AH" (0B, \ Ey).
=

< ®,(E; B\ By) + A p(m,, By

-
On the other hand, by (2.8) and the additivity of the measure ®;,(E}, -) it holds that

1 _
AL (Bh, Br) < @4(Ep; Br) < ®n(Ep; B) — ®n(Bn; B1\ By), (3.46)

since p > 7. Combining (3.43), (3.45) and (3.46), we obtain

1 _
A P(En, Br) < @n(Ep; Bi) — @n(Ep; Bi \ By) (3.47)

< q)h(Eh; Bl) -+ ?”h/ ]prG(Ah + )\hDUh)dy — q)h(Eh; By \Ep)
By

< AC(Tn)P(EhaBl)"nl + 7 / 13, G(An + M Don)dy
By
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11

A p(E, BT+ elp, Loy [ 1A+ aDu )t dy
BQT

IA
o

IN
o

T B2‘r

AC—)P(Eh, Bl)# + c(n,p, La, M)rp7™ 4 c(n, p, La)rp A},
T

!
A DB BT+ e, py Loy M)rnr™ + o(p, Lol | pupay
(n

IN

where we used (3.7). The previous estimate leads to (3.42). We reach the same conclusion if
min{|By \ Eyl, |E}|} = |E}|, choosing Ej, = E}, \ B, as a competitor set.

Step 5. Higher integrability of vy,.
We need to prove that there exist two positive constants C' and ¢ depending on n, p, €1, 02, L1, Lo

1406
<][ \V()\hDv)\Qdy> +11.
B1

C(pv Ll: L27 M)
N,

such that for every B, C Bj it holds

][ [V (A Do) 29 dy < ©
B

r
2

We remark that

[Fn (] +1Gr(&)] < V&P, vE e RN,

and

l
| B0ody= 3y [ WouDe)Pdy. ¥o e ClBRY)
Bl h Bl

Letr>0besuchthathrCBl,%<S<t<randn€Ccl(Bt) be such that 0 <n <1,np=1
on By, |Dn| < %, for some positive constant c. We define

¢1 = [vp — (vn)e]n, 2 := [vp, — (vp)r)(1 —n).

We deal with the case min{|E}|, |B1\ Ex|} = |Ej|, the other one is similar. Using the minimality
relation (3.13) and the usual growth conditions, we get

14
2 | IVOwWDoDPdy < | Fi(Dn) dy
h v By By
= / Fh(D’Uh) dy + / [Fh(DQ}h — D¢2) — Fh(Dvh)] dy
Bt Bt\Bs

< Ih(vh) + / [Fh(DQ}h — D¢2) — Fh(Dvh)] dy

Bt\Bs
1

<Ti(éa)+ [ (Ea(Den—Déx) - Fu(Dunlldy+ 55 [ DG(A)|Da|dy

Bt\BS h BtﬁE;;

< C(p7 L17 L27 M)
h

1
+ )\/ | D1 | d’y]-
h JBinE;

[ [ IVORDGR + [V OuDon) P + VDol dy

24



1 By the properties of V, it holds that

2 nxN
< Cl)(1+IV(E)?), VEeRV.
2 Thus it follows

o [ wperlay< SR iEns+ [ vinpa: ol
h JBinE; h BiNE;

< <) {c(e)yE;; n By +5/

3 [V (AnDo1)|? dy} )
h BiNE;

3 Combining the previous two chains of inequalities, we deduce that

o

)\%L Bt

< C(val)L27M)
h

[V(ADé1)|* dy
[ /B \ [[V(AD2)[? + |V (\D1)* + |V (A Duy)*] dy

+c(e)|EZﬁBt\+€/ V(D) dy) .

BNE;
4 Choosing ¢ sufficiently small, we absorb the last integral to the left-hand side

1

)\%L By

< c(p, b1, L1, Lo, M)
h

[V(AnD¢1)? dy

IV OuDa 1V OuDOE + V0w dy + 550 B
By s
s By (ii) of Lemma 2.2, it follows

/ |V (AnDup)|? dy
B

2
|V(>\hDvh)|2dy+/ dy + |E} 0 By

B¢\ Bs

v <)\h U ;_(’l;h)r>

s By applying the hole-filling technique, we add ¢(p, ¢1, L1, Lo, M) st |V (AnDup)|? dy, and we get

< C(pv‘glaLl’LZaM) [/
B¢\ Bs

/ V(A Don) 2 dy

Bs
c(p)éhLluLzuM)
o c(p7£17L17L27M) + 1

2
V(AhW) ’ dy + |E} N By

[V (AnDup)|* dy +/
Bt\BS

By

7 Now we can apply Lemma 2.4 and derive

2
dy + [Ep, 0 By

/ |V()\hDUh)|2dy < C(paglaLlaLQ)M)
B, /2

Js

25
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Finally, by Holder’s inequality and Theorem 2.6 we gain

)

1

2a
c(pxl,Ll,Lz,M){[][ rvuhmh)\ady} +|Br|}.
BS7'

2(140)
dy

™
+Br’}

7[ V(A Dop)|* dy < C(p>51,L17L2,M){
r/2

We conclude the proof by applying Theorem 6.6 in [31].

Step 6. Conclusion. By the change of variable x = zj, + rpy, (v) of Lemma 2.2 and the
Caccioppoli inequality in (3.16), for every 0 < 7 < % we have

lim sup 2= TTh)
h—o0 )\i21
P(FE, B, .

< lim Supj[ ’V(Du) — V((Du zo.r ’ dx + lim sup (2 d hi{?)) + lim sup T—Zh

h—oo J By, (x0) h—oo  AFT Ly h—oo AL
1 P(Ey, B

< limsup — ‘V A Do + Ap) — V(Ah + An(Duy) )} dy + lim sup (2#1)

h—o0 )‘h h—s00 )\hrn—

P(Ey, B;)
)\2 n—1

< lim sup o(n ,210)7[ }V(Ah(Dvh — (Duy) )| dy + lim sup +7

h—o00 h h— o0

A (v — Duy), 2
<c(n,p, 1,02, L1, La, A, M) {hmsupQJ[ < h vh (Uh) — (Dup) y)) dy
h—o0 Ba,
1 P(Ey,By)7 1 1 Tth
71 ) li /\P
ety P oy (4 0) 7

where we have used (3.7) and estimate (3.47).
Now we want to prove that

1 A — r—
lim sup 2 / \%4 ( h (Uh (V)2 dy
h—o0 h J Bar

2T
1 2 |v — (v)2r — (DU)T?J‘Z
= lim sup 2/ dy < / 3 dy,
h—so00 )‘h Bor Bar T

(0 = (v)r —

V( h(v (v)2
2T

where we have used that v and Dv are bounded, A\;, — 0 and |V ()| < [¢] for [¢] < 1.

In view of this aim it is enough to prove that

V<>\h((vh —v) = (vp — v)2r — (Dvp, — D) y)) '2 dy = 0.

(Dup)~ y)> 2

(Dv)-y) >

2T

In the sequel o will denote the exponent given in the Sobolev-Poincaré type inequality of the
Theorem 2.6. We can assume that the higher integrability exponent § given in the step 5 is such
that § < o.

Let us choose 0 € (0, 1) such that 20 + h;g = 1. Applying Holder’s inequality, it holds that

1 A —v) = (v — v)2r — (Dvy — Do), 2
0 < I < limsup — (7[ V( n{(vn = v) = (n = v)ar = (Don — Dv)ry) > ‘ dy)
h—o0 /\h Ba, 2T

26



10

11

12

0

2(1+0) 1
(f W)
B2T

Using the fact that |V ()| < |£] and (ii) of Lemma 2.2, for the first factor in the previous
product, and using also Theorem 2.6 applied to (vy —v) — (v — v)2r — (Dv, — Do), y, we deduce

20
. c
0 <17 <limsup Vi <)\h7[ ( ) dy)
h—o0 h Bar

x (7{36 |V (An(Duvp, — D)) y“dy)

V</\h((vh —v) — (vp — ;)i% — (Dvp, — D) y))

Vp — U

Duvy, — Do),
+‘( vy, — Dv)

T

2(1-0)

In the last term we can increase choosing o = 2 and accordingly, observing that

/ }V()\hDvh) ‘2dy < c(n))\i,

1

we conclude that

20
. cC 2(1-6)
0<I<1 )\297[ d e\
= _hggo)\%h<327 Y “n

26
= lim C<7[ (Jvn, = v| + [(Dvp, — Do), |) dy) =0.
BZT

Vp — U

_'__’(‘Dthv)T
T

T

h—o00
By virtue of (3.7), (3.9), (3.10), (3.41), the Poincaré-Wirtinger inequality and (3.41), we get

v — (v)2r — (Dv)ry|®
72

. U (J,‘h, T’I"h)
limsup ——5—
h—o0 )‘h

Sc(n7p7€17€27L27A7M){][ dy+T}
B

2T

< c(n,p, 1,4, Ly, A, M){][
B2T

< C(nanpaglae%LlyL%Aa M) [7_2 +7—] < C(n7N7p7€17€27L17L27A7 M)T

|Dv — (Dv),|* dy + T}

The contradiction follows, by choosing C, such that C, > C| since, by (3.4),

lim inf U*(xhi;ﬂnh) > O,T.
h Ay

O

If assumption (H) is not taken into account, it is still possible to establish a decay result for

the excess, analogous to the previous one. However, this requires employing a modified ”hybrid”
excess, defined as:

Tn—l

Uss(zg, 1) := U(x0,7) + (P(E,Br(xo))> e + P,

where U(zg,r) is defined in (3.1), § is the higher integrability exponent given in the Step 5 of

Proposition 3.1 and 0 < 8 < %. The following result still holds true.
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Proposition 3.2. Let (u, E) be a local minimizer of T in (1.2) under the assumptions (F'1),
(F2), (G1) and (G2). For every M > 0 and 0 < 7 < %, there ezist two positive constants
g0 = eo(T, M) and ¢ = Cas(n,p, 01,02, L1, Lo, A, 6, M) for which, whenever By(zo) €  verifies

|(Du)gor| <M  and  Us(zo,7) < €o,
then
Us (20, TT) < Cax ™ Uss (20, 7).

In order to avoid unnecessary repetition we do not include the proof here, as it is almost
identical to the proof of the Proposition 3.1, with the obvious adjustments, see [9].

4 Proof of the Main Theorem

Here we give the proof of Theorem 1.2 through a suitable iteration procedure. It is easy to show
the validity of the following lemma by arguing exactly in the same way as in [11, Lemma 6.1].

Lemma 4.1. Let (u, E) be a minimizer of the functional T and let ¢, the constant introduced
in Proposition 3.1. For every a € (0,1) and M > 0 there exists Vg = Jg(cx, ) < 1 such
that for ¥ € (0,9g) there exists a positive constant €1 = £1(n,p, {1,402, L1, Lo, M, V) such that, if
Br('rO) €,

|Du|gyr < M and U,(xg,r) < €1,

then
| Dul o gny < 2M  and U, (zg,9"r) < 9"°U,(x0,7), Yh € Ny. (4.1)

Proof. Let M > 0, a € (0,1) and ¥ € (0,9), where ¥g < 1. Let €1 < gg, where g¢ is the
constant appearing in Proposition 3.1. We first prove by induction that

]Du|x0’19hr < 2M, Vh e Ng. (4.2)

If h =0, the statement holds. Assuming that (4.2) holds for A > 0, applying properties (i) and
(vi) of Lemma 2.2, we compute:

h+1
|Du|zo,19h+1r < |DU|IO,7‘ + Z ||Du|xo,19jr - |Du|xo,19j*1r|
j=1
h+1
<M+27[ \Du—(Du)xow 1| dae
h+1
< M40 Z / Du— (Du)y, g1, de
!Bm 17"‘ Byj—1,0{|Du—( Du)z wi—1,1<1}

+ ’DU - (Du)zo,ﬁjflr| dl‘]

| Byi-1,] /JBﬂj_lrﬁ{|Du—(Du)zoﬁj_1r|>1}
h+1

1
<M+9" Z [(7[ |V(Du - (Du)xng—1r)]2 d:):) ’
j=1 Byi-1,
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1

V(DU (D)) e’

o
Byj-1,
h+1 L
<M+ e(p, M)o™ Z [U*(:L‘o,ﬂj_lr)% + U*(xo,ﬂj_lr)i]
j=1
. M1
<M+4ce(p, s, M)efv™ >y 92 < M+c(p,ce, M)e
j=1

,19—7’1/
1— 92

[l I

< 2M,

where we have chosen €1 = e1(p, cs, M,¥) > 0 sufficiently small. Now we prove the second
inequality in (4.1). The statement is obvious for h = 0. If h > 0 and (4.1) holds, we have that

U (20, 9"r) < 9"U, (x0,7) < €1, (4.3)

by our choice of ¥ and ;. Thus thanks to (4.2) we can apply Proposition 3.1 with 9" in place
of r to deduce that

U, (20, 9" 7)) < 92U, (w0, 9"r) < 9PHDOU, (20, 7),

where we have chosen ¥y = Jg(cs, ) sufficiently small and we have used (4.3). Therefore, the
second inequality in (4.1) is also true for every k € N. O

Analogously, it is possible to prove an iteration lemma for U,,.

Lemma 4.2. Let (u, E) be a minimizer of the functional Z and let B be the exponent of Propo-
sition 8.2. For every M > 0 and 9 € (0,%), with Y9 < min{c**, %}, there exist €1 > 0 and
R > 0 such that, if r < R and xg € Q satisfy

B(x0) €Q, |Du|gyr <M and Ux(zo,r) <er,
where ¢4y 1S the constant introduced in Proposition 3.2, then

|Duly, ghy < 2M  and Usi (20, 9%r) < 0%U,,(0,7), Vk €N.

Proof of Theorem 1.2. We consider the set
0= {x € Q: limsup |(Du)s ,| < 0o and limsup Uy (z, p) = 0}
p—0 p—0

and let g € . For every M > 0 and for £; determined in Lemma 4.1 there exists a radius
Ry, > 0 such that
|Du|gyr < M and Us(zo,r) < €1,

for every 0 <7 < Rpe,. Let 0 < p < 9r < R and h € N be such that 9ty < p < 9", where

Y= 192—0 and v is the same constant appearing in Lemma 4.1. By Lemma 4.1, we obtain

1
‘Du|$€07,0 < W’Duuo,ﬁhr < C(Ma C*7a)'

29



1 Using (iv) of Lemma 2.2 and reasoning as in the proof of Lemma 4.1, we estimate

V(DU gy 9n) = V(D)o p)* < e(n, p) (D) gy g — (D)
< c(n, p, e, M) 29U, (20, 7).

> Thus, taking the previous two inequalities into account, applying again Lemma 4.1, we estimate

2 4 P(E, Bp(xo))

U*(.TL‘(], p) < 27[ ‘Du - (Du)xo,ﬂh'r|2 dr + 2|(Du)$0,19h7‘ - (Du)wo,P n—1 +p
By (z0) p
P(E.B
< c(n,p, M, c,9) [][ |Du — (Du),, §;LT|2 dx + ﬁhaU*(:Eo, )+ ( ’h ﬂhrffo)) 1 ghy
By, (o) ’ (0"r)"

< C(nvpv Ciy M, 190) [U*(x(]v ﬁhr) + ﬂhaU*(:L’m T)] < C(’I’L,p, i, M, 190) (g)a U*(ZL'(], ’I").
3 The previous estimate implies that
P\
U(CL'(),[)) < Ck (;) U*(anT)v

s where C, = Cy(n,p, cs, M,3). Since U,(y,r) is continuous in y, we have that U,(y,r) < &1 for
5 every y in a suitable neighborhood I of xy. Therefore, for every y € I we have that

Uty 0) < C. () Uty ).

6 The last inequality implies, by the Campanato characterization of Holder continuous functions
7 (see [31, Theorem 2.9]), that u is C1* in [ for every 0 < o < 3, and we can conclude that the
s set £y is open and the function v has Holder continuous derivatives in 2.

9 When the assumption (H) is not enforced, the proof goes exactly in the same way provided
10 we use Lemma 4.2 in place of Lemma 4.1, with

Q= {:U € Q: limsup |(Du)g,,,| < oo and limsup U, (g, p) = 0}.

p—0 p—0
11 OJ

12 Acknowledgments: The authors are members of the Gruppo Nazionale per 1I’Analisi Matem-
13 atica, la Probabilita e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matem-
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