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ABSTRACT. We investigate existence, uniqueness and asymptotic behavior of minimizers of a
family of non-local energy functionals of the type

. / / u(a) — u(w) Kz — y) dady + / W (u(e) de.
R27\ (R™\ Q)2 Q

Here, W is a possibly degenerate double well potential with a polynomial control on its second
derivative near the wells. Also, K belongs to a wide class of measurable kernels and is modeled
on that of the fractional Laplacian.
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1. INTRODUCTION

1.1. Problem setting. In this paper we deal with the minimization problem of an energy functional
related to phase transition phenomena with long range particle interactions. Specifically, we are
interested in functionals of the form

(1.1) Ex(u; Q) :=Hg(u, Q) + P(u,Q),
where the non-local interaction term Hyx and the potential term P are given, respectively, by

1
Hicw, )= [ [u(e) — uly) K (@ — y) dudy,
R27L\(Rn\ﬂ)2

(1.2) P(u, Q) :/QW(u(x))dac
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Here, K is a positive kernel modeled on that of the fractional Laplacian, while W is a double
well potential, with wells at +1. Also, differently from the classical literature on this topic, the
derivatives of W, up to any integer order, are allowed to vanish at £1.

More precisely, K : R™ — [0, 400] is a measurable function satisfying

(K1) K(z) = K(—x) for a.e. z € R",
and
M, (z) A
(K2> W < K(m) < W for a.e. z € Rn,

for some s € (0,1), 0 < A < A and rg > 0.
Given a set A C R™, here above and throughout the paper, we use the notation

1 ifzeA
1 = ’
A@) {0 if € R™\ A

In order to gain better decay results for the minimizers of £x, we will sometimes ask that K
satisfies

(K3) for a.e. 2 € R™ and some s € (0,1) and 0 < A < A.

‘x|n+28 S K($> S ‘x|n+25
We stress that condition (K3) is stronger than (K2) as, for instance, prevents the kernel from having
compact support.

Moreover, in some cases, we will also assume that K satisfies the following “slow oscillation”
assumption:

. K(o,z) 1
(K4) limsup sup 121 — € [—00,0], foranyo; ~1andee€ (0,1).
jotoo \zerm\{0} K () (1—oj)t== !

We refer the reader to Appendix A for examples of kernels satisfying these hypotheses.
We notice here that (K1) allows us to express the kinetic term Hy as

Hcw®) = 1 [ [ ue) —u)PK(e =y dedy

1
3 /Q /n\Q lu(z) — u(y)|*K(r — y) dz dy.

Regarding the potential W : R — [0, +00), we assume that'
(W1) W e C2Y(R) for some 9 > 0 and W (1) = W'(£1) =0 and

loc

(W2) W(t) >0 forallte(—1,1).
Also, we assume that there exist Cy > Cy >0, Cy > C3 >0, € (0,1),a>F>2and y> 6 > 2
such that

Ci(1+ )2 <W"(#) < Co(1+t)P72 forte (—-1,-1+¢
(W3) and

Cs(1—t)7"2 <W"(t) < Cy(1—1)°"2 forte[l—E1).

In addition, some of the results will ask for the potential to be symmetric, i.e.

(W4) W(t) = W(—t) for any ¢t € [-1,1].

We stress that condition (W3) is very general and, for instance, allows W to be degenerate? and
also to present an oscillatory behavior near the wells.

LAs customary, when writing C? (), we suppose that, if ¥ > 1, the notation u € C?(£2) means u € C*#(Q)
with k €N, 0 € (0,1] and ¥ =k + 6.

2Throughout this work, given a double well potential V with wells at a and b, we call it non-degenerate if V"' (a) > 0
and V"' (b) > 0. If this condition is not satisfied, we call it degenerate
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Remark 1.1. The energy functional £k in (1.1) can be compared to the energy functional F
considered in [22], expressed as

(1.3) F(u, Q) = H(u, Q) + P(u, Q),

where the potential term P coincides with (1.2), while the kinetic one is

1 Ju(@) —u(y)? // |u(z) —u(y)]®
H(u, Q) = f/ dz dy + dx dy.
() 2 JoJo |z—ylnt2 Q JRM\Q |5f CJr -yt

We mention that, if we set K to be the kernel of the fractional Laplacian, namely K (z) = || ,
then H and Hy coincide, up to a constant. In particular, (K2) yields

(1.4) Ex(u,Q) < max{g,1}f(u,9).

In the present paper, we address existence, uniqueness and asymptotic behavior of minimizers
of £k. As a matter of fact, in [9, Remark 2.4], the construction of such minimizers is left as an open
problem and, to the best of the authors’ knowledge, constitutes a new result in literature.

The main novelty of this study is to be found in condition (W3) which provides a polynomial
control on the growth of W'/ near 1. Thus, the potential might present an oscillatory nature
and cause different decay rates of minimizers near the wells. In particular, (W3) encodes both the
cases of a symmetric and of a non-symmetric potential, which will be considered separately (see
Theorems 1.5 and 1.6 in Section 1.2).

Moreover, in addition to the existing literature, we show that the decay estimates provided for
the minimizers and their derivatives are optimal (see Remark 1.7 in Section 1.2).

In the local case, degenerate potentials have been considered in [13], where density estimates are
obtained actually in the more general setting of p-Laplace equations and quasiminima of the energy.

We remark that functionals as in (1.1) constitute a non-scaled Ginzburg-Landau-type energy, in
which the kinetic term H g is given by some non-local integrals, in place of the classical Dirichlet
integral. Models of this form have attracted a great deal of attention, due to their capability to
capture long range interactions between particles. They naturally arise, for instance, when dealing
with phase transition phenomena involving non-local tension effects (see e.g [10,26,27]), or in the
study of the Peierls-Nabarro model for crystal dislocation (see e.g. [4,14,15,20]).

In particular, the problem of investigating the qualitative properties of minimizers of such func-
tionals is not new in literature. Indeed, since the breakthrough works of De Giorgi, Modica and
Mortola, it is known that minimizers of the Ginzburg-Landau energy functional are deeply con-
nected with minimal surfaces, leading to the famous conjecture by De Giorgi on the symmetry of
monotone entire solutions of the Allen-Cahn equation (see [4,16,17,19] for a more comprehensive
treatment). Also, we recall that in [26] the authors study the relation between solutions to the frac-
tional Allen-Cahn equation and (non) local minimal surfaces, obtaining the fractional counterpart of
the I'-convergence result by Modica and Mortola. Moreover, we refer the reader to [3,23] for results
on the I'-convergence of non-local Allen-Cahn energy functionals in one dimension, respectively for
the cases s =1/2 and s € (0,1).

Specifically, the results that we present here are in the direction of [9,22]. In [22], indeed, the
authors analize the minimizers of the energy F in (1.3), considering the related Euler-Lagrange
equation

(1.5) Lou=W'(u),

where W is a non-degenerate potential and Lgu stands for the fractional Laplacian (for which we
mantain the notation used in [15])

Lou(z) := PV, /]R” W‘i

We recall that equation (1.5) is often credited as a non-local analogue of the so-called (elliptic)
Allen—Cahn equation — the classical, local one being just (1.5) with s = 1, formally.
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The paper [9] extends the results of [22] to the case of non-local operators with general kernels
satisfying (K1) and (K2). Hence, (1.5) becomes

(1.6) Lxu=W'(u),
where W is a non-degenerate and even potential, while
(1.7) Liu(z) := PVI/ (u(y) — u(z)) K (x — y) dy.

See also [5], where extension techniques are used to deal with existence, uniqueness and qualitative
properties of solutions of (1.5).

The present paper deals with the same operator as in (1.7), nevertheless in our framework the
potential will be allowed to be degenerate and non-symmetric.

Remark 1.2. Being (K1) in force, Lx can be represented as a non-singular integral. Indeed, it
holds that

Liu(x) = % du(z, 2)K(z) dz,
]Rn

where du(zx, z) is the second order increment
du(z, z) = u(x + z) —u(z — z) — 2u(x).

Note that if K(x) = |#|"72%, then L boils down to the classical fractional Laplacian (for which
we mantain the notation used in [15])

Lsu(x) = 1/}R Mdz.

2 n |Z|n+25

1.2. Minimizers of £ with general potentials. In order to state the main results of this paper,
some further notation is needed.

Definition 1.3. Let  be a bounded domain of R™. A measurable function v : R™ — R is a local
minimizer of Ex in Q if Ex(u; Q) < 400 and
Er(u;Q) < Ex(u+ ¢;Q),
for any ¢ € C3(£2).
Moreover, we say that a measurable function u : R™ — R is a class A minimizer of Ex if it is a

local minimizer in any bounded domain € C R™.

We stress that the introduction of the notion of class A minimizers is due to the fact that the
energy £k may in principle diverge when evaluated in unbounded domains. Therefore, to keep track
of its growth, one introduces the following “renormalized” energy

. €k (u; [—p, pl)
1.8 G(u) :=limsup ——————=
(1.8) (u) imsup =)
where the function ¥, is given by
pt=2  if s€(0,1/2),
(1.9) Uy(p) :=<Klogp ifs=1/2,
1 if s € (1/2,1).

Furthermore, as the next remark points out, this concept of local minimization is consistent with
respect to set inclusion.

Remark 1.4 (Remark 2.2 in [9]). Let ' C € be two given domains of R”. Then a local minimizer u
for Ex in Q is also a local minimizer® of Ex in .

3This fact follows from the following inclusion

(1.10) B2\ (R"\ )% c B2\ (R"\ Q)
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We are now in the position to state our main result, dealing with existence, uniqueness and decay
properties of class A minimizers for £k in the class of admissible functions

(1.11) X = {f € Li.(R) s.t. lim f(x) :il}.

z—+o0

The following theorem guarantees, in dimension 1, the existence and uniqueness (up to transla-
tions) of a class A minimizer for £k and lists some of its qualitative properties. Furthermore, it
proves that such minimizers are the only non-decreasing solutions of (1.6).

Theorem 1.5. Let n =1. Let (K1), (K2), (K4), (W1), (W2) and (W3) hold true.

Then, in the family X of admissible functions, there exists a unique (up to translations) nontrivial
class A minimizer u(9) of Ex.

Moreover, u'®) is strictly increasing.

Also, u® e C1F2549(R) for some 0 € (0,1) and there exist C > 0 and R > 0 such that
(1.12) 14+ u®(z) < Cla| "7 ifa < —R,
- 17u(0)(x)§6'\x|_% if v > R.

Furthermore, up to translations, u(%) is the only increasing solution to
(1.13) Lgu=W'(u) inR,
in the family of admissible functions X and
G(u?) < 4o0.
In addition, if K satisfies (K3), then there exists C € (0,C] such that

(1.14) 1+u®(2) > Cla| 51" ife < -R,
. 1—u(0)(x)26|m|_w ifx >R,
and
~ _ s(a—B+1)
(1.15) (WO @) 2 Olel~ () <R
WO (@) > Cla|” (H5) e > R,
Moreover, if K satisfies (K3) and
(1.16) max {(a = 2)(a = B),(y = 2)(y = d)} <1,
then
~ 25(1—(a—2)(a—B))
117 (O @) < Gle - (HHEEEER) e R
( . ) o , ~ _(1+2.s(1—<w—2)<w—6>>)
(u(z)) < Clzl 7T if x > R.

The next theorem can be seen as the dual of the previous one when (W4) is in force. Hypothe-
ses (W4) allows us to drop the assumption (K4) on K and, moreover, to retrieve odd minimizers
of k. We recall that, in this case, « =y and § = § in (W3).

Theorem 1.6. Let n = 1. Let (K1), (K2), (W1), (W2), (W3) and (W4) hold. Then, in the
family X of admissible functions, there exists a unique (up to translations) nontrivial class A mini-
mizer u®) of Ex.

Moreover, u(9) is strictly increasing and odd.

and from the fact that, if w and v coincide in R™ \ ©’, then

Ju(@) - u(y)[? = |o(@) — v(y)]® for any (z,y) € (R*\ ).

We refer the interested reader to [10, Remark 1.2] for a more detailed explanation.
In particular, (1.10) implies that the energy £k (u, ) is non-decreasing with respect to set inclusion.
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Also, u(® € C250(R) for some 0 € (0,1) and there exist C > 0 and R > 0 such that
(1.18) [u©@ (z) — sign(z)| < Clz|" a7 if 2| > R.
Furthermore, up to translations, u'9) is the only non-decreasing solution to
Lxu=W'(u) inR,
in the family of admissible functions X and
G(u?) < 4o0.
In addition, if K satisfies (K3), then there exists Ce (0, CNV} such that

(1.19) @ (2) — sign(z)| > Cle|~ =57 if |z| > R.

and

(1.20) W (2)) > Cle)” (=) 12l > R
Moreover, if K satisfies (K3) and

(1.21) (@—2)(a—fB) <1,

then

(1.22) WO (2)) < Gla|” (H==2) 0 > R,

Remark 1.7. Theorems 1.5 and 1.6 entail that if (K3) and (1.16) (which boils down to (1.21) in
Theorem 1.6) are satisfied and o = § and = 4, then the decay estimates for «(®) and (u(?))" are
optimal. Notice that, thanks to the full generality of our framework, this consideration applies to
the minimizers considered in [22, Theorem 2] and [9, Theorem 1].

We mention that some partial contributions for degenerate potential and general kernels have been
provided in the earlier works [1,2] and in [11]. In these papers, the authors address the existence
and monotonicity of minimizers properties for energy functionals of the form £x. However, in
their full generality, our results for degenerate potentials are new even in the case of the fractional
Laplacian. On a similar note, our results for general kernels are new even in the case of non-
degenerate potentials, since we do not necessarily assume that the potential is even. Furthermore,
our results are new even when the potentials are degenerate but their second derivative presents
a specific behavior at the potential minima (that is, when @ = § and v = ¢ in (W3)). In this
spirit, we believe that our general setting is also helpful to provide a unified approach to problems
in which the structures of the interaction and potential energies possess different features which can
potentially influence each other.

We also point out that extending the results in [9,22] to a degenerate and non-symmetric potential
asks for a careful approach. More specifically, these changes in the hypotheses lead to significant
modifications in the structure of the problem itself. For instance, we point out that hypotheses (W4)
plays a major role in order to prove the existence of particular class A minimizers of . Indeed, an
even potential gives rise to an odd minimizer in bounded intervals (see Proposition 6.7 below) and
this allows, in Section 8, to successfully perform a passage to the limit. Without this condition, we
have to add to the more standard hypotheses (K1) and (K2) an “upper semicontinuity” property
for K, i.e. (K4) which is not present in [9].

Also, whenever W/ (£1) > 0, decay estimates as in (1.12) can be inferred relying on barriers like
the ones in [9, Lemma 4.1] (that are inspired by the barriers in [27, Lemma 3.1] and adapt them to
the case of more general kernels), that are well established in literature. Nevertheless, the general
framework that we work in asks for more refined barriers, inspired by the ones built in the recent
paper [12].

Moreover, we stress that the estimates for the derivative of u(?) cannot rely on a “linearization
argument”, as done in [9,22], since in our general setting W’ may degenerate at the wells. Our
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strategy requires instead a suitable “convexity property”, as provided by Lemma 4.1, and estimates
on the decay of u(9) in order to employ a suitable barrier argument.

Furthermore, we note that the decay estimates for the solution and for its derivatives, as presented
in (1.12), (1.14), (1.15), (1.17), (1.18), (1.19) (1.20) and (1.22), showcase the interesting feature that
the behavior of u(?) and its derivatives at +oo only depends on the structure of the potential at +1
(and, likewise, the behavior of u(©) and its derivatives at —oo only depends on the structure of the
potential at —1): this is not completely obvious, due to the non-local nature of the problem, and
allows us to consider the case in which the potential is degenerate at one well but non-degenerate
at the other (namely, W"”(+1) > 0 = W”(-1), or W”(—=1) > 0 = W”(+1)), which is also a new
feature with respect to the existing literature.

Remark 1.8. As a natural direction for further investigation, one may consider the possibility of
improving the decay estimates for minimizers in the presence of oscillatory potentials.

For instance, the decay estimates in (1.12) depends solely on the parameters « or 7, which
suggests that a sharp lower bound in (1.14) should similarly depend only on the parameters /3 or 4.

Moreover, in [15, Proposition 6.4], the authors refine the asymptotics of their minimizer to a
higher order. Extending such results to our framework would enable a deeper investigation on the
evolution of the atom dislocation function in the Peierls-Nabarro model for crystals. We plan to
address these lines of research in a forthcoming paper.

1.3. Organization of the paper. The rest of the paper is organized as follows. In Section 2,
we address some regularity properties related to the fractional Allen-Cahn equation, providing the
definitions of weak and pointwise solutions to (1.6) and a suitable variational framework.

Section 3 constructs a barrier used later on to prove the decay estimates in (1.12).

Section 4 contains three separate subsections: the first one investigating the convezity property
of W the second one stating a strong comparison principle for Ly, while the third one providing
some regularity results related to the fractional Allen-Cahn equation.

Then, in Section 5 we collect some asymptotic estimates for the operator Ly in dimension n = 1.
Some preliminary results on 1-D minimizers are collected in Sections 6 and 7.

Finally, we prove Theorems 1.5 and 1.6 in Section 8.

2. PRELIMINARIES

In this section we provide the analytical setting that we work in and recall some regularity results
for solutions of

(2.1) —Lgu=f inQ,
and of their associated Dirichlet problem
—Lgu= in
(22) KU f %Il )
u=gq in 9,

where (2 is a domain of R"™ and f and g are measurable functions.

We mention here that this section is meant to be self contained, does not contain any new results
and only addresses the regularity theory that we need in the rest of the paper. A more exhaustive
treatise of these topics can be found, e.g. in [6,7,9,24,25,28].

2.1. Analytical setting. In this subsection, K is assumed to satisy (K1) and (K2). Given a
domain 2 C R™, we consider the linear space

HX(Q) := {u :R™ — R measurable s.t. ulo € L*(Q) and [u]y,(q) < —1—00}7

(23) sy = 2o, 0 =5 [ ) —u() K e~ ey
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Furthermore, we consider the space
HE (Q) := {u cHE(Q):u=0a.e in R"\Q}
If O has continuous boundary (in the sense of [18, Definition 4]), we have that
24) B (@) = Cr@) ',
where
[ullwx ) = llullL2@) + [ulux @),

see [9, Remark 3.1] and [18, Theorem 6]
We also set

1
ey =g [ ) )o@ @)K ) ey

2.2. Regularity results. With this bit of notation, we can give the definition of weak solutions
to (2.1) and to the Dirichlet problem (2.2).

Definition 2.1. Given a bounded Lipschitz domain Q C R"™ and f € L*(2), we say that u € HX(Q)
is a weak solution to (2.1) in Q if

(2.5) (u, Q)ur () = (s d)12()  for any ¢ € Hg (Q).
For any g € HX(Q) we say that u € HX(Q) is a weak solution to (2.2) if (2.5) is satisfied
and u — g € HE(Q).

If Q is unbounded, we say that u is a weak solution to (2.1) if, for any Lipschitz subdomain Q' € {2,
we have that u € HE(Q) and (2.5) is satisfied in .

Notice that, in light of (2.4), one can relax the assumption ¢ € H¥(Q) in (2.5), by requiring
instead that ¢ € C§°(Q).

In order to strenghten the notion of solution under consideration, further notation is needed. In
particular, we consider the “tail space”

Ly, (R") := {u :R" = R measurable s.t. [[ufz; &n) < Jroo},

where

|u(2)|
L (gny 1= — .
llullLy, & /Rn 1+ |z+es z
Clearly L>(R") C L (R"), and therefore the space L} (R") is not empty.

Definition 2.2. A function u € L ,(R™) N C25M(Q), with § > 0, is a pointwise solution to (2.1)
in Q if f is continuous and the equation is satisfied at any point x € €.
Moreover, given g € C*T(R"\ Q), we say that u is a pointwise solution to (2.2) if (2.1) is

satisfied in the pointwise sense and u = g in R™ \ Q.
We mention here some regularity results for semilinear equations of the type (2.1).

Proposition 2.3 (Proposition 3.12 in [9]). Let s € (0,1) and let K satisfy (K1) and (K2). Let  C
R™ be a bounded CY'-domain, W € CL’(R), for some ¥ € (0,1), and g € C*t°(R"\ Q), for
some o € (0,2 — 2s).

Let u € HE(Q) N L®(R") be a weak solution to

Lgu=W'(u) in Q,
u=gq mn €.

Then, u € C?(R™) N C219(Q), for some 6 € (0,s), depending only on n, s, X\, A, ¥ and o.

loc



FRACTIONAL ALLEN-CAHN EQUATIONS 9

Proposition 2.4 (Proposition 3.13 in [9]). Let s € (0,1) and let K satisfy (K1) and (K2). Let W €
CEY(R), for some 9 > 0, and u € L>®(R™) be a weak solution to

loc
Lxu=W'(u) inR"™.

Then, u € C125+9(R™) for some 0 > 0.

3. CONSTRUCTION OF A USEFUL BARRIER

In this section we construct an auxiliary function that will be used as a barrier to retrieve the
decay estimates in (1.12) and (1.18).

Barriers like the one that we propose here have been already introduced in the literature. But,
while in both [22, Lemma 8] and [9, Lemma 4.1] the authors consider barriers that match the non-
degenerancy condition of the potential W (see also [27]), in our framework, W can possibly decay
faster at the wells +1 and so the need of a more refined approach. A similar barrier, constructed in
the p-Laplacian framework, can be found in [12].

Proposition 3.1. Let K satisfy (K1) and (K2).

Then, for any ¢ > 0 and m > 2, there exist two constants Ry > 0, depending on n, s, A, (
and m, and C > 1, depending on n, s, A and (, such that the following holds.

For any R > Ry there exists a rotationally symmetric function

(3.1) w e CR",(-1,1]),
such that
(3.2) w=1 inR"\ Bg,
and
(3.3) |Lrw| < ¢(1+w)™ ' in Bg.
Also, for any x € Bg,
(3.4) ! — < 1l+w(x) < ¢ —.
C(14+R—|z|)m1 (14+R—|z])mT
Proof. We set
2
(3.5) q:= m—1’

and take r; > 2us and r > r; (notice that these choices imply that r > 442 > 4).
We also set £(t) := (r — t)~9° for any ¢ € (0,r) and define

i <e<r—1>—€(§) - (3) <;_1>>_

We notice that

ylo= 1- 295 ggas iy (asth) (; - 1)
> 1-2¥1+44qs)r ¥
> 1-12r %
o1
>

Thus, v, is well defined and
(3.6) 1<y <2
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Now, we consider the function A : [0,4+00) — [0, 1] defined by

0 ift €[0,r/2),
(3.7) h(t) == < - (L(t) — £(r/2) = ' (r/2)(t — r/2)) ifte[r/2,r—1),
1 ifter—1,+00).

Obviously
h(r/2) =0, R'(r/2)=0 and  h(r—1)=1,
so that h is Lipschitz continuous.
Moreover, thanks to (3.6), for any ¢t € (r/2,r — 1),

W ()] = 4l (t) = €' (r/2)] < gsye(r — )~ @HD < 4(r — )= @+
and B0 = 1l (1)) = gs(gs + De(r — )~ < 120 — 1) =05+,
On the other hand,

lim  A/'(t) =y.qs (1 — 2q5+1r*(q5+1)> #0=lim A(t).

t—(r—1)_ t—(r—1)4+

(3.8)

In light of this, we see that h is not C1'! and we now want to modify it in the interval (r — 2,7 — 1)
in order to obtain a C1'! function.

For this, we take n € C*°([0, +00), [0,1]) such that n = 1 in (0,7 —7/4), n =0 in (r — 5/4, +00),
7' € (—4,0) and |n’’'| < 32. Also, we set

g(t) :=n(t)h(t) +1 —n(¢) for any t € [0, +00).

We notice that g(t) € [h(t),1] and g coincides with h outside the interval (r — 2,7 — 1).
Moreover, we have that g € C*1([0, +00)) and, by (3.8), we obtain that, for any ¢t € (r—2,7—1),

g < I (OIQ = (@) + W @)L j2,0—52) () <8
and
lg" ()] < In" O = h(t)) + 210" OF ()] + [ ()L j2,0-5/0) () < T6.
In particular, this and (3.8) imply that there exists a constant ¢; > 0 (e.g. ¢; := 27) such that, for
any t € [0,7],
(39)  lg@l <crmin{(r—0 @b and g (@) < emin {(r - )=+, 1]
In addition, we claim that, for any ¢ € [0, 7],
(3.10) min{(r — )79, 1} < g(t) + 12r79° < 18min{(r — ¢t)7%%,1} for any t € [0,r].

In order to show this claim, we start proving the left-hand inequality. If ¢ € [r — 1, 7], then g(¢) =1
and the inequality is straightforward. If instead ¢t € [0,r/2), then

g(t) + 12079 = 12779 > 4979 > 299979 > (p — )95,
Also, if t € [r/2,7 — 1), we use (3.6) to see that
gt) > h(t)> (r—t)79 =299 (1 +qs2r 1t — r/2))

> (r—t)"¥ =29y (1 + quril(r/Q))
= (r—t)7% =29r79(1 4+ qs)
> (r—t)7 ¥ —12r %,

For what concerns the right-hand inequality in (3.10), if ¢ € [r — 1, ] then we observe that
g(t) + 12779 < 1412777 < 2.
If instead t € [0,r — 1), then
g(t) +12r7% < h(t)L(o,r—5/2)(t) + Lr—7/a0—1) (1) + 12(r — )7
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qs
< 2r—t)"T (D (r—t)"7 +12(r — )"
< 18(r—t)7%,

and this completes the proof of (3.10).

Let now v(z) := g(|z|) for any 2 € R". By the properties of g, we see that v € CLL(R") is
radially symmetric, radially non-decreasing and satisfies v = 0 in B,/; and v = 1 in R" \ B,_;.
Also, from (3.10), we infer that, for any « € B,.,

(3.11) min{(r — |z|) 7,1} < v(z) + 12r79 < 18min{(r — |z|) 79, 1}.
Thus, recalling the definition of ¢ in (3.5), it follows that, for any x € B,.,
(3.12) min{(r — |z) 72,1} < (v(z) + 12r725)™ "L,
We now claim that there exists a constant ¢ > 0, depending on n, such that, for any = € B,
—(g5+2)
2 r— |z|
(3.13) || D v||LW(B(MX{(T?M)/M)}(w) < cg max{ 5 ,1} .
To prove this, we observe that, by (3.9), for any y € B, \ B, s,
9'(ly
D2l = o (1ol + 220
< 2le <mm { =1y~ 1}y min { (= Jyl) =+, 1})
(3.14) < dne min{(r— |y\)—<qs+2>,1},

where the last inequality exploits the fact that |y| > r —|y| and r > 7 > 2. Since v = 0 in B, 3, we
can say that (3.14) holds true for any = € B,..
Also, if v € B, with r — |z| > 2 and y € B,_|4))/2(7), then y € B, and

— ||

.
lyl <y — x| + |z] < 5

and therefore
r4lz] v — |z
2 2
As a consequence, by (3.14) we obtain that, for any y € B(_|a))/2(),

eyl > -

0 ) (gs12) ) r— |zl —(gs+2) ) r— |zl —(g5+2)
[D%0(y)] < dner(r —[y) 7T < dnfer | —5— = 4dn’eymax § — =, 1 .

If instead r — |z| < 2, for any y € By (z) N By, it holds that

r— |zl —(gs+2)
|D?v(y)| < 4n’c; = 4n’cy max {2, 1} ,

this completing the proof of (3.13).
Now, for any ¢ > 0, we define the scaled kernel
K, (2):=0""**K(0z), fora.e. z€R™

Notice that K, satisfies conditions (K1) and (K2) with the same A, A of K and with 7¢/o in place
of rg. Then, we apply [8, Lemma 6.9] with p := max{(r — |z|)/2,1} and, by (3.12) and (3.13), we
obtain that, for any x € B,.,

—2s
Lic,v(a)] < CB[||v|Lm<R>max{’”2'x,1}
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2(1—s
D% P
VLo (Bimax{(r—|z|) 2,1} (z)) TAX 9

¢4 min {(r —|z)7%, 1}
(3.15) ca(v(z) + 12r795)m=1

for some c3, ¢4 > 0 depending on n, s and A.

We are now able to construct the function w. We set
1

IN

A

(3.16) Ry := (24) S

and we take R > Ry. Also, let

(3.17) ro= %R and  f:= 24779
and notice that » > ry and 8 € (0,1). Then, we define

(3.18) w(z) = (2 — B)v (g) +B—1.

We observe that the function w inherits all the qualitative properties of v. In particular, w is of
class CT1(R™), is radially symmetric and radially non-decreasing. In addition, w = 8 — 1 in Bg /2
and w = 11in R™ \ Bj,—1)R)/r-

Now, we show that w satisfies (3.3). To do this, we exploit (3.15) and we recall the definitions
in (3.16), (3.17) and (3.18) to see that, for any « € Bg,

(2-B)|Lk (v (’g))
o (2) o ()
Ca (f) - ((2 - B (g) + 24T—QS>

= ((1+w@)" ",

|Lrw(z)]

IN

m—1

IN

which establishes (3.3).
We now focus on the estimates in (3.4). For this, we set

1
c5 := 36 max 6—4,1 1+ £
¢ Cq

and we claim that, for any = € B{,_1)Rr)/r,

2

(3.19) min {Cg 1} (R+1—|z)) " <1l+w(x) <cs(R+1—|z])"%.

To show this, we preliminarly notice that x € Bj,_1)gj/» if and only if r[z|/R < r — 1, which is

equivalent to
%
<C<4) (R — |z)~% < 1.

From this and (3.11), we have that

L+w() < 2<v <7;f)+127’q8>
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36 (Zﬁ*) (R—|z))~"

<
cq R+1|:r|>qS _
< 36maxd A V(BTN p g gy
{c }< Tl ) | =1
< es(R+1— |a])%.

Similarly, we observe that

<

v 2 (o() )

vV
/N
o~ 2
"

o ke

—

=

|

B}

-

S

\Y
2.
=
—N
IS
—
——
—~
=y
_|_
—
|
B
N
4
w

thus yielding (3.19).
Moreover, if € Br \ B[(rfl)R]/ra we have that

. 2

(3.20) 2R+1—|z)) ® <1+w(@) <2 |1+ (2‘*) (R+1—]z[)~.

Indeed, the left-hand inequality follows from the fact that w = 1 in R™\ B,_1)r)/r- The right-hand
inequality can be shown as follows

1+w(@) = 2(R+1—|z)”®(R+1—|z|)~?

qs
2 (1 + f) (R+1— |z])~

IN

qs

21+ <C<4) (R+1— |z])~%.

|
b

Finally, putting together (3.19) and (3.20), we obtain that, for any x € Bpg, there exist two
constants c¢g, ¢y depending on n, s, A and ¢ such that

c(R+1—|z)) " <l4+w) <cr(R+1-—l|x])~%,
and the estimates in (3.4) can be obtained setting, for instance, C' := max{1,cg ', c;} and recall-

ing (3.5). O

Remark 3.2. The barrier reported in [9, Lemma 4.1] can be retrieved setting m = 2 in Proposi-
tion 3.1.

4. SOME AUXILIARY RESULTS
In this section we prove some useful statements, that will be employed to prove the main results

of the paper.

4.1. On the potential W. We provide here a regularity result on the potential W. We stress that
this result plays a fundamental role in the study of the decay estimates in (1.12).

Lemma 4.1. Let W : R — R be a function satisfying (W1) and (W3).
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Then, for any r, t € [—1,—1+ &] with r < t, it holds

_G «_ (14 < G2 5
ala—1) A+ =1 +r)*) SW(t) - W(r) < 561 ((1+t) (1+47) )
(4.1) and
Cl a—1 a—1 / / C'2 B—1 B—1
(@0 = (e S W - W) < o (W+0P = (4.
Moreover, for any r, t € [1 — &, 1] with r < t, it holds
*y(fycil) ((1 —t)7 —(1— T)”) <W(t)—W(r) < 5(60—4 ) ((1 (1 r)‘;)
(4.2) and
Cs

(=ry == ) S W) - W) < c (@=rft—a=p7).
v—1 0—1
Proof. We will only show (4.1), since (4.2) can be proved in a similar way. Moreover, we will focus
on the upper bounds in (4.1), being the lower bounds based on analogous calculations.

Let r,t € [-1,—1+¢] and r < ¢t. Then, thanks to (W1) and (W3), we can apply the Fundamental

Theorem of Calculus and obtain that
t t
W'(t)—W'(r) = / W' (o) do < C’g/ (1+0)2do

Cs
- L+ = (147)77)
gog (07 =)
which establishes the upper bound in the second line of (4.1).
We now show the upper bound in the first line of (4.1). For this, we use the Fundamental

Theorem of Calculus and the fact that W/(—1) = 0 to write

t
T

W(t) — W(r) = /: W (o) da:/ (W’(a) —W’(—l)) do.

Since o > r > —1, we can exploit the upper bound in the second line of (4.1) and we obtain that

Bcfl /'(1 +0)P 1 do = ﬂ(BCQ N (407 —@+0)7),

as desired. O

W(t) - W(r) <

We point out that in the case « = = = § = 2, Lemma 4.1 implies that
W'(t) > W'(r)+c(t—r) foranyr<t, rite|[-1,—-1+cU[l—c,1]

and for some ¢ > 0. This inequality is the so called convexity property for a non-degenerate potential
W and is used in [9,22] in order to compute the decay estimates for the minimizers.

4.2. Barriers and comparison principle. In this subsection we recall a strong comparison prin-
ciple related to the operator Ly, that will be extensively used in the proof of the estimates in (1.12)
and (1.17).

Proposition 4.2 (Proposition 4.4 in [9]). Let s € (0,1) and K satisfy (K1) and (K2). Let f1,
fo: R" xR = R be two continuous functions.
Let Q be a domain of R and v, w € L=(R™) N C?**19(Q), for some 6 > 0, be such that

LKUSfl('7U) in Q7
Lgw > fo(,w) inQ,
v>w in R.
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Suppose also that, for any x € Q,
fi(z,w(@)) < folz, w(x)).

If there exists a point xo € 2 such that v(zg) = w(xg), then v = w in the whole 2.

4.3. Basic properties of the fractional Allen-Cahn equation. We mention here two handful
lemmata. The first one poses sufficient conditions in order for the fractional Allen-Cahn equation to
behave well under limit procedures. The second one relates the solutions of the fractional Allen-Cahn
equation to class A minimizers of .

Lemma 4.3 (Lemma 4.8 in [9]). Let s € (0,1) and K satisfy (K1) and (K2). Let W € Cllo’f(R) for
some ¥ € (0,1).
Let Q C R™ be a Lipschitz domain and let (v;)jen C HE(Q) N L®(R") be a sequence of weak
solutions of
Lgv; = W' (vj) in €,
such that there exists ¢ > 0 such that, for any j € N,
[vslax @) + 1vjll Lo mn) < c.
Suppose also that v; converges to a function v uniformly on compact subset of R", as j — +o00.
Then, v € HX(Q) N L>®(R™) is a weak solution of
Lgv=W'(v) in Q.

Lemma 4.4 (Theorem 3 in [9]). Letn > 1, s € (0,1) and K satisfy (K1) and (K2). Let W be such
that
W(£1) = W/(£1) = 0.
Let u: R™ — (—1,1) belong to C'+25T9(R™), for some 6 > 0. Suppose that u is a solution of
Ligu=W'(u) in R",
satisfying
0y, u(z) >0, for all x € R,
and
lim  wu(z,x,) = +1, for all ' € R" 1.

T, —>to0o
Then, u is a class A minimizer of Ex .

We also refer the reader to [22, Lemma 7] and [22, Theorem 1] for the proofs of, respectively,
Lemmata 4.3 and 4.4, when the kernel K(z) := |z|7"~2.

5. ASYMPTOTIC ESTIMATES FOR Ly IN DIMENSION n = 1

In this section we collect asymptotic results regarding the operator Ly, defined in (1.7), in
dimension n = 1. They will be used in the proofs of Theorems 1.5 and 1.6.

Proposition 5.1. Let k € (0,400) and o, 7 € (1,400). Let K satisfy (K1) and (K2).
Let ¢ € C*(R) be such that
|77 ifx < —k,
o(w) = { |

lz|”" ifx>k

and
(5.1) ¢(x) > v for all x € [—k, K], for some v € (0,400).
Then,
l1—0o K 1—7
2 li 25, <AL / il
(5.2 i (o] P L) < (J [ a1,

where A is the quantity appearing in (K2).
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Proof. We will only prove (5.2) as  — —oo, being the limit as  — +oo analogous.
For any x < —2k, we set

r):= PV, / T (6) — ola) K — y) dy,
(5.3) Bita) = [ " (6y) - 6(@) K(z — y) dy

+oo
and  D(r) = / (6(y) — 6(x)) K(x — y) dy.

In the following computations we will omit the principal value notation, for the sake of readability.
We claim that

Axl=c
4 li 425 A () < .
(5.4) Jlim |z k() < ——
In order to show this, we apply the change of variable y := |z|f and compute
—K B B . —k/|z| B
@) = [ (o = lal ) Kl =)y = o= [ (16177 = 1) K (a(1+6)) b
We also set
—-3/2
Agcs(x) = mH/ (|arv - 1) K (x(1+6)) df,
—-1/2
(5.5) Apq1(z) == \x|H/ (|9r“ - 1) K (z(1+6)) do
—3/2

—K/|z|
and  Ag(z) = \x|1-0/ (1017 1) & (a(1+ ) b,
—1/2

Exploiting (K2), we obtain that

—3/2 _
_ 1—16]7° _
(oc+2s) (o+2s)
(5.6) | Ak 1(z)] < Alx] /_Oo T o df < C|x| ,
for some C > 0, depending on s, o and A.
Moreover, we check that
(5.7) A, rr(x)] < Cla| =722,
To this aim, we use the change of variable z := 1 + 6 and the symmetry of K in (K1) to see that
—1/2 1/2
/ (1617 1) & (a1 + 0)) dez/ (10— 277 1) K(ez) d
—3/2 —1/2
1/2 1/2
_ / (72 +0(2P)) K (w2) d= = / O(2*) K (x2) dz.
—1/2 —1/2
As a consequence,
—1/2 1/2
/ (|9rff— ) (z(1+0)) do| = O(|2])K (a2) dz
—3/2 —1/2

1/2
< CA|J}|_(1+25)/ |Z|1—25 dz < C|$|_(1+25),

—1/2

up to renaming C > 0. This leads to (5.7), as desired.
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Furthermore, observing that §~7 > 1 if § € (0,1/2), we obtain that

—r/|z| 977 — 1

AKJ[[(:E) < A|ZE|7(U+25)/ do

“1y2 (L @)tF2s

1/2 1/2 de
— —(o+2s) —0o _
Ale| (/W 0= (1+0(0)) do /W e G)MS)

1 1/2 do
— —(o+2s) o—1 _ 1—0|,|0—1 o—2y\ _ )
Ale] (10(2 Rl ) + O(|77?) /é/lwl(lmms

Combining this with (5.6) and (5.7), and noticing that Ax(z) = Ak 1(z) + Ax 11(x) + Ak rr1(x),
we obtain (5.4).

Now, we want to show that
(5.8) lim |z)'"2*Bg(z) <A [ ¢(y)dy.

T——00 Ck

For this, we take 7 as in (5.1) and we suppose that || > v~/?. In this way, we have that ¢(z) =
|z|77 < v < ¢(y) for all y € (—k, k), thanks to (5.1). Therefore, by (K2),

o Be(x) = of'*P / " (6(6) — () K(a — ) dy

—K

IN

—(1+2s)
‘ dy.

A 0w - o) - !

—K
We can now take the limit as x — —oo and use the Dominated Convergence Theorem to deduce (5.8).
Furthermore, we claim that

AnlfT
r——00 - -1’

Indeed, the change of variable y := |z|f and (K2) give that

+oo
Dic(x) = / (™ — o] *)K(x — ) dy

(5.9) lim |2[*"**Dg(z) <

— | /;T (|x|77077 - |xr<f)K(x(1 +0))do

+oo “TO-T 4+ ‘m|—a
S Alx —25/ |£17| do
| | w /)] (1 + 0)1—‘,—25

+oo 97

(1 + 9)1+23

< Alwl‘““s)/

/x|

2| (o+2s) I df
df + Alz|~\¢ / —_
w/lo) (1L 0)1F2s

We notice that

“+o00 0—7— 1/2 “+oo 0—7-
——df = 0~ (1+0(0))do + —df
/n/|x| (1+0)t+2s /n/r| ( ( )) /1/2 (1+0)t+2s

1 1 1- 1 —2 /+OO o
T _ T T T d@.
T (T R Tl ) 0l ¢ |

As a result,
1+2s 1-7 1 =1 -7 jr—1 r—2 tee g
@2 Dic(a) < Al (= (27 = el ) O + | e

12 (L4 0)HF2

Feo db

FAfe1e / S
| | n/|z\ (1+9)1+23
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which gives the desired claim in (5.9).
Thus, since Lx¢(x) = Ag(x) + B (z) + D (x), combining together (5.4), (5.8) and (5.9) yields
the thesis. O

Proposition 5.2. Let k € (0,+00) and o, 7 € (1,400). Let K satisfy (K1) and (K3).
Let ¢ € C*(R) be such that
z|77 ifx < —kK,
o) = { e

2|7 ifzx>k

and
(5.10) é(x) > for all x € [—k, K], for some 7y € (0,+0).
Then,
l1—0o K 1—7
11 I 2 >a (= dy+ =
(511) i (o] P L) > <U 1+ [ o+ ).

where X\ is the quantity appearing in (K3).

The proof of Proposition 5.2 is similar to the one of Proposition 5.1, but requires some care in the
estimates of some terms, therefore we provide here below the details for the facility of the reader.

Proof of Proposition 5.2. We will only prove (5.11) as # — —oo, being the limit as 2 — 400
analogous.

For any = < —2k, we take Ak (), Bx(z) and Dk (z) as in (5.3).

We claim that

)\Klfa
. 1+2s >
(5.12) wgrzloo |z T Ak (x) > 1

In order to show this, in the notation of (5.5), we write Ak (z) = Ak 1(z) + Ax 11(z) + Ak 111().
Moreover, using the estimates in (5.6) and (5.7), we see that
(5.13) Ak (@)] > A (@) — | Ak 1 (@) = [Ag 1 ()] > Ase rrr(x) — Clar| =729,
for some C > 0, depending on s, o and A (being A the quantity appearing in (K3)).
Furthermore, since #~7 > 1 if § € (0,1/2), we obtain that
—r/|z| 10— —1

) 1+ gy

A rrr(z) > /\\$|7(U+25)/

1/2
= Nz|~ (0+42s) 9 ff 1—|—O(9)) d@—/ IS
/\x\ w/lzl ( 1+9
= Az|~ (0425) ol o |g|o~ 1 _go- 1)+O ] 2 /1/2 .
w1zl 1“’ (T+o)ees

Therefore, from this and (5.13) we deduce (5.12).
Now, we show that

(5.14) lim |z B () > X [ é(y)dy
For this, we take v as in (5.10) and we suppose that |z| > y~/?. In this way, we have that ¢(z) =
|x]77 < v < ¢(y) for all y € (—k, k), thanks to (5.10). Therefore, by (K3),

2|""**Bg(z) = |z|'T* /K (¢(y) — ¢(x)) K(z —y)dy

—(142s)

> o[ e -s)i-2
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We can now take the limit as * — —oo and use the Dominated Convergence Theorem to de-
duce (5.14).
Also, we claim that
/\ﬁl—‘r
T——00 - -1’

(5.15) lim |z|'"?*Dg(z) >

Indeed, the change of variable y := |z|¢ and the positivity of the kernel give that
+oo
D)= [ " Il K~ y)dy

+oo
(5.16) el [ (Jel 0T el ) K (a1 4 0) 8
w/|z|
+o0 +oo
> |x|1*7/ 0 TK (z(1+40))do — |z|* 7 K(z(1+0))dé.
k/|z| 0
Now, from the upper bound in (K3) we infer that

“+o0

Feo do
1—0o K 1 <A 1—(7/
|z| ; (z(1+06))do < Alz| rET

1 + 9)1+28

= C|.’I)|_(U+28)7

for some C > 0 depending on s and A.
Moreover, from the lower bound in (K3), we deduce that

+oo -7

+oo
. H/ 0= K (2(1+ 0)) do > )\|x|1*7/ d
S e T 0

1 +oo o7
— —(742s) -7 (1
Alz| </k/x| 0 ( + 0(9)) do +/; (1+6)1+2s d0>

Ao (B g 2 / 0 i) + 0.
T—1 T—1 Ji  (1+0)lFe

Plugging the last two displays into (5.16) give that
kl—r 27’—1 +oo 97
D > Na| 029 | g7t — / ——dp
K(-T)— |37| 7_71|55" 1 + ; (1+9)1+2s
+ O(|I‘72728) o C|x‘7(a+2s)'

Multiplying by |z|*T2¢ and taking the limit show (5.15).
Thus, since Lxp(x) = Ax(z) + Br(x) + D (z), combining together (5.12), (5.14) and (5.15)
yields the thesis. O

6. MINIMIZING THE ENERGY IN INTERVALS

In this section, we deal with the problem of minimizing the energy £k in bounded intervals I C R.

More precisely, in Lemma 6.5 below, we provide the existence of a minimizer v; and present an
upper bound for its energy as a function of the lenght of the interval I. Moreover, in Propositions 6.6
and 6.7 we investigate respectively the monotonicity property and the oddness of v; (in case (W4)
is in force). Also, Proposition 6.9 studies the asymptotic behavior of the minimizer vy ) in the
interval [0, R] as R — +o00.

In the rest of this section, the analytic framework introduced in Section 2.1 is assumed.

Lemma 6.1. Let K satisfy (K1) and (K2). Let Q be a domain of R™ and u and v be two measurable
functions in HE ().
Then

(6.1) Ex (min{u, v}, Q) + Ex (max{u, v}, Q) < Ex(u, Q) + Ex (v, Q).



20 F. DE PAS, S. DIPIERRO, M. PICCININI, AND E. VALDINOCI

Moreover, equality holds in (6.1) if and only if
(6.2) either  wu(zr) <wv(x) or wu(x)>wv(x) foranyx e R".

In [22, Lemma 3], the authors prove the same result in the particular case K(z) := |z|7"25.
In [10, Lemma 3.2], this result is then stated for rough kernels, but we provide here the full proof,
since we add the claim in (6.2).

Proof of Lemma 6.1. We define

(6.3) m(z) := min{u(z),v(z)} and M (z) := max{u(x),v(x)}.
Also, since
(6.4) P(min{u, v}, Q) + P(max{u,v}, Q) = P(u, Q) + P(v,Q),

we will just focus on the kinetic term H .
Let x, y € R™ and consider the two possible scenarios:
(i) either u(z) < v(z) and u(y) < v(y), or u(x) > v(x) and u(y) > v(y),
(ii) either u(z) < v(x) and u(y) > v(y), or u(x) > v(x) and u(y) < v(y).
If (i) holds, then (6.1) plainly follows with the equal sign. Thus, we might suppose that (ii) holds.
If this is the case, we compute

[m(x) —m(y)[* + [M(x) — M(y)|*

(6.5) = [u(z) = v(y)[* + [v(z) — u(y)”
= [u(z) —u(y)* + |v(z) = v(y)]* + 2 (u(z) — v(@)) (uly) —ov(y))
< Ju(z) = u(y)]* + v(z) = v(y)?,
thus leading to (6.1).
Furthermore, the claim in (6.2) follows by inspection of (6.4) and (6.5). O

We recall the following statement, that guarantees the existence of a minimizer for the energy in
a given domain.

Lemma 6.2 (Lemma 4.7 in [9]). Let n > 1 and s € (0,1). Let K satisfy (K1) and (K2). Assume
that* W (1) = 0.

Let Q@ C R™ be a bounded Lipschitz domain. Let wo : R™ — [—1,1] be a measurable function and
suppose that there exists another measurable function w which coincides whith wy in R™\ Q and
such that

EK(U), Q) < +o00.
Then, there exists a local minimizer vg : R™ — [=1,1] for Ekx in Q which coincides with wg

in R™\ Q.

We include here another preliminary result which takes care of the growth of the energy £x of
local minimizers inside large intervals.

Proposition 6.3. Let K satisfy (K1) and (K2) and let W € L*®(R) be such that W(£1) = 0.
Let o, 8 € [-1,1] and J := [a,b] C R such that |J| > 6.
If v: R — [—1,1] is a local minimizer of Ex in J satisfying
v=aifr<a and v=_L0ifz>Db,
then there exists a positive constant C, depending only on s, A and ||W ||y ) such that
Ex (v, J') < CU(|J]),
for any J' C J and |J'| > 6.

Here above, U is the function introduced in (1.9).

4In [9] the authors refer to a condition on W reading as: W (+1) = W'(£1) = 0. Nevertheless, the proof only
exploits W(£1) = 0.
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Proof. We will denote by C' any positive constant that depends only on s, A and ||W ||z ().
Without loss of generality we suppose that J = [—a,a] for some a > 3. Also, if dist(J', R\
(—a,a)) > 2, then Proposition 6.3 follows® from [10, Proposition 3.1] and by observing that v is also
a local minimizer in any sub interval of J (see Remark 1.4). Consequently, we might set J' := [—¢, d],
such that a —c <2 and a —d < 2.
Now, we define the following function

o if z < —a,
—z(a+1)/2+a—a(l+a)/2 ifz€|[—a,—a+2],
P(z) =< —1 if |z] <a—2,
z(B+1)/2+B—-a(B+1)/2 ifxela—24q],
153 ifx>a
and we claim that
(6. £, 1) < CU(T).

for some C' > 0 depending only on s, A and ||[W{| o (r)-
Indeed, let = € [~a, a] and set d(z) := max {a — 2 — ||, 1}. Then, for any y € R,

(@)~ Mo —y| if |z —y| < d(2),

[Y(x) — ()| < {2 if |2 — y| > d(z).

As a consequence, recalling (K2),

/ () — (y) 2K (z — ) dy

R

<A <d<x>2 / & — 1209 gy 4 / o — dy>
{lz—y|<d(z)} {lz—y|>d(z)}

2 d(x) 1+2(1 +ee 1-2
— 8 (d(x) / |y|+<s>dy+/d() Iy~ dy

< Csa d(.’L‘)_Qs.

From this inequality, we deduce that

a e a=3 dx
Hic(®, ) < Can [ dla) Pde < Cop (/0 a—2—ap T
log(a — 2) if s =1/2,
< Cyp+ Cs
= Cant ’A{ L ((a—2)'"2—1) ifs#1/2

1-2s

< CS,A \Ps(a - 2) < CS,A \I’s(|J/|),

up to relabeling Cs o. Since exploiting the boundedness of W we also have that

a —a+2

P Ty = [ W) de = /

—a —a

W(@)do+ [ W) do < e,

it follows that (6.6) holds true.
Being v a local minimizer of £k in J and 1) a suitable competitor, (6.6) yields the thesis. O

5We point out that Proposition 3.1 in [10] is proved under an analogue assumption of (K2) here, with ro = 1.
Nevertheless, the proof only exploits the right-hand inequality in (K2) and thus it is valid in our framework too.
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Remark 6.4. We stress that Proposition 6.3 is an adaption of [10, Proposition 3.1] to our frame-
work. In particular, in [10], the authors operate in higher dimensions and impose no constraints on v
outside J (other than v € [—1,1]). On the other hand, Proposition 6.3 allows J’ to be arbitrarily
close to J.

We are now in the position to prove the first main result of this section.

Lemma 6.5. Let K satisfy (K1) and (K2) and let W € L>®(R) be such that W(£1) = 0. Let I :=
[a,b] C R be an interval with length |I| =b—a > 6.

Then, there exists a local minimizer vy : R — [—1,1] for Ek in 1.

In particular,

(6.7) vi(z) =—-1lifx <a and vi(z) =1 if x> b.
Also, there exists C > 0, depending only on s, A and W, such that

(6.8) Ex(v; J) < C V(| J]),

where J is either I or any subinterval of I with |J| > 6.

Here above, U is the function introduced in (1.9).

In [9, Lemma 6.1] a proof of this result is presented. Nevertheless, the authors in [9] work with
an even potential W, which allows them to retrieve an odd minimizer v;. Since we dropped this
hypothesis on W, we provide here a self contained proof.

Proof of Lemma 6.5. For any interval I = [a,b], we would like to prove the existence of the func-
tion vy by means of Lemma 6.2. In this way, we only need to construct a suitable competitor
in [a, b].

Without loss of generality, we suppose that a < —3 and b > 3. We consider the function

-1 ifx< -1,
hz)=<z ifze(-1,1),
1 if x> 1.

By [22, Lemma 2] and exploiting that |I| > 6, we have that

Cs(1+|I*72%) if s € (0,1/2),
F(h,I) <L Cs(1+1logll]) ifs=1/2,
Cy if s € (1/2,1)

<20, U (|1)).

where Cy > 1 is a constant depending only on s and .% has been defined in (1.3).
Thus, taking advantage of (1.4), we see that

Then, Lemma 6.2 yields (6.7) and (6.8) with J =TI and C := (A + 2) Cs.
Proposition 6.3 completes the proof of (6.8) for any subinterval J of T with |J| > 6. O

Proposition 6.6. The minimizer vy given by Lemma 6.5 is non-decreasing.

Proof. We remark that for any functions w and z such that w = z outside a set J' C J, it holds
that

(6.9) EK(w,J')fSK(z,J’):€K(w,J)f€K(z,J).
Now, for any 7 > 0 we set

u(z) := v (x) and v(z) :=vr(x+7)
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and recall the setting in (6.3). In view of Lemma 6.1, we set J' :=[a — 7,b— 7] and J := [a — 7, D]
and we see that
(6.10) EK(m,J)—‘rgK(M,J)SSK(U,J)—F(C:K(’U,J)

Also, since

ME)=-1lifz<a-—r7 and M(z)=1ifx>b—r,
we exploit (6.9) and the minimality of v in J’ to obtain that
(6.11) Ex(M,J) —Ek(v,J) > 0.
Analogously, one can infer that
Ex(m,J) = Ex(u, J) = 0.

Putting this and (6.11) together, we conclude that

Ex(m,J)+Ex (M, J) > Ex(u, J) + Ex (v, J).
This and (6.10) imply that

Ex(m,J)+Ex (M, J) = Ex(u,J) + Ex (v, J).

We now exploit formula (6.2) of Lemma 6.1 to deduce that u —v does not change sign. Namely v; —
vr(- 4+ 7) does not change sign, which means that v; is monotone.
The fact that v; is non-decreasing follows from the external conditions (6.7). O

Proposition 6.7. Let vj_p ) be the minimizer given by Lemma 6.5. Assume, in addition,
that (W4) holds true.
Then, vi_nr,n) @8 an odd function.

Proof. We set w(x) := —v[_ps,p(—2) and we claim that
(612) SK(U), [7M,MD:(SK(U[_M7M],[7M,M]).
Indeed, one can easily check that Hy (w,[—M, M]) = Hx (vj—nr,m1, [—=M, M]). Moreover, by (W4),

M M
P(w, [-M, M]) = /_M W(—v(—z))dz = /_M W (v(=x))dx = P(vj_n,m, [—M, M]).

Thus, (6.12) holds and, in particular, both w and v[_ s, as are local minimizers of g in [—M, M].
As a consequence,

Ex (max{w, vi_ i}, [=M, M]) + Ex (min{w, vi_pra }5 [ M, M])
> Ex (w,[—M, M]) + Ex (vi_ i, [— M, M)).
On the other hand, by Lemma 6.1,
Ex (max{w, vi_ar,m}, [—M, M) + Ex (min{w, vi_ ) }, [—M, M])
= &k (w, [-M, M]) + Ex (v, my, [=M, M]).
Therefore, equality holds and so, by (6.2), either w > vj_az, a7 O v—as,07) > w. Now, the definition

of w yields the thesis. O

Corollary 6.8. Let vjg g be the minimizer given by Lemma 6.5. Assume, in addition, that K
satisfies (K4).
Then, for any £ > 0, there exists a function ay : (0,4+00) — (0,400) satisfying

(6.13) RLHEOO ay(R)=0

such that, for any ¢ € C°(—4, L),
(6.14) Ex (vpo,r), [, €]) < Ex(vio,r + &, [, 4]) + cu(R).
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Proof. Let £ > 0. In this proof we will make use of the following notations: for all R > 0,

B K(RJCRE) B R 2
Kg:= sup —t22 and Cr =K () .
R z€R™\{0} K(l‘) R R R + 20

We recall that U, is the function introduced in (1.9) and we define the functions

Be(R) =2 (max {CR, Rif} - 1) U, (R) and  Be(R) := max {EE(R), o}.

Also, let s € (0,1) be as in (K2) and set

2A log (1+2}§> if s =1/2,
Ye(R) = A Lo Lo .
We notice that
(6.15) Rlir}rlm v(R) = 0.

Now, we claim that, for any ¢ € (0,1),

(6.16) limsup(Cr — 1)R' ™ < 0.
R—+oc0

Indeed, we observe that Kr € [0, +0o]. Therefore, if R is sufficiently large, possibly in dependence

of £,
_ 1—¢ 7 _ 2¢ ? _ 1—¢
(Cr — 1R ( R(1 T 1|R
_ A 402
= [Kr|1- —1| R
( R( R+2£+(R+2Z)2> R
_ MUKRrR'~¢ 1
_ . 1—e _ R N
B ( " 1)R R+ 20 (1 R+2€>
< ( KR — 1) R'~e
(6.17) < (‘R - 1) (R+20)'<.

We point out that

_ K(#%) R+20\'"¢
Kr—1)(R+20)" =20 sup —BL22_ 1 ( ) ,

and thus, using (K4) with o, replaced by R/(R + 2¢), we have that

. K (%) R+20\'"°
limsup (Kr —1) (R4 20)'7¢ = (20)' ¢ lim su su BRRY A | ( > <0.
R%Jrog( f ) ( ) 29 Rt (wER"{){O} K(z) 2L

This and (6.17) give (6.16).
From (6.16), we also find that

~ 2
lim sup SB¢(R) = lim sup 2 max {C’R— 1, ! }\I/S(R)

R—+o00 R— 400 B R+ 20
2R ) ¥, (R)
— 15 1—e s
lzﬁniiliEQmaX{(CRl)R ’R—i—%} e =0
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and, as a result,

(6.18) Rim  Be(R) = 0.

Now, we let v[_y r4¢ be a local minimizer for £ in [/, R 4 {], as given by Lemma 6.5, and we

define the function ( 0
R+ 20)x
2r(T) 1= V[_g, R4y <R — E) :

We observe that zr(z) = —1if <0 and zr(v) = 1 if z > R, thanks to the properties of v|_s ryy
n (6.7). Also, by minimality,
Ex (vjo,r), [0, R]) < Ek (2R, [0, R]).
Moreover, we claim that
(6.19) Ex (vo,R), [0, R]) < Ex (V—g,r+0), [, R+ {]) + Be(R).
In the aim of proving (().19), we notice that
Hr (2R, [0, R]) < CrRM K (V[—r,R40, [0, R+ {])

and P(2r, [0, R]) = 5——=P(v[—t,r+4, [—¢, R+ 1]).

R+2¢
As a consequence of this and formula (6.8) in Lemma 6.5, we obtain that

R

5K(ZRa [OvR]) < max {CRa R+ 20

}51(( —o.rt)s [0 R+ 1))

R
= Ex (V_t,r10); [0, R+ 1]) + (maX {CR, R %} - 1) Ex(Vi—t,rra, [ R+ 1])

R
< Ex(V—e,rta, [~ R+ 1)) +2 <H13X {C’R, T %} 1) Vs(R)

= Ex(Vi—e,r10), [0, R+ €]) + Be(R),

which is (6.19).
Furthermore, we claim that

(6.20) 0 < Ex(vpo,r), [, R+ 1]) — Ex (vjo,r), [0, R]) < 7e(R).

The left-hand inequality in (6.20) follows by the minimality of v}y ) and Remark 1.4.
We now focus on the proof of the right-hand inequality in (6.20). Exploiting the properties
of vy, g and the assumptions on the kernel and the potential in (K1), (K2) and (W3), we find that

P(vo,r), [—¢, R+ {]) = P(vjo,r), [0, R])
and that
Hi (vpo,rys [ R+ L)) — Hi (vo,r), [0, R])

1 0 +oo ) R+ —/¢ )
</ ) wmm@»—vmm@nz«x—ywwmw1/ [ o) = vo )P @~ ) dyda

A 0 oo |U[o R](x) — Y[0,R] ()] fvt ¢ |UOR —UOR](?/)|2
< = > ’ d d dydx |.
‘2<[¢@ o =yl x*/‘ / FEE

In particular, when s € (0,1) \ {1/2},

oo |UOR —vjo,r)(Y)] oo 1
+2s
/ / BpWIEER d dm<4/ / = )dyda:

= f/_Z(R—HC) 28 dp = ﬁ((R-l-f)l_% —Rl_QS),

S
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and
R+ l |U0R 7@[0 R]( R+4 (142
A dyd“”“/ / e dyds
fre —2 2 1-2 1-2
= - 0™ de = ———((R+20) " —(R+4£) %
S/R (z+0"" de 5(1—2s)<( +20) (B+1) )’
so that

o oo, gy (@) — vio,r] (¥ B 1= g gy () — vjo,r) ()]
/ / FIEER d dm—i—/ / o — y[Tr2s dy dx

((R+2€)l 2 _(R4+0)'" 2s)+ ((R+€)1 2s lezs)

riETn
_ 2%(R)
A
In the same spirit, when s = 1/2, we see that

+o0 — 2 0
/ / [vj0, ) (@ ‘ vo,R) (Y)] dydz§4/ (R — )" dx = 4log(R + () — 4log(R)

x —y[? —¢

s(1— 23)

Rt ' R+¢
/ / |vjo,r) (2 | vﬁgm( 2l dydx§4/ (y+ )" dy = 4log(R + 2¢) — 4log(R + () ,
xr—y R

o Jojo, gy (@) — vjo, Ry ( (y)? Rt =t [vj0, 7] (%) — vjo R](y)|2
dyd ’ . dyd
/ A g e [ [ AT dyas

< 4log(R+ 2¢) — 4log(R + () + 4log(R + ¢) — 41og(R)

_ 2n(R)
A

These considerations establish (6.20).
As a consequence of (6.19), (6.20) and the minimality of vj_; g4, we have that

Ex (vio,r), [0, R+ 1)) — Be(R) — 7 (R) < Ex (vjo,r)» [0, R]) — Be(R)
<5K(’U[ ¢,R+4]5 [0, R+ 1)) <5K(U[0 R] +o,[-¢, R+ 1)),

for any ¢ € C°(—£,0).
Also, exploiting the fact that ¢ is supported in [—¢, £], we see that

Ex (o, + &, [~ R+ €)) — Ex (vpo.m) + &, [£,4])
1 R+¢ pR+YL
1 /z /g vio, 1 (%) — vjo.m (V)P K (& — y) dz dy

1 R R

+3 / / [vio,r)(®) — vio,r) (W) P K (z — y) dx dy + / W(U[O,R] (33)) dx
¢ ((—00,—0)U(R+£,400)) ¢

< 5K(U[0,R}, [—5’ R+ 5]) - 5K(U[0,R]7 [_Ea ﬂ)

so that

(6.21)

By plugging this inequality into (6.21), we obtain the desired result in (6.14) with ay(R) := B¢(R) +

Ye(R).
From (6.15) and (6.18), we also obtain the limit property in (6.13). O

Proposition 6.9. Let vjg g be the minimizer given by Lemma 6.5. Assume, in addition, that K
satisfies (K4).
Then, the function vy r) converges to —1 locally unformly as R — +o0.
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Proof. We observe that, by minimality, the function v} gj is a weak solution of
Lgvo,ry = W'(vp,r) in (0, R).

In particular, in view of Proposition 2.3, we have that vy ] € C’é(R)ﬂCQS+§(O, R) for some 0 € (0, 5)
and its Holder norm is bounded independently of R (see® [25, Proposition 1.1]). Therefore, by means
of the Ascoli-Arzeli Theorem, there exist 6 € (0,0) and a function v € CE5(0, +00) N L°(R) such

loc
that, up to subsequences, vjg g — v as R — +oc locally uniformly in R.

Also, we claim that v is a pointwise solution of
(6.22) Lxv=W'(v) in (0,+00).

In the aim of showing (6.22), we set an arbitrary open set (a,b) € (0,+00). Then, we obtain
by (2.3), Remark 1.4 and Proposition 6.3 that

[U[O,R]}%K(a,b) =2Hgk (U[O,R]a (a, b)) <2Hgk (U[O,R]a (117 b+ 6))
<28k (U[O,R], (a,b+ 6)) < CW,(b—a+6).

Consequently, we can apply Lemma 4.3 and obtain that v € Hg (a,b) N L>(R) is a weak solution
of (6.22). Then, Proposition 2.3 gives that v is a pointwise solution, and therefore the claim (6.22)
is established.

Now we show that, for any ¢ > 0,

(623) REIJIrloo EK(U[OJQ], [76,6]) = EK(’U, [76, f])

For this, we observe that (K2) and the uniform boundedness of v g imply that

(I, (@) = v WIPK (2 =) € L (=6 4] x (R [~26,26)).

Consequently, by the Dominated Convergence Theorem,

im [/ 00,51 (&) — 0. ()P K (& — ) dr
R—=+oo J J -0, 00U(R\[-2¢,2€])

- / / o) — v(y) 2K (z — y) dz dy.
[—€,0)U(R\[—2¢,2¢0])

From this and the uniform convergence of v|y g on compact sets of R", we obtain that

(6'24) REI—EOQ Hi (U[O,R]v [_K’ E]) =Hr (v, [_év e])

Moreover, the regularity of the potential W implies

REI—EOOP(U[O’R]’ [—K,f]) = P(U, [—67 Z])

This and (6.24) give (6.23).
Similarly, one obtains that, for any ¢ € C°(—¢, ¢),

(6.25) REIEOO Ex (vjo,r) + ¢, [0, 1)) = Ex (v + &, [£,4]).

Accordingly, from (6.23), (6.25) and Corollary 6.8, we deduce that v is a class A minimizer for Ex.
In particular, this implies that v solves

Lgv=W'(v) inR.
Thus, since v(0) = —1 and W’(—1) = 0, we can exploit (K2) and gather that

0= Lgv(0) :/(U(y)Jrl)K(y)dyZ)\ /TO wly) +1)

dy > 0.
1+2s —
R —T0 |y| + s

6A careful analysis of the proof of [25, Proposition 1.1] shows that the Holder norm of the solution to the Dirichlet
problem (2.2) is bounded by a constant that is independent from € as a whole, but only depends on the CY! norm
of its boundary. Then, since in our case n = 1, this constant is given regardless from the value of R.
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As a consequence, v = —1 in (—o0, rg).
Hence, we can write

27
OzLKv(ro):/(U(y)—i—l)K(ro—y)dyZ)\/ w(y)i—i—llgd >0,
R o [ro—y|tt3
so that v = —1 in (—o0, 279).
Repeating this argument iteratively yields that v = —1 in R, wich completes the proof of Propo-
sition 6.9. U

Remark 6.10. We point out that a similar statement to the one in Proposition 6.9 holds true
for v_g,0;- In this case, one obtains that the function v_g o converges locally uniformly to 1
as R — +o0.

7. A USEFUL LEMMA

In this section we present a result that will be useful in the proofs of Theorems 1.5 and 1.6.
We recall the definition of the renormalized energy ¢ in (1.8) and of the space X in (1.11), and
we define

(7.1) M= {u €X s.t. 9(u) < 4oo and u is a class A minimizer of EK}.
In addition, for any zg € R, we define the following subset of .4
(7.2) WASCEE {u €M s.t. xg=sup{z € R:u(x)< 0}}

Lemma 7.1. Let (K1), (K2), (W1), (W2) and (W3) be satisfied. Let u”) be a non-decreasing
function such that u® € .7,
Then, for any xo € R, the function u(*0) := u(0) (x — x0) is such that
(i) u@) € (@),
(ii) u(®) is strictly increasing,
(iii) M *) is a singleton, in particular A (*0) = {u(*0)},
(iv) u®) satisfies the decay estimates in (1.12).
Moreover, if (K3) holds, then
(v) ul®0) satisfies the decay estimates in (1.14) and (1.15).
In addition, if both (K3) and (1.16) hold, then
(vi) u®) satisfies the decay estimates in (1.17).

Being quite long, the proof of Lemma 7.1 is divided in five separate subproofs.

Proof of statements (i) and (ii) of Lemma (7.1). Let us recall that, by minimality, «(®) is a weak
solution of
(7.3) Lgu® =W @®) inR.
Thus, u(®) : R — [~1,1] is such that
u(®) € C1+25H9(R) N L>(R) for some 0 € (0,1),
74 u(®) is non-decreasing and u(%) (0) = 0,

where the regularity follows from Proposition 2.4.

Now, (i) is a consequence of the translation invariance.

Moreover, since (K1) and (K2) hold true, we can make use of [9, Lemma 4.6] and infer that u(®)
is strictly increasing, which is (ii). O

We mention here that u(®0) € X and (ii) implies that
(7.5) [u®(z)| <1 for any z € R.
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Proof of statement (iii) of Lemma (7.1). Let u € .# (). In order to establish (iii), we prove that
(7.6) u = ul®),

Since u is a weak solution of (7.3), by Proposition 2.4 we have that u € C'*25+(R) for some 6 > 0.
Also, we know that |u| < 1 in R. Thus, for any € € (0,1), we can find k(¢) € R such that, for
any k € [k(e), +00),
uw(z + k) +¢e>u®)(z) for any z € R.
Now, we take k as small as possible with this property; that is, we take k. such that
(7.7) w(x + k) +e>ul®)(z) forany z € R

and there exist a sequence 7. € [0,1) and points z, . € R satisfying

(7.8) A e =0
and
(7.9) w(zje + (ke —nj0)) +e <ul®(z;.) forany j €N,

We point out that x; . must be bounded in j. Otherwise, if

lim ;. = fo0,
j—+oco 7’

we would have by (7.8) and (7.9) that

+l4+e= li et (ke —nje < lim w®)(z;.) = +1,
te= lm u(zje+ (ke —njc)) tes lim u(z;.)

which gives a contradiction.
As a consequence, there exists x. € R such that, up to a subsequence,

jEToo Tje = Te.

Accordingly, setting u.(x) := u(x + k) + ¢, formulas (7.7) and (7.9) give that
(7.10) ue(z) > u) () for any z € R and ue(z2) = u® (2,).
Also, by translation invariance, we see that
Lxuc(x) = W (us(x) — ¢),

and therefore, by (7.10),

w’ (u(ﬂ”o)(mg) — 5) -w’ (u(“)(acs)) =W (uc(ze) —e) =W’ (u(zo)(xe))
o = L) = Liu® ) = [ (o) =) Koo = 9)dy > 0.

Now, we claim that

(7.12) Z¢ is bounded uniformly in €.

For this, we argue by contradiction and suppose that, up to subsequences, x. — 400 as € \ 0 (the
contradiction in case . — —oo would be obtained through a symmetric argument). Then, there
exists € € (0, 1) such that, for any ¢ € (0, &),

u(wo)(ms) Z 1— ga

where ¢ is given in (W3). Therefore, for any ¢ € (0, min{¢, £/2}),

1—¢<u®)(z) —e<ul®)(z,) <1.
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In this way, we can exploit Lemma 4.1 with ¢ := u(*0) (z.) and 7 := u(*)(2.) — ¢ and obtain that

W’(u(x‘))(xg)) > W/(u(zo)(xa) —e)+ ’yc_’i”l |:<1 _ u(zo)($8) n 5)7*1 B (1 — u(fo)(x5)>71]

> W (u®0) (z,) — ¢).

This is in contradiction with (7.11), and therefore the claim in (7.12) is established.
Now, by (7.12), we have that, up to subsequences,

(7.13) limz. =z €R.

e—0
Furthermore, we show that there exists & € R such that, up to subsequences,

(7.14) lim k. = k.

e—0

Indeed, if k. — +o0, then it would follow from (7.10) and (7.13) that
— 7 — i (zo0) — (@) (7
+1 gl_l’)r(l) u(ze + ko) +¢€ ;1_r>r(1)u (xe) = u'™(2),

which is not the case since u(®)(z) € (—1,1) by (7.5). This proves (7.14).
We can then take the limit as ¢ \ 0 in (7.10) and use (7.13) and (7.14) to obtain that

(zo0)
(7.15) { u(z + k) > u®)(z) for any z € R,

uw(z + k) = ul®) ().
Now, we claim that
(7.16) w(x + k) = u®)(z) forall z € R.

In order to show this, we define the function v := u(- + l;:)if u(®0) and observe that, by (7.15), it
holds that v > 0 in R and v(Z) = 0. Thus, since both u(- + k) and u(*°) belong to .#, we have that

Lgv(z) = W' (u(@ + k) — W (u™)(z)) = 0.
Therefore, exploiting (K2),

T+ro

OzLKvi‘z/ T—y)dy >\ dy > 0.
@ = [ vk e
As a consequence, u(z + k) = u(®) () for all x € [z — ro, T + 70).

Then, we see that

o—LKv<x+ro>—/v<y>K<x+roy)dy>A/MT°”(y)dy>o
: SR A

and )
‘ v(y)
—‘1+25 dy > 0.

O:LKv(ic—ro):/Rv(y)K(i—ro—y)dyz)\/

i—?To "f - TO - y
Therefore, u(x + k) = (@) (x) in [z — 2rg, T + 27].

Repeating this argument iteratively yields (7.16).

Now, since u € .#*) and is continuous, it must be that u(xg) = 0. Moreover, by (7.16),

u(zo + k) = u®) (z0) = u?(0) = 0.
Therefore,
w0 (z0) = u(wo + k) = u(xo) = u'™) (zq — k).
(ii)

Since u(*0) is strictly increasing (thanks to (ii)), this implies that & = 0. Plugging this information
into (7.16), we obtain (7.6), as desired. O
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Proof of statement (iv) of Lemma (7.1). For simplicity, we show that (iv) holds for u(?) (as this
implies the estimate for u(*0) for any zy € R).
We recall the notation in (W3) and we set

Ch
717 = minq —— .
(7.17) ¢ mm{a_l,g}
We exploit Proposition 3.1 with { := ¢ and m := «, and we consider the barrier w constructed
there.

From the properties of w in (3.1) and (3.2) and the fact that u(®) € X, we deduce that there
exists k& € (0,+00) such that w(x + k) > u®(z) for all z € R and all k € [k, +00). In particular,
we can choose k < k, an infinitesimal sequence 7; € [0,1) and points x; € R such that

(7.18) w(z + k) > u® (z) for all k > k and any = € R,
(7.19) and  w(z; +k—n;) < u®(x;) for any j.
In particular, this and (7.5) give that
lw(z; +k—nj)| < 1.
As a consequence, for any R sufficiently large, as given by Proposition 3.1,

(7.20) ‘zj +12:—nj‘ <R
This gives that -

2] < R+ |k +1,
namely, z; is bounded uniformly in j, and therefore there exists £ € R such that, up to a subsequence,

(7.21) lim z; =z.

Jj—+oo

Also, using (7.20) we gather that

(7.22) |z + k| <R.
Moreover, from (7.18), (7.19) and (7.21) we find that
(7.23) w(z + k) = u(z).
In light of this and (7.5), we can refine (7.22) into
(7.24) |z + k| <R.

Now we claim that
(7.25) u®(z) > -1+
We prove this fact by contradiction, by supposing instead that
(7.26) u®(z) € (=1,-1+¢).
We define

0= {x €(—k—R,~k+R) st. u@)e(-1,-1+ c)}.
By (7.24) and (7.26) we obtain that Z € Q. Then, the monotonicity of u(©) gives that, for every z €
(—k — R, ],

u®(z) <ul®(z) < -1+,
and therefore (—l_c — R, z] C Q. In addition, € is open since 4 is continuous.
Now, Lemma 4.1 (used here with ¢ := u(®)(z) and r := —1) gives that, for all z € ,
(7.27) Lgul® () = W' (u(x)) > %(1 +u@ (@)t > el +uO (2))*
a—

Furthermore, we set wg () := w(z + k) and we obtain by (3.3) that, for any z € (—k — R, —k + R),
Liwg(x) < e(1 4wy (x))* 7.
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This, (7.18) and (7.27) lead to the following situation:

Lrwy, <c(l+wp)*™t  inQ,
Lgu® > c(1+u®)*=1 inQ,
wy > u(© in R.

That is, the assumptions of Proposition 4.2 are satisfied with fi(z, w(x)) = fo(z,w(z)) = ¢(1 +
w(x))*~ 1. Hence, since € , from (7.23) we conclude that wy, = u(®) in Q.
Thus, exploiting the continuity of u(®) and (7.5), and recalling also (3.2), we obtain that
1= lim wk+z)= lim wi(z)= lim «©@)<1,
rz——k—R z——k—R rz——k—R
which is a contradiction. The claim in (7.25) is thereby established.
We now show that

(7.28) T+kel0,R).
In light of (7.24), to obtain (7.28) it is enough to check that Z+k > 0. This is proved by contradiction
supposing that Z + k < 0 and setting k := —(Z + k) > 0. We exploit the fact that w is even (recall

Proposition 3.1) and (7.18) (used here for x := k — k) and we find that
(7.29) wi(z) = w_i(—z) = w(k) = w((k — k) + k) > vk — k) = u® (-2 — 2k).

Notice that, since —(Z+k) > 0, we have that —z—2k > Z, and therefore from the strict monotonicity
of u(® we deduce that u(®) (—z — 2k) > u(9) (). This and (7.29) give that wy(z) > u(®)(z), which is
in contradiction with (7.23). Thus (7.28) holds true.

Now, let

(7.30) Y€ [R R} .

In this way, by (7.28), we get that

Tikoye | D 2 o 2R 2R
y 2773 373 |

As a consequence, in light of (3.4),

2s
2s 2s

(7.31) 1+w@+k—y) éC(R+1—|sE+fc—y\)_"_1 < C(R/3) a1 géy*a T

for some positive constant C.
Now, let T € R be such that u(?)(Z) = —1 + ¢/2. By the strict monotonicity of u(®) and (7.25),
it follows that z < Z. Consequently, putting together (7.18) and (7.31), we obtain that

(7.32) @ —y) <@ -y) <w@+k—y) < -1+ Cy o,
for any y as in (7.30).

Since T and C' are independent of R, and R can be taken as large as desired, (7.32) says that,
if 2 € (—00,0) and |z| is sufficiently large,

(7.33) uO(z) < =1+ Cla| =1,

which establishes the first estimate in (1.12).

We now show the second estimate in (1.12). To this aim, we define the function v(®(z) :=
u(®(—2) and we notice that v(® inherits the regularity properties from u(9) and it is strictly de-
creasing.

From (7.5) and the fact that «(®) € X, we also see that

W@ <1inR and lim v (z) = F1.

z—+oo
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Moreover, for all z € R,
Lo (z) = Lgu® (—z) = W (u (—z)).

Hence, we are in the position of exploiting the first part of this proof that took care of the first
estimate in (1.12), applied now to v(°), with the only caveat that Proposition 3.1 must be used here

with ¢ in (7.17) replaced by
Cs
min { , §}
v—1

1-00) < 5’|x|_% ifz < —-R.

and m := ~.
In this way, we obtain that

Namely,
1—u®(—z) < 5|x\7% if x < —R,

which gives the second estimate in (1.12), as desired. O

Proof of statement ( ) of Lemma 7.1. For simplicity, we show that (v) holds for u(?) (as this implies
the estimates for u(®) for any zo € R).

Thanks to the regularlty of u(9), as provided by (7.4), we can differentiate (1.13) and find that,
for all x € R,

Ly (@) (2) = W (u!(2))(u®)' (2).
Therefore, using (W3) and (1.12), and recalling also that u(9) is strictly increasing, we obtain that
there exist C' > 0 and zg > 0 such that

02(1 +u® (x))H(u(O))'(x) if & < —ao,
Cy (1 — (0 (x)>6_2(u(0))’(:17) if x > x.

283-2)
Clz| s T (u®) (z) if 2 < —w,
25(5 2)

Clz|~ (@) (x) if z > xo.

Ly (u®)(z) <
(7.34)

IN

Now, we consider ¢ € C*°(R) such that

(1+ 25((¥:ﬁ+1))

x| if x < —wg,
(7.35) ¢($> = | |_(1+25‘('y 5+1)) a 0
|| if x > xo.
Also, we ask that ¢ > 0 in R and that
o 2C
o) de > —,
—ao A
where A is the quantity appearing in (K3).
As a consequence, by means of Proposition 5.2 (used here with k := zg, 0 1= 1 + %
and 7:=1+ M) we have that,
_ 2s(a—pt1) ( ) _2sr-041) ( )
o —1 o rg T (y—1
lim  |z|"F2 Lep(z) > A | 20 =, dy + 20
|| =400 1 Kx9(@) 2 2s(a—p+1) . o) dy 2s(y =90 +1)

>N oly)dy >2C.

—xq
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Hence, for some x1 > xg, we have that, for all z € (—o0, 1) U (21, +00),

C
(7.36) Ld(@) 2 Ty

We now point out that, if z < —zg,

(1+ 25(a7q+1) )
P

oa) ol o
m% m% |I|1+2s
and similarly, if x > zg,
_ (y=5+1)
o) el )
P T B R
Hence, from these observations and (7.36), we deduce that
S 2s(8-2)
Clz|” =T ¢(x) ifz< -z,

(7.37) Lxo(x) >

2s(5—2)

Cle|” 7T ¢(z) if x> ay.

Now, we set

z€[—z1,21] x€[—x1,21]

C:= max (;5(33)( min (u(o))’(x)>

and we notice that, for any |z| < z1,

(7.38) C(u) () - ¢(x) > 0.
We claim that
(7.39) C(u®) (z) > ¢(x) for any z € R.

In order to prove the claim, we define, for any b € [0,+0c), the function vy := C(u(®) + b — 6.
Since (u(9) > 0 and ¢ is bounded, for any b > |l o< (), we have that v, > 0 in R.

Now, if v, > 0 in R for any b € [0, +00), the claim in (7.39) plainly follows taking b = 0. Hence,
from now on, we suppose that there exists by € (0,400) such that v, > 0 for all b € (b, +00)
and vy, (2) = 0 at some point z € R.

By the definition of by, there exist points z such that vy, (z3) < 27%. Without loss of generality,
we may suppose that z; < 0 (otherwise, in what follows, we use the information coming from the
decay at +00).

Furthermore, the sequence zj, is bounded from below since, if not, we would have

by = lim sup (a(u(o))'(mk) + by — qb(xk)) = lim wvp,(zx) =0,
k——o00 k——o0
which is a contradiction.
Moreover, exploiting (7.38), we obtain for any |z| < z; and k > —log, by

2% < by < C(u®Y () — p(a) + by = vp, (z).

As a consequence, since vy, (7x) < 27%, we have that x;, € (—o0, —x1] for any k > — log, bo.
Gathering these pieces of information, we conclude that there exists zo, € (—o00,—z1] such

that 2 — T, up to a subsequence, as k — +o0o0. The continuity of vy, also gives that vy, () = 0.
As a result, since xo < —2x71, we can exploit (7.34) and (7.37) to compute

Licvpy (o) = CLk (u®) (200) — L d(200)
2s(B—2)  ~

< Clrce|” =7 (CV) (20) = Pl200))

~ (B—=2)
= —b00|$m|_%

< 0.
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On the other hand, we have that

LKvbo (J?oo) = /l%(vbo (y) — Vbg ($Oo))K('TOO - y) dy = /vao (y)K('roo - y) dy > 0.

We thereby obtain the desired contradiction, which completes the proof of (7.39).

Formulas (7.35) and (7.39) yield the estimates in (1.15).

Hence we now focus on the proof of the estimates in (1.14). To this aim, exploiting the regularity
of u(®), we apply the Fundamental Theorem of Calculus and use the first estimate in (1.15) to obtain
that, for any = < —xy,

@ o [t s(a—pt1)
W () +1 = / (W) (y)dy > C / G Y

B (a—1)
25C(a— B +1)
This provides the first estimate in (1.14).
Similarly, making use of the second estimate in (1.15), for any = > o,

_2s(a—B+1)
a7

+oo R +o00 S
1-uO) = [ @y @ay=0 [y g
_ =Dz
2sC(y—40+1)
which completes the proof of (1.14). 0

Proof of statement (vi) of Lemma 7.1. For simplicity, we show that (vi) holds for u(®) (as this im-
plies the estimates for u(¥0) for any xq € R).
By (W3) and (1.14), there exists C' > 0 and z¢ > 0 such that

0 a—2
W//(U(O)(x)) > (1 +ul )(.%')) , lf.%‘ < —o,
Cs3(1 —u® ()72 if x>z
7.40 ~ s(a=2)(a—
(740 C|:U|72 SRS gy < —xg,
5’|x|_2'§(7_?g_6—1) if z > xg.

Possibly taking xq larger, thanks to (1.16) we can assume that

_2(-(a-(a=p) _20-0-290-8)
C x o (a—1) =z T (=1
7.41 ———— + =0 > 0.
(7.41) 27 25(1—(@=2)(a—pB)) 2s(1—(vy=2)(v=9))

Now, thanks to the regularity of u(®) (recall (7.4)), we can differentiate the equation in (7.3) and
we see that, for all x € R,

L (u®) (@) = W" (u® (@) (@) ().
Thus, exploiting (7.40) and recalling that u(%) is strictly increasing,

~ s(a—2)(a—p+1)
Cla|~ "2 (uO) (z) if z < a0,

(7.42) Li(ul) (@) > 77 s s
Ol 2252 (WOY (1) if 2 > 0.

We now take ¢ € C*°(R) such that

7(1+2s(17(021121)(a7ﬂ))> -

|| if z < —xy,
7(1+2S(1*(’1;21)(’Y*5))) _

|| it x > xo.

(7.43) o) =
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Also, we ask that ¢ > 0 in [—zg, zo] and

~ _25(1—(a=2)(a=p)) ( ) _25(1-(=2)(v=H) ( )
o C x ot a—1) = v v—1

7.44 dy < — — | =2 0
(7.44) ﬂom’) YS T 25 (@—2@-5)  25(1-(-20-5)

and we remark that this is possible thanks to (7.41).
Now, thanks to (1.16) we are allowed to exploit Proposition 5.1 to find that

_25(1-(a=2)(a—8)) _25(1=(v=2)(v—8))
. T o (—1) o z T (v-1)
lim |z Lgg(z) <A | 22 + oy) dy + 2
|| ——+o00 2s (1 —(a—=2)(a— 5)) 2o 2s (1 —(vy=2)(y - ﬁ))
This and (7.44) imply that
C
lim |2[*"* Lgé(z) < —.
|z|—+o0 2
We now point out that, if z < —xq,
25(17((172)(&73)))
(=
o@) ( )
B S e
and similarly, if x > zg,
2s(1—<w—2)<w—6>))
|1+
¢lx) |l ( ' _ 1
|x|2s<w—2w>£w1—o+1> |,1‘|25(’Y7%f)£’176+1) || +2s

As a consequence, we have that there exists x1 > xg such that

~ _2s(a=2)(a=p+1)
Clz|™ a-1 o(x) ifv < —xy,
25(y=2)(y—06+1)

7.45 L V&
(7.45) Ko(z) < Ola|” =5 g(2) itz > 2.

Now, we set

—1
X9 := max{xy, 1} and C = 4H(U(O))IHLOO(]R) < min ]¢(m)>
e T

[—z2,z2
and we claim that
(7.46) u®)(z) < Cop(z) for any x € R.

In order to prove the above inequality, we take b € [0, +00) and we define v, := C+b— (u(?)’. We
recall that, by (7.4) and (7.5), (u(?))’ is bounded and vanishes at infinity. Therefore, for any b >
[(w®)|| o (r), we have that v, > 0 in R.

Now, if v, > 0 in R for any b € [0, +00), then the claim in (7.46) plainly follows taking b = 0.
Hence, from now on, we suppose that there exists by € (0, +00) such that v, > 0 for all b € (bg, +00)
and vy, (2) = 0 at some point z € R.

By the definition of by, there exist points zj such that vy, (zx) < 27*. Without loss of generality,
we may suppose that z; > 0 (otherwise, in what follows, we use the information coming from the
decay at —oo). Moreover, xj, are bounded from above since, if not, we would have

bo = limsup (@oﬁ(mk) +by — <u(0’>’<wk>) = lim vy, (2) =0,
k——+oco k—+o00

which is a contradiction.
Also, for k sufficiently large, we have that

1Y [y > 27 > v (wx) > Colar) — @) (i) > Cplae) — [ [l e
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Accordingly, recalling the definition of C ,

P(xy) <

minme[—zQ,zQ] (]5(.%‘)
5 .
This implies that x; > 5.
Gathering these pieces of information, we conclude that there exists o, € [22, +00) such that xp —
Too, UP to a subsequence, as k — +o0.
In addition, thanks to the continuity of v,

(7.47) Vby (Too) = 0.
Now, by means of (7.42) and (7.45),

R L 2s(=D(y—b+1) ,
Lgvy,(z1) = CLgd(xx) — L (u?) (zx) < Oy, o (C¢>(l’k) - (U(O))/(xk))

__2s(v=2)(3=8+1) __2s(v=2)(y=8+1)
— y—1 y—1
=Cx, vy (21) — Cy, bo
<C@27F —by),

for some C' > 0.
The regularity of vy, then implies that

Livpy(Xe0) = lim Lgup, (2) < —Cby < 0.
k— 400
On the other hand, by (7.47),

Lty (200) = / (0o (1) — V1 (T00) ) K (100 — 1) dy = / b () K (2100 — ) dy > 0.

We thereby obtain the desired contradiction, and therefore (7.46) is established.
The desired estimates now follow from (7.43) and (7.46). O

8. PROOFS OF THEOREMS 1.5 AND 1.6

We are now ready to deal with the 1-D minimizers of £x and provide the proofs of the main
results of this paper.
We recall the definitions of .# and of .# (o), respectively in (7.1) and (7.2).

Proof of Theorem 1.5. For any R > 3, we use Lemma 6.5 with a := —R and b := R to obtain
a minimizer vi_g r) : R — [~1,1] such that v_gg)(z) = -1 if z < —R and v_gg(z) = 1
if z > R. Also, the energy bound (6.8) holds for vj_g g} and, in view of Proposition 6.6, v|_g g is
non-decreasing.

The minimization property of v|_g g yields that

LKU[—R,R] = W,(U[—R,R]) in (7R, R)
Therefore, by Proposition 2.3, we have that v_g z € C?(R) N C?**™(—R, R), for some 6 € (0, s),

and its Holder norm is bounded independently of R.
Now, by continuity, there must be a point Tz € R such that v_g g)(Tr) = 0. We claim that

1 li —|zRr|) = .
(8.1) R_I)IEOO(R |ZR|) = 400
To check this, we argue by contradiction and we suppose that
8.2 ith li R+2Zr)<C li R—Zg)<C
52 cither lip ram <€ o T (B=on) <€

for some C > 0.

We suppose that the first case in (8.2) occurs (the other being analogous). In this case, we
consider the minimizer vi_sg o) and notice that, in view of the translation invariance, vi_sg o) (z) =
v[—r,r)(* — R). Then, taking C as in (8.2) and exploiting the monotonicity of vi_sg g, we see that,
for R large enough,

V[—2r,0(C) = v—g,g(C — R) > v|_g,r)(ZTr) = 0.
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This inequality gives that

i >
Rgr-{-loo U[—2R,0] (C) = 07

which is in contradiction with Proposition 6.9 and Remark 6.10. The proof of (8.1) is thereby
complete.
Now, we set

vgg)(x) = v_pg,g(T + TR).

In this way, vg)(O) =0.

Moreover, vg) is a local minimizer of £k in [-R — Zg, R — Zg] and, thanks to (8.1),

lim (—R—Zp) = — I CZp) = 4o,
R_lg_loo( R —Zp) 00 and R_lﬁloo(R TR) = +o0

Consequently, we may suppose that vgp?) converges locally uniformly in R to some u(®) : R — [—1, 1]

such that u(® € CZH(R) N L=(R). Also, we obtain the pointwise equality

(8.3) Lgu® =W @®) inR.

Furthermore, we have that

(8.4)  w® e CMH2HY(R) N L®°(R) for some 6 € (0,1), u® is non-decreasing and u(?)(0) = 0,

where we deduce the first property from Proposition 2.4.
Now, we prove that

(8.5) Z(u?) < +o0.

In order to show this, we fix p > 0 and take R large enough such that R — x > p. Then, by the
Fatou’s Lemma and Proposition 6.3, we obtain, for some C' > 0,

Ex(u®, [=p, p]) < liminf Ex (v}, [~p, p]) < CT4(p),
R—+o0

thus showing (8.5).
Furthermore,
(8.6) lim u®(z) = +1.

rz—+oo

Indeed, we first notice that, by (8.4), the limits in (8.6) exist. Now, we take a_, a4 € [—1,1] such
that

i 0) (1) = ' 0) (1) =
mEIElOOu () =a— and zgrfoou () =aq.

By (8.4), we know that ay € [0,1]. Moreover, if ay # 1, then (W2) gives that
Cw = inf W(x)>0.

z€[0,a4]

As a consequence, for any p > 0,
P
ek [-p. o) = [ WO (@) ds = Cup.
0

this contradicting (8.5) if p is sufficiently large. Therefore a; = 1, and similarly one can check
that a_ = —1. This completes the proof of (8.6).

Now, thanks to (8.4), (8.6) and [9, Remark 2.7], we exploit [9, Theorem 3] to infer that u(®) is a
class A minimizer of k.

Consequently, u(®) € .#(©) and we can apply Lemma 7.1 to obtain that u(9) satisfies the decay
estimates (1.12), (1.14), (1.15) and (1.17). Moreover, Lemma 7.1 also gives that u(®) is, up to
translations, the unique class A minimizer of £x.

Finally, it holds that, up to translations, u(?) is the only non-decreasing solution to (8.3) in the
family of admissible functions X. Indeed, let us consider v € X to be a non-decreasing solution
to (8.3). Then, by Lemma 4.4, v is a class A minimizer of £x and thus v € .# ) for some .
Hence, (iii) gives that v(z) = u(9 (z — z).
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Proof of Theorem 1.6. For any R > 3, we use Lemma 6.5 with a := —R and b := R to obtain

a minimizer vi_g g : R — [~1,1] such that v_g g)(z) = =1 if z < —R and v_gpg(z) = 1

if z > R. Also, the energy bound (6.8) holds for vj_g g} and, in view of Proposition 6.6, v|_g g is

non-decreasing. Furthermore, by Proposition 6.7, v|_g g] is odd and so v|_g ](0) = 0 for any R.
The minimization property of v|_g gy implies that

LKU[—R,R] = WI(’U[_RJ{]) in (—R, R)

Then, by Proposition 2.3, vi_g g € C?(R) N C*T?(—R, R) for some 6 € (0, s), and its Hélder norm
is bounded independently of R.
Consequently, we may suppose that v|_g ) converges locally uniformly in R to some uw® R —

[~1,1] such that «(® € G257 (R) N L>°(R). Also, we obtain the pointwise equality

(8.7) Lgu® =W @®) inR.

Furthermore, we have that

(8.8) u(® € C1H25H0(R) N L>°(R) for some 0 € (0,1), u®) is non-decreasing and odd,

where we deduce the first property from Proposition 2.4 and we stress that «(?) (0) = 0 by symmetry.
Now, we prove that

(8.9) Z(u?) < +o0.

For this, we fix p > 0 and take R > p. Then, by the Fatou’s Lemma and Proposition 6.3, we obtain
that

Ex(u?,[=p, p]) < liminf Ex (vi_g gy, [—p, p]) < CUs(p),
R—+o00

which gives 8.9.
Furthermore,
i 0) () =
(8.10) wgrinoou (x) = £1.
Indeed, we first notice that by (8.8) the limits in (8.10) exist. Now, we take a_, a; € [-1,1] such
that

i O (z) = i O)(z) =
Ill)lzloou () =a- and LBToou (x) = ay.

By (8.8), we know that ay € [0,1]. Moreover, if ay # 1, then (W2) gives that
Cw := inf Wi(x)>0.

z€[0,a4]

As a consequence, for any p > 0 we compute
p
ek [-p.0) = [ W) do = Cup,
0

which contradicts (8.9) when p is large enough. Accordingly, we have that a; = 1, and similarly
one can show that a_ = —1 and complete the proof of (8.10).

Finally, thanks to (8.8), (8.10) and [9, Remark 2.7], we can use [9, Theorem 3] to infer that u(®)
is a class A minimizer of £x. Consequently, u(®) € .#(® and we can apply Lemma 7.1 to obtain
that u(9) satisfies the decay estimates (1.18), (1.19), (1.20) and (1.22). By Lemma 7.1 we also have
that ©(9) is, up to translations, the unique class A minimizer of k.

Finally, it holds that, up to translations, u(?) is the only non-decreasing solution to (8.7) in the
family of admissible functions X. Indeed, let us consider v € X to be a non-decreasing solution
to (8.7). Then, by Lemma 4.4, v is a class A minimizer of £x and thus v € .#®) for some .
Hence, (iii) gives that v(z) = u(9 (z — z).
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APPENDIX A. ON THE KERNEL K

In this section, we provide three explicit examples of “admissible” kernels K, where we define
“admissible” any kernel K : R™ — [0, +-00] satisfying (K1), (K2) and (K4).

Example A.1. The kernel of the fractional Laplacian
K(x) := |a| ("2

is admissible. Indeed, it obviously satisfies (K1) and (K2).
We now check that it also satisfies (K4). For this, let o; /1 as j — 400 and € € (0,1). Then,

ap Kl ) 1 oo
ennifoy K(x) (-0 — (I—oy)i—=
(0 +25)(1—ay) + O(I1 — 0y )
- (1—oj)t=e '

Taking the limit as j — +00, we thereby see that (K4) holds true.

We mention here that condition (K2) is very general and allows us to consider a great variety
of translation invariant kernels, only locally comparable to that of the fractional Laplacian. For
instance, a kernel satisfying (K2) is

a(x
(A1) K(z) = 1p, (x) |x|£+>287
with 7o > 0 and a bounded and bounded away from zero. Kernels of this form have been widely
considered in the literature (see for instance [21] and the references therein).

Nevertheless, a kernel as in (A.1) does not satisfy (K4). To show this, we consider ¢; /' 1 such
that o790 < ro < r9/0;. Also, we pick = € 8Br0/\/g—j and consider a sequence of points x;, € BTO/\/@
converging to z. In particular, z € Bm/\/@ \ By, for any k large enough, while oz € B /55y €
B,,. Then, we see that

inf a(z)

K j rcR™ —(n+2s 1 ro \O5T
sup (o) > ZR ~(n428) iy B TITR) o (oi%) = +o0,
zcrn K(x) sup a(x) 7 k—+oo ]lBTO(xk)

rER™

which entails that (K4) fails to hold.
Example A.2. An admissible kernel that exploits the generality of (K2) is the following:

a2 if x| < p,
(A.2) K(z):= {Qp(Q—l)(n+23)|$|—9(n+2s) it 2| > p

for some 6 > 1 and p > 0. This kernel satisfies (K1) and (K2).
In order to show (K4), we can reason as follows. Let o; /1 and € € (0,1). We claim that, for
any z € R"”,
K(J LE) —0(n+2s)
A3 — 1 < :
(A.3) K(z) = 7
Indeed, if z € B,, it holds that
K(ij) —(n+2s) —0(n+2s)
K (z) =0; < o .

Moreover, if x € B

/o, \ By, we have that
K(o;z) O_]'—(n+2s)|z|f(n+28) Jj—(n+2s) Iz| (6—1)(n+2s)
K(z) = 2p(0-1)(n+23)| [ ~0(n+2s) = 2 (p>
04—9(n+2$)
<L < aie(n+2s).

s B) =0
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Furthermore, it is immediate to check that, for any z € R™ \ B it holds

p/oj

Klojz) _ o0 +2s)

K (z) g
Gathering these pieces of information, we obtain (A.3).

From (A.3) we thus conclude that

K(ojz )_ 1 9j ;e
<z€ﬁs£}’l\{0} K(x) 1) (1—oj)t=e = (1 =0t
O(n+2s)(1—0;) + O(|1 — gj/*)
(1—oj)t=e .

Passing to the limit as j — +o0o shows (K4).
Example A.3. Given 7 € R and ¢ > 1, we define the function
g(x) = 71" cos(rlz]) + .
Also, taking K as in (A.2), we define the kernel
K(z) := CK(z)g(x),

for some C' > 0.

The kernel K is admissible. Indeed, it clearly satisfies (K1) and (K2), thus we only focus on
showing (K4). To this aim, let o; /1 and ¢ € (0,1). In light of (A.3), we have see that, for
any x € R™\ {0},

~ —0(n+2s
Riogr) ) 0" glosw) = g(a)
K(z) - 9(x)
" _ @~ Nglogr) | gloya) — gla)
' g(z) g(x)
"cseuﬂgl g(x) —0(n+2s) |g(0jx) - g(l’)‘
= Tnf ()(”ﬂ‘ 1)+ @
zER™ A zeR™
Now, we claim that, for any z € R™,
(A.5) lg(ojz) —g(x)] < C(1 - 0y),

for some C > 0.
In order to show (A.5), we observe that, if j is sufficiently large,

l9(052) = g(a)| = |e=71F cos(ra o) — 1" cos(ra])|

< ‘e‘”?\wF (cos(rojlz]) — cos(7’|m\))‘ +

cos(7|z|) (6_%2"””‘2 - e‘””lQ)‘

< Te_|x|2/2|x\(1 —o0j)+ ‘e_”?mz — el

<C(L—oj)+e ol —emlol?)

for some C > 0. ,
Now, we define the function f(z) := e~1*I"|z|? and we point out that, if t € R\ {0},

otz _ ftz) _ ”fHLM(]R”)'

tla? = e
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Thus, exploiting the Fundamental Theorem of Calculus and a Taylor expansion of the logarithm
near 1, we get that

dt t
= 2||f|| o gy In(0; 1) < C(1 = 0y),

%i 1 Lt
670]2‘|m\2 B 67\1\2 — / 767#\1\2 di = 2|x|2/ 67t2\z|2tdt < 2||f||L°<>(]R")/ il
1 4 o

J J

for some C' > 0. Combining this with (A.6) yields (A.5).
As a consequence of (A.4) and (A.5), we obtain that

~ sup g(z)
K(o; n _ ; 1—o0j
sup  KLoit) o weR (0,72 = 1) + CU=9) o — oy,
zer\{0} K (z) xleann g(z) xleann g(z)
up to relabeling C.
This entails that (K4) holds true, as desired.
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