EMERGENCE OF TOPOLOGICAL AND GEOMETRIC DEFECTS IN THE
I-LIMIT OF DISCRETE ENERGIES

ANNIKA BACH

ABSTRACT. We introduce and analyse a new variant of the two-dimensional X'Y-model energy
which is suited to detect both topological defects and geometric defects in form of fractional
vortices and domain walls, respectively. In contrast to previously introduced variants, the ener-
gies we consider here are defined without using an angular lifting of the S'-valued spin variables.
Moreover, they combine in an explicit way the features of the XY -model energy on the one hand
and weak-membrane energies on the other hand. This leads to simplified proofs of compactness
and lower bound in the I'-convergence analysis.

1. INTRODUCTION

The macroscopic behaviour of crystalline materials is highly influenced by the presence and
interaction of material defects, that can roughly be described as local deviations from the other-
wise regular crystalline structure. Such defects can be of different (co-)dimension ranging from
point and line to planar and volume defects (see, e.g., [26, Chapter 1.3]), and the derivation and
analysis of corresponding mathematical models has constantly given rise to interesting challenges
and problems. One challenge that has drawn the attention of the mathematical community in
recent years consists in obtaining continuum-mechanical models for material defects from more
elementary discrete models via a rigorous coarse-graining procedure by means of I'-convergence.
Such a discrete-to-continuum variational analysis has been applied to models for defects of different
(co-)dimension including, among others, models for volume defects such as voids [22], for planar
(or co-dimension 1) defects such as grain boundaries [2I], and for co-dimension 2 defects such as
dislocations [28 2 B 4] [ [19], to name just a few. It is also worth mentioning that in a reduced
two-dimensional setting discrete energies for so-called screw dislocations have been shown to be
equivalent to the XY-model energy used in micromagnetism (see [2]).

Here we are interested in further investigating the relation between the screw-dislocation and the
(ferromagnetic) XY-spin model when both co-dimension 2 and co-dimension 1 defects are taken
into account as in the recent contributions [I1] and [8]. Those defects are typically referred to as
topological and geometric defects, and they are observed in nature as (partial) dislocations and
stacking faults in the context of crystal plasticity [25[26] or as (fractional) vortices and domain walls
in the context of micromagnetism [3I]. In the reduced two-dimensional setting we will consider
here, they are point and line defects. To motivate ideas we start recalling the definition of the
screw-dislocation and the XY-model energy. The latter is defined on spin fields v : eZ2 N Q) — S!
mapping from the portion of an e-spaced square lattice contained in a bounded Lipschitz domain
Q C R? to the unit vectors, and it assigns to any such spin field the energy

XVw=3 Y )6, (1.1
(¢,7) n.n.

In (1.1]) the sum is taken over all pairs of nearest neighbours i, j € €Z? N§2. The XY-model energy
is well-suited to detect topological singularities at the leading order logarithmic scaling. Roughly
1
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speaking, configurations v, satisfying a uniform bound XY (v.) < C|loge| develop in the limit
as € — 0 finitely many point singularities (interpreted as vortices) as those in Figure Around
these singularities an energetic contribution of order |loge| is stored (see [I, [3]).

Upon choosing an angular lifting u : €Z? N Q — R of v satisfying v = exp(2miu) we have
that [v(j) — v(i)|> = 1 — cos (27 (u(j) — u(i)) for 4,j. This allows to rewrite XY;(v) in terms
of the angular variable w, which in turn makes it possible to relate the XY-model energy to the
screw-dislocation energy. Indeed, the latter associates to any scalar configuration u : eZ?NQ — R
(interpreted as a lattice displacement in the context of plasticity) an energy of the form

SDc(u) =2r* > dist® (u(j) — u(i); Z) . (1.2)

(¢,7) n.n.

Since 272 dist?(t; Z) ~ 1 —cos(2xt) for t close to Z, one can show that XY; and SD. have the same
asymptotic behaviour at the leading order logarithmic scaling (see [2] and [3]). Moreover, rewriting
XY: in terms of the angular variable is the starting point in [I1] for introducing a class of discrete
energies that is suited to detect the formation of both topological and geometric defects which in
the spin variable correspond to fractional vortices and domain walls as sketched in Figure
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(a) Vortex singularity (b) Fractional vortices and string defect

Figure 1. Schematic pictures of a topological singularity in form of a vortex (left) and of
two topological singularities in form of fractional vortices that are connected by a geometric
singularity (right).

Here, we follow the approach in [I1]] to obtain a model for partial screw dislocations and stacking
faults, which we use as a point of reference (see Section for a precise definition). Instead, for
the XY-model energy we take a different approach and define discrete energies directly on the
spin field v. This is done by taking inspiration from a different class of discrete energies which
is commonly used to detect line singularities. Those are discrete energies that approximate free-
discontinuity problems as considered, e.g., in [16, 17, B0} [7]. A prototypical energy of this type
is the so-called weak-membrane energy which assigns to any configuration w : eZ? N Q — R? an
energy of the form

WM, (w) = Z min{\w(j) — w(i)|2,a} . (1.3)

It is known that the weak-membrane energies I'-converge as € — 0 to a free-discontinuity functional,
i.e., a functional consisting of a bulk and a surface contribution. In particular, the energies are
suited to detect line defects.
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Energies as in were already exploited in [8] to detect line defects in a model for partial
edge dislocations and stacking faults. Although these energies itself are not suited to detect topo-
logical defects (see Example , we use them to define a variant of the XY-model energy which
combines the features of both energies and is thus indeed able to detect topological and geometric
singularities. Specifically, for fixed n € N we consider energies of the form

XY'Efrac(,U) _ Z max{éwn(]’) _ Un(i)|2’min{‘v(j) — 'U(i)|2,€}} . (14)

%,j n.n.

Here, v™ is the complex n-th power of v : ¢Z? N Q — S' which allows for fractional-integer
windings of the spin field. Moreover, for small values of |v(j) — v(i)| we have that |v(j) — v(i)]? ~
#h}n( §)—v™(i)[?. This suggests that far from the singularities the two terms should give the same
energetic contribution. Finally, for specific jumps of v, namely jumps by %’T (as in Figure for
n = 2), the field v™ will not jump and thus the value of [v™(j) — v™(i)| will be of order 2, while
|v(j) —v(%)| will be of order one. Thus, for those terms the dominating term will be &, which makes
the energetic contribution of macroscopic line defects across which the spin field jumps by %” of

order one.

The above heuristics are made rigorous in Theorem where we show that after removing
the logarithmic contribution of a fixed number of limiting topological defects the energies X Yrac
converge as € — 0 to a continuum energy consisting of three terms. More specifically, Theorem [4.1]
implies that for fixed M € N the I'-limit of the excess energies X Y/ (v) — %| loge] is given by

M 1 o
Efrac(w) _ E,Y + Ew(wﬂ) +/ ‘1/|1 dH! , weE 'D&(Q) . (15)
Sw

Here, DE () is a suitable subclass of S'-valued SBV-functions w whose jumpset S,, has finite
length, their complex n-th power w™ is a Sobolev function, and the jacobian J(w™) is a sum
of signed dirac measures supported on the limiting topological defects (see for the precise
definition). The function w in is obtained as weak H{ -limit of the sequence of spin fields v,
away from the limiting point defects. Moreover, v is the core energy of the XY -model energy, a
fixed quantity concentrated around each limiting topological defect. The far-field energy W instead
accounts for the interaction of the topological defects and coincides again with the far-field energy
of the XY-model energy. Finally, the surface contribution is concentrated on the limiting line
defects and coincides with the surface contribution of the weak-membrane energies. In this way,
we provide here a class of discrete energies which have the same asymptotic behaviour in terms
of I'-convergence as the discrete energies defined in [I1]. Re-interpreting the latter energies as a
model for partial screw dislocations and stacking faults thus allows to compare those models with
XY -spin models in a framework that takes into account both topological and geometric defects. At
the same time, defining XY "¢ directly in terms of the spin variable v makes it more evident how
to compare those energies with the weak-membrane energies, which in turn leads to a simplified
proof of the lower-bound inequality and the corresponding compactness result. Finally, a crucial
step in obtaining the upper-bound inequality consists in showing that the core energy concentrated
around each limiting point singularity is the same (up to a factor) for the fractional XY-model
energy and the original XY -model energy . This can be shown in a concise way using
the recent result [23, Theorem 2.4] which allows us to choose competitors for the minimization
problem defining v (see for the precise definition) that are suitably regular in the sense that
they do not contain so-called short dipoles.

We finally observe that the limiting energies we obtain here also appear as I'-limits of the
continuum phase-field functionals introduced in [24] which are defined by coupling suitable variants
of the Ginzburg-Landau functionals and the Ambrosio-Tortorelli functionals. Building upon the
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analysis carried out in the present paper and using the similarities between weak-membrane energies
and discretizations of the Ambrosio-Tortorelli functionals (see [I0, Section 3.3]), it will thus be a
subject of further investigation to provide a discrete counterpart of those phase-field functionals.

2. NOTATION AND SETTING OF THE PROBLEM

In this section we fix some basic notation and introduce the discrete energies considered in this
paper.
2.1. Basic notation. We start fixing some notation employed throughout. Given two unit vectors
a,b € S we let dgi (a,b) := 2arcsin(4]a—b|) denote the geodesic distance between them. We recall
that
la—b] < dga (a,5) < Zla— b, (2.1)

where |- | denotes the euclidian distance in R*. For any R > >0 we set B, := {z € R*: [z] < r}
and A, g := Bgr \ B,. Finally, for any z € R? we set B,(z) := B, + x and A, r(z) := A, r + z.
Moreover, the closed segment joining two vectors x,y € R? is denoted by [z,y].

Throughout the note, ¢ > 0 is a positive parameter varying in strictly decreasing sequence
converging to zero.

2.2. The discrete lattice. Throughout we will consider the e-spaced square lattice eZ2. For any
e >0, k € {1,2}, and any Borel subset A C R? we let

2 (A) == {i €eZ’ N A: [i,i+eey] C A} (2.2)
denote the portion of lattice points contained in A for which the closed segment joining ¢ and its
nearest neighbour i + ey, is contained in A as well. Moreover, we define the collection of closed
cubes subordinated to the lattice £Z? via

Q= {QszQe(l) :i+[035]2: i6522}7 (23)
and for any cube Q. =i+ [0,¢]* € Q. we write b(Q.) := i+ 5(e1 + e2) for its barycentre. For any
Borel set A C R? we let

O (A) ={Q- € Q:: Q. C A} and Q™(A) :={Q- € Q.: Q. NA# 0}

denote the subclasses of lattice cubes contained in A and intersecting A, respectively. Accordingly
we set
A= ) Q. and A= ] Q..
Qe€Q*(A) Q€9 (A)
Finally 0.A := €Z? N A" denotes the discrete boundary of A. It is also convenient to fix a
triangulation 7. of R? subordinated to £Z? by setting

Te := {TE'|r = conv(i,i+eeq,i+e(eg+e2)), T =conv(i,i+eer,i+e(e;+ez)):i€ EZQ} . (2.4)

Here conv denotes the closed and convex hull.
Next we introduce the sets of discrete variables taking values in the real numbers and the unit
sphere, denoted respectively by
AD. :={u:eZ*> - R} and SF.:={v:eZ* —S'}.

We will often refer to variables in AD. and SF. as admissible displacements and spin fields,
respectively. For u,u € AD. we write

IS

u=u if (i) —u(i) € Z for every i € eZ?.
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Upon identifying R? with C we can associate to any u € AD, a spin field v € SF. by considering
the complex exponential

v = exp(2miu) (2.5)

with ¢ being the imaginary unit. Vice versa, any v € SF. can be written in the form (2.5) for
some u € AD. (not unique). In this case, we will refer to v as an angular lifting of v. We shall
often interpret points on S' as complex numbers and implicitly use complex products and complex
powers.

2.3. Discrete gradients and discrete topological singularities. For u € AD,., v € SF. and
i,j € eZ? with |i — j| = € we consider the directional discrete derivatives

du(i, 7) := u(f) — u(3) do(i, j) = v(j) —v(i). (2.6)
Moreover, to any u € AD. we associate a discrete vorticity measure as follows. For any ¢ € R let
Py(t) := argmin{|t — z|: z € Z} (2.7)

denote its projection onto Z (with the convention of taking the minimal argmin in (2.7)) if it is not
unique). In other words, Py(t) = (t - %W In this way,

Pyt + 2) = Py(t) + z for every t € R and every z € Z. (2.8)
For 4, j € eZ? with |i — j| = ¢ we now define the elastic part of du(i,j) by

du(i, j) — Py(du(i,j)) ifi<j,

du(i,j) + Pz(du(j,9)) ifj <i, (2:9)

d®u(i,j) :== {

where i = (i1,i2) < j = (j1,J2) means that ¢; < j; and ia < jo. Note that d®u(i,j) = —du(y, ).
Moreover

|d®u(i, )| = dist (du(i, j); Z) . (2.10)

Using d®u we can associate a discrete circulation measure p, to u as follows. For any cube
Q:(i) € Q. with lower left corner i and vertices {4, j,k, ¢} ordered counter clockwise we define

pu(Qe (7)) by setting
pu(Qe (7)) := du(s, j) + d°u(yf, k) + d®u(k, £) + d°u(¥, i) . (2.11)

By construction, u,(Q:) € {—1,0,1}. We then define the measure pu,, as

o= > 1u(Qe)dyq.) - (2.12)

QEGQE

If v € SF. we write v = exp(2miu) for some u € AD. and set

fo(Qe) = pu(Q:) and iy 1= py . (2.13)

The measure p, is well-defined, since it does not depend on the choice of the angular lifting u.

Indeed, if u,uw € AD, with u Z % one can use (2.8) to verify that d°u(i,j) = d°u(i,j) for every
i,j € eZ?, |i — j| = e. Thus, p, = pg.
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2.4. Definition of the discrete energies. This section collects all discrete energies we will
consider. To define them, it is convenient to first introduce the following pairwise interaction-
energy densities. For every n € N\ {0} we define f1 : R — [0, +00) by

n

fa(t) == 2n% dist? (t, %Z) .

In this way, we have that

fa (t) = %fl(nt) for every t € R (2.14)
and
A)=f1(t) <= dist(t,Z) < % (2.15)

Moreover, for any ¢, 7 > 0 we define f7,, g7 : R — [0, +00) by

2
730 = max { L2 0,7 ez py O and g0 = min{ G er )

We now introduce the two main families of discrete energies under consideration. Throughout we
fix 71,72 > 0 and n € N. For any u € AD,., w € SF., and A C R? Borel we define

SDPY (u,A) = Y ST (duliitee)) + D f7 (dulii+ ces)) (2.16)
i€ZE (A) i€ZS2 (A)
and

XY (w,A) = Y max{z —|dw™ (z,i+ae1)Q,ggl(dw(i,z'Jrael))}
i€zZet (A)

+ Z max{ 2|dw (i,1+ ces)] ,ggz(dw(i,i+562))}.

i€Z2 (A)

(2.17)

We also recall the definition of the screw dislocation energy and the XY-model energy studied
in [3] and [1], respectively. For every A C R? Borel, u € AD., and v € SF. they are given by
2
SD.(u, A) Z Z fi(du(i, i+ eey)) (2.18)
k=1iezk (A)

and

Z Z |dv(i,i + eex)|?, (2.19)

k 1iezek (A)
respectively. Finally, we will make use of an anisotropic variant of the weak-membrane energies.
In our setting, they will depend on the parameters 71,7 > 0; specifically, we set

WM, (w, A) := Z g7t (dw(i, i+ eer)) + Z 922 (dw(i,i + ceq)) (2.20)
i€ZT (A) i€Z2 (A)

for any A C R? Borel and w : eZ? — R2. It is well known that the discrete energies SD, and XY,
(when scaled properly) account for topological defects in the continuum T-limit (see [I] and [3]).
Those topological defects are then identified with screw dislocations and vortices, respectively.
Instead, the macroscopic I'-limit of the weak-membrane energies is a free-discontinuity functional
consisting of a volume and a surface term (see [I7] and [30]). In particular, in our two-dimensional
setting it accounts for line defects. Based on those two results we will show that the macroscopic
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I-limit of suitably scaled versions of SDpart and X YfraLC accounts for both topological defects and

Sn n

line defects.

3. PRELIMINARY RESULTS

In this section we collect some preliminary results that allow to compare the discrete energies
introduced in Section with each other. Moreover, we recall some useful interpolation results.

3.1. Comparison between the discrete models. We start comparing the discrete energies
introduced in Section This comparison will be useful to derive compactness properties and
lower bounds for the energies S’Dpa " and X Yf’raLC A first observation is that the discrete models

€n

SDPart and X Yf”C accounting for partial dislocations and fractional vortices, respectively, are

lower bounded by “the corresponding models accounting for full dislocations and vortices.
Remark 3.1. Let u € AD. and let A C R? be a Borel set. The definition of SD?? together with
(2.14) implies that
ar 1
SDZ;(u, A) > —5SD.(nu, 4). (3.1)
Moreover, for any w € SF. by definition we have that
1
XY (w, A) > S5 XV (w™, A). (3.2)
'n n
A second observation is the following elementary comparison between SD. and XY:.

Remark 3.2 (Comparison between XY, and SD,). Let v € SF. and let u € AD. be any angular
lifting of v. Then the estimate

SD.(u,A) > XY (v, A) (3.3)
holds for any Borel set A C R2. This is an immediate consequence of the identity
2 dist? (du(i, ); Z) = %dgl (u(i), v()) (3.4)
for any i,j € eZ? with |i — j| = e. Indeed, together with implies that

. 1 .
f1 (du(z,j)) > §|d’U(Z,j)|2 (3.5)
for any i,j € eZ? with |i — j| = &, which in turn implies (3.3).

Remark allows us to lower bound the screw dislocation energies by the X'Y-model energies.
The next lemma shows that an analogue estimate to (3.3)) holds for the corresponding models for
partial dislocations and fractional vortices.

Lemma 3.3 (Comparison between SDWIrt and XYfmC) Lete >0, let w € SF., and let u € AD,

be an angular lifting of w. Then the estimate
SD‘;"‘%”(U, A) > XYE{Y?(w, A) (3.6)
holds for any Borel subset A C R?.

Proof. Let w € SF. and u € AD. be as in the statement. Moreover, set v := w™. To obtain (3.6)),
we fix 7 > 0 and we show that for any 4, j € eZ? with |i — j| = ¢ we have

12 (du(i, ) = max{;lgldv(z',j)%gz (dw(m))} : (3.7)
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Then (3.6)) follows by applying (3.7) with j =i+eey1, 7 =11 and j = j + €ea, T = 7o, respectively,
and summing up over all 7.

To establish (3.7) we fix 4,j € €Z? with |i — j| = €, and we start with the following preliminary
observation. Since v = w™, nu is an angular lifting of v. Applying (3.5) with v and nu and

using thus yields
540 §)? < 5 i (ndu(i, ) = fy (du(i, ) < 7, (dui, ). (39)
Hence, follows if we can show that also
gz (dw(i, ) < 171 (duli, ).
Suppose first that dist(du(i, j); Z)) > 5. Then we have by definition
f2 1 (du(i, 7)) = er = g2 (dw(i, 5)) -

If on the contrary dist(du(i, j); Z) < 5=, then (2.15)) ensures that

fi(du(i,j)) = fa (du(i, j)) - (3.9)
Thus, applying (3.5) now with w and u yields

o 1 o o . - .
07 (A (i,)) < 5l )P < fi(du(i.f) = i (du(i.9) < 72 (du(i.9),
which concludes the proof. O

Remark 3.4 (Comparison with WAM,). Let ¢ > 0, w € SF., and A C R? a Borel set. By definition,
we clearly have XY™3¢(w, A) > WM, (w, A). Together with Lemma (3.3 we thus obtain the chain

of inequalities
SD2 (u, A) > XY (w, A) > WM (w, A) (3.10)
for any angular lifting u € AD. of w.

The estimates collected in Remarks B.1H3.2l and Lemma [3.3] allow us to lower bound on the one
hand dislocation energies by vortex energies and on the other hand energies accounting for partial
dislocations and fractional vortices by the corresponding energies for full dislocations and vortices.
Using a Taylor expansion we obtain approximate reverse estimates far from the singularities.

Remark 3.5 (Comparison via Taylor expansion). Let v € SF. and let u € AD. be an angular
lifting of v. Then we have that

1
5|olv(z',j)|2 =1 — cos(2ndu(i, 5)) .
Expanding the cosine around 277 thus yields the existence of a constant C' > 0 such that
1 1
fi(du(i, 5)) < §|<?1v(i,j)|2 + Cdist* (du(i, j); Z) < §|dv(i,j)|2 + Cldv(i, ), (3.11)

where the last inequality follows from the identity (3.4)) together with the second estimate in (2.1]).
Suppose now that w € SF. is given by w := exp (%”Lu). Similar to Remarkwe obtain that
1 . dulii
5ldw(i ) < (25D (3.12)
In particular, if dist (%;Z) < i, then (2.15)) together with (2.14) ensures that

(2 = (42 = (ot ).
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In combination with (3.11)) and (3.12) this yields that
1 a9 1 . N2 Co4 e qe, (du(ing) . 1
§|dw(za.7)| < ﬁ|dv(la])| + C|d’l)(l,j)| if dist (TJ7Z) < % . (313)

3.2. Interpolation of discrete functions. We conclude this section by introducing useful inter-
polations of discrete functions.

Piecewise constant interpolations. Throughout the paper, discrete functions wu.: eZ? — R™ will
be tacitly identified with their piecewise constant interpolations taking values u.(¢) on every cube

Q:(1) € Q..

Piecewise affine interpolations. For € > 0 let 7. be the triangulation defined in (2.4); for any
ve € SF. we let 9. € HL _(R%R?) denote the function satisfying . (i) = v.(i) for every i € eZ>

loc

and being affine on every triangle 7., 7. € T.. In this way, on every cube Q. € Q. the identity

XY (0.,Q.) = / V6. |2 da (3.14)

€

holds. Combining this identity with well-known interpolation estimates leads to suitable continuum
upper bounds for XY, and thanks to (3.11) also for SD..

Remark 3.6 (Interpolation estimate for XY, and SD.). Let U,U’ C R? be open, bounded, and
connected, with U cC U’. Let v € C®°(U’;SY) N H2(U';S') and suppose that v. € SF. is such
that v. (i) = v(4) for every i € eZ2NU’. Then elliptic interpolation estimates (see e.g., [29, Theorem
3.4.1]) provide us with a constant C' > 0 such that

Vv = Voe|72(q.) < Ce(IV20]72q.)
for every Q. € Q" (U’). Together with Young inequality this leads to
IVel|Z2q.) < (1 4e*)[VollTz(q.) + Ce*(1+ ) V?0[|72(q.) for any a > 0. (3.15)
Combining (3.14)) and (3.15) finally gives

1 1 «
XYe(0e,U) S5 D XYe(v:,Q:) < 28 / |Vv|2dx+062‘“/
Q.€Qe(U) e e

|V2”U|2 dx (316)

for any @ > 0 and for £ > 0 sufficiently small such that US** C U’.

Suppose now that u is an angular lifting of v and for every i € £Z? let u. (i) := u(z)ﬂ Using (3.11))
and applying the mean-value inequality leads to

. 1 . o
1 (Que(i,)) < gldue(i, )+ OVl 3y i, )
for every i,j € eZ?> NU with |i — j| = . Together with ([3.16] this yields

SD.(u.,U) < (1 +c&uwuimw,))xn(%,zj)

1+ @ )
<<1+C€2|Vv|%w(U,))< 25 / V0|2 da + Ce? a/
U;!Xt

ext
UE

(3.17)

V202 dx) .

Hf U is not simply connected, u might not be smooth anymore. However, by introducing suitable cuts in U not
intersecting €Z? we can assume that u is piecewise smooth and can be evaluated in eZ2.
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S'-valued interpolations. The piecewise affine interpolation 9. of a spin field v. € SF. in general
does not take values in S' any more. The following result instead provides an S'-valued interpo-
lation of v.. It has been stated and proved in [9, Remark 3.2] on a triangular lattice. Since the
proof on the square lattice is analogous to the one in [0, Remark 3.2], we do not repeat it here.

Lemma 3.7 (S'-valued interpolation). Lete > 0, let v. € SF., and let u. € AD. be an arbitrary
angular lifting of v.. Then there exists U, € VVll 1(R2 sHn VVIECOO(]R2 \ supp g, ; SY) satisfying the
following properties:
(1) (i) = v (i) = exp (2muc(i)) for any i € eZ?;
(2) J(Ve) = Ty, with J(0.) being the distributional jacobian (see Section [{.1] for the defini-
tion);
(3) st |Vo|? de = F5°% (ug, Q) whenever pi,, (Q:) = 0

Remark 3.8 (Lifting of ©.). The S'-valued interpolation introduced in Lemma is particularly
useful to provide a “smooth” version of the displacement variable u. in Lemma by using well-
known lifting results in the continuum setting for v.. Indeed, if we suppose that U C R? is an open,
bounded and simply connected set with supp p,,, NU = @, then v, € Wli)’COO(U ;S') admits a lifting
oe € Wi)COO(U) satisfying 0.(z) = exp (2mi¢.(z)) for every z € U and 27|V, (z)| = |Vo.(z)| for
a.e. ¥ € U (see [15, Theorem 1.1]). By construction, ¢. coincides (modulo Z) with u. on £Z? and
it satisfies

|[doe(i,i + eeg)| = |d®ue (i, + eex)| (3.18)
for every k € {1,2} and every i € Z¢*(U) (see [9, Remark 3.4]). In this sense, ¢. can be seen as a
“smooth” mod Z representative of u..

4. STATEMENT OF THE MAIN RESULTS

In this section we state a compactness and I'-convergence result for a sultable rescaling of
the energies SDpa”lrt and X Yfrac using the lower bounds established in Section We start by

introducing the space of hmltlng fields.

4.1. Space of limiting fields. For any U C R? open and M € N we consider the families of
measures

N
X({U):= {#—Zdh5xh with N eN, dy, € Z\ {0}, zp €U, zp, # xp for h;ﬁh'} (4.1)

h=1
and
M
Xu(U) = {u = Zdhéxh € X(U) with dj € {—1,1}}. (4.2)
h=1

It will be convenient to equip X (U) with the convergence induced by the flat topology. Namely,
for any distribution T' € D'(U) we let

| Tllgas = sup {(T,9): ¢ € C2(U), [Pllew) <1, IV llLew) < 1}
be its flat norm. We say that a sequence (p,), C X(U) converges flat to some p € X (U) and we
write i, flag w, if ||, — pt|lgas — 0 as n — +o0.

From now on, if not specified otherwise, ) C R? is an open, bounded, and simply connected
subset of R? with Lipschitz boundary and M € N is a fixed integer. The space of limiting fields
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will be a certain class of special functions of bounded variation that can be related to a measure
w € X (). Specifically, we set

Dy () = {’U e WHH(Q;S"): J(v) = mp for some p € Xp () and v € Hy, (2 supp M;Sl)} ,

(4.3)
where for any v = (v1,v9) € WHL(Q;R?) N W12 (Q; R?) the jacobian J(v) is defined in a distribu-
tional sense as J(v) := curl j(v). Here

1
jv) = §(U1V1}2 — UQVvl)

is the so-called current or pre-jacobian (see [9, Section 3] for more details on the pre-jacobian and
its relation to the degree of v). Moreover, we consider the family of functions

1

DI (Q) = {w € SBV(:8Y): w™ € Dy (Q), w € SBV2,(Q\ supp u;S1), H1(Sw N Q) < +oo},
(4.4)
where J(w™) = mp according to (4.3)).

4.2. Renormalised energy and core energies. For any p = Zﬁil dpdz, € Xp(2) and 0 >0
sufficiently small such that

Bo(zp) CQ and  By(zp) N By(z),) =0 for hyh' € {1,...,M}, h# 1 (4.5)
we set
M
07 () == 0\ | Bo(an). (46)
h=1
and to any v € Dy (Q) with J(v) = mp we associate the quantity
1
W(v, Q) := lim (/ |Vo|? dz — M| log a|> € RU {+o0}. (4.7)
70\2 Jar ()

The quantity W(v, ) is well defined thanks to [3], Section 4.4] (see also [8, Remark 3.2]). Moreover,
if v € Dp(Q) with J(v) = 71'224:1 dpdy, is such that W(v, Q) < 400, then
lim |Vo|? dz = 7log 2 (4.8)
o—0 A%,U(a;h)

for every h € {1,..., M} (cf. [8 Remark 3.2]).

We finally recall the characterisation of the so-called core energy for the screw-dislocation model
and the XY-model, respectively. For € > 0, 0 > 2¢, and zy € R? let

45D (Bs(x0)) := min {SDE(u, B, (xz9)): exp(2miu(i)) = ‘z : ﬁ2| for all i € 6830(330)} (4.9)
and
XY (B, (z0)) := min {XYE(U, B, (x0)): v(i) = |z — Z' for all i € BEBU(:UO)} : (4.10)
Thanks to [3, Theorem 4.1] and [18, Lemma 7.2] the limits
5P = il_I)I(l) (fny (Bs(z0)) — wlog g) (4.11)
and
XY = 611_1)1% (’yEXY (Bs(z0)) — wlog g) (4.12)

exist and are independent of 2y € R? and o > 0.
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4.3. I'-convergence results for X Yfrac and SDPMt We are now in a position to state the
main compactness and I'-convergence results of this note We start defining the candidate limiting

energies. Specifically, for every w € DM () we set

. 1
FP (w,Q) = E(MWSD + W(wn,Q)) +/ (T1|Vw ce1] + To|vy - eg\) dH! (4.13)
= S
and
1
Efjac(w,Q) = ;(MVXY + W(wn,Q)) + / (7'1|uw ce1] + 7ol - eg\) dH'. (4.14)
» s

w

The following results show that FP** and Ef’raC capture the asymptotic behaviour in terms of

I’-convergence of SDpart and X Yfrac, respectlvely This shows in particular that the asymptotic

behaviour of the dlscrete energies accountlng for partial dislocations and stacking faults and the
energies accounting for fractional vortices and string defects is the same far from the limiting
point singularities. This reflects the feature that also the corresponding models for full disloca-
tions and vortices share the same asymptotic behaviour far from the limiting singularities (see [3]
and [2]). Moreover, close to the limiting point singularities the models for partial dislocations and
for fractional vortices concentrate the same energetic contribution as their counterparts for full
dislocations and vortices, but lowered by a factor #

Theorem 4.1. Let XY;rjC and ET2¢ be as in (2.16) and [@.14), respectively. The following holds
true. ! !
(i) (Compactness) Let (we) be a sequence of spin fields w. € SF. satisfying
M
sup (nyrac(w€7 Q) — —27T| log E|) < 400 (4.15)
e>0 n
and let u. € AD. be an arbitrary angular liftmg of we. Then up to a subsequence (not
relabeled) pinq,. L §2 Aap u for some u = Zh 1 dndg, € X(Q) with |p|(Q) < M. Moreover,
if |p|(Q2) = M, then N = M and |dy| =1 for every he{l,...,N} (ie., p € Xps(Q)) and
1
there exists w € D3, (Q) with J(w™) = mp such that (up to a further subsequence) we — w
in L' ($;R?).
1
(it) (Lower bound) Let w € Dy, (Q) and let u. € AD., w. = exp(2mu.) € SF. be such that

Thime, LB J(w"), we — w in LY R2). Then

Mmn
Pl fra fr
hrsn_g(r)lf (XYE’%C(wE,Q) -z |10g5|) > E%ac(w,ﬂ) . (4.16)

(#ii) (Upper bound) For every w € DI\%/[(Q) there exist u. € AD. such that mpin,, L Q Aag J(w™)

and the sequence of spin fields w. := exp(2miu.) € SF. satisfies we — w in L (Q7 R2) and
M
lim sup (ijrf(we, Q) - | log5|) < Bc(w, Q). (4.17)
e—0 ’n n n

The above theorem characterizes the asymptotic behaviour of the fractional XY -model energies
and is the main result of this paper. An analogue result holds for the partial dislocation energies
Sme. In the case 71 = 7 = 1 the result corresponds to the one already established in [I1].

However the proof of the compactness and the lower bound can be simplified by using Theorem [£.1]

Theorem 4.2. Let SD?elrt and F¥* be as in ([2.16) and ([@.14), respectively. The following holds
true. " !
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(i) (Compactness) Let (uc) be a sequence of displacements ue. € AD. satisfying
M
sup (SDpart(uE, Q) — —27r| log €|) < +oo (4.18)
e>0 n
and let w. € SF. be given by w. := exp(2miu.). Then up to a subsequence (not relabeled)

fnu, L Hag u for some = Zthl dpdy, € X(Q) with |p|(Q) < M. Moreover, if |u|(Q) =
M, then N = M and |dp| = 1 for every h € {1,...,N} (i.e., u € Xp(Q)) and there

1
exists w € Dy, (Q) with J(w™) = wp such that (up to a further subsequence) w. — w in

L'(Q;R?).
1
(it) (Lower bound) Let w € Dy, (Q) and let u. € AD., w. = exp(2mu.) € SF. be such that
Thme, LS J(w"), we — w in LY R2). Then
Mmn
part = part
llgl_glf (SD (e, ) 2 |10g5\) > F% (w, Q). (4.19)

(iii) (Upper bound) For every w € DI\;/[(Q) there exist u. € AD. such that mpiy,, L a J(w™)
and the sequence of spin fields w. := exp(2miu.) € SF. satisfies we — w in L' (Q RQ) and

M
lim sup (spgaf(ug, Q) — n%ﬂ 1ogg\) < FP (1, Q) . (4.20)
e—0 ’n n

We conclude this section by providing an example of a sequence of spinfields w. € SF. along
which WM, is uniformly bounded in the unit ball, but X YfraC blows up. This shows in particular

that the weak-membrane energies in general do not provide an upper bound for the discrete energies
considered in this paper, not even asymptotically. In fact, the example below highlights that the
weak-membrane energies are not suited to detect limiting topological singularities.

Example 4.3. We define u. € AD,. by setting

ifi-e; >0andi-ey >0,
ifi-e; <Oandi-ey >0,
ifi-eg<0andi-ey <0,
ifi-e; >0andi-ey <0,

ue (i) =

00O = 0ol D

We then set w. (i) := exp (27iuc(i)) for every i € eZ*. In this way we have that

2
WM. (we, Br) < &Y me#t{i € Z(By): [iyi+ cex] NI # 0} < C, (4.21)
k=1

where I1° := {x € R?: x - ¢, = 0}. Instead, for n = 2 and v, := w? = exp(4miu.) we find that
1
§|dv5(i, i+cer)? =1— cos (dndu.(i,i +ce1)) = 1 — cos(m/2) =1

for any i € €Z? with (i,i + ce;]) N1I° # 0. Similarly, 3|dv.(i,i 4 €e)|? = 1 for i € eZ* with
(1,7 +ecea) NII2 # . In view of (3.2)) this implies that

ar rac 1
SDP' (ue, Br) > XY (w., B1) > 1 XY=(ve, B)
c

>C(#{i€6ZQQB10H61}+#{Z'€5Z2QB10H52}> > =

Thus, SDpart(uE, Bj) and XYf”C(w67 By) diverge as € — 0, while shows that WM, (w,, By)
is umformly bounded. The latter also implies that WM, (wE,Bl) < \log5| Finally, we observe
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that pio,, flag dp as € — 0, but since WM, (w., B1) < |loge|, WM, will not detect the logarithmic
contribution of the limiting point singularity as ¢ — 0.

5. PROOF OF COMPACTNESS AND LOWER BOUND

In this section we prove Theorem (i)—(ii) and Theorem (i)—(ii). We start establishing
Theorem [4.1] (i) , then Theorem (i)f(ii) will follow from Lemma

Proof of Theorem (i)—(#). The proof is divided into several steps establishing separately the
compactness of (i, and w,. The liminf inequality will essentially be established in parallel.

Step 1: Compactness of finy.. Suppose that w. € SF. satisfy (4.15)). Defining v. € SF.
pointwise via v, (i) := w(i) for every i € Z?, we deduce from ([3.2]) that
sup (XYz(ve, Q) — Mr|loge|) < +o0. (5.1)
e>0
Since nu. is an angular lifting of v., [3, Theorem 4.2 (i)] implies that up to a subsequence (not
relabeled) pin,, L fa p for some p = Zthl dpxp € X(Q) with |u|(2) < M. Suppose now that
|@|(Q) = M; then [3, Theorem 4.2 (i)] ensures the following. We have that N = M and |dy| = 1
for every h € {1,..., N}. Moreover, up to taking another non-relabeled subsequence 0. converges

weakly in HL (0 \ supp u; R?) to some v € Dy (Q) with J(v) = mu (cf.also [1I, Remark 3.4]). We
will use this below to establish the required convergence of w..

Step 2: Compactness of w.. In this step we show that up to a further subsequence we have
that we — w in L'(;R?) for some w € L'(;R?) N SBV;2.(Q )\ supp p; R?). Since |w| = 1,
the sequence (w.) is uniformly bounded in L®°(£2;R?) and thus there exists w € L>(;R?) such
that up to subsequences w. — w in L*(£;R?). We now upgrade this convergence. To this end,

let o > 0 be sufficiently small such that (4.5)) is satisfied. Applying (3.2) on the balls B, (zy)
and (3.10) on Q7 (u) we find that

M
XY (we, ) - —|log5| > 72 (XY Ve, By () —7r\10g5|) + WM (we, (). (5.2)

Let h € {1,..., M}; from Step 1 we deduce that iy, L By (xp) flag dpdzxy. Thus, a local application
of [3, Theorem 4.2 (ii)] on B, (zp) yields

lim i(I)lf (XYE(UE, B,(zp)) — 7l log5|) > XY L W(dpd,, , Bs(z1)) =7~Y — x|logo], (5.3)
E—r

where W is the renormalised energy introduced in [I2]. It satisfies W(dp0y, , Bo(xp)) = wlogo.
Together with (5.2)) and (4.15) this implies that there exists C' > 0 such that

WM, (we, 27 (p)) < Cllog o]

for every ¢ > 0. Since in addition (w.) is uniformly bounded by one in L°°(Q2;R?), an application
of [30, Lemma 5.6] yields that w. — w in L'(Q7(u);R?) and w € SBVZ(Q°(u);R?). By the
arbitrariness of o > 0 we conclude that w. — w in L'(Q;R?) and w € SBV}2 (2 \ supp p; R?).

Step 3: Identification of w. In this step we show that w™ = v, where v is the limit of o,

obtained in Step 1. To prove this fact, we compare the piecewise affine functions 9. and the
piecewise constant functions w?. More precisely, we let ' CC Q be arbitrarily fixed and we show
that

192 = w2720y < Ce?[loge] (5.4)
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for some constant C' > 0 independent of Q. To this end, let i € eZ? be such that Q. (i) € Q= ().
Then we have that

192 — w2200,y < Csz(h;s(i teer) — vo(6)2 + [0e(i + ler + e2)) — va(i + ge1) |2
+ v (i + ee2) — ve(3) > + Jve(i + e(er + e2)) — ve(i + 662)|2) .

Since for € > 0 sufficiently small we have Q. (i) C §2, by summing up the above estimate we obtain
that

0: = wPlFaoy < D e —wllFago,) < CEXYe(ve, Q)
Q€05 (Q)
for £ small enough. Thus, (5.4]) follows from (5.1). By the arbitrariness of Q' we conclude that

(e —w?) — 0in L%(£;R?). Since Step 1 and Step 2 imply that 6. — v in L?(Q;R?) and w® — w™
in L'(Q;R?) respectively, we finally obtain that w™ = v.

Step 4: w belongs to DE(Q) We deduce from Step 3 that w € SBVZ (Q \ supp i;S') and

w™ = v € Dy (Q). Thus, to conclude that w € DE(Q), it remains to show that H!(S,, NQ) < +oo.
In doing so, we essentially prove the liminf inequality. Let ¢ > 0 be fixed such that is
satisfied. Since w. — w in L'(2;R?), applying the I'-convergence result [I7, Theorem 1] (see
also [30, Theorem 3.5]) yields

1
lim inf WM, (w., Q% (p)) > 7/ |Vw|2dx+/ (7'1|1/w ce1] + 2| '62|) dH!
e=0 Q7 (p) SwNQ (1)
1 (5.5)
2—2/ |Vv|2dsc+/ (Tl|1/w-61|+Tg|1/w-eg|)d7-tl,
0% Jas SwnQ7 (1)
where the second equality follows from the fact that w™ = v and hence |Vw| = |Vv|. Combin-
ing (5.5) with (5.2)—(5.3) and using the definition of W(v, ) we deduce that
M XY 1 /1
DR fr. 2
llgglf (XYaéc(wg,Q) — F|log5|) 2t 2/90(#) |[Vv|*dz — Mr|logo|
+/ (T1|1/w'61|+7'2|l/w-62|)d7‘[1
SwNQ7 (1) (5.6)

> (7Y W) +1(0)

+/ (7’1|1/w-61|—|—72|1/w-eg|)d7-l1,
SN (1)

with (o) = 0 as ¢ — 0. In view of (4.18) this implies that

H' (SN Q) = | H' (Sw N Q7 () < 400
a>0

and hence w € DJ%/I(Q)
Step 5: Liminf inequality. We finally obtain (4.16) from (5.6)) by letting o — 0. O
Proof of Theorem (i)-(ii). Theorem[d.2](i) is a direct consequence of Theorem[4.1](i) and (3.10)).
(310

Indeed, if u. € AD, satisfy (4.18]), then ) implies that the spin fields w. € SF. defined as
we = exp(2miu.) satisfy (4.15) and thus the required compactness of fin,, and w. follows from



16 A. BACH

1
Theorem (i). Finally, if w. — w in LY(%R?) and mpm,. LQ B J(w?) with w € Dy (),

then (3.1)) together with (3.10)) implies that

ar M o'
SDPY (e, Q) — 5 [loge| = WM, (., 97 () — = Z (SD- (e, Bo(2n) = wlloge]) . (5.7)
" h+1
Thus, the liminf inequality follows by repeating the estimates in (5.2)), (5.3)), and (5.6) with X Yefric
and XY, replaced by SDsalrt and SD., respectively. O

6. PROOF OF THE UPPER BOUND
In this section we prove Theorem [4.2] (iii) and Theorem [4.1] (iii).

6.1. The core energy As a first step we establish an alternative characterisation of v and
XY defined in in terms of minimisation problems involving the energies S Dp 1 and

X Ygfric, respectlvely. More preasely7 for every € > 0, 0 > 2¢, and x¢ € R? we set

71—

vpaft (Bo(20)) := min {spgfﬁt(u,Ba(zo)): exp(2mmu(i)) = for all i € . By (x )} (6.1)

|z—x0|

and

’yfralc (Bs(20)) := min {XYEf,r?C(w, Bo (o)) : w(i) = —— for all i € 9. B, (x )} . (6.2)
n |2 l’()|

Remark 6.1 (Invariance under rotations). Since SDpalr * is invariant under translations and X YfraC

is invariant under rotations, we can replace the boundary conditions ﬁ_ig in and (| - by

a rotated version ozﬁ:ig‘ with @ € C, |a| = 1 without affecting the value of % (Bg(xo)) and

frac

7y (Bs(z0)), respectively.

Below we show that after correctly weighting the logarithmic correction term the quantities 45
and 7*Y can be characterised by replacing 72 and 42X in (£.11)) and - with 'ypart and 'yfrac

respectively, and letting the radii of the balls B, () tend to zero. For v such a result is already
contained in [TT, Lemma 4.1]. We still include it here, giving a simplified proof based on the recent
result [23] Theorem 2.4].

Proposition 6.2 (Core energy involving SD{f_’irt and XYEfer). Let v5P and 4XY be as in ([E11)-
and ’ypm and ™4 as in (6.1)-(6.2), respectively. Then we have that

fySD = lim lim sup (rlQ’ypaft (BU(ZEO)) — 7log g) = lim lim inf (n2’ypaft (Bgs (l’o)) — 7log E) ,
&n £ €

o—0 -0 o—0 e—0

XY = lim lim sup (nQ’yfralC (Bo (o)) — mlog g) = lim lim sup ( QWﬁalC (Bo(x0)) — 7log g)

o—0 -0 o—0 <0

for every xo € R2.

Proof. Let zg € R? be fixed. Thanks to and (4.12)) an application of (3.1)) and (3.2| . ) leads to
. . 2 part o e >
hlgn_félf (n Ve (Bc,(xo)) mlog 5) > fy

lim inf (n2’yfralc (Bo(z0)) — log f) > XY
e—0 €
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for every o > 0. Thus, it remains to show that

lim sup lim sup (ngfypaft (Bo (o)) — 7log g) G (6.3)
o—0 e—0 &n €
and
o
lim sup lim sup (n2'y£’af (Bo (o)) — 7log 7) <XV (6.4)
o—0 e—0 'n €

Step 1: Proof of (6.3). Let u. € AD. be a solution to the minimisation problem defining

3P (By(20)). Thanks to [23, Theorem 2.4] we can assume that j,, = d,. with 2. € B, (o) being
the barycenter of a cube Q. € Q" (Bg(xo)). We now use Remark to remove unnecessary jumps
from u.. In this way, we will obtain a suitable competitor for v*"(B,(z0)). We start by setting

2
ve 1= exp(2miu.) and by letting S be a segment joining x. and 9B, (o) not intersection Z? (this
possible by choosing for a example a horizontal or vertical segment). Since U := By (xg) \ S is

simply connected with supp pr,. N U = supp ji,. N U = (), the S'-valued interpolation v. admits a
lifting ¢ € WL >°(U) satisfying

o Z ueon U and |doc(i,i + eep)| = |d°uc (4,7 + cey)| (6.5)

for k € {1,2} and every ¢ € Z (U) (see Remark . We then extend ¢. by u. to eZ? \ B, (z0)
and we define 4. € AD, by setting U, (i) := L¢. (i) for every i € eZ?. Thanks to the first condition
in (6.5 we know that @, satisfies the required boundary conditions for 'yfaf(B,,(xo)), so that

P By (20)) < SDPY (i, Ba(a0)). (6.6)
Finally, the second condition in (6.5)) together with (2.10) implies that for k € {1,2} we have
~ 1 1
|due (7,7 + eeg)| = H|deu5(i7 i+eep)| < o for every i € Z2*(U). (6.7)

By definition, this implies that f™ (due (4,7 + eey) = fi(due (4,7 + eey)) for all such i and k. Since
in addition fi (du.(i,i + eex)) = 25 f1(dge(i,i + €ey,)) thanks to (2.14)), we deduce that

2
SDs,a%rt(ﬂE’ By (x0)) = n*SDe (¢, U) + Z Z T (due(i,i 4+ cer))

z—:,l
k=1 iEZEk (Bo(0))
[i,iteer]NS#D

2
< 0%SD.(ue, By(w0)) + €Y mi#t{i € Z(By(0)): [i,i+cex] NS # 0}
k=1
< n*y2P(B, () + Co,
(6.8)

where the last estimate follows from the choice of u. and the fact that H!(S) < diam B, (zo).

Combining and and using the characterisation of ¥ in (4.11]) we finally obtain (6.3)).
Step 2: Proof of (6.4). Similar to Step 1 we let v. € SF. be a solution to the minimisation

problem defining 72 (B, (z0)) and we apply [23, Theorem 2.4] to argue that p,. = d,, for some

Ze € By(x9) (not necessarily the same as in Step 1). Following the lines of Step 1 we construct a

competitor w. for the minimisation problem defining fy?af satisfying

1
X}/;ﬁrgc(wa, B, (zg)) < EXY;(’UE, B, (z9)) + 7(e,0) (6.9)
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with r(e,0) — 0 as ¢ — 0 and ¢ — 0. Specifically, we let S and U be as in Step 1, U. the
S'-valued interpolation of v, and ¢. € W2 (U) the lifting of 7. provided by Remark We

loc
then define w. € SF. by setting we (i) := exp (%’Tubg(i)) for every i € €Z2. In this way, we have
that w2 = v, hence w, satisfies the required boundary conditions for the minimisation problem
defining ’yirff (Bg(wo)).

It remains to show that w, satisfies . To this end, for k € {1,2} we define

1
T80 = {z € 7 (B, (20)) : g2* (dwe(i,i 4 cey)) < ﬁ‘dvg(i,i +eek)\2},

Ig‘}ﬁd = {z € Z& (Bo (o)) : 7% (dwe(i,i + ce)) > ﬁ‘dvg(i,i + aek)f} .

In this way, we can write

2
rac 1 A 2 T N
XY;% (we, By (20)) = Z < Z @|dv5(z,z+sek)| + Z g2 (dwe (i, —|—66k))) . (6.10)
k=1 iEIf“,fd ieI;’jj
To obtain it suffices to estimate the last term in (6.10)). To this end, we fix k € {1,2} and we
distinguish between the following three exhaustive cases.
1) i € I3 with [i,i + eex] N S # 0;
2) i € IP3d N Zer (U) with |dve(i, i+ eex)| > e3;
3) i € IP3d N Zer (U) with |dve(i, i+ eex)| < 3.
Case 1. Suppose first that ¢ € I;’id is such that [i,7 + eex] NS # 0. Then we use that

gIr (dwg(i, i+ Eek)) < e71, and we estimate the number of such . Since S is a segment connecting

2. with 0B, (xg) we have that
: bad . [; - Con Co
#{i € I3 [ii+eex] NS #0} < z?-l (5) < —-

Thus,
> g (dwe(iyi+ eex)) < Co. (6.11)
i€zl
[i,iteer])NS#D
Case 2. We start observing that
XYe(ve, By (w0)) > 263 #{i € I3 N2 (U) - |dve(iyi + ex)| > ¥}

Moreover, since v. is a solution to the minimisation problem defining vXY (B, (zo) we deduce
from (4.12)) that XVY;(ve, Bs(0)) < C'log 2. Thus, using again that g7* < ey, we infer
S g (dwlii+cer)) < emt{i € T N ZEH(U): |dve (i + eey)| > £F )
i€Z3dnzk (U)

\dvg(i,i+5ek)\>s% (612)

< Cs%XYg(vg,Bas(xo)) < Ce3 log 7 50 ase—0.
5

Case 3. Suppose finally that i € P34 N Z2*(U) satisfies |dv.(i,i + eex)| < 3. Thanks to

an application of (3.13) in Remark ensures that

- Lo y 1+Ce5
|dwe (i, + eep,)|* < §|dv5(z,z +eep)|? + C|dve(i,i 4 eep)|* < T|dv6(z,z +eep)|?.
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Summing up over all such ¢ we thus obtain

1
Z g2F (dwe (i, i + gey)) < 3 Z |dw, (i, + eey,) |2
€223 N2k (U) i€ZPAINZER (U)
|dv5(i,i+sek)|§5é \dve(i,i+aek)|§5% (613)
1 o 2
S o2 Z |dve (i, + eex) > + Ce3 XYz (v-, By (20)) -
i€Zlad
Using once again that XY, (’UE, B, (gco)) < C'log Z, a combination of (6.10)—(6.13) yields with
T(E,O’):C(é‘% log < +0). O

6.2. Proof of Theorems [4.2((iii) and [4.I|(iii). The proof of Theorems iii) and [L.1]iii) is
based on Proposition and the density result [II, Lemma 4.3] that we recall below for the
readers’ convenience.

Lemma 6.3. Let p = ZhM:1 dpdz, € Xp(Q) and w € D]\%/[(Q) with J(w™) = wu. Let moreover
T'y,...Tar be pairwise disjoint segments connecting x1, . ..,z to OQ and satisfying H* (L, N Sy) =
0 for every h € {1,...,M}. Let o > 0 be fized such that is satisfied. Then there exist
¢ € H'(Q(u) \ U, Tn) such that w™ = exp(2mip) a.e. in Q7(u) and a partition function x €
SBV(Q7(u); {0,...,n}) such that ¢ := ‘HTX satisfies w = exp(2me)) a.e. in Q7 (u) and

[Wlir, € Z for every h € {1,...,M}. (6.14)

and (xn) C SBV (97 (n); {0,...,n}
ntXn

Moreover, there exist two sequences (¢r) C C(Q7 (u)\U;, T'n
with [¢,] = [@] and Sy, polyhedral such that setting ¢, =
exp(2my,) the following are satisfied

(i) (vn) C C°°(Q7(u); S*) with deg (vn, 0B,y (x4)) = dp for all h € {1,...,M} and p > o
satisfying (4.5));
(ii) wy, C C=(Q7 () \ (U, Th U Sy, ); SY) with

S = {z € Syt [n]() € %z \ z} (6.15)

S ~—
~—

and v, = exp(2midy), wy, :

up to H'-negligible sets;
(iii) ¢n — ¢ in HH(Q7(u) \ U, Tr) and v, — v in HY(Q7(u); R?) as n — oo;
(iv) hp =1 and w, = w asn — oo;
(v) For any bounded and continuous function g : R x R x St — [0, +00) satisfying g(a,b,v) =
g(b,a,—v) we have that

lim gt v vy, ) dH! =/ g™ T vy) dH
0 S8y, N0 (1) SyNQ (1)

Remark 6.4. We briefly comment on Properties (i)(ii) in Lemmal6.3] since they are not explicitely
stated in [11, Lemma 4.3]. The fact that (v,) C C°°(Q7(n);S') follows from Step 2 in the proof
of [I1, Lemma 4.3]. In fact, ¢, is constructed by approximating v € H*(Q7(1); S') with a sequence
(vn) C C°°(Q7(u);S*) approximating v in H'-norm, which is possible thanks to [32, Section 4].
Then ¢y, is chosen to be smooth angular lifting of v;, in the cut domain Q\ | J,, I'». The continuity
of the degree then ensures that for n sufficiently large deg (vn, aBp(xh)) = deg (v, aBp(xh)) =dp
for every h € {1,..., M} and correspondingly [¢,] = [¢] on |, T'x.

To obtain (ii), it suffices to observe that by definition Sy, C (J, T'n USy,, , which in turn implies
that w, € C>(Q7(u) \ (U, TnU Sy, ); S') for every n € N. Moreover, is a consequene of the
chain rule for BV -functions [6l, Theorem 3.96].
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Remark 6.5. Note that (6.15) also holds with w,, 1, replaced by w, v, respectively. Thus,
Property (v) of Lemma [6.3[ ensures that

lim h(v, ) dH = / h(vy,) dH? (6.16)
T H0 ) S, N0 (1) SN (1)

for any continuous and bounded function h : S* — [0,+00) satisfying h(v) = h(—v) for every
v € S'. To see this, it suffices to consider a smooth and symmetric function n: R — [O 1] with

n=1 on {tER dist(t, Z) } and n=0 on {tER dist(t, Z) }

Then the function g : R x R x S — [0, +00), g(a,b,v) := n(b— a)h(v) is bounded and continuous
with g(a,b,v) = g(b,a, —v), and thanks to (6.15) we have that

/ W, ) AH! = / G0t 07 v,) AHY,
Sy, N7 (1) Sy, N7 (1)

and similarly

[ hmant = [ gt ) an
SwNQ (1) Sy NQ7 (1)
Together with Lemma (v) this yields (6.16]).

We are now in a position to prove Theorems (iii) and (iii).

Proof of Theorem[{.9 (iii). Let w € DJ%/[(Q) and v := w", so that J(v) = mp for some p =
Zthl dndg, € Xpr(Q). It is not restrictive to assume that W(v,Q) < +o0o. We now proceed in
several steps.

Step 1: Construction of an appromimating sequence. Let 'y, ... I'ys be segments as in Lemma@

o > 0such that 20 satisfies (£.5), and let (¢7) C C°°(Q7 (u)\U, Fh) (x2) € SBV(Q% (u); {0,...,n}),
and (¥7) C SBV (2% (u)) be the sequences provided by Lemma 3| with o replaced by §. We also
set

v) = exp(2mg?) and w? = exp(2my) .
Let h € {1,..., M}; since ¢ € C*(Az 55 (xn)\I'n) and deg(vg, 0B, (x4)) = dy, for any p € (§,20),

there exists a lifting 6, € C*° (Bgo(xh) \Fh) of a rotation of é:izl such that

¢Z —dpb, € c>® (A%gg(xh)) and ((bz — dheh) dz =0. (6.17)

A%,o(rh)

Let now € C*([0,400);[0,1]) with n =0 on [0,3] and n = 1 on [%,—l—oo) be a smooth cut-off
function and for h € {1,..., M} set

192’h(x) = dpbp(z) + n(|$—0$h|) (c/)%(x) - dheh(x)) for every x € Bay(xp) \ {zn}.

By the choice of ), we have that 92" € C°°(Ba, (x3) \ T's). Moreover,
99" = dp6;, on Bsa (zp) \ {zn} and 99" =4 on A%)Qg(xh) . (6.18)
We also set

oM = exp(2m%h)  and  wIM = exp (%”Lﬁf;h) on Bay(zp) \ {zn}. (6.19)
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Then woh € C*° (Bga(xh) \ F;L;Sl). Moreover, the first condition in (6.17) implies that vZ"
C*(Bao (1) \ {zn};S'). Finally, for every h € {1,..., M} we let u? € AD, be such that
SD:}”(U?,B% (l‘h)) = ’}/palrt(B%(l‘h)) (6.20)
and exp(2rnu) = exp(2Xidy0),) on 8. Bg (xp,). This is possible thanks to Remark [6.1, We define
u™% on €Z? N as follows.

ul(i) if i € eZ? N Bg(xp) for some h € {1,..., M},
ug 9 (i) = w if i € eZ% N By (xp) \ Bg (zp) for some h € {1,..., M},

W (i)  ifi € eZ?NQ(u).
In the above definition we identify ¢7, x7, and 6, with their one-sided traces on their respective
jumpsets, which can be uniquely defined up to a choice of normal to the jumpset. In this way,
the point evaluation of both 67 and %7 on €Z? is well-defined. Moreover, since  has Lipschitz
boundary, as in [I, Remark 2] we can extend u™? to eZ? \  without affecting the convergence of
Pnyro - It Temains to show that

lim sup lim sup lim sup (nQSDsalrt (u?,9Q) — Mr|logel)

o—0 n—00 e—0
(6.21)
< M~SP + W™, Q) + n2/ (71|1/w ea| + To|vy - 61\) dH!
and that w? € SF. defined pointwise by w7 (i) := exp(2rul? (7)) satisfies
lim sup lim sup hm sup |wl® —wl||Li) =0, (6.22)

o—0 n—00

then we conclude by a diagonal argument. We establish (6.21]) and (6.22)) in several steps estimating
separately the energy contribution of uZ,, close to the singularities T1,...,Tp and away from the
singularities. Specifically, we split the energy contribution into

M
SDPY (u?, Q) < 3 SDPY (ul?, By (wn)) + SDP (u?, Q772 () , (6.23)
h=1
and we estimate the two terms on the right-hand side of (6.23)) separately.
Step 2: Energy estimate on By (xp,). In this step we show that for every h € {1,..., M} we have
lim sup lim sup lim sup (nQSDpalrt (u2?, By (zp)) — wlog g) <~5P, (6.24)
o0—0 n—+oo €0 Sn €

Let h € {1,..., M} be fixed. The definition of u™° together with the choice of u" ensures that

SDEEt (u2707BU( )) < ,ypart (B ( )) + SDpart( Ag,QE a(fh)) (6.25)
In order to shorten notation we set A. := Ag_o. o(zn) and we show that

lim sup lim sup lim sup n? SDpart ( ﬁn

oc—0 n—4+oo e—0

:) <mlog2. (6.26)

A combination of -f and Proposition E 6.2] then gives (6.24)).

We will obtain (6.26]) by first comparing SDpdrt( Ac) with SD. (99, A.) and subsequently
using mterpolation estimates. To this end, we start recalling that 95" € C*(Bao(21,) \ T's) with

n’
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[95"]|r,, = dn, and that we identified 97" on I'j, with its one-sided trace. Upon suitably choosing
a normal to I'j, it is thus not restrictive to assume that for k£ € {1,2} and i € Zg*(A.) with
[i,i+eer) NIy = () the function ¢t — 92 (i+tey) is continuous on [0, €] and differentiable on (0, €).
An application of the mean-value inequality then yields that

1
< 2n

for e sufficiently small. Similarly if ¢ € Z¢*(A,) is such that [i,7 + gex) NTp, # 0, we find that

|97 (i, + eex )| < 5\|V19$’}L||Loo(A%,zd(mh)) (6.27)
1
A0 (i, + eex) — dn| < ]| VOT" || oo (a) < o for € sufficiently small. (6.28)

By definition of f:l this in turn implies that

7" (4,i+ee 7" (4,i+ee 1 P
f:}(w) — fi(w) _ Efl (dﬁn’h(z,z +56k)) ’

n o n

where the second equality follows from ([2.14). In particular, we have that

n?SDPUY (LD AL) < SD. (95", A.) .

n

Together with the interpolation estimate (3.17)) this yields

o, 1 1
lim sup n?S DY (U 4.) < / Vegh @) de = 3 / VT ()P de (6.29)
? A A

=0 - T2 Jag @) 2.0 (@)

Following now exactly the proof [8, Estimate (6.69)], we obtain that

1
limsuplimsupf/ (Vo |2dx < mlog?2,
o—0 n— oo 2 A%,a(wh) ’

which together with (6.29) finally gives (6.26)).

Step 3: Energy estimate on Q7 (p). In this step we show that

1
lim sup lim sup SDP* (u?, Q7% () < =— [ |Vv[*dx
n—00 e—0 ©m 2n Q7 (p)

(6.30)

+/ (T1|vw - 1] + T2|v - €2]) dH! + Co
Sw

for some fixed constant C' > 0. By definition, we have that v (i) = ¢2 (i) = M for every
i € eZ* N Q7 (p). If instead i € eZ N (27725 (u) \ Q7(p)), then i € eZ* N Ay_sc »(21) for some
h e€{1,...,M}. Thus, the definition of u? together with the boundary conditions (6.18) imply

that u27(i) = %(l) Since x9 takes values in Z, we deduce that
nduy % (1,1 + cer,) = ndey (i,7+ecep) mod Z

for every k € {1,2} and i € Z& (Q772%(p)). Thus, estimating the maximum in the definition of
fI* with the sum and using (2.14) yields

1
‘n

T, no(: - 1 ol - nol:
foh (dul?(i,i + eex)) < ﬁfl (de5 (i, +eex)) + ekl faise(e,z)> 1y (dul 7 (i, +eex)) . (6.31)
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Summing (6.31)) over k € {1,2} and all i € Z&* (Q772°()) we arrive at

SDPY (27,97 (1)) < 5D (67,97 (1)
2
o> mt{i € ZE(Q0 2 () ¢ dist (dul (i, + 2ex), Z) > i} _
k=1
(6.32)

We now show that the second term on the right-hand side of (6.32) concentrates around the set
Swe N Q7 (). To this end, we fix k € {1,2} and we assume that i € Zg (Q7(p)) is such that
[i,i + eex) N Sws = 0. Then (6.15)) ensures that either [i,7 4 cex) N Sys = 0 as well or there exists

x € [i,i 4 eex) N Sys with [¢7](x) € Z. As in (6.27)-(6.28) we deduce that
1
dist (du7(i,i + cex), Z) = dist (g (i, i + eey), Z) < || VoI || Lo (e (u)) < o
for € sufficiently small. We thus continue the estimate in (6.32]) as follows.
ar o o— 1 ag o—
SDPY (u2?, Q7% () < 55D (47,977 ()

+ eZTk#{i € 7 (Q7 (1)) : [i,i + £ex) N Sug # (2)} (6.33)

k=1
+e(n +m)#{i €220 (27 () \ 7 (1) }.

For the first term on the right-hand side of ([6.32)) we can use once again the interpolation esti-
mate (3.17)) to deduce that

1
limsup SD. (¢7,Q7 7% (n)) < 7/ Vg > dx . (6.34)
=0 2 Jar
Moreover, Lemma (ii) ensures that Sy is polyhedral. This implies that
limsupe#{i € Z&(Q7 (1)) : [i,i + cex) N Swe # @} < / Vs - ex| dH (6.35)
e—0 Swz

for any k € {1,2}. Finally, we have that

M
limsupa#{i €eZ?N (97 (p) \Q”(u))} < C’Hl( U aBg(xh)> <Co,

e—0 h—1

which together with (6.33)—(6.35) yields
1

limsup SDP** (u?, Q7% () < ) |VoZ|? da + / h(vye ) dH' + Co
e—0 ©n 2n Q7 (p) ’

Swg

with h(v) := 71|V - e1]| + 12|V - e2|. Thus, (6.30]) follows from Lemma (iii) together with (6.16)).
Step 4: Conclusion. Combining (6.24)) and (6.30) we deduce that

lim sup lim sup (n2SD§alrt (u?,9Q) — Mr|logel)

n—o00 e—0

1
§M75D+§/ \vu|2dx—M7r|1oga|+n2/ (T1|vw - €2] + T2V - €1]) dH!
Q7 (p)

Sw
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and thus (6.21)) follows by letting o — 0 and using the definition of W(w™, Q) = W(v,Q). To
conclude it thus suffices to show . To obtain (6.22]) we start observing that

w2 — wllza@) = Z/Q 0 (8) — w(z)] dz

Q- (,L €0, NQ: (%)

< 3 Cwg() —w()dz+2 Y QN  (6.36)
QE(’L')EQE(QU(;L)\SW%) Qs(l) QEGQE
QNR*\Q7 (1) £0

+ 252#{@6 € Q:(27(p): QN Sw;{ # 0} )
where we have used that |w?,|,|w| < 1. For every Q. € Q. with Q- NR*\ Q7 () # 0, the inclusion
Q-NQ C {dist(x,00) < V2e}U U,{‘flzl B, s3.(zp) holds. From this we deduce that

Z Q- N Q| < |{z € Q: dist(z,00) < \/§E}|+M|BU+\/5| —0 ase —> 0,0 —0, (6.37)

QEEQE
Q=NR*\Q (1)70

where we have used that 9 is Lipschitz and thus admits and (n — 1)-dimensional Minkowsky
content. Similarly, we find that

E#{Q- € Q(Q7(11)): Qe N Sue # 0} < CeH' (Sws N7 (1)) =0 ase — 0. (6.38)
The remaining term in (6.36)) can be estimated by observing the following. For any Q.(i) €

Q.(927 (1) \ Swg) and any x € Q.(i) we have that |wg (i) — wg(2)| < v2e||Vws | 1o (e (4)). From
this we infer that

> ) - wle)lde £ VIV e 97 ()] 07 - vl @y
Qe(1)€Q-(Q7 (1)\Sug) * @)

(6.39)
Finally, [|wg, — w||L1 (o (4)) — 0 as n — oo thanks to Lemma (iv). Together with ((6.36])—(6.39)
this gives (6.22)) and we conclude. O

Proof of Theorem[4.9 (iii). Theorem [4.] (iii) is a direct consequence of Theorem (iii), Propo-
sition 6 2| and Lemma 3 3l In fact, to construct a recovery sequence for X Yfrac it Sufﬁces to take

the sequence ul? constructed in the proof of Theorem - (iii) and for every he{l,...,M} a
spin field w? € S]-' satisfying
XYf“{‘C(wh Bz () = ’yfraC(Bz (1)) (6.40)

and w! = exp(2X.d,0),) on 0-Bs o (x,) with 6, as in the proof of Theorem . iii). We then define
wl? € SF. by setting
wh(i) if i € eZ? N Bg () for some h € {1,..., M},
w9 (1) =

exp (2mwu7(i)) otherwise in eZ?.

In this way, we deduce from Lemma [3.3] that

M
XYEff:C( w?,Q) < ZXY;? (w7, Bo(an)) + SDPY (w7, Q7% () . (6.41)
h=1

Moreover, (6.40) ensures that for every h € {1,..., M} we have
XYM (w7, By (2n)) < 474 (Bg (xn)) + Sme( 2 2co(zn)) . (6.42)
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In particular, Proposition together with (6.26) implies that (6.24) holds with SD? &t and P

replaced by X stri“: and v*Y| respectively. Together with (6.41)) and (6.30]) this in turn yields (6.21])

with SDflfaft and 7P replaced by X Y;’?C and vXY, respectively. We thus conclude by observing

n

that w?’(’,;till satisfies (6.22]). O

ACKNOWLEDGMENTS

The author wishes to thank Marco Cicalese and Adriana Garroni for helpful discussions.

REFERENCES

[1] R. ALICANDRO AND M. CICALESE, Variational analysis of the asymptotics of the XY model. Arch. Ration. Mech.
Anal. 192 (2009), 501-536.

[2] R. ALICANDRO, M. CICALESE, AND M. PONSIGLIONE, Variational Equivalence Between Ginzburg-Landau, XY
Spin Systems and Screw Dislocations Energies. Indiana Univ. Math. J. 60 (2011), 171-208.

[3] R. ALiCANDRO, L. DE Luca, A. GARRONI, AND M. PONSIGLIONE, Metastability and dynamics of discrete topo-
logical singularities in two dimensions: a I'-convergence approach. Arch. Ration. Mech. Anal. 214 (2014), 269-330.

[4] R. ALICANDRO, L. DE Luca, G. LAzzZARONI, M. PALOMBARO, AND M. PONSIGLIONE, Coarse-graining of a discrete
model for edge dislocations in the regular triangular lattice. J. Nonlinear Sci. 33 (2023), 26 pp.

[5] R. ALicanDrRO, L. DE Luca, G. LAzzARONI, M. PALOMBARO, AND M. PONSIGLIONE, I'-convergence analysis
of the nonlinear self-energy induced by edge dislocations in semi-discrete and discrete models in two dimensions.
Preprint ArXiv 2305.02130 (2023).

[6] L. AMBROSIO, N. Fusco, AND D. PALLARA, Functions of Bounded Variation and Free Discontinuity Problems.
Clarendon Press Oxford, 2000.

[7] A. BacH, A. BRAIDES, AND M. CICALESE, Discrete-to-continuum limits of multi-body systems with bulk and
surface long-range interactions, SIAM J. Math. Anal. 52, no.4 (2020), 3600-3665.

[8] A. BacH, M. CICALESE, A. GARRONI, AND G. ORLANDO, Stacking faults in the limit of a discrete model for
partial edge dislocations

[9] A. BacH, M. CIiCALESE, L. KREUTZ, AND G. ORLANDO, The antiferromagnetic XY model on the triangular
lattice: Topological Singularities. Indiana Univ. Mat. J. 71 (2022), 2411-2475.

[10] A. BAcH, M. CICALESE, AND M. RUF, Random finite-difference discretizations of the Ambrosio-Tortorelli func-
tional with optimal mesh size, SIAM J. Math. Anal. 53 (2021), no. 3, 2275-2318.

[11] R. BapaL, M. CicALESE, L. DE Luca, AND M. PONSIGLIONE, I'-convergence analysis of a generalized XY
model: fractional vortices and string defects. Commun. Math. Phys. 358 (2018), 705-739.

[12] F. BETHUEL, H. BREzIS, AND F. HELEIN, Ginzburg-Landau Vortices. Springer, 1994.

[13] A. BOUTET DE MONVEL-BERTHIER, V. GEORGESCU, R. PURICE, A boundary value problem related to the
Ginzburg-Landau model. Comm. Math. Phys. 142 (1991), 1-23.

[14] H. BrEzIS, Functional analysis, sobolev spaces and partial differential equations. Springer Science and Buisiness
media, New York, 2011.

[15] H. BrEzIs AND P. MIRONESCU, Sobolev maps to the circle Progress in nonlinear differential equations and their
applications 96, Birkduser/Springer, New York, 2021.

[16] A. CHAMBOLLE, Image segmentation by variational methods: Mumford and Shah functional and the discrete
approximations, SIAM J. Appl. Math. 55 (1995), 827-863.

[17] A. CHAMBOLLE, Finite-differences discretizations of the Mumford-Shah functional. ESAIM: M2AN 33 (1999),
261-288.

[18] M. CICALESE, G. ORLANDO, AND M. RUF, The N-Clock Model: Variational analysis of fast and slow convergence
rates of N. Arch. Ration. Mech. Anal. 245 (2022), 1135-1196.

[19] S. ConTI, A. GARRONI, AND M. ORTIZ, A discrete crystal model in three dimensions: the line-tension limit for
dislocations. Preptint arXiv:2407.15400 (2024).

[20] J. DAvILA AND R. IGNAT, Lifting of BV functions with values in S'. C. R. Math. Acad. Sci. Paris 337 (2003),
159-164.

[21] M. FrIEDRICH, L KREUTZ, AND B. ScHMIDT, Emergence of rigid polycrystals from atomistic systems with
Heitmann-Radin sticky disk energy, Arch. Ration. Mech. Anal. 240 (2021), 627-698.

[22] M. FrIEDRICH, L. KREUTZ, AND K. ZEMAS, From atomistic systems to linearized continuum models for elastic
materials with voids, Nonlinearity 36 (2023), 679-733.

[23] A. GARRONI, M. PETRACHE, AND E. N. SpADARO, Clearing-out of dipoles for minimisers of 2-dimensional
discrete energies with topological singularities. Preprint arXiv:2408.02136 .



26 A. BACH

[24] M. GOLDMAN, B. MERLET, AND V. MILLOT, A Ginzburg-Landau model with topologically induced free discon-
tinuities. Ann. Inst. Fourier (Grenoble) 70 (2020), 2583-2675.

[25] J. P. HIRTH AND J. LOTHE, Theory of Dislocations. Krieger Publishing Company, 1982.

[26] D. HuLL AND D. J. BACON, Introduction to dislocations. Butterworth-Heinemann, 2011.

[27] R. L. JERRARD AND H. M. SONER, Limiting behavior of the Ginzburg-Landau functional. J. Funct. Anal. 192
no.2 (2002), 524-561.

[28] M. Ponsiglione, Elastic energy stored in a crystal induced by screw dislocations: from discrete to continuous.
SIAM J. Math. Anal. 39 (2007), 449-469.

[29] A. QARTERONI AND A. VALLI, Numerical Approzimation of Partial Differential Equations. Springer Series in
Computational Mathematics, Berlin, Heidelberg, 1994.

[30] M. RuF, Discrete stochastic approximations of the Mumford-Shah functional. Ann. Inst. H. Poincaré Anal.
Non Lineairé 36 (2019), 837-937.

[31] O. TCHERNYSHYOV AND G.-W. CHERN, Fractional vortices and composite domain wall in flat nanomagnets.
Phys. Rev. Lett 95 no. 19 (2005) 197-204.

[32] R. ScHOEN, K. UHLENBECK. Boundary regularity and the Dirichlet problem for harmonic maps. J. Differential
Geom. 18 (1983), 253-268.

(A. Bach) TECHNISCHE UNIVERSITEIT EINDHOVEN. DEN DOLECH 2, 5600 MB, EINDHOVEN, NETHERLANDS.
Email address: a.bach@tue.nl



	1. Introduction
	2. Notation and Setting of the problem
	2.1. Basic notation
	2.2. The discrete lattice
	2.3. Discrete gradients and discrete topological singularities
	2.4. Definition of the discrete energies

	3. Preliminary results
	3.1. Comparison between the discrete models
	3.2. Interpolation of discrete functions

	4. Statement of the main results
	4.1. Space of limiting fields
	4.2. Renormalised energy and core energies
	4.3. -convergence results for XY,1nfrac and SD,1npart

	5. Proof of compactness and lower bound
	6. Proof of the upper bound
	6.1. The core energy
	6.2. Proof of Theorems 4.2(iii) and 4.1(iii)

	Acknowledgments
	References

